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An iteration scheme to solve the Chandrasekhar H equation in the form

H(p):il—pfél‘l’(S) H(s)/(s +p)ds} !

is shown to converge monotonically and uniformly.

I. INTRODUCTION

It is well known that the nonlinear H equation of radia-
tive and neutron transport theory,

H(u)—1+uH(#)J—(swd (1a)

does not have a unique solution. However, the “physical”
solution of Eq. (1a) subject to the constraints

J‘ ‘I/(S)H(S) 1) .] = 0,...,&, (2)
v,—s
where v, j = 0,..., @, are zeros of the dispersion function
+1
AQ=1+z| X9y 3)
15—z

is unique, and an explicit solution can be written down. Nev-
ertheless, a traditional approach to obtaining values for the
H function is to attempt to solve numerically Eq. (1a) by
iteration. However, it has been only relatively recently that
the iteration of Eq. (1a) has been shown to converge. For
example, Bittoni, Casadei, and Lorenzutta' showed that
when the right-hand side of Eq. (1a) is regarded as a bilinear
operator from L,(0,1) X L,(0,1) to L,(0,1) that the norm of its
Fréchet derivative is less than unity and that the bilinear
operator is contractive in the ball

S = {WHeL,(0,1)||¥ (1 — H)|| <1} )

if || #]| < 4, where |||| denotes the usual L, norm. Thus the
unique solution of Eq. (1) in S can be obtained by iteration
using the scheme

LW (5)H(5)
Hnﬂw):len(u)j———d HesS. (5)

Subsequently, Bowden and Zweifel* showed that the
solution so obtained was indeed the *“physical” solution.
Furthermore, if ¥(s) is nonnegative and even for se( — 1,1),
the transformation

vo(l + z)L @

Vo+ 2

H() = (©)

leads to an equation for L which is identical in form to Eq.

(1), but with the characteristic function ¥ replaced by the

function

vo(l —5?)
o

(Under the condition stated for ¥, the dispersion function

v'(s) = v (s).
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has only two zeros + v,.) Bowden and Zweifel pointed out
that ¥ is also a nonnegative even function and that || ¥|| < 1.
Thus in all instance in which #(s) is nonnegative and even,
numerical values of the A function can be obtained from the
iteration scheme given by Eq. (5).

On the other hand, Eq. (1a) can also be rewritten as
w1 - f (s)H(s) )

and numerical values for the H functlon can be obtained by
iterating on

(1b)

Jl YOH) )

Hy 0 =(1- . H) =0,

(7a)

or equivalently,

VW (s)H (s
Hn+1(u):1+:an+l(Ju)J‘—(S)—'Qd

(7b)
Unfortunately, rewriting Eq. (1a) removes the bilinear struc-
ture of the equation, and the proof of Bittoni, Casadei, and
Lorenzutta need no longer apply. Thus, although this iter-
ation scheme has often been used, dating perhaps from
Chandrasekhar and Breen,* there does not appear to have
been a proof that the sequence { H,} obtained from the iter-
ation scheme given by Eq. (7) converges to the solution of
Eq. (1), and that if a solution is obtained, that it represents
the physical solution given by the constraining condition (2).
The purpose of this note is to given a brief proof that the
iteration scheme given by Eq. (7) does indeed converge to the
“physical” solution of Eq. (1). The proof'is based only on the
positivity of the integral operator

1
i =p [ LY O s, ey, ®)
0o S+u
where the assumptions
V(E)=¥(—3), ¥(>0, se(—1,+1), (9a)
and
Jl Y(s)ds <} (9b)

are used throughout this note. However, as pointed out

above, if condition (9b) is not satisfied, then transformation
(6) can be used to obtain an equation in which the resulting
characteristic function does satisfy the inequality (9b). The
assumption of evenness of ¥ (s)on ( — 1, + 1) isnot used in
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the proof of convergence of the iteration scheme perse. Itis a
condition that the solution obey the constraint given by Eq.

