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ABSTRACT: To follow up on the unexpectedly good perform-
ance of several coupled-cluster models with approximate inclusion
of 3-body clusters [Rishi, V.; Valeev, E. F. J. Chem. Phys. 2019, 151,
064102.] we performed a more complete assessment of the 3CC
method [Feller, D. et al.. J. Chem. Phys. 2008, 129, 204105.] for
accurate computational thermochemistry in the standard HEAT
framework. New spin-integrated implementation of the 3CC
method applicable to closed- and open-shell systems utilizes a
new automated toolchain for derivation, optimization, and
evaluation of operator algebra in many-body electronic structure.
We found that with a double-ζ basis set the 3CC correlation
energies and their atomization energy contributions are almost
always more accurate (with respect to the CCSDTQ reference) than the CCSDT model as well as the standard CCSD(T) model.
The mean absolute errors in cc-pVDZ {3CC, CCSDT, and CCSD(T)} electronic (per valence electron) and atomization energies
relative to the CCSDTQ reference for the HEAT data set [Tajti, A. et al.. J. Chem. Phys. 2004, 121, 11599−11613.], were {24, 70,
122} μEh/e and {0.46, 2.00, 2.58} kJ/mol, respectively. The mean absolute errors in the complete-basis-set limit {3CC, CCSDT, and
CCSD(T)} atomization energies relative to the HEAT model reference, were {0.52, 2.00, and 1.07} kJ/mol, The significant and
systematic reduction of the error by the 3CC method and its lower cost than CCSDT suggests it as a viable candidate for post-
CCSD(T) thermochemistry applications, as well as the preferred alternative to CCSDT in general.

1. INTRODUCTION
The coupled-cluster model1−4 is the gold standard of
molecular electronic structure theory, with a growing footprint
in materials5−10 and nuclear11−15 physics. It allows compact
and systematically improvable description of electron correla-
tion in states dominated by a single determinant and serves as
a versatile platform for description of multiconfiguration
electronic states within the reference and the adjacent sectors
of the Fock space.16−18 Inclusion of higher-body correlators
allows for small molecules to rival the uncertainties in
experimentally derived chemical energetics,19−23 with re-
duced-scaling24−29 and adaptive30,31 CC extensions promising
similar accuracy for larger systems.
In practice applications of CC methods utilize heuristic CC-

based models that balance cost and accuracy. A key example of
such a heuristic is the traditional CCSD(T) model32−34 that
combines self-consistent (iterative) treatment of CC 1- and 2-
body correlators (singles and doubles, respectively) with
perturbative (noniterative) treatment of 3-body correlators
(triples) at N( )7 cost, with N proportional to system size.
CCSD(T)’s accuracy for chemical energetics significantly
exceeds35 that of even the best empirical Kohn−Sham density

functional theory (KS DFT) methods,36,37 thus warranting its
much higher computational cost than the N( )4 cost of DFT.
Although CCSD(T) is usually viewed as an economical
approximation to the exact CCSDT model whose cost is

N( )8 , CCSD(T) is often more accurate than CCSDT for
systems well described by a single Slater determinant,38 thus
for many practical uses surpassing the accuracy of CCSD(T)
involves explicit treatment of quadruples, at N( )9 cost39 or
higher. This partially explains why CCSD(T) is indeed a
“sweet spot” in the cost-to-accuracy sense and why the
majority of lower-end thermochemistry models stop at
(T).40−43 Efficient reduced-scaling formulations (asymptoti-
cally reaching linear scaling) of CCSD(T),26,44−46 in
combination with explicit correlation (F12),27,47,48 have

Received: July 11, 2024
Revised: October 14, 2024
Accepted: October 15, 2024
Published: October 31, 2024

Articlepubs.acs.org/JPCA

© 2024 The Authors. Published by
American Chemical Society

9819
https://doi.org/10.1021/acs.jpca.4c04667
J. Phys. Chem. A 2024, 128, 9819−9828

This article is licensed under CC-BY 4.0

D
ow

nl
oa

de
d 

vi
a 

V
IR

G
IN

IA
 P

O
L

Y
T

E
C

H
 I

N
ST

 S
T

A
T

E
 U

N
IV

 o
n 

Se
pt

em
be

r 
22

, 2
02

5 
at

 1
4:

58
:5

8 
(U

T
C

).
Se

e 
ht

tp
s:

//p
ub

s.
ac

s.
or

g/
sh

ar
in

gg
ui

de
lin

es
 f

or
 o

pt
io

ns
 o

n 
ho

w
 to

 le
gi

tim
at

el
y 

sh
ar

e 
pu

bl
is

he
d 

ar
tic

le
s.

https://pubs.acs.org/curated-content?journal=jpcafh&ref=feature
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Nakul+K.+Teke"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Ajay+Melekamburath"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Bimal+Gaudel"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Edward+F.+Valeev"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/showCitFormats?doi=10.1021/acs.jpca.4c04667&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.4c04667?ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.4c04667?goto=articleMetrics&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.4c04667?goto=recommendations&?ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.4c04667?fig=agr1&ref=pdf
https://pubs.acs.org/toc/jpcafh/128/45?ref=pdf
https://pubs.acs.org/toc/jpcafh/128/45?ref=pdf
https://pubs.acs.org/toc/jpcafh/128/45?ref=pdf
https://pubs.acs.org/toc/jpcafh/128/45?ref=pdf
pubs.acs.org/JPCA?ref=pdf
https://pubs.acs.org?ref=pdf
https://pubs.acs.org?ref=pdf
https://doi.org/10.1021/acs.jpca.4c04667?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://pubs.acs.org/JPCA?ref=pdf
https://pubs.acs.org/JPCA?ref=pdf
https://acsopenscience.org/researchers/open-access/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


extended the useful application range of CCSD(T) to
molecules with hundreds to atoms.
Unfortunately CCSD(T), despite often referred to as the

“gold standard” of quantum chemistry, is not sufficient for
practical applications in several scenarios, such as (a) when
high accuracy is needed, such as for predictive chemical
energetics, or (b) when a single determinant is no longer a
good reference. While other N( )7 heuristics exist that can
improve on CCSD(T),49−52 efficient self-consistent treatment
of triples and higher-body correlators is necessary to address
the shortcomings of CCSD(T). The importance of iterative
treatment of triples and higher-body clusters for accurate
chemical energetics for reaching even chemical accuracy (1
kcal/mol) has been long recognized in the design of models for
high-end thermochemistry (HEAT,19,21,22 W3+,20,53 FPD38,54)
protocols. Clearly, to make high-order CC applications
practical it will be necessary to develop adaptive (to control
the accuracy) and numerically efficient (to control the cost)
variants thereof. While such developments are a current
research frontier for many groups,31 a relevant shorter-term
question is whether useful higher-order CC heuristics exist that
allow to reach the ab initio limit more economically.
In the course of designing a higher-order extension of one

