Appendix E Numerical Implementation of
the Cap Model

E.1 Introduction

The numerical algorithm for the cap model was published by Sandler and Rubin in an attempt
"to facilitate the general use of the cap model in dynamic computations, as well as in model
fitting" (Sandler and Rubin 1979). The cap model algorithm was designed for use in either finite
element or finite difference codes and is applicable to both static and dynamic problems (Chen
and Baladi 1985). Of notable foresight on the part of the designers was their use of function
statements within the model, which allow substantial changes to be made to the cap model's
potential functions with little programming effort. This feature has allowed investigators to
simulate a wide variety of natural and man-made materials with high degrees of fidelity between
model and material response. Despite the many published variations of the cap model, the
original cap model algorithm developed by Sandler and Rubin still forms the foundation of most

current cap model algorithms.

The cap model algorithm is essentialy an implementation of Equation D.7. To march the

calculation through time, the user must input the stresses tcsi J. and the location of the cap at time

t, which is explicitly defined by the term 1('«x) and implicitly defined by the hardening
parameter 'k, and the strain increments from the solution of the field equations for the current

timestep '"A'de, ;- The cap model returns the new stresses tits ; and the updated cap location
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and hardening parameter | (') and '"2'x at time t+At. A given strain increment may in-

voke four different types of stress paths that coincide with four different algorithms within the
cap model itself:

(a) an elastic algorithm.

(b) afailure envelope algorithm,

(c) ahardening cap agorithm, or

(d) atension cutoff algorithm,
In the following text, a description of the four numerical algorithms is provided. The
descriptions are based upon previous descriptions by Baadi and Akers (1981), Chen and
Baladi (1985), Sandler and Rubin (1979), and Meier (1989). To simplify the presentation, a
description of the cap model's response in the tensile regime will be deferred to the later part of

this section.

E.2 Elastic algorithm

To start the numerical procedure, it is assumed that the given strain increments produce an

entirely elastic stress path. A set of elastic tria stresses are calculated from

B, = U + 3K VAdg,, E.1

and

fs; = 's; + 2G "tde;, E2

The elastic trial stresses are tested with respect to the tension cutoff, the failure envelope, and
then the cap. If these surfaces are not violated by the trial stresses, the actual stress path is an

elastic path, and the new stresses are the elastic trial stresses, i.e, ''*'J, =FJ, and

tratg = Eg |

1] 1]



Appendix E Numerical Implementation of the Cap Model 261

E.3 Failure envelope algorithm

If the following conditions exist when the elastic trial stresses are tested with respect to the
failure envelope,

FJ, > L('%)

h(B, ) 5,0) = B - Q(RY) 2 0

then the elastic trial stresses have violated the failure envelope, and the given strain increment
must be a combination of elastic and plastic strains. The tria stresses must be corrected such that

(a) thefinal stress state falls on the failure surface and satisfies the following relation

h(t2,,/T20,,) = 0 E3

and (b) the resulting elastic and plastic strain increments add up to the given strain increments

t+Atd8
ij"

The mathematical statement that requires the final stressesto lie on the fixed failure surfaceis

given as

dh = Mo, -0 E4

acij

Assuming small strain increments, Equation E.4 can be numerically approximated by

the following expression

dh = /8,5 - /12,0 - Q(BI)) + Q(141)) E5

which reduces to

dh = /B3, - Q( &) E6

since the final stress point must lie on the failure surface, i.e.,
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JUM,0 - Q(AY) = 0 E7

Equation E.6 may be substituted into Equation E.4 and expanded in the

following manner

oh

\/E‘]zo - Q(R) - xdcij
oh 8J1 . oh G,IJZD do. Eg
8J18(5ij am 80” g )

a_hdJ + 1 oh

ot 2f35 0T,

E
S} dsij

where dJ, =5, -, and ds;; =Fs;; - 's;;. From EquationsE.1 and E.2, we know that

dJ, = 3K""%'de,, and ds; = ZG“Mdeij,and these expressions may be substituted into

Equation E.8 to give

B30 - Q(FY,) = 3K U8de, 55‘

1

E.9
G ah Esij t+Atdeij
‘J2D d ‘J2D
If we substitute Equation E.9 into the numerator of Equation D.5 and recognizethat h = f,
a—\? = - % _oh 1, and oh _ 0 for the fixed failure envelope, an expression for di
d0J, dJ; 9 /JZD ok

may be written as
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di = V E\]ZD - Q(EJ;L)

2 E.10
9K @ + G
3,

Substituting the above expression into Equation 4.20, the final expression for the plastic strain

increment is obtained

deP = -3 VE‘]ZD ~ Q(EJl)]aQ
kk 20 )2 3J, E.11
9K[a—] + G

1

An expression for '*4'J, may be developed in the following manner

UAY =1, + 3K dey,
=13, + 3K Adg,, - 3Kdep, E.12

= B), - 3Kdeg,

where de}, isdefined by Equation E.11. A "tentative” value of '*2'J, may be calculated from

Equation E.12; this value is tentative because it must be tested against the current position of the
cap, which is defined by the value of L ().

