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Interferometry in Diffusive Systems: Theory, Limitations to Its Practical 

Application and Its Use in Bayesian Estimation of Material Properties 

Sharmin Shamsalsadati 

ABSTRACT 

Interferometry in geosciences uses mathematical techniques to image subsurface 

properties. This method turns a receiver in to a virtual source through utilizing either random 

noises or engineered sources. The method in seismology has been discussed extensively. 

Electromagnetic interferometry at high frequencies with coupled electromagnetic fields was 

developed in the past. However, the problem was not addressed for diffusive electromagnetic 

fields where the quasi-static limit holds. One of the objectives of this dissertation was to 

theoretically derive the impulse response of the Earth for low-frequency electromagnetic fields. 

 Applying the theory of interferometry in the regions where the wavefields are diffusive 

requires volumetrically distributed sources in an infinite domain. That precondition imposed by 

the theory is not practical in experiments. Hence, the aim of this study was to quantify the 

important areas and distribution of sources that makes it possible to apply the theory in practice 

through conducting numerical experiments. Results of the numerical analysis in double half-

space models revealed that for surface-based exploration scenarios sources are required to reside 

in a region with higher diffusivity. In contrast, when the receivers straddle an interface, as in 

borehole experiments, there is no universal rule for which region is more important; it depends 

on the frequency, receiver separation and also diffusivity contrast between the layers and varies 
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for different scenarios. Time-series analysis of the sources confirmed previous findings that the 

accuracy of the Green’s function retrieval is a function of both source density and its width. 

Extending previous works in homogenous media into inhomogeneous models, it was found that 

sources must be distributed asymmetrically in the system, and extend deeper into the high 

diffusivity region in comparison to the low diffusivity area.  

The findings were applied in a three-layered example with a reservoir layer between two 

impermeable layers. Bayesian statistical inversion of the data obtained by interferometry was 

then used to estimate the fluid diffusivity (and permeability) along with associated uncertainties. 

The inversion results determined the estimated model parameters in the form of probability 

distributions. The output demonstrated that the algorithm converges closely to the true model. 
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Chapter 1: Literature Review 

1.1 Green’s Function and Its Importance in Geophysics 

Green’s function in geophysics is the solution of partial differential equations due to 

impulsive sources. For a known source, f(r ), and the Earth model, m, one can predict the 

observed field, u(r ), by solving the corresponding partial differential equation 

)()()( rrm fuL =  

in which L is a differential operator. Nonetheless, the problem is that the model is in general 

unobtainable. Assuming the source term, f(r ), is equal to the Dirac delta function, δ(r ), the 

unknown function u(r ) is replaced by the Green’s function, G(r ):  

).()()( rrm δ=GL  

Then, the observed fields for different angular frequencies, ω, are simply derived using 

.)()()( ωωωω dfGu r,r,r, ∫=  

in the frequency domain. Interferometry, or virtual source method, is a new tool for 

geophysicists that benefits from this concept to find the impulse response of the Earth. Through 

interferometry we can compute the Green’s function with complete ignorance of the model. In 

this method, cross-correlation of wavefields recorded at two different locations yields the 

(1.1) 

(1.2) 

(1.3) 
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Green’s function evaluated at one location as if there were an actual source at the other location.  

Hence, it recovers the response of physically absent sources. 

1.2 Interferometry 

The fluctuation-dissipation theorem in physics describes the derivation of the Green’s 

function or the impulse response of a system excited by noises or disturbances (Nyquist, 1928; 

Callen & Welton, 1951). This theory states that it is possible to derive the impulse response of a 

thermodynamically equilibrium Hamiltonian system through correlation of field fluctuations 

inside the system (Nyquist, 1928; Callen & Welton, 1951). The Hamiltonian (energy) and 

Lagrangian principles both have applications for Green’s function retrieval which is called 

interferometry. The term interferometry arises from radio astronomy in which the radio signals 

received from far away objects are cross-correlated. Radio interferometry was developed in 1946 

for the purpose of increasing resolution of the recorded radio signals.  

Interferometry is also called the virtual source method since it constructs the effect of a 

virtual source at the location of an observation point. Cross-correlation based interferometry ‒ 

with a long history in geophysics ‒ was introduced by Claerbout (1968), who considered a 

horizontally lossless and layered acoustic medium in 1-D with a point source in the lower 

homogenous half-space. The author showed that autocorrelation of the response recorded at a 

receiver on the surface due to a source in a half-space is proportional to the reflection response of 

a surface source recorded by the same receiver. Therefore, by measuring the response of a source 

in the subsurface, one could measure the effect of a virtual source positioned on the surface. 

Claerbout’s work was later extended into 3-D inhomogeneous media (Rickett & Claerbout, 

1999). It was shown that by cross-correlating the response to a source recorded at two locations 
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on the surface, one can reconstruct the response of a virtual source positioned at the location of 

one of the receivers and measured at the location of the other receiver. The research embarked by 

Claerbout (1968) could be applied in finding reflection seismograms from background noise 

sources.  Recent examples on diffuse seismic fields (Lobkis & Weaver, 2001; Wapenaar et al., 

2008; Snieder, 2004), ground penetrating radar (Slob & Wapenaar, 2007), synthetic aperture 

controlled source electromagnetics (Fan et al., 2010), seismic coda waves (Lobkis & Weaver, 

2001; Sato, 2009, 2009a), seismic bias correction (Curtis & Halliday, 2010), surface waves (Li et 

al., 2010) and electrokinetic self potential (Slob et al., 2010) demonstrate the impact that 

interferometric theory continues to have on geophysical exploration.  

The concept of interferometric imaging was first used by Schuster (2001) who applied the 

method on both noise and man-made seismic sources (Schuster, 2001; Schuster et al., 2004). 

Schuster & Zhou (2006) used the method to simulate the effect of sources that were spatially 

displaced to some other locations. The purpose of their study was to apply the findings to 

eliminate elevation statics at source or receiver locations. Bakulin & Calvert (2006) applied 

controlled source interferometry in seismology to image through a problematic overburden. In all 

cases of controlled source and ambient source interferometry, cross-correlation results of two 

receiver recordings due to the sources were considered to be the response of a source that would 

be measured at one of the receiver locations assuming there was a source at the location of the 

other receiver.  

Curtis et al. (2006) described the method in a horizontally double half-space acoustic 

medium in 1-D assuming planar acoustic waves are emitted by two impulsive sources where one 

source is located above the interface and the other is positioned below. The responses of sources 

are recorded by two receivers located arbitrarily between sources (Figure 1.1, left). It is shown in 
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this figure that each receiver records both direct and reflected waves emitted by source 1, and 

one transmitted wave from source 2. Recordings due to different sources are cross-correlated and 

then summed over sources to get the interferogram. The interferogram shows the response of a 

virtual source assuming that it was located at the position of receiver A and recorded by receiver 

B or the other way around. Figure (1.1) demonstrates that those forward and reversed times are 

both recovered in the interferogram. It was shown by the authors that this example could be 

generalized to reconstruct a trace from an infinite number of arbitrarily located sources where 

those sources surround the pair of receivers (Curtis et al., 2006). 

1.2.1 Interferometry in Lossless Media 

Fink (1992, 1999) used an array of source-receiver transducers to show that acoustic waves 

for lossless medium are invariant under time reversal. He also designed an experiment using 

ultrasonic wavefields where a piezoelectric source emits a pulse in a heterogeneous medium with 

thousands of scatterers; then, an array of receivers records the scattered wavefields (Fink, 2006). 

In the next part of his experiment, the traces were time-reversed and those seen were focused on 

the location of the source; and hence, the source-receiver reciprocity was proved through his 

experiment. Snieder & Scale (1998) analyzed this experiment to show that waves remain stable 

after multiple scattering. They compared wave scattering with particle scattering. The experiment 

showed that waves remain stable after multiple scattering by a heterogeneous medium while it is 

not true for particles. They were reasoning that waves travel in all directions and are in contact 

with all scatteres; however, particles move only through one path. Therefore, wave propagation 

in a heterogeneous medium is invariant under time reversal. Thus, the wavefield can be 

reconstructed after back-propagation through a highly heterogeneous medium (Snieder & Scale, 
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1998). Derode et al. (2003) analyzed the effect of multiple scattering in an ultrasonic experiment 

using the concept of time-reversal symmetry. The cross-correlated impulse responses were 

recorded by two receivers to show that this result is equal to the pulse that is emitted by one of 

the receivers and its time-reversed pulse (Derode et al., 2003). The authors showed that if 

sources surround the medium of the study, then it is possible to retrieve the Green’s function by 

summing the cross-correlation responses observed at two receiver positions inside that medium. 

Both Fink (2006) and Derode et al. (2003) discussed the definition of time-reversal in acoustic 

and its relationship with seismic interferometry.  

Wapenaar & Fokkema (2006) derived representation of the Green’s function formulae in 

the inhomogeneous medium, assuming that it is invariant under time reversal using acoustic and 

also elastic wavefields. For the case of acoustic wavefields, Wapenaar & Fokemma (2006) 

considered an open domain of Γ where boundary ∂Γ is a subdomain of this configuration. It was 

assumed that two receivers positioned at the states of A and B are encompassed by this boundary. 

The authors started with the motion equation  

iii fpj =∂+ωρυ  

and stress-strain relation  

qpj ii =∂+ υωκ  

to derive representation of acoustic Green’s function in the lossless medium. In these equations, 

the acoustic wavefield and the particle velocity are shown by p and υi ‒ both are functions of time 

and position ‒ and the lower-case subscripts indicate the Cartesian coordinate vector. Moreover,  

j is the imaginary unit, ω the angular frequency, ∂i the partial derivative in the r i-direction, ρ the 

(1.4) 

(1.5) 
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mass density of the medium, and ᴋ its compressibility where the last two are position dependent. 

Two terms fi and qi denote the external volume force density and volume injection rate density, 

respectively. It was assumed that there is no external force and the volume injection rate is equal 

to the delta function. Therefore, the acoustic pressure at the locations of A and B are equal to the 

Green’s function in the frequency domain. The authors considered a closed surface as 

∂Γ=∂Γ0U∂Γ1 where ∂Γ0 is a part of free surface and ∂Γ1 is a surface with an arbitrary shape 

which is not coinciding with a physical boundary, Figure (1.2). Because Green’s function 

vanishes on the free surface, sources only need to be on the ∂Γ1. In addition, ∂Γ1 boundary is a 

spherical surface with a very large radius to satisfy radiation conditions of the Green’s function 

at infinity. Using above mentioned criteria and combining the relations with the wave equation 

resulted in  

),,(),,( ωω BAAB GG rrrr =  

 and 

r,rrrrrrrr
r

rrrr

2)),,(),,(),,(),,((
)(

1

),,(),,(

dnGGGG
j

GG

iBAiBiA

BAAB

ωωωω
ωρ

ωω

∗∗

Γ∂

∗

∂−∂−

=+

∫  

wherein, G* (r , rA, ω) is the Fourier transform of the causal time domain Green’s function G (r , 

rA, -t) which represents an impulse response observed at r , due to a source at rA (rA and rB are 

receiver locations), Wapenaar & Fokemma (2006). To make their findings applicable to the field 

of seismic interferometry and also remove the ‘ghost’ effect, Wapenaar & Fokkema (2006) 

considered a homogenous medium outside the boundary with propagation velocity c and mass 

density ρ. The ‘ghost’ effect is a product of waves that propagate from outside of the previously 

(1.6) 

(1.7) 
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described boundary toward the medium in one state, and then propagate outward from this 

boundary through another state.  The authors further assumed that the medium in a small region 

around ∂Γ1 boundary does not vary; hence, the normal derivatives of the Green’s functions in 

high frequencies and large spherical radius were approximated to be (–jω/c(r )) G|α(r )|, where α 

indicates the angle between the ray and the normal on the boundary. Under the above mentioned 

criteria, Wapenaar & Fokemma (2006) derived representation of the acoustic Green’s function  

r.rrrrrr 2),,(),,(
2

)},,({2 dGG
c

G BABA ωω
ρ

ω ∫
Γ∂

∗≈ℜ  

The approximation in Equation (1.8) holds for the situation when ∂Γ is a sphere with a 

very large radius, since in this case all rays are perpendicular to the boundary. In order to derive 

the imaginary component of the Green’s function instead of the real part, the authors suggested 

to transform the Green’s function to g=(1/jω)G.  

