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Sample Complexity of Incremental Policy Gradient Methods for Solv-
ing Multi-Task Reinforcement Learning

Yitao Bai

(ABSTRACT)

We consider a multi-task learning problem, where an agent is presented a number of N rein-

forcement learning tasks. To solve this problem, we are interested in studying the gradient

approach, which iteratively updates an estimate of the optimal policy using the gradients

of the value functions. The classic policy gradient method, however, may be expensive to

implement in the multi-task settings as it requires access to the gradients of all the tasks at

every iteration. To circumvent this issue, in this paper we propose to study an incremental

policy gradient method, where the agent only uses the gradient of only one task at each

iteration. Our main contribution is to provide theoretical results to characterize the per-

formance of the proposed method. In particular, we show that incremental policy gradient

methods converge to the optimal value of the multi-task reinforcement learning objectives at

a sublinear rate O(1/
√
k), where k is the number of iterations. To illustrate its performance,

we apply the proposed method to solve a simple multi-task variant of GridWorld problems,

where an agent seeks to find an policy to navigate effectively in different environments.



Sample Complexity of Incremental Policy Gradient Methods for Solv-
ing Multi-Task Reinforcement Learning

Yitao Bai

(GENERAL AUDIENCE ABSTRACT)

First, we introduce a popular machine learning technique called Reinforcement Learning

(RL), where an agent, such as a robot, uses a policy to choose an action, like moving

forward, based on observations from sensors like cameras. The agent receives a reward that

helps judge if the policy is good or bad. The objective of the agent is to find a policy

that maximizes the cumulative reward it receives by repeating the above process. RL has

many applications, including Cruise autonomous cars, Google industry automation, training

ChatGPT language models, and Walmart inventory management. However, RL suffers from

task sensitivity and requires a lot of training data. For example, if the task changes slightly,

the agent needs to train the policy from the beginning. This motivates the technique called

Multi-Task Reinforcement Learning (MTRL), where different tasks give different rewards

and the agent maximizes the sum of cumulative rewards of all the tasks. We focus on the

incremental setting where the agent can only access the tasks one by one randomly. In this

case, we only need one agent and it is not required to know which task it is performing. We

show that the incremental policy gradient methods we proposed converge to the optimal value

of the MTRL objectives at a sublinear rate O(1/
√
k), where k is the number of iterations.

To illustrate its performance, we apply the proposed method to solve a simple multi-task

variant of GridWorld problems, where an agent seeks to find an policy to navigate effectively

in different environments.
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Chapter 1

Introduction

Reinforcement learning (RL) is a machine learning paradigm inspired by behavioral psychol-

ogy, focusing on how agents learn to make sequential decisions in dynamic environments

to achieve specific goals. Unlike traditional supervised learning, where models are trained

on labeled datasets, RL algorithms learn through interaction with their environment. For

example, the wild fire monitoring in Figure 1.1, drone in the left picture is the agent, and the

smoke on the right represents the agent’s observation from the environment which is cam-

era view. At each iteration, an RL agent observes the current state from the environment,

decides an action based on its current policy, receives feedback in the form of rewards or

loss, and updates its policy accordingly to maximize the sum of rewards through the time.

Through this process, RL agents can learn complex behaviors and optimal decision-making

strategies, making RL particularly well-suited for tasks involving uncertainty, partial observ-

ability, and long-term planning. RL has found applications in diverse domains, including

robotics [9], gaming playing [19], path plan navigation [1, 11, 32], autonomous driving [14],

field coverage [24], and drone-based delivery [21].

While RL provides a powerful learning framework, it suffers a fundamental challenge in its

data efficiency. The existing RL methods like Q-learning and policy gradient are known

to require a significant amount of data and computational resources in their training. In

addition, policies learned in one task might not be applicable to solve other tasks so we often

have to restart learning when faced with slight task variations, requiring the agent to start

1



Figure 1.1: Illustration of the reinforcement learning process

afresh without leveraging prior experiences from similar tasks. This lack of adaptability

necessitates time-consuming retraining for each minor task alteration.

The limitation of RL has motivated the study of multi-task RL (MTRL) framework, where

an agent aims to learn multiple tasks simultaneously. If the tasks are related in some ways,

then learning them jointly should be more efficient than learning individually. For example,

the agent is learning to avoid a specific kind of obstavle in different environment like city

and forest, at least it can use the knowledge of obstacle detection in different environment

instead of learning from beginning. MTRL aims to improve generalization and efficiency by

exploiting the inherent relationships between multiple tasks [5, 13].

Motivated by recent studies on policy gradient methods in single-task RL settings [17],

in this thesis we propose to study an incremental policy gradient method to solve MTRL

problems. The incremental method we proposed only uses the gradient of one random task

per iteration in its update under some assumption to the period of accessing all tasks, unlike

the classic policy gradient approach where the agent is required to access the gradients of

all the tasks at every iteration. Thus, the proposed incremental policy gradient method

can be implemented efficiently when agent cannot access which task it is perform or agent



have difficulty to accessing all the tasks at every step is challenging. For example, agent

is very expansive spacecraft, we cannot build thousands of spacecrafts to let them perform

reinforcement learning in different environments and space craft cannot know what kind of

environment encountered until get into regions of charged particles.

1.1 Contribution

This thesis proposes to study an incremental policy mirror descent (IPMD) method for solv-

ing MTRL problems. Our main contribution is to provide theoretical results to characterize

the performance of the proposed method. In particular, we show that incremental policy

gradient methods converge to the optimal value of the multi-task reinforcement learning

objectives at a sublinear rate O(1/
√
k), where k is the number of iterations. To illustrate

its performance, we apply the proposed method to solve a simple multi-task variant of Grid-

World problems, where an agent seeks to find a policy to navigate effectively in different

environments.



Chapter 2

Review of Literature

2.1 Markov Decision Process

A Markov Decision Process (MDP) serves as a foundational concept within the idea of rein-

forcement learning (RL), representing a mathematical framework utilized to model decision-

making processes with stochastic policy and transition of state. At its core, an MDP can

be view as a tuple M = (S,A,P ,R, γ). States s ∈ S represents the possible configurations

or situations within the environment, while actions a ∈ A represent the possible choices

available to the agent. Transition probabilities P : S × A → S dictate the probability of

transitioning from one state to another state upon selecting a particular action, capturing

the stochastic nature of the environment. Rewards R : S × A → R denote the immediate

feedback received by the agent upon executing an action in a specific state, providing a

quantitative measure of the desirability of certain outcomes. The discount factor serves to

weight the importance of future rewards relative to the rewards of current iteration, facilitat-

ing long-term decision-making. Agent will apply some chosen policy π : S → A to decide the

action take based on the state observed. Each choice of policy in task i induces a long-term

expected discounted reward

Vπ(s) = E
[

∞∑
t=0

γtR(st, at) | s0 = s, at ∼ π(· | st), st+1 ∼ P(· | st, at)

]
,
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and the state-action value function Q

Qπ(s, a) = E
[

∞∑
t=0

γtR(st, at) | s0 = s, a0 = a, st+1 ∼ P(· | st, at), at+1 ∼ π(· | st)

]
. (2.1)

This Q satisfies a well known function called Bellman Equation [3]

Qπ(s, a) = R(s, a) + γ
∑
s′∈S

P(s′ | s, a)Vπ(s
′). (2.2)

Then we can define the objective function as

f(π) = max
π

Es∼ρ[Vπ(s)],

where ρ is initial distribution of the initial state.

2.2 Policy Gradient for Single MDP

Policy gradient methods are a class of algorithms which directly learn a policy without ex-

plicitly computing value functions. policy gradient methods focus on learning the parameters

of a policy directly.

In single Markov decision process (MDP), a policy gradient algorithm aims to optimize a

parameterized policy πθ(a | s), where θ represents the parameters of the policy. The goal

is to find the parameters θ that maximize the value function Vπθ
, obtained by following

the policy. The key idea behind policy gradient methods is to parameterize the policy

and then update these parameters based on the gradient which represent the direction that

increases the expected return. This is typically done by computing the gradient of the

expected return with respect to the policy parameters. Several well known policy gradient



based reinforcement learning algorithms are Monte-Carlo[29], actor-critic method[20], and

proximal policy optimization (PPO)[25].

In this thesis we want to focus on one specific policy gradient called policy mirror descent

[17]. This method gives an exponential convergence. So, at each iteration, we compute the

gradient of V which we can use Q since

Vπ(s) =
∑
a∈A

π(· | s)Qπ(s, a).

