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Scalable Robust Models Under Adversarial Data Corruption

Xuchao Zhang

(ABSTRACT)

The presence of noise and corruption in real-world data can be inevitably caused by accidental
outliers, transmission loss, or even adversarial data attacks. Unlike traditional random
noise usually assume a specific distribution with low corruption ratio, the adversarial data
corruption can be arbitrary, unbounded and do not follow any specific distribution.

This dissertation focuses on the development of methods for scalable robust models under
the adversarial data corruption assumptions. Six methods are proposed, including robust
regression via heuristic hard-thresholding, online and distributed robust regression with ad-
versarial noises, self-paced robust learning for leveraging clean labels in noisy data, and
robust regression via online feature selection with adversarial noises. Moreover, I extended
the self-paced robust learning method to its distributed version for the scalability of the
proposed algorithm. Last, a robust multi-factor personality prediction model is proposed to
hand the correlated data noises.

For the first method, existing solutions for robust regression lack rigorous recovery guarantee
of regression coefficients under the adversarial data corruption with no prior knowledge of
corruption ratio. The proposed contributions of our work include: (1) Propose efficient algo-
rithms to address the robust least-square regression problem; (2) Design effective approaches
to estimate the corruption ratio; (3) Provide a rigorous robustness guarantee for regression
coefficient recovery; and (4) Conduct extensive experiments for performance evaluation.

For the second method, existing robust learning methods typically focus on modeling the
entire dataset at once; however, they may meet the bottleneck of memory and computation
as more and more datasets are becoming too large to be handled integrally. The proposed
contributions of our work for this task include: (1) Formulate a framework for the scalable
robust least-squares regression problem; (2) Propose online and distributed algorithms to
handle the adversarial corruption; (3) Provide a rigorous robustness guarantee for regression
coefficient recovery; and (4) Conduct extensive experiments for performance evaluations.

For the third method, the presence of data corruption in user-generated streaming data,
such as social media, motivates a new fundamental problem that learns reliable regression
coefficient when features are not accessible entirely at one time. The proposed contributions
of our work for this task include: (1) Propose a robust online feature substitution method
to address the robust online feature selection problem; (2) Prove that our algorithm has a
restricted error bound compared to the optimal solution; and (3) Conduct extensive empirical
experiments in both synthetic and real-world data sets.

For the fourth method, leveraging the prior knowledge of clean labels in noisy data is actually
a crucial issue in practice, but existing robust learning methods typically focus more on elim-
inating noisy data. However, the data collected by “weak annotator” or crowd-sourcing can



be too noisy for existing robust methods to train an accurate model. The proposed contri-
butions of our work for this task include: (1) Formulating a framework to leverage the clean
labels in noisy data; (2) Proposing a self-paced robust learning algorithm to train models
under the supervision of clean labels; (3) Providing a theoretical analysis for the conver-
gence of the proposed algorithm; and (4) Conducting extensive experiments for performance
evaluations.

For the fifth method, existing self-paced learning approaches typically focus on modeling
the entire dataset at once; however, this may introduce a bottleneck in terms of memory
and computation, as today’s fast-growing datasets are becoming too large to be handled
integrally. The proposed contributions of our work for this task include: (1) Reformulate the
self-paced problem into a distributed setting; (2) A distributed self-paced learning algorithm
based on consensus ADMM is proposed to solve the SPL problem in a distributed setting;
(3) A theoretical analysis is provided for the convergence of our proposed DSPL algorithm;
and (4) Extensive experiments have been conducted utilizing both synthetic and real-world
data based on a robust regression task.

For the last method, personality prediction in multiple factors, such as openness and agree-
ableness, is growing in interest especially in the context of social media, which contains
massive online posts or likes that can potentially reveal an individual’s personality. How-
ever, the data collected from social media inevitably contains massive amounts of noise and
corruption. The proposed contributions of our work for this task include: (1) Propose a novel
robust multi-factor personality prediction model to address the correlated noises in multiple
factors; (2) Prove that our algorithm benefits from strong guarantees in terms of convergence
rates and coefficient recovery; and (3) Conduct extensive experiment on synthetic and real
dataset.
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Xuchao Zhang

(GENERAL AUDIENCE ABSTRACT)

Social media has experienced a rapid growth during the past decade. Millions of users of
sites such as Twitter have been generating and sharing a wide variety of content including
texts, images, and other metadata. In addition, social media can be treated as a social
sensor that reflects different aspects of our society. Event analytics in social media have
enormous significance for applications like disease surveillance, business intelligence, and
disaster management. Social media data possesses a number of important characteristics
including dynamics, heterogeneity, noisiness, timeliness, big volume, and network proper-
ties. These characteristics cause various new challenges and hence invoke many interesting
research topics, which will be addressed here.

This dissertation focuses on the development of five novel methods for social media-based
spatiotemporal event detection and forecasting. The first of these is a novel unsupervised
approach for detecting the dynamic keywords of spatial events in targeted domains. This
method has been deployed in a practical project for monitoring civil unrest events in several
Latin American regions. The second builds on this by discovering the underlying devel-
opment progress of events, jointly considering the structural contexts and spatiotemporal
burstiness. The third seeks to forecast future events using social media data. The basic
idea here is to search for subtle patterns in specific cities as indicators of ongoing or future
events, where each pattern is defined as a burst of context features (keywords) that are rel-
evant to a specific event. For instance, an initial expression of discontent gas price increases
could actually be a potential precursor to a more general protest about government policies.
Beyond social media data, in the fourth method proposed here, multiple data sources are
leveraged to reflect different aspects of the society for event forecasting. This addresses sev-
eral important problems, including the common phenomena that different sources may come
from different geographical levels and have different available time periods. The fifth study
is a novel flu forecasting method based on epidemics modeling and social media mining. A
new framework is proposed to integrate prior knowledge of disease propagation mechanisms
and real-time information from social media.
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Chapter 1

Introduction

In the era of data explosion, the fast-growing amount of data makes processing entire datasets
at once remarkably difficult. For instance, urban Internet of Things (IoT) systems [117] can
produce millions of data records every second in monitoring air quality, energy consumption,
and traffic congestion. More challenging, the presence of noise and corruption in real-world
data can be inevitably caused by accidental outliers [93], transmission loss [96], or even
adversarial data attacks [18]. As the most popular statistical approach, the traditional
least-squares regression method is vulnerable to outlier observations [69] and not scalable
to large datasets [72]. By considering both robustness and scalability in a least-squares
regression model, we study scalable robust least-squares regression (SRLR) to handle the
problem of learning a reliable set of regression coefficients given a large dataset with several
adversarial corruptions in its response vector. A commonly adopted model from existing
robust regression methods [5] [122] assumes that the observed response is obtained from the
generative model y = XTβ∗+u, where β∗ is the true regression coefficients that we wish to
recover and u is the corruption vector with arbitrary values. However, in the SRLR problem,
our goal is to recover the true regression coefficients under the assumption that both the
observed response y and data matrix X are too large to be loaded into a single machine.
Due to the ubiquitousness of data corruptions and explosive data growth, SRLR has become
a critical component of several important real-world applications in various domains such as
economics [2], signal processing [133], and image processing [79].

This research focuses on the development of scalable robust models under adversarial data
corruption, including including robust regression via heuristic hard-thresholding, online and
distributed Robust Regression under adversarial data corruption. These tasks have a wide
array of applications. Some of them are described as follows.

Scalable robust regression under adversarial data corruption is to recover the models in
massive data sets when the data noises can be arbitrary and unbounded. This area is very
close to the classic research on robust regression and online learning.

1
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• Anomaly and Outlier Detection: Outlier detection, also known as anomaly detec-
tion, has been well studied in a wide range of practical applications [8,37,81]. Literature
on this work can be broadly classified into two types [39]: parametric methods [23] and
non-parametric methods [103]. Parametric outlier detection methods explicitly assume
the probabilistic or distribution model for the training data, while the non-parametric
methods do not make any prior assumption of the data distribution. In parametric
outlier detection, some work utilized heavy-tailed distributions [129] such as Student
t-distribution and Poisson distribution, to model the outliers, while others detected out-
liers based on Gaussian distribution [39, 101] under the assumption that outliers have
a small probability of occurrence in the population. However, the lack of prior knowl-
edge regarding the underlying distribution of the dataset makes the distribution-based
methods difficult to use in practice. Moreover, the data can be corrupted adversarially
without following any distribution, which makes any assumption on data distribution
infeasible.

In non-parametric methods, no prior knowledge on the data distribution is assumed.
One popular non-parametric approach for outlier detection is based on kernel func-
tions [56,92]. These approaches utilize kernel functions to approximate the actual den-
sity distribution. The instances lying in the low probability area of the kernel density
function are declared to be outliers. The kernel-function-based methods are compu-
tationally expensive when the data dimension increases. Another type of work, called
distance-based outlier detection methods, detects outliers based on local neighborhood
or k-nearest neighbors (kNN) in measuring the distance between each data point. How-
ever, both neighborhood and kNN searches in large datasets are not expensive, which
typically requires O(N2) distance computation. Compared to distance-based methods,
density-based outlier detection methods [10,11,47] generally have a stronger capability
of modeling outliers by investigating not only the neighbors but the local densities.
For instance, Breuning et al. [11] quantify the outlying degree of points using the local
outlier factor to distinguish outliers from the rest of the data no matter the param-
eter of neighborhood distance. However, the approach requires computing the local
outlier factor for all data points, which is much more computationally expensive than
distance-based methods. Last, all the outlier detection methods require detecting out-
lier data points before utilizing the regression models, which hardly make a theoretical
guarantee on the recovery of regression coefficients.

• Robust regression model: A large body of literature on the robust regression prob-
lem has been built over the last few decades. Most of studies focus on handling
stochastic noise or small bounded noise [17] [62] [91], but these methods, modeling
the corruption on stochastic distributions, cannot be applied to data that may exhibit
malicious corruption [18]. Some studies assume the adversarial corruption in the data,
but most of them lack the strong guarantee of regression coefficients recovery under
the arbitrary corruption assumption [18] [72]. Chen et al. [18] proposed a robust al-
gorithm based on a trimmed inner product, but the recovery boundary is not tight to
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ground truth in a massive dataset. McWilliams et al. [72] proposed a sub-sampling
algorithm for large-scale corrupted linear regression, but their recovery result is not
close to an exact recovery [5]. To pursue exact recovery results for robust regression
problem, some studies focused on L1 penalty based convex formulations [109] [82].
However, these methods imposed severe restrictions on the data distribution such as
row-sampling from an incoherent orthogonal matrix [82].

Currently, most research in this area requires the corruption ratio parameter, which
is difficult to determine under the assumption that the dataset can be arbitrarily cor-
rupted. For instance, She and Owen [99] rely on a regularization parameter to control
the size of the uncorrupted set based on soft-thresholding. Instead of a regularization
parameter, Chen et al. [19] require the upper bound of the outliers number, which
is also difficult to estimate. Bhatia et al. [5] proposed a hard-thesholding algorithm
with a strong guarantee of coefficient recovery under a mild assumption on input data.
However, its recovery error can be more than doubled in size if the corruption ratio
is far from the true value. Recently, Zhang et al. [122] proposed a robust algorithm
that learns the optimal uncorrupted set via a heuristic method. However, all of these
approaches require the entire training dataset to be loaded and learned at once, which
is infeasible to apply in massive and fast growing data.

• Online and distributed learning: Most of the existing online learning methods
optimize surrogate functions such as stochastic gradient descent [28] [68] to update
estimates incrementally. For instance, Duchi et al. [28] proposed a new, informative
subgradient method that dynamically incorporates the geometric knowledge of the
data observed in earlier iterations. Some adaptive linear regression methods such as
recursive least squares [30] and online passive aggressive algorithms [21] provide an
incremental update on the regression model for new data to capture time-varying
characteristics. However, these methods cannot handle the outlier samples in the
streaming data. For distributed learning [70] [6], most approaches such as MapReduce
[24] focus on distributed solutions for large-scale problems that are not robust to noise
and corruption in real-world data.

The existing distributed robust optimization methods can be divided into two cate-
gories: those that use moment information [26] [49] and those that utilize directly on
the probability distributions [22] [29] [3]. For instance, Delage et al. [25] proposed
a model that describes uncertainty in both the distribution form and moments in a
distributed robust stochastic program. However, these methods assume either the
moment information or probability distribution as prior knowledge, which is difficult
to know in practice. In robust online learning, few methods have been proposed in
the past few years. For instance, Sharma et al. [98] proposed an online smoothed
passive-aggressive algorithm to update estimates incrementally in a robust manner.
However, the method assumes the corruption is in stochastic distributions, which is
infeasible for data with adversarial corruption. Recently, Feng et al. [33] proposed an
online robust learning approach that gives a provable robustness guarantee under the
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assumption that data corruption is heterogeneously distributed. However, the method
requires that the corruption ratio of each data batch be given as parameters, which is
not practical for users to estimate.

1.1 Research Issues

This research aims to investigate and develop robust models for adversarial data corruption
in large-scale data set. The major research issues are stated as follows:

1.1.1 Robust regression via heuristic hard-thresholding

The presence of data noise and corruptions recently has recently invoked increasing attention
on robust least-squares regression (RLSR), which addresses this fundamental problem that
learns reliable regression coefficients when response variables can be arbitrarily corrupted.
Until now, several important challenges could not be handled concurrently: 1) rigorous
recovery guarantee of regression coefficients, 2) difficulty in estimating the corruption ra-
tio parameter, and 3) scaling to massive datasets. This paper proposes a novel Robust
least-squares regression algorithm via Heuristic Corruption Thresholding (RHCT ) that con-
currently addresses all the above challenges. Specifically, the algorithm alternately optimizes
the regression coefficients and estimates the optimal uncorrupted set via heuristic thresh-
olding without a pre-defined corruption ratio parameter until its convergence. Moreover,
to improve the efficiency of corruption estimation in large-scale data, a robust regression
algorithm based on adaptive corruption estimation variation (RACT ) is proposed to deter-
mine the size of the uncorrupted set in a novel adaptive search method without iterating
data samples exhaustively. In addition, we prove that our algorithms benefit from strong
guarantees analogous to those of state-of-the-art methods in terms of convergence rates and
recovery guarantees. Extensive experiments demonstrate that the effectiveness of our new
methods is superior to that of existing methods in the recovery of both regression coefficients
and uncorrupted sets, with very competitive efficiency.

1.1.2 Online and distributed robust regressions under adversarial
data corruption

In today’s era of big data, robust least-squares regression becomes a more challenging prob-
lem when considering the adversarial corruption along with explosive growth of datasets.
Traditional robust methods can handle the noise but suffer from several challenges when ap-
plied in huge dataset including 1) computational infeasibility of handling an entire dataset at
once, 2) existence of heterogeneously distributed corruption, and 3) difficulty in corruption
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estimation when data cannot be entirely loaded. This paper proposes online and distributed
robust regression approaches, both of which can concurrently address all the above chal-
lenges. Specifically, the distributed algorithm optimizes the regression coefficients of each
data block via heuristic hard thresholding and combines all the estimates in a distributed
robust consolidation. Furthermore, an online version of the distributed algorithm is proposed
to incrementally update the existing estimates with new incoming data. We also prove that
our algorithms benefit from strong robustness guarantees in terms of regression coefficient
recovery with a constant upper bound on the error of state-of-the-art batch methods. Ex-
tensive experiments on synthetic and real datasets demonstrate that our approaches are
superior to those of existing methods in effectiveness, with competitive efficiency.

1.1.3 Robust regression via online feature selection under adver-
sarial noises

The presence of data corruption in user-generated streaming data, such as social media,
motivates a new fundamental problem that learns reliable regression coefficient when features
are not accessible entirely at one time. Until now, several important challenges still cannot be
handled concurrently: 1) corrupted data estimation when only partial features are accessible;
2) online feature selection when data contains adversarial corruption; and 3) scaling to a
massive dataset. This paper proposes a novel RObust regression algorithm via Online Feature
Selection (RoOFS ) that concurrently addresses all the above challenges. Specifically, the
algorithm iteratively updates the regression coefficients and the uncorrupted set via a robust
online feature substitution method. We also prove that our algorithm has a restricted error
bound compared to the optimal solution. Extensive empirical experiments in both synthetic
and real-world data sets demonstrated that the effectiveness of our new method is superior to
that of existing methods in the recovery of both feature selection and regression coefficients,
with very competitive efficiency.

1.1.4 Self-paced robust learning for leveraging clean labels in noisy
data

The success of training accurate models strongly depends on the availability of precisely la-
beled datasets with a sufficient amount of data samples. However, many real-world datasets
contain erroneously labeled samples that substantially hinders the learning of accurate mod-
els. Meanwhile, well-labeled data is usually expensive to obtain and contains a limited
amount for training. In this paper, we consider the problem of training a robust model
using large-scale noisy data in conjunction with a small set of clean labels. To leverage the
information contained in the clean data, we propose a novel self-paced robust learning algo-
rithm (SPRL) that trains the model in a process from more reliable (clean) data instances
to less reliable (noisy) ones under the supervision of well-labeled data. The self-paced learn-
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ing process hedges the risk of selecting corrupted data into the training set. Moreover,
theoretical analysis on the convergence of the proposed algorithm is provided under mild
assumptions. Extensive experiments on synthetic and real datasets demonstrate that our
approach is superior in effectiveness and robustness to existing methods.

1.1.5 Distributed self-paced learning in alternating direction method
of multiplier

Self-paced learning (SPL) mimics the cognitive process of humans, who generally learn from
easy samples to hard ones. One key issue in SPL is the training process required for each
instance weight depends on the other samples and thus cannot easily be run in a distributed
manner in a large-scale dataset. In this paper, we reformulate the self-paced learning prob-
lem into a distributed setting and propose a novel Distributed Self-Paced Learning method
(DSPL) to handle large scale datasets. Specifically, both the model and instance weights can
be optimized in parallel for each batch based on a consensus alternating direction method
of multipliers. We also prove the convergence of our algorithm under mild conditions. Ex-
tensive experiments on both synthetic and real datasets demonstrate that our approach is
superior to those of existing methods.

1.1.6 Robust multi-factor personality prediction with correlated
data corruption

Personality prediction in multiple factors, such as openness and agreeableness, is growing
in interest especially in the context of social media, which contains massive online posts or
likes that can potentially reveal an individual’s personality. However, the data collected from
social media inevitably contains massive amounts of noise and corruption. To address it, tra-
ditional robust methods still suffer from several important challenges, including 1) existence
of correlated corruption among multiple factors, 2) difficulty in estimating the corruption
ratio in multi-factor data, and 3) scalability to massive datasets. This paper proposes a
novel robust multi-factor personality prediction model that concurrently addresses all the
above challenges by developing a distributed robust regression algorithm. Specifically, the
algorithm optimizes regression coefficients of each factor in parallel with a heuristically es-
timated corruption ratio and then consolidates the uncorrupted set from multiple factors
in two strategies: global consensus and majority voting. We also prove that our algorithm
benefits from strong guarantees in terms of convergence rates and coefficient recovery, which
can be utilized as a generic framework for the multi-factor robust regression problem with
correlated corruption property. Extensive experiment on synthetic and real dataset demon-
strates that our algorithm is superior to those of existing methods in both effectiveness and
efficiency.
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1.2 Contributions

The major proposed research contributions can be stated as follows:

Robust regression via heuristic hard-thresholding

• Proposing efficient algorithms to address the RLSR problem. Two novel
robust regression algorithms, RHCT and RACT, are proposed to recover the regression
coefficients and uncorrupted set based on heuristic corruption thresholding and its
adaptive variation, respectively. Unlike with a fixed corruption ratio, our methods
can dynamically estimate the data corruption ratio based on the optimized regression
coefficients in each iteration. The new design of corruption estimation makes our
methods perform efficiently when the data size becomes large.

• Designing effective approaches to estimate the corruption ratio. A novel
heuristic corruption thresholding method is proposed to estimate the corruption ratio
by minimizing a novel heuristic function of residual errors. To improve the efficiency of
corruption ratio estimation when the data size is extremely large, we also propose an
adaptive variation method to estimate the corruption ratio based on adaptive searching
steps without computing heuristic values for all the data samples. Our empirical results
show the adaptive variation runs more than 500% faster than heuristic-based methods
when the data size is over 1 million.

• Providing a rigorous robustness guarantee for regression coefficient recov-
ery. We prove that our RHCT algorithm converges at a geometric rate and recovers β∗

exactly under the assumption that the least-squares function satisfies both the Subset
Strong Convexity (SSC ) and Subset Strong Smoothness (SSS ) properties. Specifically,
we prove that our corruption thresholding methods ensures that the residual of the es-
timated uncorrupted set in each iteration has a tight upper error bound for the true
uncorrupted set.

• Conducting extensive experiments for performance evaluation. Our proposed
algorithm was evaluated with six competing methods in both synthetic and real-world
datasets. The results demonstrate that our approaches consistently outperform exist-
ing methods in both regression coefficients and uncorrupted set recovery, delivering a
competitive running time.

Online and distributed robust regressions under adversarial data corruption

• Formulating a framework for the SRLR problem. A framework is proposed for
scalable robust least-squares regression problem where the entire data with adversarial
corruption is too large to store in memory all at once. Specifically, given a large
dataset with adversarial corruptions, a reliable set of regression coefficients is learned
with limited memory.
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• Proposing online and distributed algorithms to handle the adversarial cor-
ruption. By utilizing robust consolidation methods, we propose both online and
distributed algorithms to obtain overall robustness even though the corruption is ar-
bitrarily distributed. Moreover, the online algorithm performs more efficiently in han-
dling new incoming data and presents the time-varying characteristics of regression
coefficients.

• Providing a rigorous robustness guarantee for regression coefficient recov-
ery. We prove that our online and distributed algorithms recover the true regression
coefficient with a constant upper bound on the error of state-of-the-art batch methods
under the assumption that corruption can be heterogeneously distributed. Specifically,
the upper bound of online algorithm will be infinitely close to distributed algorithm
when the number of mini-batches is large enough.

• Conducting extensive experiments for performance evaluations. The pro-
posed method was evaluated on both synthetic data and real-world datasets with var-
ious corruption and data-size settings. The results demonstrate that the proposed
approaches consistently outperform existing methods along multiple metrics with a
competitive running time.

Robust regression via online feature selection under adversarial noises

• Design of an efficient algorithm to simultaneously address the problem of
data corruption and online feature. The algorithm RoOFS is proposed to recover
the regression coefficients and uncorrupted set efficiently. Unlike using entire features,
our approach alternately estimates the data corruption and selects the feature set via
a robust online feature substitution method.

• Theoretical analysis of the algorithm. We prove that our method yields a solution
with a restricted error bound compared to ground truth coefficients under the Subset
Restricted Strong Convexity (SRSC ) property.

• Demonstration of empirical effectiveness and efficiency. Our proposed algo-
rithm was evaluated with 6 competing methods in both robust regression and online
feature selection literatures. The results showed that our approach consistently out-
performs existing methods in coefficients recovery and uncorrupted set estimation,
delivering a competitive running time.

Self-paced robust learning for leveraging clean labels in noisy data

• Formulating a framework to leverage the clean labels in noisy data. A frame-
work is proposed to utilize clean labels in a large-scale noisy dataset. Specifically, the
clean labels are assumed to contain a limited size of data while the noisy dataset may
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contain an extremely large amount of data corruption. The approaches in solving ro-
bust regression and classification tasks are presented, which demonstrates the proposed
framework can be generally used in various tasks.

• Proposing a self-paced robust learning algorithm to train models under the
supervision of clean labels. The proposed self-paced algorithm learns the data
samples from clean to noisy under the supervision of clean labels, which helps to hedge
the risk of involving corrupted data into the training set. Furthermore, the algorithm
learns the training data in an order that are dynamically determined by the feedback of
the learner itself without additional prior knowledge, which makes it more extensively
utilized in practice.

• Providing a theoretical analysis for the convergence of the proposed algo-
rithm. We prove that our self-paced robust learning algorithm converges under the
assumption that the loss function selected for the estimated model has a finite lower
bound. Specifically, the objective function of our algorithm can be monotonically de-
creased in accord with the increasing learning pace parameter until it reaches the lower
bound.

• Conducting extensive experiments for performance evaluations. The pro-
posed method was evaluated on both synthetic data and real-world datasets in robust
regression and classification tasks with different corruption and data-size settings. The
results demonstrate that the proposed approaches consistently outperform existing
methods along multiple metrics.

Distributed self-paced learning in alternating direction method of multiplier

• Formulating the distributed self-paced problem. We reformulate the self-paced
problem into a distributed setting. Specifically, an auxiliary variable is introduced to
decouple the dependency of the model parameters for each data batch

• Proposing a distributed self-paced learning algorithm based on consensus
ADMM. A distributed self-paced learning algorithm based on consensus ADMM is
proposed to solve the SPL problem in a distributed setting. The algorithm optimizes
the model parameters for each batch in parallel and consolidates their values in each
iteration.

• Providing the theoretical analysis for the convergence of the proposed algo-
rithm. A theoretical analysis is provided for the convergence of our proposed DSPL
algorithm. The proof shows that our new algorithm will converge under mild assump-
tions, e.g., the loss function can be non-convex.

• Conducting extensive experiments to evaluate the proposed algorithm. Ex-
tensive experiments have been conducted utilizing both synthetic and real-world data
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based on a robust regression task. The results demonstrate that the proposed ap-
proaches consistently outperform existing methods for multiple data settings.

Robust multi-factor personality prediction with correlated data corruption

• Formulating a model for robust multi-factor personality prediction. The
proposed model considers correlation of multiple personality factors by utilizing the
correlated corruption property. Based on this property, each personality factor learns
the estimated corruption pattern from the others to improve overall performance.

• Proposing a distributed robust algorithm for the multi-factor regression
problem. The optimization of the proposed multi-factor model is a non-convex dis-
crete optimization problem, which is technically challenging. By optimizing individual
factor in parallel, the uncorrupted set is combined from each factor following two
strategies: global consensus and majority voting.

• Providing a strong recovery guarantee under the multi-factor problem set-
ting. We prove that our RMFP algorithm with global consensus strategy converges at
a geometric rate and recovers coefficients of each factor exactly under the assumption
of Subset Strong Convexity and Subset Strong Smoothness properties. Specifically, we
prove that our algorithm ensures a rigorous error bound of the regression coefficient
compared to ground truth.

• Conducting extensive experiments for performance evaluations. The pro-
posed method was evaluated on both synthetic data and real-world datasets with var-
ious corruption settings. The results demonstrate that the proposed approach runs
efficiently and consistently outperforms the best of the existing methods along multi-
ple metrics.

1.3 Organization of the Dissertation

The remainder of this research proposal is organized as follows. Chapter 2 defines the
robust regression algorithm via heuristic corruption thresholding, provide the theoretical
error bound of the proposed algorithm, and presents experiments results and discussions.
Chapter 3 describes the proposed both online and distributed robust regression model to
handle the adversarial noises, prove the theoretical property of the proposed algorithms and
then demonstrate the performance of proposed methods. Chapter 4 presents the online
feature selection algorithm with adversarial noises, and analyzes the convergence of the
proposed algorithm, and then shows the experimental results of proposed algorithm. Chapter
5 proposes a self-paced robust learning framework, and then present the evaluation results
of the proposed method. Chapter 6 proposes the distributed self-paced learning framework
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which is a distributed extension of self-paced robust learning method. Chapter 7 presents
a robust model application in multi-factor personality prediction. Chapter 8 summarizes
the work carried out, lists the associated publications, and suggests directions for future
research.



Chapter 2

Robust Regression via Heuristic
Corruption Thresholding

This chapter presents a novel heuristic-hard-thresholding based approach to handle the re-
gression coefficients recovery problem under adversarial data corruption. First, the introduc-
tion of this chapter is presented in Section 2.1. Then, Section 2.2 reviews the background and
related work in robust regression models and outlier detection methods. Section 2.3 gives
a formal problem formulation. The proposed RHCT algorithm and its adaptive variation,
RACT, are presented in Section 2.4. Section 2.5 presents the proof for the recovery guaran-
tees. In Section 2.6, the experimental results on both synthetic and real-world datasets are
analyzed, and the paper concludes with a summary of our work in Section 2.7.

2.1 Introduction

The presence of noise and corruption in real-world data can be inevitably caused by ex-
perimental errors, accidental outliers, or even adversarial data attacks. As traditional least
squares regression methods are vulnerable to outlier observations [69], we study robust least-
squares regression (RLSR) to handle the challenge of learning a reliable set of regression co-
efficients given the presence of significant adversarial corruption in its response vector. Due
to the ubiquitousness of data corruption and the popularity of regression methods, RLSR
has become a critical component of several important real-world applications in various do-
mains such as signal processing [102, 134], economics [93], bioinformatics [63] and image
processing [79,110].

Given a data matrix X = [x1, . . . xn] ∈ Rp×n and its corresponding response vector y ∈ Rn, a
commonly adopted model from existing methods assumes the observed response is obtained
from the generative model y = XTβ∗ + ε, where β∗ is the true regression coefficients that
we wish to recover and ε ∈ Rn is the noise vector under stochastic distributions. However,

12
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this method cannot explicitly model adversarial attacks on the data, which may generate
arbitrarily corrupted data. Instead, we model the noise vector into two parts: adversarial
data corruption and white noise with small bound. Then the response vector is represented
as y = XTβ∗ + u + ε, where u ∈ Rn is the corruption vector with arbitrarily corrupted
values and ε contains the white noises. Notice that for an adaptive adversary, the corruption
ratio γ cannot be larger than 1/2 since the adversary can introduce a corruption vector as
u = XT (β′ − β∗) to make it impossible for any algorithm to distinguish the ground truth
β∗ and adversarially chosen model β′.

For those seeking to address the robust regression problem, the major challenges can be sum-
marized as follows. 1) Difficulty in estimating the corrupted data. For data corruption
estimation, a common assumption for corruption vector u is that the vector is sparsely sup-
ported such as ‖u‖0 ≤ γ · n, where γ is the corruption ratio. A naive solution is to require
the parameter inputted by users, where the parameter is expected to be larger than the
exact corruption ratio γ∗ to ensure all the corrupted data is eliminated [5]. Unfortunately,
it is seldom practical for users to estimate the corruption ratio under the assumption that
the response vector can be arbitrarily corrupted. Also, the corruption vector u can be han-
dled in L1-penalty based methods [82] by solving the problem: arg minβ,u‖β‖1 + λ‖u‖1,
s.t., y = XTβ + u. However, it still requires a parameter λ to control the sparsity of data
corruption, which is also difficult for users to estimate in practice. 2) Rigorous recovery
guarantee of regression coefficients. The existing theoretical analysis on robust regres-
sion methods always assumes severe restrictions on the data distribution. For example, data
is required to be sampled from an isotropic Gaussian ensemble [110] or row-sampled from
an incoherent orthogonal matrix [82]. The severe data restrictions of these methods make
their recovery properties hard to be applied in real-world data. Moreover, some robust re-
gression methods such as a sub-sampling algorithm [73] require mild assumptions on the
data, but the recovery boundaries of their methods are not rigorous in a massive dataset.
3) Scaling to massive datasets. The fast-growing amount of data makes the efficiency
of robust regression algorithms more important than ever before. For instance, the system
of the urban Internet of Things (IoT) [117] can produce thousands of data records every
second in monitoring air quality, energy consumption, and traffic congestion. Therefore, it is
necessary for the robust model to handle data faster than the throughput of these real-world
systems.

To simultaneously address these technical challenges, this paper presents a novel Robust
regression model via Heuristic Corruption Thresholding (RHCT ) and its adaptive estimation
variation, named Robust regression via Adaptive Corruption Thresholding (RACT ). The
main contributions of our study are summarized as follows:

• Proposing efficient algorithms to address the RLSR problem. Two novel
robust regression algorithms, RHCT and RACT, are proposed to recover the regression
coefficients and uncorrupted set based on heuristic corruption thresholding and its
adaptive variation, respectively. Unlike with a fixed corruption ratio, our methods



Xuchao Zhang Chapter 2. Robust Regression via Heuristic Corruption Thresholding 14

can dynamically estimate the data corruption ratio based on the optimized regression
coefficients in each iteration. The new design of corruption estimation makes our
methods perform efficiently when the data size becomes large.

• Designing effective approaches to estimate the corruption ratio. A novel
heuristic corruption thresholding method is proposed to estimate the corruption ratio
by minimizing a novel heuristic function of residual errors. To improve the efficiency of
corruption ratio estimation when the data size is extremely large, we also propose an
adaptive variation method to estimate the corruption ratio based on adaptive searching
steps without computing heuristic values for all the data samples. Our empirical results
show the adaptive variation runs more than 500% faster than heuristic-based methods
when the data size is over 1 million.

• Providing a rigorous robustness guarantee for regression coefficient recov-
ery. We prove that our RHCT algorithm converges at a geometric rate and recovers β∗

exactly under the assumption that the least-squares function satisfies both the Subset
Strong Convexity (SSC ) and Subset Strong Smoothness (SSS ) properties. Specifically,
we prove that our corruption thresholding methods ensures that the residual of the es-
timated uncorrupted set in each iteration has a tight upper error bound for the true
uncorrupted set.

• Conducting extensive experiments for performance evaluation. Our proposed
algorithm was evaluated with six competing methods in both synthetic and real-world
datasets. The results demonstrate that our approaches consistently outperform exist-
ing methods in both regression coefficients and uncorrupted set recovery, delivering a
competitive running time.

2.2 Related Work

The work related to this paper is summarized in two categories: robust regression models
and outlier detection.

2.2.1 Robust Regression Models

A large body of literature on the robust regression problem has been built up over the last
few decades. Most of the studies focus on handling stochastic noise in small amounts [41,62];
however, these methods cannot be applied to data that exhibits malicious corruption [19].
Some work discovers regression coefficients with adversarial data corruption [5, 19, 48], but
most of them [48, 99] lack the theoretical guarantee of regression coefficients recovery. To
theoretically guarantee the recovery performance, Chen et al. [19] proposed a trimmed inner
product based algorithm, but the recovery boundary of their method is not tight in a massive
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dataset. Also, McWilliams et al. [73] proposed a sub-sampling algorithm for large-scale
corrupted linear regression; however, the recovery result they provide is not close to an exact
recovery [5]. To pursue the exact recovery results for the RLSR problem, some work focused
on L1 penalty based convex formulations [82, 109]. However, these methods imposed severe
restrictions on the data distribution such as row-sampling from an incoherent orthogonal
matrix [82]. Although robust regression methods, such as M-estimator [41] and least-trimmed
squares [94], have been shown to be effective in many applications, their success relies on
the proper choices of threshold parameters, such as corruption ratio [5] and regularization
parameter [99], which are difficult to determine manually. For instance, Chen et al. [19]
require the upper bound of the outliers number, which is also difficult to estimate when they
assume the data can be adversarially corrupted. She and Owen [99] rely on a regularization
parameter to control the size of the uncorrupted set based on soft-thresholding. Recently,
Bhatia et al. [5] proposed a hard-thresholding algorithm for the RLSR problem. Although
the method guarantees an exact recovery of regression coefficients β under a mild assumption
for covariate matrix, their results are highly dependent on the corruption ratio parameter
γ inputted by users. Specifically, the parameter is required to be larger than the exact
corruption ratio γ∗ to ensure its convergence. Unfortunately, it is seldom practical to estimate
the corruption ratio under the assumption that the response vector is arbitrarily corrupted.

2.2.2 Anomaly and Outlier Detection

Outlier detection, also known as anomaly detection, has been well studied in a wide range
of practical applications [8, 37, 81]. Literature on this work can be broadly classified into
two types [39]: parametric methods [23] and non-parametric methods [103]. Parametric
outlier detection methods explicitly assume the probabilistic or distribution model for the
given data, while the non-parametric methods do not make any specific assumption on the
data distribution. In parametric outlier detection, some work utilized heavy-tailed distri-
butions [129] such as Student t-distribution and Poisson distribution, to model the outliers,
while others detected outliers based on Gaussian distribution [39,101] under the assumption
that outliers have a small probability of occurrence in the population. However, the lack of
prior knowledge regarding the underlying distribution of the dataset makes the approaches
relying on distribution difficult to use in practice. Moreover, the data can be corrupted
adversarially without following any distribution, which makes any assumption on data dis-
tribution infeasible.

In non-parametric methods, no prior knowledge on the data distribution is assumed. One
popular non-parametric approach for outlier detection is based on kernel functions [56, 92].
These approaches utilize kernel functions to approximate the actual density distribution. The
instances lying in the low probability area of the kernel density function are declared to be
outliers. The kernel-function-based methods are computationally expensive when the data
dimension increases. Another type of work, called distance-based outlier detection methods,
detects outliers based on local neighborhood or k-nearest neighbors (kNN) in measuring the
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distance between each data point. However, both neighborhood and kNN searches in large
datasets are not expensive, which typically requires O(N2) distance computation. Compared
to distance-based methods, density-based outlier detection methods [10,11,47] generally have
a stronger capability of modeling outliers by investigating not only the neighbors but the
local densities. For instance, Breuning et al. [11] quantify the outlying degree of points
using the local outlier factor to distinguish outliers from the rest of the data no matter
the parameter of neighborhood distance. However, the approach requires computing the
local outlier factor for all data points, which is much more computationally expensive than
distance-based methods. Last, all the outlier detection methods require detecting outlier data
points before utilizing the regression models, which hardly make a theoretical guarantee on
the recovery of regression coefficients.

