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L. INTRODUCTION

1.l Partielly Balanced Incomplebe Block Deslgns with Two

Associste Classes

?ar%ialiy @alamﬁ@ﬁ,in@@mylata %&ﬁ@k.@eéigﬁﬁ EQV@ been
used widely imfmanynf&@&ﬁa a£ ?agﬂarak, aim@@'ﬁhéir jntroduc=
ticn by Bose and ﬁai@ (1939) + %@e~ﬁi&%ingu&@hinﬁgfeatﬁr&ﬁ of
a ?Eiﬁ»ﬁés@gm are»€l}-ﬁ@magénaﬁ@ms yl@ﬁévarm grouped inte
blocks which are too small m&wom@&% a comple %é. replicate

of

the treatments, anﬁ5fﬁivﬁﬁv’%wm treatments do not oceur
together @qually often.im a &1@9&. E%X@‘iﬁﬁi@ﬁ& may5%e clasge

ified according te the num%@r of asamei&te alaﬂsaﬁ they posg-

| EGH8e

~ Bose, Glatworthy, end Shrikhande (1954) published a

| m@nm%raph of ?ﬁlﬁ ﬂesigﬁﬁ wzth.tW$ aﬁﬁﬁﬁiét@ cl&ssas aﬂi thelr
notation will be a&hﬁraﬁ o in.tbis hhﬁama* Aﬁﬁiti@n&i de=
si@ms-@ﬁ ﬁ%is @&&ﬁ&iﬁi@@t&@%‘W@r@ publisked by ¢letworthy
(19)5, 1?56)‘

An in@@m@leta Ploek ﬁ@ﬁign is said to be gartially bale-
an&ed w&th“ﬁme QQS@cia%e @1&&&@@ ir 1t satisfies the following
requirementa:

(1)
of k units each, élfiar@nt tr@atmanta b@&m@ a§31¢eﬂ to the

The experimental ma%@wial is divided into b blocks

units in the sswe bl@nk.
(2) There are v{Tk) treatments each whlch,@eaur in y

%l@eks.
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(3) ﬁhera can h@ @stabiishai & relatx@n of &&saciatitn
be tween any e ﬁr@a%men%s aﬁt¢sfying the f&limﬂiﬁg're@uiraw
montse o ‘i |

{a) Two tréa%meﬁ%é are:eiﬁh@??firSt.asﬁaeiates%ér
second assveliatess | ',

.(b) Bach truatmemt hma @xaatly ng i-%h ‘assoeclates
{i=1, 2)e et

(c} Gﬂvan any two tv@atm@mta wﬁieh are i-th assoc= -
iates, the number of ﬁreatmﬁmts Common to the  jeth

:aq&aaiata of thﬂ first aad uhe k=th was@@iata of thﬁ

second 15 gk anﬁ is. 1mﬁe§a%&ent of. the nair af

treatments we start with. Also %k g (i, = 1,2)s
(h} Two treatments which ere i-th aga@aiataa ooeur @@-.
gother in exac by AL blocks (1=1,2)s

- The num‘bws O k:, ml, na, >‘l’ and }\ are aalm&
@ar&metera'wf the f&rﬂt klnd Wh&f@&ﬁ the namoera Q%R are
called the parameters @f the second klnﬁ.v |

The following relablons between the gar&m&targ are known
to held: |

= bk,
Dy +Ry = V“’}»; »
'-ﬁ1>\» + n, ). r(k l)a
5};1"’ pia = 3”‘1“3" |
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@21 @2

01 RN S
3'@22 :'- v nala.

] I,

ﬁha simplest %yp@ wf @avtially halamms@\iﬂcampla%@ bloek

'éesign w1th twn assaelaﬁa elaﬁs@s is denoted hy ¥#$V(Gro&@

Divisible alngulari. m&{s alasa @f ﬁealbns has the fall@win@

»@rwyavtiesa ; _

(a)} v =mn, aﬁ&5%ﬁa ﬁrea%m@nﬁa can be divided im@@ﬁm-greﬁﬁﬁ,
on n eaah, such that &ny—twm tr@atm@nts of the same gr@up awe
firat aaﬂeaiaﬁe& wkile %wa treatments fﬁ@m.different %rauﬁs
ar& ﬁ%@@nik&aﬂﬁei&ﬁﬁﬁn | |

(b) The f@liawinﬂ r@latians smongst the yaram&tars apre

’XI’ .
m- A3 0,

n, = Iﬁ"ln

(nel) \ + nlm=) X, = #(k-1),

| ne2 0
Al w1,
L .
0 n=l

P, e
2 |n=1 nlm-2) | .




