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Interferometry in Diffusive Systems: Theory, Limitations to Its Practical

Application and Its Use in Bayesian Estimation of Mterial Properties

Sharmin Shamsalsadati

ABSTRACT

Interferometry in geosciences uses mathematicahnigues to image subsurface
properties. This method turns a receiver in toréual source through utilizing either random
noises or engineered sources. The method in segydhas been discussed extensively.
Electromagnetic interferometry at high frequencrdth coupled electromagnetic fields was
developed in the past. However, the problem wasaddtessed for diffusive electromagnetic
fields where the quasi-static limit holds. One bé tobjectives of this dissertation was to

theoretically derive the impulse response of thetHar low-frequency electromagnetic fields.

Applying the theory of interferometry in the reggowhere the wavefields are diffusive
requires volumetrically distributed sources in afinite domain. That precondition imposed by
the theory is not practical in experiments. Hertbe, aim of this study was to quantify the
important areas and distribution of sources thdtesat possible to apply the theory in practice
through conducting numerical experiments. Resuitthe numerical analysis in double half-
space models revealed that for surface-based atjglorscenarios sources are required to reside
in a region with higher diffusivity. In contrast,hen the receivers straddle an interface, as in
borehole experiments, there is no universal rutemioich region is more important; it depends

on the frequency, receiver separation and alsosiifity contrast between the layers and varies



for different scenarios. Time-series analysis @f slources confirmed previous findings that the
accuracy of the Green’s function retrieval is action of both source density and its width.
Extending previous works in homogenous media intmimogeneous models, it was found that
sources must be distributed asymmetrically in thstesn, and extend deeper into the high

diffusivity region in comparison to the low diffusty area.

The findings were applied in a three-layered exanvgth a reservoir layer between two
impermeable layers. Bayesian statistical inversibrthe data obtained by interferometry was
then used to estimate the fluid diffusivity (andrpeability) along with associated uncertainties.
The inversion results determined the estimated mpdemeters in the form of probability

distributions. The output demonstrated that therdlgm converges closely to the true model.
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Chapter 1: Literature Review

1.1 Green’s Function and Its Importance in Geophysis

Green’s function in geophysics is the solution eftial differential equations due to
impulsive sources. For a known sourég), and the Earth modem, one can predict the

observed fieldy(r), by solving the corresponding partial differeh&guation
L(m)u(r) = f(r) (1.1)

in which L is a differential operator. Nonetheless, the probis that the model is in general
unobtainable. Assuming the source tefffn), is equal to the Dirac delta functiod(r), the

unknown functioru(r) is replaced by the Green’s functid@s(r):
L(m)G(r) = o(r). (1.2)

Then, the observed fields for different angulagérenciesq, are simply derived using

u(r, w) = jG(r, ) f(r, wdw. (1.3)

in the frequency domain. Interferometry, or virtusburce method, is a new tool for
geophysicists that benefits from this concept nal fihe impulse response of the Earth. Through
interferometry we can compute the Green’s functigth complete ignorance of the model. In

this method, cross-correlation of wavefields reedrcat two different locations vyields the



Green’s function evaluated at one locatamnif there were an actual source at the other location.

Hence, it recovers the response of physically alsmimrces.

1.2 Interferometry

The fluctuation-dissipation theorem in physics diéss the derivation of the Green’'s
function or the impulse response of a system exdtenoises or disturbances (Nyquist, 1928;
Callen & Welton, 1951). This theory states thas ipossible to derive the impulse response of a
thermodynamically equilibrium Hamiltonian systenraingh correlation of field fluctuations
inside the system (Nyquist, 1928; Callen & Weltd®51). The Hamiltonian (energy) and
Lagrangian principles both have applications foe&rs function retrieval which is called
interferometry. The term interferometry arises froadio astronomy in which the radio signals
received from far away objects are cross-correld®edlio interferometry was developed in 1946

for the purpose of increasing resolution of theorded radio signals.

Interferometry is also called the virtual sourcetmd since it constructs the effect of a
virtual source at the location of an observatiompaCross-correlation based interferometry
with a long history in geophysics was introduced by Claerbout (1968), who considexed
horizontally lossless and layered acoustic medianiliD with a point source in the lower
homogenous half-space. The author showed that @uébation of the response recorded at a
receiver on the surface due to a source in a Ipaléesis proportional to the reflection response of
a surface source recorded by the same receiverefbine, by measuring the response of a source
in the subsurface, one could measure the effeet waftual source positioned on the surface.
Claerbout’'s work was later extended into 3-D inhgemeous media (Rickett & Claerbout,

1999). It was shown that by cross-correlating #sponse to a source recorded at two locations

2



on the surface, one can reconstruct the respongeviofual source positioned at the location of
one of the receivers and measured at the locafitremther receiver. The research embarked by
Claerbout (1968) could be applied in finding refiles seismograms from background noise
sources. Recent examples offudie seismic fields (Lobkis & Weaver, 2001; Waperesal.,
2008; Snieder, 2004), ground penetrating radarb(8loWapenaar, 2007), synthetic aperture
controlled source electromagnetics (Fan et al.0204eismic coda waves (Lobkis & Weaver,
2001; Sato, 2009, 2009a), seismic bias correctamt{s & Halliday, 2010), surface waves (Li et
al., 2010) and electrokinetic self potential (Sleb al., 2010) demonstrate the impact that

interferometric theory continues to have on geojgay€xploration.

The concept of interferometric imaging was firsedidby Schuster (2001) who applied the
method on both noise and man-made seismic souB#sigter, 2001; Schuster et al., 2004).
Schuster & Zhou (2006) used the method to simulateeffect of sources that were spatially
displaced to some other locations. The purposeheir tstudy was to apply the findings to
eliminate elevation statics at source or receiweations. Bakulin & Calvert (2006) applied
controlled source interferometry in seismologyrt@age through a problematic overburden. In all
cases of controlled source and ambient sourcefeénbenetry, cross-correlation results of two
receiver recordings due to the sources were camrslde be the response of a source that would
be measured at one of the receiver locations asguthere was a source at the location of the

other receiver.

Curtis et al. (2006) described the method in aZomtially double half-space acoustic
medium in 1-D assuming planar acoustic waves aitezirby two impulsive sources where one
source is located above the interface and the adhmsitioned below. The responses of sources
are recorded by two receivers located arbitrardgneen sources (Figure 1.1, left). It is shown in

3



this figure that each receiver records both dised reflected waves emitted by source 1, and
one transmitted wave from source 2. Recordingstaaiferent sources are cross-correlated and
then summed over sources to get the interferogidra.interferogram shows the response of a
virtual source assuming that it was located atpibstion of receiveA and recorded by receiver

B or the other way around. Figure (1.1) demonstritasthose forward and reversed times are
both recovered in the interferogram. It was shownth®e authors that this example could be
generalized to reconstruct a trace from an infintienber of arbitrarily located sources where

those sources surround the pair of receivers (€attal., 2006).

1.2.1 Interferometry in Lossless Media

Fink (1992, 1999) used an array of source-recenagsducers to show that acoustic waves
for lossless medium are invariant under time realefde also designed an experiment using
ultrasonic wavefields where a piezoelectric so@més a pulse in a heterogeneous medium with
thousands of scatterers; then, an array of receremords the scattered wavefields (Fink, 2006).
In the next part of his experiment, the traces wene-reversed and those seen were focused on
the location of the source; and hence, the sowceirer reciprocity was proved through his
experiment. Snieder & Scale (1998) analyzed theament to show that waves remain stable
after multiple scattering. They compared wave scty with particle scattering. The experiment
showed that waves remain stable after multipletagag by a heterogeneous medium while it is
not true for particles. They were reasoning thatesatravel in all directions and are in contact
with all scatteres; however, particles move onlptigh one path. Therefore, wave propagation
in a heterogeneous medium is invariant under tiexensal. Thus, the wavefield can be

reconstructed after back-propagation through alyigaterogeneous medium (Snieder & Scale,



1998). Derode et al. (2003) analyzed the effecholtiple scattering in an ultrasonic experiment
using the concept of time-reversal symmetry. Thessicorrelated impulse responses were
recorded by two receivers to show that this reisudtqual to the pulse that is emitted by one of
the receivers and its time-reversed pulse (Derddal.e 2003). The authors showed that if
sources surround the medium of the study, then possible to retrieve the Green’s function by
summing the cross-correlation responses observedoateceiver positions inside that medium.
Both Fink (2006) and Derode et al. (2003) discugbeddefinition of time-reversal in acoustic

and its relationship with seismic interferometry.

Wapenaar & Fokkema (2006) derived representatiotn@fGreen’s function formulae in
the inhomogeneous medium, assuming that it is iaraunder time reversal using acoustic and
also elastic wavefields. For the case of acoustwefields, Wapenaar & Fokemma (2006)
considered an open domainlofvhere boundaryl' is a subdomain of this configuration. It was
assumed that two receivers positioned at the sthsndB are encompassed by this boundary.

The authors started with the motion equation

japu; +0;p=f; (1.4)
and stress-strain relation

joxptou =q (1.5)

to derive representation of acoustic Green’s faomctn the lossless medium. In these equations,
the acoustic wavefield and the particle velocitysirewn byp ando; — both are functions of time
and position- and the lower-case subscripts indicate the Cartesbordinate vector. Moreover,

J Is the imaginary unitp the angular frequency; the partial derivative in thie-direction,p the



mass density of the medium, ands compressibility where the last two are positdependent.
Two termsf; andg; denote the external volume force density and volunjeetion rate density,
respectively. It was assumed that there is no eatéorce and the volume injection rate is equal
to the delta function. Therefore, the acoustic sues at the locations éf andB are equal to the
Green’s function in the frequency domain. The arghoonsidered a closed surface as
ol'=0l0Udl'y wheredl'y is a part of free surface addi’, is a surface with an arbitrary shape
which is not coinciding with a physical boundaryigie (1.2). Because Green’s function
vanishes on the free surface, sources only neée tn theol';. In addition,ol'; boundary is a
spherical surface with a very large radius to atiadiation conditions of the Green’s function
at infinity. Using above mentioned criteria and ¢ommng the relations with the wave equation

resulted in
G(rg,ra, @) =G(ra,rg, @ (1.6)
and

G (rg,ra, @) +G(rp,lg, ) = 1.7)

§jaa_ol(r)(GD(r,rA,w)aics(r,rs,w)—aiGD(r,rA,w)G(r,rB,w))nidzf’
ar

wherein,G’ (r, ra, ) is the Fourier transform of the causal time den@ieen’s functiorG (r,

ra, -t) which represents an impulse response observeddate to a source ah (ra andrgare
receiver locations), Wapenaar & Fokemma (2006)mBde their findings applicable to the field
of seismic interferometry and also remove the ‘gheffect, Wapenaar & Fokkema (2006)
considered a homogenous medium outside the bounddrypropagation velocitg and mass
densityp. The ‘ghost’ effect is a product of waves thatgagate from outside of the previously

6



described boundary toward the medium in one statd, then propagate outward from this
boundary through another state. The authors fugbsumed that the medium in a small region
aroundol’; boundary does not vary; hence, the normal devieatof the Green’s functions in
high frequencies and large spherical radius wepgcagmated to be e/c(r)) Gla(r)|, wherea
indicates the angle between the ray and the noomé#éhe boundary. Under the above mentioned

criteria, Wapenaar & Fokemma (2006) derived repriag®n of the acoustic Green’s function

20{G(rp.rg, )} = §§GD(rA,r,a))G(rB,r,a))er. (1.8)
or

The approximation in Equation (1.8) holds for thieation whendl is a sphere with a
very large radius, since in this case all rayspampendicular to the boundary. In order to derive
the imaginary component of the Green’s functiortdad of the real part, the authors suggested

to transform the Green'’s functionge(1/jw)G.

Replacing impulsive sources on the boundary bystesnt sources with the frequency
spectrum of(r, ), the observed fields and also equivalent of Eqoatl.8) could be computed

using
PS(r o, 1, @) = G(r 5,7, W)S(r, @), (1.9)

p°S(rg.r, ) = G(rg,r,w)s(r, w), (1.10)

and

ZD{G(rA,rB,w)}So(w)=%§F(r,w)p°b9(u,r,w)p°b$(r5,r,w)d2r (1.11)
or

7



,where S(w) is some average power spectrum &td o) is a shaping filter defined &%r,

0)=S(w)/Yr,w), Wapenaar & Fokemma (2006).

For the case that sources are mutually uncorrelatedact at the same time, the three

upper equations are rewritten by Wapenaar & Fokelf2®@6) as the followings:

Po(r . 00) = §G(rA,r,w)N(r,w)d2r, (1.12)
ar
p*(rg, ) =§G(rs,r’,w)N(r’,w)d r, (1.13)
or
and
206 .10, ) S =P (14, 0P (15, 0) (1.14)

where N(r, w), N(r', w) denote uncorrelated sourcesratr’. Comparing these two sets of
equations for transient and uncorrelated sources,observe that for transient sources, the
response of each source should be measured sépandiide this is not required for the
uncorrelated sources. However, the power spectruall sources needs to be the same to be
able to use Equation (1.14), and no correction lshba made on differences of the spectra for

different sources (Wapenaar & Fokemma 2006).

One of the commonly used applications of the ieterhetry is retrieving seismic waves
between seismometers. Seismic interferometry has applied on both surface waves and body

waves using both engineered and natural sourcesewgral authors (Campillo & Paul, 2003;



Roux et al., 2004; Shapiro et al., 2005; Sabrab200aganov et al., 2006; Ramirez & Weglein,
2007). Campillo & Paul (2003) applied interferomyeechnique using surface waves to produce
interferometric impulse responses using correlabbsurface waves from distant earthquakes. It
was shown that it is possible to derive a directeviaetween two receivers by cross-correlation
of wavefields that are diffused due to the multigleattering of coda waves. The authors
demonstrated the possibility of deriving Green’adion and it's time-reversed for randomly
distributed noise sources. Roux et al. (20@éyeloped a theoretical approach to obtain
wavefront through correlation of the observed weld$ in the time domain. The authors
applied their findings to recover acoustic wavelsitesl to the structure of the time domain
Green'’s function using measurements of ocean ambase. In their experiment ocean noises
were distributed throughout the water column. Thegovered Green’s function in their
correlation due to both ocean and shipping noisasuxX et al.,, 2004). Sabra (2005) cross-
correlated the responses of wavetrains in the feguiency band by recording noises received by
150 seismic stations in Southern California. It whaswn that the output is a coherent broadband
wavetrains traveling across frequency band of 0Hz4Sabra, 2005). Another example where
seismic interferometry was applied is in the camdton of tomographic images of the
geological units of California through cross-coateln of recorded ambient noises (Shapiro et
al., 2005). The authors demonstrated that usiregfarometry in their experiment has improved
the resolution of crustal images taken from surfaewes. Picozzi et al. (2009) applied the
method to high-frequency seismic noise recordirmgsirfvestigating a shallow structure at the
Nauen test site in Germany through the retrievaRafleigh wave Green’s functions. Then
travel times estimated from Green’s function weneerted to model a 3-D surface wave velocity

structure at the engineering scale.



On the other hand, seismic interferometry was applo the passively acquired seismic
background noise data reconstruct reflection events in a desert area @mag et al., 2006).
An active reflection survey was also conducted hmy authors to compare the output with the
findings derived from interferometry due to backgrd noises. The cross-correlation results of
the recordings produced coherent events in thensteeted shot gathers for a long recording
time. The cross-correlation results were band-plissed between 2 and 10 Hz and then stacked
to suppress events such as surface waves andaiaprove the signal-to-noise ratio (Draganov

et al., 2006).

1.2.2 Interferometry in Attenuative Media

The Green’s function estimation method only appgaeplicable to the systems whose
governing differential equations were invariant entdme reversal, (that is, for nonattenuating
systems) until Roux et al. (2004) and Sneider (2@¥xeloped the theory for lossy systems.
Snieder (2007) proved that the interferometry metiscalso applicable to the media with losses
where time-reversal invariant assumption is ndilked. In lossless media the compressibility
term has only real part which is included in thepgagation velocity termc' (Equation 1.8)
while in the existence of loss, compressibility lash real and imaginary components. For the
first, Wapenaar & Fokemma (2006) showed the suriiategral should be sufficient for Green’s
function retrieval using the criteria mentioned the previous section. Snieder (2007)
demonstrated that for the latter, however, a volumegral needs to be added to the surface
integral to include imaginary component of the coaspibility, which was ignored for lossless
systems (Snieder, 2007). This means that in ahdtt having sources at the boundary, those

sources are required throughout the volume as \Mellvever, the surface integral vanishes,
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assuming the volume is infinite, since for atterueatmedia the wavefield vanishes exponentially

at infinity. The Green’s function representatioraimedium with loss is shown by

GHrg,ra, @) +G(rg,ra, @) = ZwJ‘Ki (r,@)G(rg,r, )G (rp,r,@)d®, (1.15)

r

wherex; denotes the imaginary part of the compressihititgn infinite medium (Snieder, 2007).
Equivalent of seismic interferometry in lossy syssewas adopted into electromagnetics by Slob
& Wapenaar in 2007. In their derivation Maxwell'gjuations were used to extract the
representation of correlation and also convolutyge. For the first derivation, two receiveks
andB are required to be surrounded by sources on adlosundaryl’, while receiveiB should

be outside the boundary for the latter in ordeddéave Green’s function using the convolution
method (Slob & Wapenaar, 2007). Slob & Wapenaa®{2@howed that Green’s function for
electromagnetic waves after applying far-field apgmation could be extracted using a similar
equation as of Equation (1.8) in whighandc are replaced by the magnetic permeability and
velocity respectively. It was assumed that the omadoutside the boundary with uncorrelated
electric current sources is isotropic and the mediwtside the boundary varies smoothly. These
considerations were mainly made in order to appnake magnetic sources in terms of electric

current sources.

