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IV. INTRODUCTION

Iﬁ the mathematiéal analysis of mény physical 5oundary value
problems, such as beams, plates and‘éhells in structural analysis,
the governing-differential equationé are éften solved by approximating
the derivatives by finite differenceé éﬁd éolving the resulting systeﬁ
of algebraic equations on & digital computer. .In the analysis of
complicated‘structures the number of simultaneous equations resuiting
from finite differences may be large enough to exceed the capacity of
" the computer or to introduce round-off error in‘obtaining a numerical
solution. For such problems, it is important to keep the number of
algebraic equationé at a minimum and the accufacy'of the differenée‘
procedufe can be a critical item in obtaining meaningful results. In
reference 2, for example, i£ was found that accurate answers for the
stresses in a shell structure could not be obtained by using éertéin
finite difference appfoximations unless the mesh spacing was smaller
than machine capacity permitted.

The most popular difference épproximations used in boundary value
problemé are the central difference approximations which are given in
textbooks on numerical methods. There gre'alternate formulatiohs of
central differences which can be used when odd order derivatives occur
in the differential equation and these alternate formulations give
different answers. It was shown in reference 14 that for a circuiar
plate‘symmetrically loaded, approximating the differential equation
'by central differences led to a nonsymmetric matrix instead of the

expected symmetric matrix. Furthermore, the answers in no way
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resembled the knoﬁn solutions to the problem and the central difference
equation was'singular.at the center of the plate, a physically real
 point in the,pfbblem.

The purpdsé of this paper is té investigate the aécuracy of the
three alternate forms of central fiﬁite difference approximations as
applied’to boundary value problems. Anlapproach for studying the
accuracy of finite difference methbds is presented and utilized. The
study is confined to linear second order boundary value problems of a
certain type but‘the approéch and conclusions are applicable to a wide

class of boundary value problems.
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V. General Discussion of Error

Types of Error

The use of finite difference apprbximation'formulas to obtain
numerical solutions to differential equations leads to errors which
can be classified as three types: (1) round-off error, (2) inherited
error, and (3) truncation or discretization error. Round-off error
is a caiculation error resulting frdm using a finite number Specifiedv
by n correct digits to approximate & number which requires more than
n digits for its exgct specification. Round—off error.increases‘with
the number of calculations required toiget an answer. The inherited
error ié the contributidn to the error due to the totailerror at é’
preceding step. This may result from using a step;by-step procedﬁre
in whichkeach step useé the result from the previous step.

Truncation error, or discretizétion error as it’is.sometimes
called, comes from aﬁpfoximating or replacing the continuous problem
by a discrete model. .Discretizationverror is decreased by usihg
smaller ihérements; but as increment size decreases, the number. of
steps taken increases, calculations increase, and the danger that
round-off error wiilvbuild up to'substagtial proportions grows. In
an& problem that is short enough to permit hand computaticn, it is
usually possible to carry enough places so that round-off error can
be neglected. 1In extended computations using computing machines
round-off error can be serious. |

All three types of error can occur when a bouhdary value differw

ential equation is solved by reducing it to an initial value problem
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‘and then solving it by one of the step-by-step procedures for initial

A value problems (ref. lO) If~a boundary value problem is solved by
~ replac1ng the differentlal equation by central difference equations,.-b
ftaking into account the boundary conditions at both ends, -and thus
obtaining a set of simultaneous algebraic equations, 1nherited error
‘does not exist aS'a.separate enpityl Fdf‘such'problems.roundeoffband
trunoation efror are the only separablepeffects. Round-off error,
| while it can be.important'in a‘practical problem:utiliziné,large"

numbers of simultaneous equations, is not considered here.

Liferature Sur%ey

Numerousvetudies have been reported inﬁthe,literatﬁre dealing
with errors resﬁlting'froﬁ the use of numerical methods to approximate
" the solqtions to linear aqd nonlinear ordinary and partial differential
bequationsbgovernihg boundery véiué problems. »A:common‘Way.to solve a
boundary value problem approximately istto‘reformulate the pfoblem as
an initial value problem and solve it using numerical integratioﬁ.
Conéequehtly most of the error studies in the literature ieal with
initial value problems. ‘However, some comments oﬁ a few‘importaﬁt
“papers’and books which do treat errors in boundary value problems‘afe
.given bere. - | |

‘Collatz (ref 3) giVes ﬁethods for solving boundary'velﬁe _
problems directly and for obtaining estimates of the discretization
error. This is accomplished by first expanding the dlfference

equations in Taylor series, then‘deriving a system of equations for



-9 -

the errors, estimating highef‘brder derivatives in some way and then
solving the system of error eqﬁations to obtain error bounds.

In Modern Computational Methods, reférence 13, a difference

.correction 1s added to the central difference approximations for the
derivatives. A first approximation solﬁtion to thé resulting system is
obtained by neglecting the difference correction and solving tﬁe
resulting algebraic equations. Then considering the difference
correction a successive correction method is’used to obtéin corrections
» to the first approximation solution. The procesé is continued until
there is no change in fhe numerical solution. -