2.3 Problem Formulation

In this study, we consider the problem of RLSR with adversarially corrupted data. Given
a covariate matrix X = [x1, ...,xn], where each column xi ∈ Rp×1 and β∗ represents the
ground truth coefficients of the regression model, we assume the corresponding response
vector y ∈ Rn×1 is generated using the following model:

y = y∗ + u+ ε (2.1)

where y∗ = XTβ∗ and u is the unbounded corruption vector introduced by an adversary. ε
represents the additive dense noise, where εi ∼ N (0, σ2). The goal of our study is to learn a
new problem, which is to recover the regression coefficients β∗ and simultaneously determine
the uncorrupted point set Ŝ. The problem is formally defined as follows:

β̂, Ŝ = arg min
β,S

‖yS −XT
S β‖2

2

s.t. S ⊂ [n], |S| ≥ G(β)
(2.2)

Given a subset S ⊂ [n], yS restricts the row of y to indices in S and XS signifies that the
columns of X are restricted to indices in S. Therefore, we have yS ∈ R|S|×1 and XS ∈ Rp×|S|.
We use the notation S∗ = supp(u) to denote the set of uncorrupted points, where supp(·)
is the subset whose elements are not zero. Also, for any vector v ∈ Rn, the notation vS
represents the |S|-dimensional vector containing the components in S. The function G(·) is
to determine the size of set S according to the regression coefficients β, which is explained
in Section 2.4.

The optimization problem in Equation (7.3) is challenging because the joint optimization of
regression coefficients β and the uncorrupted set S is a non-convex problem in general and
existing methods cannot guarantee rigorous recovery and provide an efficient convergence
rate. To prove the theoretical recovery of regression coefficients, we require that the least
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Table 2.1: Math Notations

Notations Explanations

p, n ∈ R number of features and data samples
X ∈ Rp×n data samples containing all the features
β,β∗ ∈ Rp×1 estimated and ground truth regression coefficients
u ∈ Rn×1 corruption vector with adversarial values
ε ∈ Rn×1 dense noise vector, where εi ∼ N (0, σ2)
y ∈ Rn×1 response vector, where y = XTβ∗ + u+ ε
r ∈ Rn×1 residual vector, where r = |y −XTβ|
S ⊆ [n] estimated uncorrupted set

S∗ ⊆ [n] ground truth uncorrupted set, where S∗ = supp(u)
Ψ, Ψ∗ ⊆ [µ] estimated and ground truth feature sets

squares function satisfies the Subset Strong Convexity (SSC) and Subset Strong Smoothness
(SSS) properties, which are defined as follows:

Definition 1 (SSC and SSS Properties). The least-squares function f(β) = ‖yS−XT
S β‖

2
2

satisfies 2ζα-Subset Strong Convexity property and 2κα-Subset Strong Smoothness property
if the following holds:

ζαI �
1

2
O2fS(β) � καI for ∀S ∈ Sα (2.3)

Equation (7.8) is equivalent to

ζα ≤ min
S∈Sα

λmin(XSX
T
S ) ≤ max

S∈Sα
λmax(XSX

T
S ) ≤ κα

where λmin and λmax are defined as the smallest and largest eigenvalues of matrix X, respec-
tively. The SSC and SSS properties will be utilized in Section 2.5 to prove the theoretical
guarantee on the recovery of regression coefficients.

2.4 Proposed Methodology

We propose a robust regression algorithm via heuristic corruption thresholding, RHCT, in
Section 2.4.1. To improve the efficiency of the corruption estimation, an adaptive corruption
thresholding based algorithm, RACT, is proposed in Section 2.4.2.

2.4.1 Robust Regression via Heuristic Corruption Thresholding

In order to solve the problem in Equation (7.3) with the guarantee on the rigorous recovery
of regression coefficients, we propose a novel heuristic corruption thresholding based robust



Xuchao Zhang Chapter 2. Robust Regression via Heuristic Corruption Thresholding 18

regression algorithm, RHCT. As the regression coefficients β and uncrorrupted set S in
Equation (7.3) are interdependent, the algorithm iteratively optimizes β and S until both
of them are converged. Although the optimization of regression coefficients β has a closed-
form solution when S is fixed, the optimization of S is not trivial because it mounts to a
non-convex discrete optimization problem. To handle it, we propose a heuristic corruption
thresholding method to determine the size of set S and then apply the estimated uncorrupted
size into hard thresholding operator for the optimization of S elements.

Let residual vector r = y − XTβ and rδ(k) be the kth elements of r in ascending order of
magnitude. The heuristic corruption thresholding method determines the size of the optimal
uncorrupted set τ̂ by optimizing the following problem:

τ̂ = arg min
τ
L(τ) s.t. rδ(τ) ≤

2τrδ(τo)
τo

(2.4)

where the function L is defined as

L(τ) :=
(rδ(τ) + 1)/τ

(rδ(n) − rδ(τ))/(n− τ)
(2.5)

The variable τo in the constraint is defined as follows:

τo = arg min
1≤τ≤n

∣∣∣∣∣ r2
δ(τ) −

‖rSτ ′‖
2
2

τ ′

∣∣∣∣∣ s.t. τo ∈ Z+ (2.6)

where τ ′ = τ − dn/2e and Sτ ′ is the position set containing the smallest τ ′ elements in
residual r. The constraint is imposed to avoid the case when τ is close to n, where the
residual becomes so arbitrary that the denominator can become very large, making L much
smaller than the value of the estimated threshold τ̂ . Applying the estimated uncorrupted
set size τ̂ and residual vector r, the hard thresholding operator determines the elements in
the uncorrupted set S by selecting τ̂ samples with minimum values from residual vector r
in ascending order. The formal definition of the hard thresholding operator is as follows:

Definition 2 (Hard Thresholding Operator). Defining δ−1
r (i) as the position of the ith

element in residual vector r’s ascending order of magnitude, the heuristic hard thresholding
of r is defined as

Hτ̂ (r) = {i ∈ [n] : δ−1
r (i) ≤ τ̂} (2.7)

We will first present the reasoning behind our choice of function in this section and then show
that our heuristic function can indeed ensure a rigorous recovery of regression coefficients β
in Section 2.5. Basically, our method follows an intuition that when the coefficients β are
close to β∗, the residual ri = yi −Xiβ of the uncorrupted sample i is smaller than that of
corrupted sample in high possibility. The intuition can be explained by the generative model
in Equation (7.1), where the corrupted samples have the residual r ≈ u+ε, but the residual
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Figure 2.1: The blue line in Figure 1(a) indicates the values of residual vector r in ascend-
ing order, and the red point in Figure 1(b) shows the corresponding value of the heuristic
function. τ∗ is the estimated threshold with the minimum L; τ1 and τ2 are the candidate
threshold values in τ∗’s left- and right-hand sides, respectively.

p₁

τ₁
p₅

τ₅

p₁

Residual: 1st Iteration Residual: 5th Iteration

Figure 2.2: Residual r in ascending order for the 1st (left) and 5th (right) iterations of RHCT
algorithm.
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Algorithm 1 Heuristic Corruption Thresholding

Input: Residual vector r, sample number n.
Output: Uncorrupted Set Ŝ
l← 0, i← 1
for j = 1..n do

lj ←
(rδ(j)+1)/j

(rδ(n)−rδ(j))/(n−j)
// compute the heuristic value for each data sample.

end
repeat

τ ← δ−1
l (i)

τ ′ ← τ − dn/2e

τo ← arg min1≤k≤n

∣∣∣∣ r2
δ(k) −

‖rSτ ′ ‖
2
2

τ ′

∣∣∣∣ s.t. k ∈ Z+ // compute the value of τo based

on current τ .

if rδ(τ) ≤
2τrδ(τo)

τo
then

return Hτ (r) // return the heuristic hard thresholding H(·) when constraint is satisfied.

end
i← i+ 1

until i ≤ dn/2e
return Hdn

2
e(r) // return estimated corruption set with τ = dn2 e if no proper value of τ is

found.

of uncorrupted samples only contains the white noise ε. Moreover, as the corruption vector
u is arbitrary and unbounded, when the residual vector r is sorted in ascending order, the
slope of overall corrupted data is always much larger than the slope of the uncorrupted data.
As Figure 2.1 shows, point p∗ has the minimum L value in the feasible domain. Therefore, we
can estimate the corresponding threshold τ∗ of point p∗ as the optimal threshold. To avoid
a zero value for the numerator of L(τ), we add 1 to all the values in the residual vector.

Algorithm 1 shows the detailed steps of the heuristic corruption thresholding method. The
result of the L function for each uncorrupted size τ is computed in Lines 2-3 and stored in
vector l, which is initialized in Line 1. The method will keep searching the uncorrupted size
from the index τ = δ−1

l (1), which has the smallest value in the l vector to the largest index
δ−1
l (dn/2e) in the ascending order of l(i) until the current index τ satisfies the constraint

in Equation (7.3). Then the estimated uncorrupted set Ŝ = Hτ (r) is returned in Line 9.
Otherwise, Hdn/2e(r) is returned in Line 13 in case no τ satisfies the constraint in Equation
(7.3).

The robust regression algorithm RHCT, based on heuristic hard thresholding, is proposed
in Algorithm 2. It follows an intuitive strategy of updating β to provide a better fit for
the current estimated set S in Line 3, and updating the residual vector r in Lines 4-5. It
then estimates an active set S of uncorrupted points via heuristic hard thresholding in Line 6
based on the residual vector r = y−Xβ in the current iteration. The active set is initialized
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Algorithm 2 Rhct Algorithm

Input: Corrupted training data {xi, yi}, i = 1...n, tolerance ε
Output: solution β̂
S0 = [n], t ← 0
repeat
βt+1 ← (XStX

T
St)
−1XStySt // Update the regression coefficients β with estimated corruption

set St.

for i = 1..n do
rt+1
i ← |ySti − xTStiβ| // Update the residual value for each data sample.

end
St+1 ← HCT (rt+1) // calculate the estimated corruption set St+1 based on residual vector

rt+1.

t← t+ 1

until ‖rt+1
St+1
− rtSt‖2 < εn

return βt+1

using all the data samples in Line 1. The algorithm continues until the change in the residual
vector falls within a small range. Figure 7.1 shows the residual of the uncorrupted set in the
1st and 5th iterations. It intuitively explains the convergence progress of our algorithm: the
optimization steps of β based on St make rSt smaller than its previous iteration, and it leads
to smaller L values for items in St. Then these items in St have a much higher possibility of
being kept in St+1 than items in [n] \St. This progress continues until the active set is fixed.

2.4.2 Adaptive Corruption Thresholding

The RHCT algorithm estimates the uncorrupted set S by computing the heuristic function
L values in Equation (2.5) for each data sample and the L values of all the data samples are
required to be sorted for further uncorrupted set estimation. Although the computation of
the heuristic function for each data sample is efficient, when the data size is extremely large,
both the heuristic function computation and sorting operation are very time-consuming. To
solve this problem, a novel adaptive corruption thresholding method is proposed to estimate
the uncorrupted set without computing the heuristic function values for each data sample.
Instead, the new method starts searching for the uncorrupted size from n to dn/2e + 1 in
adaptive descent steps. Before introducing the details of the new proposed method, we will
re-formalize the problem of uncorrupted size estimation as

τ̂ := arg max
dn/2e<τ≤n

τ s.t. rδ(τ) ≤
2τrδ(τo)
τo

, τ ∈ Z+
(2.8)

where rδ(k) represents the kth elements of residual vector r in ascending order of magnitude.
The variable τo in the constraint is defined as an intermediate variable whose r2

δ(τo)
has
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the closest value to
‖rHτ ′ (r)‖22

τ ′
, where τ ′ = τ − dn/2e and Hτ ′(r) represents the position set

containing the smallest τ ′ elements in the residual r.

Compared to the problem defined in Equation (7.4), the new problem can be more efficiently
solved without computing and sorting heuristic function values. One intuitive way to solve
the problem is searching from n to dn/2e+1 one by one and returning the first τ̂ that satisfies
the constraint in Equation (2.8). Although the intuitive method is easy to implement and
can always achieve an optimal solution, it is not efficient to verify the constraint from n to
the estimated uncorrupted size τ̂ one by one when the interval between n and τ̂ is very large.
We define an intermediate variable ∆ as ∆ ≡ τorδ(τ)

2τrδ(τo)
; then the constraint in Equation (2.8)

can be rewritten as ∆ ≤ 1.

In the case that ∆ is larger than 1, we get
rδ(τ)

rδ(τo)
> 2τ

τo
> 2, which shows the residual of δ(τ)

is at least two times larger than δ(τo). Because rδ(τ) = XT
δ(τ)(β

∗ − βt) + uδ(τ) + εδ(τ) and
the variance of dense noise vector ε is small, the value of rδ(τ) is mainly dependent on the
value of data corruption uδ(τ). Since uδ(τo) ≈ 0, a decrease of τ can make uδ(τ) smaller but
keeps the value uδ(τo) unchanged. Therefore,

rδ(τ)

rδ(τo)
becomes smaller and the value of ∆ is

closer to 1. Similarly, in the case that ∆ < 1, we need to increase the value of τ to make ∆
closer to 1. It is important to note that the estimation method in Equation (2.8) requires
the coefficients β to be optimized simultaneously. Thus, we optimize the uncorrupted set S
along with coefficients β until both of them converge.

Algorithm 3 Adaptive Corruption Thresholding

Input: Residual vector r, sample number n, threshold ε, step length η
Output: Uncorrupted Set Ŝ
i← 0, τi ← n
repeat

τo ← arg min1≤k≤n

∣∣∣∣ r2
δ(k) −

‖rS
τ ′
i

‖22
τ ′i

∣∣∣∣ s.t. k ∈ Z+

∆i ←
τorδ(τi)
2τirδ(τo)

// compute the value of intermediate variable ∆ in the ith iteration.

repeat
τi+1 ← τi − bη · (∆i − 1) · nc // update τ with an adaptive searching step.

τ ′i+1 ← τi+1 − dn/2e
if τ ′i+1 < 0 then
η ← η/2 // reduct the size of parameter η if current τ is too small.

end
until τ ′i+1 > 0
i← i+ 1

until |∆i − 1| > ε
return Hτi−1

(r) // return the hard thresholding based on the τ in the i− 1th iteration.

The detailed steps of the adaptive corruption thresholding method are shown in Algorithm
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3. The uncorrupted size τi of the ith iteration is initialized to n in Line 1. The result of
auxiliary variables τo and ∆i are computed in Line 3 and Line 4, respectively. After that,
the corrupted size τi+1 is updated to τi − bη · (∆i − 1) · nc in Line 6 for the i+ 1 iteration,
where the step size is adaptively controlled by the value of ∆i − 1. Notice that if the value
of ∆i − 1 is larger than zero, a smaller uncorrupted size will be estimated; otherwise, the
size is increased. To prevent the step size from being too large, which makes the estimated
corrupted size smaller than dn/2e, the step size parameter η will also be adaptively shrunk
in Lines 8-10. Finally, the estimated uncorrupted set will be returned by hard thresholding
based on the residual vector r in Line 14.

2.5 Theoretical Recovery Analysis

In this section, the theoretical recovery analyses of our proposed algorithms will be presented.
Both the RHCT and RACT algorithms share the same constraint and recovery steps, which
leads them to have the same recovery property. Therefore, the recovery analysis of algorithm
RHCT without dense noise is shown in this section, i.e., y = XTβ + u. For the case with
dense noise, y = XTβ + u+ ε will be presented in Appendix ??.

The convergence proof relies on the optimality of two steps carried out by the algorithm, the
β optimization step that selects the best coefficients based on the uncorrupted set, and the
heuristic hard threshold step that automatically discovers the best active set based on the
current regression coefficients.

Lemma 1. For a given residual vector r ∈ Rn, let δ(k) be the k-th position of the ascending
order in vector r, i.e. rδ(1) ≤ rδ(2) ≤ ... ≤ rδ(n). For any 1 ≤ τ1 < τ2 ≤ n, let S1 = {δ(i)|1 ≤
i ≤ τ1} and S2 = {δ(i)|1 ≤ i ≤ τ2}. We then have ‖rS1‖2

2 ≤ τ1
τ2
‖rS2‖2

2 ≤ ‖rS2‖2
2.

Proof. Let S3 = {δ(i) : τ1 + 1 ≤ i ≤ τ2}. Clearly , we have ‖rS2‖2
2 = ‖rS1‖2

2 + ‖rS3‖2
2.

Moreover, since each element in S3 is larger than any of the element in S1, we have ‖rS1‖2
2 ≤

‖rS2‖2
2 + |S3|

|S1|‖rS1‖2
2 ≤

|S1|
|S1|+|S3|‖rS2‖2

2 = τ1
τ2
‖rS2‖2

2 ≤ ‖rS2‖2
2.

Lemma 2. Let St be the estimated uncorrupted set at the tth iteration. If τt ≥ τ∗ = γn, then
|S∗ ∩ St| ≥ τt − n

2
.

Proof. When St contains all the elements of [n] \ S∗, |S∗ ∩ St| gets the smallest value τt −
|[n] \ S∗|. So we have

|S∗ ∩ St| ≥ τt − |[n] \ S∗| = τt − (1− γ)n (2.9)

Because γ > 1
2
, we have
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|S∗ ∩ St| ≥ τt − n+
n

n
= τt −

n

2
(2.10)

Lemma 3. Let τt be the estimated uncorrupted threshold at the tth iteration. If τt > τ∗ = γn,

then ‖rtSt‖
2
2 ≤

[
1 + 128(1−γ)

2γ−1

]
‖rtS∗‖

2
2.

Proof. To simplify the notation, we will omit all the subscripts t that signify the tth iteration
in the explanation below and assumes the residual vector r is sorted in ascending order of
magnitude. According to the optimization step in Equation (7.4), we have the following
properties:

rτ ≤2 · τrτo
τo

(a)

≤ 8 · rτo

r2
τ

(b)

≤64

τ ′
‖rS∗∩St‖

2
2

|St \ S∗|r2
τ

(c)

≤(1− γ) · n · 64

τ ′
‖rS∗∩St‖

2
2

(2.11)

Inequality (a) follows from τo ≥ τ/4, and inequality (b) follows from the definition of τo in
Equation (7.5) and the fact that |S∗ ∩ St| ≥ τ ′ in Lemma 2. Inequality (c) follows from
|St \ S∗| ≤ (1− γ) · n and ‖rSt\S∗‖

2
2 ≤ |St \ S∗|r2

τ . Then we have

‖rSt\S∗‖
2
2 ≤
[
(1− γ) · n · 64

τ ′
+ 1
]
‖rS∗\St‖

2
2

+
[
(1− γ) · n · 64

τ ′

]
‖rS∗∩St‖

2
2

‖rSt\S∗‖
2
2 + ‖rS∗∩St‖

2
2

(d)

≤
[
(1− γ) · n · 64

τ ′
+ 1
]
‖rS∗‖

2
2

‖rSt‖
2
2

(e)

≤
[
1 +

128(1− γ)

2γ − 1

]
‖rS∗‖

2
2

(2.12)

Inequality (d) follows from ‖rS∗‖
2
2 = ‖rS∗\St‖

2
2 + ‖rS∗∩St‖

2
2. Inequality (e) follows from

τ ′ = τt − n
2
.

Theorem 1. Let X = [x1, ...,xn] ∈ Rp be the given data matrix and y = XTβ∗ + u be the

corrupted output with ‖u‖0 = γn. Let Σ0 be an invertible matrix such that X̃ = Σ
−1/2
0 X;

f(β) = ‖yS− X̃Sβ‖2
2 satisfies the SSC and SSS properties at level α, γ with 2ζα,γ and 2κα,γ.

If the data satisfies κγ
ζ1−α

< 1√
λ
(
√

2− 1), then after t = O
(

log 1
η

µ‖u‖2
ε

)
iterations, Algorithm

2 yields an ε-accurate solution βt.
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Proof. Let Gt = (XStX
T
St

)−1XSt , the tth iteration of Algorithm 2 satisfies

βt+1 = GtySt = Gt(X
T
Stβ

∗ + uSt) = β∗ +GtuSt

Thus, the residual in the (t+ 1)th iteration for any set S ⊂ [n], yields

rt+1
S = yS −XT

S β
t+1 = uS −XT

SGtuSt

For each iteration, we have two conditions when choosing different values of τ t+1. For
condition 1, τ t+1 ≤ τ∗, and we have ‖rt+1

St+1
‖2

2 ≤ ‖rt+1
S∗
‖2

2 (see Lemma 6).

‖uSt+1‖2
2 = ‖uSt+1 −XT

St+1
GtuSt‖2

2 − ‖XT
St+1

GtuSt‖2
2

+ 2uTSt+1
XT
St+1

GtuSt
(a)

≤‖XT
S∗GtuSt‖2

2 − ‖XT
St+1

GtuSt‖2
2 + 2uTSt+1

XT
St+1

GtuSt
(b)

≤
κ2
α1

ζ2
1−γ
‖uSt‖

2
2 + 2

κα1

ζ1−γ
‖uSt‖2‖uSt+1‖2

(2.13)

where α1 = maxt{1 − τt
n
}. Inequality (a) follows from ‖rt+1

St+1
‖2

2 ≤ ‖rt+1
S∗
‖2

2, and inequality

(b) follows from the setting X̃ = Σ
−1/2
0 X, the SSC /SSS properties, |St| ≤ (1 − γ) · n, and

|S∗ \ St+1| ≤ α1 · n. Solving the quadratic equation for the corruption vector gives us

‖uSt+1‖2 ≤ (1 +
√

2)
κα1

ζ1−γ
‖uSt‖2 (2.14)

For condition 2, τ t+1 > τ∗. According to Lemma 2, ‖rtSt‖
2
2 ≤ λ‖rtS∗‖

2
2 where λ = 1 + 128(1−γ)

2γ−1
,

so we have

‖uSt+1‖2
2 = ‖uSt+1 −XT

St+1
GtuSt‖2

2 − ‖XT
St+1

GtuSt‖2
2

+ 2uTStX
T
St+1

GtuSt
(c)

≤λ‖XT
S∗GtuSt‖2

2 − ‖XT
St+1

GtuSt‖2
2 + 2uTStX

T
St+1

GtuSt
(d)
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√
λ
κγ
ζ1−α2

‖uSt‖2‖uSt+1‖2

(2.15)

where α2 = maxt{1 − τt
n
}. Inequality (c) follows from Lemma 2, and inequality (d) follows

from the definition of the SSC /SSS properties, |St| ≤ (1 − α2) · n, and |S∗ \ St+1| ≤ γ · n.
Inequality (e) follows from the fact that

√
λ ≥ 1. Solving the quadratic equation in Equation

(2.15) gives us
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‖uSt+1‖2 ≤ (1 +
√

2)
√
λ
κγ
ζ1−α2

‖u‖2 (2.16)

Combine these two conditions and let t1 be the iterations for the case of condition 1. We get

‖βt+1 − β∗‖2 = ‖GtuSt‖2 ≤ µ‖uSt‖2

≤ µ · ηt11 · ηt+1−t1‖u‖2 ≤ µ · ηt+1‖u‖2

where µ = max
{√

κα1

ζ1−γ
,
√
κγ

ζ1−α2

}
, η1 =

(1+
√

2)κα1

ζ1−γ
, and η = (1+

√
2)
√
λκγ

ζ1−α2
. When κγ

ζ1−α2
<
√

2−1√
λ

, we

have η < 1, and after t = O
(

log 1
η

µ‖u‖2
ε

)
, ‖βt+1 − β∗‖2 ≤ ε.

2.6 Experimental Results

In this section, we report the extensive experimental evaluation carried out to verify the
robustness and efficiency of the proposed method. All the experiments were conducted
on a 64-bit machine with an Intel(R) core(TM) quad-core processor (i7CPU@3.6GHz) and
32.0GB memory. Details of both the source code and sample data used in the experiments
can be downloaded here.1

2.6.1 Experiment Setup

Datasets and Labels

To demonstrate the performance of our proposed method, we carried out comprehensive
experiments in both synthetic and real datasets. For the synthetic dataset, following the
setting in in [5], the simulation samples were randomly generated according to the model
in Equation (7.1) for the RLSR problem, sampling the regression coefficients β∗ ∈ Rp as a
random unit norm vector. The covariance data X was drawn independently and identically
distributed from xi ∼ N (0, Ip), and the uncorrupted response variables were generated as
y∗i = xTi β

∗. The set of corrupted points S was selected as a uniformly random (n-τ∗)-sized
subset of [n], where τ∗ is the size of the uncorrupted set. The corrupted response vector was
generated as y = y∗ + u+ ε, where the corruption vector u was sampled from the uniform
distribution [−5‖y∗‖∞, 5‖y∗‖∞] and the additive dense noise was εi ∼ N (0, σ2).

For the real-world datasets, we use house rental transaction data from New York City and
Los Angeles on the Airbnb2 website from January 2015 to October 2016. The datasets

1https://github.com/xuczhang/RHCT_ACT
2https://www.airbnb.com/
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can be downloaded here.3 For the New York City dataset, we use the first 321,530 data
samples from January 2015 to December 2015 as training data and the remaining 329,187
samples from January to October 2016 as testing data. For the Los Angeles dataset, the first
106,438 samples from May 2015 to May 2016 are chosen as training data, and the remaining
103,711 samples are used as testing data. In each dataset, there were 21 features after data
preprocessing, including the number of beds and bathrooms, location, and average price in
the area.

Evaluation Metrics

For the synthetic data, performance of the regression coefficients recovery is measured by
the standard L2 error:

e = ‖β̂ − β∗‖2

where β̂ represents the recovered coefficients for each method and β∗ is the true regression
coefficients. To validate the performance for corrupted set discovery, the F1-score is measured
by comparing the discovered corrupted sets with the actual ones. For the real-world dataset,
mean absolute error (MAE) is used to evaluate the performance of rental price prediction.
Defining ŷ and y as the predicted price and ground truth price, respectively, the mean
absolute error between ŷ and y can be presented as follows.

MAE(ŷ,y) =
1

n

n∑
i=1

∣∣ŷi − yi∣∣
To compare the scalability of each method, the CPU running time for each of the competing
methods was also measured in different settings of data size, corruption ratio, and feature
number.

Comparison Methods

The following methods are included in the performance comparison presented here: Ordinary
least squares (OLS ). The OLS method trains the model based on the whole dataset without
considering the corrupted samples in the dataset. We also compared our method to the
regularized L1 algorithm for robust regression [109] [82]. For extensive L1 minimization
solvers, Yang et al. [113] showed that the Homotopy and DALM solvers outperform other
proposed methods both in terms of recovery properties and running time. Both of the L1

solver methods are parameter free. Another recently proposed hard thresholding method [5],
Torrent (abbr. Torr), developed for robust regression, was also compared to our method.

3http://insideairbnb.com/get-the-data.html
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As the method requires a parameter for the corruption ratio, which is difficult to estimate
in practice, we chose four versions with different parameter settings: TORR*, TORR25,
TORR50, and TORR80. TORR* uses the true corruption ratio as its parameter, and the
others apply parameters that are uniformly distributed across the range of ±25%, ±50%,
and ±80% off the true value, respectively. For the RACT method, we chose the step length
η = 0.01 in all the experiments. All the results are averaged over 10 runs.

2.6.2 Recovery of Regression Coefficients

We selected six competing methods with which to evaluate the recovery performance of
regression coefficients β: OLS, DALM, Homotopy, TORR*, TORR25, and TORR50. As
the recovery error for the OLS method is almost 10 times larger than those of the other
methods, its result is not shown in Figure 7.2 in order to present the other results properly.
Figures 7.2(a) and 7.2(b) show the recovery performance for different data sizes when the
feature number is fixed. Looking at the results, we can conclude the following: 1) Both
the RHCT and RACT methods outperform all the competing methods except for TORR*,
whose parameter is rarely given in practice. 2) The results of the TORRENT -based methods
are significantly affected by their corruption ratio parameters; TORR50 performs almost
twice as badly as TORR* and yields worse results than one of the L1-Solver methods,
DALM. However, RHCT and RACT perform consistently throughout, with no impact of
the parameter. 3) The L1-Solver methods generally exhibit worse performance than the
hard-thresholding-based algorithms. Specifically, compared to DALM, Homotopy is more
sensitive to the number of corrupted instances in the data. Figure 7.2(c) shows the similar
performance when the feature number increases. Specifically, the overall recovery error of
hard-thresholding-based methods increases less than 10% when the feature number increases
100% while L1-Solver methods increase more than 50%. Figure 7.2(d) shows the performance
of hard-thresholding-based methods are almost 200% better than L1-Solver methods when
data samples are much larger than the feature number, even for the TORRENT methods
with mistakenly estimated corruption ratios. Figures 7.2(e) and 7.2(f) show that RHCT and
RACT perform equally as well as TORR* without dense noise, with all achieving almost
exact recovery of regression coefficients β.

2.6.3 Recovery of Uncorrupted Sets

As most competing methods do not explicitly estimate uncorrupted sets, we compared our
proposed methods with the TORR algorithm using a number of different parameter settings
ranging from the true corrupted ratio up to a deviation of 80%. As the results show in Table
4.2, we found the following: 1) The F1 score of RHCT is 1.1% less than that of TORR*
on average, although it is important to note that the latter uses the true corruption ratio,
which cannot be estimated exactly in practice. This indicates that the RHCT method has
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Figure 2.3: Performance on regression coefficients recovery.
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Table 2.2: F1 scores for performance on uncorrupted set recovery.

p=100, n=1K p=100, n=2K p=100, n=4K

10% 20% 30% 40% 10% 20% 30% 40% 10% 20% 30% 40%

TORR80 0.949 0.881 0.779 0.612 0.950 0.883 0.783 0.622 0.951 0.883 0.785 0.626
TORR50 0.967 0.925 0.865 0.781 0.968 0.926 0.868 0.785 0.968 0.926 0.871 0.787
TORR25 0.981 0.958 0.927 0.887 0.982 0.960 0.929 0.891 0.982 0.960 0.931 0.892
RHCT 0.989 0.979 0.973 0.956 0.991 0.987 0.977 0.964 0.992 0.987 0.978 0.971
RACT 0.993 0.989 0.984 0.972 0.993 0.989 0.984 0.978 0.993 0.989 0.985 0.981

TORR* 0.993 0.987 0.979 0.971 0.995 0.990 0.980 0.972 0.995 0.989 0.982 0.975

p=200, n=10K p=400, n=10K p=800, n=10K

10% 20% 30% 40% 10% 20% 30% 40% 10% 20% 30% 40%

TORR80 0.950 0.883 0.785 0.627 0.950 0.883 0.785 0.624 0.950 0.883 0.783 0.621
TORR50 0.968 0.927 0.871 0.788 0.968 0.926 0.870 0.786 0.968 0.926 0.869 0.785
TORR25 0.982 0.960 0.933 0.894 0.982 0.960 0.932 0.892 0.982 0.960 0.931 0.892
RHCT 0.991 0.988 0.981 0.973 0.991 0.987 0.979 0.970 0.991 0.985 0.978 0.966
RACT 0.992 0.991 0.987 0.981 0.993 0.989 0.986 0.981 0.993 0.989 0.985 0.980

TORR* 0.995 0.990 0.985 0.976 0.995 0.989 0.984 0.975 0.995 0.989 0.983 0.975

p=200, n=100K p=400, n=10K (nd) p=400, n=100K (nd)

10% 20% 30% 40% 10% 20% 30% 40% 10% 20% 30% 40%

TORR80 0.950 0.883 0.786 0.627 0.953 0.889 0.793 0.636 0.953 0.889 0.793 0.636
TORR50 0.968 0.927 0.871 0.788 0.971 0.933 0.880 0.800 0.971 0.933 0.880 0.800
TORR25 0.982 0.960 0.933 0.893 0.986 0.968 0.943 0.909 0.986 0.968 0.943 0.909
RHCT 0.992 0.989 0.982 0.974 0.994 0.994 0.993 0.993 0.993 0.994 0.994 0.993
RACT 0.990 0.990 0.987 0.982 0.992 0.993 0.994 0.993 0.943 0.994 0.991 0.990

TORR* 0.995 0.990 0.984 0.976 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

a very competitive result even though it assumes that the corruption ratio is unknown. 2)
The RACT method significantly outperforms the other methods, doing even better than
TORR* when the data contains dense noise. This is because dense noise will change the
actual corruption ratio when some data samples containing dense noise accidentally have
larger corruption residuals, which makes the TORR* method, using a fixed corruption ratio,
perform worse than the RACT method, which uses a dynamically estimated corruption ratio.
3) The results of the TORRENT -based methods are highly dependent on the corruption ratio
parameter: The results for a 25% corruption estimation error are much better than those
for an 80% error. However, RHCT and RACT are parameter-free methods that are capable
of consistently obtaining good results. 4) When increasing the data size and corruption
ratio, the F1 scores slightly increase for all the methods. In contrast, the F1 score decreases
when the feature number increases. 5) In a no-dense-noise setting, the RHCT and RACT
methods perform a near optimal recovery result, while TORR* exactly recovers the result
only because it is using the true corruption ratio. 6) Although the F1 score of the RACT
method is 1.6% better than the RHCT method on average when the data contains dense
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Table 2.3: Mean Absolute Error of Rental Price Prediction

New York City (Corruption Ratio)

5% 10% 20% 30% 40% Avg.

OLS 17.699±2.561 20.569±3.002 23.437±1.333 22.030±5.333 26.124±5.121 21.9718±3.47
DALM 58.187±12.457 53.274±19.055 63.658±27.091 84.866±21.100 67.230±27.965 61.443±21.5336

Homotopy 55.229±15.189 41.759±33.872 56.750±32.691 84.638±21.995 67.191±27.843 57.1134±26.318
TORR25 5.610±0.607 5.840±0.918 7.901±1.193 9.936±1.539 10.451±2.145 7.9476±1.2804
TORR50 8.135±1.107 9.051±1.705 11.960±1.653 13.994±1.431 14.598±1.761 11.5476±1.5314
RHCT 2.824±0.001 2.824±0.001 2.825±0.002 2.827±0.002 2.826±0.003 2.8252±0.0018
RACT 2.832±0.005 2.836±0.010 2.828±0.004 2.827±0.004 2.824±0.001 2.8294±0.0048

TORR* 2.823±0.000 2.823±0.000 2.823±0.000 2.823±0.000 2.823±0.000 2.823±0.000

Los Angeles (Corruption Ratio)

5% 10% 20% 30% 40% Avg.

OLS 22.860±1.897 27.326±7.038 31.130±5.173 37.234±6.473 42.833±4.290 32.2766±4.9742
DALM 46.700±12.764 54.572±6.245 72.702±2.590 72.011±13.405 48.056±15.309 58.8082±10.0626

Homotopy 40.682±12.510 51.578±4.661 71.229±2.371 71.690±13.777 43.499±22.270 55.7356±11.1178
TORR25 8.192±1.203 9.595±0.971 10.608±1.455 14.142±2.245 14.430±1.966 11.3934±1.568
TORR50 10.723±1.006 11.876±2.178 15.205±3.928 18.496±2.286 18.914±3.421 15.0428±2.5638
RHCT 3.992±0.001 3.992±0.001 3.995±0.003 4.065±0.024 4.067±0.087 4.0222±0.0232
RACT 4.077±0.067 4.022±0.028 4.005±0.018 3.993±0.002 3.994±0.003 4.0182±0.0236

TORR* 3.988±0.000 3.988±0.000 3.988±0.000 3.988±0.000 3.989±0.000 3.9882±0.000

noise, RHCT outperforms RACT in the no-dense-noise setting.

2.6.4 Result of Rental Price Prediction

To evaluate the robustness of our proposed methods in a real-world dataset, we compared the
performance of rental price prediction in different corruption settings, ranging from 5% to
40%. The additional corruption was sampled from the uniform distribution [−0.5|yi|, 0.5|yi|],
where |yi| represents the absolute price value of the ith sample data. We selected six com-
peting methods with which to evaluate rental price prediction performance: OLS, DALM,
Homotopy, TORR*, TORR25, and TORR50. Since the DALM and Homotopy methods
require allocation of identity matrices with the dimension of whole data samples, it leads to
an out-of-memory issue when there are more than 10,000 data samples. To solve the issue,
we randomly divide the whole dataset into batches with 10,000 samples and average the
result for each batch. Table 3.3 shows the mean absolute error of rental price prediction and
its corresponding standard deviation from 10 runs in the New York City and Los Angeles
datasets. From the result, we can conclude the following: 1) Our proposed methods, RHCT
and RACT, outperform the other methods except TORR* more than 50% in different cor-
ruption ratio settings for both datasets. Moreover, RHCT has slightly better results when
the corruption ratio is less than 30%, but RACT works better when the corruption ratio
is large. 2) The TORR* method outperforms all the other methods; however, the method
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Figure 2.4: Running time for different corruption ratios and data sizes

requires a corruption ratio parameter which is hard to estimate in practice. 3) Similar to the
result in synthetic data, TORRENT -based methods’ performance is significantly affected by
the corruption parameters. Specifically, the results of TORR25 and TORR50 are at least
50% and 80% worse than TORR*, respectively. 4) Both the DALM and Homotopy methods
perform even worse than the OLS method because their results are combined with results
in small batches due to their scalability issues. It is possible for each small batch to contain
a large amount of corrupted data.



