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The existence of the configurational microcanonical conditional entropy in classical statistical mechanics is
proved in the thermodynamic limit for a class of long-range multiparticle observables. This result generalizes

a theorem of Lanford for finite range observables.

Although a considerable amount of research has been
directed in recent years toward proving the existence of
the thermodynamic limit for the classical ensembles,
the microcanonical ensemble for long-range interactions
has presented certain difficulties. In this article we
provide a proof of the existence of the configurational
conditional entropy for a class of systems including
long-range interactions falling off in v dimensions faster
than 1/7*.

Griffiths, using arguments of Fisher, !'? has outlined
proofs of the existence of the microcanonical entropy
for variously tempered two-body interactions. There the
microcanonical energy is studied as a function of the
entropy, and the entropy is recovered implicitly after
the infinite volume limit has been taken. Similar results
for two-body interactions were obtained by Minlos and
Povzner.?®

Lanford* has pointed out that methods of Ruelle® can
be employed to obtain the entropy directly, and has used
this approach to prove the existence of the configura-
tional conditional entropy for strictly finite-range ob-
servables.

We use the Lanford approach to extend the existence
theorem to observables with long-range behavior.

1. LIMIT ALONG A SPECIAL SEQUENCE OF CUBES

Let 7% designate either the v-dimensional lattice Z¥
or v~-dimensional real Euclidean space IR* with counting
or Lebesgue measure u, and denote the corresponding
phase space by ¢, ¢ =Ur, (T")". The extension of u to
(T*)" and G will also be wrltten p. Q=g N (T,

(qu,...,q,,,), i=1,2, write N(@,)= 75 0:,= Q) and

d(Q,, @,) =inf{d( (q1, qz)lql - Q } where d: T"XTV— R is
the Euclidean metric. Let ¢ be the set of bounded, mea-
surable subsets of T%, and (’,, the set of bounded open
convex subsets of RY, tcZ,. If J =, and ¢ >0, then J°*
={xedillx =y >¢, Vyf]R‘/J} is the e-contraction of J,
and J ™ = {x =IR![!lx — v|]| <¢ for some y=J}.

Definition 1.1: The real linear space 4} of {-valued
observables, (= Z_ and A = IR, is the set of L-mea-
surable functions f: ¢ —IRf satisfying the following:

(i)f(Q+q) =£(Q)
={peT’ip-q= Q},

(if) £(Q)

, =G, q=T% and Q@ +¢
= f(Q') if @' is a permutation of Q;
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(iii) there exist A >0 and R, > 0 such that, for all
meZ and @,...,Q,<(G, dQ,Q,)>r>R,foralli+j

implies
m 2
7 (5 ved)

ForA=S§,J=(C, ncZ,, and fe 4%, the conditional
phase space volume |/, is

VA n,)=(1/2)p{Q = A"[(1/n)f(Q) e J}.

The vector-valued observable f is to be viewed as a
set of f translation-invariant symmetric scalar-valued
observables, with a decrease condition (tempering) for
each at large distances. For example, tempering would
require a pair potential interaction generating a Hamil-
tonian to fall off at least as fast as »~*, Since the ob-
servable f will be fixed, the subscript on |/ will be
dropped. Also, throughout it will be necessary to as-
sume that x > v.

Proposition 1.2: (@) fJ=(,and ACA’, A, M=,
then |[/(A’,n,dJ) = V(A,n,J).

() I {A T, S, dAy, A)27 >R, for i #j, n=3 7,7,
n,=Z,, and J}i ICCt’ then

V(.G Ap B, > (%) J,.) >

i=l $=1 i=1

TR R ED ) B

m Y
I (A, n,d4m™).

§=1

A%i, then for
implies (1/7)f(Q,,

Proof The first part is obv1ous Q=
T=3m, (n,/mW,, (1/n)f(Q) 4w
e, Qm)eJ by 1.1 (iii), since

i ( ) JArrr _JAnr")‘
=1

{(Ql, ceer Q) ,’ Q= A} and - £(@)) cJ@""‘}

C{Q = (:Gl A;)" ' %f(Q)E 2'_"“,1 (':l—‘> J,}.

