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Abstract— We apply random matrix theory to study the
impact of measurement uncertainty on dynamic mode decom-
position. Specifically, when the measurements follow a normal
probability density function, we show how the moments of
that density propagate through the dynamic mode decom-
position. While we focus on the first and second moments,
the analytical expressions we derive are general and can be
extended to higher-order moments. Furthermore, the proposed
numerical method for propagating uncertainty is agnostic of
specific dynamic mode decomposition formulations. Of particu-
lar relevance, the estimated second moments provide confidence
bounds that may be used as a metric of trustworthiness, that is,
how much one can rely on a finite-dimensional linear operator
to represent an underlying dynamical system. We perform
numerical experiments on two canonical systems and verify
the estimated confidence levels by comparing the moments with
those obtained from Monte Carlo simulations.

I. INTRODUCTION

Real-world systems are complex and nonlinear. Identifying
unknown dynamics from data and learning intrinsic coordi-
nates that enable a linear representation of the underlying
nonlinear dynamics are two of the most pressing goals
of modern dynamical systems [1]. The Koopman operator
approach has found tremendous success in these goals [2].
In simple words, the Koopman operator transforms a finite-
dimensional nonlinear dynamical system into an infinite-
dimensional linear system. This transformation enables the
use of well-developed principles and tools in linear algebra
to study nonlinear dynamical systems without neglecting
nonlinearities [3]. Dynamic mode decomposition (DMD) [4],
one of the numerical methods associated with the Koopman
operator [5], has been widely adopted. Indeed, DMD has
been applied to robotic systems [6], traffic control systems
[7], power grids [8], and other engineering systems where
sensor measurements are used for real-time operations and
control. For example, in power grids, data obtained from
instruments called phasor measurement units can be used to
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assess the stability of the system without having to solve
nonlinear differential equations [9], identify groups of syn-
chronous generators oscillating coherently after a disturbance
[10], and quantify the interplay between state variables and
oscillatory modes [11].

Like any data-driven method, however, DMD is suscep-
tible to the quality of the measurements [12]. The noise
and uncertainty associated with the measurements directly
impact the accuracy of analytical conclusions and control
decisions. Therefore, when the DMD method is applied to
experimental or field data, one must account for the inherent
uncertainty associated with measurements. Nüske et al. [13]
derived probabilistic bounds on the extended dynamic mode
decomposition [14]. They examine systems described by
ordinary and stochastic differential equations from an ergodic
and independent identically distributed sample perspective.
To formulate theoretical constraints on error, the authors
split the variance of the random matrix that forms the
basis functions into the terms associated with the asymptotic
contribution and the number of data points. Interestingly, the
approximation error is quantified using the Frobenius norm
between the Galerkin projection of the Koopman generator
onto the space of observables and the operator computed
from finite samples. The Frobenius norm measures the
overall difference between the two representations. However,
its insensitivity to structural errors may limit the ability to
understand local uncertainty.

Colbrook et al. [15] enhanced the reliability of dynamic
mode decomposition by showing a rigorous convergence
on the spectral information of Koopman operators from
trajectory data for chaotic systems. Zhang and Zuazua [16]
set boundaries on the approximation error of the extended
DMD method but do not account for measurement noise.
They determine convergence in terms of the largest and
smallest eigenvalues of the stiffness matrix. They approx-
imate the stiffness matrix that constitutes the dictionary
functions with a normal probability distribution. Dawson
et al. [17] introduced a formulation for sensor noise as a
random matrix. The bias induced by additive noise levels
is numerically quantified through the expectation of the
DMD operator. This approximation holds only for small
noise levels. Finally, the bias correction is proposed by
downweighting the expectation of the DMD operator based
on the variance of the noise levels.

Exact quantitative uncertainty analysis is needed to mit-
igate the risks associated with identifying linear approx-
imations of nonlinear dynamics using measurements. We
propose an uncertainty quantification method based on the
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random matrix formulation of DMD, where each of its
constituent elements is treated as a random variable tasked
with deducing its first and second moments. The analytical
expressions of the exact estimation of these first and sec-
ond moments are developed. These second moments model
the uncertainty propagated from the system measurements
through the algorithmic steps of the DMD method. With de-
tailed quantitative uncertainty analysis, the proposed method
enables informed decision-making under uncertainty with
safe data-driven linear approximations of nonlinear dynami-
cal systems.

