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Zero Divisors, Group Von Neumann Algebras and
Injective Modules

Ahmed H. Roman

(ABSTRACT)

In this thesis we discuss linear dependence of translations which is intimately related
to the zero divisor conjecture. We also discuss the square integrable representations of
the generalized Wyle-Heisenberg group in n? dimensions and its relations with Gabor’s
question from Gabor Analysis in the light of the time-frequency equation. We study the zero
divisor conjecture in relation to the reduced C*-algebras and operator norm C*-algebras. For
certain classes of groups we address the zero divisor conjecture by providing an isomorphism
between the the reduced C*-algebra and the operator norm C*-algebra. We also provide
an isomorphism between the algebra of weak closure and the von Neumann algebra under
mild conditions. Finally, we prove some theorems about the injectivity of some spaces as
CG modules for some groups G.
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CHAPTER 1

Introduction and Preliminaries

1. Group Von Neumann Algebra NV (G)

DEFINITION 1.1. Let G be a group and p € RT. The (P-space of G, denoted (P(G), is the
vector space of p-summable formal sums of complex numbers over G. Symbolically,

P(G) = {Zag-g | ay € C and Z|a9|p < oo}.

geG geqG

The normed space ?(G) for all p € N is a Banach Space. In the special case where p = 2,
(*(@) is equipped with an inner product making it a Hilbert space. Specifically, £2(G) with
Hilbert basis G admits the following inner product:

<Zag-g,2bg-g: Zagbg>.

geG geqG geG
If p < 1, then the triangle inequality is not satisfied and therefore (?(G) is not a Banach
space. For all p > 1 € R, the complex group ring CG C (P(G). It is natural to ask if the
ring multiplication with which CG is endowed could be extended to ¢?(G) thus making it
a ring as well. While the multiplication operation CG possesses is extend-able to 7(G),
multiplication is not in general closed. In the case of £(G), the multiplication is defined as
follows:

A(G) x H(G) = 1°(G) = { > ageg| sup lag| < oo},

geG g9c
Zah . thg -g = Z apby - hg = Z (Zag$_1bx)g.
heG geG g,heG geG zeG

It is natural to ask does there exist a subspace of £*(G) containing CG which admits a ring
structure under the multiplication operation inherited from CG? The group von Neumann
algebra NV/(Q) is the largest subspace of £2(G) which is closed under the multiplication defined
above for CG.

DEFINITION 1.2. The group von Neumann algebra N'(G) of a group G is
N(G) = {a € *(G) | aB € (G) for all B € KQ(G)}
In order to define other algebras which will be essential to our discussions in next few

chapters we define the concept of G-equivariant maps.

DEFINITION 1.3. Let F : (2(G) — (?(G), then F is G-equivariant if F(z-g) = F(x) - g
for all g € G and x € (*(G) with respect to the natural right G-action on (*(G).
1
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It is noteworthy that an analytic definition of N'(G) exists in terms of the bounded linear
operators B((*(G)). In particular N(GQ) is the algebra of G-equivariant bounded linear
operators B(£%(G))% from (2(G) to £2(G).

2. Algebra of Affiliated Operators U(G)

In this section the explore the Ore localization U (G) of N(G). This algebra U(G) which
contains N (G) will be the center of our attention in the last chapter. We begin by defining
the conditions which must be satisfied for an Ore localization to exist.

DEFINITION 2.1. let R be a ring, and let S be a multiplicatively closed subset of R. The
pair (R, S) satisfies the (right) Ore condition if
e for all (r,s) € R x S, there exists a pair (r',s') € R X S such that rs' = sr’, and
o forallr € R and s € S with sr =0, there ist € S with rt = 0.

DEFINITION 2.2. If (R, S) satisfies the Ore condition, define the (right) Ore localization
to be the following ring RS™'. Elements of RS~ are elements of Rx S/ ~, with the following
operations:

o Multiplication: (r,s) - (r',s'") = (re, s't), where sc =1't fort € S.
o Addition: (r,s) + (r',s') = (rc+1r'd,t), where t = sc = s'd € S.

THEOREM 2.3. Let G be a group, and let S be the set of nonzero divisors of N(G). Then
the pair (N(G), S) satisfies the Ore condition.

The definition of the algebra of affiliated operators U(G) is a direct consequence of the
theorem above.

DEFINITION 2.4. The algebra of affiliated operators U(G) over the group G, as the Ore
localization N'(G)S™!, where S is the set of non-zero divisors in N'(G).

The analysis of U(G) is more apparent if one considers the following equivalent yet
analytic definition of U(G) as compared to the algebraic definition provided above.

DEFINITION 2.5. An unbounded linear operator f : (*(G) — (*(G) over a group G is
called affiliated to N(G) if f is densely defined, closed, and G-equivariant. The algebra of
affiliated operators U(QG) is the algebra of operators f : (*(G) — (*(Q) affiliated to N'(G).

3. C*-algebras C;(G) and C*(G)

Another important class of operator algebras is the class of of C*-algebras. For example
the subset I' of B(H) for some complex Hilbert space H, which is closed under all the
algebraic operations on B(H), is closed with respect to the norm topology, and is closed the
adjoint operation.

DEFINITION 3.1. A C*-algebra is a complex Banach algebra (with a unit element I) with
an involution that is closed under the norm topology.

Von Neumann algebras are endowed with a weak topology which renders all von Neumann
algebras as (C*-algebras. This is because the norm topology is stronger than the weak
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topology. The two relevant C*-algebras, aside from von Neumann, associated with a group
G are the reduced C*-algebras denoted C)(G) and the “group C*-algebra” denoted C*(G).

We begin with the definition of the reduced Cx-algebras C.(G). Let A : G — B((*(G))
be the left regular representation where for all x € G, A(x) : £*(G) — (*(G) sends )~ . a,-9g
t0 3 e @e1g - g- This induces a representation of £'(G), A : £'(G) — B(¢*(G)). For any
element K =7 _;a,-g we define \(K) = >, a,-Ag) : €(G) — £*(G). The closure of
such operators on £%(G) is the reduced C*-algebra C.(G). We define the group C*-algebra
as the enveloping C*-algebra of /*(G). If the group G is abelian then it is well known that
CH(G) = C*(GQ) = ¢o(T) where T is pontryagin dual group of G and ¢y(I') is the space of
continuous functions on I' vanishing at infinity.

3.1. Connections between C* and Physics. In quantum mechanics one usually em-
ploys C*-algebras C' with a unit in order to describe physical systems. The elements x € C
which are invariant under the star-operation i.e. x* = x are considered as the observables
of the physical systems. In order to make sense of the state of the physical system under
consideration a C-linear map ¢ : C' — C with ¢(z*z) > 0 for all z € C' is needed. This map
1 defines a functional which takes on the value 1 on the 1 of C'. The expectation value of
x is Y(x) if the system happens to be in the state 1. Other connection with local quantum
field theories(local QFT (s)) exist as in the Haag-Kastler axiomatization of local QFT(s).

4. Brief Summary of Thesis

In chapter 2 we discuss linear dependence of translations which is intimately related
to the zero divisor conjecture. We also discuss the square integrable representations of the
generalized Wyle-Heisenberg group in n? dimensions and its relations with Gabor’s questions
from Gabor Analysis from the point of view of the time-frequency equation. In chapter three
we study the zero divisor conjecture in relation to the reduced C*-algebras and operator
norm C*-algebras. For certain classes of groups we address the zero divisor conjecture by
providing an isomorphism between the the reduced C*-algebra and the operator norm C*-
algebra. Finally in chapter four we prove some theorems about the injectivity of some spaces
as CG modules for some groups GG and then we conclude this thesis.






