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A modified Khokhlov–Zabolotskaya equation governing shear
waves in a prestrained hyperelastic solid
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Weakly nonlinear, weakly diffracting, two-dimensional shear waves propagating in a prestrained
hyperelastic solid are examined. A modification of the classical Khokhlov–Zabolotskaya equation is
derived using a systematic perturbation scheme. Both dissipative and nondissipative materials were
considered. The principal effect of the prestrain was seen to be the inclusion of a quadratic
nonlinearity to the cubic nonlinearity found in the case of zero prestrain. Further new results include
the shock jump relations and the prediction of shocks having a speed which is identical to the
nonlinear wave speed ahead of or behind the shock. Explicit expressions for the nonlinearity
coefficients for the special case of a Blatz–Ko material were provided. ©2003 Acoustical Society
of America. @DOI: 10.1121/1.1610460#

PACS numbers: 43.28.Kt, 43.28.Lv, 43.28.Js@MFH#
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I. INTRODUCTION

The canonical equation for weakly nonlinear and wea
diffracting waves is the Khokhlov–Zabolotskaya~KZ! equa-
tion, which can be written in the general form

~Ut1b8UUx!x1 1
2Uhh50, ~1!

whereU5U(x,h,t) is a measure of the wave disturbancex
is a spatial variable measured in a frame moving with
wave,h is a transverse spatial variable, andt is a time-like
variable. The order-one constantb8 is a measure of the non
linearity of the system. The KZ equation is recognized
being quadratically nonlinear, and we therefore refer tob8
and similar parameters as quadratic nonlinearity parame
The first derivation of this equation was given by Zab
lotskaya and Khokhlov~1969! in the context of ordinary
nonlinear acoustics.

When modified to account for dispersion and dissip
tion, the KZ equation~1! provides an accurate description
many commonly encountered physical systems includ
those associated with the nonlinear acoustics of low-pres
gases and liquids, the nonlinear acoustics of longitud
waves in solids, magnetosonic and acoustic waves in m
netohydrodynamics, and surface and internal waves in
ocean. However, in many systems of practical interest,
quadratic nonlinearity coefficientb8 may be small or vanish
altogether. In such cases,~1! becomes

Utx1 1
2Uhh'0, ~2!

and nonlinearity no longer plays a role in the wave evoluti
at least over the length and time scales originally associ
with ~1!. Examples whereb8 is identically zero are nonlinea
optics, Alfvén waves in magnetohydrodynamics, and sh
waves in an isotropic nonlinear solid; it is the latter applic
tion which is of central interest in the present paper.

While ~2! may give a reasonable description of the wa
evolution in some applications, any complete understand
of nonlinear diffraction in systems havingb850 will require
further study. It may also be shown that waves governed
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~2! may focus if the initial wavefront is curved. Near th
focal region~2! must be modified to include nonlinear e
fects; the resultant evolution near the focal region is a
expected to be governed by a nonlinear equation of the
type.

The evolution equation governing systems having sm
or zerob8 will necessarily involve an inclusion and analys
of cubically nonlinear terms in addition to the quadratica
nonlinear terms normally leading to~1!. Zabolotskaya~1986!
has derived the explicit form of the extension of~1! for the
case of shear waves propagating in a nonlinear solid ha
no strain in the undisturbed state. The result of Zab
lotskaya’s study was that the extension of~1! for shear waves
can be written as

~Ut1b9U2Ux!x1 1
2Uhh50, ~3!

at least when the displacements are confined to thex–h
plane and dissipation is ignored. Here,b9 is a cubic nonlin-
earity coefficient which depends on the particular mate
model. Zabolotskaya’s result~3! is intuitively satisfying be-
cause the net effect of the detailed perturbation analysis
ried out by Zabolotskaya is to replace theb8UUx term in~1!
by the cubic termb9U2Ux when b850. Under the condi-
tions implicit in Zabolotskaya’s derivation it can be show
that the parameterb9 can be computed by an analysis of th
one-dimensional problem, i.e., a problem where all var
tions with respect to the transverse direction vanish, t
suggesting a simplified derivation or a check on the value
b9. Of course, similar remarks can be made for the coe
cient b8 seen in~1!.

More general studies of cubically nonlinear syste
have been carried out by Kluwick and Cox~1998! and
Cramer and Webb~1998!. The first set of authors develope
a general multiple-scales scheme for the treatment of c
cally nonlinear systems, i.e., systems in which the relev
b8 is either zero or small. Kluwick and Cox’s results in
cluded those for ordinary nonlinear acoustics on rays as w
as the extension for diffracting systems. Cramer and W
1821821/12/$19.00 © 2003 Acoustical Society of America
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~1998! presented a more restricted version of Kluwick a
Cox’s scheme focused on nonlinear diffraction. The prim
extension of Cramer and Webb’s work over that of Kluwi
and Cox was the inclusion of the effects of dispersion, d
sipation, and relaxation.

A remarkable feature of the general schemes prese
by Kluwick and Cox~1998! and Cramer and Webb~1998! is
that the general form of the KZ equation valid for small
zerob8 is not of the form~3!, but must be supplemented wit
quadratic terms representing an interaction of diffraction a
nonlinearity. In the notation used for Eqs.~1!–~3!, the terms
which must be added to~3! can be written

Hb-UUh1b~ iv !UxE Uh dxJ
x

, ~4!

where b- and b ( iv) are system-dependent constants. B
Uh and* Uh dx can be shown to be zero when diffraction
negligible.

For a general system, there is noa priori reason why the
material constantsb- andb ( iv) should vanish. However, pre
vious investigations have shown thatb- andb ( iv) do in fact
vanish for many cases of practical interest; an example
direct interest here is the case studied by Zabolotsk
~1986!. Andrews ~1999! has shown that these coefficien
also vanish for the case of nonlinear optics. Kluwick a
Cox ~1998! and Cramer and Webb~1998! have shown that
b- and b ( iv) are zero for the case of acoustic waves in
Bethe–Zel’dovich–Thompson fluid; the latter class of flu
has a quadratic nonlinearity parameterb8 which can be small
or even change sign at certain thermodynamic states. H
ever, Cramer and Webb~1998! have also shown that th
coefficientsb- and b ( iv) are nonzero for nonlinear Alfve´n
waves in a plasma. Thus, although the general form of
KZ equation for cubically nonlinear problems is known fro
the work of Kluwick and Cox~1998! and Cramer and Webb
~1998!, the status of the additional terms proportional tob-
andb ( iv) will depend on the details of the specific applic
tion. Furthermore, the values ofb- andb ( iv) cannot be de-
termined by or carried over from a simpler case, e.g., by
analysis of the one-dimensional theory.