Many methods of éffor analysis of boﬁndary value problems in
partial differential equations are also applicablebto ordinary differ-
enﬁial equations. In the classic method developed by Gerschgorin
(ref. 6), the discretization error is estimated.by the use of a special
method which he calls the majorant method. ‘This meﬁhod is also
discussed by Collatz (ref. 3) and Forsytﬁe'and Wasow (ref. 5).
Roudebush (ref. 15) uses an error analysis of the Gerschgorin type to
show that the order of discretization error in ordinary differential
equations and parabolic and elliptic partial differential equations is
‘unaffected by a finite number of discontinuities in the coefficients’
of the differential‘equation. In this paper he derives some higher
order finite difference approximations and shows that when these
approximations are used the order of-the.discrétization error 1is

improved.
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Bramblé and Hubbard (ref. l)‘have included the work of
Gerschgorin (ref. 6) and Collatz (fef. 3) as special céses in their
’ theorem'fof estimating error in the Dirchlet problem for elliptic
equations. |

In many studies of physical problems approximate methods are
jﬁdged Qith the knowledge of whét the correct solution‘should-ge. vIn
Chuang and Veletsos (ref. 2), fof‘exampie, twd finite difference
‘methods are usedkto obtain approximate solutions to thevpartial
differential equationé governing the deformation éf cylindricél shell
structures. One method gives results which are unacceptable,dévén as
design data, while the‘ﬁther méthod gives a satisfactory solution.

Round~-off error resulting from the solution of tridiagona1 
matrices, which result from the use of central Qifference methods
in soﬁe boundary value problems, isvnot the'conéern_in the present
paper but has been treated to some extent in the literature. Von
Neumann and Goldstine (ref. 19) establish aniefror bounds for which
solutions by the elimina£ion method is valid. Turing (ref. 18)
discusses different matrix methods and gives round~off’errors for the
Jordan, Gauss and Choleski methods. Wilkinson (ref. 20) also gives
estimates 6f round-off error in matrii solutions, while Lowan (ref; 11)

deals specifically with'tridiagonal matrices.
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VI. DEVELOPMENT OF FINITE DIFFERENCE OPERATORS

Finite difference operators can be obtained by several methods.b
Three common procedures are given and used to derive the difference

' approximations investigated in the study.

Polynomial Approximation

Qne method of obtaining approximate values for the derivatives of
a function which is known at a discrete numbéf of points consists of
fitting the given points ﬁith aﬁ appropriaté polynomial,,ﬁhose;
derivatives are then obtained. Referring to figure 1 the problem is
to find the derivativeé of the function ﬁhich‘passes through the 
given points (XO, yo), (xl, yi) « e (xn,'yn). Values of the
function are known at these points or stations.

:'Lagrange's interpola£ion formula can be spécialized to fit a
polynomial throughka.certain number of points. Let there be given
values of the ordinates Yg» ¥y + ¢t ¥, of the function y = f(x)

at the (n+ 1) points x_, x . 'xh; The polynomial of the

l,

nth degree through these points may be written in the form

B L TUEL EERRICEEN R
Co - %) %) (- %)

_(x - xo) (x - xg) Ce e (x - X ol
(Xl - Xo) (xl -»xe) ﬁ . . .‘(xl - xn) ( l)

+
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'(x - %) (= - xl) (x - xﬁ_l) |

(Xn i XO) (xn - Xl) . . . . (xn - xn_l) f(xh)

(6.1)

The equation for a polynomial passing through three pdints

separated by eQual increments h and with the origin at x = x_ is |

o
obtained from equation (6.1)
x x2
y(x) =y, + 55 (-3v, + by - ) ¢ gagﬂ(yo - 2y, * )
(6.2)
The firét derivative of the function is
. o o, |
v'(x) = 5 (-Byo + by, - yg) vt (yo -2y, +7,)

The slope at each of the points X is obtained by substituting .

X=X =0, X=%x, =h, Xx= x2 = 2h ih_equation (6.3). The second

derivative of the curve y(x) is
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1" ‘l B
0 =5 (vo - vy + v, (6.4)

, wﬁich‘is constant because y(x) is a second degree curve.
Polynomials passing throughvfour points and five.points can be
obtained in a similar fashioﬁ and their derivatives evaluated at each
~ point to obtain various difference patterns. Thus, numerous choices
are available when selectiﬁg a différence pattern. Which pattern is
best depends to a large extent on the eéuation to be solved and its
boundary conditions. However, one set of central difference operatorsv
is usually suggested in textbooks (refs. 4, 10, and 16), widely used
in the iiterature (refs. 2, 12, and 14), and generally éccepfed as
préferred because of simplicity, ease with which boundafy'conditions
are haﬁdled, and consistency of order of error. These are given in

equations (6.5) to (6.8)
yf(xi> :igi (V11 % Vi4) (6.5)
y"(xi) -5 (yi_l - ?yi + yi+i) : (6.6)
F) + 2 (e a0 T ) 61

yiv(xi) B iﬁ (yi-z - by 4 + Gy, - My g ¥ yi+2‘) - (6.8)
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The simplicity of the selected operators equations (6.5) to (6.8)
compared with writing at each station equations (6.3), (6.4), or those
" obtained from polynomlals through four or five p01nts (see ref. 16),
to obtaln the various difference operators is obvious. The order of
the truncation error for each operator may be obtalned by expanding

the function X, about the point x. in Taylor series as given
Y% 1 g

below
| | o R
y(gi + ah) = y(xi)+ ah y' kx ) Léhl—;y (Xi) + e . e+ L%%l— yn(xi)
I e % R
n=0 ' i -
where yn stands for the deriﬁative QE%, a 1is any real numbér and
. dx

h is the increment of the interval. For example, equation (6.5) "

which is (6.3) evaluated at the center, can be expanded as follows

12 3 L 5
: h iii h iv h v
—_ - |- — - m—— —— - ¢ .8
“Yiq =Yy thyy 2 itz Y o Vi tigg Yt
ne b 111 bt iv . B v

L=
it

1 =Yy T Y +‘6"y top Yy tigeg Yyt

| 3 i 5
. 2h”  iii 2h” v e .
Vig * Vi = OByt 0+ oy 40 gy b
N | TR
. _ ] e " amosmes + o
2h ("yi-l y1+1\, i ¥ Yy Tz Y
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The truncation error is of order h2, and is

2 b
n" i1 h' v
Y tipYitcooc (6.10)

For the first difference, equation (6.3) evaluated at the left end

point leads to

N |
1o )
oh ( Vit Wit yi+2)

and the truncation error is

n
'..I
H
’—l
D"‘.