such heuristic55 (namely, a distinguishable cluster56 approx-
imation to CCSDT) some of us stumbled on one promising
heuristic, the so-called 3CC method introduced by Bartlett and
Musiał.57 For a small set of molecules the 3CC method was
found to produce correlation energies significantly closer to the
reference CCSDTQ values (obtained at N( )10 cost) than its
parent CCSDT method, while its performance for bond-
breaking was found to be similar to that of CCSDT.
Comparison to other CCSDT approximations (e.g., DCSDT
and pCCSDT, both introduced in ref 55, the former also
introduced independently under name DC−CCSDT in ref 58
and further explored in refs 59,60) was also favorable.
Unfortunately, the original study55 was rather limited in
scope (e.g., only closed-shell systems were considered). The
goal of this study is to assess the performance of the 3CC
method for a larger set of closed- and open-shell systems in the
HEAT benchmark set19,22 (for which definitive reference
energies are available) with an eye toward making accurate
thermochemistry models limited to CC triples more practical.
This article is organized as follows. The formalism of the CC

method and its 3CC heuristic approximation are briefly
recapitulated in Section 2; for a more thorough introduction to
the rich phenomenology of the nCC models and their cousins
the reader is referred to the original literature.57,61 Technical
details of the automated implementation of spin-free and spin-
integrated closed- and open-shell variants of CCSDT and 3CC
methods are described in Section 3. Assessment of the 3CC
method using the HEAT thermochemistry benchmark is
reported in Section 4 and our findings are summarized in
Section 5.

2. FORMALISM
2.1. The 3CC Model. The coupled-cluster wave function is

obtained from the reference determinant |0⟩ by the action of
the exponentiated cluster operator, T̂

Texp( ) 0CC| | (1)

that conventionally includes up to K-body correlators (cluster
operators)

T T T
K

k

K

k
( )

1

=
= (2)

with a k-body correlator defined in standard (non-unitary)
formalism as

T
k

t a1
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1
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(3)

Here we use the standard tensor notation of many-body
quantum chemistry,62,63,1 whereby tensor elements and
operators are written in covariant form, with {sub,super}scripts
denoting {bra,ket} or {annihilation,creation} indices, respec-
tively. In eq 3 replacement operator given in tensor form is
defined in terms of Fermionic creators (a†) and annihilators
(a) as ai d1···i dk

a1···ak ≡ aad1

† ··· aadk

† ai dk
··· ai d1

, hence tensor operator ai d1···idk

a1···ak is
antisymmetric with respect to arbitrary permutations of bra or
ket indices; by convention, the t amplitudes in eq 3 are
similarly antisymmetric. As is traditional, ijk···and abc···will
refer to the spinorbitals present (occupied) and missing
(unoccupied) in |0⟩, respectively. The CC model is defined by
our choice of K in eq 2: K = 2 for CCSD,65 K = 3 for
CCSDT,66 K = 4 for CCSDTQ,67 etc.
In traditional CC, the amplitudes are determined by

projection of the CC Schrödinger equation, Ĥ |ΨCC⟩ = E
|ΨCC⟩, onto the biorthogonal CC excited manifolds, ⟨0|aa d1···a dk
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The CC energy is obtained as

E H0 0= | | (6)

The 3CC model which is our focus here is a member of the
nCC family of models (n = 2, 3, ···) introduced by Bartlett and
Musiał.57,61 The nCC family, one of several known families of
internally corrected68 coupled-cluster methods, were designed
to be exact for an n-electron system (or any number of
noninteracting instances of such systems) by removing from
the CC amplitude equations (eq 4) the contributions quadratic
in 2- and higher-body clusters that have so-called nonhole-
conjoined (NHCJ) structure. Unlike their hole-conjoined
(HCJ) counterparts, the NHCJ counterparts do not contribute
to the cancellation of the energy dependent terms in the
corresponding truncated CI amplitude equations for an n-
electron system. Specifically, for the n = 2 case the following
contributions to the doubles equations are omitted

i
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where g̅i d3i d4

a3a4 ≡ gi d3id4

a3a4 − gi d4id3

a3a4 is the antisymmetrized Coulomb
integral and Âi d1id2

a1a2 is the antisymmetrizer defined as

A f i i a a

f i i a a f i i a a f i i a a

f i i a a

( , , , )

( , , , ) ( , , , ) ( , , , )

( , , , )

i i
a a

1 2 1 2

1 2 1 2 2 1 1 2 1 2 2 1

2 1 2 1

1 2

1 2

+ (8)

There is unfortunately no standard nomenclature for these CC
contributions: the two terms in eq 7 correspond (respectively)
to the diagrams 1(d) and 1(c) in ref 57, diagrams 1 + 2 and 3
in ref 69, diagrams D and C in refs 55,70, and diagrams A + A′
and C in ref 71. Also note that although these diagrams were
involved in the design of the distinguishable cluster (DC)
methods,55,71 a key difference between the DC methods and
the other internally corrected methods mentioned here is that
the former neglect some terms involving bare (nonantisymme-
trized) Coulomb integrals gi d3id4

a3a4 whereas the latter only neglect
terms involving antisymmetrized Coulomb integrals g̅id3i d4

a3a4 (i.e.,
the diagrammatic definition of the former demands Goldstone
diagrams, whereas the rest can be defined using Brandow
diagrams only). For further details see, for example, ref 55.
The motivation for exclusion of the NHCJ terms in nCC

was to find the most compact (hence, economical) and most
CI-like method exact for an n-electron system but preserving
the favorable qualities of truncated CC, namely extensivity and
invariance with respect to unitary rotation of occupied/
unoccupied orbitals in the traditional form. Note that much
earlier Paldus and co-workers motivated the removal of terms
in eq 7 from the doubles equations of CCD by the improved
description of strongly correlated systems; the resulting ACP-
D45 method69 is also known as ACCD method of Dykstra and
co-workers;72 extensions of this idea to CCSD produces the
2CC method and was explored under names ACP(CCSD)73

and ACCSD.74 For the sake of simplicity we refer to all of
these namesakes by its latest name (2CC) to maintain
consistent terminology.
Note, however, that 2CC is not the most compact

approximation to CCSD that is exact for two or more
noninteracting 2-e systems because there are other partial
cancellations between diagrams that can be exploited. For
example, two quadratic terms in the doubles equations not
involved in eq 7 can be linearly combined to eliminate one of
them, as pointed out by Huntington and Nooijen70 in the
design of their parametrized CCSD method, pCCSD(α,β);
namely method pCCSD(0,0) contains one fewer diagram than
2CC and seems to perform better for molecular geometries
(see Table 1 of ref 70) although neither was deemed to be the
most promising variant.75

