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Phenomenological Consequences of Heavy Right Handed Neutrinos

Saifuddin Ramadan Rayyan

(ABSTRACT)

The discovery of neutrino mixing provides the possibility of a non vanishing CP violating phase in the
neutrino mixing matrix. CP violation in the leptonic sector can be large enough to explain the matter-
antimatter asymmetry in the universe. An indirect probe of CP violation is the experimental measurement
of Electric Dipole Moment (EDM). CP violation has been discovered in the quark sector,but it contributes
to lepton EDM at the 3-loop level.

Neutrino masses can be generated in the standard model via the see-saw mechanism where heavy right-
handed neutrinos mix with the weak-basis states. The Majorana nature of the seesaw type neutrinos gener-
ates new 2-loop diagrams that lead to a non-vanishing lepton EDM. Only estimates of the resulting EDM
have been done in the literature. A full calculation of the 2-loop diagrams and the exact result is presented.

This research was supported in part by the U.S. Department of Energy, grant DE-FG05-92ER40709, Task
A.
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Introduction

CP violation was discovered in 1964 in kaon decays by Cronin and Fitch [1]. It was a big surprise; although
weak interactions violate both C and P, CP was long believed to be conserved. But then it has been noted by
Kobayashi and Maskawa that CP violation can be understood in the quark sector if the quark mixing matrix
(CKM matrix) contains a complex phase [4]. Since then several experiments discovered more evidence of
CP violation in K and B meson decays [23].

The importance of CP violation arises in understanding the Matter-Antimatter asymmetry in the universe.
Sakharov indicated that such asymmetry requires baryon number violating interactions, C and CP violation,
and a departure from thermal equilibrium [2].However, the CP violating phase in the CKM matrix is not
large enough to account for the asymmetry. For a good review on the subject, see Ref [3].

The discovery of neutrino oscillations indicates that a similar mixing matrix exists for neutrinos (the MNS
matrix). A complex phase in the MNS matrix violates CP, just as in the CKM matrix. Fukugita and
Yanagida suggested that baryon asymmetry in the universe can be explained by first generating lepton
asymmetry . The lepton asymmetry then can be converted into baryon asymmetry at the weak scale [6].

Another signature of CP violation would be a non-zero electric dipole moment (EDM). Several experiments
are looking for Neutron and Lepton EDM, but non have been observed yet. The contribution to lepton EDM
from quarks appears at the 3-loop level so it is heavily suppressed. An estimate of the electron EDM from
quark loops [12] predicts the EDM to be of order 10738¢ - ¢cm. The latest experimental upper limit on the
electron EDM is (0.069 & 0.074) x 10~2% - ¢m [23], which puts the theoretical prediction way beyond the
reach of experiment. Even with a CP violating phase in the MNS matrix, using the analysis of Shabalin [7],
it can be shown that the contribution from Dirac neutrinos to lepton EDM vanishes at the two loop level.
At the three loop level the contribution (if not zero) would be comparable to the that from the quark loops.

It was noted by Ng and Ng that if Neutrinos are Majorana, new two loops diagrams contribute to the lepton
EDM [15]. Only estimates and approximate calculations of the new diagrams have been performed in the
literature [15],[18],[19]. In the popular seesaw mechanism [13] ; heavy right handed Majorana neutrinos mix
with the weak basis states, this results in the tiny masses of the observable neutrinos and all the neutrinos
are Majorana in nature. A naive seesaw type mass matrix results in GUT scale heavy right handed neutrinos
and very small mixing with the left handed neutrinos. The small mixing leads to the suppression of the
contribution of the 2-loop diagram, and estimates puts the resulting EDM below that from the quark loops
[18].

However, it was suggested by Chang , Ng, and Ng [16] that the mixing can be enhanced when there is more
than one generation of neutrinos. Various interesting phenomenological consequences can result from this
enhancement. A seesaw type texture was suggested by Takeuchi et al. [11] where three TeV right handed
Majorana neutrinos are added. In this texture, the masses and the mixings between the right- and the
left-handed neutrinos are made independent. A similar model was suggested by Glashow [22]. The large
mixing and the TeV masses of the heavy Majorana’s could lead to a huge amplification to the Majorana
2-loop diagrams leading to lepton EDM.
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In order to calculate the EDM resulting from the new diagrams, a complete calculation is needed. The goal
of this thesis is to provide the full calculation of the diagrams in terms of general Yukawa couplings and
mixing’s so an estimate can be provided for a variety of TeV Majorana neutrino models.

In Chapter 1, I will discuss the difference between Dirac and Majorana mass terms and introduce the Charge
and Parity symmetries. Next, I will discuss how different mass terms can be incorporated in the standard
model via the See-Saw Mechanism. In Chapter 2, I will show how CP violation leads to a non-zero EDM.
Chapter 3 introduces the diagrams that contribute to the charged lepton EDM. A detailed calculation is
carried out to determine the contribution of the diagrams in terms of general choice of the mass textures.
Chapter 4 presents the exact result.



Chapter 1

Massive Neutrinos in the Standard
Model

1.1 Parity and Charge conjugation transformations

Parity transformation is a Unitary transformation that reverses the spatial dimensions. The action of the
Parity operator on a particle results in reversing the direction of momentum of the particle but not its spin.

Py(t, @) P~ = nprotp(t, —7) (1.1)
where 7, = £1.

Charge conjugation is a Unitary operator that changes a fermion into an antifermion [8].
CypC~t = neCyT (1.2)

where n¢ is a phase . In the chiral representation C' can be written as:
o —iO’g 0
C= ( 0 i ) (1.3)

1.2 Dirac and Majorana Mass terms

Let’s take a Dirac spinor and write is as two Weyl spinors:

b= ( g) (1.4)

¢ transforms under the (%, 0) representation of the Lorentz group while ¢ transforms under the (0, %) rep-

resentation. It can be shown that ioof* transforms under the (0, %) representation. so we can rewrite

P
) = < iailgg ) (1.5)

Where both & and & transform under the (%, 0) representation.
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Now we can write mass terms in the Lagrangian that are invariant under Lorentz transformations. First we
write what is called the Dirac mass term.

L=-mpyp = —m(¢ —fio )( ? é )( if;ﬁék )
= —mfiri@f; +mé3 ioa&s (0)

In terms of "left” and "right” handed fields, we can define:

Y =19, +¢r (1.7)
Where
wo= P=g-we=( 5 ).
Yr = Ppy= 1(1+75)¢ = ( iUS@‘ ) (1.8)
Notice that (ignoring the phase):
W= Y
= C(¥hy)"
= Cyy”

and:
wr = (T 2)()(H)
— (i ) = O (1.10)
Similarly,
(Wr)® = (%)-(wC)L. (1.11)
In the same way we can show that:
7= (i d)
Vo= ( E—f)
@ = () =@
@ = ( 5BZ“2>—<w_C>L (112

A Majorana spinor can be written in terms of a Dirac spinor as:

_ £
Yu = ( ioaE" ) (1.13)
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where the two Weyl components are constructed from the same spinor. Notice that:

WS = Ciy
C(Wh0)"
= Cvyvy

_( —ioa 0 0 1 ¢
= (70 ) (1 0) (e )

( ¢ )sz (1.14)

1028"

So a Majorana fermion is its own antiparticle. Now we can write Majorana mass terms:

L = —miyy
= m(TionE — ETioae™) (1.15)

Again the Lagrangian is invariant under Lorentz transformations. However, it is not invariant under U(1) :
¢ — €9¢ [9]. As a consequence; Majorana mass terms cannot exist for charged leptons since they violate
charge conservation. Since neutrinos are neutral; the Lagrangian can include Majorana mass terms for the
neutrinos.

1.3 The Electroweak Lagrangian

The covariant derivative for the electroweak sector is:

D=0+icAQ — i%(W+T+ FWOTL) - icogew Z(Ts — Qsin26,) (1.16)
We consider the Standard Model with the regular Higgs doublet (Y = %)
+
H= [ ‘2’)0 } (1.17)
with the conjugate(Y = St):
H [ o' ] (1.18)
= T4 )

The kinetic part of the Lagrangian of the Higgses result in the masses of the W and the Z after the Higgs
develops a vacuum expectation value (VEV).

The charged and neutral currents can be derived from the Kinetic Lagrangian of the Lepton doublet (Left
Handed):

L= { ’; ] (1.19)

Iy"D,L — Ly = i(W;mHz + W, Iy'v) (1.20)

V2

The mass terms for leptons come from the Yukawa interactions with the Higgs, the invariant terms under
SUR2)®U(1):

Ly = —ALHr — N'TH'L, (1.21)
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where 7 is the right-handed charged lepton singlet, A is the Yukawa coupling matrix, which in general can
be complex.

Ly
Ly

] + .

Al l}[io}r—)\*F[qﬁ o }[ﬂ

—N¢Pr — N T¢%"1

—Avptr — NTFp v (1.22)

The first line will generate the lepton masses after the Higgs develops a VEV | the second line describes the
Yukawa interactions. Neutrinos are massless in this description.

Generalization to 3 families is straightforward, assuming that A is a general complex matrix.

v = v o_
ﬁy = _)\ij 7511‘7“]' — /\Tij 757“1‘1]'
_)\ijﬁi(b+rj - /\Tijfi(b_Vj
+Higgs interactions terms (1.23)

1.4 Neutrino Mass Terms and the See-Saw Mechanism

There are several mechanisms where neutrino masses are introduced. In the see-saw mechanism, Heavy
masses for Majorana right-handed neutrino (RHN) singlets are generated at a higher mass scale. The mixing
between the Heavy states and the left-handed neutrinos results in the small mass of the light neutrinos.

The Lagrangian now can include more terms that are invariant under SU(2) ® U(1):
—Aijfiﬁ)(j — AI]Y,L]?TL
1_ 1 _
_§XiMin§ - §X§M£Xj (1.24)
A;j is the Yukawa coupling matrix with the new singlets. In several GUT models (e.g. Pati-Salam [17]) the
Yukawas of the right handed neutrinos are the same as the up type quarks (i.e. electroweak scale). M;; is

the Majorana mass matrix of the RHN that are generated at a higher scale (in Left-Right symmetric Models
that is the scale at which Wx acquires its mass). x; are the RHN singlets.

The first line reads:

*

) 0 ,
= A li}{ ¢ ]Xj_Aiji[_¢+ ¢0]“ﬂ

_¢_
= —N7i" xy — AL’YMOVJ
+ALioxG + ALXeT (1.25)

The vacuum expectation value of the Higgs gives the Dirac mass terms of the neutrinos.

v o_ U

+Aijliox; + ALx6TL
+ Higgs interaction terms.. (1.26)

Call:
v

D;; = EAL, (1.27)
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now the neutrino mass terms look like:
1
—XiDijv; + §Xz'Min§ + h.c.
1 —
=3 (XiDsjvj + VEDLXS + XaMijx5) + h.c.

1, — 0g  Df
= _5[ Ve X }[ D’; ijl } { ;’lz } + h.c. (1.28)

Upon diagonalizing the mass matrix the mass states will split into three light and three heavy (Majorana)
states, hence the name seesaw . The mixing depends on the texture of the mass matrix as explained in the
next section.

1.5 See-Saw Mass Textures

1.5.1 One Genereation Case

For one generation, the see-saw mass matrix can only be

[ve Y][,?,L A”}H;] (1.29)

with only two free parameters: m and M. we can diagonalize the mass matrix using the unitary matrix U:

| dcos(f) sin(h)
U= [ —isin(f) cos(f) (1.30)
where )
m
tan(20) = — 1.31
an(20) = =7 (131)
This which yields
| 0 m | m tan(0) 0
v [ m M ]U_ [ 0 m/tan(d) | (1.32)
when m < M the two mass eigenvalues are
2
m
Miight = m;:jn(@) ~ R
avy = ~ M. 1.33
Mheavy tan(6) ( )
The mass eigenstates and the original generation eigenstates are related through
v n | 1cos(0)n + sin(d) N
[ X } a U{ N ] B [ —isin(@)n +cos(d) N | ’ (1.34)
where the light and heavy states are denoted n and N, respectively. Observe that
g2~ T Might (1.35)

~ )
M? Mheavy

Since we started with only two free parameters m, M in the original mass matrix , the two mass eigenvalues
Miight ~ m? /M, Mheavy ~ M, and the mixing angle § ~ m/M are necessarily related. If we wanted the mass
of the light state to be ~ O(eV') and if we assume that m ~ 100 GeV this will lead to

M =~ 10 GeV
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62 ~ 10713 (1.36)

This mass scale is way beyond the current limits of experiment. And the phenomenological consequenses
will be suppressed by a factor proportional to 2.

1.5.2 Two Generations Case

In a two generation sea-saw mass texture there are more free parameters in the mass matrix. In some specific
choices of the mass matrix the mass values and the mixing can be made independent. The most general
seesaw mass matrix for two generations is

022 D3,
, 1.37
[ Dayxa Moo (137)
Consider a specific mass texture:
0 0 m —-m 121
0 0 m -—-m Vo

[1/1 V2 X1 X2 ] (138)

m m M 0 X1
-m -m 0 —-M X2

This mass matrix is manifestly rank two, so two of the mass eigenvalues will be zero regardless the values of
m and M. This matrix can be diagonalized as

0 0 m —m 0 0 0 0
T 0 0 m —m 100 0 0
0 m m M 0 0= 0 0 m/sin(f)cos(f) 0 ’ (1.39)
-m —-m 0 —-M 00 0 —m/ sin(6) cos(d)
2m
tan20 = — . 1.40
an2p =2 (1.40)
In this prescription the masses and the mixing angle are
Miight = 0
Mheavy = ==Y M? +4m?2 ~ +M .
2
m
6? = e (1.41)

Adding small perturbations to the mass matrix generates the small masses of the light neutrinos. The masses
of the heavy neutrinos and the mixing angle can be independently chosen. if we choose m &~ 100 GeV and
M =~ 1 TeV then 6% ~ O(1072). The large mixing angle and the relatively lower scale of the heavy masses
lead to interesting phenomenological consequences [10] , [11] , [16].

1.5.3 Three Generations: The Okamura Texture

A generalization to the two generations case discussed in the last section; it was suggested by [11]. The mass
matrix loos like:

0 0 0 am pm ~ym 2
0 0 0 am pm ym 2
0 0 0 am pm ym U3
[v1v2 v3 X1 X2 X3 ] am am am oM 0 0 Y1 ) (1.42)
6m pm PBm 0 (BM 0 X2

ym ym ym 0 0 M X3
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where o + 3 4+ v = 0. This mass matrix provides the same advantages of the specific two generations case
discussed earlier, namely: mixings that are independent of the masses of the light neutrino states. This
texture was proposed initially with values m = 100 GeV , M = 3 T'eV which results into 6 = 0.055 . The
large mixing was used to explain the NuTeV anomaly [10] . Later I will show how it can also lead to a
relatively large electron EDM.

1.6 Back to the Lagrangian

To calculate the contribution from the new class of diagrams, let’s go back to the Lagrangian and write down
the interactions. I will denote the left- and right-handed charged lepton fields with [ and r, and the left- and
right-handed neutrino fields with v and x. Then, the interactions we need to consider are

9 5 _
—L = ﬁ (li’)/ul/i) WH + h.c.
+Xi; 77 (67 v + 871) + hec.
—|—AT Xi (¢OV] ¢+lj) + h.c.
1
+5 X Mi X5 + h.c. (1.43)
Without loss of generality, M;; can be taken to be (complex) symmetric. After the neutral Higgs develops

a VEV,
v

0 0%
= =—, 1.44
(0") = (") =75 (1.44)
the Yukawa couplings A;; and A;; lead to the mass matrix of the charged leptons and the Dirac mass matrix
of the neutrinos: v
Shifting the ¢° field to:
v+ h+i°

v (1.46)

¢ —
the Lagrangian is now:

L = \%(fy vi) W, + h.c.

_ (.- h + i@
+rimig Ly + Nij T <¢ v + — lj) + h.c.

h + i°
T oF lj> + h.c.

V2

1
—|-§ %Mij X; + h.c. (147)

The neutrino mass terms can be written as

+ED1‘]‘ v+ ALE (

1
5% Mij X; + h.c.

1
) (Xi Dijvs + 1§ D”Xj +Xi Mij X§) + h.c.

1 _ 0k Dié Vi
= = : h.c. 1.4
2 [ % | [ Dj My, X5 e (1.48)

The mass matrix for the charged leptons is diagonalized with unitary transformations of the [ and r fields:

i = AjaTa s l; = Bjglg , Timijlj =Ta (A SN ]5) lg . (1.49)
| ——

Xi Dijv; +

5|

diagonal
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The fields with a greek index are the mass eigenfields. Similarly, the mass matrix for the neutrinos is
diagnalized with a unitary transformation involving the v and x¢ fields:

U%]_U[ZZ]’ (1.50)

i X_j][gijkk ]\%‘:H;’%]—[Z %}(UT{BIE}U)[Q]. (1.51)

diagonal

so that

The v, fields with greek indices are the left-handed mass eigenfields, (Note that this notation is different
from the usual one where greek indices are used for the flavor eigenstates.) with o = 1,2, 3 being the light
states, and o = 4, 5,6 being the heavy states. Decomposing the 6 x 6 matrix U into four 3 x 3 matrices as

| P Q
U[RS]’ (1.52)
we can write
vi = P, 4+ Qioloys,
Xf = Ripl/p + Si’o'I/G'J’»?) , (1.53)
The second line can also be written
Xi = Ri,v, + Si,vg s - (1.54)

The relevant interaction terms in the Lagrangian are then:

% Gy W, — % {E (Bgipip> vy +1p (BgiQia> 'YILVU+3} W,
(T Nijvj) o~ — {H (ALi)\iijp) Vp+Ta (Ajw;)\iija) Va+3} o,

(waln) ot — {7 (REALBs) ts + 75 (STALBs) L 6" (1.55)
Interactions involving the neutral Goldstone or the physical Higgs do not contribute. The combination
Vs, = (B;%Pip> , (1.56)

in the first line corresponds to the MNS matrix, which is not necessarily unitary. Define the Dirac lepton
field as
by =g +74, (a=e,pu,T1), (1.57)

so that

1F s

5 (1.58)

la:PLg(ya Toc:PRg(ya PL/R:

We also define the Majorana fields for the neutrino mass eigenstates:

Ng = Vo+UV,,
Na = Va+3 + V2+3 ) (159)
for « = 1,2,3. Note that
ng =mne , NS =N, , Vo = Prng Vats = Pr, Ng v = Prng , V§+3=P3Na.

(1.60)
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In terms of these mass eigenfields, the interaction Lagrangian becomes:

~Line = % T (B'P) 7" Pumy + T (B'Q) 5, v P No f W + hic.
+{Ta (ATAP),,, Puiy + 70 (ATXQ),, PL NG } 67 + huc.

+ {7 (RTATB) , Pu by + Ny (STATB) , Prts} 6" + b (1.61)

In particular, the terms involving the N fields are:

Ly = \/_ifg (BTQ) “PL NU}W++h.C.
+{la (ATAQ) _  PLNo} ¢~ + h.c.
{F STMB P 45} ¢+ + hec. (1.62)

To simplify the notation, define

‘Zaﬁ - (BTQ)Oéﬁ )
i\aﬁ == (ATAQ)OLﬁ )
Aly = (STA'B)ag . (1.63)

Note that V = (B1Q) is different from the MNS matrix V = (BT P). This allows us to write:

Ly = \/% {%f/ﬁgw& N,,} Wi+ 7 {N VP, eﬁ}
+{Thao PLNo | 67 + {No ALy Prta } 6F
+{NoAL P ts b ot + {Tohas PN, o™ (1.64)
Note that a0 o Av
My=%, m~Ts. Do (1.65)

Also, the mixings between the light and heavy states given by the matrix @ enters into V and A, but not A.
Assuming Q ~ O(e) < 1, we can expect:

. A om A
A A (1.66)
g g

D
My’

So we can neglect the A terms. The A terms will be largest if we assume D ~ m;.



Chapter 2

CP Violation in the leptonic sector

2.1 CP Violation and Charged Lepton EDM
Consider the effective Lagrangian:

= E{waﬂ‘ —gA") — 5o (F 4 iG) (8, A
The Lagrangian is invariant under C' transformation:

C [EUW(F +iGy3) (0, A )0 | CT = ot (F +iGys) (0, A, )b

since
_C’EO’HV’L/)CT _ _@quw
CYpot"yspCt = — ot 51
C'AMC'T = —A,

Under P transformation:

P o™ (F +iGY5)(OpuAu)tb | PT = o™ (F — iGrys)(8, A, )

since
Ppot Pl = —goty
Phot*ysuPt = Gotysy
PA,PT = —A,

so L is not invariant under P if G # 0. The term with non-zero G is a C'P violating term[14].

2.2 Calculating the EDM for Charged Leptons

The most general form factors for the interaction of a vector boson with a fermion is given by

U(p2) T (p1, p2) u(p1)

12
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gy

+{Fs(¢*) + Gs(¢*)ys } ¢ | ulpr)
(2.6)

= a(p2) [{F1(®) + G1(®)s } v + {F2(a®) + G2(a®) s } o

where ¢* = (p1 — p2)*. To see that this is the most general form, first note that I'* has one Lorentz index,
and it can only depend on ¢* = (p; — p2)* and (p1 + p2)*. There are 16 independent 4 x 4 matrices, and
they can be expressed as:

L LV Z v L
1, ", ot = 5[7”-7 ], Qe Vs - (2.7)

Of these, v* and 5" already have one Lorentz index so they can be used as they are. The matrices 1 and
5 can be given a Lorentz index by multiplying them with ¢*:

N T (2.8)
The extra index on ¢*” can be gotten rid of by contracting with g, :
a"q, , auw)\a")‘q” . (2.9)
As will be shown below, 5,“,,0\0”)‘ = 247750, s0 the second term can be replaced by y50""q,.

Instead of ¢*, we can also use (p1 + p2)* to obtain

(p1 +p2)" s v5(p1 4+ p2)" o (p1 +p2)u Y50 (p1 + p2) - (2.10)

However, using the Gordon identities, these can be rewritten using the terms we already have. To see this,
note that

v 1 v 1 v 14
g = 1M = 50" )
- v 1 v 1 L.V v L
—io = S = 50" =) (2.11)
so that
ot = gt =i,
Ak = gt it . (2.12)
Also:
u(p2)pe = u(p2)ma,  pru(pr) = myu(pr) . (2.13)
Therefore,
u(p2)ic® prulpr) = ulp2) (9" —"v") prou(pr)

(p2) (P) —"#1) u(p1)
(p2) (P} — may") u(p1) ,

Il
Sl

|
Sl
3

a(p2)ic™ payu(pr) = u(p2) (—g"" +~"+") p2vu(pr)
= a(p2) (=ph + Pov") u(p1)
= a(pz) (=phy +may")u(p1) ,
u(p2)ysic™ pryu(pr) = alp2)ys (9" —"v") proulpr)

(p2)vs (p) — ") u(p1)
(p2) (vsph — maysy™) ulpr)

Il
S
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w(p2)ysict payu(pr) =
from which we find
u(p2)ic™” (p1 + p2)vu
u(p2)ysic™™” (p1 + p2)u
u(p2)ic™” gyu(p1) = u(p2)ic™ (p1 pz)yu
u(p2)vsic" qu(pr) = a(p2)ysic™ (p1 — p2)yu

CP Violation in the leptonic sector 14
a(p2)ys (—g™ +7 ¥ )pQVU(pl)
u(p2) (—759“” =7 57") pavu(pr)
u(p2) (—ys5p5 — P2v57") u(p1)
a(p2) (—ysph — maysy*) u(pr) , (2.14)
(p1) = u(p2)[(pr —p2)" — (M1 —m2)¥") ulp1) ,
(p1) = w(p2) [vs(p1 — p2)* — (M1 +ma)ysy") u(p1)
(p1) = a(p2) [(p1 + p2)* — (m1 +ma)y") u(p1) ,
(p1) = a(p2) [vs(p1 + p2)" — (M1 — ma)ysy") u(pr) .

(2.15)

Therefore, the form factors shown in Eq. (2.6) is the most general form. They can only depend on ¢ since

the other Lorentz scalars are (p; + p2)? = 2(m? +m3)

—¢?, and (p1 + p2)q = m? —m3. Of course, when the

vector boson is the photon, gauge invariance requires @(p2) (¢, I'* ) u(p1) = 0, and this will impose various

conditions on the form factors.

The EDM is d = G2(0)/2mi. To see this, we first

{2 i avu(p) } Au(a)

Since 5

V5 O pv

note that

(pl)

P2)7s o u(pr)

u(p2)ys o™

f—'hv—’hx
A/-\

l\.')I >—lw| A
Sl

(p2)ys " u(p1

u(p2)7s o u(pr (2.16)

f_'h\f_/h\f_'h\

= iy%919%9® and 0, = L[y,, 7], we find:

VY Yo

e A G Al L

2
1
+15/wnA ['YKa '7)\]
_%guun/\a

R (2.17)

To make sure this is correct, let’s write out the expressions for the matrices in the Dirac representation:

1 0 ;
0 _ i
0" = —0" = —09; = 039
oI = —glt = Oij = —0ji
oo — i 0 1 0 ag; - a;
V500 = 1 0o 0] 0

0 1 O 0
V5045 = Eijk 10 0 oy = Eijk

|

0 ag; 0 1

—0; o}’ T [1 o}’ (218)
T
- 2[7,7]—1[@ 0}
) ; ; Ok
— lat A0 —
= S0 =k Uk] (2.19)
0 i jk _ ¢ J
o ] Eijk 0 = €0ijk0"
0 (o3 i v
on 0 } = —z&ijO = —1E;j0k0 b= _§5ijlwau
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Therefore,

1

_5{ (p2)75 Oy u(p1) }FW

The electromagnetic fields are:

0 -E, —E, —FE.
g _ | Be 0 -B. B,
E, B, 0 -B,

| E. -B, B, 0 |

0 -B, -B, -B.]
F _|B 0 -BE B
w =1B, E. 0 -E

| B. -E, E, 0

Chapter 2. CP Violation in the leptonic sector

{—%%um (p2)o" u(pr) } P
p2)o”

1
o} (e

(pa)o” um)}l}m-

Q |

{at
3

DO =N .

o E. E, E.

s _ | -E. 0 -B. B,

w =1 _E, B. 0 -B,
-E. -B, B,

-B, 0 -E.
-B, E. 0 -E,
-B. —-E, E, 0

F;w _

In the non-relativistic limit, only the ¢ terms survive:

{210 u(pr) }

So what we have found is:
Ga(q?)
2m
which let’s us identify

5 10" g, Ay

{ p2 U ’LL pl }Fz]
{ﬂ P2)€ik0kU(P1) } (—eijeEr)

—i (pz)( E) u(p1) -

I

DO | =N .

~ Gy(0)

2mai

(The ¢ in the denominator cancels the 7 coming from the imaginary parts of the diagrams.)

Using the Gordon identities

uz(p2) (p1 + p2) ur(pr) = (m1+ma) tz(p2)y"ui(pr) + itz (p2)o™” (p1 — p2)vui(p1) ,
ua(p2) (p1 + p2)ysur(pr) = —(m1 —ma) ta(p2)y ys5u1(p1) + itz(p2)o™ (p1 — p2)vysui(pr) ,

with my = ms = m, we can also write:

az(p2) T (p1, p2) u1(p1)

— (p) [{(m o)+ Gris) v + (Fa + Giys)

(p1 + p2)*
2m

so to find G2(0), we need to calculate the coefficient of vs5(p1 + p2)*.

+{F3 + G35} ¢"| ui(py) ,

15

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)



Chapter 3

Lepton EDM from See-Saw Textures

3.1 CP violating diagrams at the two loop order

In order to have a non zero G in Eq.(2.1) the imaginary part of the diagrams contributing to the EDM
must not vanish. The complex phases come from diagonalizing the mass matrix and appear in the Yukawa
couplings. Let’s consider the different classes of diagrams that might contribute to the EDM.

First consider the diagrams that involves only Dirac neutrinos. At 1-loop we can only havethe diagram in
figure 3.1.

The contribution from this diagram is proportional to |U,;|? which is real; and the theory is CP invariant
at the 1-loop level.

At 2-loops we have the diagram in figure 3.2 . The contribution of the diagram is o< (Uy;Ugi)(Ua;Uj;). Since
the diagram is symmetric under interchanging the labels ¢ and j, the contribution will be proportional to:

(UgiUpi) (Ui U) + (Ui, Usy) (Ui Up)
= (UaaUs) UayUs) + (UaiUpi) Wy Usy)

= 2R€(UéiUgi)(UajUﬁ*j) (31)
v
W
by Ul Vi Uai Lo

Figure 3.1: One loop diagram. At one loop the contribution to the EDM is zero

16



Saifuddin R. Rayyan Chapter 3. Lepton EDM from See-Saw Texures 17

o< (Ug:Upi)(UasUg;)

Figure 3.2: Two loop diagrams, Dirac neutrinos. At the two loop level, two neutrinos are involved in
each diagram. However,summing over all the neutrinos the contribution to EDM vanishes

oc (UaiUs:)(UaiUgy)

Figure 3.3: Two loop diagrams, Majorana neutrinos. new two loop diagrams exist for Majorana
neutrinos with possibly non zero contribution to EDM

and the imaginary pieces cancel out.
At the 3-loop level and beyond; the contribution will be highly suppressed even if it does not vanish.

However if neutrinos are Majorana particles, a new class of diagrams exists at the 2-loop level as in figure
3.3. The diagrams are not symmetric under the exchange of the neutrino labels, which might lead to a
non-vanishing complex phase depending on the choice of the mass matrix parameter.

Notice that the contribution of the diagrams picks the Majorana masses of the neutrinos, in the case of
the heavy states, that is counteracted by a suppression due to the mixing between the heavy and the light
neutrinos. In models where the mixing and the masses are independent the contribution of the diagrams
can be significant.

3.2 The Contributing Diagrams

In the Feynman-t’Hooft gauge there are 20 diagrams we have to consider, they are displayed in figure 3.4.
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N
A
/
///
,—E}M
D~
AN
A

D~
\
\
\
N
\
\
,’e\/\/\/\ﬂ—LL%V\AM -
/
/
//
)r
i
7/ 7/
/} //
5 - _-

4
D~
\\
r
1
D~
\\
t
1

Figure 3.4: Contributing two loop diagrams. In the Feynman-t’Hooft gauge there exists 20 diagrams,
they are labeled by a number matching the row (1-5) and a letter corresponding to the column (A-D). The
contribution from diagrams in the C and D columns is suppressed by a factor of the lepton mass squared
over the W mass squared; so they can be neglected.
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'/ \\ { \ '/ \\
’ \ 4 N ’ \
1 \ 1 \ 1 \
l vy 1 vy LD l vy 1 vy LD
o~ T o~ LA ~4 o~ T o~ T
\ 1 \ 1 \ 1
A} 7 A} 7 \ 4
\\ ,/ \\ ,/ \ /
~ - ~ - ~ -
- - ~2-
Diagram 1B Diagram 2B Diagram 3B

Figure 3.5: Diagrams with largest contribution to the EDM. Diagrams 1B, 2B, 3B contribute the
greatest to EDM in see-saw models with large mixing that is independent from the masses (i.e. Okamura
texture).

We refer to these diagrams by a number from 1 to 5; which designates the row, and a letter from A to D;
which designates the column of this array of diagrams. We are only interested in contributions that pick
up the Majorana masses of both heavy neutrals on the internal lines. This imposes certain chirality flips
to occur at the vertices and propagators of these diagrams. The A interactions and chirality flips on the
charged lepton line that occur due to this requirement are indicated by small circles. the diagrams on the
3rd and 4th (C and D) columns all have three circles whereas those on the 1st and 2nd (A and B) columns
have only one. So the diagrams in the C and D columns are suppressed by a factor of (m/My)? compared
to those in the A and B columns, and we can ignore them.