Replacing impulsive sources on the boundary by transient sources with the frequency 

spectrum of s(r , ω), the observed fields and also equivalent of Equation (1.8) could be computed 

using  

),,(),,(),,( ωωω rrrrr sGp AA
obs =  

),,(),,(),,( ωωω rrrrr sGp BB
obs =  

and 

rrrrrrrr 2
0 ),,(),,(),(

2
)()},,({2 dppF

c
SG BABA

obsobs ωωω
ρ

ωω
∗

∫
Γ∂

≈ℜ  

(1.8) 

(1.9) 

(1.11) 

(1.10) 
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,where S0(ω) is some average power spectrum and F(r , ω) is a shaping filter defined as F(r, 

ω)=S0(ω)/S(r ,ω), Wapenaar & Fokemma (2006). 

For the case that sources are mutually uncorrelated and act at the same time, the three 

upper equations are rewritten by Wapenaar & Fokemma (2006) as the followings:  

r,rrrr 2),(),,(),( dNGp AA
obs ωωω ∫

Γ∂

=  

,rrrrr ′′′= ∫
Γ∂

2),(),,(),( dNGp BB
obs ωωω  

and 

,),(),(
2

)()},,({2 * ωω
ρ

ωω BABA
obsobs pp

c
SG rrrr ≈ℜ  

where N(r , ω), N(r ′, ω) denote uncorrelated sources at r , r ′. Comparing these two sets of 

equations for transient and uncorrelated sources, we observe that for transient sources, the 

response of each source should be measured separately while this is not required for the 

uncorrelated sources. However, the power spectrum of all sources needs to be the same to be 

able to use Equation (1.14), and no correction should be made on differences of the spectra for 

different sources (Wapenaar & Fokemma 2006). 

One of the commonly used applications of the interferometry is retrieving seismic waves 

between seismometers. Seismic interferometry has been applied on both surface waves and body 

waves using both engineered and natural sources by several authors (Campillo & Paul, 2003; 

(1.12) 

(1.13) 

(1.14) 
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Roux et al., 2004; Shapiro et al., 2005; Sabra, 2005; Draganov et al., 2006; Ramirez & Weglein, 

2007).  Campillo & Paul (2003) applied interferometry technique using surface waves to produce 

interferometric impulse responses using correlation of surface waves from distant earthquakes. It 

was shown that it is possible to derive a direct wave between two receivers by cross-correlation 

of wavefields that are diffused due to the multiple scattering of coda waves. The authors 

demonstrated the possibility of deriving Green’s function and it’s time-reversed for randomly 

distributed noise sources. Roux et al. (2004) developed a theoretical approach to obtain 

wavefront through correlation of the observed wavefields in the time domain. The authors 

applied their findings to recover acoustic waves related to the structure of the time domain 

Green’s function using measurements of ocean ambient noise. In their experiment ocean noises 

were distributed throughout the water column. They recovered Green’s function in their 

correlation due to both ocean and shipping noises (Roux et al., 2004). Sabra (2005) cross-

correlated the responses of wavetrains in the low frequency band by recording noises received by 

150 seismic stations in Southern California. It was shown that the output is a coherent broadband 

wavetrains traveling across frequency band of 0.1–2 Hz (Sabra, 2005). Another example where 

seismic interferometry was applied is in the construction of tomographic images of the 

geological units of California through cross-correlation of recorded ambient noises (Shapiro et 

al., 2005). The authors demonstrated that using interferometry in their experiment has improved 

the resolution of crustal images taken from surface waves. Picozzi et al. (2009) applied the 

method to high-frequency seismic noise recordings for investigating a shallow structure at the 

Nauen test site in Germany through the retrieval of Rayleigh wave Green’s functions. Then 

travel times estimated from Green’s function were inverted to model a 3-D surface wave velocity 

structure at the engineering scale. 
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On the other hand, seismic interferometry was applied to the passively acquired seismic 

background noise data to reconstruct reflection events in a desert area (Draganov et al., 2006). 

An active reflection survey was also conducted by the authors to compare the output with the 

findings derived from interferometry due to background noises. The cross-correlation results of 

the recordings produced coherent events in the reconstructed shot gathers for a long recording 

time. The cross-correlation results were band-pass filtered between 2 and 10 Hz and then stacked 

to suppress events such as surface waves and also to improve the signal-to-noise ratio (Draganov 

et al., 2006).  

1.2.2 Interferometry in Attenuative Media 

The Green’s function estimation method only appeared applicable to the systems whose 

governing differential equations were invariant under time reversal,  (that is, for nonattenuating 

systems) until Roux et al. (2004) and Sneider (2007) developed the theory for lossy systems. 

Snieder (2007) proved that the interferometry method is also applicable to the media with losses 

where time-reversal invariant assumption is not fulfilled.  In lossless media the compressibility 

term has only real part which is included in the propagation velocity term ‘c’ (Equation 1.8) 

while in the existence of loss, compressibility has both real and imaginary components. For the 

first, Wapenaar & Fokemma (2006) showed the surface integral should be sufficient for Green’s 

function retrieval using the criteria mentioned in the previous section. Snieder (2007) 

demonstrated that for the latter, however, a volume integral needs to be added to the surface 

integral to include imaginary component of the compressibility, which was ignored for lossless 

systems (Snieder, 2007).  This means that in addition to having sources at the boundary, those 

sources are required throughout the volume as well. However, the surface integral vanishes, 
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assuming the volume is infinite, since for attenuative media the wavefield vanishes exponentially 

at infinity. The Green’s function representation in a medium with loss is shown by  

r,rrrrrrrrr 3),,(),,(),(2),,(),,( dGGGG ABiABAB ωωωκωωω ∗

Γ

∗ ∫=+  

where ĸi denotes the imaginary part of the compressibility in an infinite medium (Snieder, 2007). 

Equivalent of seismic interferometry in lossy systems was adopted into electromagnetics by Slob 

& Wapenaar in 2007. In their derivation Maxwell’s equations were used to extract the 

representation of correlation and also convolution type. For the first derivation, two receivers A 

and B are required to be surrounded by sources on a closed boundary ∂Γ, while receiver B should 

be outside the boundary for the latter in order to derive Green’s function using the convolution 

method (Slob & Wapenaar, 2007). Slob & Wapenaar (2007) showed that Green’s function for 

electromagnetic waves after applying far-field approximation could be extracted using a similar 

equation as of Equation (1.8) in which ρ and c are replaced by the magnetic permeability and 

velocity respectively. It was assumed that the medium outside the boundary with uncorrelated 

electric current sources is isotropic and the medium outside the boundary varies smoothly. These 

considerations were mainly made in order to approximate magnetic sources in terms of electric 

current sources. 

The authors discussed the possibility of using controlled sources or noise sources with high 

frequencies in the air using above mentioned formulae. The advantage of using interferometric 

method in GPR (ground-penetrating radar) application is that background ambient noises could 

be utilized to derive the impulse response of the Earth.  

(1.15) 
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Slob & Wapenaar (2007a) derived interferometry representation to be applied in GPR 

problems using both natural and controlled noise sources. They derived Green’s function 

representations for electromagnetic waves in dissipative media in high frequencies. It was 

assumed the time-reversal invariance is not required and the medium in the neighborhood of the 

boundary does not vary. In their study, contributions of all sources were added to reconstruct a 

wave that could be emitted from one of the receivers, due to a virtual source at the location of the 

other receiver. In addition, scattering in a heterogeneous medium decreases the amplitude error 

in data reconstruction. When the medium is highly scattered, the spurious events due to 

incomplete cancellation of waves emitted by different sources are more suppressed. If noise 

sources are coherent, this noise can cause amplitude errors. The electromagnetic sources could 

be either noise or transient sources. When these are uncorrelated noise sources, they act 

simultaneously and hence can be measured simultaneously; however, when those are transient 

sources, their signals should be measured separately. The authors also demonstrated that in the 

case where transient sources are used, the cross-convolution method is the preferred method for 

Green’s function retrieval in lossy media rather than other techniques (Slob & Wapenaar, 

2007a). 

Slob et al. (2007b) showed that by using electromagnetic waves, Green’s function could be 

extracted correctly where the loss factor is not high around the boundary sources. They analyzed 

the case when one receiver is inside the source boundary and the other is located outside, using 

cross-convolution instead of cross-correlation representation. To simplify the relation and make 

it applicable to the real experiment, Slob et al. (2007b) considered sources which were located on 

two horizontal planes which straddle the interface between the semi-infinite half-spaces. These 

surfaces were assumed to be parts of a cylinder in which the closing boundaries at infinity do not 
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contribute to the result. Although numerical experiments resulted in impulse response retrieval 

with a high accuracy, some types of errors occurred during their experiments. One type of error 

was due to incomplete cancellation of amplitudes when cross-correlations for different source-

receiver configuration were summed. The second source of error was due to the loss mechanisms 

of wave energy in cross-correlation methods. This also caused amplitude errors that resulted in 

artificial events (Slob et al., 2007b).  

Fan et al. (2010) applied the concept of virtual source method to synthetic aperture 

controlled source electromagnetics. Synthetic aperture (SA) imaging is the practice of using a 

single source antenna, moved over a target of interest, to generate a sequence of transient 

responses which are stored and later summed with predetermined phase shifts to reconstruct the 

transient that would have been measured if the source locations were instead occupied by a 

spatially distributed phase array. The choice of which phase shifts to apply is done to optimize 

the beam shape of the equivalent phase array, typically to minimize scattering from targets of 

disinterest or to focus the radiation pattern of the array on the target of interest. Synthetic 

aperture uses the interference of fields generated by different sources for the purpose of 

constructing a virtual source with a desired radiation pattern.  

Direct waves and air waves are challenges in CSEM technique. These types of waves are 

weakening the field refracted from the target and hence mask a part of the energy coming from 

the reservoir. Using synthetic aperture technique, one can design sources with different radiation 

patterns; hence, it is possible to concentrate the energy towards the target. Therefore, direct and 

air waves are reduced and also the depth of the investigation can be increased using this method. 

Moreover, the source can be towed at shallower depth to simplify the acquisition and also reduce 

the costs (Fan et al., 2010). 
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1.2.3 Virtual Source Method in Diffusive Systems 

Diffusion mechanism is described through the Fick’s law, which states that flux moves 

from regions of high concentration to regions of low concentration where the amplitude is 

proportional to the concentration gradient (Fick, 1855). Diffusion in hydrology and petrophysics 

is related to diffusive flux of fluids such as water or oil under a concentration gradient of that 

fluid. Low-frequency electromagnetic wavefields is another example when diffusion mechanism 

plays a role in the wave propagation. Diffusive wavefields are the ones that are equipartitioned, a 

mixture of uncorrelated plane waves propagating in all directions (Weaver & Lobkis, 2004). 

Weaver & Lobkis (2001) derived Green’s function formulae for acoustic thermal fluctuation. 

They examined the accuracy of their theory through conducting ultrasonic experiments using 

diffusive wavefields. They proved that Green’s function can be retrieved from cross-correlation 

of the wavefields exited by randomly distributed sources throughout a volume. They showed that 

by correlating noises at two independent locations one can obtain Green’s function at one 

location due to a source at the other location. Weaver & Lobkis (2006) examined Green’s 

function retrieval using different experimental scenarios for ultrasonic wavefields to derive 

impulse response of systems.   

Snieder (2006) used diffusion equation to derive impulse response of pressure fluctuation 

in attenuative media. Using diffusion equation, wavefield is not invariant under time-reversal but 

source-receiver reciprocity holds. Sneider (2006) showed that the Green’s function could be 

extracted from the correlation of time-series as long as sources of random noises are 

volumetrically distributed throughout an infinite volume. Considering reciprocity relation, 

Green’s function for uncorrelated noises was estimated in the frequency domain 
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,),,(),,(2),,(),,( 3* ∫
Γ

∗=− rrrrrrrrr dGGjGG ABBABA ωωωωω  

(Snieder, 2006). In Equation (1.16), G is the Green’s function caused by a point source at r  

measured at two receiver locations rA and rB and the asterisk denotes complex conjugation. 

Snieder (2006) considered spatially uncorrelated pressure fluctuations with power spectrum 

|q(ω)|2 : 

.)()(),(),(
2

212
*

1 ωδωω qqq rrrr −=  

In this equation, q denotes the source term which depends on both frequency and space, and 

angular brackets show the expectation value.
 
By considering spatially uncorrelated sources, 

equation  

),(),(2)()),,(),,(( *2* ωωωωωω BABABA ppjqGG rrrrrr =−  

in the frequency domain was derived by the author, where p(r , ω) is the pressure at location r  

due to random forcing.  Equation 

),,(),(2)(*)),,(),,(( * tptp
dt

d
tCtGtG BAqABAB rrrrrr ⊗−=−−  

which is the equivalent of Equation (1.18) in the time domain, states that the subtraction of the 

Green’s function and its time-reversed, after multiplication with the power spectrum of the 

fluctuation, is equal to the correlation of the random fields at locations rA and rB (Snieder, 2006).  

