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I 1 Glfl.EltAL IW~ODUOTION 
The oorneratone of 1101ence is direct ob11ervation 

ott e.x:pf.ltrlnuuatat1on. Except in abatl'act tielda such as 

matbamattc:s, m7 b:ypothea1a rela~lng to the real world 

must ultimately be acc•pted aa true or rejected aa talae 

on the has11 or the agre•n•nt between v~at ia ob&erved 

and what is expeoted to be obsarv1ttd1 given that the hJ• 

pothesia fs true. We are bttn•dlat•lJ led to ex]'cu:•1men-

tation to obta.1~ th• n•ecutsa17 data tor a stud1 of sueh 

agreement. 

Unfortunately, earlier ao1ent1sta were more con• 

earned with the :r-esults of their experiments than with 

tho vta.11d1ty of their exper.1mental methods and tbe 

philosopn7 behittd these methods. For example,. in attempt• 

lng to loeate soma pb1sical optimum, earlier physical 

scientlsta and••ladly enougb.··•WW aueh ao:tent1ata toda,. 

oonaider ·the dlctum -,..tU'J' one ract;or at a time, holding 

all other taetoPs oonatant• to be the ultimate in good 

.experimental technique. 

The study or a •tneoPJ• ot the design and e.nalya1e 

ot $Xper:lm~u:tta was begun 1~ the early 1920 ta b7 R. A. Fisher 

and others at the Rothamsted Expertm~nt;al Station in England, 

!he earliest work ••ema to have been conoerned with the 

anal7s1a of data al~eady ooll•oted; 1t was soon realized 

that proper initial aprangement of the ·experhtent would 



result 1n mere ett1c1em:t 1ucperimental toehniquea, and work 

was started on tchia problem ot the design ot experi»U.iinta. 

Tb.is theory, dlb:rac1ng both the design and tba anU7ais of 

ezpar1ment11, has grown 1n 1mportaneo and tod-ay holds a 

promin~nt place 1n aeience. 

For most of the simpler designa baaed on this th~.;017, 

tour aasumptic:na are mada. The .first aaaumpt1on 1st 

(a) An ob,al"Vation oon•ists of a au.m of component 

parts, one part being attr1butdd to the 

particular class ot 1teae t~sted, one p?1.rt 

being attJ?ibu:ted to the tlmt.t or plaee at 

wbieh th" tr1al occurr@d, on• part.being a 

•random• error teN, and •o on. 

This ia generally rtd•erred to as th• aaemtption ot 
addittvit7. In·•ffuct, tt impll~• that th$re la some 

tJtl"ua• value, and an obaerv.atl~n onl7 deviatee rrom this 

"true• value bJ e.n mtount which we tel"l'I •experim~ntal 

error". Further, tha "true" v1::i.lue is a. aum of component 

parts whi~~h 1nd1Y1dually describe the behavior ot d1tferf.lnt 

aspscts of the experim~nt. 

The experimttntal url'or at aDJ' one trial is 1ncap~bltt 

ot bi.ting predicted exactly; it ts a l"andom sori ot t~~:nt. 
Rather than ootu1id0r the behavior or a. single error term. 

the behavior ot a large l'lWlber of rsucl:i te"3 1a deacr1bed 

bJ ap•eitying tha fu.n.ctiorail t'orm of' the probabilitJ' dis-

tribution of these terms. Tbe •eoond aaswaption made is that 
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(b) !be J>Hbab1llt7 d1atl"1but1on deacribing the 

l"andoa ori-ora 1• ot the tol'll known •• 
Gaata•1a or lorwal. 

' 

1l'be lqt wo aaaumptlona alao ooao01'll thl• enor ten, 
to• 1t 1a aaatmted that 

( o) !be poaaeaaiou of uato:watloa abat an awor 

t..- g1Yea no 1ntonaa•1oa abo~t other •rror 
teftUJ tbe7 are atoohaat1oall7 iDdepeadeat, ... 

(4) the Yar1uo.- ot tho ettor t•nta u• eonatant 
tfta. vial .,. trlal. and ,,._ treat;aent; to 

v..aae.nt .• 
fbeae •••Q11Pt1oaa eonoern the aaa17a:t• ot the •x-

J>•lll•••al r~•ul•a. .Vbel'l the trea'1Mn'h to .... , .. , •• 
v.o 4ltt••' .level• or l_.epenfeat varS.81••• ud 1t ta 

•••~ '• •••t.-tor rolat1on•b11• b•W•• tbe •••pon••• 
ad 'h•• S..dependent var1a-Pl••• :another usmaptlon is 

••••• 
( •) •• ·1evel• ot the tact;ora ar. known wi thottt ........ 

•• a •UJIP1• ot \b1a . laat uaapt1on, cu~alUu tbe 
olataloal agr1e·"1 t.ura1 4Jtpalme1't vller• "f'Witua •omita . ~ '•' . ' . 

ot .ten111ser. Ca.• ooaeld•MI u Tqiou l•••l• of the . , . ' " .' 

1»4~•d••t vari..able•J ve ·~ oa.plot• and it i• de• 

11Mcl to meaaue the Pelatloneltlp between 71eld Del 

•ou' or tel'tlliaeh ftl• •••uapt1on iaplie• here th•' 
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the amounts of tertilfzer on each plot are known exactly. 

Much work, both theoratical and praetieal in naturoe, 
haa been done on the consequences ot th• tat.la.re of' the 

data to follow.the stated assump!-:iona and on methods of.' 

*'correct1ng 11 either the data or the,anal1sts to handle 

aucb eases. We shall Jiscuaa some or this work below. 

When tb.e data. does not follow assumption (a}, very 
little can be done to cottEtet for thia unl1u&a the true 

nature of' the non-additivity ia known. fhua, 1n the 

physical sc1eneea on• f.inda that the more usual mod•l has 

component parta wh1oh fll'le multiplicative 1n nature. Thia 

tollow1 tl"om the tbt!ori"* of dim(}naional anal'ys1a. Here 

of' ootU'se, we only n@e4 to tranafo?'m the data by a 

11neu1zing tttant1'om au.eh as by u1e of the logarithm of 

the observat1on to conect ror this p~n:~:turbation. Ot course 1 

1n so transtoJtming tho data, ether u1u1mptiona nu11 be 

violated and this mu.a't be examined in ea.eh case. 

Tukey (7] * has given • m~thod of testing for non-

addit1v1ty when the type ot non-e.ddit1v1t;y is unknown. 

Alao, he has given a trl\$thod or deriving an empirical 

trana:tomation trom the data to allow the observation• to 

be transf~ed to a aet which 111 add1tive. There are two 

features of the work whieh eeem d1etu.rb1ng and would 

tn1rrant investigation, and thes• ru.•et 

* Numbers in squ~.re brackets refor to bibliography. 



8 

(a) fbe teat and tl"&Daf'ONat1on az.e c1ea1ped to 

be etteot1ve aga1nat onl7 one p8l'"t1oular tJP• ot non• 
add1t1vlt7 and 1t 1• not olea. what bappone wban the teat 

and tranatornatl•ion are app11•4 to data which baa another 

tJP• ot ncm•addtt1Y1tJ• .&lao. 1t 1• not elellP vb.at happen• 

1n tb• ual7•1• wb•• 'he dak 1• aotu.al~ ..W1t1ve, but 
the •ea\ ls a1gn1t1oan• bJ' ehaoe '"&lone ud a baoatOl'llat1on 

ot the '7P• •UU••t-4 la ••• p•l•• •o anal.7•1•• 
fb) In• tNUf_.lon 1a d••lv-4 trom the data 

ltselt, ud SIM• applt.84,to \a• •••a. ._ aull 1t :la a 
aelt•eon,&iaetl OJ)4d"at1oa. It vO\ll.4 .... that aueb an 

ope•at1oa abould plaoe ••• natr1otloae on the t1nal 
analyala ad ab.o\ll.4 detaaa4 80Jle •od1t1oat1oD ot tile deaa1tr 

hDoslon ot the t••' •'•t1••1•• naeci la_ tbe aalfa1•• 1lo 

aw.oh MdltS.eatton iaaa lit••• auagoat.a ln the 111Jeratl1l'•• 
th.la 1• 'ille cml7 p:raotioal •U.U••tlon tor handling 

non-additiYe data vbtoh baa bee:n tou:nd 1n a •••i•w ot i;b.e 
lites-atun. !be pnbla ot ts-a:natol'll&tlon hu been dia• 

oua•.. 1• general bf fuke7 and Aaaoombe ( 81 • 
fbe ccmaeciue•••• ot\'he tailue ot .ae data t;o 

follow the aeeond a11emptlon-•the el'ror baviq a Gauaaln 
or loraal d1atr1but1on-•ba• been 1nveattgate4 bJ'· Br.-adle7(l] , 

[a]. Bea U4 Alld•••• [J], -4 ota••••. tM .-'.aul'• ot tb••• 
i•••••la••lOJUt ••• to ahow \hat •n1a l• a ••"7 weak aaauwp• 

· tlonJ •be ae•Wll dietnrl.llatloa ot the ewora can b• t"alrl7 



tar from th& normal form with V~l'J l1ttl3 effect on the 

results. 

Departures in the data t'l!'om the third asaumption•-

atocha1t1c 1ndeperuJenee••ar& probably the most aerious 

whteb arise. Good examples of au.eh perturbations are 

d11"f'1cult to :tindJ the effect la presant when, if' an e:rx-or 

is low in one trial, 1t is consistently et-her b.igh or 
low ln anothel". thus., the peP'turbatione will appear it 
the error• are int•n"•lated •. 

!bora 1e Ve'JfJ littl• WGl"k NJ)Ol't•a in the 11toratwr:"e 

on tl::u!t and7ala ot expertmenta wh•» tb:1a asauv:ptlon is not 

true. Tbore 1• on~ abpl.e 1mporiant ease where u1'al 

methods ot uu1l1s1s do b.and1e cor"lated error and th.is 

1.a when the data ue colleeted ~n pain IP• onl7 two 

treatments. Here we aaeUJ!le the model 

• 1 • 1,2; j a l, •• .lf (l.l) 

Whe:t'e x13 denot.ee the Jth observation on th• 1 tb. treat-

ment, lt1 1.a tho (unknown) true mean tor the 1th tl'eat-

:ment, and E1 1• tn. random et'ror term associated w1th 

xtJ• with 

In tens ot tb.e ual.Ulptlon preYiou.sl,- listed, we invoke 

aaaatptlon (a) tn tho adt1tl•• form ot (l,l} Md invoke 
• g•a•ra.J.1&t1H'.I term or aaavmptlon (b) in the daeeription 

ot the random error te;ra £.:j • The ucu.al bJpotb.esla that 
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it ta dea1r•d to test ia that the means or the tvo treat-

meDta are equal; in 11&.thematlcttl notation, 

(l.2) 

It we 8.#lunt• that tho errors a!'e COWGlated. such that 

t: ( £,;. i~) = 6~~ cr,a. (l.J) 
where &,., is Kro:necker•s delta; 

s~"" • i 1t J • t ... 
,. 0 o\bewtae, 

then it 11 · imown the.t the pPoper an&l.t•1• ot the da\a is 

mad• ·by the patl!"ecl 8'Ultent-f; teat. 'fo pCQ"toi-m the anal7s1••': 

we form tb• dt.tf erueoa between th4ihpa1rs1 

description of thl• test in texts, it t~ ll11Uall7 atate4 

that the a111umption 11-.de is that the •U.tt'8"en<i•• are 

normall'1 distributed. The 1mal;ysts 1• valid under a more 

general aodel or th• to:Mt 

Xtj • Tt;. + ~;-+ E:j 

where ~J la an a•d1t1ve part &tJtH>Ciated w1tb the jtb pair 

et obs•natcions. It is ae&:n tlutft in fomi?lg the dltterenoea 

(1.4), th• \3; tel'a will d1aappev and •ha t••t would be 

oa.rri-4 out exac>'tlf as if the model had been (1.1). low if 

the data aro•• tJtcom th• deatgn known •• ~dond;raed blocks 

diinJigza" with 01111 two treatments, the model would be aa 
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given tn (1.5) where the ~j term 111 an effect due to 

blocks. In this c11u1e, 1 t can bs shown that the method of 

analysis or a Pandom1&$4 bloek experime11t 1s exactly equ1va-

ll:tnt to the pa1:re4 Student-t test and tbua the deaign ia 

valid over a w1dor set of assumptions than uauallJ g1••n• 

In tact, B:ratJdt [22] uaed the method 0£ aubiJ:raoting 

obaervations in eroas-ovsr trials for the analysis ot data. 

Howevor. he did not mentton the valtd1tJ ot the metr1od 

under the wldett aet of condit.1,;-na givrtn hePein, 

!here has been alao•t no wol"'k reponed en tlle ana17a1a 

ot Eur.:pe:ri.mental des1ps when the e:rrol'a ae coP:rela.ted. Tb• 

onl7 i-.1ults ~ound are du& to Hsu [9] and GraJbill [lS] , 
whose works tom the basts or aueh of' the w~ done herein. 

Bsu did not applJ h1s •e•\ll,tll' to eapertmental 4erd.gna ;eer ae, 

and G:rqb1ll1 appl71ng Hsu•a results to a randomised block 
,, 

design,, eeeu to have ov•Plooked the tact that the method 

developed is valid when errors are correlated, and pre-

sented the method tor use whGn the fourth aaaumpt1oa {d) 

!.s 1nvalid. 

The fourth assumption conceJ:>JHa the homogeneity ot 
Yarianeea or the el"rora assoelated w1 th ~u.rter•nt treat-

'lhtnta. In the exaaple just gt.Ten ot the 1.uaired Student-t 

teat, the variance• or the errora may be d1ffePent just as 

the eJTora •87' be correlated. Ir the data do not ariae 

from a patred situation• we are led 1111'*ed1atelj to the 
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Bebrena•Plaher probl-. Bo real.17 aatia.tactorr eaac' 

aolu,1oa 'o thi• p"°'11 a . hae ben 1'0\tll4• 

t!beM.aad othe• po1nte e..,..N181 tn. ·a•aumpt1ona 

aade in tbe ana17a1• ot expei-fae•'• and •h• eonaequ&nc•• 
bt violating th• aaauapt1oa8 h••• been U-1.ablJ •-eiaed 

.• ~ 

1n th• paper• bJ' BanletiJ [ 4] • Ooobran ( S] • and Etaenhan 

[6]. 
!b•Jt• •••• •o hav• been ao wol"k repol't•d on \be oon-

aequeneea O'l el'l'ora e1alng 1n 'be ta.tor l•••l• 1D tac• 

torlal •XJ>••ill•••• 'l'hia voQJ.d •••·• b• upeelal.11' 
t.p~t;. a• auoh erron ••• the ruh ••ther tman the 

exo•pttoa. 
!be work S.n th1a d1aaena,1on la oonoerned with 

•••-.Ptioaa (a), (o ), (d },. and (• ), _. la dl'f'1ded lnto 

tllre• parts •• tollawei 
(1) th• ts.rat part extend• the WOl'Jr of' Hau anti 

O.qbl.llJ .. iiboda are d:egv.i rw , ..... analfaia of eomplete 

bloolc dea1pa when the «Qerllle&ltal errors are correlated 
and have heterogeneous vartanoea. 

(2) A·•••ult due •o hUT ta extended to ehow that 
the eats.ates of the ceettiolents ot l1ne&P aad quadratie-

oompoaeat• S.• taoto•l•l •xperllleata 11aJ b• oonatatent when 
-· 

the le••l• ot qaalltatl•• taetoPe taP• ·••bj••' to •rPOPe 

ot certain •JP•· 
(3) The conaequea••• ot ual7slng mult1pl1oat1ve 

data e.r1a1ng from wiPepl1oa'ed taotorial exper!Jlenta fl.l'e 

examined. 
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PAR! I 

!D'?8 OP BOMOODEift POil BXPEIIlmftAL DJISXGl'S 

VIIB OOIULA!ED AID Jlft.BltOGDBOUS JBBORI 

II. IITRODU2!I91 TO PART I• 
We aball, 1n th1a part, develop teat• ot a1gn1t1oanoe 

tor ooaplete block experlllental deaisn• when tbe e:rrora 
are correlated and have heterogeneoua varlanc••• In all 
o••••• it will be aaamaed tbat the •o•ela deacr1b1ng the 
obae:rvat1ona are llneait and that the .x'rora have a joint 

ault1varlate normal d1atr1butlon. 

!bl1 part ot tb• d1aaertat1on l• divided into tour 
obapteroat 

(II) lntl'Oduot1on 
( IIX) fb•OJ'J' ot the teet prooedurea, wherein · 

der1vat1ona ot ezut anal:v••• tor ex• 
perf.aental dealgaa ar.· given baaed on 

aodela without the a1a1.111pt1ona ot homo-
gena1t7 of varlanoea and 1ndependenoe 
ot aron. 

(IV) Applloat1ona or the theol"J to o011plete 
blook .aperlllenta 

(Y) •uaerleal eza11plea, wherein the th•Ol'J' 

presented 1• app11..i to probleae and 

worked examples ot the varlowa tJP•• 

ot design• are gi•en. 



PS.ve oaaea have b•en •'udiod; tour have been eati•• 

ta.otorlly aol•••• Th• unsolved caae baa been atuc11ed and 

some or the d1tt1cult1ea dlacuaaed. 'lb••• eaaea refer to 

ditferent aa•umptlona oonoern1ng ~he atrueture of the error 

varlaru:se-oovwtanoe matl'tx.. We write •h1a eovaiaaoe matrix ... 
0"11 0-11 ••• (J"lp 

1::: c:rai o-a ••• CTap . . • . • . • . • a,1 <rpl ••• a,P • 

!he value• on the major dtasonal, CT.u. , are tbe 

••••urea ot vaiaiation or the individual error termaJ the 

value• ott or tbe majoP diagonal, <TtJ (1..;. j ), are .. aaurea 

ot the r•latlona between the ettor t•n•• ft• tlve ••••• .... , 
Caae 1: J: eapletelJ known. 
Caae 21 I• la lmova that E la prepert1onal to 

a given ••tr1s, the eonatant or ,.._ 
pontonalttr being •••d••••d ht• t-he , .•.. 

Cue .)t All diagonal tena conatum' and equal, 

all ctt-41qenal teaa eonatant an4 

equal. '!be matrix la than ot the tora 



. . . r 
Z:. = a1. f • • • f 

f ·. f, . . . ' 
•lie•• er"' aod f muats be eatlaated rrom ·-.. , .. 

Ca•• 4c All ott diagonal terms Ill"• known to be 
aaro1 all diagonal t•a.. 118.:J be d1~t•••n' 
and UDkDOWD. !be oovarluoe •at:rix ttw.a 
haa th• atruct-. 

er .. 0 • 1. ' 0 

z: ~ 0 er .. ., e. I 0 
• · .. . 