Like its CCSD parent, 2CC is exact for a 2-electron system,
but unlike CCSD 2CC is not exact for a 2-hole system (e.g.,
hydrogen fluoride in minimal basis); the breaking of this
symmetry also holds for the higher-order nCC variants. While
this “symmetry” was considered in the design of some
internally corrected CC methods,71 its importance is not
obvious, especially for the purposes of computing accurate
electron correlation energies since the exact numerical
treatment of CC necessarily requires V ≫O, with O/V the
number of occupied/unoccupied orbitals in the reference.
The key to the design of the 2CC method is that it can be

systematically applied to CCSDT and higher-rank methods,
yielding 3CC, 4CC, and higher-rank models. Specifically, the

3CC model obtained by eliminating the following terms from
the triples amplitude equation of CCSDT
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(9)

While 3CC is again not the most compact extensive
approximation to CCSDT that is still exact for a 3-electron
system (further diagrammatic eliminations are possible by
using our pCCSDT(0,0,0) method55), its performance in
practice has been found to match or beat that of CCSDT.
Bartlett and Musiał observed it to perform similarly to or better
than the full CCSDT for bond breaking benchmarks57 and for
excited, ionized, and electron-attached states.61 We noted its
systematic (and significant) improvement over CCSDT and
other internally corrected iterative triples CC methods for
correlation energies of several small closed-shell molecules.55

Although formally both CCSDT and 3CC have the same
complexity, namely N( )8 , and for medium and large basis
sets both are dominated by the O V( )3 5 contraction involved
in the evaluation of the particle−particle ladder (PPL)
contribution, there is an important difference in that the latter
does not require evaluation of any nonladder O V( )4 4

contractions. Therefore, even by pure factorization of
Hamiltonian it should be possible to make 3CC significantly
less expensive than CCSDT. We will discuss how to realize an
efficient implementation of 3CC in Section 5 after assessing its
accuracy.

3. TECHNICAL DETAILS
In this work we attempt to assess the performance of 3CC for
computational thermochemistry more fully. To the best of our
knowledge there is no publicly available implementation of
3CC method, and no open-shell reference implementation
thereof has been reported. Thus, the first task was to
implement 3CC model for closed-shell (RHF) and open-
shell (UHF) reference states and with adequate efficiency for
initial testing on systems with up to 10 atoms. Such
development was made possible by several innovations
developed in our group:

• new SeQuant engine for symbolic tensor algebra that
allows to apply Wick’s theorem, symbolically simplify
(e.g., perform spin integrations), factorize, and interpret
(numerically evaluate) the resulting tensor algebra
efficiently using an external numerical tensor algebra
package,

• TiledArray parallel tensor algebra framework76 that
supports efficient representation and manipulations of
block-sparse distributed tensors, and

• MPQC electronic structure package77 that implements
the requisite machinery of electronic structure needed to
implement many-body methods.

These components form a new automated “toolchain” for
rapid development of production-quality implementations of
many-body methods. While TiledArray and MPQC have
been described in some detail elsewhere,76,77 the SeQuant
engine has not yet been described (although its source code,
including the development branches, is public, just like
TiledArray). The key code innovations of SeQuant
and its integration with TiledArray that made this work
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possible will be described elsewhere soon. Meanwhile here we
only briefly recap the toolchain’s essential features.

• Symbolic Operator Algebra. SeQuant can be used for
efficient symbolic manipulation of algebraic expressions
involving tensors over scalar (CC amplitudes, Hamil-
tonian tensors) and operator (normal-ordered second-
quantized operators) fields. Permutational symmetries of
tensors and the resulting topological structure of the
tensor networks are utilized in the course of symbolic
manipulation. Efficient application of Wick’s theorem
brings products of tensor operators to their canonical
form given by a sum of tensor networks, and thus allows
evaluation of vacuum expectation values in eqs 4 and 6.
Wick’s theorem in general produces expressions that
contain redundant (equivalent) terms, thus it is
mandatory to combine them before efficient evalutation.
An efficient colored-graph-based tensor network canon-
icalizer in SeQuant ensures that tensor expressions like
eqs 7 and 9 are reduced to their optimal form.

• Spin Integration. Tensor expressions in spin−orbital
basis (e.g., eqs 7 and 9) can be used directly, but it is
more efficient to perform spin integration symbolically.
Symbolic handling of spin also eliminates the need to
incorporate the additional logic related to spin quantum
numbers in the tensor backend (as done for example in
TCE,78 libtensor,79 and TAMM80). Thus, in the
course of this work we added the necessary symbolic
manipulation capabilities to SeQuant (contained in
SeQuant/domain/mbpt/spin.hpp). The equa-
tions were evaluated in their spin-integrated form for
both closed and open-shell molecules, but for efficiency
the closed-shell equations were transformed into their
biorthogonal form.81−83 Further details of spin integra-
tion will be presented in the forthcoming SeQuant
manuscript.

• Model-Specific Manipulations. The truncated traditional
CC models and their many approximations (e.g.,
CCSDT{1,2,3,4}, CC3, among others), can be specified
fully at the operator level (eqs 4 to 6). nCC models
cannot be specified at the operator level; instead, they
are specified by omission of specific tensor networks
(terms, diagrams). In principle the specific terms that are
omitted in nCC methods (eqs 7 and 9) can be identified
programmatically, however SeQuant lacks generic
pattern matching for tensor networks, thus instead
such methods are implemented by literally subtracting
the corresponding terms (encoded in C++ source as
LaTeX forms of (eqs 7 and 9) and parsed by
SeQuant) from the CC residual equations in their
symbolic form. The analogy with the “Addition by
subtraction···” title of the paper series57,61 introducing
these methods is remarkable.

• Tensor Algebra Interpreter. Instead of compiling tensor
expressions into some form of tensor algebra code
(TiledArray, numpy) SeQuant instead supports
direct interpretation of its representation of tensor
expressions. This allows direct evaluation of the tensor
expressions using TiledArray as the implementation
backend, thereby enabling tensor storage and computa-
tion to take advantage of distributed-memory platforms.
The interpreter evaluates tensor networks (i.e., individ-
ual terms/diagrams in CC equations) by sequences of

binary tensor contractions; the optimal order of
contractions is determined to minimize the FLOP
count, thus guaranteeing the correct asymptotic scaling
(e.g., N( )8 for 3CC and CCSDT). The interpreter also
performs global analysis of all tensor networks involved
in the given set of CC amplitude equations to determine
common subexpressions that appear among them.
Further details of optimization relies of heuristics
whose details will be described in the forthcoming
SeQuant manuscript.