CHAPTER 2

Linear Dependency of Translations and Square Integrable
Representations

1. Introduction

Let G be a locally compact Hausdorff group with left invariant Haar measure p. Denote
by LP(G) the set of complex-valued functions on G that are p-integrable with respect to p,
where 1 < p € R. As usual, identify functions in LP(G) that differ only on a set of u-measure
zero. We shall write ||- ||, to indicate the usual LP-norm on LP(G). The regular representation
of G on LP(G) is given by L(g)f(x) = f(¢g~'z), where g,z € G and f € LP(G). The function
L(g)f is known as the left translation of f by g (many papers use the word “translate”
instead of “translation”). In [24] Rosenblatt investigated the problem of determining when
the left translations of a nonzero function f in L?(G) are linearly independent. In other
words, when can there be a nonzero function f € L?(G), some nonzero complex constants
g, and distinct elements g € G, where 1 < k < n,k € N (the positive integers) such that

(1.1) > erL(gr)f =07

It was shown in the introduction of [24] that if G has a nontrivial element of finite order,
then there are nonzero elements in L?(G) that have a linear dependency among its left
translations. Thus, when trying to find nontrivial functions that satisfy (1.1) it is more
interesting to consider groups for which all nonidentity elements have infinite order. In the
case of G = R" it is known that every nonzero function in L?(R™) has no linear dependency
among its left translations. Rosenblatt attacked (1.1) by trying to determine if there is
a relationship between the linear independence of the translations of functions in L?(G)
and the linear independence of an element and its images under the action of G in an
irreducible representation of G. In order to gain insights into possible connections between
these concepts, he computed examples for specific groups. The particular groups that he
studied in [24] were the Heisenberg group and the affine group. What made these groups
appealing is that they have irreducible representations that are intimately related to a time-
frequency equation. Recall that an equation of the form

(1.2) > crexp(ibph(t)) f(ax +t) =0,

is a time-frequency equation, where ay, b, € R, f € L*(R) and h: R — R is a nontrivial
function. The case h(t) =t corresponds to the Heisenberg group and h(t) = e’ corresponds
to the affine group.
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Rosenblatt wondered if there existed a nontrivial f € L?*(R) that satisfied equation
(1.2), then this f could be used to produce a nonzero F' € L*(G) with a linear dependency
among its left translations. He then showed [24, Proposition 3.1] that there exists a nonzero
f € L*(R) that satisfies the following time-frequency equation

(1.3) Cf(t) = f(t —log2) + exp(—%et)f(t —log 2),

where C'is a constant. This time-frequency equation corresponds to the affine group A case
since h(t) = e'. This offers some hope that there might be a nonzero function in L?(A) that
has a linear dependency among its left translations. However, there is no clear principle that
can be used to show the existence of such a function given a nontrivial f that satisfies (1.3).
Using the proof of the existence of f that satisfies (1.3) as a guide, a nonzero F' in L*(A)
with linearly dependent left translations was shown to exist [24, Proposition 3.2].

Even less is known about the Heisenberg group H,,n € N. The relevant time-frequency
equation, which has been intensely studied in the context of Gabor analysis, is

(1.4) D e f(t + ay) =0,

k=1

where ¢ are nonzero constants, ay, b, € R", and f € L*(R"). Linnell showed that f = 0
is the only solution to (1.4) when the subgroup generated by (ay,by), where k = 1,...,m,
is discrete. This gave a partial answer to a conjecture posed by Heil, Ramanathan and
Topiwala on page 2790 of [12] that f = 0 is the only solution to (1.4) when n = 1. As far as
we know the conjecture is still open.

The motivation for this paper is to give a clearer picture of the link between the linear
independence of an element and its images under the action of GG in an irreducible represen-
tation of G and the linear independence of the left translations of a function in L*(G). We
will prove the following:

PROPOSITION 1.5. Let G be a locally compact group and suppose 7 is an irreducible,
unitary, square integrable representation of G on a Hilbert space H. If there exists a nonzero
v in H, such that

Z cxm(gr)v =0
k=1

for some nonzero constants ¢y and g, in G, then there exists a monzero F € L*(G) that

satisfies
n

> crL(gr)F = 0.

k=1
In particular if there exists a nonzero v in H, with linearly dependent translations, then there
exists a nonzero F in L*(G) with linearly dependent translations.

We will use Proposition 1.5 to construct explicit examples of nontrivial functions in L?(A),
where A is the affine group, that have a linear dependency among their left translations.
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We then move on to the case where G is a discrete group. We will see that the problem of
determining if the left translations of a nonzero function in ¢?(G) forms a linearly independent
set is related to the Atiyah conjecture.

Let K be a subgroup of a group G. If k € K,z € G, and f € L*(G), then we shall say
that

L(k)f(z) = f(k~'2)
is a left K-translate of f. We shall prove

THEOREM 1.6. Let G be a locally compact, o-compact group. If K is a torsion-free
discrete subgroup of G that satisfies the Atiyah conjecture, then each nonzero function in
L*(G) has linearly independent K -translations.

Denote by H, the Weyl-Heisenberg group, a variant of the Heisenberg group, H,,. The
group H,, is of interest to us because it has an irreducible unitary representation on L?(R™),
the Schrodinger representation, which is square integrable. Furthermore, the time-frequency
equation (1.4) is related to the Schrodinger representation. Now if K is a torsion-free discrete
subgroup of H,, then by Theorem 1.6 every nonzero element in LQ(]ZIn) has linearly inde-
pendent left K-translations. It will then follow from Proposition 1.5 that if the subgroup of
R?" generated by (ax,bx), 1 < k < m, is discrete and for some r € N the product ray by € Z
for all k, then f = 0 is the only solution to (1.4), see Proposition 6.3. This gives a new proof
of a special case of [18, Proposition 1.3] and sheds new insights on the problem.

In the last section of the paper we investigate the linear independence of left translations
of functions in LP(G) for abelian-by-finite groups G with no nontrivial compact subgroups.

2. Proof of Proposition 1.5

In this section we will prove Proposition 1.5. Before we give our proof we will give some
necessary definitions. A wunitary representation of G is a homomorphism 7 from G into
the group U(H,) of unitary operators on a nonzero Hilbert space H, that is continuous
with respect to the strong operator topology. This means that 7: G — U(H,) satisfies
m(zy) = w(x)w(y), 7(z7') = n(z)"! = 7(x)*, and x — 7(z)u is continuous from G to H,
for each u € H,. A closed subspace W of H, is said to be invariant if 7(x)W C W for
all z € G. If the only invariant subspaces of H, are H, and 0, then 7 is said to be an
irreducible representation of G. A representation that is not irreducible is defined to be a
reducible representation. We will assume throughout this paper that the inner product (-, -)
on H, is conjugate linear in the second component. If u,v € H,, a matriz coefficient of 7 is
the function F),,: G — C defined by

Fou(z) = (v, m(2)u).

We will indicate the F),, case by F,. An irreducible representation 7 is said to be square
integrable if there exists a nonzero u € H, such that F,, € L*(G). We shall say that u € H, is
admissible if F,, € L*(G). The set of admissible elements in H, will be denoted by Ad(H.,).
A consequence of 7 being irreducible is that if there is a nonzero admissible element in
H,, then Ad(H,) is dense in H,. In fact, Ad(H,) = H, if G is unimodular, in addition
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to Ad(H,) containing a nonzero element. By [11, Theorem 3.1] there exists a self adjoint
positive operator C': Ad(H,) — H, such that if u € Ad(H,) and v € H,, then

/ (v, 7( /G (v, 7(z)u) (o7 (@) dp
= [|[Cull?[|v]|?,

where || - || denotes the H,-norm. Thus if u € Ad(H,), then F,, € L*(G) for all v € H,.

We now prove Proposition 1.5. Suppose there exists a nonzero v € H, for which there
exists a linear dependency among some of the elements 7(g)v, where g € G. So there exists
nonzero constants ci, ca, . . ., ¢, and elements g1, go, . . ., g, from G with 7(g;) # w(gx) if j # k
such that

n

Z cxm(gr)v = 0.

k=1

Let w € Ad(H,). Then 0 # F,, € L*(G). We now demonstrate that F,, has linearly
dependent left translations. For x € G,

<Z CkL(gk)Fv,u> (ZL‘) — Z Cka,u(gk_lx>

k=1 k=1

— Z er(v, (g ' r)u)
k=1
=" afo, (g ()

= (erm(gr)v, (z)u)
k=1

-

= (0, m(x)u)
=0.

S

\E

Cr (g )v, m(2)u)

Therefore, > 7, cxL(gx)F,. = 0. The proof of Proposition 1.5 is now complete.