In the present investigation we examine the effect o
weak prestrain on the nonlinear diffraction of shear waves
particular, we will determine the modification to the cub
KZ equation, e.g.,~3!, required when the undisturbed sta
has a small shear strain. Such prestrained states can
interest in acoustoelasticity~Norris, 1998! and may also oc-
cur naturally. In the present study we show that the effec
the prestrain will be to modify the linear wave speed and
introduce nonvanishing quadratic nonlinearity in the final K
equation. A further question of interest is whether the p
strain will result in terms similar to those proportional tob-,
b ( iv) which are nonzero. We also account for the sho
waves which will inevitably form and record the shock spe
for diffracting shear waves in a prestrained material. A fin
extension of Zabolotskaya’s results is to determine the fo
of the nonlinearity constants for the case of a specific m
rial model; this model is based on the well-known Blatz
Ko strain energy.
1822 J. Acoust. Soc. Am., Vol. 114, No. 4, Pt. 1, October 2003 M. S. C
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II. FORMULATION

The stress–strain relation for a general hyperelastic s
undergoing isothermal deformations is

s i j 5a0d i j 1a1Bi j 1a2BimBm j , ~5!

wheres i j is the Cauchy stress tensor,d i j is the Kronecker
delta, andBi j is the left Cauchy–Green tensor. In all th
follows, lower-case Latin indices will range over 1, 2, 3 a
the Einstein summation convention will be employed. T
left Cauchy–Green tensor is defined as

Bi j [Fi ,F j ,5Bji , ~6!

where

Fi j [
]xi

]Xj
~7!

is the deformation matrix,Xi are the Cartesian coordinates
a material particle in the undeformed~natural! configuration,
and xi are the coordinates of its position in the deform
configuration. We will refer toXi as the Lagrangian coordi
nates andxi as the Eulerian coordinates.

The scalar coefficientsa0 , a1 , a2 are related to the
strain energy per unit mass by

a052r0III 1/2
]U

]III
, ~8!

a15
2r0

III 1/2 S ]U

]I
1I

]U

]II D , ~9!

a252
2r0

III 1/2

]U

]II
, ~10!

where U[U(I ,II ,III ) is the aforementioned strain energ
and the constantr0 is the material density in the unstraine
state. The quantitiesI, II , III are the invariants ofBi j given
by

I[B,, , II [ 1
2~ I 22BimBmi!,

~11!
III [det~Bi j !,

where det(Bij) refers to the determinant ofBi j .
Motions of the solid are governed by Cauchy’s equat

rüi5
]s j i

]xj
, ~12!

where the dots denote differentiation with respect to ti
following the particle,ui(X, ,t) is the displacement vecto
defined by

ui[xi2Xi , ~13!

and r is the instantaneous material density related to
density in the unstrained configuration (r0) by

r5r0III 21/25r0F21, ~14!

whereF[det(Fij). A useful alternate form of~12! is obtained
by recasting it in terms of the Lagrangian coordinatesXi as
follows:
ramer and M. F. Andrews: Modified Khokhlov–Zabolotskaya equation
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r0

]2ui

]t2
5F

]Xp

]xj

]s j i

]Xp
, ~15!

where the time differentials are taken withXi held fixed.
At this stage we note that the exact relation~5! can be

reduced to the usual linear stress–strain relation by takinui

to be small and retaining only terms linear in]ui /]Xj . The
resultant linearized form of~5! is found to be

s i j 'l8
]u,

]X,
d i j 1m8S ]ui

]Xj
1

]uj

]Xi
D ,

where

m8[ã1u0 , l8[2b̃0 , ~16!

are the usual Lame´ constants, and we have required that

ã05ã0~ I ,II ,III ![a11a21a3 ~17!

vanishes at the undeformed stateI 5II 53, III 51; the latter
condition ensures that the stress vanishes when the s
does. In the remainder of this paper we will find it conv
nient to define the following quantities:

ã1[a112a2 , ~18!

ã2[a2 , ~19!

and

b̃0[
]ã0

]I U
0

12
]ã0

]II U
0

1
]ã0

]III U
0

, ~20!

where the notation ( )u0 will denote quantities evaluated a
the unstrained stateI 5II 53, III 51.

The perturbations to the undisturbed state will be tak
to be two-dimensional, i.e.,ui5ui(X1 ,X2 ,t) only and

x15X11u1~X1 ,X2 ,t !,

x25X21u2~X1 ,X2 ,t !, ~21!

x35X3 .

Under these conditions, the left Cauchy–Green tensor~6!
can be written

B115112e111~e11!
21~e12!

2,

B125B215~11e11!e211~11e22!e12,
~22!

B225112e221~e22!
21~e21!

2,

B3351,

with all other components equal to zero. Here

ei j [Fi j 2d i j 5
]ui

]Xj
Þeji ~23!

represents the deviation of the deformation matrix from
undisturbed state and should not be confused with the st
in the linear approximation, the latter can be written as (ei j

1eji )/2. The invariants~11! now reduce to

I 511B111B22,

II 5B111B221B11B222B12
2 , ~24!
J. Acoust. Soc. Am., Vol. 114, No. 4, Pt. 1, October 2003 M. S. Cramer
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with Bi j given by ~22!. When ~22! is substituted in~5!, we
find that the only nonzero components of the stress are

s115ã01ã1~2e111e11
2 1e12

2 !

1ã2~Q1121Q1131Q114!, ~25!

s225ã01ã1~2e221e22
2 1e21

2 !

1ã2~Q2221Q2231Q224!, ~26!

s125s215ã1~e211e121e11e211e22e12!

1ã2~Q1221Q1231Q124!, ~27!

s335ã0 , ~28!

where

Q112[4e11
2 1e21

2 12e21e121e12
2 , ~29!

Q113[4e11
3 14e11e12

2 12e11e21
2 12~e111e22!e21e12

12e22e12
2 , ~30!

Q114[e11
4 12e11

2 e12
2 1e12

4 1e11
2 e21

2 12e22e11e21e12

1e22
2 e12

2 , ~31!

Q22254e22
2 1e21

2 12e21e121e12
2 , ~32!

Q22354e22
3 12e11e21

2 12e11e21e1212e22e21e1212e22e12
2

14e22e21
2 , ~33!

Q2245e22
4 12e22

2 e21
2 1e21

4 1e11
2 e21

2 12e22e11e12e21

1e22
2 e12

2 , ~34!

