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T _OF SYMBOLS

a internal radius of hollow grain configuration; radius of solid

grain configuration
b external radius of hollow propellant grain
c external radius of casing
L semi-length of cylinder

T radial cylindrical coordinate

T temperature
To zero thermale-stress temperature
Ts suxface temperature
temperature field, (T - To)
t time

u radial displacement

v angular displacement

W axial displacement

z axial cylindrical coordinate

Oty coefficient of thermal dilatation

Y material property, (3N + 21) aT/(h + 2u)
Kronecker delta

‘ij straln component

:] angular cylindrical coordinate

k thermal diffusivity

A Lame constant



B viscosity of material
%3 stress component

¢ potential of thermoelastic displacement defined by Eq. (6)

Subscripts

i,§,k summation indices, 1, 2, 3
Cc casing

P propellant



The thermal stresses in an infinite cylinder are readily
obtained on the assumption of plane strain which is nonrestrictive
only for very long cylinders. For a short cylinder, however, where
the length is of the same order of magnitude as the diameter, the
thermal stresses are influenced by the cylinder end conditions; and,
the plane strain solution is no longer a good approximation unless
the special boundary condition, dictated by the plame strain con-
ditions, is maintained at the ends of the cylinder.

An analysis of the unsteady thermcelastic stress problem, for
a short circular cylinder with a concentric hole, is of practical
importence since it has direct application to the stress analysis of
solid-propellant grain configurations. In reference 1 the pressure,
temperature cycling and vertical storage problems, in elastic or
viscoelastic finite cylinders, have been treated for a time-dependent
temperature distribution throughout the cylinder.

This thesis deals with the determination of the unsteady
thermal stresses in a finite length, hollow, circular cylinder with
an axially symmetrical temperature field. The equations of equili-
brium are reduced to a single governing differential equatiom which
is solved by the method of separation of variables, yielding the
thermal stresses in terms of the prescribed temperature distributionm.

The exact solution for the temperature distribution for the finite,



hollow, circular cylinder, however, is not known. Therefore, the
method of solution employed for the determination of the thermal
stresses is illustrated for the case of the finite, solid cylinder

for which the unsteady temperature distribution is knawnz.



II. THE UNSTEADY THERMOXLASTIC PROBLEM

For an elastic solid with a nonsteady temperature field A‘I(xr,t) s

the stresses, %342 and the strains, € iy produced, are connected by

the thermoelastic stress-strain relations3

op5 = A By €k * 2 €5 " €3N + 21) Byy Op AT 1,5 = 1,2,3

(1)
where A, . are the Lame constants, Cop is the coefficient of thermnl

dilatation, and 5, i is Kronecker's delta, In terms of the cylindrical

coordinates (r, 6, z), the strain~displacement relations are>
Qu v,k ? 0.4
Cer "o’ o0 T T T T 06 €2z " 32

1 : 1
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where u, v, and w represent the componente of the displacement

vector in the r, 6, and z directions, respectively. With axial
o)

symmetry prevailing, i.e, ™ 0 and v = 0, the thermoelastic

streag~strain relations, for the circular cylinder, reduce to



-9.

O =M (%§+§+%§)*mg—~(3x+m)%m‘
Ggp = M (%‘i+§+%"§)+m %o (4 2) o AT
o, =M (%‘3+§‘-+§1)+ %3-(37\-»2“)%& 3)

(¢}

oru{x+2u)ur+7\.(wz+%)-(3A+2p}c¢£m' (3.1)
osa-(k+2u)%+x(ur+wz)~(37\+2u) o AT (3.2)
0,5 = O +2u)wz+h(ur+§')-(3h+2u)ar£x‘r (3.3)

%z = Y2r * “(“z + wr) (3.4)

where the subscripts on the disgplacements indicate partial differentie
ation. Assuming that there are no body-forces within the cylinder and

that axial symmetry prevails, the equations of aquilibrium3 »

da. dg da o
xx 1 _x6 xe Xxr g_e_ -
or * Y o8 + oz + +R=0
do a0 oo o
Bc do do o

Xyl B8, B, H,9.0
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where the body-force components in the r, 8, and & directions are

denoted by R, ® , and 2, respectively, reduce to

do. da g -0

azr + a:z 4+ XL ee . 0 (4.1)
de, da c.
-—-—aﬁz + "ﬁaz -+ -fﬁ =0 (4.2)

By means of the thermoelastic stress-strain relations, i.e., Eqs. (3.1)

through (3.4), Egs. (4.1) and {(4.2) become, respectively,

u
. -
(h+2u)(urr+r r2)+(>.+u)wzr+puzz

m ATr =0 (5.1)

u W,
O+ 2) G+ b ) (o, + 78 +u i +75) -

where me= (3N + 2u) Oip

Now defining a "potential of thermoelastic displacement™, ¢, as
u=9o , weo, (6)
where the subscripts on ° imply partial differentiation as before, then

Eqs. (5.1) and (5.2) become, respectively,

O O ,
O+ 2u) @rrt"'_;”:i*@zzr) -m AT =0 (7.1)
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and Zar |
O+ 2u) @, +0, +T")=-m AT =0 (7.2)

Integrating Bq. (7.1) with respect to r gives

‘ &
O+ 2u) (¢n+§+@u)-m AT = £(z) , (8.1)

and integrating Eq. (7.2) with respect to z gives
o
O+ 2u) (@n + =+ cbzz) -m AT = g{r) (8.2)

so that from Eqs. (8.1) and (8.2)

£f(z) = g(xr) =0 9
and
V% ey ar (10)
wh 2 ~ 2
ere v 2 ,-ﬁ.—.‘.-].:. QL-.;..-Q...
arz r or az2
and

m G\ + 2u)
My 2 L+ 2u)

= Oy
The thermoelastic stressestrain relatioms, i.e., Eqs. (3), may be

vritten in terms of the displacement potential &, defined by Egqs.

