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3. MODELING OF PARALLEL THREE-PHASE CURRENT-

UNIDIRECTIONAL CONVERTERS

This chapter develops the models of the paralel three-phase current-unidirectional
switch based converters, which include three-phase AC/DC buck rectifiers and DC/AC

current source inverters.

3.1 TOPOLOGIESAND PARALLEL ARCHITECTURES

A three-phase buck rectifier and a three-phase current source inverter are shown in
Figures 3.1 and 3.2, respectively. To simplify the discussion, the load for both converters

isresistive.

b L N

T

<
w

ref (0)

}_‘
@@E

u
2"

San 7 Sk Sen g
L S -
I

n

Figure 3.1 Three-phase buck rectifier.
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Figure 3.2 Three-phase current-source inverter.

Both buck rectifier and current source inverter are usually classified as current-
unidirectional converters because they share the same switching cells that are current
unidirectional. The switching cells either inherently have series diodes, for example,
GTOs, or have external series blocking diodes. The symbolic representation and its

voltage and current operational states are shown in Figure 3.3.
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(a) Symbolic representation. (b) Voltage and current operational states.
Figure 3.3 Current-unidirectional switching cell.

In this chapter, the average large-signa models and small-signal models of the
paralel three-phase current-unidirectional converters are developed. Similar to the
method used for the current-bidirectional converters, the current-unidirectional switching
network is averaged on arail arm basis. Conventionaly, the averaging for a three-phase
current-unidirectional converter is based on the average difference between the top and
bottom switches in one phase leg [53]. This approach intentionally neglects common-
mode components of the top and bottom DC rails. The common-mode components are

generadly of no interest in the control design for a single converter. However, they are
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3. MODELING OF PARALLEL THREE-PHASE CURRENT-UNIDIRECTIONAL CONVERTERS

critical in the analysis and design of parallel converters. The rail-arm averaging adopts a
reference point in the system, then derives the average values of all other points referring
to the reference point. As a result, it alows the model to preserve the common-mode
components. After the rail-arm averaging, the average model of a three-phase current-
unidirectional converter can be easily obtained by connecting a top and bottom average
rail arms.

For convenience, the reference point of the converter is chosen at the neutral point of
the AC side of the circuit, as shown in Figures 3.1 and 3.2.

Figures 3.4 and 3.5 show the parallel buck rectifiers and current source inverters.
Assuming the parallel converter systems double the power rating, then the output
capacitance becomes 2C, and the output resistance becomes R/2, where C and R are the
parameters of asingle converter in Figures 3.1 and 3.2.

In contrast to the single converter, the DC rail inductor in the parallel converters is
split into two inductors at both top and bottom DC rails in order to avoid switching
interactions between the parallel converters.
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Figure 3.4 Circulating current in parallel three-phase buck rectifiers.
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Figure 3.5 Circulating current in parallel three-phase current-source inverters.

Because of the direct paraleling, a circulating current exists, as highlighted in the
Figures 3.4 and 3.5, for example. A zero-sequence current is defined, as in (2.1), in the
paralel current-unidirectional converters.

3.2 AVERAGE MODELS

3.2.1 Rail-Arm Averaging

The switching cell in Figure 3.3(a) can be described by a generic switching s as in
Figure 2.6. When s is open, that is, either the switch itself or the series diode blocks the
voltage, referring to Figure 3.3(a), then the current i is zero. When s is closed, that is,
both the switch and the series diode conduct a current, then the voltage v is zero.
Therefore, a switching function s and the corresponding current and voltage values can be
described asin (2.2).

50



3. MODELING OF PARALLEL THREE-PHASE CURRENT-UNIDIRECTIONAL CONVERTERS

In the current-unidirectional switch based converters, a generic switching unit, called
aral arm, can be identified, as shown in Figure 3.6. A rail arm is composed of three
switching cells, and has voltage sources (or capacitors) on one side and a current source

(or an inductor) on the other. These features make the rail arm a generic switching unit.
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Figure 3.6 Top DC rail arm of current-unidirectional converters.

