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The Monitoring of Linear Profiles

and the Inertial Propertiesof Control Charts

Mahmoud A. Mahmoud

(ABSTRACT)

The Phase | anaysis of data when the quality of a process or product is
characterized by a linear functionis studied in this dissertation It is assumed that each
sample collected over time in the historical data set consists of severa bivariate
observations for which a smple linear regresson model is appropriate, a situation
common in calibration applications. Using a simulation study, the researcher compares
the performance of some of the recommended approaches used to assess the stability of
the process. Also in this dissertation, a method based on using indicator variables in a

multiple regression model is proposed.

This dissertation al'so proposes a change point approach based on the segmented
regression technique for testing the constancy of the regression parameters in a linear
profile data set. The performance of the proposed change point method is compared to
that of the most effective Phase | linear profile control chart approaches using a
simulation study. The advantage of the proposed change point method over the existing
methods is greatly improved detection of sustained step changes in the process

parameters.

Any control chart that combines sample information over time, eg., the
cumulative sum (CUSUM) chart and the exponentially weighted moving average
(EWMA) chart, has an ability to detect process changes that varies over time depending
on the past data observed. The chart statistics can take values such that some shifts in the
parameters of the underlying probability distribution of the quality characteristic are more

difficult to detect. This is referred to as the “inertia problem” in the literature. This



dissertation shows under realistic assumptions that the worst-case run length performance
of control charts becomes as informative asthe steady-state performance. Also this study
proposes a simple new measure of the inertial properties of control charts, namely the
signal resistance. The conclusions of this study support the recommendation that
Shewhart limits should be used with EWMA charts, especialy when the smoothing
parameter is small. Thisstudy also shows that some charts proposed by Pignatiello and
Runger (1990) and Domangue and Patch (1991) have serious disadvantages with respect

to inertial properties.
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Chapter 1: Introduction

The current study addresses two main subjects, the monitoring of linear profiles
and the inertial properties of control charts. The following sections introduce both

subjects and present related literature reviews.

1.A The Monitoring of Linear Profiles

In most statistical process control (SPC) applications it is assumed that the quality
of a process or product can be adequately represented by the distribution of a univariate
quality characteristic or by the general multivariate distribution of a vector consisting of
several quality characteristics. In many practical situations, however, the quality of a
process or product is characterized and summarized better by a relationship between a
response variable and one or more explanatory variables. This relationship is referred to
as a profile. In particular, there has been recent interest in monitoring processes

characterized by simple linear regression profiles.

The monitoring of linear profiles is a relatively new quality control application,
with most of the work done in this application having appeared in the last few years.
Woodall et al. (2004) gave a review of the literature on this topic and presented a general
framework for process monitoring using profile data. Most of the studies conducted have

been motivated by calibration applications. For example, Mestek et al. (1994) considered

the stability of linear calibration curves in the photometric determination of Fe®** with
sulfosalicylic acid. Stover and Brill (1998) studied the multilevel ion chromatography
linear calibrations to determine instrument response stability and the proper calibration
frequency. Lawless et al. (1999) discussed a pair of examples in automotive engineering
for which the relationship between the input and output dimensions of a part could be
represented by a straight line for each stage of the manufacturing process. Their emphasis
was in understanding how the variation is transmitted through the stages of the
manufacturing process. Kang and Albin (2000) presented two examples of process

profiles; one of them is a semiconductor manufacturing application in which the process



is represented by a linear calibration function. Ajmani (2003) presented an Intel
Corporation semiconductor manufacturing application not involving calibration. Other
researchers have considered more complicated models than the simple linear regression
model. For instance, the other example presented in Kang and Albin (2000) involved a
non-linear relationship between the amount of dissolved artificial sweetener aspartame
and the temperature levels. The non-linear profile applications were also studied by Jin
and Shi (1999); Walker and Wright (2002); and Williams et al. (2003).

The analysis of linear profiles includes two phases, Phase | and Phase Il. The
purpose of the analysis in Phase | is to analyze a historical set of a fixed number of
process samples collected over time to understand the process variation, determine the
stability of the process, and remove samples associated with any assignable causes.
Having removed those samples, one estimates the in-control values of the process
parameters to be used in designing control charts for the Phase Il analysis. The
performance of a Phase | control chart method is usually measured in terms of the
probability of signal; this is the probability of obtaining at least one charted statistic
outside the control limits. On the other hand, the main interest in Phase Il monitoring of
linear profiles is to quickly detect parameter changes from the in-control parameter
values. The performance of control chart methods in Phase Il is usually measured in
terms of the average run length (ARL), where the run length is the number of samples
taken until the chart gives an out-of-control signal. Table 1.1 shows a comparison

between the two phases of the monitoring of profiles.

The vast majority of the research on control charting is on Phase Il methods and
their performance. In most of this study, the focus is on Phase I. The current study
investigates the performance of some of the recommended approaches for Phase |
monitoring of linear profiles used to assess the stability of the process. Also in the
current study, the researcher proposes a method for Phase | monitoring of linear profiles

based on using indicator variables in a multiple regression model.



Table 1.1: A comparison between Phase | and Phase Il of the monitoring of profiles

Phase | analysis Phase Il analysis
Data m samples of historical data. On-line data.
The parameters are assumed
Regression The parameters are unknown to be either
parameters and to be estimated. e known or

e estimated from a
data set in Phase I.

e Determine the stability of Signal as quickly as
the process. possible when the process

Goals e Remove samples associated | parameters change from the
with any assignable causes. | in-control parameters.

e Estimate the in-control
values of the process

parameters.
Criteria to compare | The probability of obtaining at The run length distribution
competing methods | least one charted statistic outside parameters (usually the
the control limits. ARL).

1.B A Change Point Approach for Linear Profile Data Sets

There are many practical applications in which a researcher may wish to test the
constancy of the regression parameters in m samples of profile data. For example, a
medical researcher may wish to test the constancy of the mean reaction time of a
manufactured drug when applied to two or more groups of patients, using the age of the
patient as the explanatory variable; see Kulasekera (1995). The Phase | monitoring of
profiles described in Section 1.A is another practical application in the area of SPC. The
main concern in these applications is to test the hypothesis that all of the profiles follow a
single regression model against the hypothesis that a change occurred in one or more
model parameters after sample m;, m;= 1, 2, ..., m-1. For this purpose, the current study
proposes a change point method based on using a likelihood ratio test (LRT) in a
segmented simple linear regression model. This method can be used to assess the stability

of and to detect change points in a Phase | simple linear profile data set.




Many authors have studied the change point problem in regression models, such
as simple linear regression, multiple linear regression, polynomial regression and non-
linear regression, but under a different sampling framework from that of the linear profile
data. These authors assumed that either there is a possible change point after any single
observation or that data are obtained sequentially one observation at a time. Using this
sampling approach, Quandt (1958, 1960) proposed a likelihood ratio approach to detect a
change point in a simple linear regression model. His main concern was to estimate the
position of the point in time at which the regression model changed and to estimate the
regression parameters in the models prior to and following the change point. In the
literature of regression analysis this is usually referred to as two-phase regression,
switching regression, or segmented regression. Brown et al. (1975) proposed tests based
on recursive residuals to check for the stability over time in multiple regression models.
MacNeill (1978) presented tests for changes in a polynomial regression model at
unknown times based on raw regression residuals. In addition, Chen (1998) proposed the
Schwarz Information Criterion (SIC) to locate a change point in both simple and multiple
linear regression models. Also, Krieger et al. (2003) considered detection of a gradual
change in the slope in a simple linear regression model. Jandhyala and Al-Saleh (1999)
considered the change point problem in non-linear regression models. Many other authors
have studied the change point problem in regression models in this sampling framework,
including, e.g., Farley and Hinich (1970); Esterby and EIl-Shaarawi (1981); Worsley
(1983); Kim and Siegmund (1989); Jandhyala and MacNeill (1991); Kim and Cai (1993);
Kim (1994); Chang and Huang (1997); and Yakir et al. (1999).

In a segmented simple linear regression model we assume that the data set consists
of a single sample in the form {(X1, Y1), (X2, Y2),..., (Xn, Yn)}. The s-segment regression
model with an explanatory variable X and a response Y is assumed to be

Yi=A+ A X+, 0;,<i<6;, =1, ...8, 1=1,2, ..., N, (1.2)

where the ¢;’s are the change points between segments (usually 6,=0 and 6, =N ) and

the &,’s are the error terms. Most work on segmented regression has been based on the



assumption that the ¢,’s were independent, identically distributed (i.i.d.) normal random
variables with mean zero. The segment error term variance, o , can be considered to be

either constant (homoscedastic model) or non-constant (heteroscedastic model). In some
articles the authors have assumed the continuity of the model at the change points; see
Gallant and Fuller (1973), for example. In this study, no assumption of continuity is
made. The models without continuity requirements have been studied by several authors;
see Quandt (1958) and Hawkins (1976), for example. Segmented linear regression
methods can be used to detect changes in the regression parameters within the given

sample, to estimate the locations of the change points (¢;’s), and to determine the

appropriate number of change points. Hawkins (1976) gave formulas for the likelihood of
the general segmented multiple regression model, along with a dynamic programming
algorithm (DP) to determine the exact maximum likelihood statistics for a multiple
segmented model, both for the homoscedastic and heteroscedastic models. Hawkins
(2001) gave formulas for the LRT for testing the null hypothesis of a single segment

against the alternative of s segments (s >1).

In a profile data set with a single explanatory variable X and a response Y, the data
are m samples in the form {(Xi1, Yi1), i1=1, 2, ..., ni}, {(Xi2, Yi2), i=1, 2, ..., no},..., {(Xim,
Yim), 1=1, 2, ..., np} with nj > 2, j=1,2, ..., m. The model that relates the explanatory
variable X to the response Y in this case is

Yy =Ay + A X +g, 1=1,2,,n,and j=1,2, ..., m. (1.2)

The emphasis in this situation is to detect changes in the regression parameters from

sample to sample, assuming that no parameter change has occurred within each sample.

Figure 1.1 shows graphically the framework of a linear profile data set. This
sampling framework is identical to that of panel data in econometrics. Only a very few
econometricians, however, have proposed methods to detect structural changes in the
context of panel data. Han and Park (1989) proposed an extension of the method of
Brown et al. (1975) to panel data. Hansen (1999) and Emerson and Kao (2001, 2002)



Response

proposed methods more similar to the proposed change point method discussed in
Chapter 4, but considered only the detection of shifts in the slope. Using a sampling
framework similar to the profile data, Gulliksen and Wilks (1950) proposed a likelihood
ratio method to test for the equality of the regression parameters in several samples. This

approach, however, is not a change point method.

Figure 1.1: The framework of a linear profile data set.

n;=10

Explanatory
variable

ji=1 = . j=

» Time

To detect parameter changes in a profile data set, this study proposes an approach

based on the segmented regression model in Equation (1.1). In this approach one pools all

the profile samples into one sample of size N:ern:lnj . Then, for the pooled sample, one

applies the segmented regression model in Equation (1.1). As mentioned above, in the
linear profile model we assume that no parameter changes occur within each sample.

Thus, in the proposed approach for profile data, the ¢;’s in Equation (1.1) are restricted

to the indices i corresponding to the ends of the profile samples. To test for a change in
one or more of the regression parameters, one applies the LRT of Hawkins (2001). This
method can be applied recursively to identify multiple change points in the data set.
Moreover, the LRT statistic can be partitioned into 3 terms indicating to a large extent the
relative contribution of the Y-intercept, slope, and variance shifts to an out-of-control

signal.



1.C The Inertial Properties of Quality Control Charts

When a control chart that combines information over time is being used, e. g, the
cumulative sum (CUSUM) chart or the exponentially weighted moving average (EWMA)
chart, then it is possible that the chart statistic is in a somewhat disadvantageous position
immediately before a process parameter change. For example the univariate EWMA chart
statistic based on sample means may be close to the lower control limit when an upward
shift in the process mean occurs. Being near the lower control limit causes the time
required to reach the upper control limit, producing an out-of-control signal, to be longer
than if the EWMA statistic were close to the centerline or close to the upper control limit
when the shift occurred. An illustrative example is shown in Figure 1.2. This figure
shows an EWMA chart with a trend in the process mean in the lower direction of the
centerline occurs after sampling time 2. If a shift in the process mean in the upper
direction of the centerline occurs at sampling time 10, the EWMA chart may not pick up

this shift immediately.

Figure 1.2: EWMA chart with downward undetected sustained shift.
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Yashchin (1987, 1993) recommended the consideration of such “worst-case

scenarios” in the selection of a control chart. Others, such as Lowry et al. (1992), Lowry



and Montgomery (1995), and Woodall and Adams (1998), refer to the potential delay in

signaling as resulting in an “inertia problem.”

In physics, “inertia” refers to the resistance an object has to a change in its state of
motion. Similarly, in statistical process control “inertia” can be used to refer to a
measure of the resistance that a chart has to signaling a particular process shift. The
amount of inertia depends on the value of the chart statistic. The measure of inertia could
be low if the charting statistic is near the appropriate boundary when a shift occurs, so
there is not always an inertia problem, as it is usually phrased in the literature. The
author refers instead to the inertial properties of control charts.

Yashchin (1993) gave a table that showed a comparison of the EWMA chart and
the CUSUM chart on the basis of steady-state and worst-case ARLs. The worst-case
scenario is that the control chart statistic is at the value that maximizes the out-of-control
ARL. The steady-state ARL is based on averaging the out-of-control ARL values over the
possible values of the control chart statistic under the assumptions that the process has
been operating for a while and that the process mean stays on target until the specified
shift in the mean occurs. Yashchin’s conclusion was that the EWMA and CUSUM charts
have roughly equivalent steady-state ARL performance, but in the worst-case scenarios
the EWMA ARLs are higher. Yashchin (1987) stated that in most cases one will be more
interested in control schemes with better worst-case sensitivity. Thus, Yashchin (1987,
1993) argued that the possibility of an EWMA statistic being in a disadvantageous
position is a serious disadvantage for the EWMA chart compared to other charts, such as
the CUSUM chart, that use resets and do not have such a significant inertia problem. For
this reason, he concluded that the use of the CUSUM chart should be preferred over the
use of the EWMA chart.

Moustakides (1986) showed that the one-sided CUSUM chart is optimal in the
sense that among all control charts with at least a specified in-control ARL, the out-of-

control ARL for a specified out-of-control distribution is minimized by the CUSUM chart



when considering each competing chart under its corresponding worst-case scenario.
Lucas and Saccucci (1990) also showed some worst-case ARLs for EWMA charts, but
they downplayed the importance of the inertia issue, saying it only takes a few

observations after the shift for the EWMA chart to overcome its initial inertia.

This study shows under realistic assumptions that the worst-case run length
performance of control charts becomes as informative as steady-state performance. Also,
the current study proposes a simple new measure of the inertial properties of control
charts, defining the signal resistance of a chart to be the largest standardized shift from
target not leading to an immediate out-of-control signal. The signal resistance from the
worst-case to the best-case scenario is calculated for several types of univariate and
multivariate control charts, including some charts augmented with Shewhart limits. This
study considers only control charts for monitoring the process mean or mean vector,

although the ideas can be easily extended to other types of charts.



Chapter 2: Linear Profile Models and Approaches

As mentioned in Chapter 1, the monitoring of linear profiles includes two phases,
Phase I and Phase II. In this chapter, the Phase I and Phase II models and approaches for

monitoring a simple linear profile data set are presented.

2.A Phase I Monitoring of Simple Linear Profiles

The setting of a Phase I simple linear profile data set can be described as follows.
The observed data collected over time are m random samples, with each sample
consisting of a sequence of n; pairs of observations (Xj, Yj), i=1, 2, ..., n;, j=1,2, ..., m.
For each sample it is assumed that the model relating the independent variable X to the
response Y is

Y, = Ay, + A, X, +e,, i=1,2, . mand j=1,2,...,m, 2.1)

ij o

where the g, ’s are assumed to be independent, identically distributed (i.i.d.) N (0, af)

random variables. The X-values in each sample are assumed to be known constants;
[Neter et al. (1990, pp. 86-87) discussed the regression analysis when the X-values are
random]. In many of the Phase I linear profile applications the X-values are known

constants and take the same values in all samples. The in-control values of the

parameters 4,, 4,,and o in Equation (2.1) are unknown. If Ay; = Ao, 41, = 41, and GJZ. =

o’, j=1,2, ..., m, then the process is considered to be stable in Phase I.

Our main objective in the Phase I analysis is to evaluate the stability of the
process and to estimate the in-control parameters. Obtaining a data set reflecting expected
in-control performance is usually accomplished by discarding samples associated with
assignable causes from the data set, assuming that the associated assignable causes can be

identified and removed.

In the SPC literature, usually the statistical performance of a Phase I method is

10



measured in terms of the probability of a signal. As defined in Chapter 1, the probability
of a signal is the probability of obtaining at least one charted statistic outside the control

limits.

It is well-known that the least squares estimates of 4, and 4, for sample j are

a,; = }7] —alj)?j and a,; =Sxvgy Sxxg) (2.2)

= n; = n; N\ v
where Yj = Zi:lYii nyo Xj = Zi:lXi/n.i ’ SXY(j) _Ziil(Xij XJ)Y and

ij o

Sexiy =2 (X, —X,)*, [see, e.g., Myers (1990, chap. 2)]. Furthermore, o is estimated

by the ;™ mean square error MSE;, where MSE=SSE}/(n; —2). Here SSE,=Z:’1e§ is the

residual sum of squares, where ¢, =Y, —q,

—a;. X

Xy i=1,2,.., m;. It is also well-known

j
that the least squares estimators a,, and a;; are distributed as a bivariate normal

distribution with the mean vector

W= (A4, 4)"
and the variance-covariance matrix
2 2
o, O
Z=[ 02 ‘;1], (2.3)
Oy O

where o zaz(l/nj +)7f/SXX(j>), o; =0 /Sy, and og =—-0°X /S,y are the
variance of a,,, the variance of a,;, and the covariance between a,, and gq,,
respectively.  Also the quantity (n, —2)MSE, / o’ is distributed as a chi-square
distribution with (n, —2) degrees of freedom independently of a,, and q,,, j=1,2, ...,

m.

Once a set of data reflecting in-control performance is obtained, one estimates the

in-control process parameters, the Y-intercept, the slope, and the variance by the intercept

average da, =>4, / m, the slope average @ =37.a,; / m, and the mean square error average

11



MSE=Y"" MSE, /m, 2.4)

respectively. In the following subsections the recommended approaches for monitoring

Phase I linear profile data sets are presented.
2.A.1 T? Control Chart Approaches

The SPC literature includes three 7° control chart approaches for analyzing linear
profile data sets in Phase I. These are Mestek et al.’s (1994) T* chart, Stover and Brill’s
(1998) T* chart, and Kang and Albin’s (2000) 7° chart.

Mestek et al. (1994) proposed a T* control chart to check for the stability of the

linear calibration curve in the photometric determination of Fe’* with sulfosalicylic acid.
Their 7° approach is based on successive vectors containing the absorbances of the
calibration curve, i.e., the response Y-values. In this approach one must assume that the
X-values are fixed and take the same set of values for each sample (i.e. X;=X, j=1, 2, ...,

m). The T* statistics for this method are

T} =(y,-Y)'S7'(y,-Y) Jj=1,2, ..., m, (2.5)

where y;=()1;,01»-»,) 18 @ vector containing the response values of the j* sample,

and y = (y,.5,.¥,) is a vector of the response averages, where y, =37 y; /m . Also,

.2
Sp Sy Sy

2
| S Sy S

2
n

| Sy, Sy e S
is the pooled sample covariance matrix, where s’ = 2y - y.)’ / (m-1),@=1,2,...,
n)and s, =", (v, = 3y —¥)[(m=1), [i, I=1,2,..., n (i#])]. Mestek et al. (1994) used a

T*-distribution with n and m degrees of freedom to determine the upper control limit of

their 7° chart. Using the relationship between the 7°- and F-distributions, they calculated

12



the upper control limit as UCL=n(m-1)F

n,m—n,o

/(m—n), where F, is the

100(1 — ) percentile of the F-distribution with n and m-n degrees of freedom. However,
as mentioned in Tracy et al. (1992) and Sullivan and Woodall (1996a), the T°-distribution
can be used to determine the UCL of the conventional 7° control chart for individual
multivariate observations when estimating the population covariance matrix X with S
only for future observations, i.e., only in Phase II. In Phase I, if the population
covariance matrix X is estimated by S, then the 7” statistic in Equation (2.5) follows a
beta distribution. The proof can be found in Gnanadesikan and Kettenring (1972). Thus,
as pointed out by Tracy et al. (1992), a more appropriate UCL for the chart is

UCL: (m - l)an/Z,m—n—l/Z,a /m s (26)

where B, ;.. .1, 18 the 100(1—«) percentile of the beta distribution with parameters

n/2 and (m—n—1)/2. Note that values of the T* statistics in Equation (2.5) are not

independent because each of the m charted 7° statistics is calculated based on the same

sample estimators.

The use of this 7° control chart for monitoring linear profile data sets in Phase I is
not recommended for four reasons. First, this chart can be applied directly only when the
X-values are fixed and constant from sample to sample. Second, the 7> control chart for
individual multivariate observations when estimating the population covariance matrix X
with S can have very poor statistical performance in terms of the probability of an out-of-
control signal. This was demonstrated by Sullivan and Woodall (1996a), Vargas (2003),
and by the simulation study described in Chapter 3 of this dissertation. Third, when
m < n the sample covariance matrix S is singular and the beta distribution cannot be
used. Finally, with a simple profile relationship, use of a 7* chart based on the n Y-values

leads to overparameterization.
Stover and Brill (1998) proposed two methods for a Phase I linear profile

calibration process. The first method is a 7° approach based on vectors containing

estimators of the Y-intercept and slope. The 7° statistics of this method are

13



T’ =(z,-2)'S(z,-72), J=12,...,m, (2.7)

S()2 SOl
SOl S12

— T m—(7 7\ _
where z;=(ay;,a;)", Z=(a,,a,)" ,and Sl—{ ] Here a, and a,; are as defined

in Equation (2.2), and S; =X (a,, —a,)’ [(m=1), 8 =¥ (a,-a) [(m-1),
and S, =2"7.(q,; —a)(a, —50)/(m—1) are the sample variance of q,,, the sample
variance of a,, and the sample covariance between a,, and q,,, respectively. The

upper control limit for this chart used by Stover and Brill (1998) is obtained from the 7>
distribution. Using the relationship between the 7°- and F-distributions, they calculated
the upper control limit of this chart to be UCL= 2(m+1)(m-1F,, ,, /m(m -2).