(6), as



-llzw

2
crr"?sV <b+2uer-(3)\+2u)aT AT

2 Ty .
"ee""‘v ¢+r Qz: On + 2u) aTAT

a“-xvzw-c-zn@zz-(sx-l-zu)am AT (1)

o, =g _=2ud

Tz zr Tz

6:8'“91-'”93'“&9'0

which, by means of Eq. (10) reduce, for the case of an unsteady

temperature distribution, to

Opp = 2 @ =y AD (12.1)
S |
Ogg 2 (-; @t - y AT) (12.2)
Oy ™ 2u (@zz - y AT) (12.3)
%z = %er 2 (b'rz (12.4)
and
= 0 (12.5)

%0 * %%r * %z ™ %6
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IIXI. SOLUTION OF THE GOVERNING IRENTI UATION
The solution to the governing differemtial equation
2
V53¢ = yAT (10)

where 2 §_2_

is composed of two parts: (1) a general solutionm, (bh, i.e. the
solution to Laplace's equation,vz oy = 0; and (2), a particular
solution, @p, i.e. a solution of Poisson's equationvz @p = yAT.
Assuming the general solution o, to be of the form
o, = R(r) Z(z) €13.1)
then Laplace's equation V 2 @h = 0, in cylindrical coordinates with

axial symmetry, becomes, by means of Eq. (13.1),

v? 6 = R"(r) Z(z) + % R'(x) Z(z) + R(x) Z"(z) = 0 (13.2)

vhere the prime denotes differentiation with respect to the argument.

By separating the variables in Eq. (13.2) there follows
L opn s oy B, g2
x(k +rn)-— z:,'B (13.3)

where 52 is the separation constant.
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Equation (13.3) implies the two ordinary differential equations

r2 R"+ r R' - 52 rz R=0 {13.4)

2" + g%z = 0 13.5)

The sign of the separation constant was chosen in such a way that
trigometric functions, rather than exponential functions, will be
introduced in the z-direction for reasons that will be apparent later.

Equation (13.4) is the modified Bessel's equation with the
solution

R(r) = A I (pr) + B K (pr) (13.6)

and Eq. (13.5) has the solution

2(z) = C sin (Bz) + D cos (Bz) (13.7)

so that the general solutiomn, y,» given by Eq. (13.1), may be written

as
o, = % [ A I (B,F) +B K (5 nr)] [cn sin (8 2) + D_ cos (pnz)]
(13.8)

where A_, B, cn, and Dn are “"constants" of integration that may be
functions of time, and the B, are the characteristic eigen values
for this boundary-value problem.

A perticular solution of Eq. (10) may be written as3

- . X AL ‘
%) = - ./;: rx,0 Yo (14)
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where @p(P) is the displacement potential at a point P in the cylinder,
AT(Q) is the difference between the temperature at some point Q in
the cylinder and the temperature for zero~stress conditions; r(P,Q)
is the distance between points P and Q, and dVb is a differential
volume containing the point Q. The volume integral, Eq. (14), is
usually quite difficult to handle, so another method of obtaining the
particular solution, @p, will be used,

The temperature distribution, AT, satisfies the Fourier heat

conduction equation
kv? @n =& an (15

Considering the functions ¢ and AT, in Eq. (10), as functions of

both the space and time, i.e.
¢ = o(r, z, t) (16)

and AT = AT(x, z, t) (a7

then, the differentiation of Eq. (10), with respect to the time (t),

gives

vi(®). & (18)

which becomes, by means of Eq. {15),

v2 (L) ayrv?en (19)

oY
Vz(g%-yk AT) = O (20)



A particular solution of Eq. (20) may be obtained by setting

g—;--yk AT (21)

so that, upon integrating with respect to time,

t

o{r,z,t) = ykf AT(x,z,v) dr + ¥(xr,z) (22)
t
1

where tl is some vreference time and ¥ is, as yet, an undetermined
function of the space coordinates. The subetitution of Eq. (22)

into Eq. (10) yields
vk V2 f
t

which, by means of the Pourier heat conduction equation, reduces to

t
AT(x,z,1) dv +V2‘4f (r,z) = y AT(r,z,t) (23)

1

\72 ¥ (r,z) = y A'l‘(r,z,tl) (24)

At the time of the cast, say t = 0, the thermal stresses are
zero; therefore, if t, is chosen as zerc one concludes that = O

and

) t
0 (x,5,t) = ¥ L AT(r,z,7) dr . (25)

Since linear stress-strain relations are used in this analysis, the
problem is essentially linear, and the general solution to Bq. (10)
can be written as the sum of the general solution, Oy, and the

particular solutionm, @p, i.eo



wlFw
t
o{r,z,t) = ykj; AT{r,z,7) dv + Z[An I, (ﬁnr) +B K, (Bnt)]
n

[“n sin (B_z) + D_ cos (snz)] (26)



IV. SOLUTION OF THE STRESS PROB.
SUPPORTED HOLLOW GRAIN

Consider a finite length, hollow, circular cylinder, (-~ L < z< L,
a < r < b) as shown in Figure 1, éncaaed by an elastic shell at v = b,
and simply supported with end plates that constrain the ends (z = L,
z = -~ L) from experiencing a radial displacement., The following

boundary conditions will then apply:

at r = a, Ty (a,z,t) = 0 27)
P
at r = b, up (b,z,t) = us (b,2,t) (28)
Vp (b,z,t) = ve {b,z,t) (29)
at r = ¢, Oy (c,z,t) = 0 (30)
C
and at the ends, up (r,L,t) = u, (xr, <L, t) = 0 (31)
ug (r,L,t) = uq (r, -L, t) = 0 (32)

where the subscript "F refers to the propellant and "C" to the casing.