1.2 Wissing Values in DS Dosigns

In experimental W@Wﬁ?éme or more observations may be
missing. &ﬂ,aﬁriaulﬁwralhylﬁt-m&y’ﬁa Er&mplé@i an animal
nay dis, 4 tent tmbg may be dropped, or a machine wmay break
émwn. When miﬁﬁlng v&lmes @w@nr, the uaual mﬁth@d of com=
puting the v&rﬁ@ma anms:mf &qu&wea %aﬁn@% be used uml@s&
the missing values are firat ast&w&t&@ from the @xibting'
ﬁat&. _ - ‘, , o _

in this ﬁh@&;s th@ an&tygiﬁ of &ﬁ& éas;%nﬁ with.miasing

: &bﬁ@rvataans Will be iiﬁ&uaaﬁé.

?&@ procedure thai wil& 4
be f@llﬂw&ﬁ wa& first ﬁiseua&&ﬁ hy‘ﬁﬁt@a (1933).. It @nva1V$s
@stimatlnm the mi&sing valma& by mxnimi%in& thﬁ érrtr sum
| of 5quaras, a&b%ra@%img one ﬂegr@a @f fr@@ﬂ@m fram the error
6@@?5&@ of freedom ?@r &amh mxaaing vaiua, and ﬁ@rr@atiag
for the bﬂﬁltiva %i&a in th& ﬁr@a%m@nﬁ sum of aguaraa.}‘
_ T%ﬁ above @r&a@iura haa %ﬁan u&e@ by Larnmsh.(l@L))
for lattie@ designs, by ﬁilkimaﬁm (l&%‘} for complete an@
incomplete block designs, by %1ann and Kram@r (1958) for
the randewized ?;@&k design, by Glass anﬁ Kramer (19@0) for

the Latin square ¢ wm, and by Ba Mr'@amlé;

Eramer 6&9@1} for

the balanea@ in@am@let@ i&ack d@ai@m. o | |
8@@31?1@ f&rmml&e for one masaing v&lue &mi for btwo

missing values @@@wmin&'im;v&vi&msvm@mfi@araﬁi@nalwil&~%@

developed. The case of n missing values will be dealt with



~ for a few special @ﬁaésﬁ‘1%_m@ﬁﬁwﬁ~@fwamalyais will be devels=
oped o obtain an unbiased treatment sum of squares. Finale
ly;;a«ﬁumakiaa&.@xam@le:i&luabraﬁim%'thﬁ ﬁalﬁﬁlﬁﬁi@na’en*

volved will be glvenms



II THEORETICAL BACKGROTND

" Ihe  mabhema twal model of the (DS design is

é.ié-_gﬂffg!"f/ej €y - (21)

(5- =1, *“vv? j =1, Ub}

whare ysi is the mmpensa ef the i=th traakme:ﬁt :I.n the j*th '
block (ir %rsa‘@:menﬁ i %cura in block j), }1. is the overall
mean, ft :w the effeet nf the i-th treatm@ni:, /6 §. is the

“

effect .:E‘ the j=th blwk, anﬁ E is a random effect asg=

| 1:%1 ;
-sam_eci to be normally and inﬂepem@anmy distributed with

zero mean and ham@gsmws var-igm@;,' Gg- The restrictions

Z ,3 o

on the parameters im {2. 1) are

To test

by means of the Fetest, first caleulate

ﬁ;i”'zi it | {252



Q4 =T = L By,» (By, swm of blooks (2.7}
| | c@ntaining tr@atmant 1)
Sl(tii._ sum mf Q~valuas of first assucxataa
. wf treatmanﬁ i, . 1  T (a.l)_
‘@i + 33_(@.1) . - Coa _ {2.9)

‘ Th@n saleulate the min&mum~varianaa umhiaseé llﬁ@ar astzmaﬁe’
ti of ft% by ' . v

 .>62!1®9.