However, as mentioned previously in the context of the method proposed by Mestek et al.
(1994), the T* distribution is not the appropriate marginal distribution for the 7° statistic
when estimating the population covariance matrix using the pooled sample covariance

matrix in Phase I. A more appropriate upper control limit in this case is

UCL=(m—1)’ B, ,, 3.4 [m. (2.8)

Even though the values of the 7” statistics in Equation (2.7) are dependent, the simulation
study described in Chapter 3 shows that the overall false alarm probabilities produced by

this chart can be approximated closely using this marginal beta distribution.

The T° control chart of Kang and Albin (2000) is based on successive vectors of
the least squares estimators of the Y-intercept and slope. The 7° statistics in this method

arc

T} =m(z,-2)' 8} (z, -2)/(m-1), j=1,2,....m, (2.9)

A2 A
_ . 0y % SR
where z;and Z are as defined for Equation (2.7), and Szz( AO e J, where 6., 6 and
Oo O

G, are the estimators of the variance of q;, the variance of a,, and the covariance

14



between a,;, and qa,;, defined in Equation (2.3), respectively. These estimators are

obtained by replacing o> in Equation (2.3) by MSE, where MSE is as defined in
Equation (2.4). The upper control limit of this chart used by Kang and Albin (2000) is
UCL=2F, ., 2 - (2.10)

Obviously, this method is similar to the 7> method of Stover and Brill (1998), although
the marginal distributions of the control statistic used differ because of different

estimators for the covariance matrix.

One should note that the values of the 7° statistics in Equation (2.9) are also
dependent, as was the case for those in Equations (2.5) and (2.7), but again the simulation
study in Chapter 3 shows that the marginal F-distribution can lead to a close

approximation of the overall probability of a false alarm.
2.A.2 Kim et al.’s (2003) Shewhart-Type Control Charts Approach

Kim, Mahmoud, and Woodall (2003) proposed another approach for Phase I
analysis of linear profiles. They recommended coding the X-values within each sample so
that the estimators of the Y-intercept and slope are independent. Using their coding
recommendation and the fact that the estimator of the variance is independent of the
estimators of the Y-intercept and slope, one can monitor each of the three regression
parameters using a separate Shewhart-type control chart. If one codes the X-values within
each sample so that the average coded value is zero, then the resulting linear regression
model is in the form

Y, =B, + B, X, +e,, i=1,2 .,m j=1,2,..,m, (2.11)

ij o

where B, = 4,; + Al_].)?j, B, =4, and X =(X, —)_(j). In this case, the least squares
estimators for the regression parameters for sample ; are b,=y,, and
bl

1=, =Sy [Sxx - It is very well-known that for an in-control process, b,; and b,

15



are mutually independent normally distributed random variables with means B, and B,

. 2 2 .
and variances o /nj and o / Sxx(; » respectively.

Notice that a shift in the Y-intercept in Equation (2.1) from 4, to 4,; + A4, is
equivalent to a shift in the Y-intercept in Equation (2.11) from B, to B, + A4, . A shift
in the slope of the regression model in Equation (2.1) from 4,; to 4,, + A4, , however,
leads to shifts in both the Y-intercept and slope in Equation (2.11). In this case, the Y-
intercept shifts from By, to B,, + X ;A4 , while the slope shifts fromB,, to B, + A4, .
In the special case when X ; =X, j=1, 2, ..., m, if the Y-intercept in equation (2.1) shifts
from 4, to 4,; + A4, and simultaneously the slope in Equation (2.1) shifts from 4,; to
A,; + A4, so that A4, + X ;A4,=0, then only the slope in Equation (2.11) shifts from
B, to B,; + A4, . However, if X ; varies from sample to sample, the shifts in the

parameters in Equation (2.11) corresponding to this type of shift is not clearly
interpretable. Finally, it is obvious that shifts in the variances of both models in Equations

(2.1) and (2.11) would be equivalent.

Assuming that the X-values are the same in all samples and that the process is in

control, it can be shown that the quantity b, —Z;O , Where Z;O = Zj’:lbo ; / m, has a normal

m-—1

distribution with mean of 0 and variance of o?. It also can be shown that the

nm

quantity min = 2)MSE 22)MSE

Since these two variables are independent, the quantity (b, —b,) / \|MSE m=l follows
nm

a t-distribution with m(n—2) degrees of freedom. Thus, it seems reasonable as an

has a chi-square distribution with m(n—2) degrees of freedom.

approximation to use a Shewhart-type control chart for monitoring the intercept By with

the following lower and upper control limits:
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(m—-1)MSE and  UCL - 50 i (m—-1)MSE

LCL=b,-t .
'n(nfz),z nm Wl(n—2),5 nm

, (2.12)

where #,, 5, is the 100(1 —a/2) percentile of the r-distribution with m(n—2) degrees

of freedom.

Also assuming that the process is in control, it can be shown that b, —b,, where

m_l 2
o .

b, = 27_1 by, / m, has a normal distribution with mean of 0 and variance of
- ms .

Hence, the quantity (b, —I;I)/ /MSEmS_1 follows a t-distribution with m(n—?2)
mo yy

degrees of freedom. Therefore, approximate upper and lower control limits for a

Shewhart control chart for monitoring B, can be set at

rci=p -t |MIDMSE 4 vcr=h +¢ , [UPEDMEE 5 13
m(n—2),z mSXX m(n—Z),E mSXX
Assuming in-control process, it can be shown that the quantity
F;=MSE; IMSE | (2.14)

has an F-distribution with n-2 and (m-1)(n—2) degrees of freedom, where

MSE _, = Zm MSE, / (m —1). Therefore, a Shewhart control chart for monitoring the
. i#j

process variance o’ requires plotting the quantity F; on a chart with the following

control limits

LCL=F{, 5, nvyn-2parz A UCL=F, o) (0 1yn-2)0-ar2) - (2.15)

A mathematically equivalent control chart for monitoring the process variance can
be obtained by plotting MSE; on a chart with the following lower and upper control

limits:
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mF mF

(n=2),(m-1)(n-2),% (n=2),(m-1)(n-2),1-%

= 2___MSE and UCL= 2
m— 1 + F o m— 1 + F o

(n—2),(m—l)(n—2),3 (n—2),(m—1)(n—2),l—5

MSE . (2.16)

If the X-values vary from sample to sample, one can obtain the control limits of the

process parameters corresponding to a specified false alarm probability using simulation.

Since the accuracy of the estimators of the in-control regression coefficients relies
heavily on the stability of the process variance, it is recommended that one apply a
control chart for the variance before applying the control charts for the Y-intercept and

slope.

This method is also based on the plotting of dependent statistics in each one of the
three charts for monitoring the three process parameters. For example, if E; represents the
event that the i mean square error exceeds the control limits in Equation (2.16), then E;
and E; (i #j) are not independent. This is also the case using the control limits of the Y-
intercept and slope in Equation (2.12) and Equation (2.13), respectively. However, the
simulation study presented in Chapter 3 shows that these dependencies do not prevent

good approximations of the overall false alarm probabilities.

As an alternative, one can consider these charting methods for the Y-intercept and
slope under the framework of the analysis of means (ANOM). The charts can be
constructed such that joint distribution of the plotted statistics within each chart is a
multivariate ¢-distribution with a correlation between each pair of variables of
p=—1/(m-1). See, for example, Nelson (1982). Also as an alternative for the control
chart for monitoring the process variance in Kim et al.’s (2003) method, one can consider
the analysis of means-type test for the equality of variances, denoted by ANOMYV,
proposed by Wludyka and Nelson (1997). However, the simpler approach taken above is

shown to be quite accurate in the simulation study presented in Chapter 3.
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2.A.3 Principal Component Approaches

Control chart methods for monitoring Phase I linear profiles based on principal
components technique were suggested by Mestek et al. (1994) and Stover and Brill
(1998). The principal component method of Mestek et al. (1994) employs a Shewhart-
type control chart for the first principal component corresponding to vectors of the Y-
values, assuming that the X-values are fixed from sample to sample. The principal
components approach of Stover and Brill (1998) is based on control charting the first
principal component corresponding to vectors containing the estimates of the regression
parameters for each sample. These principal component methods, however, are not
recommended because they will not be able to detect some out-of-control conditions. The
first principal component explains in-control variation in the direction of the major axis
corresponding to the first principal component. Therefore, one will not be able to detect
combinations of shifts in the Y-intercept and the slope in the direction perpendicular to

the major axis corresponding to the first principal component.

On the other hand, the principal components approach of Jones and Rice (1992) is
a very useful tool to identify and understand the nature of the variability among the
profiles in a Phase I profile data set with equal, equally spaced X-values for each profile.
This approach has become a fundamental part of functional data analysis. See, for
example, Ramsay and Silverman (2002). In this principal component approach, one
determines the first few principal components that account for most of the profile
variation. Then, for each principal component, one plots the average profile and the
profiles corresponding to the minimum and maximum principal component scores. This
approach is strongly recommended for use in Phase I analysis of profile data. If the X-
values are not equally spaced and/or equal for each profile, one can fit a regression model
for each sample and obtain fitted response values for a set of equally spaced values. The

approach, however, is not a control chart-based method.
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2.A.4 An Alternative Approach

The problem of monitoring linear profiles in Phase I can be expressed in terms of
a problem of comparing several regression lines. The literature of regression analysis
includes an F-test approach based on using indicator variables (dummy variables) in a
multiple regression model to compare two or more regression lines. The use of indicator
variables in comparing several regression lines is described in many references; see, for
example, Myers (1990, p. 135), Neter et al. (1990, chap. 10), and Kleinbaum and Kupper
(1978, chap. 13).

Suppose that we have m samples of bivariate observations and we need to test the
equivalence (coincidence) of the regression lines of all samples. The first step in the

indicator variables technique is to pool all the m samples into one sample of size

N= ;1:1 n; . Then we create m-1 indicator variables such that

Li=1,2,.,N,j=12,.m

{1 if observation i is from sample j
Ji

0 otherwise

where m'=m—1. Finally, we fit to the pooled data the following multiple regression
model:
Vi=Ay + AX; + Lo Zy + Pl + ot Bow Ly + PrZyiX; + ProlyX; + oot iy X + &,

’.
mi~"1

i=1,2,...N, (2.17)

where the ¢, ’s are assumed to be 1.1.d. N(0, o?) random variables and (x; , /), i=1, 2, ...,

N, are N bivariate observations resulting from pooling the m samples into one sample of

size N. To test for the equality of the m regression lines we test the hypotheses

Hy:By=Bp=-=Bpw=Pn =P = =p,=0 versus H :H, is not true.
Under the null hypothesis we have the following reduced model:
v, =A4A,+Ax, +¢,, i=1,2,...,N. (2.18)
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The usual test statistic for testing H, is

_ {SSE(reduced) - SSE( full)}/2(m —1)
- MSE( full)

F

, (2.19)

where SSE(full) and SSE(reduced) are the residual sum of squares resulting from fitting
the regression models in Equations (2.17) and (2.18), respectively, and MSE( full) is the

mean square error of the full model in Equation (2.17). This test statistic follows an F

distribution with 2(m-1) and N-2m degrees of freedom under the null hypothesis.

In this alternative approach for Phase I analysis of linear profiles, one applies the
global F-test based on the statistic in Equation (2.19) in conjunction with a univariate
control chart to check for the stability of the variation about the regression line. For this
purpose, the third control chart of Kim et al. (2003) that is based on control limits in
Equation (2.15) [or Equation (2.16)] is recommended. Again, since the accuracy of the
estimators of the in-control regression coefficients relies on the stability of the process
variance, it is recommended that one check for the stability of the error variance before

performing the F-test.

If an out-of-control signal is obtained from the global F-test (i.e., we reject H ),
one follows by coding the X-values such that the average coded value within each sample
is zero and applying 3-sigma control charts for the Y-intercept and slope separately. If the
X-values are the same in all samples, the 3-sigma control chart for monitoring the

intercept is based on plotting the quantity 7= (b, —50)/ JMSE/n on a chart with control

limits £3. Also, the 3-sigma control chart for monitoring the slope is based on plotting
the quantity #,,=(b, —Z;I)/ JMSE/S,, on a chart with control limits +3. These two charts

are used for diagnostic purposes. Alternately, one could perform tests of hypotheses to
test the equality of the intercepts and slopes in the m samples. If assignable causes can be
identified, the corresponding samples are removed from the data and the method
reapplied. Once one has a set of data reflecting expected in-control performance, the

regression parameters can be estimated for use in Phase II monitoring. Jensen et al.
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(1984) proposed a Phase II method (for multiple linear regression models) similar in

several respects to this Phase I method.
2.B Phase II Monitoring of Simple Linear Profiles

The Phase II simple linear profile model is in the form

Y, = A+ AX, +e,, i=1,2,..,mand j=1,2, ... (2.20)

ij>

Again, theg,’s are assumed to be i.id. N (0,0%) random variables and the X-values in

each sample are assumed to be known constants. Here, the in-control values of the

parameters 4,, A, and o’ are assumed to be known or estimated from a data set

reflecting expected in-control performance.

The performance of a Phase II control charting method is usually measured by
some parameter of the run length distribution. As mentioned in Chapter 1, the run length
is the number of samples taken until the chart produces an out-of-control signal. In the
literature, often the average run length ARL is used in performance comparisons studies

of Phase II methods.

Several authors have proposed Phase II control charting approaches for
monitoring simple linear profiles with assumed known values for the intercept, slope and
variance parameters. In the following sub-sections the simple linear profile Phase II
approaches are presented.

2.B.1 Kang and Albin’s (2000) Phase II Approaches

Kang and Albin (2000) proposed two control chart methods for Phase II

monitoring of linear profiles. Their first approach is a bivariate 7° chart based on
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successive vectors of the least squares estimators of the Y-intercept and slope, assuming

known parameter values. Here, the T” statistics are

T -1 .
T_/ZZ(ZJ*U) X (Zjiu')ﬂ ]_1:27"': (221)

where z;=(ay,,a;;)" is the vector of sample estimators, and [ and X are as defined in

Equation (2.3). When the process is in-control, the 7° statistic in Equation (2.21) follows
a central chi-squared distribution with 2 degrees of freedom. The upper control limit of

this chart used by Kang and Albin (2000) is
UCL=%5, . (2.22)

where xﬁ,a is the 100(1—«) percentile of the chi-squared distribution with 2 degrees of

freedom. Under out-of-control shifts in the process parameters (assuming that the X-
values are the same for all samples), the 7° statistic in Equation (2.21) follows a non-

central chi-squared distribution with 2 degrees of freedom and non-centrality parameter

r=n(A+pX) + B°S,y,

where 4 and g are the shifts in the intercept and slope, respectively. It can be shown

that the exact ARL of this T° control chart is evaluated using the following formula:

1
Pr(T/‘z > X;,a) .

ARL

If the X-values are not the same for all samples, the ARL corresponding to a specified

false alarm probability can be estimated using simulation.

The second Phase II method of Kang and Albin (2000) is an EWMA chart to
monitor the average deviation from the in-control line. The deviations from the in-control

regression line obtained at sample j are calculated using

(i Y;‘j_AO_Al)(ija =1,2, ..., nj,
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and the average deviation for sample j is e, =X, e, /n;. The EWMA control chart

statistics are given by

EWMA=0¢, +(1- ))EWMA,.;, (2.23)

where 0< <1 is usually called the smoothing parameter and EWMA(=0. Assuming that
n=n, j=1, 2,..., the control limits for this EWMA chart used by Kang and Albin (2000)

arc

LCL=—Lo+\J0/n(2-0) and UCL= Lo+/0/n(2-0), (2.24)

where L;>0 is a constant chosen to give a specified in-control ARL.

Kang and Albin (2000) also suggested an R-chart to be used in conjunction with
this EWMA chart to monitor the variation about the regression line. For the R-chart, they
plotted the sample ranges R=max(e;)-min;(e;), j=1, 2,..., on a chart with the following
control limits:

LCL=0(d, - L,d,) and UCL=0(d, + L,d,), (2.25)

where L, >0 is a constant selected to produce a specified in-control ARL, and d, and ds
are constants depending on the sample size n. Ryan (2000) and Montgomery(2001), for
example, provide tables for the values of d, and d5 corresponding to different values of
the sample size n. A signal is given whenever one of the two charts produces an out-of-
control signal. A disadvantage of the R-chart approach, however, is that if n <7 there is
no lower control limit for the R-chart, and consequently one cannot detect decreases in

the process variance without using a runs rule.
If the sample sizes are not the same for all samples, one can determine the control

limits of the EWMA chart and R-chart corresponding to a specified overall in-control

ARL using simulation.
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Kang and Albin (2000) recommended using this EWMA approach in Phase I,
substituting the values of the unknown parameters by their estimates. However, it is not
recommended using this method in Phase I for two reasons. First, EWMA charts are
recommended in Phase II because of their power in detecting sustained shifts in
parameters and their quick detection of small-to-moderate process shifts compared to
Shewhart-type control charts. However, quick detection is not an issue in Phase I since
we have access to a fixed set of historical data. Second, in applying an EWMA chart in
Phase I, several samples could be contributing to any out-of-control signal. Therefore, it
is not clearly defined how to identify and delete the out-of-control regression lines to

achieve stability in the process before estimating the in-control regression parameters.
2.B.2 Kim et al.’s (2003) Phase II Approach

Kim et al. (2003) proposed another method for monitoring a Phase II linear
profile process assuming known parameter values. Their idea was to code the X-values
within each sample as described in Section 2.A.2. Since coding the X-values this way
leads to independent regression estimators, Kim et al. (2003) recommended monitoring
the two regression coefficients using separate EWMA charts. They also recommended
replacing the R-chart of Kang and Albin (2000) by EWMA charts for monitoring the
process standard deviation, including one proposed by Crowder and Hamilton (1992). A
signal is produced as soon as any one of the three EWMA charts for the Y-intercept, the

slope, and the variation about the regression line produces an out-of-control signal.

The EWMA chart statistics for monitoring the Y-intercept By used by Kim et al.
(2003) are
EWMA[(]'):H b()j +(1- Q)EWMA[(]'_U, (226)

where 0<60<1 is a smoothing constant and EWMA(=By. An out-of-control signal is

given by this chart as soon as the EWMA statistic crosses the control limits

LCL=B, - L,0+/0/n(2—0) and UCL=B, + L,c+/0/n(2-0), (2.27)
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where L; >0 is a constant selected to produce a specified in-control ARL. The EWMA
statistics for monitoring the slope B, are given by

EWMAS(/):G blj +(1- Q)EWMAS(/_U, (228)

where 0<60<1 is again a smoothing constant and EWMAg=B;. The control limits for

the slope chart are given by

LCL=B, - L,o\J6/n(2—6) and UCL=B, + L,o\[0/n(2-0), (2.29)

where Lg >0 is a constant chosen to produce a specified in-control ARL. Finally, to
monitor the process variance, Kim et al. (2003) proposed an EWMA chart based on the

approach of Crowder and Hamilton (1992). The EWMA statistics for monitoring o are
EWMA gj=max {f(In MSE;) + (1- )EWMAg; 1), lno; }, (2.30)

where 0<60<1 is again a smoothing constant and EWMA = In 05 . Here aé 1s the in-

control value of the process variance o. The control limit for detecting increases in the

process variance used by Kim et al. (2003) is

UCL= Ino+Lg [0 Var (In MSE)/(2-0)]"?, (2.31)

where the multiplier Lz >0 is chosen to produce a specified in-control ARL and

2 2 4 16

Var (In MSE)) = + + - .
( i) n-2 (-2 3n-2)° 15(n-2)°

(2.32)

Kim et al. (2003) compared their proposed EWMA charts method to the methods
of Kang and Albin (2000) through simulation. They found that their proposed method is
more effective than the competing methods in detecting sustained shifts in a process
parameter. It is clear that their method also provides easier interpretation of an out-of-
control signal than the Kang and Albin’s (2000) methods, since each parameter in the

model is monitored using a separate chart using their proposed approach.
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2.C Model Assumptions

The normality assumption for the models in Equations (2.1) and (2.20) is required
for determining the statistical performance of any of the Phase I and Phase II proposed
methods. For example, the simulation study reported in Chapter 3 shows that departures
from this assumption can affect the statistical performance of all of the Phase I methods.
In particular, the false alarm rate can increase dramatically. Thus, it is necessary to test
for the appropriateness of the normality assumption before applying a Phase I or Phase II
method. There are many statistical methods for checking the normality of the error terms,

as described in Neter et al. (1990, chap. 4) and Ryan (1997, pp. 52-53).

Also, departures from linearity affect the performance of the proposed methods.
In particular, the control chart for the variance may signal instability in the process
variance due to a lack-of-fit affecting the regression model. Therefore, it is imperative to
check for the linearity of the m regression lines before applying a Phase I or Phase II
method. Neter et al. (1990, p. 131), for example, described a lack-of-fit test appropriate
for the case when there are replications at one or more X-levels. Also, see Burn and Ryan

(1983) for a lack-of-fit test suitable for the case when no replications are available.
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Chapter 3: Performance Comparisons for Some Phase | Approaches

This chapter presents simulation results that compare the performance of some of
the recommended Phase | approaches in terms of the overall probabilities of a signal.
Also this chapter illustrates the use of these methods using a real data set from a

calibration application presented in Mestek et al. (1994).