Xuchao Zhang Chapter 2. Robust Regression via Heuristic Corruption Thresholding 33

2.6.5 Efficiency

To evaluate the efficiency of our proposed method, we compared the performance of all the
competing methods for three different data settings: different corruption ratios, data sizes,
and feature numbers in Figure 7.4(a)-7.4(c), respectively. Since the DALM and Homotopy
methods cannot be scaled to a large data size, we compared our methods with TORR-based
methods in large datasets, ranging from 100,000 to 1 million samples, in Figure 2.4(d). In
general, as Figure 7.4 shows, we can conclude the following: 1) The hard-thresholding-based
methods significantly outperformed the L1-Solver-based methods. 2) The running time of
the RHCT and RACT methods increases slowly when either the feature number or data
size increases, just as in the TORRENT -based methods. 3) Figure 7.4(a) shows that the
corruption ratio has little impact on the efficiency of all the methods because the difference of
running time in various corruption ratios is less than 5%. 4) Even though RHCT performs the
additional step of estimating the uncorrupted set in each optimization iteration, the efficiency
of RHCT still outperforms TORR in small datasets, which indicates that the heuristic
corruption thresholding step in RHCT performs efficiently and the RHCT algorithm can
converge quickly when the data size is small. However, when the data size increases from
100,000 to 1 million in Figure 2.4(d), the running time of RHCT increases more than 50
times, which is much larger than TORRENT -based methods. This fact shows the efficiency
of RHCT is highly impacted by the number of data samples, because the heuristic corruption
thresholding step requires computation of the heuristic values for each data sample and sorts
them altogether. 6) RACT outperforms all the competing methods when the data size is
larger than 100,000 in Figure 2.4(d) because its corrupted set is adaptively estimated without
computing heuristic values as in RHCT, which makes RACT less impacted by the data size.

2.7 Conclusion

In this paper, a novel robust regression algorithm, RHCT, is proposed to recover the re-
gression coefficients and the uncorrupted set in the presence of adversarial corruption in
the response vector. To determine the corrupted set, we designed a heuristic corruption
thresholding method to estimate the optimal uncorrupted set that is alternately updated
with the optimized regression coefficients. Moreover, an adaptive corruption thresholding
based algorithm, RACT, is designed to improve running-time efficiency when the amount of
data becomes extremely large. We demonstrate that our algorithms can recover regression
coefficients rigorously in the condition of the subset strong convexity and smoothness prop-
erties, with a geometric convergence rate. Extensive experiments on a massive amount of
simulation data demonstrated that the proposed algorithms outperform other comparable
methods in both effectiveness and efficiency.



Chapter 3

Online and Distributed Robust
Regression with Adversarial Noises

This chapter presents novel online and distributed robust regression approaches to handle
the extremely large dataset with adversarial data corruption. First, Section 3.1 provides an
introduction of the work. Then, Section 3.2 reviews background and related work, and Sec-
tion 3.3 introduces the problem setup. The proposed online and distributed robust regression
algorithms are presented in Section 3.4. Section 3.5 presents the proof of recovery guarantee
in regression coefficients. The experiments on both synthetic and real-world datasets are
presented in Section 3.6, and the paper concludes with a summary of the research in Section
3.7.

3.1 Introduction

In the era of data explosion, the fast-growing amount of data makes processing entire datasets
at once remarkably difficult. For instance, urban Internet of Things (IoT) systems [117] can
produce millions of data records every second in monitoring air quality, energy consumption,
and traffic congestion. More challenging, the presence of noise and corruption in real-world
data can be inevitably caused by accidental outliers [93], transmission loss [96], or even
adversarial data attacks [18]. As the most popular statistical approach, the traditional
least-squares regression method is vulnerable to outlier observations [69] and not scalable
to large datasets [72]. By considering both robustness and scalability in a least-squares
regression model, we study scalable robust least-squares regression (SRLR) to handle the
problem of learning a reliable set of regression coefficients given a large dataset with several
adversarial corruptions in its response vector. A commonly adopted model from existing
robust regression methods [5] [122] assumes that the observed response is obtained from the
generative model y = XTβ∗+u, where β∗ is the true regression coefficients that we wish to

34
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recover and u is the corruption vector with arbitrary values. However, in the SRLR problem,
our goal is to recover the true regression coefficients under the assumption that both the
observed response y and data matrix X are too large to be loaded into a single machine.
Due to the ubiquitousness of data corruptions and explosive data growth, SRLR has become
a critical component of several important real-world applications in various domains such as
economics [2], signal processing [133], and image processing [79].

Existing robust learning methods typically focus on modeling the entire dataset at once; how-
ever, they may meet the bottleneck in terms of computation and memory as more and more
datasets are becoming too large to be handled integrally. For those seeking to address this
issue, the major challenges can be summarized as follows. 1) Computational infeasibility
of handling the entire dataset at once. Existing robust methods typically generate the
predictor by learning on the entire training dataset. However, the explosive growth of data
makes it infeasible to handle the entire dataset up to a terabyte or even petabyte at once.
Therefore, a scalable algorithm is required to handle the robust regression task for massive
datasets. 2) Existence of heterogeneously distributed corruption. Due to the unpre-
dictability of corruptions, the corrupted samples can be arbitrarily distributed in the whole
dataset. Considering the entire dataset as the combination of multiple mini-batches, some
batches may contain large amounts of outliers. Thus, simply applying the robust method
on each batch and averaging all the estimates together is not an ideal strategy, as some
estimates will be arbitrarily poor and break down the overall performance of robustness. 3)
Difficulty in corruption estimation when data cannot be entirely loaded. Most
robust methods assume the corruption ratio of input data is a known parameter; however, if
a small batch of data can be loaded as inputs for robust methods, it is infeasible to know the
corruption ratio of all the mini-batches. Moreover, simply using a unified corruption ratio
for all the mini-batches is clearly not an ideal solution as corrupted samples can be regarded
as uncorrupted, and vice versa. In addition, even though some robust methods can estimate
the corruption ratio based on data observations, it is also infeasible to estimate the ratio
when corruption in one mini-batch is greater than 50%. However, the situation can be very
common when corruption is heterogeneously distributed.

In order to simultaneously address all these technical challenges, this paper presents a novel
Distributed Robust Least-squares Regression (DRLR) method and its online version, named
Online Roubst Least-squares Regression (ORLR) to handle the scalable robust regression
problem in large datasets with adversarial corruption. In DRLR, the regression coefficient
of each mini-batch is optimized via heuristic hard thresholding, and then all the estimates
are combined in distributed robust consolidation. Based on DRLR, the ORLR algorithm
incrementally updates the existing estimates by replacing old corrupted estimates with those
of new incoming data, which is more efficient than DRLR in handling new data and reflects
the time-varying characteristics. Also, we prove that both DRLR and ORLR preserve the
overall robustness of regression coefficients in the entire dataset. The main contributions of
this paper are as follows:
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• Formulating a framework for the SRLR problem. A framework is proposed for
scalable robust least-squares regression problem where the entire data with adversarial
corruption is too large to store in memory all at once. Specifically, given a large
dataset with adversarial corruptions, a reliable set of regression coefficients is learned
with limited memory.

• Proposing online and distributed algorithms to handle the adversarial cor-
ruption. By utilizing robust consolidation methods, we propose both online and
distributed algorithms to obtain overall robustness even though the corruption is ar-
bitrarily distributed. Moreover, the online algorithm performs more efficiently in han-
dling new incoming data and presents the time-varying characteristics of regression
coefficients.

• Providing a rigorous robustness guarantee for regression coefficient recov-
ery. We prove that our online and distributed algorithms recover the true regression
coefficient with a constant upper bound on the error of state-of-the-art batch methods
under the assumption that corruption can be heterogeneously distributed. Specifically,
the upper bound of online algorithm will be infinitely close to distributed algorithm
when the number of mini-batches is large enough.

• Conducting extensive experiments for performance evaluations. The pro-
posed method was evaluated on both synthetic data and real-world datasets with var-
ious corruption and data-size settings. The results demonstrate that the proposed
approaches consistently outperform existing methods along multiple metrics with a
competitive running time.

3.2 Related Work

The work related to this paper is summarized in two categories below.

Robust regression model: A large body of literature on the robust regression problem has
been built over the last few decades. Most of studies focus on handling stochastic noise or
small bounded noise [17] [62] [91], but these methods, modeling the corruption on stochastic
distributions, cannot be applied to data that may exhibit malicious corruption [18]. Some
studies assume the adversarial corruption in the data, but most of them lack the strong
guarantee of regression coefficients recovery under the arbitrary corruption assumption [18]
[72]. Chen et al. [18] proposed a robust algorithm based on a trimmed inner product,
but the recovery boundary is not tight to ground truth in a massive dataset. McWilliams
et al. [72] proposed a sub-sampling algorithm for large-scale corrupted linear regression,
but their recovery result is not close to an exact recovery [5]. To pursue exact recovery
results for robust regression problem, some studies focused on L1 penalty based convex
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formulations [109] [82]. However, these methods imposed severe restrictions on the data
distribution such as row-sampling from an incoherent orthogonal matrix [82].

Currently, most research in this area requires the corruption ratio parameter, which is diffi-
cult to determine under the assumption that the dataset can be arbitrarily corrupted. For
instance, She and Owen [99] rely on a regularization parameter to control the size of the
uncorrupted set based on soft-thresholding. Instead of a regularization parameter, Chen et
al. [19] require the upper bound of the outliers number, which is also difficult to estimate.
Bhatia et al. [5] proposed a hard-thesholding algorithm with a strong guarantee of coefficient
recovery under a mild assumption on input data. However, its recovery error can be more
than doubled in size if the corruption ratio is far from the true value. Recently, Zhang et
al. [122] proposed a robust algorithm that learns the optimal uncorrupted set via a heuristic
method. However, all of these approaches require the entire training dataset to be loaded
and learned at once, which is infeasible to apply in massive and fast growing data.

Online and distributed learning: Most of the existing online learning methods optimize
surrogate functions such as stochastic gradient descent [28] [68] to update estimates incre-
mentally. For instance, Duchi et al. [28] proposed a new, informative subgradient method
that dynamically incorporates the geometric knowledge of the data observed in earlier it-
erations. Some adaptive linear regression methods such as recursive least squares [30] and
online passive aggressive algorithms [21] provide an incremental update on the regression
model for new data to capture time-varying characteristics. However, these methods cannot
handle the outlier samples in the streaming data. For distributed learning [70] [6], most
approaches such as MapReduce [24] focus on distributed solutions for large-scale problems
that are not robust to noise and corruption in real-world data.

The existing distributed robust optimization methods can be divided into two categories:
those that use moment information [26] [49] and those that utilize directly on the probabil-
ity distributions [22] [29] [3]. For instance, Delage et al. [25] proposed a model that describes
uncertainty in both the distribution form and moments in a distributed robust stochastic
program. However, these methods assume either the moment information or probability dis-
tribution as prior knowledge, which is difficult to know in practice. In robust online learning,
few methods have been proposed in the past few years. For instance, Sharma et al. [98] pro-
posed an online smoothed passive-aggressive algorithm to update estimates incrementally in
a robust manner. However, the method assumes the corruption is in stochastic distributions,
which is infeasible for data with adversarial corruption. Recently, Feng et al. [33] proposed
an online robust learning approach that gives a provable robustness guarantee under the as-
sumption that data corruption is heterogeneously distributed. However, the method requires
that the corruption ratio of each data batch be given as parameters, which is not practical
for users to estimate.
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3.3 Problem Formulation

In this section, the problem addressed by this research is formulated.

In the setting of online and distributed learning, we consider the samples to be provided in a
sequence of mini batches as {X(1), . . . , X(m)}, where X(i) ∈ Rp×n represents the sample data
for the ith batch. We assume the corresponding response vector y(i) ∈ Rn×1 is generated
using the following model:

y(i) =
[
X(i)

]T
β∗ + u(i) + ε(i) (3.1)

where β∗ ∈ Rp×1 is the ground truth coefficients of the regression model and u(i) is the
adversarial corruption vector of the ith mini-batch. ε(i) represents the additive dense noise for
the ith mini batch, where ε

(i)
j ∼ N (0, σ2). The notations used in this paper are summarized

in Table 7.2.

The goal of addressing our problem is to recover the regression coefficients β̂ and determine
the uncorrupted set Ŝ for the entire dataset. The problem is formally defined as follows:

β̂, Ŝ = arg min
β,S

∥∥yS −XT
S β
∥∥2

2

s.t. S ∈
{

Ω
(
Z
) ∣∣ ∀i ≤ m,∀j ≤ |Z(i)| : |Z(i)

j | ≥ h(r(i))
} (3.2)

We define Z(i) as the estimated uncorrupted set for the ith mini-batch and Z = {Z(1), ... , Z(m)}
as the collection of uncorrupted sets for all the mini-batches. The size of set Z(i) is repre-
sented as |Z(i)|. The function Ω(·) consolidates the estimates of all the mini-batches in terms
of the distributed or online setting. yS restricts the row of y to indices in S, and XS signifies
that the columns of X are restricted to indices in S. Therefore, we have yS ∈ R|S|×1 and
XS ∈ Rp×|S|, where p is the number of features and |S| is the size of the uncorrupted set

S ⊂ [m · n]. The notation Z
(i)
∗ = supp(u(i)) represents the true set of uncorrupted points

in the ith mini-batch. Also, the residual vector r(i) ∈ Rn of the ith mini-batch is defined as

r(i) = y(i)−
[
X(i)

]T
β. Specifically, we use the notation r

(i)
Z to represent the |Z(i)|-dimensional

residual vector containing the components in Z(i). The constraint of Z(i) is determined by
function h(·), which is designed to estimate the size of the uncorrupted set of each mini-
batch according to the residual vector r(i). The uncorrupted set of each mini-batch will be
consolidated by function Ω(·) in both online and distributed approaches. The details of the
heuristic function h(·) and consolidation function Ω(·) will be explained in Section 3.4.

The problem defined above is very challenging in the following three aspects. First, the least-
squares function can be naively solved by taking the derivative to zero. However, as the data
samples of all m mini-batches are too large to be loaded into memory simultaneously, it is
impossible to calculate β from all the batches directly by this method. Moreover, based
on the fact that the corruption ratio can be varied for each mini-batch, we cannot simply
estimate the corruption set by using a fixed ratio for each mini-batch. In addition, since
corruption is not uniformly distributed, some mini-batches may contain an overwhelmingly
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Table 3.1: Math Notations

Notations Explanations

X(i) ∈ Rp×n collection of data samples of the ith mini-batch
y(i) ∈ Rn×1 response vector of the ith mini-batch
β(i) ∈ Rp×1 estimated regression coefficient of the ith batch

β
(i)
∗ ∈ Rp×1 ground truth regression coefficient of the ith batch
u(i) ∈ Rn×1 corruption vector of the ith batch
r(i) ∈ Rn×1 residual vector of the ith batch
ε(i) ∈ Rn×1 dense noise vector of the ith batch
Z(i) ⊆ [n] estimated uncorrupted set of the ith batch

Z
(i)
∗ ⊆ [n] ground truth uncorrupted set, where Z

(i)
∗ = supp(u(i))

S ⊆ [m · n] estimated uncorrupted set of entire dataset

amount of corrupted samples. The corresponding estimates of regression coefficients can
be arbitrarily poor and break down the overall result. In the next section, we present both
online and distributed robust regression algorithms based on heuristic hard thresholding and
robust consolidation to address all three challenges.

3.4 Methodology

In this section, we propose both online and distributed robust regression algorithms to handle
large datasets in multiple mini-batches. To handle each single mini-batch among these mini-
batches, a heuristic robust regression method (HRR) is proposed in Section 3.4.1. Based on
HRR, a new approach, DRLR, is presented in Section 3.4.2 to process multiple mini-batches
in distributed manner. Furthermore, in Section 3.4.3, a novel online version of DRLR, namely
ORLR, is proposed to incrementally update the estimate of regression coefficients with new
incoming data.

3.4.1 Single-Batch Heuristic Robust Regression

In order to efficiently solve the single batch problem when m = 1 in Equation (7.3), we
propose a robust regression algorithm, HRR, based on heuristic hard thresholding. The
algorithm heuristically determines the uncorrupted set Z(i) for the ith mini-batch according
to its residual vector r(i). Specifically, a novel heuristic function h(·) is proposed to estimate
the lower-bound size of the uncorrupted set Z(i) for each mini batch, which is formally defined
as

h(r(i)) := arg max
τ∈Z+,τ≤n

τ s.t. r
(i)
ϕ(τ) ≤

2τr
(i)
ϕ(τo)

τo
(3.3)
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ALGORITHM 1: Hrr Algorithm
Input: Corrupted data samples X ∈ Rp×n and response vector y ∈ Rn×1 for single mini

batch, tolerance ε
Output: solution β̂, Ẑ
Z0 = [n], t ← 0
repeat

βt+1 ← (XZtX
T
Zt

)−1XZtyZt
rt+1 ← |y −XTβt+1|
Zt+1 ← H(rt+1), where H(·) is defined in Equation (7.6).
t← t+ 1

until ‖rt+1
Zt+1
− rtZt‖2 < εn

return βt+1, Zt+1

where the residual vector of ith mini-batch is denoted by r(i) = y(i) −
[
X(i)

]T
β(i), and r

(i)
ϕ(k)

represents the kth elements of r(i) in ascending order of magnitude. The variable τo in the
constraint is defined as

τo = arg min
dn/2e≤τ≤n

∣∣∣∣∣(r(i)
ϕ(τ)

)2

−
‖r(i)

Zτ ′
‖2

2

τ ′

∣∣∣∣∣ (3.4)

where τ ′ = τ − dn/2e and Zτ ′ is the position set containing the smallest τ ′ elements in
residual r(i).

The design of the heuristic estimator follows a natural intuition that data points with un-
bounded corruption always have a residual higher in magnitude than that of uncorrupted
data. Moreover, the constraint in Equation (7.4) ensures the residual of the largest element τ
in our estimation cannot be too much larger than the residual of a smaller element τo. If the
element τo is too small, some uncorrupted elements will be excluded from our estimation, but
if the element is too large, some corrupted elements will be included. The formal definition
of τo is shown in Equation (7.5), in which τo is defined as a value whose squared residual is

closest to ‖r(i)
Zτ ′
‖2

2/τ
′, where τ ′ is less than the ground truth threshold τ∗. This design ensures

that |Z(i)
∗ ∩ Z(i)

t | ≥ τ − n/2, which means at least τ − n/2 elements are correctly estimated

in Z
(i)
t . In addition, the precision of the estimated uncorrupted set can be easily achieved

when fewer elements are included in the estimation, but with low recall value. To increase
the recall of our estimation, the objective function in Equation (7.4) chooses the maximum
uncorrupted set size.

Applying the uncorrupted set size generated by h(·), the heuristic hard thresholding is defined
as follows:

Definition 3 (Heuristic Hard Thresholding). Defining ϕ−1
r (i) as the position of the ith

element in residual vector r’s ascending order of magnitude, the heuristic hard thresholding
of r is defined as

H(r) = {i ∈ [n] : ϕ−1
r (i) ≤ h(r)} (3.5)



Xuchao Zhang Chapter 3. Online and Distributed Robust Regressions 41

The optimization of Z(i) is formulated as solving Equation (7.6), where the set returned by
H(r(i)) will be used to determine regression coefficients β(i).

The details of the HRR algorithm are shown in Algorithm 1, which follows an intuitive
strategy of updating regression coefficient β(i) to provide a better fit for the current estimated
uncorrupted set Zt in Line 3, and updating the residual vector in Line 4. It then estimates
the uncorrupted set Zt+1 via heuristic hard thresholding in Line 5 based on residual vector
r in the current iteration. The algorithm continues until the change in the residual vector
falls within a small range.

3.4.2 Distributed Robust Regression

Given data samples {(X(1),y(1)), . . . , (X(m),y(m))} in a sequence of mini-batches, a dis-
tributed robust regression algorithm, named DRLR, is proposed to optimize the robust re-
gression coefficients in distributed approach without loading entire data at one time. Before
we dive into the details of the DRLR algorithm, we provide some key definitions.

Definition 4 (Estimate Distance). Defining β(i) and β(j) as the estimate of the regression
coefficients for the ith and jth mini-batches respectively, the distance between the two estimates
is defined as

di,j = ‖β(i) − β(j)‖2 (3.6)

Based on the definition of estimate distance, we define the distance vector of the ith mini-
batch as d(i) ∈ Rm×1, where m is the total number of batches and d

(i)
j represents the distance

from the estimate of the ith batch to the jth batch (1 ≤ j ≤ m). We also define σk(d
(i)) and

δk(d
(i)) as the value and index of the kth smallest value in distance vector d(i), respectively.

For instance, if the 3rd batch is the 5th smallest distance in d(i) with d
(i)
3 = 0.3, then we have

σ5(d(i)) = 0.3 and δ5(d(i)) = 3.

Definition 5 (Pivot Batch). Given a set of mini-batch estimates {β(1), . . . ,β(m)} and
defining d(i) as the distance vector of the ith batch, the pth batch is defined as pivot batch if
it satisfies

p = arg min
i

σm̃(d(i)) (3.7)

where m̃ = bm/2c+ 1 is the upper number of half batches. By using the definition of pivot
batch, we define the dominating set as follows.

Definition 6 (Dominating Set). Given a set of mini-batch estimates {β(1), . . . ,β(m)} and
defining d(p) as the distance vector of the pivot batch, the dominating set Ψ is defined as
follows:
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Figure 3.1: Example for Distributed Robust Least-squares Regression

Ψ =
{
δk(d

(p))|1 ≤ k ≤ m̃
}

(3.8)

The dominating set Ψ selects the smallest m̃ batches from the distance vector d(p) of the
pivot batch, which makes a small distance between the pivot batch and any batch j ∈ Ψ.
The property will be used later in the proof of Lemma 5. Then we define the general robust
consolidation of a set of regression coefficients as follows.

Definition 7 (Robust Consolidation). Given a set of mini-batch estimates {β(1), . . . ,β(m)}
and using Ψ to denote its dominating set, the robust consolidation of the given estimates β̂
is defined as follows:

β̂ = arg min
β

{
1

T

∑
i∈Ψ

‖β(i) − β‖2

}
(3.9)

ALGORITHM 2: Drlr Algorithm
Input: Corrupted data {(X(1),y(1)), . . . , (X(m),y(m))} in m mini batches, where

X(i) ∈ Rp×n and y(i) ∈ Rn×1.
Output: solution β̂
for i = 1..m do

β(i) ← HRR(X(i),y(i))
end

p = arg mini σm̃(d(i)) // Optimize pivot batch p
Ψ =

{
δk(d

(p))|1 ≤ k ≤ m̃
}

// Find dominating set Ψ

β̂ = arg minβ
{

1
T

∑
i∈Ψ‖β(i) − β‖2

}
// Robust consolidation

return β̂



Xuchao Zhang Chapter 3. Online and Distributed Robust Regressions 43

The DRLR algorithm, shown in Algorithm 2, uses m mini-batches’ data as input and outputs
the consolidated estimate of regression coefficients β̂. First, the algorithm optimizes the
coefficient estimate β(i) of each mini batch in Line 1-2, then it combines all the estimates of
mini-batches in terms of overall robustness via distributed robust consolidation. Specifically,
the algorithm determines the pivot batch based on all the estimates in Line 3 and generates
the dominating set Ψ in Line 4. Finally, all the batch estimates are combined via robust
consolidation in Line 5. Figure 3.1 shows an example of distributed robust consolidation.
The domination set Ψ contains m̃ closest batches to pivot batch p and the green circle node
denotes the uncorrupted batch whose distance to ground truth coefficients β∗ is less than
a small error bound ε. We call the set containing all the green circle nodes as uncorrupted
batch set Ψ∗. The example shows a case that only one uncorrupted batch b is contained in
Ψ, which determines the distance between β∗ and pivot batch p. The distance between β∗
and β̂ is upper bounded by the summation of distance dβ∗,p and dβ̂,p.

3.4.3 Online Robust Regression

The DRLR algorithm, proposed in Section 3.4.2, provides a distributed approach when
a large amount of data has been collected. In this section, we present an online robust
regression algorithm, named ORLR, that incrementally updates the robust estimate based
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Figure 3.2: Examples for Online Robust Least-squares Regression
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ALGORITHM 3: Orlr Algorithm
Input: New incoming corrupted data X+ ∈ Rp×n and y+ ∈ Rn×1. Previous m mini-batch

estimates Π = {β(1), . . . ,β(m)} and their corresponding Ψ.
Output: solution β̂, Π, Ψ
β+ ← HRR(X+,y+)
s← min([m] \Ψ) // Select removed estimate s
Π+ = Π \ {β(s)} ∪ {β+}
p+ = arg mini σm̃(d(i)) // Optimize new pivot batch p+

Ψ+ =
{
δk(d

(p+))|1 ≤ k ≤ m̃
}

// Find new dominating set Ψ+

β̂ = arg minβ
{

1
m̃

∑
i∈Ψ+‖β(i) − β‖2

}
// Robust consolidation

return β̂,Π+,Ψ+

on new incoming data. Specifically, suppose the regression coefficients of the previous m
mini-batches {β(1), . . . ,β(m)} have been estimated by DRLR, the ORLR algorithm achieves
an incremental update of robust consolidation β̂ when new incoming mini-batch data X+ ∈
R
p×n and y+ ∈ Rn×1 are given.

The details of algorithm ORLR are shown in Algorithm 3. In Line 1, the regression coeffi-
cients β+ of the new data is optimized by HRR algorithm. The index of swapped estimate s
is generated in Line 2 by selecting the minimum value from [m]\Ψ, which represents the set
of estimates that are not included in dominating set Ψ. Since new estimates are appended to
the tail of Π, the usage of minimum index ensures that the oldest corrupted estimate can be
swapped out. In Line 3, the selected estimate β(s) is removed from Π while the new estimate
β+ is appended to the tail of Π. Lines 4 through 6 re-consolidate all the estimates based on
newly updated Π in the same steps as the DRLR algorithm. It is important to note that the
distance vectors used in Lines 4 and 5 are also updated corresponding to the new Π. Also,
the ORLR algorithm can be invoked repeatedly for the incoming mini-batches, where the
outputs Π and Ψ of the previous invocation can be used as the input of the next one.

Figure 3.2 shows two cases for ORLR algorithm. The first case shows the condition that
the new estimate β+ ∈ Ψ+ but not belongs to Ψ∗, and estimate s is removed. Although the
estimate b is excluded from Ψ+, the distance dβ∗,p+ can still be determined by the position

of b. The error between β∗ and β̂ can be increased, but still upper bounded by dβ∗,p+ and
dβ̂,p+ . In the second case, β+ ∈ {Ψ∗∩Ψ+}. Because the farthest node d in Ψ+ is replaced by

β+, the error between β∗ and β̂ can be decreased, but it still upper bounded by the position
of pivot batch p+. Last but not least, the third case is β+ /∈ {Ψ∗ ∪Ψ+}, which is not shown
in Figure 3.2. The case is the same as Figure 3.1 except a new estimate is added outside of
Ψ∗ and Ψ. However, the change will not impact the result of β̂.
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3.5 Theoretical Recovery Analysis

In this section, the recovery properties of regression coefficients for the proposed distributed
and online algorithms are presented in Theorem 3 and 4, respectively. Before that, the
recovery property of HRR is presented in Theorem 7.

To prove the theoretical recovery of regression coefficients for a single mini-batch, we require
that the least-squares function satisfies the Subset Strong Convexity (SSC) and Subset Strong
Smoothness (SSS) properties, which are defined as follows:

Definition 8 (SSC and SSS Properties). The least squares function f(β) = ‖yS −
XT
S β‖

2
2 satisfies the 2ζγ-Subset Strong Convexity property and 2κγ-Subset Strong Smoothness

property if the following holds:

ζγI �
1

2
O2fS(β) � κγI for ∀S ∈ Sγ (3.10)

Note that Equation (7.8) is equivalent to:

ζγ ≤ min
S∈Sγ

λmin(XSX
T
S ) ≤ max

S∈Sγ
λmax(XSX

T
S ) ≤ κγ (3.11)

where λmin and λmax denote the smallest and largest eigenvalues of matrix X, respectively.

Theorem 2 (HRR Recovery Property). Let X(i) ∈ Rp×n be the given data matrix of the

ith mini batch and the corrupted response vector y(i) =
[
X(i)

]T
β∗+u(i) + ε(i) with ‖u(i)‖0 =

γn. Let Σ0 be an invertible matrix such that X̃(i) = Σ
−1/2
0 X(i); f(β) = ‖y(i)

S − X̃
(i)
S β‖

2
2

satisfies the SSC and SSS properties at level α, γ with 2ζα,γ and 2κα,γ. If the data satisfies
ϕα,γ√
ζα
< 1

2
, after t = O

(
log 1

η

‖u(i)‖2√
nε

)
iterations, Algorithm 1 yields an ε-accurate solution β

(i)
t

with ‖β∗ − β(i)
t ‖2 ≤ ε+

C‖ε(i)‖2√
n

for some C > 0.

The proof of Theorem 7 can be found in the supplementary material1. The theoretical
analyses of regression coefficients recovery for Algorithm 2 and 3 are shown in the following.

Lemma 4. Suppose Algorithm 1 yields an ε-accurate solution β̂ with corruption ratio γ0,
and m mini-batches of data have a corruption ratio less than γ0/2, more than bm

2
c+1 batches

can yield an ε-accurate solution by Algorithm 1.

Proof. Let Ψ∗ denote the set of mini-batches that yield ε-accurate solutions and γi represent
the corruption ratio for the ith mini-batch. Then we have:

1https://goo.gl/HRwZsp
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∑
i∈[m]\Ψ∗

γin
(a)

≤
m∑
i

γin =
γ0

2
·m · n

(γ0n+ 1)(m− |Ψ∗|)
(b)

≤γ0

2
·m · n

Inequality (a) is based on
∑m

i γin =
∑

i∈Ψ∗
γin +

∑
i∈[m]\Ψ∗ γin. And inequality (a) follows

each corrupted mini-batch that contains at least γ0n+1 corrupted samples. Applying simple
algebra steps, we have

|Ψ∗| ≥ m−
γ0

2
mn

γ0n+ 1
≥ m−

γ0

2
mn

γ0n
≥ m

2

Since |Ψ∗| is an integer, then we have |Ψ∗| ≥ bm2 c+ 1.

Lemma 5. Given a set of mini-batch estimates {β(1), . . . ,β(m)} with m̃ = bm/2c+1, defining
the pth batch as its pivot batch, then we have σm̃(d(p)) ≤ 2ε.

Proof. Suppose kth mini-batch is in the uncorrupted set Ψ∗, we have ‖β(k) − β∗‖2 ≤ ε.
Similarly, for ∀i ∈ Ψ∗, we have ‖β(i) − β∗‖2 ≤ ε. According to the triangle inequality, for
∀i ∈ Ψ∗, it satisfies:

‖β(i) − β(k)‖2 − ‖β
(k) − β∗‖2 ≤‖β

(i) − β∗‖2 ≤ ε

‖β(i) − β(k)‖2 ≤2ε

Since |Ψ∗| ≥ m̃, we have σm̃(d(k)) ≤ 2ε. According to the definition of pivot batch p =
arg mini σm̃(d(i)), we have σm̃(d(p)) ≤ σm̃(d(k)) ≤ 2ε.

Theorem 3 (DRLR Recovery Property). Given data samples in m mini batches {(X(1),y(1)),
. . . , (X(m),y(m))} with a corruption ratio of γ0/2, Algorithm 2 yields an ε-accurate solution
β̂ with ‖β̂ − β∗‖2 ≤ 5ε.

Proof. Let Ψ∗ denotes the set of mini-batches that yield ε-accurate solutions. According to
Lemma 1, we have |Ψ∗| ≥ bm2 c+ 1. Because of Lemma 5, we have ∀i ∈ [1, m̃], σi(d

(p)) ≤ 2ε,
where p is the index of pivot batch and m̃ = bm/2c + 1. Using Ψ =

{
δk(d

(p))|1 ≤ k ≤ m̃
}

defined in Algorithm 2, we have ∀i, j ∈ Ψ, ‖β(i) − β(j)‖2 ≤ 2ε. As |Ψ∗| ≥ bm2 c+ 1, we have
|Ψ∗ ∩ Ψ| ≥ 1. For any k ∈ {Ψ∗ ∩ Ψ}, we have the following two properties of the kth mini
batch: 1) ∀i ∈ Ψ, ‖β(k) − β(i)‖2 ≤ 2ε; and 2) ‖β(k) − β∗‖2 ≤ ε. Applying these properties,

we get the error bound of ‖β̂ − β∗‖2 as follows.
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‖β̂ − β∗‖2 =‖β̂ − β(k) + β(k) − β∗‖2

(a)

≤‖β̂ − β(k)‖2 + ‖β(k) − β∗‖2

(b)

≤ 1

m̃

∑
i∈Ψ

‖β̂ − β(i)‖2 +
1

m̃

∑
i∈Ψ

‖β(i) − β(k)‖2 + ε

(c)

≤ 1

m̃

∑
i∈Ψ

‖β(k) − β(i)‖2 + 3ε ≤ 5ε

Inequality (a) is based on the triangle inequality of the L2 norm, and inequality (b) follows
‖β̂−β(k)‖2 = 1

T

∑
i∈Ψ‖β̂−β(i) +β(i)−β(k)‖2. Inequity (c) follows the definition of β̂, which

makes
∑

i∈Ψ‖β̂ − β(i)‖ ≤
∑

i∈Ψ‖β(k) − β(i)‖.

Theorem 4 (ORLR Recovery Property). Given m mini-batch estimates of regression
coefficients Π = {β(1), . . . ,β(m)}, their corresponding dominating set Ψ, and incoming cor-
rupted data X+ ∈ Rp×n and y+ ∈ Rn×1, Algorithm 3 yields an ε-accurate solution β̂ with
‖β̂ − β∗‖2 ≤ 5ε+ 4ε

m̃
.

Proof. Let e and s denote the index of added and removed mini-batch, respectively. Ac-
cording to Line 2 in Algorithm 3, the removed batch s /∈ Ψ. As |Ψ ∩Ψ∗| ≥ 1, there exists a
mini-batch k ∈ {Ψ∩Ψ∗} that satisfies: 1) ∀i ∈ Ψ, ‖β(k)−β(i)‖2 ≤ 2ε; and 2) ∀j ∈ {Ψ+ \ e},
‖β(k) − β(j)‖2 ≤ 2ε. So we have

‖β̂ − β(k)‖2 =
1

m̃

∑
i∈Ψ+

‖β̂ − β(i) + β(i) − β(k)‖2

(a)

≤ 1

m̃

∑
i∈Ψ+

‖β̂ − β(i)‖2 +
1

m̃

∑
i∈Ψ+

‖β(i) − β(k)‖2

(b)

≤ 2

m̃

∑
i∈Ψ+

‖β(i) − β(k)‖2

Inequality (a) is based on the triangle inequality of the L2 norm, and inequality (b) follows
the definition of β̂, which has

∑
i∈Ψ+‖β̂ − β(i)‖ ≤

∑
i∈Ψ+‖β(k) − β(i)‖.

Two conditions exist for added mini batch e. For the condition e /∈ Ψ+, the new dominating
set Ψ+ = Ψ. So ‖β̂ − β(k)‖2 ≤

2
m̃

∑
i∈Ψ‖β(i) − β(k)‖2 ≤ 4ε. For condition e ∈ Ψ+, we have
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‖β̂ − β(k)‖2 ≤
2

m̃

∑
i∈Ψ+

‖β(i) − β(k)‖2

(c)

≤ 2

m̃

(
‖β(k) − β(e)‖2 +

∑
i∈{Ψ+∩Ψ}

‖β(i) − β(k)‖2

)
(d)

≤ 4ε

m̃
(m̃− 1) +

2

m̃

(
‖β(k) − β(p)‖2 + ‖β(p) − β(e)‖2

)
(e)

≤ 4ε

m̃
(m̃− 1) +

8ε

m̃
≤ 4ε+

4ε

m̃

Inequality (c) expands the set Ψ+ into the new mini batch e and set {Ψ+ ∩ Ψ}. Inequality
(d) uses the fact that ∀i ∈ Ψ, ‖β(k)−β(i)‖2 ≤ 2ε and the triangle inequality of β(p), where p
is the pivot batch corresponding to Π. As max(‖β(k)−β(p)‖2, ‖β(p)−β(e)‖2) ≤ 2ε, inequality

(e) is satisfied. Combining two conditions, we conclude ‖β̂ − β(k)‖2 ≤ 4ε + 4ε
m̃

. Therefore,

the error bound of ‖β̂ − β∗‖2 is as follows.

‖β̂ − β∗‖2 ≤‖β̂ − β
(k)‖2 + ‖β(k) − β∗‖2

(f)

≤4ε+
4ε

m̃
+ ε ≤ 5ε+

4ε

m̃

Inequality (f) utilizes the fact that ‖β(k) − β∗‖2 ≤ ε. Note that if m̃ is large enough,

‖β̂ − β∗‖2 - 5ε, which is the same as the error bound in Theorem 3.

3.6 Experiment

In this section, the proposed algorithms DRLR and ORLR are evaluated on both synthetic
and real-world datasets. After the experiment setup has been introduced in Section 3.6.1, we
present results on the effectiveness of the methods against several existing methods on both
synthetic and real-world datasets, along with an analysis of efficiency for all the comparison
methods, in Section 3.6.2. All the experiments were conducted on a 64-bit machine with an
Intel(R) Core(TM) quad-core processor (i7CPU@3.6GHz) and 32.0GB memory. Details of
both the source code and datasets used in the experiment can be downloaded here2.

2https://goo.gl/b5qqYK
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3.6.1 Experiment Setup

Datasets and Labels

Our dataset is composed of synthetic and real-world data. The simulation samples were
randomly generated according to the model in Equation (7.1) for each mini-batch, sampling
the regression coefficients β∗ ∈ Rp as a random unit norm vector. The covariance data X(i)

for each mini-batch was drawn independently and identically distributed from xi ∼ N (0, Ip)

and the uncorrupted response variables were generated as y
(i)
∗ =

[
X(i)

]T
β∗+ ε(i), where the

additive dense noise was ε
(i)
i ∼ N (0, σ2). The corrupted response vector for each mini-batch

was generated as y(i) = y
(i)
∗ + u(i), where the corruption vector u(i) was sampled from the

uniform distribution [−5‖y(i)
∗ ‖∞, 5‖y(i)

∗ ‖∞]. The set of uncorrupted points Z
(i)
∗ was selected

as a uniformly random γ(i)n-sized subset of [n], where γ(i) is the corruption ratio of the ith

mini-batch. We define γ as the corruption ratio of the total m mini-batches; γ(i) is randomly
chosen in the condition of γ =

∑m
i γ

(i), where γ should be less than 1/2 to ensure the number
of uncorrupted samples is greater than the number of corrupted ones.

