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(ABSTRACT)

In this study two one-dimensional finite element formulations based on higher-
order displacement models have been developed. Both theories account for geomet-
ric nonlinearities, a parabolic shear strain distribution through the thickness, and
satisfy the shear stress free boundary conditions at the upper and lower surfaces
of the beam. The theories also account for the bend-stretch, shear-stretch, and
bend-twist couplings inherent to generally laminated composite beams. Further, a
coupling between the shear deformation and the twisting is introduced. The lateral
strains are assumed nonzero and retained in the formulation.

The first model termed SVHSDT also accounts for the continuity of the inter-
laminar shear stresses at the layer interfaces, while keeping the number of degrees

of freedom independent of the number of layers. This theory though is restricted



to the analysis of symmetrically laminated cross-ply beams. The formulation has
been applied to the linear static and free vibration analysis.

The second model termed RHSDT is valid for generally laminated beams. This
model has been applied to the nonlinear static and transient analysis of generally
laminated beams, free vibration analysis, and impact analysis. The effect of axial
stresses on the nonlinear transient response has also been investigated using this
theory.

For generally laminated beams the lateral strains and the shear-twist coupling
were found to have a significant effect on the vibrations frequencies. Also, as ex-
pected, initial stresses, boundary conditions and the lamination scheme were found

to have a significant effect on the nonlinear responses.
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1. Introduction

Laminated composite materials are used increasingly in aerospace, automotive
and naval structures. With their high specific modulus, high specific strength, and
their capability of being tailored for specific applications, these materials offer signif-
icant advantages compared to traditionally used materials. One important class of
structural components made of composite materials are composite beams. Among
those symmetrically laminated beams are the most commonly used. However, for
some applications like jet turbine fan blades, plate stiffeners, and rotor blades with
self adjusting angle of attack the use of asymmetric laminates is considered. Fur-
ther, asymmetric laminates may result from delaminations and surface damages in
composite structures. To best tailor the composite material for a specific application
usually requires the use of angle-ply laminates. Thus, composite structures tailored
to best serve an application may experience bend-stretch, shear-stretch and bend-
twist couplings. These couplings may alter the response of composite structures
significantly and thus have to be considered in the analysis of composite structures.
A detailed description of the couplings can be found in the work by Raciti and Ka-
pania [1], who developed a finite element based on the first order shear deformation
theory that accounts for all the above couplings.

Another important aspect in the analysis of composite structures is the shear
deformation. The classical lamination theory, which assumes that normals to the
midplane before deformation remain straight and normal to the plane after de-
formation and thus neglects transverse shear deformation (equivalent to assuming
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infinite rigidity in transverse shear), underpredicts deflections and overpredicts nat-
ural frequencies. The elasticity solution of Pagano [2] for cylindrical bending of
composite beams reveals that the assumptions of the normals remaining normal
and straight does not hold for short and moderately short beams. Commonly the
first order shear deformation theory is used to account for the shear deformation in
structures. However, this theory assumes a constant distribution of the transverse
shear through the thickness. This requires a shear correction factor to account for
the deviation from the actual parabolic shear strain distribution. But this shear
correction factor depends on the geometry of the beam and vibration frequencies
and thus can not be uniquely determined. An overview of other theories accounting
fof shear effects is given by Kapania and Raciti [3].

The current study extends the work by Raciti and Kapania [1] to account for the
transverse shear by using higher order shear deformation theories. The advantage
of higher order shear deformation theories is that the parabolic distribution of the
transverse shear strain through the thickness is accounted for and thus the need of
the spurious shear correction factor is eliminated. Also, the stress free boundary
conditions at the upper and lower surface of the beam are satisfied directly. Further,
a coupling between shear deformation and twisting is introduced which will be
shown to be important in the analysis of angle-ply beams.

Higher order shear deformation theories have first been used in the analysis of
laminated plates. In 1984 Reddy [4] derived a variationally consistent higher order
theory based on a cubic expansion of the inplane displacements . In a recent paper
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Reddy [5] reviewed all two-dimensional third-order theories and established their
equivalence. He showed that all third order theories published in the last decade
are based on the same displacement field and thus are a special case of the theory
derived by Reddy in 1984. Bhaskar and Varadan [6] and Savithri and Varadan
[7] extended the third order theory of Reddy [4] to account for the continuity of
the transverse shear stresses at the layer interfaces. Their theory also accounts
for the characteristic slope discontinuities of the inplane displacements at the layer
interfaces. The theories derived in the present study are based on the displacement
fields proposed by Reddy [4] and Savithri and Varadan [7].

Two approaches to reduce two-dimensional theories to one-dimensional theo-
ries are commonly used. In the first approach the lateral displacement components
are simply neglected. This results in zero lateral strains and curvatures. Thus, the
shear-stretch and bend-twist coupling are not accounted for and the theory is re-
stricted to the analysis of cross-ply beams. This approach was used by Heyliger and
Reddy [8] for isotropic beams, by Ghazavi and Gordaninejad [9] and Gordaninejad
and Ghazavi [10] for cross-ply beams, and by Kant and Manjunatha [11] and Kant
and Patil [12] for asymmetrically laminated cross-ply beams. Chandrashekhara et
al. [13] also used this approach for the free vibration of angle-ply beams, but as
will be shown subsequently the predicted frequencies using this type of theory may
be erroneous.

The second approach to reduce a two-dimensional theory to a one-dimen-
sional one is to derive the equations for the laminate resultant forces from a two-
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dimensional displacement field and then to equate the lateral resultant forces to
zero. Thus, the lateral strains and curvatures can be expressed in terms of the axial
and transverse strains and curvatures and the characteristic couplings are not lost.
This approach is used in the present study. It also was used by Chen and Yang
[14] for symmetric laminates and by Raciti and Kapania [1] for generally laminated
beams. However, these studies used the first order shear deformation theory. In a
very recent paper Singh et al. [15] used a similar approach as taken in the present
study for their study of the nonlinear free vibration of asymmetric composite beams.
However, they did not include the shear deflection in the nonlinear strain terms and
did not account for initial stresses in their formulation.

Only few authors studied the nonlinear response of composite beams. Among
those Raciti and Kapania [1] and Singh et al. [15] investigated the nonlinear free
vibration of asymmetric beams. Ghazavi and Gordaninejad [9] and Sun and Chin
[16] studied the nonlinear bending of cross-ply beams and Sensmeier et al. [17]
studied the axial impact of beams. The nonlinear transient response of composite
plates has been studied by Reddy [18] using the first order shear deformation theory,
but no references were found on the nonlinear transient response of asymmetric
composite beams including the impact response.

The free vibration of composite beams and the impact of composite beams have
been studied extensively by a number of authors. Reference to a number of these
investigators is given when the results are discussed in Chapter 5. Also, Kapania
and Raciti [19] give a thorough review of free vibration studies and Abrate [20] gives
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a review of recent developments in the impact analysis of beams and plates. These
papers should be consulted for further references on theses subjects.

The higher order theories derived in this study can be summarized as follows:

1. A consistent strain higher order theory based on the displacement field proposed
by Reddy [4] that accounts for nonzero lateral strains and retains all of the
characteristic couplings experienced by laminated beams, subsequently called
RHSDT.

2. A transverse shear stress continuity theory based on a displacement field pro-
posed by Savithri and Varadan [7] that accounts for nonzero lateral strains, but
is restricted to the analysis of symmetric beams, subsequently called SVHSDT.

Both theories account for geometric nonlinearities by using the von Karman strains
in the derivation.

In Chapter 2, a general derivation of the finite element equations is given
and the solution procedures for the different problem statements are discussed. In
Chapter 3, the consistent strain third-order theory (RHSDT) is adapted for beams,
and in Chapter 4 the same is done for the SVHSDT. Results for the different problem
are presented in Chapter 5. First in Section 5.1 results for the linear and nonlinear
static problems are presented, then in Section 5.2 the free vibration results are
discussed, and then in Section 5.3 the results for the linear and nonlinear transient
analysis and the impact analysis are given. Finally, in Chapter 6 conclusions are

drawn and recommendations for future work are made.
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2. General Derivation of the Finite Element Equations

In this chapter the general derivation of the finite element equations is pre-
sented independent of the beam theories. In Section 2.1 the equations for the linear
problem are derived. The equations for the nonlinear static and dynamic prob-
lem are summarized in Section 2.2, and in Section 2.3 the initial stress matrix is
derived. In Sections 2.4, 2.5, and 2.6 the solution procedures for the linear, the
nonlinear, and the impact problem, respectively, are presented. Finally, in Section
2.7 a postprocessor to calculate the interlaminar shear stresses is described.

The dimensions of the beam and the coordinate system are shown in Figure 2.1.
The coordinates z, y, and z are the axial, the lateral, and the transverse coordinate,
respectively. The beam is of length L, height h, and width b. The orientation 6 of
the individual layers is measured from the z-axis as indicated in Figure 2.1. The
lamination scheme for a typical laminate is shown in Figure 2.2. The laminate
consists of IV layers of orthotropic material. Material properties, orientation and
‘thickness of the individual layers may be different. The element coordinates for a
typical element are defined in Figure 2.3. The nodes and elements are numbered
consecutively beginning with ”1” at £ = 0. A typical mesh consists of n elements

and n + 1 nodes. The length [, of the individual elements may be different.
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2.1. Equations of Motion for the Linear Problem

To derive the equations of motion for each of the beam theories an appropriate

displacement field of the form

{U(IB, Y, 2, t)}T = {ul (xayv 2, t)a Uz (ma Y, Z,t), Uus (:17, Y, Z,t)} (21)

is assumed, where u;, uz, and uz denote the displacements in the z, y, and z-

direction, respectively. The linear stress-strain relations are

_owm
61_8:c
—

e = 2U3
3_82:

(2.2)
¢ = U3 | Ouz
T oy | oz
_311.3 Bul
65_3m+6z
= 2u, Ou
8~ 9y T oz’

The general form of the constitutive equations is

{o} = [Cl{e} (2.3)

where [C] is the matrix of the transformed laminae stiffnesses and {c} and {e} are
the transformed stresses and strains, respectively.
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To derive the equations of motion, the Hamilton variational principle is used.

For the discretized structure this principle can be written as

n ta
> /t §(I®) — TN dt =0 (2.4)
e=1 1

where I1(9) is the total potential energy and T(¢) is the kinetic energy of element e.

The total potential energy for an element is

I = - we = / (e {0} dv — /Q w7 {P} dA (2.5)

where U is the strain energy, W represents the work done by the externally applied
forces, and {P} is the force vector corresponding to the directions z, y, and 2, and

v is the volume of the element. The kinetic energy for an element can be written as

T = % /U p {af {a} dv (2.6)

where p is the density of the material and (') = d( )/dt. Assume that the displace-
ment field in equation (2.1) is given as an explicit expansion in the transverse and
lateral coordinates. Then, carrying out the integrations through the thickness and
over the lateral coordinate in equations (2.5) and (2.6) the total potential energy

I7(¢) and the kinetic energy T(¢) become

9.0 € z — ") dz
= 3 [ (@ yaz - [ (off 1F)a
(2.7)
1 =2 [ (i i) de
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where {q} and {€} denote the generalized displacements and strains, respectively;
{N} and {F'} are the resultant forces corresponding to {¢} and the externally ap-
plied forces corresponding to {q}, respectively; and [m] denotes the inertia matrix.
The resultant forces {N} are related to the generalized strains {€} through the

laminate stiffness matrix [D], i.e.,

{N} = [D]{e}. (2.8)

Introducing the linear operator [L] the generalized strains can be related to the

generalized displacements as
{&} = [Ll{q}. (2.9)

The continuous generalized displacements are discretized as

{g} = [H]{a} (2.10)

where {a} is the vector of the nodal displacements and [H] is the shape function
matrix. Substituting equation (2.10) into equation (2.9) , the generalized strains

become
{é} = [L][H]{a}
= [Bl{a}

(2.11)

where [B] is the strain displacement matrix. After substitution of equations (2.11) ,

(2.8) , and (2.7) into equation (2.5) the equation for Hamilton’s principle can
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be written as

= (% A BT D Bla} do ~ [ (o BT {F} ds
1 ) ) (2.12)

- 3 [P BT mEKa) d2) dt.

Carrying out the variational operation and noting that the nodal displacements {a}

are independent of the z-coordinate, equation (2.12) becomes

0= " (6af” [ 1BITIDIB) da (o) - (6} [ [HIT{F} do
t £ £,
(2.13)
~ {5y | 1H]"[mllH] do {a}) dt.

Integration by parts with respect to time of the last term in equation (2.13) results

in

ty .
0=b [ {saf"( / [BI7[D]B] dz {a} — / T {F} do + / (H] ][] de (3} dr.
t1 £, £, £,
(2.14)
Equation (2.14) has to be valid for all times ¢ and for every virtual displacement

{6a}. Thus, the element equations of motion can be obtained from equation (2.14)

as

[KH{a®} + [M){a°} = {F°} (2.15)

General Derivation of the Finite Element Equations 10



where

[K°]=1b / [B]T[D][B]dz is the element stiffness matrix,
£,

[Me]=1b / [H]T[m][H]dz is the consistent element mass matrix, and (2.16)
£,

{F°}=b f [H|T{F} dz is the external element force vector.
£.