3.A Performance Comparisons

As mentioned in Chapter 1, there have been several sets of recommendations for
the Phase | analysis of linear profile data sets. However, no performance comparisons
study has been conducted to determine the most appropriate and effective approaches. In
this chapter | use simulation to investigate the performance of four control chart methods
for monitoring linear profile processes in Phase | in terms of the overall probability of a
signal. These methods are Method A: the 72 control chart proposed by Stover and Brill
(1998), Method B: the 72 control chart proposed by Kang and Albin (2000), Method C:
the three Shewhart-type control charts proposed by Kim et al. (2003), and Method D: the
proposed method of using the global F-test based on the statistic in Equation (2.19) in
conjunction with the control chart with control limits in Equation (2.15) for monitoring

the error term variance.

In this simulation the underlying in-control model with 4o=0 and 4;=1 was

considered, i.e., Y, = X, +¢,,i=1,2, ..., n, where the ¢,’s are i.i.d. N(0, 1) random

jo
variables. The fixed X-values of 0(0.2)1.8 were used in this simulation (»=10, X =0.9,
and S,, =3.3). Also, the numbers of samples m=5, 20, 40, and 60 were used in this
simulation. For one case considered in these simulations the fixed X-values were used
twice to give a linear profile model with »=20, and in another case they were used three
times to give a linear profile model with »=30. Also, in some cases considered in these

simulations different sets of the fixed X-values were used.
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3.A.1 Estimation of False Alarm Probabilities

First, the control limit (limits) for each method was (were) set based on a nominal

false alarm probability of «,=1-"1—a to give a nominal overall false alarm
probability of « =0.01, 0.015, 0.02, 0.025, 0.03, 0.035, 0.04, 045, 0.05, or 0.1. Equations
(2.8) and (2.10) were used to determine the UCL based on a nominal false alarm
probability of «, for Method A and Method B, respectively. For Method C, Equations
(2.12), (2.13), and (2.15) were used to determine the control limits of the three Shewhart

control charts for the Y-intercept, slope, and error term variance, respectively. The control

limits for each chart were set based on a false alarm probability of «, =1-3/1—¢, . For

Method D, the global F-test was performed at a significance level of o, =1-+1-¢« and
the control limits for the chart for monitoring the error term variance were set based on a

false alarm probability of a = 1-Ml-a, .

Tables 3.1-3.4 give the overall false alarm probabilities when m=5, 20, 40, and
60, respectively. For these tables, the sample size n=10 was used. The first columns of
these tables give the desired nominal overall false alarm probabilities. The following four
columns in each table give the simulated overall false alarm probabilities when applying
Methods A, B, C, and D, respectively. Each of these estimates was obtained
independently from 1,000,000 Phase | simulations. As shown in Tables 3.1-3.4, there is
no practical difference between the simulated and nominal overall false alarm

probabilities for all values of m considered in these simulations.

Tables 3.5-3.6 give the overall false alarm probabilities when »=20 and 30,
respectively. The number of samples m=20 was used to obtain these tables. Again, as
shown in both tables, there is no practical difference between the simulated and nominal

overall false alarm probabilities.
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For Tables 3.7-3.8, different sets of the fixed X-values from that considered for
Tables 3.1-3.6 were used to simulate the overall false alarm probabilities. The fixed X-
values of -30, -23, -12, -4, 0, 3, 10, 20, 25, and 35 were used to estimate the overall
false alarm probabilities in Table 3.7, while the fixed X-values of —600, —450, —380,
—-260, -100, 0, 90, 210, 400, and 500 were used to estimate those in Table 3.8. Unlike the
X-values used to estimate the overall false alarm probabilities in Tables 3.1-3.6, the X-
values used in these two sets are unequally spaced. Again, there is no practical difference
between the simulated and nominal overall false alarm probabilities when both sets were

used as shown in Tables 3.7-3.8.

Table 3.1: Overall false alarm probabilities: Nominal vs. Simulated (m=5, n=10).

Simulated
Nominal Method A | Method B | Method C | Method D
0.010 0.0098 0.0096 0.0097 0.0097
0.015 0.0150 0.0144 0.0146 0.0148
0.020 0.0200 0.0192 0.0195 0.0197
0.025 0.0252 0.0241 0.0244 0.0251
0.030 0.0300 0.0286 0.0295 0.0299
0.035 0.0350 0.0332 0.0341 0.0351
0.040 0.0406 0.0372 0.0383 0.0398
0.045 0.0453 0.0424 0.0434 0.0443
0.050 0.0502 0.0466 0.0477 0.0493
0.100 0.1013 0.0920 0.0951 0.0992
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Table 3.2: Overall false alarm probabilities: Nominal vs. Simulated (m=20, n=10).

Simulated
Nominal Method A | Method B | Method C | Method D
0.010 0.0099 0.0098 0.0099 0.0100
0.015 0.0150 0.0149 0.0150 0.0151
0.020 0.0201 0.0200 0.0200 0.0201
0.025 0.0251 0.0244 0.0248 0.0249
0.030 0.0304 0.0297 0.0299 0.0299
0.035 0.0353 0.0347 0.0348 0.0349
0.040 0.0402 0.0395 0.0401 0.0400
0.045 0.0457 0.0447 0.0451 0.0451
0.050 0.0507 0.0496 0.0500 0.0500
0.100 0.1030 0.0975 0.0986 0.0989

Table 3.3: Overall false alarm probabilities: Nominal vs. Simulated (m=40, n=10).

Simulated
Nominal Method A | Method B | Method C | Method D
0.010 0.0097 0.0101 0.0099 0.0099
0.015 0.0144 0.0147 0.0143 0.0144
0.020 0.0210 0.0199 0.0203 0.0202
0.025 0.0248 0.0257 0.0261 0.0253
0.030 0.0300 0.0298 0.0299 0.0299
0.035 0.0342 0.0350 0.0343 0.0348
0.040 0.0407 0.0396 0.0404 0.0401
0.045 0.0458 0.0461 0.0460 0.0457
0.050 0.0521 0.0498 0.0503 0.0501
0.100 0.1024 0.0986 0.0992 0.0998
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Table 3.4: Overall false alarm probabilities: Nominal vs. Simulated (m=60, n=10).

Simulated
Nominal Method A | Method B | Method C | Method D
0.010 0.0100 0.0097 0.0099 0.0100
0.015 0.0145 0.0150 0.0149 0.0150
0.020 0.0197 0.0192 0.0192 0.0195
0.025 0.0257 0.0254 0.0252 0.0251
0.030 0.0305 0.0301 0.0301 0.0300
0.035 0.0352 0.0344 0.0349 0.0349
0.040 0.0401 0.0398 0.0399 0.0399
0.045 0.0450 0.0447 0.0455 0.0452
0.050 0.0512 0.0507 0.0504 0.0502
0.100 0.1040 0.0984 0.0983 0.0992

Table 3.5: Overall false alarm probabilities: Nominal vs. Simulated (m=20, n=20).

Simulated
Nominal Method A | Method B | Method C | Method D
0.010 0.0101 0.0103 0.0106 0.0101
0.015 0.0149 0.0141 0.0149 0.0149
0.020 0.0196 0.0189 0.0195 0.0197
0.025 0.0258 0.0250 0.0250 0.0250
0.030 0.0304 0.0288 0.0301 0.0300
0.035 0.0347 0.0341 0.0342 0.0346
0.040 0.0410 0.0395 0.0399 0.0398
0.045 0.0468 0.0453 0.0458 0.0452
0.050 0.0517 0.0497 0.0497 0.0498
0.100 0.1016 0.0993 0.0990 0.0997
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Table 3.6: Overall false alarm probabilities: Nominal vs. Simulated (m=20, n=30).

Simulated
Nominal Method A | Method B | Method C | Method D
0.010 0.0101 0.0093 0.0101 0.0100
0.015 0.0154 0.0152 0.0152 0.0151
0.020 0.0201 0.0199 0.0196 0.0198
0.025 0.0258 0.0254 0.0246 0.0248
0.030 0.0295 0.0287 0.0297 0.0299
0.035 0.0357 0.0342 0.0343 0.0344
0.040 0.0401 0.0389 0.0395 0.0397
0.045 0.0460 0.0453 0.0456 0.0455
0.050 0.0504 0.0491 0.0491 0.0496
0.100 0.1050 0.1000 0.0997 0.0998

Table 3.7: Overall false alarm probabilities: Nominal vs. Simulated (m=20 and X= -30, -23, -
12,-4,0, 3, 10, 20, 25, and 35).

Simulated
Nominal Method A | Method B Method C | Method D
0.010 0.0100 0.0095 0.0098 0.0100
0.015 0.0154 0.0149 0.0146 0.0149
0.020 0.0209 0.0204 0.0194 0.0197
0.025 0.0249 0.0250 0.0254 0.0248
0.030 0.0302 0.0304 0.0308 0.0301
0.035 0.0356 0.0349 0.0341 0.0348
0.040 0.0394 0.0399 0.0403 0.0401
0.045 0.0455 0.0447 0.0452 0.0452
0.050 0.0514 0.0495 0.0492 0.0496
0.100 0.1062 0.0989 0.0998 0.0999
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Table 3.8: Overall false alarm probabilities: Nominal vs. Simulated (m=20 and X=-600, —450,
-380, —260, —100, 0, 90, 210, 400, and 500).

Simulated
Nominal Method A | Method B | Method C | Method D
0.010 0.0103 0.0100 0.0102 0.0101
0.015 0.0150 0.0150 0.0143 0.0149
0.020 0.0197 0.0191 0.0200 0.0201
0.025 0.0252 0.0250 0.0250 0.0251
0.030 0.0316 0.0304 0.0303 0.0301
0.035 0.0343 0.0345 0.0354 0.0352
0.040 0.0427 0.0390 0.0406 0.0407
0.045 0.0456 0.0438 0.0443 0.0445
0.050 0.0511 0.0498 0.0510 0.0502
0.100 0.1037 0.0983 0.1005 0.1001

In general, for all the cases considered in these simulations there was no practical
difference between the simulated and nominal overall false alarm probabilities.
Therefore, the dependencies of the control chart statistics for the methods have no
practical effect on one’s use of the marginal distribution (distributions) to approximate

closely the overall false alarm probabilities.

3.A.2 Estimation of Out-of-Control Probabilities of Signal

This section compares the performance of the competing methods in terms of the
overall probabilities of an out-of-control signal indicating instability when there were
shifts in model parameters. The fixed X-values of 0(0.2)1.8 were first considered in linear
profile data sets with number of samples m=20 or 60. The types of shifts considered in

this simulation are fixed shifts in & out of the m individual model parameters, where & =1,
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2,5,0r 10 if m=20 and k =1, 3, 15, or 20 if m=60. The locations of the shifts do not affect
the performance of the methods.

Four different types of shifts were considered in the model parameters. These
corresponded to shifts in the Y-intercept, in the slope under the model in Equation (2.1),
in the slope under the model in Equation (2.11), and in the process standard deviation.

Shifts in the intercept are measured in units of a/ﬁ, shifts in the slopes are measured

in units of a/ S and shifts in the process standard deviation are measured as

XX

multiples of o .

In some performance comparisons considered in these simulations with m=20,
the fixed X-values were used twice to give a linear profile model with »=20. Also, in
some performance comparisons considered in these simulations with m=20, the fixed X-
values of —-30, -23, -12, -4, 0, 3, 10, 20, 25, and 35 were used.

For Methods A and B, if m=20 and »=10, the upper control limits were set based
on a false alarm probability of «,=0.002039 to produce a nominal overall false alarm
probability of « =0.04. Thus, in this case, for Method A we have UCL=9.34182 and for
Method B we have UCL=12.8830. For Method C, the control limits of each control chart
were set based on a false alarm probability of «,= 0.00068, so that the overall false
alarm probability produced by this method was « =0.04. The critical value corresponding
to the 99.966" percentile of the z-distribution required to compute the control limits in
Equations (2.12) and (2.13) is 3.465. Also, the control limits in Equation (2.15) for
monitoring the error term variance were LCL=0.07871 and UCL=3.8853. For Method D,
the control limits for the chart for monitoring the error term variance were LCL=0.08776
and UCL=3.73678. These limits were determined based on a false alarm probability of

a,= 0.00102. The global F-test was performed at a significance level of «,=0.0202041.

The 99.898" percentile of the F-distribution used to test the equality of all the regression
lines is 1.6281492. Thus, the overall false alarm probability corresponding to Method D

was also « = 0.04. Table 3.9 shows the different false alarm probabilities, percentiles,
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and control limits used for each Phase | method for the different cases considered in the

performance comparisons.

Table 3.9: False alarm probabilities, percentiles, and control limits used for the different cases
considered in the performance comparisons.

(m=20, n=10) (m=20, n=20) (m=60, n=10)
False alarm a =0.04 a =0.04 a =0.04
probabilities a,=0.002039 a,=0.002039 «,=0.00068
a,=0.00068 a,=0.00068 a,=0.000227
«,=0.0202041 | «,=0.0202041 a,=0.0202041
a,=0.00102 a,=0.00102 a,=0.0003401
UCL for Method A | 9.341597 9.341597 13.099147
UCL for Method B | 12.88297 12.606272 14.810329
Percentile of the -
distribution required | 3.4652442 3.4272914 3.715389

for Method C

Control limits for the
variance using Method
C

LCL=0.0787074
UCL=3.885273

LCL=0.2296672
UCL=2.6444826

LCL=0.0595421
UCL=4.048459

Percentile of the F-
distribution required
for Method D

1.6281492

1.5705054

1.3307411

Control limits for the
variance using Method
D

LCL=0.0877562
UCL=3.736782

LCL=0.2432506
UCL=2.5691832

LCL=0.0662504
UCL=3.9172931
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Figure 3.1-3.4 show the simulated overall probabilities of an out-of-control signal
for shifts in the regression parameters when m=20 and X=0(0.2)1.8. The overall

probabilities of out-of-control signals for shifts in the Y-intercept from A, to

Ay + 2 o—/ﬁ are shown in Figure 3.1. These estimates were obtained from 100,000
simulations for 4= 0.5(0.5) 5. As shown in Figure 3.1, the F-test method, Method D, is

much better than the competing methods for detecting shifts in the Y-intercept when £=5
and £=10. However, both Methods B and C give better results for =1 and £=2. Note that
Method B performs uniformly slightly better than Method C over the entire range

considered for Y-intercept shifts. For k=1, Method D has the worst performance.

Another important observation from Figure 3.1 is that Method A is insensitive to
shifts in the Y-intercept. Except for k=1 and k=2, the probability of an out-of-control
signal produced by this method slightly decreases with increases in 4. Overall, Method
A performs very poorly. Similar results were obtained in other simulation studies
conducted by Sullivan and Woodall (1996a) and Vargas (2003). They found that the 7°
control chart for individual multivariate observations when estimating the population
covariance matrix with the usual pooled sample covariance matrix is not effective in
detecting a sustained shift in the mean vector. They also mentioned that in some cases the
probability of an out-of-control signal produced by this method decreases with
increasingly severe shifts, as seen in the current simulation. They stated that the reason
for these results is that the population covariance matrix is poorly estimated by the pooled

sample covariance matrix when the mean vector is not stable.

Figure 3.2 shows the simulated overall probabilities of an out-of-control signal for
different shifts in the slope under the model in Equation (2.1) from 4; to
A+ p a/q/SXX . The same values for g as those considered for A were used in this

simulation. For this type of shift, Method D performs uniformly better than the
competing methods for 4= 10 and £ = 5, while both Methods B and C give better results
for k=2 and k= 1. Also in this case Method B performs uniformly better than Method C

over the entire range considered for slope shifts. Again, Method A has the worst
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performance for all values of £ considered except for £ = 1. Method D has the worst

performance when k=1.

Figure 3.3 shows the simulated overall probabilities of an out-of-control signal for
shifts in the slope under the model in Equation (2.11) from B, to B, + & ()-/1/5)9Y , for
the same values for & as those considered earlier for A and . This illustrates much

better performance of Method D unless =1 or 2. Also for this type of shift, Method B
performs slightly better than Method C and Method A again has very poor performance.

Finally, Figure 3.4 presents the simulated overall probabilities of an out-of-control

signal for different shifts in the process standard deviation from o to yo, y=1.2(0.2) 3.

As shown in Figure 3.4, Method D and Method C perform much better than Methods A
and B. Method C and Method D have very similar performance for all values of &

considered.

Contrary to its good performance under slope and Y-intercept shifts, Method B
has the worst performance among the competing methods under process standard
deviation shifts, especially for large shifts. One could modify Method B by adding a
univariate control chart for monitoring the standard deviation in conjunction with the 7°
control chart based on statistics in Equation (2.9) in order to increase its sensitivity to
standard deviation shifts. However, in this case its performance in detecting slope and Y-
intercept shifts would diminish because of the increased control limit required to maintain
the same overall probability of a false alarm. In fact, it is expected that in this case
Method C might give uniformly better results. Method C has a strong advantage over

Method B in terms of interpretability.
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Figure 3.1. Probability of out-of-control signal under intercept shifts from 4, to 4, + 4 0/\/;

(m=20 and X=0(0.2)1.8).
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Figure 3.2: Probability of out-of-control signal under slope shifts from 4 to 4, + g O'/quxx
(m=20 and X=0(0.2)1.8).
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Figure 3.3. Probability of out-of-control signal under slope shifts from B, to B, + & 0/~/Sxx (m=20

and X=0(0.2)1.8).
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Figure 3.4: Probability of out-of-control signal under standard deviation shifts from o to yo (m=20

and X=0(0.2)1.8).
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Figures 3.5-3.8 show the simulated overall probabilities of an out-of-control
signal for shifts in the Y-intercept, slope under the model in Equation (2.1), slope under
the model in Equation (2.11), and process standard deviation, respectively, when m=60
and X=0(0.2)1.8. Also, Figures 3.9-3.12 show these probabilities when m=20 and
X=0(0.2)1.8 were used twice within each sample to give a linear profile model with »n=20.
Finally Figures 3.13-3.16 show these probabilities when m=20 and X= -30, -23, -12, -4,
0, 3, 10, 20, 25, and 35 were used.

Inspection of Figures 3.5-3.16 show that the overall probability of an out-of-
control signal corresponding to a specified shift in a process parameter increases as m or
n increases. For all the cases considered in Figures 3.5-3.16, Method D is much better
than the competing methods for detecting shifts in the Y-intercept and slope affecting
much of the Phase | data. Both Methods B and C, however, give better results for shifts
affecting only a few samples. For k=1 and m=20 or 60, Method D has the worst
performance. Method A has very poor performance except for k=1. Under process
standard deviation shifts, Method B has the worst performance among the competing
methods. Method C and D have the best performance in detecting standard deviation
shifts.

In general, these simulation studies indicate that Method C and Method D have
the best overall performance in detecting shifts in a process parameter. Under a parameter
shift affecting much of the Phase | data, Method D performs uniformly better than the
competing methods. Methods B and C have roughly similar performance in detecting
shifts in the Y-intercept and in the slope under both models in Equations (2.1) and (2.11).
However, Method C has greater statistical power in detecting shifts in the process
standard deviation. Method A has very poor performance in detecting shifts in any
process parameter.
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Figure 3.5. Probability of out-of-control signal under intercept shifts from 4, to 4, + 2 0/\/;

(m=60 and X=0(0.2)1.8).
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Figure 3.6: Probability of out-of-control signal under slope shifts from 4 to 4, + g a/JSXX
(m=60 and X=0(0.2)1.8).
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Figure 3.7: Probability of out-of-control signal under slope shifts from B, to B, + & 0/~/Sxx (m=60

and X=0(0.2)1.8).
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Figure 3.8: Probability of out-of-control signal under standard deviation shifts from o to yo (m=60

and X=0(0.2)1.8).
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Figure 3.9. Probability of out-of-control signal under intercept shifts from 4, to 4, + 4 0/\/;

(m=20 and the values of X=0(0.2)1.8 are used twice).
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Figure 3.10: Probability of out-of-control signal under slope shifts from 4 to 4, + g a/JSXX

(m=20 and the values of X=0(0.2)1.8 are used twice).
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Figure 3.11: Probability of out-of-control signal under slope shifts from B, to B, + 50/\/5‘”

(m=20 and the values of X=0(0.2)1.8 are used twice).
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Figure 3.12: Probability of out-of-control signal under standard deviation shifts from o to yo

(m=20 and the values of X=0(0.2)1.8 are used twice).
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Figure 3.13: Probability of out-of-control signal under intercept shifts from 4, to 4, + 4 0/\/;

(m=20 and X=-30, -23, -12, -4, 0, 3, 10, 20, 25, and 35).
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Figure 3.14: Probability of out-of-control signal under slope shifts from 4 to 4, + g O'/quxx

(m=20 and X=-30, -23, -12, -4, 0, 3, 10, 20, 25, and 35).
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Figure 3.15. Probability of out-of-control signal under slope shifts from B, to B, + 50/\/5‘”

(m=20 and X=-30, -23, -12, -4, 0, 3, 10, 20, 25, and 35).
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Figure 3.16: Probability of out-of-control signal under standard deviation shifts from o to yo

(m=20 and X=-30, -23, -12, -4, 0, 3, 10, 20, 25, and 35).
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3.A.3 Violations of the Normality Assumption

The normality assumption for the linear profile model in Equation (2.1) is
required for determining the statistical performance of any of the proposed Phase I
methods. Tables 3.10-3.14 show the overall false alarm probabilities produced by the

competing methods, assuming that the &, ’s are i.i.d. double exponential random variables

with mean 0 and variance 1, double exponential random variables with mean 0 and
variance 2, exponential random variables with mean 1, s-distributed random variables
with 3 degrees of freedom, and ¢-distributed random variables with 5 degrees of freedom,
respectively. For these tables, the number of samples m=20 and the fixed X-
values=0(0.2)1.8 were used. As shown in these tables, departures from the normality
assumption can greatly affect the statistical performance of all of the Phase I methods.
The false alarm rate can increase dramatically if this assumption is violated. Thus, it is
strongly recommended that a test be carried out for the appropriateness of the normality
assumption before applying a Phase | method. As mentioned in Chapter 2, there are many
statistical methods for checking the normality of the error terms; see, for example, Neter
et al. (1990, chap. 4) and Ryan (1997, pp. 52-53).