The authors discussed the possibility of usingrodied sources or noise sources with high
frequencies in the air using above mentioned foamulThe advantage of using interferometric
method in GPR (ground-penetrating radar) applicatsothat background ambient noises could

be utilized to derive the impulse response of thdle
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Slob & Wapenaar (2007a) derived interferometry @spntation to be applied in GPR
problems using both natural and controlled noisarss. They derived Green’s function
representations for electromagnetic waves in disisip media in high frequencies. It was
assumed the time-reversal invariance is not reduarel the medium in the neighborhood of the
boundary does not vary. In their study, contribngief all sources were added to reconstruct a
wave that could be emitted from one of the recsivaue to a virtual source at the location of the
other receiver. In addition, scattering in a hajereeous medium decreases the amplitude error
in data reconstruction. When the medium is hightattered, the spurious events due to
incomplete cancellation of waves emitted by différeources are more suppressed. If noise
sources are coherent, this noise can cause angkudrs. The electromagnetic sources could
be either noise or transient sources. When theseuacorrelated noise sources, they act
simultaneously and hence can be measured simulisiyediowever, when those are transient
sources, their signals should be measured separatet authors also demonstrated that in the
case where transient sources are used, the crogelatbon method is the preferred method for
Green’s function retrieval in lossy media rathearthother techniques (Slob & Wapenaar,

2007a).

Slob et al. (2007b) showed that by using electrometig waves, Green’s function could be
extracted correctly where the loss factor is nghkaround the boundary sources. They analyzed
the case when one receiver is inside the sourcedaoy and the other is located outside, using
cross-convolution instead of cross-correlation @spntation. To simplify the relation and make
it applicable to the real experiment, Slob et20Q7b) considered sources which were located on
two horizontal planes which straddle the interfaeéwveen the semi-infinite half-spaces. These

surfaces were assumed to be parts of a cylindehioh the closing boundaries at infinity do not
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contribute to the result. Although numerical expemts resulted in impulse response retrieval
with a high accuracy, some types of errors occudt@tihg their experiments. One type of error
was due to incomplete cancellation of amplitudegnwhross-correlations for different source-
receiver configuration were summed. The secondceonlrerror was due to the loss mechanisms
of wave energy in cross-correlation methods. Thie aaused amplitude errors that resulted in

artificial events (Slob et al., 2007b).

Fan et al. (2010) applied the concept of virtualiree method to synthetic aperture
controlled source electromagnetics. Synthetic aper(SA) imaging is the practice of using a
single source antenna, moved over a target ofesteto generate a sequence of transient
responses which are stored and later summed wetepgrmined phase shifts to reconstruct the
transient that would have been measured if thecsolacations were instead occupied by a
spatially distributed phase array. The choice ofcWiphase shifts to apply is done to optimize
the beam shape of the equivalent phase array,alijpio minimize scattering from targets of
disinterest or to focus the radiation pattern o #rray on the target of interest. Synthetic
aperture uses the interference of fields generatedifferent sources for the purpose of

constructing a virtual source with a desired radiapattern.

Direct waves and air waves are challenges in CS&nique. These types of waves are
weakening the field refracted from the target aadde mask a part of the energy coming from
the reservoir. Using synthetic aperture technigue, can design sources with different radiation
patterns; hence, it is possible to concentrateetiexgy towards the target. Therefore, direct and
air waves are reduced and also the depth of thestigation can be increased using this method.
Moreover, the source can be towed at shallowerhdepsimplify the acquisition and also reduce
the costs (Fan et al., 2010).
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1.2.3 Virtual Source Method in Diffusive Systems

Diffusion mechanism is described through the Fidkw, which states that flux moves
from regions of high concentration to regions ofvlconcentration where the amplitude is
proportional to the concentration gradient (FicB53). Diffusion in hydrology and petrophysics
is related to diffusive flux of fluids such as wate oil under a concentration gradient of that
fluid. Low-frequency electromagnetic wavefields is ano#sample when diffusion mechanism
plays a role in the wave propagati@iffusive wavefields are the ones that are equipanied, a
mixture of uncorrelated plane waves propagatin@lindirections (Weaver & Lobkis, 2004).
Weaver & Lobkis (2001) derived Green’s functionnhoae for acoustic thermal fluctuation.
They examined the accuracy of their theory throaghducting ultrasonic experiments using
diffusive wavefields. They proved that Green’s fiime can be retrieved from cross-correlation
of the wavefields exited by randomly distributedises throughout a volume. They showed that
by correlating noises at two independent locations can obtain Green’s function at one
location due to a source at the other location. Wsea& Lobkis (2006) examined Green’s
function retrieval using different experimental sagos for ultrasonic wavefields to derive

impulse response of systems.

Snieder (2006) used diffusion equation to derivpulse response of pressure fluctuation
in attenuative media. Using diffusion equation, @féeld is not invariant under time-reversal but
source-receiver reciprocity holds. Sneider (200&wsed that the Green’s function could be
extracted from the correlation of time-series asgloas sources of random noises are
volumetrically distributed throughout an infiniteolume. Considering reciprocity relation,

Green’s function for uncorrelated noises was eggtha the frequency domain
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G(rp,rg, @) =G (fa,rg, @) :2jij(rB,r,a))GD(rA,r,w)dSr, (1.16)

a
(Snieder, 2006). In Equation (1.163, is the Green’s function caused by a point soutce a

measured at two receiver locations andrg and the asterisk denotes complex conjugation.

Snieder (2006) considered spatially uncorrelatesssure fluctuations with power spectrum

la()f -
(a(r, 0" (r2,@) = 801 =)@ (117)

In this equationg denotes the source term which depends on botludrexy and space, and
angular brackets show the expectation vaBe.considering spatially uncorrelated sources,

equation
(G(rar.@) =G (1,15 a(@)|” = 2] @ p(r p, @) P (g, @) (1.18)

in the frequency domain was derived by the autiwerep(r, ») is the pressure at location

due to random forcing. Equation
x d
(G(rg.ra.t) =G (rg.ra,t))*Cq(t) = —25<p(rA,t) O p(rg,t),) (1.19)

which is the equivalent of Equation (1.18) in timae domain, states that the subtraction of the
Green’s function and its time-reversed, after rplitation with the power spectrum of the
fluctuation, is equal to the correlation of thedam fields at locations, andrg (Snieder, 2006).

In this equation, the asterisk denotes convolut®ndenotes correlation, an@qt) is the

autocorrelation of(t).
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1.2.4 General Form of the Green’s Function Extramti

As it was shown, the theory of the Green’s funceatraction from field fluctuations was
based on usin@(t) + G(-t) or G(t) - G(-t) depending on the type of proble@({&) + G*(w) or
G(w) - G*(w) in the frequency domain). Snieder et al. (20X@weed that the theory for Green’s
function extraction in the Lagrangian form can beerded to a variety of problems using
acoustic, electrostatic and or diffusion equatiombey showed that both subtraction and
summation ofG(t) and G(-t) could be used depending on the nature of soumoestheir

distributions. The authors considered fields thasfsethe following scalar relation:
" 0 _
a, (r,t) *a—n+D]]]}a1(r,t) *E *u(r,t)=H(r,0,t*u(r,t)+q(r,t), (1.20)
t

where the asterisk denotes temporal convolution ugndt) is the field,H(r,V, t) is a spatial
differential operator, and(r, t) is the source. Table (1.1) shows how using Eqoatl.20) and
changing parameters af andH would modify this equation to be suited for sotyim particular
problem. The table demonstrates the type of scamdeits relevant relation required for Green’s
function extraction. It was shown that using thanfulation assuming that attenuation is
constant; the Green’s function of acoustic waveslmaretrieved. In this formulation; however,
body forces instead of injections are the sourcduofuations in the system. For diffusive fields,

the authors’ derivation of

G(rp, g, @) =G (Falg, @)= ij“‘G(r,rA,w)GD(r,rB,w)d?’r, (1.21)

r
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G(rp,fg, @) +G (rprg @)= ZJD(r)(DG(r,rA,w) MGH(r,rg,w)d>r (1.22)

r

made it possible to extract the Green’s functi@mfreither injection sources or current sources

whereD denotes the diffusion coefficient.

Expressions (1.21, 22) show that b&@h—-G* and G + G* can be extracted from field
fluctuations. The difference between these equai®nise source of excitation, where for the
first (Equation 1.21}hese fluctuations must be excited by monopole ssuand for the latter

(Equation 1.22)he fluctuations must be due to current or dipolesss.

Alternatives to the volume-distributed source folation for electromagnetics have been
investigated (Slob & Wapenaar, 2007, 2007a; sloal.eP007b) which in case the sources are
taken to lie on some bounding surface encapsulétimgegion of study. Unified theories of EGF
(Empirical Green’s Function) estimation have alserb proposed (Wapenaar et al., 2008) in
which electric and magnetic fields are coupled. Ewev, the work (Shamsalsadati & Weiss,
2010) which will be presented in the next chapgehe first demonstration of EGF estimation for
decoupled magnetic fields and heterogeneous meslimasy the area of study is full of random

point sources of current or time varying magneitirat
1.3 Required Distribution of Sources

Wavefields in lossless media and diffusive medieehdifferent criteria on requisite areas
of sources. Surface source should be enough toy ampigrferometry in the first case. For the

second case, volumetrically distributed sourcesracglired in order to reconstruct the EGF
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accurately. Wapenaar & Fokkema (2006) showed tbattie case of acoustic and elastic
wavefields where the outside boundary is homogenesousces in the Fresnel zones around the
stationary points of the cross-correlation kermeld given receiver pair contribute the most to
the EGF estimate. For the case of acoustic wadsfi¢he authors considered a closed domain in
the shape of a semicircle (Figure 1.3) assumingraqd this surface is the Earth’s free surface
(6T'p) and sources are uniformly distributed on the ogugface ¢I';). In the numerical example
conducted by Wapenaar & Fokkema (2006), it was&rassumed that the medium outside this
boundary is homogenous and also a single diffrg@pexists inside the medium along with two
receivers A, B). Figure (1.4a) shows the cross-correlation resoiltthe waves recorded by two
receiversA andB (convolved with a wavelet) for different sourcesimns in the time domain.
The resulted traces in Figure (1.4a) are then suhimeet the interferogram (Figure 1.4b). This
figure demonstrates that the important areas ofcesuare the ones in the Fresnel zones around
the stationary points of the integrand<@ < 45and 135< ¢ < 180, Wapenaar & Fokkema

(20086).

Fan & Snieder (2009) analyzed a similar experiniena. homogenous medium when the
boundary of sources is a full circle. It was asstditieat sources are uniformly distributed around
a circle with the radius of 40 km when the recesvare 6 km far apart. Fan & Snieder (2009)
demonstrated that at least 50 sources are neededdostruct the EGF precisely (Figure 1.5).
This figure also demonstrates that as number ofcssuis increasing, the oscillation between
reconstructed signals is decreasing. It was alswslthat sources in the stationary phase zone
contribute the most to the EGF retrieval (Figuré).1.These authors analyzed the source
distribution problem in a heterogeneous medium.yTdensidered 200 isotropic point scatterers

in an 80x80 rhsquare around two receivers where the receiverseparated by 20 m with the
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source radius is 90 m. Figure (1.7) demonstratedbenstructed Green'’s function between two
receivers for 300 uniformly distributed sourceseiftexperiment showed that more sources are
needed for a heterogeneous medium in comparisahetchomogenous medium in order to
reconstruct the Green’s function, accurately. Thkp compared their findings with the case
when a single source is used. The correlationfictexit between the exact and the causal part of
the reconstructed signal was shown to be around for9the 300 uniformly distributed sources
while it was -0.03 for the single source. Therefdfan & Snieder (2009) proved inaccuracy of
the beliefs about sufficiency of a single sourcaighly heterogeneous systems in order to apply
interferometry thereinThe authors showed that source density for a honmge medium is
proportional to the wave number, receivers distaarug also the number of sources within the
period of the most rapid oscillation. For a heterogus medium; however, they found that the
source density depends on the wavelength and aBssepshifts along the paths from source to

the receivers,

A
dr <— , : (1.23)
sina 5 +sinag

whereindr is the source separatidnis the wavelength, antgh gare phase shifts.

Slob et al. (2007b) applied electromagnetic interfeetry using a similar approach. They
considered a pair of receivers encompassed byeourc circle (Figure 1.8). Figures (1.9a, b)
demonstrate the correlation gathers and also timea$iraces. It was shown that sources close to
the stationary point at 98re important to find casual part of the Greeuntsction while the ones
in the opposite stationary point (97€ontribute to the reconstruction of the antichysat. For
the situation that one receiva3)(is outside the source domain (Figure 1.10), titb@as showed

that sources around 2¢fives the most contribution for full Green’s fuioct retrieval (Figure
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1.11) while the sources around B@ve vanishing contribution. Therefore, Slob et(2D07b)

concluded that only waves that are traveling inwamatribute to the result.

Slob & Wapenaar (2007a) applied the theory develdpe Green’s function estimation
using electromagnetic field for the GPR applicatidihese authors started by conducting
numerical experiments to quantify requisite areher® sources need to be positioned. For this
purpose, they considered line sources of electraetay fields in the air where those are
separated by 10 cm. In this numerical experimemt homogenous layers exist below the
surface with one receiver above the surface andttier one in the air above the top boundary.
It was demonstrated that direct wave is reconsttléiiom contribution of sources in the lower
boundary while the refracted event is built froomizbution of all sources. The effect of far-
field approximation and the ‘ghost’ event was lehtie spurious events as it was discussed by
Slob & Wapenaar (2007a). The authors discussedhbae spurious events are created through
the sources exist on the upper boundary sincedbme from correlation of the waves that travel
from the boundary outward t@ and inward from the boundary t@. In this case, travel time for
the latter is larger than the travel timertpfrom which is subtracted. It was further concluded
that the effect of far-field approximation is mirahmand resulted in decrease in the amplitude of

the direct arrival (Slob &Wapenaar, 2007a).

The required source distribution problem was mofgttused in elastic systems until Fan
& Snieder (2009) analyzed the problem for pressieés in diffusive systems. For a
homogeneous, ffusive system with identical, closely spaced regepants, Fan & Snieder
(2009) simulated time-series where the source magifect- both through sparse sampling and
spatial bias. In the third chapter we aim to extémel research embarked by Fan & Snieder
(2009) on the required distribution of sources iffudive systems through investigating the
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effects of material heterogeneity and receiver seiparain the cross-correlation kernel in 1-D
and 2-D. The time-series of data will also be aredyin the fourth chapter through conducting

numerical experiments in order to demonstrate tleffeets on the requisite source
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Figure 1.1: Seismic interferometry. One dimension acoustic teiialf-space medium with
two sources, one on the top of the interface amedother one below that with two receivers
above the interface between two sources (left}cdsare recorded for each receivea(dB)
due to source 1 and source 2 which recovers direflected, and transmitted responges
(recordings; center). Pair of traces for sourcend for source 2 are cross-correlated (crgss-
correlations; center). Summations of the crossetations result in an interferogram including
both causal and anticausal parts (bottom). At pasiimes, this trace shows response of a
virtual source assuming that it was located at fhsition of receiverA and recorded by
receiverB or vice versa. Figure modified from Curtis et(@006), used under fair use (2013)[
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Figure 1.2: 1% Configuration for Green’s function retrieval usimgoustic waves. The
boundaryoI' encompasses two receiversfoédndB in an acoustic medium. This boundary
including two surfaces @il o anddl’; which the first shows the free surface and theseds
the surface where sources witltoordinates are positioned along it. Figure medifirom
Wapenaar and Fokemma (2006).
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Figure 1.3: 2" Configuration for Green’s function retrieval usiagoustic wavesA andB
denote the receiver positions andskbws a diffractor in a homogeneous medium below a
free surface. Sources are located on the su@@gdhe causal contributions come from

stationary points betweef) 85while the anticausal ones come from sources |ddagéween
135and 180 SEG allows reprint of figure without permissidigpenaar, K. & Fokkema, J
2006. Green'’s function representations for seisnerferometry: Geophysics, 71, SI 33-4p.
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Figure 1.4: Cross-correlation result of the time domain intexfeetry using acoustic waves.
(a) Time domain representation of the correlatiemkl. (b) Sum of the traces in (a). SH
allows reprint of figure without permission, WapanaK. & Fokkema, J., 2006. Green
function representations for seismic interferome@gophysics, 71, Sl 33—-46.
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Figure 1.5: EGF reconstruction for a lossless homogenous nmrediith sources positione
around a circle. Reconstructed responses (soks)iasing interferometry for homogeno
medium with different number of sources. Actualrédt) measurement between t\
receivers for N=50 (red dashed lin&xford allows reprint of figure without permissio

Fan, Y. & Snieder, R., 2009. Required source dhigtron for interferometry of waves and

diffusive fields: Geophysical Journal Internatiordal9, 1232-1244.
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Figure 1.6 Stationary phase zone in a homogenous mediumsttienary phase zone fq
sources located on the circle is shown by dashegesu It was shown that, usi

r
g

interferometry, sources in the stationary regions @ore important than other sources.

