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(ABSTRACT)

The purpose of thisresearch isto analyze a new type of vibration isolator consisting of
two pre-bent struts which are clamped at both ends and intermediately bonded with a
viscoelastic filler. The proposed isolation device has the ability to support arelatively
large static load with little deflection and offers a low axial resistance under dynamic
excitation, making it ideal for isolating vertical vibrations. In this research, four of these
vibration isolators are used to support arigid, square plate. The symmetric case is
analyzed first. Then the plate has a center of mass which is located at some distance from
the geometric center of the plate. When the system is subjected to vertical harmonic base
excitations, this eccentric weight introduces rotational as well as vertical motions of the
plate. Thisresearch will investigate the effects of various eccentricities on the efficiency
of the vibration isolators in the configuration described.

The displacement transmissibility will be the measure of the isolators' effectiveness at
mitigating vibrations transmitted from the base to the rigid plate. For each case, the
nonlinear equilibrium equations and the governing equations of motion for small
vibrations about equilibrium are numerically solved, and the transmissibility is calculated
and plotted over a wide range of frequencies. These plots are used to recognize ranges of
frequencies for which isolation is achieved and frequencies at which resonance occursin
the system. At the resonant frequencies, the physical behavior of the system is analyzed
to determine the types of vibration modes which occur in the system. A free vibration

analysis is also performed to obtain a better understanding of resonances in the system.
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Chapter 1: Introduction

For decades, engineers and scientists have endeavored to develop effective methods for
mitigating unwanted vibrations. Suppressing vibrations is often a critical issue, as
vibrations have been known to cause structural damage and annoyance in awhole host of
systems. Such examples range from a*“bumpy” ride in an automobile to fatigue failures
in aircraft components. In order to minimize the effects of these unwanted vibrations, a
multitude of isolation devices have been designed for use in applications ranging from
machinery and automobiles to buildings and aerospace structures (Sciulli, 1997). Because
the factors that affect the performance of an isolator are numerous, the type of vibration
isolator to be used depends largely on the application of the device.

This research will focus on analyzing a new type of vibration isolator which consists of
two pre-bent struts clamped at both ends and bonded intermediately by a viscoelastic
material. Previous research suggests that this device may have the potential to effectively
isolate harmonic vibrations, and it has properties that give it an advantage over traditional
types of vibration isolators for certain applications, e.g., systems which require the
isolator to support a large mass. Before going into the details of this analysis, it is
necessary to discuss several fundamental concepts relevant to the study of vibration
isolation systems. This chapter will provide an overview of vibration isolation concepts,
followed by a brief discussion of some of the common types of vibration isolators. The
last two sections in this chapter include areview of the literature relevant to this research

and the objectives and scope of thisthesis.

1.1 Conceptsof Vibration Isolation

Vibration isolation is achieved by placing an isolation device in the path of transmission
between avibrating source and areceiver. Typical sources of vibration include an
earthquake or a machine, while common receivers may include a person or a piece of
vibration-sensitive equipment. Depending on where the isolator is placed within a
system, vibrations may be isolated at the source of vibration or at the receiving end of the

vibration (Nelson, 1994). Common examples of vibration isolators include shock



absorbers found in vehicle suspension systems and rubber mounts used for isolating

vibrating machinery.

Oftentimes, a vibration isolation system is modeled as a single-degree-of-freedom (SDF)
system, as shown in Figure 1.1. In such a system, the foundation and mass are assumed to
be rigid and the motion is restricted to one direction (e.g., the vertical direction). The
most basic model for avibration isolator consists of a massless spring with stiffness k and
aviscous damper with damping coefficient c. In the case shown in Figure 1.1, the
excitation takes the form of an imposed displacement u(t) at the base. This excitation
causes the massto displace fromitsinitial position to some location x(t). The base
displacement u(t) and the response x(t) have amplitudes denoted u, and X,, respectively.

m

= A

S

lx( t)

wt)

Figure 1.1: Single-Degree-of-Freedom System

In order to measure the effectiveness of the isolator, it iscommon to calculate the
transmissibility for the system. If the excitation is an imposed displacement, the
transmissibility is defined as the ratio of the magnitude of the response to the magnitude
of the excitation. For example, the transmissibility TR for the system shown in Figure 1.1

can be computed as TR = %o . For an isolator to be effective, the transmissibility should

be significantly less than unity, meaning that the magnitude of the response is less than
the magnitude of the excitation. It should be noted that, if the excitation takes the form of
an applied force, the transmissibility can similarly be computed in terms of the force
transmitted from a vibrating source to the foundation or attached body.



For ssimple-harmonic excitations, the transmissibility for a system istypically plotted over
arange of excitation frequencies to determine the frequencies at which the isolator can be
considered effective. In Figure 1.2, the transmissibility is plotted versus the ratio of the
excitation frequency wto the natural frequency « for various damping ratios ¢'in the
SDF system shown in Figure 1.1. One characteristic of the SDF system isthat the
maximum response (also called resonance) occurs when the excitation frequency is

approximately equal to the natural frequency of the system (i.e., &/ w, =1). For the

undamped system, the magnitude of the response at this peak is infinite. As the damping
ratio increases, the magnitude of the maximum response decreases. In such a system, it is
useful to have sufficient damping so that, in the event that the system is excited at or near
its natural frequency, the maximum response will not be so great asto cause damage to
the system.

51 —11=0

—(=01
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Figure 1.2: Displacement Transmissihility for a Single-Degree-of-Freedom System

Another characteristic of the SDF system is that the isolator is effective (i.e., the
transmissibility is below unity) for frequencies wgreater than \/Ea)n . Inorder to isolate

low-frequency vibrations, it is therefore necessary for the system to have a low natural
frequency. In a SDF system, the natural frequency is defined as the square root of the

ratio of the stiffness of the spring to the mass (i.e., @, = /k/m). Assuming that the mass



in asystem will remain constant, the only way to minimize the natural frequency isto
reduce the stiffness of the spring as much as possible. The major disadvantage to
reducing the spring’s stiffness is that, in a vertical system like the one shown in Figure
1.1, the static deflection of the mass becomes excessively large. Thus, it may be desirable
to employ a spring with nonlinear characteristics that would be stiff enough to support a
large mass while being flexible enough under dynamic excitation to effectively isolate
vibrations.

Although the SDF representation of an isolation system is useful for many applications, it
may sometimes be advantageous or necessary to model a system with multiple degrees of
freedom. For example, suppose a piece of vibration-sensitive equipment is mounted on a
rectangular plate which is supported a each corner by a vibration isolator. If there is
some eccentricity in the weight of the system, then the system may rotate as well as
translate when subjected to a base excitation. Such a system is considered to have
multiple degrees of freedom because the motion is no longer restricted to one direction.
In a multi-degree-of-freedom (MDF) system, there exist a multiple number of natural
vibration modes, each corresponding to a distinct natural frequency of the system. A
transmissibility plot for aMDF system will have multiple peaks, and it istherefore
necessary to consider the contribution of several vibration modes in determining the

effectiveness of the isolator (Crede and Ruzicka, 1976).

1.2 Typesof Vibration Isolators

Vibration isolators are available in all shapes and sizes and are made with a variety of
materials. Common types of isolators include elastomeric isolators, plastic isolators,
metal springs, and pneumatic (or air) springs (Racca and Harris, 2002). The behavior of
each type of isolator is dependent not only on the materials used in constructing the
isolator, but also on the configuration of the device and the conditions to which it will be
subjected within a system. When selecting an isolator, it is important to know the type of
disturbance (e.g., periodic vibration, random vibration, or shock excitation) and the
allowable response of the system (e.g., a maximum allowable acceleration, velocity, or
displacement). The system may have space constraints as to where the isolator(s) may be



placed, or may have a limit on the amount of static deflection that is allowed. There may
also be environmental factors (e.g., the ambient temperature) that must be taken into
consideration.

Vibration isolators may be passive, active, or a combination of both passive and active
elements. A passive vibration isolator, like the one investigated in this research, uses the
inherent properties of the isolation device (i.e., Siffness and damping) to mitigate
vibrations and therefore requires no external power source to store or dissipate energy.
Active isolators, on the other hand, require a substantial level of energy input to operate
and typically involve some type of actuating device that responds to sensed variables
within the system (Karnopp, 1995). While adding active controlsto an isolator can
greatly enhance the isolator’ s performance, active isolators tend to be much more
complex, asthere are a number of considerations that must be factored into the design of
such devices. In addition, the design of an active isolator requires the consideration of the
event of a power loss which may render the isolator useless. In a system that may
experience a loss of power, it might be practical to use an isolator which has both passive
and active elements to ensure that no damage occurs to the system.

1.3 Literature Review

Thisresearch is based on previous studies that have investigated the use of elastically
buckled columns, also called “Euler springs,” for the purpose of isolating vibrations.
Columns which are loaded just above their critical buckling load maintain arelatively
high stiffness under static loading. This property gives them an advantage over traditional
types of vibration isolators such as springs or rubber mounts, which tend to exhibit large
deflections when statically loaded. When the buckled columns are subjected to dynamic
excitations, they become highly unstable, resulting in alow axial resistance. This low
resistance makes these buckled columns ideal for isolating vibrations (Virgin and Plaut,
2002).

Experimental and analytical research has been conducted by Winterflood and colleagues
(Winterflood et a., 2002a-c; Dumas et a., 2004; Chin et al., 2005) to investigate the use



of Euler springs as low-frequency vibration isolators. In these studies, it was found that
buckled columns store a minimal amount of static energy and, compared to conventional
springs, require arelatively low massto support alarge static load. It was also found that
these Euler springs can be quite effective at isolating vibrations over a wide range of

frequencies.

Bonello et a. (2005) devised an adaptive tuned vibration absorber which utilized a pair of
pre-bent columns. The initial curvature of the columns could be adjusted so that the
stiffness contributed by the columns caused the tuned frequency of the absorber to match
the forcing frequency of a variable-frequency excitation. Analysis and experimental
testing showed that the device was effective at reducing vibrations for a significant range

of excitation frequencies.

Previous research on this National Science Foundation research project has been
conducted by Professor L.N. Virgin and undergraduate student R.B. Davis at Duke
University and by Professor R.H. Plaut with graduate students Laurie Alloway, Jenny
Sidbury, and Helen Favor at Virginia Tech to investigate the possibility of using buckled
columns as vibration isolators. Virgin and Davis (2003) conducted experimental tests of a
SDF system utilizing buckled struts as vibration isolators. Laurie Alloway analyzed the
nonlinear response of a buckled rigid-link mechanism for the purpose of isolating
vibrations (Plaut et al., 2003). Jenny Sidbury (2003) analyzed a number of buckled struts
with varying end conditions (i.e., pinned or fixed) subjected to harmonic excitations. She
also considered systems with multi-frequency excitations, and columns with an initial
pre-bent configuration. Helen Favor (2004) considered using buckled struts in a multi-
degree-of-freedom system consisting of a horizontal rigid bar supported by vertical
isolators a its ends. The bar was asymmetric in amanner that caused the bar to translate
as well as rotate when the system was subjected to a vertical harmonic base excitation.

The isolation device investigated in the present thesis is made of two pre-bent struts
which were clamped together at both ends and bonded intermediately by a viscoelastic
filler. The advantage of using such a device isthat the axial force applied does not have



to be above a specific buckling load, as was the case for the buckled struts. In addition,
the intermediate filler assists in absorbing the dynamic energy and contributes a
significant amount of damping to the isolator. This device was analyzed by Helen Favor
(2004) in a SDF system subjected to harmonic forced vibration. The parameters that were
varied included the stiffness of the filler, the amplitude of the initial shape of the struts,
and the magnitude of the axial load. A similar device was also investigated at Virginia
Tech by Professor F.A. Charney and graduate student Y asser |brahim (lbrahim, 2005) for
mitigating the damage to building structures during an earthquake.

1.4 Research Objectives and Scope

The purpose of this research isto study the effectiveness of an innovative type of
vibration isolator which consists of two pre-bent struts clamped at both ends and bonded
intermediately by a viscoelastic material. Similar to the single-strut isolator described in
Section 1.3, thisisolator is relatively stiff when statically loaded but exhibits a low axial
resistance under dynamic loading. As demonstrated in Favor (2004), this device can be
effective for isolating vibration in a planar system. In order to obtain a better
understanding of this device's potential for isolating vibration, this research will extend
preceding analyses by introducing three-dimensional motion of the supported mass into

the problem.

The structure that is analyzed in this research is a rectangular rigid plate supported at the
four corners by these vibration isolators, as shown in Figure 1.3. The isolators are
attached to the plate with a spherical joint which transfers no moment from the plate to
the struts. The plate is not uniform such that the center of mass of the weight W occurs at
some distance from the geometric center of the plate. The location of the center of mass
is indicated by the dimensions A, A, B1, and B, in Figure 1.3. During the motion, the
plate is free to move vertically and rotate about the X and Y axes. It is assumed that the

system is braced laterally so asto prohibit sway and prevent collapse.
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Figure 1.3: Rigid Plate Supported by Pre-Bent Struts with Intermediate Bonded Filler

It should be noted that a similar model was used by Tang et al. (2003) to analyze the
three-dimensional motions of a platform system with hydraulic supports subjected to an
impulse load. The platform was modeled as arigid plate with a unit or block set on top of
the platform. Similarly, the eccentric weight here is modeled as a block set on top of the
rigid plate. Refer to Appendix B for more detalls.

A model of the vibration isolator is shown horizontally in Figure 1.4. The isolator is
constructed such that the two pre-bent struts are clamped together a both ends and a
viscoelastic filler is bonded to the inner sides of the struts. Thefiller isa material that has
elastic properties similar to those of natural rubber, meaning that it can undergo large
deformations without reaching its elastic limit. The filler contributes both damping and
stiffness to the isolator and is represented in Figure 1.4 by a series of springs and
dashpots acting along the length of the isolator. It is assumed that the filler does not
contribute any stiffness or damping in the axial direction of the isolator. In this analysis,
the struts are modeled as elasticas so asto allow for large deflections within the isolator.
This model of the vibration isolator is the same model that Helen Favor used in her

analysis.
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Figure 1.4: Model of Vibration Isolator under Axia Load F

The structure is first analyzed under static loading. To simulate desirable conditions, the
stiffnesses of the bonded struts are adjusted so that the bottom of the plate is perfectly
horizontal when the system is in equilibrium. After the systemisin equilibrium, small
vertical vibrations are applied to the base of the structure. The displacement imposed at
the base of each isolator is a simple harmonic function which has the form

U(T)=U,sn(QT), where U(T) is the vertical base displacement at any time T, U, isthe

amplitude of the base displacement, and 2 is the circular frequency. Under steady-state
conditions, the behavior of the system is analyzed for various locations of the center of
mass of the plate.

The equations of equilibrium and the equations of motion required for this analysis are
derived for the system shown in Figure 1.3. The equations of motion are linearized for
small motions, and the variables in all of the equations are nondimensionalized so that the
results are valid irrespective of specific materials, lengths, and so on, and only depend on
afew nondimensional parameters. A program written in Mathematica (2004) is used to
numerically solve the equations of equilibrium and the equations of motion. The program
uses a shooting method to iteratively solve for the unknown variables using the boundary
conditions for the struts in the isolators and initial guesses for the unknown variables.

The displacement transmissibility is calculated and plotted over a wide range of
frequencies for various locations of the center of mass. This datawill be used to

determine ranges of frequencies for which the isolators are effective, and conclusions will



be made as to the effect that the eccentric center of mass has on the system. The plate has
three degrees of freedom and each isolator has an infinite number of degrees of freedom.
Therefore, the transmissibility plots will have a number of peaks in the frequency range
of interest, which correspond to various vibration modes. Additional information about
the system is obtained by analyzing the physical behavior of the system at these resonant
frequencies. It will be shown that some of these peaks correspond to large rotations
and/or displacements of the plate, while the remaining peaks correspond to vibration
modes within the isolators. In order to obtain additional information about resonance in

the system, a free vibration analysis of the system is also included in this research.
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Chapter 2: Analysis of Equilibrium State

The derivation of the equations required for the equilibrium analysis is broken into two
parts. First, an analysis of the rigid plate must be performed to determine the relationship
between the eccentric weight of the nonuniform plate and the forces transmitted to each
of the four supporting isolators. Secondly, the behavior of each pair of struts must be
evaluated in terms of the deflected shape and the forces and moments in the struts. After
these equations of equilibrium are determined, the equations will be solved in a
Mathematica program which uses a shooting method, as will be discussed later.