In this equation, the asterisk denotes convolution, ≈ denotes correlation, and Cq(t) is the 

autocorrelation of q(t). 

(1.16) 

(1.17) 

(1.18) 

(1.19) 
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1.2.4 General Form of the Green’s Function Extraction  

As it was shown, the theory of the Green’s function extraction from field fluctuations was 

based on using G(t) + G(-t)  or G(t) - G(-t) depending on the type of problem (G(ω) + G*(ω) or 

G(ω) - G*(ω) in the frequency domain). Snieder et al. (2010) showed that the theory for Green’s 

function extraction in the Lagrangian form can be extended to a variety of problems using 

acoustic, electrostatic and or diffusion equations. They showed that both subtraction and 

summation of G(t) and G(-t)  could be used depending on the nature of sources and their 

distributions. The authors considered fields that satisfy the following scalar relation: 

),,(),(*),,(),(**),(*),( 1 tqtutHtu
t

ta
t

ta
n

n

n rrrrrr +∇=














∂
∂+⋅⋅⋅+

∂
∂

 

where the asterisk denotes temporal convolution and u(r , t) is the field, H(r ,∇, t) is a spatial 

differential operator, and q(r , t) is the source. Table (1.1) shows how using Equation (1.20) and 

changing parameters of an and H would modify this equation to be suited for solving a particular 

problem. The table demonstrates the type of source and its relevant relation required for Green’s 

function extraction. It was shown that using this formulation assuming that attenuation is 

constant; the Green’s function of acoustic waves can be retrieved. In this formulation; however, 

body forces instead of injections are the source of fluctuations in the system. For diffusive fields, 

the authors’ derivation of  

,),,(),,(2),,(),,( 3* ∫
Γ

∗=− rrrrrrrrr dGGjGG BABABA ωωωωω  (1.21) 

(1.20) 
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∫
Γ

∗∇⋅∇=+ rrrrrrrrr 3* ),,(),,()((2),,(),,( dGGrDGG BABABA ωωωω  

made it possible to extract the Green’s function from either injection sources or current sources 

where D denotes the diffusion coefficient. 

Expressions (1.21, 22) show that both G −G∗ and G + G∗ can be extracted from field 

fluctuations. The difference between these equations is the source of excitation, where for the 

first (Equation 1.21) these fluctuations must be excited by monopole sources and for the latter 

(Equation 1.22) the fluctuations must be due to current or dipole sources.  

Alternatives to the volume-distributed source formulation for electromagnetics have been 

investigated (Slob & Wapenaar, 2007, 2007a; slob et al., 2007b) which in case the sources are 

taken to lie on some bounding surface encapsulating the region of study. Unified theories of EGF 

(Empirical Green’s Function) estimation have also been proposed (Wapenaar et al., 2008) in 

which electric and magnetic fields are coupled. However, the work (Shamsalsadati & Weiss, 

2010) which will be presented in the next chapter is the first demonstration of EGF estimation for 

decoupled magnetic fields and heterogeneous media assuming the area of study is full of random 

point sources of current or time varying magnetization. 

1.3 Required Distribution of Sources 

Wavefields in lossless media and diffusive media have different criteria on requisite areas 

of sources. Surface source should be enough to apply interferometry in the first case. For the 

second case, volumetrically distributed sources are required in order to reconstruct the EGF 

(1.22) 
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accurately. Wapenaar & Fokkema (2006) showed that for the case of acoustic and elastic 

wavefields where the outside boundary is homogeneous, sources in the Fresnel zones around the 

stationary points of the cross-correlation kernel for a given receiver pair contribute the most to 

the EGF estimate. For the case of acoustic wavefields, the authors considered a closed domain in 

the shape of a semicircle (Figure 1.3) assuming a part of this surface is the Earth’s free surface 

(∂Γ0) and sources are uniformly distributed on the other surface (∂Γ1). In the numerical example 

conducted by Wapenaar & Fokkema (2006), it was further assumed that the medium outside this 

boundary is homogenous and also a single diffractor (C) exists inside the medium along with two 

receivers (A, B). Figure (1.4a) shows the cross-correlation results of the waves recorded by two 

receivers A and B (convolved with a wavelet) for different source positions in the time domain. 

The resulted traces in Figure (1.4a) are then summed to get the interferogram (Figure 1.4b). This 

figure demonstrates that the important areas of sources are the ones in the Fresnel zones around 

the stationary points of the integrand (0̊ < ϕ < 45̊ and 135̊ < ϕ < 180̊), Wapenaar & Fokkema 

(2006).  

Fan & Snieder (2009) analyzed a similar experiment for a homogenous medium when the 

boundary of sources is a full circle. It was assumed that sources are uniformly distributed around 

a circle with the radius of 40 km when the receivers are 6 km far apart. Fan & Snieder (2009) 

demonstrated that at least 50 sources are needed to reconstruct the EGF precisely (Figure 1.5). 

This figure also demonstrates that as number of sources is increasing, the oscillation between 

reconstructed signals is decreasing. It was also shown that sources in the stationary phase zone 

contribute the most to the EGF retrieval (Figure 1.6). These authors analyzed the source 

distribution problem in a heterogeneous medium. They considered 200 isotropic point scatterers 

in an 80×80 m2 square around two receivers where the receivers are separated by 20 m with the 
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source radius is 90 m. Figure (1.7) demonstrate the reconstructed Green’s function between two 

receivers for 300 uniformly distributed sources. Their experiment showed that more sources are 

needed for a heterogeneous medium in comparison to the homogenous medium in order to 

reconstruct the Green’s function, accurately. They also compared their findings with the case 

when a single source is used.  The correlation coefficient between the exact and the causal part of 

the reconstructed signal was shown to be around 0.97 for the 300 uniformly distributed sources 

while it was -0.03 for the single source. Therefore, Fan & Snieder (2009) proved inaccuracy of 

the beliefs about sufficiency of a single source in highly heterogeneous systems in order to apply 

interferometry therein. The authors showed that source density for a homogenous medium is 

proportional to the wave number, receivers distance and also the number of sources within the 

period of the most rapid oscillation. For a heterogonous medium; however, they found that the 

source density depends on the wavelength and also phase shifts along the paths from source to 

the receivers, 

,
sinsin BA

d
αα

λ
+

≤r  

wherein dr  is the source separation, λ is the wavelength, and αA,B are phase shifts. 

Slob et al. (2007b) applied electromagnetic interferometry using a similar approach. They 

considered a pair of receivers encompassed by sources in a circle (Figure 1.8). Figures (1.9a, b) 

demonstrate the correlation gathers and also the sum of traces. It was shown that sources close to 

the stationary point at 90 ̊are important to find casual part of the Green’s function while the ones 

in the opposite stationary point (270̊) contribute to the reconstruction of the anticausal part. For 

the situation that one receiver (B) is outside the source domain (Figure 1.10), the authors showed 

that sources around 270̊ gives the most contribution for full Green’s function retrieval (Figure 

(1.23) 
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1.11) while the sources around 90̊ have vanishing contribution. Therefore, Slob et al. (2007b) 

concluded that only waves that are traveling inward contribute to the result. 

Slob & Wapenaar (2007a) applied the theory developed for Green’s function estimation 

using electromagnetic field for the GPR application. These authors started by conducting 

numerical experiments to quantify requisite areas where sources need to be positioned. For this 

purpose, they considered line sources of electromagnetic fields in the air where those are 

separated by 10 cm. In this numerical experiment, two homogenous layers exist below the 

surface with one receiver above the surface and the other one in the air above the top boundary. 

It was demonstrated that direct wave is reconstructed from contribution of sources in the lower 

boundary while the refracted event is built from contribution of all sources. The effect of far-

field approximation and the ‘ghost’ event was leaded to spurious events as it was discussed by 

Slob & Wapenaar (2007a). The authors discussed that these spurious events are created through 

the sources exist on the upper boundary since they come from correlation of the waves that travel 

from the boundary outward to rB and inward from the boundary to rA. In this case, travel time for 

the latter is larger than the travel time to rB from which is subtracted. It was further concluded 

that the effect of far-field approximation is minimal and resulted in decrease in the amplitude of 

the direct arrival (Slob &Wapenaar, 2007a). 

The required source distribution problem was mostly focused in elastic systems until Fan 

& Snieder (2009) analyzed the problem for pressure fields in diffusive systems. For a 

homogeneous, diffusive system with identical, closely spaced receiver points, Fan & Snieder 

(2009) simulated time-series where the source was imperfect ‒ both through sparse sampling and 

spatial bias. In the third chapter we aim to extend the research embarked by Fan & Snieder 

(2009) on the required distribution of sources in diffusive systems through investigating the 
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effects of material heterogeneity and receiver separation on the cross-correlation kernel in 1-D 

and 2-D. The time-series of data will also be analyzed in the fourth chapter through conducting 

numerical experiments in order to demonstrate those effects on the requisite source  
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Figure 1.1: Seismic interferometry. One dimension acoustic double half-space medium with 
two sources, one on the top of the interface and the other one below that with two receivers 
above the interface between two sources (left). Traces are recorded for each receiver (A and B) 
due to source 1 and source 2 which recovers direct, reflected, and transmitted responses 
(recordings; center). Pair of traces for source 1 and for source 2 are cross-correlated (cross- 
correlations; center). Summations of the cross-correlations result in an interferogram including 
both causal and anticausal parts (bottom). At positive times, this trace shows response of a 
virtual source assuming that it was located at the position of receiver A and recorded by 
receiver B or vice versa. Figure modified from Curtis et al. (2006), used under fair use (2013). 
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Figure 1.3:  2nd Configuration for Green’s function retrieval using acoustic waves. A and B 
denote the receiver positions and C shows a diffractor in a homogeneous medium below a 
free surface. Sources are located on the surface ∂Γ1.The causal contributions come from 
stationary points between 0̊, 45̊ while the anticausal ones come from sources located between 
135̊ and 180̊. SEG allows reprint of figure without permission, Wapenaar, K. & Fokkema, J., 
2006. Green’s function representations for seismic interferometry: Geophysics, 71, SI 33–46. 

∂Γ0 

∂Γ1 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1.2: 1st Configuration for Green’s function retrieval using acoustic waves. The 
boundary ∂Γ encompasses two receivers of A and B in an acoustic medium. This boundary is 
including two surfaces of ∂Γ0 and ∂Γ1 which the first shows the free surface and the second is 
the surface where sources with r  coordinates are positioned along it. Figure modified from 
Wapenaar and Fokemma (2006). 
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Figure 1.4: Cross-correlation result of the time domain interferometry using acoustic waves.  
(a) Time domain representation of the correlation kernel. (b) Sum of the traces in (a). SEG 
allows reprint of figure without permission, Wapenaar, K. & Fokkema, J., 2006. Green’s 
function representations for seismic interferometry: Geophysics, 71, SI 33–46. 
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Figure 1.5: EGF reconstruction for a lossless homogenous medium with sources positioned 
around a circle. Reconstructed responses (solid lines) using interferometry for homogenous 
medium with different number of sources. Actual (direct) measurement between two 
receivers for N=50 (red dashed line). Oxford allows reprint of figure without permission, 
Fan, Y. & Snieder, R., 2009. Required source distribution for interferometry of waves and 
diffusive fields: Geophysical Journal International, 179, 1232–1244.  
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Figure 1.7: EGF reconstruction in a highly scattering medium. Reconstructed response is 
shown by the black curve and the actual measurement is demonstrated by the red curve. (a)  
Shows the reconstruction using 300 uniformly distributed sources while the (c) shows it 
when a single source is used. (b) and (d) are enlarged versions of (a) and (b), respectively. 
Oxford allows reprint of figure without permission, Fan, Y. & Snieder, R., 2009. Required 
source distribution for interferometry of waves and diffusive fields: Geophysical Journal 
International, 179, 1232–1244. 

 

 

 

 

 

 

Figure 1.6: Stationary phase zone in a homogenous medium. The stationary phase zone for 
sources located on the circle is shown by dashed curves. It was shown that, using 
interferometry, sources in the stationary regions are more important than other sources. 
Figure modified from Fan and Snieder (2009).  
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 Figure 1.9: EGF reconstruction using electromagnetic wavefields for the 1st configuration. 
(a) Correlation gathers and also (b) the sum of traces in Figure (1.8). Oxford allows reprint of 
figure without permission, Slob, E., Wapenaar, K. and Snieder, R., 2007b. Interferometric 
electromagnetic Green’s functions representations using propagations invariants: 
Geophysical Journal International, 169, 60-80. 