Table 3.10: Overall false alarm probabilities when the &; ’S are i.i.d. double exponential random

variables with mean 0 and variance 1.

Simulated
Nominal A B C D
0.01 0.3128 0.2835 0.5706 0.1695
0.02 0.5014 0.4329 0.7354 0.2231
0.03 0.645 0.5492 0.8207 0.2815
0.04 0.7571 0.64 0.8856 0.3165
0.05 0.8233 0.6946 0.9116 0.3522
0.10 0.9819 0.8821 0.9856 0.4732
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Table 3.11: Overall false alarm probabilities when the ¢; ’S are i.i.d. double exponential random

variables with mean 0 and variance 2.

Simulated
Nominal A B C D
0.01 0.3091 0.2891 0.5828 0.1653
0.015 0.4178 0.3655 0.6612 0.1852
0.03 0.6393 0.5475 0.8203 0.2831
0.04 0.7531 0.6312 0.8834 0.3102
0.05 0.8272 0.7004 0.9146 0.3451
0.10 0.9774 0.8857 0.9827 0.4731

Table 3.12: Overall false alarm probabilities when the & ’S are i.i.d. exponential random variables

with mean 1.
Simulated
Nominal A B C D
0.01 0.4128 0.3698 0.7801 0.3671
0.02 0.5794 0.499 0.8863 0.4482
0.03 0.7118 0.5918 0.9317 0.5065
0.04 0.7811 0.6642 0.9562 0.553
0.05 0.8562 0.7192 0.9675 0.5839
0.10 0.9797 0.8819 0.994 0.7012

Table 3.13: Overall false alarm probabilities when the & ’S are i.i.d. t-distributed random variables

with 3 degrees of freedom.

Simulated
Nominal A B C D
0.01 0.4962 0.442 0.8215 0.5354
0.02 0.6714 0.5753 0.9016 0.5928
0.03 0.7792 0.6662 0.9403 0.6348
0.04 0.8495 0.7307 0.9585 0.6651
0.05 0.8983 0.7792 0.9721 0.6941
0.10 0.9904 0.9151 0.9954 0.767
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Table 3.14: Overall false alarm probabilities when the & ’S are i.i.d. t-distributed random variables

with 5 degrees of freedom.

Simulated
Nominal A B C D
0.01 0.3161 0.288 0.547 0.2055
0.02 0.5051 0.4408 0.6908 0.2604
0.03 0.6318 0.5392 0.7711 0.2881
0.04 0.741 0.6239 0.8416 0.3249
0.05 0.8163 0.6908 0.8865 0.3469
0.10 0.9801 0.8865 0.9715 0.4537

3.B Calibration Example

This section presents a Phase | analysis of the calibration data set presented by
Mestek et al. (1994). Their purpose was to study the stability of the calibration curve in
the photometric determination of Fe** with sulfosalicylic acid. The data set for this
example is in Table 3.15. The example includes twenty-two calibration curves. Each
calibration curve was set up by the following procedure. Five volumes of 0, 1, 2, 3 and 4

mL of 50 ug/mL Fe* solution were diluted with water to 25 mL. Then, for each volume,

2.5 mL of a 20% solution of sulfosalicylic acid and 1.5 mL of a concentrated solution of
ammonia were added to the diluted solution. Each volume was replicated twice, so that
each calibration curve consists of 10 points. For each volume, the absorbance of the

solution at 420 nm was measured on a Spekol 11 using 1 cm cells.

The first three columns of Table 3.16 contain the least squares estimates for the
intercept, slope, and sample error variance for each calibration curve. The intercept and

slope averages are a,= -0.456 and a,= 2.047, respectively, while the estimate of the

error variance is MSE=1.6114.

Before applying the proposed Phase | methods, some diagnostics to check for the

appropriateness of the normality assumption and the linearity of the relationship between
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the response and the independent variable for each of the samples were obtained. These
suggested the reasonableness of the normality assumption of the error terms. The last two
columns of Table 3.16 contain the F-values and the p-values, respectively, of the lack-of-

fit tests. The p-values suggest that there is no significant evidence of departures from

linearity.

Table 3.15: Example Data with the response measured according to each Fe3" level (from Mestek et al. (1994)).

Sample No. | 0 pg Fe** | 50 pg Fe** | 100 pg Fe** | 150 ug Fe** | 200 pg Fe**
1 1,3 104, 104 206, 206 307, 308 409, 412
2 4,2 104, 103 206, 204 308, 307 412,413
3 3,2 105, 104 207, 207 311, 309 414, 411
4 4,2 104, 104 206, 207 308, 312 411, 413
5 -9,-8 92,95 195, 197 296, 299 397, 400
6 3,3 107, 105 209, 207 311, 308 412,410
7 3,2 104, 105 207, 208 311, 308 414, 410
8 2,2 105, 104 208, 208 310, 309 412, 412
9 -6, -7 95, 94 196, 197 297, 300 401, 401
10 2,4 104, 105 206, 207 311, 310 413, 412
11 1,2 103, 104 205, 206 309, 307 412, 411
12 7,-7 94, 96 198, 199 298, 301 404, 402
13 5,7 105, 107 210, 208 313, 315 415, 415
14 3,2 106, 104 208, 207 311, 308 411, 414
15 -8, -6 94, 95 196, 199 299, 302 400, 404
16 4,6 104, 106 207, 210 311, 310 415, 413
17 2,4 105, 106 206, 208 308, 310 410, 413
18 2,0 104, 103 206, 206 309, 308 414, 409
19 0,1 101, 102 203, 206 305, 307 409, 411
20 1,4 104, 106 206, 208 311, 309 410, 414
21 -9,-10 92, 92 194, 194 298, 297 400, 398
22 -8, -8 95, 95 195, 199 298, 301 401, 403
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Table 3.16: The linear regression results for the 22 samples.

Sample |Intercept | Slope MSE; F-value p-value
1 1.900 2.041 1.000 0.230 0.875
2 1.700 2.046 2.528 4.480 0.070
3 2.200 2.051 1.000 0.120 0.943
4 2.300 2.048 1.960 0.430 0.743
5 -8.200 2.036 2.190 0.170 0.914
6 3.600 2.039 1.563 0.310 0.818
7 2.400 2.048 1.796 0.050 0.985
8 2.200 2.050 0.325 2.670 0.159
9 -7.00 2.038 0.922 0.390 0.767

10 2.400 2.050 0.922 1.420 0.341
11 1.100 2.049 0.740 0.810 0.539
12 -7.100 2.049 1.440 0.470 0.715
13 4.800 2.052 2.592 2.670 0.159
14 2.500 2.049 1.538 0.050 0.984
15 -7.300 2.048 2.657 0.150 0.923
16 3.900 2.047 2.250 1.050 0.446
17 3.100 2.041 1.440 0.080 0.966
18 0.900 2.052 1.960 0.020 0.995
19 -0.200 2.047 1.769 0.800 0.546
20 2.500 2.048 2.372 0.040 0.990
21 -9.900 2.045 0.640 1.190 0.401
22 -7.800 2.049 1.850 0.040 0.988

Having checked the model assumptions, the researcher applied the method of
Jones and Rice (1992) using a principal component analysis to identify the primary
patterns of variation among the 22 calibration curves. The first principal component
accounts for approximately 95% of the total original variation. Figure 3.17 shows the
three fitted calibration curves corresponding to the minimum, median, and maximum first
principal component scores. These correspond to Samples 21, 4, and 13, respectively. It
is clear from Figure 3.17 that these curves differ primarily in the Y-intercept. Therefore,
one concludes that 95% of the overall variability is due to the variability in the Y-

intercept.
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Figure 3.17: Calibration curves corresponding to the minimum, median, and maximum first principal

component scores.
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The control chart for Method A, as recommended by Stover and Brill (1998), is
given in Figure 3.18. The UCL of this chart was determined based on a false alarm
probability of «, = 0.00233 to produce an overall false alarm probability of « = 0.05.
Using Equation (2.8), the UCL of this chart is 9.456. Examination of Figure 3.18 suggests

that all the calibration curves are in control.

Figure 3.18: Control chart for Method A.
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Figure 3.19 gives a control chart for Method B with UCL=12.552. This UCL was
calculated using Equation (2.10) based on ¢, = 0.00233 to produce an overall false alarm

probability of « = 0.05. The results obtained by using this method were quite contrary to
the results obtained from Method A. Figure 3.19 indicates that the calibration curves are

very unstable.

Figure 3.19: Control chart for Method B.
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Figures 3.20, 3.21, and 3.22 give control charts for the process variance, Y-
intercept, and slope, respectively, using Method C. The control limits for the three control
charts are calculated using Equations (2.16), (2.12), and (2.13), respectively. Each set of

chart limits was determined based on «,= 0.00078 to produce an overall false alarm

probability of « = 0.05. According to the chart in Figure 3.20, the error term variance
appears stable. Figure 3.21, however, shows that the intercept is out-of-control. On the
other hand, the slope, as shown in Figure 3.22, is stable. This result agrees with the result
obtained from Method B. However, using Method C one can more easily explain out-of-
control signals. The calibration curves are out of control because their intercepts are
unstable. The importance of this instability would have to be evaluated based on practical
considerations. If this variation were considered to be common cause variation, then this
would affect the determination of appropriate control limits for Phase II. In particular, it
would be more appropriate to base the control limits on the average moving range as

done with the conventional univariate X-chart for individuals data.
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Figure 3.20: Method C control chart for the error term variance.
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Figure 3.21: Method C control chart for the intercept.
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Figure 3.22: Method C control chart for the slope.
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For Method D, the global F-test was performed based on the statistic in Equation
(2.19) in conjunction with the third control chart of Method C for monitoring the process
variance with limits calculated using Equation (2.16). The control limits for this chart

were set using «,= 0.001165 and the global F-test was performed at the significance
level o= 0.0253. Therefore, the nominal overall false alarm probability produced by

Method D is also « = 0.05. In this case the control chart for monitoring the process
variance is exactly the same as that of Figure 3.20, but with different control limits
because of the use of different false alarm probabilities. The new control limits are
LCL=0.1532 and UCL=5.2718. However, it can be seen that all the sample variance
values are also within these new control limits. Therefore, one concludes that the error

term variance is stable.

The F-value for testing the equality of all the regression lines is £ = 75.8019 with
a p-value of 0.00. Therefore, one rejects the null hypothesis that all of the regression
lines are identical, i.e., the process is out-of-control. For diagnostic purposes, the X-
values were coded and then separate 3-sigma control charts for the Y-intercept and for the
slope were applied. The 3-sigma control limits for the Y-intercept are 202.99 and 205.4
while the 3-sigma control limits for the slope are 2.03 and 2.064. All of the slope
estimates are within these control limits while all of the Y-intercept estimates are outside
the control limits, except the intercept estimate for sample 19. Hence, one also concludes

that the process is out-of-control because the intercept is not stable.

In their analysis of this example, Mestek et al. (1994) considered monitoring

vectors containing the absorbance averages corresponding to the Fe** volumes. Using a
pooled sample covariance matrix of vectors containing the absorbance averages, they
calculated the 77 statistics in Equation (2.5). They used a 7>-distribution with 5 and 22
degrees of freedom to determine the UCL of this control chart and found that all the
calibration curves are in-control. However, as mentioned previously, the 7>-distribution
is not the correct marginal distribution for their 7° statistics. The correct marginal
distribution is the beta distribution with parameters 2.5 and 8. Figure 3.23 shows a

control chart for their 72 statistics with upper control limits calculated using both the beta
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and 7>-distributions based on a nominal overall false alarm probability of & = 0.05. As
shown in Figure 3.23, all the calibration curves appear in-control, regardless of the UCL
used.

Figure 3.23: Control chart using Mestek et al.’s (1994) T? approach. The lower UCL is obtained using
the beta distribution and the higher UCL is obtained using the T? distribution.
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Mestek et al. (1994) treated each sample as a group of two sub-samples, each with
five observations. In this case, the sample covariance matrix of vectors containing the
group averages would not be the best estimator of the population covariance matrix.
Supposing that each sample consists of ¢ sub-samples (each with » observations), a better

estimator for the population covariance matrix then could be obtained by the pooled

covariance matrix S, = j;ls]./m, where S; is the usual sample covariance matrix for
group ;j (usually S; is called the within-group covariance matrix and S, is called the
between groups covariance matrix). It can be shown, see Mason et al. (2001), that

T? =mg(y,-y)' S}y, -y)/(m-1) j=1,2,...,m, (3.1)

each have a 7>-distribution with n and m(g-1)-n+1 degrees of freedom where

Y, =(¥,7,;.7,) is a vector containing the response average values of the j™ group,
Vi = 2l /q , (=1, 2, ..., n), and y;; is the i"" response value in the sub-sample / (/=1,

2, ..., q) and group j (j=1, 2, ..., m). Also, ¥ =(3.7,..,) is a vector of the overall
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response averages, where y, ="y, /m (i=1, 2, ..., n). Using the relationship between

the 7%- and F-distributions, an appropriate UCL for the 7% values in Equation (3.1) is
UCL: mn(q - 1)Fn,m(q—1)—n+1,a /[m(q - 1) —n+ 1] . (32)

Figure 3.24 shows a control chart for the 77 statistics in Equation (3.1). Again, the
UCL was set based on a nominal overall false alarm probability of « = 0.05. As shown in
Figure 3.24, the process is not in control. This result shows how the 72 control chart
approach proposed by Mestek et al. (1994) is sensitive to the method used for estimating
the population covariance matrix. Mestek et al.’s (1994) 77 control chart is an ineffective
approach, in general, because of its use of a poor estimator for the population covariance

matrix.

Figure 3.24: Control chart for the T statistics in Equation (3.1).
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3.C Summary

Through a simulation study the researcher compared the performance of four
methods of monitoring linear profiles in Phase 1. These are the 7° control chart proposed
by Stover and Brill (1998) (Method A), the 77 control chart proposed by Kang and Albin
(2000) (Method B), and the three Shewhart-type control charts proposed by Kim et al.
(2003) (Method C) and the F-test method (Method D). Method D is much more effective
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than the other methods in detecting shifts affecting much of the Phase | data. On the other
hand, for shifts for the slope and Y-intercept affecting only a few samples of the Phase |
data, both the Kang and Albin (2000) method and the Kim et al. (2003) method gave
better results. However, the Kang and Albin (2000) method was shown to be ineffective
in detecting shifts in the process standard deviation. The Kim et al. (2003) method is
much more interpretable than the Kang and Albin (2000) method. Departure from
normality, however, affects the statistical performance of all the Phase I methods as

shown in the simulation study presented in Section 3.A.3.

Both the simulation study and the calibration example show that the 7% control
chart proposed by Stover and Brill (1998) is ineffective in detecting shifts in the process
parameters. As mentioned in Sullivan and Woodall (1996a), the reason is that the
population covariance matrix can be poorly estimated by the pooled sample covariance
matrix when applying a 77 control chart with individual vector observations. The same
conclusion applies to the overparameterized 7> control chart proposed by Mestek et al.
(1994).
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Chapter 4: A Change Point Method Based on Linear Profile Data

As mentioned in Chapter 1, many authors have studied the change point problem
in different regression models, but under a different sampling framework than that of the
linear profile data. These authors assumed that either there is a single data set or data are
obtained sequentially one observation at a time. In the literature, the change point

problem in a regression model is usually referred to as segmented regression.

A s-segment piecewise simple linear regression model is one given by
Y, = Ay + A4, X; +&, 6,<i<6,

Y =A,+A4,X,+¢&, 6,<i<0,

Y, = Ay + A, X, v, 6_,<i<6,, (4.1)

where =1, 2, ..., N and the 6;’s are the change points between segments (usually
6,=0 and 6, =N ) and the ¢,’s are the error terms. The ¢,’s are assumed to be i.i.d N (0,
a_f ), where a_f is the segment error term variance, where j=1, 2, ..., s. The segmented

regression technique is used to estimate the number of segments s and the locations of the

change points 6,’s.

In the linear profile applications, multiple data sets are collected over time in
more of a functional data sampling framework. Generally speaking, the sampling
framework of a linear profile data set is identical to that of a panel data set in the
econometrics studies. This study proposes a change point method based on the segmented
regression technique to test the constancy of the profile parameters over time. This
method can be used to assess the stability of and to detect change points in a Phase |

simple linear regression profile data set.
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4.A A Change Point Approach

In this section the proposed change point method for testing the constancy of the
regression parameters in a linear profile data set is presented. The observed data are m
random samples, with each sample consisting of a sequence of n; pairs of observations
Xy, Yy), =1, 2, ..., nj, n; > 2 j=1, 2, ..., m. The linear profile model relating the
explanatory variable X to the response Y is in Equation (2.1) in Chapter 2. It is assumed

that the ¢, ’s are i.i.d. N(0, o"f ) random variables and that the X-values in each sample are

known constants.

The first step of the proposed change point approach is to combine the m samples of
profiles into one sample of size N. Then, one applies the segmented simple linear
regression model in Equation (4.1) to the combined sample. Since in the linear profile
model we assume that no parameter changes take place within each sample, then the
change points @,’s are restricted to the indices i corresponding to the ends of the profile
samples, i.e., 6,=0, 6,=n,, 6,=n,+n,,..., 6, =N. Hawkins (1976) gave formulas for
the maximum likelihood estimator (MLE) of the change points of the segmented multiple
regression model, for both the heteroscedastic and homoscedastic models. In this study,
only the heteroscedastic model is considered. Hawkins (2001) noted the form of the LRT
statistic for testing the null hypothesis of a single segment versus the alternative of s
segments. It can be shown that the LRT statistic used to test the null hypothesis of a

single segment against the alternative of s=2 segments is /rt, , where

Irt,, =Nlogé® - N, logé{ — N, logé:, m=1,2,...,m-1, 4.2)

and 62 is the MLE of the error term variance for the regression model fitted for all the m
samples pooled into one sample of size N, &/ is the MLE of the error term variance for
the regression model fitted for all the samples prior to m; pooled into one sample of size
N1=27;1n ;» and 65 is the MLE of the error term variance for the regression model

fitted for all the samples following m; pooled into one sample of size N,=N-N,. The LRT
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statistic in Equation (4.2) is identical to that of Quandt (1958).

The literature of segmented regression includes two important approaches for the
determination of the appropriate number of change points and the choice of segment
boundaries. These are the DP algorithm of Hawkins (1976) and the binary segmentation
approach originating with the work of Vostrikova (1981). Hawkins (2001) stated that the
binary segmentation approach does not give the optimum splits if there are two or more
of them. The DP algorithm is arguably much more accurate than the binary segmentation
algorithm in fitting three or more segments to the data. If all the segment boundaries are
known a priori, then the LRT statistic used in the binary segmentation procedure and that
used for fitting s >2 segments in the DP algorithm asymptotically follow a chi-squared
distributions with 3 and 3s degrees of freedom, respectively. The distribution of the test
statistic in each approach, however, no longer has a chi-squared distribution if we specify
the split points by maximizing the LRT statistics. The reason for this, as stated by
Hawkins (2001), is the failure of the Cramér regularity conditions. Several studies,
however, showed that accurate bounds for the probability distribution of the test statistic
used in the binary segmentation procedure can be obtained using the Bonferroni’s
inequality; see Worsley (1983). Csorgd and Horvath (1997) derived an asymptotic
distribution for the square root of this test statistic. On the other hand, no approximations

or asymptotic distributions are known for the test statistic used in the DP algorithm.

In the proposed change point approach for the analysis of linear profiles one
applies the binary segmentation procedure to estimate the change points locations and to
determine the appropriate number of change points. Using this procedure, one obtains the

Irt, statistics in Equation (4.2) for all possible values of mi, mi=1, 2, ..., m-1 and divides

each by its expected value under the null hypothesis. The approach signals the presence
of a change point if the maximum of these statistics exceeds a threshold. The value of m;,

that maximizes the /r¢, statistic in Equation (4.2) is the MLE of the change point

location. Then, one splits the data set into two subsets at m; and applies the same binary
splitting procedure described above to each subset. This procedure is repeated until no

evidence of additional change points is given. This proposed change point approach for
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linear profile data is similar to the proposed change point method of Sullivan and
Woodall (1996b) to detect sustained step shifts in the process mean and/or variance in a
Phase I individual univariate observations. This alternative approach not only provides a
signal that the process is out-of-control in the SPC context, but also provides an estimate
of when it went out-of-control. This gives it an advantage over competing control chart

methods.

4.A.1 Factoring the /r¢, Statistic into Different Sources of Variability

The Irt,, statistic in Equation (4.2) can be written as

Irt, =VAR ., +VAR , +VAR ;| (4.3)
where

VAR . =N log{( N 7*"/N + N,r"/" )/ N} VAR, = N log{ 1 + (c,d; /¢,)} ,
VAR, =N log{ 1+ [(c, + cyd; ) /(c, + cod 3 )},  r=6,/6,, dz=¥, -7,
dy= (Sy2/8:2)— (841 /Su)s ¢, = NGl + Ny63, ¢;=8,,8,.,/S,, ¢;=NN,/N,

and Cy = {[NINZ()_CZ - fl)z(SXXZS,gyl + Sxxls)?yZ)/NSxxSxxlsxXZ]

—[2N\N, (X, = % )(S,y +Sy0)dg /NS, 1 - [NINJ(X, - %,)’d; /N*S .1}

xyl

_ N _ N, _ N — N _ N
Here, x :Zi=1xi/N’ = Zi=llxi/N1 > X = Zi:N1+1xi/N2 s :Zi=llyi/N1 e :zi:Nﬁrlyi/NZ ’
_ N —\2 N, —\2 N —_ 2 _ N, —
Sxx - Zi:](xi _x) s Sxxl = Zi:l(xi _xl) > Sxe = zi:N,H(xi _x2) 2 Sxyl - Zi:l(xi - xl)yi ’

and S :Z[N:N L = E)y where (x; , v)), i=1, 2, ..., N, are N bivariate observations

resulting from pooling the m samples into one sample. The proof is in Appendix 4.A.
The expression simplifies considerably if the X-values are the same within each sample

since ¢4 = 0. Using the three factors VAR, , VAR, and VAR _, one can determine to a

large extent the relative contributions of the Y-intercept, slope, and variance shifts to the

statistic used to indicate the presence of a change point.

