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The existence of the configurational microcanonical conditional entropy in classical statistical mechanics is 
proved in the thermodynamic limit for a class of long-range multiparticle observables. This result generalizes 
a theorem of Lanford for finite range observables. 

Although a considerable amount of research has been 
directed in recent years toward proving the existence of 
the thermodynamic limit for the classical ensembles, 
the microcanonical ensemble for long-range interactions 
has presented certain difficulties. In this article we 
provide a proof of the existence of the configurational 
conditional entropy for a class of systems including 
long-range interactions falling off in v dimensions faster 
than l/r". 

Griffiths, using arguments of Fisher, 1,2 has outlined 
proofs of the existence of the microcanonical entropy 
for variously tempered two-body interactions. There the 
microcanonical energy is studied as a function of the 
entropy, and the entropy is recovered implicitly after 
the infinite volume limit has been taken. Similar results 
for two-body interactions were obtained by Minlos and 
Povzner. 3 

Lanford4 has pointed out that methods of Ruelle5 can 
be employed to obtain the entropy directly, and has used 
this approach to prove the existence of the configura­
tional conditional entropy for strictly finite-range ob­
servables. 

We use the Lanford approach to extend the existence 
theorem to observables with long-range behavior. 

1. LIMIT ALONG A SPECIAL SEQUENCE OF CUBES 

Let T" deSignate either the v-dimensional lattice Z" 
or v-dimensional real Euclidean space ffi" with counting 
or Lebesgue measure fJ., and denote the corresponding 
phase space by C;, C; =u:,] (T")". The extension of fJ. to 
(T")" and C; will also be written fJ.. If Q i E C; r, (T")"i, Q i 
= (q 11> ••• ,qi"j): i = 1, 2, write N(Q j) = n_J' q ij E Q p and 
d(Ql> Q2) =inf{d(({1' (2) I ql ceQ), where d: TVx T"- ffi is 
the Euclidean metric, Let S be the set of bounded, mea­
surable subsets of T", and C I' the set of bounded open 
convex subsets of ffi I, t E Z +' If J Eel and E > 0, then J' 
= {x EJ Illx - y II> E, Vy E ffil/J} is the E-contraction of J, 
and r' c= {xEffillilx- yll <E for some YEJ}. 

Definition 1. 1: The real linear space A~ of I-valued 
observables, IE Z + and \. c:: ffi, is the set of fJ.-mea­
surable functions f: C;- - ffil satisfying the following: 

(i)f(Q+q)=f(Q), QE C;, qETV
, and Q+q 

= {J) cc TV I P - q rc Q }; 

(ii) f(Q) = f(Q') if Q' is a permutation of Q; 
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(iii) there exist A > ° and Ro > ° such that, for all 
m EZ+ and Ql>'" ,QmE C;, d(Qi,Qj) ?r?Ro for all i*j 
implies 

For A E S, J E C t' n E Z +, and f E A~, the conditional 
phase space volume V, is 

V,(A, n, J) = (l/n!) fJ.{ Q E A" I (l/n)f(Q) EJ}. 

The vector-valued observable f is to be viewed as a 
set of t translation-invariant symmetric scalar-valued 
observables, with a decrease condition (tempering) for 
each at large distances. For example, tempering would 
require a pair potential interaction generating a Hamil­
tonian to fall off at least as fast as r-\ Since the ob­
servable f will be fixed, the subscript on V will be 
dropped. Also, throughout it will be necessary to as­
sume that \. > v. 

Proposition 1. 2: (a) If J E C t and Ac A', A, A' E S, 
then V(A',n,J)?V(A,n,J). 

(b) If {A I};1 c: J' d(A i, Aj)? r ?Ro for i *j, n =i; 7=1 nl' 
n l E Z +, and 1.J )1=1 c C t' then 

vCR Ai' t:t np ~ (:i)J i)? i~1 V(A i,n i,J1
nr
-\ 

Proof: The first part is obvious. If Q I E A~i, then for 
J = i; 7=1 (n;/n)J p (l/nN(Q i) EJ1nr-1. implies (l/n)f(Ql> 
... , Qm) EJ by 1. 1 (iii), since 

.!. t f(Q·) E £. (~) JAnr-1. =JAnr-l.. 
n i=1 • i=1 n i 

Hence 

c: {Q E (Q Ai)" I.!. f(Q)E t (ni) J i}. 
i-I n i =1 n 

Define the denSity p = n/fJ. (A), the specific volume v 
= l/p, and Zv=v1

/". For E=\. - v>o as in 1.1 (ii), K 

E(O,l), andmEZ+, let 8.=2("+"')/1., CfJ.=[1-(2"/8;)]-I, 
R =R (2 - 8)"1 R = 8mR and A =Am 2(m+l)"/RI. 

