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Two-dimensional Wakes and Fluid-structure Interaction

of Circular Cylinders in Cross-flow

Wenchao Yang

(ABSTRACT)

The wake of a bluff body is a representative issue in vortex dynamics that plays a central

role in civil engineering, ocean engineering and thermal engineering. In this work, a flowing

soap film was used to investigate the wakes of multiple stationary circular cylinders and of a

single oscillating cylinder. Corresponding computer simulations were also conducted. Vortex

formation of a stationary circular cylinder was analyzed by proper orthogonal decomposition

(POD). The POD analysis was used to define an unsteady vortex formation length, which

suggests a relationship between the vortex formation length of a single cylinder and the

critical spacing of two cylinders in a tandem arrangement. A systematic parametric study of

the wake structure was conducted for a controlled transversely oscillating cylinder. Neural

network and support vector machine codes assisted the wake classification procedure and

the identification of boundaries between different wake regimes. The phase map of the

vortex shedding regimes for the (quasi) two-dimensional experiment qualitatively agrees

with previous three-dimensional experiments. The critical spacings of two identical tandem

circular cylinders in a flowing soap film system were determined using visual inspections of the

wake patterns and calculations of the Strouhal frequencies. The dimensionless spacing was

both increased and decreased quasi-statically. Hysteresis was observed in the flow patterns

and Strouhal numbers. This study appears to provide the first experimental evidence of

critical spacing values that agree with published computational results. The wake interaction

between a stationary upstream circular disk and a free downstream circular disk was also

investigated. With the ability to tie together the wake structure and the object motion, the

relationship between energy generation and flow structure in the simplified reduced order
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model system was studied. The research results find the optimal efficiency of the energy

harvesting system by a parametric study.
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Two-dimensional Wakes and Fluid-structure Interaction

of Circular Cylinders in Cross-flow

Wenchao Yang

(GENERAL AUDIENCE ABSTRACT)

The wake of a bluff body is a classic issue in vortex dynamics that has been the subject of

much research in civil engineering, ocean engineering and thermal engineering. Bluff bodies,

especially circular cylinders, can be found extensively in heat exchangers, cooling systems

and offshore structures. Flow-induced vibration of a bluff body due to the formation of a

wake is an important problem in many fields of engineering. Flow-induced vibration de-

termines the oscillation of flexible pipes that transfer oil from the seabed to the surface of

the ocean, for example [71]. In civil engineering, flow-induced vibration affects the design

of bluff structures in wind such as bridges, chimneys and buildings [62]. Flow-induced vi-

bration caused by vortices being shed from a bluff body is also a promising way to extract

energy from geophysical flows [10]. FIV energy harvesting systems are especially suitable for

slow flow speeds in the range 0.5-1.5m/s which cannot be efficiently harvested by traditional

hydroelectric power technologies. When a pair of tandem cylinders is immersed in a flow,

the downstream cylinder can be excited into wake-induced vibrations (WIV) due to the in-

teraction with vortices coming from the upstream cylinder.

In this work, a flowing soap film was used to investigate the flow-induced vibration of the

downstream cylinder of a tandem pair. With the ability to tie together the wake structure

and the object motion, we investigate the relationship between energy generation and flow

structure in the reduced order model system. The research results find the optimal efficiency

of the energy harvesting system by a parametric study. To get deep physical understanding

of the flow-induced vibration, wake structures of a circular cylinder undergoing controlled

motion and the critical spacing of two identical tandem circular cylinders were also investi-
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gated in this research. These research results can help not only the optimization of energy

harvesting systems based on flow-induced vibration of the circular-cylinder system, but also

will benefit the understanding of wake interactions between multiple bluff bodies such as

schooling fish, natural draft cooling towers and wind turbine farms.
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Chapter 1

Introduction

1.1 Overview

The wake of a bluff body is a representative issue in vortex dynamics that has played a

central role in civil engineering, ocean engineering and thermal engineering. The structure

and dynamics of a vortex wake can change the pressure distribution on the object forming

the wake. Therefore the alternate shedding of vortices can result in periodic forces on the

object, which then induce it to oscillate. This issue of vortex-induced vibration is a classic

problem in fluid mechanics because of many applications from engineering. For example,

this fluid-structure interaction determines the oscillation of flexible tubes that transfer oil

from the seabed to the surface [71]. In civil engineering, vortex-induced vibration also affects

the design of bluff structures in wind such as bridges, chimneys and buildings [62]. Due to

the complexity of wakes for bluff structures both alone and in groups, many issues regarding

vortex street classification, multiple vortex interactions, and fluid-structure interaction are

poorly understood. Previous research results have included theoretical, experimental and

numerical analyses [1, 45, 69]. On the whole, most experiments have been performed in either

a water tunnel or a wind tunnel and are thus three dimensional (3D) [2, 69, 99]. However,

most numerical simulations focus on two-dimensional (2D) flows [45, 55, 67, 72, 89, 97]. This

PhD research focuses on quasi-2D experiments in a flowing soap film and corresponding 2D

simulations. By comparing the present results with previous 3D results from the literature

1



2 Chapter 1. Introduction

[2, 69], the role of 3D effects on the wake patterns of tandem and oscillating cylinders is

evaluated.

Soap film systems have been widely applied to investigate (quasi-) 2D flows [102, 106, 117]

and have been utilized by various research groups for exploring wake structures (see, e.g.,

[22, 88]). Three decades ago, Couder & Basdevant [22] found that a “2P” wake can be

produced in a soap film by in-line oscillation of a circular cylinder. Schnipper et al. [88]

carried out a systematic parametric study of wakes behind a flapping foil and classified

several different wake patterns. The other studies conducted on flowing soap films are closely

associated with this PhD research work and will be fully discussed in the following sections

[5, 43].

For this PhD research work, the experimental systems were developed; a variety of flow

measurements and visualizations were conducted; the wake of one or two circular cylinders

was simulated by a two-dimensional Lattice Boltzman method; and the gathered data was

processed, modeled and analyzed by many scientific methods and algorithms. Chapter 2

introduces the research appoach in this PhD work consisting of the experimental setup,

numerical methods and data analysis algorithms. Chapter 3 illustrates a new definition of

vortex formation length based on POD analysis. Chapter 4 presents the wake structures of

a circular cylinder undergoing controlled motion. Wake structures of two stationary tandem

circular cylinders are shown in Chapter 5. Chapter 6 dicusses flow-induced vibration of the

downstream cylinder of a tandem pair.

The purpose of this PhD research work is aimed in part at revealing the significance of

dimensionality in the wake patterns. Three-dimensional effects can play an important role

in vortex wake dynamics [12, 26, 115]. However, there is both historical [46, 47, 48] and recent

[14, 100] evidence that a two-dimensional model can provide important information about

the structure and dynamics of a vortex-dominated wake and the forces it produces on the
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generating body. Therefore, the fundamental issues are necessary to be understood within

two-dimensional models before substantive progress can be made on a three-dimensional

theory of exotic wake development.

1.2 Vortex formation of a stationary circular cylinder

Although vortex formation in the wake of a single cylinder has been a fundamental subject in

vortex dynamics for many years, the understanding of the wake behind a bluff body remains

incomplete. One of these unknown issues is how a separating free shear layer evolves into the

classical vortex street configuration. von Kármán first conducted the original flow stability

analysis of vortex street configurations and inspired many studies on the instability of a

vortex array [1, 6, 7]. However, these instability analyses did not connect the infinite vortex

arrays with the wake right after the bluff bodies. Thus the physical understanding of the

wake right behind a bluff body and the vortex street formation has been the critial purpose

of many experimental and numerical studies.

Many investigations have been conducted on bluff body wakes in order to estimate the length

and the width of the “vortex formation” region. One definition of the “vortex formation”

length is the distance between the center of the cylinder and the location of the streamline

saddle point (wake stagnation point) in a time averaged field [44, 73, 78, 96] . This “vortex

formation length” definition, which is based on a mean recirculation region in the wake as

shown in Figure 1.1(I), depends on the dimensionality of the flow and the Reynolds number.

Nishioka & Sato [73] found that the formation length at Re = 100 is about 1.9 diameters in a

low-speed wind tunnel. Similarly, Papaioannou et al. [78]’s two-dimensional simulation also

obtained a formation length of 1.9 diameters at Re = 100. Jiang & Cheng [44] confirm that

the formation length is around 2 in their two-dimensional simulation. The variation of the
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Figure 1.1: Definitions of vortex formation of a cylinder wake (Re = 100): (I) mean recircu-
lation; (II) maximum velocity fluctuation

recirculation region length with Reynolds number as predicted by Papaioannou et al. [78]’s

two-dimensional simulation is shown in Figure 1.2. In the low Reynolds number regime (Re <

500), the formation length decreases monotonically with an increase of Re. Papaioannou

et al. [78]’s numerical studies show that the qualitative variation of formation length (based

on mean recirculation region) as Re increases appears consistent with the variation of the

critical spacing of two tandem cylinders in both two- and three-dimensional simulation.

However, the vortex formation length is much smaller than the critical spacing.

Another important definition of the “vortex formation length” refers to the point at which

the velocity fluctuation increases to a maximum [8, 34], as shown in Figure 1.1(II). Figure 1.3

summarizes several definitions of the formation region length from experiments. The results

of Griffin & Ramberg [35] show the position of maximum velocity fluctuation on the wake

centerline. This definition of formation length decreases monotonically from 2.9 to 1.8 with

the increase of Re from 120 to 350.
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Figure 1.2: Vortex formation length and critical spacing as the change of Reynolds number
in two- and three-dimensional simulations. �, three-dimensional reattachment wake; ♦, two-
dimensional reattachment wake; �, three-dimensional co-shedding wake; �,two-dimensional
co-shedding wake; ——,middle distance between L/D of last reattachment wake and first co-
shedding wake of two-dimensional simulations for given Re; − · −, middle distance between
L/D of last reattachment wake and first co-shedding wake of three-dimensional simulations
for given Re; − − ◦ − −, variation of the recirculation region length for a single stationary
cylinder with Re (two-dimensional prediction).

In general, most definitions of vortex formation length decrease with increasing Re for the

low Reynolds number regime (Re < 400). Similary, the critical spacing between two tan-

dem cylinders also decreases monotonically with the increase of Re in a two-dimensional

simulation (see Figure 1.2). However, an exact connection between the formation length of

a single cylinder and the critical spacing of two tandem cylinders has not been determined

[78]. For one part of this PhD work, a new definition of the vortex formation length based

on the unsteady flow is introduced. Proper orthogonal decomposition (POD) was used to

define the maximum and minimum vortex formation lengths, which relate to the maximum

and minimum critical spacing, respectively. The POD reconstruction then decomposed the

spatiotemporal flow field into two individual parts and generated a reduced order model of

the unsteady flow field. The POD analysis provides a direct connection between the new
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Figure 1.3: Vortex formation in the near wake of a circular cylinder as the change of the
distance L/D downstream and the Reynolds number Re. Green & Gerrard [31]: �, formation
of separated area of vorticity, which is eventually partially shed; �, position of vortex center
downstream from the shear stress region and, at same time, the position of maximum vortex
strength. Gerrard [28]: �, the formation region length determined by dye injection. Schaefer
& Eskinazi [87]: +. Nishioka & Sato [73]: ◦, location of maximum longitudinal velocity
amplitude at the fundamental shedding (Strouhal) frequency (off the wake centreline). Griffin
[32, 33]: H. Griffin & Ramberg [35]: N, location of maximum longitudinal velocity amplitude
at twice the shedding (Strouhal) frequency (on the wake centreline).

definition of the vortex formation length and the critical spacing. The POD analysis also

benefits the understanding of the vortex formation process and the wake interaction between

multiple bluff bodies.
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1.3 Wake structures of a circular cylinder undergoing

controlled motion

To better understand vortex-induced vibration phenomena, many researchers have inves-

tigated the controlled vibration of a cylindrical body in a water channel flow, where the

cylinder is effectively translated with a prescribed sinusoidal trajectory relative to the fluid

[69, 105]. Morse & Williamson [69]’s controlled-vibration experiment confirmed that it is

possible to predict the response of a freely vibrating cylinder by employing the force-contour

data from a forced cylinder experiment.

Williamson & Roshko [105] observed a set of different vortex-formation modes, existing

within certain regimes in a plot of normalized amplitude and wavelength of the body motion,

as shown in Figure 1.4 [105]. Among the vortex-formation modes they found were a “2S”

mode representing two single vortices formed per cycle, a “2P” mode meaning two pairs of

vortices formed per cycle, and an asymmetric “P+S” mode comprised of a pair of vortices

and a single vortex in each cycle, as shown in Figure 4.3. The controlled motion data of

recent experiments by Morse & Williamson [68, 69, 70] has already proved to predict steady,

unsteady and transient vortex-induced vibration.

Different from the experimental results, simulation results show another map of the vortex-

shedding regime for controlled motion of a cylinder. Leontini et al. [53] employed two-

dimensional numerical simulations and found no “2P” mode wake pattern, as shown in

Figure 1.5. In addition, the synchronization regime and the wake modes observed within the

synchronized regime were shown to be Re dependent. Leontini et al. [53] conjecture that the

difference with the experimental results is related to the differences in flow dimensionality

and Reynolds number but without any concrete explanation. The obvious reason for the

difference would appear to be the effect of the third spatial dimension in the experiments.
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Figure 1.4: Map of vortex-shedding regimes obtained by Morse & Williamson [69] for 300 <
Re < 3000.

Williamson & Roshko [105] state that the “P+S” mode replaces the “2P” mode when Re <

300. Thus the “2P” mode probably derives from the three-dimensional flow. However, this

conjecture has not been validated by other experimental results.

A similar systematic parametric study of wake structure has been performed for a flapping

foil [88]. Various wakes were visualized by Schnipper et al. [88] in a flowing soap, including the

von Karman vortex street, the inverted von Karman vortex street, 2P wakes, 2P+2S wakes

and novel wakes ranging from 4P to 8P, with variation of the frequency and amplitude of

the oscillation. Mareck et al. [63] also observed the 2P wake in the flowing soap for the wake

of a flexible loop. The flowing soap film has the advantage of effective and economic flow

visualization, which can provide the details of the vortex formation process.

To investigate the role of system dimensionality in the wake structure of an oscillating

cylinder, a variety of experiments were conducted in a flowing soap film tunnel as one part

of this PhD work, as shown in Chapter 4. A systematic parametric study of the wake

structure produced was investigated in the frequency-amplitude-space accessible to the soap
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Figure 1.5: Map of vortex-shedding regimes obtained by Leontini et al. [53] for Re = 300.

film experimental system.

1.4 Wake structures of two stationary tandem circular

cylinders

Classifying the system behavior when a steady cross flow encounters two immersed, station-

ary circular cylinders aligned one behind the other is a classic problem that idealizes the

situation encountered in many engineering applications. A schematic of the basic system

configuration is shown in Figure 1.6(a). Upstream of the cylinders, a fluid with constant

viscosity µ and density ρ is assumed to be moving steadily in the x direction with a uniform

speed U∞. The cylinders both have diameter D, and their centers are separated in the x
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Figure 1.6: Flow past two stationary circular cylinders in tandem arrangement:
(a) Schematic of the tandem cylinder configuration. (b) Probe locations used to determine
Strouhal numbers (white lines). Probe P1 is located at x = 5D and probe P2 at x = 20D.
Both probe areas measure 3× 197 px2. Example spectra are shown from (c) P1 and (d) P2

for the case ` = 3.03 with decreasing spacing in Trial 3 (see details in Chapter 5). The peak
at 23.32 Hz corresponds to vortex shedding; the peak at 120 Hz is from the light source.

direction by a distance s. In general the cylinders may also be separated transversely; here it

is assumed that there is no such offset in the y direction, so that the two cylinders are aligned

in tandem in the direction of the flow. For flow at a given Reynolds number, Re = ρU∞D/µ,

the system behavior can be parameterized by the dimensionless cylinder spacing, ` = s/D;

the gap ratio, g = `− 1, is used in some analyses. This discussion presumes Re & 50 so that

vortex shedding would occur in the flow past an isolated cylinder [103].

Most of the published research results [see, e.g., the reviews by 76, 93, 111, 114, 118] agree

that for steady flow past identical, smooth, tandem, circular cylinders with 50 . Re .

2.5 × 105 there exists a particular value of the dimensionless cylinder spacing, the critical

spacing `c, at which several key flow characteristics change abruptly: the flow pattern in the

gap between the cylinders; the Strouhal number in the wake, St = fD/U∞, where f is the

characteristic frequency; and the lift and drag forces on the cylinders. The critical spacing `c

is sometimes referred to as the drag inversion separation [16] because of the abrupt change
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in drag force. However, there has not been a clear consensus regarding the value of `c.