Notice that in models that unify the quarks and leptons, the A interactions are the greatest, so for that class
of models the largest contribution comes from the diagrams involving the Goldstone bosons; figure 3.5

3.3 The Calculation

I will present the details of the calculation of the diagrams that contribute most to EDM due to seesaw
textures where the mixing between the light and the heavy states is amplified. I will only present the final
results for the rest of the diagrams in the next chapter. The details will be presented in Appendix A.
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-_— P—
- ~
-~ D ~
e k1 N
Ve AN
/ \
/ \
/ T \
q=p1—DP2
/ \
I \
M,y M,

—— H—e ' < < i\ ——> —
e —_— E — e —_— e
P p1— k1 \ k1 — ko p2 — k1 — ko p2 — ko I P2

\ /
\ /
\ /

\ /

AN 7/

N ko 7
~ -_— -~
~ -

— + —

Figure 3.6: Diagram 1B

3.3.1 Diagram 1B

The coupling constants at the five vertices give the factor

(_mw) (_mm) (ie) (_m;ﬁ) (—ML) = ie (Awﬁmﬁglﬂgl) . (3.2)

The fermion line:

)
(p1))

— (u(p2)| (BPrRN¢™) (NPrud™) (1ey 1) (WePLN) (NPLud™t) 1
¢ <¢> ¢*)

— (u(p2)| (EPrN) (N Prpc) (e ) (®PLN) (N Ppp) [p(pr)) (¢~

(Ca(p2)| (laPrN29™) ((3PrN2¢~) (€37 g) (N1 PLLsgt) (N1 PLlad™) [€a(p
= r ) o s N ¢*)
= —iu(p2) Pr (NN) Pr (u“p®) v (up®) P (NN) Pru(pr) x (¢~ ¢") (¢~ ¢"

1

—u(p2) Pr [ (P2 — ¥2) + Ma] Pr ($2 — ¥1 — K2) v (1 — K1 — K2) PL [ (1 — 1) + M1 ] Pru(pr)
— My My ti(pa) (P2 — ¥ — ¥2) 7V Pr (51 — F1 — K2) u(pr)
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— My M u(p2) (m — §1 — %2) Pr(m — 1 — F2) u(p1)

= —MiMyu(pz) (m — K)v*Pr (m — K) u(p1) (3.3)
where

K=k +ko (34)

= —MiMyu(pz) (K PrE — mIy* Pr — mvy* PrIK) u(p:) (3.5)

The m2~* does not produce any p* term so it does not contribute.
= —MiMya(ps) (K*K vy Prryp — mK"y,7* Pr — mK ™y Proy) u(pi) (3.6)
After integration, the K’s will be replaced by p; and py. We define the functions:

PrAL 4+ p5 A

B / d4k, / Ak, K"
2m)t ) (2m)* [(p2 — k2)? — M3](p2 — K)?(p1 — K)?[(p1 — k1)? — MP](k? — Mg, ) (k3 — M§,)
9"" Bo + ppi By + p5ph Ba + (piph + p5p) Bs

B / d*ky / d'ks K"KP
) @mr ) @ ((pe = ke)? = M3](p2 — K)*(pr — K)2[(p1 — k1) = M7 (k] — M) (k3 — M)

(3.7)
So the expression becomes:
— My My 1(p2) ((9"° Bo + pip Br + psph Bz + (0§15 + p517) Bs) vy PrYp
—m(pf Ay + p5A2)vey  Pr — m(pf A1 + Py A2)v* Pry,) u(pr)
—M;Ms u(p2) ((4Bo + P17 W1B1 + oy WaBa + (P17 W2) Bs + ($27p1)Bs) Pr
—m(p1A1 + P242)7 Pr — my Pr(p1 A1 + Pads)) u(pr)
= —MM>u(ps) (m2py PrB1 + m2p3 P, Ba + (—m2py Pr — m2py Pp)Bs
—m(2p} A1) Pr — m(2p5 A2) P) u(p:) (3.8)
where in the last line I dropped all the terms that do not contribute to the EDM.
_ N N N
= —MiMsu(p2) | m2p; 5(1 + 7v5)B1 + m2p; 5(1 —75) B2 + (—m2p;y 5(1 +5)
1 1 1
—m2p§§(1 —75))B3) —m(2p§f41)§(1 +5) — (2p2A2)§( -5 )) u(p1)
= —MiMsu(ps) (mpy (1 +s5)B1 +mp3 (1 —v5)Ba + (—mpy (1 +v5) — mp3 (1 — 75)) Bs
—m(pr A1) (1 +75) — m(py A2)(1 — 75)) u(p1)
(3.9)
Collecting the 75 terms
= —MiMyu(p2) (mpj (+75)B1 + mpy (—7s) Bz + (—mpi (+75) — mpy (—75)) Bs
—m(p? A1) (+75) — m(ps Az)(— )) u(pr)
= —M;Msu(ps) (mpy (+75)B1 + mpz( ¥5)Ba + (=m(p} — p3)(+75))Bs
—m(py A1) (+75) — m(py A2)(—75)) u(p1)
(3.10)

On-shell (p} — plex =0

= —mM M a(p2)(vs)u(p1) ((+p? B — p3 B2 — (p} A1) + (93 A2))
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_ 1 1
—m My Mz t(p2)(vs)u(p1) (+p?31 - 5(1?? —p3)Bs — pyBa — 5(2?? —p3)Bi

1
5 —pS)A2>

—_

—(pr A1) + =(p? — P3) A1 + (P3A2) +

N |

1 1
—mM; M a(p2)(ys)u(pr) <—5(p? +p2) B2+ 5 (07 +p2)B1)

1 1
~502 i+ 502+ ) )

1
—5mMiM, (p2) (vs)u(p1) (P} + p3) (+B1 — By — Ay + Ay)

(3.11)

So
1 - X A Ak Ak
d = 56 liMQ (ZAO{QABQABIAOA) |:(A1 — Ag) — (Bl — Bg):| . (312)

Now we evaluate the A functions:
A1py + A2 ps
- / d*ks / d*ks K"
B @2m)* ) 2m)* (pr — K)*(p2 — K)2(kf — M) (k3 — M) [(p1 — k1)? — M7][(p2 — ka)? — MJ]

B /d4k;1 / d*ks Kw
et ) @m)f (K2 —2py - K)(K? - 2pz - K) (K — M) (k3 N M)k — M?) — 2p1 - k]

x
(k3 — M3) — 2ps - ko]

[ d% [ Ay K"
; /(%)4/(%)4 (K2)2(k — M) (k3 — M) (kf — M) (k3 — M3)

[ 2pm - K 2pe - K 2p1 - ky 2pa - ko
X |1+ = +---H1+ e +---H1+k2 T I LR v
B / d*ky / d*ks K"
) @em)t ) @m)f (K2)2(k - My)(k3 — Mi,)(kf — M7)(k3 — M3)
[ 2p K 2pp- K 2p1-ka 2pa - ko
MM T TeowTrow T
B /'d‘l/g1 / d*ko K~
) @em)t ) @m)t (K2)2(k - My,)(k3 — M) (kf — M7)(k3 — M3)
[ K> k K> k2
X [1+2 K2+k yyE pix + 2 KQJFM pax+--- | . (3.13)
Therefore,
. d*ky d*ky K" K> k3
Aipt = 2pia 1 1 02\ 2 (12 2312 27,2 272 N\ 7z T2 3]
(2m) (2m)* (K2)2(ki — My, )(k3 — My, ) (ki — M7) (k3 — M3) \ K ki — Mj
. d*ky d*ksy K* K* k2
Aapy = 2pax 1 1 02V 2 (52 2312 27,2 272 N\ 7z T2 P
(2m) (2m)* (K2)2(ki — My, )(k3 — My, ) (ki — M7) (k3 — M3) \ K k3 — M;
(3.14)
The integrals on the right-hand side can be nothing but ¢** times a scalar function:
A g™ = 2/ d4k1/d4k2 K LS.
' B (2m)* ) (2m)* (K2)2(k? — M) (k3 — M) (k2 — M) (k3 — M3) \ K* ~ kf — M} )~

Ay = 2/ d4k1/d4k2 K~ <K_)‘+ k2 )
’ a (2m)* ) (2m)* (K2)2(kT — M) (k3 — M) (k2 — M) (k3 — M3) \ K? k3 — M3 )~
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and it is easy to see that A; = fll, and As
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(3.15)

= A,. Acting on both sides of the equation with g,.x, we find

)

(3.16)

)

(3.17)

(3.18)

(3.19)

1A, — 2/d4k1/d4k2 1 L+ K-k
b 2m)* ) (2m)* (K2)2(k? — My,) (k3 — M) (kf — M?) (k3 — M3) kf—M7 )
~ d*ky d*ky 1 K ko
44z 2 2 2 2 2 2 2\ (1.2 2 1+ 2 2
(27T)4 (27T)4 (Kz)Q(lﬁ - MW)(kQ - MW)(kl - M1)(k2 - Mz) k3 — Mj
Therefore,
(A1 —Ag)
= (A - )
B l/d‘lkl/d‘lkg 1 K -k 3 K ko
2) (2m)* ) (2m)* (K2)2(ki — M3,)(k3 — ME,)(k? — M?)(k3 — M3) \k? — M? k3 — M3
Using
oK -ky = K?+k?—k3,
2K - ky = — kP k2,
we find
(A_A)_l/d4k1/d4k2 1
T 4 ) ot ) ot (K2)P(k - ME)(kE — M) (KF — M7)(k3 — M3)
1 1 1 1
K2 _ 2 12
| - mm ) e e )
B 1/ d'ky / d'ky 1
4 @nr) @2m)t K2k - M) (k3 — M) (k7 — M7)(k3 — M3)
[ 1 1
SICES TSRV
1 d4k31 d4k2 ( %)
+Z 24 2V (K2)2(k2 — M2 k2 — M2 (k2 — M2
(2m)t ) (2m)t (K2)% (k7 o) (k3 — M) (k7 — M?)(k3 3)
1 1
NICEIRRRCETE)
Define:
X /d4k1 / d*ko 1
2m)* ) (2m)* K2(k — M) (k3 — M) (ki — M7)(k3 — M3)
1 1 i
S ES TSR )
v o /d4k1 / Ay (k? — k2)
B 2m)* ) (2m)* (K2)2(kf — My,) (k3 — M) (k7 — M7) (k3 — M3)
: ! B
SICEITERECE T

The same integrals will show up in the B function so let’s look at the B’s:

Bog"™ + B1p§p} + Bapspy + Bs (pp3 + psp?y)

(3.20)
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_ / d*ky / d*ks KrE>
@m)* ) @m)* (pr = K)*(p2 — K)2(kf — M) (k3 — M,)[(p1 — k1)? — M7][(p2 — k2)* — M3]

o / d4k}1 / d4kj2 KrEKA
(2m)* J (2m)* (K2 = 2p1 - K)(K? = 2pa - K) (kY — M) (k3 — Mév)[(li% — M) = 2p1 - ]

T

(k3 — M3) — 2ps - ko]

_ /d4k1 / 'k K"K
(2m)* S @2m)* (K22 (K} — M) (k3 — M) (k} — MP)(k5 — M3)

2p1- K (2p1 - K)? 2ps - K (2p2- K)?
X {1"_ K2 (K2)2 + 1+ K2 (K2)2 T
2p1 -k (2p1 - k1)? } [ 2p2 - ko (2py - ka)? ]
x 1+ o i+ e
R TR T

_ /d4k;1 / d*ky KrK*
(2m)* ) (2m)* (K2)2(k§ — M) (k3 — M) (kf — M7)(k3 — M3)

x |1+ (terms linear in p; and p2)

KVE” KX kY kYK N KFEY
(£2)2  (kf = MP)(ky — M3) (k7 — MP)K? — K2(k3 — M3)
KMKY KR Kk }

(K2)2  K2(hf - ME) - (b — M)?

+4p1p,p21/ {

+4p1p,p11/ {

4 K“K”+ K*EY n k5 kS n
PP\ T KR - M) (R - M)
(3.21)
Comparing both sides, we can conclude that
By pipy
4 / d*ky / d*ks KrK>
P1uP1v
" (2m)* ) (2m)* (K2)2(k? — M) (k3 — M) (k? — M?)(k3 — M3)
" KrKY . KPEY n KkY
(K2)?  K2(ki — M7) (K} — M?)?
B psp)
Apap / d*ky / d*ks KrK>
2ul2v
" (2m)* ) (2m)* (K2)2(k? — M) (k3 — M) (k? — M?)(k3 — M3)
KrKY K'EY k5 kY
X +
(K2)? ~ K2(k3 — M3) (k3 — M3)?
(3.22)
The first term in the brackets is symmetric in M7 and M, so it will not contribute to the EDM.
Take the difference
Bipipy — Bapsp)
_ 4 / d*ky / d*ks K"K
—P ) EmE ) @t (KPR — M) (RS — M) (R — MP) (K — M)
" [ KFEY n Kk
| K2(kf — ME)  (kf — M?)? |
B / d*ky / d* ks KrK*
Pabee | Gyt ) )t (K2)2(6 = Mg, (8 — M3,) (K — M7) (8 — M3)
| Kk kK] (3.23)
K2 (k3 — M3) (k3 — M3)? ] '
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Notice that the Bs terms are the same as Bj after interchanging M; — My and k1 — ko.

Consider the integrals for B;.The result can only be some scalar functions multiplied by some combination
of g’s

B gn/\g;w +B gnpg/\u —|—B gnvg/\u
_ / d*ky / d*ks K*K
(2m)* ) (2m)* (K2)2(k — M) (k3 — M) (ki — M7)(k3 — M3)

KHEY kY EY
3.24
| * wray (324
If we plug that back in:
Bl p'fpi‘ _ 4pluplu |:B/g;~g)\guu +B/ gnu Av + B gnug)\u:|
= 4 [B'g"‘)‘m2 + B plip} + Bmp’fpi\} . (3.25)

Notice that the B' piece belongs to the expression for By so when we evaluate our integrals we need to
subtract it out. the rest will give By

B, = 4B +B"). (3.26)

To figure out the B’s we contract both sides with gxagu , Grugre and gevgap.
Contract with g.xg,.

168 +4B" +4B"

B /d4k1 / ks K?
- @ot ) @m)t (K2)2(k - M) (k3 — M) (ki — M7)(k3 — M3)
K-k k2

R M) T - M7y
(3.27)
Contract with g..gx.
4B/ + 163// + 4B///
o / d4]€1 / d4]€2 1
(2m)* ) (2m)* (K2)2(ki — Mﬁv)gkg — M) (k7 ( ))(2 2 — M3)
K°K -k K-k
3.28
o] (32
Contract with g.,gx,
4B +4B" +16B"
o / d4]€1 / d4]€2 1
(2m)* ) (2m)* (K2)2(ki — Mﬁv)gkg — M) (k7 ( ))(2 2 — M3)
K°K -k K-k
3.29
G * = (329

Subtract (3.29) from (3.28) gives

B" = B" (3.30)



Saifuddin R. Rayyan Chapter 3. Lepton EDM from See-Saw Texures 26

plug back in (3.27) and (3.28)

168" +8B"
B / dYky / diky K2
B 2m)* ) (2m)* (K2)2(k3 — My, ) (k3 — My, )(kf — M?)(k3 — M3)
K-k 2
X +
K2(kf — M?) ~ (kf — M})?
4B +20B"

_ /d4k1 / d*ks 1
@m)t ) @m)F (K2)2(k2 — ME) (kS — MZ) (k2 — M2) (k2 — M3)
K%K -k (K - kp)?
XL@W—M& %—MP]

(3.31)
Multiply the second equation by 4
168" +8B"
B / d*ky / d*ks K2
B 2m)* ) (2m)* (K2)2 (k] — M) (k3 — M) (k3 — M7)(k3 — M3)
" K-k . k3
K207 07) T (7 — A7)
168" +80B"
B / d*ky / d*ks 1
B 2m)* ) (2m)* (K2)2(k? — My,) (k3 — M) (kf — M7)(k3 — M3)
AK?K -k A(K - ky)?
<\ ww =t * w—any (3:52)
Subtract the first line from the second line
72B"
B / d*ky / d*ky 1
a 2m)t ) (2m)* (K2)2(ki — M) (k3 — Mg,)(kf — M?) (k3 — M3)
3K -k 4K - k)% — K2k?
<ot (3:53)
So Bj becomes
B, =8B’
B l/ d*ky / d*ko 1
9 @ot ) @n)t (K2)2(k — Mg,) (k3 — M) (k7 — M7)(k3 — M3)
K-k 4K k)% — K2k?
e S (3.31)
(k¥ — M7?) (k7 — M7)?

B5 is the same as B; after interchanging My — M and ky — ko.

B, — By

T A [ s 1

- 5/@ﬂ€/®#(WP%—M%M?JQM%—MM%—Mﬁ
[ 3K -k 4(K-k1)2—K2kﬂ
R—M7) " (- )

B 1/ d*k / d*ko 1
9./ @m)*t ) @m)* (K2)2(kf — M,)(k3 — Mg,)(k — M?)(k3 — M3)
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Expanding the expression

B, — By

Now define:

~
|

X

3K - ko

A(K - k)? — K2k2

(k3 — M3)

1

(k3 — M3)

1/ d'F, / d'ks
6. (2m)* ) (2m)* K2(kY — M) (k3 — M) (kf — M7)(k3 — M)
) )

X

1

(k7 —M7)
(k3 — k3)

(k3 — M3)]

1/ d*ky / d*ky
6./ @m)* ) @m)* (K2)2(kf — M,)(k3 — Mg,)(k — M?)(k3 — M3)

X

1

1

1

+
(K} — MP)

(k3 — M3) |

1/ d*k; / d*ks
9/ (2m* ) (2m)* (k2 — M3,

X

1

) (k3 — M) (ki — M?)(k3 — M3)

1

[ (K} — M)

1

(k3 — M3)? |

1/ d*ky / d*ks
9 @mt ) (@2m)* K2(kY — M) (k3 — Mi,)(kf — M)(k3 — M3)

X

ki

k3

(K} — M?)?

1

(k3 — M3)? |

g/ d'Fy / d'ks
9. @m* ) (2m)* K2(k — M) (k3 — M) (kf — MP)(k

X

k3

(Sl
|
S
~—

i

(K} — M?)?

(kf — k3)

(k3 — M3)? |

1/ d*k / d*ko
9./ @m)*t ) @m)*t (K2)2(kf — My,) (k3 — Mg,)(k? — M?)(k3 — M3)

X

i

k3

[ (K} — M)

(kf — k3)

(k3 — M3)? |

1/ d*ky / d*ko
9. @mt ) @m)* (K2)2(kf — M) (ki — M) (Kt — M?)(k3 — M3)

X

k3

ki

(R} — M7)?

1

(k3 — M3)*|

X

1

/ d*ky / dks
@m)*t ] (2m)* K2(kf — M) (k3 — M) (K — MP)(k3 — M3)

1

(K —M7)
(K — k3)

(k3 —M3)]

d*ky [ d*ks
/ (27r)4/ (2m)* (K2)?(kf —

X

1

M) (k3 — M, ) (K — M7)(k3 — M3)

1

(K} — M?)
1

+

(k3 —M3) ]’

/ d*ky / d*ks
(2m)* ] (2m)* (kf — M )(

X

k3 — M) (ki — M) (k3 — M3)
1

1

(K — M)

(k3 —M3)*]

27

(3.35)

(3.36)



Saifuddin R. Rayyan Chapter 3. Lepton EDM from See-Saw Texures 28
7 = / d*ky / d* ks 1
(2m)* ) (2m)* K2(ki — M) (k3 — M) (kf — M7)(k3 — M3)
e T W
[(kf = MP)? (k3 — M3)?] 7
P / d*ky / d* ks 1
- @mt ) (@m)t K2 (kY — M) (k3 — M) (kf — M7) (k3 — M3)
e U W
[(kf —MP)2 (k3 —M3)2] "
v o= /d4k1 / d*ks (k? — k2)
(2m)* ) (2m)* (K2)2(k? —Mr?v)(/‘;% — M) (k3 2M1)(7€2 M3)
y ki n k3 ’
[(kf — ME)* (k3 — M3)? ]
vV o= /d4k1 / d*ks (k? — k3)
) @mt ) @m)t (K2)2(R — M) (k3 — M) (K — M?)(k3 — M3)
X 3 + ki
L(kf = MP)? (kG — M3)? ]
(3.37)
1 1 1 2 1 1.
By —By==-(X+Y)+ = 7 — =7 +=V—-=-V . .
1 2 6( + )+9W—|—9 9 +9V 9V (3.38)

Now Wick rotating and expanding in Gegenbauer polynomials (4-D analogous of the Legendre expansion)

,we replace:

/%/%%_) / dk:2k2/ dekagzL/wdkz/wdkgki
— (M) [ / dk? / dk3 k3 + / dk3 / dki kQ]
(3.39)
and
/ Ak / d*ky (KT — k3)
(2m* ) (2m)* (K?)? y
14 / dk? k? / dk22k2 52(]&%%
= dk2 dk? %
= 4[/000dk' O]: dkg%—k/o:odkg /Ok dk 7k?,i]§2 k;];j)
- o [/oo dk? kl k2 k2 — /OO di2 /k di? kQ] (3.40)
0 0 0 0

So the integrations become:

—1
(4’

%) k2
1 1
de/ dk? k2
/0 Plo (R M) (RS + M) (KT + M) (K3 + M)

1 1
>< —
[(k% +M?) (k3 + M3)

X =
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1

_—1/oodk2 /kgdekP
(4m)* Jo > Jo ' 1(]“%

X

+ My, ) (k3 + Mg, ) (ki + M?P)(k3 + M3)

+ My i+

(k3 +M7)  (k3+M3)]
1

_—1/oodk2 /k%dekQ
(4m)* Jo Yo ? Q(k%
X

+ M) (k3 + M) (kf + M) (k3 + M3)
1 e

+
| (K + M7) (k3 + M3) |
1

-1 e k2 2 1.2
— dk dki k
(477)4/0 2/0 12

X

-1

+ M3, (k3 + M32,) (k% + M?) (k3 + M3)
[ 1 1
+ :
L(kF + M) (k3 + M3)
1

I oode /Oode k2k2
(47T)4/o Po P (R M) (RS + M) (R + M) (k3 + M3)
1

1
X _
. L(kF + MP)2 (k3 4+ M35)2 |7
__1/00 de M dkj2 k?2 1
“mt)o o PP (R + M@(’C% +M3v)(k%’2+ M?)(k3 + M3)
kl k2
X —
L(kF + M?)? (k3 4 M3)? ]
- /Oodk:Q /kg dk? k? L
R A S (- M3V2)(k§+M3V)(k%2+ M) (k3 + M3)
k2 k2
X _
, L(kF + MP)2 (k3 4+ M35)2 |7
—1 /oode /kf dk2 k2 !
mt)o o PR+ M@(’f% +M3v)(k%’2+ M?)(k3 + M3)
k2 kl
X —
L(k7 + M?)? (k3 4+ M3)? ]
L /°° e / 2 I
mtJo o N (RE+ M3V2)(k§+M3V)(k%2+ M) (k3 + M3)
k3 ki
X _
, L(kF + MP)2 (k3 4+ M35)2 |7
- /oo dk? 4 dk2 k2 L
ant J, ) R ?LMgV)Q(ngngV)(k%; M3)(kZ + M3)
kl k2
X
L (B 4+ M7)2 (k3 + M3)? |
_—1/wdk2/k§dk2k2 1
Um* fo Lo TR _+Mv2v)2(k§ +M3V)(k%2+ M?)(k3 + M3)
k2 k2
X
, L(kF + MP)2 (k3 4+ M35)2 |7
- /oo dk? 4 dk2 k2 L
AmtJo 7 Jo TP PR 4+ MR (k3 4 M) (R + M) (k3 + M3)
k3 k?
x 2 2\2 + 2 2\2
| (kT + M7)? (k5 + M3)? |
1

_—1/oodk2 /kgdekP
(4m)* Jo 2 Jo ' 1(]“%

+ M) (k3 + M) (kf + M) (k3 + M3)

29
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k3 ki }
. 3.41
0+ 21 U5+ A o
to simplify the expression, first we look at X + Y
X+Y = /Oode/kzdk k2 ! !
B 477)4 0o 272 (R + ME) (k3 + M) (k3 + M2)(k3 + M3) | (k3 + M3)
i /Oodkg/k dik? k? ! [ ! ]
(4m)* Jo 0 b (R + Mg, )<k2+M2 J(kT + MP) (k3 + M3) [ (k3 + M3)
— /Oo di? L / dk3 k3
@m* Jo Tt (R 4+ MR )(RE+ M2 Jo 2 (K3 + M) (K3 + M3)
i /Oo di? ! /k dk? k3 (3.42)
(Am)t Jo (R M) (R M2 Sy P (k3 4+ M2 (kR4 M2 '
Now Z +V
-9 o) kf 1 k?2
Z4+V = / dk? dk2 k2 { L ]
mtJo T Jo TR (R 4 M) (R + M) (R + ME) (kS + M3) [(kF + ME)?
_ —2 /OO de k2 de k2 1 k%
mt)o 2o (kQ+M2 V(K3 + Mg, )(kt + M?) (k3 + M3) | (k5 + M3)* |
-9 o0 k2
= dk? 2
w)4/0 Yk 4+ ME) k2+M2 / k3 (k3 + M2,) (k3 + M3)
=2 [ g i dk k3 (3.43)
(m)* Jo Y (B4 ME) (KR + M3)3 2 (k3 + M) (K3 + M)’ '
What’s left is 27 + V'
27 +V = _—1/oodk2 /kfdekQ L
“mt o T Jo P (kA M) (k3 + M) (K + M7) (k3 + M3)
y 2k3 2k%
2 (07 + 077~ (3 + MZ)2
—1 o0 k3 1
— | dk? dk? k?
i (4@4/0 / VIR DR + M)+ M + M3)
y 2k3 2k}
(K2 + M2)2 (k24 M2)2|
kz
1
dk? dk2 k2
e / / 272 (k4 M) (K3 + M) (K] + MP)(k3 + M3)
k3 ki
X
(K + M2)? (k3 + M3)? |
-1 1
- —— | dk? dik? k2
(47r)4/ 2 / Y (k3 + M, )(k2 + M) (k] + MP) (K3 + M3)
[ k2 k2
(k7 + M7P)? (K3 + M3)? |
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kZ
- 1
— dk2/ dk? k2
(47r)4/o o O R M) (2 + MR (R + MP) (3 + M)

2
y 3k2

K

[k +M7)2

(k3 4+ M3)? |
1

_4/ dk%/ dk%k% 2 2 2 2 2 2\ (1.2 2
(4m)* Jo 0 (k +M )(k'z"‘MW)(le"‘M})(kQ"‘MQ)

k3

352

(k2 +M1)
3 2
4@4/ TSR
"k i g
0 (kT 4+ Mg,) (kT + M?)

k

d
/0 (k3 + M3,) (k3
1

1

=

47r

w/-\

S}

=

(4m)

—~
il

gL

'S
c\
3

Q.
=N

—~
gl

gL

S
c\
3

Q.
=N

i

dk?

= — " ke
(4m)* /0 V(R 4+ ME) (R + M)

i

— dk?
4r) /0 V(K3 + ME)(K 4+ M2)?

(]‘52 + M3)? |
k4

dk?
k2 + M?)3 / 2 (k3 4+ M3Z,) (k3 + M3)

k3
(k3 + M) (k3 + M3)3

k2 2
2 / dk% 2 2 - 2 2\3
+ M3) (kf + My, ) (ki + M?)

o0 k2
dk? dk?
47r>4/o (k3 + M3,) (k3 + M3)? / Yok ME) (R 4+ ME)

3 /Oodk:Q ! /k dk} k2
dm* Jo Tt (R 4+ MR )R+ M) Jo (K3 + M) (K3 + M3)

=3 / Oodk:Q L / N dk2 K
(4m)* Jo (k2 4+ ME) (K + M3)3 ® (K3 + M3,) (k% + M})
2

ki
(3.44)
)
k S K
dk
(K2 + M2,)(k? + M2) /0 2 (k3 + M) (K3 + M3)3
k2 ki k2
dk2 2
(k§+MV2V)(k-f+M§)/o (K3 + M3, (k3 + M7)3 5.45)
3.45

k2 2
k

dky 2 v 2 2

, (k5 + My) (k3 + M3)
kl 2 k3

(k3 + M) (k3 + M?)

(am)t Jo V(K2 + M2 (K2 + M2)3 ), 2 2 (k2 + M2)(k2 + M2)

P H (e ! 2 kg
(4m)* Jo (k7 + M) (k7 + M3)% Jo (k3 + Mg,) (k3 + M7)

o0 k2 ki k2

+ dki L dk? 2
)4/0 (k7 + M) (k7 + M7) 2 (k3 4+ M) (K3 + M3)?

o0 k2 ki k2
o 4/ de 2 2 v 2 2 dkg 2 2 2 2 2\3
(4m)* Jo (kT + Myy) (kT + M3) (k2 + M2,) (k2 + M2)

(3.46)
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Now W':
I — /Oodk:f /Oodkgkgkf !
(4m)* Jo 0 (kT 4+ M3, ) (k3 + M, ) (k7 + M?)(k3 + M3)
1 1
Lo e : (K +MP)2 (k3 + M3)?
= — dk? / dk2 k2?2
(4m)* /ooo Y 1(k%+M3v)(k%+M3v)1(k%+M%)3(k%+M§)
S — dk? / dk2 k2K?
(477)4/0 Yo PR (R 4 M) (RS + ME)(R + M3)(k3 + M3)?
(m)t Jo T (R MR ) (k2 + M3 Sy P (KR + ME) (k3 + M3)
dm)t Jo TR+ MR+ MP) Jo P (k3 + M) (k3 + M3)?
Cmt Sy (R4 ME)(R 4+ M) ® (k3 + M3,) (k% + M3)
S /wde i / dk?2 k3
(4m)* Jo (ki + Mg,)(kF + M3)°® ? (k3 + My )(k2+M12)
dmt Sy TN (B M2 (K 4+ M?)3 2 (k3 + M2,) (k3 + M3)
P / e K i dk? ki
(m)t Jo % (k3 + M) (k3 + M3) Jo (kT + Mg, ) (kT + M7)3
-1 o0 k? k2
— / dk? L / dk2 2
@m)t Jo (BT 4+ My) (k7 + M3)3 2 K2+ MZ) (k2 + M2)
S / a2 3 “ e i (3.47)
(4m)t Jo % (k3 + M) (k3 + M7) bR 4 M) (K + M3)? '
So
-1 ) K} S K3
Vo= o, W ), mrme T
1 00 ) k2 kf ) k%
* 4@4/0 M ey e ) J, dk? (2 1 M2 (K2 + M2
1 o0 2
- / dk% 2 2]{;1 2 2 / dk2 2 2k2 2 2
(4m)* J, (k2 + M2,)(k? + M32) (k3 + M2,) (k2 + M?)
_ —1 /OO de k2 kl de k2
(4m)* Jo (kT 4+ Mg,) (kT + M?) ? (k3 + ME) (k3 + M3)3
(3.48)
and
W+Z+V-—27 -V = —2 /Oode 4 dk2 k3
o (4mt o 1<k%+M2 k2+M“ o 0 (K3 + Mg) (k3 + M3)
%) k 2
2 / dk? / dk? k
(4m)t Jo ! (k% + M3,) (k2+M2 3 Jo (k§+M3V)(k§+M12)
-3 [ 1 kY k4
- / dk? / dk32 2
(4m)t Jo (R4 ME) (R + ME)3 Jo T (kR4 M) (k3 + M3)
-3 [ 1 kY k4
+ / dk? / dk2 2
(am)t Jo T (R 4+ MR (R + M3 Jo T (kR + M3, (k3 + M3)
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o) 2
! / di? ki / ' dk? k3
(4m)* Jo (k2 + M) (k2 + M) Jo (k3 + M) (k3 + M3)?
-1 k? 1 k32

(%) k2
dk? / dk?
(47r>4/o PR+ M) (K +M3) Joo P (K3 + M) (RS + MP)?