CD 0 . . ' G"tt 

Caae S• 411 ten11 •• uapeettlet aDft .-...., 

• .,._.,. •e!unt• aad aoYutanoe auat be 

••tllllatect &oa tbe data. fbte la tu 
110at geaePal o&a•J t\ 1sqpl1•• compl•t• 
lporaoe ot ar s-elat1on between the t•l'JU• 

In tb• nota,101' U•M abave, we wrlte tbe cOYaz-S.uo• matrix 
ot the error• ode utn•pttou (o) and (4) aa 
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' 0 ••• () 

0 I ••• 0 l: : r:r' • " • • .. • • • • 
0 Q •.•• ' .An extensive review 0£ the literature tails to dis-

close prev1o\l8 work on an7 ot thtt above five oa111>.ila 1 except 

tbe last oruit. Gra7blll [1s] published work on Case 5, ror 
a randm11zed blook des1gn only; 1t waa th1s work which 

suggested the prt1uJent probli11tDht Jlott1J1Vsl", Oaae I 1a a 

cltu.udoal ce.ae ed it 1a felt that aoJie diacuaaion ot 
this case 1nuit h••• appeued+ ~Ush those exeept1ona, all 

work pretHntM herein !a orlg1l'lal,. 

In th• tbl.rd •eot1on or this pa~t ot $b.e d1esertat1on, 

app11oat1ona of the laat e••• (Case 5 aboYe) o:nl.7 ... worked 

oat S.n detail. !be formulas fort the oth&r cases arc given. 
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ltl !O'!ftiog,... t.e• Xt de»ot• 'h• p.variate observation 

row Y•etor[xu x12 ••• .xtp 1 . A a ample or 1f au.ch obs er• 

vatione is d•no•• bJ' .tbe ma,r!x ' 
·-\.r·h H-z. 

X1 z11 s1a ••• xlp 
•2 ... •22 ••• *a. 

X• .. • • • • ().1) 
• • • • • • * • 
x. &n ..... .., • 

Ve ehall ~··-- thPoughOl.l' \hat Xi• Xj &H 1ndapendeu•, 

t• ell 11 . j ( l - j) • We al•• aea-. ,., the eoaponen•a 
et Xi follow the alti•alate nonal l•• !ba' la, lt 
I• the ,_.,._. Yv!anoe-oovu'-'••• wabf.z. aa•otlated wttb. 
the ob•erY&tlon Yeetolt x,, · 

. ' 

ad JI l• ,._ row ,, .. , .. of •••• [f' l• ~ 2•····r ,,1 wltb. 

E ( •tt 1 •t-1c , . l • 1. •• •• It k : 1, •• •• p, (J.J) 

•h• th• flo•l'I' et Xt. _,. be •lt•ea 

t <xt> • ca•ql tl:i" -{· i txt•> f 1 '*1-•>1. • . (J.4) 

let -· E • /\. : (A .. ] ·1 • (3.S) 
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The muimlDI likelihood eatimator ot' f'4J .from a random 

ample ot lf olu•ervatlon vactor• cu be sbown to bo the 

particular sample mean 

(J.6) 

and ihe maximum•l1k&l1hood eat1matore ot the elements of 

the ve.r1anf.Ut•covar-1anoe matr1x 1 when th1a matrix has an 

unknown atl!'l.loture aa 1n e-aae S, ue given b7 

"-r '1 ., 

••·*'* P• 

Th• matrix ot sample sums of squares and p:roducts 1s de-

noted 07 V~(~tJ 1 with -,r-ij hlplic1tl7 d&tin&tl bJ' th 7) 1 

and ita 1nveP8e 97 r'= [-vlJj. The wlbtaad matP1o1al .. 
eatbaa:tier ot .E la gi Yen b7 L: == ..t_ V. 

1-1 

J.2 'feats '!'£ R•ge~etti: and lfau.•a !r,ana:formation. 

It is des1Ped to eonatruct praot1eal tests of the 

hJpoth•aia ot haaogeru.tlt7 of wearua, 
(3.8) 

tn the multivariate cuaea for s:ppl1cationa in the 1uutl7sia 

ot expottimental de•ig:ns. An important oa.ae ot th:ta 111 

given wruu;t the var1moe-covartance matl"'1.X E baa th.e 

•tructure 
(3,9) 

(J. 7) 
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•b•:r• I 1• the p.aqun l4eatlt7 utrlz. fb.1• oaae toJllU 

tile ba•t• to• ·the anal.Jal• •t •arl•••• *•••ln the bJ)>o-

theaia of' betloganef.t)" · CJ.8) la tbe OJte ot aaln 1ntenat •. 

... [ 9] ahowed tna• 1a on• , caee to be 41acn1aeecl 

belO'W, a te•• ot the hJ'potheata (.).8} could be reduoed to 

a •••• ot a ablplo n,poth.ta1e 1>7 the tollwtng tnaa• 
fOl'llat!cn. Let 

(.).10) 

.U 7t.k la a lineo tu:aotion ot raol'll811J 4l•t•ll>ated 
Yarlatea, 1t la ''••l.f' aoma.117 cHatl'~bv.ted vl t.h •••• . 

B(Jus> =' B(ztrxtpl• rltfp= ;.,... Jl•l, •••• P•l (J.11) 
• 

and a (p•l )••fl•U• •o•ulan~ •k'1a .E vltb •l-.8'• 
•w 'C7t• "•)· ~ .. l G"11w• a-., ....... a-9 ) • 0,., (3.12> 

wheh 6 u. 1• a lhae•k• Al•lta. ft• llrPotbealt ot hmao-
1•••1'7 (J.8) "4•tH to th• b.Jpothtlal•• 

• ... ,.. .... o. (J.lJ) 

c ,... ... .,....) = o, 11.1, ••• , p.1. 

l• ll•d '1 
1""1-= r-a= ·•••=- ,.....,. 

~th• bnothea~• ().8) can btt tested b7 applJl.ng.the 
tJJenatonatlon (J.10) Uad tea•tng the equlvalea• hJP•-be•l• 



• bJ' M, we b:ave reduced tb.e problem to one of t:he develop-

ment ot teats or tho bJ'potnee1a 

K•. --'." 0 Ho: n 

1>1ftez-ent te-at f POCOdtU'ea rollow f'l'Oft dlff erent 
· a 2i-lo1!'1 asaumptlona conettrti!ng the structure of the eo• 

vSU?iaruur 11at.ria D. Ve eh.all co:ntt1der teitta Wtdez- the 
fol lowing aat.n111pt1 one oone•pcmdlng to the caeea li•ted 

1n Obapt•r 1?1 
Case l Z! lmown., 

Csuu.t 2 I! • X r"' , K 1; ( k1 J l . Qcl ta Jmowa. 

Case l cr11 ,. cr3J ro~ all 11 ~h cr1 j • •onat&llt. 

01•• a O"tJ 11: o, 1 ..;. j; 0-11 Wtap~dttled. 

Oaae J. I:! generel t no 1tzaueture postn1lath't<J. 

fearts ot hoaog•na1ty exist tor aamia of tbese caittiu& without 

uae of! the tP.IJUlatf'onation'a in thece euipjs, teats a1ing the 

tr11u1.1tormat1~ are .dartved to d•11onat.rate •tuival$:rU.H:t. fhe 

11kel1b.cod ratio p:rinc1ple ia used 1n all te&tt• developed 1n 

th1• pap*r• 
c,,..e 1. We deal.Pe • test of the tqpothe:.d.a (J.8) when the 

aqplG ls 4NW from a •ultivariate nomal PoPUlation with 

known eoYari a.nee matrix. Applying Hau' s tran•tomat1 on a.a 



s.n (J,l), th• joint den•1tt ot a aaple ot I tranatoraed 

obaerYa,1on• ••1 be tntitten •• 

< ' ~) • :-l 
t(Y11•• ., ,YJ "" {21t ) ~ ILJ/ , •KP{-l:t.i-.V .. ~ ci-il>~<i-il>•}, 

().16) 

where Y 1• the veetor ot sgpl• mean• [ii,i21••••i.-1 l • .. 
K 1• the veetor ot ..-anatOl'lled population ••aa• 
(f-1~r.a~•••~ ~p-11 , f'. S.: th• utrtx of •.-Pl• p~uota 
and eroaapl'Oclu•'• ........ ualagou.a11 to CJ. 7) • aDd I\ ta 

. .. ' "% • ·. .: ' . 

tbe lnverae ~ l: • "Mte -...iOIWttct °"vtanee matrix. Al 
• • 

L la •••~;'·:" ,be tmwa1 thu 2:. aa4 I\ are known. 
to •outnet • teet ot the tranatofth)d b.Jpoth••i• 

(3~ l4h we thall d•rive the likelihood rcatto ata,iatle 

ad then t'ind the d1at.1but1on ot tb:l• ata•latS.•'• . . . .' 

'fo"obtaln an eatblate ot K bJ • .-.. lillelthoo4, 

lt t• •••llJ •••D th•' the l111eltboo4 ua ... '8• C•D•:Pal 
. . 

alternative ().16) 1• •uhllzed tor variattona in H wan 
- . . . r = •• aaklng the quadratie fOl"'ll inYolving M 1n tb• 

•••• ezponen• vani•h• !bua, to• testing the b7pothe•ta BetKcK, 
•• baTe the 1lka11hood ratio 

~ -"' tziZ) ~. Ii' )z: exp l-itwA~ -1J;('?-t1°)~{Y-M0) J 
"t2it)l!tp rtI' e~r { -t t.. ~~ J 

= e"Jtf [-~('i·M0)i\(~-~)'1 = expl-iQ,l, (J.18) 



Wb•~• X- la -- veoto• (0:10••••••)1 Ve ue "1 as a teet 
•t•t1at1o. Wben th• null hfpotheala 1• true, f • 1: aj 
le •be uponent tn the tUa•r1but1on ot !, and .it la well 

Down tha~ ~ thu tollowa the •••tral .obl••fltlal'• l• with 
(p.l) 4-are•• ot he•d•• 

It the aull hJpo'lle•1• l• not •rue, l•t tb.e tr.ae 

bau.toned •••••• ~ aeana be de:oote4 bJ' 1r11 =- i, &Dtl 

writte 

(.,..19) 

!ben ~ aq be ab.own to toll• the non-oent:ral ob.1-aquare 

l•J 

(3.ao> 

Pora ts.Ible of th• pereentage PolDt• ot tb• non•eent•al . . 

ob.l••4V.U• dlatribv.tion•_ ••• B. ft•• [lo) • 
!be uaal l.lkeliboed ratio ten ot the 9P•the•1• 

(J.,8) vltho\lt applJ'lng a tranatonatton ·-., be toud 111 

an analogou ...... L.t ~ k tbe _ ._... •alu.e ot tb.e 

.,.a;na apee1t1ed ln (J.8). llax1111aatloa of tb.e legarttba 
of the l lkellbood fuOti OD With l'Uped to r leada to \be 



l,J 

• CJ.ai > 

In tol'lllng the 11kel1b.ood Patio, •• have 

•xr-l•l W /\Y • ~) /\ (id)•J -,,--
·-i·i:b/\Y1 

~ -. l- J<i.dc> " (i.,Ap 1 ~ up lj! 1 ) 
A f t\ I\ "1 /\ vhere •-=Lt", f • •••• r- • t' hlag ••ti_. in (J • .tl). 

We ••• 'la aa .- •••• •'•'l••l•• I• la eut.11 toad th•' 
t 1 follow• •b• .. } ... law0 vlut (p.l) cl .. •••• ot l:Peocl•. V• 

n• ab.qw tha• '1 ancl 'a •• lden•taal. 
Le• tbe '"an•:fonaiJlon be u befOftt 

J= 1, ••• , p.1 
ad let 

(3. 23) 

. .., ..... 



It ab.ould M no,ed •hat tbe ••••l••• aatrix ot the 

[71jl aa det11'ecl. tn (3.10)* ~ (;J.il) 1• n•• the oo-
var1aaoa aa\rix L.. lwu•, L. b tb.e tlnt (p•l )tll 

principal •lna la the oov•ianoe ••t•b ot the [ 1'lJ] 
•• 

wb.1oh ve denote bJ ~ • ,It ahould be further noted 1-bat 
th• .tint (11-l ) th p.S.aelp&l •ln• et i\ • 2:-' 1• not 

• •• 
·~na b7 f\ • It >:1J 1•, ea el ... ai of A 1 S.t eaa be 

• •• 
•hon [ail that /\ la relat.ct ·to f\ b7 

.. .. 
~ b ,>\ 1# ,, 1. j = 1, • •• ,p•l . 

App 

; 

•h•r• Y1 b ••• p.eolQllDet .., ••• -.. [7n•••1'1p]• 
11 la the P•••l-ed NW YM'°l' ( Xs.i • • • .xlp 1 and f la 
g11"en bf 

1 0 ••• 0 0 

0 1 0 0 

• • • • ' .. • • • • • • • • 
0 0 1 0 

·1 •l •••• -1 1 ., 
L•' 

3= l 1. 1, •••• 1] ' 



Cla a row veotor ot J> utt ele:morata. S, ~ (J.U) •&7 

'h•n be ut•••n •• 
:a = ct.Ki/\· <LQ>• 

== i I\ i• • iA'x• ... i/\il• .. it/\•·· c.:s.ae> 
lu.$ r I &• def'1ned in (J.21) •8" be Vrittea .. 

" i A j • J ~ j .. ; r- · l7\JT= · ... 

A. ,. 

• a f" .J• 
8Ub•t1tu•lon et (J.)O) la (J.26) lea4a to 

•••wk*"* a detenlnan• •f'l••l to 1 u ou be 
•••n traa I•• tol'll ..a '1ll.ltl p ........ ·axa lDT•P••• »•noting 
tb• ln••••• rela·tloa tor th• veohn et· •-.Pl• ••ana bJ' 

I 
•• UT• 

(J.JJ) 
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Bu• •tut lnvane et tb• o..e!aee •trlx ot the Y'• la 
given b7 

•• 
Jt I\,, j• • }:,., , 

where 'i:.. lj Sa tbe 1Jtt1 el ... n ln i\ ~ l'lwth••• 
.. ' 

J• /\ i• • ~ ~-r; ~;. .... 

P.P• tb.e !'ela•ton (J.24) 1t la ••en tha\ we • .,. write 
tbl• •• 

(J.Jll.) 

(J.J8) 

().J9) 

(J.41) 



tbu,. b th1• lutuo•• \tut •1Jp11•a.tlea d S.ll'a Una• 
t.-.\t.cm led• te the aaae naal' .. th.at· obta1aeCI lff 
4l•••• applioattoa ot \•·llll•llhood ••tloprooedmi•• 

I 

Cfl• 11 Le• u •••~• tb.•t:.~be YU!anoe-oo•artae1 •*'~la. 
hu a'tftetv• I: = c-' &• & llaotra. !hi• 1• on. a••raliaatton 
ot ~. •••al uaap•1en ot ._ Ual7a1• o~ TU'latace that; 

the oOYU'11ll'lO• aatrix baa •h• 1'0111 I:= rr""l• •••• l la th• 

P••quu• t.4entl '1 mat.ta, . . !be ••• •naa.tOl'IH.tileu map• & 
' . . .. " . . 
lato E, and l: lato .O'' It• *•"• \\ha lJ'" •l•dt ot & l• 

tie.tined lt7 

-~'> -~ 
~ ~ \ [ ] 

' 
• \ f • -· • "' c- ... ) . "' ( - . •./. 1.'ltv-' k. exp l-i;y.. t. KV -v; ... "<-11 \<. Y ·H 1 , 

Aa ln ().16). Gl•••.'1i• null bJ'potbeate tJ.14) true, 
wuilli•••t.on ~ tha lqarlthll ot th• lltCelf.boocl lead•• vltb 
••• re4lle•lon, •o the autalat.q •cauatl• 

.o 
fl-• ttbie'll •• ob•d.n.- on aets•tng • = o. 



. . 
..... the 1.nal . aJ.•ernat:!Y• bJ'potneala, W• eatlaat• H 

lJt'T •• ·• ......... ifhe lOIDl.,. or \be l'lgbt bud 

.. Ht ot·tJ•'Jt.ll •ttb ·..apeo•·to rr' ....... 

, .. ri. i=··. di . w ,, zcr• · 

' ' ' '1'1• ntall h7P0tb.••l• 1• tN• aaC s u •h• eatllaatOJ' under 

•h• 1••"1 alt•natl•• hJP••h••l•• era hntns tile 11"'11· 

hood .. ,,. .. tl1'tl, •th• ·-· .1.,1ttl•••t•, a. •ftl• ..... 
I (J.46} 

Wb•n the .,_1 bJJ>Oth..J.• la '"'• ICl.:l l a... la th• •P••nt . 4 cr-
ln the denaltJ ot 'f, and la tho diatrU>u.ted ae a '(' wlU\ 

l'(p.l) • .._.._ ot Ire•••• fhla quadratl• ton ••1 be 

patlt.ione4 into bo· p•l'M 

. I P.1 t.i. · -.L .L: L: . ir'J .,, ., 
(T ... twl t•l J· ' ' tt •J 

P.1,N •S.J. + .-1·f!!J. .t_lJ- ..-= -1.. z; ~ k ..... :L .L; ~ • '· ... a ... l•J..· j•l "'"' CT" l:•l ~·l • .. ·.• · . 



Applteatton ot CO'thl"e.n•e thaoPem [19] to (3.47) ab.ow• 

that tbe two term• on tbe right-hand aide aPit :lndepti>nd~at., 

and turtber tb.at tbe tirat t~rm on the right-band side is 

d1.atftibut;e4 •• a j....,_ with (p-1} (li•l) degreea ot tre•dom; 
' 

the B•Utond term on tba right-hand side b•&*s d1atr1bated 
... 

1ndeperuhtnt17 ot the fil"at t.erm as a 'x: w1tb (p-1 ) degrees 

of freedom. This ean be demoDatrated b7 axalning the 

P8l'lb ot 'bhese two quadr'ltie f()N$. 

1'1• first form is given bJ 
p-1 p-1 If 

_l_ E 1:. ktj E (ft1•J1) (7t3•f:.t) ..s 
O".. j•l 1•1 t•l 

and. on mult1p171ng it out arid eollee'bing the me.trices of 

the 0011Pon&1at q,uadratio to:nm 1 we obtHt1n a (p.l )B aquue 

aatrix (with matPic1al el~n\s) proportional to: 

(l•l}X•l -x.-1 ··l .ri .. g ••• 
-l <1-1>r1 ... g-l -1:-1 .g ••• 

().49) 
• • • • 
• • • • 

• •• • 

It we add to the lett oolUJrm all ct the otber colmma, the 

tt~•t eolunm van1ahea. !hen; •or•1ng on the (p-l)(B•l) 
pr1nc1pal minor w• ®vain, &ft•r some simpl1t1cat1on, 



0 0 0 

0 n-1 0 
0 

0 

0 0 

• • . ~ 

• • 
0 0 

0 

• -1 0 

0 0 

JO 

••• 0 0 

••• 0 0 

••• 0 0 

(J.$0) 
'· • • • 

••• n-1 0 

••• .n-1 g-1 • 

P.atOll an exalnatton ot (J.SO), lt can be aho•n that it hu 

l"ank (l.l)(p.1)• !b.• other quadi-atS.o foJlll 1n (3.47) l• a1Yen 
b7 

pi-oportlonal , . . 
.·'r1 &'"1 .,,. 