Several different flow regimes can be identified as a function of the cylinder spacing; the

classification by [114] identifies three basic regimes, although other classifications may be used

[17, 38]. When the two cylinders are very close together, the shear layers that separate from

the upstream cylinder flow past the second cylinder and generate vortices in the downstream

wake. The flow pattern is thus similar to that for a single elongated bluff body [38], giving

the extended body regime shown in Figure 5.1(a,i). For intermediate values of ` < `c,

the shear layers shed by the upstream cylinder reattach on the surface of the downstream

cylinder, giving the reattachment regime shown in Figure 5.1(b,c,h). The reattachment

regime can itself be divided into two regimes consisting of “after-body” reattachment and

“fore-body” reattachment [108, 114]. For all cases with ` < `c, the upstream cylinder does

not shed vortices into the gap region. For ` > `c, in contrast, vortices are shed from the

upstream cylinder into the gap between cylinders, giving the co-shedding regime shown in

Figure 5.1(d–g), which is sometimes referred to as the wake-in-the-gap regime [18]. As ` is

increased to greater than `c, the downstream Strouhal number and the lift and drag forces

on both cylinders increase suddenly and significantly [see, e.g., Figure 5.2 and the reviews

by 76, 93, 111, 114, 118].

For cylinder spacings near `c, bistable behavior has been observed, with the flow switch-

ing intermittently between the reattachment regime and the co-shedding regime [38, 114]. A

computational study at low Re found that this bistable behavior is due to both regimes exist-

ing as stable solutions for a range of spacing values, `c,min ≤ ` ≤ `c,max [67]. Initial conditions

influence which solution appears, giving a hysteresis effect as the system parameters are var-

ied [67, 112]. If, for example, a flow is established in the co-shedding regime with ` > `c,max,

then quasi-statically reducing the spacing until ` < `c,max can maintain co-shedding behavior

for `c,min < ` < `c,max [41, 98]. Conversely, gradually increasing the spacing from ` < `c,min
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can maintain flow in the reattachment regime for `c,min < ` < `c,max. This hysteresis effect

has also been observed when varying the Reynolds number [17, 94, 108, 112].

The published results generally agree that 3 ≤ `c . 5 for 50 . Re . 104 and 3 ≤ `c . 4 for

104 . Re . 2.5× 105. However, there is poor agreement regarding more precise bounds on

`c. At Re ≈ 1.5 × 104, for example, Kiya et al. [50] found 3 ≤ `c ≤ 3.5, Igarashi [38] gave

3.3 . `c . 3.6 [see 38, fig. 16], Xu & Zhou [108] showed 3.5 ≤ `c ≤ 4, and Ishigai et al. [39]

reported 3.8 ≤ `c ≤ 4. There is even disagreement in the detailed values reported by the

same research group: for Re ≈ 105, Zdravkovich [111] showed 3 ≤ `c ≤ 3.5 in their figures 1

and 3, while Zdravkovich [111] showed 3.5 ≤ `c ≤ 4 in his figure 9; curiously, the latter data

is cited as being from Zdravkovich [111].

Some discrepancy in the various results may be explained by the resolution of the data —

a number of studies considered spacing increments of ∆` = 0.5 or larger. Furthermore,

the influence of hysteresis on the results has been investigated inconsistently, having been

considered explicitly by only a subset of the available studies [17, 38, 67, 94, 98, 108]. Those

studies having low levels of background noise and using initial conditions that bias the

flow toward one of the bistable states (such as ramping up the flow speed from rest) may

find only a single transition in the flow behavior at ` ≈ `c,min or ` ≈ `c,max according

to whether the initial condition biases toward the co-shedding regime or the reattachment

regime, respectively. In addition to issues of resolution and solution bias, results are also

known to depend on details such as the free-stream turbulence intensity [58]. For Re > 190

the wake is three-dimensional [16], with complex structures that have a clear influence on

the value of `c [77]. Differences in cylinder end effects and aspect ratio have been given as

possible explanations for discrepancies in the data [94].

This complex dependence of critical spacing on Reynolds number and other system details

motivates focusing attention on 50 . Re . 190, for which the wake is expected to remain
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Experiments

Reference `c method

Huhe-Aode [37] fig. 2 4.5–5.0 water in free-surface towing tank
Ohmi & Imaichi [74] fig. 2 ≈ 5 water in free-surface towing tank
Ohmi et al. [75] 4–5 water in free-surface towing tank
Tasaka et al. [94] fig. 8 ≈ 4.6–5 water in free-surface channel
Wang et al. [98] fig. 10 2.5–6.6 flowing soap film

Computations

Reference `c method

Li et al. [55] fig. 14 ≈ 4 2D finite element method
Sharman et al. [89] fig. 14 3.75–4.0 2D finite volume method
Mizushima & Suehiro [67] figs. 10–12 3.1–3.5 2D streamfunction-vorticity method
Papaioannou et al. [77] fig. 8 3.8–4.0 2D/3D spectral/hp element method
Didier [25] fig. 2 3.95–4.0 2D finite volume method
Mah́ır & Altaç [61] table 5 3–4 2D finite volume method
Lee et al. [52] fig. 6 3.75–4.0 2D finite volume method
Mussa et al. [72] fig. 11 3.25–3.5 2D lattice Boltzmann method
Carmo et al. [17] fig. 6 3.2–3.8 2D/3D spectral/hp element method
Singha & Sinhamahapatra [91] fig. 17 3–5 2D finite volume method
Lin et al. [57] fig. 4 3.5–4 2D lattice Boltzmann method
Jiang et al. [45] fig. 4 3.5–4 2D lattice Boltzmann method
Tu et al. [95] fig. 4 3.5–4 2D finite element method
Vu et al. [97] fig. 6 4–4.2 2D finite volume method

Table 1.1: Previous results for critical spacing, `c, with Re = 100, listed chronologically.
Italicized studies explicitly considered hysteresis effects.
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laminar and two-dimensional [16], as a foundation for understanding tandem cylinder flow

and the critical spacing. A summary of previously published experimental results for Re =

100 is shown in Table 1.1. With one exception, these experiments suggest that 4.5 . `c . 5.

The outlying study by [98] used a flowing soap film system, while all others were conducted

in a three-dimensional system. Huhe-Aode [37] showed the existence of bistable behavior

for 4.5 . ` . 5, although they did not comment explicitly on this phenomenon. Ohmi

et al. [75] focused on wake behavior for large values of ` and thus did not resolve the critical

spacing beyond determining 4 ≤ `c ≤ 5. Tasaka et al. [94] demonstrated hysteresis in the

value of the critical spacing when holding ` fixed and varying the value of Re: they found

4.6 ≤ `c,min ≤ 4.7 when Re is decreased, and `c,max ≈ 5 when Re is increased. The flowing

soap film study by Wang et al. [98] also demonstrated hysteresis in the critical spacing, but

in this study the Re value was held fixed and the cylinder spacing was varied quasi-statically.

They reported `c,max = 6.6 for increasing Re values and `c,min = 2.5 for decreasing Re values,

results that differ significantly from all other studies.

The laminar, 2D flow regime has the added benefit of being accessible to investigation via

a number of computational methods. A summary of previously published computational

results for Re = 100 is shown in Table 1.1. If one assumes that those computational studies

not explicitly considering hysteresis were biased toward determining `c,max [77], these results

can be interpreted as finding 3 . `c . 4 with a reasonable degree of consistency. The most

significant deviation from this range is the study by Singha & Sinhamahapatra [91], which

used the coarse resolution ` = 3, 4, 5. Their results are also somewhat inconsistent, showing

a jump in fluid forces on the cylinders for 3 < `c < 4 and a jump in the shedding frequency

for 4 < `c < 5 [91, figure 17], suggesting that their computations give `c,max ≈ 4.

There is a consistent and significant discrepancy between the experimentally and computa-

tionally determined critical spacing for 50 . Re . 190. Despite this disagreement, several
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recent publications have used the established computational results for fixed tandem cylin-

ders as the basis for code validation prior to performing more complex analyses of oscillating

tandem cylinders [45, 57, 95] or heat transfer from tandem cylinders [61]. In the study

reported here, a flowing soap film was used as a reduced-order experimental model in a

step toward resolving this discrepancy between experimental and computational results. At

Re ≈ 100, flow patterns and Strouhal numbers in a tandem cylinder wake were monitored as

a function of the dimensionless center-to-center cylinder spacing, ` = s/D, for 1.3 ≤ ` ≤ 6.6.

Chapter 5 illustrates the relationship between the longitudinal spacing and wake patterns in

detail.

1.5 Flow-induced vibration of the downstream cylin-

der of a tandem pair

Flow-induced vibration of a bluff body due to the formation of a wake is an important

problem in many fields of engineering. Flow-induced vibration determines the oscillation of

the flexible pipes that transfer oil from the seabed to the surface of the ocean, for example

[71]. In civil engineering, flow-induced vibration affects the design of bluff structures in wind

such as bridges, chimneys and buildings [62]. Flow-induced vibration caused by vortices

being shed from a bluff body is also a promising way to extract energy from geophysical

flows [10]. FIV energy harvesting systems are especially suitable for slow flow speeds in the

range 0.5-1.5m/s which cannot be efficiently harvested by traditional hydroelectric power

technologies. When a pair of tandem cylinders is immersed in a flow, the downstream

cylinder can be excited into wake-induced vibrations (WIV) due to the interaction with

vortices coming from the upstream cylinder. It has been suggested by Assi et al. [3] that the

WIV mechanism is sustained by unsteady vortex-structure interactions that input energy
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into the system as the downstream cylinder oscillates across the upstream wake.

The existing investigations of FIV in the wake of a stationary upstream cylinder focus on the

relationship between the normalized oscillation amplitude A∗ and the reduced velocity λ∗.

Many studies have found that the oscillation amplitude of the constrained transverse motion

increases continuously with increasing reduced velocity [3, 13, 36]. However, the effect of the

longitudinal spacing is rarely mentioned, especially for low Reynolds number. Bokaian &

Geoola [13] did investigate the wake-induced vibration of two circular cylinder with longitu-

dinal separations of 1.09, 1.5, 2, 2.5, 3, 4 and 5 diameters. Their experimental results show

that the transverse vibration continually increases when increasing the longitudinal spacing

for Reynolds number 600 − 6000. Hover & Triantafyllou [36] studied the oscillation of a

compliantly-mounted rigid cylinder, which was towed 4.75 diameters behind a stationary

leading cylinder at Re = 3×104. Wake-induced vibration response of the downstream cylin-

der at relatively large longitudinal separations (from 4.0 diameters to 20.0) was investigated

by Assi et al. [3]. In their experiment, the smallest separation of 4.0 diameters presented

the highest amplitudes of vibration, with increasing amplitude for higher reduced velocities,

while the response for 20 diameters of separation was drastically reduced and more resembles

that of VIV of a single cylinder.

The WIV response for small separation (< 4.0 diameters) at small Reynolds number (Re <

200) is seldom discussed in the existing literature. In contrast, the wake patterns of two

stationary tandem cylinders have been studied systematically and comprehensively [93].

Zdravkovich [113] first introduced the wake pattern classification for two stationary tandem

cylinders. The wake patterns depend on the Reynolds number and the center-to-center lon-

gitudinal spacing. As discussed in Section 1.4, the wakes can be divided into three basic

types of wake interaction patterns: (i) a single bluff-body wake; (ii) shear layer reattachment

at intermediate spacing, also referred to as the “reattachment regime”; and (iii) Karman vor-
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tex shedding from each cylinder at larger spacing, also referred as the “co-shedding regime”.

The investigation of wake structures of two stationary tandem circular cylinders has close

links with the flow-induced vibration of the downstream cylinder of a tandem pair. Inspired

by the research of the two stationary tandem circular cylinders, several basic questions are

addressed in this thesis: To what extent does the motion of the downstream cylinder affect

the wake formed in the gap? What are the differences in wake structure between the two

stationary tandem cylinders and flow-induced vibration of a tandem pair?

In a very small number of studies, researchers have investigated the effect of relatively small

spacing on the oscillation of a downstream object. Jia investigated the response modes of a

flexible filament in the wake of a cylinder in a flowing soap film [43]. A silk filament with 150

µm diameter and 6.2×10−10 Pa m4 bending stiffness was set in the wake of the cylinder with

its leading edge fastened to a cocoon silk fiber with 15µm diameter. Three response modes

of the filament located in the wake of the cylinder were observed in the horizontal soap film

tunnel. When the filament is close to the cylinder, the filament in the wake of the cylinder

produces enough thrust to balance the drag without the support of the silk fiber (P mode).

When the distance between the filament and the cylinder is large, the silk fiber becomes tight

and the filament “slaloms” between the vortex cores shedding from the cylinder (S mode). In

the third mode, the status of the silk fiber changes alternately between tight and loose. The

filament flaps in the flowing soap film while rocking in the streamwise direction (R mode).

The S mode is related to the wake-induced vibration but the R mode corresponds to the

“galloping” response. However, the filament has much smaller transverse dimension than

the cylinder so the downstream filament has no effect on the wake created by the upstream

cylinder. Bandi studied the dynamics of a pendulum made of a rigid ring attached to an

elastic filament immersed in a flowing soap film downstream from a fixed cylinder [5]. In this

system, the string attaching the two cylinders was immersed in the flowing soap film, which



18 Chapter 1. Introduction

has a critical effect on the wakes of the two cylinders. It is valuable to fill in the knowledge

gaps for wake-induced vibration in quasi-2D flow, which is addressed in Chapter 6. Qin

et al. [81] carried out a systematic study of the cross-flow-induced vibration of a spring-

supported circular cylinder with diameter D placed in the wake of a stationary cylinder

having smaller diameter d. The diameter ratio d/D and the longitudinal separations s/d are

varied from 0.2 to 1.0 and from 1.0 to 5.5, respectively. Their experimental results show no

obvious vibration for the same diameter tandem cylinders (d/D = 1.0). The no-vibration

phenomenon is caused by the large mass ratio (m∗ = m/mf = 275) in their experiments.

Thus there is also a need to investigate the flow-induced vibration of two tandem cylinders

for smaller mass ratio (m∗ = O(10)), which is also addressed in Chapter 6.

The final part of the research work covered in this thesis uses a flowing soap film system, with

behavior that resembles two-dimensional hydrodynamics, to experimentally investigate the

wake interaction between a stationary upstream circular disk and a free downstream circular

disk, which acts as a swinging pendulum. In these experiments, the upstream cylinder is fixed

in place, while the downstream cylinder is free to oscillate like a pendulum that is driven by

interactions with the flow, including the wake of the upstream cylinder. The support for the

pendulum does interact with the soap film, in contrast to the system studied by Bandi et al.

[5]. With the ability to tie together the wake structure and the object motion, the relationship

between energy conversion and flow structure was investigated in the reduced order system

for Re ≈ 150. The research results also find several critical longitudinal spacings, which

classify various wake patterns and oscillation modes. The study attempts to answer the

following fundamental questions: Could the wake of upstream disk stimulate the vibration

of the downstream disk in the flowing soap film? How stable is the motion of the downstream

disk induced by wake interaction? To what extent does dimensionality affect vortex shedding

and wake structure? How does the body motion influence flow topology during the vortex
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formation process? Can the forces on the body in an exotic wake be predicted by the wake

structure?



Chapter 2

Research Approach

2.1 Experimental setup

2.1.1 Soap film flow as a proxy for two-dimensional Navier–Stokes

flow

The stability of the flowing soap film is due to the concentration of soap molecules on its

surface, which leads necessarily to an elastic behavior in the film [19]. As the film thins

locally, soap molecules are spread apart, causing the surface tension σ to increase locally,

which in turn generates a restoring force aimed at returning the film to its original surface

area S. This Marangoni effect gives rise to an elasticity EM = S(dσ/dS) for the film.

The significance of these effects in the soap film flow are characterized by the elastic Mach

number, Me = U∞/vM , where U∞ is the film flow speed and vM =
√

2EM/(ρ hf) is the

Marangoni wave speed, with ρ the fluid density and hf the film thickness.

Auliel et al. [4] considered an asymptotic expansion of the soap film governing equations for

moderate values of the elastic Mach number, Me = O(10−1). Their analysis is an extension

of the earlier analysis by [19] for Me � 1, which is applicable for horizontal films with no

background gravity-driven flow. Auliel et al. [4] show that the surfactant concentration Γ

20
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plays the role of pressure, and an asymptotic analysis leads to the equations of motion [4]

Du

Dt
= −∇Γ +

1

Re
∇2u+

1

Fr 2 , (2.1)

where u is the velocity field in the two-dimensional plane of the film and all derivatives are

confined to this plane. Marangoni elasticity induces thickness variations η proportional to

the surfactant concentration [19]:

η =
1 +K∗

K∗
Γ , (2.2)

where η is the thickness variations and K∗ is the virtual thickness of the interface. Thus the

instantaneous Marangoni elasticity causes the thickness variations in the soap proportional

to the pressure field in two-dimensional flow.

Many studies have validated certain features of the flowing soap film as a reduced-order

experimental model of flow at low Reynolds number. Wen & Lin [102]’s experimental results

show that the Strouhal–Reynolds number curve of the flowing soap film at low Reynolds

number (Re < 180) is in good agreement with 2D computational results. Wu et al. [106]

investigated the separation angle of the flow around a circular cylinder in a flowing soap film

for Re < 280. Their experimental data are in excellent agreement with their 2D numerical

simulations. Other studies of the soap film are closely associated with this PhD research

work and will be discussed in the following sections and chapters below [5, 43, 88, 107].