The global system of algebraic equations, after assembling the element matrices, is
[K}{a} + [M]{a} = {F} (2.17)

where the global matrices can be written as a summation of the element matrices

as

n

(K] = S IK°]

e=1

n

(] = S [°) (2.18)

{F} = Z{FC}-

This completes the derivation of the general form of the finite element equations for

the linear problem.

2.2. Nonlinear Finite Element Equations

In the derivation of the nonlinear finite element equations the same basic steps
as for the linear equations are involved. To avoid repeating all of the steps of

. General Derivation of the Finite Element Equations 11



the previous section, this section only points out the differences arising from the
nonlinear formulation. To account for geometric nonlinearities the stress-strain

relations in equation (2.2) are replaced by the von Kdrmén strains. These are

defined as
_Bul 1 8u3 2
“= B +2(3m)
Ouy 1 (0us 2
€2 =—+—-|——
Oy 2\ 0y
€3=0
(2.19)
e = s Ouz
T 8y T oz
e = 23 Ou
57 0z " 0z

Ouy Oug  Ous Oug
€ 8y+6m+6m8y'

Now the relation between the generalized strain vector and the vector of the nodal

displacements becomes

{&} = [Bl{a} = [[BL] + [BrL(a)]}{a} (2.20)

and the relation between the variation of the strains and the variation of the nodal

displacements becomes

{6¢} = [B*]{8a} = [[BL] + 2[ByL(a)]] {6a}. (2.21)

Here [Bp] is the same matrix as [B] in equation (2.11) and [Byy] is obtained from
the nonlinear parts of equation (2.19) . Note that for the linear case [B] = [ByL] =
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[B*]. Because for the nonlinear case [B] # [B*] equation (2.14) has to be changed

to

0= /t * (a)T ( /E (B*|7[D][B] dv {a} - /£ )T (B dot /e ) e (a}) at.

(2.22)

Thus, the expression for the element stiffness matrix becomes
K9 =5 [ [B* @ DlB(@)de (223)

while the expressions for the element mass matrix and the element force vector
remain the same as in equation (2.16). The global equations of motion now take

the form

[K(a)l{a} + [M]{d} = {F}. (2.24)

2.3. Initial Stress Matrix

The initial stress matrix due to a distributed axial force has to be considered
in a number of problems such as buckling of beams, analysis of initially stressed
beams, and beams under selfweight. The work done by a distributed axial force

p(z) due to the bending of the beam is given by

bh uz |’
W, = 7/ p(z) (-EL‘—) dz. (2.25)

Note that here W, is assumed to be dependent on the transverse deflection only.
The axial force p(z) is positive in tension and negative in compression. Going
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through the same procedure as described in Section 2.1 for the stiffness and mass
matrix, i.e., taking the variation and discretizing the displacements, the elements
of the initial stress matrix corresponding to the transverse displacements can be

obtained as

K;; = bh dH dH

(2.26)

For the analysis of initially stressed beams or beams under selfweight the terms
in the initial stress matrix can simply be added to the corresponding terms of the

element stiffness matrix. No changes in the solution procedures are necessary.

2.4. Solution of the Linear Problem

1. Linear Static Problem

For the linear problem equation (2.17) reduces to

[K}{a} = {F}. (2.27)

This system of linear algebraic equations can be solved using any available linear
equation solver. In this study the element stiffness matrices are assembled so that
[K] is a symmetric banded matrix and a subroutine as given by Reddy [21] is used
to solve the equations.

2. Free Vibration Analysis

If no forcing term exists equation (2.17) reduces to

[M}{a} + [K]{a} = 0. (2.28)

General Derivation of the Finite Element Equations 14



This equation is solved as outlined by Zienkiewicz [22]. The general solution of

equation (2.28) is of the form
{a} = {a}e*". (2.29)

Upon substitution of equation (2.29) into equation (2.28) the familiar eigenvalue

problem

(K] - w*[M]){a} = {0} (2.30)

is obtained. The solution of this problem yields n characteristic values of w? and
the corresponding eigenvectors [@], where n is the dimension of the matrices [K]
and [M]. The characteristic values w are the natural frequencies of the system and
the eigenvectors are the corresponding natural modes. Equation (2.30) is solved
using the IMSL [23] routine DGVLRG. This routine returns the eigenvectors in a
normalized form so that

(@ [Mlfa) =1 (2.31)

for each eigenvector.

3. Linear Dynamic Problem

The governing equation for the linear dynamic problem is

[M]{a(t)} + [K]{a(t)} = {F(1)}. (2.32)

The Newmark-Direct Integration method as described by Reddy [21] is used to solve
this equation. If the displacement {u},, the velocity {@},, and the acceleration {i}
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- at time t; are known the displacement at time t,4; can be approximated as

(uborn = {ub + At o + B iy,

{i}sp1 = {i}s + At {ii}s4a (2.33)
{i1}sro = (1 - 0){ti}s + 6 {ii}s11-

Appropriate selection of the coefficients a and 7 yields several well known time

integration schemes:

1 1

a=57=3 constant-average acceleration method (stable)
1 1 . . -

a=57=3 linear acceleration method (conditionally stable) (2.34)
1 . "

o=, = 0 central difference method (conditionally stable).

The critical timestep for the conditionally stable schemes is

1
Ater = (—w'rznaz [OC - 7])_% azg5, 7L« (235)

[

where w4, is the maximum natural frequency of the discretized system. Substitu-
tion of equation (2.33) into equation (2.32) results in the following time marching

scheme:
[Klss1{t}os1 = {F}ot1 (2.36)

where

[k]s+1 = [K]s+1 + a3[M]s41
(2.37)
{FYor1 = {F}og1 + [M]oq1 (a3{u}s + as{t}, + as{ii},)
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and

2 oy —1
ag = Atag as = ’Y——. (2.38)

B N v

Note that the operations in equation (2.37) should be carried out at the element
level. Equation (2.36) can be solved for the displacements at time t,4; and then

the velocity and acceleration at t,41 can be calculated as

{ﬁ}s+1 =as ({u}s+1 - {u}_,) - a4{".‘}3 - a5{'&}s
{@}s41 = {a}s + az{i}s + ar{i}s4s (2.39)

a; = oAt az = (1 - a)At.

For the first time step the initial conditions {u}g, {¢}o, and {é}¢ need to be known.
If either the displacement or the forcing term are nonzero at ¢y the initial accelera-

tion can be obtained as

{i}o = [M]™! ({F(0)} — [K]{u}o). (2.40)

2.5. Solution of the Nonlinear Problem

1. Nonlinear Static Solution

The general equation for the nonlinear static problem is

(K ({a})[{a} = {F}- (2.41)

The Newton-Raphson method as described by Reddy [21] is used to solve this system

of equations. Equation (2.41) can be rewritten as

{R({a})} = [K({a})]{a} - {F} =0 (2.42)
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where {R({a})} is the residual vector.

Suppose that the solution is known at the r-th iteration and we seek the solution
at the (r + 1) st iteration. To find this solution {R({a})} is expanded into a Taylor
series about the known solution {a}”. If the higher order terms are neglected this

series can be written as

{R({a}r+1)} = {R({a}")} + (%i{%) {a}r6{a} =0

or (2.43)

{R({a}™")} = {B({a}") } + [K™*"({a}")] 6{a} = 0

where [KT°"({a}")] is the tangential stiffness matrix. Equation (2.43) can be

solved for the increment 6{a}

an ry1—1! T
6{a} = - [K™({a}")] " {R({e}") } (2.44)
and then the solution at the (r + 1) st iteration can be obtained as
{a}™*! = {a}" + 6{a}. (2.45)

The iteration is continued until the convergence criterion

Y(at - ap)?
TR

<e (2.46)

is satisfied.
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2. Nonlinear Dynamic Solution

The governing equation for the nonlinear dynamic problem is of the form

[M]{a} + [K(a)l{a} = {F(1)}. (2.47)

To solve this equation the time-approximation scheme from Section 2.4.3. and the
Newton-Raphson method are combined as described by Reddy [21]. Suppose that
the converged solution at time t,, i.e., {a}s, and the solution of the r-th iteration at
time t,41, i.e., {a}5,;, are known. Then equation (2.47) becomes, after applying

the time approximation scheme

(& ({a}s41) [{a}osr = {F}osa (2.48)

where

[K({a}§+1)] = [K({a}:+1)] + a3[M]
(2.49)

{F} = {F}opa + [M](as{a}, +as{a}, + {a}s).

Note that {F'} is calculated using the converged solution at time t,. To find the

solution at the (r + 1)st iteration the Newton-Raphson procedure is applied to

equation (2.48) . The residual is

{R}:+1 = [f(({a}:ﬂ)]{a}:ﬂ - {F} =0 (2.50)

and the tangent stiffness matrix is

[RTGH({a}:+1)] = (g{{f}})SH. (2.51)
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Then the equation
[RTM({‘I}:H)]‘S{G}:H = —{R} 11 (2.52)

can be solved for the increment §{a}},, and the solution at the (r + 1) st iteration

becomes
{a}sfl = {a}iya + &{a}sss- (2.53)
The iteration is continued until the convergence criterion in equation (2.46) is

satisfied. Once the converged solution is obtained the iteration for the next timestep

can be started.

2.6. Impact Analysis

In this study the impact analysis of isotropic and composite beams is consid-
ered. When a beam is impacted by a mass, the beam receives an impulsive force
which is the contact force between the mass and the beam. This contact force is
the primary unknown in the impact problem. The impact response of the beam
depends on a good estimate of the contact force throughout the impact duration.
The contact force in turn depends on the indentation of the beam which depends on
the deflection. The indentation a(t) can be expressed in terms of the displacement

of the mass v(t) and the displacement of the beam at the impact point w(zo,t), as
a(t) = v(t) — w(zo, t). (2.54)

An algorithm similar to the one discussed by Sun and Huang [24] has been imple-
mented to calculate the contact force history and the beam response throughout
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the impact duration. In general the contact force is a function of indentation, i.e.,
ContactForce = F(af(t)). (2.55)

The equation of motion governing the impacting mass is given by
msi = —F(a(t)). (2.56)

Assume that at time ¢, the deflection, velocity, and acceleration of the mass, i.e.,
Vs, Us, and vg, and the beam, i.e., we(zp), Ws(zp), and wWs(zg), are known. Then

the deflection of the mass and the beam at time ¢,4; can be approximated by
. 1. 5.
Vst1 = Vs + Atvs + §At Vg
and (2.57)
. 1 5.
wet1(Zo) = ws(zo) + Ats(zo) + §At We(Zo)

respectively. Thus the indentation o at time £, is estimated by

Cgy1 — Vg1 — w3+1(3:0). (258)

The contact force at time ¢,41 can now be approximate as
F3+1 = F(a,+1). (259)

Using the first approximation to the contact force, more accurate values for the
deflection of the mass and the contact force can be obtained by an iterative proce-
dure. This iteration is carried out for fixed displacement, velocity, and acceleration
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of the beam. Sun and Huang [24] also iterate on the displacement, velocity, and
acceleration of the beam. This requires solving the finite element equations at each
iteration, which is computationally inefficient. The difference in the results using
both procedures is negligible. Substituting the estimated contact force F,4; in the
equation of motion for the mass (2.56) a refined value for the acceleration of the

mass can be obtained as

F
Bapy = ——. (2.60)

Mg

Then a new approximation for the deflection of the mass can be obtained as

Vey1 = Vs + AtD, + %Aﬁ(zws + W) (2.61)

Using this refined approximation a new value for the indentation a,4; in equation
(2.58) and then a new estimate of the contact force can be obtained. This iteration
is continued until a convergence criterion is met.

In general the force-indentation laws for composite beams have to be deter-
mined experimentally. For isotropic beams two laws that have been often used are
the Hertzian contact law for elastic impact and a dynamic plastic force-indentation
law for impact with permanent indentation.

The Hertzian law for the contact between a sphere and a beam is given by
F = kya®/? (2.62)
where the contact point spring constant ks is given by

4 172

k=3 (1-v2)/Es+ (1 —v2)/Ey’ (2:63)
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Here R, is the radius of the sphere, v,, E; and v}, Ep are the Poisson’s ratios and
the Young’s moduli of the sphere and the beam, respectively.

The dynamic plastic force-indentation law was proposed by Barnhart and Gold-
smith [25]. Upon loading, the contact force between the impactor and the beam is
determined by the Hertzian contact law in equation (2.62) . Upon unloading, the
contact force will be determined from the relation

a—ap )3/2

Ay — Qp

F=F, ( (2.64)

where F,, is the maximum impact force just before unloading, a,, is the indenta-
tion corresponding to Fj,, and «g is the permanent indentation. The permanent
indentation in general has to be determined experimentally.

Abrate [20] discusses various contact laws for composite laminates used by
different authors in his review paper on the impact on composite materials. Spe-
cific impact laws used in this study will be given when the example problems are

discussed.

