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Weakly nonlinear, weakly diffracting, two-dimensional shear waves propagating in a prestrained
hyperelastic solid are examined. A modification of the classical Khokhlov—Zabolotskaya equation is
derived using a systematic perturbation scheme. Both dissipative and nondissipative materials were
considered. The principal effect of the prestrain was seen to be the inclusion of a quadratic
nonlinearity to the cubic nonlinearity found in the case of zero prestrain. Further new results include
the shock jump relations and the prediction of shocks having a speed which is identical to the
nonlinear wave speed ahead of or behind the shock. Explicit expressions for the nonlinearity
coefficients for the special case of a Blatz—Ko material were provided20@8 Acoustical Society

of America. [DOI: 10.1121/1.1610460

PACS numbers: 43.28.Kt, 43.28.Lv, 43.2884-H]

I. INTRODUCTION (2) may focus if the initial wavefront is curved. Near the

) ) . focal region(2) must be modified to include nonlinear ef-
The canonical equation for weakly nonlinear and weaklygeots: the resultant evolution near the focal region is also

d_iffractirp waves is th_e thkhlov—ZaboIotskayéZ) equa- expected to be governed by a nonlinear equation of the KZ
tion, which can be written in the general form type.

(U, + B'UUX)X+ U 27=0, (1) The evolution equation governing systems having small
or zeroB' will necessarily involve an inclusion and analysis
of cubically nonlinear terms in addition to the quadratically
honlinear terms normally leading t@). Zabolotskayd1986

has derived the explicit form of the extension(@j for the
case of shear waves propagating in a nonlinear solid having
$ho strain in the undisturbed state. The result of Zabo-
lotskaya'’s study was that the extension(bffor shear waves
gan be written as

whereU=U(y, n,7) is a measure of the wave disturbange,
is a spatial variable measured in a frame moving with th
wave, n is a transverse spatial variable, anis a time-like
variable. The order-one consta8tis a measure of the non-
linearity of the system. The KZ equation is recognized a
being quadratically nonlinear, and we therefore refeBto
and similar parameters as quadratic nonlinearity parameter
The first derivation of this equation was given by Zabo-
lotskaya and KhokhloM(1969 in the context of ordinary (U,+B"U%U,) ,+3U,,=0, (3)
nonlinear acoustics.

When modified to account for dispersion and dissipa-at least when the displacements are confined to xthe
tion, the KZ equatior(1) provides an accurate description of plane and dissipation is ignored. Hef#,is a cubic nonlin-
many commonly encountered physical systems includingarity coefficient which depends on the particular material
those associated with the nonlinear acoustics of low-pressurodel. Zabolotskaya’s resulB) is intuitively satisfying be-
gases and liquids, the nonlinear acoustics of longitudinatause the net effect of the detailed perturbation analysis car-
waves in solids, magnetosonic and acoustic waves in magied out by Zabolotskaya is to replace tgeUU , term in(1)
netohydrodynamics, and surface and internal waves in they the cubic term”U?U, when g’=0. Under the condi-
ocean. However, in many systems of practical interest, thgons implicit in Zabolotskaya’s derivation it can be shown
quadratic nonlinearity coefficier8 may be small or vanish that the parametgs” can be computed by an analysis of the
altogether. In such cased,) becomes one-dimensional problem, i.e., a problem where all varia-

U +1U ~0 @ tions Wi_th respect_t_o the 'Fran_sverse direction vanish, thus

X 2Emy suggesting a simplified derivation or a check on the value of
and nonlinearity no longer plays a role in the wave evolution,8”. Of course, similar remarks can be made for the coeffi-
at least over the length and time scales originally associatecient 8’ seen in(1).
with (1). Examples wher@' is identically zero are nonlinear More general studies of cubically nonlinear systems
optics, Alfven waves in magnetohydrodynamics, and sheahave been carried out by Kluwick and Cdt999 and
waves in an isotropic nonlinear solid; it is the latter applica-Cramer and Web1998. The first set of authors developed
tion which is of central interest in the present paper. a general multiple-scales scheme for the treatment of cubi-

While (2) may give a reasonable description of the wavecally nonlinear systems, i.e., systems in which the relevant
evolution in some applications, any complete understanding’ is either zero or small. Kluwick and Cox’s results in-
of nonlinear diffraction in systems having =0 will require  cluded those for ordinary nonlinear acoustics on rays as well
further study. It may also be shown that waves governed bys the extension for diffracting systems. Cramer and Webb
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(1998 presented a more restricted version of Kluwick andll. FORMULATION
Cox’s scheme focused on nonlinear diffraction. The primary ) ) ) i
extension of Cramer and Webb’s work over that of Kluwick  1he Stress—strain relation for a general hyperelastic solid
and Cox was the inclusion of the effects of dispersion, dis{Ndergoing isothermal deformations is
sipation, and relaxation. 0ij = g+ a1Bij + a;BimBp; (5)

A remarkable feature of the general schemes presented ) )
by Kluwick and Cox(1998 and Cramer and Weh1999 is wheregj; is th_e Cauchy stress tensd; is the Kronecker
that the general form of the KZ equation valid for small or delta, andB;; is the left Cauchy—Green tensor. In all that
zerof' is not of the form(3), but must be supplemented with follow§, onver—case Latin indices waI range over 1, 2, 3 and
quadratic terms representing an interaction of diffraction andhe Einstein summation convention will be employed. The
nonlinearity. In the notation used for Eq4)—(3), the terms  left Cauchy—Green tensor is defined as
which must be added t8) can be written B, =FiFj=Bj, (6)

where

3”’uu,,+g<iv>uxf Undx] , (4
X IXi

1= % (7

where 8" and (%) are system-dependent constants. Both .