The remainder of the paper is organized as follows. The
proposed method is developed through Section II. In Section
III we illustrate the proposed framework on a spring mass
system and a power system application, an example of a
multi-machine power system, and present a detailed analysis
of the impact of synchrophasor measurement uncertainties on
Koopman operator-based dynamic characterization. Section
IV concludes the paper and outlines future work.

II. METHOD

A. Notation

Throughout the paper, we used italic bold letters to
represent the random matrix and italic unbold letters to
represent its random elements. The vector ej represents an
n-dimensional vector with its j-element equal to one, and
zero otherwise. |A| denotes the determinant of A.

B. Preliminaries

Numerous algorithms have been proposed to approximate
the Koopman operator from data [18]–[20], with DMD [21]
and extended DMD [22] being prominent examples. This
paper focuses on the algorithmic steps of DMD, a method
that analyzes system dynamics by extracting dominant modes
and their associated temporal dynamics from snapshot data.

Suppose we have m + 1 data snapshots x1, . . . ,xm+1

sampled from a continuous-time system at instances
t1, . . . , tm+1. Let us organize X = [x1, . . . ,xm] and Y =
[x2, . . . ,xm+1]. An estimate of the DMD operator, assuming
a full-state observable, is given by

A ≈ X†Y , (1)

where X† is the Moore-Penrose pseudoinverse of X . The
elements of X and Y are assumed to follow a normal
distribution N (µx, σ

2
x) and N (µy, σ

2
y), respectively.

C. Sensitivity of DMD method to the Homoscedastic and
Heteroscedastic Noise

To estimate A, DMD methods often use a least squares
approach [23] formulated as yi = Axi + εi, where the
errors εi follow a normal distribution, εi ∼ N (0,Σi). To
account for the measurement uncertainty in the states, we
characterize the covariance matrix of the errors as Σi =
diag(σ2

1 , . . . , σ
2
n), capturing the variances. Incorporating this

uncertainty into the least squares objective function gives:

f(A) =

m∑
i=1

r⊤i Σ
−1
i ri,

where the residuals are ri = yi −Axi. To estimate A, we
differentiate the objective function with respect to A and set
it to zero:

∂f(A)

∂A
= 0 ⇒

m∑
i=1

x⊤
i Σ

−1
i (yi −Axi) = 0.

In the case of homoscedastic noise, where the noise variance
is the same for all instances Σ1 = Σ2 = · · · = Σm = Σε,
we can simplify the estimation as:

Σ−1
ε

m∑
i=1

x⊤
i (yi −Axi) = 0,

leading to the standard DMD estimate in (1). However, in
the case of heteroscedastic noise, where the noise variances
differ across instances Σ1 ̸= Σ2 ̸= . . . ̸= Σm, this
variation cannot be handled directly by the DMD algorithm,
as it attributes same confidence to each measurement. The
presence of heteroscedastic noise significantly impacts DMD
estimations, requiring advanced approaches to accurately
account for the differing uncertainties.

This paper devises a numerical method to quantify the
impact of measurement uncertainty on the random variables
aij , elements of A. That is, it provides expectations and
confidence bounds on aij . For that, we propagate the first and
second moments of X† and Y . Although the moments of
Y are straightforward, E[ykt] = µykt

and E[y2kt] = σ2
ykt

, we
need to derive the first and second moments of x⇂

tk, elements
of X†. This is done in the next subsection, followed by the
moments of aij , the elements of A.

D. Element-wise moments of the DMD operator
The Moore-Penrose pseudoinverse of X is given by

X† = (X⊤X)−1X⊤, (2)

and the tk element of X†, xtk, can be expressed as

x⇂
tk = e⊤k (XX⊤)−1xt. (3)