2.7. Postprocessor

The postprocessor is used to calculate the inplane stresses and transverse shear
stresses. The inplane stresses in a layer can be obtained directly from the constitu-

tive equations for that layer

{o}® = [C]®F) {} () (2.65)
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where the superscript k refers to the kth lamina. The interlaminar shear stresses
have to be calculated by integrating the equilibrium equations of elasticity. The
derivation of the interlaminar stress equations for symmetric laminates is given by
Bonanni et al. [26]. This derivation has been modified by Byun and Kapania [27]
to account for asymmetric laminates. In the following the formulation of Byun
and Kapania for the interlaminar shear stresses is summarized. The equilibrium

equations for a typical lamina k in the laminate (see Fig. 2.2) are

k k k —
a:c,a: + Txy,y + T::z,z =0

(2.66)

k k k _
Teye T Oyy t Tyzz =0

in which the body forces are neglected. Equations (2.65) are integrated through

the thickness from 2 to 2x4+1 to yield

NE 4+ N +th—th=0

Ty,y
(2.67)
NS4 NE, 4 05— o =0
where the laminate stress resultants are defined as
Zk41
(N, Ny, Ny, )* = ] (0zy Oys Tay)¥dz (2.68)
Zk
and the surface tractions t* and s* are defined by
(t2a32)k = (sza'ryz)k at z = 2p41
(2.69)
(t1, sl)k = ('r,z,'ryz)k at z = z.
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The continuity equations of the interlaminar stresses for a perfectly bonded laminate

are

th =¢51 and sk = skt? k=12,...,N-1. (2.70)

Using the continuity equations and summing equations (2.67) from the first to the
kth lamina of the laminate, expressions for the interlaminar shear stresses at the
(k + 1)st interface are obtained in terms of the derivatives of the inplane lamina

resultants. These equations are

k k
tlzc = tllc - (ZNi,y + Z,Nriy,y)
=1 =1

(2.71)

k k
kE_ k 1 l
Sy =51 — (ZNzy,m + ENy,y)'
=1 =1

The inplane laminate resultants can be obtained from equations (2.8) . But note
that the interlaminar shear stresses depend on the derivatives of the laminate re-
sultants and thus on second-order derivatives of the inplane displacements and on
third-order derivatives of the transverse displacements. However, these higher or-
der derivatives of the displacements can not directly be obtained from the finite
element formulation. To obtain a good approximation of the higher order deriva-
tives the displacement data over the entire domain of the beam is approximated by
orthogonal polynomials. The coeflicients of the approximation are obtained using a
least-squares technique. Details of this derivation are given by Byun and Kapania

[27] and are omitted here.
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Figure 2.1: The Coordinate System and Dimenstons of the Beam.
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Figure 2.2: Geometry of a Typical Laminate (from Ref. [28]).
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Figure 2.3: Coordinates of a Typical Element.
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3. Consistent Strain Third Order Theory

As described in the introduction, generally laminated structures may experi-
ence bend-stretch coupling, shear-stretch coupling, and bend-twist coupling. Also
Poisson-effects may have to be considered to obtain accurate results. In this chapter
a general consistent strain third-order theory is derived, which accounts for all of
the coupling effects, the Poisson effects and also takes into account the geometric
nonlinearities. The equations for the classical lamination theory (CLT) and the
first order shear deformation theory (FSDT) can be obtained as special cases of the
general theory.

Kinematics

The theory developed in this section is based on a two-dimensional displacement
field similar to the one proposed by Reddy [4] for laminated plates. The theory
accounts for a parabolic distribution of the shear strains through the thickness and
satisfies the condition that the transverse shear stresses vanish at the surfaces of the
beam. This requires that the inplane displacements v and v are expanded as cubic
functions of the thickness coordinate and the transverse deflection w is constant
through the thickness. The assumption of constant w through the thickness can be
justified because the transverse normal stress is of the order (h/L)? times the inplane
normal stress. Because of the parabolic variation of the transverse shear strains
through the thickness, there is no need to introduce a shear correction coefficient to

compute the transverse shear stresses. The displacement field proposed by Reddy
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1s

wene 3 ()

0 -
Uy =V + 2 1/)y—%(%) (¢y+6_ui) (3~1)

Uz — w

where u and v are the inplane displacements, w is the transverse displacement, and
1z and 1, are the rotations of the normals to the cross-section. A different form of
this displacement can be obtained by using the transformations

Bwb

w = Wy + Wy, "/)z:_—ax,

and Yy =——F— (3.2)

as' suggested by Chow [29]. With these transformations the displacement field takes

the form

Ow, 4z° dw,

N T3 oz
o = v — 2 owy _ 428 Jw, (3.3)
2= dy  3hZ Oy

U3 = Wp + W,

where w;, denotes the deflection due bending and w, denotes the deflection due
shear. Note that all displacements can be functions of time ¢t. The von Kdrméan

strains associated with the displacement field in equation (3.3) can be obtained
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from equation (2.19) as

1

€1 =€) + z€] +
0 1

€2 =€) + zeh +

0 1, 4z
€6 = €5 + 2¢€¢ +3—h—2€6

where

ou, 1 (0us\®
o_ Y20, (2 —
61_8:1;+2(0x) ¢

2
Eg _ 3’00 + 1 (Bu;;) 61 —

T8y | 2\oy

o Oug Ovy OugOus

€6=8y+8$+8x Oy
Owg Ow,
g=2n g%

are the generalized strains.

Constitutive Equations

3
2

z
3h2 1

3
2

3h2 2

3
2

0
€4
0
€5
€l
& =
32 Wy
Ozdy

(3.4)

(3.5)

For a laminate of constant thickness h composed of thin layers of orthotropic

material, the constitutive equations can be derived as discussed by Vinson and

Sierakowsky [30]. Following this derivation, the constitutive equations for a layer
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in material coordinates of the layer may be written as

o1 Qun Q12 Qs €1
02 p=[Q1z2 Q22 0 €2
O6 0 0 Qes €6

{od=[% aulla) 9

where Q;; are the reduced elastic constants in the material axes of the lamina. Upon
transformation, the lamina constitutive equations can be expressed in terms of the

stresses and strains in the laminate coordinates as

71 Qu Q1 Qi (&

Qiz Q2 Q| &

o Qe Q26 Qs €

Q
[
Il

O4 Qus Qus| [ &
=1 A = _ 3.7
{05} {Q:;s st]{fs} (37)
where Q,-j are the transformed reduced material constants.
Resultant Forces and Laminate Stiffnesses
The Hamilton variational principle as discussed in Chapter 2 is used to derive

the finite element equations. Substituting the strains from equation (3.4) and

the stresses from equation (3.7) into equation (2.5) and integrating through the
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thickness the following expressions for the resultant forces can be defined:

(NMP)—/&(lzzl—za)dz
zy gy Lz ) — hl YY)
423

(Ny,My,Py) = ‘/’;5'2(1,2,5}1—5) dz

423

W) dz (3.8)

(Nn:ysMa:ya Pmy) = -/’;5‘6 (laZ,

The resultant forces can be related to the generalized strains in the usual way by
introducing the laminate stiffnesses A;;, Byj, D;j, E;j, F;j, and H;;. This relation

can be written in matrix form as

( Nz A1 A2 Aie Bin B2 Big Eun Ep EISW r €9
N, A1 A Az Bia Biay By FEi12 Ej FEg €9
Ny A Azs Aes DBis Bas Bes Eis Fas Ees €9
M, Byy B2 Big Dy Dy Dyg Fin Fip Fys €

My »=|Bia Bys By Dia D3y Dys Fia Fay Fos | < € L
M, Big By Bes Dig Dz Des Fig Fas Fee €
Y Eynw Eip, Ei Fiu Fia Fig Hyy Hyz Higs e
P, E1y Ey Ey Fig Fyy Fy Hyp Hyy Hy €2

\ Py J LB Fx Eesc Fie Fas Fos Hig Hze Hegd \ €k
{or) =10 oe] {4}

Qs | Dss Dss| | €

(3.9)
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The laminate stiffnesses in equation (3.9) are defined as

(Aij, Bij, Dij, Esj, Fij, Hij) =/’;Qij(1,2,22,

1.7 /‘QlJ(l__— t,J =4,5.

(3.10)
For a beam it can be assumed that the lateral strains or resultant forces are negli-

gible. This can be done by imposing either

or (3.11)

The first assumption is generally used for stiffened thin-walled beams, while the
second assumption is valid for beams with solid cross-sections. Wu and Sun [31]
have used a weighted average of the two conditions in their study of thin-walled
beams and have shown that for solid cross-section beams the assumption of zero
resultant forces is more accurate. Because in the present study only beams with
solid cross-section are considered the resultant forces are assumed to be zero here.
This approach is similar to the ones used by Chen and Yang [14] and Raciti and
Kapania [1] in their studies of laminated beams using the FSDT. To equate the

lateral resultant forces to zero it is convenient to partition equation (3.9) as

()-8 B e
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where

{N®}T = {N,, Npy, Mz, My, Py, Py}

{GZ}T = {6(1), Eg, Eia 6(13, eia efzi}

(3.13)
{Ny}T = {Ny’MyaPy}
{eV}T ={e}, &3, €3}
and
rA11 A Bu Bis Eiu1 Eis A2 Biz FEr2]
Aie Ass Bis Bes FEs1 FEeo Azs By FEso
(D**] = Biy Bis Dun Dis Fu  Fis (D] = By Dy2  Fro
By Bes Dis Des Fo1 Fés Bys Dy Feo
Eyy Egy Fuiu Fer Hyp Hys Eyy Fy1 Hyp
LEm Ee¢¢ Fig Feg Hig Hee [ Eos  Fy Hag
[A12 Az Biz Bis Ej  Egg | [Az2 By Es ]
[D¥*] = | B12 B2 D12 D F21 Fy [DY¥] = | Bz Diy  Fao
| E12 Ee2 Fi2 Fea Hiz Hag | a2 Foa  Hig |
(3.14)
Now equating {N¥} to zero in equation (3.12) yields
{N¥} = {0} = [D¥"]{e"} + [D™¥]{e¥} (3.15)
and thus
{e¥} = -[D¥] 7 [D¥*|{e"}. (3.16)

After substitution of equation (3.16) into equation (3.12) the resultant vector
{N*} can be written as
{N®} = [[D**] - [D™][D¥¥] 7' [D¥*]| {¢"}

(3.17)
= [D){e"}.
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The transverse resultant forces Q, and @, can be reduced by equating Q, to zero.

Thus @, can be written as

(3.18)

The final form of the relation between the resultant forces and the generalized

displacements, corresponding to equation (2.8) is
{N} = [D]{¢}

where (3.19)

M= (V0 @ =), ma o= | h B,

Approximation to the Displacements
The generalized strains {€®} in equation (3.13) are assumed to be only func-
tions of the axial coordinate. To retain the twist and the inplane shear as degrees

of freedom the following generalized displacements are introduced :

B 3UO 61}0 . :
B(z) = ¥ + B inplane shear rotation
Bwb . |
To(z) = By bend — twist term (3.20)
ow
T, (z) = —=— shear — twist term
@) =%
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With these definitions the terms in the generalized strain vector {€*} become

1 - 1

=%z T3\az v 61
Ow o7, o7,
S=p+5. T G=-2g, =2

where wg = wp + ws and Ty = Ty + 7.
Discretization

It can be shown that the minimum interpolation requirement for wy, 83, 7,
and 7, are Lagrangian interpolation polynomials, and for w; and w, are Hermitian
interpolation polynomials. In this study for simplicity all displacements are dis-
cretized using Hermitian interpolation polynomials. Thus each of the generalized

displacements is interpolated spatially over an element by an expression of the form

4

U=> Ui(t)Hi(z) (3.22)
i=1
where U;(t) are the generalized nodal displacements, and H;(z) are the Hermitian

interpolation polynomials. The Hermitian polynomials in element coordinates, as
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defined in Figure 2.3, are given by Reddy [32] as

(3.23)

Thus the explicit form of the strain-displacement relation in equation (2.20) can be

written as
(Y [rHiz O 0 0 0 0
€ 0 H;, 0 0 0 0
el 0 0 -Hipz O 0 0
Q€= 0 0 0 0 -2H;, 0 |+
€2 0 0 0 —H; 2z 0 0
€2 0 0 0 0 0 —2H; ,
() Lo o o H;, 0 0
0 0 wO,mHi,z: wO,xHi,z 0 0 11 , LN\ (324)
0 0 %Hi,z %Hi,m w(),:z:Hi wO,mHi vo
(100 0 0 0 0 5
500 0 0 0 0 St
00 0 0 0 0 oy
0 0 0 0 0 0 T
L0 0 0 0 0 o 1f 7

= [[Bz] + [Bri(a)]]{a}

where {a} is the vector of the nodal displacements.