So we have the following algorithm

Algorithm 2.1. Policy Mirror Descent Method (PMD)

Input: π0, step sizes {αk}k≥0

For k = 0, 1, ..., K − 1 do

[1] Compute Qk ≜ Qπk
using the policy πk.

[2] Update πk for all s ∈ S as

πk+1(· | s) = argmaxµ(·|s)∈△|A|
{αk⟨Qk(s, ·), µ(·, s)⟩ −Dµ

πk
(s)}. (2.3)

Then we need to find a way to find Q function which we used as the gradient of the objec-

tive function. Notice that compute Q function is an expansive step and the following two

subsections will explain how to solve this problem.



2.2.1 Q-Learning

Q-learning is a temporal difference (TD) based algorithm, which is one of the most popular

methods to directly compute the Q function[28]. Q-learning estimates the function Q(s, a)

introduced in Equation (2.1). The action-value function represents the expected cumulative

reward should be received by selecting an action a when the current state is s and the action

is chosen by policy π afterwards. Here is the algorithm

Algorithm 2.2. Q-Learning

Input: Initial action-value function Q0, exploration-exploitation constant ϵ, stepsize α

For k = 0, 1, ..., K − 1 do

[1] Draw ϵk ∈ (0, 1).

[2] Choose action

ak =


random action a ∈ A if ϵt < ϵ,

a ∼ π(· | sk) otherwise.

[3] Take action ak and observe reward rk and next state sk+1.

[2] Update Qk using a′ ∼ π(· | sk+1) as

Qk+1(sk, ak) = Qk(sk, ak) + α(rk + γQk(sk+1, a
′)−Qk(sk, ak)).

The agent will get the current state and select actions based on an exploration-exploitation

strategy, which is called ϵ-greedy strategy. The agent will exploit the the Q function using

policy with probability of ϵ, and agent will explore the environment by taking random action



with probability 1− ϵ. By using Q-learning we can find the gradient in step [1] of Algorithm

2.1.

2.2.2 Actor-Critic Method

Another way to solve the problem is to find the Q function and perform the policy gradient

simultaneously. This approach is also known as the actor-critic method [15]. In this method,

the actor estimates the value function using the current policy, and the critic updates the

policy based on the estimated value function. Below is the algorithm

Algorithm 2.3. Actor-Critic Method

Input: Initial action-value function Q0, initial policy π0, exploration-exploitation constant

ϵ, stepsize α

For k = 0, 1, ..., K − 1 do

[1] Take action ak ∼ πk(· | sk) and observe reward rk and next state sk+1.

[2] Update Qk using a′ ∼ π(· | sk+1) as

Qk+1(sk, ak) = Qk(sk, ak) + α(rk + γQk(sk+1, a
′)−Qk(sk, ak)).

[3] Update πk for all s ∈ S as

πk+1(· | s) = argmaxµ(·|s)∈△|A|
{αk⟨Qk(s, ·), µ(·, s)⟩ −Dµ

πk
(s)}. (2.4)



This algorithm effectively employs the actor-critic method by integrating Q-learning and

policy mirror descent. It is noteworthy that there are numerous other actor-critic algorithms

available. For instance, the natural actor-critic method [23], soft actor-critic method [10],

and advantage actor-critic method [2] are all variations of the actor-critic method, each with

their unique features and applications.



2.3 Multi-Task MDP

Similar to single MDP, we can model a multi-task reinforcement learning problem as a multi-

task MDP, where an agent is presented N tasks, each is modeled by a discounted Markov

decision process (MDP). In particular, the MDP Mi is a collection of 5-tuples, Mi =

(S,A,P ,Ri, γ) where S and A are sets of states and actions. The transition probability

kernel P specifies the probability of which the next state s′ will be based on the state and

action at current iteration, i.e., s′ ∼ P(· | s, a). In addition, Ri : S × A → [0, 1] is the

reward function for task i and the discount factor γ ∈ (0, 1) weights the importance of

future reward. Here, without loss of generality, we consider the reward between (0, 1), but

it can be extended to any bounded interval. A policy π(· | s) is a probability that an action

is chosen within the action space A at each different state s ∈ S. Each choice of policy in

task i induces a long-term expected discounted reward

V i
π(s) = E

[
∞∑
t=0

γtRi(st, at) | s0 = s, at ∼ π(· | st), st+1 ∼ P(· | st, at)

]
,

and the state-action value function Q

Qi
π(s, a) = E

[
∞∑
t=0

γtRi(st, at) | s0 = s, a0 = a, st+1 ∼ P(· | st, at), at+1 ∼ π(· | st)

]
.

Thus, V i
π(s) = Ea∼π(·|s)[Q

i
π(s, a)]. Since Ri ∈ (0, 1) we have |Qi

π(s, a)| ≤ 1/(1−γ) for all s, a.

Whats more, it is known that Qi
π(s, a) satisfies the Bellman equation

Qi
π(s, a) = Ri(s, a) + γ

∑
s′∈S

P(s′ | s, a)V i
π(s

′).

The goal of MTRL is to find a policy that simultaneously optimizes the aggregate of the

value functions of the tasks at every state, i.e., the agent aims to find π⋆ such that
∑

i V
i
π⋆(s)



is maximized for every state s ∈ S. It is known that for the finite MDP setting there exists

such an optimal policy π⋆ [4]. Finding π⋆ is essentially equivalent to solve

max
π

f(π) :=
N∑
i=1

f i(π). (2.5)

where f i(π) = Es∼ρ⋆(·)[V
i
π(s)] and ρ⋆ is the stationary distribution corresponding to the

optimal policy π⋆. Note that the knowledge of ρ⋆ is not required to the implementation of

the proposed algorithm studied in the next section.

We conclude this section by introducing a few notation that will facilitate our algorithmic

development in the next section. Given a policy π, we denote by dsπ(s
′) the discounted state

visitation

dsπ(s
′) = (1− γ)

∞∑
t=0

γtPπ(st = s′ | s0 = s),

which represents the amount of time that the agent visits state s′ when it starts from s.

Given two policies π, µ, let Dµ
π be the Bregman’s distance defined as

Dµ
π(s) = ω(µ(· | s))− ω(π(· | s))− ⟨∇πω(π(· | s)), µ(· | s)− π(· | s)⟩, ∀s ∈ S,

where ω is a strongly convex function. In this section, we will consider ω as an entropy

function

ω(π(· | s)) =
∑
a∈A

π(a | s) log(π(a | s)).

Under this choice, Dµ
π can be simplified to

Dµ
π(s) =

∑
a∈A

µ(a | s) log µ(a | s)
π(a | s)

,



which by using the Pinsker’s inequality we obtain

∥µ(· | s)− π(· | s)∥22 ≤ ∥µ(· | s)− π(· | s)∥21 ≤ 2Dµ
π(s), (2.6)

where the first inequality is due to the fact that ∥ · ∥2 ≤ ∥ · ∥1

There are several existing methods to solve Multi-Task MDP problem.

2.3.1 Transfer Learning for Multi-Task MDP

Transfer learning is a technique that aims to expedite the learning process by transferring

knowledge from similar tasks. For instance, an individual with experience driving in a city

can learn to drive on a highway much faster than starting from scratch. In this context, the

agent learns the first task and uses the learned policy as the initial policy for subsequent

tasks. This method is particularly useful when the available data is limited. A survey paper

by [22] provides numerous applications of transfer learning, while another survey paper

by [26] presents several papers that apply transfer learning to reinforcement learning (RL)

problems. In this scenario, the agent learns new tasks but forgets the previous ones. Our

aim is to find a policy that maximizes the average objective function across all tasks.

2.3.2 Life-Long Learning for Multi-Task MDP

Life-Long Learning [27] is a concept wherein an agent performs tasks sequentially, leveraging

knowledge from earlier tasks to learn new ones. The study by [18] delves into the balance

between old and new tasks, while the work by [8] presents an optimal exploration strategy

for tackling new but related problems.



2.3.3 Centralized Policy Gradient for Multi-Task MDP

Centralized Policy Gradient for Multi-Task MDP can be reduced to the single MDP by

averaging the gradient. Theoretical results of policy gradient methods are well understood,

where these methods are shown to converge to the optimal policy at a linear rate [17]. One

can apply policy gradient methods to solve MTRL problems, however, this approach requires

to access the gradients of all the tasks at each iteration. This can be expensive to implement

as the number of tasks can be very large. Our focus in this thesis is to study an incremental

policy gradient approach, where each iteration requires the gradient of only one task in to

update the underlying policy variable.

2.3.4 Distributed Policy Gradient Method for Multi-Task MDP

Another approach to solve MTRL problems is to use distributed policy gradient methods [31].

