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One of the fundamental problem areas of military operations is
logistics. For many operations a vital factor in logistics is mobility.
Mobility is dependent upon differing transportation systems. Some of
these systems form well defined transportation metworks such as a
railroad-freight system, while others like maritime-freight form no
less distinguished systems. However, the ability of an army to expand
or contract its region of occupancy depends largely upon the dissemina-
tion of supplies and troops by motor carriers. These carriers, as they
traverse open terrain as well as fixed networks, differ from the
previous mentioned carriers in that they do not traverse a well de-
fined network with definite terminals and in that the underlying phenom=
ena is not distinguished by being relatively independent of position
and velocity. To predict the distribution of motor carriers in space
and in time operating in field conditions, it is necessary to comstruct
wodels which implicitly account for velocity as well as position. The
Transportation Research Command at Fort Eustis, Virginia has been
interested in this problem, particularly when the magnitude of the
operation is sufficiently large to justify a stochastic model. Ve
shall present in what follows an introduction to transfer theory
adapted for two dimensioms, the construction of a model derived for the
Army, and some consequences of interest,

In the present chapter we shall define the fundamental quantities
with which the subject of radiative transfer deals and derive the basic
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equation of transfer which governs the radiative field in a medium
which absorbs, emits and scatters vadiation. However, we shall not
attempt to attain meximum generality throughout our discussion, but
rather, our formulations will be guided by the geometric considerations
which the problems we are to comsider actually require. In Chapter 1
our development follows Anselone (2) and Chandrasekhar (3).

2. RDAMENTAL DEFINITIONS

Consider entities which have four degrees of freedom, two space
components, and their two corresponding velocity components. Assume
that there are no arbitrary interactions between the entities and
consequently define the _// phase space to be the four dimensional
linear space with coordinates (x, y, Vg, Vy) where x and y are position
and vx and vy the corresponding components of velocity. For comvenience

we will use a system where the independent varisbles are:

-
Re position vector, -

Q- atrection vector, ||Q)| = 1, and
t = time,

Now suppose these entities, vhich we will call units, are radiate
ing through a medium with which such a system has been associated. We
shall consider the mumber of units, dl,.vtdsuﬁmdnp;‘v%m
transported across an element of length dJ with nou:iQMhm
direction confined to an element of angle dl/ about ), during the time
dt. The mumber of units or radiation, dEy, is expressed in terms of
the principle dependent variable the specific intemsity, I, which we



define to be

.2.1) L,(E,Q) ) = mmber of units at § traveling in the direc-
tmﬁmuuc&m:kpupmwnumﬂ,mmtmunuw@_,
per second.

Consequently,
(1.2.2.) dE=1d(da(/de.

The construction which we have employed in the definition

defines a pencil of radiation. For a given R mﬁmm:n
element d(J perpendicular uﬁ. With each point of dJ as vertex,
construct an angle d(/ about ﬁ The resultant figure is called a pencil.

L To N dw
L y
i I

) >
Let dU be a element not mmufruy perpendicular to {7 (the
normal to 40 ). See Figure 2.
g &)=/
> -~ 9 - ,
R n,
ddmﬂeid'
Figure 2 - Position of 40 and 40"

The radiation passing through U which passed through 40 is

(1.2.3.) 1.(R, Q re0s8 a'al dt = units at R traveling through
points of &0 with direction in dl/ about Q in time dt.
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3. MNET FLUX
If we define a vector intensity,

> >
@3 B8 Qi (% Q) )] . which 1s a vector at & tn the()
direction having a length equal to the intemsity in that directiom,
the met vector flux, 7 F,( £ ), becomes

(1.3.2) T(F(R) -fi,v igiiw'flfl v BoBgdli/s
W W

The net transfer of units across an clement of length in any
arbitrary direction '] ( “i” =]l) at 1 is given by

(1.3.3.)7(5,.?:-[ j S X Y aw-frvﬁ.a,q,.i d and the net
W W

flux s given by

w340 ||7| - f 1, cos 9 &
W

vhere () is the angle between the chosen direction N and the varisble
direction of integratiom.

The density w, of units of the radiation at the fixed speed v
at any given point is the mmber of units per unit avea that are in
traneit in the immediate neighborhood of the point comsidered.