3. The Affine Group

In this section we give examples of nonzero functions in L?(G), where G is the affine
group, that have a linear dependency among some of its left translations. Let R denote the
real numbers and let R* be the set R\ {0}. Recall that R is a group under addition and R*
is a group with respect to multiplication. The affine group, also known as the ax + b group,
is defined to be the semidirect product of R* and R. That is,

G=R*"xR.
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Let (a,b) and (c,d) be elements of G. The group operation on G is given by (a,b)(c,d) =
(ac,b + ad). The identity element of G is (1,0) and (a,b)™! = (a™!,—a"'h). The left

Haar measure on G is du = % and the right Haar measure is dy = d“ffllb. Thus G is a

nonunimodular group because the right and left Haar measures do not agree. So f € L*(G)

if and only if
dadb
| [ 1ranpE < o

An irreducible unitary representation of G' can be defined on L?(R) by

wla.t) ) =227 (20

a

where (a,b) € G and f € L*(R). Before we show that 7 is square integrable we recall some
facts from Fourier analysis.
Let f € L'(R) N L*(R), the Fourier transform of f is defined to be

- / f(z)e 2 g,
R

where ¢ € R. The Fourier transform can be extended to a unitary operator on L?*(R). For
y € R we also have the following unitary operators on L*(R),

T,f(x) = flz — y), Eyf (@) = 2™ f ()
z) = |y| 712 l .
Dyf(x) = |y f (y) Sy £0)

Given f,g € L*(R) the following relations are also true (f, yg) = < )y 9), <f E,g) =

(E_yf,g) and (f, Dyg) = (Dy-1f,g). Furthermore, T, f E_yf and Dyf D, 1 f. Observe
that for (a,b) € G and f € L2(R),

7(a,0)f(x) = TyDuf(x) = |a| V2 (“”—‘b) |

Using the above relations it can be shown that for f € L?(R),

dadb F(O)P
[rannan= [ [ 1050022 5l [ / gf' de,

see [12, Theorem 3.3.5]. Thus f € L*(R) is admissible if fR* \&I‘ d¢ < oo. The function

f(x) = V2rxe ™" satisfies this criterion since f ( ) = —V2mige € which we obtained by
combining [23, Proposition 2.2.5] with [23, Example 2.2.7]. Hence 7 is a square integrable,
irreducible unitary representation of the affine group G. We are now ready to construct a
nonzero function in L?*(G) that has linearly dependent left translations.

Let x[0,1) be the characteristic function on the interval [0, 1). It follows from the following
refinement equation

Xo.1)(2) = Xpo,1)(22) + X[o,1) (22 — 1)
that

(3.1) 7(1,0)xp0,1) () = 2124 (271,0) xo.1) () + 212 (275271 X, (2).
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Thus x[,1) has a linear dependency among the 7(a, b)x[ 1), where (a,b) € G. We now use
X[0,1) to construct a nontrivial function in L*(G) that has linearly dependent left translations.
Let f € L*(R) be an admissible function for 7 and let (a,b) € G. Then the function

Floot) = (e = [ a2 (220) o

belongs to L?*(G). By Proposition 1.5, F'(a,b) has linearly dependent left translations. More
specifically,

L(1,0)F(a,b) = 27 Y2L(27Y,0)F(a,b) + 27Y2L(27%, 27 ) F(a, b),

which translations to

1/2 —b ! z—b
/ — / -1/ z 7
/|a|12f< )diﬁ /0 |a]12f< - >d +/1/2]a|12f( - )dx.

Equation (3.1) above was used in the proof of [24, Proposition 3.1] to show that the
time-frequency equation (1.3) with C' = v/2 has a nonzero solution. Basically, equation (1.3)
is a reinterpretation of the above refinement equation where the representation 7 is replaced
by an equivalent representation. See [24, Section 3] for the details.

We now turn our attention to the subgroup K of the affine group G which consists of
all (a,b) € G for which a > 0. This was the version of the affine group considered in [24].
The left Haar measure for K is the same as the left Haar measure for G. Up to unitary
equivalence there are two irreducible unitary infinite dimensional representations of K, see
[9, Section 6.7] for the details. One of these representations is given by

m*(a,b)f(x) = a'/?e*™ f(ax) = EyDy- f (2),
where (a,b) € K and f € L?(0,00). The representation 7 is square integrable. We are now
ready to produce a nontrivial function in L?(K') that has linearly dependent left translations.
From (3.1) we have

X[o,1) = 2_1/2D2*1X[0,1) + 2_1/2T271D2*1X[0,1)-

By taking Fourier transforms we obtain

R (€) =272 DyX0.1)(€) + 272 E_y-1DaXo,1)(€)
= 27127271 0)X 0,1 (€) + 2727 (271, =27 )Xo, (6).
(a,

Hence, there is a linear dependency among the 7 (a,b)Xo,1), where (a,b) € K. It follows

from
R e—27ri§ -1
X[o,l)(f) = —_2m.€

that Xjo.1) € L*(0, 00). Pick an admissible function f € L?(0,00) for 7F. Then the function

F(a.b) = (Rom. 7 (a, b)f) = / R (€)at2e M (&) de
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is a member of L?(K). Proposition 1.5 yields the following linear dependency in L?(K)
among the left translations of F(a,b).
F(a,b) = 272027 0)F(a,b) + 27Y2L(27Y, =271 F(a, b).
This equation can easily be verified by using the relations
(efwi&: _ 1)(1 + efﬂ'if)
—2mi€

T ()1 +e) = = o €).

4. Discrete groups and the Atiyah conjecture

In this section we connect the problem of linear independence of left translations of a
function to the Atiyah conjecture. Unless otherwise stated we make the assumption that
all groups in this section are discrete. For discrete groups the Haar measure is counting
measure. Let f be a complex-valued function on a group G. We will represent f as a formal
sum -  ag9, where a, € C and f(g) = a,. Denote by (*(G) those formal sums for which
> geq lagl’ < 0o, and CG, the group ring of G' over C will consist of all formal sums that
satisfy a, = 0 for all but finitely many g. The group ring CG can also be thought of as
the set of all functions on G with compact support. If g € G and f = Y a2 € *(G),
then the left translation of f by g, L,f is represented by the formal sum ) _. a,-1,2 since
Lyf(x) = f(g~"2). Suppose a = _sa,9 € CG and f =37 _;b,g € (*(G). We define a
multiplication, known as convolution, CG x ¢*(G) — (*(G) by

axf= Z agbpgh = Z (Z agh—lbh> qg.

g,heG geG \heG

Left multiplication by an element of CG is a bounded linear operator on £*(G). So CG can
be considered as a subring of B(£*(G®)), the space of bounded linear operators on ¢*(G). We
now define two subalgebras of B(¢*(G)) that will be used in Section 5. Let C.(G) be the
operator norm closure of CG in B(¢%(G)). The space C*(G) is known as reduced group C*-
algebra of G. The group von Neumann algebra of G, which is denoted by N (G), is the weak
closure of CG in B(¢*(G)). We shall say that G is torsion-free if the only element of finite
order in G is the identity element of G. We now state a version of the Atiyah conjecture,
which can also be considered an analytic version of the zero divisor conjecture:

CONJECTURE 4.1. Let G be a torsion-free group, if 0 # a € CG and if 0 # f € (*(G),
then ax f # 0.

The hypothesis that G is torsion-free is essential. Indeed, let 1 be the identity element of G
and let g € G such that g # 1 and g" = 1 for some n € N. Then (1+g+---+¢" 1)*(1—g) = 0.
The Atiyah conjecture is important in the study of von Neumann dimension. For further
information see [5, 16, 17] and [20, Section 10].

The following proposition gives the link between zero divisors and the linear independence
of left translations of a function.

PROPOSITION 4.2. Let G be a discrete group and let f € (*(G). Then f has linearly
independent left translations if and only if ax f # 0 for all nonzero a € CG.
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PROOF. Let g € G and let f =3 _,a,x € (*(G). Then
gx f= Zaxg:v = Zagflzx = Ly(f).

zeG zelG
Consequently, if ¢g1,..., 9, € G are distinct and ¢4, ..., ¢, are constants, then
Z ckL(g) f = Z Crg * f = (Z Ckgk:) * f.
k=1 k=1 k=1
The proposition now follows since > _; cxgr € CG. O

As we saw in Section 3 there are nontrivial, square integrable functions on the affine group
that have a linear dependency among their left translations. Since all nonidentity elements
of the affine group have infinite order, it seems reasonable by taking a discrete subgroup D of
the affine group, such as 1 x Z, we might be able to construct a nontrivial function in ¢2(D)
that has a linear dependency among its left translations. It would then be an immediate
consequence of Proposition 4.2 that Conjecture 4.1 is false. However, this is not the case.
The affine group is a solvable Lie group, and all discrete subgroups of solvable Lie groups are
polycyclic. By [16, Theorem 2] Conjecture 4.1 is true for torsion-free elementary amenable
groups, a class of groups that contain all torsion-free polycyclic groups.

5. Proof of Theorem 1.6

In this section we prove Theorem 1.6. We start by giving some necessary background
and definitions. Recall that our standing assumptions on the group G is that it is locally
compact, Hausdorff with invariant left Haar measure p. Let gi,...,9, be elements of G
and let cy,...,c, be some constants. Set 0 = > ¢yl and 0* = Y, Ekngl. So

0 € B(L*(@G)), the set of bounded linear operators on L?(G). Define
CG = {Z agLy | a; = 0 for all but finitely many g € G}.

geG

The set CG is a *-subalgebra of B(L*(G)) because L,L;, = Lg,. Note that if there exists
a nonzero f € L?(G) with linearly dependent left translations, then there exists a nonzero
0 € CG with 0f =0. Let f1, fo € L*(G) and g € G. Tt follows from

(Lofrs 2) = (frs Ly f)

that 6* is indeed the adjoint of 6.