N
}.J
<
-3
=
<

o o FREEE AU A R 6.11)

The second differenée, équation‘(6.4) evaluated at the center point,
is equation (6.6). It yields a truncation error of
2 . L ;

h iv ., h vi

P, + s @ .

2% TVt - (6.12)
The second difference, equation (6.4) evaluated at the left end point
gives the truncation error

‘ 5 .
iii | 7h™ _iv 5. v
hy;  tqx ¥y thoyg ot (6.13)

Note from equations (6.10) to (6.13) that while the error for '
both first difference opefators is of order he,'the‘error for the

second difference operator about an end point is of order . h, and
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about the center péint, of order h2. Generally, difference patterns
_with the samevorder,of error are used for more consistent results.

For example, ohe'offthé_first différénce patterns (error of order h2),
vis-noﬁ mixed with the_second differenée'pattern at the'end point
(error of order ‘h), When iﬁconsisfent drder-of error terms are used,

the answers tend toward the more‘inaccuratekﬁerms (ref. 16).

' Difference Operations.

A second method_for obtaining the various finite difference
voperators.isvdifferencing differences. The inverted delta, V,
designates backward diffefenceé, tﬁe normal delta, A, forward
differences and the lower case delta, 5, central differences. Suppose
_the &alués‘ £, = f(xi) of a function f(x) are known at (o + 1)
equidistant points X, =8 + ih ﬁhere i=20,1,2, ===n

(sometimes i is nonintegral)}. On the interval (a, b) h is the

increment hﬁ& and is taken to be positive. For any function f(x)
the differénce'operators A, V, 8 are defined for increment h as

follows

Af, = fi+l - £ | (6.1k4)

VE. =‘f, - £ (6.15)"
i i i-1

f, =T | - f (6.16)
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The differences in equations (6.14) to (6.15) may be extended to

higher order differences by taking the difference of the difference;

- for example

- .
I A(/\fi) - A(fi+l - fi> = f -2, T,
(6.17)
In general
D . _ AfsD-1 ofop-1 D (p-l
AP g ..A(A fi) P _v(v_ fi) 5P = 5(s fi>
P = l, 2
(6.18)
for p=20
A e, =P =8%F, =f, (6.19)
1 1 1 1

Given in equations (6.20a) to (6.22e) are the finite difference

operators that approximate the various order derivatives (including

zero order). Also included are the operators expanded in Taylor series

to obtain truncation error terms.



Forward Differences

Derivative Finite difference pattern Taylor series expansion

i i+l i+2 0 143 i+h

=~ l . = +

Ys 1 ( ) vyi 0

o~ (1 1 _ v 4B "+h2 iif
Vi Thn T ) =7 29178 Y1

".b 1 " iii 7h2 iv
yi “-}1—2-(1 -z : )zyl b+hy1 + 12y1

iz 1 & & ) iv , 5.2 v .
vy hB(—l 3 -3 1 ) =y +tghy] +fbn oy +
yWoRL (1o 6 1) oy senyl+ B2 r2 7
i h i

-8‘[—



‘,‘.Béckward.DifferenCes  :»
°Derivative ,Finite;différenééfpattern Taylor Sefiesfexpansion

'i&vj: %fi S "“:f<‘“»',_1)' (5)

N
. +
s O

=y

'.J

H

l,_l

y, =1 ;é<: ; | ) o g ()

o
.
1

) 1 e ey, et BT o (o

n
]
1
=
+
+

yiV oh v .. .. ()

r\),:. \

1ok 6 ey ieny -2 e (o)

(6.21)

..6'[..



Derivative
i-2
v, =1 (
! 1
v, % ’(
;" ,\,l )
¥y he(_
yii:'L z;L__(
i h5
iv 1
= 1
e

Central Di fferences

Finite difference pattern Taylor series expansion
3, I A R 3 o ‘
iS5 i1 i3 1 i i i+ 1 2 .
: , ! " 1,2 iii
-1 ’ 1 ) =y, * Qh vy ton h i o+ (p)
- ' " 111 | 1 .2 iv
1 -2 1 ) =y; +Ohy; +3pny; + - (e)
S 3 -3 1 ) eyt aony T egnTal - (),
‘ i i
. o
v O
_ iv Lo ooV 1.2 vi :
_h 6 -1 , 1) =y; +0hy f r h ; * (e)
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Forward and backward‘differehces give unilateral expressions for
the derivatives of a function y(xi), which in their simplest form
. ‘'have errors of order h. Central differences, involving pivotal |
points or stations symmetrically;lbcatéd'wiﬁh respect to ’xi, argi
particularly useful in the solution of bouﬁdéry value problems,
reference 3. Note that thé order of error for the centrél difference
operators is h2. Generally, as h approaches zero the central
differences approach the exact valué faster than forward or backward
differences.