Adapting Chandrasekhar's derivation ( (3), Chapter 1, section 2.3)
to a two dimensional geometry, to find the density at a point P,
construct around P an infinitesimal area V which is a convex polyhedron
with combinatorial boundary (J' . With coincident centroids of their

boundary vertices comstruct another such polyhedron with boundary Z
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mm:mmfmotthiaudZmrcaumm
with those for the points of (J and such that ), 1lies in a spherical
neighborhood, S, in vhich the difference in the intensity in a given
direction for any two points in 8 is megligible.

Now the radiatiom traversing the area V must have crossed some
element of the boundary ),, Let dJ, be such an slement with length
small compared to r, the distance between the centers of d), and 4J ,
an element of (J, Purther, let () and ) denote the angles which the
normals to d), and to d(f make with the line joining the two elements.
From equation (1.2.3.), the units streaming scross d), that also
flow across 4O ave

(1.61) Tyees O 4 al/= 1, m&m.&;-giz..—-.

since the angle d(/ subtended by d(f at 42, uéd-goﬂ-
where r is the distance between d), and d(J .

a3

Figure 3 - Positions of ulz and 40

ret £ be the length traversed by the pemeil of radtation
through the element of area V. The radiatien (1.4.1.) ineident on
40 per second will traverse theelement in a z:ué.mvu the
speed of the units. The contribution to the total amount of radiating
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units in course of transit through V by the pencil is

b2y 1, M é. 31 avaly

mauaaz-#- is the angle subtended by d2, at P and
dvefli 0’ cos~) s the area intercepted in V by the pencil of radiation,
Thus, the total mmber of units in course of transit through V due to
streaming in from all directions can be obtained by integrating (1.4.2.)
over all Vv and (J.

(1.6.3.) 5 .,f [dux,.,fw

(1.4.4.) VJIW which is the mmber of units at & per
unit area.

Let 3,-2%- bec the average intemsity. Then
(1»605&) ﬁ‘- sz Jvn»

3.

The intensity of a pencil of radiating units traversing & medium
will be veakened by its interaction with "matter". Consider the units
umumﬁ&x,(?,ﬂ)zaummmimﬂ As the units
mamﬂmm,mywum.nuuammu
a direction or velocity other than the direction and velocity of interest.

M.msummmmﬁm:mumuzzmu
through the medium by absorption and scattering out of this direction.



Both of these processes will here be called absorption although later it
will be necessary to distinguish between a scattering demsity (matter)
and absorption density. In a later paragraph we will deal with the
emission of units into a given direction ﬁ.

>
> >
T g Reasll

o [ N0

Figure 4 « Element of Mass

hslv(iq-oﬁ,ﬁ)dmtummofmi.u:l’g(;.ﬁ) that
remain in the ray after tvaveling a distance s in () direction. The
mmmaxv-:v(ia-dag?)_ . ﬁ) -:‘,(iﬁ)éo

is proportional to ds, to I,, and to the density L of the medium. Thus,
write

(1.5.1.) dI, = = K, D Lds

where K 1s the "mas: ) lcient", Consider the loss from
1,(%, ) ) due to absorption in an element of "mass",

Q= pd Jds  (see Figure 4). _

Recalling the definitions of L,( K, () ) and equation (1.2.1.), the loss
of units in dM is given by

(1.5.2) L4 J K, Ods d (Jde = KL M dle

>
the loss of units at R of veloeity v, in direction d(i/about §lin
a,
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Strictly, the density is defined as

/)Eilﬁn .
A»o A
where A is an area and M is the mass associated with this area. As we
are interested in a stochastic model, average values and probabilities
apply, so define

vhere M is the average total mass associated with a fixed area A,
Recall that 1( K, () )0 d(/ dt = maber of units at R traveling
through 40 with divection d( / about ) , and recall equation (1.5.2.).
Thus, take ![)d' to be dimensionless.
luwlL)Eilllaluait area, vhere mass is defined in terms of intemsity of
enemy action, terrain properties, ete.
K is thus seen to be a probability that in & unit area an absorption
will take place per unit mass, per unit length.

Suppose that a unit traveling in the () direction is absorbed
at R and scatteved i.e. emitted in another direction. We define the
"phase function", p(ﬁ.ﬁ') such that

> =

(1.5.3.) & Q 3;-77'@- ) = the probability per unit angle about (1

>

at £ that the unit will be scattered into d(./ about the () direction.