U, andf U, dx can be shown to be zero when diffraction is is the deformation matrixX; are the Cartesian coordinates of

negligible. a material particle in the undeformédatura) configuration,
For a general system, there is a@riori reason why the andXx; are the coordinates of its position in the deformed

material constantg” and (%) should vanish. However, pre- configuration. We will refer toX; as the Lagrangian coordi-

vious investigations have shown that and 80*) do in fact ~ nates and; as the Eulerian coordinates.

vanish for many cases of practical interest; an example of ~The scalar coefficients,y, a3, «, are related to the

direct interest here is the case studied by Zabolotskay8train energy per unit mass by

(1986. Andrews (1999 has shown that these coefficients 9U

also vanish for the case of nonlinear optics. Kluwick and  ag=2pylll mﬁ, (8)

Cox (1998 and Cramer and Webd 998 have shown that

B" and B(V) are zero for the case of acoustic waves in a

Bethe—Zel'dovich—Thompson fluid; the latter class of fluid alzﬂ(ﬂJr ﬂ) 9

has a quadratic nonlinearity paramegwhich can be small npvzior o all

or even change sign at certain thermodynamic states. How-

ever, Cramer and Webll998 have also shown that the _ ﬁﬁ (10)

coefficientsB” and BU*) are nonzero for nonlinear Alfve 20 w24

waves in a plasma. Thus, although the general form of the ) i i
whereU=U(Il,l1,I11) is the aforementioned strain energy

KZ equation for cubically nonlinear problems is known from . X o )
the work of Kluwick and Cox1998 and Cramer and Webb and the constam_io_ is the material dgnsny_ in the uns_tralned
(1998, the status of the additional terms proportionajgto Etate. The quantities I1, 111 are the invariants oB;; given
and 8) will depend on the details of the specific applica- *Y

tion. Furthermore, the values @ and 8(") cannot be de- =By, 11=3(12=B;yBpm),
termined by or carried over from a simpler case, e.g., by an (12)
analysis of the one-dimensional theory. I =de(B)),

In the present investigation we examine the effect of Avhere det®,) refers to the determinant @&,
ij ij -

wea_k prestrain on the non!lnear dlffract_lc_)n O.f shear waves. In Motions of the solid are governed by Cauchy’s equation
particular, we will determine the modification to the cubic

KZ equation, e.g.(3), required when the undisturbed state . d0j

has a small shear strain. Such prestrained states can be of PUi= 5 = (12)
interest in acoustoelasticityNorris, 1998 and may also oc- :

cur naturally. In the present study we show that the effect owvhere the dots denote differentiation with respect to time
the prestrain will be to modify the linear wave speed and tdollowing the particle,u;(X,,t) is the displacement vector
introduce nonvanishing quadratic nonlinearity in the final Kz defined by

equgtiorj. A further questi_on_ of interest is Whether the pre- u=x—X;, (13)
strain will result in terms similar to those proportional g6,

B which are nonzero. We also account for the shockand p is the instantaneous material density related to the
waves which will inevitably form and record the shock speeddensity in the unstrained configuratiopy) by

for diffracting shear waves in a prestrained material. A final I ~M2= , -1 (14)
extension of Zabolotskaya'’s results is to determine the form P=Po ot
of the nonlinearity constants for the case of a specific matewhereF =det(;). A useful alternate form of12) is obtained
rial model; this model is based on the well-known Blatz—by recasting it in terms of the Lagrangian coordinaXesas
Ko strain energy. follows:
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2
U _ X, da; 1 =B13B2—B1y

Po =F (15)

at? axj X’ with B;; given by (22). When(22) is substituted in(5), we
where the time differentials are taken with held fixed. find that the only nonzero components of the stress are
At this stage we note that the exact relati@ can be 011= dot+ ay(2e+ €2+ €2,)
reduced to the usual linear stress—strain relation by taking ~
to be small and retaining only terms lineardn; /9X; . The + a(Q112F Qu13t Q114), (25
resultant linearized form of5) is found to be - - >
020= agt aj(2ex+ e+ es)
)\,é)u,gb‘ Ly du; (9UJ _
TN o) TR X T ax ) +a(Qo22t Q2231 Qp24), (26)
where 015= 091= a1(€y11 €15 11851 €812
w'=alo, N=28, (16) +a,(Q125F Q231+ Q124), (27)
are the usual Lameonstants, and we have required that O33= g, (28
ag=ag(L,I1,IIN=a;+as+as (17 where
vams_h_es at the undeformed statell = 3,11=1; the latter  Quu=4e2+ €2+ 260,01 €2, (29)
condition ensures that the stress vanishes when the strain
does. In the remainder of this paper we will find it conve- Quiz=4€3 +4e,.€7,+ 2e,.65,+ 2(e11+ ) ex€15
nient to define the following quantities: )
_ + 2,567, (30)
a1=a1t2a;y, (18
4 2 .2 4 2.2
Gy=ay, (19 Qu14= €111 26118151 €15+ €11851 1 2659811821817
and +e5.e2, (31)
o= dag dag|  dag (20 Q20— 4€5,+ €51+ 2eye1,+ €, (32
O:_ YT PO 1
al all alll
0 0 0 Qo= 4€5,+ 261165+ 2611851815+ 265581815 26,567,
where the notation (| will denote quantities evaluated at 2
the unstrained state=11=3, 11 =1. 4281 (33

The perturbations to the undisturbed state will be taken

4 2 2 4 2 2
) ) ; Qo24=€5,12€ + €51+ 11851 282501181821
to be two-dimensional, i.ey;=u;(X;,X5,t) only and 2 2™ G C1i2

2 2
Xl:X1+ Ul(Xl,Xz,t), +922912, (34)
Xo=Xp+ Up(X1,X5,1), (21) Qi2=2(en1t+ex)(extery), (35
X3=X3. Quo5=(21+ 1) (€1, 2€11855+ €3)) + 3l 18y
Under these conditions, the left Cauchy—Green teripr +3e5,e1,+ 62,815+ 85,851, (36)

can be written

_ .3 2 2 3 2
Q124=€11€211 1165811 €11€28101 €581, €11€1582;
_ 2 2

Bui=1+2ep+(e1) +(e12)%,

+e1163,+ €580+ 6518501 (37
B1,=Ba1=(1+e)exn+ (1+eyer,,
(220  Expressions(25—(37) are exact. However, the quantities