K 0 Ie' It,m J( 0' K,m Y Ie '!(,m· 

Denote the cube A.,m(v)={q=(ql"'" qv) E T"IO < qk< 2mZv 
- 8;R., k= 1, ... , v}. 

Copyright © 1975 American Institute of Physics 1667 

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

128.173.125.76 On: Mon, 24 Mar 2014 19:05:47

borrego
Typewritten Text
Copyright by AIP Publishing. Dietz, D.; Greenberg, W., "conditional entropy in microcanonical ensemble," J. Math. Phys. 16, 1667 (1975); http://dx.doi.org/10.1063/1.522735



The reasons for choosing A •• m(v) and R •• m in this 
manner will be apparent from Proposition 1. 3. In 
particular, cP K is chosen to make valid the last equality 
in the proof of that proposition. Note that as m - 00 

t. •. m goes to zero as 2-KEm
, and JCl. •• m - Jo The parameter 

K is specifl'~d, since later some control will be needed 
over the rate of convergence of t. •. m to zero. 

Proposition 1. 3: If J r:: C t' then 

V (A (v) 2(m+Ilv JCl. •• m.I);, {V(A (v) 2mv JCl. •. m)}2v 
K,m+l" Kim " • 

Proof: Since R •• m = (2m+llv - e:+lR.) - 2(2m lv - 8':R.), 2V 

disjoint translates of A •• m(v) with mutual separation 
equal to or greater than R •• m can be placed inside 
A •• m+l(v). Further, 

The proof is completed using 1. 2. 

Corollary 1. 4: 

and the limit as m - 00 is equal to the supremum over 
m EZ+. 

Definition 1. 5: For J E Ct and x ElR t , let 

1 
S.(v,J) = l~n;; 2mv log V(A •• m(v), 2mv ,JCl. •• m) 

and 

s.(v,x)= inf {S.(v,J)}. 
x~J~Ct 

Proposition 1. 6: (i) If J c J', J, J' Eel' then S.(v, J) 
~ S.( V, J') ~ 1 + logv. 

(ii)If{Ji}i~ICCt' JO=U~=IJiECt, andfort.>Osuf­
ficiently small, U~=IJ~=Jrf', thenS.(v, U~=IJi) 
= SUPI"i "k S.(v,J i )· 

(iii) If J E C t' then S.(v, J) = sup{S.(v, ,l) IJ E Ct, J- cJ}. 

(iv) S.(v,J)=suP"EJ S.(v,x). 

Proof: Routine, using 1. 2 and properties of Il. 

Corollary 1. 7: (i) x - s.( v, x) is upper semicontinuous 
and concave on lR I. 

(ii) v - s.(v, x) is nondecreasing and concave on lR., 
and continuous on (v", 00), where v,,= inf{v I s.(v, x) > - oo}. 

When the tempering condition in the definition of A ~ 
is replaced by a finite range condition (additivity: A = 0), 
then the interior of r. is nonempty if the components of 
f are linearly independent. More generally, a sort of 
asymptotic openness is required. 

Proposition 1. 8: Let O.(v) be the convex set 

o.(v)={xElRtls.(v,x»_oo}, 

and, for m E Z +, let Em(v) = ess range «1/2mv)f •• m)' 
wheref.,m is the restriction off to [A •• m(v)r·~. Write 
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= {x E lRt IOn Em(v) *- cjJ for infinitely many m, for 
each open 0 c lRI, X EO}. 