Thus,

5 ' = =1 /
(1.5.4.) KL R, (1)de a dlJ dL/



«12«

= units scattered from divections d(/'sbout (]’ into the directions

d(/ about ﬁ

Now (1.5.4.) agrees with (1.5.2.) 1f f r(Q.Q'> -ﬁ%— -1,

However, in gemeral fp(Q Q)-.g%_-w, = 1. This is clear

vhen one considers that absorption includes scattering as Lq, is the

probability that the unit vhich was absorbed will be scattered. Pi,

Tes 18 called the albedo for single scattering and represents the

fraction of the intensity of mmugtmu lost due to scattering.
Integrating over all directions()of the ineident ray,

a.s5.50 39 « grf.pcﬂ ﬁ):,cimw

= units scattered from all directions Q into the particular ummﬂ
per unit angle about Q. » per second, per unit mass at ?

389 15 the "emission coefficient” due to scattering. The “gemeral
emission coefficient” is

(1.5.6.) j,nj,,(n,ﬂ)nmu ouittod fn the dizestion ()
mnl.tmh%tﬂ,mm.mmtmu ® .
The ratio

(1,5.7.) 3%, -TL -7,( %,()) 1s the “source function".

v has the wmits of jy/x .

The equation which governs the variation of intensity in & medium
characterized by absorption and emission can be derived as follows:
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>
Consider an element of mass dM emitting in the () directiom,
as shown in Figure 5.

>

m-,oao’« >
R ds bé
ad

Figure 5 » Element of Area
By use of the emission coefficient, we have

. >

(1.6.1.) j @ =3, Od( ds = units emitted by dM in the (|
>

direction per unit angle about () , per second.

Dividing by d 0, we obtain

-
(1.6.2.) §, Dds = units emitted along the line (R, R +dsfl) in
> >
the () direction per unit amgle about () , per unit lemgth perpendicular
to ﬁ_ » per second,

By definition of j,,

Jy 0 ds = intensity in direction ﬁ emitted along the segment
(% Feal)).
Considering absorption equation (1.5.1.) and emission, the net change
in the intensity is

(1.6.3.) dr(F, (L) == Ky ) Tyds + 3y ds.

Thus, the transfer equation is

=

(6 = 25 - 1% Q) - j;( &, (-
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The derivation in (1.6.4.) is an operator for R for a fixed direction
5 as (1.6.3.) accounts for the gains and losses in the pencil of
radiation during its traversal of the element of area with which aM is

associated. In a Cartesian coordinate system equation (1.6.4.) can be

written

(i.ﬁ&-)"'ﬁ—p—'ﬁ'vlv(iﬁ)"lv(i;ﬁ)‘ V(n‘a)

vhere |/ 1s the del vector opera r. ni-u--dT+K

When the emission term 3,, Ix,,. i.e., vhen emission m«
of scattering from all directions thmtm m:mﬁ
equation (1.6.4.) takes the form

ﬁ > A A A = A !
(1.6.6.) = -}‘-v-zs -'-’-5‘-5;—-—-‘-- L(K () - ﬁ?ﬁdlﬂ.ﬂ)gmﬂuw.

Equation (1.6.4.) can be solved formally by writing it in the
form

(& expr1x0

If we use the integrating factor j,
we obtain

. [UQ opga t{p&,u

Integrating this equation from o to s we find that

-T(c,O) [ -T(-. I)
(1.6.7.) I(s) = 1() K + _£ 7:-’),?. *’ xPas
8

vhere T (s, 8) = f&,pacummmmum-mm
.l

R,,pd:
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between points s and s'. Chandrasekhar uses this result to discuss
the 3-dimensional plane-parallel case, (3) . |
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CHAPTER II - TWO-DIMENSIONAL ITWO-INTENSITIES TRANSFER THEORY

In this chapter we shall characterize the type of transfer
problem of principal interest to us and shall derive the governing
transfer equations, Consider two different intensities Il and I,
traversing a medium where each is subjected to different mass effects
and vhere transfer takes place between the two intemsities., One of
the simplest such models is characterized by the following equation:

(2.1,1,) -4 (I‘) -(3‘9"1) .(’lpl) ‘(‘u Pz‘z)
® AL %Pl 0] % Ph

vhere the last term accounts for an isotropic cross scattering, i.e. a

scattering between the two intensities where the emission is independent
9

of () , and where

@120 Oy, = -Q';% f 2 (0 W) 1,(E Q) 4’y te1,2
wl
Thus
(2;’-&3',) - g; I=KX “pi
where
- ( I1) x_(‘xﬁ: "“zxpz)
I % P2 %21

3
) (1 0 .M:*( 1)‘
0 2 3y

From (2-1&20) and (2.1.3.) we obtain
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@140 - (& Q) =x(E ) - gﬁfﬁ LD &) 4!