— 2 2
Boo=1+ 25+ (€59)°+ (€517, Q114: Q224, Q124 are of fourth order irg;; and will turn out

Bas=1 to be negligible for the purposes of the present study.
3= 1 . AR
_ We now reduce Cauchy’s equation to its simplified form.
with all other components equal to zero. Here We first note that it will be convenient to convert the system
U of second-ordefin time) equations(15) into an equivalent
& =Fij— 9 ' (23)  system of first-order equations. To do this we will define the

= g& e
-7 €ji
IX; particle velocities

represents the deviation of the deformation matrix from the
undisturbed state and should not be confused with the strain; v,= %,
in the linear approximation, the latter can be written &g ( ot

+€;i)/2. The invariantg11) now reduce to

(39

wherev;=0 due to the fact that;=0. If we now combine

|=1+By;+By,, the condition of two-dimensional motioii21), the definition
5 (38), and Cauchy’s equatiofiL5), we find that(15) can be
I1=B11+Baot B11B2y— By, (24 rewritten in the following vector form:
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Iw

+AaW+BaW—O 39
ot AaG B0 39

wherew is a 6xX1 solution vector defined as

w= . (40

U1
U2

Here, we note that the last two equations(89) are the

Beo=— = €21 0z +(1+ey) t?izz} , (53
Je, 9€1
Bos=— %[(1 ) e
t(ltenw o - 21%2 , (54
Bea=— . €1 322122 +(1+eq {;%2222 , (55)

with all other elements equal to zero. Because the material is

two-dimensional form of Cauchy’s equation and the first fourisotropic we would naturally expect that theandB coeffi-

arise from the compatibility conditions
ﬁeij _ F?l)i 41
at  IXx; 4D

obtained by combining the definitiai38) with the time dif-
ferential of (23). The elements of the>66 coefficient matri-
cesA andB were found to be

A1s=Age=—1, (42)
1 (90’11 (90'21
Asi= — — | (1+€5) ———e1,— 2], 43
51 Po_( 22) de Yoey, | (43
A L 1te,ylou o S (44)
=—— €0 ———— €150 |,
3 pol 2 dey ey
A 11,y ioz_ o Sou (45)
=—— €0) ——— €15 |,
T pol 2 ey ey
A L 1he,ydoe o 992 (46)
=—— €0 ——— €15 |,
%7 pol 2 gey  tPdey |
1 11 dop
Boi= — —| (1+ -
51 P (1+ey) Je 120-,el
21 doqy
+(1+ —
(1+eq) Je Te, |’ (47)
825: B46: - 1, (48)
1 (90'11 (90'21
Bo,=— — | — +(1+ep) — 4
52 €1 261, (1+ep) e, (49
(90'11 (90'21
Bay= — — | (1+€p) ——
53 22) Jey e,
0—'0'21 30'11
+(1+er) —2—eyr—2|, 50
( 1) Fr (50
1 50'11 (?0'21
=——|- +(1+e) ——
Bsy 5 921(7622 (1+eq) o0y (51)
12 do 2
Bgi=— {(1 €50)
61 22) 5o 1256,
22 Jdo1p
+(1+ e
(1+eq) Je 2 e, |’ (52

cient matrices would be very similar to each other. However,
we have anticipated the fact that we will consider only quasi-
plane waves which propagate primarily in the direction.
Most of our calculations will then involve th& matrix and
we have simplified this matrix by using the definiti@8) to
replace

— — and — —,

ax, Y ax, X, Y X,
wherever they occur.

The undisturbed state of the solid will be taken to be
initially at rest and to have at most a small constant shear
strain. As a result, we will take the undisturbed state to be

for all X; . Here,e$} will be taken to be small and constant.
The value of the vectoid0) in the undisturbed configuration
may therefore be written

0
0
(0)

e
Wo= 81 . (57)

0
0

The main goal of this paper is to derive the evolution
equation governing weakly nonlinear, quasi-plane waves. It
is well known that longitudinafor p-) waves will have non-
negligible quadratic nonlinearity and will therefore be gov-
erned by the classical Khokhlov—Zabolotskaya equation. On
the other hand, she#or s-) waves will have zero quadratic
nonlinearity in the absence of prestrain. Because the shear
mode will be governed by the nonclassical form of the
Khokhlov—Zabolotskaya equation described by Kluwick and
Cox (1998 and Cramer and Web{1998, we will focus on
the shear mode only.

The wave evolution will be governed by a form of the
Khokhlov—Zabolotskaya equation whenever the effects of
nonlinearity and diffraction occur at the same rate. For the
shear mode this will require that the initial pulse shape
should be such that the length scale associated with the trans-
verse variation, i.e., the variations in thg direction, is of
order L/e, where € is a small, nondimensional parameter
measuring the amplitude of the pulse dnis the disturbance
length scale in theX; (or propagatioh direction. As dis-
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cussed by Kluwick and Cox1998 and Cramer and Webb Andrews (1999, a total of six eigenvalues were found for

(1998, these waves will undergo significant distortion overthe 6(0) matrix associated witli42)—(55). Two of these ei-

time scales of ordet./(e’cs), wherecs is the linearized genvalues were zero and correspond to nonpropagating

shear wave speed defined more precisely in the next sectiomodes. The squares of the eigenvalues corresponding to the
One of the contributions of the present study is to extengropagating modes were found to be