Q122[2~e111e22!~e211e12!, ~35!

Q123[~e211e12!~e12
2 12e11e221e21

2 !13e11
2 e21

13e22
2 e121e11

2 e121e22
2 e21, ~36!

Q124[e11
3 e211e11e22

2 e211e11
2 e22e121e22

3 e121e11e12
2 e21

1e11e21
3 1e12

3 e221e21
2 e22e12. ~37!

Expressions~25!–~37! are exact. However, the quantitie
Q114, Q224, Q124 are of fourth order inei j and will turn out
to be negligible for the purposes of the present study.

We now reduce Cauchy’s equation to its simplified for
We first note that it will be convenient to convert the syste
of second-order~in time! equations~15! into an equivalent
system of first-order equations. To do this we will define t
particle velocities

v i[
]ui

]t
, ~38!

wherev350 due to the fact thatu350. If we now combine
the condition of two-dimensional motions~21!, the definition
~38!, and Cauchy’s equation~15!, we find that~15! can be
rewritten in the following vector form:
1823and M. F. Andrews: Modified Khokhlov–Zabolotskaya equation
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]w

]t
1A=

]w

]X1
1B=

]w

]X2
50, ~39!

wherew is a 631 solution vector defined as

w[S e11

e12

e21

e22

v1

v2

D . ~40!

Here, we note that the last two equations in~39! are the
two-dimensional form of Cauchy’s equation and the first fo
arise from the compatibility conditions

]ei j

]t
5

]v i

]Xj
~41!

obtained by combining the definition~38! with the time dif-
ferential of~23!. The elements of the 636 coefficient matri-
cesA= andB= were found to be

A155A36521, ~42!

A5152
1

r0
F ~11e22!

]s11

]e11
2e12

]s21

]e11
G , ~43!

A5352
1

r0
F ~11e22!

]s11

]e21
2e12

]s21

]e21
G , ~44!

A6152
1

r0
F ~11e22!

]s12

]e11
2e12

]s22

]e11
G , ~45!

A6352
1

r0
F ~11e22!

]s12

]e21
2e12

]s22

]e21
G , ~46!

B5152
1

r0
F ~11e22!

]s11

]e12
2e12

]s21

]e12

1~11e11!
]s21

]e11
2e21

]s11

]e11
G , ~47!

B255B46521, ~48!

B5252
1

r0
F2e21

]s11

]e12
1~11e11!

]s21

]e12
G , ~49!

B5352
1

r0
F ~11e22!

]s11

]e22
2e12

]s21

]e22

1~11e11!
]s21

]e21
2e21

]s11

]e21
G , ~50!

B5452
1

r0
F2e21

]s11

]e22
1~11e11!

]s21

]e22
G , ~51!

B61[2
1

r0
F ~11e22!

]s12

]e12
2e12

]s22

]e12

1~11e11!
]s22

]e11
2e21

]s12

]e11
G , ~52!
1824 J. Acoust. Soc. Am., Vol. 114, No. 4, Pt. 1, October 2003 M. S. C

bution subject to ASA license or copyright; see http://acousticalsociety.org/
r

B62[2
1

r0
F2e21

]s12

]e12
1~11e11!

]s22

]e12
G , ~53!

B63[2
1

r0
F ~11e22!

]s12

]e22
2e12

]s22

]e22

1~11e11!
]s22

]e21
2e21

]s12

]e21
G , ~54!

B6452
1

r0
F2e21

]s12

]e22
1~11e11!

]s22

]e22
G , ~55!

with all other elements equal to zero. Because the materi
isotropic we would naturally expect that theA= andB= coeffi-
cient matrices would be very similar to each other. Howev
we have anticipated the fact that we will consider only qua
plane waves which propagate primarily in theX1 direction.
Most of our calculations will then involve theA= matrix and
we have simplified this matrix by using the definition~23! to
replace

]e12

]X1
by

]e11

]X2
and

]e22

]X1
by

]e21

]X2
,

wherever they occur.
The undisturbed state of the solid will be taken to

initially at rest and to have at most a small constant sh
strain. As a result, we will take the undisturbed state to b

v i50, u15u350, u25e21
~0!X1 , ~56!

for all Xi . Here,e21
(0) will be taken to be small and constan

The value of the vector~40! in the undisturbed configuration
may therefore be written

w05S 0
0

e21
~0!

0
0
0

D . ~57!

The main goal of this paper is to derive the evoluti
equation governing weakly nonlinear, quasi-plane waves
is well known that longitudinal~or p-! waves will have non-
negligible quadratic nonlinearity and will therefore be go
erned by the classical Khokhlov–Zabolotskaya equation.
the other hand, shear~or s-! waves will have zero quadrati
nonlinearity in the absence of prestrain. Because the s
mode will be governed by the nonclassical form of t
Khokhlov–Zabolotskaya equation described by Kluwick a
Cox ~1998! and Cramer and Webb~1998!, we will focus on
the shear mode only.

The wave evolution will be governed by a form of th
Khokhlov–Zabolotskaya equation whenever the effects
nonlinearity and diffraction occur at the same rate. For
shear mode this will require that the initial pulse sha
should be such that the length scale associated with the tr
verse variation, i.e., the variations in theX2 direction, is of
order L/e, where e is a small, nondimensional paramet
measuring the amplitude of the pulse andL is the disturbance
length scale in theX1 ~or propagation! direction. As dis-
ramer and M. F. Andrews: Modified Khokhlov–Zabolotskaya equation
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cussed by Kluwick and Cox~1998! and Cramer and Webb
~1998!, these waves will undergo significant distortion ov
time scales of orderL/(e2cs), where cs is the linearized
shear wave speed defined more precisely in the next sec

One of the contributions of the present study is to exte
the work of Zabolotskaya~1986! and Andrews~1999! to
include the effects of prestrain. Here, we will take the p
strain to be small and, in particular, we will takee21

(0)

50(e). With this restriction on the prestrain, the two co
straints on the matricesA= and B= which were imposed by
Kluwick and Cox~1998! and Cramer and Webb~1998! are
satisfied, at least to the accuracy required here. The first
straint requires that the appropriate measure of the quad
nonlinearity be of ordere at most; the fact that this constrain
is satisfied is discussed explicitly in Sec. III of the prese
study. The second constraint is recorded as Eq.~8! of Cramer
and Webb~1998! and ensures that the primary propagati
direction is in theX1 direction. Although not discussed ex
plicitly in the present paper, it was shown that the approp
ate quantity is of 0(e2) whenevere12

(0)50(e), and therefore
is sufficiently small to apply the theory of Cramer and We
~1998!.