2.1 Rigid Plate Analysis

Referring back to Figure 1.3, the plate has the ability to move vertically and rotate about
the X and Y axes. The horizontal movements at the corners of the plate due to such
rotations will be ignored in the equilibrium analysis because only small rotations of the
plate will be considered. As aresult, the plate will be analyzed as a three-degree-of-
freedom system.

Y X

Figure 2.1: Free-Body Diagram of the Plate in Equilibrium
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Upon considering the free body diagram of the plate shown in Figure 2.1, one apparent
observation isthat there are four unknown forces, F;, F», F3, and F4, acting at the corners
of the plate, but only three equations result from equilibrium. These equations are:

2F,=0; F+F +F+F, =W (2.1)
M= 0 (F,+F,)B - (F, +F,)B, =0 (2.2)
ZMy =0 (Fl + FS)Ai - (Fz + I:4 )Az =0 (2.3)

Thus, one more equation is needed to determine the unknown forces transmitted from the
plate to the supporting struts. The fourth equation can be determined by recognizing the
relationship that exists between the vertical displacements, Zo, Zp, Zg, and Zg, & the
corners of the plate (which are labeled O, P, Q, and R in Figure 2.1) when it rotates a
some angle about the X and Y axes. The following geometric relationship,

Zo-Zp=24+Z;=0, (2.4)
is based on the assumption that the plate does not twist or bend. These vertical
displacements will be obtained from the analysis of the individual isolators. Equations
(2.1) — (2.4) can be solved simultaneously to obtain the four unknown forces, F1, Fz, F3,
and F4, and will be used in the analysis of the individual isolators.

2.2 Analysis of the Vibration I solator

Now that the axial force applied to the top of each isolator can be determined, it is
necessary to examine the force-displacement relationship for each isolator. As stated
earlier, theisolator, shown horizontally in Figure 2.2, consists of two struts which are
clamped together a both ends and bonded intermediately by a viscoelastic material. The
filler contributes both damping and stiffnessto the isolator and is represented in Figure
2.2 by a series of springs and dashpots acting along the length of the isolator. For
simplicity, the isolator is restrained against horizonta (Y-direction) displacement and
rotation at both ends. This is done because the horizontal displacement of the plateis
negligible and this assumption will greatly simplify the problem by allowing the use of

symmetry. Asaresult, only one strut in each isolator will be analyzed from here on.

12



Figure 2.2: Model of Vibration Isolator under Static Axia Load F

Before any load is applied to the isolator, each strut has an initial shape with an amplitude
a,. All four isolators will have the same initial shape and so this part of the analysis holds
for each strut in all four isolators. The initial angle 8,(S) is assumed as

6.(S) =a, Eﬁn[?j (2.5)
where L isthe length of the strut. The initial angle is chosen such that it satisfies the

condition that the slope is zero {i.e., 8,(S) =0} when S=0, % and L.

The initial deflection Y,(S) is equal to the integral of the sine of the initial angle over the
length of the strut. For small angles, this is approximately equal to the integral of the
initial angle &,(S) over the length of the strut. This gives

Y, (9= %I; Eﬁl - cos{?D (2.6)

Note that the initial deflection has a maximum value of a.;L when S= % and theinitial

T

deflectioniszerowhen S=0 and L.

The stiffness and damping contributed by the filler depend on the thickness of the filler
and, since the thickness varies along the length of the isolator, the stiffness and damping
will be functions of the initial shape Y,(S) of the strut. It is assumed that the filler is
unstretched when the struts are not loaded. The filler’s stiffness per unit length will be

13



defined as Y—f , Where K is a stiffness parameter. The damping per unit length is defined

(o]

as C,Y,, where C; is adamping parameter.

The variables used for the remaining portion of this analysis are defined below. The
subscript e is used to indicate that these variables are part of the equilibrium analysis.
Note that the subscript i is used to distinguish between isolators, which are numerically
labeled in Figure 1.4. While the values of each variable will differ between isolators, the
derivation of the following relationships is the same for all four isolators.

i = aninteger that ranges from one to four

6, . = angle of the deflected strut in the i™ isolator measured from the X-axis
P, . = component of force acting in the X-direction of the strut in the i" isolator
Q, . = component of force acting in the Y-direction of the strut in the i" isolator
M; . = bending moment in the strut in the i isolator

E = modulus of elasticity of the strut (assumed to be the same for all struts)
I = moment of inertia of the cross-section of the strut about the axis of bending
(assumed to be the same for all struts)

B, = stiffness modification factor for the strut in the i isolator

dS = small element of length along the arc of the strut in the i™ isolator
dX; . = projection of dS in the X-direction

dY, . = projection of dS in the Y-direction

A free-body diagram of a small element of the strut is shown in Figure 2.3. When a load
Fi isapplied to the isolator, the strut deflects from the initial configuration to a new
position Y; ¢(S). Thefiller resists this motion, resulting in a distributed force of

K
Y—f D?(Ym - YO) acting in the negative Y-direction along the length of the strut.

(o]
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Qi,e dSI dSI
Ivli,e +% das
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P 1,e
ERIRTS ds

Figure 2.3: Free-Body Diagram of an Element of the Strut in Equilibrium

From geometry, equilibrium, and the elastic constitutive law for the strut, the following

relationships can be obtained:
dxie
—=cosf, (2.7)
Mie _sng 2.8
——==9né .
ds (2.8)
dQ.. -2K;
’ = g _Y
dSI YO E(Yhe 0) (2'9)
OlMi'e——P snd _+Q. . cosé 2.10
dS - ie ie ie ie ( . )
dé ., dg
M. = BEl e "o _
e =B EE 0 dsJ (2.11)
dg, dg,) . . _—
where E_d_sz) is the change in curvature. Note that the bending stiffness El for

each strut is multiplied by a modification factor 4. The stiffness modification factors will
be chosen so that the downward deflection at the top of each strut due to the static load F;
is the same for al four isolators. In other words, each isolator will have the same initial
height H, when the system isin equilibrium.
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Taking the derivative of Equation (2.5) gives

dg, _2m 278
¢ =—a,c0§ — 212
s oL { ] j (2.12)
Substituting Equation (2.12) into Equation (2.11) and rearranging terms gives
dé M.
B L +2—]Ta0 cos{—zjs') (213)
dS BEl L L
Additionally,
d¥ =sin(g,)=sin| a, sin %J (2.14)
ds L

Because of symmetry, the axial force P; ¢ in the strut is equal to half of the total load F;
applied to the isolator. That is,

R, =—- (2.15)

2.3 Nondimensionalization

All computations in this analysis will be performed in nondimensional terms so that the
results will be valid irrespective of specific materials, lengths, and so on. The
nondimensional variables are defined as follows:

_ A _ A
1= A+A, a, A+A (2.16, 2.17)
B B B B
b=—2t—=ag—2 b,=—2%—=ag—2 (2.18, 2.19)
A+A, B +B, A+A, B +B,
where the aspect ratio a of the plate is defined as
a :ﬂ (2.20)
A+A

It followsthat a, +a, =1 and b, + b, =a . Theremaining nondimensional variables are
defined below:

16



XIe:A1+A2 yiye:Ai'f'Az

S = S' y = YO

A A °A+A

oL oo Ho
A+A °OATA
_2K (A +A) we WA +A)
! El El

o -PelA*TA) g = Qe(ATA)
El El
_Mi,e(A1+A2)

m,e_ EI

(2.21, 2.22)

(2.23, 2.24)

(2.25, 2.26)

(2.27, 2.28)

(2.29, 2.30)

(2.31)

The resulting nondimensional equations defining the behavior of the i™ strut under static

loading are:
dXi e
——==c0s6,
ds, ’
dy.
e e,
ds ’
dg, m
—& =_1¢ 4 2m cos(275)
ds S
d
m,e = _pi es-neie +qi eCOSHie
ds ’ ’ ’ ’
dqi e - kf
—= yi,e - yo
s Y, 1 )

Yo ~ gnfa, sin(27 )

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

The boundary conditions required to solve Equations (2.32) — (2.37) are as follows. At

s =0, the strut is restrained against X- and Y-direction displacements{ x, .(0) =0,

17



Yie(0) =0, y,(0) =0} and againgt rotation{ g ,(0) =0}. At s; =1, the strut is assumed
to be restrained againgt Y-direction displacement { y, .(1) =0, y,(1) =0} and against

rotation{ g (1) = 0}.

Recall that Equations (2.1) — (2.3) are ill in terms of the total forces applied to the
isolator rather than the axial forces in each strut. If we substitute the relationship in
Equation (2.15), and put Equations (2.1) — (2.3) in non-dimensional form, the following

eguations ensue:

w (2.38)
pl,e + p2,e + ps,e + p4,e = E
(pl,e + pz,e)bl B (ps,e + p4,e)b2 =0 (2.39)
(pl,e + ps,e)ai - (pz,e + p4,e)a2 =0 (2.40)

Furthermore, Equation (2.4) is in terms of the displacements at the corners of the plate.

From continuity, the vertical displacement at a given corner is equal to the X-direction

displacement at the end of the strut of the isolator attached at that corner. Specifically,

Zo = Xo(L), Zp = X,0(L), Zg = X;.(L), and Zg = X, (L) . Substituting these

relationships into Equation (2.4) and putting everything in nondimensional terms gives
X1e(D) = Xoe(D) = X5 (1) +X,(1) =0 (2.41)

Using the program written in Mathematica, Equations (2.32) — (2.37) are solved
numerically such that the solution satisfies the constraints specified in Equations (2.38) —
(2.41) and the boundary conditions. Values for the weight w, the initial amplitude a,, the
filler stiffness k;, the dimensions a; and b, the aspect ratio a, and initial guesses for the
stiffness modification factors £ are entered into the program in addition to initial guesses
for the axial force p; e in each strut, the shear forces g ¢(0), and the bending moments

m, .(0) at the base of each strut. A printout of the program can be found in Appendix A.
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An additional requirement that must be included in this analysisis that the plate must be
horizontal when the structure is statically loaded. As previously mentioned, thiswill be
done by adjusting the stiffness of each strut using the stiffness modification factors. Since
Equation (2.41) aready includes a constraint on the X-direction displacements in the
struts, thiswill be handled by incorporating a loop in the Mathematica program which
adjusts the stiffness modification factors 4 after each run until the plate is essentially

horizontal.

2.4 Resultsfrom Equilibrium Analysis

For the equilibrium analysis, the Mathematica program is run for various locations of the
center of mass of the plate. The initial amplitude a, and the stiffness parameter k; are each
assigned a value of 0.1. The weight wis chosen as 320 so that the axial force in each strut
under the fully symmetric case (i.e., when a, =0.5 and b, =0.5) is 40. The significance
of this number isthat it is just above the nondimensional buckling load for a column

which is clamped at both ends (i.e., p, =47 =39.478). While this type of isolator does
not need to be loaded above the critical buckling load to be an effective vibration isolator,

this load will be used as a basis for this analysis. As the results of the equilibrium analysis
will show, the load applied to an individual isolator may be either higher or lower than
the critical load, depending on the eccentricity of the center of mass of the plate.

Table 2.1 shows values for the stiffness modification factors 43 for each isolator, the axial
forces transmitted to each strut p; ¢, and the equilibrium height of the plate h, for various
locations of the applied load w. The first row in the table represents the case where the
center of mass is at the geometric center of the plate. Aswould be expected, the stiffness
modification factors all have a value of one and the axial force in each strut is the same
for all struts. Note that the plate height of 0.781 is the lowest for this case.

Inthefirst five rows of Table 2.1, by is equal to 0.5, meaning that there is a line of
symmetry through the center of the plate parallel to the X -axis (see Figure 2.1). Asthe
load moves toward the edge OQ of the plate, isolators 1 and 3 become stiffer (i.e., £ and
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[ are greater than one) while isolators 2 and 4 become less stiff (i.e., £ and S, areless
than one). Unsurprisingly, isolators 1 and 3 have identical values for stiffness and force,
asdo isolators 2 and 4. In the next four rows of Table 2.1, a; is equal b;, meaning again
that there is aline of symmetry, thistime passing from the corner O of the plate to corner
R. Asthe load moves toward the corner O, isolator 1 becomes stiffer (i.e., £, is greater
than one) while isolator 4 becomes less stiff (i.e., £ isless than one). For this case,
isolators 2 and 3 remain equal in stiffness regardless of where the center of massis
positioned along the diagonal line of symmetry. The last six rowsin Table 2.1 represent
cases where the center of massis arbitrarily positioned such that there is no symmetry.
Note that for all cases the height of the plate increases as the center of mass moves from

the center of the plate.

Table 2.1: Results from Equilibrium Analysis

Location of the |  gtiffness Modification Factors Axial Force Plate
Center of Mass Height

el by yéi 5 B e Pie P2e Pse Pae ho

0.50 0.50 1000 | 1.000| 1.000| 1.000| 40.00| 40.00| 40.00| 40.00| 0.781
0.45 0.50 1126 | 0920 | 1.126| 0920 | 44.00| 36.00| 44.00| 36.00| 0.807
0.40 0.50 1260 | 0838 | 1.260| 0.838| 48.00| 3200| 48.00| 3200| 0.834
0.35 0.50 1412 | 0.757 | 1.412| 0.757 52.00 | 28.00 52.00 | 28.00 | 0.866
0.30 0.50 1591 | 0678 | 1591| 0.678 56.00 | 24.00 56.00 | 24.00 | 0.901

0.45 0.45 1291 | 1000| 1.000| 0.873| 49.57 38.43 38.43 33,57 | 0.826
0.40 0.40 1710 | 1.000 | 1.000| 0.802 60.51 35.49 35.49 2851 | 0.897
0.35 0.35 2025| 1.000| 1.000| 0.623 69.54 | 34.46 34.46 2154 | 0.915
0.30 0.30 2749 | 1.000| 1.000| 0.600 | 82.05 29.95 29.95 18.05| 0.964

0.40 0.45 1488 | 0912 | 1.132| 0.830| 54.51 33.49 41.49 3051 | 0.871
0.35 0.45 1728 | 0848 | 1.319| 0.786 58.95 29.05 45.05 26.95 | 0.919
0.30 0.45 1915| 0.753 | 1.485| 0.696 63.06 2494 | 4894 | 23.06| 0.936
0.35 0.40 1853 | 0941 | 1.175| 0.683 63.59 32.42 40.42 2359 | 0.916
0.30 0.40 2131 | 0.853| 1.352| 0.632 68.46 2754 | 4354 | 2046 | 0.945
0.30 0.35 2338 | 0935| 1.188| 0.568 74.19 29.81 37.81 18.19 | 0.949
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Chapter 3: Derivation of the Equations of M otion

Similar to the equilibrium analysis, the derivation of the equations of motion for the
dynamic analysisis also divided into two parts. First, the equations of motion for the
rigid plate are determined from the kinetic and potential energies in the system using
Lagrange’ s equations. Then, the struts in each isolator are analyzed using D’ Alembert’s
principle. All dynamic equations are linearized for small motions and put in
nondimensional form. A program written in Mathematica is used to numerically solve
these equations to determine the motion transmissibility for the system. The results from

the dynamic analysis can be found in Chapter 4.

3.1 Rigid Plate Analysis
The X, Y, Z coordinate system is fixed in space as shown in Figure 3.1 and has unit

vectors i , I ,and k. The angles 6, i, and gare used to define coordinate rotations about

the X ,-Y, and Z axes, respectively, and are initialy zero. The points O, P, Q, and R
are located at the bottom of each corner of the plate, and the plate has an initial height H,
when the system isin equilibrium. The center of mass (labeled c.m. in Figure 3.1) is
indicated by the dimensions A, Az, B1, and By, and it is positioned at a distance C above
the bottom of the plate.

A, R B,
A B

C.Im.