2.1.2 Soap film setup

The soap film tunnel is an excellent experimental platform for visualizing the two-dimensional

wake of a bluff body. The experimental setup of the soap film has evolved over decades.

Couder first used the soap film to investigate two-dimensional vortex streets and two-
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(c)(b)(a)

Figure 2.1: Three types of soap film setup: (a) An obstacle is dragged through a suspended
horizontal stationary soap film [21, 22, 22]; (b) Suspended horizontal flowing soap film driven
by a pulling mechanism [9, 29]; (c) Vertical flowing soap driven by grativty. (Figure from
Rutgers et al. [86])

dimensional turbulence [21, 22, 22]. In these experiments, the bluff bodies were towed to

produce wakes in a horizontal stationary soap film as shown in Figure 2.1(a). Gharib &

Derango [29] developed a soap film setup where the film flows through a channel, similar

to a tranditional water tunnel. The device includes one rectangle frame, one soap solution

reservoir and a film-pulling mechanism. The motion of the soap film in the frame is driven

by the contact action of a water jet as shown in Figure 2.1(b). Kellay et al. [49] modified the

soap film device to a vertical flowing soap film driven by gravity. The soap film was formed

between two parallel guide wires and the flow was perpetually supplied from the top soap

solution reservior, as shown in Figure 2.1(c).

The soap film devices used for this PhD research are illustrated in Figure 2.2 and Figure 2.3.

Some of work was conducted using a gravity-driven, vertically flowing soap film, as shown

in Figure 2.2. The soap film, flowing from top to bottom, is developed between two parallel

nylon guide wires (diameter 1 mm, spacing 10 cm). The nylon wires are tensioned by a spring

and stretched by 4 horizontal pull lines (0.3 mm) to form a 10 cm by 1 m channel test section

where the experiments are performed. The soap film has a 67 cm long triangular expansion
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Figure 2.2: Schematic of the vertical soap film setup
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Figure 2.3: Schematic of the inclined soap film system.
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section and a 43 cm long triangular contraction section. The soap solution for the soap

film is 1 − 4% Dawn EscapesTM dish soap in water. The differences in concentration were

assigned to adjust the soap film thickness and Reynolds number. The solution is pumped

to a top reservoir which has an overflow mechanism to maintain a constant pressure head

at the valve so the average flow speed will be controllably stable. For experiments in this

vertical film, the flow speed ranges from 1.5 m/s to 2.4 m/s. The one or two cylinders are

penetrated perpendicularly through the flowing soap film.

Other experiments were conducted in an inclined soap film to enable lower flow speeds. A

schematic of the gravity-driven inclined soap film system is shown in Figure 2.3. A valve

at the outlet of the reservoir provides control of the volumetric flow rate. A soap film is

developed between two nylon guide wires (with diameter 1 mm) that are tensioned at the

bottom of the system by a spring. The guide wires are separated by four horizontal nylon

pull lines (with diameter 0.3 mm) to form a 58 cm long triangular expansion section, a 10 cm

wide by 1 m long rectangular test section, and a 56 cm long triangular contraction section.

The expansion section is inclined 57◦ from the horizontal axis, the test section has a 14◦

inclination angle, and the contraction section has a 68◦ inclination angle. The flow speed

ranges from 0.6 m/s to 1.2 m/s in the inclined system. The inclination angle of 14◦ in the test

section was the minimum angle for which out-of-plane displacement of the film by gravity

was fully obscured by the nylon guide wires when viewed from the side. In this configuration

the curvature of the film surface is approximately 0.4 m−1, which we consider to be negligible.

The gravity-driven soap film system follows closely the designs of Jia & Yin [42, 43] and

Wang et al. [98]. The overall dimension of the soap film systems is always 5-10 cm wide

and over 2 m long [42, 86, 88, 98]. The large aspect ratio was designed to give small channel

expansion angle and contraction angle. A large expansion angle would result in the separation

of the center fluid jet from the channel walls, and then the flow would wander laterally in an
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Figure 2.4: The interference fringes of the wake pattern for one circular cylinder. The circular
disk is located at left side of the image. The soap film flows from left to right. The support
mechanism appears as a light colored strip at lower left of image.

unstable fashion [86]. The diameters of the obstacles in the soap film were below 7 mm so the

blockage ratios were smaller than 8% for all experiments. Therefore no blockage correction

was used in any of the data analysis [3, 101].

2.1.3 Flow visualization

Flow visualization was the experimental method used to investigate the wake structures.

Three low-pressure sodium lamps (wavelength 589 nm, Philips SOX 180W), which were

wired to each phase of the alternating current power, were employed to illuminate the soap

film. The phase delay gives an essentially constant power transfer to the illumination sys-

tem. Therefore, the intensity of the monochromatic light does not vary significantly with

the alternating electric current, giving a consistent illumination. The thickness of the film

changes with the flow speed. Vortices are shed from the cylinder in the form of film thickness

variations. Dark and bright fringes become visible on the film under the monochromatic light

from the sodium lamps. A high-speed camera (Falcon 4M60, Teledyne DALSA) recorded

the optical interference between the front and back surfaces of the film.

The actual frequency of the intensity’s variation is 120Hz because of the light source, while
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(a) (b)

Figure 2.5: Trajectories of the seeding particles. Time interval between (a) and (b) is 1/300
second.

the vortex shedding frequency is below 80Hz. The minimum framerate in the experiments is

170Hz and the resolution of the image under this framerate is 2352×600 px2. The maximum

framerate used in the experiments is 380Hz and the resolution of the image for this framerate

is 2352×260 px2. An example of a vortex wake in the system is shown in Figure 2.4. The

exposure time during the experiments is 0.5− 3 millisecond.

2.1.4 Speed, thickness, viscosity, force and measurements

By tracking the trajectories of seeding particles, the distances they traveled downstream per

unit time were measured to calculate the flow speed. That is, the speed measurement used

here was a simplied particle tracking velocimetry (PTV) approach. One white light source

(Elinchrom Modeling Lamp, EL23006) was placed behind the soap film, and the diffraction

patterns of the seeding particles were visualized in the soap film and recorded by the high

speed camera, as shown in Figure 2.5. Titanium oxide powder (diameter 0.2µm) and hollow

glass spheres (diameter 10µm) were used as seeding tracers in the soap film. The results

show that there is no difference in the calculated flow speed between the two types of seeding

particles. PTV measurements were made at the end of each experimental test to avoid having

seed particles interfere with the wake visualization.

By measuring the volumetric flow rate and the flow speed simultaneously, we estimated
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the film thickness for the 10 cm wide test section. The film thickness was in the range of

hf = 2.25 − 3.37µm for various speeds in the experiments. This range agrees with Rutgers

et al. [86]’s thickness measurements. Wu et al. [107] developed an infrared technique for

measuring the thickness of a flowing soap film. The technique is based on the absorbtion of

infrared light by the water molecules in the film. Due to the complexity of the measurement,

this technique has not been widely applied. However, Wu et al. [107]’s experimenal results

show that the film thickness is basically uniform in the center area of the channel and

decreases slightly near the guide wires [107]. Thus a laminar flowing soap film such as used

in this PhD research is expected to have a reasonably uniform film thickness in the center of

the channel. The mass of the soap film volume having the same cross-sectional area as one

circular disk was calculated as

mf =
1

4
πρDd

2hd. (2.3)

Thus the mass ratio between one circular disk and the soap film with same cross-sectional

area is m∗ = mD/mf .

Direct calculation of the Re value for a flowing soap film experiment is difficult owing to

the challenges in determining an appropriate value for kinematic viscosity [85]. The effective

viscosity µf for the soap film can be determined by [22]

µf = µb + 2
µsS
hf
, (2.4)

where µb is the bulk viscosity of the soap solution, µsS is the surface Poise of the two superficial

layers and hf is the thickness of the soap film. However, the thickness was only roughly

estimated using the volumetric flow rate in the current experiments, so another method

was applied to determine the effective viscosity. Gharib & Derango [29] proposed using the

Strouhal number for flow past an isolated cylinder to estimate the Reynolds number in a soap
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Flow parameters Re St
D [mm] U [m/s] measured predicted measured predicted

4.4 0.74 100.1 0.1667

3.5 0.74 81 76.4 0.1521 0.1551
5.5 0.74 124 125.0 0.1774 0.1771

Table 2.1: St–Re relationships for the inclined soap film system. Predicted Re values were
found using measured St values in the functional relationship (2.5) from Williamson & Brown
[104]. The base case with D = 4.4 mm was used to estimate ν = 3.27 × 10−5 m2/s, which
was then used to calculate the measured Re values for D = 3.5 mm and 5.5 mm. Predicted
St values were found using measured Re values in (2.5).

film. Wen & Lin [102] showed that the Strouhal–Reynolds number curve for a cylinder in a

soap film is in good agreement with established results [103]. We used this same approach

to determine the Reynolds number in our experiments. For each test run, St was measured

for flow past an isolated cylinder. Using the St–Re relationship from [104],

St = 0.2731− 1.1129 Re−1/2 + 0.4821 Re−1, (2.5)

each St value was then converted into a Reynolds number. Table 2.1 shows the difference in

Strouhal number between the measured value from single cylinder experiments and the St-Re

relationship introduced by Williamson and Brown [104]. The film viscosity was calculated

based on the wake of a single cylinder in the flow for Re = 100. With the same value of

film viscosity, the Stouhal number for the Reynolds number of Re = 81 and Re = 124 were

compared between the measured value based on the vortex shedding frequency and the value

calculated by the St-Re relationship, as shown in Table 2.1. Results show that the measured

Strouhal number agrees well with the value calculated by the St-Re relationship, and the

discrepancies are always within 2%.

For the research presented in Chapter 6, a micro-cantilever laser-mirror sensor system was

used to measure the force induced on a downstream ring by the wake of an upstream cylinder,
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Figure 2.6: Schematic of force measurement
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as shown in Figure 2.6. The force measurement system follows closely the design of Jia &

Yin [43]. A thin fiber passed through the inner hole of the ring, and the ends of this fiber

were connected to two cantilever beams. A millimeter mirror was adhered to the tip of one

of the two beams. The millimeter mirror reflected an incident laser beam onto a screen. The

location of the reflected laser beam spot correlates with the cantilever beam’s bending, which

is related to the force exerted on the beam. The horizontal component of the force comes from

the lift of the downstream ring, and the vertical component is associated with the drag of the

downstream ring. Two high speed cameras were synchronized to simultaneously record the

transient wake and the trajectory of the laser spot. The force measurement was calibrated,

and the results show that the methodology can attain a precision of 0.1 µN, the same as Jia

& Yin [43]’s calibration results. The linear fitting of the calibration measurements is shown

in Figure 2.7. The linear slope is 6.76µN/pixel with 99.6% confidence.

2.2 Numerical method

2.2.1 Lattice Boltzmann Method

A code based on the lattice Boltzmann method was implemented to simulate the two-

dimensional flow around circular cylinders. This method has been widely applied to unsteady

and multi-component flows [45, 54, 110]. The popular BGK model of the Boltzmann equa-

tion with the single relaxation time approximation was used for the numerical simulation

[11]:

fi(x + ei∆t, t+ ∆t)− fi(x, t) = −1

τ
[fi(x, t)− f eqi (x, t)], (2.6)
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where ∆t is the time step, τ is the relation time, and fi(x, t) and f eqi (x, t) are the density

distribution function and local equilibrium distribution function in ith direction of the phase

space, respectively. The D2Q9 model was used here to simulate two-dimensional incompress-

ible viscous flow. For this model, the velocity vector in phase space was discretized in nine

directions:

ei =


(0, 0), i = 0,

c[cos(i− 1)π/2, sin(i− 1)π/2], i = 1− 4,

√
2c[cos(2i− 1)π/4, sin(2i− 1)π/4], i = 5− 8,

(2.7)

where c = ∆x/∆t is the lattice speed and ∆x is the lattice spacing. The equilibrium equation

in Eq. 2.6 for the D2Q9 model is in the form of

f eqi (x, t) = ρwi

[
1 +

3

c2
ei · u +

9

2c4
(ei · u)2 − 3

2c2
u · u

]
, (2.8)

where the weighting factors wi are:

wi =


4/9, i = 0,

1/9, i = 1− 4,

1/36, i = 5− 8.

(2.9)

The macroscopic fluid density ρ and the momentum ρu can be determined by:

ρ =
∑
i=1

fi (2.10)
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and

ρu =
∑
i=1

fiei. (2.11)

The sound speed in the mode is cs = c/
√

3 and the fluid pressure p for the model is evaluated

as:

p = ρc2s. (2.12)

The viscosity in the NS equation derived from Eq. 2.6 is

ν = (τ − 1/2)c2s∆t. (2.13)

For the standard Lattice Boltzmann method, the time step is equal to the space step so we

have ∆x = ∆y = ∆t. Thus the viscosity of the fluid becomes

ν = (2τ − 1)c∆x/6. (2.14)

A multi-block grid refinement method, which offers a way to satisfy different resolution

requirements in the near wall region and in the far field, was adopted to improve numerical

efficiency [27, 109]. The ratio of lattice spacings in the two-grid system was defined by

m = ∆xc/∆xf , (2.15)

where c refers to the coarse grid and f refers to the fine grid. With the purpose of keeping
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a consistent viscosity for the overall flow field including different lattice sizes, the relation

between the relaxation times, τc, on the coarse grid, and τf , on the fine grid, must meet the

following requirement:

τf =
1

2
+m(τc −

1

2
). (2.16)

In order to keep the variables and their derivatives continuous across an interface between

two different grids, the probability density function of Eq. 2.8 in the neighboring grid blocks

must obey the following rule:

f eq,ci (x, t) = f eq,fi (x, t). (2.17)

Thus, the non-equilibrium part of the distribution function must satisfy:

(1− 1

2τc
)fneq,ci (x, t) = (1− 1

2τf
)fneq,fi (x, t), (2.18)

or

fneq,ci (x, t) = m
τc
τf
fneq,fi (x, t). (2.19)

Therefore, we obtain the relationship for the probability density function in the neighboring

grid blocks as

f ci = f eq,fi +
mτ c
τf

(f fi − f
eq,f
i ), (2.20)
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Figure 2.8: Discrete velocity vector for the D2Q9 lattice model

f fi = f eq,ci +
τf
mτ c

(f ci − f
eq,c
i ). (2.21)

The numerical simulations in this work used the same lattice space ratio (m = 2) for all grid

blocks and the mesh was refined 3 times from the far-field to the near wall region as shown

in Table 2.2. The simulation used a rectangular computational domain with stream-wise

dimension (−107D, 323D) and transverse dimension (−107D, 107D) with the upstream

cylinder located at (0, 0). The grid was refined gradually from the far field and finally

became finest for the inner-most block, which contains both the upstream cylinder and the

downstream cylinder. The inner block had a size of 16D×8D and the upstream cylinder was

located at 4D downstream of the block’s upstream boundary, as shown in Figure 2.9. The

initial condition was set as the incoming uniform flow U∞ of the upstream far boundary. The

side boundaries of the computational domain used the Neumann velocity boundary condition

∂u/∂nF = 0, where nF indicates the unit vector in the boundary normal direction. The

downstream far boundary condition was set as ∂u/∂t + U∞∂u/∂x = 0. Bouzidi et al.

[15]’s boundary treatment for a curved wall (i.e. a stationary cylinder) was applied in the

simulations. This boundary condition satisfies the no-slip condition to second order.
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Figure 2.9: Schematic of grid refinement configuration: the grid is refined once between the
outer block and inner block, and the lattice spacing ratio is 2. Mesh scheme is D/δx = 8 for
the inner block

Grid number Computational domain
External block 5, 325, 648 430D × 214D
First refinement block 2, 414, 680 144D × 72D
Second refinement block 1, 097, 848 48D × 12D
Third refinement block (innermost block) 563, 313 16D × 8D
Total 9, 401, 489

Table 2.2: Grid number and computational domain
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2.2.2 Numerical validation

First, we performed a grid-dependent verification by simulating the flow past two stationary

tandem cylinders with a spacing L/D = 6.0 at a Reynolds number Re = 100 using different

spatial resolutions. The mean drag coefficient C̄D, the root-mean-square drag coefficient

CD,rms, the root-mean-square lift coefficient CL,rms, and the Strouhal number St of the

downstream cylinder were computed as shown in Table 2.3. Four values of lattice densities

(D/∆x = 16, D/∆x = 32, D/∆x = 64, D/∆x = 128) were chosen for the grid-dependent

investigation. It is obvious that as the mesh is refined, the results tend to become grid-

independent. The results show that a minimum mesh size of ∆x/D = 1/64 is good enough

for this simulation. Balanced by the computational efficiency, a ∆x/D = 1/64 minimum

mesh size was finally selected in the simulations.