Furthermore, the net force in the axial direction must be zero, or

f};ﬁ.d’é'-o . (33)
g
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Considering a vector pointing outward from the surface § as positive,
then the boundary condition, Eq. (33), using Eqs. (27) and (30), may

be written as

(4

2n fa r[uzz(r,L,t) - au(r,-t.,t:)] dr = 0 (34)

Since, from Eq. (26),

t
u(r,z,t) = @r(r,z,t) = yk j(; %{ [A'r (r,z,'r)] dr

+ B [All (gr) - B I(l (Br)] [c sin (pz) + D cos (Bz)]
(35.1)
t

wir,z,t) = o, (r,z,t) = yk fo %; ;M(t,z,r)] dr

+ p[A I, () + B r.o (ar)] [c cos (Bz) = D sin (pz)]
(35.2)

t
2
@n(r,z,t) = yk fo é%? [A’i‘(t,z,'r)] dr

+ 52 [A 1, (pr) - B K (ﬁr)] [c cos (Bz) - D sin (az)]
N (35.3)
2
@zz(r,z,c) = yk o -i—i [AT(r,z,-r)] dr
- 32 [A I (px) + B Ko (Br)] [c sin (pz) + D cos (az)]

(35.4)
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and

t <2
& __ (r,z,t) = yk - AT(r,z,7)| dr
. (52, f(,arf‘[ s2m)]

+ 5{ p[ AI (pr) +BK, (Br)] - -3‘-; [ AL (pr) - B K (ﬁt)]}
[C sin (Bz) + D cos (ﬂz)] | (35.5)

then, the boundary condition
up (r,L,t) = up {r, »L, t) = O (28)

gives, from Eq. {35.1)
t
Yp kp f %‘;[ATP (r,!..,'r)] dr + 8 [AP 11 (pr) - Bp Ky (Br)]
0

[cp sin (81D + D, cos L] =0 (36.1)

and
Yp kp f: %’{-’[Mr (x, -L, 1')] dy + B[AP 11 (pr) » By Ky (ar)]

[~— cr sin (BL) + Dr cos (a’&)] 0 , (36.2)
Too, the boundary condition

ug (r,L,t) = U (x, L, t) = 0
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glves t
Ye ¥

1l

[ 215,00 | ar + 8 [ 1600 - 3 K (o) ]

~—

ce sin (BL) + Dc cos (ﬂL)] = 0 (37.1)

and t
e [ B b s [ig 1w -5 00]
[~ Ce sin (§L) + D, cos (31.)] -0 (37.2)

The condition that the net force in the axial direction must be zero

gives, from Eqs. (12.3), (34) and (35.4)

b t 2
Hp j;{ T Yy kp j; g;—z- [Mp(r,z,v*)]a.L dr -

t
I O f Q?-z' [ATP(:',:,?}] -Ld-r -2 szr [A? Ic(ﬂr) +

Oaz [ ]

B, r;o(a:)] Cp sin (BL) - x ﬁ[MP(r,L,t) - ATP(r,-L,t)]}dr +

c t
ke fb { r Yo ke j; g;-i- [ATc(r,z,t)]zuL dy «
t
¥ Yo kc L g-z—z- [A’Ictr,z,v) ] - dy ~

2 321: [Ac Io(ﬂr) + Be io(ﬂr)] cc sin (L) -

T Yo [&Tc(r,l.,t) - ATc(r,oL,t:)] } dr = O {38)
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Now, if the temperature distribution throughout the propellant and the

casing is of the form

AT (r,z,t) = A+ ) £(t) g(xr) cos (8,2) (39)

n=l

where the Bn are roots of the equation cos (L) = 0, i.e.

p=B, = ‘ggillffor nel, 2, ..., and A is a constant, then

AT(x,L,t) = AT (r,~L,t) = A = constant {40)
2 [ar 1,00 & [ar n,00] =0 (41)
=2 a?
= | AT (r,z,t) - AT (r,z,v) =0 (42)
Bzz [ i ]suL azz [ e ]g-oL

If the temperature distribution throughout the propellant and casing

is of the form

AT (r,z,t) = B + Zl £ (t) g,(x) sin (p z) 43)
ne

where the B, are roots of the equation sin {BL) = 0, i.e.

B =B n*%% forn=1, 2, ... , and B is a constant, then

AT (r,L,t) = AT (r,-L,t) = B = constant {44)

%—; [AT (:,L,t)] - g—; [A'r fr:whﬂ)] = 0 (45)
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and

-g—-z—i [AT (r,z,r)] L - i‘} [AT (r'z’f)]z--l. =0,

(46)
Now, by means of Eqs. (40) through (42), Eqs. (36.1) through (38),

respectively, reduce to

8 [AP 11 (pr) ~ BP K (5:*)] [CP sin (L) + DP cos (pL)] = 0
(47.1)

B [Al’ II (pr) - BP K1 (Br) [ C ain (L) + D, cos (51.)]

]
(47.2)
]

8 [Ac I, () - By K (Br) [c sin (pL) + D, cos (31.)]
(47.3)

B [Ac 11 (gr) =~ Bc K1 (Br)][ C sin (pL) + D cos (ﬁl.)] = 0
(47.4)

and

32 sin (al.){up Cp fb [Ay r I (pr) + B, tKo (sr)] dr
a

c
+ ke cc f [Ac T Io (pr) + Bc T K (ar)] dr}- 4]
b (47.5)
Equations (44) through (46) yield the same set of equations, Egs.
(47.1) through (47.5), from Eqs. (36.1) through (38).
For a temperature distribution of the form given by Eq. (39),

Eq. (47.5) yilelds

C,=C, =0 (48)
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and Eqs. (47.1) through (47.4) are automatically satisfied since

(2n-1)x

cos (BL) = 0 or gr-gn- o

, fornmw= 1, 2, ..,
(49)

For a temperature distribution of the form given by Eq. (43), Eq.