-
2. PROOF OF CONVERGENCE

In this section we present the proof of convergence of
the iteration scheme given by Eq. (7). The first step is to show
that

Hn+ 1(]t)>Hn(/1), n>l» (10)

#e0,1),
and
IWH, <1 -V 1-2|¥]. at)

The proof of inequalities (10) and (11) proceeds by induc-
tion. First note that

H@) =1, pe@©,1). (12)
Further note that

1 —_
J;|l1/(s)H,(s)|ds=||W||<1—\/1—2||V/||. (13)

If the inequalities (10) and (11) are assumed true for n = N,
then subtraction of

Hy=1+HyY(Hy ) (14)
from

HN+1=1+HN+13(HN) (15)
yields, after a little rearrangement,

(HN+ — HY)[1 = LHy)) = Hy S (Hy— Hy_ ).

(16)
By simple manipulation it is apparent that
's¥ (s)H y (s)
1 —(LHY)Ww =1+ J———ds
o S+u

— le(s)HN(s)ds>O, pe(0,1), (17)
0

since by assumption,
1 ——
f W (Hy(s)ds<1 —V 129 | <1.
(4]

Therefore, it follows that
Hy ) — Hy@)>0, pe@,l). (18)

This proves inequality (10). To prove inequality (11) it
may be noted from Eq. (7b) and inequality (10) that

[PHy Al

=¥l + Jol(,uq’(y)HN+ (@) flwd )d

<t 3 [ weoty, ae)

"W Hy ()1 —5) ds) d
S+u #-

4 [ (very. w [
(19
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However, the last term on the right-hand side of the last
inequality vanishes so that

2lWHy | — 2| Z(I<¥H, . ™ 20)
It is then obvious that either

1Hy, I>1+V 1=2%], (@1a)
or

1WHy, <t =V 12| (21b)

On the other hand, Eq. (7b) and inequality (10) can be used
to write

|1¥H y Al

=191+ [ [Pt e [ vor s

-~ (v [ Md)du

<IN+ [VH o 9H
1 v (s)H
- [(romw [ 25 Ca)a,

=Wl + |¥Hy ||| ¥H || —
Thus it follows that

IWHy Q= |1PH (] = AIPHVD. (23)
This last inequality yields

SNVH | (22)

I¥Hy , 4lI<1, (24)
since

(= [PHAM A = S PHA) > 1 (25)
would imply that

111> 301 + (1~ [|[¥H )], (26)

which contradicts the assumption ||¥|| < 1. Combining this
result with the earlier estimate of | #H, , ||| gives inequality

1m).

Therefore, the sequence { H,(1)} given by Eq. (7) is
positive and monotone with || WH, || bounded by the inequal-
ity (11). Thus from the monotone convergence theorem
there exists an L, (0,1) function, say H *, such that

lim WH,—WH *, 7)

and

1
|+ = f | (5)H *(s)|ds

1 -
- f W (s)H *(s)ds<1 —V 1 —2||¥|. (28)
(¢]

A straightforward calculation gives

|YH* — ¥ — WH* Y (H*)| =0, 29)
that is, H * is an L, solution to

YH* =¥+ VH* 7 (H*). (30)
Now define the function H by

H@) =[1 - (LH*@)]" €)Y
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1t is obvious that
VWHW)=¥YW[l —(LHHW]"' =¥ wH *(Eu))
32

almost everywhere for ue(0,1). Thus H (z) satisfies the non-
linear A equation (1) and is analytic in the complex plane of z
cut along ( — 1,0) except at that value of z such that

1 — (£ H )(2) vanishes. However, since || WH || < 1 it follows
from the results of Bowden and Zweifel that 1 — (X H)
X — vs) = 0, i.e., H (z) represents the “physical” solution
according to Eq. (2). In particular 1 — (. H )(z) is bounded
in the right half complex z plane.

Finally an estimate of |H,, , (u) — H (£)| can be writ-
ten from Egs. (1) and (7) as

‘Hn+ l(ﬂ) - H(ﬂ)l
= |H, . ()L H)w) — Hu)(ZL H)w)

<|\H, . ) L(H, — H))(w)

+ [H, ) — HW (L H)w)|. (33)
This inequality in turn yields

\H, ) — H@I<[1 = (LHYw]"
X |H, (WL H,— H)@)- (34
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Since the right-hand side of this last approaches zero as

n— oo, the sequence { H,,} approaches H at least pointwise.
However, since H is continuous on (0,1) and the [H,(u)] isa
positive monotone sequence, it follows from Dini’s theorem
that the convergence is also uniform.

In summary, it can then be stated that the sequence of
functions (H,) obtained by the iteration scheme given by Eq.
(7) converges monotonically and uniformly to the physical
solution of Eq. (1).
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