If 413, < L ('«), whichindicates the stress point has violated the cap, then corner coding

isrequired, i.e., the cap must intersect the failure envelope forming a corner, and the value of

A1, must be adjusted. Adhering to the imposed conditions of normality, a stress state lying on

the failure envel ope produces dilatant plastic volumetric strains. Since cap expansion can only

result from compressive plastic volumetric strains, the cap is stationary, and the new stress state
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can not move beyond the intersection of the cap and the failure envelope. Thus, the final stress

stateis A1, = L ('x), and the updated hardening parameter is '"*'x = ‘«.

If 413 > L ('«), thenthefinal stresseswill depend upon the form of the hardening

function. Equation 4.7 isthe ssmplest form of the hardening function to use because it only
permits plastic volumetric compaction, i.e., the cap is only allowed to expand. Asin the above
case, astress state lying on the failure envel ope produces dilatant plastic volumetric strains.

Since the hardening function defined by Equation 4.7 prescribes no cap movement due to dilatant

volumetric strains, the cap is stationary. Thus, the final stress stateis t+AtJl, i.e., no adjustment

is required, and the updated hardening parameter is "'« = 'x. If the hardening function takes

the form of Equation 4.6, which allows the cap to expand and contract, the cap is adjusted (in this

case contracted) to a position prescribed by

kk E.13

and atentative value of '"2'x isobtained. The new position of the cap must be compared to the

valueof '"2'J,. If thecap has contracted suchthat '*4'J, < L (") = ""A'l,both '"*'x
and '"4'J; must beadjusted suchthat **4'J, = L (") = ""A'l. Thisisaccomplished by

starting with the following relation

), - 3Kdep, = "4 = L("Mk) = o+ de g E14

eliminating de Ek, which isthe third unknown, by substituting the following
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EJ _ tl
dSEk = 1
ol + 3K E.15
aSEk t
from which one can show that
EJ _ tl
tay = B - 3K -
ol + 3K
agEk t
ol E.16
5, + 3K| - 3K(53, - 1)
B aSEk t
alp . 3K
Ok |y,
which in turn simplifiesto
o | &y 3K
t+At t+At t+At aSEk Y
I =1( K) = J, = E.17
alp + 3K
Otk |,

Having calculated the final value of t+AtJl, we must calculate the new components of the

deviatoric stresstensor '*4's,;. Theexpressionsfor **“'s;; are developed below.

Recognizing the path independence of linear elastic constitutive equations, we can write

UMs, = s + 2Gdey] E.18
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Substituting Equation E.2 into Equation E.18 and performing a simple manipulation one obtains

tis, = By - 2Gde;f E.19

Recalling Equation 4.22 and recognizing that 9f 1, we can write
2D

di
def = ———s;
j E.20
2955
which can be substituted into Equation E.19 giving

N drG .
trdtg - Eg tratg

i i - ] E.21
[t AtJZD

After rearranging the above eguation one obtains

tMtsij[ 1+ M—G) = sy E.22

t+AtJ
V 2D

Squaring each side of Equation E.22 and multiplying by ¥z produces

t+AtJ2D[ 1 + dr G

| t+AtJ
2D

Taking the sguare root of each side and rearranging terms, one obtains

/t+AtJ2D 1. dL G

2
= o E.23

E.24

Replacing the right-hand side of Equation E.24 with the expressionsin Equation E.22,
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one obtains

= Sl E.25
Jop Sij
which may be rewritten for our use as
/t+AtJ2D
t+AtSij — E— Esij E26
JZD

to calculate the new deviator stress tensor components.