For the rest of this section H will denote a discrete subgroup of G. We will also assume
that GG is o-compact in addition to our standing assumptions on GG. The subgroup H acts of
G by left multiplication. By [1, Proposition B.2.4] there exists a Borel fundamental domain
for this action of H on G. More precisely, there exists a Borel subset B of G such that
hBNB =1 forall h € H\1and G = HB (thus B is a system of right coset representatives
of H in G which is also a Borel subset). If X is a Borel subset of GG, then we will identify
L*(X) with the subspace of L?(G) consisting of all functions on G whose support is contained
in X.
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Let {q; | i € Z} be a Hilbert basis for L*(B). We claim that S := {hq; | h € H, i € I} is
a Hilbert basis for L?*(G). First we show that S is orthonormal. If h # k, then (hg;, kq;) = 0,
because the supports of hg; and hg; are contained in hB and kB respectively, which are
disjoint subsets. On the other hand if h = k, then (hq;, hq;) = (¢, q;), because the Haar
measure is left invariant. This proves that S is orthonormal. Finally we show that the closure
of the linear span S of S is L(G). It will be sufficient to show that L?(hB) C S. Denote
by xnp the characteristic function on hB. If f € L?*(G), then we may write f =Y,y fn,
where f, = xnpf (so fn has support contained in hB). Thus it will be sufficient to show
that L2(hB) C S. Since S is invariant under H, it will be sufficient to show that L?(B) C S,
which is obvious because the ¢; form a Hilbert basis for L?(B).

For 6 € B(L*(G)) or B(¢*(H)), let ||6]| or ||0]" denote the corresponding operator norms
respectively. For i € Z, let S; = {hg; | h € H} and let S; denote the closure of S;. Observe
that we have a natural isomorphism ¢;: B(S;) — B(¢*(H)) induced by hg; — h: S; — (*(H).
Now L*(G) = @;c;S: (where @ indicates the Hilbert direct sum). We will need the
following

LEMMA 5.1. Let 6 € CH. Then ||0] = 0|

PROOF. Note that 6 can be considered as an operator on L*(G) or (*(H). Let u € L*(G),
we may write u = ) . u; with u; € S;. So

161l = sup  [ulla = sup 10wl
weL?(G), [lull2=1 wel2(G), lulo=1 47
< sup Y A/ lION 2wl = 10
weL2(G), Ilull=1 {7

Fix ¢t € Z. Then

101"="_sup  [[fulla < sup  [|fully <[|6].
ueS.. lul2=1 WEL(G), [[ufe=1

Therefore, [|0] = ||0]/’. O

Denote by O(H) the operator norm closure, and W(H) the weak closure of CH in
B(L?*(H)). The space W(H) is a von Neumann algebra and by the double commutant
theorem is equal to the strong closure of CH in B(L*(G)). Recall that in Section 4 we
defined the discrete group versions, C*(H) and N (H) in B(¢*(H)), of the above algebras.
Note O(H) C W(H) and C}(H) C N(H). We now relate these various algebras:

PROPOSITION 5.2. There is a *-isomorphism «: W(H) — N (H). Moreover, « preserves
the operator norm and maps O(H) onto C.(H).

PROOF. Recall that for u € L?(G) we can uniquely write u = >, ; u; with u; € S;. Let
6 € W(H). Then there exists a net (§;) in CH which converges strongly to 6. Therefore
for every u € L*(G), the net (f;u) is convergent in L*(G), consequently the net (6;u;) is
convergent for every j, in particular (6;f) is a Cauchy net in ¢>(H) for every f € (*(H). We
deduce that (6;) is a Cauchy net in B(¢*(H)) (in the strong operator topology) and hence
converges to an operator §' € N(H). We note that ' doesn’t depend on the choice of the
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net (6;) and therefore we have a well-defined map a: W(H) — N (H), where a(f) = 6 and
« is the identity on CH.

We now construct the inverse to a by reversing the above steps. Let ¢ € N(H). By the
Kaplansky density theorem there exists a net (#;) in CH which converges strongly to ¢ and
16;]]" bounded. Thus ||6;|| is bounded because ||6;|| = ||6;]|" for each i by Lemma 5.1. Now
let w € L*(G). If J is a finite subset of Z, set vy = Y, ,u;. Then (f;v;) converges in
L?(G) for every J. Since ||6;]| is bounded, it follows that (f;u) is convergent in L?(G) and
we conclude that (6;) converges strongly to an operator ¢ € B(L*(G)). It follows that we
have a well-defined map ¢ — ¢: N(H) — W(H), which is the inverse to a.

It is easily checked that « is a *-isomorphism and therefore is an isomorphism of C*-
algebras, in particular it preserves the operator norm. We deduce that a maps O(H) onto
CI(H). O

Pick a v € T and set T = @, (,y Si, 50 L*(G) = S, @T and B(S,) ® B(T) C B(L*Q)).
Observe that there is a natural projection from B(S,) & B(T) — B(¢(*(H)). Combining this
observation with Proposition 5.2 we obtain the following commutative diagram.

__—B(S)eB(T) C B(LYG))
- W(H)

O(H)
CH < la o
C.(H)
T N(H)
B
Now suppose that # € CH and 6 * f = 0 for some nonzero f € L*(G). Let 7 € B(L*(GQ))
denote the projection of L?(G) onto ker §. Then 0 # = € W(H) and hence 0 # a(n) € N (H).

It follows that there exists 0 # f € B((*(H)) such that 6 x f = 0. We can summarize some
of the above as follows.

PROPOSITION 5.3. Let H be a discrete subgroup of the o-compact locally compact group
G and let 0 € CH. If 0% f =0 for some non-zero f € L*(G), then 0k = 0 for some non-zero
ke (*(H).

Now let H be a torsion-free group which satisfies the strong Atiyah conjecture, e.g. a
torsion-free elementary amenable group. Then for 0 # 6 € CH, we know that 6k # 0 for all
non-zero k € (*(H). Tt follows from Proposition 5.3 that 6% f # 0 for all non-zero f € L*(G),
in other words, any nonzero element of L?(G) has linearly independent H-translations. The
proof of Theorem 1.6 is now complete.

In a similar fashion, we can prove

THEOREM 5.4. Let G be a locally compact o-compact group and let H be an amenable
discrete subgroup of G. If « is a non-zerodivisor in CH, then a x f # 0 for all nonzero

fe Q).
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PROOF. Since aff # 0 for all nonzero g € CH, it follows that a8 # 0 for all nonzero
B € (*(H) by [8, Theorem] (or use [20, Theorem 6.37]). The result now follows form
Proposition 5.3. 0

We saw in Section 3 that for the affine group A there exists nonzero f in L?(A) with
linearly dependent left translations. However, Z can be identified with the discrete subgroup
1 x7Z of A. A direct consequence of Theorem 1.6 is

COROLLARY 5.5. Let A be the affine group. Then every nonzero f in L*(A) has linearly
independent left Z-translations.

6. The Weyl-Heisenberg group

In this section we use techniques developed in this paper to determine when f = 0
is the only solution to the time-frequency equation (1.4). The relevant group here is the
Weyl-Heisenberg group since it has an irreducible representation that is square integrable.

Let n € N. The Heisenberg group H, is the set of (n + 2) X (n + 2) matrices of the form

1 a =z
0 1, b
0O 0 1

where a is a 1 X n matrix, b is a n X 1 matrix, the zero in the (2, 1) position is the n x 1 zero
matrix, the zero in the (3, 2) position is the 1 X n zero matrix, and the 1,, in the (2, 2) position
is the n xn identity matrix. Another way to represent H, is as the product R x Rn xR™. Here
we view R” as nx 1 column matrices and R” as 1xn row matrices. For (z1,a1,b1), (22,a2,b9) €
H,, the group law becomes (21, a1, b1)(22, az,be) = (21 + 29 + ay - by, a1 + ag, by + be). Thus the
identity element in H, is (0,0,0) and (z,a,b)™" = (a-b— z,—a,—b). For f € L*(R") and
(z,a,b) € H, define
7_‘,(2, a, b)f(SC) — 627ri26727ria-b€27ria-:1:f(x o b)

It turns out that 7 is a representation of H, on L*(R"™). Indeed, let (z1, a1, 1), (29, a2,bs) €
H,. Then

77(7517 a, bl) (71'(22’ as, bg)f(x)) _ 77(21: a, b1>(62m‘z2e—27ria2~b2627ria2~acf(x o bg))

— 627”,21 627r1z2672ma1-b16727rm2-b2 627rm1-z€27ma2-(xfb1)f<x . b2 . bl)

_ 627ri(z1+22)e—?m’(al-b1+a2'b2)€—27ria2-b1 eZWiag-xf(x . (bl + bZ))

— 627ri(21+zg+a1'b2)e—?ﬂ'i(dl+(12)'(b1+b2)€27ri(a1+a2)'$f(x _ (bl + b2))

= (7T(21> ay, by)m(ze, as, b2))f(x)

Let Z = ((27,0,0)), the subgroup of H, generated by (27,0,0). Set H, = H,/Z. The
group H, is known as the Weyl-Heisenberg group. Clearly Z = kerm and so 7 induces a
representation 7 on H,. Observe that H, = {(t,a,b) | t € T,a,b € R"} (here T is the
unit circle {z € Z | |z| = 1}). The Lebesgue measure on H, = R x R" x R" is left and
right invariant Haar measure on H,. Similarly, Lebesgue measure on T x R™ x R" is left
and right invariant Haar measure on H,, (here Lebesgue measure on T is normalized so that
Jpdt =1). The next result was proved in [13, Proposition 3.2.4] for the special case n = 1.
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By interchanging the roles of a and b the proof given there carries through verbatim to our
case.