Figure 3.1: Initial Configuration of the Plate
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Referring to Figure 3.1, the position vectors from the origin of the fixed coordinate
systemto the points O, P, Q, R, and to the center of mass when the system is at rest are as

follows:
r, =H_k (3.1)
T = (A +A) +Hk (32)
fo =(B,+B,) j+H,k (33)
e=(A+A) +(B,+B,) [ +Hk (3.4)
r.. =Ai +B,j+(H, +C)k (3.5)

The X,, Y,, Z, coordinate system with unit vectors i, , j,, k, has its origin at the center

of mass and is parallel to thefixed X, Y, Z coordinate system. In other words,

A

—_

[

(3.6)

1

N —

1
o O k-
o+ O
= O O
N —

1

The X,, Y,, Z, coordinate system with unit vectors i, |,, k, isobtained by rotating
the X,, Y,, Z, coordinate system by an angle about the X -axis, as shown in Figure

3.2(a). The relationships betweenthe i, j,, k, unit vectorsand the 1, j,, k, unit

vectors can be determined as

A

iL| [1 O 0 1|1,
,r=|0 cos@ sSnéd\|j, (3.7)
) 0 -sné cosd

[y

N> —
»Z‘_) —

The X,, Y,, Z, coordinate system with unit vectors i,, j,, k, isobtained by rotating
the X,, Y,, Z, coordinate system by an angle ¢ about the - Y -axis, as shown in Figure

3.2(b). The relationships betweenthe i, j,, k, unit vectorsandthe i, j,, k, unit

vectors can be determined as
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iy cosy 0O snyl|i,
Ltz 0 1 0 i, (38)
K, -sny 0 cosy ||k,

@ (b)

Figure 3.2: Coordinate Systems for (a) Positive Rotation @about the X -Axis and for (b) Positive Rotation
about the-Y -Axis

Asaresult, the X,, Y,, Z, coordinate system can be related to the fixed X, Y, Z

coordinate system by substituting Equation (3.6) into Equation (3.7), and then
substituting Equation (3.7) into (3.8). This gives

iy cosy —-snwsnd singcosd]|i
ls¢=] O cosé sné
K, —gny -—-cosysnd cosy cosé

(3.9)

N> —o

Under dynamic excitation, the center of mass of the plate moves from its resting position
to some position X(T), Y(T), Z(T) and the plate rotates at angles &and ¢ about the X and
-Y axes, respectively. Note that the rotation gabout the Z axis is restrained in this

analysis. The position vector from the origin of the fixed coordinate system to the center
of mass under dynamic excitation becomes:

fom =[A+ XD +[B+Y(T] J4{H, +C+Z(T] k (310)
Using the principle of superposition, the position vectors for points O, P, Q, and R can be
defined as the sum of the position vector T, to the center of mass and a vector from the
center of mass to each corner. Specifically,

o =Tem ~ A1|A3 - Bl is _Cizs (3'11)
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Substituting the relationships in Equation (3.9) for the unit vectors i, j,, Ky, and

substituting the equation for the position vector T

Fo=T,, +Ai,— Ck
o =Tem ~ A&rs +B, is —C|23

R =T +AziA3+BZJT3_Cl23

(3.12)
(3.13)

(3.14)

.. Of the center of mass in Equation

(3.10) into Equations (3.11) — (3.14) gives a set of position vectors for the corners O, P,

Q, and R of the plate in terms of the unit vectors i

system. These position vectors take the form

where

T, =Xl +Y, ] +Zk
o= Xl +Ys]+2Z.K
Ty = Xof +Yo ] +ZoK

o= X +Yg] +Zgk

Xo =X(T)+A —Acosy +Csny

X =X(T)+A + A, cosy+Csny

Xq =X(T)+A - Acosy +Csiny

Xz =X(T)+A +A cosy+Csiny

Y, =Y(T)+B, + A sngsind-B, cosd+Ccosysinéd

Y, =Y(T)+B, - A singsnd- B, cosd+Ccosysinfd

Yo =Y(T)+B, + A sngsin@+ B, cosd + Ccosysiné

Y, =Y(T)+B, - A sngsnd+B, cosd+Ccosysné
Z,=Z(T)+H_ +C-Asnygcosf-B,sind-Ccosycoséd
Z,=Z(T)+H,+C+ A ,singcosd - B,sin §-Ccosy cosd
Zo=Z(T)+H,+C-Asnycosd+B,sind-Ccosy cost

Z,=Z(T)+H,6+C+ A singcosd+B,sind-Ccosycoséd
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i, and k inthe fixed coordinate

(3.15)
(3.16)
(3.17)

(3.18)

(3.19)
(3.20)
(3.20)

(3.22)
(3.23)

(3.24)
(3.25)
(3.26)
(3.27)
(3.28)
(3.29)
(3.30)



From Equations (3.19) — (3.30), the following relationships can be established for the

angles of rotation, dand ¢ (assuming that, for small angles, sing cosé = siny

(Meirovitch, 1970)):
Lp—Zp _ ZQ ~Zo

snéd= =
Bl+BZ Bl+BZ
Sim//:ZR ZQ:ZP ZO
A+A  A+A
cosp="aYe Yo = To
Bl+BZ Bl+BZ
COSQ[/:XR XQ:XP_XO

(3.31)

(3.32)

(3.33)

(3.34)

The equations of motion for the plate will be determined using Lagrange’'s equations.

Thus, it is necessary to determine the kinetic and potential energies of all components of

the system. Because it is desirable to preserve symmetry in the model for the vibration

isolator, horizontal springs are added to the corners of the plate to simulate the horizontal

resistance contributed by the isolators when the plate rotates. Because this horizontal

motion is very small, this assumption should have a minimal effect on the results of this

analysis. The springs are numbered 1 — 8 and attach to the plate as shown in Figure 3.3.

X

Figure 3.3: Horizontal Springs Attached to Plate



The plate has both rotational and translational kinetic energy. The translational kinetic
energy for the plate with massM is

1 .-
Tp,tr = E M fe.m Iﬂ.m. (335)

where
F=Xi+Yj+2Zk (3.36)
Substituting Equation (3.36) into Equation (3.35) gives

T :%M(X2+Y2+z'2) (3.37)
The rotational kinetic energy for the plate is defined as
1_+- _
Tp,rot = Epr I p a)p (338)

where @, isthe angular velocity vector and I_p isthe inertiadyadic (Plaut, 1996).

The angular velocity vector @, is defined as

@, =6~ ], =6 —ywcosd] -wsin Gk (3.39)
The inertiadyadic is given as

=100+, 7, Ol (3.40)

where I and |, are the principal mass moments of inertiaabout the X and Y axes
through the center of mass. The derivation of the mass moments of inertia can be found
in Appendix B, and the equations for I, and |, are given in Equations (B.2) and (B.3).

Rewriting Equation (3.40) in terms of the unit vectors i , j, and k,and substituting this
and Equation (3.39) into Equation (3.38) givesthe rotational kinetic energy of the plate as

T = % | X(6'?cos(,z/)2 +% |, @) (3.41)

The potential energy in the springs labeled 1 — 8 in Figure 3.3 can be calculated as
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(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

Substituting the relationships in Equations (3.19) — (3.26) and using small-angle
approximations (i.e., sngsin8 =0 and cosysin 8 =sind) gives the following equations
for the potential energy:

1

Va =3 K, (Y + B, - B, cos@ + Csin )’ (3.50)
V., =%K2(Y +B, - B, cosf+Csin )’ (3.51)
V., =%K3(X + A cosy - A, +Csing)? (3.52)
Ve, =%K4(X + A, cosyy - A, +Csiny)? (3.53)
Vg = % Kq(Y +B,cosf-B, +Csin8)’ (354)
Ve = % K,(Y +B,cosd-B, +Csin8)’ (359)
V., =%K7(X + A — A cosy + Csing)? (3:56)
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Vs :%KB(X + A — A cosy +Csinz//)2 (3.57)

Lagrange’ s equations for this system in terms of the Lagrangian L are

S(2)- s; o
d(ill' j (3.59)
d(ill' j PRl (3.60)
d(f'r j a_; Q, (3.61)
d(f'r J &L (3.62)

whereL = T—V and Qx, Qv, Qz Qg and Q, are the generalized forces. Substituting
Equation (3.37), Equation (3.41), and Equations (3.50) — (3.57) into Equations (3.58) —
(3.62) and specifying the generalized forces gives

MX + (K, + K, )(X + A, cosy — A, +Csing) + (K, + K, )(X + A — A cosy + Csing) =
(3.63)
MY + (K, + K, )(Y + B, - B,cos@ +Csin8) + (K, + K, )(Y + B, cosf - B, +Csin8) = 0
(3.64)
MZ=F +F,+F,+F,-W (3.65)
| Gcosy + (K, + K, )Y + B, - B, cos@ + Csin)(C cosé + B, sin ) +
(Kg + K, )Y + B, cos@ - B, + Csin@)(Ccosd - B,sind) =—(F, +F,)B, +(F, + F,)B,
(3.66)
| +(Ky + K, (X + A, cosy = A, +Csing)(Ccosy — A, sing) +
(K7 +Kg)(X + A — A cosy +Csing)(Ceosy + A sing) = ~(F, + F;) A +(F, +F,) A,
(3.67)
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Note that these equations are in terms of the displacements X, Y, Z, 6, and ¢ a the center
of mass. It is desirable to write these equations in terms of the movement at the corners of
the plate so that they will be compatible with the equations from the analysis of the
vibration isolators.

The position vector T, to the center of mass can be written in terms of the position

vector T, tothe point O on the plate. Specifically,

F.. =T +Ai, +B, ], +Ck, (3.68)

c.m.

Recall that T, isalso defined in terms of the X, Y, and Z displacements in Equation

A

(3.10). If Equation (3.68) is put in terms of the unit vectors i , |, k and is equated to

Equation (3.10), the following relationships for the displacements X, Y, and Z can be
formed:

X =X, —-A +Acosy-Csny (3.69)
Y =Y, -B, - Asngsing+ B, cosd —Ccosysiné (3.70)
Z=75-Hy-C+Asnygcosd+B,sné+Ccosy cost (3.71)

Using Equations (3.31) — (3.34) and small-angle approximations (i.e., Singsn8=0,
sing cos@ =sny , and cosysin g =sin @), Equations (3.69) — (3.71) become
C

_ A
X = X, - X, - Xg)- Z, -2, _
At ol )= aal ) (372)
B, C
Y=Y,-B + B +B, (YQ _Yo)_m(ZQ_Zo) (373
-7 _ _ A _ L _ (XP - Xo)(YQ _Yo)
Z=7,-H, C+A1+A2(zp zo)+Bl+Bz (z,-2,)+C o A)E B (3.74)

By differentiating Equations (3.72) — (3.74) twice and dropping the higher order terms,

the equations for the accelerations X, Y , and Z are

ey (AX, +AX, -CZ, +CZ,) (3.75)
(e (BY, +B,Y, -CZ, +CZ,) (3.76)
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! (AIZP + Azzo +CXP _CXO)-" ! [Bl(ZQ _ZO)+C(YQ _Yo )] (3.77)

A+A B +B,
Recall that the angles &and ¢ can be related to the coordinates of the corners of the plate

in Equations (3.31) and (3.32). Using small-angle approximations (i.e., sind = and
sny =), @and ¢ can be approximated as

- % (3.79)

peZeto @
Taking the second derivative of Equations (3.78) and (3.79) gives

= 5 i 3 (2, -2,) (3.80)

@ = A&iAZ(ZP—Zo) (3.81)

Substituting Equations (3.31) —(3.34), Equations (3.72) — (3.77), and Equations (3.80) —
(3.81) into Equations (3.63) — (3.67) gives the equations of motion as
M

(A&Xp +A2XO _CZP +Czo)+ (Ks + K4)(XP -A _Az)+(K7 + Ks)xo =0

At+A
(3.82)
%(BlYQ-FBZYO _CZQ+CZO)+ (K1+K2)YO+(K5+K6)(YQ_Bl_BZ):0
1 2
(3.83)
M (AZ, +AZ, +CX, -CX, )+ M (8.2, -B,Z, +CY, -CY,)
A+ A P o P o B, +B, 14q 4o Q o

=R+R+R+F-W (389

2o v~ Bl <20+
1 2 1 2

[ES:EGJ (YQ -B, - BZ)[C(YQ _YO)_ BZ(ZQ _Zo)] = _(Fl + FZ)Bl +(F3 + F4)Bz
1T B

(3.85)
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Al|+Y . _ZO)W{%J(XP CA-A)C(X, - X )= Az, -2 )+

o ol - Xo) A2, 2] = (R +F)A (7, +F)A
(3.86)

From continuity, the vertical displacement at a given corner is equal to the X-direction
displacement at the end of the strut of the isolator attached at that corner. Specifically,
Zo =X,(LT), Zp = X,(L,T), Zg = X4(L,T), and Z, = X,(L,T) . The sirut
displacements X, (L,T), X,(L,T), X,(L,T),and X,(L,T) can bewritten in terms of
the equilibrium and dynamic parts of the motion. Thus, locations of the corners O, P, Q,
and R of the plate a any time T are given by the following equations:

Zo=H,+X4(L) e (3.87)
Z, =H,+ X, (L) e (3.88)
Zo =H,+X,q(L) €7 (3.89)
Zo=Hy+X,4(L) e (3.90)

where 1 isthe imaginary unit (i.e., 1 = \/—_1) and Q isthe forcing frequency. The
subscript d is used to indicate variables which result from the dynamic analysis. Note that
the equilibrium height H, has been substituted for the location of the top of the strut when
the system is in equilibrium.

Similarly, using the equilibrium values for the coordinates of the plate corners, the X

and Y direction displacements at the corners of the plate can be written as

Xo = Xogq €7 (3.91)
Xp=A+A+ X4 (3.92)
Xo = Xqq € (3.93)
Xg=A+A + Xy, e (3.94)
Yo =Yoq €7 (3.95)
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Yo =Yoy € (3.96)
Yo =B, +B, +Yo, €7 (3.97)

Ys =B, +B, +Yg, &7 (3.98)

Using symmetry, the forces transmitted from the plate to each isolator can be put in terms
of the axial force on one of the strutsin the isolator. Again the forces are broken into
equilibrium and dynamic parts. Thus, the forces F;, F», F3, and F4 are defined as

F, =2P,+2P, & (3.99)
F,=2P, +2P,, e (3.100)
F, =2P,, +2P,, &7 (3.101)
F,=2P,, +2P,, & (3.102)

Equations (3.84) — (3.99) can be substituted into Equations (3.79) — (3.83) and the
equilibrium part of each equation can be dropped from both sides of the equation. With

QT

only the dynamic part left, all higher-order terms (i.e., terms multiplied by [e ]2) can

be canceled from the equation and the remaining terms have a common factor of €' .

After dividing by €T, the equations of motion for the plate become

MQ?
- A+A [AixP,d A Xog ~CXpq (L) +CX oy (L)] +(Kq + K4)Xp,d + (K, + Ks)xo,d =0
(3.103)
MQ? [ ] _
_m B You * B.Yous —CXy4 (L) +CXyq (L)) + (Kl +K, )Yo,d + (Ks + KG)YQ,d =0
1 T By
(3.104)
MQ?
a1 A AXaa (L) A )+ CXpy ~CXo -
MQ?

[B,X 44 (L) = B, X4 (L) + CY¥qy ~ Vo] = 2[Pg (L) + Py (L) + Py (L) + Py (L)

B,+B,
(3.105)
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N0k
Bl + BZ

[Xao (L) = X4o (L)) = =F Py (L) + Py (L] B, +3 Py (L) + Py (L] B, (3.206)

& [X,q0 (1) = X, o (U] =P, (L) + Py (L] A + 4P, (L) + P, (L] A, (3.207)
A+A? ’ ’ * , ,

Using the relationships for sin& and cosé@ in Equations (3.31) and (3.33), the following
geometric relationship can be obtained:

(zo -2 )cost=(Y, Y, )sn6 (3.108)
After making some substitutions and manipulations, this equation results in the following
constraint:

You = Yo (3.109)
Similarly, Equations (3.32) and (3.34) can be used to establish the following relationship:

(Ze = Z5 )oosy = (X, = X, )sing (3.110)
After making some substitutions and manipulations, this equation results in the following
constraint:

Xp g = Xoq (3.111)

3.2 Analysis of the Vibration I solator

Figure 3.4 shows the isolator subjected to a harmonic base excitation U(T), where U(T)
was defined in Section 1.4 as U(T) =U, [&in(QT) . Thisimposed base displacement is
resisted at the top of the isolator by the force F;, which is now a portion of the combined
effects of the weight W of the plate and the inertial load from the mass of the plate. In the
analysis of the vibration isolator, it is again assumed that the horizontal movements Xo 4,
Xed, Xod, Xrds Yod, Yrd, Yod, and Yrg @t the corners of the plate are small enough that
they can be neglected and symmetry can be used in the analysis of each isolator.
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Xi(0,T) =T, sin(QT)
Figure 3.4: Isolator Under Forced Harmonic Excitation

In order to analyze the behavior of each isolator, afree-body diagram of an element of
the strut is drawn using D’ Alembert’ s principle. The free-body diagram includes the
forces due to the stiffness and damping contributed by the filler in addition to the
fictitious inertia forces due to the mass of the strut. The inertia forces act in the opposite
direction of the acceleration of the strut and are equal to the product of the strut’s mass
per unit length and its acceleration in the X and Y directions (Chopra, 2001).