• MO Integral DSL. The SeQuant interpreter invokes
user-provided code that maps tensors in the expression
to its concrete numerical representation as a Tile-
dArray’s distributed array object. To simplify
implementation of the potentially many types of MO
integrals that one encounters in modern many-body
electronic structure methods, especially those involving
explicit correlation84−87 and local correlation,44,88,89

MPQC provides a pseudolanguage for describing AO/
MO integrals, optionally involving density fitting (DF).
This language is used to construct automatically the
integral tensors encountered in the tensor expressions
generated by SeQuant. This greatly simplifies
interpretation of SeQuant-generated tensor expres-
sion; for example, this allows automated refactorization
of equations when using density fitting for approximat-
ing MO integrals as well as lazy on-the-fly DF
reconstruction of MO integrals that significantly
accelerates CCSD on distributed-memory platforms as
we described earlier.90

Implementation of the closed- and open-shell arbitrary
standard CC models as well as nCC models (up to 4CC) has
been developed in the CCk class of the developmental version
of MPQC. The essential point about our development toolchain
is that all symbolic transformations are performed online, i.e.,
during the execution of the user-specified computation task,
not offline during code generation. In combination with the
online interpretation of the tensor expressions this allows
implementation of arbitrary-order CC methods, similar to the
pioneering work of Kallay91 and Hirata92 but using ordinary
dense tensors for storage and computation. Few remaining
technical limitations prevent efficient applications beyond
quadruples, which is for our current purposes is satisfactory.

4. RESULTS
To test our implementation of general and approximate
coupled-cluster methods, we evaluated the total energies of all
species (except H and H2) in the High accuracy Extrapolated
Ab initio Thermochemistry (HEAT) benchmark.19 The HEAT
protocols (original and its refinements21,22) have no empirical
scaling factors or experimental parameters except for the
extrapolation of HF and correlation energies to calculate the
complete basis set values. The HEAT model of the enthalpy at
0K is given by19

E E E E E

E E E E

HEAT HF
CBS

CCSD(T)
CBS

CCSDT
CBS

CCSDTQ

ZPVE REL SO DBOC

+ + +

+ + + + (10)

where the sum of first four terms (ordered in decreasing
magnitude) approximate the exact nonrelativistic electronic
energy and the last four terms (in the order of decreasing
magnitude) account for the contributions from zero-point
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vibrational energy, scalar and spin−orbit relativistic effects, and
adiabatic effects (diagonal Born−Oppenheimer correction),
respectively. In the standard HEAT protocol closed- and open-
shell species use spin-restricted (RHF) and spin-unrestricted
(UHF) reference wave functions, respectively.
This article is focused on accurate estimation of the post-

CCSD(T) correlation energy contributions. These are
accounted by the third and fourth terms on the right-hand
side of eq 10. The former accounts for the difference between
the perturbative treatment of triples in CCSD(T) and their
self-consistent treatment in CCSDT; it is defined as

E E E(fc) (fc)CCSDT
CBS

CCSDT
TQ

CCSD(T)
TQ

(11)

where “fc” denotes the frozen-core approximation (only the
valence electrons are correlated) and “TQ” refers to the
correlation energies obtained with the cc-pVTZ and cc-pVQZ
basis sets93 and extrapolated to the CBS limit via the inverse
cubic formula.94,95 The residual electron correlation effects are
accounted by the quadruples self-consistently incorporated in
the CCSDTQ model

E E E(fc) (fc)CCSDTQ CCSDTQ
D

CCSDT
D= (12)

with “D” denoting the correlation energies obtained using the
cc-pVDZ basis.
In this work we considered whether the 3CC model can be

used to economically approximate the total of high-order
corrections in high-end thermochemistry protocols like HEAT.
Thus, first we examined how accurately the 3CC model can
approximate valence correlation energies and the their
contribution to the molecular atomization energies obtained
with reference high-order models (CCSDTQ and CCSDTQP)
using small (cc-pVDZ) basis sets compared to other models
including triples and quadruples. The comparison leveraged
existing energies for the HEAT data set from ref 96. The
performance assessments for valence correlation energies and
atomization energies are reported in Tables 1 and 2,
respectively, and the corresponding statistics are visualized in
Figures 1 and 2, respectively. Our findings can be summarized
as follows:

• For absolute correlation energies and atomization
energies 3CC is a drastic improvement on both the
cheaper CCSD(T) model and the more rigorous
CCSDT model that has the same N( )8 asymptotic
cost as 3CC. The improvements are systematic, and are
observed for both closed- and open-shell systems.

Table 1. Errors in cc-pVDZ Valence Correlation Energies (mEh) Relative to the CCSDTQ and CCSDTQP Reference Value

E(CCSDTQ) − E(X) E(CCSDTQP) − E(X)

species (T) T 3CC [Q] (Q) (T) T 3CC [Q] (Q) Q
C −0.340 −0.029 0.004 −0.009 −0.007 −0.340 −0.029 0.004 −0.009 −0.007 0.000
C2H2 −1.305 −0.911 0.284 −0.224 0.109 −1.429 −1.035 0.160 −0.348 −0.015 −0.124
CCH −2.543 −0.930 0.070 −0.319 0.048 −2.661 −1.048 −0.048 −0.437 −0.070 −0.118
CF −1.188 −0.522 −0.454 −0.607 0.079 −1.171 −0.505 −0.437 −0.590 0.096 0.017
CH −0.585 −0.075 0.049 −0.035 −0.014 −0.587 −0.077 0.047 −0.037 −0.016 −0.002
CH2 −0.452 −0.081 −0.017 −0.031 −0.009 −0.455 −0.084 −0.020 −0.034 −0.012 −0.003
CH3 −0.521 −0.119 0.018 −0.046 −0.007 −0.527 −0.125 0.012 −0.052 −0.013 −0.006
CN −3.882 −1.405 0.024 −0.278 0.582 −4.065 −1.588 −0.159 −0.461 0.399 −0.183
CO −1.408 −0.951 −0.359 −0.617 0.140 −1.461 −1.004 −0.412 −0.670 0.087 −0.053
CO2