PROPOSITION 6.1. If f, g € L*(R"), then

L[ [ sata bl sda = 7181l

COROLLARY 6.2. The representation 7@ of H, on L2(R™) is unitary and square integrable,
and every g € L*(R") is admissible.

PRroOF. By taking f = g in the above proposition we see immediately that every element
of L*(R™) is admissible. Suppose g € L*(R") \ {0} is fixed and assume f € L*(R") satisfies
(f, 7(t,a,b)g) = 0 for all (t,a,b) € H,. Then ||f||2]lg|l = 0 and it follows that f = 0. Hence
7 is irreducible as desired. U

PROPOSITION 6.3. Let n € N, let (ax,br) € R* such that (ay,by) generate a discrete
subgroup of R* and ay, - by, € Q for all k. If

> e f(t 4 ax) =0
k=1

with 0 # ¢ € C constants, then f = 0.

PrOOF. We have R?" = ~n/']I‘ Lift the (ag,bx) to elements g; € H,. Note that
(g1, --.,9k) is a discrete subgroup of H,. We claim that o := = >, gk is a non-zerodivisor in
CH,. Indeed if 0 # 3 € CH, and a8 = 0, let T be a transversal for T in H, containing
T and write 3 = ), it where 3, € CT. Since R?" is an ordered group, we can apply a
leading term argument: let k£ be such that g, € T is largest and let s € T" be the largest
element such that 5, # 0. Then by considering gxs, we see that Sy # 0 because aff = 0,

which is a contradiction. The result now follows from Proposition 1.5, Corollary 6.2 and
Theorem 5.4. U

7. Virtually abelian groups

In this section we consider virtually abelian groups, that is groups with an abelian sub-
group of finite index.

PROPOSITION 7.1. Let G be a locally compact group which has an abelian closed subgroup
A of finite index, and let 1 < p € R. Assume that if 0 # ¢ € CA and 0 # f € LP(A), then
of #0. Let 0 # f € LP(G), let H < G and let 6 € CH.

(a) If 0 is a nonzero divisor in CH, then 6f # 0.
(b) If H is torsion free and 0 # 0, then 0f # 0.

PROOF. Note that CA is an integral domain. Let B be the intersection of the conjugates
of Ain G, a closed abelian normal subgroup of finite index in G. Let {a4, ..., a,} be a set of
coset representatives for B in A. Then LP(A) = )", LP(B)a; and we see that if 0 # ¢ € CB
and 0 # f € LP(B), then ¢f # 0. Let {¢1,..., 9.} be a set of coset representatives for B in
G. Then LP(G) = @}_, L*(B)g;. We may view this as an isomorphism of CB-modules. Set
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S = CB\ {0}. Then we may form the ring of fractions S™!CG. Since every element of S is a
non-zerodivisor in CG, it follows that S™*CG is a ring containing CG. Furthermore S~!CB
is a field, and ST!CG has dimension n over this field. Therefore S™'CG is an artinian ring,
and since S™!CB is a field of characteristic zero, we see that S™'CG is a semisimple artinian
ring, by Maschke’s theorem. We deduce that non-zerodivisors in S™!CG are invertible. Using
[10, Theorem 10.8], we may form the S~'CG-module S~'LP(G).

(a) If 6 is non-zerodivisor in CH, then 6 is a non-zerodivisor in CG and hence is invertible in
STICG, so 67! exists. We may regard f as an element of S~'LP(G), because S~ LP(G)
contains LP(G). So if f = 0, then 67'0f = 0, consequently f = 0 and we have a
contradiction.

(b) If H is torsion free, then we know that every non-zero element of CH is a non-zerodivisor
in CH; this was first proved by K. A. Brown [4]. Thus the result follows from (a). O

THEOREM 7.2. Let G be a locally compact group with no nontrivial compact subgroups
and let 1 < p < 2. Suppose G has an abelian closed subgroup of finite index. Then every
nonzero element of LP(G) has linearly independent translations.

PROOF. Let A be an abelian closed subgroup of finite index. Since GG has no nontrivial
compact subgroups, the same is true for A and in particular A is torsion free. Furthermore
if0# ¢ € CAand 0+# f € LP(A), then ¢f # 0 by [7, Theorem 1.2]. The result now follows
from Proposition 7.1(b). O

THEOREM 7.3. Let G be a locally compact abelian group, let n € N, and let 1 < p € R.
Assume that p < 2n/(n —1). Suppose G has a closed subgroup of finite index isomorphic to
R™ or Z" as a locally compact abelian group. Let H < G, let 0 € CH, and let 0 # f € LP(G).

(a) If 0 is a nonzero divisor in CH, then 0f # 0.
(b) If H is torsion free and 0 # 0, then 6f # 0.

Proor. We apply Proposition 7.1 with A = R™ and Z". We need to check the hypothesis
that if 0 # ¢ € CA and 0 # f € LP(A), then ¢f # 0. For the case A = R", this follows from
[24, Theorem 3|, while for the case A = Z", this follows from [19, Theorem 2.1]. O






CHAPTER 3

Isomorphisms of C*-Algebras

1. Introduction
The classical zero divisor conjecture states
CONJECTURE 1.1. If H be a torsion-free group, then the group ring CH is a domain.

There are various other ways of stating this conjecture. Let L be a vector space over C and
suppose H acts on the left of L, equivalently L is a left CH-module. Suppose 8 € L. Then
we say that [ has linearly independent translates (or translations) if given distinct elements
g1,---,9n € H, the set {¢:15,..., 9,08} is linearly independent over C. Then Conjecture 1.1
can be stated as

CONJECTURE 1.2. Let H be a torsion-free group and let L = CH. If0# 5 € CH, then
B has linearly independent translations.

Yet another way of stating Conjecture 1.1 is

CONJECTURE 1.3. Let H be a torsion-free group, let L = CH and let 0 # o € L. Then
a 1s a non-zerodivisor in L, i.e. if 0 # 3 € L, then af8 # 0.

In a general ring R, the element « is a left non-zerodivisor if a8 # 0 for all g € R\ 0,
whereas « is a right non-zerodivisor if Sa # 0 for all § € R\ 0. Finally « is a non-
zerodivisor means that « is both a left and right non-zerodivisor in R, that is a8 # 0 # B«
for all 5 € R\ 0. Thus in Conjecture 1.3, if L happens to be a ring and CH is a subring of
L and the left module structure is given by left multiplication, then « is a non-zerodivisor
in L really means « is a left non-zerodivisor in L.

In this paper we will consider other choices for L, which all have CH naturally embedded.
Let G be a locally compact group with a left Haar measure (all topological groups considered
will be Hausdorff), and let L?(G) denote the square integrable functions on G (where two
functions are considered equal if and only if they disagree only on a set of measure zero).
In the special case G is discrete, we shall write *(G) for L?(G). Then H acts on L*(G)
according to the rule h(f(g)) = f(h'g). The case H = G and L = L*(G) was considered
in [24] for various torsion-free groups G. In particular it was shown there [24, Proposition
3.2] that for G the affine group, there exists 0 # f € L*(G) which has linearly dependent
translations. The same paper leaves the case G is the Heisenberg group open. Also it was
pointed out there [24, p. 464] that if G has an element of finite order, then there always
exists a nonzero f € L?*(G) with linearly dependent translations. On the other hand, if G is
a LCA (locally compact abelian) group, without nontrivial compact subgroups, then every
nonzero f € L*(G) has linearly independent translations.