The central difference operators‘(6.2éa) to (6.22e) are defined.
at half stations,for odd derivétives. Thesevoperators are regular
’and consistent and may be used successfully in boundar& value
problems.' They will be referred to as "half station" operators.

The linear second order differential equation in the form

L(y) = a (x)y" +a (¥)y' +a, Xy =0(x) (6.23)

cannot be approximated by-the half station operators because the

approximation for second derivative introduces unknowns yi—l, Yy

yi+l and the approximation for first derivative introduces unknowns
y 4 s y 1 This gives too many unknowns for the number of
i-='2- i+§ :

equaﬁions. However, equation (6.23) may be reduced to the form

L(y) = [f(X)y']' + g(x)y = p(x) . (6.24)
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by multiplying by

e O
a (x)
Then
a X a) X
[*9% — dx &
J. a YX o J a
Xo 0 a2 e o Yox (o] b
f=e g: p:._e Q
a : a
e} o}

Equafion (6.34) can be solved by using half station operators.

Averaging Procedure
The central difference operators (6.5) to (6.8) which were
obtainéd from Lagrangé's interpolatioﬁ fofmula,.and whiph do not have
half stations in the_apbroximations for odd order derivatives, can be
obtaihed by aVeraging difference operators. The first averaged or
mean différence‘at i is obtained by taking'the average of the first
vcentral differénce at i—%‘ and i+%*. The operation is symbolized

by the operator p called the averager. The first averaged

difference is

1
wd vy, = 5|8y

1l 1
i T 1 |=5|h (“yi-l * yi) TR (‘Vi * yi+l)

|

1
= 2n ['yi-l ¥ yi+1J | (6.25)
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Similarly the next averaged difference is

v o,
i‘§' i+= 2h
Since the averaged central difference operators are defined only at
in%égral points, that is at whole staﬁiéns, they/shall be referred
to‘as "whole station" operatofs. |

Expanding the whole station operators in a Taylor series to

obtain the first two truncation error terms results in the

following
Derivative Finite difference pattern Taylor series expansion
Vie Yic1 Y1 Yk Y _
P - +
g ~1 1 ) =y; +0 | (2)
L 2h - - =Y 6 Yy
- 2
oon ~l , : "o P__ iv .
Yi N_é- ( -1 =2 1 ) = yi + 12 yl + .. (C)
I ‘
1111 iii . b v
yi =5 (-1 2 0 -2 1) =y{ vy Foc e (4)
2h
iv 1 iv h2 vi
A z-;g (1 -4 6 -k 1) =yy +gv¥v * (e)

(6.26)

This study is concerned with determining and comparing the
accuracy of the two central difference methods both with order of

error he, the half and whole station methods. Also a modified form-
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of the whole station method, in which all derivatives occurring in

the given equation L(y) are approximated, is considered.
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VII. A Method for Determining the Accuracy of the

Central Finite Difference Equations
To study the accuracy of the half station and whole station

methods in second order boundary value problems, the simple problem

L(y) = - (ty")+ gy = p(x) (7.1)

with boundary conditions

on the interval (a,b) is considered.

With h = Eié and X, = a + ih the finite difference method,

applying operator equation (6.16) to equation (7.1), and noting that

"_(fy')'i %[ ()

yields

1. Half Station Method

1 X |
SR TR FUR R ESNE N TR B PR SRS TR FUTT L -TP SR S
h i--2- 1—-2- 1-!—5 i+§
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Using the expanded form of equation (7.1),
L(y) = - £'y" - fy' + gy = p(x) (7.3)

and the operators in equations (6.5), (6.6), the difference equation
for (7.1) takes the form -

2a. Whole Station Method

The derivative f; in equation (7.4) can be evaluated exactly at
the appropriate stations. Another method which can be éonsidered is
,

to approximate f, by equation (6.26b). The result is

2b. Modified Whole Station Method

SR PR 5 Rl o1 oe
T e N i1 ™ty Yy
h
-~ f, .+ F " ’
1.1 7 ti4 N
T n Viqp| v 895 - Py =0 (7.5)
v, =5 Y, = ¥p (1=1,2, " " n~-1)
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,'Noté;that'thekthree sets of finite differenée eQuationé, (7.2);
(7;4),'and (7.5), lead to différentvcoéffiéients féf the simultaneous
'-.equations:in terms of‘thelsame displacéments yi at the ith station.
‘With;a few aSsumptions thefeXis#éﬁcé andnuniqueness-of‘ﬁhe solution of
‘éach'of'thé setsgéf simulténeaﬁs-equatiohs'is‘gStaﬁliShed from a
theorem pfoyedbby Collatzland stated in appendix»A. |

;_:iIf if is assumed that f(x) > 0 and g(x)\z 0, the systems of '
eqﬁatiéns‘<7.2)‘énd (7.5)L§afiSfy the conditiqns of TheOrem.Al (iﬁ |
- addition to fhé‘sign diStribﬁtion,‘the weak roﬁ’sUm criterion is
sétiSfiéd and the matrix of coefficienté is irredupible); hence, a
uniquely determined'soiutionféiiéts‘fbr;éach system for arbitréry ’
bpundary ¢dnditions‘and arbitrary valués of pl.“ For the éetAof |
equations (7.4) the additional assumption that for -
pr

'sétisfies theygonditions.

z..The uéual épprbachvin é fihite differénée acéuracy~study
(réf. 12) is to carry out the numerical solution to a number of
prbblems fbr which the éxacp‘solutionsiqan be obtained ané compare -
‘ the fesulting nﬁﬁericai ansyérs'with thé gxact answers. This
prbcedure was carriedtout for'a'numberbof prbbiems of the tyﬁe of
.équation (7,1) and a table ofarelaﬁive.errpr‘fof a typical’result is
gi&en.in appendixiB. Such.a pfocedure'has_ﬁhekliability that cﬁl-

culations must be redone each time the increment size, h, changes.
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' The root mean square of relative error for three different values of
thé increment h for problems solved is given 1n appendix B.