the work of Zabolotskayd1986 and Andrews(1999 to

include the effects of prestrain. Here, we will take the pre- 2 eh)? [ o1,

strain to be small and, in particular, we will take? N=Coot 5,1 a2

=0(e). With this restriction on the prestrain, the two con- 2

0

straints on the matriced and B which were imposed by 2 &2011‘ L ‘
Kluwick and Cox (1998 and Cramer and Web{1998 are > > > | Fe.e | ] +0(e(2g)3),
satisfied, at least to the accuracy required here. The first con- Po(Cso~ Cpo) €21 ‘o C119€21l,
straint requires that the appropriate measure of the quadratic (59)
nonlinearity be of ordee at most; the fact that this constraint
is satisfied is discussed explicitly in Sec. Il of the present e 53gy,
study. The second constraint is recorded as(&qof Cramer )\Sz c§0+ Ey [ —
and Webb(1998 and ensures that the primary propagation Po | denden|,
direction is in theX, direction. Although not discussed ex- ) )
plicitly in the present paper, it was shown that the appropri- n 2 J ‘711‘ Y ‘ +0(e03)
ate quantity is of 0%) whenevere!Y=0(e), and therefore po(Cao—C3o) de5y | 0391107621\0 2
is sufficiently small to apply the theory of Cramer and Webb
(1998. (60)
where
I1l. THE MODIFIED KZ EQUATION 1 g0y 172 Bo"’aﬂo 112
In this section we present the specific form of the modi- CPOE(E deqy 0) =\? Po ' (62)
fied KZ equation corresponding to the hyperelastic solid de-
scribed in Sec. Il. Detailed expressions for the solution vec- 1 9oy \Y? @yl Y2
tor (40) will also be provided. The general form (89) and CSOE(—— ) = —> (62)
Po 921, Po

the restrictions on the relative sizes of the amplitude and the

length and time scales are identical to those considered bé(re thep- and ssmode wave speeds in the unstrained state.
Cramer and Webip1998. Thus, we can simply evaluate the \yhen we recal(16) the speed$61)—(62) are recognized as

expressions developed by Cramer and Wet#98 for the  he classical results for the body-wave speeds in linear elas-
specific system of interest here. Because we will frequentl)ﬁcity_

need to refer to the article by Cramer and WéhB98, we
will use the shorthand notation CW for that study.

We should point out that the notation used here will
differ slightly from that found in CW. For example, the spa- dayg ~
tial variablesx andy and the dependent variahléntroduced gﬂ =20,
in Eq. (2) of CW will need to be replaced b, , X,, andw, 0
respectively, in the present study.

In the course of the derivation @69) and (60) it was
necessary to show that

dag| day| dap|

Under the conditions described in Sec. Il of the present 7o "7 | =6 ’ =0,
investigation and, equivalently, CW, the general solution for R
40) is ~ ~ ~
( ) ’ &Zao | (920[1 ‘ ﬁzaz |
W = = — .

These results as well as others not recorded here will be used
without explicit comment in the remainder of this paper. Ex-
mples of the details of such calculations can be found in the
hesis of Andrew$1999.

In all that follows we will focus on the shear ermode
only. When this is done we find that the components of the
eigenvector corresponding t¢59) are

whereW=W(X,X,,t) is a scalar shape function related to
the main disturbanc&/=V(X,X,,t) is a second scalar func-
tion related to the disturbances induced by diffraction, an
X=X;—A\t is a wave coordinate measured in a frame mov-
ing at the linear plane-wave speedThe 6x1 vectorsr, &,
and y provide the relative sizes of the componentsaofor
the various perturbations of the solution veatorThe quan-
tity rh seen in(58) represents an arbitrary homogeneous so- (0)

lution parallel tor _ €21 (92011’ (02
; ri=rs +0(e319), (63
As discussed by CW, and\ are the eigenvectors and pol(c2,— Cf,o) 9€3, 0
eigenvalues ofAY=A(w,) =speed matrixA evaluated at
the undisturbed state. As in the zero prestrain case studied by r,=r,=0, (64)
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0
e(21)

2
pO(Cso_ Cpo) = ‘ 0

(0) 2
€21 J 0'11‘

2 2 2
po(Cso— Cpo) ey ‘ 0

(720'11
‘ +O(e<201)2), er W= (e, — e(z(i))

Fs=—Agl 1= —Ngl3

(65)
-~ (0)u(0) 71
re=—Ngf3, (66) "‘(eZl_eZl)eer_zv
3
respectively. Throughout this paper, we will taketo be the
nonzero but otherwise arbitrary component of the eigenvecwhere we have use(b3), (69), and (72). This term repre-
tor r. Following the procedure of CW, we find that the vec- sents the part of;; generated by the interaction of the shear
tors & and y can be written wave and the prestrain. The second contributiog?r 3V
~ —e,, is due to the diffraction, i.e., the transverse varia-
-1 tions. The final contribution is due to the nonlinearity of the
stress—strain relatio(b) and can be written

S=r, +0(e), (67)

2
6271£~_(e21 en))?,
0 2o
and where we have use(2).
The fact that the passage of the shear wave causes a
density perturbation of second order can be seen by adding
(70) to (73). We then usd63), (69), and(72) to obtain

0
0
1
N

[

=71 +0(e), (68)

O OO R

1y
et e~y N2 o). (76)
s

|
© >
w

If we further expand14) and the last of24) in a manner
which is consistent witl{70)—(75), we find that

where

2 2
I’3 J 0'11‘

+0(e). (69) 1
polc2o—C2o) 964 | £~1—§(|u —1)+0(e*)~1—(e1+ey) +0(eh),

V1=

In (67)—(68) any portions of the vectoré and y which are
parallel tor can be shown to make no contribution to the Which, when combined witl76), yields
resultant evolution equations and,(BB), can be absorbed in

therh term. Thus, any part df67)—(68) which is parallel to p 1y 3
r can be ignored with no loss in generality. P_o%l_ > r_z(e21_ e51°) +0(e”), (77)
3

An explicit form of the solution forw can be obtained

by combining(58), (63)-(69) with (40) to obtain where y, /r3 can be obtained fron69). Result(77) is con-