M, +%—'\£‘d$

oP

P +-dS
Y, - Y,)dS 95

Q +

2K,

0% aY,
LdS +2C.Y, —dS +
S f oaT S

Akgr

M;
p—Gor

o

Figure 3.5: Free-Body Diagram of an Element of the Strut Under Forced Harmonic Vibration

Notice that the mass per unit length w of the strut is multiplied by the factor 4 that was
used to adjust the bending stiffness El in the equilibrium analysis. Assuming that the
same material isused in each strut (i.e., the modulus of elasticity E remains constant), the
bending stiffness can be modified by changing the cross-section of the strut so that the
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moment of inertia about the axis of bending becomes A 1. If the cross-section of the strut

is arectangle with awidth b and a thickness h as shown in Figure 3.6(a), the moment of

inertia can be modified by a factor of 4 by simply changing the width b of the section by

afactor of A3, as shown in Figure 3.6(b). In doing so, the area of the section changes by

the same factor 4 and, assuming that the material has a constant density, the mass of the

strut also changes by the same factor 3. Thus, each strut has a mass 43 1.

@

(b)

N
[ ] h
L t
I b 4

1
| ] ——h
] 5 !

| :ibh3
12

1
I'=81=—23bh®
Bl =158

Figure 3.6: Cross-Section of Strut (a) Before and (b) After Modifying the Bending Stiffness

From the geometry, equilibrium, and the elastic constitutive laws for the strut, the
following relationships can be established for the strut subjected to forced harmonic

vibrations:
ai—cosei
0S
ﬁ:gn@i
0S
06, M. 2T {Zlﬁj
_:—+_aoco -
0S [E L L
A = -Rsing +Q cos
0S
oR _ %X
S ﬁ'”aTZ
0Q 0%Y oY, 2K,
—L == L —-2C.Y, — - =Y
as lglﬂa-l-z flo 6T Yo [qYl 0)
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(3.114)

(3.115)
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Each of these variables can be written in terms of the equilibrium and dynamic parts of

the motion. Specifically,
Xi(S.T) =X (S)+ X 4(S) e’

Yi(S.T) =Y (S)+Ya(S) e
6(S.T)=6.(S)+64(S)e™
Mi(S.T)=M;(S)+M4(S)e™
R(S.T)=R.+R4(S)e™

Qi(S.T)=Q(S)+Q;4(S) et

(3.118)
(3.119)
(3.120)
(3.121)
(3.122)

(3.123)

Equations (3.118) — (3.123) can be substituted into Equations (3.112) — (3.117) and, using
small-angle approximations, the equilibrium portions of the equations can be dropped
from both sides of the equations (see Equations (2.7) — (2.10) and (2.13)). After dropping

all higher-order terms (i.e., terms multiplied by [ejlQT

parts of the motion become:
dX; 4

:_eids-neie

ds * *
dy,

< :eid COSeie
ds " *
dei,d _ Mi,d
dS ~ BEl
dwm,

g5 = (QuRb)eosd (R +Q.8, Jsnd,
dR 4 2
dS IBI/'I i,d
dQ | 2K
dSIYd :[lgiﬂQz_]lQ(ZCfYo)_Y_owai,d
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]2 ), the equations for the dynamic

(3.124)

(3.125)

(3.126)

(3.127)

(3.128)

(3.129)



3.3 Nondimensionalization
Equations (3.103) — (3.107), (3.109), (3.111), and (3.124) — (3.129) will now be put in

nondimensional form.

If pw is defined as the ratio of the weight of the plate to the weight of one strut (i.e.,

P, = ﬂL ) and the nondimensional weight of the plate w is defined in Equation (2.28),
28|

then a stiffness parameter r can be defined as the ratio of p, to w. Specifically,
[ = El
oL(A + A,

Using the stiffness parameter r, the total mass of the plate can be defined in terms of the

(3.130)

total nondimensional weight w as
m=rw (3.131)

Using the subscript j to indicate the number of the horizontal spring (refer to Figure 3.3
for the location of each spring), the stiffnesses of the springs 1 — 8 can be

nondimensionalized as

K, = W (3.132)

The remaining nondimensional variables are defined as follows:

7 __|El

w=0 t=T 3.133,3.134
X X

%o = A f:dAz Xea = o Y (3.135, 3.136)
Y, Y,

You =ﬁ You =ﬁ (3.137, 3.139)
Xi d Yi,d

Xig = A1+A2 Yia = A+ (3.139, 3.140)
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=Y _Ru(A+A)
U, A+ Pig = (3.141, 3.142)
0 4 :M m 4 :w (3.143, 3.144)
. El El
2C, (A +A)
c, = 3.145
=) (3.145)

In addition, the vertical distance C from the bottom of the plate to the centroid is
nondimensionalized in Equation (B.7) in Appendix B, and the nondimensional mass
moments of inertiaiiy and iy are given in Equations (B.15) — (B.16).

Using the relationships in Equations (3.135) — (3.138), Equations (3.109) and (3.111)
become:

Yod = Yqua (3.146)

Xod = Xpg (3.147)

Using the nondimensional variables defined in Equations (2.16) — (2.31), Equations
(3.131) — (3.145), Equation (B.7), and Equations (B.15) — (B.16), the equations of motion
for the plate can be put in nondimensional form as

— WP [ayXe g +8,X0 4 = Xy o (1) + Xy g (D] + (ks + K, X g +(Ky +Ky )Xo g =0 (3.148)

rwe”
- p [blyQ,d +D0, Y04 = CXaq (1) + x4 (1 )] + (k1 + kz)yo,d + (ks + ke)yQ,d =0 (3.149)

- rwa’ [aixz,d (+ A, X g (+ CXp g — CXo,d] _%[blxs,d (- blxl,d I+ CYoa ~ Cyo,d]

=2 P (1) + Pog () + Pog (N + Paa ()] (3.150)
— ix;dz [Xs,d (- X (I )] = _i Prg )+ P24 (I )] bl +i P34 )+ Pag (|i b2 (3.151)
~i, @ [Xo (1) = Xy g O] = ~A prg (1) + Pog ] @ +F oy (1) + Py (1] &, (3.152)
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Similarly, the dynamic equations for the strut can be written as

dx; 4 .
'€ =-@ _ 39n8
i y (3.153)
dy, 4
— =@  cosé
i y " (3.154)
A9 _ M. (3.155)
ds A '
dm .
déd = (q| d - pi,eei,d )Cosei,e - (p| d + qi ,eei,d )Sn Hi,e (3 156)
dp; 4
= Bax
ds B 4 (3.157)
da, : k
—ds;d :[,8i & —iwc,y, —y—j Wi (3.158)

The boundary conditions required to solve Equations (3.153) — (3.158) are as follows. At
s, =0, the strut isrestrained against Y-direction displacements{ v, ,(0) = 0} and against

rotation{ &, 4 (0) =0}. At s =0, the X-direction displacement is set equal to the
amplitude of the base displacement { x; ;(0) =u,}. At s, =1, the strut is assumed to be
restrained against Y-direction displacement { v, , (1) = 0} and against rotation

{6,,(1)=0}.

A program written in Mathematica is used to numerically solve Equations (3.153) —
(3.158) using the conditions specified in Equations (3.146) — (3.152) and the boundary
conditions for the struts. Similar to the equilibrium program in Appendix A, the dynamic
program uses a shooting method to iteratively solve the equations for the struts using the
results from the equilibrium analysis along with the conditions specified for the dynamic
analysis. Values for the filler stiffness ¢, the horizontal spring stiffnesses k; — kg, and the
plate and block dimensions hy, hy, and d defined in Appendix B are entered into the

program in addition to initial guesses for the horizontal movements X, 4, X4, Yo 4, and
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Yoq @ the corners of the plate, the axial force piq in each strut, and the shear forces
0i,4(0) and the bending moments m, 4 (0) at the base of each strut. A printout of the

dynamic program can be found in Appendix C.

The transmissibility for the system will be calculated as the average transmissibility of
the four corners of the plate. The transmissibility at each corner will depend on the
vertical motion of the isolator attached to the corner and the amplitude of the base
displacement. The vertical motion will consist of both real and imaginary parts, and so
the square root of the sum of the squares of the real and imaginary parts will be used to
determine the vertical motion at a corner. The transmissibility at the top of the i"" isolator
is defined as

\/ {Re[xi d (1)} “+ {l m[Xi d (1)} ?

TR = (3.159)
Ul
Using an average value of the transmissibility at the corners of the plate, the
transmissibility of the system is defined as
TR +TR, + +
TR= R+ TR+ TR+ TR, (3.160)

4
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Chapter 4: Analysis and Results

Using the Mathematica program in Appendix C, the equations of motion derived in
Chapter 3 for the system are numerically solved for various cases with increasing
complexity. First, the system is analyzed for the fully symmetric case, i.e., the center of
mass is positioned at the geometric center of the plate, as shown in Figure 4.1(a).
Secondly, the center of mass is positioned at several points along a line that runs through
the center of the plate perpendicular to the edge OQ of the plate, as shown in Figure
4.1(b). Thirdly, the center of mass is positioned at several points along a line of symmetry
that passes diagonally from corner O to corner R, as shown in Figure 4.1(c). Lastly, the
center of mass is arbitrarily positioned such that no symmetry exists in the system, as
shown in Figure 4.1(d).

-— - -
¥

@ (b) © (d)
Figure 4.1: Location of the Center of Mass for (a) Case 1, (b) Case 2, (c) Case 3, and (d) Case 4

For each of these cases, the transmissibility is computed and plotted for a wide range of
nondimensional excitation frequencies. The transmissibility plots are used to recognize
frequencies at which resonance occurs in the system and frequency ranges in which the
transmissibility is small. At the resonant frequencies, the physical behavior of the system
isanalyzed to understand what types of vibration modes occur in the system. In order to
obtain a better understanding of resonance in the system, a free vibration analysisis also
performed. The results from the free vibration analysis can be found in the last section in

this chapter.
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4.1 Forced Vibration Analysis

Using the Mathematica program in Appendix C, the equations of motion are solved for
the four cases shown in Figure 4.1. For al cases, the nondimensional weight wis set at
320, as was done in the equilibrium analysis. Similarly, the initial amplitude a, of the
struts and the stiffness parameter ki are each assigned a value of 0.1. The filler isgiven a
damping coefficient c; of 1, and the stiffnesses k; of the eight horizontal springs attached
to the plate are each set a 0.1. The aspect ratio a of the plateis set equal to 1 for al
cases, meaning that the plate remains square in this analysis. Thiswill allow for a special
case of symmetry (e.g., Case 3 discussed on pages 53 to 61) to be analyzed which only
exists for a sguare. The plate and block dimensions hy, h,, and d required to calculate the
vertical distance c to the center of mass and the mass moments of inertia, iy and iy (see
Appendix B), are set equal to 0.05, 0.3, and 0.3, respectively. The stiffness modification
factor £ and the equilibrium portion of the axial force pi e, the shear force g ¢, and the
bending moment m ¢ for each strut are obtained from the equilibrium analysis. From the
solution of the equations of motion, the transmissibility TR is calculated for various

excitation frequencies wusing Equations (3.159) and (3.160).

Case1l

First, the system is analyzed for the case where the center of mass is located at the
geometric center of the plate, as shown in Figure 4.1(a). To do this, the nondimensional
variables a; and b; are both set a 0.5 in the program. Because of the symmetry, the plate
does not rotate for this case, and so the plate moves with only one degree of freedom.
This isthe base case and will be used to compare the results of the remaining cases.

In Figure 4.2, the transmissibility is plotted for nondimensional excitation frequencies
ranging from 0.1 to 100. The transmissibility plot has three distinct peaks which occur a
frequencies ay = 0.922, ap = 44.48, and ay = 78.53. Between each of these peaks, the
transmissibility drops well below unity for awide range of excitation frequencies. The
region between the first and second peak is of particular interest because it is likely that

this isolation device would be used to isolate vibrations in this range of frequencies.
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At the first resonant frequency i, the transmissibility reaches a maximum value of
approximately 2250. This means that the ground motion is amplified more than 2000
times, which seems highly unrealistic. Recall that the magnitude of the transmissibility at
apeak is dependent on the damping in the system. In this analysis, it was assumed that
the filler is the only source of damping in the system. This assumption is unreasonable
because there are a number of other sources in the real system that would provide
damping (e.g., the connections between the isolator and the plate). Thus, the magnitude
of the response for the real system would be substantially less than the magnitude of the
response for the theoretical system. However, the frequency at which the peaks occur in
the transmissibility plots and the vibration modes which occur at these peaks are
practically independent of the amount of damping, and so the theoretical system is still
quite useful for analyzing the behavior of the system presented in this thesis.

10000 7

Peak

1000 E Frequencies:

1 =0.922
100 3 “
E| wp =44.48
> 1
= 10 4 o3 =78.53
IS} E
2 1
. 1 1
(n |
a 1
c 0.1 5
= ]
0.01 3
0.001 3
0.0001 - e ——— -
0.1 1 10 100

Frequency
Figure 4.2: Transmissibility vs. Frequency for the Fully Symmetric Case (a; = 0.5, b; = 0.5)

The vibration modes for one of the struts in each isolator at the resonant frequencies a,
a, and ax are shown in Figure 4.3. In each of these figures, the horizontal deflection y; g
caused by a base displacement with a nondimensional amplitude u, of 0.001 is plotted
along the length of the strut. Because of symmetry, all four isolators have the same shape.
At the first resonant frequency, the vertical displacement X 4 at the top of each strut has a
magnitude of 2.21, meaning that the first vibration mode corresponds to a large vertical
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displacement of the plate. At the second and third resonant frequencies, the vertical
movement of the plate is relatively small (X 4 equals 0.004 at the second resonant
frequency, and X 4 equals 0.0002 at the third resonant frequency), but the struts exhibit
distinct vibration modes, similar to those observed in previous analyses performed by
Sidbury (2003) and Favor (2004) for the single-strut isolator. In each of these vibration
modes, the horizontal deflection of the strut from equilibrium is extremely large.

Frequency 0.922 78.53

yq for
Struts 1-4
0.4
0.2
117 10.705 0,609 -0.119

Figure 4.3: Resonant Vibration Modes for the Symmetric Case (a, = 0.5, b; = 0.5)

Case 2

The second case to be analyzed is the case where the center of mass is positioned at
several points along a line that runs through the center of the plate perpendicular to the
edge OQ of the plate, as shown in Figure 4.1(b). For this case, the plate moves with two
degrees of freedom, i.e., the plate will move vertically and/or rotate a an angle ¢ about
the Y-axis when the system is subjected to a base excitation. In this analysis, the distance
b, isfixed a 0.5 and the distance &; is varied from 0.45 to 0.3 in increments of 0.05. Note
that as a; decreases, the eccentricity of the weight increases.

In Figures 4.4 — 4.7, the transmissibility is plotted for nondimensional frequencies
ranging from 0.1 to 100. On each plot, the results from the analysis of the symmetric case
(i.e, Case 1) areincluded so that it is easy to see how the transmissibility changes for
various eccentricities. The most notable observation is that the eccentricity introduces an
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additional peak in each transmissibility plot at a frequency slightly higher than the first
resonant frequency. This peak occurs over avery small range of frequencies, and the
maximum transmissibility at this peak appears to become larger as the eccentricity
increases (i.e., as a; becomes smaller). The physical behavior of the system at this
resonant frequency will be investigated in the analysis of the vibration modes to
determine the source of this additional peak and the reason for the increase in the

transmissibility with increasing eccentricity.

10000
1000 7 -------- Symmetric
100 7 al=0.45
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Figure 4.4: Transmissibility vs. Frequency for Center of Mass Positioned at a; = 0.45, by = 0.5
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Figure 4.5: Transmissibility vs. Frequency for Center of Mass Positioned at a; = 0.4, b;= 0.5
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Figure 4.6: Transmissibility vs. Frequency for Center of Mass Positioned at a; = 0.35, b; = 0.5
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Figure 4.7: Transmissibility vs. Frequency for Center of Mass Positioned at a; = 0.3, b; = 0.5

The transmissibility plots shown in Figures 4.4 — 4.7 for Case 2 have the same general
shape as the transmissibility plot for the symmetric case with the exception of the
additional peak. It appearsthat, asthe eccentricity increases (i.e., as a; goes from 0.45 to
0.3), the first, third, and fourth peaks tend to shift away from the peaks for the symmetric
case. To better understand how the eccentricity affects the frequencies at which these
peaks occur, a comparison of the resonant frequencies for the symmetric case and the
four casesillustrated in Figures 4.4 — 4.7 isshown in Table 4.1.