In the proposed approach, if the value of VAR ,is large we consider this as
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evidence that the variance is not stable. Since the accuracy of the estimators of the in-
control regression coefficients relies heavily on the stability of the process variance, we
do not test whether the regression coefficients are constant if the variance is shown to be
unstable. Furthermore, a large value of VAR, indicates that the regression lines are not
parallel. In practice, if the regression lines are not parallel, we may not care whether their
intercepts are equal. The idea of decomposing the LRT statistic into three components
corresponding to the variance, slope, and intercept changes has been considered by
several authors; see Gulliksen and Wilks (1950) and Fatti and Hawkins (1986), for
example. The decomposition in Equation (4.3) is similar in several aspects to that of

Gulliksen and Wilks (1950).

4.A.2 Expectation of the /rz , Statistic

The in-control expected value for the /rz, statistic in Equation (4.2) is not the same
for all values of m,. For instance, the columns labeled as E(/r¢,, ) in Tables 4.1-4.5 give
the simulated expected in-control values for the /r¢, ~statistics for all possible values of

my, using 100,000 Phase I data sets generated using the underlying assumed in-control
model with 4p=0 and 4:=1, i.e.,

Vi =x+¢&;,i=12,...,n, j=1,2,...m.

The ¢;’s were assumed to be 1.i.d. N(0, 1) random variables. In Tables 4.1-4.3 the fixed

X-values of 0(0.2)1.8 were used. The number of samples m=5, 20, and 60 were used for
Tables 4.1, 4.2, and 4.3, respectively. For Table 4.4, the number of samples m=20 was
used and the fixed X values 0(0.2)1.8 were used twice within each sample to give a linear
profile model with n=20. For Table 4.5, the fixed X-values of —30, -23, -12, 4, 0, 3, 10,
20, 25, and 35 and the number of samples m=20 were used. As shown in these tables,

E(/rt, ) takes its largest values for large or small values of m;. Thus the Bartlett
correction is used; that is dividing the /rz, statistics by a normalizing factor C,, that

makes the expected values the same for all values of m;. See Kendall and Stuart (1977, p.
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250), for example. If we let C,, = E(/rt,, ), then the statistics

Irte,, =lrt, /C, , m=1,2,..,m-l,

all have an expected value of unity. The values of le , m=1, 2, ..., m-1 can be

approximated accurately as described in Section 4.5. Then the threshold for the largest

adjusted LRT statistic corresponding to a given probability of a Type I error can be

determined by simulation or approximated as described in Section 4.5.

Table 4.1: The simulated and approximate in-control expected values for the lrtm1 statistic for m=5

and X=0(0.2)1.8.

Table 4.2: The simulated and approximate in-control expected values for the lrtm1 statistic for m=20

and X=0(0.2)1.8.

M Edrt,) e,
1| 3560415 |  3.525048
2 | 3293678 | 3293637
313301961 | 3.293637
4 | 355466 | 3.525048
5 na na

M1 Edrt,) €, M| Edrt,, ) e,

1| 3542432 | 3.503238 13069123 | 3.066866
2 | 3239516 | 3234127 121 3084365 | 3.069711
3 13163807 | 3.154726 1313083078 | 3.074882
4 13126386 | 3.117358 1413094238 | 3.083189
S 3.097932 | 3.096229 15 13101099 |  3.096229
6 | 308461 3.083189 16| 3126618 | 3.117358
7 | 3.084656 | 3.074882 171 3150407 |  3.154726
8 13075021 | 3.069711 18 | 3547355 | 3234127
9 13070753 | 3.066866 19 | 3556583 |  3.503238
101 3070031 | 3.065956 20 na na
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Table 4.3: The simulated and approximate in-control expected values for the ln‘m1 statistic for m=60
and X=0(0.2)1.8.

LT lrtml ) €, my E( lrtml ) ” m E( lrtm1 ) €,

113539928 | 3.502206 21 | 3038497 | 3.024667 41 1 3018862 | 3.02632
2 | 3233082 | 3231937 22 | 3042797 | 3.024012 42 1 3020689 | 3.027352
3 13045725 | 3151232 23 | 303957 | 3.023456 43 | 3018556 | 3.028547
4 | 3105426 | 3.112383 24 | 3039444 | 3.02299 441 3018076 | 3.029934
5 ] 3.088983 |  3.08956 25 | 3.033736 | 3.022607 45 | 3.022204 | 3.031549
6 | 306567 | 3.074567 26 | 3035382 | 3.022301 46 | 3023881 | 3.033438
7 | 3.056832 |  3.063987 27 | 3031145 | 3.022067 47 | 3023671 | 3.035662
8 | 3042621 3.05614 28 | 3028733 | 3.021902 48 | 3004442 | 3.038303
9 | 3.037415 | 3.050104 29 | 3030147 | 3.021804 49 | 3030313 | 3.041473
101 3037544 | 3.04533 30| 3008767 | 3.021771 S0 1 3031396 | 3.04533
1 303548 | 3.041473 31| 3024313 | 3.021804 SL 13037693 | 3.050104
121 3035013 | 3.038303 32 | 302682 | 3.021902 52| 3044078 | 3.05614
13 1 3030463 | 3.035662 33| 3024366 | 3.022067 531 3055019 | 3.063987
14 1 3032788 | 3.033438 34 1 301772 | 3.022301 541 3068618 | 3.074567
15 1 3034651 |  3.031549 35| 3021042 | 3.022607 551 3095403 | 3.08956
16 1 3034299 | 3.029934 36 | 3023053 | 3.02299 561 3120024 | 3.112383
17 1 3028698 | 3.028547 37 | 3.026976 | 3.023456 ST ] 3152899 | 3.151232
18 1 3020623 | 3.027352 38 | 3023276 | 3.024012 S8 | 3246948 | 3.231937
19 1 3031837 | 3.02632 39 13019105 | 3.024667 59 | 3532738 | 3.502206
20 | 303066 | 3.025431 40 | 3022798 | 3.025431 60 na na

Table 4.4: The simulated and approximate in-control expected values for the lrtml statistic for m=20

and X=0(0.2)1.8 are used twice.

Mo Edr,) M Edrt,) e,

113241877 | 3.232261 L 304568 | 3.033182
2 | 3117655 | 3.113077 121 3043869 | 3.034577
3| 3.085592 | 3.075686 13| 3048764 |  3.037108
4 13075676 | 3.057751 1413062193 |  3.041167
S | 3.067265 | 3.047516 15 | 3076805 | 3.047516
6 | 3061247 | 3.041167 16| 3082913 | 3.057751
7 | 3.052074 | 3.037108 171 3095536 | 3.075686
8 | 3054829 | 3.034577 18 | 3134699 | 3.113077
2 | 3.058104 | 3.033182 19 1 3049508 | 3232261
101 3051691 | 3.032736 20 na na
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Table 4.5: The simulated and approximate in-control expected values for the /rt m statistic for m=20
and X=30,-23,-12,-4, 0, 3, 10, 20, 25, and 35.

M| Edr,) €, M| Edr,) e,

T 13519122 | 3503238 1 3078854 | 3.066866
2 | 3204922 | 3234127 121 3075374 | 3.069711
3| 3145615 | 3.154726 B 13079258 |  3.074882
4| 3110742 | 3.117358 1413089396 | 3.083189
5 | 3.084703 | 3.096229 15 1 310254 | 3.096229
6 13077279 | 3.083189 16 | 3119654 | 3.117358
7 1 3.072096 | 3.074882 17 1 3158683 |  3.154726
8 | 3071678 | 3.069711 18 1 3735505 | 3.234127
2 | 3.072649 | 3.066866 19 | 3540367 | 3.503238
101 3076785 | 3.065956 20 na na

4.B Performance Comparisons

This section presents simulation results, obtained using Proc IML in SAS
software, that compare the performance of the proposed change point method (Method
LRT) to that of the most effective Phase I linear profile control chart approaches. As
shown in Chapter 3, the most effective Phase I methods are Method C: the Shewhart-type
control charts proposed by Kim et al. (2003), Method D: The F-test based on the statistic
in Equation (2.19) in conjunction with the control chart for monitoring the process
variance using the control limits in Equation (2.15). Each signal probability was
estimated using 100,000 simulated sets of profile data. The underlying in-control linear
profile model considered in this study is the same as that considered in Section 4.A.3, i.e.,

Y, =X, +¢,,i=1,2,..,n,j=1,2,...,m, and the ¢,’s are assumed to be i.i.d. N0, 1)

random variables.
The cases considered in the performance comparisons are as follows. The fixed X-

values of 0(0.2)1.8 were first considered in linear profile data sets with number of

samples m=20 or 60. In some performance comparisons considered with m=20, the fixed
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X-values were used twice within each sample to give a linear profile model with n=20.
Also, in some performance comparisons considered with m=20, the fixed X-values of —
30, -23, -12, -4, 0, 3, 10, 20, 25, and 35 were used. The decision rule of each method
was set to produce an overall probability of a Type I error of « =0.04. The different false
alarm probabilities, percentiles, and control limits used for Method C and Method D are
shown in Table 3.9 in Chapter 3. In Method LRT, for the case of m=20 and X= 0(0.2)1.8

the Irt, statistics in Equation (4.2) were divided by the simulated expected values
E(/rt, ) in Table 4.2 to give the Iric,, statistics. In this case, a probability of a Type I

error of approximately 0.04 corresponds to a threshold of 4.56. For the case of m=60 and
X=0(0.2)1.8, the [rt, statistics were divided by E(/r¢, ) in Table 4.3, to give the

Irtc, statistics. A probability of a Type I error of approximately 0.04 corresponds to a

threshold of 4.94 in this case. Also for the case of m=20 and the values of X= 0(0.2)1.8

were used twice within each profile, the /rz,, statistics were divided by E(/rz,, ) in Table
4.4 to obtain the Iric, statistics. A threshold of 4.52 produced a probability of a Type I

error of approximately 0.04 in this case. Finally, for the case of m=20 and the fixed X-

values of -30, -23, —-12, -4, 0, 3, 10, 20, 25, and 35 were used, the Irt - statistics were
divided by E(/rz, ) in Table 4.5 to obtain the Iric,, statistics. The threshold that

corresponds to a probability of a Type I error of approximately 0.04 is approximately

4.55. Each threshold was estimated independently using 100,000 simulations.

The types of shifts investigated in this simulation are sustained step shifts taking
place after sample k (k<m) for k= 10, 15, 18 and 19 if m=20 or k = 40, 45, 57 and 59 if
m=60. Figures 4.1-4.4 show the simulated overall probabilities of an out-of-control signal
for shifts in the Y-intercept, slope under the model in Equation (2.1), slope under the
model in Equation (2.11), and process standard deviation, respectively, when m=20 and
X=0(0.2)1.8. Figures 4.5-4.8 illustrate these probabilities when m=60 and X=0(0.2)1.8.
Also Figures 4.9-4.12 present these probabilities when m=20 and X=0(0.2)1.8 were used
twice within each profile. Finally, Figures 4.13-4.16 show these probabilities when m=20
and X=-30,-23,-12,-4, 0, 3, 10, 20, 25, and 35 were used.
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As shown in Figures 4.1-4.16, Method LRT has uniformly much better
performance than the competing methods for shifts in the Y-intercept, slopes, or process
standard deviation, when A=10, 15, or 18 and m=20. Similar conclusion was obtained
when k=40, 45, or 57 and m=60. If the shift affects only the last profile, Method LRT and
Method C have very similar performance, with Method C performs slightly better for
very large shifts in the Y-intercept or slope under the model in Equation (2.11). For shifts
in the process standard deviation affect the last sample, the three methods have very

similar performance.

The out-of-control situations considered in these simulations are sustained step
shifts taking place after k out of m samples. In practice, however, another out-of-control
situation can occur, in which & unsustained shifts are scattered randomly among the m
samples. It is known that the statistical approaches used for detecting parameter changes
differ in reacting to different out-of-control situations. To investigate the performance of
Method LRT under randomly occurring unsustained shifts in a process parameter, the

underlying in-control linear profile model Y, =X, +¢;,,i= L,2,..,m,5=1,2,.., m,
was considered. The ¢,’s were assumed to be ii.d. N(0, 1) random variables. The

number of samples m=20 and the fixed X-values of 0(0.2)1.8 were used in this
simulation. The number of randomly occurring unsustained shifts of 4=1 or 2 was

considered.

Figures 4.17-4.20 show the simulated overall probabilities of an out-of-control
signal when there are k (k=1 or 2) randomly occurring unsustained shifts in the Y-
intercept, slope under the model in Equation (2.1), slope under the model in Equation
(2.11), and process standard deviation, respectively. As shown in Figures 4.17-4.20,
contrary to its performance in detecting sustained shifts in a process parameter, Method

LRT has very poor performance in detecting isolated, temporary shifts.
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Figure 4.1: Probability of out-of-control signal under intercept shifts from 4, to 4, + 1 o / \/;

(M=20 and X=0(0.2)1.8).
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Figure 4.2: Probability of out-of-control signal under slope shifts from 4, to 4, + fo / S

(M=20 and X=0(0.2)1.8).
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Figure 4.3: Probability of out-of-control signal under slope shifts from B, to B, + & / A S (M=20

and X=0(0.2)1.8).
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Figure 4.4: Probability of out-of-control signal under standard deviation shifts from o to yo (m=20

and X=0(0.2)1.8).
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Figure 4.5: Probability of out-of-control signal under intercept shifts from 4, to 4, + 1o / \/;

(M=60 and X=0(0.2)1.8).
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Figure 4.6: Probability of out-of-control signal under slope shifts from 4, to 4, + fo / S

(M=60 and X=0(0.2)1.8).
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Figure 4.7: Probability of out-of-control signal under slope shifts from B, to B, + o / AS e (M=60

and X=0(0.2)1.8).
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Figure 4.8: Probability of out-of-control signal under standard deviation shifts from o to yo (m=60

and X=0(0.2)1.8).
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Figure 4.9: Probability of out-of-control signal under intercept shifts from 4, to 4, + 1o / \/;

(m=20 and the values of X=0(0.2)1.8 are used twice).
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Figure 4.10: Probability of out-of-control signal under slope shifts from 4, to 4, + f o / S

(m=20 and the values of X=0(0.2)1.8 are used twice).
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Figure 4.11: Probability of out-of-control signal under slope shifts from B, to B, + ¢ o-/ VS

(m=20 and the values of X=0(0.2)1.8 are used twice).
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Figure 4.12: Probability of out-of-control signal under standard deviation shifts from o to yo

(m=20 and the values of X=0(0.2)1.8 are used twice).
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Figure 4.13: Probability of out-of-control signal under intercept shifts from 4, to 4, + 1 o / \/;

(m=20 and X=-30, -23,-12, 4, 0, 3, 10, 20, 25, and 35).
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Figure 4.14: Probability of out-of-control signal under slope shifts from 4, to 4, + f o / S

(M=20 and X=-30,-23, 12, -4, 0, 3, 10, 20, 25, and 35).
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Figure 4.15: Probability of out-of-control signal under slope shifts from B, to B, + ¢ o-/ VS

(M=20 and X=-30, -23, —12, -4, 0, 3, 10, 20, 25, and 35).
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Figure 4.16: Probability of out-of-control signal under standard deviation shifts from o to yo

(m=20 and X=-30, -23,-12, 4, 0, 3, 10, 20, 25, and 35).
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Figure 4.17: Probability of out-of-control signal under randomly occurring unsustained intercept

shifts from 4, to 4, + 2o /~/n .
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Figure 4.18: Probability of out-of-control signal under randomly occurring unsustained slope shifts

from 4 to 4, + o/ /s, -
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Figure 4.19: Probability of out-of-control signal under randomly occurring unsustained slope shifts

from B to Bl+50/\/§.
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Figure 4.20: Probability of out-of-control signal under randomly occurring unsustained standard

deviation shifts from o tojyo.
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In general, Method LRT performs uniformly better than the competing control
chart methods under sustained parameter shifts. On the other hand, both Method C and
Method D have much better performance than Method LRT in detecting some other types
of shifts in a process parameter. To protect against both kind of changes, sustained and
randomly occurring unsustained shifts, one can employ Method LRT in conjunction with

either Method C or Method D.

4.C Approximate Test Statistics

As mentioned in Section 4.A.2, the expected values of the /rz , statistics in

Equation (4.2) depend on the value of m;. An additional improvement to the performance

of Method LRT was obtained by dividing each Ir¢, statistic by its expected value
E( lrtml) to give the lrtcml statistics. Also, it is clear that the m-1 statistics, lrtcml , mi=1,
2, ..., m-1, are correlated. The distribution of the maximum of the /rtc, [max(/ric, )] is

intractable; hence thresholds that correspond to a specific probability of a Type I error
cannot be exactly determined. In most applications, however, it is sufficient to find easily
calculated thresholds that produce approximately the desired probability of a Type I

CITor.

4.C.1 Approximate Thresholds

It can be shown that the probability of max(/rtc, ) exceeding a threshold T is
equal to the probability of the union of the m-1 Iric, statistics exceeding 7. The upper

bound for the probability of the union of a sequence of LRT statistics can be determined
based on the Bonferroni’s inequality. The upper bound of the probability of the

max(/ric,, ) statistic under the null hypothesis of no change can be calculated using

Pr(max( Irtc,, ) > T) < (m —1)Pr(lrt,, >T/3). (4.4)

The value of 3 in the right hand side of Equation (4.4) represents the asymptotic expected
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value of the LRT statistic in Equation (4.2). Previous studies and our simulation studies
show that the upper bound in Equation (4.4) is very conservative, unless m and « are
very small. Table 4.6 shows the simulated overall probabilities of a Type I error produced
using the conservative Bonferroni’s inequality in Equation (4.4). In this simulation, the
underlying in-control model with 4p=0 and 4,=1 and the fixed X-values of 0(0.2)1.8 were
used. As shown in Table 4.6, the conservative Bonferroni’s inequality does not give
accurate bound for the null probability distribution of the test statistics except for very

small values of m and a.

Table 4.6: The overall probabilities of a Type I error using the conservative Bonferroni’s inequality.

Simulated
Nominal
m=5 m=10 m=15 m=20 m=30 m=40 m=60
0.01 0.0098 0.0088 0.0084 0.0082 0.0072 0.0058 0.0038
0.02 0.0205 0.0176 0.0159 0.0135 0.0123 0.0114 0.0092
0.05 0.0469 0.0383 0.0343 0.0316 0.0276 0.0237 0.0214
0.10 0.0893 0.0764 0.0645 0.0602 0.0513 0.0444 0.0375
0.20 0.1620 0.1375 0.1232 0.1104 0.0911 0.0812 0.0660

Worsley (1983) proposed an improved Bonferroni’s inequality for the two-
segment multiple regression model. The improved Bonferroni’s inequality, however,
does not give accurate bound for the null probability distribution of the test statistics, as

shown by Worsley (1983), if the sample size and/or « is large.

A valid alternative approach is a Bonferroni-like inequality

Pr(max( lrtc,, ) > T) < r(m)Pr(irt,, >T/3), (4.5)

where r(m) is a function of m to give the most accurate bound for the Type I error
probability. Using 20,000 simulated sets of samples, the author estimated the values of »
corresponding to different values of m that minimized the maximum difference between

the simulated CDF and the approximated CDF of max(/rtc,, ),
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Fro (X) =1=r(m)[1-F(3x)],

at the 95™ percentile of the distribution, where F(.) is the CDF of the chi-squared
distribution with 3 degrees of freedom. The values of 5(5)90 for m were considered. In

these simulations, the underlying in-control linear profile model with 4o=0 and 4,=1 and

the fixed X-values of 0(0.2)1.8 were used.

The best values of » corresponding to different values of m are given in Table 4.7.
Different simulations using different values for the variable X and for the sample size n
gave approximately the same estimates for » as reported in Table 4.7. A least squares
estimate for the best values of 7 using the logarithm of m as the independent variable in a

simple linear regression model gave the following approximation for »

r (m)=-11.5+8.05logm . (4.6)

Table 4.7: Best and approximate values of r.

m Bestr ’,* m Bestr ’,* m Bestr ’,*

5 3.72 1.455975 | 35 16.67 17.12055 | 65 21.89 22.10382
10 7.1 7.03581 | 40 18.2 18.19548 | 70 22.65 22.70039
15 9.3 10.2998 | 45 19.17 19.14363 | 75 23.58 23.25578

20 11.2 12.61565 | 50 19.95 19.99179 | 80 24.45 23.77531
25 13.12 14.41195 | 55 20.63 20.75903 | 85 24.71 24.26334
30 14.88 15.87964 | 60 21.3 21.45947 | 90 26.07 24.72347

Using " in Equation (4.6), the maximum difference between the simulated and

approximated CDF for max (/rtc,, ) at the 95™ percentile of the distribution was less than

0.001 for all values of m > 6. For very small values of m, the difference was appreciably

larger. A better approximation for the upper bound of the probability of the max(/rzc,, )

statistic when m < 6 was obtained using the conservative Bonferroni’s inequality in

Equation (4.4). Therefore a threshold for the max (/rc,, ) statistic that corresponds to a

probability of a Type I error of @ can be approximated using
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2 .
Yiteaimnp /3 fm<6
T:{ Hirelnh (4.7)

;(32,170!/’*/3 ifm>6

where 73|,/ is the 100(1-a/(m—1)) percentile of the chi-squared distribution with 3

degrees of freedom.
4.C.2 Approximate Normalizing Factor

The normalizing factor C,, used to obtain the /ric,, statistics can be determined
by simulation as in Section 4.A.2. Alternatively, approximations of E(/rzc, ) can be

obtained by using the following formula:

e~y pl L L, N NN,
! N N, N,’ N-2 N,-2 N,-2

1. N N N,
3 (N-2)7 (N, -2)" (N,-2)°

). (4.8)

The proof is given in Appendix 4.B. The columns in Tables 4.1-4.5 labeled as e, give
the approximate expected values for the Irz,, statistics using Equation (4.8) for the

different cases considered in these tables. As shown in Tables 4.1-4.5, for each case
considered, the simulated and approximate expected values are very close. Therefore, it is

recommended that one use e, in Equation (4.8) for the normalizing factor C,, .