W2 sistent with the well-known result that material nonlinearity
ey =er W+ e’ —raV+ iy +0(€%), (700 can generate density perturbations under shear loads.
We now turn to the determination of the specific form of
e1,=0(€d), (71  the KZ equation corresponding to the hyperelastic material
described in Sec. Il. In CW the general form of the KZ
€= e<2(i>+ ersW+0(€d), (72) equation in terms of the shape functionsandV was given.
If we use(72) and(73) to replaceW andV by e,; ande,,,
€,,=€%raV+0(ed), (73)  we find that the evolution equations governing weakly non-
linear, weakly diffracting waves in hyperelastic solids are
v1=—\ge11+0(€%), (74)
vo=—Ns€o1 T 0(€°). (75) &jfl_cso I+ A(e21 el) |(ex—ey) (9;;1 CZSO (;izzz
When we recall that we are takirg}2)=0(¢), we see that -0 (79)

both e;; ande,, are of second order in the shear pulse am-
plitude. If we combing23) and(38) with (74), we can show
that the disturbance te,; gives rise to a disturbance in the 9822 _ €21 (79
longitudinal displacement; which, to lowest order, travels X  dX;’

with the main pulse at speed.. The contributions t@,, are

from three sources. The first contribution can be written asto lowest order. HereX=X; — At
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This form of the evolution equation is particularly useful
when considering the effect of the sign of the prest@&%
0 on the wave motion. Inspection ¢3) reveals that the evo-
lution is invariant with respect to the sign eﬁ). This con-
+0(e),  (80) clusion may not be immediately obvious when we recall that
the quadratic nonlinearity paramet&d) changes sign as the
prestrain changes sign.

~ 1 Po
. [ :

9e3,

= 2
2poCso

3 (920'11‘ (920'12 ‘

2 _ 2 2
Po(Cso— Cpo) 9€3; ‘ 0 dexden,

0 : . .
- e(21) &3012‘ 3 Poyy oy, ’ Finally, we not_e_ that the e_volut|on quaﬂ()?B) can be.
I'= > 3 % 2 Je.de | reduced to a modified or cubic KZ equation by differentia-

2poCso| €31 ‘ o Po(Cso—Cpo) €5 7C219€11], tion with respect toX and use o0f79); the result is found to
~ be
+0(eh)?)~ef)A. (81)
The * signs in (78) correspond to right and left running N ~ A ) . Cso 3
waves, and the differential with respect to time seefi78) €+ Cso| I'e+ 5 €7 ey X—Texzxz_o' (84)

is taken holdingX and X, constant.

Once (78)—(79) are solved fore,; and ey, €11 can be
determined from(76) and u;, u, can be determined by
straightforward integration once it is recognized tlat)
implies thatu; =u,(X;,t) to lowest order.

We note that(79) can be further simplified through use
of (23) and conversion back t§;, X,, t coordinates to yield

where we have replaces);— e(zol) by e for convenience and
the subscript¥, X,, t again denote partial derivatives. Equa-
tion (84) is of the same general form &8) with an addi-
tional term representing quadratic nonlinearity.

A second reduction df78)—(79) to a single equation can
be obtained by noting thaf79) implies the existence of a

é°u, d°u, potential function. In fact(82) implies that the appropriate
IX10Xy  IXpdXy (820 potential is the shear displacement. It will be convenient
to define
Thus,(79) can be recognized as a compatibility condition on
the shear displacemen(Xy,X;,t). u=u,—ed'X,, (85)

The term proportional t&" introduces quadratic nonlin-

earity into the evolution equatio(v8). Inspection of(81)  \yhich is a measure of the actual shear displacement from the

reveals thal’— 0 as the prestraia%)— 0. Thus, our restric-  yndisturbed state. Whe85) is combined with23) and(78),
tion thately)=0(€) guarantees that the quadratic nonlinear-we find that

ity is weak and therefore that conditigh?2) of CW holds.
The term proportional ta in (78) represents cubic non-
linearity and is seen to be consistent with that obtained by  uy;*Cg,
Zabolotskayg 1986 for transverse waves in a nonlinear iso-
tropic solid once differences in coordinate systems are taken
into account. We also note that the one-dimensional versiolfN€re We have used the fact thegb=uy, and
of (78) is consistent with the work of Carman and Cramer
(1992 when their result is simplified using the small distur- _dupy dup du
bance approximation. €21= X, T X T gx -
In the course of the derivation 678)—(79), it was found
that the termsh, B defined in Eqs(28) and(29) of CW were e note that(86) is a cubically nonlinear version of the
of ordere and are therefore negligible in the physical systemyoy-frequency transonic equation derived by Cramer and
considered here. The coefficierisandB are proportional 0 geephas¢1978 in the context of focusing shock waves in
the coefficientss” and 81*) in (4) of the present investiga- perfect gases.
tion and represent terms generated by an interaction of the | closing this section we note that E4Z8)—(79), (84),
weak nonlinearity and the weak diffraction. Thus, in spite 0fand (86) are written in a coordinate system which translates
the complexity of the original physical syste89)—(40) and 4t speed\ in the X, direction. When we transform back to
(42)—(59), the primary effect of the small prestrain is seen o frame which is stationary with respect to the undisturbed
be the modification of the linear wave sped®) and the  gqjid, we find that the counterpart 678)—(79) can be ob-
addition of the term representing quadratic nonlinearity toained simply by replacing(=X;—At), Xo, t by X;, X,
the KZ equations of Zabolotskayel986 and Andrews { in (78)—(79) and by adding the term e, /X, to the
(1999. _ ~result of replacingX, X,, t by X;, X5, t. As a final step, it
Because the scaled value of the quadratic nonlinearittan also be shown that no additional terms arise when our
coefficientI” is proportional toA, it can be shown that we equations are converted from the Lagrangian coordingtes

- A c
Tuy+ E(ux)2 =

Uxxi 2 ux2x2:0’ (86)

can recast78) in an alternate form which reads to the Eulerian coordinates . That is, it was found that the
~ KZ equation was essentially the same form regardless of
aiﬂic A(ez —el02) ﬁiﬂiﬁ) ‘9122:0 (83  Whether Lagrangian or Eulerian coordinates are employed, at
gt T2 A AL X T 29Xy least to the accuracy needed here.
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IV. DISSIPATIVE WAVES where Regis recognized as the Reynolds number based on
) ) o . the linearized shear wave speed.