Table 4.1: A Comparison of Resonant Frequencies for Case 1 and Case 2

Casel Case?2

;=05 ;=045 =04 =035 2,=03
0.922 0.948 0.988 1.063 1.213
------- 1.772 1.747 1.725 1.757
44.48 44,92 45.41 45,99 46.68
78.53 78.06 78.00 77.65 77.38

Upon considering the datain Table 4.1 and Figures 4.4 — 4.7, it becomes apparent that the
first and third peaks for Case 2 move towards frequencies higher than the first and second
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peaks for Case 1, and the fourth peak for Case 2 moves toward a frequency lower than
the third peak for Case 1. Because the equilibrium height for the plate and the stiffnesses
of the strutsin each isolator vary with eccentricity (refer to Table 2.1), no reasonable
comparisons can be made between the resonant frequencies for the various eccentricities

for Case 2.

Because the first and third peaks for Case 2 both move toward higher frequencies, it is
not clear whether the size of the lowest range of frequencies for which isolation is
achieved is larger or smaller than for the symmetric case. In Table 4.2, the lower and
upper bounds are shown for the lowest range of frequencies for which the transmissibility
islessthan 0.1. Inthistable, it is apparent that both the lower and upper bounds on this
region increase as the eccentricity increases, as evidenced in the transmissibility plots
shown in Figures 4.4 — 4.7. While both bounds move toward higher frequencies, the size
of the range of isolation actually increases by up to afew percent for all locations of the
center of mass for Case 2. Although the eccentricity increases the size of this range, it
should be noted that, because the eccentricity increases the lower bound of this region,

the system becomes less effective at isolating low-frequency vibrations.

Table 4.2: Range of Frequencies for Which the Transmissibility is Less Than 0.1 for Case 2

Location of the Range of Frequencies for Which the Percentage
Center of Mass Transmissibility isLessThan 0.1 | Increasein Size
a b Lower Bound Upper Bound of Range

0.50 0.50 2.90 4399 -
0.45 0.50 2.97 44.48 1.02
0.40 0.50 3.08 44.98 1.97
0.35 0.50 3.28 45.61 3.02
0.30 0.50 3.69 46.41 3.97

The vibration shapes for the center of mass positioned at a; = 0.4 and a; = 0.3 are shown
in Figures 4.8 and 4.9, respectively. Asin Figure 4.3, the horizontal deflection y; 4 caused
by a base displacement with a nondimensional amplitude u, of 0.001 is plotted for each
strut. Because of symmetry, the strutsin isolators 1 and 3 have the same shape, and the
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strutsin isolators 2 and 4 have the same shape. Also included in Figures 4.8 and 4.9 are
diagrams showing the maximum displacement of the plate when the system is excited at
each resonant frequency. In these diagrams, the blue rectangle representsthe plate in
equilibrium, while the orange rectangle depicts the plate at its maximum displacement
during steady-state motion. The black dot indicatesthe location of the center of mass.
Because the amplitude of the base motion is small, the angle of rotation of the plate
measured perpendicular to the nodal lineis also included in Figures 4.8 and 4.9 so that
comparisons can be made as to the amount of rotation that occurs for each vibration

mode.

Aswas the instance in the symmetric case, the first resonant frequency a corresponds to
alarge vertical movement of the plate. Due to the eccentric weight, the plate also rotates
somewhat at this frequency (e.g., the angle of rotation is 0.0017 radians for a; = 0.4 and
0.0346 radians for a; = 0.3); however, the vertical movement dominates the motion. At
the second resonant frequency a, the plate does not move significantly in the vertical
direction, but exhibits a noticeable rotation in ¢. At the time shown, the light region is
above the equilibrium position and the dark region is below it. Asthe eccentricity
increases, the angle of rotation increases, accounting for the rise in transmissibility at this
peak for increasing eccentricity. Because of the symmetry in Case 1, the plate did not
demonstrate any rotation, which explains why this peak did not show up in the
transmissibility plot for Case 1. The third and fourth vibration modes for Case 2
correspond to the second and third vibration modes in the symmetric case (refer to Figure
4.3). This makes sense because the third and fourth peaks on the transmissibility plots for

Case 2 are close to the second and third peaks for the symmetric case.
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Figure 4.8: Resonant Vibration Modes for Center of Mass Positioned at a, = 0.4, b; = 0.5
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Figure 4.8 (Cont’ d): Resonant Vibration Modes for Center of Mass Positioned at a; = 0.4, b; = 0.5
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Figure 4.9: Resonant Vibration Modes for Center of Mass Positioned at a; = 0.3, b; = 0.5

52




Yiq for Y q for
Struts1 & 3 Struts2 & 4 Plate M ovement
1 1
Frequency
0.8
77.38 0.8
0.6 0.6
Angleof |0.4 0.4
Rotation
(Radians) |0. 2 0.2
0.0069
0 0.51 0 1.05

Figure 4.9 (Cont’ d): Resonant Vibration Modes for Center of Mass Positioned at a; = 0.3, b; = 0.5

Case3

The third case to be analyzed is the case where the center of mass is positioned at several
points along a line that runs diagonally from corner O to corner R, as shown in Figure
4.1(c). Because of symmetry, it is expected that isolators 2 and 3 will behave identically
for this case. In order to analyze this case, the variables a; and b; will be set equal to each
other and will be varied from 0.45 to 0.3 in increments of 0.05. Notice that, asa; and by
decrease, the eccentricity of the weight increases.

The transmissibility for the system is plotted in Figures 4.10 — 4.13 for nondimensional
excitation frequencies ranging from 0.1 to 100. The results from the analysis of the
symmetric case are included on each transmissibility plot to allow for comparisonsto be
made between Case 1 and Case 3. Aswas the situation for Case 2, the eccentricity in
Case 3 introduces an additional peak in the transmissibility plot a afrequency slightly
higher than the first resonant frequency for the system. This peak occurs over avery
narrow range of frequencies and appears to increase in size as the eccentricity increases
with the exception of the case shown in Figure 4.13. In Figure 4.13, the transmissibility at
the second peak is actually much smaller than in Figures 4.10 — 4.12.
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Figure 4.13: Transmissibility vs. Frequency for Center of Mass Positioned at a; = 0.3, b;= 0.3

The transmissibility plots shown in Figures 4.10 — 4.13 have the same general shape asin
the symmetric case with the exception of the additional peak. As was the situation in
Case 2, thefirgt, third, and fourth peaks shift away from the peaks for the symmetric case.
To better understand how the eccentricity affects the frequencies at which the peaksin

55



the transmissibility plots occur, a comparison of the resonant frequencies for the
symmetric case and the four cases illustrated in Figures 4.10 — 4.13 is shown in Table 4.3.
It appearsthat the eccentricity causes the first and third peaks for Case 3 to move toward
higher frequencies than the first and second peaks for Case 1, and the fourth peak for
Case 3 to move toward alower frequency than the third peak in Case 1. Thisis consistent
with the results from the analysis of Case 2. Comparisons can not be made between the
various eccentricities for Case 3 because the isolators do not have equal stiffnesses.

Table 4.3: A Comparison of Resonant Frequencies for Case 1 and Case 3
Casel Case 3

=05 ;=045 =04 =035 2,=03
b]_ =05 b]_ =0.45 b]_ =04 b]_ =0.35 b]_ =0.3

0.922 0.975 1.191 1321 2.288
------- 1.846 2175 2.189 3.441
44.48 45.26 46.64 47.12 49.18
78.53 77.90 77.43 77.40 78.20

To determine the effect that the eccentricity has on the effectiveness of the isolation of
the system, the lower and upper bounds are shown in Table 4.4 for the lowest range of
frequencies for which the transmissibility is less than 0.1. Similar to Case 2, the
eccentricity in Case 3 causes the size of this range of frequencies to increase by up to a
few percent. Again, it should be noted that, as the eccentricity increases, the lower bound
increases, thus compromising the isolator’ s ability to effectively isolate low-frequency
vibrations.

The vibration shapes for the center of mass positioned at a; =b; = 0.4 and a; = b; = 0.35
are shown in Figures 4.14 and 4.15, respectively. Asin Figures 4.8 and 4.9, the horizontal
deflection y; 4 caused by a base displacement with a nondimensional amplitude u, of
0.001 is plotted for each strut. Because of symmetry, the strutsin isolators 2 and 3 have
the same shape. Also included in Figures 4.14 and 4.15 are the diagrams showing the
maximum steady-state displacements of the plate when the system is excited at each
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resonant frequency. The angle of rotation of the plate measured perpendicular to the
nodal line is also shown for each mode to allow comparisons between the modes.

Table 4.4: Range of Frequencies for Which the Transmissibility is Less Than 0.1 for Case 3

Location of the Range of Frequencies for Which the Percentage
Center of Mass Transmissibility isLessThan 0.1 | Increasein Size
a b Lower Bound Upper Bound of Range

0.50 0.50 2.90 4399 0 -
0.45 0.45 3.04 44.83 1.70
0.40 0.40 3.63 46.32 3.89
0.35 0.35 3.98 46.81 4.23
0.30 0.30 6.35 48.95 3.67

Aswas the instance for Cases 1 and 2, the first resonant frequency c« for Case 3
corresponds to a large vertical movement of the plate. Although the plate rotates
somewhat at this frequency, the vertical movement dominates the motion. Similar to Case
2, the second resonant frequency for Case 3 corresponds to a significant rotation of the
plate. For Case 3, however, the rotation is perpendicular to the line of symmetry that runs
diagonally from corner O to corner R on the plate, as indicated in Figures 4.14 and 4.15.
At the third and fourth resonant frequencies, the plate does not demonstrate much vertical
movement or rotation, but the strutsin each isolator vibrate at modes similar to the
vibration modes that occurred in the symmetric case at the second and third resonant

frequencies.
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Figure 4.14: Resonant Vibration Modes for Center of Mass Positioned at a; = 0.4, b; = 0.4
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Figure 4.15: Resonant Vibration Modes for Center of Mass Positioned at a; = 0.35, b; = 0.35
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Figure 4.15 (Cont’ d): Resonant Vibration Modes for Center of Mass Positioned at a; = 0.35, b; = 0.35

Case 4

The final case to be analyzed is the case where the center of massis arbitrarily positioned
such that no symmetry exists in the system, as shown in Figure 4.1(d). For this case, the
center of massis positioned at six different locations: (1) a; = 0.4, by =0.45; (2) a; =
0.35, b1 =0.45; (3) & = 0.3, b; = 0.45; (4) &, =0.35, b; = 0.4; (5) a1 = 0.3, by = 0.4; and
(6) a; = 0.3, by = 0.35. As a; decreases, the eccentricity in the X -direction increases, and,

as by decreases, the eccentricity in the Y -direction increases (refer to Figure 1.3).

The transmissibility is plotted in Figures 4.16 — 4.21 for nondimensional excitation
frequencies ranging from 0.1 to 100, and the results from the symmetric case are included
on each of these plots. The most significant difference between the transmissibility plots
for Case 4 and for Cases 2 and 3 isthat the lack of symmetry introduces two additional
peaks near the first resonant frequency for the system instead of one. Both of these peaks
occur over anarrow range of frequencies, and the maximum transmissibility for each of
these peaks varies depending on the location of the center of mass. The frequencies at
which these peaks occur may be affected by the location of the center of mass, but no
exact conclusions can be made because of the manner that the stiffnesses of the strutsin

each isolator were adjusted.
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Figure 4.16: Transmissibility vs. Frequency for Center of Mass Positioned at a; = 0.4, by = 0.45
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Figure 4.17: Transmissibility vs. Frequency for Center of Mass Positioned at a; = 0.35, by = 0.45
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Figure 4.20: Transmissibility vs. Frequency for Center of Mass Positioned at a; = 0.3, by = 0.4
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Figure 4.21: Transmissibility vs. Frequency for Center of Mass Positioned at a; = 0.3, b; = 0.35



The transmissibility plots shown in Figures 4.16 — 4.21 have a similar shape to the
transmissibility plot for the symmetric case with the exception of the two additional
peaks. Aswas the situation for Cases 2 and 3, the first, fourth, and fifth peaksin the
transmissibility plot tend to shift away from the three peaks for the symmetric case. A
comparison of the resonant frequencies for Case 1 and Case 4 is provided in Table 4.5,
and the same trend that was observed for Cases 2 and 3 is observed for Case 4.
Specifically, the first and fourth peak for Case 4 move toward frequencies higher than the
first and second peaks for Case 1, and the fifth peak for Case 4 moves toward alower
frequency than the third peak for Case 1.

Table 4.5: A Comparison of Resonant Frequencies for Case 1 and Case 4

Case1l Case 4

a; =05 a; =04 a; =0.35 a; =0.3 a; =0.35 a; =0.3 a; =0.3

b;=0.5 b; = 0.45 b; = 0.45 b; = 0.45 b;=0.4 b;=0.4 b;=0.35
0.922 1.078 1.355 1.553 1.324 1.712 1.797
------- 1.887 2.179 2.238 2.133 2.463 2.579
------- 2.022 2.516 2.865 2.332 2.987 2.891
44.48 46.09 47.17 47.77 47.07 48.13 48.30
78.53 77.68 77.40 77.50 77.40 77.65 77.60

To determine the effect that the eccentricity has on the effectiveness of the isolation of
the system, the lower and upper bounds are shown in Table 4.6 for the lowest range of
frequencies for which the transmissibility is less than 0.1. Similar to Cases 2 and 3, the
eccentricity in Case 4 causes the size of this range of frequenciesto increase by up to a
few percent. Asthe eccentricity increases, the lower bound on this region again moves
toward a higher frequency, and so the system is somewhat less effective at isolating low-
frequency vibrations.
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Table 4.6: Range of Frequencies for Which the Transmissibility is Less Than 0.1 for Case 4

Location of the Range of Frequencies for Which the Percentage
Center of Mass Transmissibility isLessThan 0.1 | Increasein Size
a b Lower Bound Upper Bound of Range

0.50 0.50 2.90 4399 0 -
0.40 0.45 3.32 45.73 321
0.35 0.45 4.07 46.94 4.33
0.30 0.45 4.58 47.51 4.48
0.35 0.40 3.99 46.83 4.26
0.30 0.40 4.97 47.88 4.43
0.30 0.35 5.20 48.08 4.36

The vibration modes for the center of mass located at a; = 0.35, by = 0.45 are shown in
Figure 4.22. As expected, the first vibration mode corresponds to a large vertical
movement of the plate. The second and third vibration modes, however, correspond to
rotations of the plate in two different directions. Because there is no symmetry, it is not
surprising to see that the plate has two rotational vibration modes because the plate has
two rotational degrees of freedom. The nodal lines for these two modes appear to be
almost perpendicular, thus illustrating that the plate is in fact rotating about two different
axes. At the fourth and fifth resonant frequencies, the struts in each isolator exhibit
vibration modes similar to those observed in the previous cases.
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Figure 4.22: Resonant Vibration Modes for Center of Mass Positioned at a; = 0.35, b; = 0.45
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Figure 4.22 (Cont’ d): Resonant Vibration Modes for Center of Mass Positioned at a; = 0.35, by = 0.45

4.2 FreeVibration Analysis
For the free vibration analysis, the dynamic program is slightly modified so that one of

the forcesin the struts (e.g., p, ) is set equal to an arbitrary value, and the excitation

frequency wbecomes an unknown variable which is computed by the program. In this
analysis, the damping coefficient ¢; and the magnitude of the base motion u, are set equal
to zero. Depending on the initial guesses for the frequency wand the forces and moments
in the struts, the frequency that results will be a resonant frequency corresponding to a
particular vibration mode in the system. This analysis will focus solely on vibration
modes of the plate, i.e., vibration modes in the isolators will be ignored. The purpose of
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thisanalysisis (1) to check the accuracy of resonant frequencies that were obtained in the
forced vibration analysis and (2) to consider all possible vibration modes in the plate,
especially those which were not obtained in the forced vibration analysis.

