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S I. 'INTRO,D‘U’CTION*

’l l The General Queuelng System

~The purpose of this the81s is to. examlne problems
assoc1ated w1th server access in‘queuelng systems. In
vgeneral a queuelng system con81sts of customers, servers,j
.“and accessors. The purpose of an accessor is to flnd an -

\

s’ldle server and prov1de 1t to a customer requestlng service.
(See Flg l 1 1)
At th;svp01nt*seyeral;importaﬁtfcoﬁcepts‘are‘intpo—'

duced.

Definition: = Access size~--the maximum number of servers
over which an accessor may search for an idle server.

Access siZe willFbe represented'by m;

' Defiﬁition°- Access group——the collectlon of accessors‘:
":whlch search over the same servers in® the same order;h
' i.?v TheTProhlem
TThe pfobiemfconsists;of two.péfts;.-The:fifst“iS'
;glven an access 81ze, determlne an optlmal access arrange-
v»ment in terms of total system.cost by alterlng the access»
order., This problemzls‘addressed‘1n-ChaPter 2.: The secondii'
is to detefmine this optimum‘eccess size.v This is addressed

~in Chapter 3.

1.3 BaSlC Concepts and Notatlon

' The reader 1s assumed famlllar w1th the ba51cs of |



Customers Accessors  Servers

Figure’l.l11  GeneréllQueueing System



queuelng theory [3]

Deflnltlon Offered load-—the product of the arrlval rate ii

and the mean holdlng tlme denoted by t o

.Definltlon' Carrled load——that part of the- offered load

Wthh actually recelves serv1ce denoted by t .

ThuS‘t 1s the mean number of arrlvals that occur
lduring an aVerage holdlng time. The unlts of t are erlangs.
Thus, a system‘w1th one erlang of trafflc carrles an average'f

of one customer at any one tlme

1.k Customer DiSposition
| If an accessor is unable to find an idle"serverlfor

an arriving customer, then onebof three things are,assumedﬁ
tofhappen,to the’blocked'cuStOmer. In thefblocked customer
cleared (BCC) disposition, the‘customer is removed from the
system w1thout rece1v1ng serv1ce .'In the blocked customer
‘held (BCH) dlsp081tlon, the customer 1is held for some period
of time 1ndependent of whether or not the customer-recelves
service. ‘The third’dlsposition is-blocked'customerspdelayed,,
(BCD). In it, customers are delayed in thefsyStemvuntil a
seruer is available.

'Theiblocking probahilities Pﬁg for each of these cus- .
tomer dispositions havevheen calculated and plotted [3l.

The'following formulas‘were used in those calculations.,
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These three formulae are. known respectively as the

a Erlang loss formula, Erlang delay formula, and the P01sson

formula. For small blocklng probabllltles, BCD BCC and
~BCH are almost 1dentlcal. This is because the few calls

that afe blocked will.make little difference.



IT. ACCESS ORDER

2;1 ‘Introduction'

This chapter focuées on the problem of obtaining the
maximum average load per server wifh a given.access size.
‘Four methods will be invéstigated. The first is Straight
multiples; Second isvgradéd multiples as déveloped by

Molina and Wiikinson [1]. The third is slipped mulfiples,

and the fOurth»is random.multiples.

2.2 Stfaight‘Multiﬁles

'Thié basic method aésumes that the servers.are diVided.
into groups of size m,‘where-m is the éccess size;'and‘fhat
accessors in the‘same group search for idle servers in the
same ofder.} ‘"Each such. group of servers is glven enough

servers so that the max1mum acceptable blocklng probablllty

is ]ust barely reached.‘

Exéméle: Suppose m = 10, PB = .01 |
| From‘tﬁe'Erléng loss éurves (BCC), if can be deter-
mined'that 4.5 erlahgs of traffiC‘can be handled at the .01
blocklng probability.
At this point it is convenlent to define server occu-
pancy as load carried per server.
| P = t./S, o " 2.2
‘This:will‘be used to‘determine the relative efficiencies:

of different access arrangements for the same access size.