The real-world datasets we use contain house rental transaction data from New York City
and Los Angeles on Airbnb3 website from January 2015 to October 2016. The datasets
can be downloaded here4. For the New York City dataset, we use the first 321,530 data
samples from January 2015 to December 2015 as training data and the remaining 329,187
samples from January to October 2016 as testing data. For the Los Angeles dataset, the first
106,438 samples from May 2015 to May 2016 are chosen as training data, and the remaining
103,711 samples are used as testing data. In each dataset, there were 21 features after data
preprocessing, including the number of beds and bathrooms, location, and average price in
the area.

Evaluation Metrics

For the synthetic data, we measured the performance of the regression coefficients recovery
using the averaged L2 error

e = ‖β̂ − β∗‖2

where β̂ represents the recovered coefficients for each compared method and β∗ is the ground
truth regression coefficients. To compare the scalability of each method, the CPU running
time for each of the competing methods was also measured.

For the real-world dataset, we use the mean absolute error (MAE) to evaluate the perfor-
mance of rental price prediction. Defining ŷ and y as the predicted price and ground truth

3https://www.airbnb.com/
4http://insideairbnb.com/get-the-data.html
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Figure 3.3: Performance on regression coefficients recovery for different corruption ratios in uniform
distribution.
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price, respectively, the mean absolute error between ŷ and y can be presented as follows.

MAE(ŷ,y) =
1

n

n∑
i=1

∣∣ŷi − yi∣∣
Comparison Methods

The following methods are included in the performance comparison presented here: The
averaged ordinary least-squares (OLS-AVG) method takes the average over the regression
coefficients of each mini-batch, which is computed by the ordinary least-squares method.
RLHH-AVG applies a recently proposed robust method, RLHH [122], on each mini-batch
and averages the regression coefficients of all the mini-batches. Different from OLS-AVG,
RLHH-AVG can estimate the corrupted samples in each mini-batch by a heuristic method.
The online passive aggressive algorithm (OPAA) [21] is an online algorithm for adaptive
linear regression, which updates the model incrementally for each new data sample. We
set the threshold parameter ξ, which controls the inaccuracy sensitively, to 22. We also
compared our method to an online robust learning approach (ORL) [33], which addresses
both the robustness and scalability issues in the regression problem. As the method requires
a parameter for the corruption ratio, which is difficult to estimate in practice, we chose
two versions with different parameter settings: ORL* and ORL-H. ORL* uses the true
corruption ratio as its parameter, and ORL-H sets the outlier fraction λ to 0.5, which is a
recommended setting in [33] if it is unknown. For our proposed methods, we use DRLR and
ORLR to evaluate our methods in both distributed and online settings. For ORLR, we set
the number of previous mini-batch estimates to seven if not specified. All the results from
comparison methods will be averaged over 10 runs.

Table 3.2: Performance on Regression Coefficients Recovery in Different Corrupted Mini-
batches

0/20 1/20 2/20 4/20 6/20 8/20

OLS-AVG 0.126 0.133 0.147 0.169 0.193 0.208
RLHH-AVG 0.011 0.065 0.096 0.131 0.163 0.185

OPAA 1.537 1.577 1.385 1.573 1.539 1.483
ORL-H 0.346 0.362 0.358 0.392 0.417 0.442
ORL* 0.078 0.089 0.092 0.106 0.113 0.150
ORLR 0.025 0.026 0.027 0.026 0.026 0.026

DRLR 0.015 0.015 0.015 0.015 0.015 0.015
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Figure 3.4: Running time for different corruption ratios and data sizes
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Table 3.3: Mean Absolute Error of Rental Price Prediction

New York City (Corruption Ratio)

5% 10% 20% 30% 40% Avg.

OLS-AVG 3.256±0.449 3.519±0.797 3.976±0.786 4.230±1.292 4.356±1.582 3.867±0.981
RLHH-AVG 2.823±0.000 2.824±0.000 13.092±25.354 35.184±37.426 42.713±19.304 19.327±16.417

OPAA 91.287±51.475 100.864±72.239 121.087±64.618 92.735±38.063 152.479±57.553 111.690±56.790
ORL-H 6.832±0.004 6.828±0.007 6.732±0.240 6.803±0.107 6.573±0.189 6.754±0.109
ORL* 6.538±0.293 6.384±0.274 6.394±0.208 6.406±0.180 6.471±0.190 6.439±0.229
DRLR 2.824±0.000 2.824±0.000 2.823±0.000 3.185±0.523 4.342±1.784 3.200±0.461
ORLR 2.824±0.001 2.824±0.000 2.823±0.000 2.883±0.187 3.563±0.935 2.983±0.225

Los Angeles (Corruption Ratio)

5% 10% 20% 30% 40% Avg.

OLS-AVG 4.641±0.664 4.876±0.948 5.607±1.349 6.199±1.443 6.797±2.822 5.624±1.445
RLHH-AVG 3.994±0.002 3.998±0.003 4.092±0.290 28.788±47.322 30.414±35.719 14.257±16.667

OPAA 150.668±52.344 209.298±124.058 113.267±44.270 121.880±55.938 146.425±104.995 148.308±76.321
ORL-H 6.819±0.045 6.745±0.039 6.667±0.084 6.619±0.300 6.317±0.394 6.633±0.172
ORL* 6.257±0.497 6.303±0.304 6.415±0.172 6.308±0.377 6.186±0.531 6.294±0.376
DRLR 3.995±0.005 3.999±0.008 3.993±0.003 4.837±1.108 6.336±2.388 4.632±0.702
ORLR 3.997±0.008 3.999±0.009 3.994±0.004 4.466±1.141 5.802±1.990 4.452±0.630

3.6.2 Performance

This section presents the recovery performance of the regression coefficients.

Recovery of regression coefficients

We selected seven competing methods with which to evaluate the recovery performance of
all the mini-batches: OLS-AVG, RLHH-AVG, OPAA, ORL-H, ORL*, DRLR, and ORLR.
Figure 7.2 shows the performance of coefficients recovery for different corruption ratios in
uniform distribution. Specifically, Figures 7.2(a) and 7.2(b) show the recovery performance
for different data sizes when the feature number is fixed. Looking at the results, we can con-
clude: 1) The DRLR and ORLR methods outperform all the competing methods, including
ORL*, whose corruption ratio parameter uses the ground truth value. Also, the error of the
ORLR method has a small difference compared to DRLR, which indicates that the online
robust consolidation performs as well as the distributed one. 2) The results of the ORL
methods are significantly affected by their corruption ratio parameters; ORL-H performs
almost three times as badly as ORL* when the corruption ratio is less than 25%. When the
corruption ratio increases, the error of ORL-H decreases because the actual corruption ratio
is closer to 0.5, which is the estimated corruption ratio of ORL-H. However, both DRLR and
ORLR perform consistently throughout, with no impact of the parameter. 3) RLHH-AVG
has very competitive performance when the corruption ratio is less than 30% because almost
no mini-batch contains corrupted samples larger than 50% when the corruption samples are
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randomly chosen. However, when the corruption ratio increases, some of the batches may
contain large amounts of outliers, which makes some estimates be arbitrarily poor and break
down the overall performance. Thus, although RLHH-AVG works well on mini-batches with
fewer outliers, it cannot handle the case when the corrupted samples are arbitrarily dis-
tributed. 4) OPAA generally exhibits worse performance than the other algorithms because
the incremental update for each data sample makes it very sensitive to outliers. Figures
7.2(c) and 7.2(d) show the similar performance when the number of features and batches
increases. Figures 7.2(e) and 7.2(f) show that both the DRLR and ORLR methods still
outperform the other methods without dense noise, with both achieving an exact recovery
of ground truth regression coefficients β∗.

Performance on different corrupted mini-batches

Table B.1 shows the performance of regression coefficient recovery in different settings of
corrupted mini-batches, ranging from zero to eight corrupted mini-batches out of 20 mini-
batches in total. Each corrupted mini-batch used in the experiment contains 90% corrupted
samples and each uncorrupted mini-batch has 10% corrupted samples. We show the result
of averaged L2 error ‖β̂ − β∗‖2 in 10 different synthetic datasets with randomly ordered
mini-batches. From the result in Table B.1, we conclude: 1) When some mini-batches are
corrupted, the DRLR method outperforms all the competing methods, and ORLR achieves
the best performance compared to other online methods. 2) RLHH-AVG performs the
best when no mini-batch is corrupted, but its recovery error is dramatically increased when
the number of corrupted mini-batches increases. However, our methods perform consistently
when the number of corrupted mini-batches increases. 3) ORL* has competitive performance
in different settings of corrupted mini-batches. However, its recovery error still increases two
times when the number of corrupted mini-batches increases from two to eight.

Result of Rental Price Prediction

To evaluate the robustness of our proposed methods in a real-world dataset, we compared the
performance of rental price prediction in different corruption settings, ranging from 5% to
40%. The additional corruption was sampled from the uniform distribution [−0.5|yi|, 0.5|yi|],
where |yi| represents the absolute price value of the ith sample data. Table 3.3 shows the
mean absolute error of rental price prediction and its corresponding standard deviation from
10 runs in the New York City and Los Angeles datasets. From the result, we can conclude:
1) The DRLR and ORLR methods outperform all the other methods in different corruption
settings except when the corruption ratio is less than 10%. 2) The RLHH-AVG method
performs the best when the corruption ratio is less than or equal to 10%. However, as
the corruption ratio rises, the error increases dramatically because some mini-batches are
entirely corrupted. 3) The OLS-AVG method has a very competitive performance in all the
corruption settings because the deviation of sampled corruption is small, which is less than
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50% from the labeled data.

Efficiency

To evaluate the efficiency of our proposed method, we compared the performance of all the
competing methods for three different data settings: different corruption ratios, data sizes
per mini-batch, and batch numbers. In general, as Figure 7.4 shows, we can conclude: 1)
The OPAA method outperforms the other methods in the three different settings because it
does not consider the robustness of the data. Also, the ORL-H and ORL* methods have
performed similarly to OPAA method, as they use fixed corruption ratios without taking
additional steps to estimate the corruption ratio. 2) The DRLR and ORLR methods have
very competitive performance even though they take additional corruption estimation and
robust consolidation steps for each mini-batch. Moreover, with increases of the corruption
ratio, data size per batch, and batch number, the running time of both the DRLR and
ORLR methods increases linearly, which is an important characteristic for the two methods
to be extended to a large scale problem. In addition, our methods outperform the RLHH
method although it only estimates the corruption for each mini-batch but ignores the overall
robustness, which indicates that the corruption estimation step in our method performs more
efficiently than that in RLHH.

3.7 Conclusion

In this paper, distributed and online robust regression algorithms, DRLR and ORLR, are
proposed to handle the scalable least squares regression problem in the presence of adversarial
corruption. To achieve this, we proposed a heuristic hard thresholding method to estimate
the corruption set for each mini-batch and designed both online and distributed robust
consolidation methods to ensure the overall robustness. We demonstrate that our algorithms
can yield a constant upper bound on the coefficient recovery error of state-of-the-art robust
regression methods. Extensive experiments on both synthetic data and real-world rental
price data demonstrated that the proposed algorithms outperform the effectiveness of other
comparable methods with competitive efficiency.



Chapter 4

Robust Regression via Online Feature
Selection with Adversarial Noises

This chapter presents a novel online feature selection algorithm when the dataset contains
adversarial data corruption. The introduction of the work is provided in Section 4.1. Then,
Section 4.2 reviews the related work in robust regression model and online feature selection
categories. Section 4.3 gives a formal problem formulation. The proposed RoOFS algorithm
is presented in Section 4.4. Section 4.5 presents the theoretical analysis of proposed algo-
rithm. In Section 4.6, the experimental results are analyzed and the paper concludes with a
summary of our work in Section 4.7.

4.1 Introduction

The presence of noise and data corruption in real-world data can be inevitably caused by
various reasons such as experimental errors, accidental outliers, or even adversarial data
attacks. In traditional robust regression problem, reliable regression coefficients are learned
in the presence of adversarial data corruptions in its response vector. A commonly adopted
model from existing methods assumes that the observed response is obtained from the gen-
erative model y = XTβ∗+u, where β∗ is the true regression coefficients we wish to recover
and u is the corruption vector with adversarial values. In the problem setting, the data
matrix X is assumed to contain all the features that can be accessed at any time and by
arbitrarily many times.

Existing robust learning methods typically focus on modeling the entire dataset with all
the features at once; however, they may meet the bottleneck in terms of computation and
memory as more and more data sets are becoming However, the assumption is no longer
suitable to the following scenarios in the applications that contain exponentially increasing
user-generated contents: 1) features are too many to be loaded entirely. Features grows

56
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dramatically fast and becomes extremely large in. For instance, over 4.7 million movies and
televisions with 8.3 million reviews in IMDb1 online movie and television review website,
which makes it hard to load all the features entirely for any machine learning models using
the movies as features. 2) features are generated dynamically. For example, people create and
use new terms and hashtags all the time in Twitter, and the ”Likes” [80] on newly-generated
articles in Facebook can be considered as new features describing the interestingness of the
user. 3) Therefore, it is necessary to address online features in traditional robust regression
as a new fundamental problem; however, current methods either focus on robust regression
or online feature learning separately.

To the best of our knowledge, our proposed approach is the first robust regression algorithm
that can handle the online features with adversarial data corruptions. It is nontrivial to
consider online features and adversarial data corruption simultaneously in robust regression
because 1) robust methods usually estimate data corruption based on the entire data, but
online features make the data can only be partially accessible at one time; and 2) online
feature selection methods can only select features based on uncorrupted data. Simply using
robust regression and online feature selection methods sequentially makes the recovery result
of coefficients worse, which is presented in our experiments in Section 4.6. To address the
above challenges, we proposed a new robust regression algorithm via online feature selection
(RoOFS ). The main contributions of our study are summarized as follows:

• design of an efficient algorithm to simultaneously address the problem of data corrup-
tion and online feature. The algorithm RoOFS is proposed to recover the regression
coefficients and uncorrupted set efficiently. Unlike using entire features, our approach
alternately estimates the data corruption and selects the feature set via a robust online
feature substitution method.

• theoretical analysis of the algorithm. We prove that our method yields a solution
with a restricted error bound compared to ground truth coefficients under the Subset
Restricted Strong Convexity (SRSC ) property.

• demonstration of empirical effectiveness and efficiency. Our proposed algorithm was
evaluated with 6 competing methods in both robust regression and online feature
selection literatures. The results showed that our approach consistently outperforms
existing methods in coefficients recovery and uncorrupted set estimation, delivering a
competitive running time.

4.2 Related Work

The work related to this paper is summarized in the categories of robust regression model
and online feature selection as below.

1https://www.imdb.com/
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4.2.1 Robust Regression Model

A large body of literature on robust regression problem has been established over the last few
decades. Most of studies focus on handling stochastic noise in small amounts [62]; however,
these methods cannot be applied to data that may exhibit malicious corruption [19]. To
recover regression coefficients with adversarial data corruption, Chen et al. [19] proposed a
robust algorithm based on trimmed inner product. McWilliams et al. [72] proposed a sub-
sampling algorithm for large-scale corrupted linear regression, but their theoretical recovery
boundaries are not close to the ground truth [5]. Some L1 penalty based methods [82, 109]
pursue strong recovery results for robust regression problem, but these methods depend
on severe restrictions of the data distribution such as row-sampling from an incoherent
orthogonal matrix [82]. Zhang et al. [120] proposed a distributed robust algorithm to handle
the large-scale data set under adversarial data corruption.

Most research in this area requires the corruption ratio parameter, which is difficult to esti-
mate under the assumption that the dataset can be adversarially attacked. For instance, She
and Owen [99] rely on a regularization parameter to determine the size of the uncorrupted
set based on soft-thresholding. Chen et al. [19] require the upper bound of the outliers
number, which is also difficult to estimate when the data contain the adversarial data cor-
ruption. Bhatia et al. [5] proposed a hard-thresholding algorithm with a strong guarantee
of coefficient recovery under mild assumption on input data. However, the corruption ratio
parameter is required by the algorithm and its recovery error can be more than doubled
in size if the parameter is far from the true value. Recently, Zhang et al. [123] proposed a
heuristic hard-thresholding based methods that learns the optimal uncorrupted set. How-
ever, all these approaches are based on batch feature selection under the assumption that
all features can be accessed entirely at any time, which is infeasible to apply in massive and
fast growing feature set.

4.2.2 Online Feature Selection

Online feature selection methods [46, 108, 116] relaxes the requirement of batch selection
and fit the scenarios that feature cannot be accessed entirely at one time. Statistical online
feature selection algorithms [111,115,128] select features via certain statistical quantity such
as mutual information, but these methods lack of specific objectives and usually have sub-
optimal solutions for some certain tasks. Optimization based approaches [86,130] use target
oriented objective functions solved by some specific optimization techniques. These methods
usually require the regression coefficient β be sparse, i.e., ‖β‖0 ≤ µ. Grafting [87] and
its variation [130] relax the hard constraint of feature set into L1 penalty, which makes
it a convex problem. However, the parameter of L1 norm [95] is difficult to determine
because the usual cross validation strategy is unavailable for the online feature selection
scenario [107]. Yang et al. [114] proposed a limited-memory substitution algorithm based
on the L0 norm constraint. Although the hard constraint leads to an NP-hard problem, a
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Table 4.1: Math Notations

Notations Explanations
p, n ∈ R number of entire features and data samples
pt ∈ R number of features in tth time interval
µ ∈ R ratio of feature sparsity, where ‖β‖0 = µ
Xt ∈ Rpt×n data samples containing features in the tth time interval
X ∈ Rp×n data samples containing the entire features
β,β∗ ∈ Rp×1 estimated and ground truth regression coefficient
u ∈ Rn×1 corruption vector with adversarial values
ε ∈ Rn×1 dense noise vector, where εi ∼ N (0, σ2)
y ∈ Rn×1 response vector, where y = XTβ∗ + u+ ε
r ∈ Rn×1 residual vector, where r = |y −XTβ|
S ⊆ [n] estimated uncorrupted set

S∗ ⊆ [n] ground truth uncorrupted set, where S∗ = supp(u)
Ψ, Ψ∗ ⊆ [µ] estimated and ground truth feature set

theoretical guarantee for the error bound of their local optimal solution is provided. However,
none of these online feature methods can handle the adversarial data corruption.

4.3 Problem Formulation

In this study, we consider the problem of robust regression with adversarial data corruption
in the feature selection scenario in which only a few features are accessible at each time.
Given data matrix Xt ∈ Rpt×n where pt is the number of features available in the tth time
interval, and n are the number of data samples. The data matrix for all the time intervals
is represented as X = {Xt}Tt=1. We assume the corresponding response vector y ∈ Rn×1 is
generated using the following model:

y = XTβ∗ + u+ ε (4.1)

where β∗ represents the µ-sparse ground truth coefficients of the regression model i.e.,
‖β∗‖0 ≤ µ and u is the unbounded corruption vector introduced by adversarial data at-
tacks. ε ∈ Rn×1 represents the additive dense noise, where εi ∼ N (0, σ2). Different from
the corruption vector u that can be arbitrarily distributed, the dense noise εi follows normal
distribution with zero mean and a relatively small variance σ. The notations used in this
paper is summarized in Table 7.2.

The goal of our problem is to learn a new robust regression problem with online feature
selection, which is to recover the regression coefficients β∗ and simultaneously determine
the uncorrupted point set Ŝ with sequentially accessible features. The problem is formally
defined as follows:
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β̂, Ŝ = arg min
β,S

‖yS −XT
S β‖2

2

s.t. S ⊂ [n], |S| ≥ G(β), ‖β‖0 ≤ µ
(4.2)

Given a subset S ⊂ [n], yS restricts the row of y to indices in S and XS signifies that the
columns of X are restricted to indices in S. Therefore, we have yS ∈ R|S|×1 and XS ∈ Rp×|S|.
We use the notation S∗ = supp(u) to denote the ground truth set of uncorrupted points.
Also, for any vector v ∈ Rn, the notation vS represents the |S|-dimensional vector containing
the components in S. The notation Ψ = supp(β) is used to represent the set of selected
features, resulting in |Ψ| ≤ µ. Similarly, we use XΨ to signify the rows of X are restricted to
indices in Ψ and XΨ,S to restrict both the rows and columns in set Ψ and S. The function
G(·) determines the size of uncorrupted data according to the regression coefficients β, which
is explained in Section 4.4. It is worth mentioning that the features of data matrix X in
Equation (7.3) cannot be loaded entirely, but they can be accessed partially for each time
interval. Therefore, the joint optimization of β and S in our problem are very challenging
because it amounts to a non-convex discrete optimization problem under the assumption
that data matrix X cannot be access entirely at one time.

4.4 The Proposed Methodology

To solve the problem in Equation (7.3) efficiently with the guarantee on the strong recovery
of regression coefficients, we propose a novel robust regression algorithm with online feature
selection, RoOFS. The algorithm is only allowed to access part of features at each time,
which are defined as the newly incoming features in our problem. One naive solution to
handle the sequentially incoming features is to retain all the features in the memory and
then apply traditional robust feature selection methods. However, the solution has two
major drawbacks: 1) the feature set can be too large to be retained in the memory, and
2) the algorithm becomes slower and slower when the feature set increases. Therefore, we
proposed a new “robust online substitution” method to decide the retained feature set based
on an adaptively estimated corrupted set. The procedure of robust online substitution is
defined as follows:

• Update coefficients of retained features Ψ based on the estimated uncorrupted set S
as follows: βΨ :=βΨ − η XT

Ψ,S(XT
Ψ,SβΨ − yS), where η is the step length.

• Retain the top µ largest (in magnitude) elements in β and set the rest to zero. Then
all the non-zero features will be kept in the retained feature set Ψ.

• Compute the residual vector r ∈ R
n×1 with the updated coefficients β, then esti-

mate the uncorrupted feature set S via a thresholding operator Hτ (r), where τ is the
estimated size of uncorrupted set.
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The procedure will be repeatedly executed until the residual vector r converges. The thresh-
olding operator Hτ (·) is formally defined as follows:

Definition 9 (Thresholding Operator). Defining ϕ−1
v (i) as the position of the ith element

in input vector v’s ascending order of magnitude and τ as the threshold parameter, the
thresholding operator of v is defined as

Hτ (v) = {i ∈ [n] : ϕ−1
v (i) ≤ τ} (4.3)

To estimate the uncorrupted set S, the thresholding operator Hτ (·) generally requires two
inputs: residual vector r and the size of uncorrupted set τ . The residual vector r can be
computed with coefficients β as follows:

r = |y −XTβ| (4.4)

For the size of uncorrupted set, two general cases are discussed. The first case is that the
size can be estimated by users based on their prior knowledge on the data. For instance,
if we know the data corruption happens rarely, then we can estimate the uncorrupted size
as 95% of the entire data. However, it is hard to obtain prior knowledge on the data in
the real-world. Thus, in the second case, we propose a method to adaptively estimate the
uncorrupted size based on the residual vector r. The method follows an intuition that when
the coefficient β is close to β∗, the residuals of uncorrupted samples are smaller than those
of corrupted samples in strong possiblity. The intuition can be explained by the generative
model in Equation (7.1), where the corrupted samples have the residual r ≈ u+ ε, but the
residual of uncorrupted samples only contains the white noise ε.

The estimation of uncorrupted size can be formalized to solve the following problem:

τ̂ := arg max
dn/2e<τ≤n

τ s.t. rϕ(τ) ≤
2τrϕ(τo)

τo
, τ ∈ Z+

(4.5)

where rϕ(k) represents the kth elements of residual vector r in ascending order of magnitude.
The variable τo in the constraint is defined as an intermediate variable whose r2

ϕ(τo)
has

the closest value to
‖rHτ ′ (r)‖22

τ ′
, where τ ′ = τ − dn/2e and Hτ ′(r) represent the position set

containing the smallest τ ′ elements in residual r. The problem in Equation (7.4) can be
solved by searching from n to dn/2e + 1 and return the first value τ̂ which satisfies the
constraint. It is important to note that the estimation method in Equation (7.4) requires
the coefficients β to be close to β∗. Thus, we optimize the uncorrupted set S along with
coefficient β until both of them converge.

The details of RoOFS algorithm are presented in Algorithm 4. In Line 3, the algorithm
receives data matrix XΨk with the incoming feature set Ψk at time k. The new feature
set Ψk is combined into the retained feature set Ψ in Line 4. For each incoming feature
set, the algorithm iteratively optimizes the regression coefficients β and the uncorrupted
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ALGORITHM 4: RoOFS Algorithm
Input: Corrupted training data {xi, yi}, i = 1...n, feature ratio µ, tolerance ε
Output: solution β̂
β0 ← 0, Ψ = ∅, S0 = [n], t ← 0, k ← 0
repeat

Receive features XΨk from the pool Ψ̄ with index set Ψk

Ψ = Ψ ∪Ψk

repeat
βt+1

Ψ ← βtΨ − ηXT
Ψ,St

(XT
Ψ,St
βtΨ − ySt)

if |Ψ| > µ then
Ω = arg minΩ∈Ψ‖βΩ‖1 s.t. |Ω| = |Ψ| − µ
βΩ = 0
Ψ = Ψ \ Ω

end
r = |y −XTβ|
St+1 ← Hτ (r

t+1), where τ is the estimated uncorrupted size.
t← t+ 1

until ‖rt+1
St+1
− rtSt‖2 < εn

k ← k + 1
until No more features;
return βt+1, St+1

set S until the value of residual vector rtSt is converged in Line 14. Specifically, in Line 6,
regression coefficients β are updated to a better fit for the current estimated feature set Ψ
and uncorrupted set St. In Line 8, feature set Ω that contains features with |Ψ| −µ smallest
weights in β is selected. Then features in Ω are removed from the retained feature set Ψ and
the weights in βΩ are reset to zero in Lines 9 and 10. The residual vector r is updated in
Line 11, while the uncorrupted set St+1 is estimated in Line 12 by the thresholding operator.
Finally, both coefficients β and uncorrupted set S are returned in Line 17.

4.5 Theoretical Analysis

In this section, we show that the local optimal solution of our algorithm obtains a restricted
error bound compared to ground truth solution. To prove the theoretical properties of our
algorithm, we require that the least squares function satisfies the Subset Restricted Strong
Convexity (SRSC), which is defined as follows:

Definition 10 (SRSC Property). The least squares function fS(β) = ‖yS−XT
S β‖

2
2 satis-

fies Subset Restricted Strong Convexity (SRSC) Property if the following holds for ∀β1,β2 ∈
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Ωµ and ∀S ∈ Sγ:

fS(β1)− fS(β2) ≥ ∇TfS(β2)(β1 − β2) +
ϕµ
2
‖β1 − β2‖2

2 (4.6)

To provide the local optimality property of our solution, the following two lemmas are first
proved.

Lemma 6. For a given least squares function f(β) = ‖y − XTβ‖2
2, let residual vector

r = y − XTβ and δ(k) be the k-th position of the ascending order in vector r, i.e. rδ(1) ≤
rδ(2) ≤ ... ≤ rδ(n). For any 1 ≤ τ1 < τ2 ≤ n and ∀βt ∈ Ωm, let S1 = {δ(i)|1 ≤ i ≤ τ1} and
S2 = {δ(i)|1 ≤ i ≤ τ2}. We then have fS1(βt) ≤ fS2(βt).

Proof. Let S3 = {δ(i) : τ1 + 1 ≤ i ≤ τ2}. Clearly, we have fS2(βt) = fS1(βt) + fS3(βt).
Moreover, since each element in S3 is larger than any of the element in S1, we have fS1(βt) ≤
fS2(βt) + |S3|

|S1|fS1(βt) ≤ |S1|
|S1|+|S3|fS2(βt) = τ1

τ2
fS2(βt) ≤ fS2(βt).

Lemma 7. Let τ∗ = γn be the true number of uncorrupted samples and τt be the estimated
uncorrupted threshold at the t-th iteration. If τt ≤ τ∗, then fSt(β

t) ≤ fS∗(β
t). If τt > τ∗,

then fSt(β
t) ≤ λfS∗(β

t), where λ =
[
1 + 128(1−γ)

2γ−1

]
.

Proof. To simplify the notation, the subscripts t that signify the t-th iteration will be omitted
and the residual vector r is assumed to be sorted in ascending order of magnitude.

We will discuss the τt value in two different conditions compared to the value of τ∗. In the
first condition that τt ≤ τ∗, let St = {δ(i)|1 ≤ i ≤ τt} and S∗ = {δ(i)|1 ≤ i ≤ τ∗}, we have
fSt(β

t) ≤ fS∗(β
t) according to Lemma 6. When τt > τ∗, we have the following properties

according to the constraint specified in equation (7.4).

r2
τ ≤

(
2 · τrτo

τo

)2 (a)

≤ 64

τ ′
‖rS∗∩St‖

2
2

|St \ S∗|r2
τ

(b)

≤64(1− γ) · n
τ ′
‖rS∗∩St‖

2
2

The inequality (a) follows the definition of τo and the fact that |S∗∩St| ≥ τ ′. The inequality
(b) follows |St \ S∗| ≤ (1− γ) · n and ‖rSt\S∗‖

2
2 ≤ |St \ S∗|r2

τ . Then we have

fSt\S∗(β) ≤
[
64(1− γ) · n

τ ′
+ 1
]
fS∗\St(β)

+
[
64(1− γ) · n

τ ′

]
fS∗∩St(β)

fSt\S∗(β) + fS∗∩St(β)
(c)

≤
[
64(1− γ) · n

τ ′
+ 1
]
fS∗(β)

fSt(β)
(d)

≤
[
1 +

128(1− γ)

2γ − 1

]
fS∗(β)
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The inequality (c) follows fS∗(β) = fS∗\St(β) + fS∗∩St(β) and the inequality (d) follows
τ ′ = τt − n

2
.

Theorem 5. Assume that least squares function fS(β) = ‖yS − XT
S β‖

2
2 satisfies Subset

Restricted Strong Convexity (SRSC) Property for ∀β1,β2 ∈ Ωµ and ∀S ∈ Sγ, then we have

fŜ(β̂)− fS∗(β∗) ≤
αλ

1 + α
fS∗(0) +

(
λ

1 + α
− 1

)
fS∗(β

∗) (4.7)

where α =
(

1
η·ϕµ

)2
and λ =

[
1 + 128(1−γ)

2γ−1

]
. Specifically, when the uncorrupted set size is less

than ground truth, λ = 1.

Proof. As function fS(β) satisfies SRSC property, we have

fS(β1)− fS(β2) ≥ 〈∇fS(β2),β1 − β2〉+
ϕµ
2
‖β1 − β2‖2

2 (4.8)

for ∀β1,β2 ∈ Ωµ and ∀S ∈ Sγ. Let supp(β1) = Ω1, then we have

fS(β1)− fS(β2)

≥ min
supp(β)⊆Ω1

{
〈∇fS(β2),β − β2〉+

ϕµ
2
‖β − β2‖2

2

}
(a)
= − 1

2ϕµ

∥∥∥∥∥[∇fS(β2)
]

Ω1

∥∥∥∥∥
2

2

(b)

≥ −|Ω1|
2ϕµ

∥∥∥∥∥[∇fS(β2)
]

Ω1

∥∥∥∥∥
2

∞

≥− µ

2ϕµ

∥∥∥∇fS(β2)
∥∥∥2

∞

(4.9)

The equation (a) solves the minimum value of minsupp(β)⊆Ω1{·} by setting its gradient to
zero, and the inequality (b) follows |Ω1| ≤ µ. Let β1, β2 be ground truth coefficient β∗ and
estimated solution β̂ respectively, and set S be ground truth uncorrupted set S∗, then we
have

fS∗(β̂)− fS∗(β∗) ≤
µ

2ϕµ

∥∥∥∇fS∗(β̂)
∥∥∥2

∞
≤ µ

2ϕµ

(1

η
β̂min

)2

where β̂min = mini|β̂i|. According to SRSC property, we have

fS∗(0)− fS∗(β̂) ≥ 〈∇fS∗(β̂),−β̂〉+
ϕµ
2
‖β̂‖2

2

Because of 〈∇fS∗(β̂),−β̂〉 ≥ 0, we have
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µβ̂2
min ≤ ‖β̂‖

2
2 ≤

2

ϕµ

[
fS∗(0)− fS∗(β̂)

]
2ϕµ · η2

[
fS∗(β̂)− fS∗(β∗)

] (c)

≤ 2

ϕµ

[
fS∗(0)− fS∗(β̂)

]

The inequality (c) follows the Equation (4.9). Let α be
(

1
ηϕµ

)2
, then we have

fS∗(β̂)− fS∗(β∗) ≤ α
[
fS∗(0)− fS∗(β̂)

]
fS∗(β̂) ≤ α

1 + α

[
fS∗(0)− fS∗(β̂)

]
+ fS∗(β

∗)

According to Lemma 2, we have

1

λ
fŜ(β̂) ≤ fS∗(β

∗) ≤ α

1 + α

[
fS∗(0)− fS∗(β̂)

]
+ fS∗(β

∗)

fŜ(β̂)− fS∗(β∗) ≤
αλ

1 + α
fS∗(0) +

(
λ

1 + α
− 1

)
fS∗(β

∗)

Since the value of fS∗(0) and fS∗(β
∗) are both constants and fS∗(β

∗) is close to 0, the error
bound of our solution is depended on the value of αλ

1+α
. When the ratio of data corruption

γ is close to one, λ is close to one according to its definition. In addition, the value of α is
smaller when the parameter ϕµ of the SRSC property is smaller. Therefore, the error of our
solution can be close to zero when both ϕµ and γ are large enough.

4.6 Experimental Results

In this section, we report the extensive experimental evaluation performed to verify the
robustness, effectiveness of feature selection, and efficiency of the proposed method. All the
experiments were conducted on a 64-bit machine with Intel(R) core(TM) quad-core processor
(i7CPU@3.6GHz) and 32.0GB memory. Details of both the source code and sample data
used in the experiment can be downloaded here2.

2https://goo.gl/C4HQjo



Xuchao Zhang Chapter 4. Robust Regression via Online Feature Selection 66

0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
Corruption Ratio

0

1

2

3

4

5

6

7

‖β
−
β
∗
‖ 2

Graft

OS

Homotopy

DALM

TORRENT

RLHH

RoOFS

(a) p=2K, n=1K, µ/p=20%, dense

0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
Corruption Ratio

0

2

4

6

8

10

12

‖β
−
β
∗
‖ 2

Graft

OS

Homotopy

DALM

TORRENT

RLHH

RoOFS

(b) p=4K, n=1K, µ/p=20%, dense

0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
Corruption Ratio

0

1

2

3

4

5

6

7

8

‖β
−
β
∗
‖ 2

Graft

OS

Homotopy

DALM

TORRENT

RLHH

RoOFS

(c) p=4K, n=2K, µ/p=20%, dense

0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
Corruption Ratio

0

2

4

6

8

10

12

14

‖β
−
β
∗
‖ 2

Graft

OS

Homotopy

DALM

TORRENT

RLHH

RoOFS

(d) p=4K, n=1K, µ/p=40%, dense

0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
Corruption Ratio

0

2

4

6

8

10

12

14

‖β
−
β
∗
‖ 2

Graft

OS

Homotopy

DALM

TORRENT

RLHH

RoOFS

(e) p=4K, n=1K, µ/p=80%, dense

0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
Corruption Ratio

0

1

2

3

4

5

6

7

8

‖β
−
β
∗
‖ 2

Graft

OS

Homotopy

DALM

TORRENT

RLHH

RoOFS

(f) p=2K, n=1K, µ/p=20%, no dense

Figure 4.1: Performance on regression coefficients recovery for different corruption ratios in uniform
distribution.
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4.6.1 Datasets and Metrics

To demonstrate the performance of our proposed method, comprehensive experiments are
performed in synthetic datasets whose simulation samples were randomly generated accord-
ing to the model in Equation (7.1). Specifically, we sample the regression coefficients β∗ ∈ Rp

as a random unit norm vector with feature ratio constraint ‖β‖0 = µ. The data matrix X
was drawn independently and identically distributed from xi ∼ N (0, Ip) and the uncor-
rupted response variables were generated as y∗i = xTi β

∗. The set of uncorrupted samples S
was selected as a uniformly random τ∗-sized subset of [n]. The response vector y containing
corrupted samples was generated as y = y∗ + u + ε, where the corruption vector u was
sampled from the uniform distribution

[
− 5‖y∗‖∞, 5‖y∗‖∞

]
and the additive dense noise

was εi ∼ N (0, σ2). For the real-world data set, we applied our methods on the IMDb reviews
data set for the review score prediction. The data set contains 50,000 popular movie reviews
with the review score from 1 to 10 provided by the IMDb website. The adversarial data
corruption vector u was appended to its original review score, where u was also sampled
from the range

[
− 5‖y∗‖∞, 5‖y∗‖∞

]
randomly.

Following the setting in [5] [123], we measured the performance of the regression coefficients
recovery using the standard L2 error e = ‖β̂−β∗‖2, where β̂ represents the recovered coeffi-
cients for each method and β∗ is the true regression coefficients. To validate the performance
for corrupted set discovery, the F1 score is measured by comparing the discovered corrupted
sets with the actual ones. Similarly, the F1 score is also used to measure the effectiveness
of feature selection by comparing the selected feature set with actual ones. To compare the
scalability of each method, the CPU running time for each of the competing methods was
also measured.