III. THE MODIFIED KZ EQUATION

In this section we present the specific form of the mo
fied KZ equation corresponding to the hyperelastic solid
scribed in Sec. II. Detailed expressions for the solution v
tor ~40! will also be provided. The general form of~39! and
the restrictions on the relative sizes of the amplitude and
length and time scales are identical to those considered
Cramer and Webb~1998!. Thus, we can simply evaluate th
expressions developed by Cramer and Webb~1998! for the
specific system of interest here. Because we will freque
need to refer to the article by Cramer and Webb~1998!, we
will use the shorthand notation CW for that study.

We should point out that the notation used here w
differ slightly from that found in CW. For example, the sp
tial variablesx andy and the dependent variableu introduced
in Eq. ~2! of CW will need to be replaced byX1 , X2 , andw,
respectively, in the present study.

Under the conditions described in Sec. II of the pres
investigation and, equivalently, CW, the general solution
~40! is

w5w01erW1e2S dV1g
W2

2
1rhD10~e3!, ~58!

whereW[W(X,X2 ,t) is a scalar shape function related
the main disturbance,V[V(X,X2 ,t) is a second scalar func
tion related to the disturbances induced by diffraction, a
X[X12lt is a wave coordinate measured in a frame m
ing at the linear plane-wave speedl. The 631 vectorsr , d,
andg provide the relative sizes of the components ofw for
the various perturbations of the solution vectorw. The quan-
tity rh seen in~58! represents an arbitrary homogeneous
lution parallel tor .

As discussed by CW,r and l are the eigenvectors an
eigenvalues ofA= (0)[A= (w0)5speed matrixA= evaluated at
the undisturbed state. As in the zero prestrain case studie
J. Acoust. Soc. Am., Vol. 114, No. 4, Pt. 1, October 2003 M. S. Cramer
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Andrews ~1999!, a total of six eigenvalues were found fo
the A= (0) matrix associated with~42!–~55!. Two of these ei-
genvalues were zero and correspond to nonpropaga
modes. The squares of the eigenvalues corresponding to
propagating modes were found to be

ls
25cso

2 1
e21

~0!2

2r0
H ]3s12

]e21
3 U

0

1
2

r0~cso
2 2cpo

2 !

]2s11

]e21
2 U

0

]2s12

]e11]e21
U

0
J 10~e21

~0!3!,

~59!

lp
25cpo

2 1
e21

~0!2

2r0
H ]3s11

]e11]e21
2 U

0

1
2

r0~cpo
2 2cso

2 !

]2s11

]e21
2 U

0

]2s12

]e11]e21
U

0
J 10~e21

~0!3!,

~60!

where

cpo[S 1

r0

]s11

]e11
U

0
D 1/2

5S 2
b̃01ã1u0

r0
D 1/2

, ~61!

cso[S 1

r0

]s12

]e21
U

0
D 1/2

5S ã1u0
r0

D 1/2

~62!

are thep- and s-mode wave speeds in the unstrained sta
When we recall~16! the speeds~61!–~62! are recognized as
the classical results for the body-wave speeds in linear e
ticity.

In the course of the derivation of~59! and ~60! it was
necessary to show that

]ã0

]e11
U

0

52b̃0 ,

]ã0

]e21
U

0

5
]ã1

]e21
U

0

5
]ã2

]e21
U

0

50,

]2ã0

]e21]e11
U

0

5
]2ã1

]e21]e11
U

0

5
]2ã2

]e21]e11
U

0

50.

These results as well as others not recorded here will be u
without explicit comment in the remainder of this paper. E
amples of the details of such calculations can be found in
thesis of Andrews~1999!.

In all that follows we will focus on the shear ors-mode
only. When this is done we find that the components of
eigenvectorr corresponding to~59! are

r 15r 3

e21
~0!

r0~cso
2 2cpo

2 !

]2s11

]e21
2 U

0

10~e21
~0!2!, ~63!

r 25r 450, ~64!
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r 552lsr 152lsr 3

e21
~0!

r0~cso
2 2cpo

2 !

]2s11

]e21
2 U

0

10~e21
~0!2!,

~65!

r 652lsr 3 , ~66!

respectively. Throughout this paper, we will taker 3 to be the
nonzero but otherwise arbitrary component of the eigenv
tor r . Following the procedure of CW, we find that the ve
tors d andg can be written

d5r 3S 21
0
0
1
ls

0

D 10~e!, ~67!

and

g5g1S 1
0
0
0

2ls

0

D 10~e!, ~68!

where

g1[
r 3

2

r0~cso
2 2cpo

2 !

]2s11

]e21
2 U

0

10~e!. ~69!

In ~67!–~68! any portions of the vectorsd andg which are
parallel to r can be shown to make no contribution to t
resultant evolution equations and, in~58!, can be absorbed in
the rh term. Thus, any part of~67!–~68! which is parallel to
r can be ignored with no loss in generality.

An explicit form of the solution forw can be obtained
by combining~58!, ~63!–~69! with ~40! to obtain

e115er 1W1e2F2r 3V1g1

W2

2 G10~e3!, ~70!

e1250~e3!, ~71!

e215e21
~0!1er 3W10~e3!, ~72!

e225e2r 3V10~e3!, ~73!

v152lse1110~e3!, ~74!

v252lse2110~e3!. ~75!

When we recall that we are takinge21
(0)50(e), we see that

both e11 ande22 are of second order in the shear pulse a
plitude. If we combine~23! and~38! with ~74!, we can show
that the disturbance toe21 gives rise to a disturbance in th
longitudinal displacementu1 which, to lowest order, travels
with the main pulse at speedls . The contributions toe11 are
from three sources. The first contribution can be written
1826 J. Acoust. Soc. Am., Vol. 114, No. 4, Pt. 1, October 2003 M. S. C
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er 1W'~e212e21
~0!!

e21
~0!

r0~cso
2 2cpo

2 !

]2s11

]e21
2 U

0

'~e212e21
~0!!e21

~0!
g1

r 3
2

,

where we have used~63!, ~69!, and ~72!. This term repre-
sents the part ofe11 generated by the interaction of the she
wave and the prestrain. The second contribution2e2r 3V
'2e22 is due to the diffraction, i.e., the transverse var
tions. The final contribution is due to the nonlinearity of th
stress–strain relation~5! and can be written

e2g1

W2

2
'

g1

2r 3
2 ~e212e21

~0!!2,

where we have used~72!.
The fact that the passage of the shear wave caus

density perturbation of second order can be seen by ad
~70! to ~73!. We then use~63!, ~69!, and~72! to obtain

e111e22'
1

2

g1

r 3
2 ~e21

2 2e21
~0!2!10~e3!. ~76!