 

 

 

 

 

 

 

 

 

Figure 1.8: Interferometry using electromagnetic wavefields (1st configuration). Receivers A 
and B in a homogenous medium encompassed by sources located on a circle. Figure 
modified from Slob, et al. (2007b). 
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Figure 1.10: Interferometry using electromagnetic wavefields (2nd configuration). Receiver A 
is located inside a homogenous medium while receiver B is outside of this domain for sources 
positioned in a circle. Figure modified from Slob et al. (2007b). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.11: EGF reconstruction using electromagnetic wavefields for the 2nd configuration.  
(a) correlation gathers and also (b) the sum of traces of Figure (1.10). Oxford allows reprint of 
figure without permission, Slob, E., Wapenaar, K. and Snieder, R., 2007b. Interferometric 
electromagnetic Green’s functions representations using propagations invariants: Geophysical 
Journal International, 169, 60-80. 
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Table 1.1: Green’s function retrieval for different systems and source types. The symbols used 
represent: κ = compressibility, D = diffusion parameter, ρ = mass density, ε = electric 
permittivity and γ = inverse of quality factor. New Journal of Physics allows reprint of table 
without permission, Snieder, R., Slob, E. and Wapenaar, K., 2010. Lagrangian Green's function 
extraction, with applications to potential fields, diffusion and acoustic waves: New Journal of 
Physics, 12. 

 

 

 

 

 

 

Equation an H G-G* G+G* 
Diffusion a1=1 “ÿ(D(r )“) Injection sources in 

volume 
Current sources in 
volume 

Acoustic waves (no 
attenuation) 

a2=κ(r , ω) 
(Im (κ)=0) 

“ÿ(ρ-1(r )“) Injection sources on 
boundary 

Difference of 
correlations 

Acoustic waves (with 
attenuation) 

a2=κ(r , ω) 
(Im (κ)≠0) 

“ÿ(ρ-1(r )“) Injection sources in 
volume 

Volume forces 
(“γ=0) 

Electrostatics all an=0 “ÿ(ε(r )“) Not possible Dipole sources 
Systems invariant 
under time reversal 

Re (an)=0 for n odd 
Im (an)=0 for n even 
 

H=H*  sources on boundarySources in volume 
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Chapter 4: Time-Series Analysis of Lossy Interferometry Data and 

Its Application to Bayesian Inversion of Synthetic Borehole Pressure 

Data 

4.1  Abstract 

Applying cross-correlation based interferometry in diffusive systems requires 

volumetrically distributed sources in an infinite domain. However, having such a source 

distribution in the real world practice is not possible. In this study, the number and distribution of 

sources required to reconstruct EGF (Empirical Green’s Function) to a given error tolerance is 

investigated through numerical modeling. Time-series analysis of the interferometry data 

confirmed the previous findings in homogenous media where the width of source distribution 

needed to reconstruct EGF up to a desired time depends on the receiver separation and 

diffusivity of the medium. Here, a suite of 1-D double half-space models is examined in which 

receivers are located on either side of the interface. Results show that sources need to be further 

into the region with higher diffusivity than into the low diffusivity region. In the limiting case of 

a closely spaced receiver pair far from the bed contact, sources are required only in the region 

where the receivers reside, as expected. However, in the intermediate case where the receivers 

are sufficiently close to the bed contact such that the wholespace response extends a distance z 

across the contact, the requisite region across the contact expands by the factor of square root of 

D2/D1. Analysis of a three-layered system simulating a reservoir layer between two impermeable 

layers revealed that the EGF could be reconstructed due to sources mainly in the middle 

reservoir layer. The 1-D Bayesian inversion of the interferometry data demonstrated that the true 
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model and its uncertainty could be recovered using the noisy data. For large 3-D problems where 

the number of models is greater than the number of data, calculation of the Jacobian matrix is 

computationally prohibitive. As a preliminary step towards this ultimate goal, an adjoint-based 

sensitivity calculation for diffusive system is presented (Appendix B). 

4.2  Introduction 

The Empirical Green’s Function (EGF) estimation from cross-correlation of time-series 

measured at two receiver locations, called interferometry or virtual source method enables the 

characterization of the subsurface properties without the need for engineered sources. In 

experiment scenarios where deployment of an engineered source is not possible, the EGF method 

provides previously unobtainable data (Schuster and Zhou, 2006). 

Wavefields in lossless media and diffusive fields have different criteria on the requisite 

areas and the distribution of – random, naturally occurring or engineered – sources for EGF 

recovery. Far-field sources on an arbitrarily shaped surface bounding the receiver pair are 

enough to apply interferometry in the first case (Wapenaar & Fokkemma, 2006). For the second 

case; however, volumetrically distributed sources are required in order to reconstruct the EGF 

with a high accuracy (Snieder, 2006). Although there has been much study on EGF estimation 

using the physics of wave propagation, the virtual source method for the case of attenuative and 

diffusive systems is comparatively less developed. The impossibility of an infinite number of 

volumetrically distributed sources – required by the theory of interferometry in lossy and 

diffusive systems – challenges the application of this method in practice. The theory of the 

Green’s function was developed for both pressure diffusive fields (Snieder, 2006) and also low-

frequency inductive electromagnetics (Slob et al., 2007; Wapenaar et al., 2008; Shamsalsadati & 
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Weiss, 2010; Slob & Weiss, 2011); however, it is impossible to find an area fully impregnated 

with random, uncorrelated noises or engineered sources as required by these theories. Fan & 

Snieder (2009) studied a homogenous medium to quantify the number and distribution of sources 

that enables one to reconstruct EGF within an acceptable error. This work was then extended 

through investigating the effect of material heterogeneity and receiver separation in the 

frequency domain (Shamsalsadati & Weiss, 2012a). The purpose of the current study is to 

analyze the time-series of data through numerical experiments to demonstrate the effect of 

inhomogeneity and receiver location on the requisite source distribution.  

The recovered EGF is then inverted using a Bayesian statistical approach to recover the 

material properties, namely – diffusivity. Bayesian methodology has a long history in the Earth 

sciences and continues to receive renewed attention (Jeffreys, 1924, 1939; Grandis et al., 1999; 

Malinverno, 2002; Chen et al., 2007; Ray & Key, 2012). There are practical advantages to the 

Bayesian approach, like its ability to quantify ambiguities of the solution by incorporating, in a 

statistical sense, the prior knowledge on the model parameters and their uncertainties. The 

Bayesian inversion results in a final solution called the posterior distribution that provides 

information on the uncertainties of the model parameters. Inspection of the posterior model 

distribution quantifies the non-uniqueness part of the inverse problem (Tarantola & Valette, 

1982; Malinverno, 2002).  

The content of this section runs as follows. I describe the methodology for the 

reconstruction of the time-series interferometry, followed by numerical experiments in double 

half-space and three-layered examples. In the first experiment the width and density of sources 

for different scenarios with variety of source-receiver configuration and diffusivity contrast 

between the layers is examined. For the three-layered medium interferometry data is 
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reconstructed in 1-D and 2-D; sources in the middle layer have a high diffusivity while the top 

and bottom layers are impermeable. The result of this last part is used to invert data for modeling 

fluid diffusivity (and corresponding permeability) using a Bayesian inversion approach in 1-D. A 

methodology is also introduced to speed up the inversion procedure by reducing the number of 

forward modeling needed in order to calculate the Jacobian matrix in the inversion for the cases 

of model overparametrization (Appendix B). 

4.3  Reconstruction of Interferometry Data in the Time Domain 

To investigate the requisite source distribution in lossy and diffusive media, it is important 

to understand first how the wavefield behaves in these systems. The analysis is based on the 

equation of Fickian diffusion in a generalized medium with space-dependent diffusivity D. 

Diffusion equation in time domain is given by Equation (4.1), 

),()),()((
),(

tstuD
dt

tdu
rrr

r =∇⋅∇−    

where u  (wavefield) and s  (source) are functions of both t (time)  and  r (position). For 

simplicity, we work with Equation (4.1) in the frequency domain, noting that a spatio-temporal 

impulse yields the Gaussian function G for u  

).(),()),()(( rrrr δωωω =+∇⋅∇− GiGD  

Equation (4.2) is solved analytically for double half-space model in both one and two dimensions 

(Shamsalsadati & Weiss, 2012a). In 1-D, the case of a double half-space model was examined, 

with diffusivity D1 in the region x < 0 and diffusivity D2 in the region x > 0. Enforcing the 

radiation condition as x → ±∞ along with continuity of Green’s function G and flux D∂xG at x = 

(4.1) 

(4.2) 
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0 for an impulsive source located at xs < 0, yields the Green’s function solution in the following 

form 
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where H is Heaviside’s function and nn Dj 2)1( ωα +=  for n= 1, 2 (Shamsalsadati & Weiss, 

2012a).  For the case of 2-D, the diffusion equation in the frequency domain for a double half-

space model was solved by Fourier transforming space coordinate y into the wave number 

domain, k. Using this transformation, the 2-D solutions take the same form as Equations (4.3a-b) 

with the substitution )(2
nn Djk ωα += . Extension to multi-layered systems is 

straightforward, resulting in recursion formulae for finding the unknown coefficients of the e±kz 

terms in each of the layers formulae based on continuity of flux and the wavefield at layer 

boundaries. 

Following the theory of interferometry developed in diffusive systems (Snieder, 2006) we 

can simulate the effect of a virtual source at the location of one of the receivers by cross-

correlating results of the Green’s functions due to random excitations. We can derive the 

response of a virtual source by cross-correlation of the wavefields measured at two locations, A 

and B, due to the volumetrically distributed sources s with the power spectrum |f (ω)|2,  

(4.3a) 

(4.3b) 
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In this equation, us(rA)  and  us(rB)  denote observed fields measured at the location of receivers 

A and  B and integrated over the area contain sources, and * indicates the complex conjugate.  

For impulsive sources, the scalar field us(rA) in the Equation (4.4) is replaced by the Green’s 

function Gs(rA), which is equivalent to us(rA) scaled by f −1(ω). The left hand side of this 

equation, GA(rB)-G*
A(rB), represents the measured field at the location of one of the receivers (B) 

due to an impulsive source positioned at the location of the other receiver (A). Our purpose here 

is to reconstruct the response of the virtual source due to impulsive sources in the time domain 

using the aforementioned formulas. Note, however, that the diffusion equation solved in the 

frequency domain using Equation (4.4) gives the imaginary component of the Green’s function 

only. To derive the full signal in the time domain both real and imaginary components are 

needed. For this purpose, the real part of the signal is reconstructed using the Kramers-Kronig 

relations. These equations are mathematical tools that relate real and imaginary components of 

response functions in physical systems (Toll, 1956; Kronig, 1926; Kramers, 1927) and are 

common in optical materials research for full signal reconstruction (Lucarini et al., 2005). For a 

known imaginary component F2(ω) of a causal signal F(ω), Kramers-Kronig relations require the 

real component of F(ω) to be  
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wherein P indicates the Cauchy principal value.  Once both real and imaginary components of 

the EGF were recovered, we Fourier transform the full signal into the time domain. 

(4.4) 

(4.5) 



51 

 

4.3.1 Numerical Analysis for Double Half-Space Models in 1-D 

Using the results of Fan & Snieder (2009; Figure 1a, top) as a starting point for our 

analysis, a series of models are cross-examined in 1-D using the aforementioned formulae. The 

first models (Figure 4.1a-c) are simple double half-space models with diffusivity, D, contrasts of 

1:1, 1:10 and 1:100 m2s−1. Receivers are located symmetrically about the origin with separation 

of 2 m. The source distribution width ranges between -17 m and 17 m for homogenous medium 

with the source density of 1.147 m-1 (Fan & Snieder, 2009). Extending the work of Fan and 

Snieder to include inhomogeneous models (Figure 4.1a, middle and bottom), reveals that sources 

must be distributed asymmetrically in the system, and extend a distance into the high-D (D2) 

side. For small receiver separations, this distance would be approximately proportional to 

12 DD  times the distance into the low-D (D1) side. For full construction of the EGF time-

series, it is found that sources must extend far into the high-D side of the model, whereas the 

locations of the requisite sources in the low-D side appears to be not affected by the presence of 

discontinuity at the interface (Shamsalsadati & Weiss, 2012b). Figure (4.1b) compares 

reconstructed EGF and the actual measurement between the virtual source and receiver for the 

three models shown in Figure (4.1a). 