s



For the above example p = (l - 'Ol)su'S = .445 erlangs/

10

xserver. Obviously if this figure can be increased While

malntalnlng the required grade of serv1ce, fewer servers

‘ w111 be needed

2.3 Graded Multiples
tTnis access arrangement, discussed in detail in“refer-
~ences [1] and [é], is dependent on the fact that-the last
semeral servers in an"access’grouplare under—utilized'and
, attempts to share these servers w1th other access. groups.’
In thls arrangement the access 81ze is x + Yo 'There are
'y servers common to all access groups and X servers dedl-;
_cated to- each access group ‘There are g groups, so the,
total number of.servers is g x.+ y. The’traffic is assumed
to be d1v1ded equally among the g groups |
| Curves publlshed by Wllklnson in 1933 1] glve flgures
for percentage increase in server occupancy . over stralght
multlples of.the same access size. Unfortunately, in actual
'vtrials Which,were conducted, this full gain was not achieved.
In‘fact,‘only halfvthedpredicted gain was attained in actual
practiCe. This.is}duetto the fact that‘Molina assumed "No-
holes- -in- ~-the- multlple." In'other»words, customers were.
’}transferred from shared servers to dedlcated servers as’ soon
- as a dedlcated server became avallable ThlS was a poor.'

assumptlon»and resulted in over-opt;mlstlc results."
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‘Figdre'Z,B.l Generalized Graded Multiple Access Arrangement



- This.isbstill a considerable improvement over straight,
’multipl;ngf | Unfortﬁnafely,;this gain is elso‘dependent oﬁ..
:the'totalvnumbef of'groﬁps,which share servers.
r EXemple:_ Lef‘x ty =‘lO, y =x =5, gz, Py - .01
Wi;kinsen's curves pfedict a‘half'gain‘increaseiof
13% over the .u44s erlengs/servef found in the previods seee.s
tien forietraight multipling;bv'This 13%:gaiﬁ'gives ah oecu; ‘
vaaHCYIOf -50”aeflangs/Serverg In order to cheek.his;reSults o
avcompufer simulatithWas'made This program isvthe:éamei.
one used in the next sectlon to generate Sllpped multlple _ 
curves.e The 81mulatlon supported Wllklnson s results w1th

a‘serVer,occupancy of .502 enlangs/server.‘

‘:2.4 'Slipbed Multiples
This access arrangement pré?ides_for the tﬁaffie load' 
to be initially spread equally over all servers;~.Basieally,"y
»“it'works as follows. | - | :
| If théré afe a#'accessere, S#}servers; and aecesev
sizeAis m, | | |
Accessor groﬁp l searches servers l'through m

Accessor group 2 searches servers 2 through m + 1

]S# = m through_$#
S# - m + llthrough S#

k‘an:d 1



e ;S#,-3m + 2 through S# and
C : 1 through 2

f'Acceséér gfdupfs#“séarches,sépVepéus# and l through

“m -'l

Thus, there are always S# groups w1th the accessorsdgV°5”5”

.d1v1ded equally among the accessor groups.'_S each serverffffﬁ

"has flrst prlorlty for’one access group,-second prlorlty

’for another, ,”;'{ and mth prlorlty for the last. The onlyf;::i’

d’requlrement 1s that the total number of servers 1s at leastj"

m+ 1 (or m tr1v1a11y) ThlS is necessary in order to havet'T"”

'the sllpped multlple arrangement.
In order to determlne blocklng probabllltles for thls?-
',access arrangement, a. computer 51mulat10n program was. ert—'

‘ten and run for varlous access 51zes and trafflc volumes.,._.

A flow chart for th1s program 1s shown “in Flgure 2.4.1.

~ The program was wrltten w1th the assumptlon that the_j.‘

kjcustomer arrlvals were P01sson 1n nature. The probablllty
ffof an arrival i was assumed to be p = .05 and the number of o
Carrivals 51mulated for each trafflc level was n ; 10 000
'st1ng Theorem 6 3 [5] we can be (1 - a) 100° confldent that'l?'

the error w1ll be less than Z /D q7 "~v‘

,anwhere.p = probablllty of an arrlval
q=1-p o S
" n = .number ofvsample5'=,20‘x i0;000h7
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dZ = value'of thé-staﬁdard notmal>CﬁrVe leaving.
anfafeadof‘a/Z.tovthe right

‘ Doing'the calculatioﬁs, we find‘that Qe can be 99%*sured;

that the error of p was p‘i'.0O125‘or i:2;5%; In additioﬁ"ﬁ

todthis'fact_ samples‘are_taken.for different traffic ..