Then 

S1.(v)" = lim s. Em(v), 
m-~ 

Proof: If Xo ri S1.(v)-, then there exists J E C t such that 
xoEJ and S.(v,J)=_oo, hence JCl." mn Em(v)=cjJ and 
Xo E J".,m for m sufficiently large. Therefore, 
Xo ri lim s. m~~ Em(v), 

On the other hand, Xo i lim s. m _~ Em(v) implies 
JnEm(v)=cjJ for some J-=. Ct, xoEJ, and all sufficiently 
large m. Passing to the contraction J" •. m gives the 
desired result. 

Definition 1. 9: We say thatf is asymptotically open if 
there exists v>O and K=K such that (lim s'm_~Em(v»O 
*- ¢. We denote by Vo(K) the infimum over all such v for 
any K ~ K In the remainder we will always assume that 
K ~K. 

If f is asymptotically open and v> Vo(K), then S1.(v)O 
*-¢. Let r.= r .(f) be the set {(v, X)E lR.XlRtls.(v, x) > 
- "'}. 

Corollary 1. 10: (i) r~ is convex. 

(ii) If f is asymptotically open, then ~ is nonempty 
and dense in r •. 

(iii) (v,x)- s.(v,x) is continuous and concave on ~. 

Corollary 1.11: Iff is asymptotically open and 
O<V<Vo(K), then o.(v) = ¢. Hence vo(K)=inf" v". 

2. INDEPENDENCE OF THE PARAMETER 

We shall show in this section that the contraction 
parameter K can be removed, and that the result co­
incides with the conditional entropy defined without con­
tractions, at leJ.st for the limit taken along a special 
sequence of cubes. 

Lemma 2.1: Let f: lRt -lR u { - 00, oo} be upper semi­
continuous and concave, J I, J 2 -=. C t with J I n J 2 * ¢, 
f(J1 nJ2)nlR*-cjJ, and {di}i:1 a sequence of positive real 
numbers with d i - O. Then 

inf 
i 

sup 
xEJ";.di n J 2 

f(x) = sup f(x). 
"EJ I nJ 2 

Proof: Since J"di"")J, 

inf 
i 

sup f(x) ~ sup f(x). 
xEJidinJ2 "C:: J I nJ2 

-d· 
So assume (JI '!Jl)nJ2*¢ for all i, sUPxC::J1n J2f(x)< co, 

and suppose 

inf sup f(x» sup f(X)+~E, (>0. 
i "EJldinJ2 xC:: JIll J2 

Then, for each i, 

f(x» f(x)+ k 

D. Dietz and W. Greenberg 1668 
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f(Y~) > sup f(x) - d2 
"E (,(jd i /J lIn J 2 

and {y j}:l a subsequence convergent to y E a(J1 n J2 ), If 
z j - y, by upper semicontinuity, 

f(X)+E 

and by concavity 

which yields a contradiction. 

Definition 2.2: For v> ° and K E (0, K), let C t (v, K) 

={JECt!({v}XJ)n r~4o¢ord({v}XJ,r,,»O}. For 
J E C t(v, K) and x E1R t, define 

5.,o(v, J) = ~i:x;, 2~v log V (A.,m(v), 2mv, J), 

and for K1 , K2 E (0, K), QI > 0, 

Theorem 2.3: If ° < v * Vo(K/), QI > 0, K1 , K2 E (0, K), 
and J E C t(v, K1) n C t(v, K2), then 

(i) 5.1'0(v,J)=5.
1
(v,J), 

(ii) 5. (v,J)=5. (v,J), 
1 2 

(iii) 5 (v,J)=5" (v,J). 
1C1'~ra "'1 

Proof: For each d> ° there exists a positive integer 
m(d) satisfying 

for m > m(d). Hence, if {d;};:'l is a sequence of positive 
numbers with d/ - 0, 

lim sup (1/2 mv
) log V (A.,,,,(v), 2mv, J) "" i~ 5,,(v, J"4i). -- . 

Now, by Proposition 1. 6(iv) and the concavity of 
x-s,,(v,x), 

5 ,,( V, J"d i ) = sup{ S ,,(v, x) Ix E J"4
i n n.(v)O}. 

Therefore, for ({v}XJ)n r~*q5, by 1. 7 and 2.1, 
inf i 5 .(v, J"4 i ) = 5.( v, J), and so 

lim sup (1/2 mv )logV(A.,,,,(v), 2mv,J) ~S.(v,J). 
m~~ 

In the case d( {v }XJ, r.) > 0, if {) satisfies ({ v }XJ"6) 
n r. = q5, then S.(v, J"") = - 00, so that 5.(v, J) = _ 00. 