Define the density p =n/u(A), the specific volume v
=1/p, and I, =v*"". Fore=2~-v>0as in 1.1(ii), «
€(0,1), and mcZ,, let 6, =2¥*)/* ¢ =[1-(2v/6M]?
R,=R,(2-6)" R R, n=10¢ RO, and A, —Acpxz‘"'*””/R:'m.
Deenote the cube AK m v)_{q (gyy++-,q,)=T"10< g, <2
-0"R ., k=1,
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The reasons for choosing A, . (v) and R, in this
manner will be apparent from Proposition 1.3, In
particular, ¢, is chosen to make valid the last equality
in the proof of that proposition. Note that as m —~«

A, n goes to zero as 27 and J% ™ g The parameter
k is specified, since later some control will be needed
over the rate of convergence of A, _ to zero.

Proposition 1.3: 1 J = C » then
V(D (V), 201w Jakamety = Ly /(A - (v), 2™, Jaxemyp’,

Proof: Since R, =(2™'] - 67*'R ) - 2(2" l,—- 67R,), 2*
disjoint translates of A, . (v) with mutual separation
equal to or greater than R,  can be placed inside
Ay (V). Further,

(m+2 W

(JAx,m+1)Az /Rz,m:JA“'m

The proof is completed using 1. 2.

Covrollary 1. 4:

1 +1 Kym+
STt 108/ (A (v), 2002, goeome)

1
va

=

108 |/ (A, m(v), 2™, J%%m)
and the limit as m — « is equal to the supremum over
mcZz,.

Definition 1.5: For J = (; and x e RY, let

1
== 102 [/(Ag,m(v), 2™, J2km)

SK(U’ J) :"];i'ni 2ﬂlV

and
sdv,x)=inf {S (v,d)}.
x < CC!

—J=

Proposition 1.8: 1) U JcJ’, J,J'= (,, then S (v, )
<8 (v,J") <1+ logv.

() ¥ {J} 2, cCp Jo=U%J,;=(C, and for A>0 suf-
ficiently small, U%,J$=Jg, then S, (v, U% J)
=SUDPy «; < SV, ).
(iii) If J = C,, then S (v,J)=sup{S (v, NI C,,d I}
(iv) S (v,J)=sup, - , S, (v,x).
Pyoof: Routine, using 1.2 and properties of u.
Corollary 1.77: (i) x—~ s (v, x) is upper semicontinuous
and concave on RY.

(ii) v — s (v, x) is nondecreasing and concave on R,,
and continuous on (v, <), where v =inf{vis (v, x) >~ =}
When the tempering condition in the definition of /]}
is replaced by a finite range condition (additivity: A =0),
then the interior of T, is nonempty if the components of
f are linearly independent. More generally, a sort of

asymptotic openness is required.

Proposition 1. 8: Let Q (v) be the convex set
QK(U) = {x = R! WSK(U, x) > - oo}’

and, for m<Z_, let E_(v)=ess range ((1/2"‘:};*,,,{),
where £, is the restriction of fto [AK'M(L‘)]2 . Write
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lim s. E_{v)

={xeR*| 0N E,(v)+& for infinitely many m, for
each open 0 R?, x c0}.

Then
Q (v)y =1lim s. E_(v).

M w
Proof: If x, & 2,(v)", then there exists J = (', such that

xXo<=d and S (v,J) ==, hence JAkem E_(v)=¢ and

Xy & J *™ for m sufficiently large. Therefore,

X, im s. .. E_(v).

On the other hand, x,¢ lim s. , ., E,{v) implies
Jn E,(v)=¢ for some J = (,, x,&J, and all sufficiently
large m. Passing to the contraction Jhem gives the
desired result.

Definition 1.9: We say that f is asymptotically open if
there exists v >0 and k= X such that (lim s. . E_(v))°
+@. We denote by vo(x) the infimum over all such v for
any « < K. In the remainder we will always assume that
k<K,

If f is asymptotically open and v > v,(«), then 2 (v)°
#@. Let I' =T (f) be the set {(v,x) = R, XIR*|s (v, x) >

— ],
Covollary 1.10: (i) I is convex.