~,,,. • •• 
.-1 1.•l ••• s-1 

(J.Sl) 

* • • 
• • • 
• • • 
g:•l rl ••• g•l 

lb.la •tl'ts te eaall7 •hwn to h••• nnk (p•l ). 'the 

qaaoa•1o ton on the let•-hand •id• ot (J .• 4?) baa rank 

l(p•l). fhw,, adding ranks ot th• toR• on the right• 



Jl 

hand 114•1 we •btaia 

( 1-1 )(p.1) + (p.1) = :l(p.-1) 

, which, b'f Ooctuaan•a tbeo••1 daonatntea that the two 
, 

oomponent' tol'lla in (3.47) er• tndependent and th•' the,. 
I. 

are dlatrikt•d u l: Yu1a.1s•• w1th (p-1) (l•l) and (p.l) 

ctegr••• ot .treed•• 
'lb.• .. I .I 1 th root ot our 11kel1b~ •••lo ( :h41) 

•Ep.1) . . 
· t1aJ be v•ttJ•en u 

1 • 

·Ve take 

. ~= (s-1.) 

aa ~ *-•• atatl•t1os lt 1• ... 11,. ... n tba' tb.1• haa 
th• ~ .. ltl'battoa with _(p .. 1) ·1»4 (S.1) (p.l) deg.-eea ot 

flt•e4• when tlt.e nllll bJ'po\h••1• la •..ue. 
Wile th• m&ll bJ'pothea.la la not tN•, tt •• be ahova 

th•' CJ.$)) tollowa t.h• non-teat:ral J'-41••r1!Jat1on:vh1ch 
here depeada on the par ... tJer 



!he non-eentral P-4letrlbut1on h .. b64Ql tabled b7 

P. C. 'fang [ll] • 

W• •&J 1nterpPe\ rl in (J.54,) aa tbe deYl&t1on ot 
the population ••an' ot the·1~b. vu-late~- the pop'1l.at1on 

••• ot 1)he p• •eta••• 
Oone1der ~the apeo1a1 •••• X = l. lb.en X baa elaentaa 

ks.1 = ks.t. +i;,, =al '1.i:=lrpp =1~ · fiM eleaenta ot JitJ •ar be 

ahown to be ktl='!i • k1'=4 to•·l r JI 1,J=l- ••••P•l• 
In 'hi• ease,. •• obt;aln th• atatiatle 

'"- = _N_(,,._-_•> .. f.r .. -• ..... 41_:_·--· ---~_...,f .... : ..... l:..,.: ... · _. ~-... -~_1_,J_. _. -
,,. I l:iI a I R111 

~ iru - -Ir f. L. ~j 
bl .L•I 1,..1 

.. 



Jl 

When p 21 the statistic reduoea to 

().57) 

which 1a dlstr1bubed acco.rding to the P•d1atr1but1on with 1 

and :1 ..... 1 degrees of fr$i&dom. It la wt:tll known that the aquue 

ot the 3tudent•t ate.t1at1c 1 with /6 d&gre.ea of treedoa, 
tollcwa the P-d1atr1but1o:n w1 th l and Sf de~eea ot tPe~dom. 
We may identifJ () • .$7) as the aqtu.t.re ot \be S~udent-t 

stat1at1o tor testing aqua.ltty of means in the pa!r~d aaple 

case 0, noting that "'11 + •2a '"" 2"1a ••t1m•tea Var(x1 •Xz)1 

u4 . :I.a th• U.•ual eat1aate1 of lba:t vu1ancf.t. 

'b• teat preaentod was baaed on Bau•a transfoZ'llatlon, 
Which baa two d~a1rable properties. First, the composite 

null hJ'potbeais (.).S} i• tranaformed (at least in the means 

•pace) into a a1mple b.ypothea1a. fbe aeoond advantage will 
,---.;·t 

hecom• clear 1n section ~·l) ·• Howtrvor, from a strict 
•,""·----

aU1 t1 var1ate atandpo1nt, we 111111 sxaine the et.feota ot 



ll&ld.ng tbi• ••~t ... ation b7 ooeat.-uo\1.ng tb.e b .. , teat 
et tb.e tqpotbaa1a ot homogeelt7 tU.a-eoU7, ud o-.ulng 

powera ot 'b• two ••••o4•:• I' la ••• p:a•enl.7 obvS.ou. at 

tbla·potnt, •hat eucab a\••' •ftUl.4 b• e1t:lhel' th• .... or . . . •t.tt•••• flt• tile •••' developM a'bo••• If \ile llkellhood 
••lie.tut p..-.. .,... •• tt• a ••••1at1• 

vh1ob. h~a the r-tlatr1but1on •l•b. (p•l) - p(••l) ••81'••• ot 

tr•-"•• Wbea K ·.::l• tlda •••ll••• to 

.. .:z. 

'1f. = ••1-N-~-~-~--1-)_ .. {""'!lf ... :,_-_"°_'. ___ (_&_ .. r._i:_ .. _'_.....J_. , (J.Jf> 
·2.. . -v;. .. 
I.•• 

and tor p = 21 •• have 

, 



which bu the P-d1atr1but1on with l and 21·2 4egreea of' 

tJ'"eedom. Th.is m.,- be 1dent1f1ed aa the aquare ot thtlli 

studentwt atat1at1o laaaetl on two non-paired aople• with 

the 1u\me inmber or obsenat1one 1~ each sample. thus, 

· a.ppl1catton of the transformation leads, in those &p$Cial 

caeeli, to gen&ral1aat1ona ot the paired t-statistic, while 

stra1ghttorwfU'd appllcation or the 11kel1b.ood ratio pl*ocedure 

lea.da to Q gen<U:"&lisat1on or the nonupa1red t-stat1st1c. 

In t$rtlS of th& analysis of varianoo, the atat1stic (J.59) 
ia the statistic used in a one-wa7 _claas1fieat1on, while 

(J • .$6) ia the atat1•t1c used in a two•wq classif1eat1on. 

Oa•e le Consider now the case wherein 'm• var1ance•eovar1ance 
.I 

llttriX hae a struotlll'V o-f th1.t fol"lll (J""ii• Cf', 1:: 11 • • • ,p; 
2. 

<r13=f'• 1 ~ J, 1,j = l, •••• P• The application ot 
Hau•a transformation yields a eovarlanee matrix w1th elemental 
• .. • & 

0-11=- 2 0- (l•pJ, 1 = l, ••• • P•lS <r ij:: <r (1-f)• 1 :/:. j, 

1, j = l, ••• 1 p•l. Thus this eaae reduces to Oaae 21 with 
• • kt1 = 2., k13 = 1 (1 f- j ). As thcts& constants arll! ths same 

as the onua developed in th~ last a~ction under the 

aaawnpt1on that I. = 1, we may uae the expeea•1on (J.56) u 

th~ teat statistic. It is a rather 1nterea,ing tact that 

this should be ao, for th@ atatiatic (J.$6) was baaed on 

the modal ~= I fr; and we now find the same atatiatie 

eieing when we use the model postulated ahova. 



fte •t.•••that;lon ud• '11a G••n••l•• )Qpotbea1• 11 
g1••• b7 •h• non-nn•ral J'41atP1bu.t1oa• which depeacl• upcm 
the pai-aeter (J.Sit.). Aa tb• oonaknta ic1J ve known tn 
thl• ••••• ve write (.).$4) u 

Vll.ka l12J ••••lopecl a teat uade:r tbe ... bJ'pot!Ma1•-

w1thout tranaroraat1on, ancl '$l'lled the atatlat1o •o tound 
Z.• In OUJt aotat1on. 

{
. P Pp J 

--L. ~ if;. - t--:- ~ ~ 1";i 
"' . --"'_ ... ____ ._ .............. --.... -. 41,, .. ,_. ---· -·. , ____ ... 

-L.. f .:- ..J... ~·~· 1 ~ ... flo LJ. ll"J;, - •-• L "1'~ +- ....!_ L ('i• -i) 
W- I .- I • pt•\ I l•• 

.... 
:: 1 p -z - ~ .. , p l • 

th 1'ap ot L• la troa 0 '• 11 and '.• glven 'l'l• null 
!Qpoth .. l• iNe, bu the ~ -tlatrt.buttoa wt.th pe•eten 

i: (S-1) (,_1) an\I t(i>-1). Aa noted 1t7 \fllka, tihe J._ 
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criteria 11a7 be relf';Pitt•n as an P-atatf.1t1c bf cona1de:rtng 

'k(lf•l) (pwl) (l•l'.w) 

··--·----------------t (p-1) La 

and then P has the P·d1stribt.tt1en with (p•l) and (ll•l) (p-1) 

degrees at t:Peedoa.. W1lka concludes that ••• "ifh• use of L11 

aa a criterion for teat1ng 8- (the tq~otheais o£ h01Jogeneit7 

ot means} is equ.1Valfmt to an analysis ot var1an.ce test tor 

taeting •row' erfeeta in a p x I rectangular la7out when 

rows are aa1J1oeiatttd with the p variables 1n th• 11ult1vu1ate 

popula.t1on. and eolutma are a.1u1oc1at&d with the 11 1nd1v1duala 

1n the tuunple, tt Writing the stat1atio obtained b7 Vilka 

1n tbe fora ot J' ().6.3) 1 1~ la •••:111 seen that th1a atat1a-
t1c :la identical wlth the atat1at1• (J.56), 

Cf!i•• B-• We now consider the oaae where the varia.:nc•• 

covariance aatrix baa the structure: 0-11 poaa1bl7 ditterent 
tor d1tter.ont 1, criJ =: 0 (1 # J ). ~. application ot 
Heu•s ts-mstormation leads to a ti-anator:m&d va.r1ance-

oovar1anee matrix of size (p•l} x (p•l) ~1th el.mentai 

0-11,. <T ii+ ..:r pp (l = l, ••• , p ... l} and cr1 j ::: <rpp { 1 '=! j )• 

11 j = l, ••. • p.l. Thua. the tra.m11tormed varianoe-cova.r1ance 

nu'ltru has po.aaibl7 d1tf ere.nt diagonal ~le•ents, and coMtant 

the atra1ghtforwaPd application of the 11kol1hood 

ratio test procedure leads !.lmled1ate17 to a baalo dittlcultf 



)8 

in the aat1l!lation of the varianc-a•eovar!ance elements b7 

the method of 11uuimum likelihood. Under the null h7potk'lea1s, 

we write the partial derivative of th• loga.ri~hm of the 

...,: 'i:>:: 
""1j =r --·-• • :lo er-. - O"" 

c: ·'L .. 
where CJ 1J 1• .lroneoke:r' s dial ta and O' = er 1 J for all 

1 I J <t.j ~ 1, ···~ p·1>, 

(J.66) 

~~ ~~ ~ 

_ tJ ~~ ... + Z:,~ ~;L ').1._ ~ x,.~ xr; = o; .\. :t». Jr-·) 
;,.s I ~=· ""' t 

!be satimation equation obta1n$d when the logarithm of the 

11k•l1hcod function ia JHartially (~1ffere.ntiated w.i th re11peet 



t.. 

J 

..... 
te er 18 ciu.lte 1nVfl1Ye4. th• author baa not been able to 

~ • • • 'I. 
elear the .•xpztaaalon ig ?':.I . of ••l'lla in O-u UJd CJ"• fb.1• 

••' ot equ••lotas vaa· atudt."'.. bJ au~•ll [131 vbo b.aa al•• 
·tail•• to tied a aolut'ion ror p ~ 4. ft• aolmtS.oaa road 

1n the cue p ::. • •• in el•••cl ton, bat _.. rath•• tn-
YolTM r.om a o01lfPtltatlonal ••udpotnt. 

a••t J. ftn*11J"• we •••tme Uiat th• varlan•e-oOT01tm•• 
.. tri& .._, be eatillated eompl•••l7 t-POll the aampl•I no 
SHlu:frlntoNft!on w •*•'*"P•lena allout poealble relatlon-
•hlpe wltllln tlle ••Vls are poatul.atect. Appltoation ot 

S.• •a,. traaarormatton •• the problea Ped•••• th• nnothe•l• 
or h•oa••eltJ' .,;.._. t• an hJ'pothe•l• tbat the ••au• 
toned .... a. sere. In tlda •ltuatlellf. ae pob,ed 011.t 

bf lau [ 9] , •• 11a7 •• Ml• wll .·lmoa·· 111r•1ll'aeof ntio 

•••ti•tl• kriowa .. ...111ag• •. fl'. ••••l•ti• [tit.] • • ••• 

- . ' 1' 1>elrag th• . ..., T•tor of t•an•f_.... ••Wt 
r = [r 11 = [Xi • a, J ; 1. .. i, ••• , .-1 

• and Y denoting th• ••tr1s et •IDIP1• produote aacl o~o•• 

produo•a, wltb 
ti 

~ .. = L (~.c,-'f:\:)C';lttj-~~) 
.6.1 occ I 

= ""7Ji -"'~t -11~, + ""tt ; A .:r= \r .... J ,_," 



It 1• well known that B-1+l t 2 tollova the P•41ati-ibut1on 
p-1 

with p.l and l•p+l degr••• or freedom, given the null h7po-

thos1a tl"ue. When the null hypothea1• 1a not true, l•Ri:& ~2 
P• 

baa the non-o•ntPal F-4111,ribu.tlon dspen4:t.nc upon a par•eter 

with p-1 and l•p+l ihtgrteea or tr••4•. 
In the other case•, we have derived the beut teat ot 

the n7potbeaia ot homogeneit7 without pertoi-m1ng the tran•-

tonatlon, where possible. It do1ta not ••• possible to do 

ao in th1a caae1 in tact, Hau'• t•aaa~oll'Jlatton vaa 1ntroduo$d 

1n •ni• particn1lar caae to give • Jt&thed ot 'teat1.tlg the 

h'Jpotbee.1• et h0flagenett7 (J.8) ·when the cu.war1anoe macr-1x 

la perteotl;r ganeral. 

We ab.ould note that !2, aa det1ne4 b;r (3.68) 11 not 

the if- aa deYeloped by Hotelling., It' ti te the etatiat1o 

developed bJ .Hotelling. and !2 111 the stat1.st1c detinttd in 

(J.68). then 
(J. 70) 



I <ii•i:2)a ·-------- • CJ. Tl) 
•11 .... ... 12 - 2Y12 

And ( ••l Jt2 ean be •••n to be the •41UN ot th• paired wo-
•~l• t-nat1atl•:1 f'o~1ow1ng th• P•dl•h'lbutioa vltb. 1 and 
.. 1 degree• et rr ••••• 

l·•l 1s.11•111a 
JI a~ld lMt noted that the teak elev-elope« b.Weln 

were 4•Y•loped tO'lt • acldi'tl'f• •odel of: th• to• 

X 111:' ~ l"" € 1k 1 s...- 11•••• PJ k•l, •••• I · 

In.~ tran•fe~atton.• we •••ra•• •al~•• .. ot~wt•b k ael4 
eoa.t••I tt;lQ) ti. ••• t·1nal to.- walt l>e oM-1• .. . lt ,, +• . " . . .. ., ·.· •, ' 

el:t••') were add..S to •11.e •••l• D-•t.»a thl• 0011Pon•nt 
~· . ' 

bJ ~ Jc• ta. e.quulf.+t .... 1 vocil.d be 

•s.k= \S.+ ~11: + t 1tc• 

th1• bold• true it ~It l• either a tisecl" or rqdoa eompa•nt. 
ID .... a v1tb E~ Kerl. ••• obtained tb• t••• atatl•ti• 

Cl3 (3.53) d.,.lved bJ ue ot tbe t•ana.tonatlon and toad 
' tba• wb•• g = 1 and p = 21 QJ :P .. aoed to f\. ().S6 )• Mae pa1P841 

t•ittatlatla. W• 'lllell ebkS.ned \bo atat1at1o ~ ().58) 



ca K : If <il.) r•duc&d to the two !utm~l• t atatiatie, In-
• . caae 4. w1th O" 11 : tr ; er 1j • fO' 1 we derived the teat 

stat1et1c bJ us• of the tranatomation and found that it 

was 1da.t1cal with Qq.• W11Icata ~eat •'at1at1c (.).62), 
der1V$d Wlder thaae ••• covu1ancs aasumptiona, but without 

uae of the transtol"mation vae round to be 1dent1cal with 

'l4• Thus, since the uae of the transtonaation produces 

statistics wbicb are valid when a block et'feot is present, 

we s~e that the usual test ot homo8$1.\&1ty of treatments 

in m anal7aia of YaPianee of a two•wa7 la7out 1s valid 

alao w~n all treatments &Pe equall7 aorr11lated• 

l'OP the cue p • 2, whon Z • I er'" and wb:en block 

effects are absent, the a.ssuwption of possible oorrela.t1on• 

leads to the paired t.-t•at when th& approp•tate one is the 

two Simple t•teat, when block •ffecta .al"e pr~Uh!U.tt and 

I: • I O".. 1 the use ot tlu~ Iilin1 t:ranatonatton is still 

CH'JPreet and leada to a teat equivalent to the pa1P$d 

a.aple t•teat. Again, when I: is gen<n•al, th& pairGd 

•ample t.-.lest 1• apptlopriat• wh•tbe.. l>lock ett'ecta are 

present or aba•nt .• 
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IV A.f PLICATXOJf OF TD T.BBOBY tO D&alGI OF 5=0MPLET,£ 

BLOC!t ,UP!iliDiDT§ 

4.1 Grqblll [is] ••••• to have b~en the first to note 

that Hau• 1 ti-anaf"ormation could be appll•d to the Randomised 

.Block Design when conditions ar1ae which make the uau.al 

assumptions untenable. '?htit model tor fixed effects is 

usually given as . 

11j = t'" +'rt+ ~J + Eij' 1 .. 1, ••• , p; j=l, •••• i-, 01 .• l) 

wherre 7tj is the obaened value on the 1th treatment.1n the 

3th block, 

t"" la the overall maan, 

l;.1s the (fixed) added eff~ot ot the 1th tr•atment, 

. 'With tt· = o, 
~j ta the (fixed) added e.f'fect ot tb€. jth blcintk1 with 

Y" 

~~ ~ o, 
and f 1 j i• the random normal error. w1tb. 

• l f 13 1 &' 0 - • [ f 1j £ lra 1 = ~ lk s jln O" .. , 

whePe. & tlt' b jm ar. boneoker delta.a. 
foteat. the hypothea1a 

... 't 1~ .,... a a .. • • T P' 

we proceed aa in tonlnfr the variate 

Xt j = 71 j • lp j 1 1 • l, • • • 1 p•l 11 

It ia saan th.at. Wlde,r this tranaf'ormation, tbg model fol! 

the new var1abl ee ta 



ad tb1a la ot the .-. tom u giY•Jt la CJ.9). X• 1• ••• . 
1D (4.J) that the tnutonatlon botb.•-1u•• toe lQ'peth-

•1• te a a111pleP o••t and remove• blook •ffeeta trom the 

110t1el. 