Assuming K2 > Kl and noting A.
2
,,,,(v) C A.l''''(v), obtain 

S"" o(v, J) ~5 o(v, J). On the other hand, letting 0< v' < v ._,' #Cl' 

if v < V o(K1), or V o(K 1) < v' < v otherwise, compute 
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so that 2v disjoint translates of the cube with sides 
(0, 2mZv') can be placed inside LlI<2,,,,.1(V) for all suf­
ficiently large m, and hence 2v disjoint translates of 
A (v') with mutual separations equal to or greater than ','" 
R'l'm, Since 

J a.1,m+l C J a·2 • m+1 

for sufficiently large m, the refore 

V( A (v) 2(m+llv~'2,m+1)""[V(A (v') 2mv J a'l,m))2v 
1(2 tm+ 1 " "I,m ' , 

and so 

5. (v,J) "" sup 5. (v',J)=5. (V,J). 
2 v' < vII 

Thus (ii) follows from (i). 

Finally, for K2 > K1 , d> 0, and m sufficiently large, 

and 

aA... m ( ...d+6.1( m) 
V (A (v) 2mv J '1') "" V (A ) 2mv d 2' K

2
,m , , "2 ,m V , , 

so that 

5. (v,J) "" lim sup (1/2 mv) log V(A.2,m(V),2"'V,J
aaK

l'm) 
2 m"' QQ 

and 

If K2 < K 1> then, for m large, 

so that 

lin.!_~nf (1/2 mv) logV(A.
2

• m(v), 2mv , J",a.l'm) -?! 5"2 (v, J). 

On the other hand, 

5.
2 
(v, J) 

aa 
=5 a(v,J) ""lim sup (1/2mv)logV(A" m(v~2mv,J "I,m). 

~, m"cro 2' 

Corollary 2.4: For all v> 0, v *1'o(K1 ), K1 , K2 , K3 

E(O,K), andXE1R t, 

5" (v,x)=5 (v,x)=5. a(V,X). 
'1 "2 3' 

Corollary 2.5: nf):= r.(f) , C t< v) = C t(v, K), and va 
= Vo(K) are independent of K. 

3. LIMIT ALONG GENERAL SEQUENCES 

We wish to extend the results of the previous sections, 
derived for limits taken along the standard sequences of 
cubes {A",m}: =1' to limits along a more general se­
quence of domains. 

For A E S with boundary a A, let Va( r; A) 

D. Dietz and W. Greenberg 1669 
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= iJ.{x E T"I d(x, a A) <S r}. A sequence {A j}j:l c S is said 
to tend to infinity in the sense of Fisher, A j - 00 (Fisher) 
if 6 V(Aj) - 00 and there exists an io E Z+ such that 

lim sup Va(aV(Aj)l/v; Aj)/V(A j ) = 0. 
01-0 ,;!IolQ 

Lemma 3.11: If A E S is filled with cubes of edge­
length d lying entirely within A, the volume remaining 
after maximal filling is less than Va(vl lv d; A). 

Suppose {A j} ;-1 c S, Aj - 00 (Fisher), and {nJ ;_1 c Z + 

satisfy limj~~ V(Aj)/n j = v E (0,00). Then we will say that 
{(Aj, n j)}:1 is a Fisher system tending to density l/v. In 
this case, let K, K', K" E (0, K) be such that K" > K' > K and 
K" - K' > K, for n E Z+; let m(n) = N «log2n)[v + K'(X - V)]-I), 
where N (x) is the greatest integer in x, and define nj 
=mj2mlnj)v+rj with ° <sr j< 2ml"j)v and 

mlnj)-l 

r j = L 
i=O 

For ° < v' < v, let ~ > 1 satisfy v' < ~vv' < v, and write 
Am(~Vv'), m E Z., for the cube in TV with edges (0, 2m~lv')' 
Finally, let 7 j be the number of cubes in a maximal 
filling of Aj with translates of cubes Amln')(~Vv'). 