4.6.2 Comparison Methods

The following methods are included in the performance comparison presented here: Grafting
[87]. The Grafting method is an online version of L1 regularization approach to selects
features. Online Substitution (OS ) [114] is a parameter-free online feature selection algorithm
with limited-memory. Both Grafting and OS cannot handle the adversarial data corruption
and train models without considering data corruption. We also compared our method to the
robust regression methods [109] [82]. Homotopy and DALM are two L1 based solvers that
outperform other L1 methods both in terms of recovery properties and running time [113].
A hard thresholding method, TORRENT (abbreviated ”TORR”) [5], developed for robust
regression was also compared to our method. As the method requires a parameter for the
corruption ratio, which is difficult to estimate in practice, we chose two versions of parameter
settings: TORR* and TORR25. TORR* uses the true corruption ratio as its parameter,
and TORR25 applies parameter that is uniformly distributed across the range of ±25% off
the true value. Another recently proposed heuristic hard thresholding method, RLHH [123],
is also compared in our experiment. The method is a parameter-free approach, where the
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Figure 4.2: Performance on regression coefficients recovery for different ratios of feature ratio
(n=1K, dense noise).
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data corruption is estimated by a heuristic hard thresholding method. As all these robust
methods are not designed for online feature selection, we run them individually in different
feature batches and select features with largest µ weights in regression coefficients when
‖β‖0 = µ.

4.6.3 Recovery of regression coefficients

We selected 6 competing methods with which to evaluate the recovery performance of re-
gression coefficients β: Grafting, OS, Homotopy, DALM, TORR, RLHH. Figures 7.2(a) and
7.2(b) show the recovery performance for different feature numbers when the data size is
fixed. The results show that 1) the proposed method, RoOFS, outperforms all the compet-
ing methods in all the setting of corruption ratios, and 2) The performance of RoOFS is
very resistant to the corruption data because the error of RoOFS method increases much
more slowly than others when corruption ratio increases from 5% to 40%. Figures 7.2(b) and
7.2(c) show that when data size increases, we have similar conclusion on the performance
except the overall error is decreased since more data is applied. Figures 7.2(d) and 7.2(e)
show that the result of coefficient recovery remains the same when the number of selected
features increase. Figure 7.2(f) shows that almost all the methods without the dense noise
setting perform more than 50% better than that in dense noise settings. Specifically, the
error of RoOFS is close to zero which means it can almost exactly recover the ground true
regression coefficients without the dense noise setting.

Figure 4.2 shows the recovery performance of regression coefficients in different ratios of
feature sparsity. In general, the performance of RoOFS method outperforms all the other
competing methods in all the data settings. Figure 4.2(a) and 4.2(b) show that 1) when
the feature ratio increases, the recovery error of RoOFS method grows linearly with a small
slope, which means our approach can be fitted into different settings of feature sparsity, and
2) the RoOFS method performs constantly well when the feature number increases from
2K to 4K. In addition, Figure 4.2(a) and 4.2(c) show that the RoOFS method is robust to
corrupted data, because the error is not significantly impacted when the corruption ratio
increases from 20% to 40%.

4.6.4 Recovery of Uncorrupted Set

As the online feature selection methods Grafting and OS do not explicitly estimate uncor-
rupted sets, we compared our proposed method with the robust methods: Homotopy, DALM,
TORR, and RLHH. For the TORR algorithm, we use two parameter settings of TORR* and
TORR25 for 0% and 25% deviation of true corrupted ratio, respectively. Table 4.2 shows the
following: 1) RoOFS outperforms all the other methods up to 14.9% in different settings of
data sizes, feature numbers and ratios of feature sparsity. 2) When increasing the corruption
ratio, the F1 scores decrease for all the methods. Also, the F1 scores slightly increase 0.5%
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in average when data size become two times larger, which indicates the number of features
has few influence on the estimation of uncorrupted set. 3) The result of TORR methods is
highly dependent on the corruption ratio parameter: the results of TORR* is up to 26.1%
better than TORR25. It is important to note that the true corruption ratio parameter used
in TORR* cannot be estimated exactly in practice. 4) Without the dense noise settings,
the F1 scores increase less than 1% compared to the F1 score based on the same setting
with dense noise, which shows that dense noise has small impact on the performance of
uncorrupted set recovery.

4.6.5 Performance of Feature Selection

We selected all the six competing methods to evaluate the performance of feature selection
in different settings including data sizes, feature numbers, and dense noises. For each data
setting, we chose different ratios of feature sparsity (also known as µ/p) ranging from 10%
to 60%. Table 4.3 shows the following: 1) the F1 scores of RoOFS method is up to 69.2%
better than other methods, especially when the feature ratio is less than 40%. 2) Although
the F1 scores of most methods such as Grafting and TORR are above 0.6 when the ratio is
larger than 50%, the performance degraded significantly when the ratio decreased to 10%.
However, the F1 score of RoOFS method is constantly higher than 0.85 in all the ratios of
features. 3) OS method is very competitive in the task of feature selection; however, it still
has lower F1 scores in all the settings when the ratio is less than 50%. 4) The setting of
dense noise does not have significant impact on the performance of feature selection, since
the F1 score without dense noise is only less than 1% larger than that in dense noise setting.

4.6.6 Performance in real-world data

To evaluate the robustness of our proposed methods in a real-world dataset, we compared
the performance of sentiment prediction in different corruption settings, ranging from 5%
to 40%. The dataset was first proposed by Maas et al. [66] as a benchmark for sentiment
analysis. It consists of movie reviews retrieved from IMDB website. For each movie review,
it contains several sentences. The total 100K movie reviews are divided into three parts:
25K labeled training samples, 25K labeled test samples and 50K unlabeled training samples.
The unlabeled data were designed as the additional corruption to the dataset: the score of
sentiment were random number between one to ten. Table 4.4 shows the mean absolute
error of sentiment prediction in the IMDB datasets. From the result, we can conclude:
1) RoOFS method outperform all the other methods in different corruption settings. 2)
Although the absolute error of the other methods such as Homotopy and DALM are above
4, the performance varied significantly when the ratio changed because these methods highly
dependent on the parameters and it’s hard to estimate the feature sparsity ratio and true
corruption ratio in the real-world data. However, the performance of RoOFS method is
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Table 4.3: F1 Score on Performance of Feature Selection (cr=30%).

p=10K, n=10K, dense p=20K, n=10K, dense

10% 20% 30% 40% 50% 60% 10% 20% 30% 40% 50% 60%

Grafting 0.130 0.201 0.302 0.543 0.759 0.789 0.111 0.399 0.642 0.773 0.844 0.895

OS 0.706 0.649 0.626 0.643 0.810 0.678 0.611 0.611 0.606 0.689 0.836 0.975

Homotopy 0.116 0.217 0.304 0.406 0.498 0.667 0.109 0.202 0.417 0.625 0.750 0.833

DALM 0.130 0.219 0.309 0.418 0.516 0.597 0.114 0.215 0.390 0.404 0.502 0.603

TORR 0.275 0.297 0.368 0.446 0.525 0.647 0.320 0.338 0.395 0.458 0.535 0.623

RLHH 0.193 0.261 0.338 0.416 0.510 0.647 0.322 0.336 0.390 0.461 0.536 0.628

RoOFS 0.911 0.910 0.876 0.870 0.895 0.891 0.876 0.842 0.832 0.848 0.881 0.906

p=10K, n=5K, dense p=10K, n=10K, no dense

10% 20% 30% 40% 50% 60% 10% 20% 30% 40% 50% 60%

Grafting 0.114 0.206 0.426 0.641 0.765 0.836 0.142 0.224 0.293 0.527 0.698 0.797

OS 0.657 0.596 0.618 0.688 0.840 0.961 0.688 0.682 0.647 0.649 0.655 0.688

Homotopy 0.107 0.207 0.304 0.395 0.500 0.667 0.126 0.203 0.307 0.405 0.500 0.667

DALM 0.113 0.210 0.311 0.396 0.504 0.602 0.140 0.226 0.308 0.407 0.504 0.609

TORR 0.312 0.336 0.391 0.461 0.532 0.627 0.475 0.448 0.472 0.521 0.579 0.646

RLHH 0.314 0.334 0.388 0.463 0.530 0.624 0.476 0.458 0.487 0.531 0.585 0.646

RoOFS 0.873 0.830 0.837 0.859 0.883 0.909 0.917 0.922 0.898 0.900 0.889 0.900

constantly above 3.10 in all the ratios of corruption. 3) It is true that OS has a very
competitive performance in all the corruption settings because the deviation of corruption
is small, which is less than 50% from the labeled data. But the running time of OS is too
high to train the data which has 10k features. 4) When increasing the corruption ratio, the
absolute error of RoOFS method decreased.

4.6.7 Efficiency

To evaluate the efficiency of our proposed method, we compared the performances of all the
competing methods for two difference settings: data sizes and feature numbers. For Grafting
and OS methods, the online features are handled individually due to their design. For the
other methods, a hundred features are handled together as a batch. As Figure 7.4 shows, we
found the following: 1) RoOFS algorithm has a very competitive efficiency compared to the
thresholding based methods, TORR and RLHH, and significantly outperforms other four
methods. 2) The running time of RoOFS algorithm increases linearly when both data size
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Table 4.4: Mean Absolute Error of Sentiment Prediction.

p=10K, n=10K

5% 10% 20% 30% 40% Avg

Grafting 3.162 3.162 3.162 3.162 3.162 3.162

OS 3.111 3.078 3.078 3.113 3.108 3.098

Homotopy 4.157 3.925 3.894 3.828 3.540 3.869

DALM 3.573 3.311 3.523 3.459 3.252 3.424

TORR 5.090 3.928 4.596 5.147 4.218 4.596

RLHH 5.448 4.198 3.716 4.269 4.626 4.451

RoOFS 3.074 3.073 3.072 3.070 3.066 3.071

and feature number increase, which indicates that our algorithm can be scaled to massive
datasets. 3) The running time of DALM method increases exponentially when data size
increases, however, its efficiency has rarely impacted by increasing the number of features.
4) The efficiency of Grafting method fluctuates largely on the different data sizes, which
indicates that its running time depends on the data size and content of data.

4.7 Conclusion

In this paper, a novel robust regression algorithm via online feature selection, RoOFS, is
proposed to recover the regression coefficients and the uncorrupted set under the assump-
tion that features cannot be accessed entirely at one time. To achieve this, we designed a
robust online substitution method to alternately estimate the optimal uncorrupted set and
substitute the retained feature set with newly updated features. We demonstrate that our al-
gorithm can recover regression coefficients with a restricted error bound compared to ground
truth. Extensive experiments on massive simulation data demonstrated that the proposed
algorithm outperforms other competing methods in both effectiveness and efficiency.



Chapter 5

Self-Paced Robust Learning for
Leveraging Clean Labels in Noisy
Data

This chapter presents a novel self-paced robust model to leverage the clean labels for train-
ing a large but noisy dataset. The work is introduced in Section 5.1. Then, Section 5.2
reviews related work, and Section 5.3 introduces the background and problem setup. The
proposed self-paced robust learning algorithm is presented in Section 5.4. In particular,
the convergence analysis is shown in Section 5.4.2 and Section 5.4.3 gives two motivative
examples of robust regression and classification tasks. Experiments on both synthetic and
real-world datasets are presented in Section 5.5, and the paper concludes with a summary
of the research in Section 5.6.

5.1 Introduction

The availability of well-labeled data is becoming a key factor for training a machine learning
model with high complexity, such as deep neural networks [57]. However, collecting a large-
scale dataset with clean labels usually requires cumbersome verification work by human
beings, which is time-consuming and expensive. Usually it is much easier to obtain a small
set of data precisely labeled by human experts and collect large quantities of noisy labels by
using crowd-sourcing [7] or “weak annotators” based on heuristics [9]. For example, to collect
the training images of certain keywords, one possible solution using a “weak annotator” is
to search with the keyword in an image search engine such as Google Images1. However,
the images collected by searching for a polysemous word such as “apple” will show not only
the fruit , but also the logo or products of Apple company. Although it is easy and cheap

1https://images.google.com/

75
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for a so-called “weak annotator” to collect a massive amount of training data, the collected
training samples will inevitably contain a large amount of noise.

Leveraging the prior knowledge of clean labels in noisy data is actually a crucial issue in
practice, but existing robust learning methods [72, 122] typically focus more on eliminating
noisy data. However, the data collected by “weak annotator” or crowd-sourcing can be too
noisy for existing robust methods to train an accurate model. Moreover, existing work that
utilize additional clean labels are usually designed for some specific problems such as image
classification [105, 120]. These methods typically utilize clean labels in large-scale noisy
data based on their additional domain knowledge [45, 59]; however, these approaches are
difficult to handle extremely noisy data and relied on their domain knowledge [59] heavily,
which makes them difficult be used in more general problems. For those seeking to address
these issues, the major challenges can be summarized as follows. 1) Infeasibility to train an
accurate model using clean or noisy data individually. Training models in a small amount
of well-labeled data will usually cause the overfitting problem and result in an inaccurate
model. On the other hand, weakly labeled data may contain a large amount of corrupted
data, e.g., more than 50% data can be corrupted, which makes it hard for most of the robust
learning approaches to resist the noise. 2) Difficulty to learn models from noisy data under
the supervision of a small amount of clean labels. Models trained in a small amount of clean
data is highly vulnerable to be overfitting and bias. If the biased model is directly applied to
identify the uncorrupted samples in noisy data, some corrupted samples can be mistakenly
included in the training set. 3) Lack of domain knowledge to utilize clean labels to extract the
uncorrupted samples from noisy data. Most of the existing work using additional clean labels
depends on extra domain knowledges, such as utilizing the information of label relations in
a knowledge graph [59] for image classification task. However, these domain knowledge is
usually hard to obtain in practice and prevents these methods to be more extensively used
in general situations.

To address all these technical challenges, this paper presents a novel self-paced robust learn-
ing approach, named SPRL, to leverage the clean labels in noisy data by a self-paced training
process based on samples in a nearly optimal sequence on the noisiness. The main contri-
butions of this paper are as follows: 1) Formulating a framework to leverage the clean labels
in noisy data. A framework is proposed to utilize clean labels in a large-scale noisy dataset.
Specifically, the clean labels are assumed to contain a limited size of data while the noisy
dataset may contain an extremely large amount of data corruption. The approaches in solv-
ing robust regression and classification tasks are presented, which demonstrates the proposed
framework can be generally used in various tasks. 2) Proposing a self-paced robust learning
algorithm to train models under the supervision of clean labels. The proposed self-paced
algorithm learns the data samples from clean to noisy under the supervision of clean labels,
which helps to hedge the risk of involving corrupted data into the training set. Further-
more, the algorithm learns the training data in an order that are dynamically determined
by the feedback of the learner itself without additional prior knowledge, which makes it
more extensively utilized in practice. Furthermore, 3) Providing a theoretical analysis for
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the convergence of the proposed algorithm. We prove that our self-paced robust learning
algorithm converges under the assumption that the loss function selected for the estimated
model has a finite lower bound. Specifically, the objective function of our algorithm can
be monotonically decreased in accord with the increasing learning pace parameter until it
reaches the lower bound. 4) Conducting extensive experiments for performance evaluations.
The proposed method was evaluated on both synthetic data and real-world datasets in ro-
bust regression and classification tasks with different corruption and data-size settings. The
results demonstrate that the proposed approaches consistently outperform existing methods
along multiple metrics. To the best of our knowledge, this is the first work to train models
from noisy dataset by utilizing clean labels in a self-paced learning process.

5.2 Related Work

The work related to this paper is summarized in three categories below.

5.2.1 Self-Paced Learning

In recent years, self-paced learning [53] has received widespread attention for various appli-
cations in machine learning, such as image classification [44], event detection [42] and object
tracking [104,118]. Inspired by the learning processes used by humans and animals [4], self-
paced learning (SPL) [53] considers training data in a meaningful order, from easy to hard,
to facilitate the learning process. Unlike standard curriculum learning [4], which learns the
data in a predefined curriculum design based on prior knowledge, SPL learns the training
data in an order that is dynamically determined by feedback from the learning process itself,
which means it can be more extensively utilized in practice. Furthermore, a wide assort-
ment of SPL-based methods [64, 88] have been developed, including self-paced curriculum
learning [44], self-paced learning with diversity [43], multi-view [112] and multi-task [50, 58]
self-paced learning. In addition, several researchers have conducted theoretical analyses of
self-paced learning. Meng et al. [76] provides a theoretical analysis of the robustness of
SPL, revealing that the implicit objective function of SPL has a similar configuration to
a non-convex regularized penalty. Such regularization restricts the contributions of noisy
examples to the objective, and thus enhances the learning robustness. Ma et al. [65] proved
that the learning process of SPL always converges to critical points of its implicit objective
under mild conditions. However, none of the existing self-paced learning approaches can be
applied to our problem of leveraging clean labels in noisy data.
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5.2.2 Robust Learning

A large body of literature on the robust learning problem has been established over the
last few decades. Most of the studies aim to directly learn from noisy labels and focus on
noise-robust algorithms. For instance, Chen et al. [19] proposed a robust algorithm based
on trimmed inner product. McWilliams et al. [72] proposed a sub-sampling algorithm for
large-scale corrupted linear regression. Bhatia et al. [5] and Zhang et al. [122] proposed
hard-thresholding based methods with strong guarantees of coefficient recovery under a mild
assumption on datasets. Another group of methods focuses on removing or correcting misla-
beled data. For example, some work utilized heavy-tailed distributions [129] such as Student
t-distribution and Poisson distribution, to model the mislabeled data, while others detected
these outliers based on Gaussian distribution [39, 101] under the assumption that outliers
have a small probability of occurrence in the population. Some methods do not assume any
prior knowledge on the data distribution based on kernel functions [56,92]. These approaches
utilize kernel functions to approximate the actual density distribution and declare the in-
stances lying in the low probability area of the kernel density function as outliers. However,
all these approaches typically jointly learn the clean and noisy data together, but cannot
fully leverage the information contained in the clean set.

5.2.3 Weakly-Supervised Learning

Recently, some work in weakly-supervised learning [75] utilized additional clean labels in
learning a noisy dataset. For instance, Azadi et al. [120] proposed an auxiliary image regu-
larization to train a deep convolutional neural network in noisy labeled image data, in which
a limited number of training examples are supplied with clean labels. In order to classify
images from weakly labeled data, Li et al. [59] used not only a small clean dataset, but some
other “side” information of label relations in a knowledge graph. Veit et al. [105] used mil-
lions of images with noisy annotations in conjunction with a small set of cleanly-annotated
images to learn effective image representations, while Jiang et al. [45] designed a curriculum
paradigm to learn the instance weights in corrupted labels to prevent deep convolutional
neural networks from overfitting. Compared to existing work utilizing the clean dataset, our
methods are different in two ways. First, we consider the learning process from clean to
noisy data in a self-paced manner, which hedges the risk of training corrupted data samples.
Moreover, our model learns the instance weight determined by the feedback of the learner
itself without using any additional prior knowledge, which means our methods can be applied
to more general problems in practice.
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5.3 Preliminary

First, we give an introduction to self-paced learning in Section 5.3.1. Then we describe the
problem formulation in Section 5.3.2.

5.3.1 Background: Self-Paced Learning

Inspired by the learning process and cognitive mechanism of humans, self-paced learning
(SPL) provides a strategy for learning models in a progression of easier-to-harder data
instances. Given a set of n training instances along with their labels D =

{
(x1, y1),

. . . , (xn, yn)
}

, the general form of the objective function for self-paced learning is given
by

arg min
w,v

n∑
i=1

viL
(
yi, f(xi,w)

)
+ ψ(w) + λr(v), (5.1)

where L is the loss function to measure the error between label yi and the estimated value
from model f . ψ(w) and r(v) are the regularization terms for model parameters w and the
instance weights v, respectively. The parameter λ represents the “age” of the SPL algorithm
to control the learning pace. In the process of self-paced learning, the value of λ is gradually
increased to learn new samples. When λ is small, the “easier” samples with smaller losses are
considered. As λ grows, more “harder” samples with larger losses will be gradually added
into the training set.

With this setting, the Equation (5.1) is a bi-convex optimization problem over w and v,
which can be efficiently solved by the alternate convex search (ACS ) method [35]. Given
a fixed v, the solution for w can be obtained using any off-the-shelf solver, and when v is
fixed, the analytical solution for v can be given as follows:

vi =

{
1, if L

(
yi, f(xi,w)

)
< λ

0, otherwise
(5.2)

An intuitive explanation for this alternative search strategy in the perspective of robust
learning can be described as follows: 1) When updating instance weights v with a fixed w,
an instance whose loss is smaller than the threshold λ is taken as an “uncorrupted” sample,
and it will be selected in the training set with its instance weight equal to 1; otherwise, the
instance will not be selected. 2) When updating w with a fixed v, the model is trained on
the selected “uncorrupted” training set in the last step. If λ is small, only a small proportion
of samples with small losses will be trained. But the size of the selected training samples
is not large enough to train an accurate model. In case λ is large, some corrupted samples
might be included into the training set, which will lead to an inaccurate model. Therefore,
the performance of self-paced learning will be highly impacted by the choice of parameter λ.
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5.3.2 Problem Formulation

In the setting of self-paced robust learning for leveraging clean labels in noisy data, we
consider the samples to be provided in two parts with different qualities: a small set of
well-labeled samples with little data corruption Ds =

{
(x1, y1) , . . . , (xk, yk)

}
and a weakly

labeled dataset Dw = {(xk+1, yk+1), . . . , (xn, yn)} in large size, where xi ∈ Rp represents the
ith sample data and yi is the corresponding label. We assume the well-labeled data contains
k samples and the weakly labeled data has n − k samples, where n is much larger than k
(n� k).

The goal of our study is to infer the model parameter w ∈ Rp based on the uncorrupted
data samples D+ = Ds ∪ D+

w , where the set D+
w represents the uncorrupted data samples in

the weakly labeled dataset Dw, in which the samples are correctly labeled. All the samples
in Ds are uncorrupted and correctly labeled. Therefore, our purpose is to fully utilize the
uncorrupted data samples in both the clean set Ds and the noisy set Dw, which can be
formalized as follows:

ŵ = arg min
w∈Rp

∑
i∈Ds∪D+

w

L
(
yi, f(xi,w)

)
+ ψ(w), (5.3)

where L is the loss function to measure the error between label yi and the estimated value
from model f . For example, the linear model f(xi,w)

)
= xTi w and squared loss ‖yi −

f(xi,w)
)
‖2

2 can be applied to a regression problem. The regularization term ψ(w) restricts
the complexity of model parameters w. The notations used in this paper are summarized in
Table 7.2.

The problem defined in Equation (5.3) is challenging in the following two aspects. First, the
uncorrupted set D+

w in the weakly labeled set Dw is unknown. Simply ignoring the whole
noisy data Dw is not a proper solution because the amount of well-labeled data is not large
enough to train an accurate model. Second, the weakly labeled data Dw can be extremely
noisy or even contain adversarial data corruption, which makes the uncorrupted samples in
Dw difficult to estimate. In the next section, we present a self-paced-learning approach to
address these challenges.

5.4 Proposed Method

In Section 5.4.1, we propose the SPRL algorithm to utilize clean labels in training noisy
datasets. After that, the convergence analysis of our algorithm is presented in Section 5.4.2.
Finally, we give two motivative examples for robust regression and classification tasks in
Section 5.4.3.
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Table 5.1: Math Notations

Notations Explanations
p number of feature in data matrix X
k number of samples in the clean dataset
n number of samples in the entire dataset
X,y data matrix and its corresponding label vector
w parameters of estimated model
w̃ model parameter trained in the clean set
v instance weight vector
λ parameter to control the learning pace
µ step size of parameter λ
L loss function of estimated model

5.4.1 SPRL Algorithm

In order to utilize the prior knowledge on the high-quality data Ds on the weakly labeled
data Dw, we reformulate our objective function J as follows:

arg min
w∈Rn,v∈[0,1]

J (w,v;λ) =
k∑
i=1

L
(
yi, f(xi,w)

)
+

n∑
i=k+1

viL
(
yi, f(xi,w)

)
+ ‖w‖2

2 + θ‖w − w̃‖2
2 − λ

n∑
i=k+1

vi,

(5.4)

where L represents the loss function and variable vi is denoted as the weight of the ith data
instance, which is allowed to take any value in the interval [0, 1]. The first term is the total
loss of the clean set Ds, in which we assume all the samples in clean set are included into our
training set. The second term represents the total loss of noisy set Dw, where the samples
are selected by the instance weight vector v. The term ‖w‖2

2 is to control the complexity
of model parameters w. The variable w̃ represents the model weights trained by the clean
set Ds. Since the clean set is assumed to contain few data corruption, we can minimize the
following objective function without considering its data noises:

w̃ = arg min
w

k∑
i=1

L
(
yi, f(xi,w)

)
+ ψ(w), (5.5)

where ψ(w) is the regularization term to control the complexity of w̃. The term θ‖w− w̃‖2
2

is to control the difference between the estimated model and the model ŵ trained in the clean
set only. If a larger parameter θ is given, the algorithm prefers to give a similar estimated
model as the ŵ. The last term λ

∑n
i=k+1 vi is the regularization term for instance weights

v, where parameter λ controls the learning pace.

The problem defined in Equation (5.4) can be solved based on alternate convex search (ACS )
method [35]. When model parameter w is fixed, the variable v in the iteration t+1 can be
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ALGORITHM 5: Sprl Algorithm
Input: X ∈ Rp×n, y ∈ Rn, θ ∈ R, λ0 ∈ R, λ∞ ∈ R, µ ∈ R
Output: solution w(t+1), v(t+1)

w̃ ← arg minw
∑k

i=1 L
(
yi, f(xi,w)

)
+ ψ(w)

Initialize w0 = w̃, ε > 0, t← 0
repeat

for i = k + 1 . . . n do

vt+1
i ← 1

(
L
(
yi, f(xi,w

t)
)
< λt

)
end
Update wt+1 by Equation (5.8) with fixed vt+1 and w̃.
λt+1 ← λt ∗ µ
if λt+1 > λ∞ then

λt+1 ← λ∞
t← t+ 1

until ‖J (wt+1,vt+1;λt+1)− J (wt,vt;λt)‖2 < ε
return wt+1, vt+1

solved by the following sub-problem:

vt+1
i = arg min

vi∈[0,1]

n∑
i=k+1

viL
(
yi, f(xi,w

t)
)
− λt

n∑
i=k+1

vi, (5.6)

where λt represents the value of λ in the tth iteration. A closed-form solution of vt+1 can be
given as follows:

vt+1
i =

{
1, if L

(
yi, f(xi,w

t)
)
< λt

0, otherwise
(5.7)

When we fix the value of variable vt+1, variable wt+1 can be solved by the following sub-
problem:

wt+1 = arg min
w∈Rp

k∑
i=1

L
(
yi, f(xi,w)

)
+

n∑
i=k+1

vt+1
i L

(
yi, f(xi,w)

)
+ ‖w‖2

2 + θ‖w − w̃‖2
2

(5.8)

The sub-problem can be easily solved by an off-the-shelf optimizer when the loss function
is convex. Two specific examples of squared loss and hinge loss are given in Section 5.4.3.
In traditional self-paced learning, the value of variable λ is increased until the objective
function is converged. However, in robust learning, when λ grows, more corrupted samples
with larger losses will be gradually added into the training set. Even a few corrupted samples
can lead to an extremely large loss if the value of λ is too large. Therefore, in order to keep
the corrupted data out of our training set, we introduce a threshold parameter λ∞ to control
the size of training set.
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The details of the SPRL algorithm are presented in Algorithm 5. In Line 1, the model
parameter w̃ is trained in the clean set. In Lines 2, the variable w0 is initialized as the
value of w̃. The variable vt+1 is updated in Line 5 with variable wt fixed. After which, the
model parameter wt+1 is optimized by Equation (5.8) in Line 6 with the variables vt+1 fixed.
In Lines 8-11, the parameter λ is enlarged to include more data instances in the training
set, where λ∞ is the threshold parameter for λ and µ is the step size. The algorithm will
be stopped when the objective function is converged in Line 13. The convergence of the
algorithm will be proved in Section 5.4.2.

5.4.2 Convergence Analysis

In this section, we will present the theoretical analysis on the convergence of the proposed
algorithm.

First, the assumption on the loss function L is as follows.

Assumption 1 (Lower Bound). The loss function L in problem (5.4) has a lower bound B
as follows:

B = min
w
L
(
y, f(x,w)

)
> −∞ (5.9)

This assumption can be easily satisfied by most loss functions; e.g., least-squares loss and
hinge loss have their lower bound B = 0. Then we can get the following property of the
objective function:

Lemma 1. The objective function J in Equation (5.4) is lower bounded as follows:

lim
t→∞
J (wt,vt;λt) > −∞ (5.10)

Proof. The objective function J has the following property:

J (wt,vt;λt)

(a)

≥
k∑
i=1

B +
n∑

i=k+1

vtiB + ‖wt‖2
2 + θ‖wt − w̃‖2

2 − λ
t

n∑
i=k+1

vti

(b)

≥ kB +
n∑

i=k+1

vtiB − (n− k) · λ∞

(5.11)

Inequality (a) follows from L
(
yi, f(xi,w

t) ≥ B and vti ≥ 0. Inequality (b) follows from

‖wt‖2
2 ≥ 0, θ‖wt − w̃‖2

2 ≥ 0, and λ∞ is the maximum threshold of parameter λ. When all
the vti are equal to 1, λt

∑n
i=k+1 v

t
i reaches its minimum value (n−k) ·λ∞. When lower bound
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B ≥ 0, we have
∑n

i=k+1 v
t
iB ≥ 0; otherwise, when B < 0, we have

∑n
i=k+1 v

t
iB ≥ (n− k) · B.

Therefore, we have

J (wt,vt;λt) ≥ kB + min
{

0, (n− k) · B
}
− (n− k) · λ∞

= kB + (n− k) ·
(

min
{

0, ·B
}
− λ∞

) (5.12)

Since B > −∞ and λ∞ is constant, we have J (wt,vt;λt) > −∞ for ∀t = 1 . . .∞.

Theorem 1. When Assumption 1 is satisfied, Algorithm 5 converges with the following
property:

lim
t→∞

∥∥J t+1 − J t
∥∥

2
= 0 (5.13)

The proof of Theorem 7 can be found in Appendix A.1.

5.4.3 Motivative Examples

In this section, we discuss two special cases of our self-paced robust learning approach:
robust linear regression and robust binary classification based on the support vector machine
(SVM ).

Robust Linear regression

For robust linear regression, the objective function can be represented as follows:

arg min
w∈Rn,v∈{0,1}n

J (w,v;λ) =
k∑
i=1

‖yi − xTi w‖
2
2

+
n∑

i=k+1

vi‖yi − xTi w‖
2
2 + ‖w‖2

2 + θ‖w − w̃‖2
2 − λ

n∑
i=k+1

vi,

(5.14)

where the squared loss is chosen as the loss function L and linear regression f(xi,w) = xTw
is applied as its model f . The closed-form solutions for both w and v are as follows:

w =

( k∑
i=1

xix
T
i +

n∑
i=k+1

vixix
T
i +

(
θ + 1

)
I

)−1

( k∑
i=1

xiyi +
n∑

i=k+1

vixiyi + θw̃

)
v = 1

[
‖xTi w − yi‖

2
2 < λ

]
(5.15)
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Robust Binary Classification

For the robust binary classification problem, the objective function is represented as follows
based on the support vector machine:

arg min
w∈Rn,v∈{0,1}n

J (w,v;λ) =
k∑
i=1

max
(
0, 1− yi〈w,xi〉

)
+

n∑
i=k+1

vi max
(
0, 1− yi〈w,xi〉

)
+ ‖w‖2

2

+θ‖w − w̃‖2
2 − λ

n∑
i=k+1

vi

(5.16)

A primal estimated sub-gradient SVM solver, Pegasos [97], is used to update the variable w
based on its primal problem. In the Pegasos algorithm, the number of iterations required to
obtain a solution of accuracy ε is O(1/ε). The update of variable w is shown as follows:

wt+1 = wt − ηt
((

2 + 2θ
)
wt − 2θw̃ −

∑
i∈At

yixi

)
, (5.17)

where the step size ηt = 1/(αt) and α is a fixed parameter to control the size of the step.
The set At for the tth iteration is defined as:

At = {i ∈ [n] : yi〈wt,xi〉 < 1, vti = 1} (5.18)

The set At excludes all the data samples that either have a zero value with loss max
(
0, 1−

yi〈w,xi〉
)

or are disabled by self-paced learning in the current iteration. The closed-form
solution for variable v can be presented as follows:

vt+1 = 1
[

max(0, 1− yi〈wt+1,xi〉) < λ
]

(5.19)

5.5 Experiment

In this section, the proposed SPRL algorithm is evaluated on synthetic and real-world
datasets in robust regression and classification tasks. After the experiment setup has been
introduced in Section 5.5.1, we present results on the robust regression task compared against
several existing methods on both synthetic and real-world datasets in Section 5.5.2, along
with performance results for the binary classification task in Section 5.5.3. The analysis
on parameter λ is presented in Section 5.5.4. All the experiments were conducted on a 64-
bit machine with an Intel(R) Core(TM) quad-core processor (i7CPU@3.6GHz) and 32.0GB
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of memory. Details of both the source code and datasets used in the experiments can be
downloaded here2.

5.5.1 Experiment Setup

Datasets and Labels

Our datasets consist of synthetic and real-world data. The simulation samples for linear
regression were randomly generated according to the model y = XTw∗ + u + ε, where w∗
is the ground truth coefficients and u is the adversarial corruption vector. ε represents
the additive dense noise, where εj ∼ N (0, σ2). We sampled the ground-truth regression
coefficients w∗ ∈ R

p as a random unit norm vector. The covariance data X was drawn
independently and identically distributed from xi ∼ N (0, Ip) where Ip is identity matrix,
and the uncorrupted response variables were generated as y∗ = XTw∗ + ε. The corrupted
response vector was generated as y = y∗+u, where the corruption vector u was sampled from
the uniform distribution [−5‖y∗‖∞, 5‖y∗‖∞]. The set of uncorrupted points was selected as a
uniformly random subset of [n]. Similarly, the authentic samples for the binary classification
task were generated according to the model y∗ = sign(XTw∗ + ε), where ε is the additive
dense noise. The labels of corrupted samples were set as the opposite values in y∗.

For the real-world datasets, we chose the BlogFeedback dataset [13] for the robust regression
task to predict the number of blog comments in the upcoming 24 hours. The data originates
from blog posts with 280 feature attributes, including the total number of comments before
base time and the number of comments in the first 24 hours after the publication of the
blog post. We chose the first 21,000 data samples as the training set, in which the clean
set contains 1,000 samples and the noisy set contains the remaining 20,000 samples. The
additional data corruption was sampled from the uniform distribution [−0.5yi, 0.5yi], where
yi denotes the blog feedback number of the ith sample data. For the classification task, we
chose the Large Movie Review dataset [67] collected from the IMDb website3 for sentiment
classification of movie reviews. The first 12,000 data samples were used as training set, of
which 2,000 samples were used as the clean set and the remaining samples as the noisy set.
Additional data corruption was also added into the noisy set by reversing their labels. The
other 10,000 data samples were chosen as the testing set. The features are represented as the
tf-idf value of each word. One thousand features with the largest tf-idf values were chosen
in our experiment.

2https://goo.gl/p7eKmZ
3http://www.imdb.com
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Figure 5.1: Performance on Regression Coefficient Recovery for Different Corruption Ratios in
Uniform Distribution.
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Table 5.2: Mean Absolute Error of Blog Feedback Prediction

Corruption Ratio

10% 30% 50% 70% 90% Avg.

LR-CL 1.159 1.161 1.153 1.164 1.173 1.162
LR-AL 7.254 17.116 10.459 17.226 8.334 12.0778
WSL 0.981 1.280 2.562 2.154 1.375 1.6704
SPL 0.973 1.189 3.666 4.382 4.525 2.947

SPRL-W 0.919 2.627 2.493 4.547 5.797 3.2766
SPRL 0.971 1.107 1.036 1.053 1.046 1.0426

Evaluation Metrics

For the robust regression task, we measured the performance of the regression coefficients
recovery using the L2 error e = ‖ŵ − w∗‖2 in the synthetic data, where ŵ represents the
estimated coefficients for each compared method and w∗ is the ground truth regression
coefficients. For the BlogFeedback dataset, we use the root-mean-squared-error (RMSE ) to
evaluate the performance of blog feedback prediction. Defining ŷ and y∗ as the predicted
feedback number and ground truth number, respectively, the root-mean-squared-error can
be presented as RMSE(ŷ,y∗) = 1

n
‖ŷ − y∗‖2, where n is the number of samples. To validate

the performance for binary classification, precision, recall, and F1-score are measured by
comparing the estimated labels with the actual ones in both the synthetic and real-world
datasets.