4.C.3 Using Approximate Statistics to Estimate Probabilities of Type I Error

Table 4.8 presents the estimated probabilities of a Type I error produced by
Method LRT when using the normalizing factor in Equation (4.8) to calculate the

Irte,, statistics, with a threshold 7 calculated using Equation (4.7). The first column of

Table 4.8 gives the desired nominal overall probabilities of a Type I error and the

following columns give the estimated probabilities of a Type I error corresponding to
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different values of m and n. Each of these estimates was obtained from simulating

100,000 Phase I data sets using the in-control model Y, =X, +¢,,i=12,...,n,j=1,

2, ...,m, and the fixed X-values of 0(0.2)1.8. As shown in Table 4.8, the nominal and
estimated probabilities of a Type I error are very close in each case considered. For some
cases considered in these simulations the fixed X-values were used twice within each
sample to give a linear profile model with »=20, and in another case they were used three
times to give a linear profile model with #»=30. Also, in the columns labeled as “Different
X values”, the fixed X-values of =30, -23, —12, -4, 0, 3, 10, 20, 25, and 35 were used. In
the column labeled as “Varying X values”, the number of samples m=20 was used and
X=0(0.2)1.8 were used in samples 1 to 8, X=0, 0.1, 0.5, 0.8, 1.8 were used in samples 9 to
13, and X=0.6, 0.8, 1.1, 1.2, 1.5, 1.6, 1.8 were used in samples 14 to 20.

Table 4.8: Overall probabilities of a Type I error: nominal vs. simulated.

Simulated
Nominal n=10 n=20
m=5 m=20 m=40 m=70 m=10 m=20 m=30
0.01 0.0101 0.0107 0.0112 0.0135 0.0093 0.0098 0.0111
0.02 0.0193 0.0189 0.0218 0.0227 0.0195 0.0199 0.0199
0.03 0.0291 0.0296 0.0304 0.0309 0.0291 0.0284 0.0273
0.05 0.0465 0.0482 0.0483 0.0495 0.047 0.0459 0.0464
0.10 0.0856 0.0858 0.0860 0.0915 0.0863 0.0854 0.0842
Simulated
Nominal Varying X
n=30 Different X values Values
m=5 m=10 m=20 m=30 m=20 m=30 m=20
0.01 0.0987 0.0951 0.0993 0.0108 0.0101 0.0102 0.0115
0.02 0.0191 0.0189 0.0192 0.0190 0.0193 0.0186 0.0184
0.03 0.0302 0.0291 0.0306 0.0309 0.0291 0.0281 0.0281
0.05 0.0465 0.0485 0.0474 0.0444 0.0489 0.0447 0.0512
0.10 0.0855 0.0846 0.0841 0.0836 0.0871 0.0821 0.0831

In general, the use of e, ~in Equation (4.8) to calculate the /ric,, statistics and

T in Equation (4.7) as a threshold for the max (/ric, ) statistic gave very close

m

approximations to the probabilities of a Type I error for each case considered.
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Generally speaking, the configurations of the explanatory variable X in the profile
samples have very little impact on the approximation in Equation (4.7). Each of the LRT
statistics has the same approximate chi-squared distribution, regardless of the values of

the X variable. The distribution of max (/rtc,, ) depends on the individual profile samples

only through their effect on the covariance structure of the LRT statistics. This
distribution is affected by the individual profiles only if the X-values of the very first or
the very last profile are much different than those of the other profiles, because this is
where the co-variation between the LRT statistics is the smallest. Differences in the
middle of the sequence of profiles should not have any perceptible effect on the
approximation. In many of the linear profile applications, however, the X-values take the

same values in all samples or change slightly from sample to sample.

As an alternative, one can consider the asymptotic distribution for the square root
of the maximum LRT statistic derived by Csorgd and Horvath (1997, pp. 21-27). Table
4.9 gives the simulated overall probabilities of a Type I error produced using their
approximation. Again, in this simulation the underlying in-control model with 4o=0 and
A1=1 and the fixed X-values of 0(0.2)1.8 were used. This table shows that the Csérgd and
Horvath’s (1997) approximation gives very liberal bounds unless m is considerably large.
The asymptotic threshold given by Csorgd and Horvath (1997) is computationally
demanding. The easy-to-calculate threshold in Equation (4.7) was shown to be much

more accurate in these simulations.

Table 4.9: The overall probabilities of a Type I error using the approximation of Csérgé and
Horvath (1997)

Simulated
Nominal
m=5 m=10 m=15 m=20 m=30 m=40 m=60
0.01 0.0160 0.0144 0.0153 0.0144 0.0136 0.0130 | 0.0139
0.02 0.0294 0.0230 0.0300 0.0265 0.0261 0.0268 0.0228
0.05 0.0719 0.0761 0.0733 0.0683 0.0661 0.0654 | 0.0629
0.10 0.1404 0.1538 0.1461 0.1385 0.1339 0.1280 | 0.1279
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Appendix 4.A: Factoring the lrtml Statistic into the Three Different Sources of Variability

The /Irt, statistic in Equation (4.2) can be written as
Irt, =N log[ 6°(67) """ (63)"/"]. (A])
If we code the X-values so that the average coded value is zero, then 6> can be written as
62 =" (yi—by b)) N,
where x =X, - X, (x] ,y), =1, 2, ..., N, are N bivariate observations resulting from
pooling the m samples into one sample of size N, and b, and b, are the least squares

estimates of the Y-intercept and slope of the simple linear regression model fitted for this

pooled sample. Similarly & and &7 can be written as

N

22 M 2 ~2 2
oy = ZH(% = by — bl(l)xlli) /N1 and &, = Zi:NIH(J’i = byeay — b1(2)x£i) /Nz )
where x|, = X, —X,, xj, = X, —X,, and by, and b,,, are the least squares estimates of

the Y-intercept and slope of the simple linear regression model fitted for all the samples

prior to m; pooled in one sample of size Ny, and b,,, and b,,, are the least squares

estimates of the Y-intercept and slope of the simple linear regression model fitted for all

the samples following m; pooled in one sample of size N,.

A2 Ny N
Now o° = Zi:l [vi = boay = biy*1: + boay + by X1 — by — byxy; + by (x — X,)] /N +

N ! ! ’ - -
Z Vi =boay = biay X3 + bygay +biayXa; —by —byxy; + by (X = X, Nk /N

=N, +1

:[(Nla'lz +N26-22)+]\[1(b0 =Dy )? +N, (b _bO(z))2 +(bH _bl(l))zsx

x1

+(b _b1(2))2Sxx2]/N
HINB (XX, +Nob (X —X,)° —2N,by (X —X) (3~ 3) —2N,5, (3 —%,) =3,/ N.

Defining dj =byo) —byy =¥, = i» dg =bio) —by=(S,0/S0) (801 /S ¢, =N6f +N,63,

x)2 XX, xyl xx

¢ =882 /S, c3=NN,/N,and

xx1™ xx2 Xxx o

cqg ={[NN, (X, - )71)2(Sxx25§y1 + SxxlS§y2)/NSxxSxx1Sxx2]

—[2N\N, (X, =% )(S1 + Sy0)dy I NS 1 =[NINJ (X, - %)*d; / NS, 1}

xyl
then we have

6*=(c, +czdlzgl +c3d§0 +c4)/]\7=cl[1+cza’§1 /¢ +(c3a’§0 +c,)/ ¢,/ N =
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(i / N1+ (cydy /eI + (cq + c3d 3 ) (e, + 3] (A2)

(Notice that the term c4 is equal to zero in the special case when the X-values are the

same for all samples). Also, we have
e, (D) M (GEYy VN IN = (N VY 4 NNy N (A3)
where r =6, /6, . Substituting Equations (A2) and (A3) into Equation (A1) we obtain
Irt, =Nlog{(N#*"" + Nr ")/ N} + Nlog{l +(c,d; / ¢,)}
+Nlog{l+[(c, +c3a’§O ) /(¢ +czd§1 )1,

= VAR _, + VAR , + VAR , .

Appendix 4.B: Derivation of the Approximate Expected Value of the lrtm1 Statistic
The expected value of the /r¢, statistic is

E(lrt, )= N E(logé?)— N,E(logé;)— N,E(logé5). (B1)

It can be shown that the quantity N6 /20> has a gamma distribution with parameters
(N—-2)/2 and 1. For a random variable X having a gamma distribution with parameters

p and 1, [see Kendall and Stuart (1977, p. 251)], we have

Elog(aX)=1loga+logp-1/2p—1/12p* +0O(1/ p°). (B2)
Hence, using Equation (B2) we can show that
E(logé?) = logRo” /N)+log{(N —2)/2} = 1/(N =2)—1/3(N -2)* +O(1/ N*).. (B3)
Similarly,

E(logé!) = logQo” / N,) +log{(N,—2)/2} —1/(N, =2)-1/3(N, —2)* +O(1/N}), (B4)
and
E(logé3) = logRo?/N,)+log{(N,—2)/2} —1/(N, —=2)—1/3(N, -2)* +O(1/N;).  (B5)
One can substitute Equations (B3-B5) into Equation (B1) to obtain
E(lrt, )= Nlog{(N-2)/2N}—N,log{(N, -=2)/2N,} — N, log{(N, =2)/2N, } -

[N AN =2) = NAN-D-N/ - HNVIN-2 - NN -2 N, (M=), (B6)
Moreover, using the Taylor expansion for the log function, we can show that

log{(N —2)/2N} =10g{0.5(1-2/N)} =10g0.5-2/N-2/N* +O(1/N°). (B7)
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Similarly, we have

log{(N, —2)/2N,} =10g{0.5(1-2/N,)}=10g0.5-2/N, =2/ N} + O(1/ N})
and

log{(N, —2)/2N,}=1og{0.5(1-2/N,)}=10og0.5-2/N, -2/ N; +O(1/N;). (BY)
Substituting Equations (B7-B8) into Equation (B6), we obtain

ey gl 1Ly N NN,
‘ N N, N,” N-2 N,-2 N,-2

)_

L_¥ N, N,

Vo Wy L2
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Chapter 5: Examples

This chapter presents three examples to illustrate the use of the proposed change
point method described in Chapter 4 and compares its performance to that of Methods C
and D. In the first two examples, simulated linear profile data sets were used in the
analyses. The data sets for these examples are available at
http://filebox.vt.edu/users/mamahmou/data%20for%20example%201-3.xIs.

In the last example the proposed change point method was applied to a real data set from

a calibration application at NASA.

For the examples with simulated data sets, each method was applied based on a
nominal overall false alarm probability of « =0.05. The fixed X-values of 0(0.2)1.8 were
used in these examples. The simulated data set in each example consists of 30 samples of

linear profiles; thus m=30 and n=10.

For Method C, each set of control limits of the three control charts for the Y-
intercept, slope, and variance, were calculated using Equations (2.12), (2.13), and (2.16),
respectively. Each set of chart limits were set based on a false alarm probability of

o, =0.00057 to produce a nominal overall false alarm probability of « =0.05. In Method

D, the F-test was performed based on the statistic in Equation (2.19) at the significance

level a,= 0.02532. Also, the control limits for the process variance control chart were

determined based on «,= 0.000855, so that the nominal overall false alarm probability

produced by Method D was also « =0.05.

For Method LRT, the Irtc, statistics were calculated with a normalizing factor
given by Equation (4.8). The threshold for the max (Irtc,, ) statistic was determined by

Equation (4.7) at a significance level of « =0.05.
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5.A Examples with Simulated Data Sets

In Example 1, a single step shift in the Y-intercept after sample 25 was
considered. The data for this example were generated as follows. Given the fixed X-
values, the underlying linear profile model was
Yi=2+3X; +¢;,i=1,2,...,10, j=1, 2, ..., 25,

Yi=3+3X,; +¢;,1=1,2,..., 10, j=26, 27, ..., 30,

ij?

where the &; s are i.i.d N(0, 1) random variables.

Figures 5.1-5.3 give control charts for the variance, Y-intercept, and slope,
respectively, using Method C. According to the chart in Figure 5.1, the variance is stable.
Also, as shown in Figures 5.2 and 5.3, both the Y-intercept and slope appear stable.

Hence, according to Method C, the process is in-control.

For Method D, the control limits for the process variance control chart are
LCL=0.0968 and UCL=3.7912. All the variance estimates are within these control limits,
indicating that the variance is stable. Also, the F-value calculated using Equation (2.19)
for testing the equality of all the regression lines is F=1.05873 with a p-value=0.3749,

which indicates that the process is in-control.

In Method LRT, the threshold T for the max (lIrtc, ) statistic calculated using
Equation (4.7) is 4.6094. The value of max(Irtc,, ) statistic is 9.041, corresponding to

m;= 25, signaling the presence of a change point and indicating that 25 is the MLE of the
location of this change point. In this example, the proposed change point method
correctly estimated the location of the change point. Also, for m;= 25, the three factors
VARg /e, , VARg /e, and VAR /e, are 8.423, 0.169, and 0.449, respectively. As

m "’
mentioned in Chapter 4, these factors represent to a large extent the relative contributions

of the regression parameter shifts to an out-of-control signal. Thus, this out-of-control
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situation is highly attributable to a shift in the Y-intercept, as the relative contribution of
the Y-intercept is 8.423/9.041~ 93%. Applying Method LRT on the samples prior to the
change point m;=25 and samples following it gave no evidence of the presence of an
additional change point at & =0.025. Notice that a Bonferroni-corrected significance level
of a =0.025 was used here due to the fact that each segment (subset) represents another
opportunity for a Type | erroneous split. Hence, using Method LRT one concludes that
the process is out-of-control due to a Y-intercept shift that occurred at m;= 25.

Figure 5.1: Control chart for the variance (Example 1).
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Figure 5.2: Control chart for the intercept (Example 1).
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Figure 5.3: Control chart for the slope (Example 1).
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In Example 2 a single step shift in the process variance after sample 20 was
considered. The underlying linear profile model used in this example was
Yi=2+3X; +¢;,1=1,2,...,10,j=1, 2, ..., 20,

Yi=2+3X,+¢;,1=1,2,..., 10, j=21, 22, ..., 30.

ij ?

Here the ¢; ’s are i.i.d N(0, 1) random variables, while the ¢ ’s are i.i.d N(0, 2) random

variables. Figures 5.4-5.6 present the three control charts for the variance, Y-intercept,
and slope, respectively, using Method C. As shown in these figures, all the Y-intercept,
slope, and variance estimates are within the corresponding control limits. Hence, the
conclusion obtained from applying Method C on the data set of Example 2 is that the

process is in-control.

For Method D, the control limits for the variance chart are (0.1173, 4.5926).
Again, all the variance estimates are within these limits. Moreover, the F-value for
testing the equality of all the regression lines is 1.0434 with p-value= 0.402. Therefore,

according to Method D, the process is in-control.

For Method LRT, the value of the max(lrtc,, ) statistic is 10.781, corresponding

to m;= 20. Method LRT signals the presence of a change point, since this value is greater
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than T=4.6094. The MLE of the location of this change point is 20. Also the values of
VAR, /e, VARg /e, and VAR , /e, at m=20 are 0.202, 1.648, and 8.931, respectively.

Therefore, this out-of-control situation is primarily attributable to a shift in the process
variance, as the relative contribution of the variance shift to this out-of-control situation is
8.931/10.781~ 83%. Repeating Method LRT on the samples prior to m;=20 and the
samples following it did not give evidence of any additional change points with
a =0.025. Thus, using Method LRT, we conclude that there was a shift in the process

variance after sample 20.

Figure 5.4: Control chart for the variance (Example 2).
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Figure 5.5: Control chart for the intercept (Example 2).
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Figure 5.6: Control chart for the slope (Example 2).
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5.B A Calibration Application at NASA!

In this section, the proposed change point method is applied to a real data set from
a calibration application. The purpose is to investigate replicated calibrations of a force
balance used in wind tunnel experiments at NASA Langley Research Center. A force
balance is a multiple-axis load cell that provides simultaneous measurement of three
orthogonal components of aerodynamic force (normal, axial, and side force) and three
orthogonal components of aerodynamic torque (rolling, pitching, and yawing moments)
exerted on a scaled aircraft test article. The relative importance of each of these
measurements depends on the nature of the aerodynamic investigation. However, in most
investigations, the axial force component is of primary interest, and therefore it is

considered in this example.

A force balance consists of a structural spring element instrumented with a
network of strain gauges and is designed to elastically deform under the application of

external forces and moments. This deformation results in differential strain across the

! The data set of this example was provided and described by Peter A. Parker; a Research Scientist,
Advanced Model and Sensor Systems Branch, NASA Langley Research Center, Hampton, VA 23681-
2199. Peter A. Parker is also a Ph. D. student in the Department of Statistics, Virginia Tech, Blacksburg,
VA 24061-0439.
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structure that is sensed by the strain gauges. Six electrical responses are produced by the
strain gauges that are proportional to the magnitude and direction of their respective
aerodynamic components. A calibration experiment was performed to model the
relationship between the applied forces and moments (explanatory variables) and the
electrical responses. See Parker et al. (2001) for a complete description of the calibration
process. There are six prime sensitivities in the model that represent the dominant effect
of each electrical response due to the level of one explanatory variable. To isolate the
simple linear relationship of the axial force prime sensitivity and account for the
influence of the other explanatory variables, a partial regression approach was used in
this example [see Myers (1990)]. The partial regression adjusted axial response and axial
force data set is available at

http://filebox.vt.edu/users/mamahmou/Axial%20Force%20and%20Responce.xls.

Periodic calibrations provide information about the stability of the force balance,
which is directly related to its performance in wind tunnel research. The data set used in
this example consists of 11 samples of a linear profile each with 64, 73, or 74 data points;
thus m=11 and n=64, 73, or 74. These samples were collected over sixteen months,
which has been traditionally considered a reasonable calibration interval. Applying a
change-point method to historical data gives an indication about the calibration stability
within this time interval. In addition, the ability to detect and diagnosis a step shift in one
or more of the model parameters enables a classification of the nature and severity of the
shift. For example, a shift in the slope or variance affects the bias and precision of the
predicted forces and moments. Alternatively, small shifts in the Y-intercept are less
important due to an offset correction procedure employed during wind tunnel operations.
However, a large shift in the intercept may indicate that the structural frame of the
balance has been damaged due to an overload condition or that one or more of the strain
gauges has sustained physical or electrical damage. Therefore, it is not only necessary to

detect a shift, but also to attribute the shift to a specific model parameter.

Some diagnostic statistics were obtained to check for the appropriateness of the
model assumptions for each sample before applying the proposed change point method
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on this data set. The results suggested that there is no significant evidence of departure
from normality and linearity for each sample. Then, the Jones and Rice (1992) principal
component approach was applied to the data set as a pre-analysis to understand and
identify the pattern of variation among the 11 calibration curves. Since the X-values in
this data set are not equal equally-spaced for each profile, a regression model for each
sample was fitted and fitted responses for X=-50(20)50 were obtained. The first principal
component accounts for approximately 81% of the total variability among the calibration
curves. The three fitted calibration curves corresponding to the minimum, median, and
maximum first principal component scores are plotted in Figure 5.7. These correspond to
the calibration lines of samples 5, 8, and 9, respectively. As shown in Figure 5.7, these
calibration lines differ primarily in the Y-intercept. Thus, using the Jones and Rice (1992)
method, one concludes that 81% of the total variability is attributable to the variability in

the Y-intercept.

Method LRT was applied to this data set based on a nominal false alarm

probability of & = 0.05. The value of the max(Irtc,, ) statistic is 7.776, corresponding to

m;= 8. Method LRT signals the presence of a change point, since this value is greater

than T=4.2616 (the threshold at & = 0.05). Also the values of VAR, /e, , VAR, /e, and

VAR , /e, at m=8 are 7.281, 0.00009 and 0.495, respectively. Therefore, this out-of-

control situation is primarily attributable to a shift in the intercept, as the relative
contribution of the intercept shift to this out-of-control situation is 7.281/7.776 ~ 93.63%.
Repeating Method LRT on the subset of samples following m;=8 and prior to it gave no

evidence of the presence of an additional change point at « =0.025.

A plot of the intercept estimates in Figure 5.8 indicates that the change is a shift in
the level of the Y-intercept. This change is on the order of less than 10 microvolts per
volt, which is approximately 1% of the maximum response of the axial force channel.
Therefore, this small shift would not have a significant impact on the performance of the

force balance, and furthermore it would not warrant re-calibration. It should be noted
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that in the application of a change point method to calibration data, a result of not
detecting a change point is equally as informative as detection.