In this section we show how weak dissipation modifies A extension of the Khokhlov—Zabolotskaya equation
the evolution equatiori78). Simple dissipation will be in- 4 jnclude weak relaxation, dissipation, and dispersion has
cluded through use of a Kelvin—Voigt model. To incorporatepeen derived by CW for the case where these effects are of
this model we write the stress) as the same strength as the nonlinearity and diffraction. When

o=@+ g, 87) Cramer and Webb’s scheme is applied&8), it is found that

oo . the dissipative form of the evolution equatiérg) may now
whereo!® is the elastic part of the stress identical®. The ~ be written

I
second term is the viscous part of the stress given by

d€y; ~ A ) (0), 9821 Cso 9822
v P ot “Osq g (Cam e |(eamen) =50k,
T =)\”(?_Xg 5ij+,uv 074-&—)(' , (88)
. My 7€y 94
where u, and X, are shear and second viscosities, respec- "~ 2, ,y2 (94)

tively. As discussed by CW, only the lowest-order contribu-

tions to the dissipative terms will be required. As a result, thewith (79) unchanged. We note further that the inclusion of

linear stress—rate of strain relati¢88) will be adequate for ~Mmaterial dissipation leaves the basic soluti¢f@—(75) un-

our purposes. Furthermorg,, and\, may be taken to be changed. As a result, the procedure for findingand u,

constants and the distinction between Lagrangian and Euldlom €;1, €5, is exactly the same as in the nondissipative

rian coordinates can be ignored (@8). case. The only difference between the dissipative and non-
When (87)—(88) are substituted iti15), we find that the  dissipative cases is the difference in the governing equations

system of equations governing the wave propagation is  (78) and(94). The evolution equatio(®4) is again seen to be
completely consistent with previous investigations as well as

oW A AW B oW D00 9w DO 9w the dispersion relation for linear Kelvin—\oigt solids.

Gt EaX, ST aX, = gx2 = aXy9X, Becausd79) is unchanged when dissipation is included,
1 we can immediately write down the extensiong@&8), (84),
22w and(86); these read

+ D(yy)—z, (89 ~
T 09Xy d€y ()2, 9821, Cs0 €22 _ My 9%ey

_tcso_(egl_en ~— o %, '
wherew, wy, A, B are identical to those given in Sec. Il. ot 2 IX 2 Xz 2po gx?
The only difference betwee89) and(39) is the presence of (95)

the dissipative terms having tiex N matricesD ), D&Y, _ X Ceo M
DY) as coefficients. The only nonzero components of the | exce| e+ =e?|ey| T—ey x.= =——exxx, (96)
5 2 2 XX 2p,
latter are found to be X
and
(XX)_)\U+2M” (XX)_ﬂ ~
Dgs = oo Des = 20 (90 - A Cso w,
Uy Cso TUx+ 5 (Ux)? | Uxx ™=~ Ux_x, = 5 Uxxx,
- 2 2 XX2T 2p0
DLy =Ly ="v K (92) o ' ©7)
Po wheree andu have the same definitions as in Sec. Il and the
subscriptsX, X,, tin (96)—(97) denote partial differentiation.
m AN, 20
D(VY)=_” D(yy)=¥ 92)
55 , 66 - (
Po Po

V. SHOCK JUMP CONDITIONS
The effects of weak dissipation on the shear waves will

. . 2 . .
become noticeable at times of orgel.“/ u, . If the dissipa- sipation will generally give rise to the formation of shock

tive effects are much larger than the effects of nonlinearity, .\ a5 The shock jump relations can be derived in a standard

and diffraction, the shear pulse will damp out long before thq/vay by first converting78)—(79) to a conservative form and
latter effects will be noticeable. On the other hand, pulses fO{hen by integrating over a volume enclosing the possible

which the dissipation is much weaker than the non”nearitydiscontinuity In terms of the originaX,, X5, t system, we

will evolve with no noticeable diSSipation, except in the in- find that the jump conditions for a right-running shock wave
terior of shock waves, over the time scales considered her%an be written

We will therefore take the length scalk, and the pulse B ~
amplitude to be such that dissipation, nonlinearity, and dif- S rre’] Afe?

It is expected that the presence of nonlinearity and dis-

N P T R 2
fraction all occur at the same rate. As a result, we require that )\_S~1+ 2 [e] + 6 [e] +o(e%), (98)
poL?/ m,=0(L/(€%csy)), Or that
’ ” [z~ 6 €] +o(&), (99
Re= CsoPol- :0(%>, (93  Wheree is again simplye,,— eld, the double brackets de-
v € note the jump in the indicated quantity across the shock, and
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0s=0(e) is the acute angle between the shock surface and Q
the positiveX, axis, measured in a counterclockwise direc-
tion. The quantitys is the dimensional shock speed relative
to the originalXy, X,, t frame.

We note that the lowest-order shock spé€@8) is iden-
tical to that derived in the one-dimensional theory of Carman a
and Cramef1992. From the point of view of the shock, the ¢
primary way in which the two-dimensional character of the
motion is incorporated is through the jump conditi@9). o

An important feature of shock waves in nonlinear solidsFIG. 1. Sketch of the flux functiof103) for the casel’, A>0. Arrows
can be revealed by an inspection of the characteristic sy fenote the direction of jumps for admissible shocks and d—e denotes a sonic
faces associated witfr8)—(79). If the equation of the char-
acteristic surface i5(X;,X,,t) =0, then the unit normah)
and speedq;) of this surface can be written Thus, the slope of th® vs e curve is closely related to the

speed of the characteristic surfaces, and the slope of the

VF = A : .
n=——, S=—r=r, (100) straight line connecting the states ahead of and behind the
|VF| |VF| shock is closely related to the shock speed. Furthermore,

respectively. If we apply the method of characteristics to(102) can be recast as
(78)—(79) and recognize thanX2=O(enxl)=o(nXl), we 1Q]
find that the speed of a right-running characteristic surface Q1< Tel <Q3, (106

can be approximated by
~ whereQ{=Q’(e;) for i=1,2. As in(102), the subscripts 1

Se .= AN, 2 and 2 will denote states ahead of and behind the shock, re-

)\—5—1+Fe+ 7 & ol (103 spectively. Thus, the admissibility of a proposed shear dis-
contlnwty can be determined by a relatively simple inspec-

tion of the correspondin® vs e curve. As an example, we

consider the states b, c indicated on the&) curve in Fig. 1.