This approach often has a network of agents, each performs one task. The agents are then

collaborate either directly or indirectly through a centralized coordinator to aggregate their

local solutions. Prior study in distributed policy gradient methods have investigated con-

vergence rates under various scenarios. For instance, research by [16] demonstrated O(1/k)

convergence rates for their specific algorithm FedNPG-ADMM. Similarly, [31] explored the

convergence behavior of their decentralized entropy regularized policy gradient methods,

revealing O(1/
√
k) convergence rates for certain architectures and loss functions. On the

other hand, we study a different setting where there is only one agent that aims to learn a

number of tasks by access the tasks randomly one by one. Therefore, the theoretical results

in the distributed methods are not applicable to our setting in this thesis.



Chapter 3

Incremental Policy Mirror Descent

3.1 Incremental Policy Mirror Descent

As mentioned in section 2.2, to solve problem (2.5), one can apply the policy mirror descent

method studied in [17]. This method iteratively updates πk, an estimate of π⋆, starting from

an arbitrary policy π0 as

πk+1(· | s) = argmaxµ(·|s)∈∆|A|
{αk

〈∑
i

Qi
πk
(s, ·), µ(·, s)

〉
−Dµ

πk
(s)},

To implement this update, one needs to estimate the state-value function Qi for every task

i at any iteration k, which is equivalent to solving N policy evaluation problems. This can

be expensive in practice as the number of tasks can be large.

In this section, we are interested in studying an incremental variant of the policy mirror

descent methods, where the agent can only have access to the state-value function of one

task at a time. Our algorithm is formally stated in Algorithm 3.1. At any iteration k, the

agent chooses a task i to compute the state-value function Qi
πk

using the current policy πk.

The agent then implements a policy mirror descent step to update πk as in (3.1).

In Algorithm 3.1, we allow the agent to choose the task index i at any iteration arbitrarily.

For example, the agent can apply the cyclic rule (i.e., choosing the task in increasing order)

or random rule (i.e., randomly picking the task index). However, we do enforce that each

14



task is chosen infinitely often to guarantee that the agent will perform all the tasks. One

way to have this condition is to consider the following assumption.

Algorithm 3.1. Incremental Policy Mirror Descent (IPMD)

Input: π0, step sizes {αk}k≥0

For k = 0, 1, ..., K − 1 do

[1] Draw i ∈ {1, · · · , N}

[2] Compute Qi
k ≜ Qi

πk
using the policy πk

[3] Update πk for all s ∈ S as

πk+1(· | s) = argmaxµ(·|s)∈△|A|
{αk⟨Qi

k(s, ·), µ(·, s)⟩ −Dµ
πk
(s)}. (3.1)

Assumption 1. Given a positive integer τ ≥ N , each i ∈ {1, . . . , N} in Step 1 of Algorithm

3.1 will be drawn at least one time within every interval [k − τ, k) for every k ≥ τ .

One can view that τ represents an upper bound on the delay in computing the value of the

state-action function Qi at time k. We denote τ ik as the last time that task i is drawn at

time k. If i is not selected at time k then Qi
τ ik

is the most recent Q value of task i using

policy πτ ik
. If τ = N , then Algorithm 3.1 reduces to the classic incremental gradient method

with cyclic rules.

Finally, we present below some preliminary results that will be useful in deriving our main

result studied in the next section. First, we consider the so-called three-point lemma, which

is used to characterize the updates of mirror descent. Its proof can be found in [17].



Lemma 3.2. For any policy µ, the sequence {πk} generated by Algorithm 3.1 satisfies for

all s ∈ S

αk

〈
Qi

k, µ(· | s)− πk+1(· | s)
〉
≤ Dµ

πk
(s)−Dµ

πk+1
(s)−Dπk+1

πk
(s).

Proof: By optimality condition of argmax

⟨αkQ
i
k(s, ·)−∇πD

πk+1
πk

(s), µ(· | s)− πk+1(· | s)⟩ ≤ 0.

Then by reorder them we have

αk⟨Qi
k(s, ·), µ(· | s)− πk+1(· | s)⟩ ≤ ⟨∇πD

πk+1
πk

(s), µ(· | s)− πk+1(· | s)⟩

= ⟨∇πω(πk+1(· | s))−∇πω(πk(· | s)), µ(· | s)− πk+1(· | s)⟩

= ω(µ(· | s))− ω(πk(· | s))− ⟨∇πω(πk(· | s)), µ(· | s)− πk(· | s)⟩

− ω(πk+1(· | s)) + ω(πk(· | s)) + ⟨∇πω(πk(· | s)), πk+1(· | s)− πk(· | s)⟩

− ω(µ(· | s)) + ω(πk+1(· | s)) + ⟨∇πω(πk+1(· | s)), µ(· | s)− πk+1(· | s)⟩

= Dµ
πk
(s)−Dπk+1

πk
(s)−Dµ

πk+1
(s).

■

Next, we present the popular performance difference lemma in reinforcement learning [17].

Lemma 3.3. For any two policies π and π′, we have

V i
π′(s)− V i

π(s) =
1

1− γ

∑
s′∈S

dsπ′(s′)⟨Qi
π (s

′, ·) , π′(· | s′)− π(· | s′)⟩.



Proof: For simplicity denote ζπ
′
(s0) the random process (sk, ak, sk+1)

Vπ′(s)− Vπ(s) = Eξπ′ (s)

[
∞∑
k=0

γk
[
Ri (sk, ak)

]]
− Vπ(s)

= Eξπ′ (s)

[
∞∑
k=0

γk
[
Ri (sk, ak) + Vπ (sk)− Vπ (sk)

]]
− Vπ(s)

= Eξπ′ (s)

[
∞∑
k=0

γk
[
Ri (sk, ak) + γVπ (sk+1)− Vπ (sk)

]]

+ Eξπ′ (s) [Vπ (s0)]− Vπ(s)

= Eξπ′ (s)

[
∞∑
k=0

γk
[
Ri (sk, ak) + γVπ (sk+1)− Vπ (sk)

]]

= Eξπ′ (s)

[
∞∑
k=0

γk [Qπ (sk, ak)− Vπ (sk)]

]

=
1

1− γ

∑
s′∈S

∑
a′∈A

dsπ′(s′)π′(a′ | s′) [Qπ (s
′, a′)− Vπ (s

′)]

=
1

1− γ

∑
s′∈S

dsπ′(s′) [⟨Qπ (s
′, ·) , π′(· | s′)⟩ − Vπ (s

′)]

=
1

1− γ

∑
s′∈S

dsπ′(s′) [⟨Qπ (s
′, ·) , π′(· | s′)⟩ − ⟨Qπ (s

′, ·) , π(· | s′)⟩]

=
1

1− γ

∑
s′∈S

dsπ′(s′)⟨Qπ (s
′, ·) , π′(· | s′)− π(· | s′)⟩.

■

Finally, the following two lemmas are to characterize the properties of the sequence {πk}

generated by Algorithm 3.1.

Lemma 3.4. For any s ∈ S, the sequence
{
πτ ik

}
generated by Algorithm 3.1 satisfies for all

s ∈ S

V i
τ ik+1(s)− V i

τ ik
(s) ≤

〈
Qi

τ ik
(s, ·), πτ ik+1(· | s)− πτ ik

(· | s)
〉
≤ −1

αk

[
D

π
τi
k

π
τi
k
+1
(s) +D

π
τi
k
+1

π
τi
k

(s)
]
,



Proof: By Lemma choose π′ = πτ ik+1 and π = πτ ik
we have

V i
τ ik+1(s)− V i

τ ik
(s) =

1

1− γ

∑
s′∈S

dsτ ik+1(s
′)⟨Qi

τ ik
(s′, ·) , πτ ik+1(· | s′)− πτ ik

(· | s′)⟩.

Then we have

V i
τ ik
(s)− V i

τ ik+1(s) =
1

1− γ

∑
s′∈S

dsτ ik+1(s
′)⟨Qi

τ ik
(s′, ·) , πτ ik

(· | s′)− πτ ik+1(· | s′)⟩

≤ 1

1− γ
dsτ ik+1(s)⟨Q

i
τ ik
(s, ·) , πτ ik

(· | s)− πτ ik+1(· | s)⟩

≤ ⟨Qi
τ ik
(s, ·) , πτ ik

(· | s)− πτ ik+1(· | s)⟩

≤ − 1

αk

[
D

π
τi
k

π
τi
k
+1
(s) +D

π
τi
k
+1

π
τi
k

(s)
]
,

where the third inequality is by lemma 1 at iteration τ ik and choose µ = τ ik, we have

⟨Qi
τ ik
(s′, ·) , πτ ik

(· | s′)− πτ ik+1(· | s′)⟩ ≤ − 1

αk

[
D

π
τi
k

π
τi
k
+1
(s) +D

π
τi
k
+1

π
τi
k

(s)
]
≤ 0.