(ii) If f is asymptotically open, then I') is nonempty
and dense in T,.

(iii) (v, x)—~ s (v, %) is continuous and concave on IY.

Corollary 1.11: If f is asymptotically open and
0<wv<uy,(k), then Q. (v)=¢@. Hence v,{k)=inf, v .

2. INDEPENDENCE OF THE PARAMETER

We shall show in this section that the contraction
parameter k¥ can be removed, and that the result co-
incides with the conditional entropy defined without con-
tractions, at least for the limit taken along a special
sequence of cubes.

Lemma 2.1: Let f: IRt —TRU { - o, «} be upper semi-
continuous and concave, J,,J,< C, with J,Nd,# @,
fU.nd,)nR+g, and {d,} 7, a sequence of positive real
numbers with d,— 0. Then

inf sup f{x)= sup f(x).
i €I Ny, x=J1NJ g
Proof: Since J ¥,
inf sup  f(x)=  sup flx).
¢ = TN, xEa NIy

So assume (J:d"/Jl)mJ2 #@ for alli, sup,=,n,, flx)< o,
and suppose

inf sup

f(x)> sup f(x)+3%e, €>0.
i redding, Jo

x = Jy
Then, for each i,

flx)> Flx)+ e

sup

sup
r= @8N,

x= N Jg
Let v} = (97%/J,)n J, be such that

D. Dietz and W. Greenberg 1668



f(x)—e/2

fvY>  sup
xE(Ji AN T,

and {yi} ;1 a subsequence convergent to yc 3{J;nJ,). If

z,~ vy, by upper semicontinuity,

sup f(x)+e

() =1im sup f(z,) > lim sup f(y,)) =
f== Lt & I[N,

and by concavity

sup f(xy= _ sup
xEW N I ¥=I N J3

f(x),

which yields a contradiction.

Definition 2.2: For v>0 and k (0, X), let Et(v, k)
={Je(,I{vIxd)n T #¢ or d({v}xdJ, T,)> 0} For
Je C (v,x) and x e R?, define

1
SK’O(U,J):};‘i'I.Il Er;rv. IOg V(Ax.m(v)’ 2mv’J),

S0ty x)= inf S,

EJGC}
and for k,, k,= (0, X), a>0,

ol d),

(1, J)= lim 23“, log I/(Akl'm(v), 2m, JE kg om
e

Ky vk 0

Theorem 2.3: 1 0<v# v,(k,), @>0, K,k (0, K),
and J e C (v, 4,)n C (v, k;), then

(1) Sgl ,o(vy J) :Sgl(v’ J),
(i) S, (v, ) =S, (v, 1),
(iii) S

el D=5, (0,).

Proof: For each d> 0 there exists a positive integer
m(d) satisfying

(1/2™)1logl/ (A m(v), 2™,d) <(1/2™) log |/ (A, {v),

X 2mu, J d'AK.M)
for m >m(d). Hence, if {d,}7, is a sequence of positive
numbers with d,— 0,
lim sup (1/2™)log |/ (A,,,(v), 2™,J) < inf S, (v, J"%).
me i

Now, by Proposition 1. 6(iv) and the concavity of
x—=s(v,x),

S (v, J" ) =sup{s (v, %) [x TN Q (v)°}.
Therefore, for ({U}XJ)Q T2#¢, by 1.7 and 2.1,
inf;S (v, J"’t) =5(v,dJ), and so

lim sup (1/2™)log /A, ,(v), 2™,d) <S (v,J).

In the case d({v}XJ, ) >0, if 6 satisfies ({v}xJ-%)
NT,=¢, then S (v,J°%)=~ =, so that S (v,d)=~ .