Now, let
XX⊤ = V + xtx

⊤
t , (4)

where V =
∑m

l=1,l ̸=t xlx
⊤
l . Using the Sherman–Morrison

formula [24], we get

(XX⊤)−1 = V −1 − V −1xtx
⊤
t V

−1

1 + x⊤
t V

−1xt
. (5)

where V −1 is symmetric. Substituting (5) into (3),

x⇂
tk = e⊤k

(
V −1 − V −1xtx

⊤
t V

−1

1 + x⊤
t V

−1xt

)
xt, (6)

where κ = (x⊤
t V

−1xt) is a scalar, and

x⇂
tk = e⊤k

(
V −1 + V −1κ− V −1xtx

⊤
t V

−1

1 + κ

)
xt

=
e⊤k V

−1xt + e⊤k V
−1κxt − e⊤k V

−1xtκ

1 + κ

=
e⊤k V

−1xt

1 + x⊤
t V

−1xt
. (7)
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Now, for the sake of simplicity of notation, let R = V −1.
Let us also define s1 = e⊤k Rxt and s2 = 1 + x⊤

t Rxt. In
what follows, we derive the first and second moments of x⇂

tk

using moment generating functions (MGFs). The MGF of
a real-valued random variable is an alternative specification
of its probability distribution; it encodes all the moments of
a random variable into a single function from which they
can be extracted again later. An MGF h : R → [0,∞) of a
random variable s and parameter p is defined as

h(p) := E[exp(p · s)]. (8)

The Taylor series expansion of the MGF around p = 0 is
given by

h(p) = E[exp(p · s)] = 1+ pE[s] +
p2E[s2]

2!
+

p3E[s3]
3!

+ · · ·

The η-th moment about 0 is the η-th derivative of the MGF
evaluating at p = 0 is expressed as

E[sη] =
dη

dpη
h(p)

∣∣∣∣
p=0

.

Note that s1 and s2 in (7) are both functions of random
variables, thus requiring the joint MGF. Following Hoque
[25], the joint MGF for a rational function with quadratic
forms in the nominator and denominator is given by

h(p1, p2) = E [exp(p1 · s1 + p2 · s2)] , (9)

where p1 and p2 are parameters. However, unlike [25] where
the matrix that multiplies the vector of random variables is
deterministic, here R is stochastic. Therefore, we derive the
joint MGF conditioned on R for the expression in equation
(7). Hence, we redefine the joint MGF in (9) is as follows:

h(p1, p2|R) = E [exp(p1 · s1 + p2 · s2)|R] . (10)

Now, drawing parallels to the approach in [25], we apply the
integrals by Sawa [26] to derive exact moments of the joint
MGF. Note that h(p1,−p2|R) incorporates the negative sign
on p2 to achieve the quadratic form of s2 = 1 + x⊤

t V
−1xt

in the denominator of the expression for the moments in (7).

Then, we have:

E
[
(x⇂

tk)
η
]

=
1

(η − 1)!

∫ ∞

0

pη−1
2

(
∂η

∂pη1
h(p1,−p2|R)

)∣∣∣∣
p1=0

dp2,

(11)

to extract the ηth moment of x⇂
tk from (10), where η is a

positive integer.
Now we are in a position to state the main result of this

paper.

Theorem 1. Let the t-column vector xt of the data matrix
X follow a multivariate normal distribution N (µx,Σ). The
exact first moment of x⇂

tk, k-element of the t-column vector
x⇂
t of X†, the Moore-Penrose pseudoinverse of X , is given

by

E[x⇂
tk] = E [exp(p1s1 − p2s2)|R]

= c

∫ ∞

0

|S|−1/2 exp(−p2)

exp
(
b⊤S−1b

4

)
·
(
r⊤S−1b

2

)
dp2, (12)

where S = 1
2Σ

−1+p2R, b = Σ−1µx, R is symmetric with
k-row (k-column) vector r⊤ (r), and

c =
1

2n/2|Σ|1/2
exp

(
−1

2
µx

⊤Σ−1µx

)
.