There are switching constrains for the three switching celsin therail arm. To prevent
the inductor from being open-circuited, one of the three switching cells, Sap, S OF Sep, has
to be closed at any time. Meanwhile, to prevent the input voltage sources from being
short-circuited, only one of the three switching cells can be closed at any time. This leads

to the following relationship:
Sp TS TS, =1. (3.1)

Therefore, the rail arm can be represented by a single-pole, triple-throw switch, as
shown in Figure 3.7. The input and output variables of interest are also defined in Figure
3.7.
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Figure 3.7 Top DC rail arm represented as a single-pole, triple-throw switch.

The PWM of the rail arm is shown in Figure 3.8, where T is the switching period,

and dap, dyp and dg, are defined as the duty cycles of the switching cells Sy, Sop and Sep,
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respectively. The corresponding voltage and current waveforms are also shown in Figure

3.8.
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Figure 3.8 Rail arm PWM and corresponding current and voltage waveforms.

Based on the waveforms, one can obtain the voltage and current relationships in
average, assuming the current i, and the voltages va, vg and vc are continuous with small

ripples:

v, 0

(3.2)
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d, +d, +d, =1. (3.4)

The average model of the top rail arm is depicted in Figure 3.9. Equation (3.4)
always holds due to the switching constraints of the rail arm.
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Figure 3.9 Top rail arm’s average model.

A similar model can be developed for the bottom DC rail arm, shown in Figure 3.10.
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Figure 3.10 Bottom DC rail arm of current-unidirectional converters.
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The average modédl of the bottom rail arm is shown in Figure 3.11.
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Figure 3.11 Bottom rail arm’ s average model.
where
v, 0
— l
Vi = [dan dbn dcn] B[ (3.5

a,0 .0
L_
%b 0 Sibn 51 : (3.6)
HH HlH
dan + dbn + dcn = 1 (3-7)

Equation (3.7) aways holds due the switching constraints of the rail arm. From
Figures 3.10 and 3.11, it is obvious that the current i, has a negative value because the
actual current can only flow back into the AC side. However, the relationship between iy,
and the phase currents still holds.

3.2.2 Average Modd of Parallel Buck Rectifiers

After averaging the rail arms, the average model of a three-phase buck rectifier can
be readily obtained by connecting the top and bottom rail arms as well as the rest of the

circuit components. Figure 3.12 shows the average model of the buck rectifier, where
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Figure 3.12 Buck rectifier's average model in stationary coordinates.

The state-space equations of the buck rectifier are:

di, 1 001
U
d_-F = E dap - da_n dbp - dbn de - dcn] I:%B |:|_ EVdC ’ (3'9)
BeH
C

dy 1, 1

& C° RC

It can be seen from Figure 3.12 that, the zero-sequence current is always zero

because physicaly there is no such current path. In parallel operation, however, a
circulating current path is formed, as shown in Figure 3.13.

V. (3.10)
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Figure 3.13 Parallel buck rectifiers' average model in stationary coordinates.
The state-space equations of the parallel buck rectifiers are:
Ll di pl L1 dinl
Vi~ Vg =— tV,, ————, 3.11
pl nl 2 dt dc 2 dt ( )
L, di, L, di
Voo “Vip = — Ve — (2, 3.12
p2 n2 2 dt dc 2 dt ( )
_Ldiy oL,d,
V,,—V, =— -—= , 3.13
PLTP2 o dt 2 dt (313)
L1 dinl LZ dinz
Vi~V =— -, 3.14
nl n2 2 dt 2 dt ( )
Vg _ T tipe _ Voo . (3.15)
dt 2C RC
(3.11)-(3.14) can be simplified as
di, Vou Ve Av, (3.16)

dt L L LtL]
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di Vi, V Av
Zoz Yoz Vg AV, (3.17)

d L, L, L+L,

di, _ 2Av, (3.18)
dt L +L,’ '

wherei,isdefined asin (2.10), and

A
[
V - V -V nl — [dapl - danl dbpl - dbnl dcpl - dcnl] E@B Ch (319)

wAD

cp dcnz] D (320)
HeH

Vonz) =2V ~Vip),  (3.20)

Vpn2 = Vp2 _Vn2 = [dap2 - dan2 dbp2 - dbn2 d

sz = (Vpl + an) - (Vp2 + Vn2) = (Vpnl

In steady state, the DC voltage vy is controlled as a constant value, while the phase
currents iai, ipi, ca, la2, in2 @d iz are controlled to be sinusoidal and in phase with the
corresponding input phase voltages va, vs and vc, which are normally given as:

v,0 O V,cosat) 0O
S’B B: E{m cos(at — 277/ 3)% (3.22)
B.H B, cos(at +277/3)H

In order to have a DC steady state operating point (so as to linearize the system to
design controllers), the model in stationary coordinates is usualy transformed into
rotating coordinates. The transformation matrix is chosen as in (2.15). The variables in
the stationary coordinates can then be transformed into the rotating coordinates using
(2.16).