Downstream cylinder St

C̄D CD,rms CL,rms

Mesh scheme 1 (D/∆x = 16) 0.5462 0.0560 0.8944 0.1477

Mesh scheme 2 (D/∆x = 32) 0.5447 0.0536 0.8846 0.1483

Mesh scheme 3 (D/∆x = 64) 0.5440 0.0533 0.8831 0.1489

Mesh scheme 4 (D/∆x = 128) 0.5441 0.0533 0.8830 0.1489

Table 2.3: Grid-dependent study for flow over two tandem cylinders (L/D = 6) at Re = 100

The accuracy of the algorithm was also validated by applying it to the flow past a stationary

circular cylinder at a Reynolds number Re = 100. Table 2.4 summarizes the results of our

current simulation and previous research on the mean drag coefficient C̄D, the root-mean-

square drag coefficient CD,rms, the root-mean-square lift coefficient CL,rms, and the Strouhal

number St. Results show that the current computed force coefficient and Strouhal number

agree well with many previous simulations, and the discrepancies of the results between the
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present simulations and the previous research are always within 5%.

Force coefficient St
C̄D CD,rms CL,rms

Present 1.347 0.007 0.236 0.166
Park et al. [79] 1.33 – 0.235 0.165
Kravchenko [51] 1.32 – 0.222 0.164
Meneghini et al. [64] 1.37 – – 0.165
Shi et al. [90] 1.318 – 0.222 0.164
Mittal [66] 1.322 – 0.226 0.164
Sharman et al. [89] 1.33 0.006 0.23 0.164
Stalberg et al. [92] 1.32 – 0.233 0.166
Posdziech & Grundmann [80] 1.325 – 0.228 0.164
Papaioannou et al. [78] – – – 0.170
Li et al. [56] 1.336 – 0.228 0.164
Wang et al. [98] 1.48 – – –
Qu et al. [82] 1.319 – 0.225 0.165
Yuan et al. [110] 1.352 0.006 0.226 0.164

Table 2.4: Numerical values of St, C̄D, CD,rms and CL,rms for one single cylinder at Re = 100

Table 2.5 summarizes the results from flow past two tandem cylinders with various spac-

ings for the current simulation and previous research. The mean drag coefficient C̄D, the

root-mean-square drag coefficient CD,rms, the root-mean-square lift coefficient CL,rms, and

the Strouhal number St of both the upstream cylinder and the downstream cylinder were

determined to be as shown in Table 2.5 when the normalized spacing L/D ranges from 2.0

to 8.0. The results of Sharman et al. [89] and Didier [25] seem most consistent with the

present study. The numerical method of Sharman et al. [89] and Didier [25] was the dis-

cretization of the 2D Navier–Stokes equations while the present simulation used the D2Q9

model of the Bhatnagar–Gross–Krook (BGK) scheme. Results show the current computed

force coefficient and Strouhal number agree with the previous results using different numer-

ical algorithms, and the discrepancies between the results of the present simulation and the

previous research are always within 5%.
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Upstream cylinder Downstream cylinder St

C̄D CD,rms CL,rms C̄D CD,rms CL,rms

L/D = 2.0

Present 1.148 0.0000 0.003 -0.090 0.0000 0.013 0.120

Mizushima et al. (2005)[67] 1.196 – 0.024 -0.043 – 0.006 0.125

Sharman et al. (2005)[89] 1.168 0.0000 0.007 -0.088 0.0000 0.027 0.123

Didier et al. (2007)[25] 1.127 0.0003 0.005 -0.076 0.0000 0.021 0.130

Mussa et al. (2009)[72] 1.178 0.0011 0.008 -0.076 0.0018 0.041 0.124

Lin et al. (2013)[57] – – – – – – 0.128

Jiang et al. (2014)[45] – – – – – – 0.128

Tu et al. (2015)[95] 1.180 – 0.006 -0.075 – 0.022 0.122

Yuan et al. (2015)[110] 1.166 0.0000 0.003 -0.088 0.0000 0.011 0.120

L/D = 3.0

Present 1.126 0.0001 0.009 -0.027 0.0013 0.079 0.111

Sharman et al. (2005)[89] 1.111 0.0014 0.023 -0.023 0.0084 0.182 0.110

Didier et al. (2007)[25] 1.104 0.0009 0.011 -0.022 0.0015 0.084 0.114

Papaioannou et al. (2008)[78] 1.16 – – 0.05 – – 0.116

Mussa et al. (2009)[72] 1.170 0.0025 0.065 0.078 0.0110 0.277 0.115

Wang et al. (2010)[98] 1.25 – – -0.06 – – –

Lin et al. (2013)[57] – – – – – – 0.117

Jiang et al. (2014)[45] – – – – – – 0.117

Tu et al. (2015)[95] 1.157 – 0.012 0.000 – 0.113 0.115

L/D = 4.5

Present 1.259 0.0148 0.298 0.714 0.1238 1.034 0.151

Didier et al. (2007)[25] 1.261 0.0105 0.292 0.759 0.1290 1.060 0.151
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Wang et al. (2010)[98] 1.41 – – 0.91 – – –

Tu et al. (2015)[95] – – 0.308 – – 1.088 –

L/D = 8.0

Present 1.259 0.0084 0.242 0.569 0.0518 0.739 0.154

Sharman et al. (2005)[89] 1.300 0.0073 0.243 0.599 0.0507 0.777 0.160

Didier et al. (2007)[25] 1.249 0.0065 0.225 0.633 0.0507 0.797 0.158

Mussa et al. (2009)[72] 1.308 0.0062 0.256 0.631 0.053 0.805 0.158

Wang et al. (2010)[98] 1.42 – – 0.74 – – –

Lin et al. (2013)[57] – – – – – – 0.163

Jiang et al. (2014)[45] – – – – – – 0.162

Tu et al. (2015)[95] 1.327 – 0.247 0.679 – 0.843 0.163

Table 2.5: Numerical values of St, C̄D, CD,rms and CL,rms for two tandem circular cylinders
at Re = 100

2.3 Data analysis methodologies

2.3.1 Proper orthogonal decomposition

Proper orthogonal decomposition (POD), first used by Lumley [59, 60] to investigate co-

herent structures in turbulence, is a reduced order modeling technique based on eigenvalue

transformations. The POD analysis in this PhD research work was conducted on the fluctua-

tions of flow property q(x, t), which is the mean fieldQmean(x) subtracted from the full field.

The POD method works for various properties of the fluid, such as flow velocity, pressure,

density, and temperature. The fluctuating flow property q(x, t), as a function of space and

time in N snapshots, is then reshaped to a matrix
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Q = [q1 q2 ... qN ]. (2.22)

The next step is to create the autocovariance matrix for Q,

K = QQT , (2.23)

where the T superscript means transpose of the matrix Q. The matrix K is symmetric and

positive and can be represented by an eigenvalue problem:

KAi = λiAi, (2.24)

where Ai are the eigenvectors and λj are the eigenvalues. The eigenvalues sort in descending

order, with the first POD modes containing most of energy of the flow field. The eigenvectors

give an eigenbasis for the POD modes,

φi =

∑N
n=1Ai,nqn

||
∑N

n=1Ai,nqn||
, (2.25)

where Ai,n is the nth component of the the ith eigenvector of the POD modes. The pro-

jection of the fluctuation of the flow field onto the POD modes defines the time-dependent

coefficients,

an = ψTqn, (2.26)

where ψ = [φ1 φ2 ... φN ].With the help of the POD repesentation, the spatial distribution of

the flow field is decoupled from the time evolution. Thus the reconstructed flow field, which

represents a reduced order model of a spatiotemporal variable function q(x, t), is determined
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Figure 2.10: Orthogonality of POD analysis: (I) simulation for Re = 100; (II) experiment
for Re = 148

by

q(x, t) =
N∑
n=1

an(t)φn(x). (2.27)

Figure 2.10 presents the orthogonality of the POD analysis. In Figure 2.10, the horizon-

tal axis is the time-dependent coefficient of the first mode while the vertical axis is the

time-dependent coefficient of the second mode. Figure 2.10(I) shows the results of the 2D

simulation at Re = 100 and Figure 2.10(II) displays the results of the soap film experiment

at Re = 148. The ideal a1-a2 curve should be elliptic, with a1 close to zero when a2 has

maximum magnitude, and vice versa. The time-dependent coefficients of the 2D simulation

in Figure 2.10(I) give an exact elliptic geometry. Limited by the framerate, the a1-a2 curve

in Figure 2.10 for the experimental data shows a large random deviation, but the overall

configuration is similar to an elliptic shape.
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2.3.2 Machine learning

Mitchell [65] provided a widely quoted definition of machine learning: “A computer program

is said to learn from experience E with respect to some class of tasks T and performance

measure P if its performance at tasks in T, as measured by P, improves with experience E.”

One of the popular machine learning algorithms is the artificial neural network (ANN), which

attempts to mimic a biological brain. The neural networks can “learn” to implement tasks

without being programmed using detailed procedures. An ANN consists of connected units

or nodes called artificial neurons. Each connection, similar to the brain synapses, can pass

a signal from one artificial neuron to another. An artificial neuron that obtains a signal can

process it and then inform additional artificial neurons connected to it. The learning process

of ANN is an optimization procedure: minimization of the cost functions on a training set of

examples. Cost functions show the discrepancy between the predictions of the model being

trained and the actual problem instances. The training set is a set of examples used to fit

the optimization parameters (e.g. weights of connections between neurons in ANN) of the

model [84].

For Chapter 4, a neural network model was used to automate the wake classification by

image recognition. Colvert et al. [20] used a neural network to classify vortex wakes using

the vorticity field. In this PhD research work, the training examples came from the images

of the high-speed flow visualization videos. Each training example was 188 pixel by 75

pixel gray-scale image (resized from 600 pixel by 1500 pixel). One floating point number

normalized by 255 represented the gray-scale intensity at each pixel position. The 188× 75

grid of pixels was then reshaped into a 14100-dimensional vector. The number of training

examples was 14795 while the total frames of the high speed videos was 1183000. Therefore

the training examples only contain 1.25% of the total frames. Each image vector constitutes

a single row in a data matrix X so the dimension of the matrix X is 14795 by 14100.
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Figure 2.11: Neural network model.

Index Wake pattern
1 2P wake
2 2S wake
3 Coalescing 2S wake
4 Perturbed von Karman wake
5 P+S model
6 Unsynchronized wake
7 Off-plane vibration

Table 2.6: Index of wake classification

Input layer Hidden layer Output layer
14100 300 7

Table 2.7: Neural network configuration
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The other part of the training set is a 14795-dimensional vector y, which indexes labels for

the training sets as shown in Table 2.6. Each neuron is a logistic unit in the learning process.

The logistic operation was performed in three layers: input layer, hidden layer and output

layer. In this learning process, the input layer has 14100 units, the hidden layer contains

300 units, and the output layer comprises 7 unit as shown in Table 2.7. For the input layer,

the activation (input signal of neuron) a(1) is the intensity vector x. The mapping from the

input layer to the hidden layer is:

z(2) = Θ(1)a(1), a(2) = g(z(2)), (2.28)

where g is the sigmoid (logistic) activation function defined by:

g(z) =
1

1 + e−z
. (2.29)

Θ(j) is the matrix of weights controlling function mapping from layer j to layer j + 1. The

mapping between the hidden layer and the output layer is also based on the sigmoid activation

function:

z(3) = Θ(2)a(2), a(3) = g(z(3)) = hθ(x). (2.30)

The training process is to find Θ(1) and Θ(2) so that hθ(x) is close to y (the index of the

different wake patterns). The difference between hθ(x) and y is described by the cost function
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J(Θ). For the neural network, the cost function is defined as [30]:

J(Θ) = − 1

m

[ m∑
i=1

K∑
k=1

y
(i)
k log(hθ(x

i)k) + (1− y(i)k ) log(1− hθ(xi)k)
]

+
λ

2m

L−1∑
l=1

sl∑
i=1

sl+1∑
j=1

(θ
(l)
ji )2,

(2.31)

where m is the number of the training sample, L is the total number of layers in the network,

sl is the number of units in layer l, and K is the number of classes in the multi-class

classification. For this wake classification process, we have three layers (L=3) and 7 different

wake patterns (K = 7). The regularization parameter λ is used to avoid over-fitting. The test

data set contains 4930 frames (0.42% of the total frames). Using the final Θ(1) and Θ(2) from

the training process, the accuracy of the prediction for the test data set (distinct from the

training set) is 95.72% for this image classifier. The image classifier was then used to predict

the wake patterns for 845 runs (1400 frames per each run). For each run, we computed the

“probability” that it belongs to each class using the trained neural network classifier. The

prediction picked the class for which the corresponding neural network classifier output the

highest probability and returned the class label (1, 2,..., 7) as the prediction for this run.

A Support Vector Machine (SVM) algorithm was used in Chapter 4 to find the boundaries

between the different classes. The SVM is a maximum margin classifier, which determines

the largest separations, or margins, between multiple classes. Figure 2.12 shows several

possible boundaries: H1 does not separate the classes; H2 is a small margin classifier; and

H3 is a large margin classifier. SVM is a maximum margin classifier as H3 in Figure 2.12.

In addition to the linear classifier as shown in Figure 2.12, SVMs can efficiently conduct

a non-linear classification using what is called the Gaussian kernel [83]. The Binary SVM

offered by MATLAB is the SVM classifier used in this research. Figure 2.13 illustrates the

non-linear decision boundary determined by the Gaussian kernel SVM for a repesentative

example problem.
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Chapter 3

Vortex formation of a stationary

circular cylinder

In this chapter, a new definition of vortex formation length based on POD analysis for steady

flow past a stationary circular cylinder is introduced. As described in Section 1.2, the exact

connection between the existing definitions of formation length of a single cylinder (like a

mean recirculation region in the wake or the position of maximum velocity fluctuation on the

wake centerline) and the critical spacing of two tandem cylinders has not been determined.

Thus it is necessary to introduce a new definition that associates closely with the critical

spacing of two tandem cylinders. POD analysis was conducted on both the 2D simulation

results and the soap film experimental results. The first several POD modes take up the

majority of the energy of the wake structures, so a reduced order model consisting of several

POD modes is capable of predicting the spatial distribution and time evolution of the vortex

shedding and propogation. In this application of POD analysis, the variable q(x, t) is the

intensity distribution I(x, t) in the images of the soap film experiment. In contrast, the

variable in the POD analysis of the 2D simulation results is the pressure field p(x, t) and the

stream-wise velocity u(x, t). The intereference fringes on the soap film are directly related

to the thickness variation, which is proportional to the local pressure in our soap film. So

the pressure field in the 2D simulation is best suited for comparison with the soap film flow

visualization results. The POD analysis is performed using MATLAB with double precision

47
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as described in Chapter 2. POD reconstruction of the pressure field was then used to show

the difference between this reduced order model and the unsteady pressure field.

3.1 Unsteady vortex formation length based on POD

analysis

3.1.1 POD analysis of 2D simulation

The wake of one circular cylinder was simulated by the lattice Boltzmann method described

in Section 2.2. The 2D code was initially developed by Li & Lu [54], upgraded to three-

dimensional flow and used to simulate the wake pattern of a three-dimensional flapping

plate [54]. The LBM method has been widely applied to unsteady and multi-component

flows [45, 54, 110]. As described in Section 2.2, the D2Q9 model was used to simulate

two-dimensional incompressible viscous flow. Bouzidi et al’s boundary treatments for a

curved wall was applied in the simulation [15]. This boundary condition satisfies the no-slip

condition to second order. A multi-block method, which offers a way to satisfy a different

resolution requirement in the near wall region and the far field, was adopted to improve the

numerical efficiency [27, 109]. The Reynolds numbers for the simulations in this chapter

range from 60 to 300.

The existing definitions of the “vortex formation length” were also investigated for the two-

dimensional simulation. Figure 1.1(a) shows the mean recirculation region defined by the

streamlines of the mean velocity field. The formation length based on this definition is

approximately Lr/D = 1.9 for Re = 100 in the present simulations, which agrees with

Papaioannou et al. [78]’s two-dimensional simulation. The velocity fluctuation with changing

stream-wise location is illustrated in Figure 1.1(b). The maximum fluctuation of the stream-



3.1. Unsteady vortex formation length based on POD analysis 49

Modes

E
n

e
rg

y

0 2 4 6 8 10
­0.05

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

(I)

T/T
ref

T
im

e
­d

e
p

e
n

d
e

n
t 

c
o

e
ff

ic
ie

n
ts

0 2 4 6 8

­0.2

­0.15

­0.1

­0.05

0

0.05

0.1

0.15

0.2

a1

a2

a3

a4

(h)

(b)

(b)

(c)

(d)

(g)

(e)

(f)

(g)

(i)

(h)

(c)

(a)

(a)

(d)

(e)

(f)

(i)

(II)

Figure 3.1: POD coefficients of the unsteady pressure field for Re = 100: (I) POD energy
for each mode; (II) The first four time-dependent coefficients

wise velocity is located at L/D = 2.83 for Re = 100. Therefore the vortex formation length

corresponding to the maximum velocity fluctuation Lf/D is 2.83 for Re = 100 in the present

simulations. Table 3.1 summarizes the vortex formation length behind a single cylinder based

on various definitions for 60 ≤ Re ≤ 300. The vortex formation length for high Reynolds

number is always smaller than that for low Reynolds number no matter what definition is

used for the formation length.