—1 /oode i /k dk2 ks
(am)t Jo T (R4 MR (R + ME)3 Jo P (k4 M) (k3 + M3)

—1 /oode i /klde k>
Amt o R+ MR)R M) o P (K + M) (K3 + M7

—1 /oode i /klde ks
(4m)t Jo T (R4 MR (R + M3 Jo T (k4 M) (k3 + M3)

(dm)t Jo (R ME) R+ M) Jo P (K + ME,)(KE + M3)3
(3.49)
L I
(4m)* Jo (k3 + M3,) k;2+M23 0 2 (k3 4+ MZ,) (k3 + M3)
%) k 2
k
4/ d 2 2 2 2 3/ d 2 2 : 2 2
(4m)* Jo (k3 + M3, (k + M3 0 (k2+MW)(k2+M1)
o, g,
(4m)* Jo (k2 + M2, (k¥ + M2)3 Jo 2 (k3 4+ MZ,) (k3 + M3)
%) k 4
4/ d 2 2 : 3/ d 2 2k2 2 2
(4m)* Jo (k2 + M3,)(k? + M. 0 > (k2 + My, ) (k3 + M7)

(3.50)
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q=DPp1—DP2 T
- ~
7~ ~
ﬁ:_ kl P2 —N
/ \
/ \
M1 M2
> ‘ p—— ' < 1 +——> ' b
e —_ e  — —_
b1 kq \ k1 — ko pa — ko I P2
\ /
\ /
N ks /
~ —_— ~
~ 5 -
Figure 3.7: Diagram 2B
3.3.2 Diagram 2B
The v¢¢ vertex is
(—ie) {(p1 — k1)x — (=p2 + k1)a} = (—ie) (p1 + p2 — 2k1), - (3.51)
The coupling constant, (—ie), and those along the fermion line combine to the factor
(—ie) (—z’]\ag) (—z']\m) (—z’]\}ﬁ) (—z’]\{a) = e (Aagfxmixglixgl) . (3.52)
The six propagators will contribute i = —1 and get rid of the minus sign.
The fermion line gives
My My u(pz)(Fr — K2) Pru(pr). (3.53)

Define:
C1p% + Caph
_ / dky / Fa (k1 — ka)"
@m)* | @m)* [(p2 — ka)? — MZ)(ky — ka)2(k2 — M2)[(p1 — k)2 — M)
1
X
[(p2 — k1) — M) (k3 — M)

Dog™ + Dupipy + Daopiph + Di2piph + Darpsph

B / d*hy / d*ky kY (R — ko)
S @mt ) @ [(pe = ke)? = M3 (k= k2)? (K — MP)[(p1 — k1)? — M)
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X

[(p2 — F1)? — M, (k3

so what we have becomes:

My M u(p2) (k1 — %2)(191 + p2 — 2k1)APru(p1)
= MiMzu(p2)(k1 — k2)"vs(p1 + p2)rPru(p1)
—  2M7 M, u( 2)(k1 kQ)M’)/M(kl)Kgn)\PLu(pl) :

After integrations we can replace the k’s with the p’s:

= MiMsu(p2)(C1py + Caph)ve(p1 + p2)aPru(p:)

— 2M M a(p2)(Dog"™ + D11pipy + Daop5ph + D12pTph + Darp5pi ) vugeaPru(pr) -

Collect only the terms that depend on p* and neglecting the rest:

= M Ms(py + p2)ra(p2)(Ciy1 + Copfa) Pru(pr)

- Miy)

— 2Mi Mo a(p2)(Duipiagi + Dasparpfa + Diapinge + Daipaappr) Pru(pr) -

My Ms(p1 + p2)x w(p2)(Cip1) Pru
My Ms(p1 + p2)x w(p2)(Cap2) Pru
2M1 Mo a(p2)(D11piag1 + Da1pax
2M1 M a(p2)(Dazparps + Diz2pix

p1)
1)
1;PLU(I?1)

2 PL’U,(pl) .

o+l
@/-\

[

= My Mom | p1x ( (Cy —2Dq2) u(p2)Pru(pr)
(C1 — 2D11) u(p2) Pru(p:) )
+pax E (C2 = 2D32) u(p2) Pru(p:)

C1 — 2D31) u(p2) Pru(py) ) ]-

Collect the 7° terms:

= MiMama(e) [pin (G2 —2D1) (-37)
+ (G200 (7))
+p2x ((C2 = 2Ds2) (—%75)
£ =2D2) (579) ) Ju(p)
= M Myma(p) (- 57 up) [pa ((Co = 2D1) = (C1 — 2D )
. +pax ((C2 —2Dg2) — (C1 —2Da1) ) |
= My Mamaa(po)(—57%)upr) [ps ((C2—Ci—2Di3+2Dy) )
+p2x ((C2—=C1 —=2D2g+2D21) ) |
= Mlemﬂ(pz)(—%75)U(p1) [ %(pu + pax) (202 = 2C1 = 2D13 + 2D + 2D11 — 2D )
+%(P1>\ —p2x) (—2D12 — 2D +2D11 +2D32 ) |.

Since (p1x — p2y) is zero on-shell; the last equation becomes:

N =

M Mpmn(pa) (— 377 u(p) |

(p1x + p2r) (2C3 — 2C1 — 2D12 + 2D31 + 2D11 — 2D9s ) |
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(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)
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1
= §M1Mgmﬂ(p2)(’y5)u(p1)(p1)\ +pax) [ (C1 —Ca+ Dig — Doy — D11+ Do ) |

1

= §M1M2m@(p2)(75)u(p1)(pu + pax) [(C1 — C2) + (D12 — Da1) — (D11 — D22)] .

Now we evaluate the C and D functions.

The C functions

C1pt + Copls

(k1 — ko))"

B / d'ky / ks
—J@mt ) @m)t [(p2 — k2)? — M3](ky — k)2 (k7 — M%)[(fl = k1)? = M|

X

(P2 — k1)? = M| (k3 — M)

(k1 — k2)"

[ d [ s
- / <2w>4/ (@m)F (R — M3) (ks — k)2 (k2 — M2) (K2 — MZ,)2(k3 — M)

x[l—kM—k---][l—k

K= M3

Comparing the terms we can write:

C1pf

2(p2 - k1)
e 22
}{+ﬁ—M%+

Ky (k1 — ko)"

5 /d4k;1 / d*ks
Pue | @yt | @m)t (6 — M3) (ks — k2)2 (K — M7)(K, — M3, (k3 — M3,)

Copy

kS (k1 — ko))"

) /d4k;1 / d*ko
P ) @t ) @t = M0k — ka2)2(K — MP)(R — M3, )2(k3 — M3,)

i (k1 — ko)

4 o9 /d4k:1 / d*ks
Pan | @m)® | (@m)* (62 — M2)(kr — ha)2 (k2 — MZ)(kZ — M2,)3(kZ — MZ,)

Since the integrals can only be a scalar multiplied by g+*

kY (k1 — k)"

e

d*ky d*ky

/ 'y / ks
@2m)* ) (@m)* (k3 — M3) (k1 — k2)2(kf — M7) (k7 — M, )* (k3 — Myy)

kY (k1 — ko)"

G = 2 [ G | G

_|_

= M3)>(ky = ko) (k — M?)(kf — M) (k3 — M)

kY (k1 — ko))"

Contracting both sides with gH*

d*ky d*ky
/ )" / (@)t (k3 — M3) (ks — ka)2(k3 — M2) (k3 — M, ) (R — M3,)

" - / A4k / d*ks key - (k1 — ko)

' @2m)t ) (2m)t (k3 — M3)(ky — k2)? (k7 — M7)(k — M3,)3 (k3 — M)
i - / A4k / d*ks ko - (k1 — ko)

? @2m)* ) (@m)t (k3 — M3)2(ky — k)2 (kT — MT)(kT — M )? (k3 — M)

dks

ki - (k1 — ko)

d*ky
" / )" / (@)t (R — M) (ks — k)2 (k2 — MP)(k3 — M3, ) (k5 — M3,)

Plug back

ki - (k1 — ko)

o 1/ d*ky / Ak
bo2) ot ) @mf (8 - ME)(k - ke)?(k] — MP)(RF — ME,)3(kE — MF)

36

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)
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1 [ d*%y [ d* ko - (k1 — k2)
Gz = 2 (2m)4 (2m)4 (k2 — M2)2(ky — k2)2(k? — M) (k? — M32,)2(k2 — M2,)
2 2 1 2 1 1 1 W 2 w
1 [ d%y [ d* ky - (k1 — k2)
+ 2 (2m)* (2m)% (k3 — M2) (k1 — ko)2(k? — M3)(k? — M2,)3 (k3 — M2))
2 2)(~1 2 1 i)k w 2 W
(3.66)
Let’s define K = ky — ko and rearrange the terms:
o — l/d4k1/d4k2 ki K
' 2) @mt ) (2m)* (k3 — M3)(K)?(kf — M7)(k? — My, )3 (k3 — M)
o — l/d‘lkl/d‘lkg ko - K
2] ot @t (- M3P(K)2(k — MP)(kf — M3,)2 (k] — M)
. l/ d*ky / d*ksy ki K
2) @mr ) @2m)* (k3 — MJ)(K)?(k§ — M) (kT — Mg, )3 (k3 — M)
(3.67)
o — 1/d4]€1/d4]€2 1 [ kK
' 2/ @m* ) (2m)* (k3 — M3)(K)?(ki — MT)(k? — M) (k3 — M) | (k7 — M)
o — 1/d4]€1/d4]€2 1 ko - K
2 T 2) @ot ) @t (8 - MPKRR - M)k — M) (k3 — Mg,) | (k7 — M3, (R — M3)
n 1/ d*k, / d*ks 1 k- K
2) @mr ) 2ot (k3 — MJ)(K)2(k§ — M) (ki — Mi,) (k3 — Mg,) [ (kf — M§,)? ]
(3.68)
Since:
K = ki—ko
K-k = —ko
K*+k} -2k - K = k2
1
k- K = 5(1(2 + k2 — k2, (3.69)
and
K = ki —k
K+ky = k
K2+ k2+2k K = k7
1
ky K = §(kf—k§—K2), (3.70)
o — 1/ d*ky /d4k:2 1 [K? + k3 — k2]
' 4) @mt) @mF (- M3)(K)2(k — M) (K] — MZ,)(k} — M3,) | (k¥ — M3,)? |
o — 1/d4]€1/d4]€2 1 k? — k2 — K? ]
2T 1) @ot ) ot (8 - MBI - MR — ME) (K — M) | (k7 — MZ)(R — M3)
1 d*k, d*ks 1 K%+ k2 — k32
+ Z 271)4 2 4k2—M2 K2k2—M2 k2_M2 k2—M2 k2—M22
(2m) (2m)* (k3 ) (K0)? (ki i) (k7 W)(Q W)_(l W)_

(3.71)

1A [ ke 1 1
@ = 4/(277)4/(277)4 (k%’—Mr?)(k%—M%)(k%—M%)(kg—Mﬁv){(k%—M%)Q}
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1 d*ky d*ks 1 [ k2
* 1/ <2w>4/ (2m)* (k3 — MZ)(K)2(kf — MP)(k} — M) (k3 — MZ,) | (K - >2]
1 [ d*%: [ d*s 1 —kz
- 1/ <2w>4/ (@m)7 (- MB)(K2(k3 — MP)(K — M) (K3 — M) | (kY — M3 >2]
o — 1/d4k1/d4k2 1 [ ~1 ]
P74 ot ) ot (8- ME)(k - ME)(kF — ME,)(k3 — ME,) | (k2 — MZ,)(k3 — M3)
1 [ d*%, [ d*%k 1 k
* 1/ (27) / (2m)" (k3 — M3)(K)?(kf — M2) (k] — MF,) (k3 — M) [ (k7 — M§,) (k3 — M3)
1 [ d%y [ d* 1 [ —k3
N Z/ <2w>4/ (2m)* (ké—M&)(K)?(k%—M%)(k%—Mavxk%—Mav)_<k%—M3V><k§—M§>]
N 1/ d*k, / d*ks 1 1 }
1) em* ) @m* (k- MZ) (k] — M) (k] — ME,) (k3 — MZ,) [ (k7 — M)’
1 d*ky d*ks 1 k2
N 1/ (27) / (2m)* (k3 — MZ)(K)2(kf — MP)(k} — ME,) (k3 — MZ,) | (K - >2]
n 1/ d*ky / d*ks 1 —k2 ]
1) emt ) @m* (- ME)(K)? (W — MP)(K? — MZ,)(k3 — ME,) | (k] — ME,)? 5o
Ch — Oy

1 [ dR [ dke 1 —1
S 4 / (2m)* / (2m)* (k3 — M3) (kT — M)(k? — M) (k3 — M§,) {(k% — M) (k3 — M%)]
1

B _/ d*ks / d*ks 1 [ k;% ]
1) @mr ) ot 0F - MREP R~ MHKF — M7 (05 — M) | (5 — M) (F — M13)

B _/ d*kq / d*ky 1 [ —k3 ]
4] @mr ) @m)t (k3 — M3)(K)?(kf — MP)(k — Mg,) (k3 — M) (kf—Mgv)(kg—MS)(g -

After the usual wick rotation and expanding in Gegenbauer polynomials we can replace:
d'ky [ d'ky 1 2.9 T
/—(27r)4 /—(27r)4 e / dki ki / dk3 k3 k2 = (47r)4/ dk;y / dks kZ
= (47r) [/ dk:2/ dk3 k3 + / dk3 / dk? kz] (3.74)

C1—Cy 2

1 1 o 1 1 —1

= i, ® ) W e ) ETE

L Lt /wdkf/kfdkgkg ! [ ki }
Ty 0 N N+ M0 V) R+ 0 0

P /oodkf /kldkgkg [ —k }
i ), M, CEST IR e vend e e ey
11 K 1 -1

* a8 R A T M T M (B TG [Eesrsteestal

+ 11 /oodk'Q/k;dekQ 1 [ ki }
G o My MR gm0+ 0308 + 00 [0+ 053 (5 + )

+ 1 /oode /kzdekQ 1 [ k3 }
TR S A R v ) ) s VR T VRN B VT vy
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(3.75)
Ch — C’g
o k3 1 r —k2
= 7 ) / dk? dk3 k3 2 2\ (1.2 2\ (1.2 2\ (1.2 2 2 212 2
4 0 0 (kg + M3) (ki + MT) (kY + My ) (k3 + Myy) [ (k7 + My ) (k3 + M) |
1 o) k 1 k2 7
+ 7 )4 / dk k'2 k'2 2 2\(1.2 2\ (1.2 2 2 2 2 2 2 2
4(4 0 0, (kg + M3) (ki + MT)(ky + My ) (k3 + Myy) [ (k7 + My ) (k3 + M) |
k2 _ :
+ 1 dk% dk%k% 2 2\ (1.2 2 12 2 2 2 2 2 k22 2
2( (k3 + M3) (ki + M7)(ki + My, ) (k3 + My,) | (K + M) (k3 + My) |
(3.76)
Interchanging k; and ks in the last two lines
Cy — Oy ,
K2 r 1.2
= 2 de dk2k2 2 2\ (1.2 212 2 2 2 2 2k2 2
4 (4 (k3 + M3) (k7 + M7?)(ki + Mg, ) (ks + Mg,) | (k + My,) (k3 + M3) |
+ L dk2 k2 L ks _
4 (4 (R ME)(RS + MP) (k3 + M) (k + M) L (3 + M7, ) (k + M3) )
1 ’“ 1 —k2 ]
+ dk k2 k2 2 2\ (1.2 2\ (1.2 2 2 2 2 2 2 2
2( (kT + M3)(k3 + M7)(k3 + My, ) (ki + My,) | (k3 + M) (k3 + My) |
(3.77)
1 1 K e
C,—Cy = dk? 2
4( (kT + My, )2 (R + M) 2 (k3 + M) (k3 + M3)?
1 1 K e
+ 1772 2 2 2 / dk% 2 2 22 2 2
4( (ki + M) (ki + M35)? Jo (k3 + My)* (ks + M7)
1 k2 K —k3
+ 2 ! / dk3 2
2 (K + M) (kT + M3)? o (k3 + Mgy)? (k3 + M7)
(3.78)
Scale all masses and momenta to M‘%V
1 1 —k
Ci—Cy = ——u—— dk? / dk? 2
T A(m)tMy, / IR+ MD) Sy P (R 1)k + M3)?
1 1 K i
+ —7/ dk? dk3 2
4 (4m)* My Jo (k +1)(k? + M3)? (k3 +1)%(k3 + MT)
1 k2 kf —k?2
+ —7/ dk? L dk3 2
2 (4m)* My Jo (k +1)(k? + M3)? (k3 +1)%(k3 + MT)
(3.79)
These are the same integrals as C, , Cq and C,
1 —1 1 1
Cl —CQ m{?ca—’—ZCd_i_ace]
(3.80)

The contribution from the C functions is completely symmetric in the neutrino masses, so it does not

contribute to the EDM.
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The D functions

Dog™ + Dupipy + Daopsph + D12piph + Darpspl

- / a4k / d*ks K (k1 — ko)
) @nr ) @2m)f (2 — k2)? = M3)(ky — k)2 (kT — Mf)[(fl —k1)? — M

2 — kr)? — M2 ](kZ — M3,)

. d*kq d*ks k5 (ky — ko)
") ] G R i e
P2 - K2 P2 - K2 p1- k1 p1 - Ky
P*(%— Mp) - }{L*w%—%%>2yf—ﬁ%wg% ]
P2 Rl P2 - K1
XP*@%—M@) %%—M%P+”}

_ / 4y / dthey ki (ky — k)P
2m)* ) (2m)* (k3 — M3)(ky — ko)?(kf — MP)(kT — M, ) (k? — Mg,)(k3 — Mg,)

2(p2 - k2) 2(p1 - k1) 2(p2 - k1)
P+%—M@+w%wme%—Mm
4(py - kp)?

(ki — M3,)?

4(ps - k2)? 2(p2 - k1) 2(p2 - ko) 4(p2 - k1)?
(k3 —M3)? ~ (kf — M) (k3 — M3) — (k§ — M§,)?
2(p2 - ka) 2(p1- k1) 2(p2 - k1) 2(p1- k1)

(k3 — M3) (kf — M) (kf — Mg,) (k7 — M) |

(3.81)
Omitting the first line in the brackets
Dog"™ + D11pipy + Daopsph + Di2piph + Daypsphf
_ j[ d*ky )[ d'k; ki (R — k2)"
2m)* ] (2m)* (k3 — M3)(ky — ko)?(kf — MP)(kT — M, ) (kF — M, )(k3 — M3,)
\ Kbk
P1AP1v (k% — M‘%V)Q
ka ks ki kg k3 kY
4 v
P [(kz SMER R MR MF) | (R - M2
kM EMEY
4 } 1Ry 1R1 .
ps [(kz VI VR I (I YR
(3.82)

Dipip!
_‘/&h/d%z B (b — )
=) et ) @t - M)k — k2R — M) — M) (R — M) (K — M)
ke kY
XP””“[@%—M%V”
Dosphphy
_ / d*ky / d'k; ki (R — k2)"
=) et ) @)t - M)k — B2 — M) (R — M) (R — M) (K — M)

<y N N k')‘k'z N kM kY
PP |Gz M) (k2 = ME) (k3 — MZ) | (k2 — M3,)?
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Diopiph + Darp5py
_ / d*ky / d'k; ki (R — k2)"
= ) @t ) ot MRk — k)2 (8 — ME)(RE — M) (k2 — MZ,) (k] — M)
0 e B
PP R =MD =0 (6 = M)
(3.83)
Again the integrals can only be some scalar functions multiplied by g’s:
Diyg™ g™ + Di1g"*¢" + Di1g™ g™
_ 4/ d*k; / d* ks kf(ky — ko)H k kY
(2m)* ) (2m)* (k3 — M3)(ky — k2)? (R — M?) (ki — MR, ) (ki — M) (k3 — M) [ (kf — ME,)?
(3.84)

To figure out the D’s we contract both sides with g.,.9x0 5 gxrgur and grvgap
Contracting with g.,gx.

16Dy, + 4D}, + 4D},

B / d*ley / A4y key - (k1 — ko)
= N ot @t B - M3k — ka)P(R2 — MP)(KE — MR (R — M) (kE — M)

Contracting with g.1g..

AD}, 4+ 16D}, + 4D},

=il
(3.85)

B d*ky [ dks ki - (k1 — ko)
B / (2m)* / (2m)* (k3 — M3) (k1 — k)2 (kY — MP)(k} — M) (ki — M) (k3 — M)

el
(3.86)

Contracting with ge, g
ADy; +4Dy; + 16Dy
_ 4/ d*ky / d"ky ki - (k1 — ko) { k2 }
(2m)* ) (2m)* (k3 — M3)(ky — ko) (kf — M) (kT — M) (ki — M) (k3 — M) [ (B — M§)? |
(3.87)
D, does not contribute to Dy;. Subtracting (3.86) from (3.87) gives:
Dy, =Dy, (3.88)
Now (3.85) and (3.86) look like
16D, + 8D},
_ 4/ d*kq / d*ksy ki - (k1 — k2) [ ki } .
@m)* ) @m)* (k3 — M3)(ky — ko) (kf — MP) (R — M, )(kf — M) (k3 — M) | (k] — MVQV()Q )
3.89

4D, 4 20Dy,

_ 4/ d*k; / d*ks ki (k1 — ko)
(2m)*

(2m)* (k3 — M3) (k1 — ko) (R — MP)(kF — M) (R — M) (k3 — Mg,)

ek
(3.90)
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ki - (k1 — ko)

42

_ [ LR [ Ak k2
B / (2m)* / (2m)* (k3 — M3) (k1 — ko) (R — MP)(k§ — M) (K — M) (k3 — Mg,) {(k% - MI%V)Q:|
(3.9

16D, + 80D},

ki - (k1 — ko)

91)

Ak [ dYhs k3
= 16/ (2m) / (@)1 (k3 — M3)(kn — ka)2(k3 — M) (K} — M3,) (k3 — MZ,) (k3 — M3,) [(k% = MW]
(3

92)

Now we can extract the expressions forDllll which is the only term that contribute to the EDM.

72D’

ki - (k1 — ko)

o d4k1 d4k2 k2
= 12/ 2n)1 / @m)1 (W = MZ)(r — Fa)2(K3 — M2)(K — M2,) (K — M2,) (K2 — M3,) [(k% = M@f]

"

Dll

ky - (k1 — ko)

93)

B l/d‘*kl/d‘*kg [ ki ]
6 @m)t ) @2m)t (k3 — M3) (ki — k2)?(kF — M7)(kf — M) (kT — M) (k3 — M) (k%—Mﬁzg))Q

This means that

D1y

ki - (ki — ko)

94)

1 [ dR [ dke k2
-3 / (2m)* / (2m)* (k3 — M3)(ky — k)2 (K — MP)(k? — M) (kY — Mg,) (k3 — M) [(k% - Mﬁv)z]
(3

Define K = k1 — ko

D1y

k- K

95)

B 1/ d'ky / 'k
= 3) @t @t B - MK — MR — ME) (K — MR — M)

1
Since ky - K = §(K2—|—k% —k2)

Dy

(2 + 1 - i)

el
(3.96)

B 1/ d*ky / d*ky
-6 @m)t ) (@2m)* (k3 — M3)K2(k? — M) (kT — M, ) (kT — M) (k3 — Mg,)

Now let’s do Dag

Dy g™ g™ + Dyyg™*g" + Doy g™ g™

kf(ky — ko)

]
(3.97)

d*ky d*ky
- 4f 2yt / (@m)T (R — MF) (ks — ka2 (RE — MP)(RE — M3, ) (R — M3) (3 — M3,

ki kg it

kyks
(k3 — M3)?

(= MZ,)(k2 — M3) (k3 — MZ,)?
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(3.98)
To figure out the D’s we contract both sides with gxngxy ; grergur and g gru
Contracting with g.,gx.
16D, + 4Dy, + 4D,
_ 4/ d*ky / d*ks ki - (ki — ko)
@2m)* ) (2m)* (k3 — M3)(ky — k2)? (ki — M7)(k? — M) (kT — M) (k3 — M)
" [ k2 . kq - ko . k? }
L(k3 — M3)?  (k} — Mi)(k3 — M3) (ki — Mfy)?
B 4/ d*k, / d*ksy 1
) @emr ) @n)t (k3 — M3)(ky — ko) (kT )( M) (k3 — M) (k3 — M)
o [E k- (k1 — ko)) . (k1 - ko) (ky - (k1 — kz)) n ki (k1 (k1 — k2))
-3 | (R-MILE—Mp) | (R-ME)? |
(3.99)
Contracting with gexgu.
4Dy + 16Dy + 4 Do,
B 4/ d*ky / d*ksy 1
~ Y @t ) @) MR — k)P — MR — M) (% — MR — 31%)
[(kl ka)(ky - (y — ko)) | Ki(ke - (ki —ka) ki - (b — ko))
(k3 — M3)? (kf — M) (k3 — M3) (k? — M) (5.100)
3.100
Contracting with g, gx,
4Dy, + 4Dy + 16Dy
B / d*ky / d*ky 1
= ) @t ) @n)t (= M)k — k)R — ME) (R — M3 ( — M3, ) (K — M3)
[(kl ko) (ke - (k1 = ko)) | (ks -ko) (ko (ky = k2)) kQ(lﬁ (k1 — k2))
(k3 — M3)? (kf — M) (k3 — M3) (K — M)
(3.101)

Dl22 does not contribute to Dy2. Adding the last two equations gives:

8D, + 20Dy, + 20D,

- 4 d4]€1 d4]€2 1
a / (2m)* / (2m)* (k3 — M3)(ky — ka)? (kT — MT)(kT — M) (k§ — My, ) (k3 — M)
[Q(kl ko) (K2 - (k1 — k2)) ki (ko - (k1 — k) L (ko) (b - (ky — K2)) 2k (k1 - (k1 — k2))
(k3 — M3)? (kf — M) (k3 — M3) — (kf — M§,)(k3 — M3) (K — M, )?
(3.102)

So what we have now is

16D, 4+ 40D, + 40D,

_ / d*ky / d*ksy 1
(2m)* S (2m)* (k3 — M3)(ky — k2)? (K — M7) (kT — M) (ki — My, ) (k3 — M)
A(ky - ko)(ko - (k1 — k) | 2K% (k2 - (k1 — ko)) | 2(k1 - ko) (k1 - (k1 —k2)) | 4ki(k1 - (k1 — ko))
[ (k3 — M3)? (k? — M) (k3 — M3) (ki — M) (k3 — M3) (K — M,)?
16D,y + 4Dy + 4Doy
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- 4 d4]€1 d4]€2 1
a / (2m)* / (2m)* (k3 — M3)(ky — ka)?(k§ — MT)(kT — M) (kf — My, )(k3 — M)
[k%(kl (k1 — ko)) (ko -ko)(ba - (Ky — ko)) ki (k- (k1 — k)

(k3 — M3)? (ki — Mg, ) (k3 — M3) (K — M)
(3.103)
Subtracting the second equation from the first one:
36Dy + 36Dy
B 4/ ik / d*hy 1
= 1) ot ) er B3 - P — I — 38 — M) — M3
[4(k1 ko) (ko - (k1 — ko)) | 2kf(ka - (k1 — K2)) o (ko) (ks - (ky — k2))
(k3 — M3)? (kf — M) (k3 — M3) (ki — Mg,) (k3 — M3)
3kT (k1 - (ka — ko)) K3(K1 - (k1 — ko))
(K — M, )? (k3 — M3)?
(3.104)
Doa
B 1/ d*ky / d*hy 1
9 @emt ) (@2m)t (k3 — M3)(ky — k2)?(k — MT)(kf — M) (K — M) (k3 — M)
[4(k1 ko) (ka - (k1 — K2)) 2k (k2 - (k1 — k2)) o (ko) (ks - (Ky — ko))
(k3 — M3)? (kf — M) (k3 — M3) — (k§ — M) (k3 — M3)
3kT (K1 - (k1 — ko)) K3(k1 - (k1 — ko))
(K — M, )? (k3 — M3)?
(3.105)
Define K = k1 — ko
Doy
- 1/ d'ky / dk, 1
= 9 @t G 3= ARRE0R = MR — M) (% — M) (8 — M)
A(k1 - ko) (k2 - K) 2k (k2 - K) (k1 - k2) (k1 - K) 3ki(ki - K))  k3(ki-K)
(k3 — M3)? (kf — M) (k3 — M3) (kY — M) (k3 — M3) (k2 — M§,)? (k3 — M3)?
(3.106)
1 1 1
Since k; - K = E(KQ—l—kf—k%) s ko K = E(k%—kg—KQ) and kg - ky = E(k%—l—k%—KQ)
Do
- 1/ d'hy / d'ks 1
= 5 @t ) @ BRI I MR M) )
1 1 1
[4(1431 ' kz)(§(/f% — ki — K?)) 27?%(5(/‘5% —k3i—K?) (k- kz)(§(K2 + ki —k3))
x + +
: (k3 — M3)? X (K — M) (k3 — M3) (k% — M) (k3 — M3)
BRSO+ ) K (K 4 0 — )
+ —
(K — M,)? (k3 — M3)?
(3.107)

In the first and third term , integrating (ki - ko) K? will give zero.

Do
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45
1 [ A% [ Yk 1
3/ { (0 O — MV — M)A — Mg O — M 0 — M)
Ak k) ~B) 2RGUE - R—K%) (b k)5 (8 — )
SR T - ) T — MR — M)
B (K2 4 K2 = K2) K35 (K + K — k3))
B G 7 N R Ve
(3.108)
So
Dao
_ 1/ d*ky / d*ks 1
9. @t Bmt 0 - MRKA(R — M — M) (R — Mg, (83 — M)
HCRE . K?))(%(k%—k%)) WIS — K~ K2)) (5K + 3 — K)(5 (8 — )
{ ) TR0 -E) T (- MR)(3 - M)
33 <K2+k2 B RGK? + K - k)
T A EFTAE
(3.109)
Remember that:
Dy,
L[ B [ AR (K2+k%—k§) k2
i o | G e MG 0T =00, = [
1 [k [ Ak (K2+k2 k2) k?
= 5 ot | ot s ><k§—M3V>[<k%—M3V>(2} |
3.110

The combination that we need is D11 — Das

D11 — Das

_ _/ d'ky / d'ks 1
0/ @mT ] @m)t (- MPK2(R — MP)(k2 — M3, (K — M) (R — M3,)

{4<§<k%+k§—f<2>><§<k%—k§>> 2k%<§<k%—k§—f<2>> (5 (8 + K3 — K2)(5 (K ~ k3))
e

(k3 — M3)? (k- M7 (k - M3) (kf — M3, ) (k3 — M3)
162(1(11(2 R — kD)
M THE

(3.111)
Dyy — Doy

L[ d*k [ dko 1
B 5/ (2m)* / (2 ) (k3 — MZ)K?(k? — M?) (ki — M) (ki — M) (k3 — Mg,)
X[_(k%‘f'kz K?)(k? — kz)) _ RR(RE k3 - K?) 1 (k{4 k3 — K?)(k§ — k3)
(k3 — M3)? (k? — M) (k3 — M3) 4 (K} — M) (k3 — M3)
1k3(K? + ki — k3)
2 (k- M3)?
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(3.112)
Now consider Dys , Doy
Diopiph + Doapspt
B / d'ky / d*ks ki (R — k2)"
(2m)* ) (2m)* (k3 — M3) (k1 — k2)? (k7 — M) (k§ — Mg,) (ki — Mg,) (k3 — Mg,)
» [4p » [ k) kY kP kY H
1IAP2v
(k3 — M3)(k} — M) (K — Miy)? 5.113)
3.113
Again the integrals can only be some scalar functions multiplied by g’s:
Dy3g"g™ + Dyg"*g" + D/yg"" g™
B 4/ d*ky / d*ky Ef (k1 — ko))"
(2m)* A(27T)4 (k3 — M%)(klk— ko)?(kf — MP)(kY — M) (kf — M, ) (k3 — Mg,)
) ks RV
(k3 — M3)(k} — M) (K — Mi)?
(3.114)
Notice that Djy = D13 and Doy = DY,
Di2g™ g™ + D1ag™*g" + Dy g™ g™
B 4/ d*ky / d* ks kf(ky — ko)
(2m)* A(27T)4 (k3 — M%)(klk— ko)? (kY — M) (kY — M) (k} — M§,)(k3 — M)
) bk RV
(k3 — M3)(k} — M) (K — Mi)?
(3.115)
To figure out the D’s we contract both sides with g.,.9x0 5 gxrgur and grv gy
Contracting with g.,gx.
16D, + 4D15 4 4Dy,
B / d*hy / d* ks ky - (k1 — ko)
(2m)* ) (2m)* (k3 — M3) (k1 — k2)? (k7 — M) (ki — M) (ki — M) (k3 — Mg,)
o k1 - ko . k?
(kY — M) (k3 — M3) — (k§ — My,)?
B / d*ky / d* ks 1
(2m)* ) (@m)* (k3 — M3)(k1 — k2)? (ki — M?) (ki — M) (ki — M) (k3 — M)
[(kl ko) (k- (ks = ko)) | KR (Rs - (R — k2))]
(K — M) (k3 — M3) (K} — M,)?
(3.116)

Contracting with gexgu.

4Dy + 16D15 + 4Dy

_ 4/ d*ky / d*ky 1
@2m) ] (2m)* (k3 — M3)(k1 — k)2 (kT — MP)(k7 — My, ) (kT — Mg,)(k3 — Mg,)
{ ki (k2 - (k1 — k2)) N k2 (k1 - (k1 — k2))
(kf — M) (k3 — M3) (ki — M§,)?