Figure modified from Fan and Snieder (2009).
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Figure 1.7: EGF reconstruction in a highly scattering mediurecéhstructed response
shown by the black curve and the actual measureim@@monstrated by the red curve.
Shows the reconstruction using 300 uniformly distted sources while the (c) shows
when a single source is used. (b) and (d) are gadaversions of (a) and (b), respective
Oxford allows reprint of figure without permissioRan, Y. & Snieder, R., 2009. Requirg
source distribution for interferometry of waves adiffusive fields: Geophysical Journ;
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Figure 1.8: Interferometry using electromagnetic wavefield$ ¢anfiguration). Receivera
andB in a homogenous medium encompassed by sourceedoma a circle. Figure
modified from Slob, et al. (2007b).
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Figure 1.9 EGF reconstruction using electromagnetic wavedidbr the i' configuration
(a) Correlation gathers and also (b) the sum afsan Figure (1.8). Oxford allows reprint|of
figure without permission, Slob, E., Wapenaar, Kd &nieder, R., 2007b. Interferomefric
electromagnetic Green’s functions representationsingu propagations invariants:
Geophysical Journal International, 169, 60-80.
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Figure 1.10: Interferometry using electromagnetic wavefield¥ (dnfiguration). Receiveh
is located inside a homogenous medium while rec&\s outside of this domain for source
positioned in a circle. Figure modified from Slataé (2007b).
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Figure 1.11 EGF reconstruction using electromagnetic wavesidbr the 2 configuration.
(a) correlation gathers and also (b) the sum oksaf Figure (1.10). Oxford allows reprint
figure without permission, Slob, E., Wapenaar, Kd &nieder, R., 2007b. Interferomet
electromagnetic Green'’s functions representatigivsgupropagations invariants: Geophysi
Journal International, 169, 60-80.
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Equatior an H GG G+G*

Diffusion a=1 V-(D(r)V) Injection sources i Current sources i
volume volume
Acoustic waves (0 a;=«(r, ) V-(p(r)V) Injection sources ¢ Difference of
attenuation) (Im (¥)=0) boundary correlations
Acoustic waves (wi a,=«(r, o) V-(p}(r)V) Injection sources i Volume force
attenuation) (Im (x)#0) volume (Vy=0)
Electrostatic all a,=0 V-(e(r)V) Not possibl: Dipole source
Systems invariar  Re(a,)=0 fornodc H=H* sources on bound. Sources in volurr

under time reversal Im (a,)=0 forn even

Table 1.1 Green’s function retrieval for different systearsd source types. The symbols used
represent:x = compressibility,D = diffusion parameterp = mass densityg = electric
permittivity andy = inverse of quality factor. New Journal of Phgsallows reprint of table
without permission, Snieder, R., Slob, E. and WapenK., 2010. Lagrangian Green's function
extraction, with applications to potential fieldiiffusion and acoustic waves: New Journal of
Physics, 12.
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Retrieving the impulse response of the Earth due to random electromagnetic forcing
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A derivation is presented of Green’s function in an arbitrary, heterogeneous conductive medium subject to
random, ambient, uncorrelated noise sources. The approach for extracting Green’s function is based on the
correlation of time series of magnetic field components at two independent locations. As in the related case for
the electric field, where the volume distribution of noise sources must be spatially correlated with the hetero-
geneous conductivity distribution, Green’s function for magnetic field requires noise sources to be spatially
correlated with the volume distribution of magnetic permeability. For applications of electromagnetic imaging
of Earth’s deep subsurface, the effect of magnetic permeability variations in the subsurface is often assumed to
be negligible when compared to the effect of conductivity variations. Hence, the expressions derived here may
be useful for passive electromagnetic subsurface imaging, in apparent contrast to their electric field counter-
parts. Numerical validation exercises are described which validate this theory for Green’s function estimation
in the low-frequency limit.

DOI: 10.1103/PhysRevE.81.036603 PACS number(s): 41.90.+e, 91.25.Qi, 05.40.Ca, 82.56.Lz

I. INTRODUCTION onstration of EGF estimation for decoupled magnetic fields
and heterogeneous media assuming the area of study is fully
impregnated with random point sources of current or time
varying magnetization.

Take Faraday’s law of induction,

The idea of empirical Green’s function (EGF) estimation
from correlation of time series in response external random
forcing has a long history in seismology and acoustics [1]
and has recently gained traction toward becoming a main-
stream Earth exploration method to image, for example, deep V X E = - g,u(H + My) (1)
crustal structure [2], hydrocarbon reservoirs [3], and earth-
quake dynamics [4]. The attraction of such an approach is and Ampere’s current law
clear: sources of noise, whose effects previously required
heuristic filtering to isolate the primary signal from a known VXH=0E+deE+J; @

seismic source, could now be embraced in their full com- g the starting point for the discussion that follows, where the
plexity, and furthermore, exploited for improved subsurface electric field E, magnetic field H are functions of both time ¢

Seismi‘f resolution. ) and position r throughout a stationary medium of heteroge-

Until recently, EGF theory only appeared applicable 0 neqys  electrical conductivity of(r), dielectric permittivity
systems whose governing differential equations were invari-  ¢(y) and magnetic permeability u(r), and subject to both
ant under time reversal [5], that is, for nonattenuating sys- electric J, and magnetic M, sources. Assuming the Fourier
tems. However, it has since been shown [6] that for the case  Transform with respect to time of Egs. (1) and (2) exists such
of pressure diffusion the EGF could be extracted from cor- that 9,—iw, that is

relation of time series as long as the sources of random noise
were assumed to be volumetrically distributed throughout the .

system. Applying this same approach to the quasistatic elec- ${F(r.0}=f(r,0)= | F(r,exp(-iwt)dt
tromagnetic induction in a heterogeneous electrically con- 7x

ductive material would further require the power spectrum of - yith j= =1, the electric and magnetic fields are mapped into
the noise sources to be spatially correlated with the conduc-  the complex frequency domain as (E,H)— (e,h). Provided
tivity variations in the medium if the EGF for electric field is  the electrical conductivity and magnetic permeability are

sought [6], but not, as will be shown below, for the case of  time-invariant, the frequency-domain equivalents of Egs. (1)
magnetic field EGF. and (2) become

Alternatives to the volume-distributed source formulation
for electromagnetics have been investigated, e.g., [7-9], in V X e=—iwu(h + F{M,}) (3)
which case the sources are taken to lie on some bounding
surface encapsulating the region of study. Unified theories of ~ and
EGF estimation have also been proposed [10] in which the
electric and magnetic fields are inherently coupled. However,
to our knowledge, the present work is the first explicit dem-

©

V X h=de+ 3§} (4)

with complex conductivity &(r)=o(r)+iwe(r). Substituting
Eq. (3) into Eq. (4) results in the fundamental partial differ-
ential equation from which Green’s function will ultimately
*cjweiss@vt.edu be derived
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1
VX =V Xh+iouh=f, (5)
&
where
1
f(r,w) = 3[— iouM(r,1) +V X jJs(r,t)}. (6)
&

Observe that Eq. (5) is a “full physics” solution to the Max-
well equations where the spatially variable complex conduc-
tivity ¢ permits both diffusive and wavelike energy transport
by its real and imaginary components, respectively. In re-
gions such as the air, where the electrical conductivity is
effectively zero, the value of G is dominated by its nonzero
imaginary component, and hence, the quotient in curl-curl
term of Eq. (5) remains well-defined. Denoting complex con-
jugation by the superscript *, the time-reversed equivalent of
Eq. (5) is
I

V X

|6'|2V X h* —iwuh”=f" (7)
In Eq. (3)—(5) and (7) note that the material properties o, &,
and p remain space-dependent (scalar) quantities, represent-
ing an arbitrary (isotropic) heterogeneous medium, with an
implicit dependence on the position vector r unless stated
otherwise. This more compact notation will be continued
throughout the remainder of the manuscript without any loss
of generality.

II. REPRESENTATION THEOREMS OF THE
CORRELATION AND CONVOLUTION TYPE

Following the development in Snieder [6], which itself is
based on Fokkema and van den Berg and co-workers [11,12],
representation theorems of the correlation and convolution
type are derived specifically for the time-forward and time-
reverse expressions in Eq. (5) and (7). For each of the rep-
resentation theorems, the magnetic field resulting from an
arbitrary source f, is denoted with a subscript as h,, and
similarly for a source B.

Considering first the time-forward expression in Eq. (5),
the fields h, and hy are related by

hB-VXé_V X hy +iou(hg-hy)=hg-f, (8)
and

hA~V><%‘A_V X hg+iouthy -hg) =h, - fs 9)
for arbitrary sources A and B, where - denotes the dot prod-
uct. Subtraction of Eq. (9) from Eq. (8) and subsequent vol-

ume integration over the domain () results in

1 1
J (h,;-VX—AV Xhy-h, - VXV XhB)dQ
Q [oa o

=J (hy - £ —h, - £5)dQ, (10)
o

the left-hand side of which is equivalent to a surface integral

PHYSICAL REVIEW E 81, 036603 (2010)

over the domain I' bounding €) with outward-pointing nor-
mal n as

J %[(Vth)th—(Vth)th]m dr. (11)
T |0

For any compact sources A and B, this integral vanishes as
Q=(-o%,+%)* due to exponentially vanishing fields h, and
h; on I', and hence, the representation theorem of convolu-
tion type is given by

J (hg-f,—h, - £)dQ=0. (12)
9]

Note, however, that the assumption of an infinite domain ()
is not a prerequisite for Eq. (12) to hold. All domains () and
source pairs (A,B) where Eq. (11) is equal to zero are
equally valid and yield an equivalent representation theorem
Eq. (12). However, for simplicity, only the infinite domain
will be considered further here.

Following in a similar fashion to the preceding develop-
ment of Eq. (8) through Eq. (12), consideration of the time-
reversed expression Eq. (7) for source B yields the following
pair of coupled equations:

Ak

* % . * #*

hB'VXWVXhA+1w#(hB'hA)=hB'fA (13)
and

hA-VXWV X hy—iouthy -hy)=h,-f5. (14)

Subtraction of Eq. (14) from Eq. (13) and subsequent volume
integration over the domain () yields the representation theo-
rem of the correlation type,

Im[ 4]

_2J l
Q |0'|2

=f (b -4~y £3)d02,
[0}

(V X hy) - (V X h3)dQ + Ziwj phiy - hdQ
QO

(15)
provided the following boundary integral is zero:

J [U (Vth)xhj;—i(Vxh;)th]-n dr.
T

E o
(16)

As was noted for Eq. (11), there may be several (A,B)—{}
configurations that result in Eq. (16) equaling zero. For now,
the simple requirement that (A,B) are compact sources
within the infinite domain () simultaneously sets to zero the
value of the integrals in Eq. (11) and Eq. (16).
Furthermore, we observe that in the quasistatic limit
(we/o<1) used for low-frequency electromagnetic induc-
tion studies of the deep Earth, with the additional assumption
that the spatial variability in the magnetic permeability of the
rocks in question is minimal and therefore assumed to take
the value of free space wo=47X 10~7 H/m, the representa-
tion theorem of correlation type simplifies considerably,
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2iw,u0j hj-hdQ =~ | (hy-f,-h,-f;) dQ (17)
[0} Q

and is reminiscent of the functional form for the scalar pres-
sure diffusion equation [6].

III. REPRESENTATION THEOREMS AND GREEN’S
FUNCTIONS

We denote by h, and hp, respectively, Green’s
functions for magnetic field due to the impulsive sources f,
=s,8(r-r,) and fz=szr-rg) where &-) is Dirac’s delta
function and s is a unit vector. Hence, the representation
theorem of convolution type in Eq. (12) reduces to a reci-
procity relation

Sa- HB(rA) —Sp-* HA(rB) =0 (18)

with the usual caveat that the integral Eq. (11) vanishes.
Moreover, these specific definition for the source terms f,
and f simplify Eq. (17) to,

sa-hy(ry) —sp-hy(ry) = Ziwﬂoj hj - h,dQ,  (19)
o

while the additional constraints of the quasistatic limit, con-
stant magnetic permeability, and vanishing boundary integral
Eq. (16) remain. Using the reciprocity expression Eq. (18),
the left-hand side of Eq. (19) can now be written entirely in
terms of Green’s function observed at B for a source at A

a{@@@ngmﬂmeH;mﬂl (20)
Q
and vice versa
sg- [h;(rg) —hy(rp)] = ziwuof hj-hdQ.  (21)
Q

To understand the role of random noise in the evaluation of
the volume integrals on the right side of Eq. (20) and (21),
let’s start by examining this term in its discrete form where
the domain () is discretized into a set of infinitesimal differ-
ential elements dQ_, such that

J hj - hydQ = X hj(r) - hy(r)dQ;. (22)
Q j

Letting s, =sp=s, substitution of the reciprocity relation Eq.
(18) into Eq. (22) yields

hy(r) - ha(r) = (s Birp)(s - hy(ry),  (23)

where the sources at point r; are also taken in to lie in the s
direction. It is now clear that Green’s functions in Eq. (20)
and (21), or more specifically, the s component of which,
arise from an the summation of an infinite number of
s-directed impulsive sources j throughout the volume (),
whose effects need only be known at two locations: rz and
Iy

To account for the variable spectral content f(w) of a
naturally occurring random noise source, the product of the

PHYSICAL REVIEW E 81, 036603 (2010)

squared power spectrum amplitude |f(w)]> with the
J-summation terms on the right-hand side of Eq. (23) is
V(w)|2(s~h;(r3))(s~h_,-(rA)), which, in turn, can be written as

(j S Hj(r)f(w) Ar - rB)dQ>

X (f s+ h;(r)f(w) &r - rA)dQ). (24)

As a consequence of the representation theorem of convolu-
tion type, Eq. (12), the expression in Eq. (24) simplifies to
(s-hy(rp))*(s-hy(r,)), whereupon substitution into Eq. (20)
and (21), our final expression for Green’s function in the
Fourier domain emerges

s+ [hy(ry) ~hy(r) (@)= s - [h}(ry) - hy(rp) ] (@)

=2iwpe((s - h(rg)"(s - h(ry))),
(25)

where (-) denotes expectation value.

Inspection of Eq. (25) reveals that the difference between
Green’s function for magnetic field and its complex conju-
gate projected in the s direction and scaled by the power
spectrum of the uncorrelated and volume-distributed random
noise sources, is given simply by the correlation of the s
components of the field measured at two distinct points.
Transforming this expression into the time domain, the prod-
uct between spectral power density and Green’s function be-
comes a convolution operation, whereas the prefactor iw
maps into a time-derivative. Hence, in the time domain,
Green’s function for magnetic field H(r,7) becomes

S - [ﬁb’(rA’_ t) _ﬁB(rAJ)] * F(t)
=5 [Hy(rp—1) - Hy(rz0] % F(0)

=2 (s g 0] @[5 0D, (6)

in which F(¢) is the autocorrelation of the noise. The symbols
® and * denote correlation and convolution, respectively.

IV. VALIDATION EXAMPLE

To determine whether the aforementioned theory holds
promise for eventual interpretation of observational data, a
simple numerical experiment was conducted to validate the
accuracy of Eq. (25) in the low frequency limit upon which
the theory is based. The calculation is as follows: Assuming
a double-half space model with conductivity c=1.0 S/m in
the z>0 region and 0=0.1 S/m elsewhere, we compute the
EGF at two points A and B due to a volume distribution of
100 Hz “noise” sources whose response is recorded at these
two points. For simplicity, we choose s=Z, and further dis-
tribute the noise sources equidistant over a A=25 m grid in
the x, y, and z directions. With this model configuration the
corresponding skin depth is 160 m in the resistive half space
and 50 m in the conductive one. Hence, with points A and B
at coordinates (x,y,z),=(206.25,206.25,-6.25) m and
(x,y,2)5=(=206.25,-206.25,-6.25) m, respectively, a

036603-3

35




SHARMIN SHAMSALSADATI AND CHESTER J. WEISS

—16F o =
| s
\></ = oo Oo
s —20} s o,
2 B s %
2 oo <& open < O %,
Sal ooo°°° closed > 0 %
[ A B et
—~1000 0 1000
= -
10-7 | dashed < O /\
= 109 - solid > 0
= i EGF A
g 107" | ~BETEGF A/2 ool
g0 . Q\FD / .
10713 | /
|\ A B, ‘
—1000 0 1000

X, distance between receivers [m]

FIG. 1. (top) Relative contribution of noise sources I to EGF
estimation as a function of position X along a line passing through
two passive receiver locations A and B at ¥= =291 m. (bottom) In
symbols, finite difference (FD) and EGF calculated values of the
vertical magnetic field at A due to a source M;=Z8(r—rp). Lines
indicate FD-computed 7, at z=0.

noise source volume extending from |x|,[y|,|z| =900 m en-
compasses several skin depths of distance between observa-
tion points A and B and the noise sources.

Choosing A=25 m results in 389 017 independent noise-
source forward calculations. Halving A increases this num-
ber to over three million. Hence, even though quasianalytic
solutions for induction in layered media have been known
and revisited for over a century [13-17], the Hankel trans-
forms at the core of such calculations amount to a significant
computational cost when the number of forward calculations
is large, as in the present case. Various quadrature and digital
filter techniques have been developed to minimize this cost
[18-20], but even at 10-100 calculations per second, the
wall clock time required for the proposed noise volume
quickly escalates to several hours for a desktop computer.