If we further expand~14! and the last of~24! in a manner
which is consistent with~70!–~75!, we find that

r

r0
'12

1

2
~ III 21!10~e4!'12~e111e22!10~e4!,

which, when combined with~76!, yields

r

r0
'12

1

2

g1

r 3
2 ~e21

2 2e21
~0!2!10~e3!, ~77!

whereg1 /r 3
2 can be obtained from~69!. Result~77! is con-

sistent with the well-known result that material nonlinear
can generate density perturbations under shear loads.

We now turn to the determination of the specific form
the KZ equation corresponding to the hyperelastic mate
described in Sec. II. In CW the general form of the K
equation in terms of the shape functionsW andV was given.
If we use~72! and ~73! to replaceW andV by e21 ande22,
we find that the evolution equations governing weakly no
linear, weakly diffracting waves in hyperelastic solids are

]e21

]t
6csoF G̃1

L̃

2
~e212e21

~0!!G~e212e21
~0!!

]e21

]X
6

cso

2

]e22

]X2

50, ~78!

]e22

]X
5

]e21

]X2
, ~79!

to lowest order. Here,X[X12lst
ramer and M. F. Andrews: Modified Khokhlov–Zabolotskaya equation
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L̃[
1

2r0cso
2 F ]3s12

]e21
3 U

0

1
3

r0~cso
2 2cpo

2 !

]2s11

]e21
2 U

0

]2s12

]e21]e11
U

0
G10~e!, ~80!

G̃[
e21

~0!

2r0cso
2 F ]3s12

]e21
3 U

0

1
3

r0~cso
2 2cpo

2 !

]2s11

]e21
2

]2s12

]e21]e11
U

0
G

10~e21
~0!2!'e21

~0!L̃. ~81!

The 6 signs in ~78! correspond to right and left runnin
waves, and the differential with respect to time seen in~78!
is taken holdingX andX2 constant.

Once~78!–~79! are solved fore21 and e22, e11 can be
determined from~76! and u1 , u2 can be determined by
straightforward integration once it is recognized that~71!
implies thatu15u1(X1 ,t) to lowest order.

We note that~79! can be further simplified through us
of ~23! and conversion back toX1 , X2 , t coordinates to yield

]2u2

]X1]X2
5

]2u2

]X2]X1
. ~82!

Thus,~79! can be recognized as a compatibility condition
the shear displacementu2(X1 ,X2 ,t).

The term proportional toG̃ introduces quadratic nonlin
earity into the evolution equation~78!. Inspection of~81!
reveals thatG̃→0 as the prestraine21

(0)→0. Thus, our restric-
tion thate21

(0)5O(e) guarantees that the quadratic nonline
ity is weak and therefore that condition~12! of CW holds.

The term proportional toL̃ in ~78! represents cubic non
linearity and is seen to be consistent with that obtained
Zabolotskaya~1986! for transverse waves in a nonlinear is
tropic solid once differences in coordinate systems are ta
into account. We also note that the one-dimensional vers
of ~78! is consistent with the work of Carman and Cram
~1992! when their result is simplified using the small distu
bance approximation.

In the course of the derivation of~78!–~79!, it was found
that the termsA, B defined in Eqs.~28! and~29! of CW were
of ordere and are therefore negligible in the physical syst
considered here. The coefficientsA andB are proportional to
the coefficientsb- andb ( iv) in ~4! of the present investiga
tion and represent terms generated by an interaction of
weak nonlinearity and the weak diffraction. Thus, in spite
the complexity of the original physical system~39!–~40! and
~42!–~55!, the primary effect of the small prestrain is seen
be the modification of the linear wave speed~59! and the
addition of the term representing quadratic nonlinearity
the KZ equations of Zabolotskaya~1986! and Andrews
~1999!.

Because the scaled value of the quadratic nonlinea
coefficient G̃ is proportional toL̃, it can be shown that we
can recast~78! in an alternate form which reads

]e21

]t
6cso

L̃

2
~e21

2 2e21
~0!2!

]e21

]X
6

cso

2

]e22

]X2
50. ~83!
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This form of the evolution equation is particularly usef
when considering the effect of the sign of the prestraine21

(0)

on the wave motion. Inspection of~83! reveals that the evo
lution is invariant with respect to the sign ofe21

(0) . This con-
clusion may not be immediately obvious when we recall t
the quadratic nonlinearity parameter~81! changes sign as th
prestrain changes sign.

Finally, we note that the evolution equation~78! can be
reduced to a modified or cubic KZ equation by different
tion with respect toX and use of~79!; the result is found to
be

Fet6csoS G̃e1
L̃

2
e2D eXG

X

6
cso

2
eX2X2

50, ~84!

where we have replacede212e21
(0) by e for convenience and

the subscriptsX, X2 , t again denote partial derivatives. Equ
tion ~84! is of the same general form as~3! with an addi-
tional term representing quadratic nonlinearity.

A second reduction of~78!–~79! to a single equation can
be obtained by noting that~79! implies the existence of a
potential function. In fact,~82! implies that the appropriate
potential is the shear displacementu2 . It will be convenient
to define

u[u22e21
~0!X1 , ~85!

which is a measure of the actual shear displacement from
undisturbed state. When~85! is combined with~23! and~78!,
we find that

uXt6csoF G̃uX1
L̃

2
~uX!2GuXX6

cso

2
uX2X2

50, ~86!

where we have used the fact thate225uX2
and

e21[
]u2

]X1
5

]u2

]X
'

]u

]X
1e21

~0! .

We note that~86! is a cubically nonlinear version of th
low-frequency transonic equation derived by Cramer a
Seebass~1978! in the context of focusing shock waves
perfect gases.