Proof. To simplify the notation, we omit the subscripts in x
and e. We develop MGF h(p1,−p2|R) in (13), where c1 =

1
(2π)n/2|Σ|1/2 exp(− 1

2µ
⊤
xΣ

−1µx − p2). Using the Gaussian
integral [27] in the form∫

exp
(
−u⊤Lu+ v⊤u

)
du =

πn/2

|L|1/2
exp

(
v⊤L−1v

4

)
,

we arrive at the solution of the integral in MGF (13):

h(p1,−p2|R) = c2 exp
(
(b+ p1r)

⊤S−1(b+ p1r)

4

)
,

(14)
where c2 = 1

2n/2|S|1/2|Σ|1/2 exp(− 1
2µ

⊤
xΣ

−1µx − p2).
The first derivative of (14) with respect to p1, required to

calculate the first moment of x⇂
tk, is given by (15). Evaluating

h(p1,−p2|R) =

∫ +∞

−∞
f(x) exp(p1 · s1 − p2 · s2)dx

=

∫ +∞

−∞

1

(2π)n/2|Σ|1/2
exp

(
−1

2
(x− µx)

⊤Σ−1(x− µx)

)
exp

(
p1e

⊤Rx− p2(1 + x⊤Rx)
)
dx

=
1

(2π)n/2|Σ|1/2
exp

(
−1

2
µ⊤

x Σ
−1µx

)∫ +∞

−∞
exp

(
−1

2
x⊤Σ−1x+ x⊤Σ−1µx + p1e

⊤Rx− p2 − p2x
⊤Rx

)
dx

= c1

∫ +∞

−∞
exp

(
−x⊤

(1
2
Σ−1 + p2R

)
x+ (Σ−1µx + p1r)

⊤x

)
dx = c1

∫ +∞

−∞
exp

(
−x⊤Sx+ (b+ p1r)

⊤x
)
dx (13)
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∂h(p1,−p2|R)

∂p1
= C2 exp

(
b⊤S−1b

4

)
exp

(
p1r

⊤S−1b

2
+

p21r
⊤S−1r

4

)
·
(
r⊤S−1b

2
+

p1r
⊤S−1r

2

)
(15)

∂2h(p1,−p2|R)

∂p21
= c3 exp

(
p1r

⊤S−1b

2
+

p21r
⊤S−1r

4

)[(
r⊤S−1b

)
4

(
r⊤S−1b+ 2p1r

⊤S−1r
)
+

(
r⊤S−1r

)
4

(
p21r

⊤S−1r + 2
)]
(18)

(15) at p1 = 0 yields

∂

∂p1
h(p1,−p2|R)

∣∣∣∣
p1=0

= c2 exp
(
b⊤S−1b

4

)
·
(
r⊤S−1b

2

)
(16)

Substituting (16) into (11),

E[x⇂
tk] = c

∫ ∞

0

|S|−1/2 exp(−p2)

exp
(
b⊤S−1b

4

)
·
(
r⊤S−1b

2

)
dp2.

Theorem 2. Let the t-column vector xt of the data matrix
X follow a multivariate normal distribution N (µx,Σ). The
exact second moment of x⇂

tk, k-element of the t-column
vector x⇂

t of X†, the Moore-Penrose pseudoinverse of X ,
is given by

E
[
(x⇂

tk)
2
]
= c

∫ ∞

0

p2|S|−1/2 exp(−p2)

exp
(
b⊤S−1b

4

)
·
(
r⊤S−1r

2
+

(r⊤S−1b)2

4

)
dp2.

(17)

Proof. Starting from (15), we obtain (18), where c3 = c2 ·
exp

(
b⊤S−1b

4

)
. Evaluating (18) at p1 = 0,

∂2

∂p21
h(p1,−p2|R)

∣∣∣∣
p1=0

= c3

(
(r⊤S−1b)2

4
+

r⊤S−1r

2

)
(19)

and substituting (19) into (11) yields (17).

Although we assumed independence among the variables
in (13) by using a diagonal covariance matrix Σ, the cor-
relations between the variables in xt can be introduced by
including off-diagonal elements in the covariance matrix.

We proceed with an element-wise derivation of the first
and second moments of A in (1). Recall that our objective
is to quantify the impact of measurement uncertainty on the
random variables aij , elements of A. Let

aij = x⇂
i1y1j + . . .+ x⇂

inynj =

n∑
k=1

x⇂
ikykj , (20)

i = 1, . . . ,m and j = 1, . . . ,m. The first moment of aij is

E [aij ] =

n∑
k=1

E
[
x⇂
ikykj

]
=

n∑
k=1

E
[
x⇂
ik

]
E [ykj ]

=

n∑
k=1

E
[
x⇂
ik

]
µykj

, (21)

where µykj
is straightforward to estimate using the sample

mean. On the other hand, we use the result from Theorem 1
to estimate E

[
x⇂
ik

]
. Let us gather the estimates of E

[
x⇂
ik

]
in a matrix M

(1)