To make this straightforward problem tractable in a rea-
sonable amount of time, we turn instead to the staggered grid
finite difference (FD) method [21,22], which by virtue of the
reciprocity relation in Eq. (18), allows for the calculation of
millions of noise sources with only two forward solves: One
with a source at A, the other with a source at B. For the
calculations shown here, the finite difference grid is parti-
tioned over a modest 81X 81X 81 nodes ona 1 X1X1 km
volume.

The numerical results (Fig. 1, bottom) are in general
agreement with the direct-calculated FD field value at point
A and the EGF-estimated ones (symbols), with increasing
accuracy realized by the dense A/2 distribution of noise
sources. FD-computed field values /(%) along the z=0 el-
evation (lines) illustrate the exponential decay and oscilla-
tory nature of the magnetic field as a function of distance.
Notice that the point A lies near a rapid sign-inflexion in the
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field and therefore represents a particularly challenging place
to recover the EGF. To assess which of noise sources con-
tribute most to the EGF estimation (Fig. 1, top) we plot the
integrand in the left-hand side of Eq. (17) along the same z
=0 elevation. The exponential decay and oscillatory behavior
of the integrand along this profile reinforce our appreciation
for the numerical difficulty of accurately evaluating this mul-
tidimensional integral.

V. DISCUSSION

The magnetotelluric (MT) method is a classic geophysical
method for inferring the spatial distribution of electrical con-
ductivity of Earth’s interior which relies on ambient electro-
magnetic disturbances of magneto- and ionosphere origin for
the source of electromagnetic forcing [23,24]. Inaccuracies
in the resulting inferences on the physiochemical state of
Earth’s interior can be amplified by nonplane wave sources
such as power lines, electric fences, trains and the like. Con-
trary to the MT method, the EGF procedure outlined above
relies on random uncorrelated noise sources and, hence, has
the potential for improved subsurface mapping in areas
where the MT method fails due to excessive cultural inter-
ference.

Previous work on dissipative, scalar fields (e.g., pressure
diffusion) has demonstrated that time-reversal invariance of
the governing differential equation is not a prerequisite for
EGF estimation [6]. The work presented here parallels the
development of the pressure diffusion problem and applies
the analysis to low-frequency electromagnetism, treating the
fields in their full vector form. Like the pressure diffusion
case, the low-frequency magnetic field EGF can be recov-
ered by cross-correlation of time series measured at two dis-
crete locations and time-reversal invariance is not a prereq-
uisite.

The assumption of low-frequencies—that is, the quasi-
static limit—is only a simplifying component of the preced-
ing development and does not affect the implications of the
final result in Eq. (25). To see what effect incorporation of
“full physics” would have, observe that the first integral in
Eq. (15), when retained to account for the wave propagation
terms, can be rewritten as iwfqee,-epd(). Assuming that
electric permittivity is sufficiently uniform throughout the
volume (), this added term would ultimately result in the
additional requirement of correlating electric fields, too. Re-
gardless of whether the electric field terms are kept or dis-
carded, the magnetic field EGF is a direct reflection of the
conductivity distribution throughout the system. Our work
shows that a priori knowledge of this distribution is not re-
quired for EGF estimation.

It has been previously pointed out that when considering
the electromagnetic problem, the noise sources must be spa-
tially correlated with the conductivity variations in the me-
dium [6]. For the case of magnetic fields, we have shown
that this restriction is no longer necessary. However, when
considering electric field Green’s functions, its necessity is
clear: The conductivity term in the electric field “curl-curl”
equation plays the same functional role as the permeability
does in Eq. (5). And while it’s reasonable in many geophys-
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ical exploration scenarios to neglect permeability variations
in the rocks, a corresponding dismissal of the conductivity
variations would be defensible only in exceptional circum-
stances [25].

Examination of the final expression in Egs. (25) and (26)
for the superposition of the magnetic field EGF and its time-
reversed form reveals that parallel components (s-directed)
of the ambient magnetic field are required at the two loca-
tions A and B, and that the noise sources are all taken to be
polarized in the same s direction. While the former is unre-
markable from an implementation perspective, the latter ap-
pears absurd in light of the random nature of the noise. To
reconcile this apparent problem, we observe that a random
spatial distribution of point noise sources might also be ran-
domly distributed in its polarization, and hence, within this
latter distribution there will be a component parallel to s for
each of the sources.

The preceding development also does not place any re-
strictions on the type of noise, other than is must be “infini-
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tesimal” in some spatial sense. Both magnetic and electric
current sources are admissible, including idealized dipole
sources. Hence, electromagnetically cluttered environments
such as urban areas, oilfields and industrial facilities may
provide a rich spectrum of noise from which to draw upon
for Green’s function estimation and are attractive sites for
future potential validation exercises with observed time se-
ries of magnetic field. The effect of correlated, heteroge-
neous, and anisotropic noise sources on the recovered EGF is
an interesting question, but lies beyond the scope of the
present study and will be addressed in future publications.
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SUMMARY

From a theoretical perspective, perfect Green’s function recovery in diffusive systems is based
on cross-correlation of time-series measured at distinct locations arising from background
fluctuations from an infinite set of uncorrelated sources, either naturally occurring or engi-
neered. Clearly such a situation is impossible in practice, and a relevant question to ask, then,
is how does an imperfect set of noise sources affect the quality of the resulting empirical
Green’s function (EGF)? We narrow down this broad question by exploring the effect of
source location and make no distinction between whether the noise sources are natural or man
made. Following the theory of EGF recovery, the only requirement is that the sources are
uncorrelated and endowed with the same (or nearly so) frequency spectrum and amplitude. As
such, our intuition suggests that noise sources proximal to the observation points are likely to
contribute more to the Green’s function estimate than distal ones. However, in what manner
and over what spatial extent our intuition is less clear. Thus, in this short note we specifically
ask the question, ‘Where are the noise sources that contribute most to the Green’s function
estimate in heterogeneous, lossy systems?” We call such a region the volume of relevance
(VoR). Our analysis builds upon recent work on 1-D homogeneous systems by examining the
effect of heterogeneity, dimensionality and receiver location in both one and two dimensions.
Following the strategy of previous work in the field, the analysis is conducted out of mathe-
matical convenience in the frequency domain although we stress that the sources need not be
monochromatic. We find that for receivers located symmetrically across an interface between
regions of contrasting diffusivity, the VoR rapidly shifts from one side of the interface to the
other, and back again, as receiver separation increases. For the case where the receiver pair is
located on the interface itself, the shifting is less rapid, and for moderate-to-high diffusivity
contrasts, the VoR remains entirely on the more diffusive side over receiver separations up to
two to three skin depths based on the high-diffusivity value. Finally, because diffusivity plays
a role analogous to resistivity in electromagnetic induction problems, our results suggest that
the VoR for the latter is dominated by the air region when the receivers are located on the
Earth’s surface—a finding that demonstrates the minimal impact of subsurface noise sources
for EGF estimation from surface-based electromagnetic geophysical experiments.

Key words: Spatial analysis; Interferometry; Electromagnetic theory; Hydrogeophysics.

INTRODUCTION

Interferometry, or equivalently, cross-correlation, of wavefields
recorded at two receiver positions to obtain the impulse response of
the Earth has a long history in geophysics. The idea was introduced
by Claerbout (1968) who showed that cross-correlating time-series
of ambient fluctuations recorded at two separate locations yields the
wavefield response that would be recorded at one receiver as if there
was an actual source at the other. Recent examples on diffuse seismic
fields (Lobkis & Weaver 2001; Snieder 2004; Wapenaar et al. 2008),
ground-penetrating radar (Slob & Wapenaar 2007), synthetic aper-
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ture controlled-source electromagnetics (Fan et al. 2010), seismic
coda waves (Lobkis & Weaver 2001; Campillo & Paul 2003; Sato
2009a,b), seismic bias correction (Curtis & Halliday 2010), surface
waves (Li et al. 2010) and electrokinetic self potential (Slob et al.
2010) demonstrate the breadth of impact that interferometric theory
continues to have on geophysical exploration. However, it is impos-
sible to find an area fully impregnated with random, uncorrelated
noise sources as required by the interferometry theory (see Snieder
2007, for example). Wapenaar & Fokkema (2006) showed that for
the case of acoustic and elastic wavefields, noise sources in the
Fresnel zones around the stationary points of the cross-correlation
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kernel for a given receiver pair contribute the most to the empirical
Green’s function (EGF) estimate. Although there has been much
research on EGF retrieval using the physics of wave propagation,
the development of interferometry for the case of diffusive fields is
less mature.

Recently, Snieder (2006) demonstrated that for lossy systems
where diffusion, rather than wave propagation prevails, Green’s
function can be estimated also by the cross-correlation method, pro-
vided that the sources of ambient signals fully permeate the medium
surrounding the two observation points (see, e.g. Shamsalsadati &
Weiss 2010; Slob & Weiss 2011, and references therein for applica-
tion to simple electromagnetic systems). In areas free of naturally
occurring noise sources, one could engineer an experiment whereby
sources are known a priori as in the case of controlled source CSEM
(Fan & Snieder 2009). Nonetheless, such a distinction is lost in the
application of interferometry theory because of the requirement
that the source power spectrum is known a priori. However in ei-
ther case, whether the sources are naturally occurring or engineered,
the relationship between source location density and proximity to
the observation points is the key unknown we investigate. In other
words, for the controlled-source experimenter, our results point out
where the sources should be placed; for the natural-source exper-
imenter, our results point out where those natural sources need
to be.

For a homogeneous, diffusive system with identical, closely
spaced receiver points, Fan & Snieder (2009) simulated time-series
under compromised conditions where the source was imperfect—
both through sparse sampling and spatial bias. They showed that
the early-time EGF response is most affected by changes in the
source density. A short spread of closely spaced sources centred
about the receiver pair do a better job of early-time EGF recovery
than fewer, widely spaced ones over the same region. This dense
cluster of sources over a small region was insufficient, however,
to recover the late time response. To remedy this deficiency, the
dense source spread was expanded by roughly a factor of 3 in spa-
tial extent. Decimating the source distribution had little effect on
the late time response, thus leading the authors to conclude that a
wide distribution (roughly 34 times the receiver separation for their
1 km?s~! medium) of densely spaced sources was necessary for
accurate EGF estimation.

In this study we extend their work through investigating the
effects of material heterogeneity and receiver separation on the
cross-correlation kernel in one and two dimensions. In our numer-
ical experiments, double half-space models are examined with one
receiver located on either side of the contact. For the 2-D case,
the receiver pair is rotated 90° degrees with respect to the con-
tact. The rotation simulates a pair of receivers located along a line
oblique to an idealized geological contact, with the end-member
case consisting of both receivers lying on the contact where we
are then free to loosen our definition of the contact to include
the air/Earth interface. Such a suite of calculations is designed
to accommodate a plurality of geophysical exploration scenarios,
including single borehole, cross-borehole and surface-based exper-
iment designs. Recent efforts in the study of electromagnetic self
potential (a Poisson process) at the laboratory scale (Slob et al.
2010) show that thermally induced noise sources (the diffusion pro-
cess to which this discussion applies) are one possible mechanism
by which the EGF can be estimated by cross-correlation theory,
and hence, our modelling results may be relevant to the interpreta-
tion of such data. However, at the field scale, thermal fluctuations
alone may be swamped by the noise due to anthropogenic sources
and/or macroscopically averaged fluxes in pressure (due to tidal
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or atmospheric loading, stress field relaxation, etc.) and surface
chemical potential resulting from, for example, pore-scale rock/fluid
interactions.

METHOD

Because we are interested in extracting Green’s function from ob-
servations in lossy, dissipative systems, we base our analysis on
Fickian diffusion in a heterogeneous medium with space-dependent
diffusivity D, Fourier-transformed 9, — iw into the frequency
domain:

—V - D(r, »)Vu(r, ) + iou(r, o) = s(r, o), (1)

where w represents angular frequency and, i = +/—1 and s is, in
general, a frequency-dependent source term with power spectrum

f(w). Forapoint source f(w)8(r — r,), we write Green’s function for

eq. (1) as G4(r), which is simply u,(r) scaled by /! (w). Following
Snieder (2006) and Fan & Snieder (2009), we can then write

[Ga(rs) — Gi(rp)] | (@) = Ziw/ux(rA)u?(rs)dV @

with the integration taken over the volume containing the sources
s, and * denoting complex conjugation. In the time-domain, eq.
(2) is a cross-correlation and thereby the fundamental relation for
extracting the superposition of the Green’s function and its time-
reversed equivalent based on observations at two locations 4 and B.
By inspection of eq. (2), the “Volume of Relevance’ is defined as
that region which contributes the most to Green’s function. Plotting
the integrand of eq. (2), the EGF kernel, gives a visual sense of how
this volume is distributed in space. Note that the spatial character
of the VoR is independent of the choice of scaling function f(w),
which out of simplicity is taken here as unity.

Starting simply, we examine a double half-space model in one
dimension, with diffusivity D, in the region x < 0 and diffusivity
D, in the region x > 0. As such, for an impulsive source located at
x; > 0, eq. (1) simplifies to

2 s .
_ddL;(j) + %Ulu(x) =0

x <0, (3a)

Pux)  iw
e + qu(x) = Ka8(x — x;)

x>0, (3b)

where §(-) denotes Dirac’s delta function and K, = 1/D,. Enforcing
the homogeneous Dirichlet boundary condition as x — o0 along
with continuity of density u and flux Dd,u at x = 0 yields a solution
of the form:

u(x <0) = A", (4a)

u(x > 0) = A,e”" + Bye ™" +

2y, Dy
x (e—yz(x—x;) _ en(x—x.y)) H(x — «\'s)- (4b)
where H is Heaviside’s function and y; = (1 +1i) /55- for§ =1,
2. Values of the constant coefficients 4, 4, and B, in eqs (4a and
b) are given by

K Dyy, — D
A _Ze—yz.v;~ B, = (—2)/2 lVl) A, and
2y, Dayys + Dy

2D
A, = (721/2) A,
Dyys + Diy
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Similarly, we wish also to consider the case where the source is
located on the negative x-axis, in which case the governing equations
are

d?u(x) N iw (0 = Ky8( ) 0 (5a)
— — = — X x <0,
o D, 18(x — x X
) .
—d;{(f) + ]Dﬂzu(x) =0 x>0, (5b)

with general solutions of the form

u(x <0) = 4" + e V=) _ enx—x)) fy(x — X

( l ZVIDI ( ) ( ()621)
and

u(x > 0) = Bye . (6b)

Values of 4, and B, in eqs (6a and b) are

) = M and A4, =B, — ﬁ (eym _efym).
Dy + Days 2y

For a pair of receivers 4 and B located on the positive and negative

sides, respectively, of the origin, we substitute the u from eqs (4)

and (6) into the integrand of eq. (2) to quantify the VoR for the 1-D

case.

For the 2-D case, we take the diffusivity as invariant in the y-
direction same as the 1-D case and Fourier transform eq. (1) into
the mixed (x, k) domain. Such a system is sometimes referred to
as a ‘1.5-D problem’ because the material interface is invariant
in one coordinate direction whereas the source is not. For clarity,
however, we will retain the ‘2-D’ nomenclature to distinguish this
problem from the previous one and to emphasize the 2-D nature of
its solution. General forms of the solution in two dimensions are
identical to eqs (4) and (6) upon the substitutions y? = A + o
and K; = g-e7s for £ = 1, 2. Fourier transform over k back
to the (x, y) domain were computed numerically using an adap-
tive quadrature scheme with a continued fraction expansion (Chave
1983).

Using the results of Fan & Snieder (2009, fig. 23) as a starting
point for our analysis, we interrogate a series of models in one and
two dimensions using the aforementioned formulae and constrain
our investigation to a frequency of 0.02 Hz so that we may directly
compare our results with theirs. Our models are double half-space
models with diffusivity contrasts of 1:1, 1:3, 1:10 and 1:100 m? s~".

EGF Kernel, Gy(x)G%(x)

EGF Kernel, Gy(x) G%(x)

Pairs of receivers are located symmetrically about the origin and
with variable separation from 2 to 20 m.

Assuming that noise sources throughout the volume are similar
in amplitude, those sources proximal to the receiver pair will surely
contribute more the EGF than distal ones. Complications such as
location-dependent source strength are beyond the scope of this
study. As such, we restrict our analysis to a finite region around
the origin containing the largest amplitude extrema of the EGF
kernel—much like that done for the uniform model analysed in
Fan & Snieder (2009). Furthermore, we exploit reciprocity along
with eqs (4a and b) and (6a and b) to evaluate the EGF kernel (the
integrand of eq. 2) on a discrete grid of sufficient density to visually
reveal its structure, but not optimized for accurate evaluation of the
integral in eq. (2). In other words, the nodes of the discrete grid are
the locations of the sources. While a very dense grid is certainly
important for accurate EGF estimates, simply plotting the kernel on
a coarse grid is sufficient for revealing the VoR.