In closing this section we note that Eqs.~78!–~79!, ~84!,
and ~86! are written in a coordinate system which transla
at speedls in the X1 direction. When we transform back t
a frame which is stationary with respect to the undisturb
solid, we find that the counterpart of~78!–~79! can be ob-
tained simply by replacingX([X12lxt), X2 , t by X1 , X2 ,
t in ~78!–~79! and by adding the termls]e21/]X1 to the
result of replacingX, X2 , t by X1 , X2 , t. As a final step, it
can also be shown that no additional terms arise when
equations are converted from the Lagrangian coordinateXi

to the Eulerian coordinatesxi . That is, it was found that the
KZ equation was essentially the same form regardless
whether Lagrangian or Eulerian coordinates are employed
least to the accuracy needed here.
1827and M. F. Andrews: Modified Khokhlov–Zabolotskaya equation
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IV. DISSIPATIVE WAVES

In this section we show how weak dissipation modifi
the evolution equation~78!. Simple dissipation will be in-
cluded through use of a Kelvin–Voigt model. To incorpora
this model we write the stress~5! as

s i j 5s i j
~e!1s i j

~v ! , ~87!

wheres i j
(e) is the elastic part of the stress identical to~5!. The

second term is the viscous part of the stress given by

s i j
~v ![lv

]v,

]X,
d i j 1mvS ]v i

]Xj
1

]v j

]Xi
D , ~88!

wheremv and lv are shear and second viscosities, resp
tively. As discussed by CW, only the lowest-order contrib
tions to the dissipative terms will be required. As a result,
linear stress–rate of strain relation~88! will be adequate for
our purposes. Furthermore,mv and lv may be taken to be
constants and the distinction between Lagrangian and E
rian coordinates can be ignored in~88!.

When~87!–~88! are substituted in~15!, we find that the
system of equations governing the wave propagation is

]w

]t
1A=

]w

]X1
1B=

]w

]X2
'D= ~xx!

]2w

]X1
2

1D= ~xy!
]2w

]X1]X2

1D= ~yy!
]2w

]X2
2

, ~89!

wherew, w0 , A= , B= are identical to those given in Sec. I
The only difference between~89! and~39! is the presence o
the dissipative terms having theN3N matricesD= (xx), D= (xy),
D= (yy) as coefficients. The only nonzero components of
latter are found to be

D55
~xx!5

lv12mv

r0
, D66

~xx!5
mv

r0
, ~90!

D56
~xy!5D65

~xy!5
lv1mv

r0
, ~91!

D55
~yy!5

mv

r0
, D66

~yy!5
lv12mv

r0
. ~92!

The effects of weak dissipation on the shear waves
become noticeable at times of orderr0L2/mv . If the dissipa-
tive effects are much larger than the effects of nonlinea
and diffraction, the shear pulse will damp out long before
latter effects will be noticeable. On the other hand, pulses
which the dissipation is much weaker than the nonlinea
will evolve with no noticeable dissipation, except in the i
terior of shock waves, over the time scales considered h
We will therefore take the length scale,L, and the pulse
amplitude to be such that dissipation, nonlinearity, and
fraction all occur at the same rate. As a result, we require
r0L2/mv50(L/(e2cso)), or that

Res[
csor0L

mv
50S 1

e2D , ~93!
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where Res is recognized as the Reynolds number based
the linearized shear wave speed.

An extension of the Khokhlov–Zabolotskaya equati
to include weak relaxation, dissipation, and dispersion
been derived by CW for the case where these effects ar
the same strength as the nonlinearity and diffraction. Wh
Cramer and Webb’s scheme is applied to~89!, it is found that
the dissipative form of the evolution equation~78! may now
be written

]e21

]t
6csoF G̃1

L̃

2
~e212e21

~0!!G~e212e21
~0!!

]e21

]X
6

cso

2

]e22

]X2

5
mv

2r0

]2e21

]X2
, ~94!

with ~79! unchanged. We note further that the inclusion
material dissipation leaves the basic solutions~70!–~75! un-
changed. As a result, the procedure for findingu1 and u2

from e21, e22 is exactly the same as in the nondissipati
case. The only difference between the dissipative and n
dissipative cases is the difference in the governing equat
~78! and~94!. The evolution equation~94! is again seen to be
completely consistent with previous investigations as wel
the dispersion relation for linear Kelvin–Voigt solids.

Because~79! is unchanged when dissipation is include
we can immediately write down the extensions of~83!, ~84!,
and ~86!; these read

]e21

]t
6cso

L̃

2
~e21

2 2e21
~0!2!

]e21

]X
6

cso

2

]e22

]X2
5

mv

2r0

]2e21

]X2
,

~95!

Fet6csoS G̃e1
L̃

2
e2D eXG

X

6
cso

2
eX2X2

5
mv

2r0
eXXX , ~96!

and

uXt6csoF G̃uX1
L̃

2
~uX!2GuXX6

cso

2
uX2X2

5
mv

2r0
uXXX ,

~97!

wheree andu have the same definitions as in Sec. III and t
subscriptsX, X2 , t in ~96!–~97! denote partial differentiation

V. SHOCK JUMP CONDITIONS

It is expected that the presence of nonlinearity and d
sipation will generally give rise to the formation of shoc
waves. The shock jump relations can be derived in a stand
way by first converting~78!–~79! to a conservative form and
then by integrating over a volume enclosing the possi
discontinuity. In terms of the originalX1 , X2 , t system, we
find that the jump conditions for a right-running shock wa
can be written

s

ls
'11

G̃

2

ve2b
veb

1
L̃

6

ve3b
veb

1o~e2!, ~98!

ve22b'usveb1o~e2!, ~99!

wheree is again simplye212e21
(0) , the double brackets de

note the jump in the indicated quantity across the shock,
ramer and M. F. Andrews: Modified Khokhlov–Zabolotskaya equation
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 Redistri
us50(e) is the acute angle between the shock surface
the positiveX2 axis, measured in a counterclockwise dire
tion. The quantitys is the dimensional shock speed relati
to the originalX1 , X2 , t frame.

We note that the lowest-order shock speed~98! is iden-
tical to that derived in the one-dimensional theory of Carm
and Cramer~1992!. From the point of view of the shock, th
primary way in which the two-dimensional character of t
motion is incorporated is through the jump condition~99!.

An important feature of shock waves in nonlinear sol
can be revealed by an inspection of the characteristic
faces associated with~78!–~79!. If the equation of the char
acteristic surface isF(X1 ,X2 ,t)50, then the unit normal~n!
and speed (sc) of this surface can be written

n[
¹F

u¹Fu
, sc[2

Ft

u¹Fu
, ~100!

respectively. If we apply the method of characteristics
~78!–~79! and recognize thatnX2

50(enX1
)5o(nX1

), we
find that the speed of a right-running characteristic surf
can be approximated by

sc

ls
511G̃e1

L̃

2
e21o~e2!. ~101!

Thus, the speed of the characteristic surface is only dep
dent on e[e212e21

(0) and is identical to that of the one
dimensional theory described by Carman and Cramer~1992!.