GJ'qbill applied tb.e.~rautoma•1on oalf to lu• S 
te a ranct•ize4 b.look de•1P• In llaklag tb.1a tranatonatlon, 

he ••••• io be •alnl7 eono•ne'1 vi i;h ·. vulanoe bete•ogeDei t7 

and no\ w1 tli OW1'9l•'" •no"• lb•• · 1ae ••• •1nlf oon-
eerned. •ltb Cue 4..b11\ opera.•ed as taoqb lt Vd8 a Oue S 
probl•• !b.ua, l.o'•l.IU.ng•a t2 u, .4atlu4 la (J.68) 1• 

uae• •the I••• •••tu•t.-. ~·--·b•411t:aeeabeft.tb.at 

t/. follow• the P-41•,•llna•s.-. with P•l -4 B•p+l cteg .. ea 

ot treed•• that 

I ). p r-.utrea u ..., a aon blocb aa tre••-au. 
!be hfpotb.eal:a ot •4Ual1 t7 ot tlxed bloclt e.tteota la 

uael.17 •••keel lo tba anal7•1• ot ••1••• ot a raacl011l&ecl 

bloele de•1p., It ou not be.done b7 the•• 111atboda1 for it 

a •elate tna llllJ' oth•• obaor••tlon veetor la aubtraeted: 
tr• a YUtat• ln tbe tint 01>1ena1;lon v.otn, then the 
two ••••ora are oorrelated, and independonoe no longer hold• 
bet•••• obaerYattona. 

tll• uaual. analJ•l• ot the randomiz•d blook dealgn 
u•••• a· vvtnee-oovarla.noe ••trh of th• ton g1 ven ll7 



Case 2, when the lmown matrix X 1• the identit7 matrix I. 

!he atat1.st1c in that case is given bf (3 • .$6), and lt baa 

been easily v•,ri.fted that ( 3.J6) 1s the au• stat1atie 

usu.ally used in. tea•tng bomogeru1~t1 ot DHuma 1.1' a random• 

1aed block dea13n. thus, tbi& app11oa.t&:l.onot Hau'• trcans-

toNation under the usual aaswapt1ons leads to the same 

results aa the stra1ghtf'o7Mrlard ••thod ot derivation. Also 

1t should b• noted the.t, wh.•m &11 variates aro equ.al.17 

correlated as 1n Case 31 the statistic (J.$6) 1e also 

applic•ble tor the analJtds of a rando•ized block dea1gn. 

Gra7blll, 1n bls ott1g1nal pape:r!, atreased the point 

that this 11nal7s1s waa •al1d tel" het•rogeneous va.r1anoet• 

fhe work bJ Box [16] and others would •••• to 1nd1eata 

that tbe ta.et that th1a nothod or s:nal1•l• ia also valid 

under the preaence ot co:rP&lat1ona in the erPora !s ot 
•uch more 1mportane•• 

~.2 Power ot the ~!il•i•• It: has be6D aee.n that the 

asaumptlona aaaoc1at.ed wltb the wn1al methods ot analysis 

are not made 1n general in the twats preeent•d herein. 

As reductions 1n ttut easupt1ons in t~sts ot aign1f:loanea 

ueuall1 l9ad to loas ot powcl" and ef'.f1oie1'us7, 1t is nattt:ra.l 

to 1nqui:re aa to the s1Z• ot the ],osa incurred. 
l "".ilY"' ! 4U,J.\ Qrl~'~i·.'.JJ '-'t,.J r 

The tlret compariaoni\we shall mall• ccmo&rna th• 1011a 

ill power incurred by aaauaing th.a\ tb~ covarianet11 ma.tr-ix l• 

perfectly general (Case 5) when actusll7 the covariance 



11atrtx l'Uit the t.-. :Z• Iq" (u tn the ••••1 anal7111•)• 

!tie P~'•• ot netJ-oeft•r.it•1 tor Ca•• s. •• 
gt.Yee ltJ' (3.69), .la. 

·.:.,, ! _1;1 f!i:i. ~1, ~' r 3 = ; •"x' .. , (ii. j4'1 . ' 
(4.6) 

where il 1• ~-· ··-....... ., . ··~ ..... [r .il o;t. the tr..-.. r...... •arl••··. It ahall aw be ahowa tbat th• JH&..a•••• 
ot non•cantralit7 ,(416) le th• aae as tbe one uullJ 

uaoo1ate4 with the •andcmia•d bloe).: dulp, ~hen Z. • ta' • 

. " ' 

where Y 1• the (p•l) columned row Yeotor ot buetonecl 
Yulates, X le 'h• (Pl 001-..1 .- veetor'. oE or1g1na1 

' 

1 0 0 , ...• :. • 0 1 0 ••• • • • ,. • • (It.I) • • 
0 0 0 ••• 1 

•l -1 •1 ••• •1 • 
1. p by (p.1) fttrtx. !h1.s tot'W ot tbe tl"ud..,..,f.on ta 
41f'f'e!taat r.oa (J.26)._ 

U 3 deoi>•• a (p•l) eolU11med row vector 1•[1, i ••••• 

l], 'b•• f aq 1M wt.t~• 
, •• [ JJ : -1•] (4.9) 

,, .. 
wben't 1• the (p.l) squape ltte~tltf maiM.S. Jr the .+;nu .. 

tefted onatanoe •••tx ta L. • th•n (4.-6) _.,. be w1\•.a .. 



whe•• M ia nov the :row vacto11 or or1g1nal m~an• l "I' 11 
Under thtt aaat.mptio.n tkat I: '= ~ <r'" 1 Wti have 

l l ~ ---..(I - ........... J•J) 
<r"' p 

M(!'rt • ! TJ•JT•)M 
p 

-- -'- - .... .... 1.. .... -- -I 

• lJ" I n 'I 
- I .-,"""'tt,. p p 

It we partltion'H between the (p-1)'1:1. and p~ element 1 

denoting th1• by 
H =(ta ! "Ip ] 

• 

J!... (llllt • la6f J111 - 1 'l' Im' • !a..rt r .... "r'" - l t"' ) 
p O"~ ' p p p p p p p p ... 

p 
S11!leo L '\ 1 = o, then Jmt :. r p' and (4.lla,) X'•duees to 

1 



I -p O' ... 

.. . - ... po-

p " L: '\ 1 1• the paa:meter ot nol'l•f.U~nt~a.11 t7 aa-
S. "::.l 

aoc1atec! with the usu.al analysis of var1uee teat., ftlua, 

the test uaing -z2 and the usual tflat nave the •••e paa-aaetera 

ot non•e•ntrallty wben k -=.. I er ... , a.ft4 oampuisona may be 

made in teme o:t this paramltilter. :Sotb at.at1at1o• artl 

distributed aa r, the T'- ba.ving (p-1) and Oi·p +l) degree• 

ot freedom and the uual atat1at1c having (p-1} and 

(R·l) (p.-1) degr~•• ot freedom. The r.a1Jlo ot fihe power ot 
the f2 t••t to the power or the ma17•i• ot vuiaaee t~•t 
for a ran6mf.zed blook experbum\ wl th :five t:.eatmen1ut la 

abown 1n ft~e l to'f! an °'- = .os alg:n1t1eanee level tast, 

&ad in Plture 2 tf#! tm· °'--= • 01 aign1tioanoe level teat. 

aev•••l points should be notech 

(l} !ho power ntio ia less than unit7, 1mp171ng; that 
under oon41it1cna when l: =- I<r .. , the -.r2 teat (Case $) 

will not detect dift•r~neea u ott•n aa th$ analyaia 
ot Y&r1ance teat. 

., 

As tbtt nu.abet"- ot bleelta inc~cu1.atu1. the power ratio 

•ppPe&ciles aitJ, and 1a 1u1J11fptotlcuuly equal to 

un.1t7. 
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()} · Th@ miniJIQl'I ratio or th• powel" in both oaa~a oocUl'e 

generall7 be~w9en ¢ = 1 and ~ = 2. Por 6 blooka, 

5 trea\meints, °'.:::: .. 01, tho :min1mwa i-at1o la .08 at 

'Ii= a. Thia is not surpr1a1ns eonaidering tbat the 

degrees of freedom associated with the t2 atatlatlo 

ue 2 and for thl't anal7a1s of varian•e~· 20. 

(4). Pllrthar exam1nationa sbow that leas po1u1tr would ha 

loa1i tor a deer•ased nwribet" of tr&atmenta. and more 

power would be loet for an 1noreasecf number of 

t:reatmenta, given equal nwabera of blooks and equal 

aiae para1teter j. Wh•D p = 2, tlnfl two methods have 

eqtlal powel'. Thia is ab-.n bf the •q1u1lit7 of the 

atati11t1ca {).57) and (J.11). 

k:1l ,$198~fl lkli~•! .1->f '1''?!.df!!, cman••• 
Single desro• ot t.eedom contraata ma1 be teated 

in the randomized blo~k• es.ae as t'ollove,. Su.ppoae that the 

exp•r:tmonter 1• intitl"~tttted 1n aom~ contPaat 

p 
01 : 2: ki 1' i ': Dl t 

l 
where a: la the row v<totor [ k1] obe71ng the reatr1o ti on 

L k1 =- l.J• =- O • w1 th J defined in ( 4. 9 ),. K ls the row 

vector l )' s.1 • Por eaoh block, we 11a1 tom tbo $t•t1st1c 



{4,.18) 

• 
aln•• f ~ J • o. !b.e Yarlaooe ot ~ la 

Ye [Oil-= a E •• (4.19) 

vhieh •• eats.a'• \'JJ 

" • I: ••• (4.20) 

th• IQ'Po•tt••l• B•• a• • • • .,. be •••••• 1>7 to•tna tb.• 

•••tlt\1.• 

(l,..21) 

wbtob f'ollova the l'\wl••'-t d1atr1batton wttn Cl•l) dognea 

e'ttfteda. 

ot oov••• lt we lla•• another oenW..• 

"2. Ji •• (J,..22) 

(11.-2.J) 



wbioh will ••'• 1D a•••ral, h• ._.. even lt K H' = o. In 
gelld'a1 1 or\llogoul. co.atraab do not prod•o• 1Ddopendeni; 

, .. , •• aad wlthou•.a knovl .. I• ot the ""1• ••variaJto• ••'•ilJ 
.. · ' ' wev.ld •••• !Jlpoaaibla 'o cou~rad lnd9P•n4ent alngl• 

degree of fhedea HDtl'&ata. 1ba, feeuea l aad 2~ . . 

wb•n L la ef.,ber eompl•t•lJ·knovn OJt • ••tl'S.X Ip,..._ 
portloaal ,. L. la tmovn, ••• ., t1ad oMboaon&l aontrut• 
vblob •• ancon'ela4Jed _., du •• aol"IM111•J't ln••penclent. 

An 1.,0.....,t exeepttcm '• thla l• wbe.-. all ••~1anoe el .. •nt• 
ue tdentloal, and al.1 oovuiane• •l••Dt• ve :ldentioal. 
lb••• we ...,. el-.e th• ooratanoe aat•ix aa 

~·· f 1• •b.• l~lu• oow•lalloa Me.t.tl•lent, and v.. 11 
the o-.n Tar1aff term. Thea, lt X B• • 01 •• bave 

g :& K' • er" It ( (l• f )! +- (St J ) .Jlt 

= v-" f Cl• f ) K B1 + f- (& l t ) CI H ') 1 
. = o. (Jt,.2.S) 

11na• thl• •••• t.a anal .. ou t• th• u1ual aaal.1•1• d 

•vlanee, •• J18J •Ollpllh th• equ.ue ot the lbaear oontraat 

wltil tbe uual error tel'a obtained ln \he anal7aia or 
•ulanoe. 

4dilt La)b •nta• A Latin &qllue •••t.an 1• onti in vbteil 

•••l'J '•••ti.eat 8PP•&P• onoa and onl7 oaoe a-t eaob l•••l 



of h• tao\or•• uuallf called ,.... and eo1wmu1. Aa an 
eaaaple or ataGh • deeip, oone14.r the tollowlag 3 a 3 
•••lP. when A, I,. C rep••••nt ~b.• thP•• d1ttere9' treat• ....... 

.. l 

I.ow 2 

low J 

A 

B 

c 

• 
c 
A 

c 
A 

• 
lb• •••hod• •••• tor anal.plng aueh a deatg:n 11U\ d•p•ad 

. . 

upon tb.e &aa-.td.oM ud.. fwo aamplea will b• 11 ven 

Jae .. 1n• 

U &t.Jllll ta the obaen•4 •al•• ot '11• ts•eatment (1) 
whloh appeo1 in tbo jttl"1t aM. •'"' ool- et tbe •'t& 
.,...... 'he• ta• .... 1 1a 

vhae 
. ,. '······ . 

t' la th• pacl uu over the wbol• experlaent1 

r. l• t5b• ..... ett••' ot the ''"•••••eat wltb 

• L "r t • o, 
1• 1 

~ J l• the added etteet. ot tb.e Jtb ••• with f ~J = o, 
1 

o<1t la •t&e added •tteot ot the II._ eolan, wtth 



B .E: ~ 11 = o. 
111 .. l 

Alusoeiat•d with the v@ctor of erPora [ E ljkl 1 we 

aball a:saume a general covariance matrix I: . In the naual 

models, L -= v ... I. 

To teat the h:ypotheais I10 ; 'r 1 = "r 2 = • • • : 1" r• we 

tirat ton the llet [ Jtt •• ml , Where 

file notation, t< Jk}w1 th iJ,. meana aum111ng over all j and k 

wb••• 1 appears. Oll foNing 'tb.e ••ts [ x1• •• • *r •• ml : 
[ 71 •• 11 1 ; we ••• that 

11. •• • r ( "r 1 ... "\" r> + L L 
j k 

e s. "* - £: L E r Jn " J Jr . 
(Jk)with 1 ( jk)w1tb t 



bf teating th• hJPOtllofda that the [ 11 ••• ] tutva a sat ot 
meam all zero. 

L 1 1• tomed 1n thit usual VIJ.7 ft-om th• ••trix ot 
[ 11. • •• 1 und•:r Oaae S. :Pot' the C?tbor ottaea, L 1 is .toned 

trm th$ kncwl'J forma of L x• · 

It 1• obvtoua that row and colWtll eftu(\'te. ••1 be 

tested tn an analogoua memneP1 aumrdng over all of the 

taetora exeept the mt\\.l b•in& teated, and perrom1ng a 

subtraction to rcpa:raebrise the model. 

It the Ol."1g1l'!al vscrbol' X. has aaaootated with it a 

vaianoe-oovarlance aatrix with eonatant coYarianee and 
oonatant v.,...ianoe el•enta, then it cart be shown that tbe 

teste of equality ct J-oW· ••:ans, VO·l•n moans and tr•atment 

11eana ue ucol'1!'$l•"ef paln1a•1 aa ln th• •ue of aingle 

degree ot t•eedom oo•t•uta. 
It 11. of oowrtut, often poaalble to deaign u exp~ll"l• 

••nt so ttha'b the l"'eltl"iOt1on that the nu.mb0r of equarea 
exeeed1 tho else of a square D8,7 be dropped. !thus, 11" it 

11 posa1l>lt't to·arr•s• the aqu.ue ao that th~ corrolat1ona 

b:etw•en tb.e major ela.a:d.fieations are &el"o, teats of th• 

bomogeneltf of the aa.jor elaasif1cat1on meua ur b& made 

bJ means of the uaual tn1al7a1s o.f variance,, retaining th• 

advantages ot the Latin square. J.a an a•ple,. •uppoae: 

that tt 1a desired to tea\ th& ettectiveneas ot an attach• 

11ent to aomo machine tool,. and 1.t baa be>aa detenin&d that 



th• enora asa·oeleted with eaob ailtaem.ent are corre.lated 

in t1llfl• Then,; a Latin square de.sign could be used, aa 

ab11tm b•l °"' 
Let M1 denote the l th saeblne tool, 11 me.oll1na toola being 

avatlable :ln all. L.lt T j :repr•setr' tbe d1fte:rent t111e 

period•, j • 1 1 ••., r, tmd let Ale denote the 11 dtttt:tl'rt.tnt 

attacbtfJJata. W• ccn1ld 1>h&n uae (tor :r • J, •tq} the toll ow• 

1ng d•sign. 

"1 72 '13 

Ai Mi Ka H3 
Az •2 M3 Mi 
A3 M3 I\ Hz 

The totals tor A.1,A2 •d A; wll1 _1" ~eo~•late4 untl• 
these cond1t1ona, and onlJ twe ilq,uaHa would be required, 

as a atnimut axualy'zing ilhe totals by a two wa1 c1asa1t1c& ... 

tion (oons1dertng •quartia a1 blocks). 

W• will eonaidor 
the analyats or taetoP1al UTang&•Hmts in two aootiona. 

Pint, th• analysis ot a p x q arr1mge11<::fnt ln 1111andord.sed 

blocks will be d1acuaaed 1 and extenaion• te p & q x J'l x a x ••• 
ura.ns••~nts will be giv•n• We will nut eorusil!er eonf'ou.nd•d 

arrange11~n1ts, fractional repl.ioatee,, and bale.ncH:hi confoundt'td 

awangementa. !ha arutlysea or these last thrite types ot 
• 

arrangements are giv•n in tens or single d•l••• ot .t".Pee4om 



eonti•••'•• r•r t.n tbe. ••Jozttt7 or the euea wnere taoto•l•l 
al'l"ang•ent~ ar• .a.aed, the ana17a1a ot a1ngle degree ot 

traedom oontruta ••- moat val.aabl•• 
I!! I ! I Paoto~l!I !rJ:!!a.,•Dt. W. 1.11a oonoern•• 

' 
herein with the relationa bet~•uta Yar1at1<hUI in Jl'eaponae 

and ebangea in the level• ot two tactoJ:..a, •SJ A and B1 in 

u expePl.JleB'J the u.pe•S....• b•ias l*Ua top 1•••1• or A 
. and 4 levels ot B 1n eaoh bloak, giving P• treatment oombia 

nations .per block. W• ••••• th• uual •otlel 

xs.311: •r+°'s."" fJ"'""+ (0<f >13 + e1Jk • 1 • i •••• , • 

j • 1, ••• , ' 
k : 1, ...... 

.. 1lih••• r • s•an4 .... t4 • ., • .n.,, .. p 

cc, • add., .rr.et ot '11• 1'11 l•Y•l or "• •1th z:.0('1 • o, . l:t 

~J • &ff• _•ttn' ot •ta• J* l•••l ot ·a, vltb 

~ f j: o, 
J•l . 

~ k # adcle4 ett••' ot the ktll block, wltb • 
~-./" • o, 
it-1 . 