The following sums of a@nwéa»m;y then be obbtalned:

Blocks (unad;;): 1/x %Ea - /W =B,  (2.1)

(2.12)

(2.13)

Irror = (ﬁy‘ﬁﬁﬁﬁ?&@ﬁiaﬁ) =B j @%q}&}

v The 1nﬂraabl¢¢£ analyais of variance is given ;n Tahle
2.1, which is on page %.41 - o
To teat (243}, th@ aaleulabeﬂ Peratio is s@mmareﬁ with
%hﬂ tabular valma @f ﬁhﬁ W-iisﬁrihuﬁian with (le), and
_(ﬁ-b-v-l) ﬁaﬁrees @f freeﬁ@m af the pr&-aaaiﬁnad leval of

_signirican@e@_



foble 2.1

1n%ra~@l®¢kﬁﬁmm&$aia af‘vgrian@a'

. gSource of Variatiom | defo|fum of Squares lean Square F

Blocks (umadj) | pel |, B
_mreatm@nts (aﬁj) F‘ ﬂfvgli |

 Error - ﬁﬁhﬂééi. 5

242 Nhissing @%aérvatiﬂﬁ&w |

In this sgétiwn ﬁ% will b@ ahmwn that th@ eryor sum. ﬁf
squarés wbﬁainaﬂ'%y @h& stamdaﬁa least aquar@s pvaaeﬁura fwr
the known dava is equal tm the error sum of ﬁqumraa-abtaimed
by first estim&ti&gbﬁhﬁ missing val&as and then using th@
formulae of S@@t&@ﬁ,z.l. | ,

Let m, ti’ and %5 be'thﬁﬂlaaa% aquﬁres @sﬁimmtagkaf'*
the paramelersfb , 4:1’ and ;Bj; reaﬁw&ﬁi#@ly‘%&kém:évar
knewn dsta only, then

Y =,Z > (yyy-m- by b)2, (2:15)

kn@Wn data
;é & minimum. Ii we mmw ﬁ@n@ta miﬁaimg ﬁat& by )( Y8y and
use Xa%eﬂ' @riteriwn B@ thamm @&tlmata@ of the missiuﬁ
values we hava to minimime E¥*, the a?r@r smonf aquawas

paken over b@th knmwh and ecstimated dava. I m%' t., &nﬁ




h;, éen@te the 1@&%% sqaares aa%iﬁatas @f/u., 32 aﬁﬁ gj
regpectively . DVer E@ﬁh knmwn.ami augmentei éata then
w= S 2 (v = u¥ "o ti “b¥ )E’ %Mziﬁgixﬁ ~ue t‘“" -b;}z
P data”
(2 lé)
is a minimums A | N
~ If we obtain the partial derivativeof E¥ with respect

to xis, set it equal %@:zéﬁé; we obtain

xig = m‘ut’;f + b (2a7)

Substihutxn% {&.17) inﬁa (d.lé) &n& @mmpariﬁg 1t with {2.15)
1t is seen thaﬁ

CsfaE. (2a®)

‘However, to obkain the correct partitioning of the degrees
of ireedem@5ths»arrm%-an@ total degrees of freedom must be

réﬁuaa&jkyﬁéﬁe“ﬁar egahymisﬁiﬁgYQbsarva%iﬁn.-



IIT  ESTINATION OF MISSING VALUES

5.1 Zingie Missing Valde:

‘The procedure discussed in &ectimﬁ a.a, will be used
to esbimate a single missing v&lm@,ieq, Eavgially &iff%renv
tiaﬁing.the~err0r gmm‘@f sguar@a wi%h-reapeet to the mi&ﬁing
observation X, d (say)& and ﬂ@ﬂ&tiﬂg the r@$ulting SXPYresss

ion to zero.