Figure 5.7: Calibration curves corresponding to the minimum, median, and maximum first principal
component scores.
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Figure 5.8: A chart for the intercept estimates for the NASA data set.
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There are two primary conclusions that can be drawn from this example. First,
Method LRT gave evidence of a shift in the axial force sensitivity during this set of
replicated calibrations. The ability to attribute the shift to the Y-intercept and interpret its
magnitude supports the validity of wind tunnel measurements obtained during this time
interval. Second, based on this historical data set, it provides some initial evidence to
suggest that the force balance calibration interval of sixteen months may be reasonable.
An overall assessment of calibration stability would require an analysis of the other five

responses.
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Chapter 6: The Inertial Properties of Quality Control Charts

Any control chart that combines sample information over time, e.g., the CUSUM
chart and the EWMA chart, has an ability to detect process changes that varies over time
depending on the past data observed. The chart statistics, however, can take values such
that some shifts in the parameters of the underlying probability distribution of the quality
characteristic are more difficult to detect. For instance, a trend may occur in one direction
of the target parameter value when a shift occurs in the opposite direction, and as a result
the chart becomes less effective in reacting to this shift. This is referred to as the “inertia

problem” in the literature.

This study shows under realistic assumptions that the worst-case run length
performance of control charts is as informative as the steady-state performance. Also, this
study introduces a simple new measure of the inertial properties of control charts, the

signal resistance.
6.A Some Control Charting Methods for Monitoring the Process Mean

In this study, only control charts for monitoring the process mean or mean vector
are considered, although the ideas can be easily extended to other types of charts. For a
univariate quality characteristic X, it is assumed that the observed data (xy;, x2i,..., Xn),
i=1, 2, ..., are samples of size n taken at regular time intervals on X. For each sample, it

i1s assumed that x;;, Xx»,..., X, are 1.i.d. normal random variables with mean & and
variance o . This study considers methods for detecting changes in x from a target

value 1,. Without loss of generality, it is assumed that 4, =0 and o/ Jn =1. Thus,

this chapter considers the Phase II application of control charts with the in-control values
of the parameters assumed to be known. The multivariate quality characteristic case is

discussed in Section 6.D.
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The well-known Shewhart control chart (X -chart) signals that the process mean

is off target if the i sample mean, X ;» falls outside the control limits +Z,, where L,>0

can be chosen to obtain a specified in-control ARL.

The two-sided CUSUM chart signals a shift in the process mean if
S.>h or T, <-h,,

where /4,>0 is chosen to give a specified in-control ARL and the cumulative sum statistics

S and T,,i=1,2, ..., are defined as

S, =max(0, S, +X,—k) and T, =min(0, T,_, + X, +k), (6.1)

where So=T1p=0, k=d/2>0, and d is the smallest shift in the process mean, measured

in units of the standard error, considered important enough to be detected quickly.

The EWMA control chart is based on the statistics
Y, =X, +(1- )Y, ,,i=1,2, ..., (6.2)

where ¥, =0 and 1 (0<A<1), usually called the smoothing parameter, determines the

weighting of past data. To quickly detect small shifts in the process mean, it is usually
recommended that one choose a small value of 1. It is well-known that the in-control

expected value and variance of Y; are

E(Y)=0 and Var(Y)= A[l—(1-2)*1/(2-2), (6.3)

respectively. The EWMA control chart signals an out-of-control condition in the process

mean if the i EWMA chart statistic Y; falls outside the control limits

+ L, \Var(Y)) (6.4)

where L,>0 can be chosen to give a specified in-control 4RL. The control limits in

Equation (6.4) vary from sample to sample. It is common to use the asymptotic variance
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in calculating the control limits. The asymptotic control limits for the EWMA chart are

* h, , where

hy =L,\JA/(2-1). (6.5)
6.B Limitations of Steady-State Analysis

Ryan (2000, p. 247) pointed out that the EWMA chart has been shown to have
more of an inertia problem than the CUSUM chart, but stated that it is arguable about
how often the problem is likely to occur in practice. To consider how often the inertia
problem might have a practical impact, we can examine the steady-state distribution of
the control chart statistic first assuming that the process stays on target and that there is
no signal given. The steady-state distribution for the commonly used EWMA chart with
A = .15 and L, = 3.0 is illustrated in Figure 6.1. This distribution was approximated
using the Markov chain approach described in Lucas and Saccucci (1990) with 501
transient states. The in-control ARL of this EWMA chart was estimated to be

approximately 655 using this Markov chain approach.

It can be seen from Figure 6.1 that it is somewhat unusual to have the EWMA
statistic wander relatively far from the centerline when the process is in-control. The
EWMA statistic crosses a control limit on average only every 655 samples when the

process is in control.

One important limitation of the studies of steady-state properties is that it is
assumed that the process mean stays on target until the specified shift in the mean occurs.
This assumption may not hold in practice. There could be, for example, an undetected
sustained shift in the mean of size d; when the specified shift of size d occurs. The
estimated distributions for the EWMA chart statistic with A= 0.15 and L, = 3.0 are
shown in Figure 6.1 for undetected sustained decreases in the mean of size d; = —0.5,
—1.0, -2.0, and —3.0. Each of these distributions was estimated using 50,000 simulations.

For each simulation a sequence of 100 in-control samples from the normal distribution
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with 2, =0 and o= 1 were generated before the shift was introduced. Then five more

samples from the normal distribution with = d; and o =1 were generated. If an EWMA
chart produced an out-of-control signal in the sequence of 105 observations, this chart
was discarded. Figure 6.1 illustrates the distributions of the EWMA values after the 105"
sample. Under these conditions the worst-case performance of the charts becomes more
meaningful than the usual steady-state performance based on the assumption of no prior

shift in the mean.

Figure 6.1: The steady state distribution and the distributions of the EWMA statistic when there

is an undetected sustained shift with size d; for A =0.15 and L, = 3.0.
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Under this framework, the shift in the mean that could be delayed due to the
presence of inertia is d — d;, obviously greater in absolute value than d if d and d; are of
opposite signs. Without a more elaborate model, we cannot evaluate the probability of an
undetected shift in the mean at the time of another mean shift. If a practitioner believes,
however, that this situation is realistic, then more emphasis on worst-case analysis seems

appropriate.
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6.C Signal Resistance of Univariate Control Charts

This section evaluates the signal resistance of several recommended univariate
control chart approaches. In the case of monitoring the mean in the univariate case we
refer to the largest standardized deviation of the sample mean from the target value not
leading to an immediate out-of-control signal as the signal resistance of a chart. This
measure is most relevant when there is an interest in detecting assignable causes that
affect the distribution of only one sample mean, although it does give some indication
regarding chart performance in detecting sustained shifts in the mean. Run length
performance is not relevant when an assignable cause affects only a single sample. Note
that determining the value of the signal resistance does not require any distributional
assumptions, although if one makes a distributional assumption it would be
straightforward to calculate the probability of an immediate signal for a particular value

of the control chart statistic and an assumed process mean shift.

The signal resistance of a basic Shewhart chart is simply the multiplier L, used to
obtain the control limits, i.e., a constant. In general, the signal resistance for the CUSUM
chart is

SR(CUSUM)=(h; —w + k),

where w is the upper CUSUM statistic value. For the EWMA chart, the signal resistance
is

SREEWMA)=[h, —(1- )w]/ A,

where w is the value of the EWMA statistic. For the CUSUM chart the maximum signal
resistance, over all possible values of the CUSUM statistic, is (4; + k) standard errors.

For the EWMA chart with asymptotic control limits, the corresponding value is
Ly\J2—=2)/A = hy(2—A)/ A standard errors. These results are based on shifts measured

in units of the standard error, so they apply for any value of the sample size n.
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It is commonly recommended that one use a Shewhart limit in conjunction with
other types of charts. Lucas and Saccucci (1990) and others have recommended that a
Shewhart limit be used in conjunction with the EWMA chart, in part to alleviate the
inertia problem. Lucas (1982) proposed a Shewhart limit in conjunction with the
CUSUM chart. Box and Lucefio (1997, p. 232) and Hawkins and Zamba (2003-04) have
also recommended that if CUSUM or EWMA charts are used, then it is advisable to use a
Shewhart chart as well. Note that if one uses a Shewhart limit in conjunction with another
chart, then the control limits of the other chart must be widened slightly to maintain the
same in-control run length properties unless the Shewhart limits are sufficiently wide to

have no noticeable effect on these properties.

Woodall and Maragah (1990) and Yashchin (1993) held that the basic inertia
deficiency of the EWMA chart can only partially be alleviated by the incorporation of a
Shewhart limit, with Yashchin (1993) arguing, “long sequences of data corresponding to
unacceptable process levels (but not violating the Shewhart limit) can still remain

undetected for a long time.”

The signal resistance for an EWMA control chart in conjunction with Shewhart
control limits is

1
SREEWMA+Shewhart)= {[hz-(l-/i)w]//i, if (hy — AL) /(1= 2) S w<h,,

where L; is the value of the multiplier used to obtain the Shewhart limit and w is the

value of the EWMA statistic. Obviously, in this case, the signal resistance cannot exceed

the value of the multiplier used to obtain the Shewhart limit, i.e., L.

Capizzi and Masarotto (2003) proposed an adaptive EWMA (AEWMA) approach
for detecting shifts in the process mean. One of their purposes was to overcome the
inertia problems of the EWMA chart. Their approach combined the EWMA and the
Shewhart approaches in a smoother way than use of an EWMA chart in conjunction with

Shewhart limits described above. The idea behind their method was to adjust the value of
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A according to the magnitude of the difference (called the error) between the current
sample mean and the previous AEWMA statistic. This AEWMA control chart is based on

the statistics

Y. =o(e)X, +[1-a(e)Y._,, i=1,2, ..., (6.6)

where (e, )=¢(e;)/e; and e; the i" error is defined as e, = X, —Y._,. The score function
#(e;) 1is defined as

e, +(1-k, ife <—k
#e,)=1)e,, if —k<e <k (6.7)
e, —(1-k, ife >*k.

The AEWMA control chart signals an out-of-control condition in the process mean if

|Y,.| > h,, where Y; is as defined in Equation (6.6) and 43 is a suitable threshold.

Capizzi and Masarotto (2003) also used two other formulas for the score function
#(e;), but they compared their AEWMA approach to some other control chart
approaches using only the score function defined in Equation (6.7). They found that their
AEWMA approach has better performance than the competing methods in terms of the
ARL and the worst-case ARL.

It can be shown that the signal resistance of the Capizzi and Masarotto’s (2003)
AEWMA using the score function in Equation (6.7) is equal to
{hy —(1-)w}/ A, ifhy—Ak<w<h,

hy+(1- Dk, if —hy <w<hy - Ak, (6.8)

SR(AEWMA)= {

where w is the AEWMA chart statistic.
Domangue and Patch (1991) proposed an EWMA control chart for detecting
simultaneously shifts in both the process mean and standard deviation, referred to as the

omnibus EWMA chart. This EWMA control chart is based on the statistics
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Y, =AZ|"+1-AY.,, =1,2,.., (6.9)

for some specified constant ¢, where Z, :\/;()? i —My)/ o, and Y, =E(Y,). The

asymptotic in-control expected value and variance of the EWMA statistic in Equation

(6.9) are

E(Y;)= (Z)F[(1+a)/2] and var(Y,) = 27
7

A 2
i Wz(0.5+a)—(I(1+a)/2])*],

respectively. Domangue and Patch (1991) investigated the performance of their proposed

EWMA chart for =0.5 and o=2. The chart signals an out-of-control condition in the
process mean or standard deviation, or both, if ¥, > h, = E(Y,)+ L, /var(Y,) , where L4 is

chosen to obtain a specified in-control ARL. It can be shown that the signal resistance of

this control chart is

SR(omnibus EWMA)= [(h, —(1-A)w)/ 117", (6.10)
where w is the value of their EWMA chart statistic.

Domangue and Patch (1991) compared their EWMA approach to several other

o .
, where Z, is as

procedures, including a CUSUM chart based on the statistic |Z,-

defined in Equation (6.9). They referred to this CUSUM chart as the omnibus CUSUM.
They noted that, for »=1 and ¢=0.5 the omnibus CUSUM chart is equivalent to the
CUSUM chart proposed by Hawkins (1981) for controlling a scale parameter. For n=1
and a=2, on the other hand, the omnibus CUSUM chart is a univariate version of the
CUSUM chart proposed by Healy (1987) for monitoring the covariance matrix of a

multivariate normal process. It can be shown that the signal resistance of the omnibus

CUSUM chart is

SR(omnibus CUSUM)=[h,, +k,, —w]"*,
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where /1y and ky are the chart control limit and reference parameter, respectively, and w is

the omnibus CUSUM chart statistic.

It should also be mentioned that the signal resistance of some of the proposed
charts based solely on run rules can be unbounded. For example, the synthetic control
chart, proposed by Wu and Spedding (2000) and evaluated by Davis and Woodall (2002),

signals if the sample mean falls outside the Shewhart limits + Z, only if the conforming

run length (CRL) is less than or equal to K, where K>0. The CRL is the number of
samples since the most recent violation of the Shewhart limits or since sampling began if
there has been no previous violation. The signal resistance of this chart is

L,  ifCRL<K

SR(synthetic)= {oo otherwise

The same property applies to the control charts proposed by Klein (2000).

It is somewhat more difficult to evaluate the signal resistance of charting methods
for monitoring the process mean that are based on statistics other than simply the sample
mean, e.g., the methods by Amin et al. (1999) and Reynolds and Stoumbos (2004). In
these cases it is necessary to make simplifying assumptions or to use computer

simulation.
6.D Signal Resistance of Multivariate Control Charts

This section extends the study of the inertial properties of control charts to the
multivariate case. Suppose that x;, Xo, ... is a sequence of px1 random vectors taken at
regular time intervals, each representing the p quality characteristics to be monitored.
Without loss of generality, it is assumed that the random vector x; represents the sample
mean vector at time i, /=1, 2, .... Also, it is assumed that x; =1, 2, ..., are i.i.d.
multivariate normal random vectors with mean vector p and known constant covariance
matrix X. The main concern in this case is to detect shifts in the mean vector p from a

target vector py. Without loss of generality, the target vector is assumed to be py=0.
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We refer to the largest standardized distance of the sample mean vector from the
target vector in any direction not leading to an immediate out-of-control signal as the

signal resistance of a multivariate control chart, i.e., the signal resistance of a multivariate

chart is equal to max4/x,”Z7'x, subject to the resulting chart statistic not exceeding the

control limit. This definition is a straightforward extension of the univariate signal

resistance measure presented in Section 6.C.

The multivariate control charts that are considered in this chapter are all
directionally invariant. The ARL performance of a directionally invariant control chart

can be determined solely by the non-centrality parameter D, where

D=p"z7'n. (6.11)

In other words, the ARL will be the same if the process mean vector p shifts to u; or p; as

longas p," = 7', =p, =7, .

The traditional Shewhart-type x’—chart, a natural multivariate extension of the X —
chart, signals that the process mean vector is off target at the sampling time i, i=1, 2, ...,

if the i charted statistic

2 T -1
X=X XX

exceeds the control limit 45, where 45>0 can be chosen to obtain a specified in-control

ARL. The signal resistance of a y’—chart is equal to the square root of its control limit, i.e.,

i

The multivariate EWMA (MEWMA) control chart for monitoring the process
mean vector proposed by Lowry et al. (1992) is a straightforward extension of the

univariate EWMA chart. The MEWMA chart is based on the statistic
T'=z'%z, i=1,2,..,

1
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where the MEWMA vectors z; are calculated using

Z;,= R X,'+(I— R) Zi1, (6 12)

where z,=0, R=diag(4,,4,, ...,4,), 0<4, <1, j=1, 2, ..., p, and ZZ‘_ is the covariance

matrix of z;. Lowry et al. (1992) considered only the case of equal smoothing parameters,

Le, 4 =4, =..=4,=1. The MEWMA chart statistic is usually constructed in terms of

the asymptotic covariance matrix

. ={/Q-A)} £ (6.13)

The MEWMA chart signals that the process mean vector is off target as soon as 7> > A,

where h6>0 can be chosen to achieve a specified in-control ARL.

It can be shown that the signal resistance of the MEWMA control chart is

SRIMEWMA)= [4/(2 = D) [\/hs +(1—)wl/4, (6.14)

where w=4/T;”, and T is the MEWMA statistic. The proof is in Appendix 6.A.

1

In general, if the MEWMA vector z; # 0 then the sample mean vector

. . . .. T
corresponding to the signal resistance is in the form x =(cy, ¢, ..., ¢,)’, where

¢, ==z, Whe /T +(=D1/2, L2 ...p.

where z;; 1s the j™ element of the MEWMA vector z,. Notice that if z, =0, then the

solution for x is not unique; a possible solution in this case is the px1 vector

(s JTM2 = Day 1,0, ..., 0), (6.15)

where a,, is the first diagonal element of the matrix X
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In order to alleviate the inertia problem to a considerable extent, Lowry et al.
(1992) recommended a Shewhart-type limit be used with the MEWMA chart. It can be
shown that the signal resistance of the MEWMA chart used with a Shewhart x’—limit is

SR(MEWMA-+Shewhart)=min [/, SRMEWMA)]

where /s is the control limit of the y*—chart and SRIMEWMA) is as defined in Equation

(6.14). In this case, the signal resistance cannot exceed the square root of the x*—limit.

Crosier (1988) proposed two multivariate CUSUM control charts, MCUSUM and
COT. He showed that the MCUSUM chart has much better ARL performance than the
COT chart. The MCUSUM chart is based on the statistics

Cr=(siy +x,) 27 (s, +X,)

and

0, if C, <k,
i = 1,2,...,

(s +x)(1—-k/C),  ifCi>k "
where s, =0, k1=Di/2 >0, and D, is the smallest shift in the process mean vector

considered important enough to be detected quickly, as measured by the non-centrality

parameter defined in Equation (6.11). This chart signals that the process mean vector is

Y, =+s,"Z7's, >h,, (6.16)

where /47>0 1s the control limit.

off target if

The COT chart is based on the CUSUM statistics

S, =max(0,S,_, ++/x'27'x, —k,), i=1,2, ..., (6.17)

where Sy=0, and k>0 is a constant. The COT chart gives an out-of-control signal as soon

as S>hg, where hs>0 is a suitable threshold. Crosier (1988) noted that to detect a shift in
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the process mean vector of size D), the reference parameter should be chosen to be

ky=+[p.

It can be shown that the signal resistance of the MCUSUM chart is

SRIMCUSUM)=k, +h, +w, (6.18)

where w=Y; and ki, h;, and Y; are as defined in Equation (6.16). For this chart, if s; # 0
then the sample mean vector yielding the signal resistance is in the form x=(ci, ca, ...,

T
¢p)’, where

¢; ==s,[1+(k +h)/Y], =12, ....p,

where s;; is the ;™ element of the vector s;. Again, the solution for x is not unique
if s, =0; a possible solution in this case is the px1 vector ((k, + A, )/ a, ,0,..,07"

where a,, is the first diagonal element of the matrix X'

It can be shown that the signal resistance of the worst-case scenario for the COT
chart is (/g +k2). The COT chart involves reducing each x vector to a scalar then applying
a one-sided CUSUM chart to the scalars. (This was not the case for the MEWMA and
MCUSUM charts that involve accumulating the x vectors before calculating the chart
statistic). Thus, the signal resistance of the COT chart cannot exceed (/s+k;). The COT
chart compares favorably to the MCUSUM chart with respect to the signal resistance
measure as shown later in Section 6.E. The MCUSUM chart, however, has been shown to

have much superior ARL performance.

Pignatiello and Runger (1990) also proposed two multivariate CUSUM charts,
MC1 and MC2. The MCI chart, the one with better ARL performance, is based on the

chart statistics

MC1, = max{0,yd,"Z7'd, —k;,},
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where the cumulative sum vector

d; = Z/:i—l,.+1x./ >
ks=D1/2>0, and
L, +1, if MC1,, >0
= i=1,2, ... (6.19)

1, otherwise

The MCI1 chart gives an out-of-control signal as soon as MC1; >hy , where ho>0 is a

threshold.

It can be shown that the signal resistance of the MC1 chart is
SRMC=Fk; +hy +w,
where

w=(MC1, +1,). (6.20)

If MC1, >0, then the px1 vector x yielding this signal resistance is in the form x=(ci, c»,

T
..., Cp)", Where

¢; =—d 1+ {(k;(A1+1)+hy)/yJd]E7d; }], j=1,2,...,p,

where dj; is the /" element of the vector d;. If MC1, =0, then a possible solution for X is

the px1 vector ( (k, +hg)/\/a , 0, ..., 0)". Lowry et al. (1992) pointed out that the MC1

chart can, at least theoretically, build up an arbitrarily large amount of inertia. The results
of this study support this conclusion. Observe that the signal resistance of the worst-case
scenario of the MC1 chart depends on the value of the counter /. If a sequence of
relatively large shifts from the target vector does not trigger the MC1 chart and the chart
statistic stays greater than O for a long time, the value of /; can become quite large.
Consequently, the signal resistance can be very large, resulting in a chart with very poor
worst-case performance. Section 6.E shows using an example with simulated data set that

the MCI1 chart can build up an exceedingly large amount of inertia.
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As recommended by Lowry et al. (1992), one may use a x’—limit in conjunction
with the MC1 chart to alleviate, in part, potential problems with inertia. It can be shown

that the signal resistance of the MC1 chart used with a Shewhart y*—limit is

SR(MC1+Shewharty=min[/z, , SR(MCI1)].

The MC2 chart is based on the statistics

MC?2, =max(0, MC2,  +x. X7 'x, —k,),i=1,2, ...,

where MC2=0. The reference parameter should be k4= p + D?/2 if a shift in the process

mean vector of size D; is considered important enough to be detected quickly. This chart

signals as soon as MC2;>h,y, where h19>0.

As was the case for the COT chart, the MC2 chart operates by reducing each x
vector to a scalar and then applying a one-sided CUSUM chart to the scalars. The signal

resistance of the worst-case scenario for the MC2 chart is /%, +k, . Obviously, the MC2

chart has better performance than the MC1 chart with respect to the signal resistance

measure, but the latter was shown to have much superior ARL performance.