(«f)tj • 1nterao,1on at th• 1th leYel ot A and 3th level 

ot •• vi'h t ( O< t )1J • J (ocf)t.i # 0 
Eljk • ran4• anv aaaootated vl\n '11• combination (iJ) 

ln the k'b ttlo•k• 

M before, . •• ••k• apeolal aeawapt;S.ona eoncer1'1.na the Pandom 
•l"l'O• term, lbe aaual aaam11ptioa if .._, 



se 

... [ E'l.jk €••t 1 • &~ b t•' ~ j• 0-.,_ , (4.30) 

wh••• f:>t.J 1• the Kronecker deltaJ bt.j • 0 lt l ' JI 
bt • '1 it 1 • J• Ia the ant general •••• (Caa.e S), 11• ..... 

o~.31 > 

and ln ibe •••• ot •<l'&all7 oorr•lated T«ll'latea (Oaee l) 1 I 
'f . .J_ y 1i:.1t 

¥• ...... . . . )l)l )~11 Alw-1 r ~9ra~w 
Cw [ €s.Jk S'ntl • bitt( 51r b J•O''+ ((. blJ' -Sja)pO'• ]. -·-

(4.32) 
Ve oonaldez. teat• of 1S.gntticanoe ot th• A-tutor, the • 
taoto• utl poaa1ble blt•raot1on be•ween tb•• !he }Q'potb .. 

•• to tte •••'-" ua1 ,. 

(a) Iott °'l ti o<z • '··~ .•. ,O('. 

('bl •••' ~1 •.ta • ••• • {?>:• . 
<•> lloJ• < «P >u • t 0( f >1a • ••• • Coe (3 >ip a •••• 

.. , .. i"' . 

( oc~ lpq 

te •••• •• ti••• t\J'potuat11, w ti.rat •• over the dltterent 
leY•l•· or.-...,..,...,. ta ••b A.•taoto•.-: ·Letting xt.k denote 

tsh• ••or •t.Jlr .... '• ••ha•• 
' :11.W' E. ztjk • •r +•0(1 + r~ J + .r.c °'~ )t.J,,. ,._..v k +- I:'Et,f1c 

j-1 J J J 

(4.)J) 



due to the reetrtot1ona in the model. We tben perto"' 

.Bau'• tranatomat1on, whieb 7ield.e1 

(4.)4) 

As we aaaume tbe veet~r (e. ljk J to be d1atr1buted aa a 

multivaJliate nonaal veotor, then the r<* veotor ot (p-1) 

eleJ1tenta Lf E'lJk ... ~ €pjk] · also has the mult1vu1ate 

normal denait7,. md the vector [Y1.k] ma1 be subjected to 

all ot the tests given in Cba.ptitr .3 tor the dif'f erent 

aasumpttona conoet-n1ng the covariance matrix or the origlnal 

obaervatlona. 

It abould perhaps b$ not&d at tb.1a point that all ot 
the restrietiona imposed on tbe aod•l ue not required. tor 
the val1d1t7 of the teat procedure. Thus, 1n oqua.tion 

(4,.33), we only n~•• 1mpo•• the restr1ct1on that 

2:(-. <3>13 • o. th.,- Vfl le.tt in the modal tw two reaaon1n 

(1 l It the 1ntoraot1on e.tl'eota are not all aex-o, we could 

not repara.mettn•ise the model to obtain the teat de-aired; 

(2) the reat:riotion a14a in 1ntePpre•a.tion of the model, 

girlng operational olar-1ty to the di.ft'11rent oom:ponents. 

A. test ot a1gn!f1eanoe ot the etreets du.• to variations 

in .the B·t'aotoxa •a.1 be ode 1n an malogou.1 aunar. t1rst 

&W1ftling ovel!" the A•levele, po:rforming Hau'• transtor.m~t!on 
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on ,._'.,..•\llt1ng ._..,_. applJ1ng •b• •••t• appreprt••• 

to tbe uatmptlona ••d• eon••••1rc tbe _..._.. 

'• •••' fol' the a1gatt1ean9e •f the tn•orae'tlon t•••• 
we define 

xt.k • t 1j •1.tk • ~ +- a,'t V kt- £1 .• k • 

Z~jk • ; 1i Xljll .,... + ~ J + "- 1" E.Jll • 

Xt we d•tlne 

.... - appl7lng ..... vmtonaatlon to 'be •t.jv .. 

ob'•ln ( pq-1) •al.•ea ft Jk' *-•• 

(.4,.)7) 

(Jt..)8) 

71J11 • ~l.f- • •Mk a («.~ >13 - "oc~~pq+ £ 1Jk ... E l.k 

the '••\•.11••• b Chapter 3 aq tlld be applied to th••• 

tranato .... ••l•••• 
I• l• •••• that;• ta tb• ao•t golMtJtal c••• oonoernlng 

tab• ••UllPtl.ona ••• abcut •• e!'PorTai'lencea amt 
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covar1ancea1 there 11n1ts:t be moittt obtten•t:ton veetora than 

treatment combinations. '!"his puts sevtu••e lia1tat1ona on 

ths ut1lJ.zat1on or thee• results, as (1) tor a test of the 

A•etfoeta. there must be e.t least p blo~ka; (2) fox- a teat 

ot the 1-efi'ee\a, there mu.at be a.t l~tutt ct blc'Ok8; and 

(.3) tor a test or th& int@rao\!ons,, there Jlttl!Jt be at 1eaat 

pq bloclc•• fh.i·use reati-1ct1ona would aea to auu•1cu.aly 

11a1t the &ppl1eab111t7 et th~•& rea"lts to practical 

p't"oblems. Howev&r, if the 1u1al.llrptiona ~one«Jmi.ng the 

covar1anoo 11e.trix are 4fn0ount4trt>d in praet1oe, it would 

•••• that tb.e metbode g1•en h~r@tn &Pe the only valtd c:nea 

ava1labl•• 
'·f 

"'' iJYl -'' (,<'~ A aec~ objection to the test& ln th1a aeetion 1a 
\ .J1J~} 

that tho tests artJ e01•r:el1tted, the degroe or tb• corrt\lat1ori11)~,!'''.f' 
feJ>•nding upon the particular eova.rianee aatrlx met ln 

practice .. 

!he applications o~ t'b.e method• presented t:uu:••1n lead 

to a thin dtttltntl t1 1 !"'er a new eoveiece matrix would 

have to be t:.h'>RJHJ.ted for @ach of the tests or main eftecta 

and 1.ntliractto.cs. 'lh.ts can be <!.one by a:tther recomputing 

tne ooYar1anee uuatl!"1X trcm the t:tHln.aflonti.td tlata or trma• 

t'oftillg •h• Ortigill&l. COV1l'rilU"JtUJ 10atrix. 

Bx:tenalons of th&ae ••thoda \o p x q, x l1' x a it • • • 

faoto:rlala la ob•loaa, at l•••' 1. .. or the main etteete. u 
given hore1n1 th• transtcrmation requ.lr•Hl tor a teat ot a 

main etteot la obtained bf 



(l) ~1ng over a.11 f'aetora except the one being 

teated, and 

(2) Appl7ing Hau's tl"ant!Jfonrtatton to th• resulting 
.. 

means trom s\leh slu1u1. 

Thus, in a p x q x. r x a factorial arra.ngeail1nt, with the 

factors A, :S, a and D:• if Xtjkoln l'tapi>eaenta the ob•ervat1on 

on the f.th l<tv@l of A, tbe jth l~viel or B.1 th0 kth level ot 
c" tbe •'h lovel ot l) tn tb:e nth block, we de!'lne 

:a1 • ....L L" z~ x1· ..•. ,_ • ••• ia ... j k • JAmll 

are av<Jragllid• A t"l')st of the 1Dvitl8 of tn• factor A il!J uu1de 

bf a.pply1ng hu'a tranatol"lliJatiorl to the set [11 ... 1 ; a ••••• 
tewt ot the levels ot' the tact~ JI 1• ••de b7 appl71ng 

lau•a tl"anaton1nlt1en to the ae't [•.j •• nl , .and so en. 

To t•st tor two tae,o'r 1nteractlons1 W$ tom linear 
f'Ut'letiona ot th• 8Vf£11'age valu.es, ju.at u 1.!i th~ p J( q oaae. 

!ro test the int-eraot!on between tho A and B 1.'aetcre, ton 

Yt t a Xi• - Xi . • JC j +x .t• .,n ., •• n • •• n • • .n •••• n 

au a.ppl7 Hau•s tran•tormat1on to ihe pq, r•sult1ng valuaa. 

ln general, to teat the two-tactor interaction bt1twGet.t the 

taetor indicated by the sub•or1pt u., sa7 u, and the tactoi-

1nd1cated by the aubacript v, sa7 V, we subtr-aot the mean 

ov•r all factors •xcopt U and the JBaa.n over all factors 

eXetl;lpt V trooa th~ mean over all factors except U and Y, 
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"'.,. S,X •X ~ -X - +X 
···~·•Vee •••••••• ··~····· •••••Ye• •••••••• 

Then. Hsu.'s transtonation is appl1ed to th<t aefi 

[ "1 •• ,. .... · 1 • and the r~u1ulting valu.$& are tea1uid b7 the .............. 
appropriate at~t11t1o as giv•n 1n Chapter ). 

1Ughel!' orehtr inter•etions are tea\ed in an analogou.a 

mannar. the rules ot combination being sina:1l.ar. If there 

are k raotol'a 1:n all. and a t$at oJ. .. a partteular h•factor 

1nt•ract1on 1a d•a1r•d, tir1t select the melUl obta1nad by 

averaging ov•r all o:f' tbe Uc•b.) oti'utr tutora. From thi• 

mawi, su.bt•aat tho ewa ot tb.e Cn!i) means obt.aln•d by 

av~~~ing ove:a:- all pocuaible ~biaat1on• ot (.n. ... 1) e4 the 

b. eho1en ra-oto~•· Acid to t.bla th• •• ot tb.e (n!a) mettma 

obtain1t4 'b7 ave.Paging GVitr all JH>IJ!.!1bl• comb.inatiena ot 
(h-2) of' the b choa•n .factors. The prooeaa 1• repeated 

until the grand a:v-eras$ ia either added to or subt.Pacted 

tren tbe •WI• lla\4 •a t:Pamd'ormaticn is. !lppl1$d to tile 

resulting s•t and ·th.it t-eat ~ eignif'ieano• made. Thia 

proeeas ia valid 1:f' all int<&J•}lction ~$1'114 artt 1l'H~lu.ded and 

if th~ ua\lal restl"ictiona arw lmpos~d on thoa model. 

O~f ound•4 &.Ad, ~act1olf&l, Faotoria,l. Arpang&n11:u:1ts,. 

A factorial arrange11~nt is said to be eon!"ow:tdilj<tl if one or 



Let '111 'I a• ••• • "f' p be the tr~atnent et.!' ectasa in an 

experim~mt. A contrast is then <hif1ned bJ 1 ~ 1 oc 11' 1 , 

with 'f.1 0<. 1 a o. Let ~ indicate summation over the treat-

ment• which appear together in the kth block ot each repe-

tition. !hen, a contrast 1a said to be confounded it and 

onlr it ~a1 ~ 01 tor an7 k. It is this propert7 of 

confound•d arrangements wh1ah allows singld degree of 

frceodom oontrasta to be u:unh In the unoontounded oontruta, 

each block etreot disappears since ~a1 • o, the block 

ett"eot being constant for all a1 in th1a swrt. In contounded 

contraata, th• eorrespond!ng stat1st1o moa1turea both. 

d1fterencos ln block effect• and the confounded comparison. -
One estimate of each appropriate a1ngle degree of freedon 

eontraat mar b$ oalcl.llated tor eaeh repetition of the 

basic design, and a Student-t atati.st1o oalou.lato4 from 

the reault1ng ast1matea:. 

A balanced confounded &rrangam0nt ts handled in 

exactly the aame way; ef fecta not con.rounded are calculated 

trom all bloeks tn a repetition, ettacts which are confounded 

are <.ualoulated from all blocks exc$pt those wh1cb W$re 

generated bJ tne contound@4 contrast. As before, we only 

J:t$qu.ire ths.t the co·,rariance matrix associated with a block 

be oon11tant over all ropet1t1ona. 

Fractional taotor1al srrangementa aui b• derived from 

the principal block ot a eonfotmded arrangement; tllua, the 
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eon•raa't o.orJ'••poM1ng to el tb•• aliu • .,. be oonatru.cted 

b'J conaide:r1ng th(t appropi-lata linear tunotion tor that 

contraat in tbe pr1malp*1 blook. 

' 
!ao16 8$, Pltt Piila• u4 ln•o!!Pl•'• Bl9JE Det11M1 !he •pl1t 
plot de•lp, ln lta moat ele11entUJ tol'll, •&J be dHoribed u 
1"ollov•• OD• aet or tPeataen'• i• lknanged 1n a randomized 
blb41t 01" Latin •ct\lan dealp. Ba•h plot ot thll buie 
4•1$11 ta then. aubdtvlded lato a Dallber or aub.pletl ll8cl 

a aeeol'Jd \reatllent 1• app11 .. at .._ •• 'o the attb•plete. 

A ovetul •ainat1on ot the llteratun re•••l• a 1Nlt1pliol'7 

ot model• ado,pted b7 the var1ou• an~ol'9 to de1el'ibe th1• 
4•algn. A O'*Po•lte of.the •odela·pnaene4 mlgbt be 

when 

i • 1, ••••• 

' = 1, .••.• , ' 
Jc • 1 •••• , • 

(J,..4J) 

., x 1 jk la ·tb.• oblel"Yed yt•1• or the 11th aubwtreataent and 

tb:• s'* ..ta plot treatmlent ln tb:• 1th blookJ 

y- ··1. •h• pend ••aac•l 
~ 1 la the added etteot ot the l*" bleok, wt t'h 1 1 : OJ 

(3J l•· th• added •ftect ot fibe J"h tlbol• plot ~••t••n\1 
WI.th ~ (?> J • OJ 

l\ lj la the later-.tton beWeen tlae vbol• plot treat••n'• 



66 

~~ the blocks. u.suallJ aasWl'Htd to b• a random 

variable with variance 0"' 2w• 
V k 1s the added atfact of the k:tb. sub•plot trtlatment, 

wlth L v k:: o; 
lt 

( 'tV ) jlt 1a th• whole-plot - aub ... plot interaction term, 

tmd e 1Jk ia .the error term. 

Por homogen~oWI 1.ndopandent errors, if tbe whol&-J>lote were 

not divided into sub-plots the ~ 1j term• would be th1t true 

oxperimental error terms. Likewise, it the whole•plot 

treatments d1d not exiat, the whole-plots would tH•come blocks 

and the proper exparim~ntal error terr!! would be E ijk• 

We shall bo coruutrnsd with two cuu.1es: 

(a) 
t. 

Yu1«nce <iij) • G".l; J Oov( 'lj i1•): U-jm, 

COY( ' 1 j ~ pm) a 0 t•r 1 J p 

(b) Yar1anee ( f tJk} • <:r)c ; Cov( Et.Jlr £ ijm) ; o-bt J 

Cov(ts.Jk £..-8k)eOtor1Jr, jJa. 

In eithov ot these two cases, the analysis 1a 1tra1gb..t-

forward and ras.1 bo cU\l'r1ed threttgh aa it tho spl1 t-plot 

design were a p x q faoto?t1al destgn (Section 4.5). Tb.ls 
. ' 

11 not true under tb.e uaual assumptions or regtllar a.nalya1a 

ot variance, due to th6 eovarlanoe t.iJms arising t?-om tile 

~ ij• H.owever, in our case we ma.7 handlfl:l these caver1ances 

as nhown below. 

To analyze tbe wb.ole ... plot tres.tmants, sum over the 
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aub•plo'• and prooeed •• lt tbe dee1go ver• a randomized 

blook. 

nau, • 
:x. lJ. = ':L x 1 jk = • r + • °' 1. + • i-, + • 1 l j + r £ t jk 

Jctrl . . k 
(J+.41&.) 

On perttoziwing Beute truatoftlation on tb••• h'Pla, •• 
obtain 

':J~. • x lJ. • x It· 

: • <,... r" ,> + •< \tJ• ~t,> + ! es.311: -~ £1•11:. 
k k 

<4.4.SJ 

!be laat ................. ..._.-..,._. u•"1••• wttll tb• 

t•••••t tttt•»••-· tnt• ta ta• a-. t ... u Ctt..S> 
ad• •t.tbe• a1.-pttea Ca) • ('It) ant •• HJ ••lrs• tcb• 

••t ·~ lJ. •• l>etor.. 
h teat te• h<80fld8l\7 ot at.lb•plot treAt••H MB8; 

f Oftll ~h• .... ' 

x s..1t • L" x t Jll • 't" .. t cc t + t 'I-.. +- L' ' t J + '2:' £ 1 Jk • 
~ J J 

Jt W• ftOW f ON 

y t.k. -x1.k. 'X '·• 

~ Etje 
J 

(4-47) 
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9:e UJ also anal7ae the da.ta aa 1:n (4.S). 
Jiote that is assumption (a) bold••· but the E ijk 

are homog111u1oua 1ndetlendent e?":rora, tb&n the arull.y•is ot 
(J4 .• 47) would raduc• to the usual, ealyei• or variance case. 

'lhta, however, would be a i"'athfl:r unuaual e:ue. Ho:relikel7, 

we might find aasW1pt1on (b) noldins .• and the ' lJ aa 

bomogeruu>ua independent errors.. Then, the test Qf wnolo 

plot treatments wauld proo:eed aa in the regular analyala 

or var!anoe U>d tb.• test ot eub•plot tre-.tmiltnta would 

requi?"• the methods preaent•d heret.n. 

An exmple ot a split ... plot d•s1gn ta given 1.n aeotion 

block 4•11gns compr1auus tbe largtuJt elaaa ot designs; indeed, 

the complete block dealgna all"ead7 diacu11u1t1.nt form a aubset 

ot the 1neomplete block designs. However, sat1a.tactory 

DH:1thodt1 for am1ly11ng incomplete block dettigna have not been 

f ou.nd. 1'h18 ia due to the inoomplete:neaa Gt' tbll#& designs 

Which prevente the forming of" tunot1ona ot the obaarvationa 

having 'the neoeaaary e~peeted value• Wh•m tbe h7pothea1e ot 
equal treatmtiint ef'.f~cta 1s true and which a.Pe froe ot block 

eff ecta. 

It d0$S not iuuu1 possible to extend the theory to 

thia elua. 



Y. APPLIC~'PIO:IS AND COMPUTA'l'IOIAL FORMULAE 

5.1 The application of formula (3.68) requires that the 

tranatom•d product matrix b6 1nvertod and t~::1;-H1 tbe qu.adratie 

.form 
ft (v•1 ) yt I 

where Y i• the veetor of tranat~ed ••ana, be evaluated. 

!b1a 11a7 be done simplf b7 the following oomputat1or.ual 

method. 

B•u [ 9] ha• ebown that; ().68) aa1 be wl"1tten aa the 

determtnantal ratio ot tho ®l£¥•fome~ Y&l"1!'t'U as 

v J' i• 
Tl c n v·1i· .JI • J 0 0 (5.l) 

! 0 0 

where V 1a the untransformed product matrix. J is the 

( l x p) md t vector, and i ta the l x p vector ot untrans-

formed BUUlD#• It is not~d tba't tb• .i.-enta at the 

detenlnant in the denominator are the 88119 •l•enta as 1n 

the qpp~r lef't comer of the deteJ!'minant 1n the nu11erator. 