3volumes and plotted together in Flgure 2.4.2,

Contlnulng with the example descrlbed in the prev1ous N

| two sectlons, for an access size m = 10 and Py =‘.Ol,»the

.new curves predict’that if 19 Serversbare available? then

9.5 erlangs of traffic can be carried. Tﬁus P'? 9{5/;9 =

.5 erlangs/server,

2.5 Random Access Multiples
| Uﬁfortunately,-with slipped multiples, ohce a server
is accessed and in use there is'an unbalancihgveffectvon-
the rest of the servers.' That is, if the KP sefver,is in
use; the,K_+ lth server is more iikely to'be accessed and
the K e lth Servef becomes less 1likely than averagejtovbe‘
_ accessed; This can be overcome by'using:randOm accesssmui-v
tipling.. In'this, the accessor hunts for ahvidle seryer.by
randomly ch0051ng servers. v»

ThlS method may or may not be practlcal If the
accessor wereva ‘software subroutlne,vlt would simply:genere
ateda“randomvnumber to’determine which server to examine

.next. In a hardware case, 1f it were a phone system, then

' 5the wiring could be randomly connected among the servers.
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This wquld'befunsatiéfactory in~that any1random1y'favofed‘

servers would always be favored.



ITII. OPTIMUM ACCESS SIZE

'3;1 Introduction

In the firstichapter, three customer dispositions
were diséuséed. .Regardless”ofvwhich assumption is made,
 examination of the curves. generated by thetho'ﬁrlang for-
mulae and the Poisson formula.reveals that decfeasiﬁg access
size causes'the required nuﬁbef'of sefvers to incréaSé in
drder to‘carfy the same amount of traffic at thé required

grade of service.

"ExamEle:> Consider a queueing system with m ;-12, PB = .01
andeCH dispositionvis'used. The Poisson curvés allow 5.4 :
' eriangs to be carried by this system. However, if mviélvv
reducedfto 6, then a group of 6_servérs_can carry'only 1.8
‘erléngs of traffic. 'So, to carryvthe full system 1bad of
5{& erlangs, 3 groups of 6 servers must bevprovided for a
total of 18.servers. This is an increasé by 50% in.the;‘
'nuﬁber of servers oveb'the original System,'-If is impof—
tant to mnote that:thisAdoes'not necessariiy lead to an
increase in fhe total éystem éoét-beéause Qf'the décfease‘
_in accessof;cost and the pOSsibly}large number of.acceSSOPS.b
The pufpose of this chapter is to find the.optimal -

adceSS'size with regard to total'system cost.

3.2 Cost of Access

Definitioni‘ Cost of access--is that cost associated -

4



with providing a customer with'acﬁess to

servers.

In this thesis the cost of acééésvwili°be assumedutO'
conéisf of twé parts. " The first is a fixed éost assdciatéd
»wiih proViding'accéss. The second is a variable cost whlch
-ingfeasesﬂlinearly With-the size of.access.‘ So the total
‘coét df access would be:

C = f+ mV . S ‘3;2:.,1,
N , T

where C cost of‘accéss
f ﬁvfixed.cost
V = variable cost per Seryer_sééréhéd
m-% aCCesé'siZe |
~This assumption seemsjreasonable when Qne’chSidérs that
| theré would be an initial éQst for providing”access‘plusv
~an incremental costfassociated_With“eaCh,additiohal‘sgrveri
oVQf which the acceséor can Search

If the accessor were some type ofvsoftware sﬁbroutlne,’b
‘ then there would be an 1n1t1al cost assoc1ated w1th settlng
up the search program plus a time cost for each server it
must examine. If'the accessor is some type:of hardware
devicé-such:as a StroWgef»éwitch iﬁ a Step—by—Step phone
sysfem, then there»is'thefbasic cost of the switch’plué a
vset'bf_coﬁtacts and‘Wiring for each server over which the

switch searches.
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3.3 Normalizedeoét per Erlang—-Straight.Multiples

In a queueing system the total cdst_is‘,

C=Ay Ay *8,8 3.3
where A# = total number of accessors. -
B A$ = cost per-accessor
S# = total number of servers
' 8$'= cost per sérver

This cost function is to be minimized.