!

W
vhere

, L [RaneD
P(Qv Q‘) 0

0
pz‘:’z‘ﬁ NoRY I

Consider two intensities I i=1 or 2 and a medium characterized
by different mass effects. Let ;s be the different densities of the
medium where jﬂl. 2,0+, n, 0 is fixed, Mﬁhﬂy define ‘33' and also

>,

define !“(Q_ Q ) and o gy(veevyl ,Q_ Q

wif] wme-[

This is to be interpreted as a generalization of the previous section
with the refinement that the cross scattering is no lomger comsidered
mwuhfz. The phase functions for the cross scattering are the
i‘“(vf"g‘ ’ .6_ ’ ﬁ' )s §=1,2,=,n.

Geometrically we have the following situatiom. There are two
intensities Ij and I,. These intemsities account for radiation through
a medium with independent mass effects arising from different demsities
Piy @ndfyy vhere 3=1,2,0=, n, n fixed and where the subseripts 1 and 2
refer to the respective intemnsities. Thus we allow for different
independent mass effects for the different intensities which may
annihilate, scatter or produce a unit., Scattering here must for a
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given intensity and for each independent mass effect include cross
scattering from the given intemsity to the other intemsity as well as
the usual scattering in direction for the given intemsity. Further it
is convenient to include the possibility of additional emission terms
of the form of scattering and cross scattering vhich are not accompanied
by an absorption term. Consequently our events can be grouped according
to:

(1) Mass effects leading to an absorption which results in either (a) a
loss of a unit, (b) a regular scattering, or (c) a cross scattering;

(2) Mass effects producing a unit appearing as a scattered unit or crosse
scattered unit,

The transfer equations become

m
(2.2.1.) = ﬁ; I *(Z‘ Rir P1r ) 4
.g.ﬁf(ﬁl Ryy Dig p‘j(ﬁ .ﬁ')) I, (F, ﬁ') aL/’
W 3=

S >, > >, ;
) mfwl(; Ry 3017 3 Py 3 OVg-+40 )+ () >) IR, () d)
vhere D<m = §.

Now these equations are seen to take the form

@22 ¢ 150 - Ax( i ok -g-ﬁ;fpx( 50 a4

vhere :(?_Q_)- (?:;%))

[P )=
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)e Temt By 013 3¢ Qo ) T %3023 p23 g=v1s )+ ())
Z;'l %1314 m(ﬁ-é—vz,ﬁ.ﬁ') ﬂ,ﬁ; %2102 m(ﬁ .ﬁ') :

We shall be interested in a time dependent intensity which
consequently is governed by

(2.2.3.) {- g;x--gi-x-u«%fufu K, ﬁ' ) A

vhere é-(%, g.) and vhere we have evaluated the total derivative.
0 %
Equation (2,2.3.) characterizes the type of transfer model in
vhich we shall be interested. There are two approaches open to investie
gation, Either we can investigate equation (2.2.3.) directly obtaining
general and formal solutions for differemt classes of problems correse
ponding to different types of kermels. Or we can carry through the
solution of this equation corresponding to a given kernel. We shall
elect to do the latter for in obtaining the kernel one indicates how
diverse transport phenomena can be formulated in terms of a transfer
model, and because a formal solution does not always comclude an investie

“tiﬂl»



Consider the following problem: A commander is conducting a
battle in a theater of operation and his efforts are supplied by
trucks which must traverse a medium in which they are subjected to the
effects of enemy action and terrain. The commander desires to know a
reasonable estimate of supply in terms of loaded trucks which he can
expect under various conditions. In a real sense he desires to know
the mumber of loaded trucks in tramsit per unit area at a givem place
at a given time which, in the course of carrying out a mission, have
been subjected to being put out of operation, deflected, or forced to
change their speed by terrain, ememy action or decision. We shall
assume a distinction between traffic om & road (in a road net) and off
road. Further unpublished performance data of the Transportation Re«
search Command permits the assumption that these two different traffic
flows can be represented by two different constant speeds vy and vy,
respectively.

When this problem is formulated in terms of transfer theory we
construct models one of which is characterized by the following table.
We have to relate the factors occurrimg in Table 1 to the problem at
hand.