The fluctuating part of the pressure field was used in the POD analysis. Figure 3.1(I) shows

the POD mode energies of the 2D simulation for Re = 100. The first two modes take up

86% of the total energy and the first four modes occupy 99% of the total energy. The time-

dependent coefficients of the first four modes (a1 − a4) are plotted in Figure 3.1(II). The

amplitudes for the time-dependent coefficients of the first two modes (a1, a2) are around

0.2 while the amplitudes for the time-dependent coefficients of the third and fourth modes

(a3, a4) are less than 0.08. The fluctuating frequency of a1 and a2 is the same as the vortex

shedding frequency, and the frequency of a3 and a4 is twice that of the vortex shedding

frequency. The phase difference between the four modes are clear in Figure 3.1(II) because
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Re Lr/D Lf/D Lp,max/D Lp,min/D Lu,max/D Lu,min/D
60 2.58 5.30 4.30 3.22 4.40 3.02
80 2.15 3.55 3.97 3.00 3.38 2.09
100 1.90 2.83 3.38 2.47 3.15 2.05
150 1.53 1.69 3.22 2.35 3.18 2.38
230 1.25 1.23 2.60 1.98 2.92 2.20
300 1.24 1.09 2.59 1.92 2.60 2.05

Table 3.1: Vortex formation length based on 2D simulation: Lr/D is the vortex formation
length based on mean recirculation region, Lf/D is the formation length defined by the
position of maximum velocity fluctuation on the wake centreline, Lp,max/D is the maximum
formation length based on POD analysis of pressure field, Lp,min/D is minimum formation
length based on POD analysis of pressure field, Lu,max/D is the maximum vortex formation
length based on POD analysis of stream-wise velocity, and Lu,min/D is the minimum vortex
formation length based on POD analysis of stream-wise velocity

of the orthogonal decomposition.

The first four modes of the fluctuating pressure field are shown in Figure 3.2. The POD

modes are shown for a spatial domain (0.5D, 12D)× (−2D, 2D). Two different regions are

easy to recognize from the mode plot: the vortex formation region (having a strong pressure

variation over a short distance) and the vortex street region (having a regular distribution of

vortices of approximately the same magnitude). The zero contour lines of the pressure field

shown as dark dash-dot lines in Figure 3.2(a) and (b) help define the boundaries between

the two regions. The horizontal coordinates of the intersections between the zero contour

lines and the centerline were labeled by blue long-dash lines in Figure 3.2(a) and (b). From

the POD mode plots, the vortex formation length is determined by the distance between

the center of the circular cylinder and the blue long-dash lines in Figure 3.2. According to

this definition, the vortex formation length from mode 1 is around 3.38D while the vortex

formation length from mode 2 is around 2.47D. The maximum vortex formation length of

a single cylinder, based on POD mode 1 at Re = 100, is 3.38D; after adding the cylinder

radius, this POD value is quite close to the critical spacing for two tandem cylinders (i.e.,

(L/D)c ≈4) during the increasing spacing scenario (which will be discussed in Chapter 5).
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Similarly, the minimum vortex formation length based on mode 2 is 2.47D; after adding

the cylinder radius, this POD value is quite close to the critical spacing for two tandem

cylinders (i.e., (L/D)c ≈3) during the decreasing spacing scenario (will also be discussed

later in Chapter 5). In this approach, POD mode 1 defines a maximum vortex formation

length and POD mode 2 defines a minimal vortex formation length.

The POD analysis of the steam-wise velocity is illustrated in Figure 3.3. The POD plots of

the steam-wise velocity also show two vortex formations corresponding to mode 1 and mode

2, respectively. The maximum vortex formaton length determined by the POD analysis

of the u velocity is 3.15D and minimum vortex formaton length determined by the POD

analysis of the u velocity is 2.05D. Both of these two formation lengths are smaller than

those determined by the pressure field.

The POD analysis was also conducted for Re = 150. In this case, the maximum vortex

formation length Lp,max is 3.22D and the minimum vortex formation length Lp,min is 2.35D.

It appears that the vortex formation length decreases with an increase of Reynolds number.

Table 3.1 and Figure 3.4 summarizes the vortex formation length from the POD analysis with

the change of Reynolds number. The vortex formation lengths from the pressure field agree

with those from the stream-wise velocity in the cases Re = 60 , Re = 150, and Re = 300.

However, the differences become larger for other cases such as Re = 80 and Re = 100. The

vortex formation length determined by the pressure field decreases monotonously with an

increase of Reynolds number similar to the definition based on the mean recirculation region

and the definition based on maximum velocity fluctuation. Thus it is more reasonable to

use the POD analysis of pressure field to determine the vortex formation length instead of

the POD analysis conducted on the stream-wise velocity.

The POD reconstruction helps provide a physical understanding of an unsteady vortex for-

mation length. Figure 3.5 shows nine snapshots of the reconstructed pressure field and the
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Figure 3.2: First four modes of the pressure field:(a)mode 1; (b) mode 2; (c) mode 3 and (4)
mode 4 (Re = 100)

Figure 3.3: First four modes of the stream-wise velocity field:(a)mode 1; (b) mode 2; (c)
mode 3 and (4) mode 4 (Re = 100)

Reconstruction (Mode 1 + Mode 2)
(a) T/Tref = 0.3125 L/D = 2.4
(b) T/Tref = 1.0703 L/D = 2.92
(c) T/Tref = 1.8281 L/D = 3.43
(d) T/Tref = 2.5859 L/D = 3.93
(e) T/Tref = 3.3438 L/D = 2.41
(f) T/Tref = 4.1016 L/D = 2.93
(g) T/Tref = 4.8594 L/D = 3.41
(h) T/Tref = 5.6172 L/D = 3.90
(i) T/Tref = 6.3750 L/D = 2.41

Table 3.2: Reconstructed vortex formation length based on POD modes of 2D simulation
for Re = 100
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original unsteady pressure field. The nine snapshots (a)-(i) of the time-dependent coefficients

are labeled in Figure 3.1(II). The first column in Figure 3.5 is the reconstruction of mode 1

and 2, the second column is the reconstruction of the first four modes, and the third column

is the mean pressure field subtracted from the original pressure field. The reconstruction of

the first two modes is close to the unsteady pressure field while the reconstruction of the first

four modes is almost as same as the unsteady pressure distribution. The vortex formation

lengths determined from Figure 3.5 are listed in Table 3.2. The vortex formation length is

smallest (2.4D) when the time-dependent coefficient a2 has the largest negative value and the

time-dependent coefficient a1 is close to zero at point (a) in Figure 3.1(II). Then the vortex

formation length increases as the wake evolves over time to point (e). The time-dependent

coefficient a1 has the largest positive value and the time-dependent coefficient a2 is close to

zero at point (e). Therefore the vortex formation length is about 3.4D at point(d). The

vortex formation length continues to increase between point (c) and point (d) and attains
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Figure 3.5: Reconstruction of the pressure field
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Re LI,max/D LI,min/D
100± 10 3.34± 0.27 2.41± 0.20
148± 15 3.26± 0.05 2.22± 0.04

Table 3.3: Vortex formation length based on soap film experiment

its maximum value (3.9D) at point (d). The vortex formation length then decreases to the

minimum value from point (d) to point (e). The vortex formation returns back to 2.4D at

point (e) because the time-dependent coefficient a2 has the largest positive value and the

time-dependent coefficient a1 is near zero. The vortex formation length repeats the same

cycle when the wake evolves from (e) to (i).

3.1.2 POD analysis of soap film experiment

The wake of the single cylinder for Re = 100 was visualized using the inclined soap film

setup, while the vortex patterns of the single cylinder for Re = 150 were generated using the

vertical soap film setup. The fluctuating part of the intensity field was used for the POD

analysis. Figure 3.6(I) shows the POD mode energies of the soap film flow for Re = 100.

The first five modes take up 65.68% of the total energy. The time-dependent coefficients

of the first five modes (a1 − a5) are plotted in Figure 3.6(II). The amplitude for the time-

dependent coefficients of the first mode (a1) is larger than the amplitudes for the time-

dependent coefficients of the second and third modes (a2, a3). However, there is a low

frequency component in the time-dependent coefficient of the first mode. The high frequency

components of the time-dependent coefficients for the first three mode (a1− a3) are close to

the vortex shedding frequency. It is speculated that the low frequency component is caused

by off-plane vibration of the soap film. Thus this first mode, while containing much of the

“energy” of the intensity variation, is not related to vortex shedding.

The first five modes of the intensity field for Re = 100 are shown in Figure 3.7. The first
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mode shows no vortex shedding regimes but contains a variation from the center to the

edge. This again supports the interpretation of mode 1 as showing the off-plane vibration

in the inclined soap film system. For mode 2 and mode 3, the mode plots show the classic

vortex street. The zero contour line of the intensity field again helps define the boundary

between the vortex formation region and the vortex street. Again, the vortex formation

length is determined by the distance between the center of the circular cylinder and the

dot-dashed lines highlighting this zero-pressure contour as shown in Figure 3.7. According

to this definition, from the experiment the dimensionless vortex formation length for mode

2 is 3.34 ± 0.27 while the vortex formation length for mode 3 is 2.41 ± 0.20. Thus we can

define the maximum vortex formation length to be LI,max/D = 3.34±0.27 and the minimum

vortex formation length to be LI,min/D = 2.41 ± 0.20 in the soap film experiment. Both

of these values are close to the results of the 2D simulation. Mode 4 and mode 5 of the

experimental “pressure” field, shown in Figure 3.7, appears similar to mode 3 and mode

4 of the computational pressure field, shown in Figure 3.2. The frequency of mode 4 and

mode 5 is also twice the frequency of mode 2 and mode 3 for the soap film experiment, as

shown in Figure 3.6(II). Except for mode 1, the results of the POD analysis of the soap film

experiment are close to the POD analysis of the two-dimensional simulation.

The POD analysis was also conducted on the soap film experiment for Re = 148. The

soap film experiment for Re = 148 was conducted using the vertical soap film, so the off-

plane vibration is much smaller compared to that of the incline soap film. Therefore no

POD mode shows obvious off-plane vibration. Figure 3.8 shows the POD energies and time-

dependent coefficients for Re = 148. The first four modes take up 48.22% of the total energy.

Figure 3.8(II) shows the time-dependent coefficients of the first four modes. Due to the

limitation of the framerate, the variations of the time-dependent coefficients are not smooth,

but the approximate harmonic changes are obvious in Figure 3.8(II). The frequency of Mode 3
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and Mode 4 are also twice as that of Mode 1 and Mode 2 in Figure 3.8(II). The first four POD

modes for Re = 148 are presented in Figure 3.9. The first mode indicates that the minimum

vortex formation length is around 2.22 while the second mode finds the maximum vortex

formation length to be around 3.26. Table 3.3 summarizes the vortex formation lengths of

the soap film experiments for various Reynolds numbers. Higher Reynolds numbers result in

a smaller vortex formation length. This trend agrees with most existing definitions of vortex

formation length [34, 44, 73, 78, 96].

3.2 Conclusions

In this chapter, the unsteady vortex formation lengths are defined using the zero contours

of the fluctuating pressure field, which are identified using proper orthogonal decomposition

(POD) for both the two-dimensional simulation and the (quasi-)two-dimensional experiment.

This interpretation of vortex formation length could help with understanding of the vortex

formation process and wake interaction between multiple bluff bodies. The POD mode plots

identify two formation lengths: the maximum vortex formation length and the minimum

vortex formation. The former length is related to the maximum critical spacing of two

tandem circular cylinders, while the latter length is related to the minimum critical spacing,

as described in Chapter 5. Figure 3.10 summaries the vortex formation length and critical

spacing as the Reynolds number changes. The results of the vortex formation length as

determined by the mean recirculation region in the current LBM simulations agree well

with Papaioannou et al. [78]’s simulation results. The vortex formation length based on

the location of maximum velocity fluctuation gradually approaches the formation length

determined by the mean recirculation region with an increase of Reynolds number. The

difference between the maximum vortex formation length of a single cylinder and the critical
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Figure 3.10: Two-dimensional vortex formation length and critical spacing as the change of
Reynolds number.

spacing of two tandem cylinders is quite close to the radius of a single cylinder, as shown

in Figure 3.10, especially for low Reynolds number (Re < 200). The experimental and

simulation results also indicate that the POD modes are capable of predicting the spatial

distribution and time evolution of vortex shedding and propagation.
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Wake structures of a circular cylinder

undergoing controlled motion

In this section, the result of a parametric study of wake structures appearing behind a cir-

cular cylinder undergoing controlled motion will be discussed. A duplication of Williamson

& Roshko [105]’s research of transverse cylinder oscillations was conducted in a flowing soap

film. The research focuses on two forms of phase diagram: the (λ∗,A∗) and the (f ∗,A∗)

spaces. Here, λ∗ is the normalized wavelength λ∗ = U∞/fD; A∗ is the normalized amplitude

A∗ = A/D; and f ∗ is the frequency ratio f ∗ = f/fN . The dimensional parameters are

defined as: D is the cylinder diameter, A is the oscillation amplitude, f is the oscillation

frequency, U∞ is the (uniform) background flow speed, and fN is the frequency of vortex

shedding from a fixed cylinder. The bifurcation diagram of the space (λ∗,A∗) is shown in

Figure 4.1 while the phase map of the space (f ∗,A∗) is displayed in Figure 4.2. There are

several wake modes that appear as the amplitude and frequency of oscillation are varied.

These include patterns such as a “2P” mode (two pair of vortices formed per cycle), a “2S”

mode (two single vortices formed per cycle), a “Coalescing 2S” wake (a “2S” mode initially

develops behind the cylinder, but the vortices coalesce downstream), a “Perturbed von Kar-

man” wake, a “P+S” mode (a pair of vortices and a single vortex formed in each cycle)

and an “Unsynchronized wake” as shown in Figure 4.3(F). Previous research includes 3D

experiments [69, 105] and 2D numerical simulations [53]. These experiments and simulations

61
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have some similarities, but disagree in key ways. Leontini et al. [53] found no “2P” mode

wake pattern behind a circular cylinder oscillated transversely to a uniform background flow

in their 2D simulations. They also determined that the synchronization regime and the

wake modes observed within the synchronized regime are Reynolds number (Re) dependent.

Leontini et al. [53] conjecture that the difference with experimental observations [69, 105]

is related to the flow dimensionality and Reynolds number, but they do not provide any

concrete explanation. The obvious reason for the difference would appear to be the third

spatial dimension in the experiments. However, our (quasi) two-dimensional experimental

results show that the “2P” wake structure can occur in a (quasi) two-dimensional experiment

(see Figure 4.1, Figure 4.2, Figure 4.3), results that are consistent with earlier findings for

in-line cylinder oscillations [22].

4.1 Oscillating cylinder setup

The soap film system in this research used the inclined film design adapted from Wang et al.

[98] as shown in Figure 2.3. The soap solution was 1% (by volume) Dawn EscapesTM dish

soap (Proctor & Gamble) in water. The average background flow speed used for these exper-

iments was U∞ = 0.677±0.038 m/s. The volumetric flow rate was measured simultaneously,

and using mass conservation the film thickness was determined to be around hf = 3.37µm.

The oscillating cylinder was forced to oscillate in transverse harmonic motion relative to the

uniform background flow using a scotch-yoke mechanism driven by a brushless motor, with

the center position of the cylinder given by:

y(t) = A sin(2πft+ φ). (4.1)
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The cylinder was fabricated from a circular acrylic rod with diameter D = 6.35 mm. The

cylinder was penetrated perpendicularly through the flowing soap film. The cylinder was

surrounded by a meniscus which follows the cylinder, so that the effective diameter of the

cylinder becomes D + 2m [22]. The vortex shedding frequency of fixed obstacles in the

flow was used to determine the width m of the meniscus. The Strouhal number St was

measured according to the vortex shedding frequency. Using equation (2.5), each St value

was converted into a Reynolds number. Two different obstacles were used to determine the

meniscus width m. One obstacle was the circular cylinder with diameter D = 6.35 mm and

the other was a very thin (thickness hd = 25.4µm) circular disk of clear polyester film with

the same diameter. For the circular disk, the effective diameter is almost as same as the

actual diameter of the disk due to its small thickness. Because of the different effective

diameters (D + 2m and D), the Reynolds number varied between the two obstacles, so the

vortex shedding frequencies based on the corresponding St also exhibited some difference.

For the same flow speed and viscosity, the meniscus width m could be deduced from equation

(2.5) by iteration. Therefore the meniscus width m was found to be around 0.325 mm for the

current experiment, so that the effective diameter for the circular cylinder was approximately

7 mm. The Reynolds number based on the effective diameter was Re = 235± 14.

Flow visualization was used to investigate the wake structures. The frequency of vortex

shedding downstream of the second cylinder was determined by monitoring the intensity

variation at a location that was 5D downstream of the cylinder position in the flow. The fre-

quency content of the flow at this position was extracted by taking a Fast Fourier Transform

(FFT) of the spatially-averaged intensity in the selected area. In all experimental tests the

vortex shedding frequency was f < 40 Hz. For each run, the wake patterns were recorded

in 1400 frames at a frame rate of 170 Hz. The use of 845 separate parameter values gave

sufficiently fine resolution to allow for a comprehensive parametric study of distinct wake



64 Chapter 4. Wake of a circular cylinder undergoing controlled motion

patterns within this parameter regime. The boundaries between different wake patterns were

determined by the support vector machine method as described in Subsection 2.3.2.