Comparison Methods

We use the following methods to evaluate the performance of our algorithm in the robust
regression tasks: 1) The Linear Regression on Clean Data (LR-CL) method takes the linear
regression on the clean data only without using the noisy data. 2) The Linear Regression
on All Data (LR-AL) method takes the linear regression on all the data without using the
prior knowledge of the clean labels. 3) The method RLHH [122] applies a recently proposed
heuristic hard-thresholding based robust method, in which the entire dataset was directly
applied without utilizing the prior knowledge of clean labels. 4) A variant of the weakly
supervised learning method [45] (WSL) is applied to estimate the uncorrupted samples of
the noisy set under the supervision of clean labels by the feedback of the loss function. The
method can also be regarded as a non-paced version of SPRL. 5) The traditional self-paced
learning algorithm (SPL) [53] was also compared in our experiment with the parameter
λ = 0.1 and the step size µ = 1.1. 6) SPRL-W is a variant of our proposed method
SPRL without using the clean data set in its objective function. In particular, the first
term in Equation (5.4) is omitted. To evaluate the performance in the binary classification
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Table 5.3: Performance on Binary Classification (F1, Precision, Recall)

feature=200, clean set=100, noisy set=5K feature=400, clean set=100, noisy set=5K

10% 20% 30% 40% 10% 20% 30% 40%

SVM-CL 0.657,0.656,0.659 0.654,0.650,0.658 0.676,0.667,0.686 0.674,0.688,0.661 0.628,0.629,0.628 0.639,0.640,0.638 0.626,0.621,0.630 0.620,0.627,0.613
SVM-AL 0.928,0.927,0.929 0.900,0.902,0.898 0.835,0.831,0.838 0.750,0.754,0.747 0.918,0.916,0.920 0.860,0.861,0.859 0.786,0.796,0.776 0.665,0.670,0.661
RoLR 0.814,0.817,0.810 0.842,0.840,0.845 0.804,0.795,0.814 0.724,0.730,0.719 0.827,0.834,0.820 0.788,0.790,0.785 0.747,0.758,0.736 0.650,0.659,0.641
WSL 0.886,0.889,0.883 0.791,0.792,0.789 0.745,0.739,0.752 0.706,0.715,0.697 0.870,0.873,0.868 0.786,0.789,0.783 0.690,0.690,0.690 0.644,0.653,0.635
SPL 0.946,0.946,0.946 0.903,0.905,0.902 0.809,0.805,0.813 0.665,0.666,0.665 0.916,0.921,0.912 0.824,0.822,0.826 0.739,0.744,0.735 0.608,0.614,0.602

SPRL-W 0.944,0.942,0.946 0.913,0.916,0.910 0.799,0.796,0.802 0.694,0.699,0.689 0.905,0.903,0.906 0.811,0.815,0.808 0.754,0.760,0.749 0.637,0.647,0.628
SPRL 0.968,0.965,0.971 0.922,0.918,0.928 0.871,0.874,0.866 0.751,0.742,0.754 0.935,0.936,0.932 0.864,0.863,0.865 0.780,0.785,0.783 0.681,0.691,0.674

feature=200, clean set=200, noisy set=5K feature=200, clean set=200, noisy set=10K

10% 20% 30% 40% 10% 20% 30% 40%

SVM-CL 0.758,0.756,0.759 0.722,0.720,0.725 0.734,0.730,0.739 0.734,0.738,0.730 0.715,0.718,0.712 0.730,0.734,0.726 0.732,0.728,0.736 0.701,0.697,0.705
SVM-AL 0.942,0.939,0.944 0.897,0.891,0.904 0.853,0.846,0.861 0.749,0.743,0.756 0.948,0.946,0.950 0.932,0.934,0.930 0.898,0.899,0.897 0.787,0.790,0.784
RoLR 0.833,0.833,0.834 0.834,0.834,0.834 0.808,0.806,0.811 0.699,0.693,0.705 0.879,0.877,0.882 0.886,0.884,0.888 0.665,0.668,0.662 0.771,0.770,0.771
WSL 0.905,0.899,0.911 0.827,0.825,0.829 0.796,0.794,0.798 0.743,0.747,0.740 0.902,0.900,0.904 0.856,0.861,0.851 0.798,0.801,0.795 0.722,0.718,0.727
SPL 0.950,0.951,0.949 0.905,0.899,0.912 0.810,0.810,0.810 0.665,0.665,0.665 0.967,0.965,0.969 0.959,0.963,0.954 0.869,0.875,0.864 0.687,0.689,0.686

SPRL-W 0.949,0.949,0.949 0.896,0.892,0.900 0.822,0.823,0.821 0.745,0.736,0.755 0.966,0.964,0.969 0.950,0.953,0.946 0.902,0.903,0.900 0.721,0.722,0.721
SPRL 0.963,0.967,0.960 0.926,0.925,0.927 0.876,0.878,0.875 0.768,0.780,0.763 0.981,0.977,0.985 0.959,0.954,0.963 0.920,0.928,0.912 0.787,0.782,0.793

task, we applied the following competing methods: 1) The SVM on Clean Data (SVM-CL)
method uses the binary support vector machine on the clean data only, without using the
noisy data. 2) The SVM on All Data (SVM-AL) method takes the support vector machine
method on the entire dataset without using the prior knowledge of the clean dataset. 3) A
recently proposed robust logistic regression algorithm, called RoLR [34], which estimates the
parameter through a linear programming procedure was also compared. 4) A similar WSL
method using the SVM loss function was also evaluated in the robust classification task. 5)
The self-paced learning algorithm (SPL) [53] was also compared in the robust classification
task with the initial parameter λ = 0.1 and the step size µ = 1.1. 6) SPRL-W using the
classification loss function was also compared with the same setting as the SPL method. For
our proposed method, SPRL, we choose the parameter λ∞ as 1 and 3.5 for regression and
classification tasks, respectively. All the results from comparison methods were averaged
over 10 runs.

5.5.2 Performance on Robust Regression

Regression Coefficient Recovery on Synthetic Data

Figure 7.2 shows coefficient recovery performance for different settings on corruption ratios
and data sizes. Specifically, Figure 7.2(a) and Figure 7.2(b) show the recovery performance
for different amounts of noisy data with the same amounts of features and clean data.
Looking at the results, we can conclude: 1) The SPRL methed outperforms all the competing
methods, including the traditional self-paced learning method with the same parameter
settings. 2) LR-CL has stable performance because the clean data is not affected by the
change of corruption ratio. However, if a model trained in clean data with a small data
size only, the performance is almost two times worse than SPRL. When the corruption ratio
is larger than 80%, it outperforms the other competing methods except for SPRL because
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Figure 5.2: Sentiment Classification Performance on Movie Reviews

little uncorrupted data is contained in the noisy set. 3) LR-AL always performs worse than
the other methods since it does not consider the data corruption and the prior knowledge
on the clean set. 4) RLHH has a competitive performance when the data corruption is
less than 50%, however, when the corruption ratio is over 60%, the recovery error increases
dramatically. 5) The recovery errors of SPL and SPRL-W also dramatically increased when
the corruption ratio was over 60% because these two methods do not properly utilize the
prior knowledge of the clean set. 6) The WSL method performs around 10% worse than
SPRL, which shows the self-paced training process can improve performance in the robust
learning problem. When the size of the clean set increases, Figure 7.2(c) shows similar
results as Figure 7.2(a) with a decreased overall recovery error. When the number of features
increases in Figure 7.2(d), the overall recovery error increased around 200% on average for
all the methods. Figures 7.2(e) and 7.2(f) show the performance in a no-dense-noise setting.
Since LR-CL has no impact on different corruption ratios, it can always recover the ground
truth coefficient exactly. However, SPRL can still outperform the other methods in different
corruption ratios, achieving a close recovery of the ground truth coefficient.

Blog Feedback Prediction

Table 5.2 shows the results of blog feedback prediction in different corruption settings. Since
the RLHH method cannot perfectly handle data corruption greater than 40%, its result is not
shown in Table 5.2. From the results, we can conclude: 1) SPRL consistently outperforms
the other competing methods except when the corruption ratio is 10%, in which case most
of the methods have extremely close results. 2) The error of the SPL and SPRL-W methods
increase dramatically when the corruption ratio is raised. However, SPRL has a consistent
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performance with little impact of the corruption ratio. 3) WSL has competitive results, but
its error is still around 40% larger than our proposed method. 4) LR-CL method has a
good performance when the data is extremely noisy. However, our proposed method still
gets 11.9% improvement when combining both clean and noisy data. 5) LR-AL performs the
worst since it is simply applied in the entire dataset without considering the data corruption.

5.5.3 Performance on Robust Classification

Binary Classification on Synthetic Data

Table 5.3 shows the results on the robust binary classification task on different settings of
features and data sizes. From the results, we conclude: 1) The SPRL method outperforms all
the competing methods consistently in different settings, including RoLR, whose corruption
ratio parameter uses the ground truth value. 2) SVM-CL trained on the clean set performs
worse than the other methods, which shows that utilizing the large-scale noisy data is im-
portant when the size of clean set is small. 3) SVM-AL has a competitive performance when
the size of the clean set is not large enough for training. But our proposed method, SPRL,
can still perform better than SVM-AL even when 40% of the data labels are corrupted. 4)
The SPRL-W method usually performs better than SPL when the corruption ratio is larger
than 20%. This is because SPRL-W utilizes the prior knowledge on the clean set, which
greatly helps when the corruption ratio increases.

Sentiment Classification of Movie Reviews

The performance on sentiment classification of IMDb movie reviews is shown in Figure 5.2.
We use box plots to show the distribution of results based on the summary of five numbers:
minimum, first quartile, median, third quartile, and maximum. The results are run on
20 independent datasets sampled from the IMDb dataset with different corruption ratios.
From the results, we can conclude: 1) SPRL outperforms the other competing methods in
different settings of corruption ratio. 2) When the corruption ratio is small, the performance
of SVM-CL is worse than all the other methods. However, when the corruption ratio is
increased, its F1 scores are better than all the other methods except SPRL which has a
consistent performance. 3) When the corruption ratio increases, the performance of SPRL-
W degrades dramatically since the clean set is not included in its training set. 4) Even when
the corruption ratio is 50%, SPRL still performs better than SVM-CL because it can utilize
the uncorrupted data in the noisy data to improve its performance of the training process.
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Figure 5.3: Impact of Parameter λ on Robust Regression and Classification Tasks

5.5.4 Analysis of Parameter λ

Figure 5.3 shows the impact of parameter λ on both the robust regression and classification
tasks. In Figure 5.3(a), the blue line depicts the relationship between parameter λ and the
coefficient recovery error. As λ increases, the recovery error continues to decrease until it
reaches a critical point, after which it increases. These results indicate that the training pro-
cess will keep improving the model until parameter λ becomes so large that some corrupted
samples are incorporated into the training data. The red line shows the value of the objective
function J in terms of different values of parameter λ, leading us to conclude: 1) The value
of objective function J monotonically decreases as λ increases. 2) The objective function
J decreases much faster once λ reaches a critical point, following the same pattern as the
recovery error shown in the blue line. In Figure 5.3(b), the blue line shows the values of the
F1 score for the binary classification task. When λ increases, the F1 score increases quickly
until it reaches a peak point. After that point, the score decreases because more corrupted
data is incorporated into the training set. The red line shows the size of the training set.
We can conclude: 1) When parameter λ increases, the size of the training set continuously
increases until it reaches its maximum value. 2) When all the data is included into the
training set, the F1 score also remains stable.

5.6 Conclusion

In this paper, a self-paced robust learning algorithm is proposed to leverage clean labels in
noisy data. To achieve this, the self-paced learning process selects data instances from clean
to noisy under the supervision of the well-labeled data, which helps to hedge the risk of
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learning from corrupted data samples. Moreover, theoretical analysis shows our algorithm
can be converged when the loss function is lower bounded. Extensive experiments on both
synthetic data and real-world data on robust regression and classification tasks demonstrated
that the proposed algorithm outperforms the other comparable methods over a range of
different data settings.



Chapter 6

Distributed Self-Paced Learning in
ADMM

The chapter extends the self-paced robust learning method to a new distributed self-paced
learning version via alternating direction method of multipliers (ADMM). The introduction
is provided in Section 6.1, then Section 6.2 gives a formal problem formulation. The pro-
posed distributed self-paced learning algorithm is presented in Section 6.3 and Section 6.4
presents a theoretical analysis of the convergence of the proposed method. In Section 6.5,
the experimental results are analyzed and the paper concludes with a summary of our work
in Section 6.6.

6.1 Introduction

Inspired by the learning processes used by humans and animals [4], Self-Paced Learning
(SPL) [53] considers training data in a meaningful order, from easy to hard, to facilitate
the learning process. Unlike standard curriculum learning [4], which learns the data in a
predefined curriculum design based on prior knowledge, SPL learns the training data in an
order that is dynamically determined by feedback from the individual learner, which means
it can be more extensively utilized in practice. In self-paced learning, given a set of training
samples along with their labels, a parameter λ is used to represents the “age” of the SPL
in order to control the learning pace. When λ is small, “easy” samples with small losses
are considered. As λ grows, “harder” samples with larger losses are gradually added to
the training set. This type of learning process is modeled on the way human education
and cognition functions. For instance, students will start by learning easier concepts (e.g.,
Linear Equations) before moving on to more complex ones (e.g., Differential Equations) in
the mathematics curriculum. Self-paced learning can also be finely explained in a robust
learning manner, where uncorrupted data samples are likely to be used for training earlier
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in the process than corrupted data.

In recent years, self-paced learning [53] has received widespread attention for various appli-
cations in machine learning, such as image classification [44], event detection [42, 124] and
object tracking [104, 118]. A wide assortment of SPL-based methods [64, 88] have been de-
veloped, including self-paced curriculum learning [44], self-paced learning with diversity [43],
multi-view [112] and multi-task [50, 58] self-paced learning. In addition, several researchers
have conducted theoretical analyses of self-paced learning. [76] provides a theoretical analysis
of the robustness of SPL, revealing that the implicit objective function of SPL has a similar
configuration to a non-convex regularized penalty. Such regularization restricts the contri-
butions of noisy examples to the objective, and thus enhances the learning robustness. [65]
proved that the SPL algorithm can always converge to critical points of its implicit objective
under mild conditions, while [32] studied self-paced implicit regularizers, named self-paced
implicit regularizers that are derived from convex conjugacy.

Existing self-paced learning approaches typically focus on modeling the entire dataset at
once; however, this may introduce a bottleneck in terms of memory and computation, as to-
day’s fast-growing datasets are becoming too large to be handled integrally. For those seeking
to address this issue, the main challenges can be summarized as follows: 1) Computational
infeasibility of handling the entire dataset at once. Traditional self-paced learning approaches
gradually grow the training set according to their learning pace. However, this strategy fails
when the training set grows too large to be handled due to the limited capacity of the physical
machines. Therefore, a scalable algorithm is required to extend the existing self-paced learn-
ing algorithm for massive datasets. 2) Existence of heterogeneously distributed “easy” data.
Due to the unpredictability of data distributions, the “easy” data samples can be arbitrarily
distributed across the whole dataset. Considering the entire dataset as a combination of
multiple batches, some batches may contain large amount of “hard” samples. Thus, simply
applying self-paced learning to each batch and averaging across the trained models is not an
ideal approach, as some models will only focus on the “hard” samples and thus degrade the
overall performance. 3) Dependency decoupling across different data batches. In self-paced
learning, the instance weights depend on the model trained on the entire dataset. Also, the
trained model depends on the weights assigned to each data instance. If we consider each
data batch independently, a model trained in a “hard” batch can mistakenly mark some
“hard” samples as “easy” ones. For example, in robust learning, the corrupted data samples
are typically considered as “hard” samples, then more corrupted samples will therefore tend
to be involved into the training process when we train data batches independently.

In order to simultaneously address all these technical challenges, this paper presents a novel
Distributed Self-Paced Learning (DSPL) algorithm. The main contributions of this paper
can be summarized as follows: 1) We reformulate the self-paced problem into a distributed
setting. Specifically, an auxiliary variable is introduced to decouple the dependency of the
model parameters for each data batch. 2) A distributed self-paced learning algorithm based
on consensus ADMM is proposed to solve the SPL problem in a distributed setting. The
algorithm optimizes the model parameters for each batch in parallel and consolidates their
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values in each iteration. 3) A theoretical analysis is provided for the convergence of our
proposed DSPL algorithm. The proof shows that our new algorithm will converge under
mild assumptions, e.g., the loss function can be non-convex. 4) Extensive experiments have
been conducted utilizing both synthetic and real-world data based on a robust regression
task. The results demonstrate that the proposed approaches consistently outperform existing
methods for multiple data settings. To the best of our knowledge, this is the first work to
extend self-paced learning to a distributed setting, making it possible to handle large-scale
datasets.

6.2 Problem Formulation

In the context of distributed self-paced learning, we consider the samples to be provided in
a sequence of mini batches as {(X(1),y(1)), . . . , (X(m),y(m))}, where X(i) ∈ Rp×ni represents
the sample data for the ith batch, y(i) is the corresponding response vector, and ni is the
instance number of the ith batch.

The goal of self-paced learning problem is to infer the model parameter w ∈ Rp for the
entire dataset, which can be formally defined as follows:

arg min
w,v

m∑
i=1

fi(w,vi) + ‖w‖2
2

s.t. vij ∈ [0, 1], ∀i = 1, . . . ,m, ∀j = 1, . . . , ni

(6.1)

where ‖w‖2
2 is the regularization term for model parameters w. Variable vi represents the

instance weight vector for the ith batch and vij is the weight of the jth instance in the ith

batch. The objective function fi(w,vi) for each mini-batch is defined as follows:

fi(w,vi) =

ni∑
j=1

vijL(yij, g(w,xij))− λ
ni∑
j=1

vij (6.2)

We denote xij ∈ Rp and yij ∈ R as the feature vector and its corresponding label for the
jth instance in the ith batch. The loss function L is used to measure the error between label
yij and the estimated value from model g. The term −λ

∑ni
j=1 vij is the regularization term

for instance weights vi, where parameter λ controls the learning pace. The notations used
in this paper are summarized in Table 7.2.

The problem defined above is very challenging in the following three aspects. First, data
instances for all m batches can be too large to be handled simultaneously in their entirety,
thus requiring the use of a scalable algorithm for large datasets. Second, the instance weight
variable vi of each batch depends on the optimization result for w shared by all the data,
which means all the batches are inter-dependent and it is thus not feasible to run them in
parallel. Third, the objective function of variables wi and vi are jointly non-convex and it is
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Notations Explanations

p feature number in data matrix X(i)

ni instance number in the ith data batch

X(i) data matrix of the ith batch

y(i) the response vector of the ith batch
w model parameter of the entire dataset
vi instance weight vector of the ith batch
vij weight of the jth instance in the ith batch
λ parameter to control the learning pace
L loss function of estimated model

Table 6.1: Mathematical Notations

an NP-hard problem to retrieve the global optimal solution [35]. In next section, we present
a distributed self-paced learning algorithm based on consensus ADMM to address all these
challenges.

6.3 The Proposed Methodology

In this section, we propose a distributed self-paced learning algorithm based on the alter-
nating direction method of multipliers (ADMM) to solve the problem defined in Section
6.2.

The problem defined in Equation (6.1) cannot be solved in parallel because the model pa-
rameter w is shared in each batch and the result of w will impact on the instance weight
variable vi for each batch. In order to decouple the relationships among all the batches, we
introduce different model parameters wi for each batch and use an auxiliary variable z to
ensure the uniformity of all the model parameters. The problem can now be reformulated
as follows:

arg min
wi,vi,z

m∑
i=1

fi(wi,vi;λ) + ‖z‖2
2

s.t. vij ∈ [0, 1], ∀i = 1, . . . ,m, ∀j = 1, . . . , ni

wi − z = 0, ∀i = 1, . . . ,m

(6.3)

where the function fi(wi,vi) is defined as follows.

fi(wi,vi;λ) =

ni∑
j=1

vijL(yij, g(wi,xij))− λ
ni∑
j=1

vij (6.4)

Unlike the original problem defined in Equation (6.1), here each batch has its own model
parameter wi and the constraint wi − z = 0 for ∀i = 1, . . . ,m ensures the model parameter
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wi has the same value as the auxiliary variable z. The purpose of the problem reformulation
is to optimize the model parameters wi in parallel for each batch. It is important to note
that the reformulation is tight because our new problem is equivalent to the original problem
when the constraint is strictly satisfied.

In the new problem, Equation (6.3) is a bi-convex optimization problem over vi and wi for
each batch with fixed z, which can be efficiently solved using the Alternate Convex Search
(ACS) method [35]. With the variable v fixed, the remaining variables {wi}, z and α can
be solved by consensus ADMM [6]. As the problem is an NP-hard problem, in which the
global optimum requires polynomial time complexity, we propose an alternating algorithm
DSPL based on ADMM to handle the problem efficiently.

The augmented Lagrangian format of optimization in Equation (6.3) can be represented as
follows:

L =
m∑
i=1

fi(wi,vi;λ) + ‖z‖2
2 +

m∑
i=1

αTi (wi − z)

+
ρ

2

m∑
i=1

‖wi − z‖2
2

(6.5)

where {αi}mi=1 are the Lagrangian multipliers and ρ is the step size of the dual step.

The process used to update model parameter wi for the ith batch with the other variables
fixed is as follows:

wk+1
i = arg min

wi

fi(wi,vi;λ) + [αki ]
T (wi − zk)

+
ρ

2
‖wi − zk‖2

2

(6.6)

Specifically, if we choose the loss function L to be a squared loss and model g(w,xij) to be
a linear regression g(w,xij) = wTxij, we have the following analytical solution for wi:

wk+1
i =

(
2

ni∑
j=1

vijxijx
T
ij + ρ · I

)−1

·
(

2

ni∑
j=1

vijxijyij −αki + ρzk
) (6.7)

The auxiliary variable z and Lagrangian multipliers αi can be updated as follows:

zk+1 =
ρ

2 + ρm

m∑
i=1

(wk+1
i +

1

ρ
αki )

αk+1
i = αki + ρ(wk+1

i − zk+1)

(6.8)
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The stop condition of consensus ADMM is determined by the (squared) norm of the primal
and dual residuals of the kth iteration, which are calculated as follows:

‖rk‖2
2 =

m∑
i=1

‖wk
i − zk‖

2
2

‖sk‖2
2 = mρ2‖zk − zk−1‖2

2

(6.9)

After the weight parameter wi for each batch has been updated, the instance weight vector
vi for each batch will be updated based on the fixed wi by solving the following problem:

vt+1
i = arg min

vi

ni∑
j=1

vijL(yij, g(wt+1
i ,xij))− λ

ni∑
j=1

vij (6.10)

For the above problem in Equation (6.10), we always obtain the following closed-form solu-
tion:

vt+1
i =∞

(
L
(
yij, g(wt+1

i ,xij)
)
< λ

)
(6.11)

where∞(·) is the indicator function whose value equals to one when the condition L
(
yij, g(wt+1

i ,xij)
)
<

λ is satisfied; otherwise, its value is zero.

The details of algorithm DSPL are presented in Algorithm 6. In Lines 1-2, the variables and
parameters are initialized. With the variables vi fixed, the other variables are optimized in
Lines 5-13 based on the result of consensus ADMM, in which both the model weights wi

and Lagrangian multipliers αi can be updated in parallel for each batch. Note that if no
closed-form can be found for Equation (6.6), the updating of wi is the most time-consuming
operation in the algorithm. Therefore, updating wi in parallel can significantly improve the
efficiency of the algorithm. The variable vi for each batch is updated in Line 14, with the
variable wi fixed. In Lines 15-18, the parameter λ is enlarged to include more data instances
into the training set. τλ is the maximum threshold for λ and µ is the step size. The algorithm
will be stopped when the Lagrangian is converged in Line 20. The following two alternative
methods can be applied to improve the efficiency of the algorithm: 1) dynamically update
the penalty parameter ρ after Line 11. When r > 10s, we can update ρ ← 2ρ. When
10r < s, we have ρ ← ρ/2. 2) Move the update of variable vi into the consensus ADMM
step after Line 9. This ensures that the instance weights are updated every time the model
is updated, so that the algorithm quickly converges. However, no theoretical convergence
guarantee can be made for the two solutions, although in practice they do always converge.

6.4 Theoretical Analysis

In this section, we will prove the convergence of the proposed algorithm. Before we start
to prove the convergence of Algorithm 6, we make the following assumptions regarding our
objective function and penalty parameter ρ:
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ALGORITHM 6: Dspl Algorithm
Input: X ∈ Rp×n, y ∈ Rn, λ0 ∈ R, τλ ∈ R, µ ∈ R
Output: solution w(t+1), v(t+1)

Initialize w0
i = 1, v0

i = 1
Choose εL > 0, εr > 0, εs > 0, λ← λ0, t← 0
repeat

k ← 0
repeat

zk+1 ← 1
m

∑m
i=1(wk+1

i + 1
ρα

k
i )

Update variables wk+1
i in parallel, for ∀i = 1 . . .m

wk+1
i ← arg min fi(wi,vi)+

[αki ]
T (wi − zk) + ρ

2‖wi − zk‖22
Update dual αk+1

i ← αki + ρ(wk+1
i − zk+1) in parallel

Update primal and dual residuals rk+1 and sk+1.
k ← k + 1

until ‖rk+1‖22 < εr and ‖sk+1‖22 < εs

vt+1
i ←∞

(
L
(
yij , g(wt+1

i ,xij)
)
< λ

)
, for ∀i = 1 . . .m

if λ < τλ then
λ← λ ∗ µ

else
λ← τλ

t← t+ 1
until ‖Lt+1 − Lt‖2 < εL
return zt+1, vt+1

Assumption 2 (Gradient Lipchitz Continuity). There exists a positive constant ϕi for ob-
jective function fi(wi) of each batch with the following properties:

‖Owifi(xi)− Owifi(yi)‖ ≤ ϕi‖xi − yi‖,
∀xi,yi, i = 1, . . . ,m

(6.12)

Assumption 3 (Lower Bound). The objective function in problem (6.3) has a lower bound
B as follows:

B = min
wi,vi,z

{ m∑
i=1

fi(wi,vi) + ‖z‖2
2

}
> −∞ (6.13)

Assumption 4 (Penalty Parameter Constraints). For ∀i = 1 . . .m, the penalty parameter
ρi for each batch is chosen in accord with the following constraints:

• For ∀i, the subproblem (6.6) of variable wi is strongly convex with modulus γi(ρi).

• For ∀i, we have ρiγi(ρi) > 2ϕ2
i and ρi ≥ ϕi.
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Note that when ρi increases, subproblem (6.6) will be eventually become strongly convex
with respect to variable wi. For simplicity, we will choose the same penalty parameter ρ for
all the batches with ρ = maxi(ρi). Based on these assumptions, we can draw the following
conclusions.

Lemma 8. Assume the augmented Lagrangian format of optimization problem (6.3) satisfies
Assumption 1, the augmented Lagrangian L has the following property:

L({wk+1
i }, zk+1,αk+1) ≤ L({wk

i }, zk,αk) (6.14)

Proof. Since the the objective function fi(wi) for each batch is gradient Lipchitz continuous
with a positive constant ϕi, the Lagrangian in Equation (6.5) has the following property
according to Lemma 2.2 in [40]:

L({wk+1
i }, zk+1,αk+1)− L({wk

i }, zk,αk)

≤
m∑
i=1

(
ϕ2
i

ρ
− γi(ρ)

2

)
‖wk+1

i −wk
i ‖

2
2 −

γ

2
‖zk+1 − zk‖2

2

(a)

≤ −γ
2
‖zk+1 − zk‖2

2 ≤ 0

(6.15)

where γ = mρ > 0. The inequality (a) follows from Assumption 2, namely that ργi(ρ) > 2ϕ2
i ,

so we have

(
ϕ2
i

ρ
− γi(ρ)

2

)
< 0.

Lemma 9. Assume the augmented Lagrangian of problem (6.3) satisfies Assumptions 1-3,
the augmented Lagrangian L is lower bounded as follows:

lim
k→∞

L({wk+1
i }, zk+1,αk+1) ≥ B (6.16)

where B is the lower bound of the objective function in problem (6.3).

The proof details of 9 can be found in the paper’s extended version1.

Theorem 6. The Algorithm 6 converges when Assumptions 1-3 are all satisfied.

Proof. In Lemmas 1 and 2, we proved that the Lagrangian is monotonically decreasing
and has a lower bound during the iterations of ADMM. Now we will prove that the same

1https://xuczhang.github.io/papers/ijcai18_dspl_extend.pdf
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properties hold for the entire algorithm after updating variable v and parameter λ.

L({wt+1},vt+1, zt+1,αt+1;λt+1)

(a)

≤ L({wt},vt+1, zt,αt;λt+1)
(b)

≤ L({wt},vt, zt,αt;λt+1)

=L({wt},vt, zt,αt;λt) + (λt − λt+1)
m∑
i=1

ni∑
j=1

vtij

(c)

≤ L({wt},vt, zt,αt;λt)

Inequality (a) follows Lemma 1 and inequality (b) follows the optimization step in Line
14 in Algorithm 6. Inequality (c) follows from the fact that λ increases monotonically so
that λt ≤ λt+1. As L({wt+1}, zt+1,αt+1) for some constant values of v and λ has a lower
bound B, we can easily prove that L({wt+1},vt+1, zt+1,αt+1;λt+1) ≥ B + C − τλn, where
C is a constant and n is the size of the entire dataset. Therefore, the Lagrangian L is
convergent. According to the stop condition for Algorithm 6, the algorithm converges when
the Lagrangian L is converged.

6.5 Experimental Results

In this section, the performance of the proposed algorithm DSPL is evaluated for both
synthetic and real-world datasets in robust regression task. After the experimental setup
has been introduced in Section 6.5.1, we present the results for the regression coefficient
recovery performance with different settings using synthetic data in Section 6.5.2. Due to
the space limitation, the real-world data evaluation based on house rental price prediction is
presented in the extended version2. All the experiments were performed on a 64-bit machine
with an Intel(R) Core(TM) quad-core processor (i7CPU@3.6GHz) and 32.0GB memory.
Details of both the source code and the datasets used in the experiment can be downloaded
here3.

6.5.1 Experimental Setup

Datasets and Labels

The datasets used for the experimental verification were composed of synthetic and real-
world data. The simulation samples were randomly generated according to the model y(i) =

2https://xuczhang.github.io/papers/ijcai18_dspl_extend.pdf
3https://goo.gl/cis7tK
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Figure 6.1: Regression coefficient recovery performance for different corruption ratios.



Xuchao Zhang Chapter 6. Distributed Self-Paced Learning 104

10−2 10−1 100 101

parameter λ

0.10

0.15

0.20

0.25

|w
−
w

* |
2

Recovery Error −5

−4

−3

−2

−1

0

La
gr

an
gi

an
 L

 (1
0−5

)

Lagrangian

Figure 6.2: Relationship between parameter λ and coefficient recovery error and the corresponding
Lagrangian.

[X(i)]Tw∗+u(i) +ε(i) for each mini-batch, where w∗ represents the ground truth coefficients
and u(i) the adversarial corruption vector. ε(i) represents the additive dense noise for the ith

batch, where ε
(i)
j ∼ N (0, σ2). We sampled the regression coefficients w∗ ∈ Rp as a random

unit norm vector. The covariance data X(i) for each mini-batch was drawn independently
and identically distributed from xi ∼ N (0, Ip) and the uncorrupted response variables were

generated as y
(i)
∗ =

[
X(i)

]T
w∗ + ε(i). The corrupted response vector for each mini-batch

was generated as y(i) = y
(i)
∗ + u(i), where the corruption vector u(i) was sampled from the

uniform distribution [−5‖y(i)
∗ ‖∞, 5‖y(i)

∗ ‖∞]. The set of uncorrupted points was selected as a
uniformly random subset of [ni] for each batch.

The real-world datasets utilized consisted of house rental transaction data from two cities,
New York City and Los Angeles listed on the Airbnb4 website from January 2015 to October
2016. These datasets can be publicly downloaded5. For the New York City dataset, the first
321,530 data samples from January 2015 to December 2015 were used as the training data
and the remaining 329,187 samples from January to October 2016 as the test data. For the
Los Angeles dataset, the first 106,438 samples from May 2015 to May 2016 were used as
training data, and the remaining 103,711 samples as test data. In each dataset, there were
21 features after data preprocessing, including the number of beds and bathrooms, location,
and average price in the area.

4https://www.airbnb.com/
5http://insideairbnb.com/get-the-data.html
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4/10 5/10 6/10 7/10 8/10 9/10

TORR 0.093 0.109 0.088 0.086 0.079 0.083
TORR25 0.174 0.165 0.189 0.214 0.216 0.241
RLHH 0.635 0.619 0.670 0.907 0.851 0.932
DRLR 0.014 0.131 0.222 0.274 0.304 0.346
SPL 0.038 0.047 0.047 0.044 0.053 0.064
DSPL 0.030 0.034 0.039 0.036 0.041 0.045

Table 6.2: Regression Coefficient Recovery Performance for Different Corrupted Batches

Evaluation Metrics

For the synthetic data, we measured the performance of the regression coefficient recovery
using the averaged L2 error e = ‖ŵ−w∗‖2, where ŵ represents the recovered coefficients for
each method and w∗ represents the ground truth regression coefficients. For the real-world
dataset, we used the mean absolute error (MAE) to evaluate the performance for rental price
prediction. Defining ŷ and y as the predicted price and ground truth price, respectively, the
mean absolute error between ŷ and y can be presented as MAE(ŷ,y) = 1

n

∑n
i=1

∣∣ŷi − yi∣∣,
where yi represents the label of the ith data sample.

Comparison Methods

We used the following methods to compare the performance of the robust regression task:
Torrent (Abbr. TORR) [5], which is a hard-thresholding based method that includes a
parameter for the corruption ratio. As this parameter is hard to estimate in practice, we
opted to use a variant, TORR25, which represents a corruption parameter that is uniformly
distributed across a range of ±25% off the true value. We also used RLHH [122] for the
comparison, which applies a recently proposed robust regression method based on heuristic
hard thresholding with no additional parameters. This method computes the regression
coefficients for each batch, and averages them all. The DRLR [121] algorithm, which is a
distributed robust learning method specifically designed to handle large scale data with a
distributed robust consolidation. The traditional self-paced learning algorithm (SPL) [53]
with the parameter λ = 1 and the step size µ = 1.1 was also compared in our experiment.
For DSPL, we used the same settings as for SPL with the initial λ0 = 0.1 and τλ = 1. All
the results from each of these comparison methods were averaged over 10 runs.
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6.5.2 Robust Regression in Synthetic Data

Recovery Coefficients Recovery

Figure 7.2 shows the coefficient recovery performance for different corruption ratios in uni-
form distribution. Specifically, Figures 7.2(a) and 7.2(b) show the results for a different
number of features with a fixed data size. Looking at the results, we can conclude: 1) Of the
six methods tested, the DSPL method outperformed all the competing methods, including
TORR, whose corruption ratio parameter uses the ground truth value. 2) Although DRLR
turned in a competitive performance when the data corruption level was low. However, when
the corruption ratio rose to over 40%, the recovery error is increased dramatically. 3) The
TORR method is highly dependent on the corruption ratio parameter. When the parame-
ter is 25% different from the ground truth, the error for TORR25 was over 50% compared
to TORR, which uses the ground truth corruption ratio. 4) When the feature number is
increased, the average error for the SPL algorithm increased by a factor of four. However,
the results obtained for the DSPL algorithm varied consistently with the corruption ratio
and feature number. The results presented in Figures 7.2(a) and 7.2(c) conform that the
DSPL method consistently outperformed the other methods for larger datasets, while still
achieving a close recovery of the ground truth coefficient.

Performance on Different Corrupted Batches

The regression coefficient recovery performance for different numbers of corrupted batches
is shown in Table B.1, ranging from four to nine corrupted batches out of the total of 10
batches. Each corrupted batch used in the experiment contains 90% corrupted samples
and each uncorrupted batch has 10% corrupted samples. The results are shown for the
averaged L2 error in 10 different synthetic datasets with randomly ordered batches. Looking
at the results shown in Table B.1, we can conclude: 1) When the ratio of corrupted batches
exceeds 50%, DSPL outperforms all the competing methods with a consistent recovery error.
2) DRLR performs the best when the mini-batch is 40% corrupted, although its recovery
error increases dramatically when the number of corrupted batch increases. 3) SPL turns
in a competitive performance for different levels of corrupted batches, but its error almost
doubles when the number of corrupted batches increases from four to nine.

Analysis of Parameter λ

Figure 6.2 show the relationship between the parameter λ and the coefficient recovery error,
along with the corresponding Lagrangian L. This result is based on the robust coefficient
recovery task for a 90% data corruption setting. Examining the blue line, as the parameter λ
increases, the recovery error continues to decrease until it reaches a critical point, after which
it increases. These results indicate that the training process will keep improving the model



Xuchao Zhang Chapter 6. Distributed Self-Paced Learning 107

until the parameter λ becomes so large that some corrupted samples become incorporated
into the training data. In the case shown here, the critical point is around 1.0. The red
line shows the value of the Lagrangian L in terms of different values of the parameter λ,
leading us to conclude that: 1) the Lagrangian monotonically decreases as λ increases. 2)
The Lagrangian decreases much faster once λ reaches a critical point, following the same
pattern as the recovery error shown in blue line.

6.6 Conclusion

In this paper, a distributed self-paced learning algorithm (DSPL) is proposed to extend
the traditional SPL algorithm to its distributed version for large scale datasets. To achieve
this, we reformulated the original SPL problem into a distributed setting and optimized the
problem of treating different mini-batches in parallel based on consensus ADMM. We also
proved that our algorithm can be convergent under mild assumptions. Extensive experiments
on both synthetic data and real-world rental price data demonstrated that the proposed
algorithms are very effective, outperforming the other comparable methods over a range of
different data settings.