(47.5) is automatically satisfied since

sin (L) = 0 or a-Bn-'%ﬂ, forn=1, 2, ... (50)

and Bqs. (47.1) through (47.4) yield

D, = DC = 0 (51)

Thus, two cases arise which will be considered individually:
Case 1I: AT (r,z,t) is as givem by Eq. (39) ,

and Case I1: AT (r,z,t) is as given by Eq. (43) .
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A. The Case of an "Even' Temperature Distribution
in the Propellant and the Casing

The 'potentisl of thermoelastic displacement" ¢ (r,z,t) is,
from Eqe, (26), (48), and (49)

z [‘n IO (anr) +

t
o (r,z,t) = yk f AT (x,z,v) dr +
0 n=1

bn Ko (anr)] cos {ﬁnz) (52)

where AT (r,z,t) is given by Eq. (39), By ™ ‘g-%:-u-’l , forn=1,2,..,
and a and bn are constants to be evaluated from the boundary

conditions,

Then, from Eq. (52),

P

t
u (r,z,t) = L (r,z,t) = ykj‘; [A'l‘ (t,z,-r)] dr

+ 2 s [e 1, 0 -1 K (B0)] con (50>
nel (53.1)

t

w (r,z,t) = o, (r,z,t) = ykj; %-Z- [AT (r,z,'r)] dr

- n§1 By [an I, (B¥) +b K (pnr)] sin (p_2)
(53.2)
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o, (r,2,t) = vk fot %[w (r,2,m | dr

oL

2 |
- 3k [a, 1, 8,0 - b, &, (8,0 ] 510 (B2
(53.3)

t .2
L (r,z,t) = yk { a-i' [A'I,' (r,z,-r)] dr

3z

2
. n§1 B [an I (B +b, K (anr)] cos (p_z)
(53.4)

and

t .2
(Drt (r,z,£) = vk j(; i—;[ﬁ’r (r,z,v)] dr

[

+ z B!l {Bn [‘n I0 (ﬁnr) + bn KO (Bnr)] -

n=l

L [an 1, (31 - b K (3nr)]} cos (p_2) (53.5)

and the boundary conditions (27), (30), (28) and (29), respectively,

give
t 2
Yp kP j[; ‘é—-araz [ATP (r,z,‘r)] r"dr -
0
T 8 (e 1 (e - by Ky (8,8 ] sin (8,2)
n=l

(54)
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t
Ye kc j; 5%;;[;&1%(1‘,2,1‘] dy =

)
r=e

2 .
26 o 1 0.0 -5, % 60] otn 0,0 .
t
Yo ko fo %; [ATc (r,z,r}] rahd? -
t
Yp kp j(; %? [ATP (r,a,v)] r'-bd? -
P Bn[anl, SECURENE R
s Ty B0+ 5, K (8.5)] cos (5_2) (56)
and t
e kc j(; %; [ATC(r,z,‘r)]r‘b dy -
e
Y k o AT (x,z,v) dr =
PP fo 5:[ P z”]r_b T

ngl an[a::lc 1, (Byb) + bnc K, (B2 -

8, To (800 - B, B, (3,0)] otn (5,2) s7)
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wvhere

ﬁn.iz‘z‘i._._ll!‘.' forn=1,2, ... . (49)

Now, according to the theory of Fourier series, for a half-range

sine expansion, one obtains from Bqs. (54), (55) and (57), respectively

an [an;'l. (Bna) - bn xl (Bna)] =

Y Y L S

(58)
gnz [anc Il (Bnc) - bnc l‘l. (Bnc)] =

L t 2
% j; sin (an) Yo kC j;’ g%g; [A‘Ic(r,z,flacdr dz
(59)

and

e [anc T (B) + by Ky BB - 8, 1, G -, K, (8] -

L
% fo sin (ﬁnz){vc ke j: %z' [A'!c(b,z:'f)] dr -

Yp Ky fot %z- [A'Ir (b,z,v)] d'r} dz (60)

Too, according to the theory of Fourier series, for a half-range

cosine expansion, one obtains from Eq. (56)
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ﬂn [8n;1 (gnb) - an Kl (Bnb) " ancll mnb) + bncxl (Bnb)] =

L t
cos (ﬂnz){yc kc fO %; [zﬂ‘c (r,z,r)] dr =

r=b

J

0

i L

t
vp kp fo g—; [&p (r,z,r)]r.b df} dz . (61)

The simultaneous sdlution of Eqs. (58) through (61), for the four

“constants” a_ , b , a and b, yields
by I e



k L

2y, K, (B 8) t 2
anp - -;;-g—;g . M j; sin (pnz) j;) ﬁg[ATc(r,z,r)]wgv dg -

.3.114".! Ky ) f sin (p_2) f -ﬁfl-[m (r,z,v)] dr dz +

Ba 2y [Bc,ﬂa.] 0 0 r=a

21:::)&) U : :: = {ve ¥ f cos (8_2) f [A’L’c(t,z,y)]m:., 0 -
]

L t
Yp kp j{; cos (B 2) j; %;[Ary(r,z,f)] dr dz} -

r=b

L t
zx'l(B a) M {"c ke j; sin (B 2) ‘[0 %; [Mc(b,z,v)] dr dg -

(L./b) [3 c,ﬂ ]

L t
Yp kp f;) sin (B 2) j; g‘; [AT?(b,z,-r)] dr dz},

(62)
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L t
2y, k 1,(p _a) 2
bn -3 L2 k- fsin (tznz) f 'B%‘EE[MG(:’Z’T)] dr dz -
P oglL v [Bnc, pa] ‘o 0 r=c

L t
2?2--—?-33- -3-3’-(&’:3-—]- jc;am (ana) j(; é%g;[éﬂl,(r,z,‘r)] dr dz +

re=a

21.(ga) U [B b,B c] L £
"""""""""':w; WLUZ[H:%B“ a]{‘lc ke fo cos v(tina) fo %;[ATc(r,a,v)]r‘gr dz~

L t
Yp kx, fo cos (ﬂnz) j; g—r- [AT(z,c,-r)] dr dz} -

r=b

211 (B na) Ul [anc L ab]

L t
(L/b) Ul[ﬁn‘z:ﬁna] {\‘c ke ];) sin (B _z) fo %;[Mc(b,z,f)] dr dz -

L t
Yp k? ‘f; gin (ﬁnz) j;) %; [M?(b,z,f)] dr dz} s

(63)



32«

a “2’\’6-1‘6 M j;sin (an) f -a—-[AT (r,z,'r)] dy dz -

r=c

2vp kp Ky (B0)
‘322: : 5 o a] f sin (B 2) f [A‘I‘?(r,z,f)]md, dz +

Zgl(ﬁnﬁ) [B b,p a {'\fc ' f cos (8_2) f g—-[AT (r,Z,?)] dr dz -

@®  Uy[s.e,8.a] r=b

L t
Yp kp ‘[0 cos (an) fO %{; [AT?(r,z,v)] dr dz}—

rub

m M{y‘: C f sin (B z) f g—[ c(b,z,g)]dr dz -

(L/b) [B e, By a

L t
¥p kp fo sin (3nz) f() %; [A'J.‘P(b,z,r)] dr dz}
(64)
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and
2y, k I.(B a) ‘
- O [ [ ]