We Wt• this tact to allow us to compute the two determinants 

aimtll-taneou11117. 

The forward solution ot \be abbreviated Doolittle 

nutthod toa- inverting ma.trietus [ 16) eone1eta essentiallJ ot 



10 

a tactor1ng ot the matrix. to be invert·ed into the product 

ot two auxili•l'J ms.tr1oea. !ht.la, 1.t A is th .. mat:.r1x to be 

1mr@rted, the foz*Ward solu:tion 7ielda 

where I la a triangular ••tr!x w1tb zeroe• above the main 

diagonal and C 1a a. triangular matrix with zer0'$I below the 

llHd.n diagonal a.ad unit •lements along the ma.in diagonal. 

Having factored A 1n th.ls fashion, we may find the determinant 

ot A as 

\al • \Bl • I e I ($. 3) 

and I CI : l, due to the tr1ugula:r1tJ aJld unit elements 

along the diagonal. Thus 

IAl =ID\ 

But B is also triangular, so the detom1nant ma1 be written 

whde b11 la tbe elaent 1n tho 1tb ~ow, 1th column. 

Thua, 1t WG per.form the tcrwl'l?'d solution on tb.e numerator 
of (J, 1 ), given that f is a p x p matrix, we obtain the 

detenixuuit 
,.a 
rr b11 ' 
l•l 
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likewise tho determinant of tbe denominator may be written 

as 

a.r:us, from the naturo ot the .Doolittle method, it is seen 

that 

1:1, ..... p+l .. 

Tnua, we aay write ($.1) aa 
p+2 

,2 s ... v IT b11 
t•l 

.Aa an illustration of th1a, oonaider the ea.ae to• p = 2t 

i • [ 8, 6] J I• 10 • 

Por use 1n the regular formula ().68), it is seen that the 

tranatoPmed valu.it (J.ll ), (J.12) would be 

(.).68) 
rlf:10 [21[J](2]• ~ 

l 

BJ' tbe method given above in (6.tl, we would C&rl'J out th• 

calculation• as shown below using the tol'Wtatd Doolittle 



••tbod -

4 2 1 8 
2 3 1 6 

1 1 0 0 

• 6 0 0 • 

Ve tb.•• obtain tb.e oaloul.atlon 

4 I 1 I 

2 J 1 ' 1 l 0 0 

8 6 0 0 

4 2 1 8 

l .L t a 'a. 

I .L. a ' 
l .L. l "" 

- .I. - .I. 
& .. 
1 t--~ 

-~ 
.3 

V•tng.tlle lut Yalue1 whiol'l1• b41+ amt aubatttu•l.ng In 
(J.9), we obtain 

"' • • (10)(- j ) * Jd. 
J 

<s.10> 
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lb:p•r1•nee with tb:ia method t•nda to indicate that 

a saving 1n t1m• eooura it th~re ar@ foWP or Blore original 

tr&atme:ntt. 

block t7pe expGr1ment baa been run on th('t effect ot' three 

tr&a.tments on the rate of some ohemlo&l l9eact1on. and it 
1a d&a1red to taat for equality of treatm@nt etfacta. The 

data f'or 10 blocks, •uitabl7 acaled, 1.s gl'ven in Table . .$.1 • 

!ABLE $.l Results ot a lbt•etion B.a•e ~eriment 

Block Bo. fr•at. lo. l Treat. Bo. a 'lreat. llo. 

l io.4 16.l 22.2 

2 8.7 ie • .s a.a 
3 9.9 is.a 20.6 

4 9.0 16.7 21.3 

5 io.4 20.2 21.4 
6 10.2 17.8 21 • .S 
7 11.0 17.6 21.5 
6 io.s is.a .n.1 
9 9.-2 ie.o 22.2 

10 ll.O l~l.7 za.4 

We will eal7ze the data by two :methods. The tirst 

method will be to tranafoN tbe basic data as in (4.4) 
and cualcnllat• the tl!tst at•tiatic tor equality of meana a1 

] 



74 

giv•n in (J~66)J the seeond method will utilize the routtne 

given in Seot!on .).1 .. 

Wa tirat fOPm a n~w set of data 'bJ' •~btraot1ng tho 

data for one treatut~nt frotn th• ;p~at ot the data, :row bf 

row. Tne .f'il"at tri!lataa{tnt r•:uau.1 ta will be subtl"acted from 

the oth~P two to o1::>ta1.:n n~:n-neJJ&tive 1"'1:11.n1lt;st as given in. 

Table 5.a .. 

Block Jo. (~iaat.lfo.2 (Tr-aat.lo.; ... 'f:reat. Wth 1) ... Trfiat. l'c.>. l) 

l 5.7 ii.a 

! 9.8 13.1 

' 8.) 10.7 

4 1.1 l~.3 

s 9.8 ll,.O 

6 7,,.6 11.J 

7 6.6 io.s 
a 1.1 io.6 

' a.a i3.o 
10 6.7 11.4 

If all tbrt't@ columns had been sul>•tantiall;r equal, the 

above ntn1ber11 would all h• around zero. It tbe last two 
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columns wel'~ eqiu1J, with ann:aller nuaber• 1n th& .first column, 

the abov• two colwmua_ would be approx1mat~l1 equal. 

To pt?rfol"\'I tho teat, we· mu.at calculate the au.me, SWI 

ot aquaras, and sum or croaa pro<;ucts or the abov$ two 

C<>lumna. fheae we flnd to be: 

Tota.lat 

Sums ot Squar~au (:),7)2+.(9.8)2+ ••• +(6.7)2 = 6)$.69 

<11.s1 2 + (13.1 >2 + ••• + (11.4>2 : 1346.89 

Sum of Crosa Products: 
(5.7) (11.8) + {9.8) (13 .. 1) 1- ••• + (6.7ltll.4.} = 914.54 

We next calculate the so-called corr.ected awns of aquarea 

and cross products as tollowai 

Conaoted SW'I of Squa:rea: 635.69 • lZ8a722 •. 16.321 
10 

a i1!J.6.a9 - ill.21.7 ~ .• s.241 
10 

Oorr•otad Sum ot Products: 914.54 • (781:ZUll2tZl.: ).980 
10 

!he numb•r ten in th~ d•nominator arose becauae there were 

ten aets of observations. ?h& numb~ra subtracted wer~ the 

aqua.res or pPoduct of' tb.a totals. Prom iiha totals, ve 

oaleul•te tne averages: 

1L.l : 7.87 
10 ' ll~a.Z : ii •. 57 .. 

10 
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The matP1.x ot producta ed oroaa-produ.eta 1a then inverted 

to obtain 
-1 

J.·.9 .. 8.o·····) ... 1 
a.241 • 118.6610 

The quadratic form 1• then avalu.atad u 

, 2 : Bii•li• = 10 
118.661 

We mat convurt this value to an'F-atat1at1e b7 ml11t1pl1catlo:n 

bf the com1tant 

1-p+l 
p-1 

: . 10 .,. l ..,., 
J .. l 

Aa the tebt.ilatHtd valtae of the F•tit!.•tr:lbt.ttlon for () ... 1} 

and (10 ... 3 + lf degl"'0ea of t;reedom at •he • 05 level 11 

4.46, we rajeot the h7potb•sis of e-qusl1t7 or treat1tent 

•ffaots, sin.oe 

• 

We now calculate th1& result ua1ng tho oomputat1onal Pou.tine. 

The con-ected sum of aquarea and product matrlx and vecto:r 

ot 11h1ans of the untransf oned data 1s fouud in an analfl'.gou.s 

11anner to the prBceding eg,lculationa to be 

l 
I 
I 
I 
I 
I 
I ~ 



-Z • (IO.OJ ... 
Yt 

11 

. . 

11.6o} 

o.a.so 
-1.s10 
1.800 

ID \be tr.anaf Ol"'aed •atr1X f • ln ae•OPdance with tbe 
.. thod given In Sea,lon S;l, •• have the calculatlone 

ahown in tab~· s.3. 

S~94l 

i.00000 

0.140 

10.660 

0.140 
o.oa.JS6 

10.6S6T 
1.0000 

o.aso 
.1.s10 
2.800 

o.aso 
0.04208 

-1.s1sa. 
-0.14188 
2.SS644 
i.00000 

i.ooo 
i.ooo 
1.000 
o.ooo 

i.ooo 
0.168.)1 

o .• 97643 
0.09163 
1.10.Z,)2 

o.4)119 
-0.73)10 
1.00000 

10.0)0 

17.900 

11.600 

o.ooo 
o.ooo 

10.030 

1.68827 
17.66)6 
l.6S7Sl 

23.78999 
9.JOS90 

-&'t.S648 
18.SOJ26 

-16 .... 60t:2' 



tald.ag the nega\1Ye ot \l'ae laat ow.her ud 1Hll'tilplf1ng bJ' 
10 [ ••• (S. 9 >1 , we ebtatn, aa before 

t2 • i66.osas 

$al AJe!t~~ SSY£• .. 1'.!!!il~· Swppoee tba' 1n tho laat 
example three reaetora W<:)l"e used and 1t vaa telt that 

dltterenoea ex1ate4 between the r•ae•ora which would h•Y• 

to bo.ellaina••d• tbla oould be done b7 partoraing a Latin 

•cauare 'JP• ezperlllent, u ahOllD below. Let l, 2, J, denote 
tbe ditterent reaetora; A, B, c, denote tho thPee triale, 
ud I, ll, 1111 deno'• the thr•• t•ea'11enta. !be dea1gn 
wOtll• tben be 

•... , .. 
1 a ) 

A l Il III 

bl al • u XII I 

c III .1 II 

!bl• deaign allow• th• ett•••• ~ dltfereal reutora 
and the etreota due to dttterent wlal• '° be •••ov11d from 
tbe data.. SU.ppoae tho tea' wezte run ten tlllea, qaln 
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m•ru1w>ing th.6 r11action rate. Tile data, 11t.11.tabl7 coded, 

might appear as in Table S.S. 

TA&:I S.5 Data tor, Latin SquarG Example 

A.l.I A.J. III B.Z.!II 0.1.III .-c.3.11 
Teat A.2.II B.1.II B.J.I c.2.1 
No. 

l 10.7 9.0 11.7 10.0 12.6 i.s.; 17.8 zo.9 17.6 
2 > 10.3 9.1 iz.s io.o 1$.6 17.5 is.; aa.s ao.o 
J 11.3 1.1 1).0 7.9 14.2 16.2 15.9 19.4 19.) 

4 10.) 9.1 1) .• 2 9.S l).o 16.2 17.0 20.2 19.1 

5 ll.O io.s ll.2 l0.6 l).O ie.o 17.2 20.z 20.0 

6 11.4 9.2 11.S l0.7 lJ.6 16.4 16.2 20.0 19.l 

7 11.2 9.9 lJ.7 11.1 lJ.9 16.2 18.8 zo.5 18.9 
8 i4.2 6.9 12.7 9.0 15.3 18.l 16.8 ao.s 17.9 

9 10.6 io.e u ... o 10.9 14.5 17.6 16.6 19.6 19.4 
10 12.0 a.1 14.J ll.l 15.2 17.9 16.8 2(J.9 19.8 

We wish to teat whether, over all reactor• and trial•• 

thtn•• ia a dttras-onoa tn ztaaction r•t••• We tint awn 

together the re•~lta for eaeh of the three treatm~nta aa 

1n (4.27). fhua, for the first teat, the total J'or traat• 

went I le found to be 
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9.0 .. 10.0 + lT.6 : 36.6 • 

fPHeed1ng in tbl• taah1on. •• ttnd t:be ••tala u 1n 

Tabl• ,S.6. 

,.., ••. ....... l treat. I heat. ) 

1 •••• )6.6 lta.O 
z· 49.9 39.1 46.4 
) 48.9 )4.2 4Al,.o 
4 ..... ., JJ.7 111.0 
J 49.a 41.l 4'·• 
6 47.8 39.0 41·l ,. 

7 49.9 )9.9 ........ 
8 sz.a __ , 

44.9 
9 47.8 41..o lt$.O 

10 so.a J9.S 46.3 

, lo b•h tbe .. ~a17•i•• nrn subua.\ ...,. one column 
tra th.• other two, u_ ltt (4.a8)J we aetriet 'the data tor 
trea'11el'lt 11 trom the othtN' two to p~octuoe poa1t1ve nuab•••• 

, . 
Prooeed181 lD thia taab.lon. ve obt.atn tb.e •••tllta b 

'fable s.1. 
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Teat lo. (Treat. l """ free.it. ~) (Tr-eat. J -Treat. 2.) 

1 10.J ;.4 
2 io.a 1.3 
) 14.7 9.8 

4 9.0 7.4 
s s.1 s.1 
6 a.s a.3 
1 tf.9 a.1 
6 16.9 s., 
9 6.7 4,.0 

10 11..J 6.8 

We now &\lb Jeot these in:mlb~ra to the same anal.7sis as 

in tbe last aectton. We ttnd tb.e row sun_, sums ot' aquai-•• 

and produ.ota to bet 

10.; 1- ••• -t 11.) = 106. 7 

,;.4 + ••• + 6.8 : 6.$.9 

luaa ot Squ.aZ-6St (10.3) 4+ • •• , + (ll.,JJ2 : 1242.5 
tS.4>2 + .... + (6.8>2 • 458.9 



i142.s .. U9'.all~ ' ic»i..01 
10 

4$8., • <Ue!tt1 • llk6a 
10 

1.so.4 • ll°'1llt•itt!l = 41.zs 
10 

On •••luat!ng the qaadra•lc toJ.'111 ( '3.~a >. •• obt:aln 

wbteb la hlallll' algntt'leant. 
t• t••t whetber.th••• la a ditter••• b4t'-••n tb• 

••.Otor•1 w• vould haYe • ._.. over ••tal• •!Jd 'bhaaenta 
and p••toned the.anal7•i• on the ruult1na tsotala. 

Z.i A fill' PJo• !!aatlta B..-etn, •• #ball oone1der aa 
a ap11t plot ex911ple a t17potbetical te•t ot th••• ap .. 1al 

aaake••• olla •••• 1n a atandlll'"d motor gen•r•tor aet • 
....,.,. •lle teat la .Ue in a oold ou.l>er a• alx 41t'terent 

te11P••atur••• !be oil wae ot a speoial natUH, and onl7 
•nougb otl eo'1ld be made at one t1me to te•t at tbe •lx 



tamperflttll'91• The v11r1s.bl~ t.uaed aa a test er1ttlr1on wa.a 

the power 101a1 

(ind 1 ca ted horu opowe.r - 'tu.•ake hortH'tpower) • 

St11tab17 o()d·~d, tho data might apptu.:r aa 1n fable 5.6 • 
Ee.oh teat waa repeated fifteen tiJl'HUh 

TABLE S. 8 Data toP Split Plot .&c.aple* 

"-·-·" 
Pol'!lula I 

Rep. Te1111uiratuP• (°F) Tot;ala 
-JOO as• IJl!J l5Q io0 5° 

1 ft lfi )6 a " 11. aoa a l· Ii 36 46. J: 19 

~ 
21 21 )2 ft 1 
lS 11 a4 ii 1.$ 114 
17 19 ao JO J6 148 

6 i~ ll 11 18 ft l 92 
6 12 14. 1• 10l 

1.) aa u 21 20 2J ll 
9 1) 16 17 aa t\!J 12 10) 

10 lJ aa 16 20 19 ca 112 
11 u as 22 17 l2 19 l)G 
12 17 ao 16 aa ii• .)2 1)7 
l'J 18 17 20 18 22 121 
llt 13 1.9 18 29 1.9 co lJ& 
l> -11... 11 n ,.JA_ &,6, u ll!i 

211 Jo8 291 .3)8 41S )41 1991 .. r r 
-- JI'. 



~all 
-

••• ........... ,..,) 
~· 

JO• as• .. iP 1 .. J" 
1 18 lS 40 38 ,. 

44. l1 216 
2 ~ N F, 28 41 ., Jo. 214 

i g ft :& lSI 
~ 1$ 11 ~I ii 29 5 if 18 }i 

A 14 lS 1~ 15 11 ii ao 16 26 102 

' 16 1S l? . 21 aa UI 
10 10 11 13 16 26 19 97 
11 9. 1· 22 20 17 22 106 
ll 12 17 ao fl 20 18 110 

ii 11 24 '19 a. 19 i2J 
12 I #~11 J , T9 
10·· 17 77 ----- ........... ........... ............._ 

2)8 ..,, JU .. , JJI ,... '18$8 

._.ala llI 

l 35 ff J4 Jj 37 
M 

126 
a n .:sa 36 114 

i 29 afl JO 1~7 27 lg n 19 -ZS aq. 11 
10 ao 14 tt 12 102 
l~ 22 19 19 26 alt. 12) 

i 10 ao ii 19 aa 9) 

~ 
12 10 10 D 82 

9 7 10 15 17 19 
10 17 16 1• ~ D 112 
11 1T 14 lS n J.04 
12 13 ii 17 22 ii 112 

li lb t: H l~ t 11 14 14 a ~. 10 l? 14 JJi. IJJ - - - -l.f 4 269 jll i98 JSl J71 .1854 
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Suppose lt ls first desired to teat whether tbere 

1s a di.ttl!re»ce in the bo.,aepower loaaeea between the 

thr•• fol'mulaa. We :f11'at .form the totals for each repli-

cate and fomula, summing Qver the varlotia te11peratures. 

Theae totala •r• given in the last column ot Table 5.8. 
In this wa;y, we ettectivel;y avttr&g$ over tbe r•sulta fol" 

dltrere~t temporaturt:I. 

We now pe.Pform Bau• a trsmatormat1 on on these sua, 

au.btract1ng th• 1u.m1 of .fornul.a III from the am1s ot 
fomultui I and II. '!hit results are given in Table S.9 • 

. 
leplieate I -Ill 1% .... III 

l "'2J ·10 
2 -20 0 

~ 
21 s 
-~ ·19 

JJ 

' •Jl ·19 
A 10 5 

~ 20 

' .ll 10 0 ·15 
11 2.6 2 
12 2!) - 2 

i~ -11 - 9 
Sl ... 8 

lS 26 12 

from 

• 
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... b•.fore, •• i"on the .... , •wt• or aqua.re• and 8UJl8 ot 

product• aat 
awu1 (•2.J)+(-20)+ ••• -+(aft) • 137 

<-10)+(0> +- ••• +-(~1a> • 4 
·-· or •quai.-eet (-ll)a + ••• + (16)'2 • 11,959 

(·10)2 ...... + (-12)2 • J88a 
Suma et pzsoduo••• (-2).} ( •l 0 )+. • .+ ( 26 H •12) • J929 

V• now ton the ooneoted •• et aquarea and woe• pro4uotJ•1 

11,959 • (ll})I • lO,?o8 

)882 - !al! • J881 
1$ 

3919 - {1J1Ui> = 3893 
15 

!he &Yeragea, taken tre11 tbe above •o•ala, glY• a veotOI' 

ot· ••••• 

toaed u 

' 

' • f10,108 l J39J 

y-1 • r ~ 0001238 

L-.00012ss 
-.o. 001. 2SS 1 

.0003729 • 



!hen, 
ti'-. • is x • 00916 • 0.1464 

!be Yalu• ot ti W.t be atlltlpltea b7 the oonatant 

S,,o,. 1t r•2•• . • lo, • ~ tosWtal.p + 1.J • IJ ~ l + 1 : ti- • 
(,_. et to""'1•• • 1) . . J • 1 

4fbeJt· 6l x 0.1404 • o. 9$16 hu the P•diatributloa wlth 

3-14 am1 lS-3+1•13 4•P••• ot titeedot1, which t• elaarl7 

no' •1p1t1oan'• th.us. t• la concluded tihat there 1• no 
c11tf•renoe be,ween the 1... la horsepaver 4u.e to th• tbltee 

to...iaa. 