X† , and denote its i-row by µ⊤
x⇂

i

. Similarly,

we gather the estimated values of µykj
in a matrix M

(1)
Y and

denote its j-column by µyj
. Then, an estimate of the first

moment of aij is given by:

µ̂aij = µ⊤
x⇂

i

µyj . (22)

We now focus on obtaining an expression for the element-
wise second moments of A in (1). To this aim, starting from
(20),

E[a2ij ] = E
[
(x⇂

i1y1j + . . .+ x⇂
inynj)

2
]

= E
[
(x⇂

i1y1j)
2
]
− E

[
x⇂
i1

]2
E [y1j ]

2
+ . . .

+ E
[
(x⇂

inynj)
2
]
− E

[
x⇂
in

]2
E [ynj ]

2

= E
[
(x⇂

i1)
2
]
E
[
y21j

]
− E

[
x⇂
i1

]2
E [y1j ]

2
+ . . .

+ E
[
(x⇂

in)
2
]
E
[
y2nj

]
− E

[
x⇂
in

]2
E [ynj ]

2

=

n∑
k=1

(
E
[
(x⇂

ik)
2
]
E
[
y2kj

]
− E

[
x⇂
ik

]2
E [ykj ]

2

)
.

(23)

Note that the uncertainty around the k-state xk is given by
its associated variance, σ2

k. In what follows, we assume the
random variables to be homoscedastic, that is, all random
variables have the same finite variance. This is also known
as homogeneity of variance. Thus, the random element ykj
follows a normal distribution N (µykj

, σ2
k).

Substituting µykj
for the mean and σ2

k for the variance of
ykj in (23), the second moment of aij is given by:

E
[
(aij)

2
]
=

n∑
k=1

E
[
(x⇂

ik)
2
]
σ2
k − E

[
x⇂
ik

]2
µ2
ykj

. (24)

We now make use of the result in Theorem 2. Let us gather
the estimates of E

[
(x⇂

ik)
2
]

in M
(2)

X† , and denote its i-row by
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Algorithm 1 Estimate the first and second moments of A

• Obtain the data D = {X,Y}
• Obtain or calculate σ2

y = [σ2
1 , . . . , σ

2
n]

⊤

• Apply (12) to estimate the first moments M
(1)

X†

• Apply (17) to estimate the second moments M
(2)

X†

• Initialize i = 1 and j = 1
for i : 1 : m do

for j : 1 : m do
− m1(i, j) = µ⊤

x⇂
i

µyj

− m2(i, j) = (σ2
x⇂

i

)⊤(σ2
y)− (µ2

x⇂
i

)⊤(µ2
yj
).

end for
• µ̂aij

= m1(i, j)
• σ̂2

aij
= m2(i, j)

end for

(σ2
x⇂

i

)⊤. The confidence levels of the random elements aij ,
which represent the measurement uncertainties propagated
from system states, can finally be estimated as

σ̂2
aij

= (σ2
x⇂

i

)⊤(σ2
y)− (µ2

x⇂
i

)⊤(µ2
yj
), (25)

where σ2
y = [σ2

1 , . . . , σ
2
n]

⊤. Algorithm 1 summarizes the
process for estimating the confidence levels in terms of the
first and second moments of the random elements of A.

Remark 1. Note that our proposal to quantify the impact of
measurement uncertainty on the elements of A is agnostic of
specific dynamic mode decomposition methods. This feature
is desirable, given the number of variants (see, e.g., [28]) of
the original dynamic mode decomposition method [4].