 Using similar reasoning discussed by other authors for homogenous media (Mehrer, 2007; 

Fan & Snieder, 2009) and definition of the skin depth, sources within one skin depth, defined as 

the sources with the largest contribution. Let’s assume that D2=X2D1 and ∆ indicates the distance 

between maximum width of the source distribution in the first medium where receiver A resides 

and this receiver (see Figure 4.2).  Adding this information to the derivations in Equation (4.3), 

the maximum width of the source distribution in the second medium can be derived as 
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 This relation could be developed for the other medium using the same reasoning discussed 

above. Then, ∆' which is equivalent of ∆ in the high-D would be proportional to ( 12 DD ) ∆.  

Consequently, one can find the width of distribution as  

12 DDrw AB ∆++∆=  

where rAB indicates the separation between two receivers A and B or the virtual source-receiver 

distance (Figure 4.2). Figure (4.3) demonstrates that increasing receiver separation in the first 

example (Figure 4.1) to 6 m about the origin increases the required width of sources in 

comparison to the first experiment. Based on the results of this experiment the density of sources 

is changed so that two to three sources remain between the receivers. This new result confirms 

previous findings that sources between the receivers are more important than the distal ones (Fan 

& Snieder, 2009; Shamsalsadati & Weiss, 2012a).  

The third numerical experiment is conducted using diffusivity contrast of 1:10 m2s−1 where 

the receiver pair separated by 2 m is located in the medium with lower diffusivity. It is shown 

that when receivers are far from the interface (centered at -16 m), the majority of sources need to 

be in the low-D side. However, as the receiver pair gets closer to the interface, this important 

region of sources shifts towards the other medium, high-D side (Figure 4.4). It can be concluded 

from this experiment that in the case where the receivers are sufficiently close to the bed contact 

such that the wholespace response extends a distance z across the contact, z is scaled by the 

factor of 12 DD .   

(4.7) 

(4.6) 
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Figure (4.5) demonstrates the outputs of the numerical experiments where the sensor pairs 

located in the first and second medium are symmetric about the interface (separated by 2 m and 

centered at ± 18 m). The results indicate that for receivers located in the low diffusive side, EGF 

could be reconstructed without any source being in the second medium. However, this is not true 

for the latter where sensors are in the opposite side of the interface. In this case, it seems that not 

only more sources are needed in the domain with higher diffusivity where receivers are 

positioned but also some are still needed to be in the other side of the interface (Figure 4.5). 

Therefore, for a close-spaced receiver pair far from the interface, sources are desired only in the 

region where the sensors exist since it simulates the wholespace response. However, in the case 

where the sensors are close enough to the interface such that the wholespace response extends a 

distance z across the interface, the essential region across the contact expands by the factor of 

12 DD  (Shamsalsadati & Weiss, 2012b). 

4.3.2 Numerical Analysis of a Three- Layered Medium in 1 and 2D 

In this section, a numerical study is conducted to analyze the problem for a three-layered 

medium, representing a homogenous reservoir with a hydraulic diffusivity of 100 m2/hour 

located between two impermeable layers with hydraulic diffusivities of 1 m2/hour, Figure (4.6). 

In this figure, the triangles indicate pressure transducers which are cemented behind casing 

(Babour et al., 1995). The possibility of using the pressure transducers in the borehole was 

examined in the past (van Kleef et al., 2001; Bryant et al., 2002; Alpak et al., 2004). For 1-D 

case, sources separated by a meter reside in a line that connect receivers and exist in the middle 

layer only, Figure (4.7, bottom). In this experiment, it is assumed that for 2-D problem a large 

but limited number of impulsive sources are located inside the reservoir layer and also are 
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extended about 160 m at each side of the wells. The assumption for sources being in the high 

diffusive layer has been made based on the previous findings (Shamsalsadati & Weiss, 2012a), 

but it is also more realistic to expect majority of pressure fluctuations to be inside the reservoir 

layer. In addition, to simplify this experiment, Green’s function due to ambient and uncorrelated 

sources is used. Adjustment for natural transient sources (see Wapenaar & Fokkema, 2006) 

merits further investigation but is beyond the scope of the current study. 

Figure (4.7, top) demonstrates how the results of the time-series for the actual and EGF 

calculations fit with each other in 1-D for receivers separated by 4 m in the middle of the second 

layer. In 2-D, the time-series of interferometry data is reconstructed for the receivers located in 

the first well (shown by A , B) and also where those are cemented at two different wells (A , B') 

opposite to each other. Figure (4.8, top) shows the results of the EGF for receivers A and B 

separated by 10 m (Figure 4.6) which fit with the actual measurements. Figure (4.8, bottom) 

demonstrates a similar plot of the time-series data in 2-D for receivers A, B'.  The total error 

caused by using the interferometry and also applying Kramers-Kronig to reconstruct the EGF is 

less than 10% in average and increases to about 13% or more at a few points. Note also that the 

error increases at very late times. The time up to which EGF could be reconstructed with a high 

accuracy depends on the factors such as diffusivity, receiver separations, and also the width of 

the source distribution (Fan & Snieder, 2009). 

4.4  Inversion of Data Derived from Interferometry in 1-D 

4.4.1 Nonlinear Inversion 
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Broadly speaking, our goal in inversion is to recover estimates – and more importantly, 

uncertainties – of subsurface material properties. However, there is no single solution to the 

inverse problem; therefore, the most important task is quantification of non-uniqueness. In 

addition to finding the model that provides the best “fits” with the data, we aim to address the 

uncertainties of that model; thus, this approach is statistical in nature and probability theory can 

be used as a tool to describe the inverse problem. The conventional methods for nonlinear 

inversion such as the gradient based inversion approaches attempt to regularize the problem 

through penalizing the model roughness or derivative of the model. These methods result in a 

point estimate of the model parameter and do not address the nonsingular part of the inversion 

problem. Bayesian approach is another way of inverting different data sets which takes fuller 

account of uncertainties of the model parameters in comparison to the classical methods by 

quantifying ambiguities based on the conditional probabilities.  These conditional probabilities 

indicate the degree to which one set of model parameters fit with the data better than the other set 

of model parameters. Probabilistic Bayesian inference updates prior beliefs on the model after 

observing data; therefore, one needs to define the probability in terms of degree of belief before 

starting the analysis. Bayesian combines the prior knowledge on the model with the information 

on how well this Earth model fits with the observed data. The new results are then used to update 

the prior knowledge on the model parameters. This information results in a solution called 

posterior distribution which is an indicator of the uncertainty of the proposed model. 

Examination of the posterior distribution quantifies non-uniqueness part of the inverse problem 

(Tarantola & Valette, 1982; Malinverno, 2002). Bayesian inversion is different than other 

inversion methods common in geoscience problems in that it considers a probability distribution 

which reflects our uncertainty in ambiguity in the true value of a given model parameter (Jaynes, 
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2003). Using Bayes, regularization in the gradient methods is replaced by prior probability 

through confining the space limit of the possible Earth models. The application of the Bayesian 

statistical methodology in Earth sciences has a long history (Jeffreys, 1924, 1939) and revitalized 

by Mosegaard & Tarantola (1995) and Tarantola (2005). It has gained recent popularity for 

solving inverse problems in DC resistivity (Malinverno, 2000, 2002), seismic tomography 

(Bauer et al., 2003), self potential (Woodruff et al., 2010), airborne electromagnetics (Minsley, 

2011), Marine CSEM (Ray & Key, 2012), among other applications.  

Given a PDF (Probability Distribution Function) p(m) representing our prior and belief in 

the value and uncertainty of model parameters m, Bayes rule, 
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provides a mechanism for updating this belief based on  p(m|d) in light of new evidence p(d|m). 

The sampling distribution p(d|m) reflects the likelihood of observing data under the specified 

prior model. The posterior distribution, p(m|d), represents the probability that the model is true, 

given the data and previous  information  about the  model parameters (or in Bayes literature, the 

“hypothesis”).  The denominator in Equation (4.8) is the marginal likelihood independent of m, 

and hence a simple scaling constant that can be safely ignored. One of the advantages of this 

approach in comparison to the classical regularization methods is that it is easier to analyze and 

defend the degree of regularization by showing the probability of various possible model 

parameters under the prior distribution.  

Markov chain Monte Carlo (MCMC) algorithms are common algorithms to implement 

Bayesian approach (Robert & Casella, 2004). These algorithms consist of a random sampling 

(4.8) 
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from the probability distribution where the choice of the next state depends on the current state. 

After an initial burn-in period in which random walkers move in the sampling region, the chain 

samples posterior PDF with higher probabilities (Robert & Casella, 2004). The burn-in period is 

a number of iterations at the early stage of the MCMC sampling before the chain converges to 

the high probability region. There are several MCMC algorithms that produce Markov chains in 

order to be implemented in the Bayesian inversion (Robert & Casella, 2004; Metropolis et al., 

1953; Hasting, 1970; Green, 1995). The sampling scheme used in this study to invert the 

interferometry data is based on the Metropolis-Hasting algorithm (Metropolis et al., 1953; 

Hasting, 1970) which is a MCMC method aim to achieve random samples from a proposal 

probability distribution.  

We can model diffusivity given the data derived from interferometry using the Bayesian 

inversion method. The inversion is applied on the data measured for the three-layered medium. 

There is a total number of 271 data measured by 9 pairs of receivers positioned in the second 

layer (Figure 4.7, bottom). Model parameters are defined as a vector of log-diffusivities in each 

layer m = (logD1, logD2, logD3) and interferometry data as d = (d1,d2,d3,….dN). The Diffusion 

equation relates the scalar diffusive field u and also diffusion coefficient D (Equation 4.1, 2); and 

hence, one can model diffusivity having the pressure data. Note also that permeability (k) can be 

readily estimated having the fluid properties and the porosity 

ηφβ
k

D =  

where η and β denote viscosity and compressibility of the fluid flowing through the pore spaces 

of the rocks. On the other hand, porosity shown by φ and also thickness of each layer are 

assumed to be available by well log information. It is further assumed that there is a single phase 

(4.9) 
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fluid flowing through the pore spaces of the homogenous rock within each layer. These 

parameters are listed in Table (4.1). 

Metropolis-Hasting algorithm, a commonly used MCMC algorithm, is used to invert the 

data sets. This algorithm uses a proposal distribution to sample a new model where the choice of 

this model depends on the current model. Then, the proposed model is accepted with an 

acceptance probability which depends on the prior, likelihood, and proposal PDFs for the current 

and also the proposed models. These PDF functions are all described by multivariate normal 

distributions assuming that the noise in the data is Gaussian (Malinverno, 2002; Ray & Key, 

2012). The prior distribution depends on the current model m, its mean m̅, and the covariance 

matrix of Cm 
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In this equation, M denotes the number of layers and the covariance matrix indicates the 

uncertainty in the model parameters. Likelihood function which is the probability of data given 

the model can be found as 
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wherein f(m) is a forward modeling function that results in a vector of predicted data given the 

model. In this equation, the covariance matrix Cd indicates the error expected for each of the 

observed data and N represents the total number of data used. The best choice of the proposal 

distribution would be a function that approximates posterior PDF of the model (Malinverno, 

(4.10) 

(4.11) 



59 

 

2002). Hence the covariance of Cpos used for sampling is considered to be proportional to the 

posterior’s covariance (JT Cd
-1 J+ Cm

-1)-1 (Malinverno, 2002; Bard, 1974) where J is the Jacobian 

matrix or derivatives of the predicted data with respect to the model. The proposal distribution is 

given as the following 
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where the proposed model is shown by m' . It needs to be mentioned that all of the above 

distributions are transformed in to the logarithmic scale to avoid numerical errors.  

The Metropolis-Hasting algorithm starts by sampling a candidate model (m′) based on the 

current model (m). Then, the probability of acceptance α is calculated using  
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=min [1, (prior ratio)·(likelihood ratio)·(proposal ratio)]. 

The proposed model is accepted if the probability of acceptance α takes a value which is greater 

than a random number r sampled between 0 and 1.  For r < α, the current model is m replaced by 

the new model m'  otherwise no change should be considered. The samples taken after the time 

when the burn-in period is reached represent the output. We stop the sampling when the samples 

are large enough to describe the posterior PDF (Malinverno, 2002). Note also that using the 

proposal distribution of Equation (4.12) makes the Bayesian inversion computationally 

expensive since the Jacobian matrix embedded in the posterior covariance needs to be evaluated 

at each iteration. To calculate the Jacobian, predicted data calculated by the forward model is 

(4.12) 

(4.13) 
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differentiated with respect to the model parameter; hence, the number of forward calculation 

depends on both the number of data (N) and the number of models (M).  