(3.117)



Saifuddin R. Rayyan Chapter 3. Lepton EDM from See-Saw Texures 47

Contracting with g g,

4D}y + 4D15 4 16Dyy

_ / d*ky / d*ksy 1
@2m)* J (2m)* (k3 — M3)(ky — k2)? (ki — M7 )(k? — M) (kT — M) (k3 — M)
{(/‘61 ko) (k1 - (ky — ko)) | kR (kr - (k1 —K2))

(K — M) (k3 — M3) (K} — M,)?
(3.118)
Subtracting the last equation from the one before gives:
12D15 — 12D,
B / d*ky / d*ky 1
= ) @t ) @)t = M)k — k(R — ME)(RE — ME) (8 — M3)(K — M3)
N o) (k- Ry — Ko)) + K (Ko - (Rr — Fa))
(K — M) (k3 — M3)

(3.119)

So what we have now is

D13 — Dyy

- 1/ d'hy / d'ks 1
3. (@2m)* ) (2m)* (k3 — M3) (k1 — ka2)?(k? — M?)(k§ — M, ) (kf — Miy,)(k3 — M)
" {—(kl ko) (1 - (k1 — k2)) + ki (ko - (k1 — k2))
(k? — M) (k3 — M3)

(3.120)
Define K = k1 — ko
Dis — Dy
- 1/ d'hy / d'ks 1
= 5 @ni ) Gt BB R M) M)0E )
— (k1 - ko) (k1 - K) + ki (ko - K)
(kf — My,) (k3 — M3)
(3.121)
1 1 1
Since ky - K = E(KQ—l—kf—k%) s ko K = E(k%—kg—KQ) and ko - k1 = E(k%—l—k%—KQ)
Dis — Dy
B 1/ d*hy / d*ky 1
3] @mt) (2m)t (k3 — M3)K2(kf — M?)(k — M3,)(kf — M§,)(k3 — M§,)
1 1
(k- k) (S (% 4+ K — k) + (L (k7 — k3 — K2))
g [ (k7 = M) (K3 — M3)
(3.122)

In the first term , integrating (k; - ko) K? will give zero.
(D12 — Da1)

_ 1/ d*ky / d*ks 1
3) @0t ) @t = MEREGT = M — M) — M5 — M)
(56 + K — K)(5 (2 — 3) + K35 (42 — I3 — K°2))
) [ (K — M3,)(k} — M)
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(3.123)
Remember
D11 — Do
- 1/ d'hy / dks |
= 5 oot ) o R 0T W 08 )
BB ROE ) R -R-KY) 1034 K22 1)
CETEE 07— MZ)(0F M3 1 (% 30308 - M1F)
LRA(K? + K — kD)
> 03P
(3.124)
So
(D11 — Da2) — (D12 — Day1)
B 1/ d'hy / dky |
) R Tl o L Vi VT g V[ Vo8| g Y g T
(R AR KA (K —k3) k(R k- K?) 1 (kK k- KP)(k — kD)
(k3 — M3)? (b — M) (k3 — M3) 4 (kf — Mg,)(k3 — M3)
LRA(K? + K — k3)
2 (k3 — M3)?
B l/ d*ky / d*ko 1
) e T O T (R V) g Vi I VER I VER I VER
1 1 1
{—(;k% P KD - R0 -k - K2>>}
X +
(kf — Mg,) (k3 — M3) (kf — Mg,) (k3 — M3)
(3.125)
(D11 — Da3) — (D12 — Day)
B l/ d*ky / d*ks 1
9 @2t ) (2m)t (k3 — M3)K2(k7 — M) (kf — M) (kf — Mg, )(k3 — Mg,)
(B4R KK -k) k(R -k -K?) 1k k- K - k)
(k3 — M3)? (b — M) (k3 — M3) 4 (kf — M,)(k3 — M3)
1R (K? + kf — k3)
2 (k3-M3)2 |7
- l/ d*ky / d*ks 1
5] G | @y (B MRREGE — MR — 3 (R — M3 (08 — M13)
" {—_3 (W + K3 = K?)(kf —k3) 3 Kki(k? — k3 - K?) }
4 (kY — My, (k3 — M3) 2 (ki — Miy)(k3 — M3)
(3.126)

(D11 — Da2) — (D12 — Do)

1 [ d* d*ksy 1
9 / (2m)* / (2m)* (k3 — M3)K?(ki — M7)(kf — Mg, )(k7 — Mg,) (k3 — Mg,)
X[_(k%+k%—K2)(k%—k§)) B {1 §} ki (ki — k3 — K?)
(k3 — M3)? 2| (k3 — My,)(k3 — M3)
1 3V (K2 +k2—-K?)(k?—k3) 1k3(K%2+k —k2)
{1 B ﬂ W = MZ)(K3 —MF) 2 (K3 — M3)? ]
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(3.127)
(D11 — Da3) — (D12 — Da1)
d*ky d*ks 1
9 / (2m)* / (2m)* (k3 — M3)K2(ki — M?)(kf — My, )(k7 — Mg,) (k3 — Mg,)
(ki + k3 - K*)(k —k3) 5 1452(762 k3 — K?)
[ (k3 — M3)? 2 (kf — Mg,) (k3 — M3)
L(kf 4+ k5 — K?)(kf —k3) | 1E3(K® + k% —k3)
2 (kf - M) (k3 —M3) 2 (k3 — M3)?
(3.128)
(D11 — Da2) — (D12 — Day)
d*ky d*ky 1
9 / (2m)* / (2m)* (k3 — M3)K2(ki — M7)(k? — Mg, )(ki — Mg, ) (k3 — M)
{KQ(Icf Sk ok s k2K2 5 k:2(k2 k2)
2 2\2 (1.2 + 572 2 T 912 2
(k3 — M3)2 (k3 — M3)? ~ 2(kf — My,)(k3 — M3) 2 (K} — M) (k3 — M3)
1 K22 — k) 1 [E U RKE kG — k)
T2 (R~ ME) (R~ 03) | 2 (K~ D3R — M3) | 2 (k5 - MR | 2 (k] - M)
(3.129)
(D11 — D32) — (D12 — Doy)
d*ky d*ks 1
- 5/ oo | o o mEE T eI
[ S B L Koz - i)
(k3 — M3)2  “(k3—M3)* (ki — M) (k3 — M3) " (kf — Mg,)(k3 — M3)
K?(kf — k3) ki — k3 k3 K? k3 (kT — k3)
VT Vs N VN Ve R = I Vs L MM
(3.130)
(D11 — Da3) — (D12 — Da1)
d*ky d*ks 1
- 5/ o | o mmmEE IR eI
K2(2k2 — k) 2k% — kK2 — ki K2(4k2 n k2) BE2K2 — AkS — ki
[ (k3 — M3)? (k3 — M3)? (kf — M) (k3 — M3) (k7 — M,)(k3 — )]
(3.131)

(D11 — Dag) — (D12 — Do)

B _/ d'ky / d'ks 1 y
T B @t ot B - MK — MR — Mg (R — M) (R — M)
[K2(2k3 - ;@]

SRCENE

n _/ d*ky / d*ks 1
18 ) (2m)* ) (2m)* (k3 — M3)K2(ki — M?) (ki — My,)(k — Mg,) (k3 — Mg,)
okl — K2k — ki
X —_— = =
(k3 — M3)?

N _/ d*k / d*ko 1
18 @2m)* ) (2m)* (k3 — M3)K?(k? — MP)(k? — M) (kY — M) (k3 — M)
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K2(4k3 + k3)
(kY — M) (k3 — M3) |

1 / d'ky / d'ks 1
18) @7 | @m (5 — MPK2(RE — MP)( — Mg, (R — M3, (k3 — M3,)
[ BRERE — Ak — ki ]

W) -y )
(3.132)
(D11 — D22) — (D12 — Da1)
B i/ d*ky / d*ks 1
= ) ot ) @0t BB =MD = M)W — M) — M)
R -8)
(k3 — M3)?
n i/ d*ky / d*ks 1
18 (2m)t ) (2m)* (k3 — M3)K2(k} — MT)(k? — M) (kT — My,) (k3 — M)
2 — K2k — kil
>< e iy
(k3 — M3)?
n i/ d*ky / d* ks 1
18 ) (2m)* ) (2m)* (k3 — M3)(k? — M?) (ki — M) (ki — M) (k3 — M)
(4k3 + k3)
X .
(K — M) (k3 — M3) |
. i/ d*ky / d*ks 1
15 ) @ni ) G = MBRE0T = M) = M3,) (0% — M3,) (3 = M13,)
BI2kZ — Akt —
X .
[ (kf — M) (k3 — M3) |
(3.133)
Now doing the usual wick rotation and expanding in Gegenbauer polynomials we can replace:
d*k; d*ky 1 1 R P | 1 < [,
— | — = — dki k dk5 k5 — = —— dk dks k
/ (2m)* / @t K2 (4m)* /o ! 1/0 2R (4t /0 ! /o 2rs
'S kf 0o kg
= % [/ dk? / dk3 k2 +/ dk3 / dk? kf] . (3.134)
(4m) 0 0 0 0

(D11 — Da2) — (D12 — D21) .
= i__l/oodk% /kldkgkgkz 1

18 (4m)* Jo 0 (kS + M3) (kT + MP) (R + M) (kT + M) (k3 + Mg,)

(2k3 — k3)

| (k3 + M3)?

1 -1 /°° ) /kf - 1
+ —— | dk dk2 k

18 @mt Jy T Jo T (kS 4+ M) (R + MP) (KT + M) (K + M) (k3 + M)

okt — k2K2 — ki
(k3 + M3)?
1
(k3 + M3) (kT + M?) (kT + Mg,) (k7 + M3,)(k3 + MF,)
I (4k? + k2) }

(kY + M) (k3 + M3) |

X

X | —

+ i_—l/wde " dk2 k2k?

X
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1

+ —=— dk? / dk2 k2
18 (4m) /0 Po (RS + ME)(KF 4+ MP) (kT + M) (kT + M) (K3 + M)

1 -1

X

5k2k2 — Akt — ki }
L (kF + M) (k3 + M3)
1

o k3
+ —— / dk? / dk? k2k?
18(m* Jo % Jo NN (kG + ME)(kE + MP) (R 4 M) (k3 + ME,) (k3 + MZ)

1 -1

X

[ (2K — k3)
| (k3 + M3)?
1

[e's] kg
+ ——/ dk;2/ dk? k?
BEm Jo P So RS+ ME) (R + M) (R + M) (kT + M) (k3 + M)

1 -1

|2k — k7R3 k;‘}

(k3 + M3)?
1

o k3
+ —=—— / dk? / dk? k2k?
B8Emt Jy P o NS 4+ ME)(R + M) (K + M) (R + M) (k3 + M)

1 -1

(4k% + k2)
L(k? + M3,) (k3 + M3) |
1

X

oo k2
+ ——/ dk;Q/ dk? k?
BEmt Jo o RS+ ME) (R + MP)(RE + M) (R + M3,) (3 + M)

(D11 — Da2) — (D12 — Do)
1 -1

1 -1

X

5k2k2 — 4k —
L (kT + My, )(k3 + M3) |-

(3.135)

1

o k?
1R 4 / dk% / dk% k‘% 2 2\ (1.2 2\ (1.2 2 2 2 2 2
18 (4m)* /o 0 (k3 + M3) (ki + M7) (ki + My, ) (kT + My,) (k3 + Mg,)

Ja i),

| (k5 + M3)?
1

(%) k%
+ ——/ de/ dk? k2
B8 Jo Tt Jo 7 PR + M3 (RE + M) (KT + M7,) (k] + M) (k3 + M)

1 -

X | —

2% — kK2 — ki
(k3 + M3)?
1

+ —— de/ dk? k2
18(477)4/0 Yo P PR + M3 (K + M) (K + M) (K} + ME,) (K + M)

1 -1

(4ki + K3k
L (kT 4+ M) (k3 + M3) |
1

X

oo k2
—_— de/ dk? k2
" 18(47r)4/o Yo P R + M3)(RT 4+ M) (KT + M) (KT + M) (RS + M)

+ i_—l/wde /kgdekQ
18(477)4 0 2 0 t

1 -1

BE2A2 — Ak — 1
(KT + Mg, ) (k3 + M3) |
1

X

(k3 4 M3) (kT + M?) (k3 + Mg,) (k7 + Mg,) (k3 + Mg,)

[ (2k{k3 — k3)
| (k3 + M3)
1

X

o k2
+ ——/ de/ dki ki
18(mt Jo 7 S TS + ME) (KT + MP) (KT + M) (kT + M) (k3 + M)
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X

2k} — KPk3 — K
(k3 + M3)?
1

dk dk? k?
" / 2/ (k3 + MZ)(kT + MP)(RT + M) (kF + M) (K3 + Mg,)

X

1 -1

(4kTk3 + k3) ]
(KT + Mg,) (k3 + M3)
1

t kU 4/ dk%/ dk%k%k? M2) (k2 + M2)(k2 + M2,) (k2 + M2,)(k2 + M2
8 (4m)* Jo 0 (k3 + M3) (ki + M7 ) (ki + My, ) (ki + My,) (ks + My;,)

(D11 — Da2) — (D12 — 1721)2
1 -1

5k2k2 — 4k — ]
(k + M3,) (k3 + M3)

1

= 4/dkf/dk§k§2 (1.2 2N\(1.2 2 2 2 2 2
18 (4m)* /o 0 (k3 + M3)(ki + M7 ) (k7 "ZMW)(kl + M) (k3 + My,)

[

1

1

X

k2
2
* /d’“/ ‘”“2’“2<k2+M2><k2+M2><k2+M2><k2+M2><k2+M2>

6k7ks — ki ]
| (K + M3,) (k3 + M3)
1

dk dk? k?
TR (47)* / 2/ V(R 4+ M3 (K3 + MP)(k3 + M2 (k3 + M2,) (k3 + M)

X

1 -1

[(3Kk2k3 — 2k4)]
| (k3 4+ M3)?
1

- - > 2 1.2
HERT (47r)4/0 dk?/ W M 3R 07 + M) 0 + M) (8 + M3, (R + M)

X

(D11 — Da2) — (D12 — Dzl)2
1 -1

k3 — 4k ]
| (k? + M3,)(k3 + M3)

1

= 4/dk%/dk§k§2 N (1.2 N (1.2 3\ 1.2 3N\ (1.2 2
18 (4m)* Jo 0 (k3 + M3) (ki + M7) (ki + My, ) (kT + M) (k3 + Myy,)

X

1

Gt
1

2
T (47)* / dk/ dekQ(k2+M2)(k:2+M

1 -1

D) (kT + M) (R + M) (k3 + M)
6k:2k:2 k3
[(k% +M3V)(k-§+M§)]
1

%) kg
. 2 2 1.2
+ 18(47r)4/0 dk?/o dky kl(k§+M§)(k~§+M

P (kT + M, ) (k3 + Mg,) (k3 + My,)
(3kik3 — 2k1)
(k3 + M3)?

52

(3.136)

(3.137)
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2

—_

Ll /Oodk/ dk? k2 !
18@Umt fy )y ! 1<k%+M§>(k%+M%><k%+M2 )(k3 + M3,)(k3 + MZ,)
9k2k2 — 4k}
(k2 + M3Z,) (k3 + M3)

_|_

(3.138)
(D11 — Da3) — (D12 — DQl)2
- 1 /Oode/klde ! K ]
oAty o 7 (RS 4 ME)(RE + ME) (R + My ) (k3 + Miy,) L (kS + M3)? |
+ i —1 /Oode ‘/k1 de 1 [ Gk%kg_kg
I @mtfy o (k5 4 M)+ MP)2(kT + M) (k3 + M) [(F + MG ) (k3 + M3) |
4+ 1.1 /“dkz /kz k2 1 '(3k%k§—2k?)}
18 (4m)t Jy 2 o (R ME)(kE + MP)(kt + M, )? (k5 + M) [ (k3 + M3)?
L1l /°° 2 /kz 2 1 [ 9Kkik3 — 4k
BEmM Jo %o (K MR+ M) (KT + M3, )2 (k3 + Mi,) [(k + M) (R + M3) |
(3.139)
(D11 — Da2) — (D12 — DQl)2
_ i —1 /Oode ‘/lCl de 1 [ kg
s Emt Sy o 7 (kS 4 ME)(RE + ME) (R + My )? (k3 + M) L (K + M3)?
+ i —1 /OO dk? ‘/lCl de 1 [ Gk%kg_kg ]
I8 @m)* Jo o 7 (k5 + ME)(kE + ME)(kE + M) (k3 + M) (kT + M) (k3 + M3)
4+ 1.1 /mdkz /’“ k2 1 '(3k§*kf—2k‘3)}

I8 @m)* Jo o 7 (b + ME)(RS + ME)(kS + M) (kg + M) | (k2 + M3)?
Lol /°° k2 /’“ k2 1 [ 9Kk3k? — 4k$ ]
18mr Sy T o TR (B4 M3) (K3 + M2 (k3 + M2)2(k? + M2,) | (k3 + M3Z,) k;2+M2

140)
(D11 — Da3) — (D12 — DQl)2
_ 1t /mde g ! k3 ]
1@ Jo o 7 (R + ME)(RT + MP)(kT + M) (k3 + M) (k3 + M3)* |
¢ L= /OO a2 [ a2 ! — Okrks ]
18 (@m*tJo T Jo T (k + M)k + M) (kT + M) (k + M) L (62 + M) (k5 + M3) |
P W /Oode /k k2 ! —k ]
8 @m*Jy o 7 (5 4 ME)(RE + MP)(RE + MG )? (k5 + Mg,) [( + Mg ) (k3 + M3) |
+ i —1 /Oode /ICl de 1 [ (3k3k%) ]
8@AmJo T Jo T (R + ME)(kS + M) (k3 + My )* (k + M) L(kE + M3)?
PN /Oode/klde ! (-2k3) ]
8 @Am*tJo T Jo (k] + ME)(RS + M) (k3 + M) (R + M) L2 + M3)°] -
PN /mde /k dk3 ! _ Ohiphi ]
18 (@mt Sy o 7 Ok 4 M3) (k3 + MP) (k3 + M, )* (k2 + Mg,) [ (k3 + M) (k2 + Mz) |
PN N /mde /klde ! 4k ]
18t Jy o T (R M3)(k3 + MP) (K3 + M2 (kT + M) [ (K3 + Mg) (K + M3)
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(3.141)
(D11 — Da3) — (D12 — Day) .
18 (mt Jy T (R 4 MP)(KE + MG,)? 2 (k3 + M3, (k3 + M3)3
6 —1 [> k? ) k3
+ 2 4 dky 2 2\ (1.2 2 \3 dks; 2 2\2 (1.2 P
18 (4m)* /o (kT + M7) (ki + Mg,)3 Jo , (k3 + M3)*(k3 + My,)
-1 -1 [~ 1 B kS
+ =< 4 dky 2 2\(1.2 2 \3 dks; 2 2 2 22
18 (4m)* Jo (ki + M7) (ki + MW) 0 (k3 + MW)(kQ + M3)
+ 3 —1 /oo dk2 k% ‘/lCl dk2 ]f%
8 (4m)* Jo 0 (4 ME)P(RE + M) Jo 7 (k5 + ME)(RS + M,)?
i /mde ! /klde kS
18 (4m)t Jo 1 (K? 4+ M3)3(k} + M) 0 % (k3 + M) (k3 + M3,)?
-1 [ k2 ki 4
+ 3 4 / de 2 2 ’ 2 2 / dkg 2 2 k22 2
18 (4m)* Jy (k + M; ) (k1 + MW) o, (kz + Ml)(kQ + MW)3
i /mde L /klde kS
18 (4m)t Jo T (K M32(kE+ MZ) Jo (k3 + MP)(KE + M)
(3.142)
Scaling all masses and momenta to M3,
(D11 — Dag) — (D12 — Do)
1 -1 1 /°° e / kS
ST (47r)4M4 (k2+M2 (k% +1)? 2 (k2 + 1) (k3 4+ M3)3
+ EVZl / de 2 2 2 / 2 52 2 :
18 47r)4M k+M k+1 k+M)(k2+1)
-1 -1 S
+ v / de 2 2 / 2 kz
18(47r)4M k—i—M1 )(kF+1)3 k—i—l(k‘ + M2)?
21 / dk? / Ky
18 (47r)4 M4 (k2 +M2 (k3 +1) k2 + M?) (k3 + 1)2
N -1 / a2 / kS
18 47r)4 M4 k2+M2 (k¥ +1) k2+Ml)(k:2+1)
+ / dk? i dk by
18 47r)4 M4 (B2 + M3)2(k2+1) Jo  2(k3+M2)(k3+1)3°
4 1 1 K kS
+ -2 4 74 / dk% 2 2\2 (1.2 / dkg 2 22 2
18 (4m)* My, Jo (ki + M3)? (ki +1) (k3 + M7) (k3 +1)3
(3.143)

In terms of the integrals in Appendix B:

(D11 — Da3) — (D12 — Day)
—1 1 6 3
= D, D DC —Dy —
(4m)* M, { TR TRV g

9 4

D Df— —
et 18771 T 13

Dg
(3.144)
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- =
~ _— ~
/s k2 N
/ \
/ \
/ \
M1 M2
> d p—— ‘ < I\ +——> r b
e —_ e  — —_
D2 P2 — ko k1 — ko k1 P
\ /
\ /
\ p2 — k1 p1 — k1 /
~ 7
~ -
q=DPpP2—P1 l
Figure 3.8: Diagram 3B
3.3.3 Diagram 3B
The vo¢ vertex is
(—ie) {(p1 — k1)x — (=p2 + k1)a} = (—ie) (pr + p2 — 2k1), (3.145)
which is the same as diagram 2B. The coupling constant, (—ie), and those along the fermion line combine
to the factor 3 ~ 3 3 o
(—ie) (—iAQQ) (—iAgg) (—z'/qﬁ) (—z'/qa) = —ie (AagAﬁgAglAgl) , (3.146)
which is again the same as diagram 2B. The six propagators will contribute i = —1 and get rid of the minus
sign. The fermion line gives
(la(p2) (_PRN2¢7)(%PRNzﬁ)(W1PL45¢+)(N1PL%¢+) [Ca(p 1)>

p2)| (laPrIN2¢™ ) (NoPrlid™ ) (LGPLN1¢T ) (N1PLlad™) [Ca(pr))
)|(MaPRNz)(szR%)(fcPLNl)(Nlpo [la(p1)) (¢~ 0" ) (o~ 0T)
P2)Pr (N2N2) Pr (0575 ) Po (NiN1) Pru(py) x (6767) (679"
p2) PR [k1 + Ma] Pr(k1 — K¥2)Pr [(#1 — K2) + Mi] Pru(p:)

Ng%
A/-\Q



Saifuddin R. Rayyan Chapter 3. Lepton EDM from See-Saw Texures 56

= MiMu(p2)(1 — ¥2)Pru(ps) - (3.147)

The numerator is exactly the same as in diagram 2B. Put together, we are looking at

(p1 +p2 = 2k1)A (K1 — =2)Pr . (3.148)

These terms can be written as:

(k1 — k2)"(p1 + p2)ave Pr — 2k (k1 — k2)" gexvu Pr - (3.149)

Using the C- and D-functions we introduced for diagram 3A, the result after loop-integration can be written
as:

(C1p5 + Capf)(p1 + p2)avePr — 2(Dog™ + D11psph + Daspiph + Diopsph + Do1piph)grrvuPL
= (p1+p2)r(C1p2 + Capf1) Pr, — 2(Dovr + D11paapz + Dazpiapfs + Dizpaapfs + Daipiayf2) Pr

= (p1+p2)a(CipfaPr + C2Prif1) — 2(Doya P + Diipaap2Pr + DaspiaPrifr + Di2parPrif
+D21piap2Pr)

— m[(lh + p2)A(C1Pp + C2Pr) — 2 (D11paxPr + DaopiaPr + D12p2xPr + ﬁQlPlAPL)} —2Don Py,
= —2DonPr +m {(m +p2)A(C1Pr + C2Pr)
—(p1+p2)r {511PL + DagPr + Do PR + EleL}
—(p1 — p2)/\{—511PL + Doy Pr — D12 Pr + ﬁmPRH .
(3.150)
Collecting the coefficients of m(p1 + p2)rvys, we find:

Gy ; Ca + (D11 — D) ; (D12 — Do1) : (3.151)

which is the same as diagram 2B with M; and M, interchanges, and the change of the overall sign. So the
sum of diagrams 2B and 3B will be anti-symmetric under the interchange My < Ms. Multiply by M; M, to
get the contribution to the EDM:

(C1—C3) — (D11 — Da3) + (D12 — Da1) .

—mMiMa(p1 + p2)Avs 5 (3.152)
The complete expression including the coupling constants is
iemMiM, (AO(QABQA?Bl]\;l) {(61 —Cq) — (D11 —2522) + (D12 — 321)] (p1 + p2)as | (3.153)
from which we can deduce
d = +emM; M, (iﬁagAﬁgAgl Azl) {@ —Cs) — (D —2522) + (Do — m)} . (3.154)



Chapter 4

Results

4.1 The Total Contribution

Collect the contributions of all ten diagrams, summing over internal states:

din = +—m§];3MM ( Vﬁzvﬁj aj){ By — BQ)LM“MJ)
e .
dop = —i m Z M;M; (z 5 ViiVa; a]) [ (5C1 + C2) — (D11 — Da2) + 3(D12 — D21)}
,3,0
dspn = +—mz M, M; (z VngJ a]) [ (5C1 + C3) — (D11 — Dag) + 3(D12 — D21)]
i,,8
dip = +2emlzj;3MiMj (Z'AZiAZiAﬁjAaj) [(Al —A2) = (B1 — Bz)} (o0
DU (C1 — Cy) — (D11 — Da2) + (D12 — Day)
dop = —GmZ;BMiMj (ZAaiAﬁiAﬁjAaj) [ 2
i.J,
e Te ~ (61 — 62) — (511 —322) + (512 - 521)
dsp = +6mZMiMj (ZAaiAﬁiAﬁjAaj) [ 2
U B

din = 2\[MW %MM (RViVos) [ ]
dn = 0y M;M; (iXa;Vs; Vi, Ci1+C

oA 2\/_ W% <Z AL 0”)[ L QLMi,Mn

d4B - 2\/—MW %MM ( Aﬁzvﬁj (y]) CQ(M’i7Mj)

dsp = 2\/_MW %MM (ZAQJA[;]Vﬁz m) Co(M;, M)

the A and B functions have the following properties :
AQ(MZ‘,M]‘) = Al(Mj,Mi) = gl(Miij)a
Bo(M;,M;) = By(Mj,M;) = By(M;, M) .
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So the combinations of functions appearing in dia and dip are anti-symmetric under the interchange M; <
M; and can be written

(A — As) — (By — Ba) = (A, — Ay) — (B1 = By) . (4.3)

The sum of dya, daa, and dsa is then

€g4 YTk Y7k Y7 (7
dia +doa +dza = +=-m > M;M; (ZVaiVﬁiVBjV(yj> Ry (M;, M) (4.4)
4,9,3
where
Ry(Mi,My) = [2(A1 = A1) = 2(By = By) = 5(C1 = C1) = (C — o)
Dy1 — D11) — (Dag — Da3) — 3(D12 — D Dy — D . (4

+(D11 11) — (Da2 22) — 3(D12 12) + 3(Da2y 21)}(MhMJ) (4.5)

Note that Ry (M;, M;) = —R1(M;, M;). Therefore,
dia + doa +d3a

— +—mZZMM (z Vgi%jVaj)Rl(Mi’Mj)

- +—mZZMM (V2753 Vas ) B (M M) + (Vi Vi3, Vg ) R (M, M)
(3.

_ ZZMM [ ViV aj) (zvmvmvﬁjvaj)} Ry (M;, M;)
eg4 N S
= +5m zﬁ: zj: M S (Vai ViV Vaty ) Ra (M, My)
eg* (T
= 5 m Y Y MM S (Ve ViV Ve ) Ba (M, M) (4.6)
B i>j
Similarly, the sum of dip, dop, and dsg is
dip + dop + dsp = +em 3 MM, (z‘/&;iﬁgiﬁﬁjixw) Ro(M;, M;) (4.7)
i35
where
_ _ 1 _ _
RQ(Mi,Mj) = 2(A1 — Al) — 2(31 — Bl) — 5 {(Cl — Cl) — (CQ - CQ)}
1 _ _ _ _
+35 {(D11 = D11) — (D22 — D23) — (D12 — D12) 4 (Da1 — D21)}] . (48)
(M;, M)

Again, we have Ro(M;, M;) = —Ra(Mj, M;). Therefore,
dia + doa +d3a
= +em Z Z MzM] (iAZiAZiAﬁjAaj) RQ(Mi, M])

Z!j
= +5m > > My [ (iAsiAsRssRay ) Ra(Mi, M) + (1RaihpidiyAiy) Ra(M;, M)
1,
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= +im Z Z M [ (iReAgiRiAa ) — (iRaibsihi s, )] Ra(b:, M)

- +emZZM M; S (AaihailAL, ) Re(Mi, Mj)
B iy
+2emz Z Mle Ry (AaiAﬁiAZjAZj) RQ(Mi, M]) .
B i>j

Before we sum dsp and dsa, I rewrite dsa as follows:

doa = QWMW%MM (M(”VBJVWVM) {ajL@LMi,MJ)
- QWMW%MM (Raa:V5,75) [ © +62}(M7‘7M7)
- 26\g/_MW %MM (vaﬁlvﬁ] ) {Cl * CZ:|(M/L'7MJ) '
Then,
dan + d5A [
_ ﬂMW %MM S (M5, ) [ €1 + CQ}(Mi,Mj> .
let’s define
R3(My, M) = 2[01 +CQ}(M‘ My
i,V
So we can write
dgn + dsa e
2\/_MW ZZ]: MM, S (3aiVi V3 Vi) Ra(Mi, M)
To add d4p and dsg, I first rewrite dsg:
dp = 2\/_MW;MM (Rashas Vidn, ) Ca(My, M;)
2\/_MW %MM (RailaiVi;An; ) Co(Mi, M)
Then
d4B+d5Beg S L
_ +2—ﬂMW%MiMj (1858575305 ) — (1RaiBiV5, 30, )| Co (M, M)
— —I—QMW Z M’LM] & (Aai/igivgjj\:;j) C2(Mi7 MJ) :
\/5 ,5,8
Let’s define

R4(M17M2) = CQ(Mian)a

(Miij)

59

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)
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SO we can write

dsp + d5B

60

_ +7MWZZMM J(AmAmvﬁj QJ)R4(MZ,M) (4.17)

B iJ

Putting everything together, we get

i = +—mZZMM S (Vai Vs V3, Vet ) R (M:, M)
>
+2€mZZMiMj R (AaiAﬁiAﬁjAaj) RQ(Mi, M])
B i>j

2\/_MW Z ZM M; S (Amvmvﬁjv* ) Rs(M;, M;)

ﬁ

The explicit form of the R functions is:

Ry

11 1 1
(Am) My 18 (ar,% —1)" (M2 — 1)

(=141 My* — 55 Mo® + 55 My + 141 Mo* + 36 Liy (1 — My?) — 119 M>°

—36 Liy (1 — My?) + 119 M;® — 117 MoO My * — 33 My ® — 27 M1 °Liy (1 — My?) M,°

M 2 _ 1 M 2 o M 2
+18 M;* M Lis <#> — 180 Mo* M % In (M:?) + 18 M1 M>°Lis <#>
2 1

M —1
+180 M2 Mo? In (M,?) — 18 Mo? M, 2 Lis (ﬁ) + 117 My M, ® — 236 My M, °
1

My? — Ms®
—27 My® My Lis <%) — 120 My*Liy (1 — M>?) + 74 My* In (M;?)
1

—225 Mo* My ? + 27 My °Lip (1 — My ?) M,°® — 27 My ®Lis (1 — My ) Mo*
My? — My®
18 M1*Liy (1 — My%) Mo® + 177 My Liy (1 — M;?) Ma? — 33 My Lisy <%> My?
1
(M7 - M? 4 6, . (Mi®— M 6
+51 M1®Liy | ———— | My* + 27 M,°Liy | ———5— | M.
1 12 ( M12 2 1 12 M12 2
471~ 2 2 4 271, JMI2 — M22 6 4 2
—228M1 LZQ (1—M2 )MQ - 162M1 M2 LZQ T +21M2 M1 In (M1 )
1
+57 Mo® In (Ms?) My? — 57 M;%1n (M1 ?) My® + 228 My Lia (1 — M%) My
My* —1
18 Mo Liy (1 — Mp?) My — 177 My Liy (1 — Mo?) My? — 27 My My * Lis <ﬁ>
2
M,% — My?

M? -1
+27 My? M, Liy GT) +27 M2 My Lis (?) — 297 Liy (1 — M1?) My* M,
1

2

M,? — My®
—108 Lig (1 — M) My My* + 297 Lia (1 — Mo?) Mo M;? + 132 M, °Lis <%> My?

1

M2 — M2 -1 M2 —
—132 M;°Li, (17> My? + 33 M, *°Liy (%) M2 — 51 M8 Lisy (17) My?
é\ﬂ My M,?

M2 -1
—27 M,°Li, (172
M,

My% — My? Mi% — My?
445 M8 M2 Lio [ 22— 272 ) — o7 M AMLO Ly [ =2 — 72
M M,

) Mo + 33 My*Mo® In (Mo?) + 84 My* M® In (M>?)

2 2
1

MWZZMiMj\Y<AaiA5iV[3j ozj) R4(Mi,Mj) . (418)
B i
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My — My® My? — 1 My> —1
—222 M,®My* Lis <1T22> — 27 My M5 Lis <ﬁ> +45 Mo® M, 2 Lis <272>
1

2 M,
M — My? My — My®
+27 My M, ° Liy (-%) — 45 My® My Liy (—%) + 165 My * Mo In (M, ?)
2 2
My — My®

+198 My * My* Liy (T) +27 Liy (1 — M?) Ma® My * + 108 Liy (1 — My®) Mo* My *
1

My* —1
—165 My>Mo* In (Mp?) + 171 Mo My In (M3 ?) — 162 Mp* My Lis (#)
2

M,? — M My? —1
+162 My* M, 2 L12< ! 2 >+198M14M24Lz'2 <ﬁ>
2
6 4 4 47+ M12 -1
+222 M2 Ml L’LQ — 198 Mg M1 L’LQ W
1
2

M _
1+132 My® Liy < > M2 — 33 My Liy <27> M2
52 My?