!o teat wb'alb•• the!4'e la f1JiV dS.tterence in bor•epower 

lO#t ove• the tltterenl teaperatttr••t"V• to• tbe au over ,. 

the thr•• tOMalu ·~tat.n1ag th•· reault• in ~able s.10 • 

. ..... 30• .. 200 lJ• ·1 .. s• 
l 94 103 110 101 113 114 

' u . . ·~ 9a n l~i l~ I ·U " I 
68 $7 H 6S 

II · f3 I IJ ·a ,, 
i Ji,9 H 71 

~ ij 9 ,., f ~ ~ 
10 u sa tz 11 ~: D f., 12 R .,. 
H 6 91 12 67 

JJ ct . I u SJ 68 
II 4S 
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!be t1rat val•• la t'ound .IJtem 

Jl+.18-t-JS : 91t. 
U •• ata'btraot •• tlrat •el- holt all et the otbe:ra, 
POW bJ row, and t.ben t'om tbe •atr1x ot OOM'eetect auaa 

ot aq11area aa4 pfiMuetJa • •• obttaln tae aatrta 

1104.tl aoa." aa1.Jl •lll.Ja.O "'-ll 
611 .. ;J •49-67 290.00 .,.., .. , 

• V• 160,.)J, J78.'00 1161.00 

757.60 129.SO 
1.)67.73 • 

• 

and, al.DM I l•s ot, £tfi1eat11 - ••• tt IHl~l>1'8• + l} t2 
. . (Se. ot v.-l•blea • 1) 

follow• tbe Jt-dlatrt.butlon vltb lS-T)+l • 13 and l•l : 2 
·' 

d•••• ot tr.edoa• then 
P • 11 a 32.019 : ao8.12J 

a 
la hlgh1J' alplf'1eant and 1t ta oonolucl•tl th•t hoHepower 
lo•• la dltt•Pttnt at dltte•eot teJIP•rttt•••• 



PART II 
VI. Olil BERUON'S CASE OF tINFJUt amaastou WITH 

ERRORS IN THE HIDE1~U:l:EN!' V ARIA:BL:::.:S 

ooetttc:lenta in linear and multiple l'"egl*easion have been 

der1v8'cl Ul)del" twc different asa\lll'pt!ons eone11rn1ng the 

nature: ot the independent variable. :Fox- a dep<!tu1ent 

variabl11 7 obaHn•ved at the vector Talued 1ndepe:ndent 

vuiable X, the .f'1r~t der1vat1or1s w~re mad@ lmder the 

A1u1umpt1on that 1 and X were jointly distributed aceo:.ding 

to some probab111t7 law; an,- realized set (;r,X) coustttuted 

a sample dirawn trom th1a multivar!~te popt;&lat1on. La.tel", 

~ou.nd 1920, F1she?1' [41 subat1t\ltecl th• assumption tbat 

the valutts or th& indttJH!•ndent variable ver~ fixed .amt 

without ePror, and showed that th$ tvo aaeumptiona l~d to 

tho s~me 6st1~atiag •q,uat!ona. 

HoweveP, in tb1J application of the th.eor7. at least 

to ttu) pbyaioal soi~tu:e.e uhepe so:ma tu.nct1onal rola.t1onsb1p 

ooimects the d~pendent and :i..ndependcnt variables. the morE!J 

usual case arises c:if art•ol"a i.fi botb. vari~blea. the inde• 

pendent var1a.ble cannot be eonaidared to be a r-andam aample 

tl'om some population a.a tt is usu&lll7 un1.:.er the control 

ot the exper1mftnter, &:.ad thus hu aome e.ppro:xlmata 'Yalu.;;. 

Inve•t1gat1ona eoneerning application of tna th~o77 unde.P 
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tneae eomH.tiona aho\'ted that additional inl'."ornation, in 

the f ortn or tht?.1 variance of' the error in tbe 1ndepend&nt 

variabl& o~ ratio ot thfJ varianee o'r the .1ndepin1dent to 

the Vat"ilintHl ot the dependent V!U'.'1able• 18 nee~U.Hl&:t.'11' fotit 

the solution of tbe problem [l] t [6J • [7J • 

19e:ttks~n (a J has s!1own that thare is on~ case, mt 

l\HU.tt for simple ltnem• re~iHJSion, where a aolt1tion ma1 

be erraeted without thtt additional infot'mation.. In ao 

dob1g, he di.ffepent!a:ted bet'tleen two typss or it.u!iependenii 

varitbl@! wh1ch mfl1 arise. For exampl•• in perro:rm1.n1 

ch.mtcal ~~0rimenta,. the exparbtt$1'ltur m•<'1 he :raead with 

two diff'fiPe-nt indepondont V3.'.riablea: (a} The weight or the 

raaeteta Wtd (b) the temperatutte of J1e1uttion. Let us 

ass\l1.D$ that the l't.HitCtuta a" to b$ •e1ghed ou' ptt&or to 

the experll'l<liirlt on a la.bor-e,to17 balance bf balancil!)g aom• 

UJount agal~st weighta with valu1.»a s1• It we had., 1» 
a4d1t1on, an "rror hets '!H.tlanee1 tl:io true weighbs of ttt. 
r•aetants could also ba dttt~:rmLHid as& .31 , say. Then th• 

error Wf,uld 'be d • 3- x • However, in uu,aauring out 
I I f 

reactant& on our 1aboratoJ:7 balnnce again, wG woulci still 

" observe the woight x11 the tl:'"ue. value of tb.(;! W!aight ~. 

would now be d1f f'erent tro!!l i, , and a <:lit.ferent •rror 

d • : 3' ., x would have bean committe-4. fhua 1 Oi.'U" error 
I I t 

1• intiep'iltndent of th~ obs1.!U"v~d 'tn1h1@. x 1 .. This typ::J 0£ 

lndep~ndant varlabl~ 11 tarm~d a £9.n\rqll~t V&Pt•~*~· 
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th• aeoond 1ndepen4•nt Y&i-iable-.'te11peratt.U-e ot 

reactton••la ,_._. an Y.B!ontrol&tJ vsr&•l>le, •• "'• 
obaerv:ed value •a JMA8doml1 varies about aoao tixed Yalu.e 

3 z• fl\Wt ou.r ettor 1a ., • ja -: za, and d 32 l• a eon• 
st.mt,. -tb.e real!&ed value ot the er-ror 1• pe~feo,17 
Ce>Pt'"slated vitb the obaer~1&d value x2• 

:S..uon tOUd that. 1n th• etnple taodel 

'I• oc+ (3x.-t-E' 
· tt x 11 a eontrolled ft1'1abl•t the usual lea.at aquarea 

ea\1ra.atoita oL OC and (3 are e\111 uabia•ed eathlators u 

long •• the •nor• a and care unbtaaed. 

e....., [S] est••- Bvkeon•a case to acm-lbelll" 
r-snsaion and conaidored aorae .•lllpl~ •.apliDS vu1an.o•• 
ot \he ea.tl••t••• In tao 4evelop11ea• or the nen•l1near 
eaae, a third ••11"•• _..,_ wae u••.S ad 1• w• road 
tlba' ttnblAbd Ht1•0. ot the intsroept ud ooet:r1o1en• 
ot the linear teN Wel"e not obta.1nabl•• !'bl• 1a gen.rallaed 
below .. 

6.a Conaid•t' tn.. iiat!aa ti on of the paNmetH~r• 1o tbe 

:model 
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3 J• y jk ta thi.l k't;h observatitm on 1 nt ::;c jt t Jk is th• 

error assocteted with 7 jk ·and "Jk is the error associated 

witb the tth. tr1«1 ait x.J• We selfllet the Talues t>t x.3 
$0 that 

a.o.-1 
x. = 

J 
0 

) 

and 8.fUlWD• 

~ f~"'-I]: C : Q fOJ! 08.Cb j; Q II l ,2,, •• ., 
iL l' Ji&. ~c.- r 

(6.3) 

Al•Ot we uee tbe notatlon 
.,. . ... fT x.j = ,.. ... , a = 0.1,a •••• 

lote that r c = .,, and tPO• (6.2) we have /-"a • G 1r .. 1• 

ea. 

fbt2£"'1 i• Ia th& ~~t1:mat1en o:r the ps~etora in the 

aodel (6,.1) by Gee.17''• •eti::u>dt •ubject to th& eond1t1ons 
. . . 

(a) 'l'wo and only two noefficienta are est1mahla, 

and th••• are (3..,.1 an• (.318 , 

(b) The two unb1ll11rnd east!mat~e obtained ue 
1di:Jntical with the e1tlmatee Wh1c.h would be 

obtained from a l(last squa1•tts llpproacb 

ignoring the ettet*s S.:n the independent variables. 
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( o) U lib.• value• ot C la uie laaowa. all otbu 
ooe.ttiotent;a are eatlmel•• 

!hS.• 'h•-. VS.11 be pPGYcu.t bJ a•iaa,1on ot the 

eetlll•*H bJ genanl1•at1ona ot ~·· .. tho4. 
We mq wt•• (l} u 

"' . 
u1.._ = L. (3;, (xrt-eJ,)'·.,.. f."' • J•1, ••• ,., •1 •••• ,14• (6.6) 
1 ·-o J > ..... 

Bxpuding, ·•• obtah 

tJ • ._ = f. fl_ Z: r;) 
1J ;. :o P•O • (6.7) 

A.a we •••k owlf uabl•etl ...._...,, • ,••'-. •• avel'tfl• 
enor teNa 'to t!Mb GP••••d YAltl .. Ult ob\dD , 

.... aa •• p • 1 
• 0 

when I• • p 
otheNS.ae 

Dae to t'be odb•••••••••• oondltiona on 1t we t1nd troa 
(6,.9) after a tev line• that 

when [!] denotu ibe lageat 1n\eger 1• the n•ber !., • 
a 2 

(6.9) 

(6.10) 



(:for 1 odd,, tbe eaact 

the limit is!.). 
2 

upper limit is 1wl and tor 1 ev•n, 
2 

J.b:uination ot the 1nd1t:HtS of summation and condition 

(6.J) 1nd1cataa that the system will b<tst be exoined 

aeparatol7 tot! odd or even values ot m. We consider now 

the caae or even 11 (the ea1• where m ia odd follows almost 

idanticall7 with obvious JDodi!'ioationa). An.1 pol7noaial 

ot degree m may be divided into two parts 
... . 'i '!!.i;" 
L ~~ ,,· . L~~si1 

• L ~"·' .y••t 
1.so . ~11.0 1-. (6.11) 

atu>h that the t1rat paf't conta:lns even powers ot tb.e variate 

and tlle second contains odd powers. Thus, we may write 

(6.9) with m even as 

(6.12) 
eli•1nat1ng all non-aero items. Now consider the product 

momentu1; u.s1ng 'bbe notatiotl in (6.S), we have 
,. Q, 

~ x, g,; = ,,., 

It 1s ae•n that 2(a-t) is always even and thus for odd 

values of a, tho t'irat part in ( 6.13) dtaa.ppefll'e. L1kevi1e, 

when a is ev«tn, th.ct second part vanishes. Replacing a aa 

an index of atrmm.a.tion vtth a: a • t, we rewrite (6.lJ) 



for odd a • 

(6-.15) 

Let A denote the oolwm Yeater lo< 1] , B demote the column 

vector ((31] • X denote the matrix ot oontx-olled val\.tea 

Of tbe oOl&t'Yed independent Variables [x.13] I Gd let l' 

denote the column vector of the observed values or the 

dependent variable li 3] • Examination of the structure ot 
(6.14) s.b.Olits that the set oi' aquat1ons generated 07 putting 

a • 011.,2,. •. •• aa,y be exprtuttH)d .matr1c1ally as 

.. (6.16) 
It the values o.f x ha.d be$n fixed and •rror tree, we wou.ld 

have obtained the set of' normal equat1<ms 

Thua. we need onl7 eauine the elements tn AJ it artT of 

the•• are identical with tha corresponding el•ments in 

B, 1 t follows that those eatirnatm-a are identical w1 th. the 

leaat squares aat1mat~a under error tree conditions. 

It ts seen from (6-.q.} that E 0 • l, thus ve must examine 

(6.15) for the ca.a~• where the upper limit or summation 

ia zero. Wh<an k = o, m - 2u. : O or u : ' • H•mee (6.l;.l) 



gives 

(6.18) 

When k : l, m • 2u ... 2 : o, or u: • (m•2)/2. Here (6.1$.) 

g1vea 

Por all other ea.sea. <X 1• a b111:a11utr toz• 1.n (3 and €2, 

and tbu.a tb• other ece:f'f'1c1enta ~ 1 (1 • o, ••• ,m •. 2) are 

not estim&ble b7 this method. Thl.s couiplttiau1 the proof ot 
Theo~ 1. 

6") Ext•ns1ona o:t the tbeorea to lUUltivuiable, s1ttutt1ona 

are imedtata, bu.t tedloua. Fo?t example* in the model 

it the Jl'tutlized values or the independent variable• are 

x,. ..r • and ae controlled so that 

a) ji' = .x~ + qje ) 1=- I, ... I ')\-\ ; )::: ,, I •• IN~,__ .) 
Jl4 o = ~ ..+-e,.1 , -L= 1, .. • , p ; .D: 1, • .. , N.;i.., 

b) ~ (~ I\) = 'G' (cllt) -= e. (e-tae) -= o J 
I ~·¥ l ~ 

er (clj~ e.~) "=r 0 . 
.I. 
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c) the Yalu.es of x, "\f are chosen so that 

(6.4)) 

then all parmetere except ~00 ••1 bt1 estimated, and tho 

est1matila are id&nt1eal with tho•• deri.ved by least square 

methods. In ganGral, w.ith an orthogonal array ot valu.ee 

ot tb.e !,ridecpendilnt var1abl1.ta and wider conditions analogous 

t.o (6.21) and (6.a2),. the eoett1e1ent1 which ma.7 be estimated 

are determ1n-ed aa follows: Let the order or a coe.ff.icient 

be defined ae the sum o:t th.-• powers ot the indepe;ndent 

var1ableus aasool.ated wltb tho.t ooetf1c1ont. '?hen all ot 
the coottlotanta having the b.1gruuat order and all of the 

coe1 .. tici•u1ta having one le&e than the bigbe•t oNer may 

b• eat1matod, and the ~•timatea tt• identical wltb the 

least squares estimates-. 

These exten&iona are tairl7 important 1n those 

problems eoncGrned with invi.'istiga.tiona into tbo ahape ot 
l't'Ulponse surfacrns. Por seoo:od order models (which a:re 

. 
usu.all7 assumed) and for the tHtcond order designs ot 

Box and Wilson r J J' all tH'.H'h'JSSS.rJ' 1n1rameter• tor location 

ot the maxima, and studies ot the shape or the surface 

may be 11u1timat•d by the tbeol'J' or least equ.arua, aa lone 

as the independent T&S"iabl'9a ar11 of the ela.sa defin&d as 

eontrollo$d variables. 
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fARt Ul 
YD aou OOISJIQUUOU OP AJIALl'Zl!iG BOh&ll>I!JVB DA!A 

8%1IIG PROlt Al UJl.RULIC.A!D 1'.tftOUAL 
BUBRIKm , 

7.1 lb• two baa1o oomplet• bloek esp•rS.ental deeigna 
ar• the Pandomlsed bloelc and the La•ta • .__.. dulgna. 

Ia b.oth ot tbeae deaigna, the Yalldl'f ot 'be error te~ 

1• bued on proper rudOlll.aat1on vl•h1n 'bloea o• rand-. 
1satlon of the Lattn a,uai-ea. l• 1• general.17 telt that 
onl.7 tbrougb. Hndmd&atlon mq •• eatinte valid •aaurea 
ot uper!Jlental enor. In ••• oaaea, hovner, experimenters 
al'e taoe4 with the neoeaa1tJ ot pertOl'lling onlJ one block, 
eapee1allJ. vb.a tbe treanenta •onetltua•• a aet ct tactol'i•l 

' tha-.na. !bu.a. tor • ..,1., tee•tag •U.. fut_.• 
•' three level• requiH• a bloek ot -.nt1•••••n tPeat:Renu. 
Llwltattona et timo or JIOMJ -.q reatrl.et the uperimenter 
to onlr one 0011plete eet;, in etf eot pnduolng an experillent 
with 01117 one block. 

I~ baa been •taa••t•d l11 , [a], [l] that, ln 

th••• •••••• an ••'iaa'• ot •rror algbt be ob•atned trom 
the hlSh•• order 1n'9raot1one. l.f th• 1nteraot1one are 
reall7 noD•dlatept. th1• la a ••lld procedure, aa the 

oontraata in thl• case ••••Wf• the PaDdO. error t•l"ll• 

lowev••• l.f the blgber order 1.ntarotlon• are not zero, 
the eet1ma'• o.f error v1l l be inflated and tbe Y&luea ot 
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tbe P-ata•1at1o o:t :real maln etreota w11l be detlated• 
· glvlng too tew atgnl.ttoants reaulta. fhl• aaet111ea that 

all ot ~b.• uaual aaauaptlona ot adct1•1vltJ1 :,11.nalltJ, .. 
and lndap:endenea ot •no:r ten• •• ••'• 

~he etteota ot thS.a proeedure wboa. •h• liA~\a •*1••• 
trom a non•additlve •odel will bo •x•ln•d 111.tbia put. 