Applying (2.16) to (3.9), one can obtain the average model of the buck rectifier in
the rotating coordinates as described in (3.10) and (3.24):

di 1 WdD 1
— = E% 0 Ve (3.23)

where
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OB  Hlp-daH HOH  BcH
Due to (3.4) and (3.7), the third row (d,) is always zero. Therefore, it is dropped in
(3.23).
Figure 3.14 shows the equivalent circuit of the model.
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Figure 3.14 Buck rectifier's average model in rotating coordinates.

Applying (2.16) to (3.19)-(3.21), the average model of the parallel buck rectifiersin
the rotating coordinates can be obtained as described in (3.15), (3-18) and (3-25)-(3-27):

;
= =i[dd1 d,]c) SipEy VL"l ol (3:25)
d v, 0

('jiZ :Liz[dd2 d,) % \I'_dz L+ L (3.26)

v, 0 v, 0 v, 0]
Av, =[d,, dql]%/ %,—[ddz doJ E%/ E—Z{Addn Ad,] %/ g_ (327)
q q q

where:
m(ﬂD _d D EjdzD _dan D mddn mjanl danzD

gn
qt D_T [%jbpl Qo [} gjqz B T [%jbpz (o8 [} %an =T [%j o % (3.28)
EO E @cpl dcnlE EO BjcpZ anE Q O @jcnl cn2 E

The equivaent circuit of the model is shown in Figure 3.15. It is a fourth-order

system with six control variables. It can be seen that a zero-sequence current is present in
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the z channel. The current is determined by the difference between the two parallel

converters' common-mode voltages.
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Figure 3.15 Parallel buck rectifiers' average model in rotating coordinates.

3.2.3 Average Modd of Parallel Current Source Inverters

The average model of the current source inverter can be obtained by connecting the
top and bottom rail arms as well as the rest of the circuit components, as shown in Figure
3.16.
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Figure 3.16 Current-source inverter's average model in stationary coordinates.
The state-space equations of the current source inverter are:
b oty -2, -d, d,-dy d-d,]
E - Evdc I ap an bp bn cn [%B D, (329)
438 @, —d,, 0 LA
O_ 0"
pm E{ 5~ G (o~ on %]p = E{ (3.30)
NeH  Hlp—dnH NeH

As shown in Figure 3.16, the zero-sequence current is always zero because there is
no such current path. Therefore, i, =i . In parallel operation, a circulating current path

Isformed, as shown in Figure 3.17.
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Figure 3.17 Parallel current-source inverters average model in stationary coordinates.

The state-space equations of the parallel current source inverters are:

Vv +h%—£%
"2 dt 2 dt

Vdc = Vpl -

cpl cnl cp2 cn2
— L:L di pl L2 di p2
V,—V -— —= , 3.34
PP 2 dt 2 dt (339
—_ Ll dinl I-2 dinz
V,—V,=——+—ly 2-n2 3.35
L 2 dt 2 dt (339

Simplifying these equations, one can obtain:
%:ﬁ—m——AVZ (336)
d L L L+l |
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oo _Vee _Vonz , BV, (337)
d L L L+

di, __ 2Av, (338)
dt L+L,’ '

m _d D _d D anl_danzD

aP

v, 0
dE%B 0 2C (Ujbpl Gorg Ujpr dpy %]pZ gjbnl Oz a] )= RC E{ 1(3-39)
E Bjcpl cnl E Bjcpz cn2 E @cnl cn2 E @/c
In order to have a DC steady state operating point (so as to linearize the system to
design controllers), the models are usualy transformed from the stationary into the
rotating coordinates.
Similarly, applying (2.16) to (3.29)-(3.30), one can obtain the average model of the
current source inverter in the rotating coordinates:
A1y, o, o]

—LP ="y
el (3.40)

O
0
O
01 D
d D/d a:\T @ v, [
0 0. (3.41)
dt QD C %qu (ew LE% U
O O

Figure 3.18 shows the equivalent circuit of the model.