c −1.997 −1.754 −1.185 −1.329 0.318 − − − − − −
F −0.191 −0.116 −0.217 −0.004 −0.005 −0.198 −0.123 −0.224 −0.011 −0.012 −0.007
F2 −1.806 −1.536 −0.902 0.062 0.158 −1.881 −1.611 −0.977 −0.013 0.083 −0.075
H2O −0.617 −0.455 −0.356 −0.019 0.028 −0.632 −0.470 −0.371 −0.034 0.013 −0.015
H2O2 −1.552 −1.280 −0.486 −0.042 0.134 −1.635 −1.363 −0.569 −0.125 0.051 −0.083
HCN −1.431 −1.230 0.019 −0.152 0.202 −1.589 −1.388 −0.139 −0.310 0.044 −0.158
HCO −1.617 −0.930 −0.203 −0.493 0.182 −1.678 −0.991 −0.264 −0.554 0.121 −0.061
HF −0.481 −0.392 −0.512 −0.013 0.020 −0.491 −0.402 −0.522 −0.023 0.010 −0.010
HNO −1.783 −1.470 −0.192 −0.166 0.194 −1.917 −1.604 −0.326 −0.300 0.060 −0.134
HO2 −1.815 −1.110 −0.268 −0.165 0.156 −1.899 −1.194 −0.352 −0.249 0.072 −0.084
N −0.171 −0.041 −0.037 −0.010 −0.009 −0.171 −0.041 −0.037 −0.010 −0.009 0.000
N2 −1.532 −1.457 −0.168 −0.058 0.228 −1.713 −1.638 −0.349 −0.239 0.047 −0.181
NH −0.407 −0.125 −0.075 −0.029 −0.016 −0.410 −0.128 −0.078 −0.032 −0.019 −0.003
NH2 −0.559 −0.223 −0.077 −0.040 −0.006 −0.569 −0.233 −0.087 −0.050 −0.016 −0.010
NH3 −0.584 −0.315 −0.048 −0.041 0.015 −0.603 −0.334 −0.067 −0.060 −0.004 −0.019
NO −1.827 −1.255 −0.204 −0.251 0.214 −1.959 −1.387 −0.336 −0.383 0.082 −0.132
O −0.190 −0.078 −0.105 −0.010 −0.009 −0.193 −0.081 −0.108 −0.013 −0.012 −0.003
O2 −1.921 −1.730 −0.567 0.043 0.178 −2.089 −1.898 −0.735 −0.125 0.010 −0.168
OF −2.104 −0.985 −0.399 −0.282 0.220 −2.166 −1.047 −0.461 −0.344 0.158 −0.062
OH −0.450 −0.259 −0.258 −0.031 −0.010 −0.456 −0.265 −0.264 −0.037 −0.016 −0.006
MAE 1.216 0.750 0.261 0.186 0.114 1.248 0.775 0.270 0.198 0.055 0.061
MaxAE 3.882 1.754 1.185 1.329 0.582 4.065 1.898 0.977 0.670 0.399 0.183
MAEea 0.122 0.070 0.024 0.017 0.011 0.128 0.074 0.026 0.020 0.006 0.006
MaxAEeb 0.431 0.156 0.074 0.083 0.065 0.452 0.176 0.070 0.067 0.044 0.020

aMean absolute error per valence electron (mEh/e).
bMaximum absolute error per valence electron (mEh/e).

cThe cc-pVDZ CCSDTQP energy
not provided in ref 96.
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• Although the performance of 3CC for absolute energies
is worse than that of the more expensive, N( )9 ,
CCSDT[Q] and CCSDT(Q) models, its performance
for atomization energies is close to that of CCSDT[Q]
and only a notch below that of CCSDT(Q).

• Performance of CCSD(T) relative to CCSDT is
reasonably close for closed-shell systems, but for open-
shell systems it is generally worse than CCSDT and
much worse than 3CC across the board.

Clearly, our data suggests that high-end ground-state
thermochemistry models that go beyond CCSDT should use
3CC in its place. A more practically relevant question,
however, is whether lower-end thermochemistry protocols
that go beyond CBS CCSD(T) should aim for the 3CC model

as the highest-end treatment of correlation. To this end we
examined how accurately the CBS 3CC model can
approximate the exact nonrelativistic energy compared to
CBS CCSD(T) and CBS CCSDT. The HEAT electronic
energy (the first 4 contributions in eq 10) was again used as
the reference. Since the latter includes the CBS CCSD(T) and
CBS CCSDT energies as partial summands, the errors of CBS
CCSD(T) and CBS CCSDT are obtained from the HEAT
components (eqs 11 and 12)

E E ECCSD(T)
CBS

CCSDT
CBS

CCSDTQ+ (13)

E ECCSDT
CBS

CCSDTQ (14)

Table 2. Errors in cc-pVDZ Atomization Enthalpies (1 kJ/mol = 1:2625.4976 Eh) Relative to the CCSDTQ and CCSDTQP
Reference Values

E(CCSDTQ) − E(X) E(CCSDTQP) − E(X)

species (T) T 3CC [Q] (Q) (T) T 3CC [Q] (Q) Q
C2H2 1.64 2.24 −0.72 0.54 −0.32 1.97 2.57 −0.40 0.87 0.00 0.33
CCH 4.89 2.29 −0.16 0.79 −0.16 5.20 2.60 0.15 1.10 0.15 0.31
CF 1.72 0.99 0.63 1.56 −0.24 1.66 0.93 0.57 1.50 −0.30 −0.06
CH 0.64 0.12 −0.12 0.07 0.02 0.65 0.13 −0.11 0.07 0.02 0.01
CH2 0.29 0.14 0.06 0.06 0.01 0.30 0.14 0.06 0.07 0.01 0.01
CH3 0.48 0.24 −0.04 0.10 0.00 0.49 0.25 −0.02 0.11 0.02 0.02
CN 8.85 3.51 −0.15 0.68 −1.57 9.33 3.99 0.33 1.16 −1.09 0.48
CO 2.31 2.22 0.68 1.57 −0.41 2.44 2.35 0.81 1.70 −0.28 0.13
CO2 3.35 4.12 2.57 3.41 −0.90 − − − − − −
F2 3.74 3.42 1.23 −0.18 −0.44 3.90 3.58 1.39 −0.02 −0.28 0.16
H2O 1.12 0.99 0.66 0.02 −0.10 1.15 1.02 0.69 0.06 −0.07 0.03
H2O2 3.08 2.95 0.72 0.06 −0.40 3.28 3.15 0.93 0.26 −0.20 0.20
HCN 2.42 3.05 −0.14 0.35 −0.57 2.83 3.46 0.28 0.76 −0.16 0.41
HCO 2.85 2.16 0.27 1.24 −0.52 3.01 2.31 0.42 1.40 −0.37 0.15
HF 0.76 0.72 0.77 0.02 −0.07 0.77 0.73 0.78 0.03 −0.06 0.01
HNO 3.73 3.55 0.13 0.38 −0.56 4.08 3.89 0.48 0.73 −0.21 0.34
HO2 3.77 2.50 0.15 0.38 −0.46 3.97 2.71 0.36 0.59 −0.25 0.20
N2 3.12 3.61 0.25 0.10 −0.65 3.60 4.09 0.72 0.57 −0.17 0.48
NH 0.62 0.22 0.10 0.05 0.02 0.63 0.23 0.11 0.06 0.03 0.01
NH2 1.02 0.48 0.11 0.08 −0.01 1.04 0.50 0.13 0.11 0.02 0.03
NH3 1.08 0.72 0.03 0.08 −0.06 1.13 0.77 0.08 0.13 −0.01 0.05
NO 3.85 2.98 0.16 0.61 −0.61 4.19 3.32 0.50 0.95 −0.27 0.34
O2 4.05 4.13 0.94 −0.17 −0.51 4.47 4.56 1.36 0.26 −0.09 0.43
OF 4.52 2.08 0.20 0.70 −0.61 4.66 2.21 0.34 0.84 −0.48 0.14
OH 0.68 0.48 0.40 0.06 0.00 0.69 0.48 0.41 0.06 0.01 0.01
MAE 2.58 2.00 0.46 0.53 0.37 2.73 2.08 0.48 0.56 0.19 0.18
MaxAE 8.85 4.13 2.57 3.41 1.57 9.33 4.56 1.39 1.70 1.09 0.48