Consistent Strain Third Order Theory 38



Element Stiffness Matrix and Force Vector

The element stiffness matrix can now be obtained by calculating [B*] from
equation (2.21) and then substituting it along with [B] = [Br] + [BnL] and the
reduced laminate stiffness matrix [D] into equation (2.23). The element force vector
can be obtained by substituting the Hermitian polynomials into equation (2.16).
With the nodal displacement vector {a} defined as {a}T = {{u}, {8}, {ws}, {ws},

{T3},{7:}} the explicit form of the finite element equations for the static problem

becomes
(KM (K] [K] (KM [KP]O[K€]7 ( {u} Yy {F7))
(K21 (K% (K% [K*] [K*] (K| | {8} {F?}
(KKK (K] [RS] RS ) fwh USRS g
(K9] (K] (K] [K*] (K] (K] | ) {w,} {F} '
(K51 (K] (K] [K%] (K] (K| | (T {F°}
(e (&%) (k%] [k (K] (K] U{7} ) ({Fe})

Because the geometric nonlinearities are included in this derivation the stiffness
matrix is not symmetric.
Tangential Stiffness Matrix

To calculate the tangential stiffness matrix equation (2.50) for the residual

vector is rewritten as

6 4

Ry =)

B=1 j3=1

afB B _
Kﬂjaj—Fia a—]_,-.

(3.26)

Here a? is the j-th entry of the 8-th subvector of the nodal displacement vector {a}.

Now the submatrices (K. f‘jﬂ )Ta" for the tangential stiffness matrix corresponding to
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the submatrices K. f‘jﬁ in equation (3.25) can be obtained from the equation

OR¥

B
aaj

(KeP)Te" = (3.27)

Note that the tangent stiffness matrix is symmetric.
Initial Stress Matrix
The initial stress matrix [K,] can be obtained by substituting uz = ws 4w, into

equation (2.24). The explicit expressions for the submatrices of [K,] thus become

dH; dH;
By, = S’} = ,
(K35 )s ‘/l; p(z) T n dz o,f=3,4 (3.28)

All other submatrices are zero.
Mass Matrix
Neglecting inplane inertia and using the displacement approximations from

equation (3.20) the velocity vector in the kinetic energy expression in equation
(2.6) becomes
—2p 5 — (423 [3h2 )1 5
{#} = ¢ —2Tp . — (423 /3R1)T, , (3.29)
'd’b + 'lb.s
Carrying out the calculations described in Section 2.1, the explicit expressions for
the mass matrix, can be obtained.

The explicit form of the most general set of finite element equations and the

expressions for all element matrices are given in the appendix.
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4. Shear Stress Continuity Theory

Examining the elasticity solution for beams in cylindrical bending of Pagano
[2] shows that at the layer interfaces the transverse shear stresses are continuous
and the inplane displacements experience a sudden change in their slope. The
change in slope of the inplane displacements is most pronounced for relatively short
beams (L/h < 10). Thus, to accurately model a composite beam, the theory should
include both, the continuity of the transverse shear stresses and the sudden change
of slopes of the inplane displacements at the layer interfaces. In this chapter such
a theory is introduced. The theory is based on a displacement field proposed by
Savithri and Varadan [7] for the analysis of orthotropic plates. The shear stress
continuity is enforced while keeping the number of degrees of freedom independent
of the number of layers. The theory is restricted to the analysis of symmetrically
laminated cross-ply beams.
Kinematics

As for the consistent strain theory the inplane displacements v and v are ex-
panded as cubic functions of the thickness coordinate z and the transverse deflection

w is assumed to be constant through the thickness. The displacement field is chosen

as:
,, Owy Ow,
mEu =z ~Iald g,
N ow Ows
Up =V — 2 —8yb - Jp1(2) By (4.1)

U3 = Wp + W
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where

428 =
Ja1(2) = o7 — > (p(2) = p(z:))a: H(z — )
i=1
(4.2)
428 =
Jn(z) = 3z > (p(2) — p(2:)) b:H(z — 2;).
i=1

Here p(z) = z(1— 42%2/3h?) and H(z — z;) is the Heaviside unit step function, z;
being the z-coordinate of the i-th interface as defined in Fig. 2.2 . The coeflicients
a; and b; are determined from the condition of continuous transverse shear stresses

at the layer interfaces

o () = o) (2)

(4.3)
(k)(z )= a(k+1)(zk)
as
(1) (k)
_ W5 —
al——g?— ag = ( (k+1) ) 1+Za3) for k>1
(4.4)
(1) (k)
— w44 —
b= b = (it (k+1) )1+E ) fork>1.
The inplane displacements u* and v* are defined as
u* = u** + ug
(4.5)

v* = o™t + g

where 4y and vy denote the midplane displacements in the x- and y-direction, re-
spectively. u** and v** are some axial displacements introduced by the functions
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Ja1(z) and Jp1(2z) because in general J,1(0) # 0 and J,1(0) # 0. The displacements

*k

u** and v** can be expressed in terms of dw,/dz and Ow,/Oy as suggested by

Varadan [33].

Because of the assumption of constant transverse deflection through the thickness

the inplane displacements at the middle surface 2 = 0 are zero for symmetric lam-

inates , i.e., u(z =0)=0,v(2 =0) =0, up = 0, and vp = 0. Thus the first two

equations in Eqs. (4.1) become

ok 6’(1)3
u1(z = 0) = u** — J,1(0) e =0
ow
uz(z = 0) = v** — Jp1(0 2 =0
2( ) 1( ) ay
and can be solved for u** and v**. Thus,

- Ows

= Ja1(0) or

Ow

Ak — J 0 3

v »1(0) 3y

Finally, upon substitution of equation (4.7) into equation

field can be written as:

8wb 3’(1)3
m = — 25— Julz) 5
ow Ow,
u2=’l)0—za—yb—Jb()6y

Shear Stress Continuity Theory

(4.6)

(4.7)

(4.1) the displacement

(4.8)
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where Ja(z) = Jal(z) - Jal (0) and Jb(z) = Jb1 (Z) — Jbl (0)
The von Karmdn strains associated with the displacement field in equation (4.8)

can be obtained from equation (2.19) as

€1 = € + ze] + Ju(2)€d

€2 = €9 + ze} + Jy(2)éx

1
€5 = €5 + 265 + 5 (Ja(2) + Jo(2)) €5 (4.9)
e = Ji(2)eg

e = Ji(z)es

where with wg = wp + ws

17 8z " 2\ Oz 1

Q9 Ovg + 1 (Owg 2 E _Oz'wb 2 _32w3
27 8y 2\ 8y 1 dy? 2 Oy*? (410)
Ouy Ovy Owy Ow 0w 0w
0 __ 0 0 0 0 1 _ b 2 _ _ s
= Oy + oz + Or OJy ‘% = Ozxdy K 23x8y
Ow ow
0 _ L] 0 _ ]
“4= 5y %= oz
and
42? i
Ji(z) = (1 — ﬁ) (1 + ; a;H(z — z,))
(4.11)
42? ply
Jb (Z) = (1 — F‘) (1 + ; bi.H(Z = 21'))
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Constitutive Equations
The constitutive equations for this theory simplify because for orthotropic
cross-ply laminates the laminae stiffnesses Q16 and Qg are always zero. Hence

the equations for the transformed laminae stiffnesses become

01 Qu Qiz 0 G
g2 p=|Q1z Qn 0 3)
Fe 0 0 Qss €

(2)=1% al{®) e

where Q;; are the transformed reduced material constants.
Laminate Stiffnesses and Resultant Forces
Substituting the strains from equation (4.9) and the stresses from equation

(4.12) and integrating through the thickness the following resultant forces can be

defined:
(Nzy M, Pp) = /hc'fl (l,z, Ja(z)) dz
(Ny, My, P,) = /hc‘rg (1,2, Jb(z)) dz
(Nays Moy, Poy) = [; 56 (L2, %(Ja(z) + (@) ) dz (4.13)

Q, = /h 50 J2(2) dz

Qz =/hc'75J;‘(z) dz
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The matrix equation for the resultant forces is of the same form as given in equa-
tion (3.9) for the RHSDT. However, the expressions for the laminate stiffnesse are

different. For the SVHSDT the laminate stiffnesses are defined as
(Bijy Eij) =0 ,7=1,2,6
(Asj, Dij, Fij, Hij) = 0, ij = 16,26, 61,62
(Aij, Dij) = / Qii(1,2*)dz  ij =11,12,21,22,66
h

F11 = / QHJQ(Z)ZdZ F12 = / leJb(z)zdz

h h
F21 = /ngJa(z)zdz F22 = / szJb(z)zdz

h h (415)

Fee = AQGG‘;‘(Ja(z) + Jy(2)) 2 dz

Hy, =/’;Q_11J3(Z) dz Hiz Z[LQ12Ja(Z)Jb(Z) dz
Hy; = /};QnJE(Z) dz Hee = AQSG'}(Ja(z)+Jb(Z))2dZ
D44 =‘/,;Q44(J;;(Z))2dz D55 =]};Q55(J:(Z))2dz.

The further derivation is the same as for the theory described in Chapter 3 and is
omitted here. The expressions for the element matrices are the same as those given
in Chapter 3 and their explicit forms are given in the appendix. The only difference
between the element stiffness matrix for the RHSDT and the SVHSDT is in the

different laminate matrix [D].
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5. Results

The theories derived in the previous chapters are evaluated by solving a num-
ber of example problems. Whenever possible results are compared with existing
solutions in literature. In the presentation of the results the following notation is
used to denote the different theories:
CLT Classical Lamination Theory
FSDT First Order Shear Deformation Theory
RHSDT Consistent Strain Higher Order Theory (Chapter 3)
SVHSDT Higher Order Theory with transverse shear stress continuity (Chapter 4).
First results for the static analysis are presented in Section 5.1, then results for
the eigenvalue analysis are shown in Section 5.2, and finally results for the transient

problem are discussed in Section 5.3.

5.1. Static Analysis

5.1.1. Linear Analysis

In this section the theories are evaluated by solving some examples available in
literature. It will be shown that the SVHSDT is superior to the other theories in the
analysis of symmetrically laminated cross-ply beams. First results for symmetrically
and asymmetrically laminated cross-ply beams are shown and compared to Pagano’s
elasticity solution [2]. Then results for symmetrically laminated anisotropic beams
are presented and compared to solutions obtained with a theory presented by Chen
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and Yang [14]. In all of the examples in this section the following material properties

were used unless otherwise noted

Ep =25x10%psi  Er =1 x 10%psi
Grr=.5x10%psi  Gppr=.2x10%si (5.1)

v = VT = 0.25.
The results obtained for the cross-ply beams are nondimensionalized as

Op = m Tpz = Tz (0’ z) 7= ETU(O, Z) & = 100ETh3'w (%, z)

) 9 hqo golt

(5.2)

where go is the magnitude of a distributed load.
Simply-Supported Beam [0°/90°/0°] under Sinusoidal Load

First the convergence of the finite element solution for the higher order theories
was studied. As can be seen in Table 5.1 the deflections converge if the full beam
is modeled with four elements and the stresses converge if the full beam is modeled
with eight elements. Therefore in the investigations eight elements were used to

model the full beam.
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Table 5.1: Convergence of the Marimum Transverse Deflection, the Mazimum
Normal Stress, and the Marimum Transverse Shear Stress for the RAHSDT and the
SVHSDT for a Simply-Supported Beam ([0°/90°/0°], L/h = 4).

No. of

'lD az ;7-:1::
Elements | RHSDT |SVHSDT | RHSDT | SVHSDT | RHSDT |SVHSDT
2 2.711 2.813 19.596 22.920
4 2.701 2.801 17.808 20.764 2.211 2.291
8 2.700 2.801 17.205 20.056 1.563 1.619
16 2.700 2.801 17.044 19.869 1.561 1.617

The maximum deflections for the CLT, the FSDT, the RHSDT, the SVHSDT,
and Pagano’s elasticity solution [2] are compared in Figure 5.1. As expected, the
CLT underpredicts the deflection for L/h < 40. For moderately thick beams (20 <
L/h < 40) all shear deformation theories give excellent results compared to the exact
solution, while for thick beams (L/h < 20) higher order theories have to be used to
obtain good results. In Tables 5.2 and 5.3 results for the maximum deflection o,
the maximum normal stress 5., the maximum transverse shear stress 7., and the
interfacial transverse shear stress 7, interfaciat Obtained with the RHSDT and the
SVHSDT are compared to the exact solution [2]. Note that in this comparison the
values for the maximum transverse shear stress for the RHSDT and the SVHSDT
are taken at the locations of maximum shear stress as calculated from the elasticity
solution, i.e., for L/h = 4 at z/h = 0.25 and for L/h = 10 at z/h = 0. As
can be seen, results predicted by the SVHSDT for the transverse deflection and
shear stresses for L/h = 10 are essentially the same as those predicted by the
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Table 5.2: Comparison of the Mazimum Deflection and the Mazimum Normal
Stress for the RHSDT, the SVHSDT, and the Ezact Solution.

w Oz
L/h | RHSDT |SVHSDT | Pagano RHSDT | SVHSDT | Pagano

4 2.7001 2.8006 2.8872 17.205 20.056 18.808
10 0.8750 0.9323 0.9320 71.040 75.197 73.7

Table 5.3: Comparison of the Mazimum Transverse Shear Stress and the Inter-
facial Transverse Shear Stress.

Tmaz Txz,interfacial
L/h RHSDT | SVHSDT | Pagano RHSDT | SVHSDT | Pagano
4 1.5052 1.6190 1.5827 1.5630 1.3565 1.4270
10 4.3497 4.2378 4.24 4.3314 4.2281 4.22

exact solution, whereas the RHSDT slightly underpredicts the deflection and slightly
overpredicts the transverse shear stresses.