Assummg k, >k, and noting AK ,m(v)c A, ,m{v), obtain

,o(v J) < SK o{t,d). On the other band, lettmg O<yp’'<v
i< v,(&,), or VoK) < v’ < v otherwise, compute
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Zmdlv_ 9m+1RK lv
i = — > 1
Mm e b

so that 2¥ disjoint translates of the cube with sides

(0,2™,,) can be placed inside Aw,,m.1(v) for all suf-

ficiently large m, and hence 2" disjoint translates of

A, n(v') with mutual separations equal to or greater than

R"v"“ Since
JAxl,nul c J AI<2,m+1

for sufficiently large m, therefore

V (B (@), 2082, T80 = [ (4 (0), 270, T )

Ayl

and so
S.,(v,J) = Sup S,‘l(v’,J):le(z},J).
Thus (ii) follows from (i).

Finally, for x,>«,, d>0, and m sufficiently large,
l/ (sz,,,(v), zmv’ JAszm) = l/ (AKZ .m(v)y zmu’ JaAKl'm)

and

Al ,m

V(g ), 27,05 2 ) (A 0), 27, %2

so that
(y J) = lim Sup 1/2mv) Log [/(sz,m(v) zmv Jamxl.m)

m =
and

lim inf (1/2™)log/(A, . (v),2™,J
e

@Ak om

> sup S, (v,J7
)= sup S, (v, J9)

> sup{SKz(v,:I) ]fe C,and f'CJ}:SKZ(v, J).
If k,<«k,, then, for m large,

V (B (@), 27, 050 = )/ (A, (0), 27, T %)

so that

lim inf (1/2™)1og|/(A,,4(v), 2™, JEAkLmy S, (v, ).

On the other hand,
S, (0, )
=S, ,0(v,J) > 1im sup (1/2™)log |/(A, () gmv g ¥Akpmy
Corollary 2.4: For all v>0, v#v,(k,), Ky, Ky, Kg
(0, K), and x = R?,
le(v’ x) :sz(v, x) :sz.o(”» x).

Corollary 2.5: T(f)=T,(f), C

{v)= (~3t(u, k), and v,
=1v,(k) are independent of .

3. LIMIT ALONG GENERAL SEQUENCES

We wish to extend the results of the previous sections
derived for limits taken along the standard sequences of
cubes {A, .} .., to limits along a more general se-
quence of domains.

2

For A< § with boundary 3A, let V,(»; A)

D. Dietz and W. Greenberg 1669



=p{xeT"d(x,3A) <7}. A sequence {A,}.,C §is said
to tend to infinity in the sense of Fisher, A,— « (Fisher)
if ® V(A;)— ~ and there exists an iy & Z, such that

lim sup V,(aV(A 2/ A,)/V(A)=0.
a~0 i=2ig

Lemma 3.1': If Ac § is filled with cubes of edge-
length d lying entirely within A, the volume remaining
after maximal filling is less than V,(1*/*d; A).

Suppose {Ai}f_lc §, A;— (Fisher), and {n,},.,c Z,
satisfy lim,., V (A)/n,=v=(0, ). Then we will say that
{(A,, n )},_1 is a Fisher system tending to dens1ty 1/v. In
this case, let k, k', k” < (0, ) be such that k"> k’ >« and
K" — k' >k, forn €Z+; let m(n) = N ((logn)[v + k'(x = )Y,
where A/ (x) is the greatest integer in x, and define n ;
=m 2™ 4y with 0 <7, <2704 and

ming)=1

Y= Z

C,2"

i if

For 0<v’<w, let > 1 satisfy v’ < v’ <v, and write

A, (Yo", me Z,, for the cube in T” with edges (0, 2™zl,.).
Finally, let 7, be the number of cubes in a maximal
filling of A, with translates of cubes A, ,(£"2").

Lemma 3.2: For i sufficiently large, m‘.+233"=(0"i)'1 C
disjoint translates of Am(ni)(g"v’) may be placed inside
A,

1

Proof: Observe

ij

mn; W
720 v

o } iV(A,,,(,,,)(gvv’))
7, ooy

lim V(Ai)

[addd

lim

i

Therefore if lim } V(Am(n 5 (£°0))/V(A) =1, then

m,. 7;/m;zv/g"v’, and 50 there exists EcIR '/
v<E<l1 such that 7,>m,;+ (£v/E%’ - )m, for all large
enough i. Hence m+ A/(m £ v/t*v’ —m ) disjoint tran-
slates of A, (¢” u') may be placed 1n51de A;, and the
lemma follows from obvious estimates.