Figure 1. Errors in cc-pVDZ valence correlation energies, per valence
electron, relative to the CCSDTQ reference. Figure 2. Errors in cc-pVDZ electronic atomization enthalpies relative

to the CCSDTQ reference.
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By estimating the CBS limit of 3CC using the same TQ
extrapolation protocol used for CCSDT we obtain the error of
CBS 3CC relative to the HEAT energy as follows

E E E E( (fc) (fc))3CC
CBS

CCSDTQ 3CC
TQ

CCSDT
TQ

(15)

To simplify the analysis we focused on the atomization
energies only (see Table 3). The mean signed and absolute

errors for {CCSD(T), CCSDT, 3CC} are {0.96, 2.00, −0.27}
and {1.07, 2.00, 0.52} kJ/mol, respectively. The maximum
absolute errors (MaxAE) for {CCSD(T), CCSDT, 3CC} are
{6.64, 4.13, 1.44} kJ/mol. Clearly, 3CC at the CBS limit
predicts substantially more accurate atomization energies than
either CCSD(T) or CCSDT. Thus, it is the recommended
post-CCSD(T) heuristic for ground-state thermochemistry.
Since 3CC provided most accurate triples-only absolute
correlation energies and atomization energies when using
with a small (double-ζ) basis, 3CC should be considered to be
the recommended iterative triples heuristic for other uses, such
as the starting point for incorporation of quadruples (e.g., in
the context of the N( )9 CCSDT(Q) model).
Comparison of the CBS data in Table 3 vs its cc-pVDZ

counterpart in Table 2 reveals another puzzle. Whereas in a
small basis CCSD(T) was less accurate than CCSDT, at the
CBS limit CCSD(T) is more accurate on average than CCSDT
(although the maximum error of the former is larger). This
leads to several conclusions. The basis set error of the
difference of CCSDT and CCSD(T) atomization energies is
nonnegligible (1−2 kJ/mol) with the cc-pVDZ basis. The
corresponding basis set error of the 3CC−CCSDT energies is
substantially smaller on average, but still not entirely negligible.
This illustrates that the assessment of various triples-including
models cannot utilize the minimally viable cc-pVDZ basis. Of
course, we also need a more thorough assessment of the basis
set convergence of the effects of quadruples and higher-body
clusters to be able to assess even the triples-including models at
the CBS limit.

5. SUMMARY AND PERSPECTIVE
The 3CC method is an internally corrected approximation to
the CCSDT. We presented an automated implementation of
this method for both closed- and open-shell species and
applied it to the well-known HEAT benchmark data set. The
3CC model, at N( )8 complexity, predicts far more accurate
(in reference to the CCSDTQ and CCSDTQP models)
valence correlation energies and atomization energies than
both the N( )7 complexity CCSD(T) heuristic as well as the
formally more rigorous CCSDT model that has the same

N( )8 complexity. For atomization energies these observa-
tions hold both with smallest viable (cc-pVDZ) basis as well as
in the complete basis set limit. For example, the mean and
maximum absolute errors of CBS CCSD(T), CCSDT, and

3CC atomization energies relative to the HEAT electronic
contribution reference are {1.07, 2.00, 0.52} and {6.64, 4.13,
1.44} kJ/mol, respectively. These findings are in agreement
with our previous study55 that demonstrated that for a small
set of closed-shell systems 3CC produced more accurate
valence correlation energies than CCSD(T), CCSDT, and
DCSDT (also known as DC−CCSDT58). Although further
tests are in order, the current study provides strong hints that
the 3CC model is not only the recommended post-CCSD(T)
heuristic for high-end studies of chemical energetics, but
should be considered as the recommended iterative triples
heuristic more broadly, such as the starting point for
incorporation of quadruples (e.g., in the context of the

N( )9 CCSDT(Q) model).
Although application of a high-end model like 3CC, with its
N( )8 cost complexity, seems hardly practical for more than a

few atoms, there are many viable ways to reduce its cost. For
large basis sets the particle−particle ladder dominates the
formal cost of coupled-cluster methods, and it is now known
how to reduce the formal complexity and overall cost of
ladder-type diagrams even for relatively small systems by
factorization of the Coulomb integral tensor using pseudo-
spectral techniques,97 tensor hypercontraction (THC),98 or
better yet using robust canonical polyadic decomposition
combined with density fitting.99 Factorization of the cluster
amplitudes themselves can lead to further complexity
reductions and lead to realizable savings as shown recently
for CCSDT model.100 Lastly, iterative evaluation of the (T)
correction in the context of PNO-based CC methods suggests
that amplitude sparsification and compression can make CC
methods with iterative treatment of triples, such as 3CC,
practical.
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(27) Pavosěvic,́ F.; Peng, C.; Ortiz, J. V.; Valeev, E. F. Explicitly
Correlated Formalism for Second-Order Single-Particle Green’s
Function. J. Chem. Phys. 2017, 147, No. 121101.
(28) Peng, C.; Clement, M. C.; Valeev, E. F. State-Averaged Pair
Natural Orbitals for Excited States: A Route toward Efficient
Equation of Motion Coupled-Cluster. J. Chem. Theory Comput.
2018, 14, 5597−5607.
(29) Crawford, T. D.; Kumar, A.; Bazanté, A. P.; Di Remigio, R.
Reduced-Scaling Coupled Cluster Response Theory: Challenges and
Opportunities. WIREs Comput. Mol. Sci. 2019, 9, No. e1406.
(30) Lyakh, D. I.; Bartlett, R. J. An Adaptive Coupled-Cluster
Theory: @CC Approach. J. Chem. Phys. 2010, 133, No. 244112.
(31) Xu, E.; Uejima, M.; Ten-no, S. L. Full Coupled-Cluster
Reduction for Accurate Description of Strong Electron Correlation.
Phys. Rev. Lett. 2018, 121, No. 113001.
(32) Raghavachari, K.; Trucks, G. W.; Pople, J. A.; Head-Gordon, M.
A fifth-order perturbation comparison of electron correlation theories.
Chem. Phys. Lett. 1989, 157, 479−483.
(33) Watts, J. D.; Gauss, J.; Bartlett, R. J. Coupled-cluster Methods
with Noniterative Triple Excitations for Restricted Open-shell
Hartree-Fock and Other General Single Determinant Reference
Functions. Energies and Analytical Gradients. J. Chem. Phys. 1993, 98,
8718−8733.
(34) Stanton, J. F. Why CCSD(T) Works: A Different Perspective.
Chem. Phys. Lett. 1997, 281, 130−134.
(35) Mardirossian, N.; Head-Gordon, M. Thirty Years of Density
Functional Theory in Computational Chemistry: An Overview and
Extensive Assessment of 200 Density Functionals. Mol. Phys. 2017,
115, 2315−2372.