4.2 Vortex shedding classification for wake of the os-

cillating cylinder

The “2P” mode regime is located in the center of Figure 4.1 and covers a large area in

this figure. The transition between the “2P” mode and the “Unsynchronized wake” lies

between λ∗ = 8 and λ∗ = 10 for the full range of A∗ considered. This value qualitatively

agrees with the 3D experimental results [69, 105]. However, the “Perturbed von Karman”

wake is distinguished from the “Unsynchronized wake” in the current classification. Both

the amplitude and the frequency in the “Perturbed von Karman” regime is small, so the

cylinder’s transverse oscillation has a small effect in the wake. Thus, the wake pattern here

is more periodic compared to the “Unsynchronized wake”. The other four wake patterns are

concentrated in the small wavelength region as shown in Figure 4.1. For small normalized

wavelength, the wake shows the “2S” mode for which the normalized amplitude is also

small. In contrast, the wake appears as the “P+S” mode when the normalized amplitude is

increased beyond 0.4. The “Off-plane” vibration mode is located on the top left corner in

Figure 4.1. For this mode, both the amplitude and the oscillation frequency are large, so a

large “Off-plane” vibration is induced by the cylinder’s oscillation. Several dark areas are

observed in the wake images for the “Off-plane” cases, as shown in Figure 4.3(G). Under

this circumstance, it is assumed that the flow behavior is no longer “quasi-2D”, so this wake

pattern is not considered suitable for comparison with previous experiments and simulations.

In general, the wake regions for the different wake patterns (except for the “Off-plane”

vibration mode) qualitatively agree with the 3D experiments [69, 105].
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Figure 4.1: Bifurcation diagram of wake patterns for normalized wavelength and normalized
amplitude.

Figure 4.2: Bifurcation diagram of wake patterns for frequency ratio and normalized ampli-
tude.
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(A) (B) (C) (D) (E) (F) (G)

Figure 4.3: Wake patterns: (A) 2P wake model; (B) 2S wake model; (C) Coalescing 2S wake;
(D) Perturbed von Karman wake; (E) P+S model; (F) Unsynchronized wake; (G) Off-plane
vibration.

Figure 4.4: Maximum probability of the predicted wake patterns as determined by a neural
network.
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A B C D E F G
“2P” wake model 97.93%0% 0% 0% 00.14% 1.93% 0%
“2S” wake model 21.07% 35.21%15.79% 18.14% 00.93% 8.86% 0%
“Coalescing 2S” wake 4.43% 0.5% 95.07%0% 0% 0% 0%
Perturbed von Karman wake 0% 0.14% 0% 99.86%0% 0% 0%
“P+S” model 3.14% 0.5% 0.57% 0.79% 94.43%0.21% 0.36%
Unsynchronized wake 3.93% 0.07% 0.14% 0.36% 0% 95.5% 0%
Off-plane vibration 9% 0.21% 0.36% 0.07% 0.5% 0.07% 89.79%

Table 4.1: Probability of the predicted wake patterns.

The phase map of the space (f ∗,A∗) in Figure 4.2 is shown for comparison with the 2D

simulations [53]. It is possible to generate a clear “2P” wake in the soap film, which is not

found in the 2D computational simulations [53]. Basically, the soap film experimental results

are closer to the previous 3D experiments [69, 105] than the 2D simulations [53]. One possible

reason why this (quasi) two-dimensional experiment disagrees with the 2D simulation is the

existence of the meniscus between the film and the cylinder, as discussed in Section 4.4.

Figure 4.4 shows the probability of the predicted wake patterns as determined by a neural

network for the (λ∗,A∗) space. The darker regimes indicate a lower probability of the pre-

dicted wake classification. For the darkest area, the probability is around 30% for the most

possible wake pattern as predicted by the wake classifier. Areas with the lowest probability

suggest that transitions occur between different wake regimes at these parameter values.

One obvious transition boundary is located between the “2P” wake mode and the unsyn-

chronized wake, while the other obvious transition regimes are focused in the low wavelength

area where the “2P” wake mode transitions to the “P+S” wake or the “2S” wake. The high-

est probability is close to 1, so the wake patterns located in the corresponding areas remain

stable in a very predictable way. Table 4.1 shows the probability of wake patterns in the 7

regimes shown in Figure 4.1, Figure 4.2 and Figure 4.3. Except for the “2S” wake mode,

the probability for each labeled point (A−G) is over 89%, so the wake classification can be

considered quite robust for these vortex shedding regimes. On the other hand, the highest
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predicted probability for point B is only 35.21%, and the classifier indicates that the “2S”

wake mode is the most frequently occurring mode at this point. This low probability sug-

gests that there is overlap of multiple wake modes for these locations. Morse & Williamson

[69] also found overlap of the “2S” wake mode with other modes.

4.3 Spectra of wake patterns for oscillating cylinder

Figure 4.5 shows the spectrum distributions of representative wakes for the labeled locations

(A− F ) in Figure 4.1 and Figure 4.2. The oscillation frequency of the controlled transverse

motion and the vortex shedding frequency of the stationary cylinder are labeled in Figure 4.5.

For point A, the wake pattern is definitely the “2P” mode according to the probability

prediction in table 4.1. There are two obvious peaks in Figure 4.5(A): 13.95 Hz and 27.89

Hz. The former frequency is the same as the oscillation frequency in this case, so the flow

is fully synchronized with the transverse motion of the cylinder. The second frequency is

almost twice that of the oscillation frequency. For the “2P” wake mode, two pairs of vortices

are formed per cycle, so it is reasonable to expect two fundamental frequencies to appear in

the spectra. Point B, in contrast, shows only one significant peak at 21.58 Hz. The flow is

also fully synchronized with the transverse motion in this case and appears as the “2S” mode.

The “Coalescing 2S” wake, represented by point C, shows multiple peaks in the spectra. One

of the peaks is located at 25.23 Hz, which is also the frequency of the transverse motion. The

first major fundamental frequency is 10.86 Hz, which is much smaller than the oscillation

frequency. For the “Coalescing 2S” mode, the vortices coalesce downstream and merged into

large vortices, so it is reasonable to find a low frequency component in the spectra. For the

perturbed von Karman wake (the point D), there are two peaks in the spectra: 14.11 Hz and

20.75. The 14.11 Hz is close to twice the oscillation frequency, while the 20.75 Hz is close to
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Figure 4.5: Spectra of the wake patterns.

the vortex shedding frequency (18.86 Hz). The difference is probably caused by the dynamic

system shift of the oscillating system. The wave shape of the vortex street induced by the

transverse motion causes the former fundamental frequency as shown in Figure 4.3. The

latter fundamental frequency is related to the vortex shedding into a standard von Karman

vortex street. Thus the wake pattern in this case is a disturbed von Karman vortex street.

The first fundamental frequency of the spectra for point E is 26.81 Hz, which is the same as

the oscillation frequency, so the “P+S” mode is also a fully synchronized flow. The spectra

for the unsynchronized wake (point F) has multiple peaks. Although one of the peaks has the

same frequency as the oscillation frequency, the power of this frequency is small compared

to the other peaks. The flow patterns for point F do not appear to be obviously periodic

with synchronized patterns, so the wake patterns are classified as unsynchronized wakes.
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4.4 Conclusions

A systematic parametric study was conducted of the wake structure behind a controlled

transversely oscillating cylinder. The inclined gravity-driven flowing soap film was used for

visualizing the two-dimensional wake. Neural network and support vector machine methods

assisted the wake classification and the identification of boundaries between different wake

regimes.

There are several wake modes that appear as the amplitude and frequency of oscillation

of the cylinder are varied. The critical parameters in the current research focus on the

normalized wavelength λ∗, the normalized amplitude A∗ and the frequency ratio f ∗. The

wake modes were discussed in two phase maps: the (λ∗,A∗) and the (f ∗,A∗) spaces. The

existing literature disagrees on the details of the map of vortex-shedding regimes, with flow

dimensionality considered to be the primary factor. New experiments in a (quasi-)2D flowing

soap film were implemented to investigate the impact of system dimensionality on the wake

patterns generated behind an oscillating cylinder. These experimental results show that the

“2P” wake structure can occur in a (quasi) two-dimensional experiment, results that are

consistent with earlier findings for in-line cylinder oscillations [22] in a soap film. The phase

map of the vortex shedding regimes for the (quasi) two-dimensional experiment qualitatively

agrees somewhat surprisingly with previous experiments (3D). One possible reason why this

(quasi) two-dimensional experiment disagrees with the 2D simulation is the existence of the

meniscus between the film and the cylinder. The soap film experimental data are in excellent

agreement with 2D numerical simulations when comparing the mid-wake vortex dynamics

[102, 106], but the cylinder and corresponding meniscus were always stationary in those

cases. For the case of a controlled transverse oscillation, the meniscus follows the cylinder’s

motions, so the shape of the meniscus in a film might not be constant and more or less

fluid could accumulate in it. Due to the similarity of the present results with those for a



4.4. Conclusions 71

real 3D wake flow, the soap film experimental data could help with understanding (real) 3D

vortex-induced vibration.



Chapter 5

Wake structures of two stationary

tandem circular cylinders

5.1 Tandem-cylinder setup

The wake structures of two stationary tandem circular cylinders were investigated in the

inclined soap film setup as described in section 2.1. The soap solution was 4% (by vol-

ume) Dawn EscapesTM dish soap (Proctor & Gamble) in water. The average speed of the

background flow was measured by the particle tracing velocimetry (PTV) method to be

U∞ = 0.732 ± 0.009 m/s for these experiments. The film thickness was determined to be

hf = 2.25 ± 0.03µm by measuring the volumetric flow rate. Thus our system, assuming

ρ = 1.0 g/cm3 and EM ≈ 22 mN/m, had vM ≈ 4.4 m/s and Me < 0.2 for all experiments.

Therefore, any compressible-like effects caused by the film elasticity were assumed to have a

negligible effect on the results reported here.

Two disks with controlled positions were used as stationary cylindrical obstacles in the flow.

To minimize the undesirable effects from an object protruding through the surface, we used

the approach of [22]: our cylinders consisted of very thin (thickness hd = 25.4µm) circular

disks of clear polyester film (McMaster–Carr, USA) with diameter Dd = 4.4 mm. These

disks were held in the plane of the film by surface tension. Since the disk thickness was close

to the film thickness, the meniscus effect was small, giving less than 1% variation in the

72
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effective diameter of each disk, which we neglect. The stationary position of each disk in the

(x, y) plane of the film was controlled by two carbon fiber rods (diameter 1.5 mm) that pass

through two holes (diameter 1.7 mm) in the disk; each disk was allowed to move along the

rods as needed to remain in the film. The upstream pair of rods was connected to a drive

screw that was driven by a 4-6V DC drive stepper motor (Banggood, Hong Kong), enabling

controlled variation of the cylinder spacing L. Wake data was collected with L held fixed.

Between periods of data collection, L was increased or decreased with (dL/dt)/U∞ ≈ 0.001

while maintaining steady flow in the film, so that the changes in L can be considered quasi-

static. Reported values for ` were determined with a precision of ±0.02.

The frequency of vortex formation downstream of the second cylinder was determined by

monitoring two locations in the flow, labeled P1 and P2 in Figure 1.6(b). The intensity of

the reflected light at these two “probe” locations is a function of the flow pattern in the

film. The frequency content of the flow was extracted by taking a Fast Fourier Transform

(FFT) of the spatially-averaged intensity in each probe area. Example spectra are shown in

Figure 1.6(c,d). In all experimental tests the vortex formation frequency was f < 40 Hz.

5.2 Results

Three independent experimental trials were conducted at Re ≈ 100. Testing parameters are

listed in table 5.1. For each trial, the dimensionless center-to-center cylinder spacing was

varied over the range 1.3 ≤ ` ≤ 6.6 with a resolution 0.1 ≤ ∆` ≤ 0.9. Hysteresis effects were

investigated by first incrementing the spacing from ` = 1.3 to 6.6 and then decrementing

from ` = 6.6 to 1.3. Visual inspection of wake patterns and calculation of Strouhal numbers

were used to determine the critical spacing of the two tandem circular cylinders. Example

wake patterns from Trial 3 are shown in Figure 5.1.



74 Chapter 5. Wake of two stationary tandem circular cylinders

Trial U∞[m/s] f [Hz] St Re `c,min `c,max

1 0.742± 0.013 28.08± 0.25 0.167± 0.004 100± 9 2.91–3.04 3.92–4.06
2 0.724± 0.009 27.22± 0.25 0.165± 0.004 98± 7 2.89–3.03 3.93–4.05
3 0.729± 0.004 27.59± 0.25 0.166± 0.003 100± 5 3.00–3.13 3.90–4.03

Table 5.1: Experimental parameters for the three test runs: f and St were measured for flow
past an isolated cylinder; Re was estimated with (2.5); bounds on Re and St were determined
using min/max propagation of error; hysteresis bounds `c,min and `c,max were determined by
decreasing and increasing `, respectively.

(a) (b) (c) (d) (e) (f) (g) (h) (i)

Figure 5.1: Wake patterns as a function of cylinder spacing from Trial 3 for first (a)–(e)
increasing spacing and then (e)–(i) decreasing spacing; panels are arranged in chronological
order. Wake patterns are shown for spacing values of ` = (a) 1.31, (b) 2.25, (c) 3.90, (d) 4.03,
(e) 6.58, (f ) 3.82, (g) 3.13, (h) 2.72, and (i) 1.29. Hysteresis is seen when comparing (c)
and (g).
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Figure 5.2: Measured Strouhal numbers for probe locations P1 and P2 as spacing ` is (a) in-
creased and (b) decreased between data collection. Initial conditions for each trial were either
(a) flow in the extended body regime at ` = 1.3 or (b) flow in the co-shedding regime at
` = 6.6. Error bars show standard deviation in St; standard deviation in ` is covered by the
widths of the (narrow) error bar end caps for P2. Vertical dashed lines mark the estimated
bounds on (a) `c,max and (b) `c,min; horizontal dashed-dotted lines show the St value for the
isolated cylinder, with hatching indicating the estimated error in that value.

(a) (b) (c) (d) (e) (f)

Figure 5.3: Wake images in the case of decreasing ` for Trial 1 with ` = (a) 2.91 and (b) 3.04;
Trial 2 with ` = (c) 2.89 and (d) 3.03; and Trial 3 with ` = (e) 3.00 and (f ) 3.13.
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When increasing ` for each trial, the Strouhal number varied in a pattern consistent with

previous observations. The St values for both probes with increasing ` are shown in Fig-

ure 5.2(a); values shown are an average from the three trials. When ` ≈ 1, St was similar to

that observed for an isolated cylinder. The Strouhal number then decreased with increasing

` to a minimum value of St ≈ 0.13 at ` ≈ 3.9. As the spacing was increased to ` ≈ 4.1,

the wake frequency suddenly increased to give St ≈ 0.16, corresponding to a transition from

the reattachment regime to the co-shedding regime. The inclusive range from the three tri-

als (see table 5.1) indicates that the upper bound for the critical spacing lies in the range

3.9 . `c,max . 4.1.

With decreasing `, the established co-shedding flow persisted for ` < `c,max; cf. Figure 5.1(c,f,g).

For ` . 4.0, the Strouhal number gradually decreased with decreasing ` for both P1 and P2,

shown in Figure 5.2(b), displaying only a small jump in value as the flow transitioned from

the co-shedding regime to the reattachment regime.

Thus, identifying a critical spacing for decreasing ` required consideration of the flow pat-

terns, shown in Figure 5.3. From these visual observations, it was determined that the lower

bound for the critical spacing is 2.9 . `c,min . 3.1.

A second transition was observed to occur in St for probe P2 when ` & 4.2. This transition,

a rapid decrease (or increase) in St with increasing (or decreasing) `, comes from vortex

merger leading to formation of a “secondary street” in the far wake of the cylinders [18, 98].

This transition is not considered in detail here.

Figure 5.4 summarizes the simulation results about Strouhal number for various longitudinal

spacing including the current simulation and previous research. The variation trend of the

present simulation is coincident with the results of previous simulations except for small

details such as the position of the critical spacing. Similar to the experimental results, the
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critical spacing is where the Strouhal number jumps abruptly. For Huhe-Aode [37]’s water

tunnel experiment, the critical spacing for Re = 100 is between 4.5 and 5. However, for

many two-dimensional simulations starting from [25, 45, 57, 72, 89, 95], the critical spacing

is between 3.25 and 4 as shown in Figure 5.4 . The simulation results for this work show good

qualitative agreement with the experimental results for two tandem cylinders in a flowing

soap film. As shown in table 5.1, the maximum critical spacing `c,max with Re = 100 for

soap film experiment is between 3.9 and 4.06. For the simulation with Re = 100, the critical

spacing is between 4 and 4.05. The critical spacing of the simulation is extremely close to the

upper boundary of the critical spacings of the soap film experiment. The results of Sharman

et al. [89] and Didier [25] approach the present study most on the critical spacing value. The

critical spacing for Sharman et al. [89]’s simulation is between 3.7 and 4. Didier [25]’s work

shows that the critical spacing is between 3.95 and 4, which is very close to our simulation.