Then the last inequality above holds since D is always positive due to definition of Bregman’s

distance, we just drop some negative term in the first inequality. The second inequality is

by definition of discounted state visitation d, we have

dsτ ik+1(s) = (1− γ)
∞∑
k=0

γkPτ ik+1(sk = s | s0 = s)

= (1− γ) + (1− γ)
∞∑
k=1

γkPτ ik+1(sk = s | s0 = s)

≥ 1− γ,

then −ds
τ ik+1

(s) ≤ 1− γ. ■



Lemma 3.5. The sequence {πk} generated by Algorithm 3.1 satisfies for all s ∈ S

∥πk+1(· | s)− πk(· | s)∥2 ≤ ∥πk+1(· | s)− πk(· | s)∥1 ≤
αk

1− γ
.

Proof: Without loss of generality, let task i be chosen at time t ∈ [k − τ, k]. Thus, using

Lemma 1 with µ = πt we have

αt

〈
Qi

πt
(s, ·), πt(· | s)− πt+1(· | s)

〉
≤ −Dπt

πt+1
(s)−Dπt+1

πt
(s) ≤ −∥πt+1(· | s)− πt(· | s)∥21 ,

where the last inequality is due to 2.6. Since
∣∣Qi

πt
(s, a)

∣∣ ≤ 1
1−γ

for all (s, a) ∈ S×A, multiply

both side by −1 and use the Holder’s inequality the preceding relation gives

∥πt+1(· | s)− πt(· | s)∥21 ≤ αt ∥πt+1(· | s)− πt(· | s)∥1
∥∥Qi

πt
(s, ·)

∥∥
∞

≤ αt

1− γ
∥πt+1(· | s)− πt(· | s)∥1 .

■



3.2 Main Results

In this section, we will present the main result of this thesis, where we will study the con-

vergence rate of Algorithm 3.1. In particular, we show that under Assumption 1, Algorithm

3.1 can return an optimal policy of problem (2.5) at a sublinear rate. The following theorem

is to present this result.

Theorem 3.6. Suppose that Assumption 1 holds. Let {πk}k≥0 be generated by Algorithm

3.1 and step sizes be chosen as αk =
2√

k+τ+1
. Then we have

max
t=1,...,k

[f(π⋆)− f(πt)] ≤
1

2(1− γ)
√
k

(√
8[f(π⋆)− f(π0)] +NEs∼ρ⋆(·)

[
Dπ⋆

π0
(s)

])
+

4
√
2N +Nτ(8(τ + 1) + ln(k))

2(1− γ)3
√
k

· (3.2)

Proof: Recall that τ ik is the last time that task i is selected in the time interval [k − τ, k].

Using Lemma 3.2 with µ = π⋆ we obtain for all s ∈ S

Dπ⋆

π
τi
k

(s)−Dπ⋆

π
τi
k
+1
(s)−D

π
τi
k

π
τi
k
+1
(s)

≥ ατ ik

〈
Qi

τ ik
(s, ·), π⋆(· | s)− πτ ik+1(· | s)

〉
≥ ατ ik

〈
Qi

τ ik
(s, ·), π⋆(· | s)− πτ ik

(· | s)
〉
+ ατ ik

〈
Qi

τ ik
(s, ·), πτ ik

(· | s)− πτ ik+1(· | s)
〉

≥ ατ ikk

〈
Qi

τ ik
(s, ·), π⋆(· | s)− πτ ik

(· | s)
〉
+ ατ ik

(
V i
τ ik
(s)− V i

τ ik+1(s)
)
, (3.3)

where the last inequality used Lemma 3.4. By Lemma 3.3 we have

(1− γ)
(
V i
π⋆(s)− V i

τ ik
(s)

)
= Es′∼ds

π⋆ (·)

[〈
Qi

τ ik
(s′, ·) , π⋆ (· | s′)− πτ ik

(· | s′)
〉]

,



which by using the fact that Es∼ρ⋆(·)Es′∼ds
π⋆ (·) = Es∼ρ⋆(·) gives

(1− γ)Es∼ρ⋆(·)

[
V i
π⋆(s)− V i

τ ik
(s)

]
= Es∼ρ⋆(·)

[〈
Qi

τ ik
(s, ·), π⋆(· | s)− πτ ik

(· | s)
〉]

.

Taking the expectation w.r.t. s ∼ ρ⋆(·) on both sides of equation (3.3) and using the

preceding inequality we obtain

Es∼ρ⋆(·)

[
Dπ⋆

π
τi
k

(s)−Dπ⋆

π
τi
k
+1
(s)−D

π
τi
k

π
τi
k
+1
(s)

]
≥ (1− γ)ατ ik

Es∼ρ⋆(·)

[
V i
π⋆(s)− V i

τ ik
(s)

]
+ ατ ik

Es∼ρ⋆(·)

[
V i
τ ik
(s)− V i

τ ik+1(s)
]

= ατ ik
Es∼ρ⋆(·)

[
V i
π⋆(s)− V i

τ ik+1(s)
]
− γατ ik

Es∼ρ⋆(·)

[
V i
π⋆(s)− V i

τ ik
(s)

]
= ατ ik

Es∼ρ⋆(·)

[
V i
π⋆(s)− V i

πk+1
(s)

]
− γατ ik

Es∼ρ⋆(·)
[
V i
π⋆(s)− V i

πk
(s)

]
+ ατ ik

Es∼ρ⋆(·)

[
V i
πk+1

(s)− V i
τ ik+1(s)

]
− γατ ik

Es∼ρ⋆(·)

[
V i
πk
(s)− V i

τ ik
(s)

]
.

Reorganizing both sides we obtain

ατ ik
Es∼ρ⋆(·)

[
V i
π⋆(s)− V i

πk+1
(s)

]
≤ γατ ik

Es∼ρ⋆(·)
[
V i
π⋆(s)− V i

πk
(s)

]
+ Es∼ρ⋆(·)

[
Dπ⋆

π
τi
k

(s)−Dπ⋆

π
τi
k
+1
(s)−D

π
τi
k

π
τi
k
+1
(s)

]
+ γατ ik

Es∼ρ⋆(·)

[
V i
πk
(s)− V i

τ ik
(s)

]
+ ατ ik

Es∼ρ⋆(·)

[
V i
τ ik+1(s)− V i

πk+1
(s)

]
. (3.4)

We next analyze each term on the right-hand side of the preceding equation. First, by

Lemma 3.3 we obtain

∣∣∣V i
πk+1

(s)− V i
τ ik+1(s)

∣∣∣ = ∣∣∣∣ 1

1− γ
Es′∼dsπk+1

(·)

[〈
Qi

τ ik+1 (s
′, ·) , πk+1 (· | s′)− πτ ik+1 (· | s′)

〉]∣∣∣∣
≤ 1

1− γ
Es′∼dsπk+1

(·)

∥∥∥Qi
τ ik+1 (s

′, ·)
∥∥∥
∞

∥∥∥πk+1 (· | s′)− πτ ik+1 (· | s′)
∥∥∥
1



≤ 1

(1− γ)2
Es′∼dsπk+1

(·)

∥∥∥πk+1 (· | s′)− πτ ik+1 (· | s′)
∥∥∥
1

=
1

(1− γ)2
Es′∼dsπk+1

(·)

∥∥∥∥∥∥
k∑

t=τ ik+1

πℓ+1 (· | s′)− πℓ (· | s′)

∥∥∥∥∥∥
1

≤ 1

(1− γ)2
Es′∼dsπk+1

(·)

k∑
t=τ ik+1

∥πℓ+1 (· | s′)− πℓ (· | s′)∥1

≤ 1

(1− γ)2
Es′∼dsπk+1

(·)

k∑
t=k−τ+1

∥πℓ+1 (· | s′)− πℓ (· | s′)∥1

≤ 1

(1− γ)3
Es′∼dsπk+1

(·)

k∑
t=k−τ+1

αt

≤ ταk−τ

(1− γ)2
, (3.5)

where the first inequality we used Holder’s inequality, the second we use
∣∣Qi

πt
(s, a)

∣∣ ≤ 1
1−γ

for all (s, a) ∈ S × A, the third inequality used triangle inequality, the fifth inequality used

Lemma 3.5, the last inequality is due to αk ≤ ατ ik
≤ αk−τ for all τ ik ∈ (k − τ, k]. Similarly,

we have ∣∣V i
τk
(s)− V i

πk
(s)

∣∣ ≤ ταk−τ

(1− γ)2
(3.6)

Substituting Eqs. (3.5) and (3.6) into Eq. (3.4) and use the fact that ατ ik
≤ αk−τ we obtain

ατ ik
Es∼ρ⋆(·)

[
V i
π⋆(s)− V i

πk+1
(s)

]
≤ γατ ik

Es∼ρ⋆(·)
[
V i
π⋆(s)− V i

πk
(s)

]
+

(1 + γ)τ(αk−τ )
2

(1− γ)2

+ Es∼ρ⋆(·)

[
Dπ⋆

π
τi
k

(s)−Dπ⋆

π
τi
k
+1
(s)−D

π
τi
k

π
τi
k
+1
(s)

]
.