Unlike the MEWMA chart, none of the above-mentioned multivariate CUSUM
procedures is a natural multivariate extension of its univariate version. Ngai and Zhang
(2001) developed, via projection pursuit, a multivariate extension of the CUSUM chart,
namely PPCUSUM. The PPCUSUM procedure signals as soon as C; > h,,, where h; is

the control limit and C, is the chart statistic, where

C, =max {0, C, } ,

1<q<i

and

c, :\/(Z;_qxr)TZI(Z:_qxr) —(i—q+Dks, 1<qg<i, i=12,.., (621)
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where ks=D;/2 and, again, D, is the smallest shift in the process mean vector to be
detected quickly, as measured by the non-centrality parameter defined in Equation (6.11).
Ngai and Zhang (2001) stated that their approach is more effective than the other
multivariate control charts in coping with the inertia problem. They also showed that their
chart reduces to the two-sided CUSUM chart when p=1. Moreover, they showed using
simulation that the PPCUSUM chart has better worst-case and steady-state ARL

performance than the competing multivariate control charts.

It can be shown that the signal resistance of the worst-case scenario for the
PPCUSUM chart is (4, +k5). For p=1, the signal resistance of this chart is equivalent to
that of the univariate two-sided CUSUM chart. While the PPCUSUM chart is more
effective than the competing multivariate charts in terms of inertia, determining its chart

statistic is more computationally demanding.

6.E Performance Comparisons

This section compares the worst-case performance of some of the recommended
univariate and multivariate control charts using the signal resistance measure. All the
control charts considered in this section except those compared in Figures 6.7, 6.10, and
6.11 were set so that the in-control ARL is approximately 370. Each control chart limit (s)

was (were) estimated independently from 50,000 Phase II simulations.

6.E.1 Univariate Control Charts

Figure 6.2 and Figure 6.3 show the signal resistance plotted against the value of
the control chart statistic for the EWMA chart (with A=0.15 and L, =2.801) and the two-
sided CUSUM chart (with k= 0.5 and h; =4.775), respectively. It can be seen from
Figures 6.2 and 6.3 that the EWMA chart has worse inertial properties than the CUSUM
chart in the sense that the signal resistance values can be considerably higher. A sample
mean can be more than 9.8 standard errors from the target without necessarily leading to

an immediate out-of-control signal.
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Figure 6.2: The signal resistance for the EWMA control chart with 4 = .15 and L, = 2.801. (The
signal resistance for the worst-case scenario is 9.837 corresponding to w=—0.798. The signal resistance for
the best-case scenario is 0.798 corresponding to w=0.798.)
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Figure 6.3: The signal resistance for the CUSUM control chart with £ = 0.5 and A, = 4.775. (The
signal resistance for the worst-case scenario is 5.275 corresponding to w=0. The signal resistance for the
best-case scenario is 0.5 corresponding to w=4.775.)
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The maximum value of the signal resistance of an EWMA chart increases as the
value of the smoothing constant 4 decreases. A small value of 4 means that the current
observation receives a small weight, A, and an observation very far from the target value

may not result in an immediate out-of-control signal. Borror et al. (1999) recommended
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a value of 4 = 0.05 to achieve robustness of the performance of the EWMA chart to non-
normality. A more comprehensive study of the robustness of the EWMA chart was given
by Stoumbos and Reynolds (2000). Montgomery (2001) recommended values of A
between 0.05 and 0.20 and gave the values 0.05, 0.10, and 0.20 as popular choices.

The signal resistance values of the univariate EWMA chart recommended by
Borror et al. (1999) with 4 = 0.05 and L, = 2.492 are shown in Figure 6.4. The reader
may be surprised to note that under a worst-case scenario a sample mean more than 15

standard errors from the target value does not lead to an immediate out-of-control signal.

Figure 6.4: The signal resistance values for the EWMA control chart with A = .05 and L, = 2.492
used alone and used in conjunction with a 4.5-sigma Shewhart limit.
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Also Figure 6.4 shows the signal resistance values for the EWMA chart with A =
0.05 and L, = 2.492 used in conjunction with a 4.5-sigma Shewhart limit. It is clear from
this figure that the adverse effect of inertia has been alleviated to a considerable extent

with respect to the signal resistance measure.

Figure 6.5 shows the signal resistance for the AEWMA control chart with the
parameters A= 0.1354, h; =0.7615, and k =3.2587 studied by Capizzi and Masarotto
(2003). As shown in Figure 6.5, the signal resistance of the AEWMA chart resembles

that of the EWMA control chart in conjunction with Shewhart control limits shown in
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Figure 6.4. However, as shown by Capizzi and Masarotto (2003), the AEWMA chart has
somewhat better performance than the EWMA control chart used in conjunction with

Shewhart control limits in terms of worst-case 4ARL.

Figure 6.5: The signal resistance for the AEWMA control chart with A = 0.1354, h; = 0.7615,
and £=3.2587. (The signal resistance for the worst-case scenario is 3.579 corresponding to
—0.7615 <w<0.3203. The signal resistance for the best-case scenario is 0.7615 corresponding to
w=0.7615.)
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Figure 6.6 illustrates the signal resistance for the omnibus EWMA chart for o=0.5
with parameters 4 =0.025 and /44=0.8935 studied by Domangue and Patch (1991). The
infimum of the omnibus EWMA chart statistic in Equation (6.9) is zero. If the sample
means stay very close to target for a long time the chart statistic in Equation (6.9) tends to
zero. As shown in Figure 6.6, the omnibus EWMA control chart of Domangue and Patch
(1991) has very poor performance in terms of signal resistance as the control chart
statistic wanders below its in-control mean. For this chart, under the worst-case scenario,
a sample mean more than 1277 standard errors from target does not lead to an immediate
out-of-control signal. On the other hand, the signal resistance under the worst-case
scenario for the omnibus EWMA chart for =2 with parameters 4 =0.025 and hs=1.3115
studied by Domangue and Patch (1991) is 7.243, corresponding to w=0, where w is the
chart statistic. Obviously, the signal resistance values of the omnibus EWMA chart are

much lower for =2 than for =0.5.
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Figure 6.6: The signal resistance for the omnibus EWMA control chart for &=0.5, with A =
0.025 and L,=1.815. (The signal resistance for the worst-case scenario is 1277.35 corresponding to w=0.
The signal resistance for the best-case scenario is 0.7983 corresponding to w=0.8935.)
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The signal resistance for the worst-case scenario of the omnibus CUSUM chart
with o=0.5, ky =1, and hy =1.412 studied by Domangue and Patch (1991) is 5.8177,
corresponding to w=0, where w is the chart statistic. Also, the signal resistance for the
worst-case scenario of the omnibus CUSUM chart with o=2, ky=1.4, and hy =11.69 is
3.6197, corresponding to w=0. The signal resistance values are much lower for the
omnibus CUSUM chart than for the omnibus EWMA chart, especially for o=0.5. It is
well-known, however, that the omnibus CUSUM chart is not effective in detecting

decreases in the process variability.

Note that for the CUSUM chart, omnibus EWMA chart, and omnibus CUSUM
chart, the combinations of values of past sample means that result in the maximum signal

resistance include the case for which all the past sample means were exactly on target.

This is not the case, for example, for the EWMA and AEWMA charts.
Figure 6.7 compares the worst-case signal resistance of some control chart

approaches for different in-control ARL values. These charts compared are the EWMA
with 4=0.05, the EWMA with 4=0.05 used in conjunction with a 4.5-sigma Shewhart
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limit, the CUSUM with k= 0.5, the AEWMA with 1=0.1354 and k=3.2587, the omnibus
EWMA with 4=0.025 and =2, and the omnibus CUSUM with =2, ky=1.4. For each
ARL value considered in Figure 6.7, each control chart limit (s) was (were) estimated
independently from 50,000 Phase II simulations. As shown in Figure 6.7, the EWMA
chart with 4=0.05 has the highest worst-case signal resistance for all the in-control ARL
values considered. For small in-control ARL values the omnibus CUSUM chart with a=2,
kr=1.4 has the best worst-case performance, while for large in-control ARL values the
AEWMA chart with 4=0.1354 and £=3.2587 has the best worst-case performance. Both
charts, however, have very close worst-case signal resistance values, especially for large

in-control ARL values.

Figure 6.7: The worst-case signal resistance values for some univariate control charts
corresponding to different in-control ARL values.
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6.E.2 Multivariate Control Charts

Figure 6.8 shows the signal resistance of the MEWMA chart with 4= 0.15, p=2,
and he= 10.7 plotted against the value of w, where w is the square root of the MEWMA
statistic. Note that for a MEWMA chart, the control chart statistic can be close to the
upper control limit if the mean vector shifts in any direction. Thus, the worst-case

scenario in this case is that the MEWMA chart statistic is at the control limit, while the
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best-case scenario is that the chart statistic is equal to 0. (This was not the case for the
univariate EWMA chart for example). This property applies to all the multivariate charts

discussed in this paper.

Figure 6.8: The signal resistance for the MEWMA control chart with A=0.15, p=2, and hs =
10.7. (The signal resistance for the worst-case scenario is 11.4877 corresponding to w=3.2711. The signal
resistance for the best-case scenario is 6.2096 corresponding to w=0).
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The signal resistance of the worst-case scenario for the MEWMA chart increases
as the number of quality characteristics p increases. This is because the control limit /g
must be increased as p increases to maintain the same in-control ARL. For instance, if
p=3 and A =0.15, the control limit /¢ should be 12.965 so that the in-control ARL is 370.
In this case, the signal resistance of the worst-case scenario is 12.6452 corresponding to
w=3.6007. If p=5 and A = 0.15, the control limit /¢ should be 16.96, and in this case the

signal resistance under the worst-case scenario is 14.4628 corresponding to w=4.1183.

It is well-known that quicker detection of small shifts in the process mean vector
requires smaller values of the smoothing parameter A . Stoumbos and Sullivan (2002)
stated that the smoothing constant should not be lower than necessary, but recommended
smoothing parameters in the range from 0.02 to 0.05, and sometimes lower, to achieve
robustness to violations of the assumption of multivariate normality. As was the case for
the EWMA chart, however, the signal resistance under the worst-case scenario for a

MEWMA chart increases as the smoothing parameter A decreases. For instance, the
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signal resistance of the worst-case scenario for the MEWMA chart with 4 =0.02, p=2,
and 46=6.92 is 26.174, corresponding to w=2.6306.

Lowry et al. (1992) pointed out that if the Shewhart y*limit is used with the
MEWMA chart then there is a trade-off between the quick detection of small shifts in the
process mean and protection against building up a large amount of inertia. Figure 6.9
shows the signal resistance values for two different schemes plotted against w, where w is
the square root of the MEWMA statistic. The first scheme is the MEWMA chart with
A=0.02, p=2, and hs=6.92, while the second scheme is this MEWMA chart used in
conjunction with a x’—chart with control limit 5=20.25. The signal resistance under the
worst-case scenario for the second scheme is 4.5. As shown in Figure 6.9, adding a y*—
limit to the MEWMA chart substantially improves the signal resistance performance of

the MEWMA chart with a small smoothing parameter value.

Figure 6.10 shows the worst-case signal resistance values for some multivariate
control chart approaches corresponding to different in-control ARL values. These charts
compared are the MEWMA with 4=0.02, the MEWMA with 4=0.02 combined with a y*—
chart with control limit 4#5=20.25, the MCUSUM with £,=0.5, the COT with k,=1.41, the
MC2 with k4=2.5, and the PPCUSUM with ks =0.5. The value of p=2 dimensions was
used for each of these charts. Again, for each ARL value considered in Figure 6.10, each
control chart limit (s) was (were) estimated independently from 50,000 Phase II
simulations. Inspection of this figure shows that the MEWMA chart combined with a y*—
limit, the MC2 chart, the PPCUSUM chart, and the COT chart have the best worst-case
performance. These charts have much better worst-case performance than both the
MCUSUM and the MEWMA charts. The COT chart and the MC2 chart, however, have
very poor steady state performance. The MEWMA chart with 4=0.02 has very poor

performance with respect to inertial properties.
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Figure 6.9: The signal resistance for the MEWMA chart with A =0.02, p=2, and #,=6.92 used
alone and used in conjunction with a y’—chart with control limit 45=20.25.
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Figure 6.10: The worst-case signal resistance values for some multivariate control charts
corresponding to different in-control ARL values.
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This section also presents an illustrative example with simulated data set in which
some of the multivariate control charts presented in Section 6.D are compared. The
purpose is to demonstrate how some of the recommended charts can build up an
extremely large amount of inertia. The Phase II data set used in this example consists of
120 bivariate observations. The first 20 observations were generated from a bivariate

normal distribution with p=0 and X=I, while the last 100 observations were generated
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from a bivariate normal distribution with p=(— 0.1, — 0.1)" and £=I. The data set of this
example is available at:

http://filebox.vt.edu/users/mamahmou/data%o20set.xls.

Three control chart procedures were applied on this data set; these are the
MEWMA chart with A4 =0.1 and 4s=8.66, the MCUSUM chart with k,=0.5 and h;=5.5,
and the MCI1 chart with k3=0.5 and h¢=4.75. Using 50,000 simulations, the in-control
ARL was estimated to be approximately 200 for each chart. The MEWMA chart signaled
at sampling time 31 (7, =9.2778), while the MCUSUM chart signaled at sampling time
43 (Y43 =5.5943). On the other hand, the MC1 chart did not detect the specified shift in
the process mean vector. Figure 6.11 shows the signal resistance value for each chart
plotted against the sampling time. As shown in this figure, the signal resistance of the
MCI1 chart can increase dramatically with time. As a consequence, the chart becomes

substantially ineffective in reacting to some delayed shifts in the mean vector.

Figure 6.11: The signal resistance values for some multivariate control charts calculated for the
example with simulated data.
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Appendix 6.A: Derivation of Signal Resistance for MEWMA Chart

The following is an outline of the derivation of the signal resistance of the

MEWMA chart. Our aim is to obtain the sample mean vector x=(c, ca, ..., cp)T that

maximizes the quantity vx' X 'x subject to the chart statistic not exceeding the control
limit. Any chart that is directionally invariant has control chart statistics that are invariant
to any full rank linear transformation of the data. Thus, we can assume without loss of

generality that X=I, where I is the identity matrix.

Suppose that z; is the most recent MEWMA vector. Intuitively, the new

observation vector x that maximizes the quantity vx"x subject to the chart statistic not
exceeding the control limit and given z; is in the form
X =—az,,

where a > 0. This can be also shown using a Lagrange differentiation approach.

Now the new MEWMA vector is
Z=A-az;)+(1-V)z, =(1-1—-al)z,
and the new MEWMA statistic is

set

T*=Q2-0)Z"Z/A=(1-A-ad)*w* =h,, (A1)
where w=4/T and T’ =(2-21)z/z,/4 is the most recent MEWMA chart statistic.

Solving Equation (A1) for a we obtain

a = [(Jhs fw)+1=2)]/2.

Thus, the signal resistance of the MEWMA chart is
SRIMEWMA)=Vx"x = a2’ z, =aw\[2/(2— 1) = J2/ (2= D) [\Jhs + (1= )W)/ 2.

The signal resistance of the other multivariate control charts can be obtained

similarly.
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Chapter 7: Summary, Conclusions, and Future Work

In the first part of this dissertation, the author presented several control chart
methods for monitoring a linear profile process in Phase I. The author also proposed a
method based on using indicator variables in a multiple regression model. Through a
simulation study, the author compared the performance of four methods of monitoring
linear profiles in Phase I. These are the 7% control chart proposed by Stover and Brill
(1998) (Method A), the 72 control chart proposed by Kang and Albin (2000) (Method B),
the three Shewhart-type control charts proposed by Kim et al. (2003) (Method C), and the
F-test method (Method D). Method D is much more effective than the other methods in
detecting shifts affecting much of the Phase | data. On the other hand, for shifts for the
slope and Y-intercept affecting only a few samples of the Phase | data, both the Kang and
Albin (2000) method and the Kim et al. (2003) method gave much better results.
However, the Kang and Albin (2000) method was shown to be ineffective in detecting
shifts in the process standard deviation. The Kim et al. (2003) method is much more
interpretable than the Kang and Albin (2000) method. Hence, it is recommended that
either the F-test method or the Kim et al. (2003) method be used for monitoring linear

profile processes in Phase 1.

Both the simulation study and the calibration example presented in Chapter 3
show that the 72 control chart proposed by Stover and Brill (1998) is ineffective in
detecting shifts in the process parameters. As mentioned in Sullivan and Woodall (1996),
the reason is that the population covariance matrix can be poorly estimated by the pooled
sample covariance matrix when applying a 7° control chart with individual vector
observations. The same conclusion applies to the overparameterized 7° control chart
proposed by Mestek et al. (1994).

I believe that much more work is needed on this type of application. For instance,
Sullivan and Woodall (1996) and Vargas (2003) proposed several alternative methods for
estimating the covariance matrix for the 72 control chart for individual multivariate

observations. We might obtain better results when replacing the usual pooled sample
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covariance matrix by one of these alternative estimators. This study could be extended to
other types of shifts and out-of-control situations such as drifts in the process parameters.
Since the simulation studies show that all of the Phase I methods are non-robust to
violations of the normality assumption, there is a need to develop more robust linear

profile methods.

Woodall et al. (2004) developed a general strategy for monitoring more
complicated models than the simple linear regression model considered in this
dissertation. These included applications of nonlinear models, wavelets, and splines.
Readers are referred to this paper for an overall review of profile monitoring using

control charts.

In the second part of this dissertation, the author proposed a change point method
based on segmented regression technique to detect changes in a linear profile data set.
This method, Method LRT, was applied to the analysis of Phase I linear profiles. Using
simulations, the author compared the performance of Method LRT to that of Method C
and Method D. The performance of Method LRT in terms of the probability of signal
under an out-of-control sustained step shift in a regression parameter is much better than
that of the competing methods. If the sustained shift affects only the last sample, Method
C gave the best performance. On the other hand, the simulation study showed that
Method LRT is insensitive to randomly scattered unsustained shifts in the parameters.
Thus to protect against both types of shifts, one might apply Method LRT in conjunction
with Method C or Method D.

Method LRT also provides diagnostic aids to help in understanding and
interpreting out-of-control signals and in detecting accurately the location(s) of the

shift(s). Exact thresholds for the maximum of the LRT statistics, max(/rzc,, ), cannot be
determined. Chapter 4 gives approximate thresholds for the max(/ric,, ) statistic that

produce approximately the desired probabilities of a Type | error.
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In Phase | simple linear profile applications, we usually are interested in detecting
any parameter changes in the variance, slope, and intercept from their in-control values.
For this reason, the heteroscedastic segmented regression model was used to detect
changes in the three parameters. This is a generalization of the typical quality control
problem in which one tests for changes in the mean and variance of a process
characterized by the distribution of a univariate quality characteristic. However, if in a
particular application the variance is not expected to change from sample to sample, one
can use alternatively methods based on the homoscedastic segmented regression model to

detect changes in the slope and intercept more powerfully.

Again, | believe that much more work needs to be done in this type of application.
Methods that allow for in-control variation both within and between profiles are needed.
In addition, the proposed change point method can be generalized to handle more
complicated regression models such as multiple linear regression, polynomial regression,
and multivariate multiple regression models. For example, as mentioned in the NASA
calibration application presented in Chapter 5, an overall assessment of the calibration
stability of the force balance would require an analysis of six responses with six
explanatory variables. Method LRT could also be extended to the Phase 1l monitoring of
linear profile applications as in Hawkins et al. (2003). In some calibration applications
the explanatory variable is a random variable. Thus, I believe that more work is needed to
address the problem of detecting change points in a linear profile data set with random

explanatory variable(s).

In the last part of this dissertation, the author studied the inertial properties of
control charts. The results of this study suggest that the inertial properties of control
charts be considered as an important factor in control chart selection to complement the
use of run length properties. This study showed that the current use of steady-state
performance measures can be misleading when there is the possibility of an undetected
sustained shift in the mean from the target when another shift in the mean occurs. The

author proposed a simple, easy-to-calculate measure of inertia, the signal resistance, as

143



the largest standardized deviation (distance) from the target value (vector) not leading to
an immediate out-of-control signal. Use of this measure further demonstrated that
EWMA and MEWMA charts with small smoothing parameters have poor worst-case

performance.

The results of this study suggest that EWMA and MEWMA charts be used only in
conjunction with Shewhart limits, especially with low values of the smoothing parameter,
so as to remove much of the adverse effect of inertia. Note that Borror et al. (1999) and
Stoumbos and Sullivan (2002) recommended that one use small values of A in designing
the EWMA and MEWMA, respectively, to achieve robustness to violations of the
normality assumptions. Neither of them, however, used Shewhart limits in conjunction
with the recommended charts since this would lead to non-robust methods. This issue

was studied in more detail by Stoumbos and Reynolds (2000).

This study showed that the omnibus EWMA method of Domangue and Patch
(1991) with o = 0.5 has worst-case performance so poor that it should not be used unless
supplemented with Shewhart limits. In general, the omnibus CUSUM procedure,
proposed by Hawkins (1981) and studied by Domangue and Patch (1991), has much
better worst-case performance than the omnibus EWMA procedure, especially for a =
0.5. Likewise, the AEWMA procedure proposed by Capizzi and Masarotto (2003) has

much better worst-case performance compared to the omnibus EWMA chart.

The example with simulated data set presented in Chapter 6 illustrated that the
MC1 chart of Pignatiello and Runger (1990) can build up an exceedingly large amount of
inertia when used to monitor the process mean vector. Thus, to protect against inertia, it

is recommended that the MC1 chart be used only with Shewhart limits.
The signal resistance can be calculated for other types of control charts, including

control charts based on attribute data, in order to gain additional insight on their inertial

properties.
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