The recent simulations made by Lin et al. [57], Jiang et al. [45] and Tu et al. [95] have no

results for the spacing between 3.5 and 4, so we are not able to further examine whether the

critical spacings they obtained are consistent with the present LBM simulation.

5.3 Conclusions

The critical spacing of two identical tandem circular cylinders in a flowing soap film system

at Re ≈ 100 was determined using visual inspections of the wake patterns and calculations

of the Strouhal frequencies. Three trials were run with cylinder spacings varying over the

range 1.3 ≤ ` ≤ 6.6. The dimesionless spacing ` was both increased and decreased quasi-

statically with increments 0.1 ≤ ∆` ≤ 0.9. Hysteresis was observed in the flow patterns and

Strouhal numbers. As ` was increased, the transition from the reattachment regime to the

co-shedding regime occurred for a critical spacing of 3.9 . `c,max . 4.1. When instead ` was
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Figure 5.4: The simulation results of St− L/D relations

decreased, this transition occurred for a critical spacing of 2.9 . `c,min . 3.1. Thus, for this

flowing soap film system with Re = 99 (±7), the critical spacing of two identical tandem

circular cylinders was found to be 2.9 . `c . 4.1. This study appears to provide the first

experimental evidence of critical spacing values that agree with published computational

results.



Chapter 6

Flow-induced vibration of the

downstream cylinder of a tandem pair

6.1 Flow-induced vibration setup

The gravity-driven, vertically flowing soap film as described in section 2.1.2 was used to

generate the quasi-2D flow as shown in Figure 6.1. The soap solution for the soap film was

2% Dawn soap in water. For the experiment reported here, the flow speed U was typically

2.2 m/s as measured by the particle tracing velocimetry (PTV) method (see Chapter 2). The

mass ratio of the circular disk to the soap film is m∗ = mD/mf = 32.2. The two identical

diameter D = 6.35 mm circular disks were laser cut from thin ABS film (76.2 µm thick).

Following Couder & Basdevant [22]’s design, the two circular disks floated and remained in

the film. As the thickness of the disks is very small, the bordering meniscus has a negligible

size and the effective diameter of the obstacle is 6.35 mm. This design was based on Couder &

Basdevant [22]’s investigation about two-dimensional vortex formation. We used two carbon

fiber rods (1.5mm diameter) passing through two holes (1.6 mm) in the upstream disk while

the downstream disk was free to move like a pendulum system as shown in Figure 6.1. The

stream-wise displacement x and the transverse displacement y between the upstream disk

and the downstream disk are labeled in Figure 6.1. The longitudinal spacing in this study is

defined by the normalized mean stream-wise displacement ` = xmean/D. The upstream pair

79
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of rods was connected to a drive screw that was driven by a 4-6V DC drive stepper motor

[Banggood, Hong Kong], enabling controlled variation of the longitudinal spacing `. Wake

data was collected with ` held fixed. Between periods of data collection, ` was increased

or decreased with (d`/dt)/U ≈ 0.001 while maintaining steady flow in the film, so that

the changes in x can be considered quasi-static. The increments in x between data points

correspond to ∆` ≈ 0.2; reported values for ` were determined with a precision of ±0.02.

The downstream disk is suspended by a thin fiber, which has a negligible mass. The two

pivots of the pendulum system are off the soap film plane so only the downstream disk is in

the wake of the upstream disk. The length of the pivot arm is 89 mm and the frequency of

a periodic motion is 1.67Hz. As described in Chapter 2, the significance of the compressive

effects in a soap film flow are characterized by the elastic Mach number, Me = U/vM ,

where vM =
√

2EM/(ρ hf) is the Marangoni wave speed and EM ≈ 80 mN/m[23]. The

volumetric flow rate was measured simultaneously, and using mass conservation the film

thickness was determined to be hf = 2.7µm. Thus our system, assuming ρ = 1.0 g/cm3 and

EM ≈ 80 mN/m, had vM ≈ 7.75 m/s and Me < 0.3 for all experiments. Therefore, while

compressible-like effects may appear in a flowing soap film as a result of the Marangoni

elasticity, these compressible-like effects were assumed to have a trivial influence on the

results reported here. Two spacing variation processes were conducted in the experiment:

the mean spacing ` was increased gradually from 1.4 to 8 and the mean spacing ` was

decreased slowly back to 1.4.

The frequency of vortex formation downstream of the second cylinder was determined by

monitoring the intensity variation of one location in the flow (5D downstream from the

downstream cylinder). The intensity of the reflected light at a particular location is a function

of the flow pattern in the film. The frequency content of the flow was extracted by taking a

Fast Fourier Transform (FFT) of the spatially-averaged intensity in the location. The frame
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rate for the high speed recording is 380Hz and each run consists of 3000 frames. Therefore

the uncertainty of the FFT analysis is 0.25Hz. The Reynolds number calculated by the

St-Re relationship is Re = 148± 15.

To measure the force caused by flow-induced vibration (FIV), a micro-cantilever laser-mirror

sensor system inspired by Jia & Yin [43] was used to measure the force induced by the

wake of the upstream cylinder as shown in Figure 6.1. The thin fiber passes through the

inner hole of the ring and the ends of the fiber are connected to two cantilever beams. A

micro mirror is adhered to the tip of one of the two beams. The micro mirror reflects the

incident laser beam onto a screen. The spot of the reflected laser beam has the information

of the cantilever beam’s bending which is related to the force exerted on the beam. The

horizontal component of the force comes from the lift on the downstream ring and the vertical

component is associated with the drag on the downstream ring. We have calibrated the force

measurement and the results show that the methodology can attain a precision of 0.1µN as

Jia & Yin [43] reported. Another force measurement setup was used to measure the steady

lift of the downstream disk of a stationary tandem pair as shown in Figure 6.2. In this

system, the upstream disk was fixed and the downstream disk was placed on a linear stage

oriented in the transverse direction. The transverse displacement of the downstream disk was

adjusted by the stepper-motor of the linear stage and the downstream disk was fixed during

the measurement. A cantilever beam was penetrated through the center of the downstream

disk. The end of the cantilever beam was also adhered to a micro mirror, which reflected a

laser beam onto a screen. The steady lift coefficients on a static downstream disk in various

staggered positions were measured by this setup by recording the trajectories of the reflected

laser spot on the screen. Two high speed cameras were synchronized to record the transient

wake and the motion of the reflected laser point for both of the force measurement setups.

With the ability to tie together the wake structure and the object motion, and the forces
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causing that motion, the relationship between energy generation and flow structure in the

simplified model FIV system was investigated.

6.2 Pendulum system with air resistance

The oscillation setup is a pendulum system. The pendulum system is free to swing due to

gravity if the soap film is absent. The pendulum equation with a damping term is

d2θ

dt2
+
γ

m

dθ

dt
+
g

l
θ = 0 (6.1)

for a drag force FR(v) = −γv. This equation has an exact analytical solution that is oscil-

latory and/or decaying exponentially [24]. However, for air resistance (FR(v) = 1
2
CDAρv

2),

the equation becomes

d2θ

dt2
+
γl

m

∣∣∣∣dθdt
∣∣∣∣ dθdt +

g

l
θ = 0. (6.2)

For the first half period, the speed of the pendulum is negative (dθ
dt
< 0) with a positive inital

position (θ(0) = θ0). Thus the equation of the pendulum system becomes

d2θ

dt2
− γl

m
(
dθ

dt
)2 +

g

l
θ = 0 (6.3)

for the first half period. The equation 6.3 has no exact solution, but Dahmen [24] came up

with a perturbation solution for the equation. Dahmen [24] rewrote this equation as

θ̈ − εθ̇2 + ω2
oθ = 0, (6.4)

where θ̇ = dθ/dt, ε = (γl/m) and ω2
oθ = g/l. Here we do not discuss the details of the

perturbation solution but introduce the damping parameter based on the solution. Accord-
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ing to the perturbation solution, the difference between the first two successive amplitudes

becomes

θ0 − |θ1| =
4

3
ε(θ0)

2 (6.5)

for small parameter ε. Thus the constant for the quadratic damping can be calculated based

on ε, normally giving

γ = εm/l =
3m

4l

θ0 − |θ1|
(θ0)2

. (6.6)

The logarithmic decrement due to the air drag is defined as

δ = ln
θ0
|θ1|

. (6.7)

The Scruton number (logarithmic decrement times mass ratio) Sc based on the logarithmic

decrement becomes

Sc =
2mDδ

ρD2hf
. (6.8)

The reduced velocity is

Vr =
U∞
fD

(6.9)

where f is the oscillation frequency of the pendulum system. The transverse motion of

the pendulum system used in the current experiment is plotted in Figure 6.3. The viscous

air drag dissipates the energy stored in the oscillation while the frequency f is constantly

1.67Hz. Due to the small thickness of the flowing soap film (1-10µm), the mass ratio is

larger than 30 in the current experiments. Only a few studies have addressed the flow-

induced vibration of circular cylinders for such high mass ratio. Zdravkovich & Medeiros

[116] investigated the flow-induced oscillation of two tandem circular cylinders for large mass

ratio in a wind tunnel. Table 6.1 shows the Scruton number, the reduced velocity Vr and the

normalized amplitude Am/D for both the current experiments and Zdravkovich & Medeiros
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Figure 6.3: The oscillation of the pendulum driven by gravity and damped by the air drag.

Sc Vr Am/D
Current experiments 170.91 133.27 0.13
Current experiments 30.14 169.75 0.57
Zdravkovich 1991 200 120 0.18
Zdravkovich 1991 100 120 1.15

Table 6.1: Scruton number, reduced velocity and normalized amplitude for ` = 4.

[116]’s results. In Zdravkovich & Medeiros [116]’s experiment, the amplitude Am/D was 0.18

when Sc was 200 and Vr was 120. For the most relevant case in the current experiment,

the amplitude Am/D becomes 0.13 if Sc is 170.91 and Vr is 133.27. The results for this

work show good qualitative agreement with the experimental results from Zdravkovich &

Medeiros [116] in a wind tunnel. The Scruton numbers and the reduced velocities for the

other two cases differ significantly, so direct comparisons between the two cases are difficult.

The qualitative agreement of this one case indicates that the flowing soap film is not only

a way to get a better understanding of flow-induced vibration but also a promising tool for

optimization design of practical flow phenomenon.
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6.3 Wake classification and oscillation modes

In this section, we focus on the variation of the vibration modes and the wake patterns

with changes of center-to-center spacing between the two tandem cylinders. Figure 6.1(c)

illustrates two critical spatial parameters in this work: the longitudinal spacing between the

two tandem circular disks, x, and the transverse displacement of the downstream disk, y.

The following discussion of the wake patterns and the oscillation modes will revolve around

the normalized spacing x/D and the normalized amplitude y/D. We first introduce several

classic wake patterns for various spacings and then discuss the relationship between the

spacing, the vibration motion and the force of the downstream disk.

6.3.1 Extended-body wake

If the spacing between two stationary tandem cylinder is extremely small (` < 1.5), the wake

of the two cylinders is close to the wake of one single bluff body. Zdravkovich [113] refers to

this kind of wake as the “extended-body regime”. We found similar wake patterns in this

system even though the downstream disk is free to move. Figure 6.4 shows the extended-

body wake observed for the spacing of (` = 1.4). Figure 6.5 displays the corresponding

stream-wise and transverse motions of the downstream disk. The normalized amplitudes of

the motions both in the stream-wise direction x/D and in the transverse direction y/D are

smaller than 0.04, indicating that the downstream disk is almost stationary in the wake of

the upstream cylinder.
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t=0

Figure 6.4: Wake patterns for ` = 1.4 (“extended-body” wake) at Re = 148. Flow is from
left to right. The upstream disk is fixed and the downstream disk is free to oscillate as shown
in Figure 6.1. The support mechanism shows through the film upstream of the cylinders but
does not interfere with the flow.
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Figure 6.5: Motion of the downstream circular disk for ` = 1.4 (“extended-body” wake) at
Re = 148 in the stream-wise direction and the transverse direction.
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6.3.2 Gap flow switching

The downstream circular disk starts to move if the spacing becomes sufficiently large. For

intermediate spacing, the shear layers shed from the upstream cylinder reattach onto the

surface of the downstream cylinder. This wake pattern is referred to as the “reattachment

regime” for two stationary tandem cylinders. The flow visualization of the soap film with

a moving second cylinder also presents the features of the “reattachment wake” when the

downstream disk is stimulated to oscillate by the wake of the upstream disk. Figure 6.6 shows

the wake patterns for the spacing of (` = 2.1) during one period of oscillation. As shown in

Figure 6.6, when the downstream disk is displaced, streamlines of the flow switch from flowing

around the downstream disk to flowing through the gap. This flow acceleration causes a lift

force back to the aligned tandem arrangement, and the process is then repeated on the other

side. Figure 6.7(a) depicts the trajectories of the the downstream disk during one oscillation

period, while Figure 6.7(b) illustrates the motions both in the stream-wise direction and the

transverse direction during one half second. The motion of the downstream disk is similar to

a narrow “figure 8” shape, as shown in the Figure 6.7(a). Another interesting feature of the

motion is that the disk moves upstream when it comes across the centerline of the wake, so

the center of the narrow “figure 8” shape distorts toward the upstream direction. This motion

is because of the negative drag experienced by the downstream cylinder when the spacing of

two tandem disks ` is below 3.5. When the disk moves to the edge of the wake, the thrust

(the negative drag) becomes weaker and the disk moves downstream. The motions both

in the stream-wise direction and in the transverse direction are close to harmonic motion

as shown in Figure 6.7(b). The amplitude of the oscillation in the stream-wise direction

is much smaller than that in the transverse direction, while the period of the stream-wise

vibration is one half of that of the transverse vibration. Jauvtis & Williamson [40] found

similar figure-eight type (X, Y ) trajectory shapes. In general, the vibration is uniform so
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the system offers a relatively constant kinetic energy output.

The spectrum distributions of the oscillation in the stream-wise direction and the transverse

direction are plotted in Figure 6.8. The major frequency of the stream-wise oscillation is

21±0.50 Hz while the major frequency of the transverse oscillation is 10.58±0.10 Hz. These

two frequencies do not behavior as an exact factor of 2 due to the uncertainty of the FFT

analysis. The spectrum distribution of the intensity for ` = 2.1 is shown in Figure 6.9. There

are two peaks for the spectrum distribution: 21.06Hz and 10.48Hz. The former one is close

to the frequency of the stream-wise oscillation, so the wake pattern is heavily affected by the

cylinder’s motion. The latter value, 10.48 Hz, is the frequency of the transverse oscillation.

6.3.3 Co-shedding wake

When the spacing between two tandem disks, `, is larger than 3.5, each disk sheds its own

vortex wake. This wake pattern is classified as the “co-shedding” wake, as discussed in

many studies regarding the wake of two tandem stationary cylinders [76, 93, 111, 114, 118].

Figure 6.10 shows the wake interaction for the spacing of ` = 3.9 in one period. If the

downstream disk displaces from the centerline, the upstream disk wake causes, on average, a

low pressure region, which provides a restoring force to the centerline. Therefore the down-

stream disk is induced to vibrate by the alternating resorting force. Figure 6.11(a) displays

the trajectories of the downstream disk during one period of oscillation, while Figure 6.11(b)

describes the displacements of the downstream disk both in the stream-wise direction and

the transverse direction. The motion of the downstream disk in Figure 6.11(b) is quite

different from the motion caused by the gap flow switching shown in Figure 6.7(a). The

small fluctuations are observed over both the stream-wise motion curve and the transverse

motion curve. The complex wake interactions might be contributing to the inconsistent
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Figure 6.6: Wake patterns of one oscillation period for x/D = 2.1 (“Gap flow switching”) at
Re = 148.
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Re = 148: (a) trajectories of the circular disk and (b) the motion curves of the downstream
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motion of the downstream disk. The motion in the stream-wise direction is much smaller

than the motion in the transverse direction so it is reasonable to consider the motion as

quasi-one-dimensional in this case.

The spectrum distributions of the cylinder’s oscillation for ` = 3.9 are shown in Figure 6.12.

Three peaks are dominant in Figure 6.12(a): 5.01Hz, 39.06Hz and 59.28Hz. The first peak

at 5.01Hz is the same as the first peak in Figure 6.12(b), while both the stream-wise motion

and the transverse motion have another peak at 59.28 in Figure 6.12(a, b). Thus, the major

frequency of the oscillation is at 5.01Hz in the transverse direction but the oscillation also

has another frequency component at 59.28Hz. It is currently uncertain what causes the

frequency component at 39.06Hz in Figure 6.12(a). However, the stream-wise oscillation is

much smaller than the transverse oscillation, so the frequency component 39.06Hz has no

significant effect on flow-induced vibration. The spectrum distribution of the image intensity

for the position x/D = 3.9 is shown in Figure 6.13. The only dominant peak in Figure 6.13

is 59.28Hz, so the wake fluctuation frequency is 59.28Hz for the downstream wake.

6.4 Motion amplitude and force response

This section focuses on the effect of the spacing on the wake patterns, the vibration motion

and the force response. The amplitude of the oscillation and the “drag” coefficient of the

downstream disk are illustrated as a function of the mean spacing of the two tandem disks in

Figure 6.14 and Figure 6.15, respectively. Figure 6.16 shows the wake patterns for changes

in the spacing for both the increasing spacing process and the decreasing spacing process.