E.4 Cap algorithm

If the failure envelope is not violated by the elastic trial stresses, the trial stresses are checked
against the loading function for the cap. If the following conditions exist

H(EJ 5. 'x) >0

and
FJ, < X(')
or
FJ, < L(')
then the cap algorithm isinvoked and the position of the cap is adjusted until

H(HAtJl’ /t+AtJ2 ’t+AtK) — 0

Aniterative procedure is used in the cap algorithm. To start the procedure, atria value of
dl ) jsassumed in order to calculate anew tria cap position 21 M = | = ] + d] ),

where the superscript i denotes an iterative value. In addition, trial values of
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k@ L (k@) ,X(x®), and de}, are computed. Finally, atrial value of J; is computed from
the following relation

30 = B3 - 3Kdep, E.27
If 3,0 < X (x®), asmaller value of dl " isassumed. If 3 > L (x™), alarger value of

dl ) isassumed. This processis carried on until the condition L (k) <J,") <X (k™) is

satisfied. Thefinal value of | is one which satisfies the following equation to some desired

accuracy
- G dsEk
J A 3z =4/ ,p E.28
where
e 9F ] . oF
T 37 T 37 E.29
aJl Jl(i)’ (i) a\]1 Jl(i)’l (i)
The derivation of Equation E.28 is outlined in the following text.
If we start with Equation 4.22 and substitute for dA using Equation 4.20, one obtains
def = s, daﬁk( L _on ]/2? E.30
6,/J,5 9ydsp 1

Recognizingthat f = H, 0H/9,/J,, = Land 0H/3dJ, = -9dF/dJ; = &, wecan rewrite Equa-
tion E.30 as

def,
6&.,/J,p

Substituting the above into Equation E.19 and rearranging gives

de = s, E.31

1
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Gde?
Sij| 1+ “| =Es, E.32
3¢ /3,5

Performing the same operations on the above equation as was used on Equations E.22-E.24, one

obtains Equation E.28.

The solution of Equation E.28 is obtained through the use of an iterative convergence routine
known as the modified regulafalsi method (Sandler and Rubin 1979). A dimensionless function

P (1) isdefined as

1(x) - 3,

i op
09 X if J; <X(x)

P(1) - — if X(x)<JP<L(x) E.33

X(x) - 3,V

; ON
L0 X(0) if J;7>L(x)

wherethe solution P (1) = 0 isaso the solution of Equation E.28. If we can show that

B3, <21 O < then P (1) isbounded and monotonic in the strict sense, and the solution

P (1) = 0 isunique and can be found to any desired degree of accuracy (Sandler and Ru-

bin 1979). An expression for the degree of accuracy or tolerated error is given by

G dep,

\/E‘JZD - \/“Atho - < NQ[ X(x)] E.34

where atolerance of N/h (e, /J,5) = 103 (in dimensionless format) is typically used.
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To show that EJ, <'"21 ) <!|, we must recognize that J,"" <L () must betrue, sinceit is
acondition for invoking the cap algorithm. In addition, since
30 = B3 - 3Kdep, E.35

we know that Jl(i) > &), , because the plastic volumetric strain increment is negative during

volumetric compaction, i.e., when the cap expands. This meansthat the final valueof 43,

must lie in the range
EJ1<t+AtJ1 < L(tK)

Now let us determine the lower limit of t*A‘Jl(i),which will lead usto the lower limit of
tA1 (), The cap exhibitsits furthest expansion when EJ, isat the intersection of the cap and
the failure envelope. When the cap isin thisposition, '*4'J, = L (*"'«) = &J,, whichimplies

that the lower bound of 2t () js

t+At| — I(t+AtK) — L(t+AtK) — E‘]]_
The upper bound of "2t ) jssimply thevalue at timet, i.e., "2l = [. Combining these
expressions, therange of "2t () must be
EJ1 <A () <t
With the above conditions satisfied, the solution to Equation E.28 may be obtained. This

concludes the description of the cap algorithm. A description of the cap model's response in the

tensile regime follows.

E.5 Tensile algorithm

Sandler and Rubin (1979) recognized that soil tensile datais seldom obtained in the laboratory
and therefore dealt with tensile behavior in a simple manner. They also cautioned potential users

of the simplistic nature of the cap model in the tension regime. A tension failure response is

invoked if EJ1 > T, where T isthe tension cutoff or limit. Sandler and Rubin recommended
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that the final stressesbe defined as **#'J; = T and *"%'s;; = 0 when the tension cutoff is

exceeded. For materials using the definition of the hardening parameter defined by Equation 4.6,
the plastic volumetric strain is defined by
SUREIRN

Y E.36

deb = dg,, +
kk Kk 3K

and an updated hardening parameter is determined. If the tension cutoff is not exceeded but

EJ, >0, i.e, theelastic trial stress till liesin the tension regime, the stress state must be

checked against both the failure envelope and the von Mises transition using the following

inequality

Bl = min{Q(E,), F[L( %), ]}

Stress states violating the von Mises transition must be returned to that surface using the same
logic implemented for the failure envelope. Stress states lying on the von Mises transition will
produce no plastic volumetric strains due to the imposed normality conditions. In addition, the

von Mises transition is fixed because the cap hardening surface does not expand.