Table 4.7 shows a comparison of the frequencies that were obtained from the free
vibration analysis and from the forced vibration analysis. For all cases shown in Table
4.7, it appears that there is very good agreement between the results from the free
vibration analysis and the results from the forced vibration analysis. Small differences are
due to the presence of damping in the forced vibration analysis and the use of different
techniques to solve for the frequencies in the two analyses. Note that there are afew
frequencies obtained from the free vibration analysis that did not show up in the forced

vibration analysis. Plots of the motion of the plate were generated at these frequenciesto

Table 4.7: Comparison of Results from Forced Vibration Analysis and Free Vibration Anaysis

L ocation of the Resonant Frequency
Center of Mass Free Vibration Forced Vibration
& b, Analysis Analysis
0.9220 0.9220
0.5 0.5 e
0.9878 0.9880
0.4 0.5 1.7466 1.7470
18787, @ e
1.2139 1.2130
0.3 0.5 1.7553 1.7570
22974 00 e
1.1911 1.1910
0.4 0.4 14301 00 e
2.1757 2.1750
22219, 0 e
0.3 0.3 2.2949 2.2880
3.4348 3.4410
1.3557 1.3550
0.35 0.45 2.1783 2.1790
2.5197 2.5160
1.7141 1.7120
0.3 0.4 2.4591 2.4630
2.9949 2.9870
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determine what type of motion corresponds to these additional frequencies. Figure 4.23
shows the characteristic nodal lines that were observed in the plots of the motion of the
plate for Cases 1, 2, and 3.

B C D B B
A'
A A
A Lo Al
D C B' B' A B

@ (b) (©

Figure 4.23: Diagrams Showing the Characteristic Nodal Lines Obtained from the Free Vibration Analysis
for (a) Case 1, (b) Case 2, and (c) Case 3

For the case where the center of mass is positioned at the geometric center of the plate
(i.e, a1 = 0.5, by = 0.5), two frequencies were obtained from the free vibration analysis,
asindicated inthefirst case in Table 4.7. The first frequency of 0.9220 correspondsto the
first resonant frequency i obtained from the forced vibration analysis for the symmetric
case. The second frequency of 1.7566, however, was only obtained from the free
vibration analysis. At this frequency, the plate has rotational vibration modes about all
lines which pass through the center of the plate (i.e., the plate has an infinite number of
modes). Examples of nodal lines obtained in this analysis (shown in Figure 4.23(a))
include linesA — A" and B — B', which are lines of symmetry, and linesC—-C'and D — D',
which are not lines of symmetry. While it may seem counterintuitive that the plate would
have rotational modes about such lines, it can easily be shown for asimilar system that

this behavior can be expected. Refer to Appendix D for more information on this topic.

For Case 2, three frequencies were obtained from the free vibration analysis, as indicated
in the second and third cases in Table 4.7. The first two frequencies (e.g., 0.9878 and
1.7466 for a; = 0.4, by = 0.5) correspond to the first and second resonant frequencies,

and ap, obtained from the forced vibration analysis. The rotation at the second resonant
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frequency that was observed in both the forced vibration analysis and the free vibration
analysisisindicated by the line A — A" in Figure 4.23(b). The third resonant frequency
(e.g., 1.8787 for &y = 0.4, b; = 0.5) obtained in the free vibration analysis correspondsto a
rotation about line B —B' in Figure 4.23(b), which is the line of symmetry for Case 2.
Because of symmetry in the system, this third mode did not occur in the forced vibration

analysis.

For Case 3, three frequencies were obtained from the free vibration analysis, as indicated
in the fourth and fifth casesin Table 4.7. Two of these frequencies (e.g., 1.1911 and
2.1757 for a; = by = 0.4) correspond to the first and second resonant frequencies, a and
ay, obtained from the forced vibration analysis. The rotation which corresponds to the
second vibration mode obtained in the forced vibration analysis is indicated by the line A
— A’ in Figure 4.23(c). This line runs perpendicular to the line of symmetry that runs from
corner O to corner R of the plate. The third frequency (e.g., 1.4301 for a; = by = 0.4)
obtained in the free vibration analysis corresponds to a rotation about line B—B' in
Figure 4.23(c), which isthe line of symmetry for Case 3. This mode did not show up in
the forced vibration analysis because of symmetry.

For Case 4, three frequencies again were obtained from the free vibration analysis, as
indicated in the last two cases in Table 4.7. All three of these frequencies correspond with
the frequencies obtained from the forced vibration analysis, and the modes that occur at
these frequencies are the same for both analyses. Because there was no symmetry in this
case, al three frequencies showed up in the transmissibility plots generated in the forced

vibration analysis for this case.
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Chapter 5: Summary and Conclusions

The purpose of this research was to study the effectiveness of a novel type of vibration
isolator intended to isolate vertical vibrations. The proposed isolation device was made of
two pre-bent struts which were clamped at both ends and intermediately bonded with a
viscoelastic material. In this research, four of these vibration isolators were used to
support the corners of a horizontal square plate which was nonuniform such that the
center of mass of the weight occurred at some distance from the geometric center of the
plate (refer to Figure 1.3). The eccentricity of the weight introduced rotational as well as
vertical motions of the plate when the system was subjected to vertical harmonic base
excitations. The ultimate goals of this research were to investigate the effects of various
eccentricities on the efficiency of the vibration isolators and to study various possible
vibration modes in this system.

5.1 Summary of Results

To analyze the system, the center of mass was positioned at various locations, and the
transmissibility was calculated and plotted over awide range of excitation frequencies for
each case. The locations of the center of mass were grouped in categories based on the
type of symmetry that existed in the system. Using the transmissibility plots, conclusions
were made as to how the various eccentricities affected the behavior of the system. These
plots were also used to recognize frequencies at which resonance occurred in the system.
At these resonant frequencies, the physical behavior of the system was analyzed to

determine the types of vibration modes that occurred in the system.

The most noticeable observation from the forced vibration analysis was that the
eccentricity introduced one or two additional peaks in the transmissibility plots near the
first resonant frequency for each case. The number of peaks that were introduced
depended on the degree of symmetry that existed in the system, and each of these
additional peaks corresponded to a distinct rotation of the plate. Despite the introduction
of additional resonant frequencies in the system, the size of the range of frequencies for
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which the isolators were effective remained practically unaffected by these additional
peaks.

The eccentric weight of the system seemed to significantly affect frequencies at which
various resonant vibration modes occurred in the system, especially for cases where the
eccentricity was large. For al cases, the eccentricity caused the first peak in the
transmissibility plot to shift toward a higher frequency than the first peak for the
symmetric case. This effect may be undesirable if the isolators are intended to isolate
low-frequency vibrations. The other peaks in the transmissibility plots also shifted due to
the various eccentricities, and it was found that larger eccentricities actually increased the
range of frequencies for which the isolators were effective.

From the free vibration analysis, it was found that the plate could have rotational
vibration modes which did not show up in the forced vibration analysis because of
symmetries that existed in the system. Like the rotational modes of vibration obtained in
the forced vibration analysis, these modes occurred at frequencies near the first resonant
frequency of the system. When considering a system similar to the one analyzed in this
research, it isimportant to consider all vibration modes, including those which are not
expected to occur under forced vibrations, because there may be some imperfection in the
system which could cause the system to vibrate in one of these modes (e.g., there may be
adisturbance other than the expected forcing).

5.2 Recommendations for Future Research

Experimental testing of the proposed isolation device is certainly necessary before the
device could be used in any realistic applications. While it would be extremely difficult
to physically model the three dimensional movements of the supported mass that were
investigated in this research, experimental tests could be developed to analyze the
isolation device possibly in a single-degree-of-freedom system. Such experiments could
explore the effects of different filler materials and various geometric configurations on
the isolator’ s efficiency. The results from such experiments could be used to validate the
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analytical models used in this research or, perhaps, to develop more accurate analytical

models.

Another possibility for extending this research isto consider various types of excitations
including multi-frequency vibrations, random vibrations, and shock excitations. Because
many types of vibrations are not simple harmonic excitations, investigating the effects of
various excitations would be essential to broadening the application of this isolation
device. Such analyses could provide ideas for improving the vibration isolator or possibly
offer insight into the fundamental behavior of this vibration isolator.

In this research, the plate was restricted against lateral movement and against rotation
about the vertical direction. Realistically, these types of motion may occur in such a
system, and so it would be interesting to see what effects these types of motion have on
the behavior of the vibration isolator. To do this, a significantly more complex model for
the vibration isolator would need to be developed to account for the complex behavior

that would occur under such loading.

5.3 Concluding Remarks

This research has focused on analyzing a new type of vibration isolator which has the
potential for effectively isolating harmonic vibrations in a vertical system. This analysis
considered the effects of various movements of the supported mass, and it was found that
the vibration isolator maintained a sufficient degree of effectiveness for various
eccentricities in the system. This research only considered simple harmonic vibrations
and did not take into consideration rotations about the vertical direction of lateral
movements of the supported mass. Despite limitations in this research, the results from
this analysis show that there is much potential for future investigations of the proposed
vibration isolator.
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Appendix A: Equilibrium Program

(*Static Equilibriumof R gid Plate supported at 4 corners by PreBent Struts
with Bonded Filler; Plate is symmetric or unsynmetric; Variables are defined as
follows: yil=x, yi2=y, yi3=theta, yi4=m yi5=q (where i=1,2,3,4 for the nunber
of the strut), yo=initial shape of unloaded strut, p=vertical component of
force, qg=horizontal conponent of force, nmrFnonent; Stiffnesses are nodified with
Bi factors so that plate is horizontal under static |oads*)

Clear[w ao, k, al, a2, b1, b2, 31, 32, 33, 34, pl, p2, p3, p4, 91, 92, g3, g4, nl, n2, n8, n4, gp1l,
gp2, gp3, gp4, gnt, gn?, gn8, gn¥, gql, gq2, gq3, gq4] ;

O f[ General ::spelll];
O f[ General ::spell];

po=40;

w=8* po;

ao=0.1;

k=0. 1;

al=0. 35;

a2=1-al;

a=1;

bl=c*0. 45;

b2=ac- b1l;

[B1=1. 728;

32=0. 848;

[£3=1. 319;

34=0. 786;

For[i=1,i<8,i++,
gpl=58. 947;
gp2=29. 053;
gp3=45. 053;
gp4=26. 947,
gnl=5. 47531;
gnR=5. 47531;
gnB=5. 47531;
gmi=5. 47531;

gq1=0. 396565;
g92=0. 396565;
993=0. 396565;
gq4=0. 396565;

endpt [ p1_?Nuneri cQ p2_?Nuneri cQ p3_?Nuneri cQ p4_?Nuneri cQ nml_?NurericQ n2_?Nune
ricQ nB_?NunericQ md_?NunericQ ql_?NunericQ g2_?NumericQ g3_?Nuneri cQ q4_?Nuner
icq:=
Fi rst[ NDSol ve[ {y11' [t] ==Cos[y13[t]],

yl2' [t]=Sin[y13[t]],

y13' [t] ==y14[t]/ B1+2* t*ao* Cos[ 2* ri*t ],

y1l4' [t]==y15[t]*Cos[y13[t]]-pl*Sin[y13[t]],

y15' [t] =-k*(y12[t]-yo[t])/ (yo[t]+0. 0000001),

yo'[t] =Si n[ao*Si n[ 2**t]],

y21' [t] ==Cos[y23[t]],

y22' [t]==Sin[y23[t]],

y23' [t]==y24[t]/ B2+2* *ao* Cos[ 2* n*t ],

y24' [t] ==y25[t]*Cos[y23[t]]-p2*Sin[y23[t]],
y25' [t] =-k*(y22[t]-yo[t])/(yo[t]+0.0000001),
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y31' [t] ==Cos[y33[t]],

y32' [t]==Sin[y33[t]],

y33' [t]==y34[t]/ 33+2* r*ao* Cos[ 2* r*t ],

y34' [t] ==y35[t]*Cos[y33[t]]-p3*Sin[y33[t]],
y35' [t] =-k*(y32[t]-yo[t])/(yo[t]+0.0000001),

y41l' [t] =Cos[y43[t]],

y42' [t]=Sin[y43[t]],

y43' [t]==y44[t]/ B4+2* *ao* Cos[ 2* *t ],

y44' [t] ==y45[t]*Cos[y43[t]]-pa*Sin[y43[t]],
y45' [t] =-k*(y42[t]-yo[t])/ (yo[t]+0. 0000001),

y11[ 0] =0, y12[ 0] =0, y13[ 0] ==0, y14[ 0] ==n1, y15[ 0] ==q1, yo[ 0] ==0,
y21[ 0] =0, y22[ 0] ==0, y23[ 0] ==0, y24[ 0] ==n2, y25[ 0] ==q2,

y31[ 0] ==0, y32[ 0] ==0, y33[ 0] ==0, y34[ 0] ==nB, y35[ 0] ==q3,

y41[ 0] ==0, y42[ 0] ==0, y43[ 0] ==0, y44[ 0] ==n4, y45[ 0] ==q4},

{y11,y12,y13,y14,y15,yo,y21,y22,y23,y24,y25,y31,y32,y33,y34,y35,y41,y42, y43,
y44,y45},{t, 0, 1}]];

endpt [ gpl, gp2, gp3, gp4, gnt, gn?, gnB, gn4, gql, gq2, gq3, gg4] ;

f11[ p1_?Nurmeri cQ p2_?Nuneri cQ p3_?Nuneri cQ p4_?Nuneri cQ ml_?NurnericQ n2_?Nuneri
cQ nB_?NunericQ mt_?Nuneri cQ ql_?NunericQ g2_?NunericQ g3_?Numeri cQ qg4_7?Nuneric
Q :=y11[ 1] /. endpt[pl, p2, p3, p4, nL, n2, nB, 4, q1, 92, 93, g4] ;

f12[ pl_?Nurneri cQ p2_?Nuneri cQ p3_?Nuneri cQ p4_?Nuneri cQ ml_?NurnericQ n2_?Nuneri
cQ nB_?NunericQ nmt_?Nuneri cQ ql_?NunericQ g2_?NunericQ g3_?Nuneri cQ qg4_?Nuneric
Q:=y12[1]/. endpt[pl, p2, p3, p4, nL, n2, nB, m4, q1, 92, 93, g4] ;

f13[ pl_?Nuneri cQ p2_?NunericQ p3_?Nuneri cQ p4_?Nuneri cQ ml_?NurericQ n2_?Nuneri
cQ nB_?NunericQ mt_?Nuneri cQ ql_?NunericQ g2_?NunericQ g3_?Nuneri cQ qg4_7?Nuneric
Q :=y13[1]/. endpt[pl, p2, p3, p4, nL, n2, nB8, m4, q1, 92, 93, g4] ;

f21[ p1_?Nurneri cQ p2_?Nuneri cQ p3_?Nuneri cQ p4_?Nuneri cQ ml_?NurnericQ n2_?Nuneri
cQ nB_?NunericQ nmt_?Nuneri cQ ql_?NunericQ g2_?NunericQ g3_?Numeri cQ qg4_?Nuneric
Q :=y21[ 1] /. endpt[ pl, p2, p3, p4, nL, n2, nB, 4, q1, 92, 93, g4] ;

f22[ p1_?Nurneri cQ p2_?Nuneri cQ p3_?Nuneri cQ p4_?Nuneri cQ ml_?NurnericQ n2_?Nuneri
cQ nB_?NunericQ nmt_?Nuneri cQ ql_?NunericQ g2_?NunericQ g3_?Numeri cQ g4_7?Nuneric
Q:=y22[1] /. endpt[pl, p2, p3, p4, nL, n2, nB, 4, q1, 92, 93, g4] ;

f23[ pl_?Nuneri cQ p2_?Nuneri cQ p3_?Nuneri cQ p4_?Nuneri cQ ml_?NunericQ n2_?Nuneri
cQ nB_?NunericQ nmt_?Nuneri cQ ql_?NunericQ g2_?NunericQ g3_?Nuneri cQ g4_7?Nuneric
Q :=y23[1] /. endpt[pl, p2, p3, p4, nL, n2, nB, 4, q1, 92, 93, g4] ;

f31[ pl_?Nurneri cQ p2_?Nuneri cQ p3_?Nuneri cQ p4_?Nuneri cQ ml_?NurnericQ n2_?Nuneri
cQ nB_?NunericQ mt_?NunericQ ql_?NunericQ g2_?NunericQ g3_?Numeri cQ qg4_7?Nuneric
Q :=y31[ 1] /. endpt[pl, p2, p3, p4, nL, n2, nB, M4, g1, 92, 93, g4] ;

f32[ pl_?Nurneri cQ p2_?NunericQ p3_?Nuneri cQ p4_?Nuneri cQ ml_?NurnericQ n2_?Nuneri
cQ nB_?NunericQ nmt_?Nuneri cQ ql_?NunericQ g2_?NunericQ g3_?Numeri cQ g4_?Nuneric
Q :=y32[1] /. endpt[pl, p2, p3, p4, nL, n2, nB, m4, q1, 92, 93, g4] ;

f33[ pl_?Nurneri cQ p2_?NunericQ p3_?Nuneri cQ p4_?Nuneri cQ ml_?NurnericQ n2_?Nuneri
cQ nB_?NunericQ mt_?Nuneri cQ ql_?NunericQ g2_?NunericQ g3_?Nuneri cQ g4_?Nuneric
Q :=y33[1] /. endpt[pl, p2, p3, p4, nL, n2, nB, m4, q1, 92, 93, g4] ;

f41] pl_?Nureri cQ p2_?Nuneri cQ p3_?Nuneri cQ p4_?Nuneri cQ ml_?NurnericQ n2_?Nuneri

cQ nB_?NunericQ mt_?Nuneri cQ ql_?NunericQ g2_?NunericQ g3_?Nuneri cQ qg4_7?Nuneric
Q :=y41[ 1] /. endpt[ pl, p2, p3, p4, nL, n2, nB, m4, q1, 92, 93, g4] ;
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f42[ p1_?Nurneri cQ p2_?Nuneri cQ p3_?Nuneri cQ p4_?Nuneri cQ ml_?NurnericQ n2_?Nuneri
cQ nB_?NunericQ mt_?NunericQ ql_?NunericQ g2_?NunericQ g3_?Nuneri cQ g4_7?Nuneric
Q :=y42[ 1] /. endpt[pl, p2, p3, p4, nL, n2, nB, 4, q1, 92, 93, g4] ;

f43[ pl_?Nuneri cQ p2_?NunericQ p3_?Nuneri cQ p4_?Nuneri cQ ml_?NunericQ n2_?Nuneri
cQ nB_?NunericQ mt_?NunericQ ql_?NunericQ g2_?NunericQ g3_?Nuneri cQ qg4_7?Nuneric
Q :=y43[ 1] /. endpt[pl, p2, p3, p4, nL, n2, nB, m4, q1, 92, 93, g4] ;