Combining with that fact that ατ ik
≥ αk ≥ αk+1 gives

αk+1Es∼ρ⋆(·)

[
V i
π⋆(s)− V i

πk+1
(s)

]
≤ γαkEs∼ρ⋆(·)

[
V i
π⋆(s)− V i

πk
(s)

]
+

(1 + γ)τ(αk−τ )
2

(1− γ)2
+ Es∼ρ⋆(·)

[
Dπ⋆

π
τi
k

(s)−Dπ⋆

π
τi
k
+1
(s)−D

π
τi
k

π
τi
k
+1
(s)

]
+ γ(ατ ik

− αk)Es∼ρ⋆(·)
[
V i
π⋆(s)− V i

πk
(s)

]
≤ γαkEs∼ρ⋆(·)

[
V i
π⋆(s)− V i

πk
(s)

]
+

(1 + γ)τ(αk−τ )
2

(1− γ)2
+ Es∼ρ⋆(·)

[
Dπ⋆

π
τi
k

(s)−Dπ⋆

π
τi
k
+1
(s)−D

π
τi
k

π
τi
k
+1
(s)

]
+

2γ

1− γ
(ατ ik

− αk),

where the last inequality we use |V i
π(s)| ≤ 1/(1− γ) for any policy π and s ∈ S. Taking the

average of the preceding equations over i ∈ [1, N ] we obtain

αk+1 [f(π
⋆)− f(πk+1)] ≤ γαk [f(π

⋆)− f(πk)] +
N∑
i=1

(1 + γ)τ(αk−τ )
2

(1− γ)2

+
N∑
i=1

Es∼ρ⋆(·)

[
Dπ⋆

π
τi
k

(s)−Dπ⋆

π
τi
k
+1
(s)−D

π
τi
k

π
τi
k
+1
(s)

]
+

N∑
i=1

2γ

1− γ
(ατ ik

− αk).

Then minus both side by γαk+1[f(π
⋆)− f(πk+1)], use the fact that ατ ik

≤ αk−τ and drop

−
∑N

i=1 Es∼ρ⋆(·)

[
D

π
τi
k

π
τi
k
+1
(s)

]
we have

(1− γ)αk+1 [f(π
⋆)− f(πk+1)]

≤ γ (αk[f(π
⋆)− f(πk)]− αk+1[f(π

⋆)− f(πk+1)]) +
N(1 + γ)τ(αk−τ )

2

(1− γ)2

+
N∑
i=1

Es∼ρ⋆(·)

[
Dπ⋆

π
τi
k

(s)−Dπ⋆

π
τi
k
+1
(s)

]
+

2Nγ

1− γ
(αk−τ − αk).

Summing up both sides over τ ik = k − τ + 1, . . . , k gives



(1− γ)ταk+1 [f(π
⋆)− f(πk+1)]

≤ γτ (αk[f(π
⋆)− f(πk)]− αk+1[f(π

⋆)− f(πk+1)]) +
2Nγ

1− γ
(αk−τ − αk)

+
N(1 + γ)τ 2(αk−τ )

2

(1− γ)2
+

N∑
i=1

Es∼ρ⋆(·)

[
Dπ⋆

πk−τ+1
(s)−Dπ⋆

πk+1
(s)

]
.

Further summing up the time from 0 to k we have

(1− γ)τ
k−1∑
t=0

αt+1 [f(π
⋆)− f(πt+1)]

≤ γτ (α0[f(π
⋆)− f(π0)]− αk+1[f(π

⋆)− f(πk+1)]) +
k−1∑
t=0

2Nγ

1− γ
(αt−τ − αt)

+
k−1∑
t=0

N(1 + γ)τ 2(αt−τ )
2

(1− γ)2
+

N∑
i=1

k−1∑
t=0

Es∼ρ⋆(·)
[
Dπ⋆

πt−τ+1
(s)−Dπ⋆

πt+1
(s)

]
= γτ (α0[f(π

⋆)− f(π0)]− αk+1[f(π
⋆)− f(πk+1)]) +

k−1∑
t=0

2Nγ

1− γ
(αt−τ − αt)

+
k−1∑
t=0

N(1 + γ)τ 2(αt−τ )
2

(1− γ)2
+

N∑
i=1

Es∼ρ⋆(·)

[
τ−1∑
t=0

Dπ⋆

πt−τ+1
(s)−

k−1∑
t=k−τ+1

Dπ⋆

πt+1
(s)

]
.

We can set πt = π0 for all t ≤ 0 and drop negative term, we have

(1− γ)τ
k−1∑
t=0

αt+1 [f(π
⋆)− f(πt+1)] ≤ γτα0[f(π

⋆)− f(π0)] +NτEs∼ρ⋆(·)
[
Dπ⋆

π0
(s)

]
+

k−1∑
t=0

2Nγ

1− γ
(αt−τ − αt) +

k−1∑
t=0

N(1 + γ)τ 2(αt−τ )
2

(1− γ)2
. (3.7)

Then we choose αk = 2√
k+τ+1

for all k ≥ 0 and αk = α0 for k ≤ 0, since αk is decreasing



function w.r.t. k so we can use the bound of integral test, we have

k−1∑
t=0

αt+1 ≥
2√
τ + 2

+

∫ k

1

2√
t+ τ + 2

dt =
2√
τ + 2

+ 4
√
t+ τ + 2

∣∣∣k
1

=
2√
τ + 2

+ 4
√
k + τ + 2− 4

√
τ + 3

≥ 4
√
k + τ + 2− 4

√
τ + 3

k−1∑
t=0

(αt−τ )
2 =

τ−1∑
t=0

(α0)
2 +

k∑
t=τ

(αt−τ )
2 ≤

τ−1∑
t=0

(α0)
2 + (α0)

2 +

∫ k−1

τ

4

t+ τ + 1
dt

≤ 4(τ + 1)

τ + 1
+ 4 ln(t+ τ + 1)

∣∣∣k−1

τ
= 4 + 4 ln(k + τ)− 4 ln(2τ + 1)

≤ 4 + 4 ln(k + τ)

k−1∑
t=0

(αt−τ − αt) =
τ−1∑
t=0

αt−τ +
k−1∑
t=τ

αt−τ −
k−1∑
t=0

αt =
τ−1∑
t=0

α0 +
k−τ−1∑
t=0

αt −
k−1∑
t=0

αt

=
2τ√
τ + 1

−
k−1∑

t=k−τ

αt ≤
2τ√
τ + 1

≤ 2
√
τ .

Plug back to equation (3.7) we have

4(1− γ)τ(
√
k + τ + 2−

√
τ + 3) max

t=1,·,k
[f(π⋆)− f(πt)]

≤ γτα0[f(π
⋆)− f(π0)] +NτEs∼ρ⋆(·)

[
Dπ⋆

π0
(s)

]
+

4Nγ
√
τ

1− γ
+

4N(1 + γ)τ 2(1 + ln(k + τ))

(1− γ)2

Divide both side by 4(1− γ)τ(
√
k + τ + 2−

√
τ + 3) we have

max
t=1,·,k

[f(π⋆)− f(πt)]

≤ γτα0

4(1− γ)τ(
√
k + τ + 2−

√
τ + 3)

[f(π⋆)− f(π0)]

+
Nτ

4(1− γ)τ(
√
k + τ + 2−

√
τ + 3)

Es∼ρ⋆(·)
[
Dπ⋆

π0
(s)

]



+
Nγ

√
τ

(1− γ)2τ(
√
k + τ + 2−

√
τ + 3)

+
N(1 + γ)τ 2(1 + ln(k + τ))

(1− γ)3τ(
√
k + τ + 2−

√
τ + 3)

.

■



Chapter 4

Simulation

In this section, we will illustrate the convergence of IPMD in Algorithm 3.1 in solving a

multi-task GridWorld problem. The goal of this simulation is to investigate the performance

of IPMD.

GridWorld Environments. We create six GridWorld environments, each has size 10×10.