I 

Lemma 3.2: For i sufficiently large, mj+z;~=~nl)-1 e ji 
disjoint translates of A ml"J1;vv ') may be placed inside 
A j • 

Proof: Observe 

7j 2ml"j)v 
lim...e....!---
i~~ n i 

Therefore, if limj_~}j V(Am1nj ) (~Vv'))/V(Aj)= 1, then 
limj_~ 7 ;lmj;o v/~vv', and so there exists ~ E lR, ~vv' / 
v < ~ < 1 such that 7 I > m j + (~ v/~vv' - l)m j for all large 
enough i. Hence m j + N(m j~ v/~vv' - m j) disjoint tran­
slates of Amln)~VV') may be placed inside Aj, and the 
lemma follows from obvious estimates. 

USing 3.1 for i ;0 io and 

H(a) = sup V a(a V(A j)1 lv, Aj)/V(Aj), 
i~io 

Choose W E lR, ~l, /l < W < 1, so that, for i large, 
V(Aj)l/v > wlJl~/v.v Then 1; l v' /V(A j)1 Iv < nil lv, and 

H(vllv2mlnj) ~lv,/V(Aj)l/v) <SH(vl/vn~/lv+" I~ov)]ol/v). 

But 

lim j_~ n~ I Iv+.' I~·vll·l Iv = 0. 

Theorem 3.3: Suppose {(Ai' n jH:1 is a Fisher system 
tending to density 1/11, v *vo. Let {dJ:l be a sequence 
of nonnegative real numbers, d j - 0, K E (0, K), and 
J E C /v). Then 
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Proof: From 1. 6 and 2.3, it is sufficient to show that 
there exists K" E (0, K) such that for all Vo < v' < v and 
J E Ct with .i-r- J, 

lim inf (l/n.) log V(A., n.,Jdj
) ;0 S.,,(v', J). 

i"«:> 1: 1- 1-

Suppose K, K', Kif E (0, K) as before, Lemma 3.2. By that 
lemma, for sufficiently large i, m j + Z; j=~nj)"l e Ii disjoint 
translates of AI<" ,m(n') (1;Vv') with mutual separation at 

m(n·' , "d A least 8." ' Ro may be placed InSl e j' Therefore, for 
any J E C t and i sufficiently large, 

m(n .}-l 
, -11 C 

x IT [V (A (l-Vv') 2Jv J j)] jJ 
/(" ,m(n.) b " , 

i=O • 

A / 
;em(nj) ~ 

where Ll- j= nj 8." R o' 

A short computation gives Ll- j < eLl-Ko o .' .m(n;' for e 
= 2" I~~v)rn-l and Ll- . "'Arn 2v+'(~.v'/RA2'(~·v'm("j' 

't' 1(" "'K' , /( ,3· 't'K 0 

for ° <Sj < m(n j ). Hence, for large enough i, A j < Ll-.,j> 

so thatJI1
',i c J l1 j, Similarly, it is seen that A • ./v') 

cA" I )(1;V 11') and A." ml .)(v')cA." mln.,(1;V 11 '). Writing 
Nl == i:r~ E Z. I A.,m(V');' c;6}'0' {O, 1, .. :, m'(ni ) - I}, we 
obtain 
Vj '" lV(A"",m(n.'(v'), 2m1n j'V ,JCti'''.'',mlnj))t

j 
, 

m(n()-l 

x IT 

Next J E' C t will be fixed to guarantee that each of the 
factors above will be nonzero. Choose Xo E lRt such that 
S.(11', xo) > - 00 and let J. l E C t be a rectangular solid with 

edges {(a. H , bolkH k-l containing xc' Then, for all j ? N2 , 

V(A.jv'), 2iv,J~',i ) > 0, where N2 =inf{j EZ. 1l/(AK.lp'), 
2 jv , J~{,j) > O}, and, for i large, 0 ~ N2 < m(n i ). Let 
J j c=: ( t be a rectangular solid with edges {( a j k' b j k)} ~ =1 
such that V (A.,Nl(V'), 2iV , Jjti.,j) > ° for ° ~ j < Nl> and 