Table 1
Events and Interactions Cross Sections

Absorptions |
Asnihilation by enemy action K, [,
Scattering (enemy action) k2012
Scattering (terrain) Knpu
Speed transfer (ememy action) ‘1 4 pu
Speed transfer (terrain) Ry5 015

Gains >
Scattering (enemy action) Kupnvu( @ .8’ )

Scattering (terrain) ﬁspu’zs‘ﬂ’ 28 -~

I

1 P21
%22 Paz
k23023
%240 24

25025

‘zzpzz’zz‘ﬁ §h

>‘”p 2933( ﬁ vﬁ‘)

Speed transfer (enemy action) ‘upweu('z‘"'liﬂbg‘)
K14P14P1a 1 v2s (L D)

Speed transfer (terrain) Kz,p 25P25 (vz-o-vl '

Q.0

F15 1015 01 2o £ 1,50

where I)4s the intensity of on-road traffic and I, the intensity of off-

road traffic.




We now consider separately the different absorption terms given
in Table 1.
(a)

Define

911 = occurrences per unit area, where an occurrence could be the

detonation of a bowb. As discussed,

(30101.)p11= LALaL HUTWEL O3

Then K, is the probability per unit occurrence that a unit will be
>
annihilated in terms of length perpendicular to () .
Pgy and Ky, are similarly defined.

Let ,Du, = Dy1 and ng - ,OZI' Then Ky, and Kg4 are just the
probabilities per unit occurrence that a speed transfer will take place.

(e)

The nature of terrain is fundamentally different in the cases of
one-road and offercad,

Off-Road: From terrain features such as slope and soil conditions,
a go/mo-go function can be evaluated for am area which will determine
whether a specific vehicle type will or will not stall in this area. If
we consider a region R (see Figure 6) and impose a grid on it giving go/
no-go values for different cells,
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Figure 6 = Region of Terrain
a density (zg can be defined as

(3*1*2') pzs -

area of the region

Then K,5 becomes the probability per unit no=go that a unit will be
transferred given in terms of length perpendicular to 6_.

On-Road: Consider a road met in & given region. Impose upom it
a rectangular grid (see Figure 7) such that the map in each cell is con-
nected and such that each crossroad falls within a cell. Now, in each
cell of this grid, comstruct a linear approximation to the road map such
that the maximum distance from the road to the linear segment is a pree
assigned value, say C (see Figure 8), and such that the segment is
tangent 5 the road at its contact points. Now consider the following

T

A1Y

A} 7
Figure 7 = A Road Net with Grid
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FPigure 8 =~ Linearized Road

two quantities:
Cf)-me!uhmlu that adjacent segments made with each
other when considered as vectors located in first and
second quadrant with respect to a preferred direction .
/= the absolute value of the signed sum of the angles that
the segments make with a preferrved direction when located
as above,
Purther consider the conditions of the road net in a cell. Because of
such factors as a bridge out, road demolished, or mud, traffic may be
stalled. From these three quantities can be determined estimates of a
transfer/no-transfer function for each cell. Thus, as in the case of
offeroad traffic, a density L, and a mass absorption coefficient

can be evaluated,

(D

Let DOyp = (11 and Oz = (21 Them Kjp and Kyp are just the
probabilities per unit occurrence that a scattering event will take
place.




a scattering event will take place. The oneroad demsity [, is,
however, uma&m:mpis. Consider Figure 9; a
scattering event occurs if there are two or more branches issuing
from a cell with different tangent vectors. We will assume that the
case in vwhich two road branches issue from a cell is fundamentally the
same as that in which multiple branches issue from a cell. A further
refinement would be to make this distinction. Thus we could, in
principle, determine a scatter/noescatter function for each cell and
then derive a demsity [0, and corresponding coefficient K.

We now consider separately the different phase fumctions given
in the table.

Here the oneroad transfer phase function differs from the offe
road transfer phase function. Realistic phase functions can be
constructed in the following manner:

First uuu that

u_%ﬁf_l_)_ d(J= the probability per unit solid angle
about Q’mz the unit which was absorbed at R will be emitted into
dl/ sbout Q given that an sbsorpcion-scattering (transfer) event
has occurred. Now, consider py,(vi—>vy, Q Q ) and consider the
situation illustrated in Figure 9.