Each environment has the same initial starting point (the blue square in the top left corner)

and the goal (the yellow square in the bottom right corner). The goal of the agent is to find

a policy that can help it navigate from the starting point to the target while avoiding all

the obstacles (the red square). The obstacles in each environment are located in different

positions in the grid. The first three figures in Figure 4.1 presents some example of GridWorld

environments, while the last figure in Figure 4.1 shows the obstacles at all the environments

put together. There is an optimal path that can solve the task simultaneously (e.g., light

green path in the last figure), while there are multiple different solutions for each task (e.g.,

light green paths in the first three figures). To solve this multi-task problem, the agent

seeks to find the light green path in the last figure. For our MTRL setting, we assign the

reward being +1 at the target while the agent gets a −1 if it runs into the obstacles. For

our simulation, we implement Algorithm 3.1 with a cyclic rule, where the environments are

chosen in increasing order. In addition, since the transition probability matrices of these

environments are known, we can easily compute the state-action value function Q at each

27



GridWorld 0 GridWorld 1 GridWorld 2 Total GridWorld
Figure 4.1: GridWorlds

iteration, e.g., by solving the Bellman equation. The results of our simulation are shown

in Figure 4.2, where we show the total aggregated rewards on the left and the error (the

difference between these rewards and the optimal value) on the right. We can see that

the proposed algorithm returns an optimal policy that can solve the multi-task GridWorld

problem, which agrees with our theoretical results in Theorem 3.6. In this simulation, the

rate of convergence seems to be faster than 1/
√
k, which implies that the current analysis

might not be tight. This simulation suggests that one might need a new analysis and method

to study the best theoretical results on the performance of IPMD.

Figure 4.2: Performance of IPMD Methods



Chapter 5

Discussion and Future Direction

For our main result, it can be seen from Eq. (3.2) that the IPMD finds the optimal value of

problem (2.5) at a rate O(1/
√
k). We note that this rate is much weaker than the result of

centralized policy mirror descent studied in [17, 30], where the rate is exponential. However,

we note that the existing analysis requires access to the full gradient of the objective in (2.5),

i.e.,
∑

i Q
i
πk

, at every iteration. On the other hand, the implementation of IPMD requires

the Q function of only one task per iteration. Indeed, IPMD can be viewed as a stochastic

variant of the existing policy mirror descent. To achieve an exponential convergence rate

of the stochastic counterpart, the work in [17] assumes that the variance of the gradient

samples decay exponentially fast. This assumption obviously does not hold in the context of

IPMD. One can potentially apply the variance reduction techniques in [6, 12] to achieve this

condition. This approach, however, is nontrivial since the analysis in [17] is not applicable

due to the heterogeneity of the value functions of the tasks. Finally, our theoretical result

also shows that the rate scales linearly with the number of tasks, quadratically on the delay

interval τ , and cubically on the problem horizon 1/(1−γ). The convergence of policy mirror

descent, however, only scales linearly with 1/(1 − γ) [17, 30]. Addressing these gaps of

convergence will be an interesting topic, which we leave for our future studies.

Note that there is a limitation by the assumption that within the time period τ all tasks

need been visited. Which means that every task need to be visited infinitely often. For

future work, we aim to relax the assumption so that we no longer need to access each tasks
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infinitely often. One approach is to reuse the data previously collected when the task is not

appear within the time period τ . This method will cause distribution error similar to off

policy training since the policy not matched. Another approach is when agent can only visit

a task for limited times, then we can still let the policy converge to some sub-optimal policy.

It is interesting to study the relation between the times limited to visit and the difference

between the optimal policy and the sub-optimal policy. By addressing these challenges, we

can further advance the applicability and effectiveness of multi-task learning algorithms in

complex and dynamic settings.

In our simulations, we demonstrated the efficacy of our algorithm in addressing multi-task

learning problems where task objectives did not conflict. However, real-world scenarios

often present challenges where objectives across tasks may conflict. In such instances, our

algorithm prioritizes maximizing the average objective function across all tasks, potentially

leading to compromises where one task’s objectives are favored over another’s. To address

this issue, one potential avenue for exploration involves enabling the agent to employ distinct

policies for different tasks so the problem reduce to single MDP for each tasks. However,

this approach requires the agent to possess additional knowledge to discern which task it is

currently undertaking.

Looking ahead, I aim to extend our research by considering scenarios where the agent receives

noisy Q-functions for each task, introducing uncertainty into the learning process. Leverag-

ing the work in [7] on two time scales, I plan to explore methods to mimic the impact of

noise and enhance the algorithm’s robustness. This extension holds promise for improving

the algorithm’s performance in real-world environments characterized by uncertainty and

conflicting objectives.

As another future directions, I am concurrently exploring meta-learning alongside the on-

going development of our current algorithm. Specifically, my interest lies in leveraging



meta-learning techniques to enhance learning efficiency and adaptability. Currently, I am

investigating the utilization of a common task representation matrix and individual task

specification vectors to characterize the value function for a fixed policy across tasks. This

endeavor involves integrating this representation framework into the policy improvement

step, thereby imbuing the algorithm with Actor-Critic capabilities. By working in parallel

on both meta-learning and algorithm development, we aim to advance in both areas, ul-

timately leading to more robust and versatile learning systems capable of addressing the

complexities of reinforcement learning effectively.
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Appendix A

Python code

A.1 IPMD.py

"""

A Decentralized Policy Gradient Approach to Multi-task Reinforcement Learning

Source code for the GridWorld Problem

To run the code use

python main.py

The Maze visualization part of the problem is not coded by the authors and is

taken from the following reference

https://morvanzhou.github.io/tutorials/

"""

import random

import matplotlib.pyplot as plt

from tqdm import tqdm

from maze_env import Maze

from RL_brain import ThetaLearningTable
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import numpy as np

import imageio

from matplotlib import rc

from PIL import Image

rc("text", usetex=True)

rc("font", family="cmr10")

# Define the coordinates for wall and goal positions

HELL_COORD = [

[[2, 0],[2, 2],[2, 3],[2, 7], [7, 9],[7, 6],[7, 4],[7, 3],[7, 1]],

[[2, 1],[2, 0],[2, 5],[2, 8], [7, 8],[7, 5],[7, 4],[7, 2],[7, 3]],

[[2, 2],[2, 1],[2, 4],[2, 8], [7, 7],[7, 9],[7, 6],[7, 1],[7, 3]],

[[2, 3],[2, 0],[2, 5],[2, 6],[2, 7],[7, 6],[7, 8],[7, 5],[7, 2]],

[[2, 4],[2, 1],[2, 3],[2, 7],[2, 6],[7, 5],[7, 9],[7, 7],[7, 2]],

[[2, 5],[2, 2],[2, 4],[2, 8],[2, 6],[7, 4],[7, 8],[7, 7],[7, 1]]

]

HELL_COORD_TOTAL = [[2, 0],[2, 1],[2, 2],[2, 3],[2, 4],[2, 5],[2, 6],[2, 7],[2, 8],

[7, 9],[7, 8],[7, 7],[7, 6],[7, 5],[7, 4],[7, 3],[7, 2],[7, 1]]

GOAL_COORD = [[9, 9], [9, 9], [9, 9], [9, 9], [9, 9], [9, 9]]

num_agents = len(HELL_COORD)

img = [[] for _ in range(num_agents)]

img_opt = [[] for _ in range(num_agents)]

# print all goal and hell in one Maze



env_total = Maze(

name='Maze Total',

MAZE_H=10,

MAZE_W=10,

UNIT=40,

hell_coord=HELL_COORD_TOTAL,

goal_coord=GOAL_COORD,

)

# env_total.reset()

# env_total.render()

# env_total.canvas.postscript(file="a_.eps")

# img_total = np.asarray(Image.open("a_.eps"))

# imageio.imsave('Results/Maze_Total.jpg',img_total)

# Set learning parameters

num_episode = 100

max_iteration = 100

num_try_policy = 100

env_list = []

GAMMA = 0.99

plt.interactive(True)

line_color = "#94B6D2"

Display = False

cum_f = np.array([])

if __name__ == "__main__":



for n in range(num_agents):

name = "Maze " + str(n)

hell_coord = HELL_COORD[n]

goal_coord = [GOAL_COORD[n]]

# Generate the maze of size MAZE_H times MAZE_W with goal and wall positions as defined by user

env = Maze(

name=name,

MAZE_H=10,

MAZE_W=10,

UNIT=40,

hell_coord=hell_coord,

goal_coord=goal_coord,

)

# Set up the tabular parameter for RL

env_list.append(env)

Theta_RL = ThetaLearningTable(env_list[0].n_actions, env_list[0].n_states, name="Maze")