Conventional means for estimating the error bounds do not give a
satisfactory means of comparison of the different methods since the
errpr'limits eiceed the actual error in magnitude.

To.obtain definitive expressions for error in‘éach method,
independént of increment h, first expand the finite difference
recursion equations (7.2), (7.4), and (7.5) in a Taylor series
expansion about the ith point. For each method this leads to a

differential equation of the form

L, (yi) -p, + n® Ll(yi) + hk Lg(yi) + . .=0 (7.6)

subject to the boundary conditions
Y. =Y - at X = &

The symbols L., L., and L2 are linear differential operators given

G’ "1
by

J‘_Jo (yi) - - (fiyii)' + gy I3 | » (7°7)

and

1l. Half Station Method
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‘ £y, flyth oyt ety
L(y - . ivi 4 i 4 2 i 4 1L i
1( i) ~12 6 8 2k
(7.8a)
, Vi LV o dv 111 111 v, v, '
L B B S G S L W S SR N S L
2(¥1) =\ 7380 120 © 96 1k 380 1920
2a. Whole Station Method
Ly = - +
1( 1) 12 6
(7.8b)
vi v
Lys Ty
Lo(Y1) = -\ 380 " 120
2b. Modified Whole Station Method
; - iv. o, iii 0 3ii
L o 155 R A N s v
1(%:) = 12 6 6
(7.8¢)
vi v o iii i1 v
vy fyyy TV fiyy
: = - + +- +
Lo(¥4) 560° 120 T 120 36

Equation (7.6) and (7.7) together with (7.8a), (7.8b), or (7.8c)
are clearly the differential equation which represent exactly the
finite difference equations. As h approaches zero, equation (7.6)

approaches equation (7.1). The solution to equation (7.6), satisfying
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the appropriate boundary conditions, gives an analytical representation
of the numerical finite difference answers. A closed form solution to
equation (7.6) does not appear feasible since it contains an infinite
number of terms. For a practical problem, however, if the length of
the interval (a,b) is one unit,’h is perhaps 0.1 or 0.0l or even
smaller. This suggests that equation (7.6) can be solved with the
use of perturbations with the parameter taken to be h2.

Let the solution y, to equation (7.6) be taken in the form

2

y; = Y, +hY

l*"" ) (7’9)

Substituting equation (7.9) into equation (7.6) leads to

LO(YO) - p; + 1e [Lo(Yl) + Ll(YO)J b 20 (7.10)

subject to
5 r m
Yo(a) +h Yl(a) + + =0
- -
o [ N
Y L
Yo(b) + h L—l(b) + 0

If each order of error term is solved in sequence, the following

series of problems result.

(1) LO(YO> - D, =0 Y (a) = 0, Yo(b) =0 (7.11)
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(2) LO(Yl) + Ll(YO) -0 Y, (a) = 0, Yl(b)'= 0 (7.12)
(3) - -

Note that since equation (7.1) is linear Y giveﬁ by
equation (Y.li) is in fact the exact solution. From the form of
v it is seeg that Yl .can be intefpreted as the first order error
term in the finite difference results. The magnitude of Yl is,
therefore, a measure of the error in the finite difference results as
compared to the exact answer to the problem. A comparison cf the
error terms Yl resulting»from the different finite differencé
approximations indicates the relative accuracy of the different
approximations.

While errors in the y; are important, errors in numeriéally
obtained derivatives should also be considered for a thorough errof
analysis. Therefore, results were obtéined by usingﬁthe finite:.
difference answers for apprdximafe second derivatives. The second
difference operator was applied to the difference results followed

by Taylor and perturbation series expansions to yield

"o l—___ '
Y72 (yi-l -eyy yi+l)
= i" + nfy" +£l-2— Vol o I ~)+ <o
T 7o 1 12 ( o) 1 ; _
or .
1iv

,
R R 1 (7.13)
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VITI. Application of the Method to Particular Problems

Problems Studied
Using the method described in the previous section, the error

term Yl in equaﬁion (7.9) and the second derivative error term
Yiv
YE + i%e in equation (7.13) have been obtained for a series of

problems for the half station and whole station approximations.
Equation (7.1) has been solved with g =0, p = - 1 for the

following values of f(x)

(1) £(x) = ;H ' for 1Sns6 15x%>2

™

subject to the boundary conditions

¥y(1) =0
y(2) =0
and
(2) f(x) =1 + x° for 1<n<5 0 S‘x s 1
(8.2)
subject to the boundary conditions
y(0) =0
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Physically theee problems might correspond to the problem of laterel
deflection of a string having a uniformly dietributed lateral load
and a variable tension force f(x).

For the case where f(x) is linear (corresponding to .f(x) =1,
X, or 1 + x) the results for the half station and two whole station
finite difference approximatiohs are exactly the same. In fact for
f(i) = 1, all three difference ansﬁers are the exact answer. TFor all
other cases, however, the three difference methods lead to different
results. It is useful to compare the results for the case

f(x) = l? in detail as a typical example.