Preferred Divection of Travel

nm 9 « Cross-Scattering on Road

Once a transferring event has occurred on the road, a unit traveling
tn e ) Eivestion bootus vesvionted 30 the () dtrection, with an
assumed symmetric distribution about the preferred direction of travel,
X . unmmmmmmmmamu»mm

1‘“!. wé assune that p&&(‘lwvz .Q Q) = m‘vl*—DV2 # Q ). or
the phase function is independent of Q Thus,

(3.2.1.) mf,v“(v vy s Q) y (& N et
mm..x,..ﬂ:.mfx,ci 1 a0/

How consider ’%"2“”1* ﬁ " Q_) and consider the situation
{llustrated in Pigure 10,
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x Preferred Direction of Travel
> [ = o
(L nQ
NI/

/' Ty

Figure 10 « Cross~Scattering Off-Road

Once a z;mntmtns event has occurred, assume that a unit traveling
in the {)'direction becomes reortented in the ()direction independent
of _6_'. u:m?"nbcmauntmmrswmm“wm
in 1 (c) under "Speed Tramsfer by Terrain"”, where the road has been
"1linearized”, and let ﬁbc the resultant onegoing direction of the
units, We assume that the phase function for each cell is of the

following form:
M@
> > >
P‘;A (Vz“’ﬁ.Q.Q')'E" -6. &u aﬂ)

0 1f _ "ol » where j refers to
where __ 3 > 2 %3] the 45h call in soms

u“-nsg“— =Q

yiu

vhere U () is the mmber of road branches, and

M 3 o
fZ 5 cru.ﬁuw-x.
W g1

>

J
A realistic determination of the 5 (T
a

1 ,ﬁ)ummmsu
Figure 11,
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Normal T
Curve 1
\ |
By by
- jth cell J
Figure 11 = Scattering Probabilities O o
”J
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where §g (T, W (Q)ts 0 S (T, , ) ash ts tohy
— 3 > =3 o
mmj{@.(ﬁj,gné‘ (123,59 d/=1. Thus,
.2'%? La P% (v -V aﬁ ’ ﬂl) I,( R, S)_I) ﬁh//"
(3.2.2.
- ’

..}_: e (T, ,51)]—1,(:.9)«:(./'-

n Mg)__ 27.(“> '

E; E’ 3 Q'
Hote Jg= = T is a regional function in agreement

2 ﬂ'n

with Ku and puo

As with speed transfer im part (a) above, we obtain:

> > >, '
(3.2.3.) ’i%(f s Py Wl"'vzu ﬂ . ﬂ') 12( B:_Q_ y dl/
W >

.hs!.!a;""?;-.-.-.ﬂ) L (& Q) W’
UI

and

> > >
(3‘2-4.) ﬂd”z’ (Vz‘—bvl » Q’ Q) Iz (;, ﬂ) dwl
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n
) #0) ( Q 1, ( &,
= , Tppaal) ( _Q ) dl/'
o i1 ?ﬂn W
vhere the 'a' 's, refer to Pys (vz--vl) and Pas is also an unspecie

fied function of R . Let Pas (f)_) be the appropriate regional
phase function.

Here the oneroad case differs from the off-road case.

Off-Road: We assume, considering that a unit is goal-oriented,
that a realistic phase function can be determined in the following
manner: To fix discussion, let the positive x direction in a rece

tangular system be the "ideal" direction of traffic (see Figure 12).
b 4
]

T' Q
L LN

_t_ Normal Curve

Figure 12 « Off«-Road Scattering Probability

Assume that once a Scattering "event" has taken place, the unit
2l

independent of () seeks to oriemt itself in the positive x direction
e

resulting in an Qozhautm.
Thus,

p > -
(3.2.5.) u—&%?’-l-h“—.%‘_ and
2 2



> - Pd i - = [}
(3.2.6.) -,%fnucﬂa L, (& Q) eu.m‘é% LR, (e
) ul

On~Road: To a first approximation, on=road scattering by enemy
action does mot take place.

Therefore,

> = > t
(3.2.7.) ;%fm( Q. Q)1 (R Q) aw=o.
w'

Here the oneroad case differs from the offe-rcad case.
OffeRogd: We assume that, fundamentally, the phase functiomn

for terrain scattering is of the same form as that for ememy action.
Thus,

1. i~ > X1 : '. {1 ~ !
(3.2.8.) 271];;2,( Q1 (x,0)) dw milﬁ.lﬁ%( £ 0) 4(‘/..

On=Road: The onwroad scattering phase function might be viewed

as in the cases of speed transfer due to enemy action and due to
terrain. Consequently, we obtain

(3.2.9.) ;'ﬁf 3 Q. S 1,( £ aws

ﬁ Sd‘ Sy L& 8 aw!
n wl

2

Clearly, the definitions and assumptions introduced in this
chapter mathematically simplify the gemeral transfer equations. The
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appropriate simplified equations will be given below.