. d
L | —> +

_|_
©8
Vd Yd, v,

) V)n
_|_
— q

. dq wq . Vq
dq I:[lp laﬁ\/d :(: R

Figure 3.18 Current-source inverter's average model in rotating coordinates.
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Applying (2.16) to (3.36)-(3.37) and (3-39), one can obtain the average model of the
paralel current source inverters in the rotating coordinates, as described in (3.38), and
(3.42)-(3.44):

di v 1 [V D Av,
B d,|th* 3.42
di v 1 VO Av,
2 Ve _ 214 o (3.43)
dt L, Lz[dz QZ% L+L,’
- - 01 O
d v,O 1 a1 a2 ’5 v, 0
- = —=( mll . T mll 2 0 (3.44)
dtyg 2C faf " e ” %3 Dw —0aO
O RCO
The equivalent circuit of the model is shown in Figure 3.19.
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Figure 3.19 Parallel current-source inverters' average model in rotating coordinates.
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3.3 SMALL-SIGNAL MODELS

3.3.1 Small-Signal Model of Parallel Buck Rectifiers

To obtain the small-signal model of the parallel three-phase buck rectifiers, a steady-
state operating point is obtained first:

vd:\Em/m, V, =0, V, =0,
D,, =Dy, :\\//dc , D, =D, =0, AD,, =AD,, =0,
d
VC
o= ==, lu =14, =0, |,=0, (3.45)

where: R and Vi, (given as in (3.22)) are given, Vg, lq1, Iq2 and I, are controlled to their
reference values. Ipg, lp2, Da1, Daz, Dq1, D2, ADy,, AD,, are calculated based on the given
values and the control objectives.

Assuming that the input voltage sources are ideal, as in (2.48), then the small-signal
model of the single buck rectifier is:

v o1 10 00 OO0 O
d .0 0pe ~0V,. 0
o TOCoE oY, Y OoFo (3.46)
g0 g-= ooChd B LHBEWE
0 L U

The small-signal model of the parallel buck rectifiers can be derived as follows:

o-1 1 1 .0 00 0 0 O 0 O _
o~ == O _ v, V 1 0,0
¥, 0 DR(_l‘, 2C 2 .0 ?d f‘* 0 0 - DE&lD
O U 1 1 1 T L 10
QB} D:E’Li 0 0 ODD;HM&DO o Va Vo -1 DD%:ZD (3.47)
dtli,0 g 1 O O L, L L+LOO
D‘I"D D—i O O ODD‘I"D D 2 2 1 2D|jjq2D
‘Upl 095900 o o o —2 ORvH
50 0 0 o0 g L+L,H

The equivalent circuit is shown in Figure 3.20. Some terms are omitted because
|, =0, AD,, =0and AD,, =0 provided that the zero-sequence current is controlled to

be zero.



3. MODELING OF PARALLEL THREE-PHASE CURRENT-UNIDIRECTIONAL CONVERTERS

- - I L,
ddZDIp2+Dd2 |]p2 _,E N +
. / _ &3 N Vie
Vd - O ddl u| pl + Ddl |:ﬂpl ddl wd -
Vot -
~ 2C R/2
_ ] dg IV,
dc|2 0, + Dy, [ﬂpz — 0 _
\7 :O ~ ~ Ll sz
a dql a pl + Dql |:ﬂpl -~ Ll + L2
Ip2
— Y'Y\
~ + L,
i (LL)/2 é -
—>—" Ao OV _
Vpn2
i Od
> i de. g
av, (3
L “av
L+L, -

Figure 3.20 Parallel buck rectifiers’ small-signal model.

Unlike the model of the paralel boost rectifiers, the small-signa model of the
paralel buck rectifiers shows that the z channel is not independent and is coupled with
the DC side.

The open-loop transfer functions are simulated using MATLAB based on the
parameters given below:

V. =1203/2V; w=2nB0rads; V,=100V; P, =15kW; R=VZ/P;
L =250uH ; C =1200uF . Be noted that the parallel converter operation has 2C and R/2.