For L/h = 4 results from the SVHSDT are closer to the exact solution than results
from the RHSDT. Note that in this case the RHSDT fails to predict the location
for the maximum shear stresses. To show this, the distribution of the transverse
shear stress through the thickness is plotted in Figure 5.2 for the RHSDT, the
SVHSDT, and for the exact solution. An interesting aspect of the deformation of
laminated beams is shown in Figures 5.3 (a) and 5.3 (b) , in which the distribution
of the axial displacement # through the thickness of the laminate for two different
aspect ratios (L/h = 4 and L/h = 10) is shown. The exact solution of Pagano
shows that the Kirchhoff assumption that normals to the midplane remain straight
after deformation does not hold for short beam (L/h = 4). But with increasing
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aspect ratio the normals get closer to straight lines. Figure 5.3 (a) also shows that
only the SVHSDT has the same characteristic sudden change in slope of the inplane
displacement at the layer interfaces as the exact solution. For L/h = 10 the solution
from the RHSDT and the SVHSDT are both close to the exact solution. Finally, in
Tables 5.4 and 5.5 the results obtained with the SVHSDT are compared to results
reported by Yuan and Miller [34], who used a layerwise theory and integration of
the equilibrium equations of elasticity to obtain the interlaminar shear stresses. The
material properties for this example are:

Er =172.0GPa Er = 6.9GPa
Gir = 3.4GPa Grr = 1.4GPa

Vi = Vvpr = 0.25

For L/h = 4 the layerwise theory is closer to the exact solution than the SVHSDT,
but for L/h = 10, both theories predict the results equally well. The major disad-
vantage of the layerwise theory is that it is computationally inefficient for laminates
with a larger number of layers. The number of degrees of freedom for the layer-
wise theory per element is 7 4+ 9n, where n is the number of layers. In comparison
the number of degrees of freedom required by the SVHSDT is independent of the
number of layers ( 24 degrees of freedom per element).

In conclusion it can be said that a new theory for the analysis of symmetrically
laminated cross-ply beams has been developed, which is better than the RHSDT for
low L/h ratios, and is far superior to both the FSDT and the CLT. For moderate
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L/h ratios, both, the RHSDT and the SVHSDT, are superior to the FSDT and the
CLT. The drawback of the SVHSDT is that it is valid only for symmetric beams. In
the next example the performance of the RHSDT for the analysis of asymmetrically

laminated cross-ply beams is investigated.

Table 5.4: Comparison of the Marimum Deflection and the Mazimum Normal
Stress for the SVHSDT, a Layerwise Theory [34], and the Ezact Solution [2].

w Oz
L/h | SVHSDT | Ref. [34] [Pagano [2] | SVHSDT | Ref. [34] | Pagano [2]
4 2.7982 2.9065 2.9127 19.946 18.640 18.808
10 0.9312 0.9310 0.9316 75.025 74.657 73.670

Table 5.5: Comparison of the Maximum Transverse Shear Stress and the Inter-
facial Transverse Shear Stress.

Tmaz Tzzinter facial
L/h | SVHSDT | Ref. [34] |Pagano [2] | SVHSDT | Ref. [34] [Pagano [2]
4 1.6137 1.5849 1.5776 1.3635 1.4292 1.4270
10 4.2420 4.2374 4.2393 4.2320 4.2169 4.2200

Simply-Supported Beam [0°/90°]7 under Sinusoidal Load

In this example the bending of an asymmetrically laminated beam is analyzed.
Results from the RHSDT and the elasticity solution of Pagano [2] are compared for
two different aspect ratios (L/h = 4 and L/h = 10). The material properties given
in equation (5.1) are used. In Table 5.6 the results for the nondimensionalized
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Table 5.6: Nondimensionalized Deflection and Normal Stresses of Simply-Sup-

ported Asymmetric Cross-Ply Beams Under Sinusoidal Load.

w &, (upper surface) 05 (lower surface)

L/h | RHSDT |Pagano [2] | RHSDT Pagano RHSDT | Pagano
4 4.4469 4.6953 34.049 30.029 3.123 3.836
10 2.9185 2.9538 182.623 176.53 19.196 19.829

deflection @ and normal stresses &, at the upper and lower surface of the beam are
compared. Agreement for L/h = 10 is good and agreement for L/h = 4 is fair.
In Figures 5.4 (a) and 5.4 (b) the distribution of the transverse shear stress
Tz through the thickness from the RHSDT and Pagano’s solution are compared.
Agreement between the numerical results and the exact solution is excellent for
L/h =10 and is good for L/h = 4.
Anisotropic [45°/ — 45°]s Cantilever Beams Under End Load

In this example the deflection and twisting angle of an anisotropic cantilever
beam under an end load were investigated. Chen and Yang [14] have previously
shown some results for this problem. Because the theory of Chen and Yang is a
special case of the FSDT, results obtained using their theory were exactly the same
as those of the FSDT and therefore are not shown here. In Table 5.7 the maximum
deflection and twisting angle are compared for the FSDT and the RHSDT. For both
aspect ratios (L/h = 10 and L/h = 50) the results are not in good agreement. It is
surprising that the differences do not vanish for larger aspect ratios.

A comparison shows that the ratios of the maximum deflections and the ratios
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Table 5.7: Mazimum Deflection and Twisting Angle of an Anisotropic Cantilever
Beam Under End Load.

'wmaz Tma:t:
L/h FSDT RHSDT FSDT RHSDT
10 2.323 x 1073 2.755 x 103 —.306 x 10* —5.904 x 10~¢
50 0.286 0.340 —0.766 x 1073 —0.147 x 101

of the maximum twisting angles remain almost the same for both aspect ratios

max Tma
for L/h=10:  —mamRHSDT _ 459  “man,RHSDT _ 41499
Wmaz,FSDT Tmaz, FSDT
alr Tm
for L/h =50:  —mamRHSDT _ 449  ‘mas.RHSDT _ 4449
Wmaz,FSDT Tmaz, FSDT

The difference between the results for the FSDT and the RHSDT can be attributed
to the fact that the FSDT does not account for the shear twisting term. A testcase
in which the RHSDT had been used, but all shear twist degrees of freedom were
restrained, suppofts this, because in that case the results were close to the results
obtained using the FSDT.

Although the twisting angle predicted by the RHSDT is almost 20 times the
one predicted by the FSDT, it is physically still small. For the case of a beam of 50
in length and 1 in thickness the maximum deflection obtained is wq; = 0.340 in
and the maximum twisting angle is 7;,4, = 0.842°. Both results are small compared
to the dimensions of the beam and hence physically possible. It would be interesting

to obtain experimental results for the twisting angle for a comparison.
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5.1.2. Nonlinear Analysis

In this section the nonlinear static response of uniformly loaded beams is stud-
ied. The effects of boundary conditions and lamination scheme on the displacement
and the inplane resultant force are studied. All results were obtained using the
RHSDT. The boundary conditions used in the following examples are depicted in
Figure 5.5.

Pinned-pinned Cross-Ply Beam

In this example numerical results for the nonlinear bending of a pinned-pinned
[0°/90°]r beam under uniformly distributed load are compared to an analytical
solution by Sun and Chin [16]. Sun and Chin investigated the problem for an
aspect ratio of L/h = 225 using the CLT. Because of this high aspect ratio, the
transverse shear effects are negligible. Therefore, results obtained using the RHSDT
are expected to be close to the CLT. The material properties used by Sun and Chin
were Ey = 20 msi, B3 = 1.4 msi, vy = 0.3, and Gi12 = G153 = G2z = 0.7 msi. The
laminate dimensions were taken as L = 9 in.,b = 1.5 in., and h = 0.04 in. Figures
5.6 (a) and 5.6 (b) show the results for the maximum deflection and the inplane
force resultants at the center of the beam for different load magnitudes. Note, that
the deflection and the force resultant are different for positive and negative loads.
The agreement between the analytical and the numerical solution is excellent.

In the next examples the effect of aspect ratios, boundary conditions, and
lamination schemes on the nonlinear static response is studied. For these examples
the material properties given in equation (5.1) were used.
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Effect of Aspect Ratio L/h

A [0°/90°]r pinned-pinned cross-ply beam under uniformly distributed load
was analyzed to study the effect of the aspect ratio. The aspect ratios considered
were L/h = 10, L/h = 20, L/h = 50, and L/h = 100. In Figure 5.7 (a) the
ratios of the linear to the nonlinear deflection at the center of the beam are plotted
against the load-parameter a, and in Figure 5.7 (b) the nondimensionalized inplane

resultant forces N, at the center of the beam are plotted against a. N, and « are

a9 (LY
E, \ h

_ N, (L\?

Nz"Ezh(ﬁ)’

As can be seen, this ratio only has a small effect on the nonlinear response. For small

defined as

aspect ratios the ratios of the linear to the nonlinear center deflections are slightly
higher than the ones for larger ratios. For the ratios L/h = 50 and L/h = 100 almost
no difference can be seen. The effect of the L/h ratios on the nondimensionalized
inplane resultant forces is negligible. In all cases the softening effect due to the
initially compressive inplane resultant force resultants for positive loads can be
observed.
Effect of Boundary Conditions on the Nonlinearity

To study the effect of the boundary conditions on the nonlinearity a [0°/90°]r

cross-ply beam with an aspect ratio of L/h = 10 under uniformly distibuted load
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was analyzed. All boundary conditions shown in Figure 5.5 were considered. In
Figure 5.8 (a) the ratios of the linear to the nonlinear deflection at the center of the
beam are plotted against the applied load qg, and in Figure 5.8 (b) the variations of
the inplane resultant force N, with the applied load ¢y for the different boundary
conditions are shown. As can be seen in Figures 5.8 (a) and 5.8 (b) , the magnitude
of the inplane force depends on the boundary conditon and the ratio of the the
linear displacement wy, to the nonlinear displacement wy in turn depends on the
magnitude of the inplane resultant force. Because the simply-supported beam is
free to move in the axial direction almost no inplane resultant force is developed
and the linear displacement is the same as the nonlinear displacement. The effect
of the nonlinearity on the pinned-pinned beam is the most significant. For this
beam the magnitude of the inplane resultant force and the magnitude of the de-
flection depend on the direction of the transverse load. The inplane force resultant
for negative transverse loads is tensile and thus has a stiffening effect. For posi-
tive transverse loads the inplane resultant is first compressive due to the extension
bending coupling, but then becomes tensile as the transverse load increases. The
initial compressive inplane resultant has a softening effect on the beam. This ex-
plains why the transverse deflection obtained using the nonlinear theory is initially
higher than the transverse deflection obtained from the linear theory. This impor-
tant effect should be considered in the design of structures. It is interesting to see
that for the clamped-clamped boundary conditions the response of the beam does
not depend on the direction of the loading. Both, negative and positive transverse
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loads, produce a tensile inplane resultant force which has a stiffening effect. The
nonlinear deflection is always lower then the linear deflection.
Effect of Lamination Scheme on the Nonlinearity (L/h = 10)

Because the nonlinear effects are most significant for the pinned-pinned beam,
the effect of the lamination scheme on the nonlinear response is studied for these

boundary conditions. The following lamination schemes were studied:

1. a bending stiff [0°/90°]r laminate,
2. a torsion stiff [45°/ — 45°]r laminate, and
3. a quasi-isotropic [0°/45°/ — 45°/90°]7 laminate.

The [0°/45°/ — 45°/90°]r beam shows the same characteristic nonlinear effects
as discussed before for the pinned-pinned [0°/90°]r .beam. The direction of the
transverse load has, as expected, no effect on the inplane resultant force and the
deflection of the torsion stiff [45°/ — 45°]7 beam. But it is interesting to note that
for this beam the nonlinear effect on the center deflection of the beam is the most
significant. This shows that the stiffening effect of the tensile inplane resultant force

is highest for the torsion stiff beam.

5.2. Free Vibration Analysis

In this section free vibration results for symmetrically and asymmetrically
laminated beams are presented. Again the superiority of the higher order theory
(RHSDT) over the FSDT and CLT is demonstrated. Further it is shown that for
angle-ply beams it is essential to consider Poisson effects to obtain accurate results.
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Homogeneous Graphite-Epoxy and Boron-Epoxy Cantilever Beams

In this example numerical results from the CLT, FSDT, and RHSDT are com-
pared to experimental results obtained by Abarcar and Cunniff [35] for the free vi-
bration of homogeneous 15° and 30° Graphite-Epoxy and Boron-Epoxy beams. The
dimensions of the test specimens used in the experiment were L = 7.5 in,b = 0.5 in,

and h = 0.125 in. The material properties are shown in Table 5.8.

Table 5.8:  Elastic Properties for Graphite-Epozy and Boron-Epozy.