(a)

If we take into account the fumctionmal dependency of our
emission terms derived in this chapter amd group together the various
emission and absorption terms, after comsiderable manipulation, we
abuumtmamam

M%Q_L K1, (K, an [xzci L Q) 4!

(3.3.1.) sl |1 x.ﬂ y d'!
i
sm.i_._; -xzxchﬂn‘é L(E ) e’
Ty (ios ot
-—ﬁr z(i ﬂ)dh/
vhere . ‘.l‘
2, "2, Y2 S

Z Z‘ (Vi aﬂ)
Zl’zl (vl"’b“"z aﬂ)
Z,"‘ Z (’Vatﬁ)-
2
As in Chapter II, Mmtimsgmhwttmz

@320 &1 (R D -mtiﬁnﬂff«ﬁ) X§ SO RV

vhere
1



(3.3.3.) -.-;7% f 1y ( % Q) aw'

_%uhﬂl_zmm&.z x,x,(n.ﬂn_zy% &lcn.ﬁ'uw'
Zif u.f),)aw.

Hwnc&*(’é 1) these equations can be written:
vy

> == -2 ﬁ - I}
(3.3.4.) 3 %tz (£,(0)=- %ﬁ: (% (L) -ax(&,)) +%f5},ﬂ) d/,

(e)

Following Section 4 of Chapter I, if we integrate with respect
to(,/we obtain:

=7 | o
%M**%{L*ﬁ“;*}; ‘“Zx“l

R SRR

where x'a,Z Z, *s are now regional constants.



These equations can be written:

(3.3.6.) &-ggw--%u& Bu

33«
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In this chapter we will consider the system of equatioms (3.3.5.)
and (3,3.6.) in a diskegeometry and derive the demsity function for
the concentric anmuli geometry.

In polar coordinates equation (3.3.5.) becomes

%1' e '*(&4%%5331-11u1+ i uz-o-Z u,

(4:1.1.)
%; S "‘%*%%@" up = Kgua + f: v+ iz"z

(m?mrola)mmofmtry%ga— Y ooru, =0,

=y

The obvious significance of the steady state demsity is: given
appropriate boundary conditions at a boundaxryr = a and at another
boundary r = b, we can determine the point function expressing the
nusber of units per unit area which are in transit in the enclosed
region or the mumber of units in transit in the region.



The steady state density equations with comnstant sources or loss

terms are
J— J—
%}‘-(Zﬂ& “1‘23 u = 8
(4e2.1.)
F— =T
.%gz.(zz.-xz)uz-zl uy = S,
In matrix form -
o uy 8
GeueDeLo\ (0 (3]

- )
S: (ay-l-Kz-Z)
Thus by Cramer's rule

<§-;u1-z_1>—-z:> T Zz

(4.2.2.) — 6 = 3 P
2(gg+%= ) )
°21 (gy-l-xz* Tz) Z

w (40202-) we obtain
p)
(442.3.) -a%gz*b'b':** Buy = ¢

vhere
SIS
- —— Py N
SR DIEL SIS VED D 3
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and
G =5 (‘z‘zz’*’z z: ‘

Similarly for u, we obtain
2
Ous 4 A Jus 4 o
——ja -5-'52 Bu, = C, where
(4.2.4.) _r

“z"z(‘l’fl)"'sx Zx ‘

These equations ave of the same form. When AZ+4B7O their formal
solutions are:

oV a2 "J «aeV a2.48 ]
°1"°u“"( : thpep| T 3 ]+ &
(he2.4.)

uy = Cyy exp [M“]-& cum{: r—r]q- g.z

vhere c“'a are constants of integration to be determined from
specific boundary conditions and the following constraints:
(A2 — T
w - -
‘n 2 *h ):1 Zz ‘
(4.215.)

8 -\/"“""“ diny ;
12 e T Z,l Z Cp2 =0 .

un’-a-om

(402;6-) ul b (cll L 3 012 x‘) exp

[ & 3 I |
i
iy
+
“g

Cs 1
N>

(W |
+
' 5

“z'(Cn'.-Cnr)w



where comstraints like (4.2.5.) apply.

When A2.48>() it 1s seen from (4.2.4.) that the densities are
the result of a composition of exponential effects, With appropriate
constants A and B this corresponds to an mzui depletion in the
radial direction of the density of the units, If A2+4B> () we also have
the possibility of trignometric terms with exponentially depleted
amplitudes, | This corresponds to exponentially depleted standing waves.
When A2e4B<() in general the densities are complex.