2y, ky  1,(B_c) L )
4 —t o gin (B_z) -%—a-' AT (x,z,1) dr dz +
’nz Ly Bnc,ﬁna] j(; o ,/(;23 "[ P ]r-a

21, (Byc) [Bnb,Bna ‘
e sl [hlngenn] g

L t
¥p kp j;) cos (an) fo g-r-f [A‘I‘P(r,z,f)] dr dz} -

r=hb

211(3 c) M‘]’ {Yc kg ,I; sin (B,%) f [Axc(b,z,'r)] dr dz -

o) U [6c,8]

L t
Yp Kp fo sin (p %) fo %; [Mp(b,z,?)] dr dz}
(65)
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where
Uo [Bnrl’ﬁan] - Io(pnrl) K".l(ﬂnrz) + zxfﬁn‘z) Kb(pnrl) (66)

and
Uy [ BryBamy = 1 Grp) Ky Gry) - 1,(or) K Grp)- (67)

The thermal stresses in the propellant and the casing are then
given by Eqs. (12.1) through (12.5) with AT(r,z,t) defined by

Eq. (39); the respective partial degivatives of the displacement
potential, &(r,z,t), given by Eqs. (53.1) through (53.5); and the

constants &_ , b , a , and b given, respectively, by Eqs. (62)
i B

through (65).
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B. "0dd" Temperature Distribution

The "potential of thermoelastic displacement” ¢{r,z,t) is, from

Eqs. (26), (50) and (51)
t

o(r,z,t) = yk f AT(x,E,1) dr +

. 0
:2-:1 e, 1,08,0) + 4 K (8.0)] stn (3 .0) (68)
where AT(r,z,t) is given by Eq. (43), Bn - -%’-‘: ynwl, 2, .., ,
and <y and dn are constants to be evaluated from the boundary
conditions.,

Now, from Bq. (68)

t
ulr,z,t) = @r(r,z,t) = vk fg %; [AT(!‘,Z,‘I’)] dr +

2 4 [nnep -gnen]men o
t
wir,z,t) = *bz(r,z,t) = yk fo %-1_: [Ar(r,z,'f}] dr +

Zl B, [cn 1, (B,xr) +d K (5,,1')] cos (B 2},  (70)
N



w3he

£
@rz(r,z,t) = yk fo %%':5; [AT(r,z,*v)] dv +

S g2 [en 1,080 - ¢, KB D] o8 B (D)

n=l

t

-53- [M(r,z,‘r)] dr -

QZz(r:zpt) = Yk 0 822

00

> 82 [cn I8 1) +d_ xo(pnr)] sin (B2) , (72)

nsl

and

t

i [A‘L‘(:,z,v)] dr +

¢__(r,z,t) = yk
b+ ki 05‘,2

f By {sn [cﬂ 1(ax) +d Ko(ﬁnr)] -

n=]

1 [cn Il(pnr) -d Klfsnr)]} sin (B nz) (73)

r

The boundary conditions (27), (30), (28) and (29), respectively,

becone
e
“Ypkp f o oxE [ATp‘r””>]r_ad"' -

Znt [ - g o] s 0, aw
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t
2
- v kg fo 2 [arge,2,m) o

[~ ]

s [°“c L) - &y Fy(80)] con (2

(75)

r=b

t t
i [ S[smeean] ar-vip [ Elamean] e

n§1ﬁ n [cnyll(gnb) - ngKICpnb) - cncll(ﬂ ﬂb) + dnc Kl(ﬂnb)] sin (Bna) ’
(76)

and

t t
Yo k¢ fo %i[mc(b’”"')] dr - Yp kyp j; %E[Mr(b’”")] dr =

z 8, [cnylo(snb) + i, KRB - e, T80 - dncxo(pnb)] cos (B_2)
an
where
ﬂn'}"::'g_f, fornmw1, 2, ... {50)

Kkcording to the theory of Fourier series for a cosine expansion in

z, with «L <z < L, one obtains from Eqs. (74), (75) and (77),

respectively

fa o0, 11000 - 4, K5 0)] =

, " "2
-3 f«l. cos (B z) vp ky j;’ 52_8; [Mr(fﬁﬁ)]r_ad"dz ’
{78)
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B2 [%elﬁﬂrf’ - ducxlwnc)]-

L t
- % LLCO‘ (ﬁnz) Yo kc f(; é‘?:;? [Mc(r,z,'r)]mdv dz ,(79)

and

By [cny 10{3nb) + an Ke(ﬂnb) - c“c Io(pnb) - an Ko(gnb}]-

L t
% ‘[-L cos (ﬁnz) {yc kc j; %E [A’fc(b,z,-r}] dy =
t
Yp kp j; %5 [&TP(b,z,'r)] dv}dz . {80)

Now, according to the theory of Fourier series for a sine expansion

in 2z, with L <z <1, one obtains from Eq. (76)

Bn [cnP I’I(ﬂnb) ¢ dnp lenb) - cnc II(Bnb) + duc Kl(pnb)]'

L

. |
.13.:-... j‘:x‘ sin (B z) {Yt ko j(; %;[Atc(r,z,r)]”'bdq' -

Yp kp fot %; [&Trtr,z,r)]r-b d*r} dz‘ . (81)

The simultaneous solution of Bqs. (78) through (81) for the four

“constants” c_ , d s ¢, and 4, yields

C C
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L t
2
cos(ﬁnz) j;) -5%-5; [A‘IP(r,z,v)] dr dz -

=g

hk KEe [

"o gL U [pe,8,08] Tn

c

L t
2
coa(an) fO g%: [ATc(r,z,v)] dr dz +

e

Yo K

C Kl. (Bna)
82 L

Y [Bnc’ Bna] -L

L t
xt:j:a) Y% [9n°’ Bgfl {"’c ko f‘ L sin{p z) fo g—; [ATC(;', s,'r)] r-g? dg -
) Bl[anc’ Bna]