# # print GridWorlds

# for i,env in enumerate(env_list):

# env.reset()

# env.render()

# env.canvas.postscript(file="a_.eps")

# img1 = np.asarray(Image.open("a_.eps"))

# imageio.imsave('Results/Maze_'+str(i)+'.jpg', img1)



# Since determinant transition probability, compute Qi Vi for gradient and evaluation

for episode in tqdm(range(num_episode)):

# epsilon = 0.05 +(1-0.05)*np.exp(-0.05*episode)

for i,env in enumerate(env_list):

# estimate sum of discounted reward Q according to state and action

Qi = env.compute_Qi(GAMMA, Theta_RL.theta_table, env)

# update policy based on the estimated Q

Theta_RL.learn(Qi, episode, num_agents)

# evaluate the updated policy using all tasks (objective)

f = 0

if episode == num_episode - 1 and i == 5:

print('Trained policy Vi')

for j, env1 in enumerate(env_list):

Vi = env1.compute_Vi(GAMMA, Theta_RL.theta_table, env1)

f += Vi[0]

if episode == num_episode-1 and i == 5:

print(Vi[0])

cum_f = np.append(cum_f, f)

# optimal policy and it's value

optimal_theta = np.zeros((env_list[0].n_states,env_list[0].n_actions))

optimal_state_actions = [

[96,86,76,66,56,46,36,26,16],

[0,10,20,30,40,50,60,70,80,9,19,29,39,49,59,69,79,89],



[90,91,92,93,94,95,6,7,8],

[]

]

for i in range(env_list[0].n_actions):

for j in optimal_state_actions[i]:

optimal_theta[j]= np.ones(env_list[0].n_actions)*10**-10

optimal_theta[j][i] = 1-3*10**-10

for i in range(env_list[0].n_states):

if np.sum(optimal_theta[i])==0:

optimal_theta[i] = np.ones(env_list[0].n_actions)*0.25

# # plot optimal path for Maze total

# path = []

# path_state = [96,86,76,66,56,46,36,26,16,0,10,20,30,40,50,60,70,80,9,19,29,39,49,59,69,79,89,90,91,92,93,94,95,6,7,8,99]

# for i in range(len(path_state)):

# path.append([np.remainder(path_state[i],env_total.MAZE_H),np.floor(path_state[i]/env_total.MAZE_H)])

# env_total.plot_path(path)

# env_total.render()

# env_total.canvas.postscript(file="a_.eps")

# img_total = np.asarray(Image.open("a_.eps"))

# imageio.imsave('Results/Maze_Total_Path.jpg', img_total)

# # plot optimal path for Maze 0

# path = []

# path_state = [0,10,11,12,13,14,15,16,26,27,28,29,39,49,59,69,79,89,99]

# for i in range(len(path_state)):

# path.append([np.remainder(path_state[i], env_total.MAZE_H), np.floor(path_state[i] / env_total.MAZE_H)])



# env_total.plot_path(path)

# env_total.render()

# env_total.canvas.postscript(file="a_.eps")

# img_total = np.asarray(Image.open("a_.eps"))

# imageio.imsave('Results/Maze_0_Path.jpg', img_total)

# optimal policy have f

f_opt = 0

for i, env in enumerate(env_list):

Vi = env.compute_Vi(GAMMA, optimal_theta, env)

f_opt += Vi[0]

# # optimal policy display

# for i,env in enumerate(env_list):

# state, observation = env.reset()

# for j in range(max_iteration):

# # refresh env displayed

# env.render()

# env.canvas.postscript(file="a_.eps")

# # use PIL to convert to PNG

# img[i].append(np.asarray(Image.open("a_.eps")))

# # RL choose action based on observation

# action = np.argmax(optimal_theta[state])

# # RL take action and get next observation and reward

# state_, observation_, reward, done = env.step(action)

# # swap observation



# state = state_

# if done or (j == max_iteration - 1):

# env.render()

# env.canvas.postscript(file="a_.eps")

# # use PIL to convert to PNG

# img[i].append(np.asarray(Image.open("a_.eps")))

# # break loop when end of this episode

# break

# visualize the learned policy

if Display:

policy_actions = []

for i,env in enumerate(env_list):

for k in range(num_try_policy):

actions = []

state, observation = env.reset()

for j in range(max_iteration):

# RL choose action based on observation

action = Theta_RL.choose_action(state)

actions.append(action)

# RL take action and get next observation and reward

state_, observation_, reward, done = env.step(action)

# swap observation

state = state_

if done or (j == max_iteration - 1):

policy_actions.append(actions)



break

if len(policy_actions) == i+1:

state, observation = env.reset()

for j in range(max_iteration):

# refresh env displayed

env.render()

env.canvas.postscript(file="a_.eps")

# use PIL to convert to PNG

img[i].append(np.asarray(Image.open("a_.eps")))

# RL choose action based on observation

action = policy_actions[i][j]

# RL take action and get next observation and reward

state_, observation_, reward, done = env.step(action)

# swap observation

state = state_

if done or (j == max_iteration - 1):

env.render()

env.canvas.postscript(file="a_.eps")

# use PIL to convert to PNG

img[i].append(np.asarray(Image.open("a_.eps")))

# break loop when end of this episode

break

break

# Create animated GIF of the last few frames



print("Creating gif")

for i in range(len(env_list)):

name_init = "Results/Maze_" + str(i)

name = name_init + ".gif"

imageio.mimsave(name, img[i], duration=0.05)

# plot the f

fig = plt.figure()

plt.plot(cum_f)

plt.title('Objective vs Iteration', fontsize=30)

plt.xlabel('Iteration (k)', fontsize=20)

plt.ylabel('f('r'$\pi_k$)', fontsize=20)

plt.show()

fig.savefig('Results/Objective_vs_Iteration.png', bbox_inches='tight')

# plot the error f_opt - f

fig = plt.figure()

plt.plot(np.abs(f_opt-cum_f))

plt.title('Error vs Iteration', fontsize=30)

plt.xlabel('Iteration (k)', fontsize=20)

plt.ylabel('f('r'$\pi^*$) - f('r'$\pi_k$)', fontsize=20)

plt.show()

fig.savefig('Results/Error_vs_Iteration.png', bbox_inches='tight')



A.2 maze_env.py

"""

A Decentralized Policy Gradient Approach to Multi-task Reinforcement Learning

Source code for the GridWorld Problem

To run the code use

python main.py

The Maze visualization part of the problem is not coded by the authors and is taken from the following reference

https://morvanzhou.github.io/tutorials/

"""

import numpy as np

import time

import sys

from scipy.optimize import minimize

from scipy.linalg import lu_factor, lu_solve

def rosen(x, a, b):

return np.linalg.norm(np.dot(x,a)-b)

if sys.version_info.major == 2:

import Tkinter as tk

else:

import tkinter as tk



# Define colors to be used in maze

GOAL_COLOR = "#D8B25C"

AGENT_COLOR = "#A5AB81"

WALL_COLOR = "#F24F5C"

GRID_COLOR = "#595959"

PATH_COLOR = "#4169E1"

class Maze(tk.Tk, object):

def __init__(self, name, MAZE_H, MAZE_W, UNIT, hell_coord, goal_coord):

super(Maze, self).__init__()

self.action_space = ["u", "d", "l", "r"]

self.n_actions = len(self.action_space)

self.n_states = MAZE_W * MAZE_H

self.title(name)

self.geometry("{0}x{1}".format(MAZE_H * UNIT, MAZE_H * UNIT))

self.MAZE_H = MAZE_H

self.MAZE_W = MAZE_W

self.UNIT = UNIT

self.hell_coord = hell_coord

self.goal_coord = goal_coord

self.hell_array = []

self._build_maze([0,0])

def _build_maze(self,start_position=[0,0]):

self.canvas = tk.Canvas(



self,

bg="white",

height=self.MAZE_H * self.UNIT,

width=self.MAZE_W * self.UNIT,

)

# create grids

for c in range(0, (self.MAZE_W+1) * self.UNIT, self.UNIT):

x0, y0, x1, y1 = c, 0, c, self.MAZE_H * self.UNIT

self.canvas.create_line(x0, y0, x1, y1, fill=GRID_COLOR)

for r in range(0, (self.MAZE_H+1) * self.UNIT, self.UNIT):

x0, y0, x1, y1 = 0, r, self.MAZE_W * self.UNIT, r

self.canvas.create_line(x0, y0, x1, y1, fill=GRID_COLOR)

# create origin

origin = np.array([20, 20])

start = np.array([20 + self.UNIT * start_position[0], 20 + self.UNIT * start_position[1]])