Elastic Properties Graphite-Epoxy Boron-Epoxy
E; [psi] 18.74 x 108 36.6 x 106
E; [psi] 1.367 x 10° 3.851 x 10°
G12 [psi] 0.7479 x 10° 1.334 x 108
Gi3 [psi] 0.6242 x 108 0.7408 x 10°
Ga3 [psi| 0.3686 x 10° 3.845 x 10°
Via 0.3 0.267
p [lb-sZ-in4| 0.142 x 1073 0.1943 x 103

Note that in Tables 5.9 - 5.12 ”T™” denotes predominately torsional modes. In
Table 5.9 the results obtained from the RHSDT with 2, 4, and 8 elements over the
length of a 30° Graphite-Epoxy Beam are shown. As can be seen the results for the
natural frequencies converge when the beam is modeled with 8 elements. Hence for
all subsequént studies 8 elements were used over the length of the beam.

The numerical results obtained using the CLT, the FSDT, and the RHSDT are
compared to the experimental results for the 15° and 30° Graphite-epoxy beams.
These results are shown in Tables 5.10 and 5.11, respectively. Because of the large
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Table 5.9: Convergence of Finite Element Results from the RHSDT for the Nat-
ural Frequencies (in Hz.) of an 30° Orthotropic Graphite-Epozy Beam.

Mode 2 Elements 4 Elements 8 Elements  |Experiment [35]
1 53.2 53.2 53.1 52.7
2 335.6 333.0 332.5 331.8
3 1275.1 936.7 927.8 924.7
4 1766.9 T
) 3518.6 1837.6 1810.9 1827.4
6 8513.3 3723.9 2984.5 2984.0
7 8514.1 6134.8 4454.6 4432.4

aspect ratio of L/h = 60, the CLT, the FSDT, and the RHSDT all yield accurate
results for the lower vibration frequencies. The CLT overpredicts the higher vibra-
tion frequencies, while both, the FSDT and the RHSDT, accurately predict these
frequencies. This shows that shear deformation becomes more important for higher
modes.

In Table 5.12 the numerical results from the RHSDT for the first six vibration
modes of a 15° and a 30° Graphite-epoxy beam are compared to the experimental
results of Abarcar and Cunniff. Again, the results are in good agreement. The
differences for the 15° case can be attributed to the fact that Abarcar and Cunniff
did not report a unique value for the shear modulus G2, but rather a range of
values, and that the value chosen for this study was closer to the value reported for
the 30° beam than to the one for the 15° beam.

Because the present model does not account for torsional deformation, the

predominately torsional modes found by Abarcar and Cunniff were not predicted.
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Table 5.10: Comparison of the Vibration Frequencies (in Hz.) of a 15° Graphite-
Epozy Beam (L/h = 60).

Mode CLT FSDT RHSDT Experiment [35]
1 83.1 83.1 83.0 82.5
2 520.6 517.8 517.8 511.3
3 1457.0 1438.4 1438.4 1423.4
4 15269 T
5 2856.2 2790.1 2790.3 2783.6
6 4733.3 4562.2 4562.7 4364.6
7 47316 T

Table 5.11: Comparison of the Vibration Frequencies (in Hz.) of a 30° Graphite-
Epozy Beam (L/h = 60).

Mode CLT FSDT RHSDT Experiment [35]
1 53.2 53.2 53.1 52.7
2 333.4 332.5 332.5 331.8
3 933.3 927.8 927.8 924.7
4 ‘ 1766.9 T
5 1830.8 1810.9 1810.9 1827.4
6 3036.7 2984.5 2984.5 2984.0
7 4568.9 4454.3 4454.6 44324

Table 5.12: Comparison of Finite Element Results from the RHSDT and Ezxperi-
mental Results [35] for the Natural Frequencies (in Hz.) of Boron-Epory Beams.

15° 30°
Mode RHSDT Experiment RHSDT Experiment
1 96.6 91.0 62.5 62.5
2 601.3 567.5 390.9 391.7
3 1665.6 1575.5 1090.5 1090.5
4 17674 T 2127.7 2107.7
5 3217.5 3073.6 21743 T
6 5235.2 4926.7 3505.4 3542.4
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Simply-Supported Symmetrically Laminated Angle-Ply Beams

This example demonstrates the importance of the Poisson-effects for the anal-
ysis of angle-ply beams. Results obtained using the RHSDT with and without
Poisson-effects are compared to results reported by Chandrashekhara et al. [13].
In the finite element formulation Poisson-effects can be neglected by equating the
generalized strains €}, €}, and €3 in equation (3.9) to zero. Then the laminate matrix
[D] in equation (3.14) becomes [D] = [D**]. Bend-twist coupling can be eliminated
by restraining the torsional degrees of freedom in the input for the finite element
program.

Chandrashekhara et al. presented an analytical solution for the fundamental
frequencies of symmetrically laminated angle-ply beams, including shear-effects and

rotatory inertia, but neglecting Poisson-effects and bend-twist coupling. In Table

5.13 results for the following cases are shown:

Case 1 RHSDT including Poisson-effects

Case 2 RHSDT neglecting Poisson-effects

Case 3 RHSDT neglecting Poisson-effects and bend-twist coupling
Case 4 Results reported by Chandrashekhara et al.

The material properties used in this example were
Ep =21.0 x 10%psi, Er = 1.4 x 10%psi, Grr = 0.5 x 10%psi

Grr =06 x 10%psi,  vpr =vpr =025 p=0.13 x 1073bs%in™* (5.3)

and the fundamental frequency has been nondimensionalized as

- T2 P
w=wlL ‘/Elhz' (5.4)
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The results in Table 5.13 show that it is essential to include Poisson-effects in the
analysis of angle-ply beams. Neglecting the Poisson-effects can lead to a serious
overprediction of the fundamental frequency. For the [45/ — 45], beam the funda-

mental frequency predicted by Chandrashekhara is 72.5% too high.

Table 5.13: Influence of the Potsson Effects on the Nondimensionalized Funda-
mental Frequencies of Simply Supported Angle-Ply [ 6/ — 6/ — 6/ 6] Beams (L/h =
15).

0 (deg)

Case 0 15 30 45 60 75 90
2.6510 | 2.2522 | 1.4520 | 0.8909 | 0.7358 | 0.7252 | 0.7301
2.6570 | 2.3440 | 1.8930 | 1.4040 | 0.9729 | 0.7584 | 0.7322

2.6570 2.5110 2.1041 1.5370 1.0126 0.7613 0.7322
2.6560 2.5105 2.1032 1.5308 1.0124 0.7611 0.7320

N

Free Vibration of Asymmetrically Laminated Cantilevered Composite
Panels

This example is used to validate the RHSDT for asymmetrically laminated
beams. The fundamental frequencies for a number of cantilevered composite panels
are calculated and compared to experimental results by Thornton [36]. All of the
panels considered had a bottom layer oriented at 0 degrees and a top layer oriented
at 0, 22.5, 45, 67.5, and 90 degrees, respectively, for the different panels. The
geometry is shown in Table 5.14 and in Figure 5.10. The material properties used

were:

Er, =23.3 x 10°psi, Ep = 1.81 x 10%psi, Grr = Grr = 0.976 x 10%psi

vir = vpp = 0.22, p=0.174 x 10 31bs%in™* (5.5)
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Table 5.14: Characteristics of the Boron-epozy Panels.

6 (deg)
Panel | Bottom Layer | Top Layer | Panel Thickness [in]
1 0. 0. 0.0452
2 0 22.5 0.0492
3 0 45. 0.0460
4 0 67.5 0.0470
5 0 90. 0.0442

The results are shown in Table 5.15. Agreement between the experimental and
numerical results is good. The discrepancy can be attributed to the modelling of a

square plate as a one-dimensional beam.

Table 5.15: Comparison of the Fundamental Frequencies (in Hz) of Asymmetri-
cally Laminated Composite Panels [8/0°].

6 (deg)
Method 0 22.5 45 67.5 90
Experiment [36] | 41.2 | 34.3 | 24.4 | 21.8 | 214
RHSDT 41.7 | 31.2 | 24.3 | 22.6 | 224

Asymmetrically Laminated Clamped-Clamped Beams

In this example some results for the free vibration of asymmetrically laminated
beams are presented. Again the superiority of the RHSDT over the FSDT and the
CLT is shown. Three different lamination schemes were chosen to study the effect
of the bend-stretch and the bend-twist coupling. The schemes were:
1. a bending stiff [0°/90°]7 laminate,
2. a torsion stiff [45°/ — 45°]7 laminate, and
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3. a quasi-isotropic [0°/45°/ — 45°/90°]|r laminate.

In Table 5.16 results obtained with the CLT, FSDT, and RHSDT for clamped-
clamped beams are compared for two different aspect ratios (L/h = 10 and L/h =
100). The same material properties and nondimensionalization of the results as

given in equations (5.3) and (5.4) , respectively, were used.

Table 5.16: Comparison of the Nondimenstonalized Fundamental Frequencies of
Clamped-Clamped Graphite-Epoxy Beams.

Lay-up L/h 10 100
CLT 3.065 | 3.080
[0°/90°) 7 FSDT | 2.577 | 3.074

RHSDT | 2.631 | 3.075

CLT | 3.037 | 3.054
[0°/45°/ — 45°/90°]7 | FSDT | 2.560 | 3.047
RHSDT | 2.536 | 2.957

CLT | 1.950 | 1.959
[45°/ — 45°]7 FSDT | 1.804 | 1.958
RHSDT | 1.789 | 1.935

As expected, the fundamental frequencies for the slender beams (L/h = 100) pre-
dicted by the three theories were practically the same. For L/h = 10 the CLT
overpredicted the fundamental frequencies. For all lamination schemes the funda-
mental mode was a flexural mode. This explains that the fundamental frequencies
for the bending stiff beams ([0°/90°]r and [0°/45°/ — 45°/90°]1) were much higher

than the fundamental frequencies for the torsion stiff beam ([45°/ — 45°]7).
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Clamped-Clamped and Clamped-Free Cross-Ply [0°/90°/90°/0°] Beam.
The last example in this section is used to compare the vibration frequencies
predicted by the RHSDT and the SVHSDT for symmetrically laminated cross-ply
beams. The same material properties as in equation (5.5) were used. The results
are shown in Table 5.17. The vibration frequencies predicted by both theories are

in good agreement.

Table 5.17: Comparison of Finite Element Results from the RHSDT and the
SVHSDT for the Vibration Frequencies (@ = wL®+/p/(E1h?) ) of a Symmetric
[0/90/90/0] Cross-Ply Beams (L/h = 15).

BC Clamped-Clamped Clamped-Free
Mode RHSDT SVHSDT RHSDT SVHSDT
1 4.781 4.875 0.927 0.930
2 18.378 18.951 5.045 5.122

5.3. Transient Analysis

5.3.1. Linear Transient Analysis

In this section the finite element model is verified for the linear transient anal-

ysis. A simply-supported isotropic beam subjected to a sine pulse given by
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is considered. The force is located at the center of the beam. The material properties

used were

Ei1 = E; =30 % 10° psi, Gi2 = G13 = Ga3 = 11.538 x 10° psi,
(5.6)
v=03, and p=733x107° Ib/in’.

The dimensions of the beam were L = 30 ¢n and h = b = 0.5 in, and the numerical
values for the sine pulse taken were Py = 1000 lb, and 7 = 20 x 1075 s. Harris
and Crede [37] obtained an analytical solution for the center deflection for this
problem using the CLT. In Table 5.18, the numerical results for the center deflection
obtained using the RHSDT are compared to the analytical results of Harris and
Crede. The agreement between the numerical results and the analytical solution is
good. Differences can be attributed to the different theories used. The convergence
of the finite element solution to the analytical results for small times (¢ < 20 us) is
fair, but is good for larger times (¢ > 20 ps). In Table 5.18 N denotes the number

of elements used in the mesh and At denotes the timestep used.

Table 5.18: Central Deflection fin] of a Beam Subjected to a Sine Pulse at the
Center

N=5 N =10 N =20 N =30
tlus] | At=1ps | At=1pus | At=0.1pus | At =0.05pus | Ref [37]
1 1.209E-7 2.406E-7 3.224E-7 4.750E-7 5.328E-7
) 9.945E-6 1.932E-5 3.282E-5 3.915E-5 2.868E-5
10 7.082E-5 1.282E-4 1.723E-4 1.810E-4 1.441E-4
20 3.722E-4 5.325E-4 5.516E-4 5.491E-4 4.984E-4
30 6.787E-4 7.706E-4 7.506E-4 7.528E-4 7.210E-4
40 8.961E-4 9.326E-4 9.121E-4 9.118E-4 8.861E-4
50 1.048E-3 1.047E-3 1.046E-3 1.047E-3 1.024E-3
60 1.174E-3 1.144E-3 1.164E-3 1.166E-3 1.146E-3
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5.3.2. Nonlinear Transient Analysis

The nonlinear transient response of [0°/90°]r and [90°/0°]7 Graphite-Epoxy
beams to a suddenly applied concentrated load at the center of the beam is inves-
tigated in this section. The effect of the lamination, boundary conditions and axial
loads is studied. The material properties used in all cases were F; = 144.8 GPa,
E; = 9.65 GPa, G2 = Gi3 = 4.14 GPa, Gy3 = 3.45 GPa, v = 0.3, and
p = 1389.23 kg/m3. The dimensions of the beam were chosen as L = 0.1 m,
and b = h = 0.01 m, the timestep used was At = 0.1 us, and the applied load was
P = 10kN. No results on the nonlinear transient response of asymmetric composite
beams have been found in literature. Thus, it is believed that the results presented
here can serve as a benchmark for future investigations.