Using 3.1 for ¢ =i, and

H(a)= sup V,(aV(A)"7, A)/V(A)),

7.V (Aminp(gvv"))

Vl/uzm(m Cly s i)
via) =

V(A

1~

pLivomin ‘el ) .
SHGWEWV—

Choose w ¢ R, ¢l,/l <w<1, so that, for ¢ large,
V(A, )”">wlvn”". Then £, /V(A; )1/"<n'1"‘, and

H(Vl/vz"“"l ¢l /V(A Yy < H(Vl/unllluw Qw11 /vy,

But
lim . nt /v’ =wdi=1/v ()

Theorem 3. 3: Suppose {(A;, 7, )}H is a Fisher system
tending to density 1/v, v+v,. Let {d } be a sequence
of nonnegative real numbers, d;—0, k=(0, ), and
J e 5,(1}). Then
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11m1nf—l-logVA J‘) S,.olvsd).

Proof: From 1.6 and 2. 3, it is sufficient to show that
there exists k" (0, K) such that for all v,<»’<yp and
Je C, with J d,

lim inf (1/n,) log [/(4,, yz‘.,Jd") ESK,,('y’,:I).
oo

Suppose &, k', k” = (0, ) as before, Lemma 3.2. By that
lemma, for sufficiently large ¢, m,+ 570> C, ., disjoint
translates of A Jmng ,{£¥v") with mutual separation at
1east 9 R may be placed inside A;. Therefore, for
any Je C ¢ and i sufficiently large,

)

ming )l
om (ny v “211:

1
g i o Cy;
i e J+ z (____
"y 30 7

=1/ (e iy (70, 2747, TEOT7

Vi= (8

A Ci
[V (A im0, 2,0 5174,

where A,=An,/600 "R},

A short computation gives A, <CA . , for C

2x ()L-v)cp and A \A(P 2v+k(h-u)/Rh 2x(k-y)m(n )
-k Ked

for0<j< m(n ). Hence, for large enough i, a <A, .

so that JA""r‘J i Slmllarly, it is seen that AK EOY)

A, £&"v’) and A,. N¢? )(‘A,< Jmn, {gv’). Writing
Nlﬂmf{;nc‘Z | A, ’)#Q‘? {o,1, m(n)—l} we
obtain R N
Viz /(A a0y 2T JO minp) |7
M-l o
XTI [V(AK'NI(UI)’ZJV’J K.J)] i
=0
mingil by ;
xon [y, o0, 2w, T
=Ny

Next J < (, will be fixed to guarantee that each of the
factors above will be nonzero. Choose x, = R’ such that
s (v',%,)> - and let J_, = (, be a rectangular solid with

edges {( (a_yp b_lk)},ﬁ:l containing x,. Then, for all j= N,,
V(A {(07), 2,549 ) >0, where N,=inf{j ¢ Z, 1/(A, ("),
2% JAK:J)>0} and, for i large, 0 <N,<m(n;). Let

J;& (, be a rectangular solid with edges {(“m bt ha

such that |/ (A,, ot (v, 2%,J, "J)>0 for 0 <j<N,, and

[/ (A, (07, 2 J P }>0 for N, €j<N,. Then define J to
be a rectangle with sides {la, b et where

a,=( inf a,)~4A,., b,=( inf b,)+4,
-1=j<N3 -1€j<N,
N, = supiN,,N,}.
Since
m(ngd=l Ci: 2 '2m(n w
lim >, =~ =0 and lim —“—— =1,
e 500 n i~o n