McGillivray et al. (1994) discussed an alternative approach to reduce the cost of Jacobian 

calculation for inverse problems in electromagnetics using Maxwell equations. Their derivation 

was different than many others (Lanczos, 1961; Morse & Feschback, 1963; Oldenburg, 1990) in 

that the adjoint operator was not developed by the McGillivray et al., (1994), but they made it 

simpler to be applied on electromagnetic inverse problems in comparison to the previous works. 

The development of their work into the diffusion equation for scalar fields could be used in order 

to reduce the required number of forward calculations (Appendix B). Although applying this 

method reduces the cost of inversion, this would not make a significant change when using only 

a few models. Hence, the finding of (Equation B-5, see Appendix B) is not used in the current 

inversion example with three layers, but it is expected to be a helpful tool for future practices 

where the size of the model is large.  

4.4.2 Inversion Results 

Through using the Bayesian inversion method, I looked for the model that best describes 

the interferometry data. Data measured by the receivers positioned in the middle of the second 

layer are sampled up to 140 hours while this time is reduced as receivers get closer to the 

boundaries. This is due to the fact that the time up to which interferometry data can be 

reconstructed is higher where the pair of receivers is surrounded by a large number of sources 

(Fan & Snieder, 2009). For the receivers that reside in the neighborhood of the interfaces, this 

maximum time decreases noticeably as there is no source in the first and third layers.  
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To start the MCMC chain an initial Earth model was needed. It was assumed that enough 

information is not available on the model parameters and therefore the initial model was started 

to be homogenous everywhere about the most probable value of 25 m2/hour. Then the model 

information and the errors were translated into the logarithmic scale. The code ran for 10,000 

iterations where at each step the proposed model was evaluated for the acceptance which resulted 

in taking the total number of 4034 samples. Figure (4.9) shows how the misfit (the root mean 

square error) decreases as the number of samples increases until the burn-in period is reached. 

The burn-in period was reached after taking 95 samples when the misfit level in the order of 

3ä10-5 was achieved. The results of the Figure (4.10, right) demonstrate the posterior PDF for the 

three-layered model in the logarithmic space. The expected value of 1 m2/hour for the 

impermeable layers on the top and bottom of the reservoir is within the 95% confidence interval 

of the posterior PDFs. The PDF of the sampled models for the reservoir layer also shows that the 

true diffusivity of 100 m2/hour is sampled with a high probability. The diffusivity models could 

be replaced by the fluid permeability using the parameters of the reservoir and fluid parameters 

listed in Table (4.1), Figure (4.10, left). 

4.5  Discussion 

The two objectives of these experiments were first to analyze sensitivity on the required 

source distribution when using interferometry and second to model the data offered by this 

method using an effective tool such as a Bayesian inversion.  EGF estimation in diffusive 

systems is related to the common exploration problems to find electromagnetic fields in low 

frequencies or pore pressure fields in fluid flowing media. Hence, an exploration scenario would 

be characterizing physical properties of fluids in hydrological or reservoir explorations. 
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Therefore, a synthetic reservoir experiment was designed to show the feasibility of using this 

method in practice. On the other hand, a perfect fit between the actual source and the receiver 

measurement with the EGF could not be retrieved by interferometry due to the assumed source 

requirements in addition to the Kramers-Kronig relation which was used for the full signal 

reconstruction. The majority of hydrological/ reservoir field measurements are completed in the 

time domain. Therefore, an alternative form of the EGF equation in the time domain (Snieder, 

2006) can be used to avoid numerical error in the full signal reconstruction in the frequency 

domain. We may still expect the observation error caused by imperfect instrumentation, 

experiment designs, or other types of disturbances. The Bayesian inversion approach is a suitable 

approach for inverting data sets associated with large error since it gives a better understanding 

on the uncertainties of the model parameters.  Although it is more expensive than other inversion 

methods, Bayes is an effective tool to invert geophysical or geological data in nonlinear 

problems. The derivation introduced in the appendix (Equation B.5) reduces the computational 

cost of the forward calculation in the Jacobian; and therefore, speeds up the MCMC 

convergence.  

In the numerical experiments discussed a simplified version of the Earth model was used 

by making assumptions that could not exactly meet the requirements in a real world scenario.  

Note that physics and chemistry of the Earth in a real system is more complicated than what is 

outlined here and hence careful considerations should be made to treat the problem in practice. 

Considering the theory of EGF estimation in diffusive fields (Snieder, 2006; Shamsalsadati & 

Weiss, 2010; Slob & Weiss, 2011), and recent research developments to minimize the 

restrictions on the EGF method (Fan & Snieder, 2009; Shamsalsadati & Weiss, 2012a), the new 
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findings are useful to study the limitations on EGF estimation caused by imperfect sources or 

complexities of the subsurface.  

4.6  Conclusion 

Reconstruction of the time-series interferometry data for the proposed synthetic models 

revealed that sources must be expanded further into the high-D side in comparison to the low-D 

side of the model. A derivation for finding the required width of source distribution was also 

formulated which depends on the diffusivity in each medium, their contrast, and the receiver 

separation. It was further found that for a higher receiver separation, an essential density of 

sources is lower. It was concluded that the density of sources should be changed such that two to 

three sources remain between the receivers which verified prior studies that sources between the 

receivers are more important than the other sources. The numerical experiments pointed out that, 

in the case of a close-spaced receiver pair far from the interface, sources are required only in the 

region where the receivers exist.  

The results of the numerical experiments showed that the fit between the actual source and 

the receiver measurement and the EGF is not exactly identical. This is due to the fact that the 

imperfect source distribution in addition to the Kramers-Kronig relation which was used for the 

full signal reconstruction introduces error. On the other hand, the Bayesian statistical inversion 

of the synthetic data calculated for a reservoir layer embedded in an impermeable region 

demonstrated that the algorithm converges toward the model that is close to the true model. 

Nonetheless, Bayesian inversion is computationally more expensive than other methods which 

make it difficult to apply especially where number of model is greater than the number of data. 

The Calculation of the Jacobian matrix for nonlinear inversion is one of the reasons the inversion 
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algorithm is slow. To overcome this problem, a formula was suggested to reduce the 

computational costs of the Jacobian matrix which an extension of the previous works into the 

generic form of scalar diffusive fields.  
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Figure 4.1: Time-domain analytic (solid black lines) and EGF (open circles) of the response 
of three diffusive systems: D=1 m2/s wholespace (Fan & Snieder, 2009), 1:10 double half-
space; and, 1:100 double half-space (top figure). Receivers are located at x = ±1 m (black 
triangles) with the interface at x = 0 and source locations are shown by the closed circles 
(bottom figure). Note that as diffusivity contrast increases, location of the requisite sources 
extends further into the high-D side of the model. 

 

 

 

Figure 4.2: Sketch of receivers (circles) symmetric about the interface (vertical line) between 
the D1 and D2 half-spaces. The width of source distribution (thick gray line) depends on the 
diffusivity of each medium and also the receiver separation (rAB).  
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Figure 4.3: Time-series of analytic (solid black lines) and extracted EGF (open circles) for 
homogenous medium double half-spaces heterogeneous of 1:10, and 1:100 (top figure). 
Receivers are located at x = ±3 m (black triangles) with the interface at x = 0 and source 
locations are shown by the closed circles (bottom figure). Observe that location of the 
requisite noise sources extends further in both sides in comparison to the previous example, 
(Figure 4.1). 
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Figure 4.4: Time-domain analytic (solid black lines) and EGF (open circles) response of three 
systems with different receiver locations for fixed diffusivities of D1=1 m2/s and D2= 10 m2/s 
(top figure). Receivers are located at x = -17, -15 m, x = -8,-6 m; and, x = ±1 m with the 
interface at x = 0 and source locations are shown by closed circles. Notice that as the receiver 
pair gets closer to the interface, the important region of sources shifts towards the other 
medium (high-D side).  
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Figure 4.5: Analytic (solid black lines) and EGF (open circles) of response in the time 
domain of two systems for receiver pairs being symmetric about the origin and fixed 
diffusivities of D1=1 m2/s and D2= 10 m2/s (top figure). Receivers are located at x = -19,-17 
m, x = 17, 19 m with the interface at x = 0 and source locations are shown by the closed 
circles. For receivers located in the low diffusive side, EGF could be reconstructed without 
any source being in the second medium which is not the case where receivers are in the 
opposite side of the interface. 
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Figure 4.6: A synthetic model of a three-layered medium for a reservoir layer with hydraulic 
diffusivity of 100 m2/hour between two impermeable layers (with diffusivity of 1m2/h). The 
gray triangles indicate receivers. 2-D time-series analysis was conducted for receivers A, B, 
and B' positioned at 45, 55, and 52 meters below the top of the reservoir, respectively due to 
impulsive sources (black dots) inside the reservoir layer. 
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Figure 4.7:  Time-domain analytic (solid black lines) and EGF (open circles) response of a 
three-layered medium in 1-D for receiver pairs being in the reservoir layer with diffusivity of 
D

2
=100m2/hour and D

1
=D

3
=1 m2/hour (top figure). Layers are separated by vertical lines and 

receivers are demonstrated by black triangles (bottom figure). It is shown that EGF could be 
reconstructed with sources (closed circles) being in the middle layer only. 
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Figure 4.8: Time-series of single well (top) and cross well (bottom) analytic (solid black 
lines) and EGF (open circles) responses. Receiver geometries are taken from Figure (4.6, top 
and bottom, respectively).  
 

 

 

Figure 4.9: Convergence of data misfit in the MCMC algorithm. 
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Figure 4.10: Posterior PDF of diffusivity (right) and corresponding permeability (left) for the 
3 layers in Figure (4.7, single well configuration). Mean values shown by solid gray lines and 
actual values shown by dash gray lines. 
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Table 4.1: Parameters used to construct the synthetic three-layered model 
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Chapter 5: Discussion and Future Work 

5.1 Summary 

One of the objectives of this dissertation was to develop the theory of interferometry using 

the cross-correlation method into the low-frequency electromagnetic fields where the wavefields 

are diffusive. A thorough literature review on the basics of interferometry and its augmentation 

in geophysics in the first section was followed by a brief summary of the work in low-frequency 

electromagnetic interferometry in the second chapter. Pore-pressure and low-frequency 

electromagnetic fields are two important diffusive wavefields to apply the theoretical findings. 

From the theoretical viewpoint, virtual source method in diffusive systems requires 

volumetrically distributed sources in an infinite domain. However, the existence of this condition 

doesn’t seem realistic in real experiments. Consequently, an important question to answer is 

“what is the essential areas and distribution of sources that makes it possible to apply the theory 

in practice?” I attempted to answer this question in the third chapter through conducting 

numerical experiments of double half-pace models in one and two dimensions with a variety of 

receiver configurations and diffusivity contrasts between the layers using a single frequency.  

On the other hand, diffusive systems often use multiple frequencies or operate in the time 

domain. Thus, the sensitivity analysis of sources was discussed in the fourth chapter through 

studying the problem in the time domain. A synthetic model of a three-layered Earth was then 

used to show how the data derived from interferometry fit with the actual source-receiver 

measurement. In this experiment, it was assumed that all exitations happen in the middle layer of 

a high diffuse (permeable) region while there were no sources in the two other impermeable 



78 

 

layers on the top and bottom of this reservoir layer. The system of diffusion equation in a layered 

system was solved analytically in the frequency domain. Note; however, that the numerical 

examination completed in the frequency domain gives the imaginary component of the EGF 

only. Thus, the Kramers-Kronig relations were used to reconstruct the real part. Then, the full 

signal was reconstructed in the time domain using Fourier transformation in the MATLAB 

environment.  

The other objective of this project was to find diffusivity (and permeability) in the 

proposed three-layered model having the interferometry data. For this purpose, the synthetic 

interferometry data was used to find fluid diffusivity of each homogenous layer by applying the 

Bayesian inversion method. The results of this inversion described the predicted model in the 

form of a probability distribution that enables one to quantify the uncertainty associated with the 

model parameter in each layer. 