Chapter 7

Robust Multi-Factor Personality
Prediction with Correlated Noises

The chapter presents a novel robust multi-factor personality prediction model with correlated
data corruption. Section 7.1 introduces the work, then Section 7.2 reviews background and
related work, and Section 7.3 introduces the problem setup. The proposed RMFP algorithm
is presented in Section 7.4. Section 7.5 presents the proof of convergence rate and recovery
guarantee. The experiments on both synthetic and real-world datasets are presented in
Section 7.6, and the paper concludes with a summary of the research in Section 7.7.

7.1 Introduction

Personality is a combination of attitudinal, emotional, and behavioral response patterns
accounting for individual differences in people [106]. The classic Five-Factor model [71]
comprises five traits: Openness, Conscientiousness, Extraversion, Agreeableness, and Neu-
roticism. Individual personality analysis is important and widely used in many real-world
applications with characterized services w [78]. For instance, an extraversive user may have
a higher frequency of online activities and be more likely to use a recommendation system
to make new friends with strangers. To identify an individual’s personality, the most com-
monly used method is self-report inventory [27], which requires individuals to answer ques-
tions about their typical behavior. For example, the Berkeley Personality Lab has designed
a widely used Big-Five Inventory (BFI) containing 44 questions to form reliable five-factor
personality scores. Despite its wide usage, the self-report method still suffers from two ma-
jor problems: It is particularly difficult to conduct in large scale, and social desirability [83]
may influence responses in that people might state what they wish, which will reduce the
credibility of their responses.

Recently, the growing popularity of social media has provided a new way to manifest per-

108
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Table 7.1: Example of Corrupted Big-Five Personality Score

Agr. Con. Ext. Ope. Neu.

Corruption-A 4.10 3 2.65 3 2.25 7 3.15 3 2.15 3

Corruption-B 3.20 7 2.50 3 4.25 3 1.15 7 2.05 3

Corruption-C 4.20 3 4.50 7 4.30 3 1.45 7 4.15 7

Corruption-D 1.20 7 3.50 7 2.25 7 1.15 7 4.05 7

Groud-Truth 4.20 2.50 4.25 3.15 2.05

sonality through users’ online activities, which yields important insights into users’ interests,
preferences, and sentiments. As online behaviors share a significant amount in common with
real-world behaviors [55], social media provides an excellent data source to reproduce social
activities in real life from a large and diverse population. Although social media can eas-
ily extend the traditional methods to large scale, the personality data collected from social
media is more easily corrupted by careless response [74] and social desirability [83] due to
the lack of supervision. For instance, one may distort the response of personality assessment
to exaggerate the personality score of conscientiousness due to one’s social desirability; or
randomly respond the questions in personality assessment carelessly. Table 7.1 shows four
types of data corruption compared to their ground truth Big-Five personality score. For
example, the person in Corruption-C case exaggerates the conscientiousness score while the
scores of openness and neuroticism are also impacted. Existing work on personality predic-
tion in social media typically only focuses on building the relation between personality and
online behaviors, although careless or malicious user annotations are actually a crucial issue
in practice [83]. For those seeking to address this issue, the major challenges can be summa-
rized as follows. 1) Existence of correlated corruption. Featured by the characteristics
of personality, factors of personality have corruption correlations. For example, when one
tends to fake a higher score of extraversion in one personality test, the neuroticism score
will be correspondingly impacted [132]. Thus, simply estimating corruption independently
for each factor is not an ideal strategy, as their interactions also need to be considered. 2)
Difficulty in estimating the corruption ratio. Existing methods typically assume the
corruption ratio is a user known parameter; however, the parameter can hardly be estimated
in practice even when users obtain the corresponding domain knowledge. Moreover, due to
the existence of correlated corruption among the factors, as mentioned earlier, corruption
ratio are not independent of each other. It is thus clearly necessary to utilize this corre-
lation pattern to regulate the corruption estimation process. 3) Scalability to massive
datasets. Different from the traditional inventory-based psychological analysis based on at
most hundreds of data samples, millions of samples are being generated by social media users
everyday. Therefore, considering the complexity of robust personality prediction problem,
an efficient algorithm is required to handle the massive datasets.

To simultaneously address all these technical challenges, this paper presents a novel model
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based on multi-factor learning, Robust Multi-Factor Personality Prediction (RMFP),
which jointly optimizes the regression coefficients with correlated corruption. In our RMFP
model, the uncorrupted sample set for the prediction of each factor will be consolidated into
a unified set. This improves the estimation of not only the regression coefficients but also the
corruption patterns. Moreover, by letting the factors learn the estimation of corruption from
each other, our algorithm achieves faster convergence than optimizing them individually. In
addition, each factor can be optimized in parallel, which is extremely beneficial to efficiency
when the number of factors becomes large. The main contributions of this paper are as
follows: 1) Formulating a model for robust multi-factor personality prediction.
The proposed model considers correlation of multiple personality factors by utilizing the
correlated corruption property. Based on this property, each personality factor learns the
estimated corruption pattern from the others to improve overall performance. 2) Proposing
a distributed robust algorithm for the multi-factor regression problem. The opti-
mization of the proposed multi-factor model is a non-convex discrete optimization problem,
which is technically challenging. By optimizing individual factor in parallel, the uncorrupted
set is combined from each factor following two strategies: global consensus and majority
voting. 3) Providing a strong recovery guarantee under the multi-factor problem
setting. We prove that our RMFP algorithm with global consensus strategy converges at
a geometric rate and recovers coefficients of each factor exactly under the assumption of
Subset Strong Convexity and Subset Strong Smoothness properties. Specifically, we prove
that our algorithm ensures a rigorous error bound of the regression coefficient compared to
ground truth. 4) Conducting extensive experiments for performance evaluations.
The proposed method was evaluated on both synthetic data and real-world datasets with
various corruption settings. The experimental results show that our proposed RMFP al-
gorithm runs efficiently and can consistently outperform the other existing methods along
multiple metrics.

The rest of this paper is organized as follows. Section 7.2 reviews background and related
work, and Section 7.3 introduces the problem setup. The proposed RMFP algorithm is
presented in Section 7.4. Section 7.5 presents the proof of convergence rate and recovery
guarantee. The experiments on both synthetic and real-world datasets are presented in
Section 7.6, and the paper concludes with a summary of the research in Section 7.7.

7.2 Related Work

The work related to this paper falls into three categories and is summarized below.

Personality prediction in social media: Many approaches [84] [54] [119] that combine
personality and social media have been proposed. Some research focuses on the association
relation between personality and behavior rather than quantitative analysis of personality.
For instance, Orr et al. [84] discovered the relation between shyness and the number of
”friends”, while Correa et al. [20] found extraversion and openness have a positive relation
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to the user experience in social media. A large body of work explores linguistic feature
selection in personality prediction. The studies focus on a broad set of demographic and
psychological features in user postings such as social status [54] [77], occupation [89], mental
illness [38] [90], political orientation [85], and gender [12], as well as other online behavior
features such as Facebook likes [52] and profile pictures [16] [60]. However, none of these
works considers the noise or corruption in the social media dataset. Recently, Zhang et
al. [119] proposed the only work that considers the robustness of the personality prediction
model. However, the model treats the corruption of different factors independently and does
not consider the correlation between the corruption of multiple factors.

Robust regression model: A large body of literature on the robust regression problem
has been built up over the last few decades. Most of them lack the theoretical guarantee
of regression coefficients recovery [100] [41] [48]. To pursue the exact recovery results for
the robust regression problem, some work focused on L1 penalty-based convex formulations
[109] [82]. However, these methods imposed severe restrictions on the data distribution
such as row-sampling from an incoherent orthogonal matrix [82]. Several studies require
the corruption ratio parameter, which is difficult to determine manually. For instance, She
and Owen [99] rely on a regularization parameter to control the size of the uncorrupted set
based on soft-thresholding. Instead of a regularization parameter, Chen et al. [19] require
the upper bound of outliers number, which is also difficult to estimate. Recently, Bhatia
et al. [5] proposed a hard-thresholding algorithm. Although the method gives a strong
guarantee of coefficient recovery under a mild assumption on input data, their results are
highly dependent on the corruption ratio parameter inputed by users. Zhang et al. [119]
consider the robust multivariate regression problem in personality prediction with gross
corruption; however, their method also requires regularization parameters to control the
ratio and sparsity of corruption. None of these approaches focuses specifically on the robust
multi-factor regression problem with a correlated corruption ratio under a strong recovery
guarantee.

Multi-task learning: Multiple related tasks are simultaneously learned in multi-task learn-
ing (MTL) to prove the generalization performance [126]. Many multi-task approaches [125]
[127] [31] have been proposed in recent years to model the relationship between tasks. The
relatedness of tasks can be characterized by making multiple tasks to share a common fea-
ture space, such as a common subspace [125] [31], a common set of features [1], or using a
structured model [51]. For instance, Evgeniou et al. [31] proposed a regularized multi-task
learning method that make the models of all the tasks as close as each other. Multi-task
learning methods have been utilized in many applications, including biomedical informatics
and image processing. To the best of our knowledge, our work is the first one that applies
multi-task learning in the domain of robust personality prediction.
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7.3 Problem Setting

In this section, the problem addressed by this research is formulated.

Denote X = [x1, ...,xN ] as a collection of social media features for N users, where each
column xi ∈ RP×1 represents the feature set for the ith user, and y = {y(1),y(2), ...,y(M)}
represents the personality labels for M factors, where y(m) ∈ RN×1 is the personality label
for all the N users in the mth factor. We assume the response vector y(m) of the mth factor
is generated using the model:

y(m) = XTβ(m)
∗ + u(m) + ε(m) (7.1)

where β
(m)
∗ represents the ground truth coefficients of the regression model and u(m) ∈ RN×1

is the unbounded corruption vector introduced adversarily or unintentionally. When the ith

sample is uncorrupted, we have u
(m)
i = 0; otherwise, u

(m)
i represents the corresponding

corruption value. Denoting S∗ as the set of uncorrupted samples in mth factor, then we have
S∗ = supp(u(m)), where supp(·) is the subset whose elements are not zero. ε(m) is denoted

as the additive dense noise for the mth factor, where ε
(m)
i ∼ N (0, σ2). The notations used in

this paper are summarized in Table 7.2.

Before formally stating the problem, we first introduce two definitions related to corruption
in personality assessment.

Definition 1. Corruption in personality assessment. Corruption or faking in per-
sonality assessment represents the response distortion aimed at providing a self-description
that helps to achieve personal goals (e.g., social desirability [83], careless response [74]).

Existing psychological research [132] [131] shows that corruption indeed increases correlations
between the Big Five factors in personality. The empirical evidence of these works concludes
that faking on personality assessment can be considered a source of systematic variance that
is added to (or even replaces) the true score variance. For example, a faked score on one
particular test of extraversion has higher correlations with other factors of personality such
as conscientiousness or neuroticism than scores on other extraversion tests. Based on this
observation, we formally define the correlated corruption property as follows.

Definition 2. Correlated Corruption Property. Denoting u(m) as the corruption vector
of the mth factor, the M factors satisfy the correlated corruption property if the following
holds:

supp(u(i)) = supp(u(j)) ∀i, j ∈ {1...M} (7.2)

where supp(u(i)) denotes the set of corrupted points in the ith factor.

The correlated corruption property assumes all the personality factors have correlated data
corruption. Specifically, the corruption vector u(i) for the ith factor has the same non-zero
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Table 7.2: Math Notations

Notations Explanations

X ∈ RF×N collection of social media feature set
y(m) ∈ RN×1 response vector of the mth factor
β(m) ∈ RF×1 estimated regression coefficient of the mth factor
u(m) ∈ RN×1 corruption vector of the mth factor
r(m) ∈ RN×1 residual vector of the mth factor
S ⊆ [n] estimated uncorrupted set

S∗ ⊆ [n] ground truth uncorrupted set, where S∗ = supp(u)

elements as any other factor. The property utilizes the observation of correlated corruption in
psychological research [131] and establishes the relation between multiple factors in Big-Five
personality domain.

The goal of our study is to learn a new multi-factor robust regression problem with correlated
corruption, which jointly recovers the multi-factor regression coefficients β̂ = {β̂(1)...β̂(M)}
and determines the correlated uncorrupted set Ŝ simultaneously. The problem is formally
defined as follows:

β̂, Ŝ = arg min
β,S

M∑
m=1

‖y(m)
S −XT

S β
(m)‖2

2

s.t. S ∈
{

Γ
(
Z
) ∣∣ ∀m ∈ {1, ... ,M} : |S(m)| ≥ h(r(m))

} (7.3)

Denoting S(m) as the estimated uncorrupted set for the mth factor and Z = {S(1), ... , S(M)}
as the collection of uncorrupted set for all the factors, the function Γ(·) consolidates the
estimation of all the factors into one correlated uncorrupted set S ⊂ [n]. yS restricts the
row of y to indices in S, and XS signifies that the columns of X are restricted to indices in
S. Therefore, we have y

(m)
S ∈ R|S|×1 and XS ∈ RP×|S|. The size of S(m) is lower-bounded by

a heuristic function h(·) according to the mth factor’s residual vector r(m) = y(m)−XTβ(m).

Also, we use r
(m)
S to represent the |S|-dimensional residual vector containing the components

in S for the mth factor. The detail of heuristic function h(·) and consolidation function Γ(·)
will be explained in Section 7.4.1 and 7.4.2.

7.4 RMFP Model

In this section, we propose a new model, Robust Multi-Factor Personality Prediction (RMFP),
which is based on robust multi-factor regression. In Section 7.4.1, the corruption estimation
for single factor is characterized mathematically by a heuristic hard thresholding method,
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and then these estimations are consolidated for multiple factors in Section 7.4.2. In Sec-
tion 7.4.3, a novel distributed robust regression algorithm is proposed that ensures a strong
guarantee of coefficient recovery.

7.4.1 Single-Factor Corruption Estimation

To estimate the data corruption for single factor, we propose a new method that heuristically
estimates the size of uncorrupted set based on the factor’s residual vector. Specifically, the
size of uncorrupted set S(m) for mth factor in Equation (7.3) is lower-bounded by heuristic
function h(·), which is defined as follows.

h(r(m)) := arg max
τ∈Z+,τ≤n

τ s.t. r
(m)
δ(τ) ≤

2τr
(m)
δ(τo)

τo
(7.4)

The variable τo in the constraint is defined as follows:

τo = arg min
1≤τ≤n

∣∣∣∣∣(r(m)
δ(τ)

)2

−
‖r(m)

Sτ ′
‖2

2

τ ′

∣∣∣∣∣ (7.5)

where τ ′ = τ − dn/2e and Sτ ′ is the position set containing the smallest τ ′ elements in

residual r(m), and r
(m)
δ(k) represents the kth elements of r(m) in ascending order of magnitude.

Basically, the design follows a natural intuition that data points with unbounded corruption
always have a higher residual r

(m)
i = y

(m)
i −Xiβ

(m) in magnitude compared to uncorrupted
data. Moreover, the constraint in Equation (7.4) ensures the residual of the largest element
τ in our estimation cannot be too much larger than the residual of a smaller element τo. This
is because if the element τo is too small, some uncorrupted elements will be excluded from
our estimation; otherwise, if it is too large, some corrupted elements will be included. The
formal definition of τo is shown in Equation (7.5), in which τo is defined as a value whose

squared residual is closest to ‖r(m)
Sτ ′
‖2

2/τ
′, where τ ′ is less than the ground truth threshold τ∗

as the corruption ratio is typically assumed not larger than half [19] [5]. This design ensures

that |S(m)
∗ ∩ S(m)

t | ≥ τ − n/2, which means at least τ − n/2 elements are correctly estimated

in S
(m)
t . The property will be used in the proof in Lemma 2 in Section 7.5. In addition, the

precision of the estimated uncorrupted set can be easily achieved when fewer elements are
included in the estimation, but with low recall value. To increase the recall of our estimation,
the objective function in Equation (7.4) chooses the maximum uncorrupted set size.

Applying the uncorrupted set size generated by τ(·), the heuristic hard thresholding is defined
as follows:

Definition 3. Heuristic Hard Thresholding. Denoting δ−1
r (i) as the position of the ith

element in residual vector r’s ascending order of magnitude, the heuristic hard thresholding
of r is defined as

Hτ (r) = {i ∈ [n] : δ−1
r (i) ≤ h(r)} (7.6)
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ALGORITHM 7: Rmfp Algorithm
Input: Multi-factor training dataset X, y, tolerance ε
Output: solution β̂, Ŝ
S0 ← [n], Ψ ← [M ], t ← 0
repeat

for m ∈ Ψ do

β
(m)
t+1 ← (XStX

T
St)
−1XSty

(m)
St

r
(m)
t+1 ← |y(m) −XTβ(m)|
S

(m)
t+1 ← Hτ

(
r

(m)
t+1

)
// Heuristic hard threshold on residual

if
∥∥r(m)

t+1 − r
(m)
t

∥∥
2
/n < ε then

Ψ ← Ψ \ {m} // Remove factor from active set

end

end

St+1 = Γ(S
(1)
t+1, ..., S

(M)
t+1 ) // Corruption Consolidation: GC or MV

t← t+ 1
until Ψ = ∅
return β

(1)
t ...β

(M)
t , St

The optimization of S(m) is formulated as solving Equation (7.6), where the set returned by
Hτ (r

(m)) will be used as the estimated uncorrupted set of the mth factor.

7.4.2 Corruption Consolidation

To consolidate the uncorrupted sets of all the factors, we propose two strategies for the
consolidation function Γ(·) in Equation (7.3): global consensus (GC ) and majority voting
(MV ). The definition of global consensus strategy is presented as follows.

Definition 4. Global Consensus. Denoting S(m) as the uncorrupted set of the mth factor,
the global consensus uncorrupted set S is defined as S =

⋂M
m=1 S

(m).

Global consensus strategy selects the estimated uncorrupted set as the intersection set from
all the factors. The strategy strictly follows the correlated corruption property (Definition
2) and only keeps the uncorrupted elements contained in estimators of all the factors. It
increases the precision of the estimated uncorrupted set, but also excludes some correct sam-
ples from the estimation. As dense noise will increase the difference between the estimations
of multiple factors, the strategy is more suitable to cases in which the amount of dense noise
is small or there is no dense noise.

To avoid the problem of global consensus strategy, we propose the second strategy, majority
voting, as follows.
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Definition 5. Majority Voting. Denoting S(m) as the uncorrupted set of the mth factor
and M as the total number of factors, the uncorrupted set S of majority voting satisfies:

M∑
m=1

1

(
Si ∈ S(m)

)
≥
⌈
M

2

⌉
∀i ≤ |S| (7.7)

Different from global consensus, which requires the consolidated elements to be contained
in estimators of all factors, the majority voting strategy requires them to be contained only
in the majority of factors. It can handle the case of an uncorrupted element contained in
estimators of all the factors except one factor that has a large amount of dense noise in
the element. Therefore, the majority voting strategy is more suitable to cases with dense
noise. However, with little dense noise, it will introduce some false positive elements into
the estimation.

7.4.3 Algorithm of RMFP

In order to efficiently solve the problem in Equation (7.3), we propose a novel distributed
robust regression algorithm, RMFP, in Algorithm 7.

In the algorithm, the active set Ψ is initialized as all the factors from 1 to M , and the initial
uncorrupted set S0 is set as the entire data samples in Line 1. Then the algorithm follows
an intuitive strategy of updating β(m) for each factor to provide a better fit for the current
estimated set S in line 4, and updating the residual vector for each factor in Line 5. It then
estimates the uncorrupted set S(m) of each factor via heuristic hard thresholding in Line 6
based on the residual vector r(m) = y(m) −XTβ(m) in the current iteration. In Lines 7 and
8, the factor whose residual difference compared to the previous iteration is smaller than a
predefined threshold will be removed from the active set Ψ. After the uncorrupted set of all
the factors is computed, the estimation of all the factors will be consolidated in Line 9 with
either the global consensus or majority voting strategy. The algorithm continues until the
active set Ψ is empty. To improve the efficiency of the algorithm, the for loop from Lines 3
to 8 can be run in parallel for each factor.

Figure 7.1 shows the residual of the uncorrupted set of one factor in the 1st and 7th iterations
for both global consensus and majority voting strategies, respectively. It intuitively explains
the convergence progress of our algorithm: The optimization steps of β(m) based on the
consolidated uncorrupted set St make the overall r

(m)
St

smaller than its previous iteration;
then these items in St have a much higher possibility to be kept in St+1 than items in the
set [n] \ St. This progress continues until the consolidated uncorrupted set is fixed. Figures
7.1(b) and 7.1(d) show that the correlated uncorrupted set by global consensus strategy has
a smaller size than majority voting strategy.



Xuchao Zhang Chapter 7. Robust Personality Prediction 117

(a) RMFP-GC: 1st Iteration (b) RMFP-GC: 7th Iteration

(c) RMFP-MV: 1st Iteration (d) RMFP-MV: 7th Iteration

Figure 7.1: Residual r of one factor in ascending order for the 1st (left) and 7th (right)
iterations in global consensus and majority voting strategies.
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7.5 Recovery Analysis

In this section, the convergence analyses for the case with a global consensus strategy will
be presented.

Lemma 2. Let τ t be the estimated uncorrupted threshold at the t-th iteration. If τ∗ = γn,

then each factor’s residual satisfies ‖rtSt‖
2
2 ≤

[
1 + 128(1−γ)

2γ−1

]
‖rtS∗‖

2
2.

The proof of Lemma 2 can be found in supplementary document 1. Lemma 2 gives an upper
bound of the residual value of the estimated uncorrupted set compared to the ground truth
uncorrupted set. When γ is very close to 1, ‖rSt‖

2
2 reaches its upper bound ‖rS∗‖

2
2. To prove

the theoretical recovery of regression coefficients, we require that the least squares function
satisfies the Subset Strong Convexity (SSC) and Subset Strong Smoothness (SSS), which are
defined as follows:

Definition 6. SSC and SSS Properties. The least squares function f(β) = ‖yS−XT
S β‖

2
2

satisfies the 2ζγ-Subset Strong Convexity property and the 2κγ-Subset Strong Smoothness
property if the following holds:

ζγI �
1

2
O2fS(β) � κγI for ∀S ∈ Sγ (7.8)

Note that Equation (7.8) is equivalent to:

ζγ ≤ min
S∈Sγ

λmin(XSX
T
S ) ≤ max

S∈Sγ
λmax(XSX

T
S ) ≤ κγ

where λmin and λmax are denoted as the smallest and largest eigenvalues of matrix X,
respectively.

Theorem 2. Let X = [x1, ...,xn] ∈ Rp be the given data matrix and the corrupted output of

each factor y(m) = XTβ
(m)
∗ +u(m) + ε(m) with ‖u(m)‖0 = γn. Let Σ0 be an invertible matrix

such that X̃ = Σ
−1/2
0 X, f(β(m)) = ‖y(m)

S − X̃Sβ
(m)‖2

2 satisfies the SSC and SSS properties

at level α, γ with 2ζα,γ and 2κα,γ. If the data satisfies ϕα,γ√
ζα

< 1
2
, after t = O

(
log 1

η

‖u‖2√
nε

)
iterations, Algorithm 7 yields an ε-accurate solution β

(m)
t with ‖β(m)

∗ − β(m)
t ‖2 ≤ ε +

C‖ε‖2√
n

for some C > 0.

Proof. To simplify the notation, we will omit all the superscripts (m) that denotes the
mth factor in the explanation below. We use St to represent the uncorrupted set after
consolidation in the tth iteration. We observe that the optimality of the regression coefficient
β(m) on the estimated corrupted set St ensures:

1https://goo.gl/WhZJ6T
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‖ySt −XT
Stβt+1‖2 =‖XT

St(β∗ − βt+1) + εSt + uSt‖2

≤‖ySt −XT
Stβ∗‖2 = ‖εSt + uSt‖2

Using the triangle inequality of L2 norm, we have

‖XT
St(β∗ − βt+1)‖2 − ‖εSt + uSt‖2 ≤‖εSt + uSt‖2

‖XT
St(β∗ − βt+1)‖2 ≤2‖εSt + uSt‖2√
ζα‖β∗ − βt+1‖2

(a)

≤2‖εSt + uSt‖2

‖β∗ − βt+1‖2

(b)

≤ 2√
ζα

(‖εSt‖2 + ‖uSt‖2)

Inequality (a) follows |St| ≤ αn, where α = maxt{ τtn }. Inequality (b) follows the triangle
inequality ‖εSt + uSt‖2 ≤ ‖εSt‖2 + ‖uSt‖2. According to the hard thresholding step in
Definition 3, we have:

‖XT
St+1

(β∗ − βt+1) + εSt+1 + uSt+1‖2 = ‖ySt+1 −XT
St+1

βt+1‖2 = ‖rSt+1‖2

‖uSt+1‖2 − ‖X
T
St+1

(β∗ − βt+1)‖2 − ‖εSt+1‖2

(c)

≤ λ‖rS∗‖2

(d)

≤ λ‖XT
S∗(β∗ − βt+1) + εS∗‖2

Inequality (c) follows the Lemma 2, where λ = 1 + 128(1−γ)
2γ−1

. Inequality (d) utilizes the

definition of rS∗ . Let FPt+1 = St+1 \S∗, FNt+1 = S∗ \St+1, TPt+1 = S∗∩St+1, and according
to the triangle inequality property, we have

‖uSt+1‖2 ≤‖X
T
FPt+1

(β∗ − βt+1)‖2 + ‖εFPt+1‖2 +
√
λ2 − 1‖XT

TPt+1
(β∗ − βt+1)‖2

+
√
λ2 − 1‖εTPt+1‖2 + λ‖XT

FNt+1
(β∗ − βt+1)‖2 + λ‖εFNt+1‖2

(e)

≤ϕα,γ‖β∗ − βt+1‖2 + (1 + λ+
√
λ2 − 1)‖ε‖2

(f)

≤ 2ϕα,γ√
ζα

(‖uSt‖2 + ‖ε‖2) + (1 + 2λ)‖ε‖2

≤2ϕα,γ√
ζα
‖uSt‖2 +

[2ϕα,γ√
ζα

+ (1 + 2λ)
]
‖ε‖2

Let ϕα,γ =
√
κα + (λ +

√
λ2 − 1)

√
κ1−γ, inequality (e) follows |FPt+1| ≤ αn, |TPt+1| ≤

(1−γ)n, |FNt+1| ≤ (1−γ)n and ‖εSt+1‖2 ≤ ‖ε‖2. Inequality (f) follows the fact in inequality

(b). Let η = 2ϕα,γ√
ζα

. When ϕα,γ√
ζα
< 1

2
, we have η < 1. Replacing the coefficients with η, we get
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‖uSt+1‖2 ≤η‖uSt‖2 + (η + 2λ+ 1)‖ε‖2 ≤ η‖uSt‖2 + (2 + 2λ)‖ε‖2

≤ηt‖u‖2 + (2 + 2λ)
t∑
i=1

ηi−1‖ε‖2 ≤ ηt‖u‖2 +
(2 + 2λ)

1− η
‖ε‖2

Using the inequality for ‖β∗ − βt+1‖2 again gives us

‖β∗ − βt+1‖2 ≤
2√
ζα

(‖uSt‖2 + ‖ε‖2)

≤ 2ηt√
ζα
‖u‖2 +

2(3 + 2λ− η)√
ζα(1− η)

‖ε‖2

For a large enough n, we have
√
ζα ≥ O(

√
n). Let C = 2(3+2λ−η)

1−η , then after t = O
(

log 1
η

‖u‖2√
nε

)
iterations, Algorithm 7 yields an ε-accurate solution βt with ‖β∗ − βt‖2 ≤ ε+

C‖ε‖2√
n

.

7.6 Experiment

In this section, the proposed RMFP model is evaluated on both synthetic and real-world
datasets. After the experiment setup has been introduced in Section 7.6.1, the effectiveness
of the methods is evaluated against several existing methods on both the synthetic and real-
world datasets, along with an analysis of efficiency for all the comparison methods, in Section
7.6.2. All the experiments were conducted on a 64-bit machine with an Intel(R) core(TM)
quad-core processor (i7CPU@3.6GHz) and 32.0GB memory. Details of both the source code
and sample data used in the experiment can be downloaded here.2

7.6.1 Experiment Setup

Datasets and Labels

Our dataset is composed of synthetic and real-world data. The simulation samples were
randomly generated according to the model in Equation (7.1) for each factor, sampling

the regression coefficients β
(m)
∗ ∈ Rp as a random unit norm vector. The covariance data

X was independently drawn and identically distributed from xi ∼ N (0, Ip), and the un-

corrupted response variables were generated as y
(m)
∗ = XTβ

(m)
∗ . The set of uncorrupted

points S∗ was selected as a uniformly random (n-τ∗)-sized subset of [n], where τ∗ is the size
of the uncorrupted set. The corrupted response vector for each factor was generated as

2https://goo.gl/JEoo5j
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(a) p=100, n=1000, dense noise
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(b) p=100, n=2000, dense noise

0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
Corruption Ratio

0.05

0.10

0.15

0.20

0.25

0.30

0.35

Σ
m
‖β̂

(m
)
−
β

(m
)

∗
‖ 2

DALM

Homotopy

TORRENT50

TORRENT25

TORRENT*

RLHH

RMFP-GC

RMFP-MV

(c) p=100, n=4000, dense noise
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(d) p=200, n=2000, dense noise
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(e) p=200, n=2000, no dense noise
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Figure 7.2: Performance on regression coefficients recovery for different corruption ratios.
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Figure 7.3: Regression coefficients recovery based on factor number with p=100, n=1000,
and dense noise.

y(m) = y
(m)
∗ + u(m) + ε(m), where the corruption vector u(m) was sampled from the uniform

distribution [−5‖y(m)
∗ ‖∞, 5‖y(m)

∗ ‖∞] and the additive dense noise was ε
(m)
i ∼ N (0, σ2). Ac-

cording to our correlated corruption assumption, the corruption vector for each factor used
the unified corruption set S∗, where we have S∗ = supp(u(m)). Note that although each
factor shares the same corruption set, the volume of corruption is factor dependent.

The real-world dataset we use is published in [61], which is built from the Sina microblog (the
Chinese counterpart of Twitter). In that dataset, 1,721 volunteers, who have enough Sina
microblog data, are recruited to participate in the data collection process. All of them are
required to finish the Big Five questionnaire [14] online as their personality labels, and their
microblogs and public personal information such as age, gender, and personal description
are authorized to be obtained. We retrieve the Linguistic Inquiry and Word Count (LIWC)
features from the user microblogs, which contain 63 features in total. We use the first 1,000
samples as training data and the remaining samples as testing data. Also, invalid and noisy
data, such as too short answering time, is kept to evaluate our robust model.
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Evaluation Metrics

For the synthetic data, we measured the performance of the regression coefficients recovery
using the averaged L2 error:

e =
1

M

M∑
m=1

‖β̂(m) − β(m)
∗ ‖2

where β̂(m) represents the recovered coefficients for each method and β
(m)
∗ is the true regres-

sion coefficients. To validate the performance for corrupted set discovery, precision, recall,
and F1-score are measured by comparing the discovered corrupted sets with the actual ones.
To compare the scalability of each method, the CPU running time for each of the competing
methods was also measured.

For the real-world dataset, we use the Pearson correlation coefficient (PCC) to evaluate the

linear correlation between the predicted personality score ŷ(m) and labeled personality y
(m)
∗

as follows:

ρX,Y =
E[(X − µX)(Y − µY )]

σXσY

where µX is the mean of X and σX is the standard deviation of X. The Pearson correlation
coefficient has a value between -1 and +1, where +1 is total positive linear correlation, 0
represents no linear correlation, and -1 stands for total negative linear correlation.

Comparison Methods

The following methods are included in the performance comparison presented here: Ordinary
least squares (OLS ). The OLS method ignores the corruption of data and trains the model
based on the whole dataset. We also compared our method to the regularized L1 algorithm
for robust regression [109] [82]. For extensive L1 minimization solvers, [113] showed that the
Homotopy and DALM solvers outperform other proposed methods both in terms of recovery
properties and running time. Both of the L1 solver methods are parameter free. A hard
thresholding method, TORRENT (abbreviated ”Torr”), developed for robust regression [5]
was also compared to our method. As the method requires a parameter for the corruption
ratio, which is difficult to estimate in practice, we chose three versions with different pa-
rameter settings: TORR*, TORR25, and TORR50. TORR* uses the true corruption ratio
as its parameter, and the others apply parameters that are uniformly distributed across
the range of ±25%, and ±50% off the true value, respectively. Another recently proposed
heuristic hard thresholding method, RLHH [122], is also compared in our experiment. The
method is a parameter-free approach, as it estimates the corruption set by a heuristic hard
thresholding method . As all these methods are not designed for the multi-factor robust re-
gression problem with correlated corruption, we run them individually for each factor under
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Table 7.3: Pearson Correlation of Personality Prediction

Agr. Con. Ext. Ope. Neu. Avg

OLS 0.2461
/

35.46% 0.2437
/

33.07% 0.1921
/
24.95% 0.2733

/
37.03% 0.0910

/
11.88% 0.2092

/
28.48%

TORR 0.2075
/

29.90% 0.2157
/

29.27% 0.1766
/

22.94% 0.2405
/

32.59% 0.0971
/

12.68% 0.1875
/

25.47%
RLHH 0.2111

/
30.42% 0.2332

/
31.64% 0.1867

/
24.25% 0.2739

/
37.11% 0.1064

/
13.89% 0.2023

/
27.46%

RMFP-GC 0.2146
/

30.92% 0.2296
/

31.15% 0.1887
/

24.51% 0.2552
/

34.58% 0.1098
/
14.33% 0.1996

/
27.10%

RMFP-MV 0.2472
/
35.62% 0.2442

/
33.13% 0.1919

/
24.92% 0.2743

/
37.17% 0.0967

/
12.62% 0.2109

/
28.69%

the correlation corruption assumption. For our proposed methods, we use RMFP-GC and
RMFP-MV to represent the RMFP algorithm with a global consensus or majority voting
strategy, respectively. All the results will be averaged over 10 runs.

7.6.2 Performance

This section presents the recovery performance of the regression coefficients and the uncor-
rupted sets.

Recovery of regression coefficients

We selected seven competing methods with which to evaluate the average recovery perfor-
mance of all the factors: OLS, DALM, Homotopy, TORR*, TORR25, TORR50, and RLHH.
As the recovery error for the OLS method is almost 10 times larger than those of the other
methods, its result is not shown in Figure 7.2 in order to present the other results properly.
Figures 7.2(a), 7.2(b), and 7.2(c) show the recovery performance for different data sizes when
the feature number is fixed. Looking at the results, we can conclude: 1) The RMFP-MV
method outperforms all the competing methods, including TORR*, whose corruption ratio
parameter uses the ground truth value. Also, the RMFP-GC method has a very competitive
result compared to TORR* and RLHH. 2) The results of the TORR methods are signif-
icantly affected by their corruption ratio parameters; TORR50 performs almost twice as
badly as TORR* and yields worse results than one of the L1-Solver methods, DALM. How-
ever, both RMFP-GC and RMFP-MV perform consistently throughout, with no impact
of the parameter. 3) The L1-Solver methods generally exhibit worse performance than the
hard thresholding based algorithms. Specifically, compared to DALM, Homotopy is more
sensitive to the number of corrupted instances in the data. Figure 7.2(d) shows its similar
performance when the feature number increases. Figures 7.2(e) and 7.2(f) show that both
the RMFP-GC and RMFP-MV performs equally as well as TORR* and RLHH without
dense noise, with both achieving an exact recovery of regression coefficients β.

Figure 7.3 shows the result of regression coefficient recovery based on different factor num-
bers, from which we conclude: 1) The RMFP-MV algorithm outperforms the competing
methods in all the settings of factors except when the factor is three. It is because the
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Figure 7.4: Running time for different corruption ratios and data sizes
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majority number of three factors is so small that it is easier to include the corrupted samples
and exclude uncorrupted ones than a larger factor number. 2) The recovery error of the
RMFP-GC algorithm increases when the number of factors rises. It is because the correla-
tion corruption property used in RMFP-GC restricts the uncorrupted samples are accepted
by all the factors, which leads to more uncorrupted samples being excluded from the esti-
mation. 3) Similar to the result in Figure 7.2, hard thresholding based algorithms generally
outperform L1-Solver methods in different settings of factor numbers. However, the TORR50
algorithm performs worse than other methods because a badly estimated corruption ratio
is used as its parameter. Due to the space limitation, the performance of uncorrupted set
recovery can be found in supplementary document 3.

Result of Personality Prediction

To evaluate the performance of personality prediction, we compared our proposed methods
of RMFP-GC and RMFP-MV to competing methods, including OLS, RLHH, and TORR
algorithm. For the setting of the TORR algorithm, a fixed 10% corruption ratio is used
as its parameter, while the majority number in the RMFP-MV algorithm is set as 4 out
of 5. The Pearson correlation coefficient is used as a metric to evaluate the correlation
between the estimated personality scores and labeled scores. The result is shown in Table 7.3,
where the columns represent the scores of the five personality factors: agreeableness(Agr.),
conscientiousness(Con.), extraversion(Ext.), openness(Ope.), neuroticism(Neu.), and their
average scores. As one person can get varied personality scores in different personality
questionnaires, we use the correlation score from a test-retest reliability experiment [36] as
the optimal value in this domain. The value is estimated by correlating scores obtained in the
first test with scores from a second test approximately six week later. The optimal correlation
value for each factor in the Chinese language [15] is listed as follows: Agr. (0.694), Con.
(0.737), Ext. (0.770), Ope. (0.738) and Neu. (0.766). In Table 7.3, we show the percentage
of the evaluated method compared to the optimal value in the second column of each factor.