) M= — M, 9 g o [(M?*—1
+33 M, Li (—7>M — 45 My®*Mo*Liy | ————
2 2 M2 1 1 V2 2 M12
. (M7 — My® -1 My — My?
+27 My* M,° L <7> +222 My ° M, Li <7 —132M,° [ ———5—
1 Mz Lig M1 1 Mz Lig M12 2 M22
—75M,%In (M5?) My® — 33 My ® In (M?) My? — 21 M1 ° In (M3?) My* — 84 My* M, % In (M, ?)
—98 Mo®My* In (M) — 48 Mo My * In (M;?) + 33 Ma® M, In (M, ?) — 33 My* My % In (M;?)
=33 Mo®My* In (M) 4 75 Mo My O In (M%) + 48 My * My* In (Ma?) — 66 M1* Mo® In (M,?)

M;?

81y 4 2 606, [M?—1 w g [ M?—1

+33M1 MQ In (MQ )+27M1 MQ LZQ — 2 +51M1 M2 LZQ 5
M, M,
M — My? [ M? - My?
% — 51 M14M28L22 (—W) + 98 Mlﬁ ln (MQQ) M22
—18 M2° (1 — My ?) My® + 18 M Lia (1 — M%) Mo? + 33 Mo® My * + 225 Mo> M,y *
—66 M M* — 33 Mo* My ® + 66 Mo M1 ® — 66 Mo In (M) + 33 Mo® + 66 M1 ° In (M ?) My?
M? —1
?) —33M,%In (M,?) — 105 My * In (M3 ?) + 87 My*Lis (1 — M;?)
1

. (M2 -1 _ [ My? = M2
+120 My Liy (1 — M%) + 9 My * Lis (ﬁ) — 9 M,*Li, (%)
2 1 M;? M 2
M2 — _
—87 My?Lia (1 — Ma?) — 9 My % Liy (%) + 9 M;%Li, (1722>
Ml Ml

(M2 -1 _ Mi% — My? (M2 -1
oty (S ) o (S ) ot ()

2

M2 M2 M2 — M2

+9 M24Lz'2 (-#) —74 M22 In (M22) ~ 198 M14M24LZ'2 (_%)
2

2
My* —1
—222 M, M, * Lis (#) — 171 My* M? In (M) — 93 My Liy (1 — M;?)
2

—27 My M,8 Lisy

+162 M * Mo? Lisy (

My — My®
—18 M, *M,? Liy <_1T22> + 105 Mo* In (M>?) + 236 Mo® My ® — 9 Liy (1 — Mo?) M °
2

M;? - M2 -1
+51 Liy (1 — My?) Mo* — 33 M, Liy (17) +96 M®Liy (172)
M1 Ml
(M2 -1 (M2 -1 . M2 — M,y
+33 M Li <7> — 96 M>®Li <7 —33My"Liy ([ ——————=
2 2 MQQ 2 2 MQQ 2 2 MQQ
M2 — My?

+96 M>® Lis (_T) + 9 M>°Lisy (1 — My?) — 51 Lis (1 — M) My*
2
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M? -1 M;? — M>?
—63 M, °Lis (172) + 63 M,°Lis <1722> +93 My *Liy (1 — Mo?)
M1 Ml
M2 —1 Mi% — M52
+63 Mo® Liy (272) — 63 M>°Liy (—1722) + 33 M% In (M,?)
MQ M2

M2 — M2 M2 — M2
+66 My % In (M) + 33 M, Liy (1722) — 96 M;®Lis <71 — >>
M1 Ml

Expanding in terms of the difference of the masses and their sum:

1 352 160 , M d 3
~———— | — — — 7" —192In| — — d
Ry (477)4M6V< 3 9 T 9 n<2)> M5+O( )
Where
M = M+ M,
d = M, — M,

62

(4.19)

(4.20)

(4.21)
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Figure 4.1: R1 Function
1 1 1 1

(4m)* My, 36 (ar,2 —1)" (M2 —1)"
) M,% — My? o M? —1
—BMQM?M<}————— + 18 Mo? M2 Liy | ———
< 2 1 2 MQQ 2 1 2 MQQ
M2 -1
—18 M12M22Li2 (W) + 123 M12M22 In (MQQ) — 123 M12M22 In (M12)
My? —1

1

2orp 2. (M= M® 4 2 o7
+18M1 M2 LZQ T +96M2 In (MQ )+9M2 LZQ W
2

1
. [ My? — My? o (M*—1
+9 Liy (1 — M) +9 M, %Li C————— —9M;?Liy | ———
2( 2) 17 L2 M2 1" L2 M2
M;% — My?
—@A@%n@@%—yﬁMﬁthﬁ)—9M¥L@<——LM34L>
2
(M — My® (M1
-ﬁ3MﬁLm(—i—?;i>+63M#Lw(—jzy—>+43thmkﬁﬂ
27 2 27 . 2 ao o (M?—1
—21 M1*Lis (1—M2 )+24M1 Lio (1—M1 )—63M2 Lio W
2

63
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M2 — My?
M2

M;® -1
) M2 —15 Ml LZQ (172> M24
M,

4&1A5%n20-4w3)+63MfL@<— >—24A&%@41—A@%

M2 —
+102 My* — 38 My? + 24 M, *°Li, (]1\47
1

M? —1
—unﬂaémgﬁnuwf)+24MﬁA@8—1m1w#A@2m(maﬂ—+&MW£L@(—ﬁ27—>A@2
1

My

—85M&ﬂnuwf)AAQ—27M&%w#L@(—]ZZ—>-+2muw#M&ﬂnUwf)
2

M? —1
-ﬁ&MﬁM&L@(—iFT>+@4M#thmMﬁ)+wAﬁ%@ﬂn@ﬁ%
1

6 2 2 2 4 2 871, M12_M22 2 8

+147M2 In (M2 )Ml —228M1 Mg In (M2 )+72M1 LZQ T M2 —24M1
1

2 6 8 4 6 47, Ml M2 4

+178M1 M2 —24M1 M2 —51M1 MQ LZQ T +21M1 LZQ (1_M2 )
1
M,? — My? )
M,*

My? — My?

My> —1
+51A@%M#Lm<———]£7——>—54Lm(1-Aﬁ%JMfA@2+63AQHw#L@<—§27_>
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(M - MY 6. (M®—1 ay. (M1
+2OLZQ (T MQ —4M1 LZQ W +16M1 LZQ W

My? — M,? My? — M,? My? —1
—16 M, " Li (—#> — 20 My" Lis (%) +8 My — 8 Liy <72 ) M,?

M,? 52 My?
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The Rs and the R4 are not anti-symmetric in the masses. However, after summing over the different internal
states it picks the anti-symmetric part of the functions in M; and M;

4.2 Electron EDM in Large Mixing Textures

Now we look at the Okamura texture as an example of models with relatively large mixing.

In this class of models the A’s are the largest of all the couplings. So we can keep the term with all the A’s
and neglect the rest.

d = +2€mZZM1MJ Ry (AaiﬂﬂiAZjAZj) RQ(Mi,Mj) . (427)

B i>j

Looking at the approximate expression, and after some manipulations:

4
d o emeG%dM%
o«  emG%dM (mizing)*. (4.28)

In models with large and independent mixings, the contribution will be enhanced by several orders of
magnitude.

Performing the sum of the exact expression numerically for certain choices of the parameters in the Okamura
texture (ignoring the charged leptons diagonalization matrix) we get the following results:

e For (o, 3,7) = (0.3,1.2i,—0.3 — 1.24) = d = 1.5 % 10~ *?¢c.cm.

e For (o, 3,7) = (0.3,1.2i,—0.3 — 1.27) = d = —3.7 % 10~ 32e.cm.

e For (a,3,7) = (0.5,.1 — 4 xi,—0.6 + 0.4i) = d = —6.6 x 10~ 33c.cm.
Scanning over several values of o and /3, we find that alot of points fall between 1073 — 10732%¢ - e¢m. The
contribution is highly enhanced compared with the estimated contribution from the quark sector (of order
10738¢-cm). Tt is still a few orders of magnitude below the current upper bound (0.06940.074) x 10~2%¢-cm

[23] , [26] . However, next generation experiments are expected to improve the current upper bound by a
few orders of magnitude [24] , [25] .



Conclusion

In this thesis, I presented a full 2-loop calculation of the diagrams that contribute to the lepton Electric
Dipole Moment and involve Majorana neutrinos.

In the first Chapter, I introduced Charge and Parity transformations. Dirac and Majorana neutrinos can
both be included in the Lagrangian of the Standard Model via the seesaw mechanism to generate the small
masses for the light neutrinos.

An interesting case is when the see-saw mass matrix involves more than one generation of neutrinos. In
certain textures the masses and the mixings can be made independent. The masses of the heavy right
handed neutrinos can then be anywhere above the current experimental limits (TeV scale). A complex
phase in the mixing matrix of the neutrinos leads to CP violation and a non-vanishing Electric Dipole
Moment for leptons. If the mixing between the heavy right handed and the light neutrinos is made large
enough, the contribution to the EDM can be large.

In the second Chapter, I showed how a CP violating term in the Lagrangian leads to a non-vanishing EDM
for leptons. Then I showed how to extract the EDM from the calculation of the form factors of the interaction
between the photon and leptons.

The third Chapter discusses a new class of diagrams that only exists if neutrinos are Majorana. I first show
that the contribution does not necessarily vanish. After that I move to calculate the exact expression of the
EDM.

The Feynman-t’"Hooft gauge was used, where twenty sub-diagrams were to be calculated. However, chirality
flips required on the internal lepton lines and Goldstone-lepton vertices reduce the number of diagrams
needed to be calculated to ten. The rest of the diagrams are suppressed by order of the mass of the lepton
squared over the mass of the W squared.

In the specific case where the masses and the mixings of the neutrinos in a seesaw texture can be made
independent, three of these diagrams will be amplified by a factor related to the mixings. A detailed
calculation showing all the intermediate steps and tricks is the rest of the content of Chapter 3.

The rest of the diagrams are calculated in Appendix A. In Chapter 4, the total contribution to the EDM is
summarized.

Since the result is general in terms of the Yukawas and the Masses, they can be applied to various models
with heavy right handed neutrinos, one of them would be the Takeuchi et. al. model [11]. Applying the
result to the texture in [11] ; the electron EDM can be expected to be as large as O(10731 — 1073Y) . Next
generation experiments expect to reach that range [24] , [25] .

Finally, it would be exciting if future experiments discover a non zero EDM, or see TeV neutrinos. Even if
no big discoveries are made; the improved limits will provide sever constraints on several theoretical models
at the TeV scale, including models with TeV Majorana neutrino.
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Appendix A

The remaining diagrams

A.1 Diagram 1A

The couplings at the five vertices combine to give:

<—i%‘7a2> (—i%%) (+ie) (—z‘%f/fﬁ) <—i% ]*a) - i% (VQQVBQV[;}V;) . (A

The fermion line is:

(€a(p2)| (Cay" PLN2) (€57" PLN2) (€57 s) (N17,.Prls) (N7 Prla) [€a(p1))
= —(la(p2)| (€ar"PLN2) (N2Pry"05%) (€557 5°) (€°PryuN1) (N1 Prla) [a(p1))
= —Ua(p2)y" P (N2Na) Pry” <€f3§> o4 <€%@> Pryu (N1N1) Yo Prua(p1)

—  —la(p2)V*Pr [ (2 — K2) + M2 ] PLy” (o — Fr — F2) 7 (1 — 1 — K2 ) Py,
x [(#1 — K1) + M1 ]| v Prua(pr)
= —MiMyua(p2)v"7" (P2 — b1 — ¥2) 7 (B1 — 1 — K2 ) v Prua(pr) - (A.2)

The last two lines show only the numerators of the fermion propagators. I neglect the charged lepton mass,
mg, in the internal propagators since they only contribute at order m?, the same order at which the neglected
diagrams contribute. Let K = ky + ko, Py = p1 — K, P, = ps — K to simplify our notation. Then,

VA P P PL = [y Py Pyt 2 P

2 [P Py + Py P+ 2] P

= 24P P - 2P ] P

= 4P PP

= APy Pl

= 4A(2 — Ky Pr(p1 — K)

= 4(mq — KWAPR(ma - k)

= 4 [mi'y)‘PR — Mg (K’y)‘PR + ’y)‘IKPL) + K’VAKPL]

(A.3)

That is the same combination that we had in diagram 1B except for the 4 factor. so we expect the result to
be:
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Figure A.1: Diagram 1A
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2mM, Mo [—(Al — As) + (B1 — 32)} (p1 + p2)™s

Multiplied by the factor
4

. € (7 ¥ ok Y7k
i % (Vagvmvmval)
and we obtain

6g4

This needs to be identified with

(p1 + p2)™s _
2m

iG2(0) —d (p1 +p2)™s

so we find o o
d =% g'mMi My (Va2 Va2 Vi Vi ) [(A1 = 42) = (By — B2)] .

A.2 Diagram 2A

The yW W -vertex is

[(=p1 +2p2 — k1) sgrw + (—p1 — P2 + 2k1)Agre + (2p1 — D2 — k1)0grn] -

The fermion line gives

AM1 Mo u(p) (k1 — k2)" " Pru(p1) .

Combining with the vWW-vertex factor, we find

4My My u(p2) (k1 — ka)a(— zh + 22 — K1) Pru(pr) -

+ 4My My u(p2) (k1 — K2)(—=p1 — p2 + 2k1)APLU(P1)
+ 4 My Mo UEPQ%E’Q — k) - (2171 p2 — ki)y* Pru(py) -
(p2)(
(p2) (k1

= 4Mi M u(p2 A
+ AM Mo a(p2) (1 — %2)( — p2 + 2k1)APru(p1) -
+ 4 My My u(p2 ka) - (22?1 p2 — k1)y Pru(p1) -

The last term does not contribute, now define:

C1pt + Copls

i omMy My (Vaa Vo2V Vot ) [ —(As = Az) + (B = Bo) | (b1 +p2) s -

k2) (2m K1) Pru(p1) — 4My Mz mau(pa) (k1 — ko) Pru(p1) -

74

(A.10)

(A.11)

- / d4]€1 / d4k}2 (kl k2)
) emt ) @mt (e — ke)? = M3)(ky — k2)?(kF — M7)[(p1 — k‘1)21— M ((p2 — k1)? —

-3

M)
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Figure A.2: Diagram 2A
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Dog"™ + Di1pipY + Daapsph + D1apiph + Darpsp!

76

_ / ik, / d*ks ot (kg — ko)

(2m)*

M)

so what we have becomes:

_|_

N+ 4+ 11l

+ +

A
(
,\(Zm)PLu(pl) — 4My M, mﬂ(pg)(k:l — kg),\PRu(pl) .
A(f1) Pru(pr) -
( (=p1 — p2)rPru(pr) -
AMy My u(p2)(F1 — K2)(2k1)aPru(py) -
grx (k1 — Ek2)™(2m) Pru(p:)
AMy My ma(p2)ger (k1 — k2)" Pru(pr) -
4 M1 Mo ﬂ(pg gp)\(kl — kg)”(kl)ﬁ’}/ﬁPL’u,(pl) .
AMy My u(p2)(kr — k2) v (—p1 — p2)aPru(pr) -
8M My u(p2) (k1 — k) vu(k1)"gurPru(pr) -

~— — —

After integrations we can replace the k’s with the p’s:

AMy M3 u(p2) g (Crpf + Caps)(2m) Pru(p:)
AM My ma(p2)ger (C1pT + Cops) Pru(pr) -

AM1 M a(p2)gux(Dog"™ + Diapipl + Daopsph + D1opiphy + Dorpsp )y Pru(pr) .

4My My u(p2)(C1py + Capy )y (—p1 — p2)aPru(pr) -
8M; Mo u(ps2)

collecting only the terms that have p* and neglecting the rest:

= 8MiMomCipix a(p2)Pru(pr) + 8MiMamCapay t(p2)Pru(pr)

—  AM;MaymCip1y u(p2) Pru(p1) — 4M1MamCapay u(p2) Pru(p1)

— 4AMi M u(p2) (D11 1pixn + Dasapan + Dizpipax + Dorfapin) Pru(pr) -
—  AMMs(p1 + p2)a u(p2)(Cigf1 + Copf2) Pru(pr) -

+  8MiMsu(p2)(D11piag1 + Daoparpa + Di2piaya + Darpary1) Pru(pr) -

= 8MiMomCipix u(p2)Pru(p1) + 8MiMomCopay t(p2)Pru(p:)
=AM MamCipiy u(p2) Pru(p1) — 4M1MamCapay u(p2) Pru(p1)
— 4AM M u(p2) (D11 1pixn + Diag1pan) Pru(pr) -

—  4AM; M u(p2)(Dazpapar + Darpapin) PLu(pr) -

— AMi Mz (p1 + p2)x u(p2)(Ciy1) Pru(p:) -

—  AMi Mz (p1 + p2)x u(p2)(Cap2) Pru(p:) -

+  8M M u(p2)(Diipiag1Daipaxy1) Pru(pr) -

+  8MMs u(p2)(Dazparye + Di2piap2) Pru(pr) .

= 8MiMamCipix u(p2)Pru(p1) + 8MiMamCopay u(p2)Pru(p:)

(Dog™ + D11pip! + Daopsph + Diapiph + Doar1psph ) vugeaPru(pr) -

) [ip2 = Ra)? = MBIk = R (% — M)l = )2 = M1l — ) = M)

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)
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AMy MamCipyy a(p2) Pru(pr) — 4MiMomCapay u(p2) Pru(p1)
AMy Mom u(p2)(D11pix + Diapax) Pru(pr) -

4My Mam a(p2)(Daapax + Da1pin) Pru(pr) -

AMy Mom(py + p2)a u(p2)(Cr) Pru(pr) -

AMy Mom(pr + p2)a u(p2)(Co) Pru(pr) -

+ -+

8M Mam u(p2)(D11pix + D2ipax) Pru(pr) -
8M, Mym u(p2)(Dazopax + Di2pin) Pru(pr) - (A.17)
= 4M, Mym | 2C1p1x u(p2)Pru(pr) + 2Copax t(p2)Pru(pr)
—  Cipixu(p2)Pru(p1) — Capax u(p2) Pru(p1)
—  u(p2)(D11pir + Diapar) Pru(pr) -
—  u(p2)(Da2pax + Daipix) Pru(pr) -
= (p1 4+ p2)a @(p2)(Cr)Pru(p1) -
= (p1 +p2)au(p2)(C2)Pru(pr) -
+  2u(p2)(Diipix + Daipax) Pru(pr) -
+  2a(p2)(Daapax + Diapin)Pru(pr) . ] (A.18)
= 4M; Mam [ p1x ( 2C1 u(p2) Pru(p1)
—  Cyru(p2)Pru(pr)
—  4(p2)(D11)Pru(p1) -
—  u(p2)(D21)Pru(p) .
= u(p2)(C1)Pru(pr) .
= u(p2)(C2)Pru(pr) .
+  2u(p2)(D11)Pru(p1) -
+  2u(p2)(D12)Pru(pr) . )
+pax (203 u(p2) Pru(p:)
—  Cau(p2)Pru(p1)
—  u(p2)(D12)Pru(p1)
—  u(p2)(Da22)Pru(pr)
— a(p2)(C1)Pru(p1)
—  a(p2)(C2) Pru(p:)
+  2u(p2)(Da21)Pru(p:)
+  2a(p2)(Da2)Pru(pr) . )| (A.19)
= 4M1M2m[p1>\ ( (201 Cy — Doy + 2D12) ’l_l,( )PLu(pl)
+ (=2C1 + D11) a(p2)Pru(p1) )
+pax ( (C2 + Daz) u(p2)Pru(p:)
+ (=C3—Cy — D12+ 2Doy) u(p2)Pru(p1) )] (A.20)

collecting the 7 terms:

=AMy Mama(pz)u(pr) [ pix ((2C) — Cy — Doy 4 2Dy5) (—%75)
+ (=201 + D) (57°) )
(Gt D) (1)
4+ (=Ch—Cy — D1y +2Ds1) (%75) )]
— M Mmi(p)u(p) (297 [Py (20— Co — Doy +2D1a) - (=201 + D) )



Saifuddin R. Rayyan

Appendix A 78

. +pax ((Cy 4 Da3) — (—C5 — C1 — D12 +2D31) ) |
= 4M1M2mu(p2) ( )(——’y ) [pl)\ ( (201 — CQ - D21 + 2D12) + (201 — Dll) )
. +pax ((Ca+ Da2) + (+C2 + Cy + D12 — 2D91) ) |
= 4My Moma(p2)u(p )(——7 ) [ p1x ((4C1 — Cy — D21 +2D12 — D11) )
. . +p2x ((2Cy +C1 4+ D12 —2D31 + D93) ) |
= 4M Moma(p2)u(p )(——’Y )| 5(}7»\ +pax) (5C1 +Cy —3Da1 +3D12 — D11 + Dag )
1
+§(p1/\ —pax) (3C1 —=3C2+ Doy +D1s — D11 —Day )| (A21)
since (p1x — pax) is zero onshell;
1 1
= 4M; Moyma(p2)u(p:)(— 5’75) [ 5(}7»\ +p2r) (5Cy + Cy —3Dga1 +3D12 — D11 + Dag ) |
= My Momii(p2)u(p1)(7°)(p1a + p2x) [~ (5C1 + Co — 3D2y +3D1a — Dy + Doy ) |
= MiMomii(p2)u(p1)(7°)(pix + pax) [=(5C1 + Cs) — 3(D12 — D21) + (D11 — Da2)] (A.22)
The C functions
The calculation is done in a similar way to diagram2B, remember eqn (A.78)
o l/d‘*kl/d“kg 1 { 1 }
! 4) @mr ) @2m)* (k3 — M3)(ki — MT)(k? — M) (k3 — M§,) [ (ki — Myy,)?
. 1/ d*k / dthey 1 ki ]
4) @mr ) @2m)* (k3 — M3)(K)?(ki — M) (ki — Mg,) (k3 — M) [ (kf — My,)?
. 1/ &y / &y 1 K2 ]
4 ) @2m)* ) @2m)* (k3 — MF)(K)*(kF — M) (k§ — M) (k3 — Mg,) [ (kF — Mg,)?
o 1/ d'ky / d'k 1 -1 ]
S Nl N e V5 T VR VR 12 VR | (G Ve g Yy
L1 / Ay / ik 1 ;2 ]
T A CTS Tl O LR (g V3 Qg Ve[ VER [ I VER | (I VER T =R Ve
N 1/ d*ky / d*ks 1 —k2 ]
1) G | @0t BB BRI = IR0 — 303 = 3 | (8 = M) (8 — M)
+ 1/ d*ky / d*ks 1 1
4] @mr ) @m)* (k3 — M3)(kY — MP)(kT — Mg,) (k3 — Mg,) [ (k§ — Mg,)?
. l/d“kl/d“kg 1 { k2 ]
4) 2m)r ) @2m)* (k3 — M3)(K)2 (k] — M) (k§ — My,) (k3 — Mg,) [ (kF — Mg,)?
N 1/ d*k; / d*ks 1 { —k3 ]
4 ) 2m)* ) @2m)* (k3 — MF)(K)* (kT — MP)(k§ — M) (k3 — Mg,) [ (kF — Mg,)?
(A.23)
50— g/d‘*kl/d‘lkg 1 [ 1 ]
! 4] @2m* ) @2m)* (k3 — M3)(k7 — MP)(k§ — Mg,) (k3 — Mg,) [ (kf — Mg,)?
+ §/ d*ky / d*ky 1 k‘%
4) @mr ) @m)* (k3 — M3)(K)2(ki — M?)(kf — Mg,) (k3 — My,) [(kf — Mg,)?
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n §/ d*ky / d*ksy 1 [ —k3 ]
4 @mr ) @m)* (k3 — M3)(K)?(kf — ME)(kf — M) (k3 — M) [ (kf — My)?
o = l/d‘lkl/d‘lkg 1 -1 }
P4 ot @mf (6 - M) (R - MP)(RE — M) (kF — Mg,) | (kf — Mg,)(kF — M3)
. 1/ d'ky / d*ks 1 k? }
1) @07 @)t = M) (K) (8 — M2)(RE — MZ,) (R — M) | (2 — M3,)(k — M)
n l/ d*ky / d*ksy 1 —k2 }
4/ @2m* ) (2m) (kﬁ—MQQ)(K)Q(kf—Mf)(kf—Mgv)(kg—M%/)_(kf—Mgv)(kg—Mz?)
n 1/ d*ky / d*ky 1 [ ]
1) @ G - MR — MR — MR M3 <k2—M2>
n 1/ d*ky / d*ky 1 k? ]
4 @m* ) (@2m)* (k3 — MZ)(K)? (ki — M7)(k§ — M) (k3 — M) [ (k§ — My,)?
. l/d‘*kl/d‘*kg 1 —k3 ]
4) @mt ) @2m)* (k3 — M3)(K)? (ki — MP)(kf — Miy,)(k3 — M) [ (kf — M)
(A.24)
1 [ d*k d*ko 1
5L+ Cy = © / /
4 ent ) @ot (8 - MK - M) (R — M) (k3 — M)
-1
=)0 - 3
. 1/ d*k; / d*ks 1
4) @m* ) (@2m)* (k3 — M3)(K)?(ki — M7)(ki —QMr?v)(k‘%—_Mﬁv)
ki
0 =323) (% - 13)
n 1/ d*ky / d*ko 1
1) Cnt ] Cn =M ~ MO — M3,) (0 — M3
—k2
N CETERIERNT)
n §/ d*k; / d*ks 1
2/ @m)* )] @2m)* (k3 — M3) (ki — M7)(kf — M) (k3 — M)
1
=172,
n §/ d*ky / d*ko 1
2) @m)* )] @2m)* (k3 — M3)(K)?(kf — M?) (ki — M) (k3 — M)
ki
>< —_—
(K — Mi)? ]
n §/ d*k; / d*ksy 1
2) @2m* ) (2m)* (ki—MQQ)(K)Q(kQ—MQ)(kQ M) (k3 — M)
—k2
Lo =]
(A.25)
Now doing the usual wick rotation and expanding in Gegenbauer polynomials we can replace:
d'ky [ d'ky 1 2,2 T oo [T 0
/ e / R — e / dk? k2 / dk2 k2 k2 - (4@ / k2 / dk2 k2
_ 2 2 1.2 A2
(47r) [/ dk;/ dk3 k3 + / de/ dki k] (A.26)
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5CI+Cy =

-1 1
4 (4m)*

-1 1
4 (4m)*

-1

-3 1
2 (4m)*

-3 1
2 (4m)*

-3 1

2 (4m)*

-1

-1

-1 1

4 (4m)*

-3 1

2 (4m)*

-3 1

2 (4m)*

e’} k%
/ a2 [ a2 K2k
0 0

oo k%
/ dk? dk3 k2
0 0

o k?
/ dkf/ k2 k2
0 0

oo k%
/ dk? / dk3 k2
0 0

0o kg
dk? / dk? k2
/0 > Jo PR3 +

/ dk? / dk? k2
0 0

Appendix A
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80

X

—1
L (kT + M) (k3 + M3) |
1

(k3 + M3) (kT + M7)(k? + Miy)(k3 + Mg,)

X

(k3 + M3) (kT + M?)

—

] ki + Mg,)

k

Ll V)

(k3 + Mg,)

L (kT + Mg,)

—

k3 + M3) |
1

X

2
1 /Oo z/kl 2,2
— dk dk; k
4 4mt o o P (K3 4+ M3 (KT + MP)(RT + My,)

—k:%
L (k7 + M3,) (k3 + M3)
1

(k3 + M)

o k?
de/ dk3 k3ki
/0 Vo PR (RS 4 ME)(RE + M7

X

1
(k7 + M,)? ]
1

(k3 + M) (k3 + M3,)

X

R
(kT + M3,)? ]
1

(k3 + M3) (ki + MP)(kT + M) (k3 + Mp,)

X

—k‘%
L(kF + Miy)? ]

1

(k3 + M3)(k? + M7) (kT + M) (k3 + M)

1 oo k)g
— dk? dk? k2 k2
4 (477)4/0 2/0 P (K 4 M3) (K + MP)

X

—1
L (kF + MG, (k3 + M3)
1

(k3 + M) (k3 + M3,)

X

1 oo k)g
— dk? dk? k2
4 (477)4/0 2/0 P (RS 4 M3)(k? + M) (k3 + M3)
I k

2 e
1

| (kF + M) (k3 + M3) |
1

(k3 + M)

X

ME) (R + M) (R + MZ,)

—k;§
| (kF + M) (k3 + M3) |
1

(k3 + M)

de/ dk? k2k2
/0 > Jo t 2(k§+M§)(k%+M%_)

X

1
(kT + M3,)? ]
1

(K + My, )(k3 + M3,)

X

kM
(KT + MG, )2

(k3 + M3) (k3 + MP)(k7 + Mg,)(k3 + Mg,)
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5CT + Cs

5CT + Cs

_k2

[W
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-3 1 / de/ dk? k2 L
2 (4m)* Jo > Jo VU (k3 M2) (k3 + M2) (k2 + M2)(k3 + M2))
—I<:2
|y
(A.27)
-1 1 ) 1
T(4yr)4/ dk; / iz K (k2+M2)(k2+M1)(k2+M2 (k3 + ME,)
X _kQ
(k2+M2 )(k2+M2)
k:2
1
dk? dk2 k2
(=3 G (4m)* / / 2 2(k2+M)(k;2+M2)(k;2+M2 (k3 + MZ,)
- 2
X k2 M2 2
| (kf + M, )2 |
-3 1 1
dk? dk2 k2
2 (4m)t / / 22 (k2 + MZ) (k2 + M2)(k? + MZ,) (k2 + M2)
W TR ]
(k2+M2)
ll#/ dk? / dk? k2
4 (4m)* 2 V(K2 + M22)(k2+M1)2(k2+M2 (k3 + M2,)
kl
SCE )(k;2+M2)]
— / dk2 / dik? k? 1
2 (4m)t ? (k2+M2)(k2+M2)(k2+M3v>(k§+M3V)
X _k2
| (k7 + Mg )(k;2 + M3)
_—3L/wdk2 /kgde k2
2 (4mt)y o 1<k§+ §)<k2+M2 k + M) (K3 + Mg,)
k2+M2 2]
(A.28)
-1 1 0 1
— dk? dk2 k2
4 (47T)4/0 "Jo ? 2(k2+M2)(k2+M1)(k2+M2 )(k3 + M)
_kQ
X
. [ (K + M) (k3 + M3)
1 (%) ky 1
—3)— dk? / dk2 k2
Sy |, [ s 2 (1 + B8 1 M) + M3, (03 + M I3,)
(K + Mij)?
-3 1 kY 1
dk? dk2 k2
2 (4m)t / / 272 (k3 + M3 (k2 + M) (k3 + ME,)(k3 + ME,)

|
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5C1 +Cy =
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kz
— dk dik? k?
4 (4m)* / 2/ (k2+M2)(k2+M2)(k2+M2 )(k3 + M)
ki
| (k7 + M3 )(k2 + M3) |

X

— dk dik? k3

2 (4m)* / 2/ (k2+M2)(k2+M2)(k2+M2 )(k3 + M)
_k2

(k7 + M) (k3 4+ M3) |

X

;3#/ dk:2/ dki ki !
2 ()t Jy TR Jo T G MR A MR + M) (R + M)

[wim
(A.29)

1
dk? dk2 k2
4 (dm)* / / ° 2(k2+M2)(k2+M2)(k2+M2 ) (k3 + M)

X ]
6+ 3038 + M)

k2
1
dk? dk2 k2
(=) o (47)* / / 272 (k3 + M3) (K} + ME) (K + ME,) (k3 + M)
k2
| (K + Mg,)? ]
-3 1 1
S de/ dk2 k2
2 (47r)4/ 2 (k2+Mg)(k2+12!41)(k%’+M3v)(k§+Mﬁv)
_k T
(K + M, )2

X

X

kz
2
4 47T / dky / dk‘z k'2 (k2+M2)(k2+M2)(k2+M2 2+M3V)

X

)(k
_(k§+M2 k;2+M2 ]

5 4/ dk%/ldk%kg 2 2\ (1.2 2\ (1.2 2 2 2
2 (4m)* Jo 0 (ki + M3) (k3 + Mj )(k + M) (ki + My,)

k
[(k2 + M2,) (k% + MQ)]
-3 1
_f@y/(%/‘%ﬁﬂﬁﬂ%mﬂwﬂk M)+ M%)

[ k3 + M2 ]
(A.30)

/ Oode L / g dk2 k3
4 (4mt o T (R MP)(RE+ M) o P (k3 M3)2(KF + M)
kS

1 / p

)

2 k2
1 k% 2
(k3 + M3) (k3 + Mg,)

o0 k
- dk?
( $@m4ﬂ YT ME) (K 1 MG )
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—k%

S

K2 )
)3/0 dk;

/ dk} = 2N (1.2 2
( 0 ki + M3?) (ki + Mg,
2

(K3 + M3) (k3 + Mg,)

ks

S

(
e 1
dk
/0 bk M3)2(
k2
1

K2 )
dk
ki + M) /0 ?