5.2  Discussion 

The theory of interferometry in seismology was introduced by Claerbout (1968) and was 

extended for the application in variety of exploration scenarios. This method has been also 

formulated to be utilized in electromagnetic geophysics (Sob & Wapenaar, 2007, 2007a; Slob et 

al., 2007b) where the sources are required to reside on some bounding surface wrapping the 

region of study. In addition, unified theories of EGF estimation have been proposed (Wapenaar 

et al., 2008) in which the EGF could be extracted for coupled electromagnetic fields. However, 

the problem was not addressed for decoupled electromagnetic fields where the quasi-static limit 

holds. The work presented in the second chapter of this dissertation (Shamsalsadati & Weiss, 

2010) is the first demonstration of EGF estimation for magnetic fields in heterogeneous media 
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assuming the area of study is full of random point sources of current or time varying 

magnetization. 

The interferometry method was well-suited for the systems that were invariant under time-

reversal until Snieder (2006) proved that this method is also applicable to the diffusive media 

with losses where time-reversal invariant assumption is not fulfilled. The study described in the 

second chapter is similar to the Snieder’s (2006) research in the pressure diffusive systems. The 

objective of this section was to develop the interferometry formula to find magnetic fields due to 

uncorrelated sources in low frequencies where the quasi-static limit holds. For this derivation, 

Maxwell equations were used to retrieve the Green’s function for decoupled magnetic fields 

excited by ambient fluctuations. It was assumed that there is an infinitely large volume full of 

sources ‒ either random noises or engineered sources ‒ that encapsulates two receivers A and B 

lying inside this medium. For the electromagnetic problem, the sources must be spatially 

correlated with the electrical conductivity variations in the medium (Snieder, 2006); however, for 

the specific case of magnetic fields, it was shown that this constraint is not required. This 

constraint was relaxed by considering that the magnetic permeability of rocks does not change 

significantly (Shamsalsadati & Weiss, 2010). The result of the magnetic interferometry in the 

frequency domain demonstrated that the imaginary component of the Green’s function projected 

at an arbitrary s direction and scaled by the power spectrum of the source for a virtual source 

located at the position of receiver A ‒ which is measured by receiver B ‒ can be retrieved by 

correlation of the observed fields measured at two receiver points. Note that all three components 

of the magnetic field are required to calculate the effect of the virtual source accurately (see 

Appendix A).  
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To verify the accuracy of the results, a 3-D numerical analysis has been done over an 

arbitrary volume representing a uniform 0.1 S/m layer underlying a 1 S/m homogenous region. 

The magnetic field throughout the volume was computed using the FDM3D finite difference 

code (Weiss & Constable, 2006) for magnetic dipole sources at points A and B, positioned at 

(206.25, 206.25, -6.25) m and ( -206.25, -206.25, -6.25) m, respectively.  The numerical study 

was conducted to find how the EGF kernel varies for these observation points encapsulated by 

volumetrically distributed sources. The results of the double half-space model revealed that there 

is symmetry between negative and positive amplitudes of the imaginary component of the EGF 

kernel (Figure A.1, top). Thus, these positives and negatives cancel out each other and only the 

real part of the cross-correlation kernel remains. Therefore, the right hand side of the Equation 

(A.2) calculates the imaginary component of the Green’s function, and this is consistent with the 

theoretical findings. The numerical study was also shown that the actual measurement (active 

source and receiver) and the EGF are in general agreement (Figure A.2, bottom).  

The development of the EGF estimation outlined in the second chapter does not consider 

any restriction on the type of magnetic and electric current source, other than is must be spatially 

impulsive. Most critical; however, is the need to quantify the breakdown of the method when the 

ambient sources are imperfect ‒ that is, contaminated with spatial bias, anisotropy and correlated 

structure. The effect of correlated, heterogeneous, and anisotropic noise sources on the recovered 

EGF is an interesting question to be explored in depth.  

For the purpose of this dissertation, the effect of source distribution for scalar diffusive 

fields was investigated since finding an area full of random and uncorrelated sources ‒ required 

by the interferometry theory in diffusive systems ‒ is not realistic in practice. Hence, the aim of 

the third chapter was to understand the required source distribution, or VoR (Volume of 
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Relevance), on the EGF retrieval through conducting numerical experiments. The effect of 

receiver position, its separation and also inhomogeneity in both one and two dimensions was 

examined to answer the question ‘Where are the sources that contribute most to the Green’s 

function estimate in diffusive, and lossy systems?’ (Shamsalsadati & Weiss, 2012a).  

Fan & Snieder (2009) investigated the problem for a homogeneous system with closely 

spaced receivers in 1-D and found that sources between the observation points and close to them 

contribute more to the Green’s function estimate than the faraway sources. In the third chapter, 

the work started by Fan & Snieder (2009) was extended through exploring the effects of receiver 

separation and its location on the EGF kernel for double half-space systems in one and two 

dimensions. The study was initiated by reconstructing the work of the Fan & Snieder (2009) in 

the homogenous medium for receivers that stand at either side of the contact with a separation of 

2 m using a fixed frequency of 0.02 Hz. The separation for receivers which were symmetric 

about the interface was also extended at various separations up to 20 m to inspect the VoR 

(Shamsalsadati & Weiss, 2012a).  For a homogenous medium, illustration of the EGF kernel 

showed that as the receiver separation was increased, the VoR was constrained to be between the 

receivers which verified the results of Fan & Snieder (2009). It was shown analytically that the 

EGF kernel for the region between the observation points is a cosine function. Figure (3.1, left) 

illustrated that this kernel changes from a function with one extrema to a function with multiple 

exrema as the receiver separation increases. Consequently, the importance of the region between 

the receivers depends on their separation. For the particular occasion where the sensors are far 

apart by an integer of the wavelength λ, the EGF kernel is equivalently zero and those sources do 

not contribute to the EGF estimate (Shamsalsadati & Weiss, 2012a). On the other hand, the EGF 

kernel outside the area between the receivers follows an exponential decay function. Therefore, 
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for the 1-D homogeneous system, it is relevant that sources outside the receivers’ range should 

be positioned sufficiently close to the receivers.  

To analyze the problem for a double half-space, the system of diffusion equations was 

solved analytically in the frequency domain in 1-D and 2-D. The extension of the experiment in 

homogenous media for double half-space models showed that the general rule derived for the 

first experiment is not valid for the latter. The examination of double half-spaces demonstrated 

that the peak of the EGF kernel is skewed towards the low diffusivity region. Figure (3.1 center, 

right) illustrates that the EGF kernel in the high-D side has a heavy tail with gradual decay while 

in the low-D side it has fast decay with negative values. Numerical integration of the EGF kernel 

revealed that for receivers that are symmetric about the interface between regions of high 

diffusivity contrast, as receiver separation increases the VoR moves from the low-D region to the 

high-D region, and returns repeatedly. It was observed in both one and two dimensions that the 

repetition over which these shifts occur in the EGF estimation decreases as the diffusivity 

contrast increases. In the cases examined, for low receiver separations (up to a few tens of 

meters) in both 1 and 2-D ‒ using a fixed frequency of 0.02 Hz ‒ the sources in the low-

diffusivity region contribute more to the EGF estimation. Note; however, that this is not a 

universal rule to determine the placement of VoR. The VoR’s position depends on the frequency, 

receiver separation, and also diffusivity contrast between the layers. This numerical experiment 

resembles the scenario of a borehole experiment with a pair of sensors lying on both side of a 

lithological contact (Shamsalsadati & Weiss, 2012a). 

For the occasion in which the receiver pair was rotated to be located on the interface, the 

rate of shifting between different regions was lower, and for medium and high diffusivity 

contrasts, the VoR remained on the more diffusive side over receiver separations up to two to 
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three skin depths. Therefore, for receivers located on the interface between two regions of high 

diffusivity contrast, or similarly high permeability difference, the EGF kernel was spatially 

deeper on the high diffusive (and permeable) side of the interface. Note that for simplicity the 

experiments designed based on the measurement of the pressure fields excited due to impulsive 

sources. Low-frequency electromagnetic induction in conductive media is also “diffusive” in 

lossy systems; thus, a similar approach could be used to derive the Green’s function for 

electromagnetic fields. Although the relations for electromagnetic induction is more complicated 

than the case of the pressure field, the structure for both of them are similar, especially in low 

dimensions. Therefore, the electrical resistivity plays the same role as of the diffusivity and the 

findings suggest that for EGF estimation in surface-based experiments, sources located in the 

resistive region are more important than those located in the conductive region. Consequently, 

for surface-based experiments with receivers located on the surface “Air” region has much 

higher diffusivity than the “Earth” region; and hence; the VoR is extremely in the Air. This 

outcome is invaluable since majority of anthropogenic and natural sources exist in the Air. 

Majority of the exploration problems in diffusive systems operate in the time domain; 

hence, EGF data in the time domain were analyzed to investigate the required width and density 

of sources for different source-receiver configurations and diffusivity contrasts between the 

layers. To derive the EGF in the time domain, the real component of the EGF in the frequency 

domain was recovered using Kramers-Kronig relations. Then, the full signal was Fourier 

transformed into the time domain.  The results confirmed the previous findings in homogenous 

medium in which the width of source distribution needed to reconstruct EGF up to a desired time 

depends on the receiver separation and diffusivity of the medium (Fan & Snieder, 2009).  For 

full construction of the EGF time-series, it was found that sources must be expanded further into 
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the high-D side of the double half-space in comparison to the low-D side of the model 

(Shamsalsadati & Weiss, 2012b). A derivation was also formulated for finding the required 

width of source distribution which depends on the diffusivity in each medium, their contrast, and 

the receiver separation. It was shown that source distribution need to be wider in the high-D side 

than in the other side. In general, for receivers located on either side of the interface, ∆' which is 

the distance between maximum width of sources in the high-D side and the receiver in that 

medium is proportional to 12 DD  times the same distance (∆) in the low-D side, Figure (4.2).  

It was further demonstrated that for a higher receiver separation, an essential density of 

sources is lower. It was found that the density of sources should be changed such that two to 

three sources remain between the receivers which verified prior studies that sources between the 

receivers are more important than the other sources. The numerical experiments pointed out that, 

in the case of a close-spaced receiver pair far from the interface, sources are needed only in the 

region where the receivers exist; nonetheless, in the occasion where the sensors are close enough 

to the contact so that the wholespace response extends a distance z across the interface, the 

essential region beyond the contact enlarges by the factor of 12 DD .  

For a three-layered medium with a reservoir layer between two impermeable layers, the 

EGF was reconstructed due to impulsive sources in the middle layer. The numerical error due to 

EGF reconstruction depends on the receiver separation, frequency, and diffusivity of the medium 

and increases at the late times. Note that the time up to which the EGF could be reconstructed 

decreases for receivers close to the boundaries since, in this situation, there are not enough 

sources around the receiver pair. The results showed that the fit between the actual source and 

the receiver measurement and the EGF is not exactly identical. This is due to the fact that the 
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imperfect source distribution in addition to the Kramers-Kronig relation which was used for the 

full signal reconstruction introduces error. Note; however, that the majority of measurements in 

the hydrological or hydrocarbon studies are accomplished in the time domain. Hence, the 

alternative form of the EGF equation in the time domain (Snieder, 2006) could be used to reduce 

the numerical error caused by using Kramers-Kronig relations.  

On the other hand, the aim of any data measurement in geophysical, petrophysical, or 

hydrological explorations ‒ using either the active or the passive method ‒ is to characterize 

subsurface properties. Electromagnetic, pressure, or seismic data are inverted to quantify 

different physical properties of the Earth such as electrical conductivity, density, porosity, and 

permeability. Thereupon, the final goal of this study was to show how we can find diffusivity by 

using the interferometry data derived for the proposed three-layered model. Furthermore, having 

the estimated diffusivity and also fluid parameters outlined in Table (4.1), information on the 

permeability in each homogenous layer was obtained.  

In this dissertation, the statistical Bayesian inversion was used for the purpose of data 

inversion since it recognizes uncertainties in the model parameters. This is one of the advantages 

of this approach in comparison to the traditional methods which give a point estimate of the 

model parameters.  The Bayesian statistical inversion was used to estimate fluid diffusivity (and 

permeability) from the EGF interferometry data. The last part in the fourth chapter discusses how 

to implement a nonlinear inversion on the data derived by interferometry in diffusive systems for 

a three-layered Earth in 1-D. Using Bayesian, the prior knowledge about the model parameters 

was combined with the likelihood of this model holding true for the observed data. In this study, 

the Metropolis-Hasting algorithm (Metropolis et al., 1953; Hasting, 1970) was used to sample 

models from the probability distribution using a proposal distribution with a tuning parameter 



86 

 

which was equivalent to the posterior’s covariance. Implementing the posterior’s covariance as a 

tuning parameter ensures that the acceptance rate is optimal (Gelman et al., 1996; Malinverno, 

2002). At each iteration of this algorithm, this initial model was changed and tuned based on the 

posterior probability of the proposed model. Therefore, the MCMC chain was moved towards 

the area with high posterior probability. In this study, it was shown that the algorithm converges 

toward the model that is close to the true model starting with a simple prior model which was far 

from the true model (Figure 4.9, 10).  