RESULTS

For the degenerate case of a homogeneous medium D, = D, =
1 m*s~! with receivers 4 and B separated by 2 m about the ori-
gin, we verify the results in Fan & Snieder (2009, fig. 23) and
then extend their analysis to include separations up to 20 m over
a range of diffusivity contrasts up to 1:10 (Fig. 1). Examination
of these EGF kernels illustrates that as the receiver separation is
increased, the VoR—that region with the greatest area under the
curve—is generally constrained to lie between the receivers. How-
ever, we observe that as the receiver separation increases, the EGF
kernel changes from being a function with only one extremum at
the origin, to a function containing multiple extrema. In fact, in the
region between the receivers, the EGF is the cosine function when
D is uniform for all x. We can generalize this result for all offsets
0 < x4 < oo in the following way. Substituting the results of eqs
(4a and b) and (6a and b) into the expression G 4(x)G(x) from eq.
(2), which is the EGF kernel with reciprocity applied, we find that
the real part is given by

Re{G,4(x)Gy(x)} = 4[1)(0 exp (ﬂt\/%) cos <x\/%> NG

for the case where the receiver locations are given by +a and |x| <
a. In the remainder of the x domain, where |x| > «, the EGF kernel

EGF Kernel, Gy(x) G'(x)

0.8F

Di<0) =1 [\ Da>0) =1 D(x<0) = 1

' DE>0)=3 | osl DE<0)=1 1 DE>0)=10

Y

-15 -10 -5 0 5 1
x coordinate [m]

0 15 -15 =10 5

Figure 1. Integrand of eq. (2) for three different diffusion models: D = 1 m?s~!

x coordinate

S5 0 15 -15 =10 S 0 5 10 15

x coordinate [m]

1
[m]

whole-space (left panel ); double half-space with D = 1 m?s~! forx < 0 and

D=3m?s~! forx > 0 (middle panel); and, double half-space with D = 1 m?s~' forx < 0 and D =10 m?s~! for x > 0 (right panel). For each diffusion model,
10 different receiver pairs 4 and B are considered, located at x4 and xg = —x, respectively, where the value of x,; annotates the resulting kernel functions.
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Figure 2. Sketch of the EGF kernel (solid line) for increasing receiver
separation in a homogeneous 1-D whole-space. Receivers located atx = +a,
see text for definition of A.

is a simple exponential decay:

I I

In the segment (region) between receiver locations, the amplitude
of the EGF extrema is bounded by the constant in eq. (7) preced-
ing the cosine term, while the location of the zeros in the EGF
kernel are driven by the ‘wavelength’ A = 7/2D/w of the co-
sine term as cos (277x/2). Note that as a increases, more oscillations
of the cosine term are revealed (Fig. 2) along with, in cases where
%A < la|(mod ) < %A, cusps located directly at receiver locations.
Therefore, for the 1-D homogeneous system, the relevance to EGF
recovery of sources outside the region between any two receivers
is inescapable. What matters in this region is that noise sources are
located close enough to the receivers such that the envelope of the
exponentially decaying EGF kernel is sufficiently large. The rele-
vance of the region between the receivers, however, is separation
dependent. For the special case where the receivers are separated by
an integer product of the wavelength 1, the EGF kernel is identically
zero and those noise sources do not contribute to the EGE.
However, when the medium is heterogeneous this specific con-
clusion is no longer valid. Most notable is the fact that the peak

Re{G 4(x)G(x)}

1
" 4Dw

EGF contribution

EGF contribution
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in the EGF kernel is skewed towards the domain with smaller dif-
fusivity D, independent of receiver separation. While tempting to
conclude at this point that the VoR lies mainly on the low-D side,
observe also that the high-D side has a heavy tail with slow decay
whereas the low-D side has comparatively large negative excursions
of the EGF kernel.

Numerical integration of the EGF kernel over the semi-infinite
domains —0o < x < 0 and 0 < x < 0o quantifies the amount by
which sources in these two domains each contribute to the total EGF
estimate (Fig. 3). That is, it is a direct measure of whether the VoR
lies in the more diffusive half-space or the less diffusive one or both.
Because of the trade-off between negative and positive excursions
of the EGF kernel, as receiver separation increases symmetrically
about the origin, VoR shifts back and forth from the more diffusive
domain to the less diffusive one and back again. Moreover, there
exist critical receiver separations where the contribution from one
side of the domain is identically zero (see Fig. 3), indicating that
the entire EGF estimate is coming from sources in the other.

When examining the 2-D EGF kernel, we see that heterogeneity
has a similar effect to the skew as it does in 1-D (Fig. 4), and that
in general, the VoR for homogeneous media is again constrained to
that region nearest and between the receivers. Numerical integration
of the EGF kernel with Gaussian quadrature reveals that, as in the
1-D case, the VoR shifts between the positive and negative half-
spaces as receiver separation increases (Fig. 5). We also observe in
both one and two dimensions that the frequency over which these
shifts occur decreases as the diffusivity contrast increases. Thus,
for high diffusivity contrasts, the low-D side remains the VoR for
separations up to a few tens of metres.

Finally, we observe that moderate rotations of the symmetric
receiver pair about the origin (Fig. 6) do not change the overall
conclusions stated earlier, which were based on receivers located
along a line orthogonal to the diffusivity interface. However, as
the receiver pair is rotated 90° (Fig. 7), with each receiver on the
interface itself, the VoR flips to the high-D side for short offsets—the
reverse of that seen for receivers oriented orthogonal to the interface.
For large diffusivity contrasts, the VoR remains on the high-D side
for larger receiver separations than seen earlier, extending upwards
towards several tens of metres (Fig. 8).

DISCUSSION

Although the analysis presented earlier is not aimed directly
at a particular experiment design or exploration scenario, it is
worth pointing out the EGF estimation in dissipative systems
(the details of which are examined here) is potentially relevant to

EGF contribution

0
100 DE<0)=1]| 1q0 D(x<0) = 10 D(x<0) = I
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F W D0 =3 | 10 10
10-2 | ' N/ 10-2
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1074 | 10-3 .
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L <0 — AR Xg<0 —
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receiver separation [m]

receiver separation [m]

receiver separation [m]

Figure 3. Evaluation of the 1-D EGF kernel over the semi-infinite domains —oo < x < 0 (heavy line) and 0 < x < oo (light line) for last two diffusion models
described in Fig. 1 (left-hand side, centre) and a high-contrast 1:100 model (right-hand side). As before, the receiver separation is symmetric about the origin
and given by x4 — x3 = 2x4. Negative values of the integral are indicated by the dashed line.
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x coordinate [m]

x coordinate [m]

x coordinate [m]

10 0 -10 10 0 ~10_0,0001 10 0 -10
y coordinate [m] y coordinate [m] y coordinate [m]

Figure 4. 2-D equivalent of the 1-D results shown in Fig. 1, but for a limited selection of receiver offsets: =1 m (top panels); £5 m (middle panels); and,
+10 m (bottom panels). Receiver locations are indicated by the heavy dots. As before, the value of D for the x > 0 upper half-space varies from 1 (left-hand
side) to 3 (centre) to 10 m? s~! (right-hand side) whereas D = 1 m? s~ for the x < 0 lower half-space.

EGF contribution EGF contribution EGF contribution
1 F r 3
10 D(x<0) =1 i D(x>0) = 10 5
100 | D(x>0) =3 100 D(x<0) =1 101 [
o | g Fs0 N D
- i [ x>0 — e
1072} 4 107 1072 k pc<g) = !
Xy<0 — E x<0 — ED(x<0) =1 i
10-3 | x>0 — [ x>0 — / FD(x>0) =100 |’
4 8 12 16 20 4 8 12 16 20 4 8 12 16 20
receiver separation [m] receiver separation [m] receiver separation [m]

Figure 5. Evaluation of the 2-D EGF kernel in Fig. (3) over the semi-infinite domains —oo < x < 0, —00 <y < 0o (heavy line) and 0 <x < 00, —00 <y <
oo (light line) for the 1:3 (left-hand side), 1:10 (centre) and 1:100 (right-hand side) diffusion models. Receivers 4 and B are located at x4 = (x4, 0) and x3 =

(xp = —xy, 0), respectively, along a line orthogonal to the interface separating the two half-spaces. As before, negative values of the integral are indicated by
the dashed line.

common problems in exploration geophysics. It is already well term ‘pressure’ may also follow from the concept of ‘pore pressure’
known that the diffusion equation is a reasonable model for under- in the modelling of fluid flow in porous media whose theory is
standing the late-time intensity of multiply scattered acoustic waves built upon the diffusion equation. When considering how might our
(e.g. Lobkis & Weaver 2001). As in Snieder (2006) our use of the theoretical results apply to exploration problems, the easiest leap
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Figure 6. Distortion of EGF kernel for the 1:10 model as a pair of receivers separated by 10 m is rotated about the origin by 30° (left-hand side), 60° (centre)

and 90° (right-hand side).
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Figure 7. Distortion of the EGF kernel for a pair of receivers on the x = 0
interface, separated by 10 m like in Fig. 4, as D in the upper half-space is
varied from 3 (top panel) to 100 m? s~! (bottom panel).

to make is towards problems involving estimation of subsurface
hydrological and/or reservoir parameters. Measurement of concen-
trations of aqueous contaminants may also lead to Green’s function
retrieval, provided that the pore-scale interstitial/surface chemistry
is properly modelled. Such details, however, are beyond the scope
of this study.

© 2012 The Authors, GJI, 190, 15261532
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Instead, while the question, ‘Which part of the system contributes
most to EGF estimation?’ can be recast entirely in terms of analytic
formulae (indeed, integrals of the EGF kernels are straightforward
to evaluate), the richness of the EGF kernel’s complexity is eas-
ily observed through simple graphical representation. The region
which contributes most—the VoR—is a complicated function of
the observation points from which the cross-correlated time-series
is drawn. However, for short offsets we can draw some general
conclusions. In the case where receivers are located opposite an
interface in diffusivity, the VoR in the limit of decreasing receiver
separation is the low-diffusivity region. Such a scenario might occur
in a borehole environment with a pair of downhole receivers strad-
dling a lithological contact. In contrast, when the receivers are both
located on the interface itself, the VoR for short separations is the
‘more’ diffusive side. In the limit of extreme contrasts in diffusivity,
say 1:10 or 1:100, this observation remains true for separations up
to several tens of metres. Downhole receivers on a given litholog-
ical contact in neighbouring boreholes would be one exploration
scenario where such a generalization might apply.

Low-frequency electromagnetic induction also obeys a diffusion
equation similar to eq. (1) depending on the electromagnetic source
and underlying geology. In such cases the electrical resistivity plays
the role of diffusivity D and our results suggest that EGF estimation
from surface-based measurements are more strongly influenced by
sources located in the resistive air region than those located in the
relatively conductive Earth region. This should not be too surprising,
given the contrast in electrical conductivity between the air and
Earth regions by several orders of magnitude. Nonetheless, such
conclusion is simply and end-member case of the more general
behaviour such solutions exhibit, behaviour that is laid out here for
range of contrasts extending beyond the simple air/Earth interface
problem.

Note that the application of our results to surface-based geophys-
ical measurements rests on the assumption that the ‘air’ region be
described by a very large, but still finite, diffusivity. Although such
an approximation is common in computational electromagnetics,
it is important to note that in the special case where this region is
assigned an infinite diffusivity value, the volume integrals in our eq.
(2) are no longer appropriate and instead are replaced by a surface
integral along the air/Earth interface. Fan ef al. (2010) exploit this
fact in their application of EGF concepts to marine electromagnetic
exploration scenarios.

Note that the choice of length scales, diffusion coefficients and
frequencies used in this paper were chosen for direct comparison
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Figure 8. Evaluation of the 2-D EGF kernel over the semi-infinite domains —oo < x < 0, —00 < y < oo (heavy line) and 0 < x < 00, —o0 < y < oo (light
line) for the 1:3 (left-hand side), 1:10 (centre) and 1:100 (right-hand side) diffusion models. Receivers 4 and B are located at x4 = (0, y4) and xz = (0, yg =
—y4), respectively, lying directly on the interface separating the two half-spaces. As before, negative values of the integral are indicated by the dashed line.

with the results in Fan & Snieder (2009). However, in applying these
results to the electromagnetic problem—as suggested earlier—the
choice of diffusivity values in the range 1-100 m?> s~ corresponds
to electrical resistivities on the order of 1-100 Q2m, values uncom-
mon in general geological settings. Simply scaling the diffusivity
and units of km? s~' and length to km instead of m puts the resistivity
values back in the geologically sensible range and emphasizes that
the fact that terms like ‘short” as used earlier are relative, depending

on the value of the material properties.
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Chapter 4: Time-Series Analysis of Lossy Interferomatry Data and
Its Application to Bayesian Inversion of SyntheticBorehole Pressure

Data

4.1 Abstract

Applying cross-correlation based interferometry idiffusive systems requires
volumetrically distributed sources in an infiniteordain. However, having such a source
distribution in the real world practice is not pdds. In this study, the number and distribution of
sources required to reconstruct EGF (Empirical @se€unction) to a given error tolerance is
investigated through numerical modeling. Time-serenalysis of the interferometry data
confirmed the previous findings in homogenous medmere the width of source distribution
needed to reconstruct EGF up to a desired time rdisp®n the receiver separation and
diffusivity of the medium. Here, a suite of 1-D dbe half-space models is examined in which
receivers are located on either side of the interf&esults show that sources need to be further
into the region with higher diffusivity than intbe low diffusivity region. In the limiting case of
a closely spaced receiver pair far from the bedamnsources are required only in the region
where the receivers reside, as expected. Howavehei intermediate case where the receivers
are sufficiently close to the bed contact such thatwholespace response extends a distance
across the contact, the requisite region acrossdhtact expands by the factor of square root of
D,/D;. Analysis of a three-layered system simulatingservoir layer between two impermeable
layers revealed that the EGF could be reconstrudiesl to sources mainly in the middle

reservoir layer. The 1-D Bayesian inversion ofititerferometry data demonstrated that the true
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model and its uncertainty could be recovered uiegroisy data. For large 3-D problems where
the number of models is greater than the numbetatd, calculation of the Jacobian matrix is
computationally prohibitive. As a preliminary stegwards this ultimate goal, an adjoint-based

sensitivity calculation for diffusive system is pemted (Appendix B).

4.2 Introduction

The Empirical Green’s Function (EGF) estimationnfraross-correlation of time-series
measured at two receiver locations, called interfaatry or virtual source method enables the
characterization of the subsurface properties withine need for engineered sources. In
experiment scenarios where deployment of an engidesource is not possible, the EGF method

provides previously unobtainable data (SchusterZirui, 2006).

Wavefields in lossless media and diffusive fieldasén different criteria on the requisite
areas and the distribution of — random, naturatiguoring or engineered — sources for EGF
recovery. Far-field sources on an arbitrarily shiagerface bounding the receiver pair are
enough to apply interferometry in the first casea®haar & Fokkemma, 2006). For the second
case; however, volumetrically distributed sources raquired in order to reconstruct the EGF
with a high accuracy (Snieder, 2006). Although ¢hkeas been much study on EGF estimation
using the physics of wave propagation, the virsmlrce method for the case of attenuative and
diffusive systems is comparatively less developdte impossibility of an infinite number of
volumetrically distributed sources — required by ttheory of interferometry in lossy and
diffusive systems — challenges the applicationo$é imethod in practiceThe theory of the
Green'’s function was developed for both pressuifasive fields (Snieder, 2006) and also low-

frequency inductive electromagnetics (Slob et2007; Wapenaar et al., 2008; Shamsalsadati &
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Weiss, 2010; Slob & Weiss, 2011); however, it ipassible to find an area fully impregnated
with random, uncorrelated noises or engineeredcesuas required by these theories. Fan &
Snieder (2009) studied a homogenous medium to dyéme number and distribution of sources
that enables one to reconstruct EGF within an dabép error This work was then extended

through investigating the effect of material hetgnoeity and receiver separation in the
frequency domain (Shamsalsadati & Weiss, 2012ag pilwrpose of the current study is to
analyze the time-series of data through numeriggeements to demonstrate the effect of

inhomogeneity and receiver location on the reqeiistturce distribution.

The recovered EGF is then inverted using a Bayesainstical approach to recover the
material properties, namely — diffusivity. Bayesiaethodology has a long history in the Earth
sciences and continues to receive renewed atte@iedfreys, 1924, 1939; Grandis et al., 1999;
Malinverno, 2002; Chen et al., 2007; Ray & Key, 2DIThere are practical advantages to the
Bayesiarapproach, like its ability to quantify ambiguities the solution by incorporating, in a
statistical sense, the prior knowledge on the mqguebhmeters and their uncertainties. The
Bayesian inversion results in a final solution edlthe posterior distribution that provides
information on the uncertainties of the model patars. Inspection of the posterior model
distribution quantifies the non-uniqueness partttef inverse problem (Tarantola & Valette,

1982; Malinverno, 2002).

The content of this section runs as follows. | désc the methodology for the
reconstruction of the time-series interferometoflofved by numerical experiments in double
half-space and three-layered examples. In the dxperiment the width and density of sources
for different scenarios with variety of source-rigee configuration and diffusivity contrast

between the layers is examined. For the threedalyemedium interferometry data is
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reconstructed in 1-D and 2-D; sources in the midiajer have a high diffusivity while the top

and bottom layers are impermeable. The resultisfiéist part is used to invert data for modeling
fluid diffusivity (and corresponding permeability$ing a Bayesian inversion approach in 1-D. A
methodology is also introduced to speed up thergiwe procedure by reducing the number of
forward modeling needed in order to calculate timoBian matrix in the inversion for the cases

of model overparametrization (Appendix B).