{p1, p2, p3, p4, L, n2, n8, N4, q1, g2, 93, q4} ={p1l, p2, p3, p4, nL, n2, n8, M, q1, 92, q3, q4} /.
Fi ndRoot [ {
f12[ p1, p2, p3, p4, nL, n2, n8, M, q1, 92, q3, q4] ==0,
f13[ p1, p2, p3, p4, mL, n2, n8 , 91, g2, g3, g4] ==0,
f22[ p1, p2, p3, p4, mL, n2, n8 , 91, g2, g3, g4] ==0,
f23[ p1, p2, p3, p4, nL, n2, n8 ql, q2, g3, g4] ==0,
f32[ p1, p2, p3, p4, ni, n2, n8, m4, q1, 92, g3, q4] ==0,
f33[ p1, p2, p3, p4, i, n2, n8, m4, q1, 92, g3, q4] ==0,
m2, n8 q
ng q

f42[ p1, p2, p3, p4, nL, n2, 1,92, g3, g4] ==0,
f43[ pl, p2, p3, p4, nL, n2,
pl+p2+p3+pd=-w 2,
(pl+p2) *bl- ( p3+p4) *b2--0,
(pl+p3) *al- (p2+p4) *a2==0,
f11[ p1, p2, p3, p4, i, n2, n8, m4, g1, q2, q3, q4] -
f21[ p1, p2, p3, p4, mL, n2, n8, m4, q1, 92, q3, q4] -
f31[ p1, p2, p3, p4, mL, n2, n8, M, q1, 92, q3, q4] +
f41[ p1, p2, p3, p4, nL, n2, n8, M, q1, 92, q3, q4] ==0},
{p1,gp1},{p2, gp2}, {p3, gp3}, {p4, gp4}, { L, gmi}, {n2, gn2}, {n8, gnB}, {4, gn4},
{al, gq1}, {92, 992}, {3, gq3}, { g4, gg4}, Accur acyGoal »4] ;

m
m
m
m
m
m
m

11 q21 q31 q4] ::01

{yy11[t_1,yy12[t ],yy13[t_],yyl4[t_],yy15[t_],yyo[t_],yy21[t_],yy22[t_],yy23[t_
1.yy24[t _1,yy25[t_1,yy31[t_],yy32[t_],yy33[t_],yy34[t_],yy35[t_],yy4l[t_],yy42]
t_],yy43[t_1,yy44[t_],yya5[t 1} ={y11[t],y12[t],y13[t],y14[t],y15[t],yo[t],y21[t
1.y22[t],y23[t],y24[t],y25[t],y31[t],y32[t],y33[t],y34[t],y35[t],y41[t],y42[t],
y43[t],y44[t],y45[t]}/.endpt[pl, p2, p3, p4, M., n2, n8, 4, q1, q2, 93, g4] ;

avgx=(yy11[ 1] +yy21[ 1] +yy31[ 1] +yy41[1])/4;
newB1l=pB1*avgx/yy11[ 1];

newB32=£32*avgx/ yy21[ 1];

newB33=£33*avgx/ yy31[ 1];

newB4=p4*avgx/ yy4l[ 1];

Bl=newpl; B2=new32; 33=new33; S4=new34] ;

{81, B2, 33, 34}

{avgx, yy11[ 1], yy21[ 1], yy31[1], yy41[1]}
{p1, p2, p3, p4, n, n2, nB8, N4, q1, 92, q3, g4}
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Appendix B: Calculation of the Mass M oments of Inertia for the Plate

For the purpose of calculating the mass moment of inertia, the eccentricity of the plate
will be modeled as ablock set on top of the plate, where the block is positioned
arbitrarily on top of the plate, as shown in Figure B.1. This model is representative of a
piece of equipment set on top of the rigid plate. The plate has a thickness H, and the
block has a height H, and width and depth D. The center of mass for the combination of
the plate and block is given by the dimensions A;, A, By, B,, and C, where A; and A; give

the position of the center of mass along the X -axis, B; and B, give the position of the

center of mass along the Y -axis, C gives the position of the center of massin the Z

direction measured from the bottom of the plate, as shown in Figure 3.1.

=
W

Figure B.1: Dimensons of Block on Top of Plate

The values for A, A, B, and B, are known and are specified directly. However, C must
be calculated in terms of the dimensions of the block and the plate using the following

eguation:
M+ DHz[Hl +H2J
c=— 2 2 (B.1)
(A’i+A’2)H1+DH2 .

Assuming that the plate has mass M; and the block has mass M, the mass moments of

inertiaabout the X and Y axes at the center of mass can be calculated as follows:
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l, = Ml{é[(,o& +A) + le]+{[¥— AJZ +[%—cﬂ}+

Ala + A, - AT ATH,
DH,

| Lo

H, Y
+[H1+7 CJ (B.3)

B.1 Nondimensionalization
The nondimensional variables for As, Az, B1, and B, are given in Equations (2.16) —

(2.19). The plate and block dimensions are nondimensionalized as follows:

H, __H,
1:A1+A2 2_A1+A2 (B.4,B.5)
D
_A1+A2 (B.6)

Substituting the relationships in Equations (2.16) — (2.19) and Equations (B.4) — (B.6)
into Equation (B.1) and recognizing that a, +a, =1 gives

h,? h

? + dhz[h1 + 22)

c= B.7
h, +dh, (B0

Using the stiffness parameter r defined in Equation (3.128), the total mass m of the block
and plate is defined in terms of the total nondimensional weight w as

m=rw (B.8)
The plate and block have volumes V; and V,, respectively, given by the following

eguations:
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V,=H,(A +A)B, +B,) (B.9)

V, =H,D? (B.10)
Putting Equations (B.9) and (B.10) in nondimensional form, and using the relationships
a ta,=1and b +b, =a, gives

v, =ah, (B.11)

v, =h,d? (B.12)
Assuming that the block and the plate have the same density, the nondimensional masses
my. and my, for the plate and block are defined as

rnvl
= B.13
m = (B.13)
m, = V2 (B.14)
V1+V2

where the total mass mis defined in Equation (B.8). Using the relationships in Equations
(2.16) — (2.19) and Equations (B.4) — (B.7), the nondimensional mass moments of inertia

about the X and Y axesare asfollows:

ix:m{é(ﬁhﬁ){(g_qf+[%_Cy]}+

ablhl—azhl ,
m, | = (h,2 +d?)+ —2 +[hl+h—22—cj (B.15)
2
1 1 2 (h Y
i, :”H{E(l“thZ)“{[E_aaj +[El—cj ]}+
h 2
h -2+ 2
1 &My h
m, E(h22+d2)+ _dh22 +[hl+72_CJ (B.16)
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Appendix C: Dynamic Program

(*Dynam ¢ Analysis of Rigid Plate supported at 4 corners by PreBent Struts with
Bonded Filler; Plate is symetric or unsymetric; Variables are defined as
follows: yil=x_e, yi2=y e, yi3=theta_e, yid4=me, yib5=q_e, yib=x_d,

yi 7=y_d,yi 8=theta_d, yi9=md, yi10=p_d, yill=q d, (where i=1,2,3,4 for the
nunber of the strut, "e" is for equilibriumand "d" is for dynamc), yo=initial
shape of unl oaded strut, p=vertical conponent of force, g=horizontal conponent
of force, nmenonent; Stiffnesses are nodified with Bi factors so that plate is
hori zontal under static |oads*)

O f[ General ::spell 1];
O f[ General : :spell];

r=1;
MaSS=r*w,
cf =1;
uo=0. 01;

x
N

- - - - .II. - -

rERERRRERR

h1=0. 05;
h2=0. 3;
d=0. 3;

vil=o*hi;
v2=(d"2) *h2;
massl=mass*v1l/ (v1+v2);
mass2=mass*v2/ (v1+v2);
c=(h172/ 2+d*h2*(h1+h2/ 2))/ (h1+d*h2);
i x=massl1*((a”2+h172)/12+( ol 2-bl)~2+(h1/ 2-¢c)"2) +
mass2* ((h2722+d”2)/ 12+( (b1* o* h1+b1* d* h2- h1* o"2/ 2)/ (d*h2) - bl) *2+( h1+h2/ 2- ¢) "2);
i y=massl1*((172+h172)/12+(1/2-al)"2+(hl/2-c)"2)+
mass2* ((h272+d”2)/ 12+((al*hl+al*d*h2-hl/ 2)/ (d*h2) - al) *"2+(h1+h2/ 2- ¢c) "2)

gpld=-0.0082-( 1.6537x10'%i;
gp2d=- 0. 0082- ( 1.6537x10°'%i;
gp3d=- 0. 0082-( 1.6537x10°'%i;
gp4d=- 0. 0082- ( 1.6537x10°'%i;

gnmld=1. 9765- 0. 0007 1i;
gn2d=2. 8761- 0. 0033 1i;
gnBd=1. 9765- 0. 0007 1i;
gmdd=2. 8761- 0. 0033 1i;
gqld=-21. 3180+0. 0103
gg2d=- 32. 4360+0. 0373
gq3d=-21. 3180+0. 0103
gq4d=- 32. 4360+0. 0373
gxod=0. 0001+0. 00000011i;
gxpd=0. 0001+0. 00000011i;
gyod=0. 0001+0. 00000011i;
gyqd=0. 0001+0. 00000011i;

B R R e
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Do[ {{w=m

endpt [ p2d_?Nuneri cQ p2d_?Nuneri cQ p3d_?Numeri cQ p4d_?Nuneri cQ mld_?Nurneri cQ n2d
_?Nuneri cQ nBd_?Nuneri cQ mdd_?Nuneri cQ qld_?Nureri cQ q2d_?Nureri cQ q3d_?Nuneric
Q q4d_?NurnericQ: =
Fi rst[ NDSol ve[ {y11' [t] ==Cos[y13[t]],
y12' [t] =Sin[y13[t]],
y13' [t] =y14[t]/ p1+2* n*a0* Cos[ 2* n*t ],
y14'[t] =y15[t] *Cos[y13[t]]-pl*Sin[y13[t]],
y15'[t] =-k*(y12[t]-yo[t])/(yo[t]+0. 0000001),
yo' [t] =Si n[ao*Si n[ 2*n*t]],
y16' [t] -=-y18[t]*Sin[y13[t]],
y17'[t] -=y18[t] *Cos[y13[t]]
y18'[t] =y19[t]/ 31,
y19' [t] =(y111[t]-pl*y18[t])*Cos[y13[t]]-(y110[t]+y15[t]*y18[t])*Sin[yl3[t]],
y110' [t] =p1*(w"2) *y16[t],
y111' [t] =(BLl*(w"2)- i*w*cf*yo[t] -k/ (yo[t]+0. 0000001)) *y17[t],

y21'[t] =Cos[y23[t]],

y22' [t] =Sin[y23[t]],

y23' [t] =y24[t]/ p2+2* n*a0* Cos[ 2* n*t ],

y24' [t] =y25[t]*Cos[y23[t]]-p2*Sin[y23[t]],

y25' [t] =-k*(y22[t]-yo[t])/(yo[t]+0.0000001),

y26' [t]=-y28[t]*Sin[y23[t]],

y27 [t] =y28[t]*Cos[y23[t]],

y28' [t] =y29[t]/ B2,

y29' [t]==(y211[t]-p2*y28[t])*Cos[y23[t]]-(y210[t]+y25[t]*y28[t])*Sin[y23[t]],
y210' [t] =p2*(w"2) *y26[t],

y211' [t] =(B2*(w"2)-i*w*cf*yo[t]-k/ (yo[t]+0. 0000001))*y27[t],

y31'[t] =Cos[y33[t]],

y32'[t] =Sin[y33[t]],

y33' [t] =y34[t]/ B3+2* m*a0* Cos[ 2* n*t ],

y34' [t] =y35[t]*Cos[y33[t]]-p3*Sin[y33[t]],

y35'[t] =-k*(y32[t]-yo[t])/(yo[t]+0.0000001),

y36' [t] =-y38[t]*Sin[y33[t]],

y37' [t] =y38[t]*Cos[y33[t]],

y38' [t] =y39[t]/ 33,

y39' [t]==(y311[t]-p3*y38[t])*Cos[y33[t]]-(y310[t]+y35[t]*y38[t])*Sin[y33[t]],

y310' [t] =p3*(w"2) *y36[t],
y311' [t] =( 83* (w2) - i*w*cf *yo[ t]-k/ (yo[ t]+0. 0000001)) *y37[t],

y41' [t] =Cos[y43[t]],

y42' [t] =Sin[y43[t]],

y43' [t] =y44[t]/ B4+2* n* a0* Cos[ 2* n*t ],

y44' [t] =y45[t]*Cos[y43[t]]-p4a*Sin[y43[t]],

y45' [t] = k*(y42[t]-yo[t])/(yo[t]+0.0000001),

y46' [t] =-y48[t]*Sin[y43[t]],

ya7 [t]==y48[t]*Cos[y43[t]],

y48' [t]==y49[t]/ B4,

y49' [t] =(y411[t]-p4*y48[t])*Cos[y43[t]]-(y410[t]+y45[t]*y48[t])*Sin[y43[t]],
y410' [t] =p4*(w"2) *y46[t],

y411' [t] =(p4* (w"2) - i*w*cf*yo[ t]-k/ (yo[t]+0. 0000001)) *y47[t],

y11[ 0] =0, y12[ 0] =0, y13[ 0] ==0, y14[ 0] ==, y15[ 0] ==q1, yo[ 0] ==0,

y21[ 0] =0, y22[ 0] =-0, y23[ 0] ==0, y24[ 0] ==n®, y25[ 0] ==q2,

y31[ 0] =0, y32[ 0] =-0, y33[ 0] ==0, y34[ 0] ==n8, y35[ 0] ==q3,

y41[ 0] =0, y42[ 0] =0, y43[ 0] ==0, y44[ 0] ==m4, y45[ 0] -=q4,

y16][ 0] ==uo, y17[ 0] ==0, y18[ 0] ==0, y19[ 0] ==mld, y110[ O] ==p1d, y111][ 0] ==q1d,
y26][ 0] ==uo, y27[ 0] ==0, y28[ 0] ==0, y29[ 0] ==n2d, y210[ 0] ==p2d, y211[ 0] ==q2d,
y36][ 0] ==uo, y37[ 0] ==0, y38[ 0] ==0, y39[ 0] ==n8d, y310[ 0] ==p3d, y311[ 0] -=q3d,
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y46][ 0] ==uo, y47[ 0] ==0, y48[ 0] ==0, y49[ 0] -==mAd, y410[ 0] ==p4d, y411[ 0] -=q4d},
{y11,y12,y13,y14,y15,yo,y21,y22,y23,y24,y25,y31,y32,y33,y34,y35,y41,y42, y43,
y44,y45,y16,y17,y18, y19, y110,y111, y26, y27, y28,y29,y210, y211, y36, y37, y38, y39,
y310, y311, y46, y47, y48, y49, y410,y411},{t, 0, 1}11;

endpt [ gpld, gp2d, gp3d, gp4d, gmld, gnd, gn8d, gnid, gqld, gq2d, gq3d, gg4d] ;

f 16[ p1d_?NunericQ p2d_?NunericQ p3d_?Nuneri cQ p4d_?Nurneri cQ mld_?Nurneri cQ n2d_?
Nureri cQ nBd_?Nuneri cQ mdd_?Nuneri cQ qld_?NunericQ g2d_?Numeri cQ g3d_?Nuneri cQ
, g4d_?Nureri cqQ : =y16[ 1] /. endpt [ p1d, p2d, p3d, p4d, nld, n2d, n8d, m4d, ql1d, g2d, q3d, g4d