L t
Yp kp [ L sin (ﬂnz) ‘[0 %; [ATP(r,z,v)] rubdr dz} +
L t

xl(ﬂna') Ul[snc’ Bnb]

o et L, o [ E o] e e

L t
Yp kp [.L cos(anz) ‘[O g; [Mr(b,z,'r)] dr dz} ,

(82)



L t
Yp k? Iliﬁnc) 2
d = cos(s z) AT (r z,7)| dr dz -
np an L v, BnC:Bna] f,x, f Br\z[ ’ ],_.mal

L t

Yo k 1.(p a) 2
3:2 f‘ U, [:n(f&na] ‘/:'L cos(p_2) j(; é%.g; [ATc(r,z,f)]m dy dz +

L,(ga) U [B c,p b] {c ke f st (8.2) f %‘[‘-‘ﬁc‘””"")] dr dz -

(L/b) [ﬁ c,B a] -

L t
Yrkp f«l. un(ﬂnz) j;) S‘E‘ [A’IP(:,z,f)] dvdz}+

r=b

(8,8) U, |B.c,B, b L
ih/b) II::B c,p a]l {Yc ke f cos(p_%) f ™ [AT (b, z,f)] dr dz -

L t
vp kp L L cos32) j; & [arym,5m]aras ),

(83)



L t

b 4 kl K, (B,c) 2
c = e cos(p_2) -ﬂ*— AT (x,2,7) dy dz -
Re anz L Ul[Bnc’Bna] f <L n f 0 a,,az[ pirs%, ]r'n

Yo k K, (B a) L £ 2
O s [ o]

L
w E?.Ml {Ye kc ‘/:-L sin(an) j: %; [A'rc(r,z,?)] dr dz -

L) U [ﬁnc, Bna] r=b

L t
Yp kP ‘/;L sin (an) ];) g; [ATP(r,z,v)] dr dz} +

r=b

K (e U [pa8b
(L/b) U, [9 nCsB 3

L t
] {“c ke j; L cos(p 2) fo %; [A'fc(b,z,f)]dv dz -

L t
Yp kP f’L cos(ﬂna) ];) %5 [Mr(b,s,v)] dr dz }
(84)
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and
L
Yp kp  1;(B0) 2
PP 1 n .
d = - - cos{p_z) AT (x,z,v)| dr dz -
" gl v [snc,ana]f o J, sise [angtesn)

~1L 0 rm=g

L t

¥ (8,2) B2
ka - [gnc’ﬁ a] f cos(p_z) f Braz[ c(r,s,r)]r.cdy dz +

0y "‘L“"u" o fre % f sin(a ) f & [argm,nm] ar e -

{L/b) a oS8, a r=b

Yp kP f: sin (an) fot %; [ATP(r,z,*r)] de dz}+

=bh

L

- (B )y u Pa a»ﬁ b
tL/b: 1%3 c,8, ] {Yc ke f cos(p,2) f a"[‘S': (t”z"")]‘if a -

L t
Yp Ky f cos(p_2) f %; [Mp(b,z,r)] dr dz }
-L 0 (5)
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where the functions U_ [3 o n"z] and U [%‘1’ ﬁn"z] are defined by
Eqs. {66) and (67), respectively.

The thermal stresses in the propellant anﬁ_the casing are then
given by Eqs. (12.1) through (12.5), with AT(r,z,t) defined by Eq.
(43); the respective partial derivatives of the displacement potential
®(x,z,t) are given by Bqs. (69) through (73); and the constants

c » € » and d_ are obtained, respectively, by Eqs. (82)

’dn
Bp Bp T
through (85).



llym

V. THE FINITE SOLID CIRCULAR CYLINDER

Consider the solid circular cylinder (+L <z <L, 0 <r <a)
as shown in Figure 2. A solution to the governing differential

equation, vio = y AT, is, from Eq. (26),

t
o(r,z,t) = yk Jf OT(x,z,r) dr + [A Io (Br) + B Ko (ﬁr)]
0

[C sin (Bz) + D cos (Bz)] {26a)

However, the displacement potential, &, is finite at r = O, thus the

constant of integration B must be equal to zero, i.e.

B=0 , (86)

and Eq. (26a) becomes

®(r,z,t) = yk ./.t AT(r,z,r) dr + Iotpt) [E sin {(Bz) + F cos (ss)]
° (87)
where E and F are constants. The boundary condition at the ends of
the cylinder is
u{r,L,t) = u(r,~L,t) = 0 , (31)
and the condition that the net force in the axial direction is zero,
requires

a

2 fg £ [0y, r,0,e) - 05,100 ] dx = 0
(34)

From Egs. (87) and (12,3) it is found that
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t
u(xr,L,t) = <I>r(r,L,t) = yk f g—; [A‘I‘ (r,L,‘r)] dr
0
+8 I (Br) [E sin (BL) + F cos (aL)] =0 (88)

u(r,~L,t) = @r(r,-L,t) = yk fot %; [A’l‘ (r,-—L,f)] dr

+p 1 (gx) [-E sin (BL) + F cos (m,)] =0 (89)

and
foa r {yk j: %‘%5 [ﬂ(r,z,v)] dr - yk f; ?2—5 [AT{r,z,v)] dr

o z=], zmw],

~ 2E 32 sin (L) IQ (Br) ~ v [A'I.'(r,i.,t) - A'r(r,-l.,t)]}dr = 0
(90)

Now, for a finite solid circular cylinder (»L <z <L, 0 <r <a),

with zero initial temperature, the non-steady-state temperature

distribution is given, for a constant surface temperature Ts » by2

AT(r,z,t) = T = T, =Tg -

s
8T, . = 1" 3 (ra)

s o ‘YO (20+1)nz
na n§o 51 (2o + 1) o J,(ac) °°’[ 2L ]