X

For £(x) = %3 and y(1 ) - y(e) -0

X

__x 5 b 16 |
Y,=-5+Ex -5 (8.3)
and’
1. Half Station Method
Mmook 0 3 86_
Yp=-Ti25 ¥ *g ~150 % o 1125 (8.4)
2a. Whole Stat'ion Method
187 % 4 3 3 2 26
Yl=-ﬂ'5~6x‘+,3x _.3‘6}( +225.
2b. Modified Whole Sﬁation Method
FARE (- S L 1 (8.5)

1 90 3 € * "5
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‘ A.plbt of the.thrée error‘terms 'Yl bver the unit_infervalhis
‘giﬁen‘in figufe 2(b)7 ‘The‘exgct solution, Yo is given inifigure 2(a).
"~ The finite difference solution (7.9) can be obtained to thevfirst two
terms for any désired iﬁcfément: h from figures 2(a) and 2(b) .
Solutions were also obtained fo}.the error terms for all of the
reméining %unctions' f(x) noted ?reviously;iadditional plots of
results énd the exact solution for:the case f(x)‘; 1+ x3, ére
shown in figures 3(a) and B(b); Detailéd pldts bf the reméining
solutions are not shown bécause figures 2(b) ahd_i(b) serve-to
illustrate the character of the results; and ovefall measure of the
relative errors in the'th meth§ds willtbé'shown for ail thé
solutions obtained.

The error terms for:the second derivatives correSpéhding‘to the

different methdds and for the case f(x) = lg are'as follows

, X

1. Half Station Method
: AYiv S . v o
R I N X

1+ 1B 5p X Xt

© 2a. - Whole Station_Method

P (RSP R
Y+ 5= 7 X + 6xv- 55 _ (8.7)

 2b. Modified Whole Station Method -

iv. o » -
oy o §§2+2@_£% o (8.8)

1T 2T
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A.ploﬁ of the error in the second derivative for each of the methods
is given in figure 2(d) for this case and in figure 3(d) for the case

- f(X)‘: 1+ x5

. The exactvsqlufioﬁé Yg are given in figures 2(c)
and 3(c). Again the firgffﬁgo térﬁé of’the finite difference
solution (7.13) can be obtainEd'from these plots for the desired
increment h. Results for ﬁhé reméining functions will be shown
later. |

Numerical calculationé‘were aléo carried out for the deflections
and the second derivatives for the problems cited to determine if the
analytical errors adequately represented the numerical errors. The

data are not included here; however, for h less than about 0.1 all

numerical errors agree with analytical errors to within one percent.

Relative ErrérsyqfrtheTHalffand Whole Stations Methods
While results such as thOSé'éiVegvin figures 2 and 3 are usually
sufficient to identify whiéh 6f:thekmethods is superior for a given
problem, identificationyof the*sﬁpeyior method for specific results is
sometimes difficult. A quantitative‘measure of the relative accuracy
of the methods can be made by.examining the root mean square values of

the errors for the entire soiution, that is

_ : xo+l 5
¥, é\wb/\ Y, dx
: X

e}

for the error in deflectionfanduﬁ
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1 12

- for the error in seeond:derivative, where the integration is over the
unit length from‘avto b. .Thus, tO‘assesslquantitatively the relativeﬂ
merlts of the half station and whole statlon methods for the. various

problems solved the ratios

1,half

?l,whole

e
o lzhalf
Y"

l, whole
have been calculated for eéch;problemzlgThe7results sre~shown-in
figure 4. Ratios for‘the ﬁodifieddforﬁ of the whole station method

compared with the half station method are given in figure 5.

Discuss1on of Results
The results given in flgures 4 and 5 show that for the problems
studled'the‘error in the deflection resultlng from use of the half

station method is less than the error resultlng from the use of the

‘l whole station method. The 1nvest1gatlon of .the accuracy of the

second derivative approximations gives the same result in general}v
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The difference between the two methods is generally less in
calculating the secénd defi&étives of deflections than in calculating
"~ the deflections themselves; moreover, differences in the comparative
error from problem to probiemfare»noticeably less with the second
derivativés than with the défiéctions:

It should be noted that the'ahalytical representation of erfors
shows clearly the danger‘of using ﬁﬁmérical data at a single station
orva féw points td’charagteriée'theferrof in a problem. A typical
case 1s shown in figure 2(d) for S (x) :vig . If comparisons are made
of the second derivativésvnéarithe end.'xxz 1, the whole station
method éppears much more accurate thanAfhe'half station method;
however, figure 4(b) shows clearly that the average error with the
whqle station method is more than tﬁice‘as great.

Reasons fof the'superiorifyvof-thé.half‘stétion method are not
altogether clear, but may include the éymmetry of the matrix of
coefficients in this method. By contrast, the matrix of coeffiéients
assoclated with whole stations,is not symmetric. Matrix symmetry can
be of great value for many numerical procedures associated with
eigenvalue routines and'simultaneous equation solving routines and,
in some cases, is required fct én efficient numerical solution of a

large order system.
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IX. CONCLUSION

A,procedure was developed to determine an analytical expréséion
for the discretization error in a finite difference solution to allow
a direct comparison of methods’ﬁhich:was_independent of the iﬁcrement,
or.mesh size. Using this pfoéedure, avcomparison was made of £he
accuracy of two differenf finite:difference methods for solving
linear second order boundary vaiue problems.