19
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The special case G is discrete is closely related to what is often termed the Atiyah
conjecture [21, §10]. It is not difficult to see that if H < G and H is a torsion-free group which
satisfies the strong Atiyah conjecture [21, Conjecture 10.2], then every nonzero element of
CH is a non-zerodivisor in /?(G). The strong Atiyah conjecture holds for torsion-free groups
that have a normal free subgroup with elementary amenable quotient [21, Theorem 10.19]
and many other groups.

Let K be a field, e.g. R or C, and let n € N, the positive integers. M(n,K) denote
the n x n matrices with entries from K, and let I,, denote the identity matrix of M(n, K).
Define Tr(n,K) = {(a;;) | a;; = 0if ¢ < j}, the strictly upper triangular matrices, and let
Try(n,K) = I, + Tr(n, K), the upper unitriangular matrices. Then Try(n, K) for K =R or C
is a locally compact group. Let B(V') indicate the bounded linear operators on the Hilbert
space V and define O(H, G) to be the operator norm closure of CH in B(L?*(G)). We shall
prove

THEOREM 1.4. Let G be a LCA group or Tri(n,R) or Tri(n,C), and let H be an abelian
subgroup of G. Then every nonzero f € O(H,G) has linearly independent H -translations.

The method of proof will be to identify O(H, G) with the reduced group C*-algebra of
H, and then the proof is easy.

The concept of having linearly independent translations is closely related to whether the
left CH-module L is flat as a left CH-module. Indeed suppose L is a CH-bimodule, which
is the case in many natural situations. For example the case L = L*(G); then H acts on
both the left and right of L, so for f € L?(G) and h € H, we have (fh)(g) = f(gh™!). Of
course if H is abelian, then L is always naturally a CH-module. Let us suppose that CH is
a domain; this will certainly be the case if H is torsion-free abelian. Then it is not difficult
to see that if L*(G) is a flat right CH-module, then every f € L has linearly independent
left translations.

One could consider closely related problems with Hopf algebras. For example let L be
a Hopf algebra over the field £ and let H be a subgroup of the group-like elements of L
[6, Definition 1.4.13]. Then kH (the k-linear span of H in L) is a k-subalgebra of A which
is isomorphic to the group algebra of the group H over the field k& [6, Proposition 1.4.14,
Remark 4.2.9]. Let us assume that kH is a domain (thus H is torsion free). Then it follows
[22, Theorem 6] that L is a flat right (and left) kH-module. If 0 # o € kH, then left
multiplication on kH is an injective right kH-module homomorphism. It now follows from
the right flatness of L over kH that left multiplication by « on L is also an injective right
k H-module homomorphism and hence « is a left non-zerodivisor in L. Similarly « is a right
non-zerodivisor in L and therefore « is a non-zerodivisor in L. Of course in the previous
paragraphs, we could have replaced C with an arbitrary field k. Thus we obtain that if
0 # f € L, then f has linearly independent translations.

2. Notation, terminology and assumed results

In this section we collect together some notation, terminology and well-known results.

Let N denote the positive integers {1,2,...}, and let T = {t € C| |t| = 1}. The order
of an element ¢ in a group will be denoted o(g). For r € N, let T, = {t € T | t" = 1},
the rth roots of unity in T, indicate the Pontryagin dual of Z/rZ. Suppose H is a finitely
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generated abelian group. Then H = Z x Z/r\Z x --- X Z/r.Z, where 0 < d,e € Z and
1 < r; € N for all i. Therefore we may choose z1,...,24,41,...,y. € H such that (z;) = Z
and (y;) = Z/r,Z for all i, and

(2.1) H = (z1) X === X (xg) X (Y1) X -+ X (Ye).
If we set n =d+ e and z; = y;_4 for d+ 1 < i < n, then equation 2.1 becomes
(2.2) H = (x1) x -+ X ().

When dealing with finitely generated abelian groups, we will often write H in one the
above forms.

Let G be a locally compact group and let H be a subgroup of G. Then we have two
actions of CH on a Hilbert space, namely the action on L*(G) and the action on (*(H);
when we write (2(H) (small ¢), we are always considering H as a discrete group. Let us
recall how these actions are defined. If f € L*(G), then f: G — C is a square integrable
function, and for h € H and g € G, we define hf(g) = f(h™'g), and this extends by linearity
to an action of CG on L*(G). The same formula works for the action of H on ¢(*(H). We
may also consider ¢*(H) as all formal sums {}° a9 | >, a,|* < oo}

For a € CG, let supp « indicate the support of «, so if we write a = deg
ay € C, then suppa = {g € G | a; # 0}. Also denote the operator norm closure of CH in
B(¢?(H)) by C;(H). Note that C;(H) is the reduced group C*-algebra of the discrete group

H. In the case H is abelian, it is well-known that C.(H) = C(H), the ring of continuous
functions on the Pontryagin dual H of H [?, Proposition VIIL.1.1]. We note if H was not

ayg where

discrete, we would have to replace C(H) with Co(H), the continuous functions vanishing at
infinity, but when H is discrete, then H is compact. Furthermore in this isomorphism, the
operator norm is the sup norm on C’o(]:!). In the special case H = Z", then H = T" and
CH corresponds to the Laurent polynomial functions on T". Since the zero set of such a
nonzero polynomial is finite, it has measure zero and so is a non-zerodivisor in C; (H). Thus
nonzero elements of CH are non-zerodivisors in C;(H).

For H a discrete locally compact group, let ¢o( H) denote the functions on H which vanish
at oo, thatis {f: H — C| given € > 0, there exists a finite subset F' of H such that |f(h)| <
e forall h € H\ F}. Thus (*(H) C co(H) and we define a multiplication, often called con-
volution, ¢*(H) x €*(H) — co(H) as follows: if a =37y agg, 8=, anh, then

aff = Z agbpgh = Z(Z aghy-1,)x.
geH, he H x€H geH

We can view C.(H) as a subspace of £2(H) by sending 0 € C.(H) to (1) € (>(H), where 1
indicates the element of ¢2(H) which is 1 on the identity element of H and zero on the other
elements of H. Then the multiplication is given by convolution.

3. Preliminary Lemmas

LEMMA 3.1. Let G be a LCA group and let H be a finitely generated subgroup of G.
Write H as in equation 2.2. Given &,--- ,&, € T where § € T,, if o(x;) = r;, then there
exists a mazximal ideal in O(H,G) containing the ideal (x1 — &1, -+ , T — &n).
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PROOF. Let y € Gie. x: G — Twith||x|| = Landlet e > 0. Since {(x(z1),--- , x(2,)) |
X € G} is dense in T x T, x---xT,, by Lemma 4.5, we may choose z; € H such that
Ix(z;) — &| < e for all i. Then

(2 = &)X (@) = [x(tai) — Gx(B)] = [x () (x(z:) — &)
< X)) = &)
= [x(a:) =&l <e

-1
By the Fglner condition let U C GG measurable such that % < €/n where A denotes
X

the symmetric difference and m(-) is the measure. Define y = @) on U and zero

otherwise. For t € (U Nx;'U) we have

nl(es — €70 = (2 — &) 2| < () ( ‘ ) .
For t € (UAx;'U) we know that
(s — €T < — e

Since m(UAz; 'U) < ex/m(U) we conclude that

(: — €)X(E)] < (%) m(UAZ'U) < 2v/e/n.

Finally for t € (U® — g;i—lU) by assumption x(¢) = 0 and hence ¥(t) = 0. It follows that
nll(zi — &)X ()]l2 < €+ 2Ve.

Now if there does not exist a maximal ideal in A containing (zq — &1, -+ , 2, — &,), then 1
must be in the closure of (zq7 — &, , 2, — &,). Then 3 «; € CG such that
1
11 = (21 = &)an =+ = (w0 = &a)eull < 5.

This implies that for u € L*(G) with |lulls = 1

(1= (21 — &)an — - — (w0 — Ex)om)ull2 < %

Using the triangle inequality we obtain,

Jule < (s = &)aru+ -+ + (@ — Eaau) + 5.

Set u = x. Then
[((z1 — &) onu+ - + (T — &n)anu) |2 < €+ 2v/e

by the above calculation which is absurd since |lu|y = 1. O
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Let K be a field, e.g. R or C. Let n € N and let m € Z with 0 < m < n. Let Tr(n,K) =
{(ai;) | a;; = 0if ¢ < j}, the strictly upper triangular matrices. Let Tr(m,n,K) C M(n, K)
denote {(a;;) | a;; = 0if7 < j, ori > mand j < n+ 1 — m} and set Try;(m,n,K) =
I+ Tr(m,n,K). Note that Tr(m,n,K) is a K-subspace M(n, K), Tr(n,n,K) = Tr(n,K) and
Try(m, n,K) is a subgroup of GL(n,K). Furthermore Tr(0,n,K) = 0, Try(0,n,K) = 1, and
Tri(1,n 4 2,K) is often called the n-dimensional Heisenberg group and denoted H(n, K).