2 2 2,.2
- kt + (2n + 1)° =" /4%
e [au ] (91)

where T is the temperature in the cylinder at a point (r,2z) at time t;
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'1‘0 is the zero thermal stress temperature of the cylinder; Ts is
the surface temperature of the cylinder, and the a  are the roots
of the equation Jo(aa) =0,

Equation (91) may be written as

4, 2 2 (- "I (xa) - kt(o 2+8,2)
AT(r,z,t) = Tg + ;—L-g- > Y o " cos (anz) e % o
n=l m=l By % Jl(‘%)
(92)
where an--{&;‘im,fornul, 2, ...
Thus, from Eq. (92)
AT(r,L,t) = AT(r,-L,t) = Tg = constant (93)
and 2 2
O |at(r,z,0)| = 2= |are, 2,0 -0 (94)

Equations (88), (89) and (90) now become, by means of Eqs. (93) and
(94),
B Il(ﬂr) [n sin (BL) + F cos (BL)] =0 (95)

B 1,(pr) [- E sin (BL) + F cos (ax.)] -0  (96)

and

2 a
E B° sin (BL) f r Io (Br) dr = 0 ., (97)
0

The temperature distribution, given by Eq. (92), is of Case I of the

form
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AT (r,z,t) = A+ if(t} g(x) cos (5nz) (39)
nw

where
cos (pL) = 0 or p=p ={EELEL gorna1, 2, ...
(49)
and Eqs, (95) through (97) are satiesfied, whem

E=0 . {98)

The "potential of thermoelastic displacement" &(r,%,t) then becomes,

from Eqs. (87), (49) and (98)

t o0
d{r,z,t) = 'ka AT(r,z,7) dr + Zl a Io (5nt) cos (anz)
0 n=

(99)

where AT(r,z,t) is given by Eq. (92), a is a constent to be determined

from the remaining boundary conditions, and 8 1is given by Eq. (49).
The boundary condition that arz(a,z,t) = 0, which is the only

additional boundary condition other than the end conditions for the

particular problem under consideration here, requires that

t 82 oo 2
Yk f . [M(x,z,r)] dy = Z g.° I, (g a) a sin (B _z)
0 Sroz r=a =l B 1 *n n n
(100)
so that, according to the theory of Fourier series for a half-range

sine expansion, one obtains
L

sin {5nz) vk j: g%;; [Al‘(t,z,-r)] dr dz

r=a

2 2
Bn xl (sna) e fo
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or
L

a = vk f sin (an) ft g%ffz- [bT(x,z,7)] dr dz
0

BoLI (B8 7o rea

(101)
Now, since from Eq. (92)

2 2
5%;[&'!(:’,2,1)]:"-‘;{*- n-zn:l mgl(.nn sin (3“1:) e mom
(102)
then
fl's.( )ft—-b-z-»[m( )]dd
0 sin Buz o Sroz X%, T r-a1 ]

"Ei'i fo sin (p,z) fo DIED N Y b sin(p z) e B R Grdz

n=1l mml
(103)
And since
By ™ i&%i&l& , foran=1, 2, ... (49)

then the right hand side of Eq. (103), upon integration with respect

to r, becomes

4Tg n-1)xe 1"1)“"1 e %
T s8in 21 3 3
0 n=l m=l o, +8.7)
sin [-@-‘2‘%’-‘1&] dz . (104)
Letting
- KX
X =37 (105)

then Eq. (101) becomes, by means of (104) and (105),
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l6 vy 7T

8
a -
" g, ala 1, (p8)
2.2
/2 0 o -kt “¢8_°)
-1 G
f sin [{Zn-l) x] y 3 .(:'...}.;)n [e » 1]
0 n=l el 2 2
(o, + 8,7
sin [(2:1-1) x] dx (106)

However, since

n/2

f © sin (mx) sin (kx) dx = 0 for m # k, m and k integers (107)
0

and
x/2
j;  sin? [(Zn-l) x] dx --‘;f- forn=1, 2, ... (108)

then Eq. (106) gives

2 2
- kt{a ~ + B_")
o m n
B8l oy (ap) wel @?+p%
1 n m n

(109)

where the q are the roots of Jo(la) = 0, and
ﬁnﬂ"('z:'-—m, forn= 1, 2, ... .

Prom Eq. (99), upon partial differentiation, one obtains

ur,z,t) = @r(r,z,t) = yk ft g; [A‘l‘(t,z,-r)] dr +
0

21 By 8, I; (B x) cos (B 2) (110.1)
=
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t
w(r,z,t) = @z(r,z,t) = ykf %; [&T(r,z,'r)] dr -

0
El B, 8, I, (B.x) sin (3 2) (110.2)
i
0pe(E,5,t) = 2 @ - yaD = 2u{ vk fa 5 [ante,em ] ar -
L]
varws0 + T o e (81, 00 -1 1 (0] cos (0}
(110.3)
OpelFs%st) = 25 (1 0 - yAT) =
¢ N
2p{§-1-‘ f g; [AT(r,z,'f)] dr - y AT(x,z,t) +
0
+3 n§1 By %0 Iy (BD) cos (B.2) } (110.4)
an(r,z,t) = 2u (‘%z -y AT) =
.2
Zp{yk f g—-i [AT(r,z,r)] dr = y AT(r,z,t) -
0 z
2 an a, I, (g,r) cos (Bnr-)} (110.5)

=1
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t
grz(r,z,t) - 2 L zu{yk fo S?-;E [AT(r,z,r)] dr

i ﬁn a Il (B t) sin (B z)} (110,6)

n=]
Furthermore, from Eq, (92)

T =] o« n',l

€ -4
vk _fg %x: ‘[AT(I’:Z)‘?)]G‘T - :L 8 n§1 mgléj'z-‘}i";'é‘;
) n

~N

J, (rer ) &kt (o2 + o)
---—---—---1 (acx) cos (5 z) [e % Pa - 1] s (111,1)
£ (-4 o0
&y Ts n«l
k [ & [arce,z,m)] dr = O N
Y fo 3”[ t’“]'r ak ngl m§1 o +85
I (ra) -kt (0 2+ p 2
o 8in (5nz) [e % b ) - 1] R (111.2)
G Jl(m‘m>
vk ft h [A‘I‘(rzv)]druéyws ;: > ...S.:Q._..__._
0 ordz e aL n=l m=l (am + B, )
J (3 ) kt(o ? + B 2
L sin (pnz) [e % n ) - 1] (111.3)