The methods investigatéd were a "half station" method which
_correspon&s to making thé‘finite‘difference approximation before
expanding the derivatives df3function products and a "whole station"
method which corresponds to expanding such products before making the
approximations. Both of these methods are currently in use. Also
invéstigated was an alternate fdrm of the ﬁhole station method in
which known derivatives are aﬁpfoximated'rather than evaluated
exactly. It was found that, forkthe same number of stations, the
a&erage'error in calculated deflection resulting from use of half
station difference approximations was alWays leés than the error
which resulted from the use of the‘ﬁhole station difference
approximations. In some cases this errorAis reduced by an order of
magnitude. It was also found that the alternate form of the whole
station method gave the same or better results than the usual whole
station approximation. The investigation of the accuracy of second

derivatives gave similar results in general.
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X. BIBLIOGRAPHY OF SOME PUBLICATIONS ON NUMERICAL METHODS

Numerous publications cdncefned with the numerical solution of
differential equations'and the accurécy“df these solutions are f@und
. in the literature. Thosé.publications that are useful in the present
study of the accuracy of central finite difference methods for
approximating the solutioﬁ‘of bdundary~value problems in ordinary
differential equations are listed as references in this paper. In
addition a number of publications which are concerned with the numerical
solution of initial vélug.ﬁrdblems, or problems which can be changed to
this type, and the numefigal solution‘of partial differential equatioﬁs
‘are’given in the bibliogréphy;';f |

. The bibliography is arranged in five sections. Included in the
fifstbsection'are publications iﬁ Vhich the theory‘of one or more of
the diffefent methods.for obtaiﬁihg nume?ical solutions is discussed.
'In‘some of these'articleé; dis¢ussion$'on stability, convergence and
acéuracy are included. Tﬁé se¢ond‘ééctioh inc;udes publications in
which the emphasis is‘Placéd oﬁ:érfor estimates and error bounds. The
third section contains publiCapiéns‘which report on the ﬁethods used
to obtaiﬁ épproximate so;utions of particular physical broblems. In
the fourth section are books on methods’of numerical analysis. The
last section contains some‘extensivé biﬁiiographies which cover ﬁhev

- different areas of numerical analysis.
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XIV. APPENDIX A

The following theorem is proved by Collatz (ref. 3, page 4lt).
Theorem A 1. If the coefficients ajk of an n X n matrix A
satisfy the conditions

1. Sign distribution ajj >0, ajk <0 for ¥ik

2a. The weak row-sum criterion

n 20 for j=1,2+ - -n
ajk ,
k=1 > 0 for at least one J

I
<

and 2b. Matrix A is irreducible or instead of 2a and b the
stronger condition

2¢. Ordinary row sum criterion

n

Zk'ajk>o - for "3 =1, - -« . n,
k=1 '

then A is monotonic and det A # 0. Thus a unique solution to

A exists.
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XV. APPENDIX B

The pfoblems named in equations (8.1) and (8.2) were solved
:exactly and numerically by.the half station, whole station, and
modified whole station methods with the increment h equal to 0.25,
0.125, and 0.0625. The relative error R was calculated for each |
method. An example of the table of exact and approximate solubioné
and the relative errors.at several points is given in table I for
the problem -((1 + XB)Y')' = 1. Rather than include similar tables

for each problem, the root mean square of the relative error given by

was found for each method. The root mean square errors for each
method for each increment h are given‘in table IT. After examining':
tables I and IT it is seen that it is sometimes difficult to

determine which method is best for the desired increment h.



TABLE I

TO THE

EXACT SCLUTION, APPROXIMATE SOLUTIONS AND RELATTVE EERORS OF APPROXIMATE SOLUTIONS
EQUATION -((1' +x3) y )' = 1 WITH THE BOUNDARY CONDITIONS y(o) = y(1) =
x Exact | Half station .| ~ Whole station | Modified % Error | 4 Error [ % Error
solution approximation approximation whole station half whole | modified
: - approximation ' ‘whole
0.2500 | 0.08026543. | 0.08105831 0.08220624 0.08255914 0.99 2.42 2.86 -
0.5000 0.09778593 |  0.n9883737 0.10055356 0.10048789 1.08 2.83 2.76
0. 7500 ND.06311073 0.06264571 | 0.06479616 0.06449213 0.85 . 2.67 2.19
0. 1250 0.04804369 0.04814215 | 0.04828157 0.04836306 0.20 0.50 0.66
0.2500 0.08026543 0.08N45303 N.08073254 0.08081650 0:26 0.58 0.69
0.3750 N.09660985 0.09686135 | 0,09723406 0.09727394 0.26 0.65 0.69
N.5000 0.09778593 | 0.09RN4143 0.09844953 0.09843154 0.26 0.68 D.66
0.6250 N.08565525 0.0R5384286 0.08623443 0.086172456 0.24 0.68 0.60
0. 7500 0.06311073 0.06324233 N.N56351694 0.06344181 Y0421 N.64 0.52
0.8750 0.03350850 0403356466 | 0.03370672 0.03365383 0.17 0.59 0.43
0.0625 0.02598403 .1 . 0,7?599588 | 0.02601276 0.02602580 0.05 0.11 0.16°
0.1257 0.04804369 | .  0.04806812 0.04810261 0.04812281 0.08 0.12 N.16.
0.1875 N.06614644 | 0.06618320 | 0.06623503 0.06625746 0.06 0.13 N.17
1 0.2590 0.08026543 0.0RN31322 . 0.08038109 0.081040184 N.06 0.14 .17
7.3125 | 0.09040258 0.09045918 0.09054076 0.09055695 0.C6 D.15 0.17
0.3750 [ 0.09660985 0.09667225 0.0967643? 0.09677411 | 0.06 0.16 0.17
| 0.4375 N.09900592 0.09907062 | - 0.09916924 0.09917180 "0.07 0.16 0.17
0.5000 | 0.09778593 0.79784934 0.09795012. 0.09794555 0.06 0.17 016
N.5625 |  0.09322215 0.09328n98. N.09337940 0.09336861 0.06 0.17 0.16
D.6250 | .D.08565525 0.085706R3 N.0NR579861 0.08578314 n.06 0.17 0.15
" 0.6875 0.07547746 0.07552005 0.07560139 | 0.0755832n 0.06 0.16 0.14
5:7500-] —0.06311073 | 0.76314349 | 0.06321136 | 0.06319264 | 0.05 0.16 0.13
N.8125 0.04898331 0.049006131 0. 04905850 0.04904148 0.05 | 0.15 | 0.12”
0.8750 0.03350850 | 0.N73352252 N0.03355766 | 0.03354449 0.04 0.15 N1l
0. 9375 0.01706786 | 0.n1707413 0.01709166 0.01 708425 0.04 0.14 0.10