(k3 + M?)(k3 + M§,)?

—k‘%

S

1
)
) .

R
) k%+Mav>/o a2

L 3
2 (4w
-1 1
* 4 (4n
-1 1
+ 2 (47
-3 1

dk?
/0 Yk + M3)(

(k3 + M) (k3 + M§,)?

—k%

+

S

1 kY
dk? / dk?
/0 V(R4 ME)(K2+MZ) Jo 7 (K3

N

—

4m)
scale all masses and momenta to M3,

-1 1

4 (4m)* My,
1
(=3) =
gD
-3 1
2 (4m)* My,
-1 1
4 (4m)* My,
-1 1
2 (4m)* My,
-3 1

1 K
ICESE / ¥

2 ki
ki +1)3 /0 a*

+ M?)(
k? )
dk
)(kF + 1)3/0 :

1
ki
di2
ki

di2
0

2
2

(o ]
5C; + C / dk?
! : 0 ! (k2 + M3

dk?
| i
o 2

/o NP Ve

/‘X’ dk? !
0 YR+ M3k +1) o

o] k2
de 1
/0 " (kT +

2
2

w

+ M) (k3 + M§,)?

(A.31)

—k%

(k3 + M3)?(k3 +1)
k3

(k3 + M3)(k3 +1)
—k:él

(k3 + M3)(k3 +1)
k3

(k3 + ME)(k3 4 1)?
—k%

(k3 + ME)(k3 4 1)?
—k%

M3)?(ki + 1)
dk?
/0 V(R +

1
In terms of the integrals in Appendix B:

k2 )
2 (dm) 0, ><k%+1>/0 2 7

M;

-1

GG = o,

The D functions Remember Eqn’s (3.112),(3.123):
D11 — Dao
d*ky

d*ky 1

k2 + M32)(k3 +1)3

(A.32)

-1 3 1 1 3
[TC(I +3C, + ECC + ZCd + 506 + ch

(A.33)

i/ @)

(2m)* (k3 — M3)K>(k?
ki (ki — k3 — K?)

M VR VR )
1 (ki + k3 — K*)(ki — k3)

9
(B2 4K - K (K —K3))
(k3 — M3)? (kf — Mg, ) (k3 — M3)
LR (K® + k3 — k3)

2 (k3 — M3)?

(D12 — Do)

d*ky 1

4 (kY — M) (k3 — M3)

(A.34)

1 / d*ky

3/ (2n)*

/

(2m)* (k3 — M3) K> (R — M) (K — M) (kF —

M) (k3 — M)
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1 1 1
—(G (R + K = K?)(5 (k] — k3)) + ki (5 (k2 — k3 — K?))
{ (kf — My,) (k3 — M3)
(A.35)
3(D12 — Do)
_ / Ak, / d4ko 1
(2177)4 (2m)* (k3 1M2)K2(1€2 11)(k2 )(k2 M) (k5 — Mg,)
—(G (0 + K = K2)(5 (M - ))+k‘2(§( - K?))
[ (kF — M) (k3 — M3)
(A.36)
(D11 — Da2) — 3(D12 — D2y)
_ 1/ diky / d*ks 1
9. @2m)* ) @2m)* (k3 — M3)K2(ki — M7)(k? — Mg, )(k§ — Mg, ) (k3 — Mg,)
{_ (ki + k5 — K2)(kf —K3))  k{(kf — k3 —K?) 1 (k{ + k3 — K*)(k{ — k3)
(k3 — M3)? (k — M) (k3 — M3) 4 (kF — Mg,)(k3 — M3)
1k2(K2 4+ k2 — k2)
IPERCEE } |
/ d*k, / Ak, 1
2m)* ) (2m)* (k3 — MF)K2(kf — M7P)(ki — M, ) (k? — Mg,) (k3 — Mg,)
(U3 R - KGR ) KGR — K — K?)
{ R - (2 - 03) ' (kF — Mg (k3 - M&J
(A.37)
(D11 — Da2) — 3(D12 — D2y)
_ 1/ d*k, / d*ks 1
9./ @m* ) @m)* (k3 — M3)K2(kf — M?)(k? — My, )(k? — Mg,) (k3 — My,)
{_ (ki + 53— K*)(K —k3)  k{(kf -k - K?) 1 (kf + k5 — K*)(kf — k3)
(k3 — M3)? (b — M) (k3 — M3) 4 (kF — Mg,)(k3 — M3)
LES(K? +kf — K3) ]
2 (k2 - MZ)?
- 1/ d*k, / d*ks 1
9 @m* ) (2m)* (k3 — M3)K2(ki — M?) (ki — Mg,)(k — Mg,)(k3 — M)
{—_9 ((kf + k3 — K?))(kf — k3) L9 ki(ki — k3 — K?)
4 (kY — Mg, (k3 — M3) 2 (k7 — Mg,) (k3 — M3) |
(A.38)

(D11 — Da2) — 3(D12 — Do)

-/

1

— M) K3 (ki

— M) (K} — M) (k} — M§,)(k3 — M)
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(k‘% + k‘% — KQ)(k‘Q 9 k‘% KQ)
{_ (k3 — )2 - 5} f — M3)
1 9] (kK+k3—K*)(k?-k3) 1k K2+k2 kQ)
N E S e
(A.39)
(D11 — Da3) — 3(D12 — D21)
B Ay [ dh 1
- 9/ (2m)* / (2m)* (k3 — M3)K2(k? — MP)(k? — Mg, )(kf — Mg,) (k3 — My,)
(b + k3 = K2)(kf —k3) 11 k{(k? — k3 - K?)
- 3 R — M) = M)
o (K + k5 — K?)(k — k3) | LR3(K® + k] — k3)
R - ) T2 (- M)
(A.40)
(D11 — Da2) — 3(D12 — Doy)
B Ay [ d' 1
= 5| G | G e I =T
LECE N R T T
(k3 — M3)* (k3 — M3F)* 2 (b — My,) (k3 — M3) 2 (kf — Mg,)(k3 — M3)
Lo K- MM 1 KK TRk
(kf — M3 ) (k3 — M3) — ~(kf — M) (k3 — M3) 2 (k3 — M3)? 2 (k3 — M3)?
(A1)
(D11 — Da3) — 3(D12 — D21)
B Ay [ dh 1
- 18 / (2m)* / (2m)* (k3 — M3)K2(k§ — M)k — My, ) (ki — M) (k3 — M)
I N P R R - R)
[ (2237 (- BR (R - MR)(R - M3) (R ME)(R — M)
BRI S 0 B VR ) )
(ki — M) (k3 — M3) (k] — M) (k3 — M3) (k3 — M3)* (k3 — M3)?
(A.42)
(D11 — Da2) — 3(D12 — Doy)
B d'ky [ d'h 1
= 5/ oo | o momEE T eI
{KQ(%% —k3)  2ki = k{kS — k3 K?(7k? + 4k2) 11k3k2 — Tki — 4k3
(k3 — M3)? (k3 — M3)? (kf — M) (k3 — M3) — (kf — Mg,)(k3 — M3) (A4

(D11 — Da2) — 3(D12 — Do)
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B _/ d*ky / ks 1
-8 @mt ) (@)t (k3 — MK (kY — M7) (kT — M) (ki — M) (k3 — M)
[ K2 (2k7 — k%)]

SRCETE

n _/ d*ky / d*ks 1
18 ) (2m)*t ) (2m)* (k3 — M3)K? (k3 — M) (kf — M) (k3 — M) (k3 — M)
2t — k23 — ki
>< - = =
(7 - N3P

N _/ d'ky / d'ks 1
18] @t ] Gr)t (- MBKP(E — ME) (2 — M) (6 — M3,) (3 — M)
K2(7k‘f + 4/4:5) }
|7 = ME,) (03 — M)

X

N _/ d*ky / d*ks 1
18 ) (2m)* ) (2m)* (k3 — MZ)K2(k? — M7)(k§ — M, ) (k? — M) (k3 — M)
11k3k3 — ki — 4k3
(K — M,)(k3 — M3)

(A.44)
(D11 — Da2) — 3(D12 — Do)
B _/ d*ky / d*ky 1
T Al A2 L Y3 [ V[ Y R VR Ry Y
[(2k7 — k3)
x|—=1 2/
| (k3 — M3)?
_/ d'ky / dk, 1
5] Gt ) Got 2 MBRIGE MBI M) 0E M )
y B 2kt — k23 — ki
(k3 — M3)?
n i/ d*ky / d*ks 1
18 ) (2m)* ) (2m)* (k3 — M3)(k? — M7)(kT — Mg, ) (ki — Miy,)(k3 — M)
y (Tk? + 4k3)
(k7 — M3,) (k3 — M3) |
n _/ d*ky / d*ks 1
18 ) (2m)* J (2m)* (k3 — MJ)K2(k? — M7) (ki — Mg, ) (k§ — M7,) (k3 — Mg,)
11k3k3 — Tk{ — 4k3
x
| (k7 — M) (k3 — M3) |
(A.45)

Now doing the usual wick rotation and expanding in Gegenbauer polynomials we can replace:
d*ky [ d*ky 1 2,2 T oo [T o
/ o / T — / dk? k2 / dk2 k2 k2 = / k2 / dk2 k2
_ 2 2 7.2 A4
(47r) [/ dk] / dk2 k2 + / de/ dki k] (A.46)

(D11 — Da2) — 3(D12 — Dzl)
o e’} k2
:i 4/ dk%/ dk‘%k‘%k%Q \(1.2 2 212 2 2 2 2
18 (4m)* Jy 0 (k3 + M3)(ki + M7) (kT + My, )(kf + Mg,) (k3 + Mg,)
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[

| (k3 + M3)?
+ i_—l/oode/kfdekQ 1
18Amt Jo o P PR+ M3 (R + M) (k3 + M3,) (k3 + MR,) (k3 + M3,)
[ 2kE — khd — k;‘}
(k3 + M3)?

1 -1 [® kY 1
+ ——/ dk2/ dk2 k2k?
1Bmt Jo T Jo T (kR + ME)(kE + MP)(RE 4+ M3,) (k3 + ME,) (k3 + M3)
y (T2 + 4k2) }
(kf + M) (k3 + M3)
+ i__l/oode/kldek2 1
BMEm Jo o (RS + M) (R + MP) (KT + M3,) (k] + My) (k3 + M)
11k3k3 — Tk{ — 4k3 }
L (BT + M) (k3 + M3) |

X

1 -1 [ k3 1

+ ——/ dk;2/ dk? k2k2
BEm o e NS+ ME)(R + M) (R + M) (R + M) (k3 + M)

[ 2kt — k3)

, | (k5 + M3)?
1 -1 /°° Q/kﬁ - 1

+ o= | dk2 k
BMEm Jo 2 Jo T (RS + MR (R + MP) (KT + M) (K + M) (K3 + M)
kb — k2k2 — ki
(k3 + M3)?

X | —

1 -1 [~ k3 1

—— dk?2 dk? k2k?
i 18<4w>4/0 / R T ) (R M) (R4 M) (R + MR, (K3 + M)
[ (Tk? + 4k3) }

X
L (kT + M) (k3 + M3)

L -l /Oode /kgdekQ L

1Bmt Jo 2 Jo NN (KR A+ M) (K + MP) (K + M) (k3 + ME,) (k3 + M)
11k2k2 — Thi — 4k }
(kT + M3, ) (k3 + M3)

(A.47)

- o Jo P PR+ M) (R + MP)(RE + M) (KT + My, ) (k3 + My,)

(2k1 — K3K7)
(k3 + M3)?
1o—1 o, R 1
1R 4 dky dkj k3 2 2\ (1.2 2\ (1.2 2 2 2 2 2
18 (4m)* Jy 0 (k3 + M3) (ki + M7) (ki + My, ) (kT + My, ) (ks + Mg,)
_21@;1—1@%;—1@3
(k3 + M3)?

1 / a2 [ a2 !
18 (4m)* Jo 0 (k3 + M3) (kT + M7)(k? + Mgy, ) (k7 + Mg, ) (k3 + M§,)
[ (71@‘11 + 4k§k‘f) }
(kT + M) (k3 + M3)
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o) 2
+ i__l/ de ‘/1Cl de k2 1
1B(4m)t Jo N o T Pk + M) (K + ME)(K2 4+ ME,)(kF + ME,) (k3 + M2,)
C11AZRS — TR — 4k }
| (K + M3,) (k3 + M3)

X

i__l/oode/kgdek2 1

18Emt Jo T Jo (R + M) (K + MP)(kF + M3,) (K] + M) (k3 + M)
(2k3k3 — k3)

| (k3 + M3)? |

X

1 -1 [® K 1
+ = 4/ dk%/ dk%k% 2 2\ (1.2 2\ (1.2 2 2 2 2 2
18 (4m)* Jo 0 (k3 + M3) (ki + M7) (ki + My, ) (ki + My, ) (k3 + My,)
_2/4:‘1l — kK2 — k3
(k3 + M3)?

X

1 -1 [> K 1
+ —— de/ dk? k?
18(477)4/0 > Jo PR3 A+ M2 (R + M) (K} + M) (kF + M3,) (k3 + M3,)
[ (TR?kZ 4+ 4k3) ]
(B + M§,) (k3 + M3) |

X

1 -1 [~ k3 1
+ = 4/ dkg/ dk%k% 2 2\( 1.2 2\( 1.2 2 2 2 2 2
18 (4m)* Jo 0 (k3 + M3)(k3 + M7) (ki + My, ) (kf + My,) (k3 + M)
11k2k2 — Tk — 4k T

X )
(kT + M) (k3 + M3) |
(A.48)
(D11 — Da3) — 3(D12 — D21)
1 -1 [ K 1
- 1R 1 dk%/ dkgk%z (1.2 N\ (1.2 2\ (12 2 \/1.2 2
18 (4m)* Jo 0 (k3 + M3)(kt + M7) (ki + My, ) (ki + M) (k3 + M)
Wk
[(k3 +M3)2 ]
2
, -1 /oodk’f’ kldkgkg =
18 (4m)* Jo 0 (k3 + M3) (kT + M7)(k? + Mgy, ) (k7 + Mg, ) (k3 + M§,)
15k2k3 — 4k3 }
X
(KT + Mg,) (k3 + M3)
1 -1 [ K 1
LT 1 dkg/ dk%k%z N (1.2 N (1.2 2 V(1.2 2 \(1.2 2
18 (4m)* Jo 0 (k3 + M3)(ki + M7)(ki + MW)(kl + M) (k3 + M)
[k 2k
| (k3 + M3)?
2
, + -t Oodkg/kzdk%’k% =
18 (4m)* Jo 0 (k3 + M3)(kF + M7P)(k? + My, ) (k7 + Mg, ) (k3 + Mg,)
18k2k2 — Tk{
X
(kT + M) (k3 + M3)
(A.49)

(D11 — Da3) — 3(D12 — D21)

_ i —1 Oode /k% de 1 kg
oBMAmt e o T (R M) (KT + MP)(kF + M3,)2 (k3 + M) [(k3 + M3)? ]
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PR k)2
18 (4m)? /0 dk? / e
L 0 5 75 1 89
+ — 1 /oo K2 (k3 + M3) (k3 + M?)?
18 (4m)* J, dkg/ k2 2)2(k2 + M2,) (k2 15k254 —
1 0 2 1 ) [+ ) 453
4+ = —1 o0 k2 ( +M2)(k2+M2 w/it 1+M§V)(k2—|-M2 ] .
18 (4m)* Jo dkg/ dk? T+ MP)(kE + M, )? (k3 + My (3’“31"65—2&;6)2 2)
0 CENDIE: 1 2 w) L (k§+M2)21 } )
2+ MP)(kF + M3,)? I8k1R2
(D11 — D 232(k2 + M32,) | (K ki3 — TS
92) — 3(D12 — D 2 L (k2 + ME) (k3
e e P GRS
— k
18 (47T)4/0 dk% / lde (A.5O)
1 - o (k3 1
+ = 1 o 2 (k2 + M2)(k?
2 2 -
18 (4m) /0 dk? / 1 dk3 T+ MP)(kT + My )? (k3 + M kS
2
P B Y 02 (&2 + M2 (K2 + M2 ! w) -(k§+M22)2] :
18 (4m)* J, dk%/ di2 1)(kf+M2 )2(k2 15k2k4
1 N> 1 i) (k3 + M) [ (K ks — 413
+ = -1 00 k2 21 M2)(k2 + M) (k2 - T+ ME)(kE+ M2
18 (4m)* dk? dk2 2)(k3 + M2,)2(k? (3k3k3 — 62 2)]
0 L 2 g2 ) 2)2(k% + MZ,) 2 2kS)
(k2 + M2) (k2 NG ESYEN
3)(k3 + M7)(k3 + M) I8HA?
(Din — D 22 (k3 + M2 | (k3 kyki — TkS
99) —3(D12 — D ) L(k3 + M) (k3
1 -1 - 212 2K+ M) |
JR— k -
18 (4@4/0 dk? / "2 (A.51)
1 - o 2 (k3 1
+ — 1 Rl K2 (kQ +M2)(k2
2 T M2 _
18 (47)* /0 dk? / 1 dk3 T+ M)k + Mg )2 (k3 + M kS
2
. /oo ) 02 (&2 + M2) (k2 1 M2 L W)-(’f§+M22)z]~
18 (4m)* J, dkl/ dkg ) (ki +M3V)2(k,§+M2 15k2k4
2
+ i -1 © Okf (]f§+M22)(k%+M2 12 )L (k2+M2 )(k2+M2 ] )
18 (4m)* Jo dkl/ dk2 2) (k2 + M3Z,)? (k2 —4kS 2)
1 -1 o (2 1 5+ M) L(kF
T o M 2+ M3)(k3 + M32)(k3 (kT + MG, ) (k3 + M3) |
L [ e [ 7
i
P e N 02 (k2 + M2)(k3 + M? ! w) '(k%‘LMzQ)Q]'
18 (4m)? ), dkf/ e %) (k2 + M2, )2 (2 + M2 (—2Kk9)
P s B 0 2 (&2 + M2) (kL + M2 ! W)-(k%”LMzQ)Q]'
18 (47)* dk? e 3+ M3?)(k3 + M32,)? 4
0 f k3 — 2 )2 (k3 + M2 5 18k k3
(kl —+ MQ)(kQ 1 ) (k —+ M2 ]f2
2) (k2 + M2)(k2 T2
1(2+M2)2/€2 _75
i) (ki + M) | (K3 i
| (k2 + M2,) (k% + M2) ]
(D11 — D A
22) — 3(D
= ]‘ _]_ (0012 —D21)
18 (4 / dk? :
15( 7T]?4 0 1> (k2+M2 k2 /k:
+ - - oo
18 (47T)4/0 dk? + M2,)? 22 dk3 k2+M2 kS 2
+ __4 -1 00 (k%—’—MQ k2+M2 3/ 1d kl(k2+M22)3
18@/ dk? A I T
o T K (k8 + MZ,)
+ M) k2+M2 3/0 k3 kS w)
k
+ M) (k3 + M3)?
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3 -1 [ k2 K ki
+ 2 4 / dk% 2 2 - 2 2 / dk‘% 2 2\(1.2 2
18 (4m)* Jy (kT + M3)3(ki + My,) Jo , (k3 + M7) (k5 + Mg, )?

-2 -1 [> 1 R kS
+ =< 4 / dky 2 2\3(1.2 2 / dks; 2 2\(1.2 2 )2
18 (4m)* Jo (ki + M3)3 (ki + MW) 0, (k3 + M7) (ks + MW)
1

o k2 k7 kA
+ 2 4 / d % 2 2\2 (1.2 2 / dk‘% 2 2\(1.2 2
18 (4m)* Jy (kl + Mz) (kh + MW) o, (kz + Ml)(kQ + MW)3

+ il /Oo k2 L /k1 dk2 k3
18 (4m)t Jo T (K M3)2(kE+ MZ) Jo (k3 + MP)(KE + M)

(A.53)
Scaling all masses and momenta to M3,
(D11 — Da3) — 3(D12 — D21)

18 (dm)t ML 1’(k%+M2 (k2 +1)2 J, 2k2+1(k§+M§)3
15 -1 1 [ K k4

+ 3 4 A4 / de 2 2 2 / d 2 2 2 :
18 (4m)* My, Jo b(k2 +M k+13 0 2 (k3 4+ M2)2(k2 + 1)
-4 -1 1 [ K kS

+ 3 4 / de 2 2\(1.2 / d 2 2 2
18 (4m)* My, Jo (k3 +M k;+13 0 2 (k3 4 1) (k2 + M2)2
3 -1 1 e k4
— — dk? dk32

T Rami ML /0 L2 M2 GES /0 2R T MR+ 12
-2 -1 1 e kG
— — dk? dk32

T W ani M /0 N M2 CE) / 2R T MR+ 12
18 -1 1 e k2 k4

+ 4 4 / de 2 2 2 / dk? 2 2 2 3
18 (477) M3y Jo (k: + M$H2(ki+1) ) (k3 + M?) (k3 + 1)

2

por 1 /oo dk? ! /k dk2 k3

18 (4m)A My, Joo Tt (RBP4 ME2(KZ +1) Sy 2 (k3 4+ MD) (k3 +1)3
(A.54)

In terms of the integrals in Appendix B:

(D11 — Da2) — 3(D12 — Do)

-1 1 [1 15 4 3
(47r)4M—3V[_D“ Dy~ —De+—Dy— D+Df

7
—D
18 + 18 18 18 18 g

18

(A.55)



Saifuddin R. Rayyan Appendix A 91

Figure A.3: Diagram 3A

A.3 diagram 3A

We labeled the loop-momentum carried by the W which connects to the photon k1, and the loop-momentum
carried by the other W is labeled k2. With this labeling, the YW W -vertex is exactly the same as the one in
diagram 2A:

(—ie) [ (=p1 +2p2 — k1)kgrw + (=01 — P2 + 2k1)2Grr + (2p1 — P2 — k1)u9m\} . (A.56)

The coupling constant, (—ie), combines with the coupling constants along the fermion line to give:

4
. .9 5 .9 5 .9 5 .9 5 .€g VAR VIR VI Ve
i (i) (%) (5%:) () == (Rafiaifin) . am
which is also exactly the same as diagram 2A. The fermion line gives

(Ca(p2)] (Cay” PLN2)(Ca" P N2 ) (N17" Prls) (N17u PrLa) [€a(p1))
= (la(p2)| (L PLN2) (N2 PLy*£5) (€5 PLy" N1) (N1 Prla) [a(p1))

= u(p2)y"Pr (N2N2) PLy* <£ﬁ£%>PL7 (N1N1) v, Pru(pr)
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= u(p2)y" Pr [ + Ma] PLy" (k1 — K2) Pry”™ [(#1 — K2) + Ma] v Pru(pr)

= MiMyu(p2)y"v" (k1 — K2)7v" v, Pru(pr)

=AM M3 u(p2)y” (k1 — k2)" Pru(p1)

=AM My u(p2) (k1 — k2)"~" Pru(p:) - (A.58)

This is almost the same as diagram 2A: only the Lorentz indices x and v are interchanged. The three
fermion propagators contribute a factor of i3 = —i, which I haven’t explicitly written in this expression, but
they will cancel against the factor of (—i)® = i coming from the three W propagators. Combining with the
~yW W -vertex factor, we find

[(—pl +2p2 — k1) wgrw + (=p1 — P2 + 2k1) 7 g + (2p1 — p2 — kl)ugm} (k1 — ko)™y" Pr,

= {(—P1 +2ps — k1) - (k1 — k2)va + (—p1 — p2 + 2k1)a(F1 — Ko) + (k1 — k2)A (291 — Pa — kl)}PL
(—=p1 +2p2 — k1) - (k1 — ko) yaPr + (=p1 — p2 + 2k1)a (K1 — K2) P + (k1 — ko)A (2¢1 — g2 — K1) PL
(=p1 +2p2 — k1) - (k1 — ko) Pr + (—p1 — p2 + 2k1)a (k1 — ¥2) Pr

+(l€1 - k‘g))\(QmPR - mPL — klPL)
(=p1 +2p2 — k1) - (k1 — ko) Pr — (1 + p2)a(b1 — K2) Pr + 2kia (K1 — K2) Pr
+m(k1 — k2)A(2Pr — 2P) — (k1 — k2)f1 Pr -

Lo

(A.59)

The first term does not contribute to the EDM so it can be dropped. The other terms can be combined into

(k1 — k2" [mgua(2Pr — Pr) = (o1 + p2)a e P | + K5 (k1 — ko) |~gnitn + 20007 PL - (A.60)

The integrals we have to do are:

/ d*k; / d*k, (k1 — ko))"
2m)* ) (2m)* [(p1 — k2)? — M7] (k1 — k2)2(kT — J\{%’) [(p2 — k1)? — M|

X

[(p1 — k1)? = M) (k3 — M§,)
/ d*k, / d*k, ki (kv — ko)*
2m)* ) (2m)* [(p1 — k2)? — MF] (k1 — k2)2(kT — J\{S) [(p2 — Fk1)? — M|

X

[(p1 — k1)? = M) (k3 — Mg,)’
(A.61)

which are the same as the ones we have to do for diagram 2A, except for the interchanges p; < p2, and
My < Ms. Recalling that

C1 (M1, Ms) pf + Co(My, Ms) ph

B / d*ky / d*ky (k1 — k2)"
- @mt ) @) [(pe — k2)? = M) (k= k2)? (kT — J\{%’) [(pr = k1)? — M|

X

[(p2 — k1)? — M (k3 — M§,)

Do(My, M) g™ 4+ Dy1(My, My) pipy + Dag (M1, Ma) psp + Dig(My, Ma) piph + Doy (My, Ma) p5pY
3 / d*ky / d* ks ki (k1 — k)"
2m)* ) (2m)* [(p2 — k2)? — M3 (k1 — k2)?(k] — J\/{f) [(p1 — k1)? — M3

X

[(p2 — k1)? — M| (k3 — M§,)
(A.62)



Saifuddin R. Rayyan Appendix A 93

we can write our integrals as

Ak [ d's (ky — k)"
/ (2m)* / (2m)* [(p1 — k2)? — M7] (k1 — k)2 (k7 — M3) [(p2 — k1)? — M ] [(p1 — k1)? — M, ] (k3 — M)
= Ci(Mz, My) p5 + Co(Mz, My) py
= Cips+ Copf ,

Bk [ de ke (ky — ko)t
/ (2m)* / (2m)* [(p1 — k2)? — M7] (k1 — k2)2 (k7 — M3) [(p2 — k1)? — M ] [(p1 — k1)? — M, ] (k3 — M)
= Do(My, My) g"* + D11 (Ma, My) p5phy + Daz(Ma, My) pipy 4 Dia(Ma, My) p5py + Da1(Ma, My) piph
= Dog"™ + Dy PyPy + Dy, PPl + Dy Pl + Do, PP - (A.63)
.63

Then, the terms in Eq. (A.60) lead to

(Cips + Capt) [mgm(ZPR —Pr)—(p1 + pQ)A'Y/@PL}
+ (Dog"™* + D11psply + Daopip + Diapsph + Da1piph) [—gan + 297 | PL
= m(Cipax + Cop12)(2Pr — Pr) — (p1 + p2)A(C1p2 + Cop1) Pr
+H{Dova + D11 p2af2 + Doz piapf1 + Di2(—piapz + 2p2xp1) + Dai(—paxp1 + 2p0ap2) } P
m - — — _ — —
-5 [(C1+ C2)(p1 4+ p2)r — (C1 = C2)(p1 — p2)a] (2Pr — Pr) — mC1(p1 + p2)rPr
—mCs(p1 + p2)APr
+DovaPr + mD11paaPr, + mDaapiaPr + mDi2(—piaPr + 2p2aPr) + mDai (—p2aPr + 2p12Pr)
1 — — — _ 1 — _
= m(p1 +p2)a {5(01 +C3)(2Pr — Pr) — C1Pp, — CQPR] —m(p1 — p2)a [5(01 — C2)(2Pr — PL)]
+DovaPrL + mpix (D22Pr — D12Pr, + 2D31 P) + mpay (D11 PL + 2D12Pr — D21 PR)
_ 1 1
= m(p1 +p2)x |:01PR - 5(301 + CQ)PL:| —m(p1 — p2)a {5(01 —C3)(2Pr — PL):|
— m . — —
+DovaPr + 5(171 + p2) [D22Pr + D11 PL + D12 (2Pr — Pp) + Doy (—Pr + 2Pp))|

m _ _ _ _
E(pl — p2)x [D22Pr — D11PL + D1a (—2Pg — Pr) + Da1(Pr +2PL)] . (A.64)

Collect the coefficients of m(p1 + p2)a7ys:

N <551252> B { (D11 — Da3) —43(312 —521)} .

+

(A.65)

This result is the same as that for diagram 2A except for the interchange M; < M, and the overall sign.
The sum will be anti-symmetric in My < Ms, which is what we need.

Multiply this by 4M; Ms to obtain contribution to EDM:

mM; M, |(5Cy + Cs) — (D11 — Dag) + 3(D12 — E21)} (P14 D2)A75 - (A.66)
Multiply by the coupling constants
4
.€ (7 X7 /% /%
—i (Vaa Vi V5 Vi) (A.67)

and we get

4
€ Y7 Yk (r# ral ral 55 ) 55 )
—z%liMg (VangQVmVM) [(501 +C2) — (D11 — Da2) + 3(D12 — Da1) | (p1 + p2)a7s - (A.68)
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Figure A.4: Diagram 4A

Identify this with

.G2(0
v 22751) (p1 +p2)avs = —d (p1 +p2)avs - (A.69)
We find:
4
€ Y7 7 7k Y7k Val Val D) D) D) D)
d= %liMg (’LVQQVQQVBlVal) |:(5Cl + CQ) — (Dll — DQQ) + 3(D12 — Dgl):| . (A?O)

Summing this with the contribution of diagram 2A, and summing over internal states will give us the
imaginary part of (Va2Vs2Vj V)

A.4 Diagram 4A

The yoW vertex is just +ieMyrgy,. The coupling constants in this diagram are

3
. < 9 - 9 - 9 - e Sk e T T
(ieMyy) (—ML) (—z%vfﬁ> (—z%vm> (—@%V(YQ) - %MW (Aalvmvmuﬂ) : (A.71)
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My, = gv/2 combined with the Yukawa coupling A\ = v/2m/v from the left-most vertex yields a term of
order m/+/2. The fermion line gives:

(La(p2)| (Cay" PLN2)(€gy" PLN2)(N 17, Prls) (N1 Prla) [€a(pr)
= (la(p2)| (€ar" PLN2)(NoPry"€5) (€5 PryuN1) (N1 Prlo) [€a(p1))
= u(p2)y"Pr (NaNg) Pry” <56@> Pryu (NiN1) Pru(p1)

— U(p2)Y" Pr (2 — K2) + Ma] Py (1 — ¥2) Pry (K1 + M) Pru(pr)
= MiMyu(p2)y"~" (k1 — ¥2)vu Pru(p1)

=AM M>u(p2)(k1 — k2)” Pru(p1) - (A.72)
Contraction with the v¢W vertex only changes the Lorentz index from v to A. Propagators will give
i*(—i)? = —1 as the overall sign. Integration will yield the C functions we introduced to calculate diagram
2A:
+ ) + RO T+ o) — RO
(Cp + Cpd)Pe = | (P1 +p2) ! (1 — p2) } Oy { (p1 + p2) . (1 —p2) H Py
Ch +C C,—C
= <%) (p1 +p2)*Pr + < - 2> (p1 —p2)*Pr - (A.73)
So the coefficient of (p1 + p2) s is
— M M3(C1 + Cs) , (A.74)
where the we have flipped the sign as mentioned above, and together with the coefficients, we have
iG2(0) . eg® cy e
o ZQﬁMleMQ ()\alvﬁlv,ggvag) (C1+Cy), (A.75)
or
d= 0 \p AL, (M Vi ViV, 2) (Cy + Cy) (A.76)
2\/5 alVp1Vp2Va : :
To evaluate C7 + Cy use the result from Diagram2B
o 1/ d*k; / d*ks 1 [K? + k% — k%]
1= =
4] @mr ) @m)* (k3 — ME)(EK)(kf — MP)(kf — M) (k3 — M) | (kf — M§,)?
o 1 / d*ky / d*ks 1 k3 — k2 ]
2 = =
1) @mt ) @t 05— ME)(K (R — MP)(R — M3,k — M3,) | (3 - Mav)uf? M%)
n _/ d*k; / d*ks 1 K? + k2 kQ]
4 @m* ] @2m)* (k3 — MZ)(K)?(kf — M7)(k§ — M) (k3 — Myy) | (k§ — My)?