Figure 3.21(a) shows that, due to the zero-sequence interaction, the transfer function
of d channel control to DC rail current in the paralel converters has a pole at the DC
origin. With the inductor at the DC side, the transfer function does not have a double pole
at rotating frequency as in the paralel boost rectifiers. Figure 3.21(b) shows that the g-
channel control has no small-signal effect on the DC rail current. Figure 3.22 shows that
the d- and g-channel controls have no small-signal effect on z-channel current. Figure
3.23 shows that the z-channel control has small-signal effect on both z-channel and DC

output currents. Figure 3.24 shows that the two converters are cross-coupled.
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Figure 3.21 Open-loop transfer functions of d- and g-channel control to DC output current.
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Figure 3.22 Open-loop transfer functions of d- and g-channel control to z-channel current.

67



3. MODELING OF PARALLEL THREE-PHASE CURRENT-UNIDIRECTIONAL CONVERTERS

ipl/deltavz
100
\\\
50 g
~—~ —N)\h\‘——:\
[a1] T
S 0 i
: T
5 50
=
= -90
o4
=
@ -90
T
-90
-0 0 1 2 3 4 5
10 10 10 10 10 10
Frequency (rad/sec)
@ i,/a7,-
iz/deltavz
100
\\\
50 T
L
~—~ h‘“‘—\._’_“
S o0 Ty
3 T MR
= A
S 50
=
= -89
ol
=)
ﬁ -89.5
o
-90
-90.5
ol 0 1 2 3 4 5
10 10 10 10 10 10
Frequency (rad/sec)
(b) T, /47,

Figure 3.23 Open-loop transfer functions of z-channel control to DC output and z-channel currents.
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Figure 3.24 Open-loop transfer function i‘pz /d,, showsthe two converters are cross-coupled.

3.3.2 Small-Signal Model of Parallel Current Source Inverters

To obtain the small-signal model of the parallel three-phase current source inverter, a

steady-state operating point is obtained as follows:

vd:\Em/m, V, =0, ly=1,=0, I,=0
V. WCV,
Ddldezz d ) Dqlquzz d' Aan_Aan:O’
Vd Ipl
V V
|, === =, g2 =Dgr O s 1y, =Dy, Oy, (3.48)

" RD, "™ RD
where: R, C and V. are given, Vy and V, are so controlled that the transformed voltages
areasin (3.22). lq, Iz and I, are controlled to their reference values. Iy, 12, la1, ld2, D1,
Daz2, Dq1, Dg2, ADy,, AD,,are calculated based on the given values and the control
objectives.
Assuming that the input voltage source is ideal, as in (2.52), then the small-signal

model of the single current source inverter is:
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(3.49)

of the paralel current source inverters can be derived as

0 Blﬂ 0 Ip2
0 02C | 2C
U, o O MY

oU %;D 0% ¢ °
= a0 Dvd Vq

O+ -2 0
00 F'o0o0L L,

B D20 BO 0 Ve
ODE':H 0 L,
05 Ho 0 0

In the model, Av, isthe control variable of z channel.

The equivaent circuit is shown in Figure 3.25.
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Figure 3.25 Parallel current-source inverters' small-signal model.
The open-loop transfer functions are simulated using MATLAB based on the
parameters given below:
V. =1203/2V; w=2nB0rad's; V, =100V; P, =15kW; R=VZ/P;
L =250uH ; C =1200uF . Be noted that the parallel converter operation has 2C and R/2.

Figure 3.26(a) shows that, due to the zero-sequence interaction, the transfer function
of d-channel control to DC rail current in the parallel converters has a pole at the DC
origin. Figure 3.26(b) shows that the g channel control, however, has no pole at the DC
origin. Figure 3.27 shows that the d- and g-channel controls have no small-signal effect

on z-channel current due to V, =0. Figure 3.28 shows that the z-channel control has

small-signal effect on both z-channel and DC output currents. Figure 3.29 shows that the

two converters are cross-coupled.
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Figure 3.26 Open-loop transfer functions of d- and g-channel control to DC output current.
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Figure 3.27 Open-loop transfer functions of d- and g-channel control to z-channel current.
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Figure 3.28 Open-loop transfer functions of z-channel control to DC output and z-channel currents.
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Figure 3.29 Open-loop transfer function [ /d,, shows the two converters are cross-coupled.
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