We close this section by noting that the necessary
sufficient conditions for the local existence of shear sho
can be written

sc1<s<sc2 ; ~102!

that is, the shock speed is required to be larger than the w
speed immediately ahead of the shock~defined assc1) and
smaller than the wave speed immediately behind the sh
~defined assc2). Condition ~102! is recognized as Lax’s
~1971! speed-ordering condition and holds in a trivial w
even for cases having strictly quadratic nonlinearity. T
derivation of~102! is based either on an analysis of the d
sipative structure of the shock or on the basis of a casu
argument, i.e., an argument denying the possiblity that ev
in the present or past can be influenced by events wh
occur in the future.

A graphical interpretation of~102! can be developed by
defining the flux function

Q5Q~e![
G̃

2
e21

L̃

6
e3. ~103!

A sketch of theQ vs e curve for G̃.0, L̃.0 has been pro-
vided in Fig. 1. Straightforward differentiation can be used
show that

Q85G̃e1
L̃

2
e2'

sc

ls
21, ~104!

whereQ8[dQ/de. Futhermore

vQb
veb

5
G̃

2

ve2b
veb

1
L̃

6

ve3b
veb

5
s

ls
21. ~105!
J. Acoust. Soc. Am., Vol. 114, No. 4, Pt. 1, October 2003 M. S. Cramer

bution subject to ASA license or copyright; see http://acousticalsociety.org/
d
-

n

r-

o

e

n-

d
s

ve

ck

e
-
ty
ts
h

Thus, the slope of theQ vs e curve is closely related to the
speed of the characteristic surfaces, and the slope of
straight line connecting the states ahead of and behind
shock is closely related to the shock speed. Furtherm
~102! can be recast as

Q18<
vQb
veb

<Q28 , ~106!

whereQi8[Q8(ei) for i 51,2. As in ~102!, the subscripts 1
and 2 will denote states ahead of and behind the shock
spectively. Thus, the admissibility of a proposed shear d
continuity can be determined by a relatively simple insp
tion of the correspondingQ vs e curve. As an example, we
consider the statesa, b, c indicated on theQ curve in Fig. 1.
The statesa andb will correspond to states on either side
an admissible shock, i.e., one satisfying~102! or ~106!, if and
only if a is the state ahead of the shock andb is the state
behind the shear shock. To emphasize this fact we h
added an arrow in Fig. 1 to indicate the direction of t
admissible jump. If we consider a discontinuity between
points a and c in Fig. 1, we can conclude that the on
admissible shock is one for which the solid is taken fro
statea to statec. Thus, bothe-lowering ande-raising shocks
are possible if bothL̃ andG̃ are positive; it can be shown tha
the same conclusion will be valid ifL̃ and G̃ are simply
nonzero.

An example of an inadmissible discontinuity is one ha
ing end states given byc andb. Because the slopes of theQ
curve atc andb are greater than the slope of the chordc–b,
~106! will always be violated for this discontintuity.

Tangency points are also clearly possible. One s
shock is represented by the statesd–e in Fig. 1. Such tan-
gency points correspond to the equalities in~102! and ~106!
and represent a shear shock for which the shock spee
identical to the characteristic speed immediately ahead o
behind the shock. The resultant shock wave is referred t
a sonic shock and is not possible in the classical KZ theo
A detailed analysis of theQ curve in Fig. 1 shows that the
sonic shocks will correspond to the maximum or minimu
shock strength when such an extremum is not zero or i
nite. Furthermore, experience with the one-dimensio
theory strongly suggests that sonic shocks will be the re
of partial disintegrations of inadmissible discontinuities.

Finally, we consider the unstrained undisturbed state
cussed by Zabolotskaya~1986!. In this casee21

(0)50, G̃50,
ande5e21. Thus,~103! reduces to the pure cubic relation

FIG. 1. Sketch of the flux function~103! for the caseG̃, L̃.0. Arrows
denote the direction of jumps for admissible shocks and d–e denotes a
shock.
1829and M. F. Andrews: Modified Khokhlov–Zabolotskaya equation
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Q5
L̃

6
e3. ~107!

Sonic shocks as well as shocks carrying both increases
decreases ofe are possible. An interesting special case is t
whereL̃,0. In this case, no shocks are possible which h
e50 ahead of the shock. Thus, when the prestrain is zer
disturbance propagating into an undisturbed media, i.e.,
havinge50, cannot be headed by a shock regardless of
degree of focusing or attenuation.

VI. RESULTS FOR A BLATZ–KO MATERIAL

In this section we consider a specific material model a
provide explicit formulas for the nonlinearity coefficients d
rived in Sec. III. The model chosen is that developed
Blatz and Ko ~1962! for compressible foam rubbers. T
specify any particular material we simply need to give t
dependence of the strain energy on the invariantsI, II , III .
For the Blatz–Ko model this relation is

U5
m0b

2r0
H I 231

122n

n
~ III 2n/~122n!21!J

1
m0~12b!

2r0
H II

III
231

122n

n
~ III n/~122n!21!J ,

~108!

wherem0 , n, andb are material constants.
It can be shown that the Lame´ constants~16! for the

Blatz–Ko material can be written

m8[ã1u05m0 , ~109!

l8[2b̃052m0

n

122n
. ~110!

Thus, the Blatz–Ko parametersm0 and n are just the shea
modulus and Poisson ratios of the linear theory. As a res
these parameters may be determined by examining the
terial response in the small strain limit. The parameteb
cannot be determined in the limit of linear elasticity. Bla
and Ko ~1962! performed experiments showing thatm0

'32 psi'221 kPa,b'0, andn51/4 for the foamed polyure
thene rubbers generated in their lab. Further discussion o
Blatz–Ko model and its limitations can be found in the orig
nal article and those by Beatty and Stalnaker~1986! and
Beatty ~1987!.

When ~108! is substituted in~8!–~10!, we find that

a05m0H ~12b!F III ~4n21!/@2~122n!#2
II

III 3/2G
2bIII 21/@2~122n!#J , ~111!

a15
m0

III 1/2 H b1
I

III
~12b!J , ~112!

a252m0

12b

III 3/2
, ~113!
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exactly. We note in passing that the values ofa0 and a1

given by Carman and Cramer~1992! contained typographi-
cal errors in the authors’ original manuscript. However, tho
typographical errors had no effect on their reported resu

Results~111!–~113! may now be combined to yield th
specific forms of~17!–~19!; these read

ã05m0~12b!F III ~4n21!/@2~122n!#1
I 2II 21

III 3/2 G
1m0b@ III 21/22III 21/@2~122n!##, ~114!