The time dependent density equations with no arbitrary regiomal
source terms are given in the system (4.1.1.). They are of the followe
ing form:

2 G heden- L oum

™M

(4.3.1.)

dr o ERedenclonsu
L
Thus 4if we write Au; = uy and Bug = uj, we see that A"Yep and B°lea or
BAyy = vy
(4.3.2.)
ABu, = u, .

If the indicated operations were carried out we would obtain a general
2nd order partial differential equation. However, each of the equations
(4.3.1.) are quasi-linear of lst order i.e. of the form



th.?»d.) P’ + Qq = R.

The system (4.3.1.) can be solved by simultaneous application of the
welleknown method for the solution of (4.3.3.) (see a text on partial
differential equations such as Sneddon (7) ).

Consider the lst equation of system (4.1.1,) in the form:
ey

a > ""z"g'g"%“l"‘“{,“zm“&" Zz*‘

mnhuaul*%uznatmmumnxuv
Similarly let
-2-“04»&3 SH2 = by uy 4 by uy .

Now we obtain:

[ PR T
8 82 a3y +asum

é; by bgug +‘DW

Equating the first two terms in both equations we obtain

i1 = @t = &y
Cyy are constants
(443.44) g m ane a1

321 = hzt - '?12

Similarly equating the first and last terms in the preceeding equations
we obtain

@eBu e Bymfecpe, Py .



*39

These equations can be integrated simultaneously by determimants to give
Bt

“
welp f + 3 f
(6.3.5.)

ooty Lu .y llc

vhere the t:“’a ave constants of integration subject to the following

constraints
€2 " h* “"'h“’
(4+3.6.)
= Bel3)c,, and
c13 g:( hl) 23
vhere

Aaxnuh-.ug-\/(kuu) wc%

Now solve equations of (4.3.5.) for

w2 P B gc,, =¥3= Coy @ Bt
exp At 2" e At
Thus applying the theorem applicable to equations of the type (4.3.3.)
we obtain
Uy = (exp At) £ (& » ayx) + (exp Bt) g (¢ » ayx)
and

Uy = (exp At) £ (t « byr) + (exp Bt) g (t « byx)
where by = a5 = 1 for the general form of the solution.
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Now recalling the comstraints (4.3.6.), let
uy = (exp At) £ (& » byr) + (exp Bt) g (t « byr).

m*m“m%”lmtm‘gﬁzin‘c we have

T [o . epp]=0 and ¥ [Cyy, Cpp] = 0
vhere €y = £ (61) and Cgp = £ (Cyy)
Thus let

P e c)er fen o a3 ap) =0

%o that

%u-k?“ Cyp = £ (C5y), vhich also follows £rom (4.3.6.).

Hence

4.3.7.) vy = 2 (A 23) (exp A®) £ (& = byz) + 2L (Be B3) (exp BE) g(eobyr).
Y™ N e - 3D (e B0 ateby

We have thus determined the general form of the solution for a prime case
of interest.
The equations

ﬁ%‘?*‘z‘%ﬁ*“ﬂ”&*%“’.
b5 by S ey, ey
can be transformed into the system

.%?“‘3%*‘6“2
(443.8.)

d
'éﬂ‘ =bguy+byuy



hle
by the transformations
zan«&b{n
r“:g“'uznb

Izmuzwbrmnfmm&:mm%uﬂukmmmﬂnﬁ
the form

(&13&1@&) ‘3‘%‘%* bs‘%? * ( le “’&3) 52‘0'

vhere a, = b, = 1.

(4.3.9.)

System (4.3.8.) would appear to offer the greatest opportunity for
digital programming where, gs (4.3.10) is in the novmal hyperbolic form,
offers some anslytical advantages as it has been extensively discussed
in the literature. A solution of (4.3.10.) can be readily found by
separation of variables. A thorough discussion of finite differemce
methods for equations of the form (4.3.8.) is to be found in rveference (6).
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The fundamental definitions of radiative transfer theory are
given and the two-dimensional equation of transfer is derived, A
density of radiation is defined and a twoedimensional two-intensity
transfer model is presented. An operatiomal iuterpretation of the latter
model is given in terms of military truck tramsport supply and the
functional dependencies of the terms in the transfer equations are
evaluated. For this interpretation the demsity equationms are givem and
the steady state and time dependent solutions of the density equations
are discussed in polar coordinates. This work was conducted for the
U. S. Army Transportation Research Command, Fort Bustis, Virginia, 1961,
Task 9R38-11+009-02,
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