4.3 Reconstruction of Interferometry Data in the TimeDomain

To investigate the requisite source distributiotossy and diffusive media, it is important
to understand first how the wavefield behaves Bs¢hsystems. The analysis is based on the
equation of Fickian dfusion in a generalized medium with space-dependéfiisivity D.
Diffusion equation in time domain is given by Eqoat(4.1),

du(r,t)

. OD(r)0u(r,t)) = s(r,t) (4.1)

whereu (wavefield) ands (source) are functions of both(time) and r (position). For
simplicity, we work with Equation (4.1) in the fregncy domain, noting that a spatio-temporal

impulse yields the Gaussian functiGifor u
-00(D(r)0G(r,w)) +iaG(r,w) = o(r). (4.2)

Equation (4.2) is solved analytically for doubldffsgpace model in both one and two dimensions
(Shamsalsadati & Weiss, 2012a). In 1-D, the case @duble half-space model was examined,
with diffusivity D; in the regionx < 0 and difusivity D, in the regionx > 0. Enforcing the
radiation condition ag — *oo along with continuity of Green’s functio@ and fluxDosG atx =
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0 for an impulsive source locatedxg 0, yields the Green'’s function solution in tleidwing

form
1 1 ap (X + X 1 ay (X=X
[D101+D2crz _2Dlalje 2 )+[2D1aJe 1) (4.33)
G(x<0)=
+;(e_al(x_xs) _eal(X_Xs))H(X_XS)
2Dja4

and

G(x>0) = 1 1 |ox-apx (4.3b)

Da+Doa, 2D1a4

whereH is Heaviside’s function and', = (L+ j),/&/2D,, for n= 1, 2 (Shamsalsadati & Weiss,

2012a). For the case of 2-D, the diffusion equmiiothe frequency domain for a double half-
space model was solved by Fourier transforming espaoordinatey into the wave number

domain k. Using this transformation, the 2-D solutions t#ke same form as Equations (4.3a-b)

with the substitution an:w/k2+(ja)/Dn). Extension to multi-layered systems is

straightforward, resulting in recursion formulae finding the unknown coefficients of the®
terms in each of the layers formulae based on woityi of flux and the wavefield at layer

boundaries.

Following the theory of interferometry developeddiffusive systems (Snieder, 2006) we
can simulate the effect of a virtual source at liheation of one of the receivers by cross-
correlating results of the Green’s functions dueraodom excitations. We can derive the
response of a virtual source by cross-correlatioth® wavefields measured at two locatiofs,

andB, due to the volumetrically distributed soursesith the power spectrurfi(w)f,
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GA(rB)-G;(rB)h f(w)* =2 wj- ug (r p)us (rg)dr. (4.4)
s
In this equationus(ra) and us(rg) denote observed fields measured at the locatioaceivers

A and B and integrated over the area contain sources* andicates the complex conjugate.
For impulsive sources, the scalar fieldr,) in the Equation (4.4) is replaced by the Green’s
function G4ra), which is equivalent tai(ra) scaled byf “Y(w). The left hand side of this
equationGa(re)-G a(rs), represents the measured field at the location efdadrihe receiversB)

due to an impulsive source positioned at the looatif the other receiveA]. Our purpose here
is to reconstruct the response of the virtual sewhee to impulsive sources in the time domain
using the aforementioned formulas. Note, howeusa the diffusion equation solved in the
frequency domain using Equation (4.4) gives thegimary component of the Green’s function
only. To derive the full signal in the time domadmoth real and imaginary components are
needed. For this purpose, the real part of theasignreconstructed using the Kramers-Kronig
relations. These equations are mathematical tbalisrelate real and imaginary components of
response functions in physical systems (Toll, 19&6nig, 1926; Kramers, 1927) and are
common in optical materials research for full sigreonstruction (Lucarini et al2005). For a
known imaginary componefb(w) of a causal signd(w), Kramers-Kronig relations require the

real component df(o) to be

(o)

Fy(@) Z%P j LAw IO (4.5)

W? -

0

whereinP indicates the Cauchy principal value. Once betl and imaginary components of

the EGF were recovered, we Fourier transform thesiignal into the time domain.
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4.3.1 Numerical Analysis for Double Half-Space Msde 1-D

Using the results of Fan & Snieder (2009; Figure tbp) as a starting point for our
analysis, a series of models are cross-examinddOrusing the aforementioned formulae. The
first models (Figure 4.1a-c) are simple double4spHice models with ffusivity, D, contrasts of
1:1, 1:10 and 1:100 78 *. Receivers are located symmetrically about thgimrvith separation
of 2 m. The source distribution width ranges betwely m and 17 m for homogenous medium
with the source density of 1.147'nfFan & Snieder, 2009). Extending the work of Faul a
Snieder to include inhomogeneous models (Figura, 4rilddle and bottom), reveals that sources
must be distributed asymmetrically in the systend axtend a distance into the hiBh(D,)

side. For small receiver separations, this distawoeld be approximately proportional to
JD,/D, times the distance into the Idw+(D,) side. For full construction of the EGF time-

series, it is found that sources must extend fer the highb side of the model, whereas the
locations of the requisite sources in the IDvgide appears to be ndfected by the presence of
discontinuity at the interface (Shamsalsadati & $8gi2012b). Figure (4.1b) compares
reconstructed EGF and the actual measurement betiheevirtual source and receiver for the

three models shown in Figure (4.1a).

Using similar reasoning discussed by other autfmreomogenous media (Mehrer, 2007;
Fan & Snieder, 2009) and definition of the skinttlegources within one skin depth, defined as
the sources with the largest contributibet’s assume thdd,=X?D; andA indicates the distance
between maximum width of the source distributiortha first medium where receiver A resides
and this receiver (see Figure 4.2). Adding thfserimation to the derivations in Equation (4.3),

the maximum width of the source distribution in #szond medium can be derived as
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wg, = (A+[xa])X. (4.6)

This relation could be developed for the other imn@dusing the same reasoning discussed
above. ThenA' which is equivalent o in the highb would be proportional to,(D, /D, ) A.

Consequently, one can find the width of distribntas

W=A+T1,5 +AD,/D; 4.7

wherer ag indicates the separation between two receigeandB or the virtual source-receiver
distance (Figure 4.2). Figure (4.3) demonstrates iticreasing receiver separation in the first
example (Figure 4.1) to 6 m about the origin insesathe required width of sources in
comparison to the first experiment. Based on tkalte of this experiment the density of sources
is changed so that two to three sources remaindagtvihe receivers. This new result confirms
previous findings that sources between the receiasr more important than the distal ones (Fan

& Snieder, 2009; Shamsalsadati & Weiss, 2012a).

The third numerical experiment is conducted usiffiysivity contrast of 1:10 s *where
the receiver pair separated by 2 m is located éennledium with lower diffusivity. It is shown
that when receivers are far from the interface t@enl at -16 m), the majority of sources need to
be in the lowb side. However, as the receiver pair gets clos¢héointerface, this important
region of sources shifts towards the other medhigh-D side (Figure 4.4)Iit can be concluded
from this experiment that in the case where theivecs are sufficiently close to the bed contact

such that the wholespace response extends a distaamross the contact, is scaled by the

factor of,/D, /D, .
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Figure (4.5) demonstrates the outputs of the nurakexperiments where the sensor pairs
located in the first and second medium are symmabyout the interface (separated by 2 m and
centered at + 18 m). The results indicate thatdoeivers located in the low diffusive side, EGF
could be reconstructed without any source beirtgensecond medium. However, this is not true
for the latter where sensors are in the opposite sf the interface. In this case, it seems that no
only more sources are needed in the domain witthenigliffusivity where receivers are
positioned but also some are still needed to bthénother side of the interface (Figure 4.5).
Therefore, for a close-spaced receiver pair fanftbe interface, sources are desired only in the
region where the sensors exist since it simuldtesmholespace responddowever, in the case
where the sensors are close enough to the intestaztethat the wholespace response extends a

distancez across the interface, the essential region adhesgontact expands by the factor of

JD,/D, (Shamsalsadati & Weiss, 2012b).

4.3.2 Numerical Analysis of a Three- Layered Medium andl 2D

In this section, a numerical study is conductedralyze the problem for a three-layered
medium, representing a homogenous reservoir witlydraulic diffusivity of 100 rffhour
located between two impermeable layers with hydradiffusivities of 1 nf/hour, Figure (4.6).

In this figure, the triangles indicate pressurengducers which are cemented behind casing
(Babour et al 1995). The possibility of using the pressure stuters in the borehole was
examined in the past (van Kleef et, &001; Bryant et al., 2002; Alpak et al., 2004). For 1-D
case, sources separated by a meter reside in thiheonnect receivers and exist in the middle
layer only, Figure (4.7, bottom). In this experimehis assumed that for 2-D problem a large

but limited number of impulsive sources are locaiteside the reservoir layer and also are

53



extended about 160 m at each side of the wells.aBsemption for sources being in the high
diffusive layer has been made based on the preVindsgs (Shamsalsadati & Weiss, 2012a),
but it is also more realistic to expect majoritypséssure fluctuations to be inside the reservoir
layer. In addition, to simplify this experiment, &&n’s function due to ambient and uncorrelated
sources is used. Adjustment for natural transienirces (see Wapenaar & Fokkema, 2006)

merits further investigation but is beyond the sopthe current study.

Figure (4.7, top) demonstrates how the resultsheftime-series for the actual and EGF
calculations fit with each other in 1-D for recaiseseparated by 4 m in the middle of the second
layer. In 2-D, the time-series of interferometrytades reconstructed for the receivers located in
the first well (shown byA , B) and also where those are cemented at two diffevetls (A , B)
opposite to each other. Figure (4.8, top) showsréselts of the EGF for receivefs and B
separated by 10 m (Figure 4.6) which fit with thetual measurements. Figure (4.8, bottom)
demonstrates a similar plot of the time-series @ata-D for receiversA, B'. The total error
caused by using the interferometry and also apglitramers-Kronig to reconstruct the EGF is
less than 10% in average and increases to aboutol3fbre at a few points. Note also that the
error increases at very late times. The time uph@h EGF could be reconstructed with a high
accuracy depends on the factors such as diffusingtyeiver separations, and also the width of

the source distribution (Fan & Snieder, 2009).

4.4 Inversion of Data Derived from Interferometry in 1-D

4.4.1 Nonlinear Inversion

54



Broadly speaking, our goal in inversion is to remoestimates — and more importantly,
uncertainties — of subsurface material properti¢@wever, there is no single solution to the
inverse problem; therefore, the most important taslquantification of non-uniqueness. In
addition to finding the model that provides thetb#$s” with the data, we aim to address the
uncertainties of that model; thus, this approacstagistical in nature and probability theory can
be used as a tool to describe the inverse problém. conventional methods for nonlinear
inversion such as the gradient based inversionoagpes attempt to regularize the problem
through penalizing the model roughness or derieatif/the model. These methods result in a
point estimate of the model parameter and do ndtesd the nonsingular part of the inversion
problem. Bayesian approach is another way of imgrtifferent data sets which takes fuller
account of uncertainties of the model parametersomparison to the classical methods by
guantifying ambiguities based on the conditionalbabilities. These conditional probabilities
indicate the degree to which one set of model patars fit with the data better than the other set
of model parameters. Probabilistic Bayesian infeeenpdates prior beliefs on the model after
observing data; therefore, one needs to defingibleability in terms of degree of belief before
starting the analysis. Bayesian combines the pmomwledge on the model with the information
on how well this Earth model fits with the obsendada. The new results are then used to update
the prior knowledge on the model parameters. Thisrination results in a solution called
posterior distribution which is an indicator of thencertainty of the proposed model.
Examination of the posterior distribution quansfieon-uniqueness part of the inverse problem
(Tarantola & Valette, 1982; Malinverno, 2002). Bsiam inversion is different than other
inversion methods common in geoscience problentisait considers a probability distribution

which reflectsour uncertainty in ambiguity in the true value of aegi model parameter (Jaynes,
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2003). Using Bayes, regularization in the gradierdthods is replaced by prior probability
through confining the space limit of the possibkatk models. The application of the Bayesian
statistical methodology in Earth sciences has g lostory (Jeffreys, 1924, 1939) and revitalized
by Mosegaard & Tarantola (1995) and Tarantola (20G5has gained recent popularity for
solving inverse problems in DC resistivity (Malimae, 2000, 2002), seismic tomography
(Bauer et al] 2003), self potential (Woodruff et.aR010), airborne electromagnetics (Minsley,

2011), Marine CSEM (Ray & Key, 2012), among othgplecations.

Given a PDF (Probability Distribution Functiopjm) representing our prior and belief in
the value and uncertainty of model parameterg8ayes rule,

) = PEIm p(m)

P(m p(d)

(4.8)

provides a mechanism for updating this belief baseg(m|d) in light of new evidence(d|m).
The sampling distributiop(d|m) reflects the likelihood of observing data undee specified
prior model. The posterior distributiopim|d), represents the probability that the model ig,tru
given the data and previous information about thedel parameters (or in Bayes literature, the
“hypothesis”). The denominator in Equation (48)he marginal likelihood independentrof
and hence a simple scaling constant that can letysghored. One of the advantages of this
approach in comparison to the classical regulaomanethods is that it is easier to analyze and
defend the degree of regularization by showing pihebability of various possible model

parameters under the prior distribution.

Markov chain Monte Carlo (MCMC) algorithms are coommalgorithms to implement

Bayesian approach (Robert & Casella, 2004). Thé&garitnms consist of a random sampling
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from the probability distribution where the chokthe next state depends on the current state.
After an initial burn-in period in which random Wals move in the sampling region, the chain
samples posterior PDWith higher probabilities (Robert & Casella, 200%he burn-in period is

a number of iterations at the early stage of theM@Csampling before the chain converges to
the high probability region. There are several MCKIGorithms that produce Markov chains in
order to be implemented in the Bayesian inversobgrt & Casella, 2004; Metropolis et,al
1953; Hasting, 1970; Green, 1995). The samplingemeh used in this study to invert the
interferometry data is based on the Metropolis-idgsalgorithm (Metropolis et al 1953;
Hasting, 1970) which is a MCMC method aim to achieandom samples from a proposal

probability distribution.

We can model diffusivity given the data derivednfrinterferometry using the Bayesian
inversion method. The inversion is applied on the&adneasured for the three-layered medium.
There is a total number of 271 data measured bgif® pf receivers positioned in the second
layer (Figure 4.7, bottom). Model parameters arfindd as a vector of log-diffusivities in each
layer m = (logD;, logD», logD3) and interferometry data ak= (d;,dz,ds,....dy). The Diffusion
equation relates the scalar diffusive fialdnd also diffusion coefficie (Equation 4.1, 2); and
hence, one can model diffusivity having the presslata. Note also that permeabiliky ¢an be

readily estimated having the fluid properties amel porosity

D=—r+Ho (4.9)

whereyn andg denote viscosity and compressibility of the flflimwving through the pore spaces
of the rocks. On the other hand, porosity shownpbgnd also thickness of each layer are
assumed to be available by well log informations lurther assumed that there is a single phase
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fluid flowing through the pore spaces of the honmages rock within each layer. These

parameters are listed in Table (4.1).

Metropolis-Hasting algorithm, a commonly used MCMI@orithm, is used to invert the
data sets. This algorithm uses a proposal distabub sample a new model where the choice of
this model depends on the current model. Then, pifeposed model is accepted with an
acceptance probability which depends on the plilalihood, and proposal PDFsr the current
and also the proposed models. These RDFEtions are all described by multivariate normal
distributions assuming that the noise in the dat&aussian (Malinverno, 2002; Ray & Key,
2012). The prior distribution depends on the currandelm, its meanm, and the covariance

matrix of C,

p(m) = 1 exr{—%(m -m'cC :(m —E)] _ (4.10)

[(2m)M detCm]Y?

In this equation M denotes the number of layers and the covarianceixmadicates the
uncertainty in the model parameters. Likelihoodcfion which is the probability of data given

the model can be found as

p(d |m) = 1 exp[—%(d Cfm)TCa@-tm)], @11
[(2m)N detCq]Y?
whereinf(m) is a forward modeling function that results inextor of predicted data given the
model. In this equation, the covariance matixindicates the error expected for each of the
observed data and represents the total number of data used. Thedheste of the proposal
distribution would be a function that approximatessterior PDFof the model (Malinverno,
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2002). Hence the covariance Gfos used for sampling is considered to be proporticaghe
posterior's covariancel{ C4* J+ CY)* (Malinverno, 2002; Bard, 1974) wheldds the Jacobian
matrix or derivatives of the predicted data withpect to the model. The proposal distribution is

given as the following

-1
g(m'|m) = 1 exp[—%(m'—m)T C pos(M’ —m)] (4.12)

[(2)"™ detCpos]"'?

where the proposed model is shown . It needs to be mentioned that all of the above

distributions are transformed in to the logarithiseale to avoid numerical errors.

The Metropolis-Hasting algorithm starts by samplingandidate modeh(’") based on the

current modelrf). Then, the probability of acceptancés calculated using

| P() p(d]m) g(m|m’)
p(m) p(d|m) g(m'm)

a=min

(4.13)

=min [1, (prior ratio)(likelihood ratio)(proposal ratio)].

The proposed model is accepted if the probabilitgazeptance: takes a value which is greater
than a random numbersampled between 0 and 1. Far «, the current model is1 replaced by
the new modein’ otherwise no change should be considered. The sangken after the time
when the burn-in period is reached represent thgubuWe stop the sampling when the samples
are large enough to describe the posterior PDFiiMaino, 2002). Note also that using the
proposal distribution of Equation (4.12) makes tBayesian inversion computationally
expensive since the Jacobian matrix embedded ipdbeerior covariance needs to be evaluated

at each iteration. To calculate the Jacobian, ptedidata calculated by the forward model is
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differentiated with respect to the model parameence, the number of forward calculation

depends on both the number of ddagnd the number of modelsl).