he states andb will correspond to states on either side of

n admissible shock, i.e., one satisfyiii§?2) or (106), if and

nly if a is the state ahead of the shock dmds the state
behind the shear shock. To emphasize this fact we have

Sc1=S<S,; (1020  added an arrow in Fig. 1 to indicate the direction of the

that is, the shock speed is required to be larger than the wav %dm|55|ble jump. |f we consider a discontinuity between the

points a and ¢ in Fig. 1, we can conclude that the only
speed immediately ahead of the shadefined ass;,) and dmissible shock is one for which the solid is taken from

smaller than the wave speed immediately behind the sho %tatea to statec. Thus, bothe-lowering ande-raising shocks

(defined ass,). Condition (102 is recognized as Lax’s
(1971 speed-ordering condition and holds in a trivial way are possible if botk andT are positive; it can be shown that
the same conclusion will be valid i\ and T are simply

even for cases having strictly quadratic nonlinearity. The'
derivation of(102) is based either on an analysis of the dis-"0N#&ro- , o _ o

sipative structure of the shock or on the basis of a casualty An example_of an inadmissible discontinuity is one hav-
argument, i.e., an argument denying the possiblity that eveniBd end states given byandb. Because the slopes of tig

in the present or past can be influenced by events whicfUrve atc andb are greater than the slope of the choreb,

occur in the future. (106 will always be violated for this discontintuity.

A graphical interpretation ofL02) can be developed by Tangency points are also clearly possible. One such
defining the flux function shock is _represented by the statkse in Fig. 1. Such tan-
gency points correspond to the equalitieg102) and (106
and represent a shear shock for which the shock speed is
identical to the characteristic speed immediately ahead of or
~ ~ behind the shock. The resultant shock wave is referred to as
A sketch of theQ vs e curve for['>0, A>0 has been pro- 5 sonic shock and is not possible in the classical KZ theory.
vided in Fig. 1. Straightforward differentiation can be used top detailed analysis of th€ curve in Fig. 1 shows that the

o

7 e

Thus, the speed of the characteristic surface is only depen
dent one=e,;—e!) and is identical to that of the one-
dimensional theory described by Carman and Craih@®2.

We close this section by noting that the necessary an
sufficient conditions for the local existence of shear shock%
can be written

r A
Q=@@s§é+€é. (103

show that sonic shocks will correspond to the maximum or minimum
- A s shock strength when such an extremum is not zero or infi-
Q'=Te+ §e2~ )\—C—l, (104  nite. Furthermore, experience with the one-dimensional
s theory strongly suggests that sonic shocks will be the result
whereQ’'=dQ/de. Futhermore of partial disintegrations of inadmissible discontinuities.
) 3 Finally, we consider the unstrained undisturbed state dis-
[Ql_Tle] i Alel_s (105  cussed by Zabolotskay@988. In this caseely=0, I'=0,
fel 2[e] 6 el As ™ ande=e,;. Thus, (103 reduces to the pure ‘cubic relation
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A exactly. We note in passing that the valuesagf and o,
Q= €e3. (107 given by Carman and Cramét992 contained typographi-
cal errors in the authors’ original manuscript. However, those
Sonic shocks as well as shocks carrying both increases angpographical errors had no effect on their reported results.
decreases af are possible. An interesting special case is that ~ Results(111)—(113 may now be combined to yield the
whereA<0. In this case, no shocks are possible which havespecific forms of(17)—(19); these read

e=0 ahead of the shock. Thus, when the prestrain is zero, a

disturbance propagating into an undisturbed media, i.e., one Fo= po(1—b)| 111 Gr=Dr20-20] 4 I-i-1

havinge=0, cannot be headed by a shock regardless of the om0 |11 32

degree of focusing or attenuation.

+ pob[ 111 ~Y2—q | ~HM2@=2m]] (114
VI. RESULTS FOR A BLATZ-KO MATERIAL _ | —2
. . . e . 1= po| —,+(1-Db) , (119
In this section we consider a specific material model and [ 22 [ 372
provide explicit formulas for the nonlinearity coefficients de-
rived in Sec. lll. The model chosen is that developed by - 1-b
Blatz and Ko (1962 for compressible foam rubbers. To G2m @2 o (116
specify any particular material we simply need to give the
dependence of the strain energy on the invariants, 111.  exactly. Result{114—(115 were used to generate the ex-
For the Blatz—Ko model this relation is pressions for the Lameconstants(109—(110 for the
Blatz—Ko material. The results fg8,, a;|, may be com-
U= Hob |—3+ _2”(”' —vl(1-2v) _ 1)] bined with (61)—(62) to obtain the linearized shear and lon-
2pg gitudinal wave speeds for the unstrained material. In the re-
wo(1—b) [ 11 1-2, mainder of this section we ug@14)—(116) to compute the
+ —:—— 3+ —— (VA= — 1)] , parameters associated with the nonlinear aspects of the wave
2P0 I v propagation.
(108 We begin by noting that the only derivatives of;
whereu, v, andb are material constants. which are required can be written
It can be shown that thg Lamepnstants(16) for the Poyy Jag G
Blatz—Ko material can be written Py = {7 ar +a2|0}, 117
p'=a1lo= po, (109 o 0
~ v Po1o =281+ %10+ 23| (118
N'=2Bo=2u07 5. (110 Feqden|, cPrTadlot2azdo,
Thus, the Blatz—Ko parameteyrs, and v are just the shear oy da,|  dag| -
modulus and Poisson ratios of the linear theory. As a result, PN 26{7 AT +aylol (119
these parameters may be determined by examining the ma- 2o 0 0
terial response in the small strain limit. The paramédier \ynere
cannot be determined in the limit of linear elasticity. Blatz 5
and Ko (1962 performed experiments showing that, ~ day dJaq|  dag
~32 psk=221 kPa,b~0, andv=1/4 for the foamed polyure- '81:7 ET o . o (120

thene rubbers generated in their lab. Further discussion of the
Blatz—Ko model and its limitations can be found in the origi- Details of the derivations leading t617)—(120 can be
nal article and those by Beatty and Stalnak#986 and found in the thesis by Andrew&l999. When (114)—(116)
Beatty (1987). are substituted i1i1117)—(120), we find that