LEMMA 3.2. Let U be a K-subspace of M(n,K) and set G =1+ U :={l+u|ueU}.
Suppose G < GL(n,K). Then
(a) G is nilpotent.

(b) Let A be a mazimal abelian subgroup of G. The A =1+V for some K-subspace of U.

PROOF. Suppose u € U has a nonzero eigenvalue A with an associated eigenvector v,
then uwv = Av. By using a basis of the form {u, ...}, we may assume that

A k-
0 * ---
U = L | eU.
0o : .
0 % --- %

Since U is a subspace, we see that —\~'u € U and hence

—1 % *
2 lu= 0 eU.
0 = *
0 = *
Since G = I + U, we deduce that
0 % -+
T-xtw=|%" " *lea
0 = . %
0 * --- =«

has a zero eigenvalue. But G < GL(n, K), whose elements have no zero eigenvalues and now
we have a contradiction. Therefore all the eigenvalues of u are zero. Thus G is a unipotent
group and it follows that G is nilpotent [26, Corollary 1.21]. This proves (a).

Each element of A can be written uniquely as I + N where N € U, consequently we may
write A = I +V where V C U. We show that V is a K-subspace of U. Let KV denote
all K-linear combinations of elements of V', i.e. the K-subspace generated by V. It is easily
checked that the elements of KV commute, because the elements of V' commute, and that
KV C U. Set Ay = (I + KV). Since the elements of I + KN commute, A; is an abelian
subgroup of GG. Since A is a maximal abelian subgroup of G it follows that A = A;. We
deduce that V' = KV is a K-subspace of U, and (b) is proven. O

Now specialize to the case K = R or C. Then G is nilpotent by Lemma 3.2(a), and a
maximal abelian subgroup A of GG is a simply connected closed subgroup of G by Lemma
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3.2(b). Let g denote the Lie algebra of G. Then G is a simply connected nilpotent closed
linear group and the exponential map exp: g — G is a homeomorphism. [14, pp. 2, 6].

Let a = {X € g | exp(sX) € A} for all s € R, a Lie subalgebra of g. Since A is a
closed linear group, a is the Lie algebra of A [14, Proposition 0.14]. Let b be a vector space
direct complement of a in g and set B = exp(b). Since A is a simply connected nilpotent
analytic group, the exponential map exp: a — A is a homeomorphism [14, Theorem 1.127].
Therefore G = exp(a) x exp(b), and every element h of g is uniquely of the form (a,b) where
a € A and b € B. Furthermore if p € A, then the unique form for ph is (pa, b), because A is
subgroup of G.

Now if x is a character on A, then the way we want to extend x to ¥’ on G is by the
formula y'(ab) = x(a). Suppose x € A and t € G. Write t = yb where y € A and b € B.
Then

Let GG be defined as in Lemma 3.2.

LEMMA 3.3. Let H be a finitely generated abelian subgroup of G. Write H = (1, ..., x,).
Given &1, -+, &, € T where o(&;) = oo, then there exists a mazimal ideal in O(H,G) con-
taining the ideal (x1 — &1, -+ ,xp — ).

PROOF. Let A be a maximal abelian subgroup of G containing H. Let x € A ie.
X : A — T with ||x|]| = 1 and let € > 0. Since {(x(z1), -+, x(zs)) | x € A} is dense by
Theorem 4.5 in T", we may choose x € A such that |x(z; ') — &| < € for all 4. Then

(s = &X' ()] = x (27 )X (1) = &X' (O] = X' (1) (x(=71) = &)I < IV Ol (x(27) = &)
= Ix(z7') — &l <e

-1
By the Fglner condition let U C G measurable such that % < €¢/n where A denotes
the symmetric difference and m(-) is the measure. Define Y = —X— on U and zero

otherwise. For t € (U Nxz; 'U) we have

(s — &)7(0)] = (- 6) 0| m<U>( 6 )—e.
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Since m(UAz;*U) < ex/m(U) we conclude that

L()) m(UAz;'U) < 2/¢/n.

m(U

(i = &)X ()] < (

Finally for ¢ € (U® — z; 'U) by assumption ¥ (¢) = 0. It follows that
nll(zi = &)X < €+ 2ve.

Now if there does not exist a maximal ideal in A containing (zq — &1, -+ , 2, — &,), then 1
must be in the closure of (z; — &, , 2, —&,). Then 3 a; € CG such that
1
||1 - (371 - gl)al - (mn - gn)anH < 5
This implies that for u € L*(G) with |lullz = 1
1
”(1 - (1’1 - 51)051 - (xn - gn)an)u‘b < 5

Using the triangle inequality we obtain,

Jule < (s = &)aru+ -+ + (@ — Eaau) + 5.

Set u = x. Then
(21 = E)enu + -+ (2, — &n)anu) |2 < € +2V/e

by the above calculation which is absurd since ||ul|s = 1. O

4. Theorems and Proofs

THEOREM 4.1. Let G be either LCA or of the form G =1+ U :={I +u | u € U} where
U is a K-subspace of M(n,K). Let H be a finitely generated abelian subgroup of G, then the
identity map on CH extends to a C*-algebra isomorphism from O(H,G) to C(H).

n factors

PROOF. Write H = Z X -+ X Z X ZJrZ X -+ X LJreZ = {x1,- - ,x,) where z; is the
generator of the ¢th factor. Then

n factors

A\

ClH)=CH)=C(Tx---xTxT, x---xT,,).

Recall that if C' is an abelian C*-algebra with a 1, then every maximal ideal M of C has
codimension 1 in C, and if X is the space of maximal ideals (with the appropriate topology),
then C' = C(X). From this, we see that if a € C, then « is invertible in C' if and only is «
is nonzero on X, equivalently, a ¢ M for all M € X.

Now let & € CH. Let M be a maximal ideal of either O(H, G) or C;(H). Then M NCH

is a maximal ideal of CH, and will have the form (z; — &, -+ , 2, — &), where || =1 for
1 <i<mnand o(&)|o(z;). Furthermore by Lemma 3.1 and Lemma 3.3 for each §; € C with
|&| = 1, there exist maximal ideals in O(H, G) containing (x; — &, -+ , 2, — &,) provided

o(&)|o(z;). The same holds for C;(H). This has the following consequence: if a € CH,
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then « is invertible in O(H, G) if and only if « is invertible in C.(H). Now ||a| = 1/[|aa*].
Furthermore, if f = aa™*, then the norm of § is the spectral radius of 5. Since g — Al is
invertible in O(H,G) if and only if 3 — Al is invertible in C(H), we see that ||3|| is the
same whether we consider it as an element of O(H,G) or an element of C;(H). The same
can be said for the general element . We conclude that the identity map on CH extends
to an isomorphism from O(H,G) onto C.(H). O

COROLLARY 4.2. Let H be any subgroup of the LCA group G. Then the identity map on
CH extends to a C*-algebra isomorphism from O(H,G) to C.(H).

PROOF. Let || - || denote the norm on O(H,G), and let || - ||, denote the norm on C;(G).
If 9: CG — CG denotes the identity map on CG and a € CG, then ||a|| = ||6]| by Theorem
4.1. Tt follows that 6 extends to a C*-algebra isomorphism from O(H,G) onto C(H). O

REMARK 4.3. Note that if H is a group and o € CH, then a« € CK for some finitely
generated subgroup K of H.

THEOREM 4.4. Let H be a discrete group and let « € CH. Assume that a« € CK for
some finitely generated subgroup K of H by remark 4.3. Suppose 0 # B € C.(H) and o3 = 0.
Then there exists 0 # v € C,(K) such that ary = 0.

PRrROOF. We view C;(H) as a subspace of (*(H). Then the multiplication is given by
convolution. Let g € supp(83). Then a(Bg~!) = 0 and 1 € supp(Bg~!), so we may assume
that 1 € supp(3). Write 8 = ),y bnh. Set B1 = >, bpk and 3y = deH\K byg. Then
afy + afy = af = 0. Since supp(af;) € K and supp(afy) C H \ K, we deduce that
af; = 0. Also 1 € supp(f1), so f1 # 0 and the result follows. O

THEOREM 4.5. Let G be a locally compact Hausdorff abelian group and let H be a finitely
generated subgroup of G. Write H = (x1) X -+ X (xg) X (y1) X - -+ X (Ye), as in equation 2.1.
Then {x(z1),...,x(y.) | x € G} is dense in T? x T,, X --- x T,,.