Effect of Lamination Scheme and Boundary Conditions

The effect of the lamination scheme on the nonlinear transient response was
studied for pinned-pinned and clamped-clamped beams. Reversing lamination ac-
tually amounts to changing the direction of the transverse load, as was discussed in
the examples for the nonlinear static analysis. Considering the results obtained from
the nonlinear static response of cross-ply beams, it was expected that the transient
response of pinned-pinned beams would be affected by the orientation of the beam
(i-e., by the direction of the force), but that the response of the clamped-clamped
beam would be independent of the beam orientation. In Figures 5.11 (a) and 5.11
(b) the center deflection and the inplane force resultant for pinned-pinned beams
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are compared. As can be seen the response is significantly affected by the orienta-
tion of the beam. For the [0°/90°]7 beam the center deflection and the vibration
period are higher than for the [90°/0°]r beam. The same can be observed for the
inplane resultant forces N,. For the clamped-clamped beam the orientation of the
beam has no effect on the transient response. As shown in Figures 5.12 (a) and 5.12
(b), the curves for both orientation are almost indistinguishable.
Effect of Axial Stresses

The effect of the axial stresses on the center deflection and inplane resultant
forces of pinned-pinned beams has been investigated. The center deflections and
inplane resultant forces for the prestressed beam have been compared to the deflec-
tions and resultant forces of the unstressed beams for three different magnitudes of
tensile and compressive axial stresses. These results are shown in Figures 5.13, 5.14,
and 5.15. As expected, tensile axial stresses have a stiffening effect and thus lower
the deflection of the beam, and compressive axial stresses have a softening effect
and increase the deflection of the beam. For low axial forces the effect is almost
negligible, but for higher axial forces the change in the response of the beam is
significant. For both, tensile and compressie axial forces the vibration period of the
beam is lowered. This might be caused by the high tensile resultant forces induced

by the large deflections of the beam.

5.3.3. Impact Analysis

To evaluate the finite element model in the prediction of the impact response
a number of problems found in literature were solved.
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Goldsmith Problem

If the mass of the impactor is not small compared to the mass of the beam,
then multiple collisions may occur. This problem was considered first by Goldsmith
[38]. Goldsmith considered the problem of a simply-supported beam subjected to
a transverse impact of a 2 cm radius steel ball with initial vlocity of 1 cm/s. The
dimensions of the beam were L = 30.7 cm, b = h = 1 ¢cm and the material properties
were By = E; = 31.3 x 108 psi, v = 0.289, and p = 0.00894 slug/in®. Nosier et
al. [39] solved this problem analytical and observed a three collions. In Figures
5.16 (a) and 5.16 (b), numerical results obtained using the EBT and the RHSDT
are compared to Nosiers analytical results. Agreement between the solutions is
excellent.
Impact with Permanent Indentation

The impact response of a simply-supported steel beam is considered here. The
beam is impacted by a 1/2 in diameter steel ball at the center of the beam with
dimension L = 30 in and b = h = 0.5 in. The initial velocity of the ball was 150 ft/s
and the material properties used were the same as given in equation (5.6) . To solve

this problem Sun and Huang [24] used the following force indentation law:

F=129x%x10%"1% 0<a<a,

for the loading process and
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for the unloading process. Here o, is the maximum indentation corresponding to
the maximum impact force Fy,,. The permanent indentation was o, = 0.0123 in.
In Figures 5.17 (a) and 5.17 (b) the impact force history and displacement history
obtained using the EBT and the RHSDT are compared to the results by Sun and
Huang [24]. Agreement between the EBT and the reference results is excellent. The
RHSDT predicts a slightly lower impact force and higher displacements.
Impact of Composite Beams

Sankar and Sun [40] studied the impact response of clamped-clamped composite
beams. In their numerical analysis they used a two-dimensional plain strain finite
element. The material properties for the Graphite-Epoxy beam were given as E; =
130 GPa, E; = 12.9 GPa, G12 = Gi13 = Ga3 = 5.17T GPa, v = 0.24, and p =
1490 kg/m3. The dimensions of the beam were L = 180 mm, b = 25.4 mm, and.
h = 2.8 mm and the lamination scheme was [03/903 /03 /909 /05]s. The contact law

was determined experimentally by Sankar and Sun to be
F =1293 x 1010 [N/m?].

The beam was impacted by a 12.7 mm diameter steel ball with a mass of 8.18 grams.
An impact velocity of 35 m /s was chosen. Results for the time histories of the impact
force and the deflection of the beam are shown in Figure 5.18. Agreement between
the solutions is good up to a time of 200us. After that time the agreement is fair.
The difference in the results is most likely due to the different theories used. The
plain strain finite element allows for deformation of the transverse normal of the
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beam. This deformation is not taken into account in the RHSDT and may cause
the difference in the results.

The final example shows that it is important to consider geometric nonlin-
earities in the impact analysis. The same beam as in the previous example was
analyzed. In Figure 5.19 the impact force histories obtained using the linear and
nonlinear formulations are shown. In the beginning, the differences in the linear
and nonlinear results are small. This is because the motion of the beam is not
significant during the initial impact. For larger times the stiffening effect due to
the geometric nonlinearities becomes more important. The vibration period of the
beam is reduced (compared to the linear formulation) and further collisions between
the impactor and the beam occur earlier than predicted by the linear formulation.

In Figures 5.20 and 5.21 the impact force histories for unstressed and pre-
stressed beams (tensile and compressive) are compared. The linear response is
shown in Figure 5.20 and the nonlinear response is shown in Figure 5.21. It can be
seen that in both cases tensile axial stresses have a stiffening effect, and compressive
axial stresses have a softening effect. But it also can be seen that the stiffening effect
due to the induced resultant axial forces N, for the nonlinear response are even more

significant than the stiffening or softening effects due to the initial stresses.
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Figure 5.5: Boundary Conditions : (a) Simply-supported, (b) Pinned-Pinned, and

(c) Clamped-Clamped.

Results

7




N, [Ib/in] (a) Membrane Force N,

14.000 ———————1—

12.000

I

10.000

8.000

6.000

4.000

2.000

0.000 R

A |
RHSDT
Sun and Chin [16] 1

Y

~2.000b—v v 1.

| I I T R

-0.050 -0.025 0.000

w/h (b) Maximum Displacement

0.025 ,.0.050
q [Ib/in"]

1.200 ————————

0.900

0.600

0.300

T T
~
~

0.000 —F

i
~

~

~0.300 /

~0.600 A

1
~

—0.900 ’

—

~1.200 e I

RHSDT
Linear =
Sun and Chin [16] -

-t

| "

-0.050 —-0.025 0.000

0.025 0.050

q [Ib/in?]

Figure 5.6: Pinned-Pinned [0°/90°]7 Beamn (L/h = 225) under Uniformly Dis-

tributed Load : (a) Membrane Force Ny, (b) Mazimum Displacement.

Results

78



0
-100 -50 0 50 o 100

——— L/h=10
--------- L/h = 20
—————— L/h = 50
------ L/h = 100
_5 - I 1 1 B | e
-100 -50 0 50 o 100

Figure 5.7: Effect of Aspect Ratios on the Nonlinear Response of Uniformly Loaded
[0°/90°]r Beams: (a) wr/wyy versus Load-Parameter ¢, (b) Nondimensionalized

Inplane Resultant Force N, versus Load-Parameter .

Results 79



T (G) T

Pinned—Pinned

-—G--  Clomped—-Clomped
-~ .- Slmply Supported
ol A
~10000 5000 0 5000 2, 10000
g [Ib/in"]
N, [Ib/m] (b)
| B T I -

1 50000
100000

50000

m—--~<>---<+--—<> g

Pinned-Pinned

-—@-~  Clomped-Ciamped
- --0-- Simply—Supported
-50000 — 1 L : —t
-1 OOOO -5000 0 5000 10000
q [Ib/in’]

Figure 5.8: Effect of Boundary Conditions on the Nonlinear Response of Uni-
formly Loaded [0°/90°)r Beams (L/h = 10): (a) wr/wnyr versus Load, (b) Inplane

Resultant Force versus Load.

Results

80



8 M T T T T ™
D d
VAN ,”'{
\\ ’
@ &
6F . - -
- \\® //
5 I~ \\ ,//@ -1
L \\\ ,/
41 Q\ g -

: [o/90]
1 --©-- [45/-45]
--9-- [0/45/-45/90]

0 N L P P SR S
~10000 —-5000 0 5000 2 10000
q [Ib/in”]
Nx [lb/in] (b)

150000
100000

50000

-—o-- [45/-45] W
- --9--  [0/45/-45/90] -
-50000 e

-10000 -5000 0 5000 2 10000
q [Ib/in"]
Figure 5.9: Effect of the Lamination Scheme on the Nonlinear Response of Uni-

formly Loaded Beams (L/h = 10): (a) wi/wnr versus Load, (b) Inplane Resultant

1 1 L 2 | 1 1 N

Force versus Load.

Results 81



f— Clamping Surface

8 in

3in 8in
< > €< >

Figure 5.10: Geometry of the Boron-Epozy Panels.

Results



w/h

(a) Center Dispacement
3.00 — — y———
— fo/90] @ -————-- [90/0] J
L A N -
2.00 "‘\ F “ \ " \‘
/A \ \ A
N\
,/ \‘ l\ ,’ ‘| '1 \ i
it 1 \ ! \ HE K
1 \ ! \ h \ |
[ \ ! \ \ A
\ I \ I 1 / \ I
1.00 \\ ;’ \\ 1’ “ II ‘\ ,L‘
! \ ! [} \ 1
\ I \ I 1 ,‘ = 1
YN\ \ \ ~ \
F VY “ ‘\ II \ l’
L ‘\ " v \ ]
\ ) N/ \_,’
0.00 — L —L
0.00 100.00 200.00 300.00 t [us] 400.00
N, [kN/m] (b) Resultant Force
800.00 v ———
L .
600.00 - {.,‘ ':u\ . ,‘I"a .
- d ‘\ ,l 1 " ] : “ *
. 1 ‘l 1 ‘ .l 1 ] i 4
400.00F ff 1 R A foA -
. 1 \ H |} ) 1 [T}
r 1 ! [ \ # 1
Il \ ,I ] l" \ N 1 1
v \ X 1 ] \ h i !
R U & B A I O U A A B
_— A
200.00} f | L\ Y AT
[ \) AN SEVAYRRLRLY
i/ ) d v Y
0.00 } i ! U
| — [o/90]  --=m-- [90/0] 1
-200.00 1 —1 T —
0.00 100.00 200.00

300.00 t [us] 400.00

Figure 5.11: Transient Response of Pinned-Pinned Beams to Suddenly Applied
Concentrated Force: (a) Center Deflection , (b) Inplane Resultant Force.

Results

83



w/h (a) Center Dispacement

3.00 —————— —
—_— [o/90] @ —-——-- [90/0]
2.00 —
L
1.00+ T
0.00 4 — 1 2 PR | ] M n | 'Y 1 1
0.00 100.00 200.00 300.00 t [us] 400.00
N, [kN/m] (b) Resultant Force
800.00 — e
600.00 | " ]
- i
400.00+ ] ) -
200.00 | . ", y .
- ‘ 1 /
i y iy 4
f\' : a4 \‘ " )
0.00| N ' ]
| — [0/90] @ ------ [90/0]
—20000— o+ L L.
0.00 100.00 200.00 300.00 t [us] 400.00

Figure 5.12: Transient Response of Clamped-Clamped Beams to Suddenly Applied
Concentrated Force: (a) Center Deflection , (b) Inplane Resultant Force.

Results 84



w/h
500 ———

---- P, = -5.E6

4.00

3.00| A
\ '\ \ J

2.00[ /> R N ]

1.00F ; \ -
L J

’ . o \ e
‘

“\ y A N\, /1 (Y
'\ L B\Y )

4
T T

000l . . = . . L

L 2 1 "
0.00 100.00 200.00 300.00 t [us] 400.00

N, [kN/m] (b) Resultant Force
1200.00 ———————+———————

T
|

1000.00
800.00
600.00
400.00

200.00f

—20000L—— o+ . L L1
0.00 100.00 200.00 300.00

—_—

t [us] 400.00
Figure 5.13: Comparison of the Transient Response of Pinned-Pinned Beams

(P; = £5.E6 N/m?): (a) Center Deflection, (b) Inplane Force Resultant.

Results 85



w/h

5.00 ————T—————————
L - - -- P, = —1.E7 P, = 0.  -----o- P, = 1.E7 -
4.00} -
!
3.00 -
- " -~ -l
\ 7\ At \
- /| “\ !y : \ R
2.00 = "W K I' [} e “ ! LA | —
,l' k ." * ! J
" 4 A \ ! W -‘
]
J P I' E
1.00| R N Y \ -
r N VO N !
o0 -~ . ¥ . . .. . ..
0.00 100.00 200.00 300.00 t [us] 400.00
N, [kN/m] (b) Resultant Force
1200.00 ¥ T L] l LS A L ] L] T T ] T T L
r
1000.00 | ]
A ’\ :
8o0.00f " . , , .