for i large enough,

D. Dietz and W. Greenberg 1670



m zm(n‘w o mingel
Zie g+ Z} (

n; =0

CuBNFeah

i
Using this and 2. 3 (iii),

lim 1nf — log V(A,n ,,Jd Y28, v, J)+11m mf g,

Fa

for
1 | Fheod
Icr'.[:——— Z} C, 2" 2 log [/ (A, y, (v'), 2w J )
i
ming)-1 1 ~a
+ o Cy 24“'57;-10g{/(Aw(v’),2"‘,J «edy
J=Ny

mingW
< %—— sup{ sup ] 23,, log [/(A,, 5, (v), 2%, Jhenyl,
i
1= m

But the first term in the supremum is finite by con-
struction of J and nondependence of N, oni, and the
second term is equal to

wy(01), 271, T o)

sup{z,}lv { log |/ (A,

—2(’"({",)_1)‘, ’l ].Og V(An.m(ni)-l(vl), 9lmn, )-llv,jAn.m(n‘)-l) {}‘

Here again the first term is finite by choice of j , and
the second term is bounded by 2 + logv’, hence
lim,lo,l=0.

Lemma 3.4 It {A,},.,C §, each A, is connected, and
A;—~ = (Fisher), then inf V(A,)/V(A‘)>0 where A, is
any minimal cube contammg Ay

Theorem 3.5: Suppose {(A;,n,)};., is a Fisher system
tending to density 1/v, each A, is connected, k (0, X),
Je(,w), and S (v,d) > =0, Then there exists a de-
creasing sequence {d,} ., of strictly positive real num-
bers converging to zero, such that

Seolv, ) = linil sup nL log [/(Ay 1y, J).
e ;

Proof: Foric Z,, let p(i)=1+inf{m € Z 1A, ,(v) con-
tains a translate A of A;}, so that A, ,;,,(v) is the
minimal sfandard cube containing A,. Writing d,
=A@ 200/ (DR if X, is any minimal cube con-
taining A;, then

2V < V(A i) (0)/V(
for i sufficiently large, so

1 vy 1
2v V(A Kp“)(v)) 2*+1

‘) <(2¥+1)2

V(AY)

V&)

¥ mf

Now pass to a subsequence { A ",};1 such that

)
li ————‘1—_
e V(Ax.p(.j (v)) g

1671 J. Math. Phys., Vol. 16, No. 8, August 1975

and

1 .
lim -~ log |/( A;,,m,,J"J)=§i_rg sup ni logl/(A,n,,d%).
,I i

PR

Let A ={ge A, ,v)/A}ld(g, A})> 62“R,} and n?
—2"'1"‘—n It can be shown, as in Ref 1, that A7~ =
(Fisher) ané it is easy to see that lim,, V(A7)/

(Am(, y(v))=1-p. By computing lim,.,, n"/lz””! w
=1-8, therefore lim, . V(A] )/n,j_v Since A'l and
A7, may be translated inside A, ,; ,(v) with mutual
separatlon 9’ R « =Ry, for large enough j,

1
98tijw Iogl/(An,p(ij)(U), 2844w 1)

n
ii
zb(xj)v n IOgV(A{ 7"{ 5'] )
iy
n” 1
i .
* 550w W log )/ (A7, n7, T4,
i

The theorem follows from 3. 3.

Corollary 3. 6: Suppose {(A,,n‘)}:1 is a Fisher system
tending to density 1/v, v#v,, with each A, connected,
and f is an asymptotically open t-valued observable with
A >v. Then, if J e ,(v),

11m;— log |/(A,,n,,d)=S(v,J)

fomo
exists, and

S(v,d)

s(v, x)= inf
xEJECt

is given by

s(v,x)=s, o(v,x), xke(0,K).
Therefore, s has the continuity and concavity properties
of Corollaries 1.7 and 1. 10.

The existence of the limit follows from 3.3 and 3.5 by
removal of the contractions from J% as in 2.3, and from
an argument similar to 3. 5.

We note that when /=1 and f is the potential energy U
of a tempered interaction, s(v,¢) is the usual micro-
canonical configurational entropy per particle for a
system at density 1/v and interaction energy per
particle €.
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