From the result in Table 7.3, we conclude: 1) RMFP-MV outperforms all the competing
methods in an average of the Pearson correlation. However, the result of RMFP-GC is
5.6% worse than RMFP-MV since it uses a more strict assumption of correlated corruption.
2) The RLHH method, which considers the robustness for each factor independently, only
competes with the OLS method in two factors: Ope. and Neu. The facts show that the
correlated corruption property applied in RMFP-MV can improve overall performance for
multiple factors. 3) The TORR algorithm using a fixed corruption ratio performs worse than
other methods because some corrupted samples can be included if the estimated corruption
is less than the actual corruption. 4) Compared to other factors, the performance of Neu. is
55.8% worse on average for all the methods, which means the Neu. factor cannot be properly
handled by evaluated methods in the collected data. Also, we found that average correlation

3https://goo.gl/X7FmRQ
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can be improved by 12.56% if the Neu. factor is removed.

Efficiency

To evaluate the efficiency of our proposed method, we compared the performance of all the
competing methods for three different data settings: different corruption ratios, data sizes,
and factor numbers. In general, as Figure 7.4 shows, we conclude: 1) The RMFP method has
a very competitive performance even though it performs the additional consolidation step
in either global consensus or majority voting in each optimization iteration. The efficiency
difference compared to RLHH and TORR is trivial, which indicates that the consolidation
step in RMFP always performs efficiently in different data settings. 2) The running time for
RMFP methods increases slowly as either the data size or factor number increases, just as
in the TORR and RLHH methods. When the corruption ratio increases, the running time
of RMFP increases within 10%, which means that data corruption has little impact on the
efficiency of our method. 3) The hard thresholding based methods significantly outperform
the L1-Solver based methods.

7.7 Conclusion

In this paper, a novel robust model is proposed to handle multi-factor personality predic-
tion in the presence of correlated corruption. To achieve this, we designed a heuristic hard
thresholding method to estimate the corruption set along with global consensus or majority
voting strategies, that is alternately updated with the optimized regression coefficients. We
demonstrate that our algorithm can handle a general multi-factor robust regression problem
in the property of correlated corruption with a strong recovery guarantee on regression coef-
ficients in a geometric convergence rate. Extensive experiments on both synthetic data and
real-world data demonstrated that the proposed algorithm outperforms other comparable
methods in both effectiveness and efficiency.



Chapter 8

Conclusions and Future Work

The proposed research aims on the development of scalable robust models under adver-
sarial data corruption. We are focused on six major types of approaches, including robust
regression via heuristic hard-thresholding, online and distributed robust regression under ad-
versarial data corruption, robust regression via online feature selection with adversarial data
corruption, self-paced robust learning for leveraging clean labels in noisy data, distributed
self-paced learning in ADMM and robust multi-factor personality prediction with correlated
data corruption. For the problem of robust regression via heuristic hard-thresholding, we
proposed a new model, Robust Least squares regression algorithm via Heuristic Hard thresh-
olding. The main contributions of our study are summarized as follows: 1) The design of
an efficient algorithm to address the RLSR problem without parameterizing its corruption.
The algorithm RLHH is proposed to recover the regression coefficients and uncorrupted
set efficiently. Unlike with a fixed corruption ratio, our method alternately estimates the
optimal corruption ratio based on residual errors using optimized regression coefficients in
each iteration. 2) An exact recovery guarantee under a mild assumption regarding input
variables. We prove that our RLHH algorithm converges at a geometric rate and recovers
β∗ exactly under the assumption that the least squares function satisfies both the Subset
Strong Convexity and Subset Strong Smoothness properties. Extensive empirical studies
were conducted with 6 competing methods in synthetic data. The results demonstrate that
our approach consistently outperforms existing methods in both regression coefficients and
uncorrupted set recovery, delivering a competitive running time. Future work will further
apply this method in 1) robust classification tasks; and 2) various heuristic methods in
determining the corrupted data instances.

For the problem of online and distributed robust regression under adversarial data corrup-
tion, This paper proposes online and distributed robust regression approaches, both of which
can concurrently address all the above challenges. Specifically, the distributed algorithm op-
timizes the regression coefficients of each data block via heuristic hard thresholding and
combines all the estimates in a distributed robust consolidation. Furthermore, an online ver-
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sion of the distributed algorithm is proposed to incrementally update the existing estimates
with new incoming data. We also prove that our algorithms benefit from strong robustness
guarantees in terms of regression coefficient recovery with a constant upper bound on the er-
ror of state-of-the-art batch methods. Extensive experiments on synthetic and real datasets
demonstrate that our approaches are superior to those of existing methods in effectiveness,
with competitive efficiency. Further work will extend to the utilization of different methods
to determine the size of restored models.

For the problem of robust regression via online feature selection, this work This paper pro-
poses a novel robust regression algorithm via online feature selection (RoOFS) that con-
currently addresses all the above challenges. Specifically, the algorithm iteratively updates
the regression coefficients and the uncorrupted set via a robust online feature substitution
method. We also prove that our algorithm has a restricted error bound compared to the
optimal solution. Extensive empirical experiments demonstrated that the effectiveness of our
new method is superior to that of existing methods in the recovery of both feature selection
and regression coefficients, with very competitive efficiency. Future work will be extended
to new scalable online feature selection methods.

For the problem of self-paced robust learning of leveraging the information contained in
the clean data, we propose a novel self-paced robust learning algorithm (SPRL) that trains
the model in a process from more reliable (clean) data instances to less reliable (noisy)
ones under the supervision of well-labeled data. The self-paced learning process hedges
the risk of selecting corrupted data into the training set. Moreover, theoretical analysis on
the convergence of the proposed algorithm is provided under mild assumptions. Extensive
experiments on synthetic and real datasets demonstrate that our approach can outperform
the other existing methods in effectiveness and robustness. For the future work, the plan is
to extend the self-paced learning algorithm by assuming different data distributions.

For the problem of distributed self-paced learning in ADMM. In this paper, a distributed
self-paced learning algorithm (DSPL) is proposed to extend the traditional SPL algorithm to
its distributed version for large scale datasets. To achieve this, we reformulated the original
SPL problem into a distributed setting and optimized the problem of treating different mini-
batches in parallel based on consensus ADMM. We also proved that our algorithm can be
convergent under mild assumptions. Extensive experiments on both synthetic data and
real-world rental price data demonstrated that the proposed algorithms are very effective,
outperforming the other comparable methods over a range of different data settings.

For the problem of robust multi-factor personality prediction in correlated data corruption,
this work propose a novel robust multi-factor personality prediction model that concurrently
addresses all the above challenges by developing a distributed robust regression algorithm.
Specifically, the algorithm optimizes regression coefficients of each factor in parallel with
a heuristically estimated corruption ratio and then consolidates the uncorrupted set from
multiple factors in two strategies: global consensus and majority voting. We also prove that
our algorithm benefits from strong guarantees in terms of convergence rates and coefficient
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recovery, which can be utilized as a generic framework for the multi-factor robust regression
problem with correlated corruption property. Extensive experiment on synthetic and real
dataset demonstrates that our algorithm is superior to those of existing methods in both
effectiveness and efficiency. For the future work, the plan is to extend the correlated cor-
ruption framework by automatically determining the size of corruption correlation for each
data instances.

8.1 Contributions

The major research tasks are described as follows. The current status of these tasks is listed
in Table 8.1.

8.1.1 Robust Regression via Heuristic Hard-Thresholding

• Proposing efficient algorithms to address the RLSR problem (A1) Two novel
robust regression algorithms, RHCT and RACT, are proposed to recover the regression
coefficients and uncorrupted set based on heuristic corruption thresholding and its
adaptive variation, respectively. Unlike with a fixed corruption ratio, our methods
can dynamically estimate the data corruption ratio based on the optimized regression
coefficients in each iteration. The new design of corruption estimation makes our
methods perform efficiently when the data size becomes large.

• Designing effective approaches to estimate the corruption ratio (A2) A novel
heuristic corruption thresholding method is proposed to estimate the corruption ratio
by minimizing a novel heuristic function of residual errors. To improve the efficiency of
corruption ratio estimation when the data size is extremely large, we also propose an
adaptive variation method to estimate the corruption ratio based on adaptive searching
steps without computing heuristic values for all the data samples. Our empirical results
show the adaptive variation runs more than 500% faster than heuristic-based methods
when the data size is over 1 million.

• Providing a rigorous robustness guarantee for regression coefficient recovery
(A3) Provide a proof that our algorithms benefit from strong guarantees analogous to
those state-of-the-art methods in terms of convergence rates and recovery guarantees.
Specifically, our algorithm can provide a small error bound when the error function
satisfy the subset restricted strong convexity and subset restricted strong smoothness.
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Table 8.1: Research tasks and status

Task Description Status

Research Area A Robust Regression via Heuristic Hard-
Thresholding

Completed

Research Area B Online and Distributed Robust Regression Completed
Research Area C Robust Regression via Online Feature Selection

C1 Propose RoOFS algorithm for robust regression
in online feature

Completed

C2 Prepare one new real-world dataset Completed
C3 Validate performance of RoOFS algorithm on

the new dataset
Completed

Research Area D Self-Paced Robust Learning
D1 Formulate a framework to leverage the clean la-

bels in noisy data
Completed

D2 Propose a self-paced robust learning algorithm
to train models under the supervision of clean
labels

Completed

D3 Provide a theoretical analysis for the conver-
gence of the proposed algorithm

Completed

D4 Conducting extensive experiments for perfor-
mance evaluations

Completed

Research Area E Distributed Self-Paced Robust Learning
E1 Formulate the distributed self-paced problem Completed
E2 Propose a distributed self-paced learning algo-

rithm based on consensus ADMM
Completed

E3 PProvide the theoretical analysis for the con-
vergence of the proposed algorithm

Completed

E4 Conduct extensive experiments to evaluate the
proposed algorithm

Completed

Research Area F Robust Learning in Correlated Data Corruption
F1 Propose a Distributed Robust Algorithm for the

Multi-Factor Regression Problem
Completed

F2 Provide a strong recovery guarantee under the
multi-factor problem setting

Completed

F3 Conduct extensive experiments for performance
evaluations

Completed

Thesis Revision F Thesis Revision Completed
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8.1.2 Online and Distributed Robust Regression

• Propose novel distributed and online algorithms for robust regression (B1)
By utilizing robust consolidation methods, we propose both online and distributed
algorithms to obtain overall robustness even though the corruption is arbitrarily dis-
tributed. Moreover, the online algorithm performs more efficiently in handling new
incoming data and presents the time-varying characteristics of regression coefficients.

• Design an adaptive algorithm to determine dominating set size (B2) We pro-
pose a novel robust consolidation method to determine the dominating set of both the
distributed and online robust methods. Specifically, the dominating set will be made
of the batches which are close to the pivot batch (a uncorrupted batch estimation).

• Providing a rigorous robustness guarantee for regression coefficient recov-
ery. (B3) We prove that our online and distributed algorithms recover the true re-
gression coefficient with a constant upper bound on the error of state-of-the-art batch
methods under the assumption that corruption can be heterogeneously distributed.
Specifically, the upper bound of online algorithm will be infinitely close to distributed
algorithm when the number of mini-batches is large enough.

• Extension of the experiments in scalability (B4) The proposed method was
evaluated on both synthetic data and real-world datasets with various corruption and
data-size settings. The results demonstrate that the proposed approaches consistently
outperform existing methods along multiple metrics with a competitive running time.

8.1.3 Robust Regression via Online Feature Selection

• Propose RoOFS algorithm for robust regression in online feature (C1) The
algorithm RoOFS is proposed to recover the regression coefficients and uncorrupted
set efficiently. Unlike using entire features, our approach alternately estimates the data
corruption and selects the feature set via a robust online feature substitution method.

• Provide theoretical analysis of the algorithm (C2) We prove that our method
yields a solution with a restricted error bound compared to ground truth coefficients
under the Subset Restricted Strong Convexity (SRSC ) property. The error bound
demonstrate that our algorithm has good theoretical property in a mild condition.

• Validate performance of RoOFS algorithm on sufficient datasets (C3) Our
proposed algorithm was evaluated with 6 competing methods in both robust regres-
sion and online feature selection literatures. The results showed that our approach
consistently outperforms existing methods in coefficients recovery and uncorrupted set
estimation, delivering a competitive running time.
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8.1.4 Self-Paced Robust Learning

• Formulate a framework to leverage the clean labels in noisy data. (D1) In
this research, we focus on utilizing clean labels in a large-scale noisy dataset. Specif-
ically, the clean labels are assumed to contain a limited size of data while the noisy
dataset may contain an extremely large amount of data corruption. The approaches
in solving robust regression and classification tasks are presented, which demonstrates
the proposed framework can be generally used in various tasks.

• Propose a self-paced robust learning algorithm to train models under the
supervision of clean labels. (D2) The proposed self-paced algorithm learns the
data samples from clean to noisy under the supervision of clean labels, which helps
to hedge the risk of involving corrupted data into the training set. Furthermore, the
algorithm learns the training data in an order that are dynamically determined by the
feedback of the learner itself without additional prior knowledge, which makes it more
extensively utilized in practice.

• Provide a theoretical analysis for the convergence of the proposed algo-
rithm. (D3) We prove that our self-paced robust learning algorithm converges under
the assumption that the loss function selected for the estimated model has a finite
lower bound. Specifically, the objective function of our algorithm can be monotoni-
cally decreased in accord with the increasing learning pace parameter until it reaches
the lower bound.

• Conduct extensive experiments for performance evaluations. (D4) The pro-
posed method was evaluated on both synthetic data and real-world datasets in robust
regression and classification tasks with different corruption and data-size settings. The
results demonstrate that the proposed approaches consistently outperform existing
methods along multiple metrics.

8.1.5 Distributed Self-Paced Learning

• Formulate the distributed self-paced problem (E1) We reformulate the self-
paced problem into a distributed setting. Specifically, an auxiliary variable is intro-
duced to decouple the dependency of the model parameters for each data batch

• Propose a distributed self-paced learning algorithm based on consensus
ADMM (E2) A distributed self-paced learning algorithm based on consensus ADMM
is proposed to solve the SPL problem in a distributed setting. The algorithm optimizes
the model parameters for each batch in parallel and consolidates their values in each
iteration.

• Provide the theoretical analysis for the convergence of the proposed algo-
rithm (E3) A theoretical analysis is provided for the convergence of our proposed
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DSPL algorithm. The proof shows that our new algorithm will converge under mild
assumptions, e.g., the loss function can be non-convex.

• Conduct extensive experiments to evaluate the proposed algorithm (E4)
Extensive experiments have been conducted utilizing both synthetic and real-world
data based on a robust regression task. The results demonstrate that the proposed
approaches consistently outperform existing methods for multiple data settings.

8.1.6 Robust Learning in Correlated Data Corruption

• Propose a distributed robust algorithm for the multi-factor regression prob-
lem. (F1) The optimization of the proposed multi-factor model is a non-convex
discrete optimization problem, which is technically challenging. By optimizing indi-
vidual factor in parallel, the uncorrupted set is combined from each factor following
two strategies: global consensus and majority voting.

• Provide a strong recovery guarantee under the multi-factor problem setting
(F2) We prove that our RMFP algorithm with global consensus strategy converges at
a geometric rate and recovers coefficients of each factor exactly under the assumption
of Subset Strong Convexity and Subset Strong Smoothness properties. Specifically, we
prove that our algorithm ensures a rigorous error bound of the regression coefficient
compared to ground truth.

• Conduct extensive experiments for performance evaluations (F3) The pro-
posed method was evaluated on both synthetic data and real-world datasets with var-
ious corruption settings. The results demonstrate that the proposed approach runs
efficiently and consistently outperforms the best of the existing methods along multi-
ple metrics.
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8.3 Future Research Directions

8.3.1 Robust regression via heuristic corruption thresholding

1) Consideration of structural data corruption. The current setting of adversarial data
corruption is based on the individual data instance. We will try to consider if the data
corruption has some correlated impact on the data instances.

2) Extensions to the classification problem. We will extend the heuristic corruption thresh-
olding me to the robust classification problem. The measurement of the heuristic function
will be updated by calculating the distance between the between the distance between

3) Utilize on more real-world adversarially corrupted data set. So far the adversarial data
corruption we used are generated synthetically, which always assume the data corruption
follows some certain distribution. We will try to utilize our model in some real world data
attacks in the application such as the network security or adversarial data attack in image
data.

8.3.2 Robust Multi-variate Time Series Classification

1) Robust learning in multi-variate time series. Time series data usually contains the data
corruption which will harm the performance of existing classifiers. We will propose a robust
model to handle the data corruption in the following two types: data noise in the time series
features and the noise in instance labels.

2) Prototypical Network for small size of training data. Most of time series dataset contain
a small amount of training data. The deep learning based method usually fail in such small
size of data set. We will propose a distance-based attentional prototypical network to handle
the limited training samples.

8.3.3 Data-Driven Curriculum Robust Learning

1) Developing a data-driven curriculum model. We will try to train a data-driven curriculum
model for the clean set to guide the training of the large but noisy set. Specifically, the
curriculum model will be learned by not only the instance weight transition but the instance
feature. The trained curriculum model will give the score of robustness of data instances in
the noisy dataset.

2) Developing a distributed model. Jointly train the curriculum model and the target model
is a time consuming iterative process. Thus, we plan to propose new scalable approaches
based on our existing distributed framework.
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Appendix A

Theoretical Analysis on Robust
Regression via Heuristic Corruption
Thresholding

A.1 Error Bound Analysis on RHCT

In this section, the regression coefficient recovery analysis for the case with dense noise
is presented. Specifically, the corrupted response vector y is represented as y = XTβ +
u + ε, where u and ε stand for the vector of adversarial data corruption and dense noise,
respectively.

Theorem 7. Let X = [x1, . . . ,xn] ∈ R
p×n be the given data matrix and the corrupted

response vector y = XTβ∗+u+ε with ‖u‖0 = γn. Let Σ0 be an invertible matrix such that

X̃ = Σ
−1/2
0 X; f(β) = ‖yS − X̃Sβ‖2

2 satisfies the SSC and SSS properties at level α, γ with

2ζα,γ and 2κα,γ. If the data satisfies ϕα,γ√
ζα
< 1

2
, after t = O

(
log 1

η

‖u‖2√
nε

)
iterations, Algorithm

2 yields an ε-accurate solution βt with ‖β∗ − βt‖2 ≤ ε+
C‖ε‖2√

n
for some C > 0.

Proof. We use St to represent the uncorrupted set after consolidation in the tth iteration,
and we observe that the optimality of the regression coefficient β on the estimated corrupted
set St ensures the following:

‖ySt −XT
Stβt+1‖2 =‖XT

St(β∗ − βt+1) + εSt + uSt‖2

≤‖ySt −XT
Stβ∗‖2 = ‖εSt + uSt‖2

Using the triangle inequality of the L2 norm, we have
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‖XT
St(β∗ − βt+1)‖2 − ‖εSt + uSt‖2 ≤‖εSt + uSt‖2

‖XT
St(β∗ − βt+1)‖2 ≤2‖εSt + uSt‖2√
ζα‖β∗ − βt+1‖2

(a)

≤2‖εSt + uSt‖2

‖β∗ − βt+1‖2

(b)

≤ 2√
ζα

(‖εSt‖2 + ‖uSt‖2)

Inequality (a) follows from |St| ≤ αn, where α = maxt{ τtn }. Inequality (b) follows from the
triangle inequality ‖εSt +uSt‖2 ≤ ‖εSt‖2 + ‖uSt‖2. According to the hard thresholding step
in Equation (5), we have:

‖XT
St+1

(β∗ − βt+1) + εSt+1 + uSt+1‖2 =‖ySt+1 −XT
St+1

βt+1‖2 = ‖rSt+1‖2

‖uSt+1‖2 − ‖X
T
St+1

(β∗ − βt+1)‖2 − ‖εSt+1‖2

(c)

≤λ‖rS∗‖2

(d)

≤λ‖XT
S∗(β∗ − βt+1) + εS∗‖2

Inequality (c) follows from the Lemma 2, where λ = 1 + 128(1−γ)
2γ−1

. Inequality (d) utilizes the

definition of rS∗ . Let FPt+1 = St+1 \S∗, FNt+1 = S∗ \St+1, TPt+1 = S∗∩St+1, and according
to the triangle inequality property, we have

‖uSt+1‖2 ≤‖X
T
FPt+1

(β∗ − βt+1)‖2 + ‖εFPt+1‖2 +
√
λ2 − 1‖XT

TPt+1
(β∗ − βt+1)‖2

+
√
λ2 − 1‖εTPt+1‖2 + λ‖XT

FNt+1
(β∗ − βt+1)‖2 + λ‖εFNt+1‖2

(e)

≤ϕα,γ‖β∗ − βt+1‖2 + (1 + λ+
√
λ2 − 1)‖ε‖2

(f)

≤ 2ϕα,γ√
ζα

(‖uSt‖2 + ‖ε‖2) + (1 + 2λ)‖ε‖2

≤2ϕα,γ√
ζα
‖uSt‖2 +

[2ϕα,γ√
ζα

+ (1 + 2λ)
]
‖ε‖2

Let ϕα,γ =
√
κα + (λ+

√
λ2 − 1)

√
κ1−γ, inequality (e) follows from |FPt+1| ≤ αn, |TPt+1| ≤

(1 − γ)n, |FNt+1| ≤ (1 − γ)n and ‖εSt+1‖2 ≤ ‖ε‖2. Inequality (f) follows from the fact in

inequality (b). Let η = 2ϕα,γ√
ζα

. When ϕα,γ√
ζα

< 1
2
, we have η < 1. Replacing the coefficients

with η, we get
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‖uSt+1‖2 ≤η‖uSt‖2 + (η + 2λ+ 1)‖ε‖2

≤η‖uSt‖2 + (2 + 2λ)‖ε‖2

≤ηt‖u‖2 + (2 + 2λ)
t∑
i=1

ηi−1‖ε‖2

≤ηt‖u‖2 +
(2 + 2λ)

1− η
‖ε‖2

Using the inequality for ‖β∗ − βt+1‖2 again gives us

‖β∗ − βt+1‖2 ≤
2√
ζα

(‖uSt‖2 + ‖ε‖2)

≤ 2ηt√
ζα
‖u‖2 +

2(3 + 2λ− η)√
ζα(1− η)

‖ε‖2

Let C = 2(3+2λ−η)
1−η , after t = O

(
log 1

η

‖u‖2√
nε

)
iterations, Algorithm 2 yields an ε-accurate

solution βt with ‖β∗ − βt‖2 ≤ ε+
C‖ε‖2√

n
.

A.2 Proof of Convergence of RHCT

Proof. Before we prove the convergence of Algorithm 5, we will first show that the value
of objective function J is monotonically decreased. Objective function J has the following
property:

J (wt+1,vt+1;λt+1)

(a)

≤
k∑
i=1

L
(
yi, f(xi,w

t+1)
)

+
n∑

i=k+1

vt+1
i L

(
yi, f(xi,w

t+1)
)

+ ‖wt+1‖2
2 + θ‖wt+1 − w̃‖2

2 − λ
t

n∑
i=k+1

vt+1
i



Xuchao Zhang Appendix A. Theoretical Analysis on RHCT 142

The inequality follows from the fact that λ increases monotonically so that λt+1 ≥ λt and
vti ≥ 0. The optimization step in Line 7 in Algorithm 5 guarantees the following property:

n∑
i=k+1

vt+1
i L

(
yi, f(xi,w

t+1)
)
− λt

n∑
i=k+1

vt+1
i

≤
n∑

i=k+1

vtiL
(
yi, f(xi,w

t+1)
)
− λt

n∑
i=k+1

vti

Therefore, we have the following property:

J (wt+1,vt+1;λt+1)

≤
k∑
i=1

L
(
yi, f(xi,w

t+1)
)

+
n∑

i=k+1

vtiL
(
yi, f(xi,w

t+1)
)

+ ‖wt+1‖2
2 + θ‖wt+1 − w̃‖2

2 − λ
t

n∑
i=k+1

vti .

Similarly, the following inequality is satisfied since the optimizations step in Line 5 in Algo-
rithm 5.

J (wt+1,vt+1;λt+1)

≤
k∑
i=1

L
(
yi, f(xi,w

t)
)

+
n∑

i=k+1

vtiL
(
yi, f(xi,w

t)
)

+ ‖wt‖2
2 + θ‖wt − w̃‖2

2 − λ
t

n∑
i=k+1

vti

=J (wt,vt;λt)

Since the objective function is monotonically decreased and it has a lower bound according
to Lemma 1, we have ‖J t+1 − J t‖2 < ε for ∀ε > 0.



Appendix B

Online and Distributed Robust
Regression with Adversarial Noises

This this section, we extend the online and distributed robust regression algorithm to handle
the another type of adversarial data corruption: the unbalanced order of currupted data
batches in Section B.1. Then we present the experimental results in Section B.2.

B.1 Adversarial Online Robust Regression

The ORLR algorithm updates the robust estimate based on new incoming data by removing
the oldest one from Ψ∗, which is the set of estimates that are not included in dominating.
In general, it can deal with the common adversarial corruption, which in one mini-batch
is greater than 50% and produced by different kinds of attack. However, when the data
corruption is produced by malicious code, it is infeasible to estimate by using ORLR. Table
B.2 shows the performance of regression coefficient recovery in different settings of malicious
corrupted mini-batches. From Table B.2 we can find that the sequence of corrupted mini-
batches is very important to ORLR. When uncorrupted mini-batches first arrive, it can
establish better deterministic set. However, when malicious corrupted mini-batches comes
earlier, it will establish wrong deterministic set which will effect the performance of left data.
To solve this problem, a novel adversarial online robust regression method is proposed to
estimate the malicious corrupted data set.

Before introducing the details of the new proposed method, we will point out the key dif-
ference between corrupted data and malicious corrupted data. That is the distribution of
corruption and its maker. Specifically, common online data corruption usually happened
during data transmission and there will be small and random noise in the data. Instead,
malicious corrupted data were produced by attackers, that means the noise added in the
data will be large and similar in order to disguise as real data. Suppose over half of the
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previous m mini-batches data were corrupted by malicious attackers. The previous pivot
batch p and deterministic set Π will be established by malicious data. Under this extreme
circumstance, the regression coefficients will not be updated due to new incoming mini-batch
estimate β+ /∈ {Ψ∗ ∪Ψ+}, which is case 3 shown in Figure 3.2.

In order to efficiently solve the problems, we proposed new method to update the set of
estimates Π. In other words, it’s to select the removed estimate β(s) from Π while the new
estimate β+ is appended to the tail of Π. As for adversarial online algorithm, the sequence
of incoming data is very important because the previous invocation can be used as the im-
put of the next one. Specifically, the distribution of corrupted data can be concentrated or
separated. As for concentrated circumstance, when corrupted data coming has an influence
on robust estimates. Moreover, if corrupted data gathered in the front part of mini-batches,
deterministic set will be wrongly established due to its similar regression coefficients. There-
fore, a novel selective method is proposed to remove the one from previous mini-batches Π
considering both deterministic set and time index, which is formally defined as

v(β(i)) = µ(
‖β̂′ − β(i)‖2∑
i∈Π′‖β̂′ − β(i)‖2

) + λ(
i∑m
i=1 i

) (B.1)

where Π′ = Π∪{β+}, µ is a pivot related hyperparameter, λ is a time related hyperparameter,
and β̂ is the robust consolidation in previous mini-batch.

The details of algorithm ARLR are shown in Algorithm 8. In Line 1, the regression co-
efficients β+ of the new data is optimized by HRR algorithm. In Line 3, get the robust
consolidation β̂′ from previous mini-batch set Π. Lines 4 and 5 calculate residual value of
each estimate β(i). The index of swapped estimate s is generated in Line 6 by selecting the
minimum value from set V . Since new estimates are appended to the tail of Π, the usage of
selective method ensures that the malicious corrupted estimate can be swapped out. In Line
7, the selected estimate β(s) is removed from Π while the new estimate β+ is appended to
the tail of Π. Lines 8 through 10 re-consolidate all the estimates based on newly updated Π
in the same steps as the DRLR algorithm. It is important to note that the distance vectors
used in Lines 3, 5 and 10 are also updated corresponding to the new Π. Also, the ARLR
algorithm can be invoked repeatedly for the incoming mini-batches, where the outputs Π
and Ψ of the previous invocation can be used as the input of the next one.
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ALGORITHM 8: Arlr Algorithm
Input: New incoming corrupted data X+ ∈ Rp×n and y+ ∈ Rn×1. Previous m

mini-batch estimates Π = {β(1), . . . ,β(m)} and their corresponding Ψ. Pivot
related hyperparameters µ and time related hyperpatameters λ

Output: solution β̂, Π, Ψ
β+ ← HRR(X+,y+)
Π′ = Π ∪ {β+}
β̂′ = arg minβ

{
1
m

∑
i∈Ψ‖β(i) − β‖2

}
// Robust consolidation β̂′ in previous mini-batch

for i = 1..n do

V (β(i)) = µ(
‖β̂−β(i)‖2∑
i∈Π′‖β̂−β(i)‖2

) + λ( i∑m
i=1 i

) // Update the residual value for each data

sample.
end
s← min(V ) // Select removed estimate s

Π+ = Π \ {β(s)} ∪ {β+}
p+ = arg mini σm̃(d(i)) // Optimize new pivot batch p+

Ψ+ =
{
δk(d

(p+))|1 ≤ k ≤ m̃
}

// Find new deterministic set Ψ+

β̂ = arg minβ
{

1
m̃

∑
i∈Ψ+‖β(i) − β‖2

}
// Robust consolidation

return β̂,Π+,Ψ+

B.2 Performance of ARLR algorithm

B.2.1 Performance on different sequence of malicious corrupted
mini-batches

Table B.2 shows the performance of malicious corrupted coefficient recovery in different
sequence of data mini-batches, and the corrupted ratio was from 0 to 40% in total. As for
the sequence settings, it was mainly divided into three parts: uncorrupted data arriving first,

Table B.1: Performance on Regression Coefficients Recovery in Different Corrupted Mini-
batches

0/20 1/20 2/20 4/20 6/20 8/20

OLS-AVG 0.120 0.136 0.142 0.172 0.188 0.211
RLHH-AVG 0.011 0.181 0.238 0.357 0.424 0.479

OPAA 1.271 1.398 1.393 1.431 1.489 1.532
ORL-H 0.347 0.357 0.362 0.387 0.412 0.434
ORL* 0.078 0.080 0.089 0.139 0.226 0.347
ORLR 0.025 0.026 0.027 0.026 0.026 0.026

DRLR 0.015 0.015 0.015 0.015 0.015 0.015
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Table B.2: Performance on Regression Coefficients Recovery in Different Sequence of Mali-
cious Corrupted Mini-batches.

Uncorrupted Batches First, p=100, n=10K, b=30

0% 10% 20% 30% 40%

OLS-AVG 0.089 0.109 0.108 0.108 0.107
RLHH-AVG 0.055 0.078 0.078 0.078 0.077

OPAA 5.181 5.145 5.166 5.158 5.161
ORL-H 0.280 0.295 0.294 0.291 0.292
ORL* 0.108 0.142 0.186 0.190 0.229
ORLR 0.042 0.043 0.143 0.167 0.203
DRLR 0.035 0.035 0.035 0.035 0.035

ARLR 0.044 0.042 0.042 0.042 0.042

Random Order, p=100, n=10K, b=30

0% 10% 20% 30% 40%

OLS-AVG 0.071 0.127 0.186 0.241 0.296
RLHH-AVG 0.034 0.100 0.168 0.234 0.300

OPAA 5.153 5.221 5.141 5.193 5.203
ORL-H 0.278 0.298 0.316 0.357 0.397
ORL* 0.083 0.113 0.154 0.224 0.341
ORLR 0.038 0.038 0.038 0.237 0.168
DRLR 0.034 0.034 0.034 0.034 0.034

ARLR 0.037 0.037 0.038 0.037 0.038

Corrupted Batches First, p=100, n=10K, b=30

0% 10% 20% 30% 40%

OLS-AVG 0.071 0.125 0.178 0.232 0.297
RLHH-AVG 0.034 0.100 0.163 0.226 0.301

OPAA 5.140 5.147 5.247 5.134 5.165
ORL-H 0.273 0.284 0.298 0.312 0.343
ORL* 0.083 0.094 0.107 0.149 0.248
ORLR 0.042 0.043 0.705 0.704 0.703
DRLR 0.034 0.035 0.035 0.035 0.035

ARLR 0.038 0.038 0.038 0.038 0.038
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arriving randomly and corrupted data arriving fist. Each corrupted mini-batch used in the
experiment contains 90% malicious corrupted samples and each uncorrupted mini-batch has
10% malicious corrupted samples. We show the result of averaged L2 error ‖β̂ − β∗‖2 in
10 different synthetic datasets. From the result in Table B.2, we conclude: 1) When some
mini-batches are corrupted, the DRLR method outperforms all the competing methods, and
ARLR achieves the best performance compared to other online methods. 2) Although ORLR
has competitive performance in the uncorrupted arriving first settings, its recovery error
increases dramatically when the corrupted data arriving first. It is reasonable that ORLR has
time-vary characteristic. But the error of the ARLR method has a small difference compared
to DRLR, which means it depends less on the sequence of data flow. 3) Both ORL* and
OLS-AVG have competitive performance in different settings of malicious corrupted mini-
batches, but their recovery error is dramatically increased when the number of corrupted
mini-batches increases. However, our methods perform consistently when the number of
corrupted mini-batches increases.

B.2.2 Performance on different malicious corrupted mini-batches

Table B.3 shows the performance of regression coefficient recovery in different settings of
malicious corrupted mini-batches. Each corrupted mini-batch used in the experiment con-
tains 90% corrupted samples and each uncorrupted mini-batch has 10% corrupted samples.
We show the result of averaged L2 error ‖β̂ − β∗‖2 in 10 different synthetic datasets with
corrupted-first ordered mini-batches, which is the worst scenario. From the result in Table
B.3, we conclude: 1) When some mini-batches are malicious corrupted, the DRLR method
outperforms all the competing methods, and ARLR achieves the best performance compared
to other online methods. 2) When the number of corrupted mini-batches is smaller, the per-
formance of ORLR is competitive. But when the number of malicious corrupted mini-batch
increases, its recovery error is dramatically increased. Instead, ARLR performs consistently
when the number of corrupted mini-batches increases. 3) ORL* and RLHH-AVG have com-
petitive performance in different settings of corrupted mini-batches. However, their recovery
error still increases two times when the number of corrupted mini-batches increases from
two to eight. 4) When the number of feature increases, all methods have higher recovery
error. However, the performance of DRLR and ARLR were still best and the recovery error
increased slowly.
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Table B.3: Performance on Regression Coefficients Recovery in Different Malicious Corrupted
Mini-batches.

p=100, n=5K, b=20 p=100, n=5K, b=30

5% 10% 20% 30% 40% 5% 10% 20% 30% 40%

OLS-AVG 0.099 0.127 0.185 0.241 0.298 0.090 0.125 0.182 0.245 0.299
RLHH-AVG 0.068 0.101 0.168 0.235 0.302 0.057 0.100 0.166 0.238 0.302

OPAA 5.656 5.555 5.504 5.571 5.525 5.453 5.378 5.423 5.469 5.432
ORL-H 0.403 0.404 0.423 0.441 0.451 0.389 0.401 0.413 0.429 0.445
ORL* 0.104 0.119 0.149 0.218 0.335 0.093 0.105 0.137 0.207 0.330
ORLR 0.042 0.043 0.705 0.704 0.703 0.043 0.042 0.695 0.716 0.705
DRLR 0.037 0.037 0.037 0.037 0.037 0.036 0.036 0.036 0.036 0.036

ARLR 0.041 0.043 0.044 0.044 0.043 0.042 0.042 0.043 0.042 0.043

p=100, n=10K, b=20 p=100, n=5K, b=40

5% 10% 20% 30% 40% 5% 10% 20% 30% 40%

OLS-AVG 0.102 0.122 0.185 0.236 0.294 0.097 0.128 0.191 0.232 0.287
RLHH-AVG 0.068 0.098 0.168 0.230 0.298 0.067 0.101 0.172 0.227 0.292

OPAA 5.285 5.264 5.310 5.307 5.316 5.304 5.333 5.315 5.325 5.397
ORL-H 0.403 0.296 0.317 0.324 0.353 0.391 0.392 0.407 0.414 0.437
ORL* 0.099 0.099 0.122 0.159 0.253 0.089 0.097 0.128 0.197 0.313
ORLR 0.038 0.039 0.703 0.689 0.695 0.043 0.709 0.731 0.679 0.677
DRLR 0.035 0.036 0.035 0.035 0.035 0.036 0.035 0.035 0.036 0.036

ARLR 0.037 0.039 0.037 0.038 0.038 0.044 0.041 0.042 0.044 0.044

p=100, n=20K, b=20 p=1000, n=5K, b=20

5% 10% 20% 30% 40% 5% 10% 20% 30% 40%

OLS-AVG 0.099 0.127 0.185 0.241 0.298 0.090 0.132 0.188 0.243 0.298
RLHH-AVG 0.068 0.101 0.168 0.235 0.302 0.082 0.110 0.175 0.240 0.306

OPAA 5.656 5.555 5.504 5.571 5.525 6.782 6.795 6.776 6.817 6.806
ORL-H 0.403 0.404 0.423 0.441 0.451 0.779 0.786 0.788 0.795 0.796
ORL* 0.104 0.119 0.149 0.218 0.335 0.234 0.298 0.438 0.576 0.701
ORLR 0.042 0.043 0.705 0.704 0.703 0.100 0.100 0.706 0.704 0.704
DRLR 0.037 0.037 0.037 0.037 0.037 0.067 0.067 0.067 0.068 0.068

ARLR 0.041 0.043 0.044 0.044 0.043 0.100 0.100 0.101 0.100 0.101
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