The specific positions of wake patterns in Figure 6.16 are labeled from A to L in Figure 6.14

and Figure 6.15.

The amplitude of oscillation in the stream-wise direction is largest when the wake is in the



6.4. Motion amplitude and force response 93

t=0 t=1/5T

t=2/5T t=3/5T

t=4/5T t=Tt=T

Figure 6.10: Wake patterns of one oscillation period for ` = 3.9 (“Co-shedding” wake) at
Re = 148.
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Figure 6.11: Motion of the downstream circular disk for ` = 3.9 (“Co-shedding” wake) at
Re = 148: (a) trajectories of the circular disk and (b) the motion curve of the downstream
disk in stream-wise direction and in transverse direction.
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Figure 6.12: Spectrum distribution for motion of the downstream circular disk for ` =
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“gap flow switching” regime. This maximum amplitude is achieved both for the increasing

spacing process and the decreasing spacing process, as shown in Figure 6.14(a). Beyond the

peak in Figure 6.14(a), the amplitude of the stream-wise oscillation decreases with increas-

ing mean spacing and approaches zero for large `. The transverse vibration displays more

variation with changing mean spacing, as shown in Figure 6.14(b). The root-mean-square

transverse amplitude yrms/D increases to approximately 0.2 abruptly from almost zero when

` changes from 1.4 to 1.6. The transverse oscillation amplitude stabilizes around 0.2 if the

mean spacing is between 1.6 and 2.2. The amplitude then decreases quite abruptly from

0.19 to 0.04 when the mean spacing increases from 2.2 to 2.9. As the mean spacing is incre-

mented, the amplitude increases again before a jump occurs around ` = 3.5. Along with the

sudden increase of the oscillation amplitude, the wake shifts from the “gap-flow switching”

regime to the “co-shedding” regime at a spacing ` = 3.5 as shown in Figure 6.16 (E) and (F).

For the “co-shedding” wake regime, the amplitude has another peak at 0.15 when the spac-

ing increases to 3.9. After this peak, the amplitude of the transverse oscillation decreases

with increasing mean spacing and reaches close to 0.06 at the largest spacing of ` = 7.9.

The quasi-steady process of decreasing the mean spacing has a similar variation trend in

amplitude as compared with the quasi-steady increasing process. One notable difference is

the hysteresis of the oscillation amplitude between ` = 3.1 and ` = 3.5. When the spacing

decreases from 3.3 to 3.1, the amplitude decreases suddenly from 0.13 to 0.07; conversely, the

amplitude jumps from 0.07 to 0.13 when the spacing for the quasi-steady increasing process

is around 3.5. The switch of wake patterns for the quasi-steady decreasing process is not

evident in Figure 6.14(b). The wake alternates from “co-shedding” to “gap-flow switching”

when the spacing is around 2.7, as shown in Figure 6.16 (I) and (J). However, the amplitude

for wake (I) and wake (J) is extremely close, so they appear as one single data point in

Figure 6.14(b).
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Figure 6.14: Root-mean-square of the downstream disk’s displacements at Re = 148: (a)
stream-wise; (b) transverse.
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(L) x/D=1.4 (K) x/D=1.7 (J) x/D=2.7 (I) x/D=2.7 (H) x/D=3.3 (G) x/D=7.9

Figure 6.16: Wake pattern for various spacings
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The mean drag coefficient shows obvious hysteresis between the increasing spacing process

and the decreasing spacing process in Figure 6.15. To compare with the force measurement

results conducted in the soap film, the mean drag of the downstream cylinder in a stationary

tandem pair simulated by LBM is depicted as a blue dash line in Figure 6.15. The “drag”

coefficient determined from the flowing soap film experiment actually includes the inertial

force of the downstream disk. In Figure 6.15, the mean “drag” coefficients of the downstream

disk agree with the results from the LBM simulation in terms of the minimum spacing and

the maximum spacing. The stream-wise oscillation has the minimum vibration amplitude for

both the minimum spacing and the maximum spacing, so the inertial force of the downstream

disk is negligible in these cases. Therefore it is reasonable to expect that the “drag” measured

in the experiment in these cases will approach that from the simulation results. For the

smallest spacing (` = 1.4), the “drag” is negative, as shown in Figure 6.15, so the downstream

disk is propelled forward by the wake of the upstream disk. For the simulation results in

Figure 6.15, the negative drag regime occurs for small values (` < 3.7). However, due to

the transverse oscillation, the downstream disk always deviates from the centerline of the

wake in the experiments, and the resulting “drag” coefficient is positive for the spacings

1.6 < ` < 2.7. The “drag” coefficient displays a sharp increase when the spacing is around

` = 3.5 during the increasing spacing process; while it shows a sharp decrease when the

spacing is around ` = 2.7 during the decreasing spacing process. Therefore, the critical

spacing is around ` = 3.5 for the increasing spacing process and around ` = 2.7 for the

decreasing spacing process. The wake patterns also show the corresponding bifurcation of

the flow patterns, as shown in Figure 6.16 (D) and (E) for the increasing spacing process

and in Figure 6.16 (I) and (J) for the decreasing spacing process. The simulation results also

show a critical spacing between 3.7 and 3.8, as shown in Figure 6.15 for the sudden jump of

the mean drag coefficient. The results suggest that the oscillation of the downstream disk

decreases the critical spacing slightly. When the spacings are larger than the critical spacing,
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`c,min `c,max

Flow-induced vibration around 2.67 around 3.48
Two tandem stationary circular cylinders (experiment) 2.66–2.87 3.60–3.80
Two tandem stationary circular cylinders (2D simulation) 3.70–3.80

Table 6.2: Critical spacings for flow-induced vibration and two tandem cylinders.

the “drag” coefficient decreases with increase of the mean spacing and reaches close to 0.49

at the largest spacing of ` = 7.9.

Figure 6.17 shows the Strouhal numbers for both the flow-induced vibration (the upstream

disk is fixed and the downstream disk is free to oscillate) and two tandem stationary circular

disks. Basically the Strouhal numbers of the flow-induced vibration agree with the results

from two tandem stationary circular disks. The abrupt variation of the Strouhal number

in Figure 6.17 indicates the critical spacings at which the wake patterns transition between

the “reattachment” mode and the “co-shedding” mode. Table 6.2 summarizes the critical

spacings for various experimental and simulation results. The critical spacing `c,max for

the 2D simulation is between 3.70 and 3.80. The maximum critical spacing `c,max for the

experiments of the two stationary disks is between 3.60 and 3.80, which is close to the

simulation results. The minimum critical spacing `c,min for the two stationary disks is between

2.66 and 2.87. The minimum critical spacing `c,min of the flow-induced vibration experiment

is also around 2.67. However, the maximum critical spacing `c,max is around 3.48 for the

oscillating case so the wake of the flow-induced vibration is more likely to transition from

the “reattachment” mode to the “co-shedding” mode when compared to the two tandem

stationary disks experiment.
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Figure 6.17: Force in longitudinal Direction.

6.5 Wake-stiffness model for the flow-induced vibra-

tion

Assi et al. [2] introduced a wake-stiffness model for the analysis of flow-induced vibration.

This model focuses on the steady lift across the wake of a single stationary cylinder. Fig-

ure 6.18 shows the steady lift for two tandem spacings: (a) ` = 2.1; (b) ` = 3.9. The

CLmean values show a strongly linear behavior between −0.4 ≤ y/D ≤ 0.4 for ` = 2.1 and

between −1.0 ≤ y/D ≤ 1.0 for ` = 3.9. Although the nonlinearities become obvious for

larger transverse separation, we can estimate the slope in the linear region as

∣∣∣∣∣∂C̄Lmean

∂(y/D)

∣∣∣∣∣ ≡ ∆c̄y. (6.10)

∆c̄y is 1.543 for ` = 2.1 with 97.54% confidence inside the linear region, while ∆c̄y is 0.3794
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for ` = 3.9 with 95.4% confidence. For the wake-stiffness model, the steady lift is treated

as a restoring force towards the centerline. That is, the CLmean works as a “fluid-dynamic

spring” driven by the flow within the region of wake interference when the upstream cylinder

is fixed and the downstream cylinder oscillates around the wake centerline. The maximum

oscillation amplitude in this flow-induced vibration setup is smaller than 0.4D for this par-

ticular situation, so the downstream cylinder moves in the linear wake interference region of

the upstream cylinder.

The equivalent spring constant for the soap film setup is defined as

kw =
1

2
ρU2
∞hf∆c̄y, (6.11)

where hf is the thickness of the soap film. The mass ratio is O(30) so the effect of the added

mass of the soap solution is negligible in the current analysis. For a pendulum system driven

by gravity without damping effects, the equation of motion is

d2θ

dt2
+
g

l
θ = 0 (6.12)

under the small amplitude approximation. If we add the wake-stiffness effect, the equation

becomes

d2θ

dt2
+
g

l
θ +

kw
m
θ =

d2θ

dt2
+ (

g

l
+
kw
m

)θ = 0. (6.13)

Now the frequency fw+g is given by

fw+g =
1

2π

√
g

l
+
kw
m
. (6.14)
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` fT fw fg fw+g
2.1 10.48 9.88 1.67 10.02
3.9 5.01 4.90 1.67 5.18

Table 6.3: Oscillation frequency predicted by wake-stiffness and gravity

The frequency determined only by the wake-stiffness will be

fw =
1

2π

√
kw
m
. (6.15)

Table 6.3 shows multiple frequencies of the pendulum system. The frequency of the trans-

verse motion fT is 10.48Hz for ` = 2.1 and the frequency becomes 5.01Hz for ` = 3.9. The

frequency based on the wake-stiffness model for ` = 2.1 is 9.88Hz, while this frequency be-

comes 4.90Hz for ` = 3.9. The frequency of the pendulum driven only by gravity is 1.67Hz.

Thus, the frequency determined by combining the wake-stiffness model and the pendulum

model is 10.02 Hz for ` = 2.1, and this frequency is 5.18 Hz for ` = 3.9. Assi et al. [2] only

applied the wake-stiffness model for cylinder separations of ` ≥ 4.0, for which a developed

wake was observed to be present in the gap. The steady lift results in this section indi-

cate that the wake-stiffness model also works for the gap flow switching wake region with

2.1 ≤ ` ≤ 4.0.

6.6 Conclusions

In the presented study, we discussed the two-dimensional wake-induced vibration of the

downstream cylinder in a tandem pair for a vertical flowing soap film. The results include

both the motion of the downstream disk and flow visualization of the wake pattern for

Re ≈ 148. As the longitudinal spacing of the cylinders is varied, flow visualization re-

sults show three types of flow: the “extended-body” wake, the “gap-flow switching” wake
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Figure 6.18: Steady lift coefficient on a static downstream cylinder and various staggered
positions at two longitudinal spacing: (a)` = 2.1; (b)` = 3.9.

and the “co-shedding” wake. The downstream disk remains stationary, moves on a narrow

“figure-8” shape, or vibrates inconsistently along a one-dimensional path, respectively, for

the above three types of wake patterns. With the ability to tie together the wake structure,

the object motion and the mean “drag” coefficient, we investigate the hysteresis between

an incremented spacing process and a decremented spacing process. The hysteresis is not

obvious in the variation of the motion amplitudes. However, the mean “drag” coefficient

shows a remarkable hysteresis effect with the change in cylinder spacing. For the “gap-flow

switching” wake regime, the downstream disk achieves a maximum oscillation amplitude and

relatively consistent vibration, so this regime is suitable for energy harvesting. The wake-

stiffness model was used to analyze the transverse oscillation. The steady lift across the

wake of a single stationary cylinder appears to give strongly linear behavior in a region near

the centerline. The slope of the linear fitting represents the “wake-stiffness”, which predicts

the oscillation frequency of the transverse motion. The wake-stiffness model works for both

the “gap-flow switching” wake and the “co-shedding” wake. These research results could

help with the optimization of energy harvesting systems based on flow-induced vibration of
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circular-cylinder systems, and also benefit the understanding of wake interactions between

multiple bluff bodies such as schooling fish, natural draft cooling towers and wind turbine

farms.



Chapter 7

Summary

This PhD research work consists of two closely associated parts: a study of the vortex shed-

ding of a single cylinder and a study of the wake interaction of two tandem cylinders. Flow

visualization from flowing soap film experiments and two-dimensional numerical simulations

were used to investigate the wakes behind the circular cylinders. Flowing soap films provide

a beautiful platform for quasi-two-dimensional experiments, and the simulations based on

the 2D Lattice Boltzmann method supplied many additional features and details of the wake

structures. Data analysis methods such as proper orthogonal deocmposition, neural nets and

support vector machine algorithms were used to uncover and understand several important

behaviors of vortex formation and interaction behind circular cylinders.

A new definition of the vortex formation length was constructed using POD analysis in both

the two-dimensional simulations and the quasi-two-dimensional experiments. This definition

is based on the unsteady flow fields and helps with understanding the wake interaction

between two tandem cylinders. The POD mode plots identify two formation lengths: the

maximum vortex formation length and the minimum vortex formation length. The former

length is related to the maximum critical spacing of two tandem circular cylinders, while the

latter length is related to the minimum critical spacing. The experimental and simulation

results also indicate that the POD analysis is capable of predicting the spatial distribution

and time evolution of the vortex shedding and propogation.

A systematic parametric study of the wake structure behind a controlled transversely os-

105
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cillating cylinder was conducted. Neural network and support vector machine algorithms

helped with the wake classification and the boundary identification between different wake

regimes. The critical parameters considered in this research were the normalized wavelength

λ∗, the normalized amplitude A∗, and the frequency ratio f ∗. The wake modes were distin-

guished in two phase maps: (λ∗,A∗) and the (f ∗,A∗) space. The existing literature shows

significant differences between the maps of vortex-shedding regimes in experiments (3D) and

simulations (2D). The present experiments in a quasi-2D flowing soap film were implemented

to investigate the impact of system dimensionality on the wake patterns generated behind

an oscillating cylinder. The experimental results show that the “2P” wake structure can

occur in a (quasi) two-dimensional experiment, results that are consistent with earlier find-

ings for in-line cylinder oscillations [22]. The phase map of the vortex shedding regimes for

the (quasi) two-dimensional experiments qualitatively agrees with that from previous ex-

periments (3D). One possible reason why this (quasi) two-dimensional experiment disagrees

with the 2D simulation is the existence of the meniscus (a cylinder-film intersection). Due

to the similarity with the real 3D wake flow, the soap film experimental data could assist

with understanding of the real 3D vortex-induced vibration.

The critical spacing of two identical tandem circular cylinders in a flowing soap film system

at Re ≈ 100 was determined using visual inspections of the wake patterns and calculations

of the Strouhal frequencies. Three trials were run with cylinder spacings varying over the

range 1.3 ≤ ` ≤ 6.6. The dimesionless spacing ` was both increased and decreased quasi-

statically with increments 0.1 ≤ ∆` ≤ 0.9. Hysteresis was observed in the flow patterns and

Strouhal numbers. As ` was increased, the transition from the reattachment regime to the

co-shedding regime occurred for a critical spacing of 3.9 . `c,max . 4.1. When instead ` was

decreased, this transition occurred for a critical spacing of 2.9 . `c,min . 3.1. Thus, for this

flowing soap film system with Re = 99 (±7), the critical spacing of two identical tandem
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circular cylinders was found to be 2.9 . `c . 4.1. This study appears to provide the first

experimental evidence of critical spacing values that agree with published computational

results.

The two-dimensional wake-induced vibration of the downstream cylinder in a tandem pair

was also studied using a vertical flowing soap film. The results include both the motion of the

downstream disk and flow visualization of the wake pattern for Re = 150. With variation of

the longitudinal spacing, the flow visualization results show three types of flow: an “extended-

body” wake, a “gap-flow switching” wake, and a “co-shedding” wake. The downstream disk

remains stationary, moves in a narrow “figure-8” shape, or vibrates inconsistently in a one-

dimensional direction, respectively, for the above three types of wake patterns. With the

ability to tie together the wake structure, the object motion and the mean “drag” coefficient,

the hysteresis between the spacing increment process and the spacing decrement process was

investigated. The hysteresis was not obvious in the variation of the motion amplitudes

with the change of the spacing. However, the mean “drag” coefficient showed a remarkable

hysteresis effect with the change of the spacing. For the “gap-flow switching” wake regime,

the downstream disk showed a maximum oscillation amplitude and relatively consistent

vibration, so this regime is considered suitable for energy harvesting. The wake-stiffness

model was used to analyze the transverse oscillation. The steady lift across the wake of a

single stationary cylinder appears to display a strongly linear behavior. The slope of the

linear fit determines the “wake-stiffness”, which predicts the oscillation frequency of the

transverse motion. The wake-stiffness model works well for both the “gap-flow switching”

wake and the “co-shedding” wake. These research results can help with the optimization of

energy harvesting systems based on flow-induced vibration of circular-cylinder systems, and

also benefit the understanding of wake interactions between multiple bluff bodies such as

schooling fish, natural draft cooling towers, and wind turbine farms.
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