# create walls

for h_coord in self.hell_coord:

hell_center = origin + np.array(

[self.UNIT * h_coord[0], self.UNIT * h_coord[1]]

)

self.hell = self.canvas.create_rectangle(

hell_center[0] - 15,

hell_center[1] - 15,



hell_center[0] + 15,

hell_center[1] + 15,

fill=WALL_COLOR,

outline="",

)

self.hell_array.append(self.canvas.coords(self.hell))

# create goal

for g_coord in self.goal_coord:

oval_center = origin + np.array(

[self.UNIT * g_coord[0], self.UNIT * g_coord[1]]

)

self.oval = self.canvas.create_oval(

oval_center[0] - 15,

oval_center[1] - 15,

oval_center[0] + 15,

oval_center[1] + 15,

fill=GOAL_COLOR,

outline="",

)

# create agent rect

self.rect = self.canvas.create_rectangle(

start[0] - 15,

start[1] - 15,

start[0] + 15,



start[1] + 15,

fill=AGENT_COLOR,

outline="",

)

# pack all

self.canvas.pack()

def plot_path(self, path, start_position=[0,0]):

self.canvas.destroy()

self.canvas = tk.Canvas(

self,

bg="white",

height=self.MAZE_H * self.UNIT,

width=self.MAZE_W * self.UNIT,

)

# create origin

origin = np.array([20, 20])

start = np.array([20+self.UNIT*start_position[0], 20+self.UNIT*start_position[1]])

# create path

for p in path:

p_center = origin + np.array(

[self.UNIT * p[0], self.UNIT * p[1]]

)



self.canvas.create_rectangle(

p_center[0] - 19,

p_center[1] - 19,

p_center[0] + 19,

p_center[1] + 19,

fill=PATH_COLOR,

outline="",

)

# create grids

for c in range(0, (self.MAZE_W+1) * self.UNIT, self.UNIT):

x0, y0, x1, y1 = c, 0, c, self.MAZE_H * self.UNIT

self.canvas.create_line(x0, y0, x1, y1, fill=GRID_COLOR)

for r in range(0, (self.MAZE_H+1) * self.UNIT, self.UNIT):

x0, y0, x1, y1 = 0, r, self.MAZE_W * self.UNIT, r

self.canvas.create_line(x0, y0, x1, y1, fill=GRID_COLOR)

# create walls

for h_coord in self.hell_coord:

hell_center = origin + np.array(

[self.UNIT * h_coord[0], self.UNIT * h_coord[1]]

)

self.hell = self.canvas.create_rectangle(

hell_center[0] - 15,

hell_center[1] - 15,



hell_center[0] + 15,

hell_center[1] + 15,

fill=WALL_COLOR,

outline="",

)

self.hell_array.append(self.canvas.coords(self.hell))

# create goal

for g_coord in self.goal_coord:

oval_center = origin + np.array(

[self.UNIT * g_coord[0], self.UNIT * g_coord[1]]

)

self.oval = self.canvas.create_oval(

oval_center[0] - 15,

oval_center[1] - 15,

oval_center[0] + 15,

oval_center[1] + 15,

fill=GOAL_COLOR,

outline="",

)

# create agent rect

self.rect = self.canvas.create_rectangle(

start[0] - 15,

start[1] - 15,

start[0] + 15,



start[1] + 15,

fill=AGENT_COLOR,

outline="",

)

# pack all

self.canvas.pack()

def reset(self, start_position=[0,0]):

#self.update()

# time.sleep(0.01)

self.canvas.delete(self.rect)

origin = np.array([20+self.UNIT*start_position[0], 20+self.UNIT*start_position[1]])

self.rect = self.canvas.create_rectangle(

origin[0] - 15,

origin[1] - 15,

origin[0] + 15,

origin[1] + 15,

fill=AGENT_COLOR,

)

# return observation

state_coords = self.canvas.coords(self.rect)

# state = state_coords[1]/origin[0]

return int(start_position[1]*self.MAZE_H+start_position[0]), self.canvas.coords(self.rect)

def step(self, action):



s = self.canvas.coords(self.rect)

base_action = np.array([0, 0])

if action == 0: # up

if s[1] > self.UNIT:

base_action[1] -= self.UNIT

elif action == 1: # down

if s[1] < (self.MAZE_H - 1) * self.UNIT:

base_action[1] += self.UNIT

elif action == 2: # right

if s[0] < (self.MAZE_W - 1) * self.UNIT:

base_action[0] += self.UNIT

elif action == 3: # left

if s[0] > self.UNIT:

base_action[0] -= self.UNIT

self.canvas.move(self.rect, base_action[0], base_action[1]) # move agent

s_ = self.canvas.coords(self.rect) # next state

state_ = int(self.MAZE_H * (s_[1] // self.UNIT) + s_[0] // self.UNIT)

# Define rewards

reward,done = self.reward(s_)

return state_, s_, reward, done

def reward(self,state):



if state == self.canvas.coords(self.oval):

reward = 1

done = True

elif state in self.hell_array:

# reward = 0

reward = -1

done = True

else:

# reward = 0

reward = 0

done = False

return reward,done

def render(self):

# time.sleep(0.01)

self.update()

def compute_Vi(self, gamma, theta, env):

# first construct the transition probability matrix and the reward vector under a given policy

P = np.zeros((self.n_states, self.n_states))

R_list = np.zeros((self.n_states, 1))

for state in range(self.n_states):

for action in range(self.n_actions): # up, down, left, right

if [np.remainder(state,env.MAZE_H),np.floor(state/env.MAZE_H)] in env.goal_coord:

P[state][state]=1

else:



env.reset([np.remainder(state,env.MAZE_H),np.floor(state/env.MAZE_H)])

state_, observation_, reward, done = env.step(action)

P[state, state_] += theta[state][action]

# P[state_, state] += theta[state][action]

R_list[state] += theta[state][action] * reward

return np.matmul(np.linalg.inv(np.identity(self.n_states) - gamma * P), R_list)

def compute_Qi(self, gamma, theta, env):

# first construct the transition probability matrix and the reward vector under a given policy

Vi = env.compute_Vi(gamma,theta,env)

Qi = np.zeros((self.n_states,self.n_actions))

for state in range(self.n_states):

for action in range(self.n_actions):

env.reset([np.remainder(state,env.MAZE_H),np.floor(state/env.MAZE_H)])

state_, observation_, reward, done = env.step(action)

Qi[state][action] = reward + gamma*Vi[state_]

return Qi

A.3 RL_brain.py

"""

A Decentralized Policy Gradient Approach to Multi-task Reinforcement Learning

Source code for the GridWorld Problem



To run the code use

python main.py

The Maze visualization part of the problem is not coded by the authors and is taken from the following reference

https://morvanzhou.github.io/tutorials/

"""

import numpy as np

from scipy.optimize import minimize

from scipy.optimize import Bounds

def softmax(x):

e_x = np.exp(x - np.max(x))

return e_x / e_x.sum()

def rosen_with_args(x, a, b, c):

return -a*np.inner(b,x)+np.inner(x,np.log(np.divide(x,c)))

cons = ({'type': 'eq', 'fun': lambda x: x[0] + x[1] + x[2]+x[3]-1})

bounds = Bounds([0, 0,0,0], [1, 1,1,1])

class ThetaLearningTable:

def __init__(self, num_actions, num_states, learning_rate=0.2, name=''):

self.name = name

self.num_actions = num_actions



self.num_states = num_states

self.lr = learning_rate

self.theta_table = 0.25 * np.ones((num_states, num_actions), dtype=np.float64) # initialize policy

def assign(self, theta):

self.theta_table = theta

def load(self, path='model/theta.npy'):

self.theta_table = np.load(path)

def save_theta(self, path):

path = path + '_theta.npy'

np.save(path, self.theta_table)

def choose_action(self, state):

num_actions = self.num_actions

probs = self.theta_table[state]

# s = sum(self.theta_table[state])

# probs = [i / s for i in self.theta_table[state]]

action = np.random.choice(num_actions, 1, p=probs)[0]

return action

def learn(self, Qi, episode, num_agents):

# Linear decay step size

alpha_k = 1/np.sqrt(episode+1)

# alpha_k = 2 / (episode + num_agents + 1)



# alpha_k = 0.02

theta = np.zeros((self.num_states,self.num_actions))

x0 = self.theta_table

for i in range(self.num_states):

res = minimize(rosen_with_args, x0[i,:], method='SLSQP',

args=(alpha_k, Qi[i,:], x0[i,:]), constraints=cons, bounds=bounds)

theta[i,:] = np.array(res.x, dtype=np.float64)

self.theta_table = theta
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