ã15m0F b

III 1/2
1~12b!

I 22

III 3/2G , ~115!

ã25a252m0

12b

III 3/2
, ~116!

exactly. Results~114!–~115! were used to generate the e
pressions for the Lame´ constants ~109!–~110! for the
Blatz–Ko material. The results forb̃0 , ã1u0 may be com-
bined with ~61!–~62! to obtain the linearized shear and lo
gitudinal wave speeds for the unstrained material. In the
mainder of this section we use~114!–~116! to compute the
parameters associated with the nonlinear aspects of the w
propagation.

We begin by noting that the only derivatives ofs i j

which are required can be written

]2s11

]e21
2 U

0

52F ]ã0

]I U
0

1
]ã0

]II U
0

1ã2u0G , ~117!

]2s12

]e21]e11
U

0

52b̃11ã1u012ã2u0 , ~118!

]3s12

]e21
3 U

0

56F ]ã1

]I U
0

1
]ã1

]II U
0

1ã2u0G , ~119!

where

b̃1[
]ã1

]I U
0

12
]ã1

]II U
0

1
]ã1

]III
U

0

. ~120!

Details of the derivations leading to~117!–~120! can be
found in the thesis by Andrews~1999!. When ~114!–~116!
are substituted in~117!–~120!, we find that

]2s11

]e21
2 U

0

5
]2s12

]e21]e11
U

0

522m0~12b!, ~121!

]3s12

]e21
3 U

0

50. ~122!

We may now determine the parameters~69! and ~80!–~81!
for the Blatz–Ko material. The lowest-order values of the
quantities read

g1

r 3
2

5
2cso

2

cpo
2 2cso

2 ~12b!, ~123!
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 Redistri
L̃52
6cso

2

cpo
2 2cso

2 ~12b!2, G̃5L̃e21
~0! . ~124!

In like manner, the perturbation to the linear wave speed
density may be computed by substituting~121!–~123! in ~59!
and ~77! to yield

ls'6csoF12e21
~0!2

2cso
2

cpo
2 2cso

2 ~12b!210~e3!G , ~125!

r

r0
512

cso
2

cpo
2 2cso

2 ~12b!@e21
2 2e21

~0!2#10~e3!. ~126!

If we make the usual assumptions thatm8.0 and 0,n,1/2
for any linear material, thencpo

2 .cso
2 . Thus, ~124!–~125!

may be used to show thatL̃,0 and that the magnitude of th
linear wave speed is decreased by any nonzero pres
e21

(0) . If we further takeb,1 we conclude that shear wave
decrease the material density fromr0 whenever ue21u
.ue21

(0)u. In particular,r,r0 for a b,1 Blatz–Ko material
having no prestrain, at least in the context of the small d
turbance theory presented here.

Inspection of ~123!–~126! reveals that the effects o
nonlinearity are related in a simple way to the material c
stantb. Blatz and Ko~1962! found thatb'0, n51/4 for their
polyurethene foams, whereas they found thatb'1, n'0.463
for solid polyurethene rubber. If we note that

cso
2

cpo
2 2cso

2
5122n,

we find that

g1

r 3
2

'1, L̃'23, G̃'23e21
~0! ,

for Blatz and Ko’s polyurethene forms. On the other ha
the nonlinearity appears to vanish in the limit ofb→1. That
is, the Blatz–Ko model predicts that the propagation
quasi-plane shear waves is at most quartic in theb→1 limit.
Experience has shown that the evolution equation mus
modified even when 12b50(e). Under these conditions
the time scale over which nonlinearity becomes noticeabl
proportional toe23 rather than thee22 used here. Further
more, diffraction can balance the weakened nonlinearity o
if the transverse gradients are also correspondingly wea

Such a reduction in the nonlinearity should not be s
prising when we note that~108! reduces to

U'
m0

2r0
~ I 23!, ~127!

whenb'1; here, we have noted that~126! implies that the
density perturbations induced by the shear wave are of o
e3 at most. The strain energy~127! is recognized as the en
ergy of a neo-Hookean solid which in turn is just a simpli
cation of the classical Mooney–Rivlin strain enegy. It is w
known that the Mooney–Rivlin model yields a linear r
sponse in a simple~or homogeneous! shear.
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It should be noted that other, more accurate, models
solid rubbers have nonzero cubic nonlinearity paramet
One such example is Ogden’s~1972! model. The behavior of
the nonlinearity coefficients asb→1 seen here should b
regarded as a characteristic of the Blatz–Ko and Moone
Rivlin family of models rather that as a general statemen
the behavior of all solid rubbers.

VII. SUMMARY

We have examined weakly nonlinear, weakly diffractin
shear waves in a hyperelastic solid. The extension of
Khokhlov–Zabolotskaya equation which is valid for sma
shear prestrains has been derived. Two alternate forms o
extended KZ equation were presented; the nondissipa
forms are given by~78!–~79!, ~84!, and ~86! and the dissi-
pative forms are given by~95!–~97!.

The primary effect of the prestrain was seen to be
modify the linear wave speed and to change the nonlinea
from a pure cubic nonlinearity to a mixed cubic and qu
dratic nonlinearity. Surprisingly, the terms representing int
actions between nonlinearity and diffraction found in t
general modified KZ equation derived by Kluwick and Co
~1998! and CW were found to be negligible even when t
prestrain is nonzero. To the authors’ knowledge, the pres
case is the largest and most complicated physical system
which such nonlinear diffraction terms play no role in th
lowest order evolution.

A second new result is that for the shock jump con
tions ~98!–~99!. The shock existence conditions were al
given in terms of the speed-ordering condition~102!. We
have also provided a short discussion of a graphical appro
to the analysis of the admissibility of proposed discontin
ties. A new type of shock, not possible in the classical K
theory and referred to as a sonic shock, was briefly
scribed. Experience with the one-dimensional theory s
gests that such shocks will play a key role in the nonlin
diffraction of shear shocks.

Finally, we have given examples of the nonlinearity co
stants for a specific material model. The model chosen
based on the well-known Blatz–Ko formula~108! for the
strain energy. The explicit form of the relevant constants
given by~124!. If we takem8.0, 0,n,1/2, andbÞ1, ~124!
reveals thatL̃,0 for all Blatz–Ko materials. If we further
restrict attention to the case of no prestrain studied by Za
lotskaya ~1986!, a disturbance propagating into an und
turbed solid will never be headed by a shock wave. In t
e12

(0)50, L̃,0 case, the resultant wavefront will always b
smooth and will travel with the linearized wave speed.
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