(A.77)

1 AR [ ke 1 1
@ = 4/(277)4/( )t (k3 — M3) (kT — ME)(k§ — My, ) (k3 — ){(kz’ W)Q}
1 [ d*% [ d*ks 1 2
N Z/(%)‘*/(%)“ (ké—Mr?)(K)Q(k%—Mf)(k%—Mﬁw(k%—Mﬁv)[(k%—Mﬁv)Q]
N 1/ d4k;1/d4k;2 1 { —k3 ]
4 ) 2m)* ) @2m)* (k3 — MF)(K)*(kF — MP)(k§ — Mg,) (k3 — Mg,) [ (kF — Mg,)?
o l/d‘*kl/d‘*k‘g 1 { -1 ]
P4 ) o) @o)t (6 - MK — M) (K — Mp,) (k3 — M3,) | (kK2 — M3,) (k3 — M3)
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n 1/ d*k; / d*ks 1 k? ]
4] (@m)r ) @m)* (k3 — M3)(K)(kf — M) (K — M) (k3 — M) | (K — M) (k3 — M3)
n 1/ d*ky / d*ks 1 —k3 ]
1) @mt ) @t 05— MKk — MP)(R: — M3,) (k3 — M3, | (83 — M) (k% — M3)
N 1/ d*k: / d*ks 1 [ 1 }
4] @mr ) @2m)* (k3 — M3)(R? — MP)(k} — M) (k3 — M) [ (k] — M§,)?
n 1/ d*k; / d*ks 1 k? ]
4] @m)t ) @m)* (k3 — M3)(EK) (ki — M) (kY — M) (k3 — M) | (k§ — M§,)?
n 1/ d*ky / d*ks 1 —k2 ]
4 @m* ) @m)* (k3 — MZ)(K)? (ki — M) (kT — M) (k3 — M) [ (kf — M,)?
(A.78)
Ci+Cy
_ 1/ d'ky / dtky 1 1
o2 @mt) @m)t (k3 - M3)(k — M7)(kf — My,) (k3 — Myy) | (kf — My,)?
. 1/ d*ky / d*ks 1 [ k? }
2) (@m)* ) (2m)* (k3 — M3)(K)?(kf — MP)(KT — M) (k3 — M) | (kf — M§,)?
. 1/ d*ky / d*ks 1 —k3 }
2) @m)* ) (2m)* (k3 — M3)(K)? (ki — MP)(K? — M) (k3 — M) | (kf — M§,)?
N 1/ d*kq / d*kso 1 -1 ]
4] @m* ) @2m)* (k3 — M3)(kT — MT)(kT — M) (k3 — My,) [ (K — My )(k‘2 MQ)
L 1/ d*ky / d*ks 1 ]
4 @mt ) @2m)* (k3 — MZ)(K)? (ki — MP) (ki — M) (k3 — Mg,) [ (k] —
. 1/ d*ky / d*ks 1 —k2
4/ @mt ) @2m)* (k3 — MZ)(K)? (ki — M) (kT — Mg,) (k3 — M) [ (kT —
A79
after the usual wick rotation and expanding in Gegenbauer polynomials we can replace:
d4]€1 d4]€2 1 1 e 24,9 2 2
/(277)4/(27r)4 7 (4#)4/0 dki ki / dk2 k3 k2 = dk dlﬁ:2 k2
_ 1 R 272
= T [/0 dk‘l/o dk2 k2 + / de/ dki k] (A.80)
Cl+Cy = L Oodlcf g dk3 k33 !
4 0 0 (k3 + M3)(k3 + M7) (ki + M) (k3 + M)
-1
8 [(k? M3, )(k:2 +M2)]
k2
— dlcQ dk3 k3
T 2 2 (k2+M2)(k2+M2)(k2+M2 VK2 1 M32)
[(k%+M2 k-2+M2]
. INCT
4 (4m)* Jo Yo 2 (kg‘f'MzQ)(k%‘f'Mﬂ(kQ+M3v)(k§+M%/)

_k2

I

k% + MZ) (k3 + M2)

|
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) 2
__1L/ dk? /k1 dk3 k3k? !
2 (4m)* Jo 0 (K3 + M3) (k3 + M7) (ki + M) (k3 + Mg,)
1
X

(kT + MF,)? ]

50 2

__1L/ di? /kldkg k3 !

o e A ST DCET D
kl

| (kT + M,)? |

2

iL/wdkf /kldkgkg !

2 (4m)* Jo 0 (k§+M§)(kf+]2\412)(kf+M3V)(k§+M3V)
_k2

(K} + M)

X

X

-1 1 /wde /kgdekaQ 1

4 (4mt Jo P o TN (KR + M) (K + MP)(K + M) (K3 + M)
—1

| (kT 4+ MG,) (k3 + M3) |

1

kT + Mg, ) (k3 + My,)

X

-1 1 * 2 kg 2 1.2

T, ) me
[ k
ICE

—

X

— [N

k3 + M3) |

-1 1 /°° Q/kﬁ - 1

— | dk? k

4 (4mt Sy )y T 1(k%’+M§)(k%+Mf)(f%’+M3v)(k§+Mﬁv)
_k2

(BT + Mg,) (k3 + M3) |

jL/wde /kgde k2k2 1

2 (4mt o P Sy TN (kR + M) (RE 4+ M) (KR + M) (k3 + M)

1

(B + Mg,)? ]

-1 1 /°° 2/’“3 - 1

— | dk? k

2 (dm)t Jo % o T (R34 ME)(k} + M) (K} + MG, ) (k3 + M)

X

X

X

(kT + Mg,)? ]

11 [ k3 1

- de/ di? k2

2 (47T)4/o 2o T (R M) (R + MP)(KF + M) (k3 + M7,)
RNl

SIGESTESE

(A.81)

11 [ K 1
- de/ dk? k2
4 (47r>4/o Yoo PP (kR + M2 (KR + M2 (R 4 MB,) (k2 + ME,)

—k:%
. [(k-% M2 (k3 +M§>]
1 1

oo kf
(-1 —/ a2 | k2 k2
T e AL Ny v T V) (R Vel YRy Yty

k2
dieeard
(kT + Mg,)?
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k)2
— 1
dk?
2 ()t / / dk3 k3 &2+ 7\[2)(k2+ M2) (k2 + M2,) (k2 + M2,)

+
—k2
X —_—
(K + M, )2}
— dk: dik? k?
* 4 @n?t / 2/ M (k2+M2)(k2+M2)(k2+M2)k2+M3V)
y ki
| (k2 4+ M3, (k2+M2
-1 1 9 19
T3 (47r)4/ dk?/ dki Ky (k2+M2)(k2+M2)(k2+M3V)(k§+M§V)
_kz ]
X
(kT + M) (k3 + M3)
+__ 4/dk2/ dk%k%z 2\ (1.2 21 2 2 2
2 (4m)* J, 0 (k3 + MZ)(k? +M )(k2+ M2) (k2 + M2)
8 k2+M2 }
(A.82)
- 1
= dk? dk
i+ Gy 4 (4m)* / / 2 K (k3 + MZ) (K3 + M?)(k? + MZ,) (k3 + M)
‘ k3 ]
(ki + M) (k3 + M3)
1 o0 1
~1)—— [ dk? 2
b [ [ 0+ MR & MR+ M3 )0 + )
G
(k2—|—M2 )2
-1 1
+ _—4/ de/ dk2k2 2 2\(1.2 2 2 2 2
2 (4m) (k3 + M3)(K? + M?) k: + M2 (k2 + M2)
—k2
S ICESYERE }
k)2
— dk dik? k?
* 4 (4m)* / 2/ (k2+M2)(k2+M2)(k2+M2 )(k3 + M)
y ki
L (kF + M3 )(k2 + M3) |
-1 1 9 19
T3 (47r)4/ dk?/ dki Ky (k2+M22)(k2+M2)(k2+M2 (k3 + M)
X _k2
) (KT + M) (k3 + M3) ]
-1 1 > k2 1
+ = dk3 dk? k3
2 (47T)4/0 2o (k2+M2)(k2+2M2)(k%+M3V)(k%+M3V)
k2
>< —_—
(K + M,)?

(A.83)
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This reduces to:

C, +C —t 1 oode L . dk? k3
1+C = — /
4 (amtJo 4 ME)(RE + M) Jo 7 (kS 4 M3)(kE + M)
1> K} & k3
+ (=1) dk? L ; dk32 2
i Jy PeEomeT oy b " G )
1 1 o0 1 k1 —k4
+ 7(4 4/ dk} B2+ M2V (k2 + M2.)3 dk k2 1+ M2 132 M2
)% Jo (ki + M7)(k{ + My,) 0. (k3 + M3) (k5 + My,)
-1 1 o0 1 k1 k4
+ 7(4 4/ dk} k2 1+ M2)2(k2 + M2 k3 k2 L M2 22 M2.)2
)% Jo (ki + M3)?(ki + My,) 0 (k3 + M7) (k5 + My,)
-1 1 %) k2 ky —k2
+ - 4/ dk% 2 2212 2 dkg 2 2 22 2 \2
2 (477) 0 (k1 +M2) (kl +MW) 0 (k2 +M1)(k32 +MW)
-1 1 o0 1 k1 —k4
i 7(477)4/ dk%(kQ—i—MQ)(kQ—i—MQ)/ ak (k;2+M2)(k22 M2,)3
0 1 PPAG w) Jo 3 D)(k3 + Mg,)
(A.84)
scale all masses and momenta to M%,
-1 1 o0 1 k1 — k4
Ci+Cy = —7/ dk? / dk? 2
T Ay Jo T R MDR D2 Sy (R MEP(RE 4 1)
1 > i} M 5
+ (-1 7/ dk? L / dk? 2
Ve S O ET ey, e
-1 1 /°° ) 1 /’“ ) —k3
+ = dk dk
2 (4m)t My, Jo V(K4 M2)(R2 +1)3 Jy . 2 (k3 + M3)(k3+1)
-1 1 /°° ) 1 /’“ ) k3
4+ —— dk dk.
4 (4m)*Myy Jo YR+ MR+ 1) Sy . 2 (k3 + MP) (k3 +1)2
-1 1 > k3 ki —k3
* 2 (4m)t M, / dk%(k2+M2)2(k2+1)/ ks (k2+M2)(2k2+1)2
w JO 1 2 1 02 2 1 2
-1 1 o° 1 kx — k4
t S @i / M D T / W ET A (ETIP
(4m)* My, Jo (ki + M3)(k{ +1) Jo (k3 + M7)(k5 +1) (A85)
85

In terms of the integrals in Appendix B:

-1

Gre T g

—1 1, 1, 1., 1
[TC“ +Cy + 5Ce + 7Ca+ 5Ce + 50y
(A.86)
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A
Q—pl—pzx
-
7
%—/ﬁ Pz—N
/
/
M1 M2
> ‘ p—— ' < —> ' b
e —_— e v —_— —_—
D1 ky \ k1 — ko p2 — ko / D2
\ /
\ /
N ks 7
~ R ~”
~ 5 -

Figure A.5: Diagram 4B

A.5 Diagram 4B

The voW vertex is just +ieMy gy,. The coupling constants in this diagram are

entw) (<ial,) (<L) (<257 ) (~ihon) =i atw (Reufin¥ohan) . (A8T)

The fermion line gives:

(€a(p2)| (CaPLN2)(€37" PLN2)(N1Plg)(N1Prla) [a(p1))
= (la(p2)| (LaPLN2)(N2Pry"L5) (L5 PLN1) (N1 PLeG) [Ca(p1))
= u(p2)P <N2N2>PL'y < ﬁ€%>PL <N1N1>PLU(p1)
= u(p2)Pp [(P2 — Ko2) + Ma] PLy” (K1 — K2) P [F1 + Mi] Pru(p)
My Ms u(p2)y” (K1 — o) Pru(pr) - (A.88)

The propagators give an overall sign of i%(—i) = 1. Integration yields the C' functions:

W(Cip1 + Cop2) P, =  CiaPripr + ConafaPr
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= Ci7Pry1 + C2(2p2n — #272\) PL

— m(C1yPr — C2yaPr) + C2[(p1 + p2)s — (p1 — p2)A|PL -

The coefficient of m(p1 + p2)ays will be

1
_5M1M2C2 .

Together with the coupling constants, we find

or

G2(0) i

om
eg
d=—=
22

. € Ax A% Y7\
—gzMleMQ (Aa1A51V62Aa2> Cs )

2v/2

My My Mo (iAZ1A21Vﬂ2;\a2) Cy .

Repeating the same procedure as in Diagram 4A we reach to the result:

Cs

-1
(4m) " ME,

-1 1 1 1 1 1
[Tca + 505 + ZCC + ZCd + ice + ZCf:|

101

(A.89)

(A.90)

(A.91)

(A.92)

(A.93)
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Figure A.6: Diagram 5A

A.6 Diagram 5A

Diagrams 5A can be obtained from 4A and 4B by interchanging M; and M, and flipping the signs of py

and po, I think. Let’s check. The vy¢W vertex is just +ieMyprgyr,. The coupling constants in this diagram
are

3
. 9~T g"’T .9 5 (.~ )_eg (~*~*~~ )
ie M —i—==V, —i—==V —i—==V —ida2 | = 1i—=Mw (V1V51Va2da2 ) - A.94
( W)( 5 1a>< s 15>< \/5,62> 2 53w (VarVaVizAao (A.94)
This is different from diagram 4A: the labels 1 and 2 are interchanged, and the entire combination is complex

conjugated. This is what you need since you want the diagrams with M; and M> interchanged to be complex
conjugates of each other. The fermion line gives:

(€a(p2)] (CaPLN2)(€57" PLN2) (N1 Prls)(N17u Prla) [€a(p1))
= (la(p2)| (LaPLN2)(N2PLy"05)((5PLy” N1)(N1vuPrla) [Ca(p1))

= (p2) Pr (NaN2) Py (€575 ) Pey” (NyN1) v Pru(pa)

= u(p2)Pp [f1 + Ma] Ppy* (K1 — K2) Py’ [(#1 — #2) + Ma] v Pru(pr)
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= MiMyu(p2)y" (f1 — K2)v" vuPru(pr)
=AM Msu(p2)(k1 — k2)"” Pru(pr) - (A.95)

This is the same as diagram 4A, except Pgr has been replaced by Pr. Contraction with the y¢W vertex only
changes the Lorentz index from v to A. Propagators will give i*(—i)? = —1 as the overall sign. Integration
will yield the C functions we introduced to calculate diagram 3A:

B N . L) — (p — po) . T ) 4 (D1 — o)
(Cap) + Top )P, = {Cl{(m p2) _ (p1 — p2) }+CQ{(P1 p2) : (p1 —p2) H P,
Ci+C c,-C
= (%) (p1+p2)*Pr — (%) (p1 — p2)*Pr, . (A.96)
So the coefficient of (p1 + p2) s is L
+MMs(Cy + C3) (A.97)

where the we have flipped the sign as mentioned above, and together with the coefficients, we have

iG2(0) . eg? IS —
S = i Mw MMy (valvmvggxag) (C, +Ts), (A.98)
or
d— 9 A, (17775 Vasha ) (C1 4 © A.99
=35 w My 2(10(1 5152a2)(1+ 2) . (A.99)
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- P
”~ —_> ~
Ve ko N
/ \
/ \
/
> ‘ >
R ——
P1

Figure A.7: Diagram 5B

A.7 Diagram 5B

The voW vertex is just +ie My gy,. The coupling constants in this diagram are

entw) (<) (=-S5, ) (<ifon) (ifan) =i B tw (V¥ Rmien) (A100)
The fermion line gives:

{€a(p2)| (€aPrN2) (€5 PRN2)(N1v" Prls)(N1Prla) [€a(p1))
= (la(p2)| (laPrN2)(N2PrE)(€5PLy" Ni)(N1Prba) [a(p1))
= U(p2)Pr (N2Na) Pr (575 ) PLy” (NiN1) Pru(ps)
= u(p2)Pr [} + Ma] Pr(fy — K2) Py [(#1 — K2) + Mi] Pru(p1)
= MiMyu(p2)(f1 — ¥2)7" Pru(p1) - (A.101)

The propagators give an overall sign of i°(—i) = 1. Integration yields the C' functions:

(Cip2 + Cop)nPr = Cig27aPr + C2(2p1x — 1¥1)Pr
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= CiPaPr + C2(2p12Pr — 72 Prp1)

- m(al'YAPR - Uz’YAPL) + 62[(171 +p2)x + (P1 — P2)AlPr -

The coefficient of m(p1 + p2)a7ys will be
1 _
+§M1MQCQ .

Together with the coupling constants, we find

i

G2(0) . eg e
o +12\/§MwM1M2 (AQ1V51AB2A(12) Cs )
or eg S -

d= _2—\/§MWM1M2 (zAaleAggAa2> C2 .

105

(A.102)

(A.103)

(A.104)

(A.105)
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Integrals

B.1 The di-logarithm integration

We need to evaluate integrals that look like

o0 k 1
I:MQ/ dkln(l+ —)—n——
©fy R G0 )
o0 1
:/ dkIn(1 + k) . e
0 e i
(k + M,g)(k+ M,f)
Define K =1+k
o0
1
I:/ dk - (k) i
1 ’ 4 i
(K" + R Dk + g 1)
Redefine k:%
1
1
1:/ dk - n(k) —
P (kg -0 +E(GE - 1)
k k
Rename . e
=1- b =1-——t
T M

! In(k)
I= /0 dk(l — ak)(1 — bk)

! a In(k) b In(k)
1_/0 A Tk " b—all—th)

106
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Integrating by parts
In(k)
(1 —ak)

‘\‘\
I
S—
i
Q
Nl

1

I S b gl = ak)
=~ —In(k) In(1 k)0+/0 dk~ © .
Ly a| + [ @l |
=~ —In(k) In(1 k)0+/0 dk~ B
1 |
=— aln(k) In(l —ak)| — ELi2(a)
0
Where Liy(x) = —/Ox dk% =y <2—Z> if 0<x<1.
1 1
I'= aib l— éln(k) In(1 — ak) T %Lig(a) + bﬁa l— ~In(k) In(1 — ak) - le‘Q(b)] -
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B.2 list of different integrations

B.2.1 The A and B integrals

2 © 1 L
(any’ l/ W rrmmTer ), Y ETm e
1

_ 2
/0 dkl(k-%JrMQ (k2 + M3)2 / dk; (k2 + M2,) (k2 + M?)

Appendix B 108
k3
3 (B.8)

It is enough to evaluate the first integral, since the second is the same after interchanging M; and My

o0 5 1
dk3 -
0 (kF + M2) (k3 + M?)

Scale all masses and momenta to M2

k2 2
1 k;2

di2
(k3 + M2) (k3 + M3)

1 o) 1 ky k2
—/ dk? / dk? 2
ML Jo k2 1) (k2 + M2)? o (k3 +1) (k3 + M3)

Name [

o0 1 k1 k
1:/ dk? / dk? 2
o R+ Mo (R +1) (k3 + M3)

Do the ks integration

k3

k
dk?
/0 2 (k3 +1) (k3 + M3)

k2
i A B
= dk? + )
/0 : <<k2 +M3) " (B3+1)

k?2
= Aln(1
n(l+ E
Where A and B are
_ M3
M2 -1

Plug back

I:/ dk? ! y <Aln(1
0 (k3 +1) (K + M?)

—L)+ Bn(1 +&7)

-1
M2 -1

2

k2

V2 )+Bln1+k:2>
2
1

o, C D Lk .
1_/0 dk? <(k2 )+<k%+1><k%+Mﬁ> (Al( 2z + B (1+k)>

N 1
T 1
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doing the integrals yields

k2
In(1+ —%
= [T M) mos) - mos)
o (K2 + M2)? (M} — M3)

<, In(1+k%) In(M?32)
2 == dkl 2 - B}
0 (k2 + M2)? (M7 -1)

. /°° 2 In (1 + k%) ~ —Liy(1 — M})
o CEHEFDE M) (M -1)
. 1 , M2
T I SE— v (1 577) =20 (0~ 37)
= n _— =
o M3 (K + 1)(kF + M) (M} —1)

) ToIn(l—k) o= [z .
h L = — dki = _ .
Where Lig(z) /0 B E <n2> if 0<x<1

S
w(1- L) D, (1o M
- () () [ )

+ laz—1) i (J\I/lff—lzl)

(o7 5720 (%)

- (o) (=) (=)

the second piece of the integral is obtained by interchanging M; and M,

o M? —1 )\ (In(M3) — In(M3)
N ME—-1)\MZ—-1 (M2 — M?)
, 1 , M2
(o L (B () e (- 5)
MZ—1)\MZ—1 (M2 —1)

(1) (
o () () (i)
(=) (

=) (=)
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N
A

=l
z|S
|1
O Ny
==
El

|
N~ _
WQI
=

~—
N———
7N
i
— | |
_2M1
N———
N
i
— | |
_22
N———
l_l

7 N\
—~~

1 N4
\'/M\l/
o Sl
—

= 25
| [
— _nﬂ/O.MQ
'%A(W(
~ =l
! _
~_
\)\l_u

—

| |
12M1 _2M2
//l\/(\
\)\l_U

—
|
_22M21
//l\/(\
+ |

—
|
22_
WZQ
=

S~—
N—
7 N

—
— | |
_22
N—
7 N

—
— | |
_2M1
—
+

il

—Liy(1 —

(M3

© () (=)
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Now the rest of the integrals
the first part of the integral looks like

> ki S k3
I, = dkl k2 4+ M2 (k2 M2)3 dk? k2 4+ M2 (k2 M2
0 (kT + My, )(ki + M7) (k3 + My, ) (k3 + M3)

Scale all masses and momenta to M2

=5 | @ i iz i
CTME )y TR DR A MEP Sy 7 (K + D(kE + M3)

Do the ks integration
k2 2
/ 2 k3
II = dk
o C(k3+1) (k3 + M3)

kz
! A B
II = dk32 + >
/0 2<(k§+M§> (k3 +1)
2
IT=Aln(1 + —% i —L)+ BIn(1 + &%)
M2

Where A and B are

M2 —1
A: 2 B = -
M3 —1 MZ—1
Plug back
/ k?2 (Aln(l‘f'k_%)_‘_Bln(l‘i‘kQ))
Y24 1) (k;2—|—M12)3 M2 1
D FE k2
+ Aln(1 + +Bln1—|—k2>
/ < IYE LT RS VL (k'%+1)(k'%+M%’)> ( 1+ (Lh)
M? 1 -1
“ = P Tag-ir P Camoi

doing the integrals yields

2

1n1+ )
2

_ 1 (In(M{) —In(M3) 1
2?2\ (2o m2)? ME(ME-M3)
52 In 1—|—k2) 1 In(M?3?) B 1
) 2

k2+M2 B <(M12—1)2 Mg (M7 —1)

1“” M2 (M) — (M)

|
)
’ / k2+M2) ~ (M7 M3)
- [ o
- [

o n(1+k3)  In(MP)
Y24 M2 (ME-1)
In (1 + k%) —Liy(1 — M3)

k;2+1 (k2 + M) (M?-1)
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, 1 , M?
G ! a1 57) - (1 53

6 = dk?1In(1 + L
/o Tt e e Q=)

In(M32) — In(M2)
(M7 — M3) >

) (855)
— Liy(1 — M?
) ()

()
() (
() (
i (M;—l) (Mfﬁl) %&gi)f‘ww;%—n))
() (
() (

( M? ) 1 ln(Mf)—ln(MQQ)_ 1
MP—-1)\2\  (m2-Mm2)7 M3 (M7 — M3)

. M? M3 1 ( In(M3) — In(ME) 1
e ™ <M12—1) (M§—1) <5< £M22—M122)2 _M§(M§—M2)>>
) ) ()
i 1y i _ 2
- o) ) [
v (1) (5) (3 (s - )
-1 1 In(M2
" (Mf_;l) ((M%_—lw) ((—A{ﬁ@m
" (M%—l)((M%—l)?)( <A24§—1>2)>

The second piece is

[e'e] 1 k:% k4
Iy :/ dk? / dk? 2
o (K24 MZ)(K+ M) Jo P (k3 + ME,) (k3 + M3)

Scale all masses and momenta to M2

L = L/oodf ! /ldkg i
MY Jo (kT + 1)(kF + M?)3 Jo (k3 + 1) (k3 + M3)
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(B.10)

(B.11)

(B.12)

(B.13)
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2 1 k% 2
L, = — dk dk; 1
’ M;g/ VRZ+ 1)(k2+ M2 J, 2
— M3 1 K 1
+ / dki = 5 dk} oo
(M2 1) M2 L2+ 1)(k2 + M2)3 (k3 + M3)

1 1> 1
v — | ar?
(M3 —1) M /0 (kT 1)(kT

1
dk? ———
+ M2)? /0 > (k3+1)

1 o k2
I, = — [ dk} !
b M;g/ V(2 + 1) (k2 + M2)3
My 5 1 k3
In(1
T ooy M4/ Wm0t i)
1 1 1
. — dk? In(1 + k?
" (M%—l)M;t/o T ke v arzp TR
1 1 1 1 1 1 1
I, = — 2
' M;t/o dkl[(M%—l)fﬂ D) T Qr 1P (B ) QO 172 (1 M2
Y ]
Q1) (2 + M7
— M} ) 1 1 ~1 1
+ A2 1) 4 dk 2 2 2 2 2 + 2 2
M —1 M (Ml—l) (k1+1)(k1+M1) (Ml—l) (k1+M)
P ! ln(1+k—2)
o aze] Mg
. 1 L/ 2 1 1 - 1
Az DG ), MO P DR L D) T O 12 (8 1 MO
-1 1 ,
o Gy ap) MR

doing the integrals yields

Lo [T 2t 2)_1<1< ) = In(M3) i )
o R+ M2® 2\ (M2-oM2)? MP(ME-M3)
) /°°d o (14 k3 1( In(M?2) 1 )
0 k2+M2) 2\ (M2-1)> M7 (MP-1)
; /wd i 3)_1<M%>—1n<M§>
0 k2+M1 ’ (Mf—Mr?)
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(B.14)

(B.15)

(B.16)
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< . In(l1+#k}) —Liy(1 — M3)
5 = dki = 2 2 2
0 (ki +1) (k7 + M?) (M7 —1) )
) 1 _ M:
6 = / k(1 + 2y L _LZQ(l_@)_LZQ(l_@)
e T M3 (k3 +1)(kf + M7) (M} —1) 617
17
.o L —1n(M12)
YT MA (M2 =1)3 Mf(M2 ) 2M2(M2 - 1)
_riy (1M
LM 1 "2 M) 1 W(MP)-In(M3)
(M3 —1) M (M1 - 1) Mz—l) (M —1)2 (M} — M3)
-1 In(M3?) — In(M2) 1
+M2—1§ > 2?2 ME(MZ - M2
(M7 ) (M7 — M3) i (M; 3)
1 1 1 —Lis(1 — M) -1 In(M?3)
+ A2 _ 1) 2 + 2 2 2
(M3 —1) ML [(M? =12 (M?—1) (M7 —1)* (M} — 1)

-1 1 ( In(M}) 1 }
-2 (M2 —1)°  MZ(M?-1)

B.2.2 The C integrals

Lets start with

k? k4
dk 2 22 2
0 (k3 + M3)*(k3 +1)
o KR +1-1)
(k3 + M3)?(k3 +1)
k3
(k3 + M3)?

|
—
<
=
(V)
=
()
_|_
=
=
()
_|_
—_
\
<
W

I
—
QU
BN
[ V)
=
(&)
_|_
=
3]

kf k2

2 2 / dk3 2 2\2(1.2
(k7 +1)2 Jo (k3 + M3)?(k3 + 1)
/ k3 + M3 — M3

0 (k3 + M3)?