PROOF. Let Y = T?x T, x--xT, ,s0Y = HandY =~ H. We may view Y as elements
(t1,. .. ta,S1,...,8¢), where t; € T and s; € T,, for all i. Set X := {(x(x1),...,x(ve)) | x €
Gl}and Y :=T¢x T, x ---xT,. Then X <Y. Suppose X is not dense in Y, i.e. X #Y.
Then there exists a nontrivial character 1: Y — T such X C ker, by [25, Theorem 2.1.2].

It follows that ¥(t1,... ,ta, 51,...,8e) =" ... t;*s!" ... sl where n;,m; € Z, 0 < m; <
r; for all 7 and not all the n;, m; zero. Therefore

nd, mi

x(@ .ty yme) =1 for all y € G,

and it follows that z7*'...y” = 1, which contradicts the hypothesis that H = (z1,...,9.).
O

THEOREM 4.6. Let G be a locally compact group with an abelian closed subgroup of finite
index. Then the identity map on CG extends to a C*-algebra isomorphism between the

operator norm closure O(G,G) in B(L*(G)) to the reduced C*-algebra C;(G).

PROOF. Since G has an abelian closed subgroup of finite index, it has a closed abelian
normal subgroup of finite index; let this index be n. Let A be a closed abelian normal
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subgroup of finite index n in G. Consider operator norm closure O(G,G) in B(L*(G)). Let
G1,- -, gn be coset representatives of A in G. Then as Hilbert spaces, L*(G) = @;_, L*(A)g;.
It follows that O(G,G) = @), O(A,G)g;. By Corollary 4.2 we have an isomorphism
0: O(A,G) — C:(A). Then we have a well-defined isomorphism 6: O(G,G) — C:(G)
given by é(:xlgl + - 4 Tugn) = 0(x1) g1 + - - - + 0(2,)gn where x4, ... 2, € O(A,G). O






CHAPTER 4

Injective Modules

1. Introduction

Let G be a group and let U(G) denote the unbounded operators affiliated to N'(G). Let
D(G) denote the division closure of CG in U(G) (the smallest subring of U(G) containing
CG which is closed under taking inverses). Module will mean right module.

Let R be a ring and let S denote the set of non-zerodivisors of R. A right R-module M is
torsion free if 0 #m € M and s € S implies ms # 0. Also M is called divisible if Ms = M
for all s € S.

2. Theorems and Proofs

THEOREM 2.1. Let G be an elementary amenable group and assume that the finite sub-
groups have bounded order.

(a) CG has a classical ring of quotients Q which is a semisimple artinian ring.
(b) U(G) is a divisible CG-module.

(c) @ and U(G) are injective CG-modules.

(d) @ and U(G) are self injective.

PROOF. (a) This follows from [16, Theorem 7]

(b) This follows from [16, Theorem 7], because U(G) is precisely U in that theorem.

(c) This follows from (b) and [15, Theorem 3.3].

(d) @ is self injective by (a), because semisimple artinian rings are self injective. Also U(G)
is self injective, by [2, Theorem 2]. O

PROPOSITION 2.2. Let G be a group which contains a nonabelian free subgroup, let k be
a field, and let M be a nonzero kG-module containing kG. Assume that if 0 #m € M and
g € G has infinite order, then m(1 — g) # 0. Then M is not an injective kG-module.

PROOF. Let H be a free subgroup of rank 2 of G, and write H = (z,y) where x, y are free
generators for H. Then the augmentation ideal w(kH) := (r—1)kH+(y—1)kH is a free kH-
module of rank 2 on {z —1, y—1}. Therefore w(kH)kG is a free kG-module on {x—1,y—1}.
Let 0 # m € M. Then we may define a right kG-homomorphism 60: w(kH)kG — kG by
sending z — 1 and y — 1 to m, explicitly 0((z — 1)a+ (y — 1)8) = m(z — Da+ m(y — 1)
for o, 5 € kG. If M was injective, then we could extend € to the whole of kG, say 6(1) = n
where n € M. Then (zx — 1) = n(x — 1) and O(y — 1) = n(y — 1). We deduce that
n(zx —1) =m =n(y — 1), hence n # 0 and n(z — y) = 0, and we have a contradiction. We
conclude that M is not an injective kG-module. U

29
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THEOREM 2.3. Let G be a group which contains a nonabelian free subgroup. Then all
nonzero CG-submodules of U(G) are not injective.

PROOF. If g € G has infinite order, then 1 — g is a non-zerodivisor in U(G). Thus the
result follows from Proposition 2.2. O

PROPOSITION 2.4. Let G be a group that contains an element of infinite order. Then
(>°(G) is not an injective CG-module.

PROOF. Let x € G be an element of infinite order, and write X = (z) and Y = G \ X.
Set 0 =3 cx g € {>(G). Define a CG-module map 0: (z—1)CG — ¢>(G) by f(z—1) = o,
specifically 9((3: — 1))04 = oa for a« € CG. Note that 6 is well defined, because x — 1 is a
non-zerodivisor in CG. If we could extend 0 to CG, then §(1) = 7 for some 7 € £*°(G) and
we have 7(x — 1) = 0. Write 7 = }_ ;7. Then 7n-1 — 73n = 1 for all n € Z. This shows
that 7,» is unbounded for n € Z and we deduce that 7 ¢ (*(G). O

PROPOSITION 2.5. Let G be a group that contains an element of infinite order. Then
N(G) is not an injective CG-module.

PROOF. Let x € G be an element of infinite order. Let ¢ be the map sending 1¢g to the
1n(q)- Further let 1—x be the map from CG to itself acting by left multiplication with 1—.
If N(G) is an injective CG-module, then there exists a map 6 sending lcg to a € N(G)
such that the following diagram commutes.

1—=x
0 Ca CG
¢
0
N(G)

Since the diagram commutes it follows that 1y = ¢(1) =0(1 —z) =a(l —z). But 1 — =z
is not invertible in N'(G) since z is of infinite order. Thus 1y(¢) # «(1 — =) which presents
a contradiction. The result follows. 0

Define a Banach-x G-bi-module B to be a Banach space B which is a bi-module over
CG together with a star operation (an involution) such that for b € B and g € G we have
(gb)* = b*g*. In what follows we assume the action of the element x of infinite order in G
acts on B is continuous.

THEOREM 2.6. Let G be a group that contains an element of infinite order. Then a
Banach-x G-bi-module B is not an injective left (right) CG-module.

PROOF. Let o € G be an element of infinite order and define y = x + 27!. Let ¢ be the
map sending l¢g to the o € B. Further let £ — y be the map from CG to itself acting by
left multiplication with £ —y where £ € C. If B is an injective left (right) CG-module,then
there exists a map 6 sending lcg to S € B such that the following diagram commutes.
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§—y

Ca Ca

¢

B

Since the diagram commutes it follows that a = ¢(1) = 0(§ — y) = (£ — y). This implies
L*(G)(€ —y) = L*(G) and therefore & — y is left invertible for all £ € C. Applying the *
operation we obtain (¢ — y)*L?(G) = L*(G) which is equivalent to (£ — y)L*(G) = L*(G)
since y* = y. It follows that £ — y is right invertible for all £ € C. But it is well known that
the spectrum of y, Spec(y), is not empty. Therefore there exists an element &' € Spec(y) C C
such that & — y is not invertible which presents a contradiction. This proves the result. [

It is note worthy that the above result is very general. The set of Banach spaces for
which the above theorem is applicable includes but not limited to the von Neumann algebra
N(G), the reduced C*-algebra C.(G), LP(G), °(G), £>°(G), B(LP(G)) and the operator
norm closure algebra O(H, G) where H would replace the group G in the theorem above.

We need the following result which is proved in [3, (c) on p. 2|.

PROPOSITION 2.7. Let v: I' — A be a unital ring homomorphism. Let A be a left A-
module and let C be a left T-module. If A is flat as a right I'-module via y, then Extf(C, A) =2
Extk (A ®p C, A) for all k € N.

We apply the right module version of this with I' = CH, A = CG, where H < G and
~v: CH — CG is the natural inclusion. Let A be a right CG-module and let M be a right
CH-module. Note that CG is a free right CH-module and so certainly flat. Then

(2.8) EthéH(M, A) = EXt(c(;(M QcH CG, A)

If K is a group, let A(K) denote one of U(K), N(K), (*(K) (1 < p < 0), ¢(K),
C:(K). Note that A(H) is a direct summand of A(G) as right CH-modules, consequently
if A(H) is not an injective CG-module, then A(G) is not an injective CH-module. Thus
Extcn (M, A(G)) # 0 for some right CH-module M and hence Exteg(M ®@cy CG, A(G)) # 0
by (2.8). We deduce that A(G) is not an injective CG-module.
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