On the other hand, non-Bayesian inversion approaches do not consider probability 

distribution for the data or model; although their approach is inherently statistical. The Bayesian 

approach has an advantage over non-Bayesian approaches where there is a gap in the observed 

data and a prior knowledge of the model parameters is available. In addition, using this method, 

it is easier to describe the non-uniqueness part of the inversion while gradient based approaches 

provide a single model parameter without addressing ambiguities of the inversion. One of the 

challenges of this method is the difficulty of setting a prior which is used to tune the final model 

and regularize the posterior solution (Backus, 1988; Scale & Snieder, 1997; Ulrych et al., 2001; 

Malinverno, 2002). Nonetheless, Bayesian inversion is computationally more expensive than 

other methods which make it difficult to apply in higher dimensions.  

Calculation of the Jacobian matrix for nonlinear inversion is one of the reasons the 

inversion algorithm is slow. To overcome this problem, a formula was suggested to reduce the 

computational costs of the Jacobian matrix. The relation introduced in Appendix B is an 

extension of the work started by McGillivray et al. (1994) in electromagnetics into the generic 

form of scalar diffusive fields.  
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5.3 Future Work 

5.3.1 The Application Areas 

The application of the interferometry method simulates a virtual source at the location of 

interest where it is not possible to use active as discussed by Schuster & Zhou (2006). On the 

other hand, this method is useful in the areas full of random noises where traditional geophysical 

methods are in limited use. Thus, these findings could be useful in exploring the way ambient 

background noise allows improvements to experiment design where conventional geophysics is 

constrained in urban areas, oilfields, and industrial facilities. These environments may be 

appropriate in examining the application of this method in practice.  

The calculations in this dissertation were designed to consider a variety of geophysical, 

hydrological, and petrophysical examples, including borehole and surface-based experiment 

models. The findings elaborated in the third and fourth chapter could be applied to find fluid 

flow in the aquifer or hydrocarbon reservoirs. The method would also be useful in the evaluation 

of the concentration of contaminants in a fluid flow porous system as discussed by Snieder 

(2006). The possibility of implementing the method in the field for CSEM (Controlled Source 

Electromagnetic) exploration may yield a huge savings of time and energy since the ship would 

only be required to deploy receiver packages under ideal circumstances. Further study is required 

to quantify the survey and the environmental parameters in order to apply this method. 

The findings of this study could also be useful when observing the electric or the pressure 

anomaly due to pumping fluids (oil or water) in a borehole (Wurmistch & Morgan, 1994). 

Pumping and injection in a porous medium changes both pressure and resistivity measurements 



88 

 

as it was examined by Alpak et al. (2004). Middleton et al. (2000) analyzed the magnetic field 

generated by displacement of water with oil in a porous medium. The anomalies generated by 

these types of experiments could potentially be utilized in an interferometry practice. On the 

other hand, Boleve et al. (2011) designed an experiment to locate the leak in a dam by injecting 

brine and measuring the streaming potential produced by the injection. In this case, the injection 

of the fluid generates both pressure and streaming potential anomalies and provides more 

information on subsurface properties. Developing the virtual source method for these problems 

would be useful in gaining information on electrical properties of the rocks and characterizing 

permeability of the reservoir.  

There are varieties of electromagnetic or pressure fluctuations in the Earth and the 

possibility of using them for the application of virtual source method require further 

investigation. There is also a range of natural noises in the environment that can be used to apply 

interferometry therein. For instance, it was shown by many authors that the magnetic field is 

generated due to the stress change in crustal rocks. The variation of the magnetic field due the 

rupture adds extra information that might be helpful for Earthquake predictions (Stacey, 1964; 

Johnston, 1989; Johnston et al., 2001; Thomas et al., 2009).  

As another example of natural sources, one may consider air bubbling which could be a 

source of both pressure and streaming potential anomalies (Revil et al., 1999). The authors 

discussed that the insulator bubbles carry charges on their surface and hence create streaming 

potential anomalies. Malama et al. (2009) also showed how overflow of a Geyser in a 

geothermal valley generates streaming potential signals. The authors described how the 

cavitation of gas bubbles during the upflow generates acoustic waves. They explained that the 

collapsing and merging of steam bubbles due to striking a barrier can generate strong acoustic 
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pulses. The investigation on the distribution and intensity of these sources is needed to find out if 

one can benefit from these types of fluctuations in the application of interferometry.  

Jioa & Li (2003) investigated the reason for the appearance of cracks on the coastal 

pavement in Hong Kong. Numerical simulation conducted by the authors affirmed that the Air 

pressure fluctuation in coastal subsurface induced by the oceanic tide was the main reason for 

pressure fluctuations in the subsurface which resulted in the observed cracks on the surface. 

Hence, the oceanic tide in the coastal aquifers might be considered a source of natural 

fluctuations that could provide information on subsurface properties. 

 In either of the above examples, a thorough study on the type of source, its intensity, and 

power spectrum, other types of background fluctuations in the area, and the survey environment 

are required for the application of the virtual source method.  

5.3.2 An Alternative Approach to the Cross-Correlation Method 

The interferometry method benefits from using different mathematical tools such as cross-

correlation, cross-convolution or deconvolution. Multidimensional deconvolution interferometry is 

an alternative approach to the cross-correlation method that allows contribution of sources with 

different properties (Wapenaar et al., 2008; Fan et al., 2010). The main advantage of the 

multidimensional deconvolution method is that the constraint imposed by the cross-correlation to 

have a volumetrically distributed source is relaxed. This method works for erratic source 

distribution and also where the bulk sources are not available. On the other hand, the 

multidimensional deconvolution is based upon the separation of the reference model from the 

observed data which sometimes makes using this method, challenging. In addition, this method 

is mathematically more expensive than the cross-correlation technique. For future study, it may 
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be beneficial to analyze the problem using the multidimensional deconvolution method to 

compare the findings with the outputs of the cross-correlation technique. 

5.3.3 Improving the Inversion Results 

Joint integration of different geophysical data sets provides more accurate results which 

cannot be obtained through using each method independently (Bedrosian, 2007). We can benefit 

from the strengths in one method for improving the weaknesses of the other one to characterize 

subsurface properties more accurately. For instance, electromagnetic methods are highly 

sensitive to fluid content. Prediction of the reservoir parameters using electromagnetic methods 

provide more reliable estimate of the water saturation in contrast to the porosity evaluation. In 

contrast, seismic exploration methods are more accurate tools for porosity estimation. Pressure 

data also provide more information on the permeability, which is useful to find out how pore 

spaces are connected to each other. The improvement of the inversion results may be obtained by 

combining these different data sets derived from various experiments.  

Future joint-inversion studies remain to be conducted for various noisy data sets offered by 

interferometry to explore the power of Bayesian inversion in comparison to other inversion 

methods. In addition, consideration of the outcomes of different inversion approaches, such as 

cross-gradient, Bayesian, neural network, and fuzzy algorithms, could result in a more 

comprehensive understanding of the advantages and disadvantages of each method. 
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Appendices 

Appendix A: Regenerating the Results in Chapter 2, Considering All 

Components of the Source Vector 

In chapter 2, the integral containing the inner product for the curl of magnetic fields of 

Equation (23) was neglected. This equation was derived with the assumption that sA=sB; 

however, the vectors s demonstrate receiver orientations after reciprocity has been applied which 

needs to be independent of the required source directions (Slob & Weiss, 2011). Thus, despite 

the assumption made in the chapter 2 on the sufficiency of a single source vector component for 

the application of electromagnetic interferometry in low frequencies, vector s  includes all 

components of the source orientation; thereupon,  the equation  

iiA

i

iBAB dd Ω⋅≈Ω⋅ ∑∫
Ω

)()( rhrhhh **  

‒ the Equation (22) in chapter 2 ‒ is rewritten as the following: 

∫∫
Ω

Ω

Ω++Ω dd AxBxAyByAzBzAB ))()()(~. rh)(rhrh)(rhrh)(rh(hh ****  

Substituting Equation (24) into Equations (21, 22) ‒ in chapter 2 ‒ and considering all of 

the components of the sources term, the final expression for Green’s function in the frequency 

domain would be equivalent to: 

(A.2) 

(A.1) 
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[ ] )]([)](2)()()( 0
2

ABABAB jf rh(rh[rhrh ** ⋅⋅⋅=− ssωµω
 

where < · > denotes the expectation value (Slob & Weiss, 2011). Inspection of Equation (A.3) 

reveals that the difference between Green’s function for the magnetic field and its complex 

conjugate projected in one direction and scaled by the power spectrum of sources is given by the 

correlation of the fields measured at two distinct points. These sources are required to be 

uncorrelated and volumetrically distributed due to the excitation in all directions. Transforming 

this expression into the time domain, the product between spectral power density and Green’s 

function becomes a convolution operation, whereas the term jω converts into a time-derivative. 

Hence, in the time domain, Green’s function for magnetic field H̅(r , t) could be retrieved using 

[ ] )],([)],(([2)(),(),( 0 tt
t

tFtt ABABAB rHrHrHrH * ⋅⊗⋅
∂
∂=∗−− ssµ

 

in which F(t) is the autocorrelation of the noise. The symbols ≈ and * denote correlation and 

convolution, respectively. 

Figure (A.1, bottom) illustrates the imaginary component of the cross-correlation, or the 

EGF kernel in the right hand side of the Equation (A.3) for the double half-space model 

discussed in chapter two. The isocontours in blue and red demonstrate the positive and negative 

amplitudes of the EGF kernel, respectively. The figure shows that there is symmetry between 

positive and negative values; and thus, the amplitudes cancel out each other when summed over 

the sources. Therefore, only the real part of the cross-correlation shown in Figure (A.1, top) 

(A.3) 

(A.4) 
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remains in the summation. This confirms the theoretical findings summarized in Equation (A.3), 

since both sides of this equation leads to calculation of the imaginary components. 

The numerical results in the second chapter sketched in Figure (1) are regenerated using 

the modified equations for the Green’s function estimation. Figure (A.2, top) shows the 

contribution of sources as a function of distance for a line that connects the two receivers. In 

Figure (A.2, bottom), the numerical output of the EGF for a source located at A which is 

measured by receiver B is measured similar to the calculations shown in Figure (1, bottom). 
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Figure A.1: Isocontours, represent those parts of the double half-space system whose co-
located random sources contribute most to the EGF calculation for imaginary (top) and real 
(bottom) parts where receivers are located at (-206.25, -206.25,-6.25)A and (206.25, 206.25,-
6.25)B. The magnetic field throughout the area is computed using the FDM3D finite 
difference code developed by Weiss and Constable (2006). 
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Figure A.2: (top) Relative contribution of noise sources δI to EGF estimation as a function of 
position along a line passing through two passive receiver locations A and B. (bottom) Finite 
difference (FD) (circle) and EGF (red star) calculated values of the vertical magnetic field at A 
due to a source M s =ẑδ(r -rB). Open and closed circles indicate FD-computed hz at z = -6.25 m. 
Figures reproduced from the revised relation given in Slob & Weiss (2011). 
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Appendix B: Reducing the Computational Cost of the Jacobian for Diffusive 

Scalar Wavefields 

Consider the general form of the diffusion equation given by Equation (4.2) defined in a 

finite domain where the Green’s function G is replaced by the scalar wavefield u. Let’s assume 

that the model parameter is equal to ∑mnψn(x) which ψn(x) is some basis function defined in 

terms of position x. I substitute D(x) = ∑mnψn(x) in the Equation (4.2) and differentiate the 

equation with respect to the mn :  
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Following the development in McGillivray et al., (1994), the auxiliary form of the 

equation is considered as: 
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I multiply Equations (B.1) and (B.2) by the auxiliary function u͂ and ∂u/∂mn, respectively. 

Subtraction of these two equations from each other yields the following: 
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Integrating this equation over a < x < b results in the:  
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Letting a, b → ± ∞, respectively, the left hand-side of this equation vanishes. Hence, the 

Jacobian for the field u at a location x0 (s͂=δ(x-x0)) is derived as 
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Therefore, the Jacobian for a scalar field u can be estimated through solving two forward 

calculations. Thus, the number of derivatives one needs to calculate increases with the number of 

data and is independent of the model size. Consequently, using these formulae reduces the cost 

of inversion which is especially important when large numbers of model parameters are desired.  
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