ODe ot tb.e d1tf.1e~lt1aa eneouate:red ln 1tudle• ot 
the effects ot non-ad41t1v1\J 1• the eboJ.oe ot a non• 
acldl1;1v• toN to u.ae in the alterna•lve ca••• Ot the 
po1e~ble oholoea1 tvo non••ddltive tol'll• ... ot special 

lmpor,anoa la appl1eatlona or atati•tl~a to the pbJa1oa1 

ac1ena••• .., •n••• are ,. 
~· 

7 • (3. Tt ~,· (7.1) 1-1 • 
r 

~~ 
7. ~. rt (7.2) 1•1 :x.1 

wher• 1 la the obaened dependent varl~l>le, zs. la the 
1th obaane4 lndependeat Yarlab1•• and (31 la the ooetrtoient 
aatoota, .. with the variable •1• 

Iu ootb ot the•• •••••• we ••'1 ••an•.tora to a lluar 
ton bJ' eonalclerlag the logvltblllo t•an•£01Watton. 

tb.u tor (. T • l ) v• obtain 

" 
log '1 a log ~. +- ~ Xl lq ~l • (7.J} 
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'" log 7 • log f'o + I: ~l log •1 
l•l 

!t la ••• tllat the •••W1Ptlon et adctltl•• normal lnd•peadent 
eP!"oP tel"ll• ll:ade 1• •b• anal7ela. ot •srlano• impltea that 
the ewor tel'lltt uaecd.ated wUsb (?.J) _. t?.fd are ot tb• 

logu1 "81o-nol'Jilla1 tofti. Ptuithe!', a1'1utr appJ.71q au.eh a 

tranatoN&tlou to (T1rl) the anal.Jal• 1a •~•lshttonard, 
and we aee that the uae ot the lntei-aotion teJ.'118 as an 

•••1wato• et erPOr l• * ••lid ·procech•••t aa 1nteraot1ona 

are no.,....xl•t••• attei- tran•t0l"llat1oa. BoweYer, the 
••1J•1• ot data arleing f'rom a tranafoN&tlon ot (7.2) 

into (1•4> la not ao 1tr•tch•torward, bu' Nquir•• that 
. .. ~ 

oonatde:ratlon be given to the 1polna• of \h• independent . ' ' . " 

•arlabl•• ·:For • ...,1., auppffe •••• •••al.17 apaoed le••l• 
ot on• raot•• bad t.een PO ln the •XJ>••l-t. It tbe 
lnel• were t (p.1 )• P• (p l) l 1 we would b&Ye to analJlle 

· the ... [r..og(p•l) • Log p~ Log(p 1)] ~ lnt»o'9uelng a non-
orthogonal oue. Ot oourae, proper deaip cf aueh an .. 
ex,ert.Jleat would b.••• reau.l••« in.ef(l;t&l 1paoing1 or th• 
loga~ltlm•• th••• oo·na14ePatlolll appl,7 l.t \be experhteater 

nova th•' the data art••• tJl'Oll •Uoh a •od•l• 
W• now 1nqu1•• 1nto the etteot• or analp1na data 

~ 

which reall7 aroae bt• a model ot the 11Ultlplf.oat1ve 

tn• (7.1 >. but wbleh baa not been traute>Ned. It •••••al 
rand•i1ed blooa, or it a Latin square bad been PWI, tbe 

vou.lct 
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hav• glv.a ea 1rid1oa\lon that ~. tne mocf-1 vu non-
11n•aJll 1t ODlJ ~ae blook had been .-un, •• vollld have bad 
DO auoh 1a4l•attcm* we OOD9id•P herldn the ertoc•• of tbe 
•• ot blgbe• erd•r tnterae\1on•. aa u eetl•tor of enor 
toP one apeoi•l o•••-·• J2tactortal arrans•••t·Vlth erro• 
tree obaern•tona. W• •••'8141 the •od•l 

u. ~ 
,., •• b • 

ln the work wbleh tollova. 

J b1 o· 'I 1 (7 • .$) 

7•2 As 1evela or th• two t'&o'ttf#•• we ohooae (•11 O, 1). 

'fb•' .,1• •87 alwq•_be done ••f" aed bf ooneideriog 
\he ao:tnaal ln•l• t.P-11 Pt '-+ll, fbea tbe valuea ot the 

indepandeai vatla1tl.e at ••••• tb.Pu l·•••l• would b• 

-" lt·V• 1•' abP.'be a oOD*\ant teN, then ••·MJ vt•• 
, •• thne l•••l• .. 

• 

hnotina the eon•tu• teN ao obtain .. tiJ a, ve abta1n the 

'f'al.uea ot. the ••P•nd•t •P1•1fl• ror the .)2 taoto•lal .. 
ahown 1n fable 1.1. 
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Level ot Level ot Factor C Total 
PaoiJor B ·1 0 .l _, _, _, . 

ali"O 
_, _, 

.... 1 abe a.be ' &b (1i 1"11-C ) 
Q _, ,;e· a'.bc 0( -• 0 a tic a . ab c-rl..-c) 

\ -· I o I _, } 
l a.ho abc abo ab( e+l+o _, _, -· I •I _, 

Total a ac(b+l+b) ac(b+l+b) ac(b+l-tb) a(b ... l+b) 
{ o"'i!l+e) 

We 11s7 eonpt.tte eight contrasts tl*om thti nine 

obaePVations above. ~cept tor the constant dtviaor 

•••ociat•d w1tb tbese contruta. the valu•• ot the 

oon'brasts o• given in Table 7.2. 

a ~ . ~ 
I : ....!.. ( b ... 2bo\"'l )( c ..-o t-1) 

bo 
t. .:&. 

C a ....!.... (b.+b+l)(c - l) 
be 

2. a ~ a. 
C : liC" (b+b+l )( o .. 2c+-1) 

• a. ~ 
SO = - (b - l)(e - l) bo 

a/'": :.., (b.,_ .... l)(c-.. Ze+l) 

2. a .z. ,_ 
BC =-st (b- ib-t-l)(e •l) 

a. 1. .... . i. . 
J. c • -fa. (b ... 21:>+-l )(c • 2o+l) 
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Theae estl•atora were arrived at by the proo~as usually 

•llPlOJ'•d in arua.l7•1ns a 3Z fa.otorial t!U'rrmgt!ment into 

single degree of freedom comparisons. 

How consider tha resulting analya1s of va.i-i.ance. 

For the estimate ot error, we ahall pool tho interaction 

terms which involve aquareaJ that 11, we take 

[ 
&.' •t 'I. .. ~ "' )... '-)] • . a (b-l)(c.-1) (b-1} (c.+l)+(b+t} Cc-1)+..L. Cb-l <.c.-1)J • 

lib. 3 
(7.8) 

llt81ld.nat1on of tht1 1'oJ"lll or the contra.ate in Table 7.a 
ahowa that an intel*Ch#Ulge of th.e letters b,c rtun1lts in 

an i:ntorobange cf the letters B,C • Since (7.8) ia not 

affected b7 the tntercbege ot the lett$l"'I b 1 o1 we need 

only consider tests ot slgnit!eanc~ for :s. 8'-, IC, eliminating 

c, o2 through •Jmm•t:r.v. 
The contribution of B to the total amn ot aquapes 1a 

give» bf ~ 

U 1 : [j] = &!~c .... (b-l)-(bt-lt(o""+c-\-1).._ (7.9) 

and the •o~reapondtng teat of sian1f1oance ot a would 

eatimete 

•:a : )Sis 
II' I 

.... 6 ·b+-1 
• (o-l)s. 

.2 



Som• Yalu•• ot •a tar Vlll'iou c011bbu,,S.ons or valu.&e ot 

band o have been oaleula,etl ad.are given 1n hble 7•l• 
In pract1o.e we would deem •ttoh an etteat a1gn1f1oant at 

the ot : • OS l•••l lt the T&ltae , ot P w.-e gMater than 

10.13. 

An examination ot !'able 7.) ahowa that when b ia 

•••ll (and thu.• h•• littl• etf'••' on 7 ln (7 • .S) >1. th• 

teat ot eiga1t1oanc• would 1ndio•'• tha$ B 1• eign1tioant 

at the DC : .OS leYel, gl••n that o ' 10. .Uao, when 'b!J;\ 

1a large and • ta large. the t•at would lndloate that B 

1• non-•tcnJ.tlout. Taking the 11•1' u b tnoreuea, lt 
i• ·•••n b7 int-eil'p01alion tbatJ a1gn1tleaao• votilf be o'btained 

tt o wen aalla tlum 4.2. 

I• aa tn*1Cllft9 •••••• •• f1-4 t1'tt eapr••ion tor 
the Yu1uoe •••~• ft· J/I·. 6. ... ~.Saia.~ of .w~ u 

• (7.11) 

I•• ll\lllflPtoal valuea ~t ,.9,. tor.· vuloua values ct 
b and o are ih-. tn -t"\tle T•4• It wOlllcl appeu from an 
exaatnation ot h•l•·'•,lt.,tU.t the .. 17al• would 1ad1•••• 
that B2 la a •1pltloa• ten wb•••!•• tt la •nll. Llk•• 
•1••• lt voUld &lJP•lu- •bat tbe anal7ala.woa1a ahow th• 
... sen to be too nall lt b ta •••ll Qd o la lU'I•• 

. ' 



TABLE 7.3 Calculated Values of F:e 

b 
Lill'I Pa c Lim Fa l.l 1.5 2 l s 10 b-1 b-.--

l.l 657.J66 )26.678 1s.241 ...,fll!lit ___ ........... .. ....... 2.217. 1,486. 

1.$ 2166 2.048 --- ............ ... ,.~- ... ......... 120.6 82.2$ 
t..t 

2 29l+ ....... ........ ,.. .. ......... ea.20 s1.10 40.$6 2a.4s ~ 

) 69.62 ......... ,., 
_______ ,.,.. 

46.99 33 •. 42 23.79 17.84 l).·OS 

5 22.52 ------ 20.41 17.50 1).68 l0.48 a.as 6.25 
10 ll.26 ll.Z6 10.$0 9.36 7.7) 6.21 s .. 06 J.98 
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Some oa.lcul,"\ted values or Fae are given in 'fable 7.5. 
It ia a'Jen that tb.e BC ten will tend to.aigni£1cancj 

tr both b and e artt amall. 

(7.12) 

As a wholu, tt :la lhtes that Vet!'J' wrong conoluaiona 

11111.1 be drawn t'Pom an ana1Jela o:r the type stud1ed hare 1.n. 

It the tranaroraation bad been·made. then the variance 

ratio for B W('tUld tend to be lQrge tr b wera large, the 

variance ratios fol" 92: s.nd 00 voul.d be llpJH"'oximatel7 equal 

to l, as thoatt effctcta a:re non•4udatent in the model-. 

However, vb.en the tr&naformat1on was not made, the variance 
rat1o tor B te:oded to ba lar!:JG 1! b was pall. Thua, for 

tbe B effect, we could ccnelude significance when the 

effect was resllf small md non•significanc-e wh•n the 

ef'feot waa l&rfi;f)• The oonelus~.or:u1 on the B2 term would 

depend on c, but in gttlleral, th~ Yalua of' P82 will be 

•all if b 1.e 4'aa:ll. The -value ot F130 will tend to be 

ltu•ge 1.t b or c 1s small. 

We have conaidered• h:er-e1:n; a. th:ree level f'aoto:rial 

ex:pt:r.rtm~nt. ~e aao t'fP* l"eaulta would a:ppl,- 1:n the two 

level caaeJ intePact1ona tbt>re wm1ld tend to be inflated 

if the co~.ft1oienta were diff'erent. 

ill of the r-esulta e>btained so te.r hav<t been bas$d 
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on a error fr•• •od•l• General statements aonce:rJ1Ding 
tbe ett•o'• ot introduction ot enor• cannot be made. 
Bowe•er, 1n one caae calculated with random logar1tbm1c-
nOl'mal errora, the Yalues did not depart tar from tboae 
shown above. 
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!IU· tlllltie IUllW 

!e•t• ot a1gnttlcanoe tor tbe ~1P•the11a·ot bOllOgelleltf 

. ot •••• ba•• been •••eleped 1n tbe ttr•• put of thla 
~ .. 

•~•18 to• .:11· ot the uaaal ooaon o..-pl••• block exper1• 

lldtal dealp•• tt ·t:a 1een that wh•n tbe cevutanoe Mtru 

et erro•• aaaoe1at..S witb a cmaplete blook ta oompletel7 
uaapeeltled or eompletel7 epeo1f1ed1 val14 teata m1a7 be 

eull7 de:tived. Between the•• two' ezv ... ·a, th•r• ar• 

oaaea where the appl1oatt.on or a taw •••'•1ot1oaa on the 

oovulanoe •atrtx lead• to lnlraott'ble e'quat1ona. !bu, . ' 

t' ••- illpuaible to u•.· in tb••• oaaea, tbla added 

kD•l•df• in the derl••tlo.n or tea~• ~or experimental 
d••iP•• SUoh.a. •Me.le the aaaumptlon or independent 

. . . 

b•t be ...... aeou. aTOl'a u tll••u•e4 ea page )7. ~· 

eou.e,, 1n tht• ••••• we alaht 11>• at.l'• to dnelop ltel'tltive . . 

ecmpu.tatloaal •tb.oda; t• obtalalng eatl.atea _, u•e the 

lase •llllPl• dt•trlbu.,lon.ot tb.e_111cellb.-,. •••lo •tatlatte 

ln a t••• of •1p1rtoanoe. !nla; b.GW••••• would not ••• 
~o 'be td value ln •h• ••• 1n"tei-••t1ng an• impO...tan• 
ltw11ea oa the val1c11'7 of the uual methods vhan hetei-o-

seneit7 of al'ror 1• pre•ent. 
I' baa been ahovn •bat the teata in tbe uau.al anal7at8 

ot varlaaoe U'• relatl••lJ' ~naena1tlve to'.aome dapanurea 
tl'Oll •h• •cal19on aaaumptlona. In th• oaae ot oorrelatet . . 
enore, •nla •&J" be dua to the tact tba$ th• u.a•al teat• 



lll 

are valid under the more general aet ot eond1t1ons of equal 

variances and equal covariances. Thus, tha effect ot the 

· presence of eova:riance terms must be rtHutsured f:t"'om some 

"average" eovar1a.neo tel"fl rather than from iero. 

We may alwa7s u.ae the test& dav&loped tor Case $. 

They ar..-. valid !*or an1 set or valuea ot the vtu'*ia.nces 

and covariancea., Uowev1.n·1 aucb. u~~ will result in t&sta 

of poorer power than tEtsts baaed on some ~dded. knowl~dge 

aonoerning the variances and covariano~Hh Gonaider, for 

e:xampl!'St the csut• cited previously of 1nd&pendent but 

heterogsnews errors. If we analyzed data bavtng sueb 

eri-ora by th!i standard methods of the analysis of v~itmeet 

we would ltl:Tive at s1gn1t"ioamut l!:i!vels wh1ob are not true 

value1i. Using th@ t:ssts d•v~loped horein, tor Case V,. we 

vottld find valid aign1.ficano1.t levels, but the power would 

bo les• than that obta1n~d by use of the theoretically 

eorreet test. 

In Part II,. 1t was sh.own that in some c&stla, estimates 

o.r regression ~~oett'1cienta arf# unb1aaed when factor levels 

contain errors. Jio statements hlv~ been made eoncern:t:ng · 

the ftff oots on the anal7ala ot vuiance of such errora. 
Thia would •••• to be a fruitful arl':ta for reaearob. 

Anotbor fruitful. area for futur• research 11 OD furtner 

effueta of non-additivity. The mult1pl1ee.tiva models. 

@•P•Ciall7 the one drawn rrom the Th&o:ry of Dimensional 
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abstract

some RESU '118 0 -~ 'P ',RI .N'!'AL DE I ' WHEM THE lJ- U. I. 
II 

S Ulu TIO!· S .R ~ I V 1 ID 

Hal C terson Swe~ny 

In the derivation of the theory of th0 analysis of 

v ri nee , a r 1 t d to complete block xpe'imentnl 

de ign , sev ral umption arc a e : (1) the v rious 

effects contribut ng to the size of an obs rvation act 

in an additiv manner, (2) th errors associate with 

cornpl t block ha~e jointl) a multiv r! t norm l distri-

but on with z ro m-ans nd var1anoe - cov ri nee matrix L , 
· nd (J) L ha th~ orm L • I <rt., where I is th dentity 

m trix . Tbi l:st assumption 1s usually considered s 
' two .ep .. rat ass11mptions--1nd pondence of orror t rms 

nd homog n 1 ty of error varianc ·s . ··:1on the treatm nts 

to be teatod conatitut aet of .fnctor1al tr~atmonts ; 

1t further umud that, (4) the 1 v ls of the tr at -

roants r known withant e:rror . The work r- port d her in 

is divid d into thr e J rts . In tb~ first part , t ~ts of 

1gnificanoe fort hypothesis of homo.on ity of means 

re develop d for four alternatd cas~a concerning r: . 
Tnese four cas s ar : ( 1) L. may b of any form , but L.. is 

known . ( ) A m trlx proportion 1 to L is known; the 

cont nt of proportionality b ing unknown . (3) All 
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diagonal t rms in .L: e equal and all off-diagonal t rros 

in 2:: are equ l , th value of th~ terms being unknown, d 

(4) E has en unknown gen r l form . 

To derive th se tests , t multivariate s pl la 

first subject~d to a transformation r~ected by subtracting 

one· of the variates 1n the vector of o serv tions from th 

rest of the v ri t s . This r~ducee the composite hypothesis 

of homogeneity of moans to simple hypothesis . The tt3sts 

are then deri'V'ad by the lik lihood ratio approach. It i s 

shown that the re ulting tests aro or general than first 

surm osed , b:ling p';licable when block effects are preaunt . 

In the first thr e ea.sea , ,the tests re comptu"'ed with tho 

to ts which oa.n be derived :tn tho ab• ence of block ttects 

to sho power qualit1 ijs ., 

The te t Ul' iJ th n ap ,lied to the r ndomi~od block 

de ign , the Latin squ re design , and the split plot design. 

For the randomized block d ign. a tudy 1s made of the 

loss in power incurred in ssuraing caee (4), when th 

assumptions of the usual analysis of varianc ~ should have 

been ade . 

The second part of th dias rt tion is concerned with 

assumption (4}. B1.1rkson hns ho n that if the independont 

vari bl cs re of the type known as "controlled tt variabl s , 

then coefflci~nts in a simple linear r.gression model my 

b ostim ted without iaa by th usu l 1 ast s uarus 
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formulae . is work wes extended by Geary to polynoMial 

regt>oss1on. A theorem ls proved to the off -ot that only 

two of the eo ·fficients in a uni var.late polynomial 1•egres.s10n 

m y be estimated in an unbiased way b1 the use of leaot 

squares . · t1:i1:nsions to multi ve.rtnt - s1tua.ti 0ns and to 

faetor'.ial oestgns are nott)a . eapec1ally in conn :rnti.on with 

tba sstim tion o:f mini.ma oP maxima points in a response 

aurtece tudy . 

In the third pert oft. is work, the er.roots of a non• 

additive model in an unrepliea.ted f.aetorial experim61nt 

are strndiactl . It bas be p suggbste-d 1n the 1.iterature that 

in analyzing unreplieated r , ctorial · .xperitnents , estimates 

of error may be obtained' from higher order 1nturactlons . 

It is shown that if the data ar1ses :f'rom mult1pll.cat1vo 

model , tnis procedure may lead to antirt)ly erroneous 

oonclu~1ons being drawn from a. straightfo:r-we.rd nnal:ysi s 

of thta d ta. 
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