19
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' TABLE II

ROOT MEAN SQUARES OF THE RELATIVE ERRORS OBTAINED
IN APPROXIMATING THE EQUATION - (f(x)y')' = 1

£(x) = =
Size of increment, h 1/h4 1/8 1/16
% error using half station method b2 .16 .06
% error using whole station method - 1.69 .65 2k
% error using modified whole station method | 1.29 A6 .16
Size of increment, h _ 1/k 1/8 1/16
% error using half station method .31 .12 Mol
% error using whole station method 3.82 |1.43 .52
% error using modified whole station method JTh CTh .28
f(x) = lg

X .
Size of increment, h ; 1/h 1/8 1/16
% error using half station method .39 | .16 .06
% error using whole station method 5.91 |2.13 ST
% error using modified whole station method 3.93 1.93 .78
f(x) = lﬂ

X _ .
Size of increment, h /4 1/8 1/16
% error using half station method 1.62 .64 24
% error using whole station method 7.43 [2.57 .02
% error using modified whole station method | 12.00 5.52 2.17
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'avl%‘error:using modified whole station method

1
f(X) = —g |
‘181ze of 1ncrement, h /b 1/8 1/16
% error using half station method 3.40 1.34 .50
1% error using whole station method ‘ 8.15 | 2.79 |1.00 |
% error using modified whole station method |28.22 |12.10 L .69
(x) - %
ox .
Size of increment, h 1/% ) 1/8 1/16
% error using half station method 5.67 | 2.24 .83
% error using whole station method 9.01 5;58 1.28
‘% error using modified whole station method |52.40 [22.11 8.55
(x) 1+ x T
Size of increment, h 1/h 1/8 1/16
| % érror_ﬁsing half station method .90 .35 b
| errbr_using_wholéJStation method .90 35 L
% error using mcaifi'ed whole stetion method .90 .35 Jak
£(x) = 1‘} % P o
Size of increment, h /% 1/8 1/16
% error using hélf station method 1.16 A5 A7
% errof using whole station method 3§25 1.23 45
% error using modified whole station method 5.25 1.23 L5
) -1 Ll |
',‘Slze of increment, HJ'VV 1/4 1/8 1/16
% error using half station method 1.69 S 22
% error using wholé<station method k.58 | 1.64 ;58
' b5k | 1.62 | .59

TABLE II.- Continued




- 6l -

f(x) = 1+ o o
Size of increment, h | 1/% | 1/8 1/16
| % error using half station method 2.18 .78 .28
% error using whole station method 5.79 |2.08 .75
% error using modified whole station method | 4.1k [1.35 R
Cf(x) =1 + XSP - ;
Size of increment, h _ 1/ | 1/8 1/16
% errOr‘using ha1f,station_méthdd a2 | .97 .34
% error using whole station method u7;12 --’2;56 .92
‘ 3.05 | .88 51

% error using modified whole station method

TABLE II.- Concluded




Figure 1.- Function y = f(x).

9
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(b) Error termfih:approximatibﬁ'sélutibn independent of increment, h.

Figure 2.- f(x) = 1&50 '
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(¢) Second derivative of exact solution.
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(d) Error term in approximate solution of second derivative independent
: ’ of increment, h.

Figure 2.~ Concluded.
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(d) Error term in approximate solution of second derivative independent
- - of increment, h.

Figuré %.= Concluded.
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AN ACCURACY STUDY OF CENTRAL FINITE DIFFERENCE METHODS
IN SECOND ORDERBOUNDARY -VALUE PROBLEMS
By-.

“Nancy"Jahe Cyrus
ABSTRACT

An achuracy study is made of central finité'differencetmethods )
for solving boundary value prdbléms which aré governed b& second
order differential equations with variable coefficients ieading to
odd order~derivativeé. Three methodé are studied throﬁgh appiications
to selected probléms. ‘Definitive expres$iqﬁsvfor the,?fror'iﬁ each
method are obtained by using Taylor series to derive the differential
e@ﬁatiéns which exactly represgnfgthe finite differeﬁce approximatibns,‘
The resulting differential eéuﬁtiOné aré éccﬁrafely SOiyea by a .li
perturbation technique which yields the error,directly.v A;halfvv
station method, which corresponds to making finite difference
approximations before eipanding derivatives of funéfion products in fhe
diffefential equations; was found su?érior to two whole station méthods

which correspond to expanding such products first.
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