Iy (acy)
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2 4y T, > 0% n-1
w [ Hlaao)e-—2 5 5 H—p
0 or aL o=l mel (o + )

[% J’o(m‘m) - % Jl(mm)]

2,2
<kt (o “+B_°)
cos (pnz) [e mon, 1] ,

o 9y (o) (111.4)
and
t oo oo
, 2 by Ts 1 n-1
vk < AT(r,z,t) | dr = D
'/(;az"‘[ o] aL ngl m§1 @+ 8D
2 2
B, J (ro ) kt (o “+ B ") (111.5)
2o B o (pe) [e % TP 1] ‘
Qﬁ Jl(a%m)

Now, from Eqs. (110.1) through (110.6), by means of Eqs. (11l.1)
through (111.5), Eq. (109), and Eq. (92), the thermal displacements

and stresses are given by

o o0
4y T
ulr,z,t) = :LS Z 2 ‘(:%)n )
n=l el ﬂn(ah + B, )

2 2
I (ra))  I,(xp) “kt (" + B.")
,: L e s ]cos (ﬁnz) [e % P - 1] (112)

3 (a0) 1,(a)



4\‘ Ts -] [+ ] .1 n
nel wel (o ° + B )

, 2 2

J (ra ) I (xB) “kt (@ “ + 8_°)
[ o= PR R ]sin (snz) [e % . 1]
™ Jl‘“m) By Il(aﬁn} (113)

=]

0 n~1
4 (~1)
o, (r,2,t) = 2u y T{ = 2
Py kit 8| al. nwl mel Bn am(%z + %2)

% 2 %
[ - Ji(m;‘;) + B, Jg(ram) . % Po xotrsg) - Il(rﬁn) :l

3, (acy) 1,(a8)
2 2
-kt (0 “+ B.°) 4 w ® ¢ lln
os (B z) e - L D D) 3
C Bn akL el mel sn(amz + ﬁuz)

1 , . L
[3@ "o‘”"‘g_) - ?i%.(mﬂ) By Io("’r_ﬁ " T Iz(tﬂn)] cos (p_z) = 1}

(114)



o0

1"
2 2
el el Bn c:zm(c:zm + By )

4
cree(r,a,t) - 2y Ts i

[am 3G - @ l+8Dx 30 % Il(rﬂn)]

Jl(aam) Il(aﬂn)
2 2 o0 o
cos (B_z) e‘.kt (Otm * 3’:‘ ). b (-1)" »
| n alr nel mel Bn( amZ + an)
J.(xa ) I,(p )
[_Lﬁ;..+ 158, ] o0 - 1} -
Jl(a%) Il(aﬁn)
> > gyl
"zz(r:z:t) =2y Tg {%ﬁ 2 D - (-1)

nel wel g (o +p %)

k(o + 8D

J 1 )
[O‘m o (¥ i B o(r{%_] cos (f2) e
J, (ao) I,(ap)

RI=

® @ n B. 3 (ra) I (xB)
y 3 (_;3_.) - [_& 5 m?i_... ..‘2.......&_] cos (%z) - 1}
nel wel (o "+ B.7) Lo J,(aq) I,(aB)

(116)

and
Oppg ™ Tgp ™ Ogy ™ Opp ™ 0 (117)



vhere Ts ig the surface temperature, a constant; the o are the roots

of the equation Jo(aa} = 0; the B, are the roots of cos {BL) = O,

ie. p=p = _LZ_;_;:Q_% s fornm 1, 2, ,,.; adid y = (3J\;+2u)a£/().+2u).



VI. DISCUSSION

In order to gain a fundamental understanding of actual solid=-
propellant thermal stress problems, the geometry of the solid pro-
pellant has been idealized as a short, circular cylinder with flat
ends, It is felt that the consideration of actual curved ends would
only unduly have complicated the aﬁalysis.

The method of solution for the thermal stresses in the finite
cylinder, that has been presented in this thesis, utilizes an arbi-
trarily selected set of cylinder end-conditions. Therefore, different
end conditions than the ones employed here might have been considered
just as easily.

The fundamental difficulties encountered in the thermoelastic
analysis of short cylinders are that firstly, the problem is at least
two~dimensional and secondly, it has mixed boundary conditions since
displacements and/or stresses are specified along at least four
distinct boundaries. It is relatively simple to solve the governing
differential equation by the method of separation of variables. The
greatest difficulties are encountered in satisfying the various boundary
conditions. As a matter of fact the method of solution for the thermal
stresses that has been presented in this thesis is applicable only when
the temperature distribution throughout the propellant and casing

exhibits a particular variation in the axial direction, as shown by



Eqs. (39) and (43). With such temperature fields, however, the elastic
analytic solutions that have been presented are significant since the
simultaneous linear algebraic equations, for the arbitrary constants,
are easily solved. 1t is true that, in principle, an infinite number
of these arbitrary constants must be determined. PFrom & practical
point of view, however, the arbitrary constants can always be reduced
to a8 finite number by truncating the obtained series solutions for the

thermal displacements and stresses.
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Abstract

THERMAL STRESSES IN A FINITE SOLID-PROPELLANT GRAIN
by
Jurgen Paul Frohlich

AMercspace Eogineering

This thesis considers an investigation of the thermal stresses
in & case-bonded, finite, sovlidepropellant grain due to an axially
symmetrical, unsteady temperature field. The analysis was sgimpli-
fied by idealizing the grain comfiguraetion te s short, circular
cylinder with a concentric hole.

By means of a "potentisl of thermoelastic displacement™, the
equations of equilibrium were reduced to a single governing differ-
ential equation of the Poisson type. An arbitrary set of end con-
ditions was chosen, and the corresponding sclution for the
displacement potential obtained by the method of separation of
variables. Thermal displacements were directly obtained from the
displacement potential, Thermsl stresses were determined from the
therncelastic stress-strain relations expressed in terms of the

digsplacement potential,