McGillivray et al (1994) discussed an alternative approach to retheceost of Jacobian
calculation for inverse problems in electromagrsetising Maxwell equations. Their derivation
was different than many others (Lanczos, 1961; Bi&d-eschback, 1963; Oldenburg, 1990) in
that the adjoint operator was not developed byMie&illivray et al, (1994), but they made it
simpler to be applied on electromagnetic invergiblems in comparison to the previous works.
The development of their work into the diffusioruatjon for scalar fields could be used in order
to reduce the required number of forward calcuretigAppendix B). Although applying this
method reduces the cost of inversion, this wouldmake a significant change when using only
a few models. Hence, the finding of (Equation Bs& Appendix B) is not used in the current
inversion example with three layers, but it is estpd to be a helpful tool for future practices

where the size of the model is large.

4.4.2 Inversion Results

Through using the Bayesian inversion method, | éobkor the model that best describes
the interferometry data. Data measured by the vereipositioned in the middle of the second
layer are sampled up to 140 hours while this timeeduced as receivers get closer to the
boundaries. This is due to the fact that the tinpeta which interferometry data can be
reconstructed is higher where the pair of receivesurrounded by a large number of sources
(Fan & Snieder, 2009). For the receivers that eegidthe neighborhood of the interfaces, this

maximum time decreases noticeably as there is ma@aadn the first and third layers.
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To start the MCMC chain an initial Earth model weeeded. It was assumed that enough
information is not available on the model paranseterd therefore the initial model was started
to be homogenous everywhere about the most prohalile of 25 rffhour. Then the model
information and the errors were translated into ldgarithmic scale. The code ran for 10,000
iterations where at each step the proposed modekwealuated for the acceptance which resulted
in taking the total number of 4034 samples. Figdr8) shows how the misfit (the root mean
square error) decreases as the number of samgiesases until the burn-in period is reached.
The burn-in period was reached after taking 95 $esnwhen the misfit level in the order of
3x10° was achieved. The results of the Figure (4.1Bityigemonstrate the posterior PEJF the
three-layered model in the logarithmic space. Theeeted value of 1 ffhour for the
impermeable layers on the top and bottom of therves is within the 95% confidence interval
of the posterior PDFs. The PDF of the sampled nsofibelthe reservoir layer also shows that the
true diffusivity of 100 MYhour is sampled with a high probability. The défftity models could
be replaced by the fluid permeability using theapagters of the reservoir and fluid parameters

listed in Table (4.1), Figure (4.10, left).

4.5 Discussion

The two objectives of these experiments were foshnalyze sensitivity on the required
source distribution when using interferometry aeg¢ond to model the data offered by this
method using an effective tool such as a Bayesiersion. EGF estimation in diffusive
systems is related to the common exploration probléo find electromagnetic fields in low
frequencies or pore pressure fields in fluid flogvimedia. Hence, an exploration scenario would

be characterizing physical properties of fluids hdrological or reservoir explorations.
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Therefore, a synthetic reservoir experiment wasgdes to show the feasibility of using this
method in practice. On the other hand, a perfedidiween the actual source and the receiver
measurement with the EGF could not be retrievethtarferometry due to the assumed source
requirements in addition to the Kramers-Kronig tiela which was used for the full signal
reconstruction. The majority of hydrological/ resgr field measurements are completed in the
time domain. Therefore, an alternative form of BE@F equation in the time domain (Snieder,
2006) can be used to avoid numerical error in thesignal reconstruction in the frequency
domain. We may still expect the observation erraused by imperfect instrumentation,
experiment designs, or other types of disturbariies.Bayesian inversion approach is a suitable
approach for inverting data sets associated witlel@rror since it gives a better understanding
on the uncertainties of the model parameters. odigih it is more expensive than other inversion
methods, Bayes is an effective tool to invert gespial or geological data in nonlinear
problems. The derivation introduced in the apper{iquation B.5) reduces the computational
cost of the forward calculation in the Jacobiand atherefore, speeds up the MCMC

convergence.

In the numerical experiments discussed a simpliiesion of the Earth model was used
by making assumptions that could not exactly meetrequirements in a real world scenario.
Note that physics and chemistry of the Earth iea system is more complicated than what is
outlined here and hence careful considerationsldhme made to treat the problem in practice.
Considering the theory of EGF estimation in difiesifields (Snieder, 2006; Shamsalsadati &
Weiss, 2010; Slob & Weiss, 2011), and recent rebeatevelopments to minimize the

restrictions on the EGF method (Fan & Snieder, 2@fmsalsadati & Weiss, 2012a), the new
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findings are useful to study the limitations on EE&dtimation caused by imperfect sources or

complexities of the subsurface.

4.6 Conclusion

Reconstruction of the time-series interferometryad@r the proposed synthetic models
revealed that sources must be expanded furthethetdighb side in comparison to the loly-
side of the model. A derivation for finding the vagd width of source distribution was also
formulated which depends on the diffusivity in eanlkdium, their contrast, and the receiver
separation. It was further found that for a higheceiver separation, an essential density of
sources is lower. It was concluded that the demdigources should be changed such that two to
three sources remain between the receivers whighedeprior studies that sources between the
receivers are more important than the other soufides numerical experiments pointed out that,
in the case of a close-spaced receiver pair fan ttee interface, sources are required only in the

region where the receivers exist.

The results of the numerical experiments showetttgafit between the actual source and
the receiver measurement and the EGF is not exatghtical. This is due to the fact that the
imperfect source distribution in addition to theakrers-Kronig relation which was used for the
full signal reconstruction introduces error. On titeer hand, the Bayesian statistical inversion
of the synthetic data calculated for a reservoyetaembedded in an impermeable region
demonstrated that the algorithm converges towaedntledel that is close to the true model.
Nonetheless, Bayesian inversion is computatiorallye expensive than other methods which
make it difficult to apply especially where numlm#rmodel is greater than the number of data.

The Calculation of the Jacobian matrix for nonliniexersion is one of the reasons the inversion
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algorithm is slow. To overcome this problem, a falan was suggested to reduce the
computational costs of the Jacobian matrix whicheatension of the previous works into the

generic form of scalar diffusive fields.
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Figure 4.1: Time-domain analytic (solid black lines) and E®ip€n circles) of the respon
of three dffusive systemsbD=1 nf/s wholespace (Fan & Snieder, 2009), 1:10 double

space; and, 1:100 double half-space (top figureceRers are located at= +1 m (black
triangles) with the interface at = 0 and source locations are shown by the closetes
(bottom figure). Note that as diffusivity contrastreases, location of the requisite sour
extends further into the higb-side of the model.

V)
(¢}

Cces

D, D,>D,
N I\
— &3 ~
A Y A4D, /D
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Figure 4.5 Analytic (solid black lines) and EGF (open cigleof response in the time
domain of two systems for receiver pairs being swtnim about the origin and fixgd
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any source being in the second medium which istnetcase where receivers are in fhe

opposite side of the interface.
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Figure 4.6. A synthetic model of a three-layered medium foeservoir layer with hydrauli
diffusivity of 100 nf/hour between two impermeable layers (with diffitgiwf 1n?/h). The
gray triangles indicate receivers. 2-D time-segnalysis was conducted for receivers A,| B,
and B' positioned at 45, 55, and 52 meters bel@mdp of the reservoir, respectively dug| to

impulsive sources (black dots) inside the resenayer.
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Figure 4.7. Time-domain analytic (solid black lines) and E@pen circles) response of|a
three-layered medium in 1-D for receiver pairs gemthe reservoir layer with diffusivity of
D2=100rﬁ/hour andD =D =1 nf/hour (top figure). Layers are separated by vdrtinas and

receivers are demonstrated by black triangles ¢boftgure). It is shown that EGF could ke
reconstructed with sources (closed circles) bairtipé middle layer only.
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Parameter Value

Total compressibility 8 (Pa'1) 3x10”

Fluid viscosity n (Pa.s) 0.001

Reservoir thickness (m) 100

Porosity @ 0.1 (Impermeable layers)

0.2 (Reservoir)

Table 4.1 Parameters used to construct the synthetic thseged model
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Chapter 5: Discussion and Future Work

5.1 Summary

One of the objectives of this dissertation wasedwetbp the theory of interferometry using
the cross-correlation method into the low-frequeealectromagnetic fields where the wavefields
are diffusive. A thorough literature review on thasics of interferometry and its augmentation
in geophysics in the first section was followedablgrief summary of the work in low-frequency
electromagnetic interferometry in the second chaptore-pressure and low-frequency
electromagnetic fields are two important diffusivavefields to apply the theoretical findings.
From the theoretical viewpoint, virtual source nwoethin diffusive systems requires
volumetrically distributed sources in an infiniterdain. However, the existence of this condition
doesn’t seem realistic in real experiments. Consetlyy an important question to answer is
“what is the essential areas and distribution ofrses that makes it possible to apply the theory
in practice?” | attempted to answer this questionthe third chapter through conducting
numerical experiments of double half-pace modelsna and two dimensions with a variety of

receiver configurations and diffusivity contrasétveeen the layers using a single frequency.

On the other hand, diffusive systems often useipielfrequencies or operate in the time
domain. Thus, the sensitivity analysis of sources wiscussed in the fourth chapter through
studying the problem in the time domain. A synthetiodel of a three-layered Earth was then
used to show how the data derived from interferoynét with the actual source-receiver
measurement. In this experiment, it was assumedlthaxitations happen in the middle layer of

a high diffuse (permeable) region while there weecesources in the two other impermeable
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layers on the top and bottom of this reservoir tayle system of diffusion equation in a layered
system was solved analytically in the frequency domNote; however, that the numerical
examination completed in the frequency domain gites imaginary component of the EGF
only. Thus, the Kramers-Kronig relations were usgdeconstruct the real part. Then, the full
signal was reconstructed in the time domain usiogrier transformation in the MATLAB

environment.

The other objective of this project was to findfalivity (and permeability) in the
proposed three-layered model having the interfetpmeata. For this purpose, the synthetic
interferometry data was used to find fluid diffugpvof each homogenous layer by applying the
Bayesian inversion method. The results of this isie® described the predicted model in the
form of a probability distribution that enables doequantify the uncertainty associated with the

model parameter in each layer.

5.2 Discussion

The theory of interferometry in seismology was oduiced by Claerbout (1968) and was
extended for the application in variety of explaatscenarios. This method has been also
formulated to be utilized in electromagnetic geapby (Sob & Wapenaar, 2007, 2007a; Slob et
al., 2007b) where the sources are required to eesidsome bounding surface wrapping the
region of study. In addition, unified theories of E@stimation have been proposed (Wapenaar
et al., 2008) in which the EGF could be extractedcbupled electromagnetic fields. However,
the problem was not addressed for decoupled etaafyoetic fields where the quasi-static limit
holds. The work presented in the second chaptehisfdissertation (Shamsalsadati & Weiss,

2010) is the first demonstration of EGF estimationrhagnetic fields in heterogeneous media
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assuming the area of study is full of random paources of current or time varying

magnetization.

The interferometry method was well-suited for tigsetems that were invariant under time-
reversal until Snieder (200@yoved that this method is also applicable to thieigive media
with losses where time-reversal invariant assumpisonot fulfilled. The study described in the
second chapter is similar to the Snieder’s (20@6garch in the pressure diffusive systems. The
objective of this section was to develop the iermetry formula to find magnetic fields due to
uncorrelated sources in low frequencies where thasigstatic limit holds. For this derivation,
Maxwell equations were used to retrieve the Greémwstion for decoupled magnetic fields
excited by ambient fluctuations. It was assumed tihare is an infinitely large volume full of
sources- either random noises or engineered sourcigt encapsulates two receivérandB
lying inside this medium. For the electromagnetiolpem, the sources must be spatially
correlated with the electrical conductivity varaats in the medium (Snieder, 2006); however, for
the specific case of magnetic fields, it was shohet this constraint is not required. This
constraint was relaxed by considering that the reagmpermeability of rocks does not change
significantly (Shamsalsadati & Weiss, 2010). Thsuteof the magnetic interferometry in the
frequency domain demonstrated that the imaginanypoment of the Green’s function projected
at an arbitrarys direction and scaled by the power spectrum ofsinrce for a virtual source
located at the position of receivAr— which is measured by receivBr— can be retrieved by
correlation of the observed fields measured atreeeiver points. Note that all three components
of the magnetic field are required to calculate ¢ffect of the virtual source accurately (see

Appendix A).
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To verify the accuracy of the results, a 3-D nucerianalysis has been done over an
arbitrary volume representing a uniform 0.1 S/mefaynderlying a 1 S/m homogenous region.
The magnetic field throughout the volume was comguising the FDM3D finite difference
code (Weiss & Constable, 2006) for magnetic digmarces at pointé andB, positioned at
(206.25, 206.25, -6.25) m and ( -206.25, -206.B55) m, respectively. The numerical study
was conducted to find how the EGF kernel variestliese observation points encapsulated by
volumetrically distributed sources. The resultshaf double half-space model revealed that there
is symmetry between negative and positive amplgunfethe imaginary component of the EGF
kernel (Figure A.1, top). Thus, these positives aadatives cancel out each other and only the
real part of the cross-correlation kernel remaifigerefore, the right hand side of the Equation
(A.2) calculates the imaginary component of thee@i® function, and this is consistent with the
theoretical findings. The numerical study was abkown that the actual measurement (active

source and receiver) and the EGF are in generakagnt (Figure A.2, bottom).

The development of the EGF estimation outlinedhi $econd chapter does not consider
any restriction on the type of magnetic and eleaturrent source, other than is must be spatially
impulsive. Most critical; however, is the need taqtify the breakdown of the method when the
ambient sources are imperfecthat is, contaminated with spatial bias, anisotrapd correlated
structure. The effect of correlated, heterogeneainid,anisotropic noise sources on the recovered

EGF is an interesting question to be explored pilde

For the purpose of this dissertation, the effecsadirce distribution for scalar diffusive
fields was investigated since finding an area flilamdom and uncorrelated soureesequired
by the interferometry theory in diffusive systems not realistic in practice. Hence, the aim of

the third chapter was to understand the requiragcsodistribution, or VoR (Volume of
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Relevance), on the EGF retrieval through conductingnerical experiments. The effect of
receiver position, its separation and also inhomegg in both one and two dimensions was
examined to answer the question ‘Where are thecesuthat contribute most to the Green’s

function estimate in diffusive, and lossy systen{Shamsalsadati & Weiss, 2012a).

Fan & Snieder (2009) investigated the problem fdroanogeneous system with closely
spaced receivers in 1-D and found that sourcesdestihe observation points and close to them
contribute more to the Green’s function estimatntthe faraway sources. In the third chapter,
the work started by Fan & Snieder (2009) was exddrttirough exploring the effects of receiver
separation and its location on the EGF kernel foubde half-space systems in one and two
dimensions. The study was initiated by reconstngcthe work of the Fan & Snieder (2009) in
the homogenous medium for receivers that standledreside of the contact with a separation of
2 m using a fixed frequency of 0.02 Hz. The sepamator receivers which were symmetric
about the interface was also extended at varioparagons up to 20 m to inspect the VoR
(Shamsalsadati & Weiss, 2012a). For a homogenadium, illustration of the EGF kernel
showed that as the receiver separation was inaetigeVoR was constrained to be between the
receivers which verified the results of Fan & Seie(R009). It was shown analytically that the
EGF kernel for the region between the observatmintp is a cosine function. Figure (3.1, left)
illustrated that this kernel changes from a funttiath one extrema to a function with multiple
exrema as the receiver separation increases. Qoersihy the importance of the region between
the receivers depends on their separation. Fopainicular occasion where the sensors are far
apart by an integer of the wavelengttthe EGF kernel is equivalently zero and thosecesudo
not contribute to the EGF estimate (Shamsalsad&lieiss, 2012a). On the other hand, the EGF

kernel outside the area between the receiverswslian exponential decay function. Therefore,
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for the 1-D homogeneous system, it is relevant soatces outside the receivers’ range should

be positioned sufficiently close to the receivers.

To analyze the problem for a double half-space,system of diffusion equations was
solved analytically in the frequency domain in labd 2-D. The extension of the experiment in
homogenous media for double half-space models dhdat the general rule derived for the
first experiment is not valid for the latter. Theaenination of double half-spaces demonstrated
that the peak of the EGF kernel is skewed towdrdddw diffusivity region. Figure (3.1 center,
right) illustrates that the EGF kernel in the higtside has a heavy tail with gradual decay while
in the lowD side it has fast decay with negative values. Nicakintegration of the EGF kernel
revealed that for receivers that are symmetric tltba interface between regions of high
diffusivity contrast, as receiver separation insesathe VoR moves from the Idwsegion to the
high-D region, and returns repeatedly. It was observdabth one and two dimensions that the
repetition over which these shifts occur in the E&dtimation decreases as the diffusivity
contrast increases. In the cases examined, forrémsiver separations (up to a few tens of
meters) in both 1 and 2-B using a fixed frequency of 0.02 Hzthe sources in the low-
diffusivity region contribute more to the EGF estiion. Note; however, that this is not a
universal rule to determine the placement of VoRe YVoR'’s position depends on the frequency,
receiver separation, and also diffusivity contttaestween the layers. This numerical experiment
resembles the scenario of a borehole experimemt avpair of sensors lying on both side of a

lithological contact (Shamsalsadati & Weiss, 2012a)

For the occasion in which the receiver pair wastest to be located on the interface, the
rate of shifting between different regions was lgwand for medium and high diffusivity

contrasts, the VoR remained on the more diffuside sver receiver separations up to two to
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three skin depthsTherefore, for receivers located on the interface betweenreggions of high
diffusivity contrast, or similarly high permeabylitdifference, the EGF kernel was spatially
deeper on the high diffusive (and permeable) sidéne@ interface. Note that for simplicity the
experiments designed based on the measuremeng pfreéksure fields excited due to impulsive
sources. Low-frequency electromagnetic inductiorcamductive media is also “diffusive” in
lossy systems; thus, a similar approach could kel us derive the Green’s function for
electromagnetic fields. Although the relations étectromagnetic induction is more complicated
than the case of the pressure field, the strudturéoth of them are similar, especially in low
dimensions. Therefore, the electrical resistivilgys the same role as of the diffusivity and the
findings suggest that for EGF estimation in surfeased experiments, sources located in the
resistive region are more important than thosetéatan the conductive region. Consequently,
for surface-based experiments with receivers lacate the surface “Air” region has much
higher diffusivity than the “Earth” region; and loen the VoR is extremely in the Air. This

outcome is invaluable since majority of anthropagamd natural sources exist in the Air.