‘Let there be ay accessors in an access group, each_
,carrying't erlangs of traffic. - Then if there are n access
groups,

-A# = n a#

and total system traffic

TS'= n Tg ‘=_t n g#

where Tg traffic in an access group

§
~

- and S# = nm | . | |
‘Substituting into 3.3.1, the following is obtained
VC. (a#,n)(fs m V$?v S$ (n m) | |
Dividing by Sy to normalize all costs with respect to
‘server costé

c/s$ = (a#.n)(f$/s$ + m v$/s$> + (n m)

orvletting'é

C

> (a#.n)(f$ + m”V$) +(n m).
Then dividing by Tq

C/Tg = (£4/8) + (m Vg/)+(m/ay ©) 3.3.2
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Thie formula gi?ee a normalized coet per erlang of
traffic. This formula is useful,in a.practical.sense
because,none'ef the variables afe dependenf on.eystem size;
In fact v%$ and G$ are a functioﬁ of design and eould broba-
bly be approx1mated before actual designing. Aleo, in a |
given problem the spe01f1catlons would determine values for
‘t‘and PB. Slnce a# is a function of t,,PB-and m;’a#‘would
: be chosen as lafge as possiblelso.fhat ay times‘t will be
justulees than the volume ofvtraffieawhich'could be carried
by‘m serVerS; Thus,-a# couldbbe,chosen-for different m
from the'Poisson or Erlang curves discussed in the first

»chapter;

3.4 COst.Per Erlang. CurVesu—Straight Mﬁltiples

The algorlthm on the follow1ng page calculates values;
for C/TS curvee.e On the next page are C/T curves plotted
fof arbitrarily'chosen values of PB,-t, %$ and‘V$.

‘ Sineevit is ebserved that the curves are unimedal

‘the algorithm may be termlnated as soon as the values of
C/TS begin to increase. Note that only 1nteger values of
m are'valid._ The minimum point on the curve ls,the optlmume

~access size for each_set‘of constraints.
3;5~3Observati0ns-;8traight Multiples
Equation 3.3.2 can be broken into three_parfs} ~The

first term f$/t'is a constant with'respect to m and does
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(:Given:PB; t:)
“‘Note Lx] = greatesf'_-  'viij‘.‘
L integer ‘<-Estimate-8$, Ag

‘smaller
than X -

’ﬁeterminé'fé, V$
from‘ést

&.

- |Determine Tg

| from curves®
" fusing m and P,

B
1 %

ay = 'FLTg/'t_I )

v C/TS‘1ess than
: previous
value?

*Poisson or Erlang as appropriate

lFigure;3.&.1f Cost‘per”Erlang-AlgérithmAFStraight Multiples -
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Figure 3.4.2 Sample ':E:/T.S Curves
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not affect the loCatidn of fhe_minimum. The second term is
a-linearlyAinCPeasing term while the third term is a ﬁoné
llnearly decrea51ng term whlch decreases rapldly at flPStv
and then levels out. vSo, for small m, the thlrd term
'decreaées much more rapidly. than the second term increases
- and dominates tﬁe‘é/TS funcfion; As'm'inéréases, the third
term remains relatibely coﬁstant and the lineérly incbeas;
' ingsecond‘tefm domiﬁates.’ Thus,-the curve is Unimodal;
For smaller §$, thevminimum wili occﬁf for a sméller‘
m due to.the-facf that the third term;dominateé'for Sméllér
m.: Also, for either larger PB or:smaller f é/Ti'will'have
'smaller values for small m and 1arger values for 1arge m.
_ThlS is due to the fact that the thlrd term drops off more
‘qu;ckly,due tovlncreased_blocklng probablllty Qr_decreased
tréffic. | | |
It’isvobséfved that When log m 1is pioftéd verSus-é/TS,
the resulting curve- appears to be approximately pafabolié.

Further work in this area is indicated.