1;
f17[ p1d_?NunericQ p2d_?Nuneri cQ p3d_?Nuneri cQ p4d_?Nuneri cQ mld_?Nurneri cQ n2d_?
Nurreri cQ nBd_?Nurneri cQ mdd_?Nuneri cQ qld_?NumericQ g2d_?Numeri cQ g3d_?Nuneri cQ
, g4d_?Nurmeri cqQ : =y17[ 1] /. endpt [ p1d, p2d, p3d, p4d, nid, n2d, n8d, m4d, qld, g2d, q3d, g4d
l;
f 18] p1d_?NunericQ p2d_?NunericQ p3d_?Nuneri cQ p4d_?Nurneri cQ mld_?Nuneri cQ n2d_?
Nureri cQ nBd_?Nuneri cQ mdd_?Nuneri cQ qld_?NumericQ g2d_?Numeri cQ g3d_?Nuneri cQ
, g4d_?Nureri cqQ : =y18[ 1]/ . endpt [ p1d, p2d, p3d, p4d, nid, n2d, n8d, m4d, qld, g2d, q3d, g4d

1

f26[ p1d_?NunericQ p2d_?NunericQ p3d_?NunericQ p4d_?Nurneri cQ mld_?Nuneri cQ n2d_?
Nureri cQ nBd_?Nurneri cQ mdd_?Nuneri cQ qld_?NumericQ g2d_?Numeri cQ g3d_?Nuneri cQ
, g4d_?Nureri cqQ : =y26[ 1] /. endpt [ p1d, p2d, p3d, p4d, nld, n2d, n8d, m4d, qld, g2d, q3d, g4d

1
f27[ p1d_?NunericQ p2d_?Nuneri cQ p3d_?Nuneri cQ p4d_?Nurneri cQ mld_?Nuneri cQ n2d_?
Nureri cQ nBd_?Nurneri cQ mdd_?Nuneri cQ qld_?NumericQ g2d_?Numeri cQ g3d_?Nuneri cQ
, g4d_?Nureri cqQ : =y27[ 1] /. endpt [ p1d, p2d, p3d, p4d, nid, n2d, n8d, m4d, qld, g2d, q3d, g4d
l;
f28[ p1d_?NunericQ p2d_?NunericQ p3d_?Nuneri cQ p4d_?Nurneri cQ mld_?Nuneri cQ n2d_?
Nurreri cQ nBd_?Nuneri cQ mdd_?Nuneri cQ qld_?NunericQ g2d_?Numeri cQ g3d_?Nuneri cQ
, g4d_?Nureri cqQ : =y28[ 1]/ . endpt [ p1d, p2d, p3d, p4d, nid, n2d, n8d, m4d, ql1d, g2d, q3d, g4d

1

f 36[ p1d_?NunericQ p2d_?NunericQ p3d_?Nuneri cQ p4d_?Nurneri cQ mld_?Nuneri cQ n2d_?
Nurreri cQ nBd_?Nuneri cQ mdd_?Nuneri cQ qld_?NunericQ g2d_?Numeri cQ g3d_?Nuneri cQ
, g4d_?Nureri cqQ : =y36[ 1]/ . endpt [ p1d, p2d, p3d, p4d, nid, n2d, n8d, m4d, ql1d, g2d, q3d, g4d

1
f37[ p1d_?NunericQ p2d_?Nuneri cQ p3d_?NunericQ p4d_?Nurneri cQ mld_?Nuneri cQ n2d_?
Nurreri cQ nBd_?Nuneri cQ mdd_?Nuneri cQ qld_?NunericQ g2d_?Numeri cQ g3d_?Nuneri cQ
, g4d_?Nureri cqQ : =y37[ 1] /. endpt [ p1d, p2d, p3d, p4d, nld, n2d, n8d, m4d, qld, g2d, q3d, g4d
l;
f 38[ p1d_?NunericQ p2d_?Nuneri cQ p3d_?NunericQ p4d_?Nurneri cQ mld_?Nuneri cQ n2d_?
Nurreri cQ nBd_?Nurneri cQ mdd_?Nuneri cQ qld_?NumericQ g2d_?Numeri cQ g3d_?Nuneri cQ
, g4d_?Nureri cqQ : =y38[ 1] /. endpt [ p1d, p2d, p3d, p4d, nld, n2d, n8d, m4d, qld, g2d, q3d, g4d

1

f46[ p1d_?NunericQ p2d_?Nuneri cQ p3d_?Numeri cQ p4d_?Nurneri cQ mld_?Nuneri cQ n2d_?
Nurreri cQ nBd_?Nuneri cQ mdd_?Nuneri cQ qld_?NunericQ g2d_?Numeri cQ g3d_?Nuneri cQ
, g4d_?Nureri cqQ : =y46[ 1]/ . endpt [ p1d, p2d, p3d, p4d, nld, n2d, n8d, m4d, qld, g2d, q3d, g4d

g

f47] p1d_?NurnericQ p2d_?NunericQ p3d_?Nuneri cQ p4d_?Nurneri cQ mld_?Nuneri cQ n2d_?
Nurreri cQ nBd_?Nuneri cQ mdd_?Nuneri cQ qld_?NumericQ g2d_?Numeri cQ g3d_?Nuneri cQ
, g4d_?Nureri cqQ : =y47[ 1]/ . endpt [ p1d, p2d, p3d, p4d, nid, n2d, n8d, m4d, qld, g2d, q3d, g4d

1
f 48[ p1d_?NunericQ p2d_?NunericQ p3d_?Nuneri cQ p4d_?Nurneri cQ mld_?Nuneri cQ n2d_?
Nurreri cQ nBd_?Nuneri cQ mdd_?Nuneri cQ qld_?NunericQ g2d_?Numeri cQ g3d_?Nuneri cQ
, g4d_?Nureri cqQ : =y48[ 1]/ . endpt [ p1d, p2d, p3d, p4d, nid, n2d, n8d, m4d, ql1d, g2d, q3d, g4d
1

{pld, p2d, p3d, p4d, mid, n2d, n8d, n4d, q1d, g2d, q3d, g4d, xod, xpd, yod, yqd} =
{p1d, p2d, p3d, p4d, mid, n2d, n8d, n4d, q1d, q2d, gq3d, g4d, xod, xpd, yod, yqd}
/. FindRoot [{f 17[ p1d, p2d, p3d, p4d, mld, n2d, n8d, n4d, qld, g2d, q3d, g4d] ==0,

f 18[ p1d, p2d, p3d, p4d, m.d, n2d, n8d, nmtd, ql1d, g2d, q3d, q4d] ==0,
f 27[ p1d, p2d, p3d, p4d, md, n2d, n8d, nmtd, ql1d, g2d, q3d, q4d] ==0,
f 28[ p1d, p2d, p3d, p4d, md, n2d, n8d, mtd, ql1d, g2d, q3d, q4d] ==0,
f 37[ p1d, p2d, p3d, p4d, m.d, n2d, n8d, mtd, ql1d, g2d, q3d, q4d] ==0,
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f 38[ p1d, p2d, p3d, p4d, md, n2d, n8d, mtd, qld, g2d, q3d, q4d] ==0,
f47[ p1d, p2d, p3d, p4d, mid, n2d, n8d, mid, q1d, q2d, q3d, q4d] ==0,
f 48[ p1d, p2d, p3d, p4d, m.d, n2d, n8d, nmtd, ql1d, g2d, q3d, q4d] ==0,

0==(yod-yqd),

0==(xod- xpd),

f 16[ p1d, p2d, p3d, p4d, m.d, n2d, n8d, mid, qld, g2d, q3d, g4d] -

f 26[ p1d, p2d, p3d, p4d, nld, n2d, n8d, md, qld, g2d, q3d, q4d] -

f 36[ p1d, p2d, p3d, p4d, nld, n2d, n8d, md, qld, g2d, q3d, q4d] +

f 46[ p1d, p2d, p3d, p4d, m.d, n2d, n8d, nmtd, ql1d, g2d, q3d, q4d] ==0,

-r*wr(wh2) *(al*xpd+a2* xod-
c*f 26[ pld, p2d, p3d, p4d, mid, n2
c*f16[ pld, p2d, p3d, p4d, nid, n?
(k3+k4) * xpd+( k7+k8) * xod==0,
-r*wr (wh2)/ o*(bl*yqd+b2* yod-
c*f 36[ p1d, p2d, p3d, p4d, mid, n2d, n8d, m4d, qld, g2d, q3d, gq4d] +
c*f16[ pld, p2d, p3d, p4d, nld, n2d, n8d, md, qld, g2d, q3d, q4d] ) +
(k1+k2) *yod+( k5+k6) *yqd==0,
-r*wr(wh2) *(al*f 26[ pld, p2d, p3d, p4d, mid, n2d, n8d, n4d, q1d, q2d, q3d, q4d] +
a2*f 16[ pld, p2d, p3d, p4d, nid, n2d, n8d, mid, qld, g2d, q3d, q4d] +c*xpd- c*xod) -
r*w (wh2)/ o*(bl*f 36[ pld, p2d, p3d, p4d, m.d, n2d, n8d, mid, qld, g2d, q3d, g4d] -
b1*f 16[ p1d, p2d, p3d, p4d, mid, n2d, n8d, mdd, qld, gq2d, q3d, q4d] +c*yqd-c*yod) ==
2*(pld+p2d+p3d+p4d),
-ix*(wh2)/ o*(f36] pld, p2d, p3d, p4d, mld, n2d, n8d, n4d, qld, g2d, q3d, g4d] -
f 16[ p1d, p2d, p3d, p4d, md, n2d, n8d, nmtd, ql1d, g2d, q3d, q4d] ) ==
-2*(pld+p2d) *bl1+2* (p3d+p4d) *b2
-iy*(wn2)*(f26[ pld, p2d, p3d, p4d, nid, n2d, n8d, mid, g1d, q2d, g3d, g4d] -
f 16[ p1d, p2d, p3d, p4d, md, n2d, n8d, nmtd, ql1d, g2d, q3d, q4d] ) ==
- 2*(pld+p3d) *al+2* (p2d+p4d) * a2},

o

, n8d, md, q1d, g2d, g3d, gq4d] +
, n8d, nmid, q1d, gq2d, q3d, g4d] ) +

o

{pld, gpld}, { p2d, gp2d}, { p3d, gp3d}, { p4d, gp4d}, { mid, gnild}, { n2d, gn2d}, { n8d, gnBd},
{ md, gmid}, { q1d, gq1d}, { 92d, gg2d}, { q3d, gq3d}, { g4d, gg4d}, { xod, gxod}, { xpd, gxpd},
{yod, gyod}, {yqd, gyqd}, Accur acyGoal -3, Maxl t erat i ons-10000] ;

TR1=((((Re[f16[ pld, p2d, p3d, p4d, nld, n2d, nBd, mid, gq1d, q2d, q3d, g4d] ] ) "2+
(I'nff16[pld, p2d, p3d, p4d, mid, n2d, n8d, md, qld, q2d, q3d, q4d]])"2))~"0. 5)/ uo
TR2=((((Re[f 26[ p1d, p2d, p3d, p4d, nid, n2d, nBd, mid, gq1d, q2d, q3d, g4d] ] ) "2+
(I'nif26[pld, p2d, p3d, p4d, mid, n2d, n8d, md, ql1d, q2d, q3d, q4d]])~2))~0. 5)/ uo
TR3=((((Re[f36[ pld, p2d, p3d, p4d, nid, n2d, nBd, mid, gq1d, q2d, q3d, g4d] ] ) "2+
(I'nff36[pld, p2d, p3d, p4d, nid, n2d, n8d, md, qld, q2d, q3d, q4d]])~2))"0. 5)/ uo
TRA=((((Re[f46[ pld, p2d, p3d, p4d, nid, n2d, nBd, mid, gq1d, q2d, q3d, g4d] ] ) "2+
(I'nff46[ pld, p2d, p3d, p4d, mid, n2d, n8d, md, ql1d, q2d, q3d, q4d]])~2))~0. 5)/ uo
TR=( TR1+TR2+TR3+TR4) / 4;
gpld=pld;
gmid=mild;
gqld=qld;
gp2d=p2d;
gnd=n2d;
gg2d=q2d;
gp3d=p3d;
gnB8d=n8d;
gq3d=q3d;
gp4d=p4d;
gmid=n4d;
gg4d=q4d;
gxod=xo0d;
gxpd=xpd;
gyod=yod;
gyqd=yqd; }}

Pri nt [ PaddedFor n{ Tabl eFor n {{w, TR pld, p2d, p3d, p4d, xod, yod}}], {5,4}]11,{m 46. 1, 46
.9,.1}1;
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Appendix D: Nodal Linesfor the Fully Symmetric Case

From the free vibration analysis (discussed in Section 4.2), it was found that the fully
symmetric case had rotational modes of vibration about all lines passing through the
center of the plate and that these rotational modes occurred at the same frequency. The
following example is used to demonstrate that any line that passes through the center of
the plate (e.g., linessA—A,B—-B', C-C', and D —D' in Figure 4.23(a)) for the fully
symmetric case should be anodal line, and that rotations about any of these nodal lines

will have the same frequency of vibration.

Consider athin uniform square plate with mass m. The plate isinitially horizontal, and
the sides of the plate have lengths|. Each corner of the plate is supported by a massless
spring with stiffness coefficient k, as shown in Figure D.1.

e

Figure D.1: Square Plate Supported by Massless Springs

Suppose the plate rotates at an angle dabout an arbitrary line, shown in Figure D.2,
which passes through the center of the plate. If damping is neglected, the equation of
motion for the rotation of the plate about this nodal line can be written as

16+M_ =0 (D.1)
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where | isthe mass moment of inertia about the axis of rotation and M is the resultant
moment caused by the forces in the springs. For a uniform sgquare plate, the mass moment
of inertia about any line passing through the center of the plate is the same, regardless of
the orientation of the line (Meriam and Kraige, 1997). If it can be shown that the resultant
moment Ms of the spring forces about any line passing through the center of the plate
remains the same, then any line passing through the center of the plate can be considered
anodal line, and arotation about any of these nodal lines will have the same frequency of
vibration.

_Q_! | |0

I—a a '

Figure D.2: Position of an Arbitrary Nodal Line Passing Through the Center of the Plate

The perpendicular distances Ro, Re, R, and Rs from the nodal line to corners O, P, Q,
and R can be computed as

a | -a

R, = R, =
[2&1|—I)2+1 [2a|—| 2+1 (D.2,D.3)

R, = a
[2a|—| 1 " /(2a|—|j2+1 (D.4, D.5)

Using small-angle approximations (i.e., siné = @), the restoring moment caused by the
springs attached to the plate due to arotation about the nodal line shown in Figure D.2
can be calculated as




M, = (KRoO)R, + (KRLO)R, —(KR,O)R, ~ (KRR, (D6)

Substituting Equations (D.2) — (D.5) into Equation (D.6) gives the resultant moment as
_ kepa?+2(-af| _, .

[Zal— I jz ‘1 (D.7)

MS

Equation (D.7) shows that the resultant moment due to the spring forces is independent of
the orientation of the nodal line passing through the center of the plate. Therefore, it can
be concluded that the plate has an infinite number of nodal lines which pass through the
center of the plate, and rotations about any of these nodal lines will have the same

frequency of vibration.
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