Majority of the exploration problems in diffusiveystems operate in the time domain;
hence, EGF data in the time domain were analyzeavestigate the required width and density
of sources for different source-receiver configiored and diffusivity contrasts between the
layers. To derive the EGF in the time domain, te& component of the EGF in the frequency
domain was recovered using Kramers-Kronig relatiohlsen, the full signal was Fourier
transformed into the time domain. The results icor®dd the previous findings in homogenous
medium in which the width of source distributioreded to reconstruct EGF up to a desired time
depends on the receiver separation and diffuspfitthe medium (Fan & Snieder, 2009for

full construction of the EGF time-series, it wasifid that sources must be expanded further into
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the highb side of the double half-space in comparison to Ithe-D side of the model
(Shamsalsadati & Weiss, 2012b). A derivation was dbrmulated for finding the required
width of source distribution which depends on tifeusdivity in each medium, their contrast, and
the receiver separation. It was shown that souistélzlition need to be wider in the highside
than in the other side. In general, for receivecated on either side of the interfaaéwhich is

the distance between maximum width of sources enhighD side and the receiver in that

medium is proportional tq/D, /D, times the same distance) (n the lowD side, Figure (4.2).

It was further demonstrated that for a higher nemreseparation, an essential density of
sources is lower. It was found that the densityairces should be changed such that two to
three sources remain between the receivers whighedeprior studies that sources between the
receivers are more important than the other souildes numerical experiments pointed out that,
in the case of a close-spaced receiver pair fan fitee interface, sources are needed only in the
region where the receivers exist; nonetheles$id@rotcasion where the sensors are close enough

to the contact so that the wholespace responsed=te distance across the interface, the

essential region beyond the contact enlarges bfatter of,/D,/D; .

For a three-layered medium with a reservoir laysmeen two impermeable layers, the
EGF was reconstructed due to impulsive sourcesamtiddle layer. The numerical error due to
EGF reconstruction depends on the receiver separdtequency, and diffusivity of the medium
and increases at the late times. Note that the tijm& which the EGF could be reconstructed
decreases for receivers close to the boundarie®,sin this situation, there are not enough
sources around the receiver pair. The results stdheg the fit between the actual source and

the receiver measurement and the EGF is not exatghtical. This is due to the fact that the
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imperfect source distribution in addition to theaKrers-Kronig relation which was used for the
full signal reconstruction introduces error. Ndtewever, that the majority of measurements in
the hydrological or hydrocarbon studies are acc@hetl in the time domain. Hence, the
alternative form of the EGF equation in the timendin (Snieder, 2006) could be used to reduce

the numerical error caused by using Kramers-Kroeligtions.

On the other hand, the aim of any data measuremegeophysical, petrophysical, or
hydrological explorations- using either the active or the passive methad to characterize
subsurface properties. Electromagnetic, pressuresessmic data are inverted to quantify
different physical properties of the Earth suchekestrical conductivity, density, porosity, and
permeability. Thereupon, the final goal of thisdstwas to show how we can find diffusivity by
using the interferometry data derived for the psgubthree-layered model. Furthermore, having
the estimated diffusivity and also fluid parameteutlined in Table (4.1), information on the

permeability in each homogenous layer was obtained.

In this dissertation, the statistical Bayesian mi@ was used for the purpose of data
inversion since it recognizes uncertainties inrttaglel parameters. This is one of the advantages
of this approach in comparison to the traditionatimods which give a point estimate of the
model parameters. The Bayesian statistical ingengias used to estimate fluid diffusivity (and
permeability) from the EGF interferometry data. Té& part in the fourth chapter discusses how
to implement a nonlinear inversion on the datawderiby interferometry in diffusive systems for
a three-layered Earth in 1-D. Using Bayesian, ther knowledge about the model parameters
was combined with the likelihood of this model holgitrue for the observed data. In this study,
the Metropolis-Hasting algorithm (Metropolis et, d@953; Hasting, 1970) was used to sample

models from the probability distribution using aposal distribution with a tuning parameter
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which was equivalent to the posterior's covariancglementing the posterior's covariance as a
tuning parameter ensures that the acceptancesragtimal (Gelman et al., 1996; Malinverno,
2002). At each iteration of this algorithm, thigtiml model was changed and tuned based on the
posterior probability of the proposed model. Theref the MCMC chain was moved towards
the area with high posterior probability. In thtsdy, it was shown that the algorithm converges
toward the model that is close to the true modetisg with a simple prior model which was far

from the true model (Figure 4.9, 10).

On the other hand, non-Bayesian inversion appreadake not consider probability
distribution for the data or model; although thegiproach is inherently statistical. The Bayesian
approach has an advantage over non-Bayesian appoatere there is a gap in the observed
data and a prior knowledge of the model paraméseasailable. In addition, using this method,
it is easier to describe the non-uniqueness patieofnversion while gradient based approaches
provide a single model parameter without addresamdiguities of the inversion. One of the
challenges of this method is the difficulty of s&jta prior which is used to tune the final model
and regularize the posterior solution (Backus, 18&le & Snieder, 1997; Ulrych et al., 2001,
Malinverno, 2002) Nonetheless, Bayesian inversion is computationadbye expensive than

other methods which make it difficult to apply iilgher dimensions.

Calculation of the Jacobian matrix for nonlineawersion is one of the reasons the
inversion algorithm is slow. To overcome this pmh| a formula was suggested to reduce the
computational costs of the Jacobian matrix. Thati@h introduced in Appendix B is an
extension of the work started by McGillivray et @994) in electromagnetics into the generic

form of scalar diffusive fields.

86



5.3 Future Work

5.3.1 The Application Areas

The application of the interferometry method sinesaa virtual source at the location of
interest where it is not possible to use activeliasussed by Schuster & Zhou (2006). On the
other hand, this method is useful in the areasofuttndom noises where traditional geophysical
methods are in limited use. Thus, these findingddcbe useful in exploring the way ambient
background noise allows improvements to experindesign where conventional geophysics is
constrained in urban areas, oilfields, and indusfaailities. These environments may be

appropriate in examining the application of thisimoel in practice.

The calculations in this dissertation were desigteedonsider a variety of geophysical,
hydrological, and petrophysical examples, includibgrehole and surface-based experiment
models. The findings elaborated in the third anartfo chapter could be applied to find fluid
flow in the aquifer or hydrocarbon reservoirs. Thethod would also be useful in the evaluation
of the concentration of contaminants in a fluidwfigporous system as discussed by Snieder
(2006). The possibility of implementing the methiadthe field for CSEM (Controlled Source
Electromagnetic) exploration may yield a huge sgwiaf time and energy since the ship would
only be required to deploy receiver packages urtdal circumstances. Further study is required

to quantify the survey and the environmental patarsen order to apply this method.

The findings of this study could also be useful wiodserving the electric or the pressure
anomaly due to pumping fluids (oil or water) in aréhole (Wurmistch & Morgan, 1994).

Pumping and injection in a porous medium chang#is pressure and resistivity measurements
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as it was examined by Alpak et al. (2004). Middtets al. (2000) analyzed the magnetic field
generated by displacement of water with oil in @aps medium. The anomalies generated by
these types of experiments could potentially bézet in an interferometry practice. On the
other hand, Boleve et al. (2011) designed an exy@i to locate the leak in a dam by injecting
brine and measuring the streaming potential pradibbgethe injection. In this case, the injection
of the fluid generates both pressure and streampuigntial anomalies and provides more
information on subsurface properties. Developirg thtual source method for these problems
would be useful in gaining information on electtipaoperties of the rocks and characterizing

permeability of the reservoir.

There are varieties of electromagnetic or pressluetuations in the Earth and the
possibility of using them for the application ofrtual source method require further
investigation. There is also a range of naturate®in the environment that can be used to apply
interferometry therein. For instance, it was shdwnmany authors that the magnetic field is
generated due to the stress change in crustal.rétiesvariation of the magnetic field due the
rupture adds extra information that might be hdlpdn Earthquake predictions (Stacey, 1964;

Johnston, 1989; Johnston et al., 2001; Thomas,&G09).

As another example of natural sources, one mayidenair bubbling which could be a
source of both pressure and streaming potentiamahes (Revil et al., 1999). The authors
discussed that the insulator bubbles carry chapgetheir surface and hence create streaming
potential anomalies. Malama et al. (2009) also stwow overflow of a Geyser in a
geothermal valley generates streaming potentiahaéég The authors described how the
cavitation of gas bubbles during the upflow generaieoustic waves. They explained that the

collapsing and merging of steam bubbles due t&isstria barrier can generate strong acoustic
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pulses. The investigation on the distribution amensity of these sources is needed to find out if

one can benefit from these types of fluctuationth@application of interferometry.

Jioa & Li (2003) investigated the reason for theesrance of cracks on the coastal
pavement in Hong Kong. Numerical simulation condddby the authors affirmed that the Air
pressure fluctuation in coastal subsurface indumethe oceanic tide was the main reason for
pressure fluctuations in the subsurface which teduin the observed cracks on the surface.
Hence, the oceanic tide in the coastal aquifershinlyge considered a source of natural

fluctuations that could provide information on suitbace properties.

In either of the above examples, a thorough strdihe type of source, its intensity, and
power spectrum, other types of background fluctunetiin the area, and the survey environment

are required for the application of the virtual slBumethod.

5.3.2An Alternative Approach to the Cross-Correlationtiviel

The interferometry method benefits from using ddfeé mathematical tools such @sss-
correlation, cross-convolution or deconvolutidiiultidimensional deconvolution interferometry is
an alternative approach to the cross-correlatiothatethat allows contribution of sources with
different properties (Wapenaar et al., 2008; Faralet 2010). The main advantage of the
multidimensional deconvolution method is that tbastraint imposed by the cross-correlation to
have a volumetrically distributed source is relax@this method works for erratic source
distribution and also where the bulk sources aré amilable. On the other hand, the
multidimensional deconvolution is based upon theasgtion of the reference model from the
observed data which sometimes makes using thisametthallenging. In addition, this method

is mathematically more expensive than the crosgetaiion technique. For future study, it may
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be beneficial to analyze the problem using the idiolensional deconvolution method to

compare the findings with the outputs of the cro@selation technique.

5.3.3Improving the Inversion Results

Joint integration of different geophysical datassptovides more accurate results which
cannot be obtained through using each method imadigmely (Bedrosian, 2007). We can benefit
from the strengths in one method for improving Wesaknesses of the other one to characterize
subsurface properties more accurately. For instaetectromagnetic methods are highly
sensitive to fluid content. Prediction of the resér parameters using electromagnetic methods
provide more reliable estimate of the water satomain contrast to the porosity evaluation. In
contrast, seismic exploration methods are morerateuools for porosity estimation. Pressure
data also provide more information on the permégpivhich is useful to find out how pore
spaces are connected to each other. The improveshtre inversion results may be obtained by

combining these different data sets derived fronoua experiments.

Future joint-inversion studies remain to be condddor various noisy data sets offered by
interferometry to explore the power of Bayesianenmson in comparison to other inversion
methods. In addition, consideration of the outcomiedifferent inversion approaches, such as
cross-gradient, Bayesian, neural network, and fualyorithms, could result in a more

comprehensive understanding of the advantagesiasadvdntages of each method.
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Appendices

Appendix A: Regenerating the Results in Chapter 2,Considering All

Components of the Source Vector

In chapter 2, the integral containing the innerdoicd for the curl of magnetic fields of
Equation (23) was neglected. This equation wasveeériwith the assumption tha&h=sg;
however, the vectorsdemonstrate receiver orientations after reciprdeéty been applied which
needs to be independent of the required sourcetidins (Slob & Weiss, 2011). Thus, despite
the assumption made in the chapter 2 on the seffiigi of a single source vector component for
the application of electromagnetic interferometny low frequencies, vectos includes all

components of the source orientation; thereupba,egjuation

J-EB* D1_1AdQ=ZEB* (r;) Th A (r;)dQ; (A.1)

Q |

—the Equation (22) in chapterds rewritten as the following:

Iﬁ;.ﬁAdQ~I(hl(rs)hz(rA)+h*y<rB)hy(rA)+h’;<rB)hx(rA»dQ (A-2)

Q
Q

Substituting Equation (24) into Equations (21, 22 chapter 2- and considering all of
the components of the sources term, the final egfmedor Green’s function in the frequency

domain would be equivalent to:
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o () ~a )] [1(@)? = 2japio([sTh (o) L(sTh( ) (A3)

where < - > denotes the expectation value (Slob &sgy 2011). Inspection of Equation (A.3)
reveals that the difference between Green’s funcfar the magnetic field and its complex
conjugate projected in one direction and scalethbypower spectrum of sources is given by the
correlation of the fields measured at two distinoinfs. These sources are required to be
uncorrelated and volumetrically distributed duefte excitation in all directions. Transforming
this expression into the time domain, the prodwetivieen spectral power density and Green’s
function becomes a convolution operation, wherbastérmjw converts into a time-derivative.

Hence, in the time domain, Green’s function for netig fieldH(r, t) could be retrieved using

Hp(ra,—t)—Hg(ra,t)|0F (1) = 24 %([SEQH (rg DIO[SH(rA D) (A4)

in which F(t) is the autocorrelation of the noise. The symi®land * denote correlation and

convolution, respectively.

Figure (A.1, bottom) illustrates the imaginary campnt of the cross-correlation, or the
EGF kernel in the right hand side of the Equatién3) for the double half-space model
discussed in chapter two. The isocontours in bhgerad demonstrate the positive and negative
amplitudes of the EGF kernel, respectively. Theiggshows that there is symmetry between
positive and negative values; and thus, the ang@glcancel out each other when summed over

the sources. Therefore, only the real part of ttesszcorrelation shown in Figure (A.1, top)
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remains in the summation. This confirms the thecmkfindings summarized in Equation (A.3),

since both sides of this equation leads to calaradf the imaginary components.

The numerical results in the second chapter skdtahd-igure (1) are regenerated using
the modified equations for the Green’s functionineation. Figure (A.2, top) shows the
contribution of sources as a function of distanmed line that connects the two receivers. In
Figure (A.2, bottom), the numerical output of th&F for a source located & which is

measured by receiv®&is measured similar to the calculations shownigufe (1, bottom).
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Figure A.1l: Isocontours, represent those parts of the doulifespace system whose do-
located random sources contribute most to the Eddulation for imaginary (top) and rdal
(bottom) parts where receivers are located at (Z8)6206.25,-6.22)and (206.25, 206.25,-
6.255. The magnetic field throughout the area is congpuising the FDM3D finitg
difference code developed by Weiss and Constablg6(2
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Appendix B: Reducing the Computational Cost of theJacobian for Diffusive

Scalar Wavefields

Consider the general form of the diffusion equagoren by Equation (4.2) defined in a
finite domain where the Green'’s functi@is replaced by the scalar wavefieldLet's assume
that the model parameter is equalXonyn(X) which yn(X) iIs some basis function defined in
terms of positionx. | substituteD(X) = > mwn(X) in the Equation (4.2) and differentiate the

equation with respect to tma, :
ou(x, @) a)) 0 [ ou(x, w) . ou(x, w)
m — | ——— ||t jo————=0. B.1
‘//n ax Z n¥n GX( om, J om, (B.1)
n

Following the development in McGillivray et.al(1994), the auxiliary form of the

equation is considered as:

“a Zmnwn aﬁgiw) +jadi(x@) = 5(x 0. (8.2)

| multiply Equations (B.1) and (B.2) by the auxijigfunction i andou/omy, respectively.

Subtraction of these two equations from each otleds the following:

0|~ 0u(xw) -~ 0 [ 0u(x, ) OU (X, ) 0u(X, &)
x| ax +UZ Tn x( om, ] Zm”w” ox  am,

ou(x.@) .  Ou(x ) U (X, w) (B.3)
om, " ox ox
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Integrating this equation ovar< x < b results in the:

T, 6u(a>;a))+ﬁ Zmnwn %(aua(;w)]_ Zmnwn aug;,w) aua(r?w)

n n

X=a

b

:I(g ou(x, w) . au(x, w) 6U(x,w)jdx. (B.4)

om, 0X 0X

a

Letting a, b — * oo, respectively, the left hand-side of this equatranishes. Hence, the
Jacobian for the field at a locatiorxy (5=(x-x0)) is derived as

b

Ou(X0, &) _ _ j PG (B.5)
0x 0x

a

Therefore, the Jacobian for a scalar fieldan be estimated through solving two forward
calculations. Thus, the number of derivatives oeeds to calculate increases with the number of
data and is independent of the model size. Consélguesing these formulae reduces the cost

of inversion which is especially important whergmnumbers of model parameters are desired.
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