III. NUMERICAL SIMULATIONS

We perform simulations on a spring-mass system and
a multi-machine power system. The covariance matrix Σ
captures the measurement uncertainty of the recorded states;
the two ways to accomplish this are (i) to use the stan-
dard deviations of the measurement devices provided by
the manufacturers and (ii) to calculate the variance of the
ambient measurements using sample variance. We make
the blanket assumption of a Gaussian distribution around
the recorded data in each instance: xtk ∼ N (xtk, σ

2
k) and

ytk ∼ N (ytk, σ
2
k). We employ (12) and (17) to estimate the

element-wise mean and variance of X†, necessary for the
DMD method. Following Algorithm 1, we further estimate
the first and second moments of the elements of A. The
estimated moments are compared with those obtained from
Monte Carlo simulations, which are the true values. To
perform Monte Carlo simulations, N random trajectories of
each state are drawn as illustrated in Figure 1. Then, N
samples of A are obtained using DMD in (1) as

A(l) = X†(l)Y (l), (26)

l = 1, . . . , N. Finally, the first and second moments of aij are
estimated using sample mean µaij = 1

N

∑N
l=1 a

(l)
ij and sam-

ple variance σ2
aij

= 1
N−1

∑N
l=1 (a

(l)
ij − aij)2, respectively.

Fig. 1: Obtaining instances of the random matrix X from
the normal distribution of elements x ∼ N (µx, σ

2
x).

A. Spring-Mass system

Fig. 2: Comparison of kernel densities for the largest eigen-
value λ1 of A: Density distributions estimated from samples
obtained through our proposed method and Monte Carlo
simulation. The colorbar indicates density values.

Consider a spring-mass system with n = 2 states: dis-
placement x1 and velocity x2, as follows:

ẋ1 = x2,

ẋ2 =
−k

m
x1 − g,

where m is the mass of the object, k is the spring constant,
g is the acceleration due to gravity. We choose m = 5 kg
and k = 20 N/m. The simulation with initial conditions set
as x0 = [0.03; 0.01] recorded for 40 seconds constitutes our
observed data Dobs = {X,Y}. We estimate σ2

1 and σ2
2 using

the sample variance of the measurements taken between 30–
40 seconds, where they remain steady. The diagonal matrix
Σ = diag(σ2

1 , σ
2
2) now constitutes the uncertainty in the

states.
The estimated first (second) moments of aij employing

Algorithm 1 are gathered in M
(1)
A (M (2)

A ). The matrices
M

(1)
A and M

(2)
A are compared with those obtained from

Monte Carlo simulations. A similar comparison is made for
the matrices M

(1)

X† and M
(2)

X† that constitute the first and
the second moments of x⇂

tk, respectively. Table I lists the
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TABLE I: The RMSE, MAE, Fr-norm, and COS values for the spring-mass system and multi-machine power system

Spring Mass System Multi-machine Power System
Event A Event B

Measure RMSE MAE Fr-norm COS RMSE MAE Fr-norm COS RMSE MAE Fr-norm COS
M

(1)

X† 3.79e-2 3.32e-2 1.19 1.24 4.94e-2 3.14e-2 4.55 1.86 1.97e-2 1.19e-2 2.80 1.57

M
(2)

X† 2.45e-3 2.36e-3 7.75e-2 9.75e-1 2.82eˆ-4 9.15e-5 2.60e-2 5.22e-1 3.39e-5 1.25e-5 4.83e-3 7.10e-1

M
(1)
A 1.04e-3 9.15e-4 5.23e-1 1.41 2.14e-2 1.58e-2 5.35 4.66 8.14e-3 6.16e-3 4.83 4.88

M
(2)
A 4.84e-6 4.48e-6 2.41e-3 9.17e-1 3.38e-4 3.04e-4 8.47e-2 7.28e-1 2.78e-4 1.11e-4 1.6e-1 5.92e-1

(a) (b)
Fig. 3: Absolute error differences between the estimated σ̂2

aij

and true second moments σ2
aij

of DMD operator for (a)
event A and (b) event B for the multi-machine power system,
where δσ2

aij
= |σ2

aij
− σ̂2

aij
|.

root mean square error (RMSE), mean absolute error (MAE),
Frobenius norm (Fr-norm), and cosine similarity (COS) of
the performed comparisons.

Let us obtain N = 1000 instances A(l); l = 1, . . . , N
of A assuming a normal distribution on its elements aij
with means as their first moments and variances as their
second moments estimated using the proposed method as
a
(l)
ij ∼ N (µ̂aij

, σ̂2
aij

). For each instance A(l), we calculate
the eigenvalues {λ(l)

1 ≥ λ
(l)
2 ≥ . . . λ

(l)
m } to obtain their N

samples. Similarly, let us obtain N instances of eigenvalues
of A(l) generated using Monte Carlo simulation. Since the
two largest eigenvalues {λ1, λ2} form a conjugate pair, we
focus on examining the densities of the real and imaginary
parts of the largest eigenvalue λ1. Figure 2 compares the
kernel density of the largest eigenvalue λ1 estimated from
these samples obtained by both the proposed and Monte
Carlo methods, with a squared exponential kernel fit.