600.00 |
400.00

200.00|

0.00

——-- P, = -1.E7 . = 0.
—200000— — S 0 L L
0.00 100.00 200.00 300.00 t [us] 400.00

Figure 5.14: Comparison of the Transient Response of Pinned-Pinned Beams

(P; = £1.E7 N/m?): (a) Center Deflection, (b) Inplane Force Resultant.

Results 86



w/h

5.00 ———— T — T
_———— Pi = '_5.E7 P' il _0 """" Pi = 5 E7
4.00|- .
L h :‘ n
i \ \ \
3 00 - 1 1 1 I‘
) /1 I hy
L P r vy ¥
! { 1 r,
o 1o n
A\ N
L ] \ ” \ i 1 N I| 1 "'
2.00F ! ! / \ o ! ' \ ;v
F \ ’ \ ] ‘ !
17 B ! "~ \ i ! ! o~ \
L /N \ , ! 5 \ T - X \\ II "; 1 /
' . 1 ~ \ I ’ v ’ VA 7]
1.00F 1/ N\ PR\ AN WAV AU
| ! K¢ \ ) N/ ! ' vy ! \ )
1/ "\ Y [N v M A
! Y’ e ‘ ) Y ’ K ¢
, * ! * ‘' [y Y ey !
N T Ses N
oooY—our — =00, Sy s M T
0.00 100.00 200.00 300.00 t [us] 400.00
N, [kN/m]

(b) Resultant Force
1200.00 —Ty

T B — Ty —
SRR S A R
L ! r e L [y} A
1000.00F ! 1 ;! o He o
vy ! P L i Bk
- h 4 i t P 1 T " L
800.00 | :l ! y' lj vy " : | W]
* i
: | : ‘“ }] ;I: '| ‘:"l. : ‘ ')”I g
600.00 | ! o ! .'
400.00|

200.00}

0.00 e iy LT, L e ﬂﬁﬁg;.ﬁ\d,ﬁ-"_
[ e —- P = =5E7 —— P, = 0.  eeeeee- P, = S.E7 ]
20000l L L, L
0.00 100.00 200.00 300.00 t

1

[us] 400.00
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6. Conclusions and Future Work

Conclusions

In this study two higher order shear deformation theories for the analysis of
laminated composite beams have been developed. The first theory, RHSDT, allows
for the analysis of generally laminated beams and accounts for all couplings that
characterize generally laminated beams. The second theory, SVHSDT, is restricted
to the analysis of symmetrically laminated cross-ply beams. This theory, however,
accounts for the continuity of the interlaminar shear stresses at the layer interfaces
while keeping the number of degrees of freedom independent of the number of layers.

The SVHSDT has been applied to the linear static analysis and to the free
vibration problem. It has been found that this theory performs very well even
for short composite beams (Tables 5.2 and 5.3) for which shear deformation is
significant. In the cylindrical bending problem for short beams the characteristic
discontinuities of the slope of the inplane displacement at the layer interfaces can
be observed (Figure 5.3). More important, the magnitude and location of the
maximum transverse shear stresses is predicted correctly even for beams with a
length to thickness ratio of four (Table 5.5). The CLT, the FSDT, and the RHSDT
fail to predict these stresses accurately for beams with L/h < 10. Thus, it can be
concluded that it is essential to account for the shear stress continuity at the layer
interfaces in a theory if short beams are to be analyzed.

The RHSDT has been applied to a series of examples on the linear and nonlin-
ear static response, free vibration, linear and nonlinear transient response, and the

Conclusions and Future Work 94



impact response of generally laminated beams. The free vibration results clearly
show that even though for beams the resultant laminate forces N, and Q,, and
moments M, may be equated to zero, the corresponding strains can not be ne-
glected. Neglecting these strains may lead to a serious overprediction of vibration
frequencies (Table 5.13).

The bending-stretching coupling has been found to be essential in the nonlinear
analysis of asymmetric beams. The deflection of the beam and the magnitude of the
inplane resultant force may depend on the direction of loading of the beam (Fig-
ures 5.6- 5.9). The most significant effect of the loading direction on the nonlinear
response was observed for pinned-pinned beams, while for clamped-clamped beams
the response was independent of the loading direction. For pinned-pinned boundary
conditions initially compressive inplane resultant forces may change the nonlinear-
ity from a hardening type to a softening type. Thus, displacements predicted by
the nonlinear theory are higher than displacements predicted by the linear theory.
This effect should be considered in the design of structures because displacements
constraints may be violated. Also, inplane boundary conditions were found to have
a significant effect on the nonlinear response.

The same characteristics as discussed for the nonlinear static problem were
observed for the nonlinear transient analysis of asymmetric beams. Further, su-
perimposed axial stresses were found to have a significant effect on the transient
response of laminated beams. A compressive axial stress causes higher vibration
amplitudes and a tensile stress causes lower amplitudes, while both, compressive
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and tensile stresses, may reduce the vibration period (Figures 5.13- 5.15). The
finite element model has also been validated for impact analysis. Further, it has
been shown that geometric nonlinearities have to be concidered to obtain accurate
impact results for composite beams (Figures 5.19- 5.21).
Future Work

Some recommendations for future work are:

1. In the present study the buckling of laminated beams has not been investigated.
It is straight forward to extend the current formulation to buckling analysis.
The problem is interesting because asymmetric beams tend to deflect out-of-
plane as soon as inplane loads are applied.

2. The present formulation assumes that initially the beam is perfectly straight.
However, for beams with bending-stretching coupling the undeforrﬁed beam
may not be perfectly straight due to the residual stresses introduced in the
curing process. Thus, it would be important to include initial imperfections in
the formulation.

3. It has been shown that the continuity of interlaminar shear stresses should be
included in the formulation when short beams are analyzed. A theory which
accounts for the interlaminar shear stress continuity should be developed that
can be applied to asymmetric and angle-ply beams.

4. The higher order shear deformation theory has been shown to yield good results
for the impact on isotropic beams. For composite beams the initial response
to impact loads was also predicted adequately but some difference could be
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observed when multiple collisions occur. Sankar and Sun [40] used a two-
dimensional plain strain finite element in their impact analysis and obtained
good agreement between experimental and analytical results for composite
beams. The plain strain finite element allows for deformation of the trans-
verse normal of the beam. Hence, it is expected that extending the present
formulation to allow for the deformation of the transverse normal would also
yield results that compare well to experimental results even for multiple im-
pacts. A displacement field suggested by Reddy [5] may be used to derive such
a theory. Also, using higher order finite elements that include up to the second
derivative of the displacements as degrees of freedom may be used. Sun and
Huang [24] showed that the convergence of such elements is much higher than
for conventional elements. Such a formulation would also be suited particularly

well for the study of wave propagation in composite beams.
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Appendix: Finite Element Equations and Element Matrices

The finite element equations may be written as

[M){d} + [K(a)l{a} = {F}

where

[K(a)] = [KL] + [Kni(a)] + [K].

(K] is the linear stiffness matrix,
[Knr(a)] is the nonlinear stiffness matrix, and
(K] is the initial stress matrix.

Substituting the nodal displacement vector

{a}™ = {{u}, {8}, {ws}, {wa}, {Te}, {T.}}

this equation can be rewritten as

(o] [ [ fof 0] o] 7 {a} )
o] fop o] o] [0]  [0] {6}
0] (o] [a*] [M¥][o] (0] | ] {de}
(0] [o] [M*] [M*¥] o]  [0] {w, }
0] [o] o] [o] [M%] [M]| | {Te}
L[] o] [0 [o] (M%) [M°°}] \{Z.} )

v

RV (K] O[KS) KM KSR (fu} ) (P
&™) (k7] (k%] K% [K¥] (K2 | {8} | | (P}
ClES B R RS ) (K| ) fw} () {5
(K9] (K] [KS] K9] (K] (K] {we} (T ) {F4) (
K (k7] (K] (K% (&%) (K| | {5} ]| | {F%)
g (k) (k%] (&% &%) (k)] Uzy) U{ro)

The explicit expressions for the element submatrices are given below.
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Element Mass Matrix

M%?’:/ RH,'dez—{-/ dH; dHJ dz
. . dr dz

dH dH; dH; .
dz

M?f:ij':/ RH;H; dz +

£e

dH; dH;
M:fZ/ RH,'de(D-{-/ 2 dz
£e £e

dr dr

M3 = / RH;H; dx
4

ijﬁ = Mf’f =/ SH,‘HJ' dx
£

M = / TH;H;dz
14

where

, 4z% 1625
(R)I7S’T) —/p(]‘ z 73h2’ 9h4)

Linear Element Stiffness Matrix

dH; dH;
11
(Kz] )L dr d —2 dz
dH; dH;
12\ _ (21
(K. (K3 )L T do — dz
dH; d*H;
13\ _ (13 _
(KF)o=(K})L=- g e L dx
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dH; d*H;

(Kif )= (KL= - leD15 —— 13 2 dx
(K= =2 | A: 385
(K= (KH=-2 | il
(KI)L = /I Dy H;H; dz
(KE)p = (KL = - 5 D,3 H; ddZH dz
(Kizf L= (K;E)L = : D,5 H; d;H dz
.
(K¥)=(KP)1 =2 | Dok W o

(K%)= (K$)p = -2 DyeH: 5 4

le dz
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33y
(Kz] )L D33 d d$2

2 2
(Kfj‘." L:(K43)L / d“H; d H i i

57dz? dz?
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d?H; dH;

46y _ 64y _
(K)o = (Kji)L =2 Dss T dp
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d
le dr dzx ¥
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le dr dz de

Nonlinear Element Stiffness Matrix

(K v = (K ne = (K )vL = (K2 )vp =0

dw dH dH;
(E¥)wve = 05(K3 v = 0.5/(D11d—0 -
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All other submatrices are zero.

Tangential Stiffness Matrix

(KT = (K3 )L
(KT = (KL
(K37 = (K3)T" = (K)o + 2(K3 )N
(Ki)Tem = (K™ = (Kif ) o+ 2(K ) ne
(KiD)Tm = (K™ = (K + 2K ) n e
(Kip)Tem = (K3 = (K)o + 2(K 3 )ve
(KZ)T™ = (KL
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¢

(KZ)Tom = (K3)T™ = (K)o + 2(K3 )i
(EZ)Tem = (K;2)Tem = (K3 ) + 2K v
(K25 Tan __ (KJ53 Tan _ (K%) + 2(K )NL
(K)o = (K35)Tem = (K)o + 2(KH)ne
(K)o = (K )L+ (K3)s +

dH; dH;

d’wo d’wg
~/z¢ (Nz+D11(d ) +2D12—— I To + D22 (7o) ) dz d;d -
d’wo dzHi dHJ dH dZH]
/(D” MO = P R
(K3 = ()7 = (K301 + (3, +
dwo Y dw dH; dH,
/ (N + D11 (En—q) +2D12—d-—076+D22(76) ) In —= dg —
te
dw d’H; dH; dw dH d2H
/(D13 % + DysTp) = dJ+( 15 do e 1) dz
(K%S)Tan — (K;'? Tan __ (K35)
dw dwgy, dH;
/ (Noy + +((D12 d0+D2276) 0) dp 30T~
e T
duwg d H; duy H; dH;
/lc (D23 — 73 Hi+2(Ds — - 1) dz
(K3P)Tn = (KE)™™ = (K39);+
dwg dwg dH;
N, D Dy T H.dz —
_[(y+((12d+220dm)dwjx

e
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d’wg d H d’wg d.H dH
D H D d
/e ( B4z dz? +(Die—7 - dz dz dzx ) m

€

(K)Tom = (K& + (K4, +

duwg duwg o dH; dH,
: 4o o T % e —
/z, (N, +D11(d$)+2D12d To + Daa( 0)) In
dwo d2Hi de dH,' dij
/zc (D15E+D25%)( dz? dzx dr dz? ) dz
(K%;))Tan — (K;_)?)Tan (K45)
dwog dwgy dH; dwo d*H;
g D 0 Dy T iy g
/z, (Nzy + +(( 12— +D2276) )d:c 2~ H;dz
dw dH; dH;
2/(D14 do D2476) o 2 dz
e
(i) = (RS0 = (1)t
d‘wo d’wo dH d’w()d H
N, Dig—— + Dy 75 H; - D dz —
e,( v+ +(( 12— + D o) )da: 2% —— Hjdz
dwy dH; dH;
2/ (D16—— + D267To) L dz
et dr dz

e

dw dw dH; dH;
K55 Tan — 55 / 0 0 ; 7 1 )
(K3) (K31 + ) (Daa (2 HH — 2Dy —(Hi— L + = Hj)) da

(KT:S;S)Tan — (K?E)Tan _ (K56)

duw d dH; dH;
/ (ng(do) H.H, - wO(D24 —H; + Dy H;—1)) do
£

3

dw dw dH; dH;
66\Tan __ 66 0 0 i
(K) ™" = (K )L+/£e (D2 ( dz ) HiH; = 2Das —— (Hi— L + ——H,)) da
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