When (108) is substituted in8)—(10), we find that

o o
I aezll - aeﬂaznl = " 2po17D), (123
ag= pof (1—Db)| 111 4= D2d=2n]_ T 211 0
(930'12
_ —1[2(1-2v)] 7| =0 (122
blll , (111 €1,
We may now determine the parametéd®) and (80)—(81)
I_ (1—b) !, (112 for the Blatz—Ko material. The lowest-order values of these
e BT quantities read
2
1- 71 2¢g
=— , 113 =55 (1-b), (123
ERTTEE (113 2 cZ—cZ
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60@0 o It should be noted that other, more accurate, models of
A=—-—5—>5(1-b)? T=Aey. (124  solid rubbers have nonzero cubic nonlinearity parameters.
Cpo~ Cso One such example is Ogderi972 model. The behavior of
Hwe nonlinearity coefficients as—1 seen here should be
regarded as a characteristic of the Blatz—Ko and Mooney—
Rivlin family of models rather that as a general statement of

the behavior of all solid rubbers.

In like manner, the perturbation to the linear wave speed an
density may be computed by substitutifi@1)—(123) in (59)
and(77) to yield

2c2
A~ £ Cqq 1—9(22)22—5.;(1_b)2+0(53) ) (125

Cho— Cso VIl. SUMMARY
c2 We have examined weakly nonlinear, weakly diffracting
ﬁzl—%(l—b)[egl— e(22>2]+0(e3). (126) shear waves in a hyperelastic solid. The extension of the
Po Cpo~ Cso Khokhlov—Zabolotskaya equation which is valid for small

shear prestrains has been derived. Two alternate forms of our
extended KZ equation were presented; the nondissipative

~ forms are given by(78)—(79), (84), and(86) and the dissi-
may be used to show that<0 and that the magnitude of the . o formgs are g)i(ver)n b(w;)—((g;) (86
linear wave speed is decreased by any nonzero prestraP :

) N The primary effect of the prestrain was seen to be to
€21 - If we further takeb<<1 we conclude that shear waves ,q ity the linear wave speed and to change the nonlinearity
decrease the material density from, whenever |e,|

0) ] L from a pure cubic nonlinearity to a mixed cubic and qua-
>|e;l . In particular,p<pq for a b<<1 Blatz—Ko material  qratic nonlinearity. Surprisingly, the terms representing inter-
having no prestrain, at least in the context of the small dis3¢tions between nonlinearity and diffraction found in the
turbance theory presented here. general modified KZ equation derived by Kluwick and Cox
Inspection of (123 —(126) reveals that the effects of (1998 and Cw were found to be negligible even when the
nonlinearity are related in a simple way to the materlallcon-prestrain is nonzero. To the authors’ knowledge, the present
stantb. Blatz and Ko(1962 found thatb~0, v=1/4 for their 556 s the largest and most complicated physical system for
polyurethene foams, whereas they found tvatl, »~0.463  \yhich such nonlinear diffraction terms play no role in the

If we make the usual assumptions thdt>0 and G<r<1/2
for any linear material, thew>,>cZ,. Thus, (124—(125)

for solid polyurethene rubber. If we note that lowest order evolution.
2 A second new result is that for the shock jump condi-
—0 __—1-2y, tions (98)—(99). The shock existence conditions were also
c,z)o— c2, given in terms of the speed-ordering conditigtn2). We

have also provided a short discussion of a graphical approach

we find that to the analysis of the admissibility of proposed discontinui-
ties. A new type of shock, not possible in the classical KZ
ﬁwl A~—-3 T'~—3e0 theory and referred to as a sonic shock, was briefly de-
2 ] ’ 21 » . . . B N
rs scribed. Experience with the one-dimensional theory sug-

ts that such shocks will pl k le in th li
for Blatz and Ko’s polyurethene forms. On the other hand gests That SUEh Shocks WIT play @ key Tole In the noninear

. : S L diffraction of shear shocks.
the nonlinearity appears to vanish in the limitlof- 1. That ! !

is the Blatz—K del dicts that th i f Finally, we have given examples of the nonlinearity con-
'S, the blalz—Ko model predicts that the propagation Olgi,nis for 4 specific material model. The model chosen was
guasi-plane shear waves is at most quartic inkthel limit.

£ h h h that th Ui i ¢ bbased on the well-known Blatz—Ko formuld08) for the
xperience has snown that the evolution equation must bg o, energy. The explicit form of the relevant constants is

mod?fied even when i.bZO(e'). quer these conditions, ,given by(124). If we taken'>0, 0<v<1/2, andb# 1, (124)
the time scale over which nonlinearity becomes noticeable i ~ \
reveals thatA<O for all Blatz—Ko materials. If we further

; -3 -2 .
proportional toe "~ rather than the:* used here. Furt_her restrict attention to the case of no prestrain studied by Zabo-

more, diffraction can balance the weakened nonlinearity 0n|¥otskaya (1986, a disturbance propagating into an undis-

if the transverse g_radlt_ants are al_so co_rrespondmgly Weakert'urbed solid will never be headed by a shock wave. In this
Such a reduction in the nonlinearity should not be sur

orising when we note thatl08) reduces to e{9=0, A<0 case, the resultant wavefront will always be
smooth and will travel with the linearized wave speed.

Mo
U~>"(1-3), (127
Po Andrews, M. F.(1999. “Evolution equations for weakly nonlinear, quasi-

whenb~1: here, we have noted thét26) implies that the planar waves in isotropic dielectrics and elastomers,” Masters thesis, Vir-
’ ' ginia Polytechnic Institute and State University, Blacksburg, Virginia.

dgnSity perturbation; induced by t_he shear_wave are of Ord@eatty, M. F.(1987. “Topics in finite elasticity: Hyperelasticity of rubber,
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