3.6 Normalizedeost pér Erlang--Slipped Multiples -
Starting'with'equation 3.3.1
CCE Ay Bg T By S

“and observing that Ay = n ay

]

A

(a#'n) (f$ + m V$) f S#_

c
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bgt S# f n

(@R
1

"(a#_n)(%$‘+ mVg +n

!

and S;nce TS.“ n t a#
A - ~ + ~ + ‘
C/T f$/t m V$/t .l/t a#

The algorlthm for slipped multlple cost per erlang

- curves lS 81mllar to that for stralght multlples.

.
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:<iGiven,PB,»tj>
. — T )

-;Estlmqte $$,-A$;jﬂ

Determine f ,;Vé'
from A$ B

Dgfermine T from -
slipped curves |
using m and Py = |~

‘ a#':"LTg/tJ!: LP/tlf

.p -_;‘.S.-erve'r, ‘Oc_cupancy . .

ﬁ/TS‘less than\_ = Yes

. previous -
. value? ‘(/i'

Figure 3.6;1_”c¢sr per Erlang Algorithm--Slipped Multiples.



IV. EXAMPLEa—PROGRESSIVE TELEPHONE SWITCHING SYSTEM o
Consider a portidn of a progressive telephone system..
Associated with each line]éiPCuit‘there:is a hunter-of

- access size m. It searches for an idle link circuit when a

B -~ caller offhooks. Prelimihary»studies show that each link

_Circuif Will»cdst $127L00.'vThey also show a fiXed cost‘of,7'
$2.00 and a variable cost of §1.11 associated with the
'hunters;' Letieaéhjline circuit originate .05 erlanéS'Qf
traffig;and.have a b1Qckiﬁg_probability of QOi’for this

stage of the telephoﬁe system.

So,
Fy o= 2/127 = L0157
Vg = 1.11/127 = .0087

C/T :VA - T ; Jt
if m =3, 1 érlang'of traffic:can be carried by 5 servers
p=1/5=.2

1 server can carry L.2/.05J.=»4 lines = ay .

, G/TSC (.0157)/(.05) + 3(.0087)/(.05) +}1/(.05)<u)

5.836

m = 4, 2 erlangs of traffic can be carried by 7 servers
“p o= 2/7 = .286
1 sepver éan‘carry [.286/.05] = 5 lines = ay
C/Tg = 5.010

23
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m =6, 3.9 erlangs of traffic can be cérried>by
13 servefs 
p = 3.9/11 = .35

1 server can carry L.35/.05) = 7 lines = a#

C/TS'= 3.2181

m = 8, 6.75 erlangs can be carried by 15 servers

p = 8.75/15 = .45
1 server can carry L.u45/.05] = 9 lines = a#’
C/Tg = 3.926

il

‘10, 9.5 erlangs can be carried by 19 Serveps
P = 9.5/19 = .5 |
1 sefverican carry L.5/.05] = 10 lines = ay
C/Tg = 4.054
m = 15, 16.8 eflangs can be carried by‘29 servers .

‘ p = 16.8/29 = .58
'vl sefver‘éan carry L.58/.05] . 1i_lines ='a#
E/TS_: L, 74y | |

These vaiues are plotted in figure 4.1.1.

If one wishes.to determine actual costbof a 100 lihe
telephone System, Tg = lOO(.OS) = 5 erlangs |
Réal:Cost,= (5)(127)(3;926) = $2500

This is»the,éost‘of 100 hunters plus 11 link circﬁits.

This can be done for any access size and for any system size.
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Figure 4.1.1 Normalized Cost Per Erlang-—Example
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eACCESS SIZE AND ORDER IN QUEUEING SYSTEMS'
. by _
Robert N. Ayres
(ABSTRACT)

Generél queueing,systems are diseﬁssed‘iﬁ order. to
famiiiariée.the reader With the preblem.'vVabiOUS eccess
'-errangemente including straight; graded, siipped, and rah-
dom'accees multipies»are'discussed'and‘compared.' Bleekiﬁg-
Probability curvee~for slipped multipie access order afe
generated. Cost of access is‘discussed.‘3Cost'per erlang
curves, from.ﬁhieh optimum'accese size is defermined arei
geherated. Algorlthms for generatlng these curves are
develeped, A stage in a progre381ve telephone sw1tch1ng

: syStem is designed as an example..
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