B. Multi-machine Power System

The data obtained from time domain simulation of the
multi-machine power system [29] is gathered in Dobs. For
this study, we considered detailed dynamical models asso-
ciated with synchronous generators that led us to n = 34
states in total simulated for m = 120 s. The dynamical
events are further divided into two sub-events A and B, with
measurement uncertainty characterized by the steady-state
period from 0 s to 53.99 s and from 63.18 s to 87.20 s,
respectively.

Table I compares M
(1)

X† , M (2)

X† , first and second moments
of X†, and M

(1)
A , M (2)

A , the first and second moments of A
estimated using the proposed method with their true values

Proposed methodMonte Carlo

(a)

(b)
Fig. 4: Comparison of kernel densities for DMD operator
aij and its eigenvalues λi in the case of (a) even A and (b)
event B estimated using samples obtained from the proposed
method and Monte Carlo simulations for the multi-machine
system.

obtained from Monte Carlo simulations. The comparison is
conducted using RMSE, MAE, Fr-norm, and COS. Figure
3 illustrates the absolute error differences δσ2

aij = |σ2
aij

−
σ̂2
aij

| between the true second moment σ2
aij

obtained from
Monte Carlo simulations and its estimated counterpart σ̂2

aij

using the proposed method.
In Figure 4, a detailed comparison of µaij

and σ2
aij

,
the first and the second moments of A, estimated using
the proposed method, are made with those obtained from
Monte Carlo simulations. Given the considerable number
of elements of A (specifically m × m = 6.25e4 (3.52e5)
in the case of event A (event B)), visualizing all of them
does not help us to compare their estimated moments with
the true ones. To address this, we plot the moments of aij
in the intervals of 900 data points for better visualization.
Additionally, to ensure consistency, the second moments are
normalized using min-max scaling. Figure 4 also compares
µλi

, σ2
λi

, the first and second moments of the eigenvalues, es-
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timated by employing sample mean and sample variance on
N samples obtained using the proposed method and Monte
Carlo simulations as explained above, i, j = 1, . . . ,m.
The shaded region represents the range within ±2 second
moments from the first moments.

Remarkably, the absolute errors associated with the second
moments of most of the DMD operator elements in Figure 3
are on the order of 10−3. The estimated first and second
moments of A and its eigenvalues in Figure 4 exhibit
a high degree of comparability with the values obtained
from Monte Carlo simulations. Similar is the case for the
kernel densities of the eigenvalues compared in Figure 2.
Further strengthening the reliability of our approach, Table
I illustrates the accurate estimation of moments for X†.
Accurate estimations of the first and second moments for
X†, A, and λ in our proposed measurement uncertainty
analysis instill trustworthiness in the DMD method.

IV. CONCLUSIONS

This study addresses the critical challenge of assessing
uncertainties propagated from system measurements in the
context of Koopman-theoretic data-driven characterization of
dynamical systems, particularly through the lens of dynamic
mode decomposition (DMD). Recognizing the substantial
impact of data quality on the efficacy of DMD, we introduced
a novel analytical approach for quantifying uncertainties
in each constituent element of the approximated Koopman
operator. The proposed method focuses on numerically esti-
mating the confidence levels for the elements in terms of the
first and second moments of the pseudo-inverse of the data
matrix and the matrix of time-shifted snapshots of the data.
Through detailed numerical analyses, we demonstrated the
effectiveness of our approach in characterizing the dynamics
of a spring-mass system and a multi-machine power system.
This work contributes valuable insights into quantifying
the local uncertainty of the data-driven characterization of
nonlinear dynamical systems.

While we focus on the first and second moments in
this paper, the formulation we present is general and one
can follow the same ideas to derive higher-order moments.
For example, the third moment, skewness, indicates any
asymmetric leaning to either left or right and might be of
interest within the context of data-driven operator learning.
We leave that exploration for future work along with the
derivation of the moments for non-normal cases.
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