The Journal of Physical Chemistry A pubs.acs.org/JPCA Article

https://doi.org/10.1021/acs.jpca.4c04667
J. Phys. Chem. A 2024, 128, 9819−9828

9826

https://doi.org/10.1016/0029-5582(58)90280-3
https://doi.org/10.1016/0029-5582(60)90140-1
https://doi.org/10.1016/0029-5582(60)90140-1
https://doi.org/10.1063/1.1727484
https://doi.org/10.1063/1.1727484
https://doi.org/10.1063/1.1727484
https://doi.org/10.1103/PhysRevA.5.50
https://doi.org/10.1103/PhysRevA.5.50
https://doi.org/10.1103/PhysRevA.5.50
https://doi.org/10.1103/PhysRevB.62.5482
https://doi.org/10.1103/PhysRevB.62.5482
https://doi.org/10.1103/PhysRevB.62.5482
https://doi.org/10.1039/c1cp20609e
https://doi.org/10.1039/c1cp20609e
https://doi.org/10.1038/nature11770
https://doi.org/10.1038/nature11770
https://doi.org/10.1021/acs.jpclett.5b02174?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.5b02174?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.7b00049?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.7b00049?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.3389/fmats.2019.00123
https://doi.org/10.3389/fmats.2019.00123
https://doi.org/10.1103/PhysRevC.69.054320
https://doi.org/10.1103/PhysRevC.69.054320
https://doi.org/10.1103/physrevc.88.054312
https://doi.org/10.1088/0034-4885/77/9/096302
https://doi.org/10.1088/1367-2630/ab66dd
https://doi.org/10.1088/1367-2630/ab66dd
https://doi.org/10.1088/1367-2630/ab66dd
https://doi.org/10.1103/PhysRevLett.126.182502
https://doi.org/10.1103/PhysRevLett.126.182502
https://doi.org/10.1146/annurev.physchem.59.032607.093602
https://doi.org/10.1146/annurev.physchem.59.032607.093602
https://doi.org/10.1146/annurev.physchem.59.032607.093602
https://doi.org/10.1063/1.2982788
https://doi.org/10.1063/1.2982788
https://doi.org/10.1063/1.2982788
https://doi.org/10.1021/cr2001417?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/1.1811608
https://doi.org/10.1063/1.1811608
https://doi.org/10.1063/1.1638736
https://doi.org/10.1063/1.1638736
https://doi.org/10.1063/1.2206789
https://doi.org/10.1063/1.2206789
https://doi.org/10.1063/1.2206789
https://doi.org/10.1063/1.2835612
https://doi.org/10.1063/1.2835612
https://doi.org/10.1063/1.4952410
https://doi.org/10.1063/1.4952410
https://doi.org/10.1063/1.4773581
https://doi.org/10.1063/1.4773581
https://doi.org/10.1063/1.4890002
https://doi.org/10.1063/1.4890002
https://doi.org/10.1063/1.4890002
https://doi.org/10.1063/1.4939030
https://doi.org/10.1063/1.4939030
https://doi.org/10.1063/1.4939030
https://doi.org/10.1063/1.5000916
https://doi.org/10.1063/1.5000916
https://doi.org/10.1063/1.5000916
https://doi.org/10.1021/acs.jctc.8b00171?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.8b00171?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.8b00171?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1002/wcms.1406
https://doi.org/10.1002/wcms.1406
https://doi.org/10.1063/1.3515476
https://doi.org/10.1063/1.3515476
https://doi.org/10.1103/PhysRevLett.121.113001
https://doi.org/10.1103/PhysRevLett.121.113001
https://doi.org/10.1016/s0009-2614(89)87395-6
https://doi.org/10.1063/1.464480
https://doi.org/10.1063/1.464480
https://doi.org/10.1063/1.464480
https://doi.org/10.1063/1.464480
https://doi.org/10.1016/s0009-2614(97)01144-5
https://doi.org/10.1080/00268976.2017.1333644
https://doi.org/10.1080/00268976.2017.1333644
https://doi.org/10.1080/00268976.2017.1333644
pubs.acs.org/JPCA?ref=pdf
https://doi.org/10.1021/acs.jpca.4c04667?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


(36) Kohn, W.; Sham, L. J. Self-Consistent Equations Including
Exchange and Correlation Effects. Phys. Rev. 1965, 140, A1133−
A1138.
(37) Parr, R. G.; Yang, W. Density-Functional Theory of the
Electronic Structure of Molecules. Annu. Rev. Phys. Chem. 1995, 46,
701−728.
(38) Feller, D.; Peterson, K. A.; Crawford, T. D. Sources of Error in
Electronic Structure Calculations on Small Chemical Systems. J.
Chem. Phys. 2006, 124, No. 054107.
(39) Bomble, Y. J.; Stanton, J. F.; Kállay, M.; Gauss, J. Coupled-
Cluster Methods Including Noniterative Corrections for Quadruple
Excitations. J. Chem. Phys. 2005, 123, No. 054101.
(40) Parthiban, S.; Martin, J. M. L. Assessment of W1 and W2
Theories for the Computation of Electron Affinities, Ionization
Potentials, Heats of Formation, and Proton Affinities. J. Chem. Phys.
2001, 114, 6014−6029.
(41) Wood, G. P. F.; Radom, L.; Petersson, G. A.; Barnes, E. C.;
Frisch, M. J.; Montgomery, J. A. A Restricted-Open-Shell Complete-
Basis-Set Model Chemistry. J. Chem. Phys. 2006, 125, No. 094106.
(42) DeYonker, N. J.; Cundari, T. R.; Wilson, A. K. The Correlation
Consistent Composite Approach (Cc CA): An Alternative to the
Gaussian-n Methods. J. Chem. Phys. 2006, 124, No. 114104.
(43) Curtiss, L. A.; Redfern, P. C.; Raghavachari, K. Gaussian-4
Theory. J. Chem. Phys. 2007, 126, No. 084108.
(44) Pinski, P.; Riplinger, C.; Valeev, E. F.; Neese, F. Sparse Maps−
A Systematic Infrastructure for Reduced-Scaling Electronic Structure
Methods. I. An Efficient and Simple Linear Scaling Local MP2
Method That Uses an Intermediate Basis of Pair Natural Orbitals. J.
Chem. Phys. 2015, 143, No. 034108.
(45) Ma, Q.; Werner, H.-J. Scalable Electron Correlation Methods.
5. Parallel Perturbative Triples Correction for Explicitly Correlated
Local Coupled Cluster with Pair Natural Orbitals. J. Chem. Theory
Comput. 2018, 14, 198−215.
(46) Nagy, P. R.; Samu, G.; Kállay, M. Optimization of the Linear-
Scaling Local Natural Orbital CCSD(T) Method: Improved
Algorithm and Benchmark Applications. J. Chem. Theory Comput.
2018, 14, 4193−4215.
(47) Ma, Q.; Schwilk, M.; Köppl, C.; Werner, H.-J. Scalable Electron
Correlation Methods. 4. Parallel Explicitly Correlated Local Coupled
Cluster with Pair Natural Orbitals (PNO-LCCSD-F12). J. Chem.
Theory Comput. 2017, 13, 4871−4896.
(48) Kumar, A.; Neese, F.; Valeev, E. F. Explicitly Correlated
Coupled Cluster Method for Accurate Treatment of Open-Shell
Molecules with Hundreds of Atoms. J. Chem. Phys. 2020, 153,
No. 094105.
(49) Crawford, T. D.; Stanton, J. F. Investigation of an Asymmetric
Triple-Excitation Correction for Coupled-Cluster Energies. Int. J.
Quantum Chem. 1998, 70, 601−611.
(50) Hirata, S.; Podeszwa, R.; Tobita, M.; Bartlett, R. J. Coupled-
Cluster Singles and Doubles for Extended Systems. J. Chem. Phys.
2004, 120, 2581−2592.
(51) Piecuch, P.; Włoch, M. Renormalized Coupled-Cluster
Methods Exploiting Left Eigenstates of the Similarity-Transformed
Hamiltonian. J. Chem. Phys. 2005, 123, No. 224105.
(52) Taube, A. G.; Bartlett, R. J. Improving upon CCSD(T):