V (A .«(1'), 2iv , Jti.,j ) > ° for Nl ~ j <N2 • Then define J to 
1<,) J t 

be a rectangle with sides {(a k, b k)}k=I' where 

(lk=( inf aJk)-Ll-.,o, bk=( inf bjk) + Ll-.,o' 
-1~i<N3 -1:!5.j(N3 

Since 
m(ni)-l 

lim :B 
i" oo j~O 

and 

for i large enough, 

D. Dietz and W. Greenberg 1670 
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Using this and 2.3 (iii), 

lim inf 1...- log VeAl> n l , .tl) ?S.,~v',J) + lim inf (11 
I~~ n l I~~ 

for 

men )2m
(nIW { '1 -Il I "" I sup sup - log V(A (v') 2J" J •• J) ~ n , 2Jv •• N1" , 

I O"'J< N1 

But the first term in the supremum is finite by con­
struction of J and nondependence of N1 on i, and the 
second term is equal to 

sup{ 2;Zv flOg V (A" N1 (v'), 2
N1V

, JIl •• 
N1

) I ' 

1 'log V(A (v') 2[m(nl )~11v J" •. m(n l l-1) I}. 
2(m(nll-1W , •• m(nl)~1' , , 

-
Here again the first term is finite by choice of J, and 
the second term is bounded by 2 + log v', hence 
liml~~ 1(1/1 =0. 

Lemma 3.41: If {AI} :1 c S, eac~ AI is connect~d, and 
AI - 00 (Fisher), then infl V(AI)/V(A I ) > 0, where AI is 
any minimal cube containing AI' 

Theorem 3.5: Suppose {(Ai' n l )} 7=1 is a Fisher system 
tend.!ng to density l/v, each A/ is connected, K E (0, K), 
J E C t(v), and S.(v, J) >;: 00. Then there exists a de­
creasing sequence {d l } 1=1 of strictly positive real num­
bers converging to zero, such that 

S. o(v, J) ? lim sup 1...- log V(AI' n l , ,tl). 
• i·~ nj 

Proof: For i EZ+, let P(i)= 1 + inf{m EZ+ I A •• m(v) con­
tains a translate A~ of AJ, so that A,.p(I)-1(v) is the 
minimal standard cube containing AI' Writing d l 
=Acp.21>(i)v/B~P(ilR., if AI is any minimal cube con­
taining Ai' then 

2" ~ V(A •• p(1) (v»/V(A) ~ (2V + 1)2 

for i sufficiently large, so 

2: ? V(A~~~:~V» > (2 V ~ 1)2 i~f ~i~:~ > O. 

Now pass to a subsequence {A I )j:1 such that 

lim V(AI) - (3 
J~~ V(A •• I>(ij)(v» -
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and 

lim _I_log V(AI ,n l ,.tlj) = lim sup .1..logV(AI' n l , ,tl). 
j~~nl J j I~~ n l J 

Let A;' = {q E A •• p (/l(v)/ A; I d(q, A;) > B~(/)R.} and n7
j 

=2P(IJ )v_ nl • It can be shown, as in Ref. 1, that A7- 00 

(Fisher) and it is easy to see that limj~~ V(A;)/ 
V(A . (v»=I-{3. By computing lim n" /2 P(lj)v 

•• I>('j) j~~ I j 
= 1 - {3, therefore limj_~ V(A7 )/n7 = v. Since A; and 
AT may be translated inside A: p(1 ~(v) with mutu~l 

J p(j ) • J 
separation B. JR. ?Ro' for large enough j, 

The theorem follows from 3.3. 

Corollary 3.6: Suppose {(AI' n 1HI: 1 is a Fisher system 
tending to density l/v, v"* vo' with each AI connected, 
and f is an asymptotically open t-valued observable with 
A> v. Then, if J E [t(v), 

exists, and 

s( v, x) = inf_ S(v, J) 
:rEJECt 

is given by 

Therefore, s has the continuity and concavity properties 
of Corollaries 1. 7 and 1. 10. 

The existence of the limit follows from 3.3 and 3.5 by 
removal of the contractions from Jdl as in 2.3, and from 
an argument similar to 3.5. 

We note that when t = 1 and f is the potential energy U 
of a tempered interaction, s(v, E) is the usual micro­
canonical configurational entropy per particle for a 
system at density l/v and interaction energy per 
particle E. 
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