2

/kl ) k34+1-1

0

(k3 + M3)2(k3 4+ 1)

o) k?
1 1
= / NP Ve (k%+1>2/0 W GEram)
%) k2 2
1 M.
_ 2 2 2
/o RN v <k2+1>2/0 W e
oo k2
1 1
- dk? / dk —5——5—
/0 VR MR 4+1)2 Sy P (k3 + M3)?
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1 kY 1
dk? dk?
" / LR+ MR + 1)2/ 2 G+ P+ 1)
[e%e] 1 k?2
= dk? In(—% +1
/0 e Mgz Y
M3+ 1/ a2 k?
(k3 + M?)(k3 +1)% (k3 + M3)
+ / dk? ! /kz dk2 L
o LR+MHEI+1)2 )y T (k3 + M2)2(k3+1)
(B.19)
1 k2
dk? In(—% +1
/o Vo Mg Y
1 > 1 k2
= — dk} ——— In(~3 +1
Mf—1/0 (k2 +1)2 (M2 )
+ _—1/md2 ! 1n(—§+1)
ME -1 J, PR+ MR+ 1) M3
(B.20)
The second piece is
) 1 , M?
/OO dk21n(1+k—%) ! —le (1_@> i (1—@>
' M3’ (k2 +1)(k3 + M?) (M7 —1)
(B.21)
The first piece gives:
k3 1 In(M3)
2 1 _ 2
[ asmo g M2 - (- 1)
(B.22)
SO
1 k2
dk? In(—2 +1
|, G G Y
1 In(M2)
MP —1 (M3 —1)
1 M?
Lis (1 - —) — Liy (1 — —1>
L M2 M3
M? 1 (MZ—1)
(B.23)
Now

1
2
/dk k2+M1 (ki +1)? / dk 5 M3)%(k3 +1)

I T 1 L 1
B M22—1/0 dki V(K2 M2) (K2 4 1)2 dk (k3 + M3)?
1 1
- 2
+ M22—1/0 M ET e 1) / Ry Ty
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MEOE D) Jo MG D T 1R (B 1 D)
1 o 2 1 2 k%
S — 1 1)—In(— +1
* <M§—1>2/0 SR V=] Rl S VAR
(B.24)
Also
o In (1+k3) —Lio(1 — M})
— dk2 - 1 B.25
/o RS = 2 R Ve (B.25)
So

o0 1 k‘l 1
dk? / dk?
/0 YR+ MYHE+1)? Sy P (K + ME)2(k3 + 1)
~1 /°° K2 1 k3
M3 (M3 —1) Jo V(K + MDY (K 4+ 1)% (k3 + M3)

1 © o 1 1 1 1 ) 2

* <M§—1>2/o ahy {M%—1<k%+1>2 M%—l(k%w%)(k%ﬂ)][1“(’“1“) iz T
—1 /°° 5 1 k3

- |

MEOE - Jy M T a0 T D R 1 )

. 1 [ 1 {1_(111(1\422)}

(M3 —1)? [M? -1 M3 1)
. 1 . M?
o femen He () (- 5)
M -1 (M7-1) (M7 —1)
(B.26)
SO
c 1 In(M3)
© T MEI0E - 2
) 1 . M
+ _1 LZQ(l_@)_LZQ(l_ﬁ;Q>
M7 -1 (M7 —1)
o MF+1 /°° e 1 k?
M3z Jo (kf + M7)(k? + 1) (kf + M3)
~1 < 1 2
t Tmar d 1772 2\(1.2 2 (1.2 2
M3z (M35 —1) Jo (ki + M7) (ki +1)% (kf + My)
n 1 { 1 {1 B In(M2) ]
0B -1 37 -1] T 0 - 1) 2
. 1 ) M3
1 [Lpa-mp M7 (1 - E‘é’) e (1 ~ VS)
M —1[ (M}-1) (M? —1)
(B.27)

The last piece to evaluate is:

_ /oo dk}2 1 k%
o Jo (R MR 1) (R + M3)
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Finally

—1 /Oo dk? #

(MP = 1)(M3 —1) Jo " (k] +1)2

N MZMZ —1 /°° |
(ME—1)2(M3 —1)2 Jy " (k] +1)

+ M12 /OO d/ﬁ%
(M2 —MZ)(ME—1)2 J " (k+ M)

+ M /OO dk? !
(M3 — M?)(M3 —1)% J, Y (k? + M3)
-1 M2 In(M32) M2 In(M2)

(M —1)(M3 —1)  (MP—M3)(MF—1)?  (MF—M?)(MF—1)
(B.28)

1 In(M32)

MZ_1(MZ-1)

1 M?
Liy (1— = ) —Lipg (1 - =%
—124 MQ ”( w)

M2 -1 (M?—1)
M2 -1 M32In(M?3) M21In(M2)
M3 —1 [(Mf —D(MZ—1) (M}—MZ)(MZ—1)> (M3 — M?)(M3 — 1)2]
1 1 In(M2)
o | ) 2
1 [—Lp-mp M7 (“M%?) e (“%)
Mf—l[ (M7 —1) (M7 —1) ”

(B.29)
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Now the second integral
k,2 kz k,2
C, = dk? / dk3 2
b /0 V2 M2 (K2 + 1) 22+ MDHKZFT)
-1 2 kl 2 2 kQ
= 1 1) — M21 1
M&ﬁ%lMW%+Mm%+n4“%+) (g + 1)
et S S A S S BT SRR S i
- M2_1M2_1/ o Gt 7 [1n(k1+1) MEIn( +1)
_ k2
2 In(k? +1) — M2In(—% + 1
’ Mz—l M2—1 / dk /<;2+12 [n(k1+ )= Myl + )}
—1 —M2 o, 1 ) k2
*M%MW—U/dW%HmWHJM“W %“%+ﬂ
(B.30)
doing the integrals yields
k2
o /°° dem(l * M2) 1 —In(M2) 1
o e’ 2\ (a-mp)? (-M3)
0 2
2 = / arz R 1
0 (k1 +1) 4
k?2
In(1
> 211( +M2) —In(M3)
3 - dkl — )
0 (k2+1)° (1-MJ3)
o) 2
4 = / L Gl
(k2 +1)
s / 012 In ( 1+k2) _ —Liy(1— M?)
(k3 +1) (k3 +M?) (M —1)
, 1 , M?
6 = / dkiIn(1 + kQ) . —Lw(l_@)_LZQ( _@>
—Jo (k2 +1)(k? + M?) (M2 —1)
(B.31)

So what we have becomes:

c — -1 -1 [1_M§1 —In(M3) 1 ]
M22—1M12—21 4 2 (1_1\2422)2 M2 (1— M32)
-1 M7 5 — In(M3)
1— M.
*’W—MW—W[ *— ) 2
1 M
Lig (1 - —5 ) —Lix (1- —%

P S U [—Lw-M%)_MQ o (1o 5m) - 2o M)}

MF—1(M¢ =12 [ (M} -1) ? (M —1)
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The third integral

[eS) 1 k? —k4
C. = dk? / dk? 2
/o V(R MR 4+1)3 Jo P (k3 + M3)(KE+1)

—1 / 2 { 2 4 k%
— | dk In(k? +1) — Min(—5 +1)
M —1 R+ MR+ LM

k?
_ de 1
/ (k2 + M32)(k?+1)3
/ de#
M22—1M12—1 o (kP +1)3

-1 -1 o0 1 k3
dk? ———— | In(k? + 1) — M3 In(—= 1]
* T, Mg | ) MG+

—1 1 /°° ) 1 { ) a K2 ]

+ dk In(ki +1) — M5 In(—5 +1
M22—1(M12—1)220 V(k2 4+ M2 (K +1) (ki +1) = My (M22 )
> k

_ de 1
/0 (R M)(RF + 1)

2
[m(kf +1) —Mé‘ln(% + 1)]
2

(B.33)

Which looks similar to what we had before

_ 1 _ M?
I {—Lig(l Sy (1 - E) e (1 - E)]
MZ_1(MZ 1)
Mi—1  MZIn(M?)
[2<M%— 07O - 1)3}

(B.34)
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The fourth integral

1 kl k4
c, = / dk? / dk2 2
o ML) Jo T (kG + MP)(RE +1)°
B / 2 1 /kldkz[ M} +1—2M12+M12—1]
MR- Sy TR+ ME2RE4) o P K+ ME T R+ 2(l<s2+1)22( -
_ 1 R 1 . 2 2 4 k_ ki(Mf —1
_ (M%’—1>2/o o G (1= 20 Il + 1) + M (g + 1)+ St
1
1

)
2(kf +1) | M
] (1 —2M37) In(k? +1) + M 1n(J\k4—12 + 1)}

— ;/wdﬁ
(M= o 1(k%+M§2(k%+1):2 ,
21 2/ dk% 2 212(}.2 klu\jl_l)}
QIF =17 Jy TR MRRR D) | (R D)

B 1 1 / dkg[_ L, 1 ]
M2 ME-1) Sy L (R M3 (R + M3)(kE + 1)

2
x [(1 — M) In(k? + 1) + M} m% + 1)}
1

1 o0 k2
o dk? L
(M7 —1) /0 LK 4+ M3)2(k? +1)2

(B.35)
Using (in the B’s calculation)
k2
3 = / 1n1+ 1)_1D(M22)—1D(M12)
L+ M3)” (M3 — M)

4 - / k2 1n (1+k3)  In(M3)

- YRy mp)? -1
5 = / o (1+k) _ —Lia(l - M3)

- 0@ 0BT 2

, 1 , M:

- / a2 n(1 + ) : e <1 . W> e <1 ) W) (B.36)

a 2R 1)(k2+ M2) (MZ 1) :

Ca = 21 2 21 /wdk%[_ p 1 22} [(1_2M12)1n(kf+1)+Mfln(k—%2+1)]
(M —1)? (M3 —1) Jo (k7 + M3) M3 )
1 1 o0 1 2
dk? 1—2M2)In(k2 +1) 4+ M*In(— +1
+ (M12—1)2(M22—1)/0 12[(k%+M22)(k%+1)] [( 1) In(ky +1) + My n(M2+ )}
* k
+ 7/ dk? L
071 )y TR (B.37)
-1 1 In(M32) In(M32 ) ln(MQ)
= 1—2M3)——22_ 4 Mt 2 i
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. 1 ) M2
L e B ( ) e (- 5)
T IR OE ) {< MOy T 1) ]
1 (M2 +1)In(M2)  2(—M2+1)
- <M%—1>{ (MZ - 1) <M§—1>3]

(B.38)
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The fifth integral

o _kQ
Ce = /0 dky k2+M2 (k2 +1) / k3 (k2 + M2)(k2 +1)2
kf M2 M2 M2 -1
- 9 2 1 1
‘(M%&PA kw%¢@u%+né %QhMWP+@+1+W+U4
1 0 2 M k2 kQ(MQ — 1)
_ a2 1 a2 2 27, M I S St S
e __1)2/0 Cmrampega e | T ) + M 1n(M2 SR oy ]
[ kQ i k
— - - 2 1 _M2 1 2 1 M21 v
O =17 /0 dk; 2+ MO 1 1) :( 1) In(ky +1) + Mj D(Mlz + 1):|
N /°° i k? kE(M? — 1)}
(M =12 Jo " (kE+MZP(RI+1) | (K2+1)
_ ! ! /OO de{ My . ]
(ME—1)2(M3-1) Jy 'L(k3+M3)2  (k}+M3(kI+1) ,
k2
x {(—Mf) In(kf + 1) + M7 1n(M2 + 1)]
1 /°° 5 ki
+ dk
(ME—1) Jo " (K} + MZ)2(k} +1)2
(B.39)
Using
k?2
. /°° dem(l a7 W(M2) — (M)
o (k2 + M2)? (M5 — M)
. /oode In(1+ k%) _ In(M2)
o (k2 +M2)?E T (ME-1)
. / 0K In ( 1+k2) _ —Lir(1 - M3)
(k4 1) (K 4+ M3) (M3 —1)
. 1 . M3
. /O@deln(1+k_§) 1 _Lw(l_ﬁf)_LZQ( _Vf)
—J ! MZ (k3 + 1)K + M3) (M3 —1)
(B.40)
1 1 00 M2 k
C, = dk? | ——2 | [(=M?)In(k? + 1) + M?1 1
R T, v [ pmas e + 1““”2+)l
+ 21 . 21 / Ak} | =55 [(—Mf)ln(kf +1)+ M7 hl(k—lg +1)}
(M7 —1) (Jo\gz —-1) Jo (k7 + M3)(ki +1) M3

k4
2 1
+wﬁwédmﬁwﬁwﬂw

(B.41)

B 1 M2 B In(M2) o In(M32) — In(M32)
@_(W—WW$M%MWW—UA%(% w>]
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. 1 . M2
-1 1 2 _Li2(1 - M22) QLZQ <1 B W) L ( i} M?)
R e (WLt Rl 1) ]
L [ERM)mg) | ()
BROTEEY [ QIF—1° (M- 1>3}

(B.42)



Saifuddin R. Rayyan Appendix B 124
The last one
Cy = dk? / dk? 2
d / YR+ M +1) Jo 7 (K M)k + 1)
(ME =13 Jo PR+ ME)(KE+1) Sy P [RE+ME K +1 (k3 +1)2
+—(Mf —1)?
(k3 +1)3
—;mde ! _M41k21 Ml ki 1
= ooy Mg ey (MR MG 4D
kE3(2ME —1)(MZ —1) —kQ(kQ +2)(M? —1)? ]
1 1 ) (K +1) , 2(k3 +1)2
> k
_ 2 a4 2 47,0 1
BRReTEESIE /0 dki CEROICED ( M) In(ky + 1) + M; hl(MlQ + 1)}
N 1 /°° i 1 k2 (2M? — 1) (M} — 1)}
(M? —1)3 Jo YR+ MR+ | (ki +1)
N 1 /°° U2 1 [—k2(k2 + 2) (M2 —1)2
(MZ =1 Jo (R +MHKEE+1) | 2(k3 +1)?
_ 1 > 2 1 [ 4 2 4 k%
= GECTP /0 dk? T _( M) In(k? +1) + M 1n(ﬁ12 +1)
2M2 ) 5 k3
* M2—12/ M T R+ 12
2(1.2
+ 27/ dki kl('? +22)
20M2—1) Jo (kP +MP(K2+1)3
(B.43)
Using (in the B’s calculation)
. /OO e In (1 + k%) _ —Liz(1 - M3)
o (B +1)(k+ M3) (M3 —1) ,
1 M.
Li (1——) —Li (1——2)
00 2 2 2 2 2
6 = / dk21(1+k—) S S M) M
0 (kf +1)(kT + M3) (M3 —1)
(B.44)
1 M2
i , Lis([1—=— ) —-Liy (1 —2)
c, - L (_M4)M M 2( M12) 2( M
d ME—13 | T (Mg - ! (M7 —1)
n M7 = 1) [ (M3)In(M3) (M%’ —1)
(M —1)2 | (M3 —1)? (M3 —1)?
N -1 [(M3—2M3)In(M3) (M3 —4M3+3)
2(Mp —1) | (M3 —1)3 2(M3z —1)3

(B.45)
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B.2.3 The D Integrals

The first integral

00 1 k7 kG
dk? / dk? 2
/0 V(R MR 412 Jo (KR + 1)(K3 + M3)3
M / ) 1 /k’f ) 1
- 2 | a4k k2 —
(M3 —1) "k + MP)(RF +1)2 (k3 + M3)3
—2MS$ + 3M 1 k1 1
2 s : / de 2 2 2 de 2 2
(MZ=1)2 (k2 + M2)(k2 + 1)2 (k2 + M2)?

MS$ — 3MF + 3M3 / ) 1 /’“1 , 1
dk? dk? ————
+ (M2—1 k2+M1)(k2+1) 22 1 D)

k2
1 1
—_— dk? / dk? ———
- (Mz_l / k2+M1)(k%+1)2 0 2(k3+1)
2(M3 —1) 0 V(R 4+ M) (k3 +1)2 (kK + M3)?
L Z2MY+3MG / a2 1 2
(M2—1 (k3 + M) (k3 +1)2 (ki + M3)
M$ — 3M3 + 3M3 / 9 1 k?
dk In(— +1
Y Ty Sy MmN Y
—1 * o 1 2
—_— 1 1
g ), M e
(B.46)
The second and third piece is done in the C’s file
= / dk? . it
0 (kQ + M2 kQ + 1) (kQ + M2)
_ 2
(M7 - 1) M2—1/ dky k2+1
203
Ry M1 2 / dk? 2
(M?E —1)2 (M —1) (k3 +1)
Ml / de ;
(M2 MQ)(MQ—l (k? + M?)
M2 / 9 1
+ dki —5———~
(M3 —MP)(Mz —1)2 Jy 1 (K} + M3)
B -1 B M2 In(M?) B M3 In(M3)
(M —1)(M3 —1)  (Mf - M3 (M7 -1)?  (MF— M?)(M3 - 1) (B.4T

1 k2
dk? In( -2
A T e
1 In(M2)
MEo1(MZ-1)

+1)
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. 1 , M2
. 1 LZQ<1—M22>—LZQ<1—M22>

M1 (MZ_1)

(B.48)

The fourth piece

o0 1
dk? In(k2 +1
Al Y e ke Y
T MZo
—1  —Liy (1 - M})

LV g ey

(B.49)

So all we need to evaluate is the first piece:

o (kMR +1)2 (K + M3)?

B /°° PERE 1—2M32
o TR 12 (MF - 12(MF - 1)
+/°° gL 1= 3MZ + 2M3M?
o (K +1) (M3 —1)3(MF —1)2

0 1 M4
+/ dk% 2 2\2 2 2 2 2 2
0 (ki + M3)? (M3 —1)2(M3 — MY)
N /°° K2 1 MZ(3M3Z —2M? — 1)
o (k] M) (M3 —1)3(M5 — M7)?
X a1 — M} (2M3 — M7)
+ dkl 2 2 2 2 2 2)2
0 (kT + M7) (M7 — 1)>(M3 — M7)
1—2M2 N M2
(MZ —1)2(M? 1) " (MZ —1)2(M — M)
My(3M3 —2M? — 1)In(M3) —ME(2M3 — M3?)In(ME)
(M3 = 1)3(MZ — M?)? (M? = 12(M3 — M?)?

+

(B.50)

D
Mz 1-2M; M2 MEBMZ — 2M2 — 1) In(M2)
o 2(MF-1) [(MQQ — 1M - 1) " (M3 —1)2(MZ —M?)  (MZ—1)3(M3 — M)
—M7(2M3 — M7?) In(M?)
C(ME—1)2(M3 — M3)? ]
—oM{ + 3M3 { -1 M2 In(112) M2 In(M2) }

O -1? |(MF-DOB-1) (M7 - MHOE 172  (ME - MP)(ME — 1)?

1 M?

Lis (1— — ) = Liy (1 - =L

MS$—3ME+3MZ] 1 In(M2) -1 ZQ( M2 ’2( M22>
-1y | MF-1(MZ-1)  MZ-1 (MF—1)
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-1 1 -1 —Liy (1 - M})

M7 BNVl DV R VR R g VAR

(B.51)



Saifuddin R. Rayyan Appendix B 128
The second integral
k2 i k3
D, = dk? ! / dk?2 2
’ /o H(kE + M) (R + 1) Jo 2(162+1)(k3+1\4§)2
_ A4 0 2 k3
= QMQ/dkfz 512 3/dk§2122
(M3 —=1) Jo (kT + M) (ki +1)% Jo " (k3 + M;)
o 2 4 2 k
v e ey, e
(M3 —=1)* Jo (ki + M7)(ki +1)° Jo (k3 + M3)
+ 7/ dk? i /kl a2
(M2 —41 k2+M122)(kf+1)3 0, 2(k24+1)
— _M / de kl kl
MJQM— 1) Jo (k% + Mf)(k-g;r 1)3 (k2 + J\g)
—2M3 + M, / 2 1 1
+ =22 gk In(-2% +1
0 -1 Jo e Y
> k
— dk? ! k2 +1
+ oo, e Y
_ M3 /°° e —M? L, M? 1
(M3 —1) Jo HL(ME—-1) (B +1)> " (M?—1)2 (k§ +1)2
N — M} 1 ] k3
) . ) (M%; =12 (kf + 1) (ki + M7?) | (kT + M3)
L 2ME+ M / a2 [ M LM 1
(M3 — 1) (M7 = 1) (b + 1) (M7 — 1) (k{ +1)2
+ My ! | ( by +1)
n( L
(M7 —1)2 (kf + 1) (ki + M7)| " M3
N 1 /°° 02 M2 L M2 1
(M3 —1)2 Jo T L(ME=1) (K} +1)3 7 (M?—1)2 (K +1)2
—M? 1 1y 2
In(k? + 1
- @ om ) Y
(B.52)

The last two lines are done in the C integrals.

k?2
> ) —In(M2) 1
1 = / df 2 == 2o —
0 k2+1)° 2\ (1-Mm2)?> MP(1-M3)
9 — /°° 21111+I<:) 1
(k2 +1)° 4
2
/ 1111+ ) (M)
3 = 2 2
) - (-M3)
1 2
i = / nl—i—k:) _
(k2 +1)°
s / In ( 1+k2) _ —Liy(1 - M3)
B k2+1(k2+M2)* (M?—1)
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| 1 | M2
1 LZQ(].—W>—LZQ< —Mg)

2
dk%1n 1—|——1 =
A Tt e e Q=)

(B.53)

The first line integrals:

7 = /Oode ! i
o (k2 +1)% (K + M3)

& 9 -1 1 M22 1 —M22 1
= dky 2 3 T 2 2 7+ 2 3 (1.2
0 (M3 —=1) (k2 +1)° (M3 —1)*(k24+1)° (MF—1)° (k1 +1)
2

1 M3 M3 )
:[W—l wﬂiwﬂwfm““%w
o0 1 k‘2
S /0 ki Y2 1) ( + M3)

<, -1 1 M22 1 —M22 1
= dky 2 7+ 2 2712 + 2 2712 2
0 (My—=1) (k241)" (M —-12(ki+1) (M3—1) (ki +M3)

1 M3
:hw—nﬂ% D ﬂ
) ) 1 k%
9 = /0 D CENBICETE)

B /°° de[ ~1 L M; 1
o LM DM - 1) (B +1) T (MF - MP)(MF — 1) (kF + M)
) M2 1]
(M3 — MP)(M3 — 1) (K} + M3)

—M? 5
W%MﬁW—M”M@ﬂ

ME

- [mE == e +

(B.54)

Now carefully adding everything together:

_ M2 —M? M?
B = G G e
—2M3 + M3 [ —M?
(W—W[W%UMU@—W@UW—WM

V)
o—e o5

_|_

(B.55)

— M3 -1 -1 1 M3 M3 )
| s g o)
M? [ -1 M2

(

Gz 17 W—nﬂw—w“mww

+
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—M? M2 _ M2
+(M12 _11)2 |:(M22 — M12)1(M12 ) (— IH(M%)) + (M22 — M12)(2M22 Y (— hl(MQQ))]}
_2M§+M§[ ~1 [1 ~In(M3) 1 ] L |:_1n(M22)]
0 12 (=D [2\—ap? ~ MEO-M3) )| T a1 (-5
, 1 , WE
LM [L” <1‘ V) e (1‘ V)ﬂ
(M7 —1)2 (M2 —1)

+

<M§1— 12 [(M%_ - 1) [ﬂ " <M§M—% 12 H " (M_%Af%l)? HMO - ff 12)”
(B.56)
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D.
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o 1 k kS
2 2 2
| armey / W g D + ME)?
oo 1
2
/ ahi (k7 + M) (k2 + 1)3 / diz (1
kY 1
2 2. -
(M2—1/ ki k-2+M2)(k-2+1) / dk; (k-2+M2)
—2MS$ + 3M 1
7+3/ ki — 5 / dk3 —————
(M3 —1)2 (ki +M)(k- +1)3 (k- + M3)
—1 o0 kY
- dk? d
M2—1)/ Y(k2 4+ M?) k2+13/0
k?2
2 1
/ SRR GE:
/ i 1 k?
(M% “1) Jo (MR + 1) (kF + M3)
—2MS +3ME [~ 1 ki
—oMy T SMy AT |
a1, e g Y
-1 0 1
- dk? In(k? +1
e N G VT e
00 k2
de 1
/0 Y2+ M2)(K2 +1)3
M$ /mdkz[ 1 L -1 1
(M2-1) Jo ~'[(MEZ=1)(k2+1)3 " (M2 —-1)2 (k2 4+1)2
L1 1 ki
(M7 —1)% (ki + 1)(kf + M7) | (kT + M3)
—2M$ + 3M3 /°° K2 1 1 N -1 1
(Mz-1)2 Jy (ME-1)(RF+1)3 T (ME—1)% (k2 +1)2
+ ! = _ ln(k—% +1)
(M? —1)2 (kf + 1) (ki + M7)| M3
~1 / de{ 1 1 n -1 1
(M3 —12 Jy " (ME-1) (B2 +1)3 " (M7 - 1)2 (K +1)2 i
1 1
In(k? +1
Tar-trwm e m o) MY
(B.57)

Except for the first line the remaining integrals are the same as the second integral which are:

k?2
- oom&M_l — In(M3) _ 1
o Tt e+ 2\ a-m2)? (1-M3)

oo 2
_ / e In(1+ I<;13) 1
0 (k? + 1) 4
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0 2
4 = / d/g?M:l
0

LR 1)
s /00 2 In (1+ k) _ —Liy(1— M3)
o TR R+ M) (ME-1)
_ 1 _ M2
2 1 LZQ 1_W —LZQ 1_W
6 = [ RN ) s = i) ;
0 M3’ (ki + 1)(kf + M7) (M7 —1)
(B.58)
The Second line integrals:
[e%e] 1 k?2
7T = / dk? : L
o (k2 +1)° (K + M3)
> 1 1 M. 1 —M. 1
= de[ -+ 2 + 2
/0 HLME 1) (k2 +1)° (M5 —1)2 ()2 4 1) (M3 —1)% (B +1)
LM 1
(M3 — 1) (kf + M3)
L, M3 M3 5
_ —In(M.
[Mz_l OE -1 T oE-1p n0R)
%) k2
s = [
0 (k-2+1) (ki + M3)
—/de[ 1 1 +M2 1+—M2 1 ]
0 LOME 1) (k2 +1)7 0 (ME - 12 (R +1) (M3 —1)2 (k] + M3)
~1 —M3 2 ]
= + —In(M.
D )
R 1 ki
9 = dky 2 2 2 2 2
0 (ki + 1)(k{ + M7) (k{ + M3)
—/oode[ -1 1 N M:? 1
~Jo LME - 1)(ME—1) (B +1) T (M3 — ME)(ME 1) (K + M?)
N —M3 1 ]
(M3 — M2)(M3 —1) (kf + M3)
M7 2 —M3 5
= —In(M —In(M.
G —amar = G )
(B.59)

The first line is just integral (7) after interchanging M; and Mo.

10 = /oode 1 Ui
o (k2+1)% (K +MP)

—/Oodk2|: -1 1 N M? 1 N —M? 1

o LMD 241’ (MP-1? (k2417 (MP - 1P (R +1)
N M? 1 ]
(M — 1) (ki + M?)

11 M2 M2
=+ +
(M -1)2  (Mf-1)?  (Mf-1)

(- e
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(B.60)

Now carefully adding everything together:

D. = (10)

MS$ 1 -1 1
+ aEe ey are e G )

—oMS ¥ 3MA] 1 ~1 1
i oW ar e o)
—1 1 —1 1) +

R

1
G 12 | (07— 1) <w-m@]

(B.61)

-1 1 M2 M12 ,
e = [(M% -1)2 * (M3 . 1)2 * (M2 - 1)3(_IH(M1))}
My 1 -1 1 M3 M3
{( { 2" (M3 —1)2 * (M2 —1)° (_IH(M22)):|

(M3 —1) [(M?—1) | (M3—1)2
-1 —1 —M )
T T )
1 M7 (a2 — M2 g
+(M12—1)2{(M22—M12)(M12_1)( In(M7)) + (M22—M12)(M22—1)( 1 (MQ))”

N —2M26+3M§[ 1 F —In(M3) 1 }+ -1 [—m(Mg)}
(M7 —1)2 [(MP-1) 2\ (1-Mmz)? (1—M3) (M = 1)* [ (1 = M3)

1 M?
Lio (11— — ) —Lis [1 - —
1 V% MQ ”( w)

(M —1)

*‘<Méfn2LM;—m[ﬂ*%M%fnzﬁr%w@{nzyﬁig:ﬁﬁq}

(B.62)
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< K I ki
D, = / dk dk
o - (k+M33(KR:+1) * (k3 + MP)(k3 +1)2
1 > k2 ki 1
= dk? L dki ————
(Mf—l)/o V(R 4 MZ)3 (k3 + 1) ) 2 (k3 +1)?
N —2M2 +1 /°° 2 k? /k et 1
(M2 —1)2 [y (R + M3)3(k +1) 2(k2+1)
M} /°° 2 k /’“f s 1
+ —— dk k2 ———
(M7 —1)? 0 Yk + M222)3(kf +1) Jo , ? (k3 + M3
= é/ de kl kl
(M%;l) o k2+M§)32(k%+1) (k1 +1)
—2M2 +1 5 k2 )
+ (M2_1 / dk? NEEYEE (k%+1)ln(k1+1)
2 k2 k2
1 In(—L +1
+ M2—1 / M e Mo Y
= / dkz[ h 2 : 2): 22M22 312 : 2 2]{22—’—1 21 2
(Ml -1) Jo (M3 —1)2 (k3 4+ M3)3 (MQQ_ 1)3 (k7 + M3)? (M3 —1)* (kf + M3)
1 1 —2M2-1 1
+
(M3 - 13 (k7 +1)2 ° (MF—1)* (k7 +1)
— 202 +1/ S M3 1 1 1
dk? :
ooy [OMF—1) (RE+ ME)P  (ME— 1) (2 + MZ)?
i ! In(kf + 1)
» 0o (M3 —1)2 (k§ + 1) (k7 + M3) | !
1 1 1
+ 71/ dk? 2 +
(ME—1)2 Jo " [(MZ—1) (k3+M3)3 T (M3Z— 1) (k2 + M3)? )
i ! 1 (k% +1)
n( L
(M3 —1)2 (K +1)(kF + M3) |~ " M7 (B.63)
As done before
k?2
L /OO i+ ) 1 (M) —(M3) |
o M2 2\ (m2oMm2)? ME(ME-M3)
0 _ /°° di2 In(1 + k%) _ 1 In(M?3) B 1
o L +M2)d 2\ (Mm2-1)? MP(MP-1)
k2
In(1 +
s - [Ca 0+ 38w - mosp)
0 (k2 + M2)° (M}? — M3)
L /oo d/f% In(1+ k%) _ 1n(M12)
0 (k2 + M2)? (M7 1)
s /00 e In(1+kf) _ —Lio(1— M)
0 (K +1) (B + M7) (M7 —1) ,
1 M
Lis (1 — —) — Lis (1 — —1)
[e%e] 2 2 2
6 = / dk21n(1+ u ) 2 12 N M 2 M
0 M3’ (k3 4+ 1)(kF + M7) (M7 —1)
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(B.64)
if we interchange M7 and M> it becomes the integrals in the last two lines
k?2
o [Ca PO 1 (o) wor)
o R+ M2® 2\ (M2-M2)? M3(ME - M)
< 5 In(1+k?) 1 [ In(M3) 1
2 = dki ———"3 = 5 2 A2 (2
0 (k2 +M2)° 2\ (M2-1) MF(MF-1)
k3
s - [Cag O3 m) - mr)
o (k2 + M2)? (M5 — M?)
<, In(1+ k%) In(M32)
4 - dkl P} == P}
0 (k? + M2) (M3 —1)
s / 012 In ( 1+k2) _ —Lig(1— M3)
(k2 +1) (k3 +M32) (M2 -1)
_ 1 _ M3
6 = / dk-21n(1+k—%) : —LZQ(l_W)_LZQ(l_W)
Y M7 (kT +1)(kf + M3) (M3 —1)
(B.65)
So our integral becomes
1 o[ M; 1 2M2 1 2M3 +1 1
Dy = 2 dky 2 2 (12 s+ 2 3 (12 g T 2 12 2
(M7 —=1) Jo (M3 —1)% (k¥ + M3)? (M3 —1)% (kf + M3)? (M35 —1)* (k{ + M3)
n 1 1 n —2M2 —1 1
(M3 —1)3 (kf +1)2 (M3 — 1 (k7 +
—2M?+1[ M3 1
e il R ererd M2—1 ’
+ M{ Mg 1 + ! 3| + 6
oz log o) Tog Y a1y
(B.66)
_ 1 1 2 2M3 +1 2 1
vl v i v A
N —2MP 10 M3 [1( In(MF) 1 N 1 In(M2)
(M —1)2 [(MF —1) [2 \ (M2 —1)> M3 (MZ-1) (M3 —1)2 (M3 —1)
N -1 [—Liy(1 — M2)
(M3 —1)2 | (MZ-1)
n MY [ M3 1 In(M2) — In(M32) 3 1 ]
(MP=1)2 (M5 -1)[2\  (M2-M2)* M35 (M3—M7)

1 [n(M3) — ln(Mf)]
(MF=1)* [ (M2 — M)

) 1 . M3
= LZQ(“W)‘“Q(“MQH

-2 (MZ = 1)

(B.67)
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The fifth integral
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oo 1 kf kG
D. = dk? / dk?
/0 UO(R2 4+ M2)3(K2 4 1) Jo ] 2(k2+1\42)(k§+1)2
oo 1 k}
= dk? dk2(1
4 ](W+MWW+U/ :(1)
-1 oo 1 ki 1
+ — dk? / dk2 ———
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+ o2 gk : Ak ——
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n _7/00 a2 ki
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it Wl 1 1
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—M¢ © 1 2
" <m@—n>{é W gree sy ar tY
_ [T e [ M3 1 N 1 1 N 1 1
o L L(MZ-1) (K2 +MZ)3 O (MZ-1)% (kI + 1\4122)2 (1\1422 —1)3 (k7 + M3)
e =
2 w@—n%%+n] 2
-1 oo —M 1 —oMZ -1 1 —oM2-2 1
+ 2 / dk%[ 2 . 2 2 2\3 + 2 . 3 2 2\2 2 . 4 2 2
(ME—1) Jo (M3 — 1) (ki + M3) (1\422 —1)3 (K + M3)? (M3 —1)* (k7 + M3)
-1 1 oM +2 1
4@@4MﬁHP(W—N%+J
. 3M2 -2 /°° o 1 1 I 1
(ME—1)? (M3 —1) (ki + M3)3 (M3 — 1)2 (k% + M§)21 ]
In(k? +1
_ N RGNS R
N —MS / a2 -1 1 Ll 1
(M} —1)2 (M3 —1) (k7 +M3)3 (M3 — 1) (k3 + M3)?

1

1 2

TSR (R T )R+ M)

The integrals are the same as in Dy

1 k
(B.683)

)

In(l1+ —5 K =)
L /WMQ a7 1 (In(M3) — n(M3) 1
o (2 4+M2P 2\ (MZ-M2)? M3 (M5 - MY
0 _ /°° di2 In(1 + k%) 1 In(M3) B 1
o TR+ M 2\ (M2-1)? ME(MZ-1)
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2

ln 1 —|—
3 / ) _ In(M2) — In(M32)
k2+M2) (M3 — M7)
4 / o n(1+k3)  In(M3)
Y2+ M2 (ME-1)
s / In (1 + k%) _ —Liy(1—M3)
B k;2+1 (k3 4+M2) (M3 -1)
_ 1 _ M2
o 7k + 1)(kf + M3) (M3 — 1)
(B.69)
So our integral becomes
o M3 1 1 1 1 1
D. = / dk} { 2 + +
o L(ME—1) (R +ME)? T (MF—1)2 (k] + Mle)Q (1\1422 —1)3 (k{ + M3)
N 1>]
N -1 /°° i —M? 1 N —2M3% —1 1 N —2M2 —2 1
(MZ—-1) Jo ' [(MF—1)2 (k] + M3)? (Mz —1)3 (k2 + M3)*> (M3 —1)* (kf + M3)
T L 2MZ+2 1 ]
(M22—1) k2+1 2 (M2—1) (k¥ +1)
N 3ME -2 -1 5 N .
(MZ=1)2 | (M2 =1) M2—12 M2—12
+ My e 3| + 6
(M2 —1)2 (M2 -1) M2—1 M2—1
(B.70)
_ 1 1 1 )
v = | o )
-1 -1 —2M3 —1 1 —2M3% -2 5 -1
— In(M. —
o [ v i iyt o )
3ME—2 [ -1 [1[ In(M3) 1 ~1 In(M3)
+ 2 2 2 9 2 A2 2 + 2 2 2
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(M3 —1)2] (MF-1)
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Lol (o) -wmem)] 1 [ (1 - V) e (1 - V)
(M3 —1)2|  (M3F—M7) (M3 — 1) (M3 —1)

(B.71)
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The sixth Integral

ki & k3
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1 —My+4M2 1

_ >~ 2
"w&nédhbW—ww+m+
M2 (M3 —2) 1
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1
*wa4ww+J
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The last two lines are the same integrals from before
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PLME - 1) (kR + M3)?
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0 (ki + M3) 2
s /00 2 In (1+ &%) _ —Liy(1— M3)

o Jo TR+ (RE+ M) (ME-1)
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(B.72)
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(B.73)
So our integral becomes
- 1 1 -M3 -1 (M3 —-2) My —4M3 9
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o o wam) o (i) o (- 5)
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(B.74)
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The last integral:

Dy
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3ME -2 ) 1 M 1
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The last two lines are the same integrals from before
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So our integral becomes

B —1 -1 1 —(M3-2) —Mj+2M3+2
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T T T )
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