ΛCCSD(T). I. Potential Energy Surfaces. J. Chem. Phys. 2008, 128,
No. 044110.
(53) Karton, A.; Rabinovich, E.; Martin, J. M. L.; Ruscic, B. W4
Theory for Computational Thermochemistry: In Pursuit of Confident
Sub-kJ/Mol Predictions. J. Chem. Phys. 2006, 125, No. 144108.
(54) Feller, D.; Peterson, K. A.; Dixon, D. A. A Survey of Factors
Contributing to Accurate Theoretical Predictions of Atomization
Energies and Molecular Structures. J. Chem. Phys. 2008, 129,
No. 204105.
(55) Rishi, V.; Valeev, E. F. Can the Distinguishable Cluster
Approximation Be Improved Systematically by Including Connected
Triples? J. Chem. Phys. 2019, 151, No. 064102.
(56) Kats, D.; Manby, F. R. Communication: The Distinguishable
Cluster Approximation. J. Chem. Phys. 2013, 139, No. 021102.

(57) Bartlett, R. J.; Musiał, M. Addition by Subtraction in Coupled-
Cluster Theory: A Reconsideration of the CC and CI Interface and
the nCC Hierarchy. J. Chem. Phys. 2006, 125, No. 204105.
(58) Kats, D.; Köhn, A. On the Distinguishable Cluster
Approximation for Triple Excitations. J. Chem. Phys. 2019, 150,
No. 151101.
(59) Schraivogel, T.; Kats, D. Accuracy of the Distinguishable
Cluster Approximation for Triple Excitations for Open-Shell
Molecules and Excited States. J. Chem. Phys. 2021, 155, No. 064101.
(60) Neufeld, V. A.; Berkelbach, T. C. Highly Accurate Electronic
Structure of Metallic Solids from Coupled-Cluster Theory with
Nonperturbative Triple Excitations. Phys. Rev. Lett. 2023, 131,
No. 186402.
(61) Musiał, M.; Bartlett, R. J. Addition by Subtraction in Coupled
Cluster Theory. II. Equation-of-motion Coupled Cluster Method for
Excited, Ionized, and Electron-Attached States Based on the nCC
Ground State Wave Function. J. Chem. Phys. 2007, 127, No. 024106.
(62) Harris, F. E.; Jeziorski, B.; Monkhorst, H. J. Contraction
Theorem for the Algebraic Reduction of (Anti)Commutators
Involving Operator Strings. Phys. Rev. A 1981, 23, No. 1632.
(63) Kutzelnigg, W. Quantum Chemistry in Fock Space. I. The
Universal Wave and Energy Operators. J. Chem. Phys. 1982, 77,
3081−3097.
(64) Calvin, J. A.; Peng, C.; Rishi, V.; Kumar, A.; Valeev, E. F. Many-
Body Quantum Chemistry on Massively Parallel Computers. Chem.
Rev. 2021, 121, 1203−1231.
(65) Purvis, G. D.; Bartlett, R. J. A Full Coupled-Cluster Singles and
Doubles Model: The Inclusion of Disconnected Triples. J. Chem.
Phys. 1982, 76, 1910−1918.
(66) Noga, J.; Bartlett, R. J. The Full CCSDT Model for Molecular
Electronic Structure. J. Chem. Phys. 1987, 86, 7041−7050.
(67) Kucharski, S. A.; Bartlett, R. J. The Coupled-cluster Single,
Double, Triple, and Quadruple Excitation Method. J. Chem. Phys.
1992, 97, 4282−4288.
(68) Paldus, J. Externally and Internally Corrected Coupled Cluster
Approaches: An Overview. J. Math. Chem. 2017, 55, 477−502.
(69) Jankowski, K.; Paldus, J. Applicability of Coupled-Pair Theories
to Quasidegenerate Electronic States: A Model Study. Int. J. Quantum
Chem. 1980, 18, 1243−1269.
(70) Huntington, L. M. J.; Nooijen, M. pCCSD: Parameterized
Coupled-Cluster Theory with Single and Double Excitations. J. Chem.
Phys. 2010, 133, No. 184109.
(71) Kats, D.; Manby, F. R. Sparse Tensor Framework for
Implementation of General Local Correlation Methods. J. Chem.
Phys. 2013, 138, No. 144101.
(72) Chiles, R. A.; Dykstra, C. E. An Efficient and Accurate
Approximation to Double Substitution Coupled Cluster Wave-
functions. Chem. Phys. Lett. 1981, 80, 69−72.
(73) Kucharski, S. A.; Bartlett, R. J. Recursive Intermediate
Factorization and Complete Computational Linearization of the
Coupled-Cluster Single, Double, Triple, and Quadruple Excitation
Equations. Theor. Chim. Acta 1991, 80, 387−405.
(74) Piecuch, P.; Toboła, R.; Paldus, J. Approximate Account of
Connected Quadruply Excited Clusters in Single-Reference Coupled-
Cluster Theory via Cluster Analysis of the Projected Unrestricted
Hartree-Fock Wave Function. Phys. Rev. A 1996, 54, No. 1210.
(75) Huntington, L. M. J.; Hansen, A.; Neese, F.; Nooijen, M.
Accurate Thermochemistry from a Parameterized Coupled-Cluster
Singles and Doubles Model and a Local Pair Natural Orbital Based
Implementation for Applications to Larger Systems. J. Chem. Phys.
2012, 136, No. 064101.
(76) Calvin, J. A.; Lewis, C. A.; Valeev, E. F. In Scalable Task-Based
Algorithm for Multiplication of Block-Rank-Sparse Matrices, Proceedings
of the 5th Workshop on Irregular Applications: Architectures and
Algorithms; ACM: New York, USA, 2015; pp 1−8.
(77) Peng, C.; Lewis, C. A.; Wang, X.; Clement, M. C.; Pierce, K.;
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