1‘%@.: ‘;”Z?' + X@ L (501)

Xci will be 1mvalveﬁ im three types of § = values am@
in three ty;es of & - values, Q end ¢ values f@f the ﬁreat»
ment ¢, Q and G—v&lmea for the first sssociabes of treatmant
Gy (ﬁen&teﬁ by 1@); Q an@ & values for uha ssaamﬂ asa@ai&tes
ef treaﬁmentc,(ﬁan@t@i,%y 2@). |

Q and G valuea ﬁuvtlving & m&ssing absarvatisn wnay be

writtan as

% = Q ‘.A"k;?ﬁm '

%ﬂ‘«: @"pl@ = %- xﬁﬁ # - (302) |



“lle

and

The error sum @i‘ ss::www, iﬂ%lﬁm@ DnG missiﬁg ml‘ua,

X@&, may be %ritmn ﬁﬁ, :[ZZ&;} 1 Ztﬁi] |
"'[%a - .3:. % + %eﬁ) tf,t@ Z tlc’ 1"‘" Zﬁ“‘ ‘ ‘ﬁ ,

where J‘m@ First qm%iﬁy is wksn from the exisbing eaé?”‘ﬁé" |

ané the second quﬁmi by fmvﬂ m% fé@a i.sa wim a miwing @baav-

va@sitn, Xesﬁ' We m&y mm@

o8 Fea { [%’2“1”@'@3) +€k~n3¢¢1~eg{] N +(k~13(al-gg)%
rk‘(kwl} o | |

4l Ek*“%fk'@zi + KM) (k—n} mf%ﬂ %a]j .
. |
1‘3@1@ Wkii 1){ [(k n} gﬁlwﬁ‘*&) ™ 2(3@‘@1}] ‘ﬁ l@ -

(63 = o2) @* o, 1 [ﬁ:«m;) - (cen) m-w] }



i [Ng“%ﬁm%regfa’] :Kc} A

7:fﬂ :wha?a Q‘&, ﬁ’a and LV$ &P@ éafim@ﬁ in Eﬁ.a), (§ ﬁ) mn‘

'va aqug&ti@ﬁ {%,ig) mﬁy 29@ x’@ﬁ?rﬁi?ﬁ@ﬂ &3§ o -

Xﬁiv

* amz-ral} " ' feqmcs
@”‘"%’*ﬁ‘@ ﬂ 2o gy ot

* [_kc-l)(k-nl) + (!avz-n}wl-ag}] xea} , :’  (346)

| ﬁzmﬁlifyimg @quatimr (3 G) wlth %ha h@ip of %h@ f@llwwa
| i deflniti@mﬁ, | N .

At - U atle
% + Z e,

pEo %

@$'+ :igigtle

and then @mrtially ﬁiff@v&nti&ting the‘ﬁﬁsulﬁiﬁg_éxgr&sﬁiﬁﬂ

I
.

i
£
»

wiﬁh respect to K ed *



one obbtalns,

| [{k*l} €k~@1) * (k-n) (aloczl

{§.83

Now,. ewming {5 8) t@ wm, tne mbtmms the ressul?s as,

[y(k—l)z “ (kwl)(kb@l) - {k~n3c-i'~éi] X, g= a(gé@)&é

+k{k-al} Q "‘D‘"ﬁH%"‘@g) -f (M—-&al'}] @t

/;jmn : SR k-n

- l [2(1::-0 )-\-n(el«agﬂ 'ZQ. (@l~c27 2 fi%
(5 9)
f}en@ting the e%fﬂcwn*ﬁ mf the m;ismng ’mlue umﬁ‘«e:&

xc@nsidemtion iete 'S @i‘

fié, by m and the right htmei side
@f ‘the equatiem (3+9) by € m, (@K’ the Mmtanﬁ mm imr@:i-
vimgi%a,.@;e,ﬁw@‘,n’ ag;and@% 2‘«’*),%1&&%," .

nX . = €

ed T Ted * {5;&@},



'wh@ra T N N P : A

m= :e(k:-i?‘?“ - w-m (k-el} - (xem) (ﬁlw;g)
. el o .M;l TR %3 11}
Coa = a?(k«-l}ﬁ’@ + kfk-elm‘ x [{Pwn}(alwca) - {x{'el}] oty

k~n

b [ateey) ey, ﬂzv * -3 f’Z

gﬁbfg,ilj ‘giég§{;= g#ag'whiah‘are second assoclate:n of.
greatmentic, : '\' . ‘{gii%}
| -@?égﬁ = Swm of Q?a, wh&eh are second as Eﬂ@iﬁhﬁ&;
~of treatment a* in ﬁhﬁ &Bﬁ@@i&ﬁiﬁm,ﬂﬁhﬁm®,,v : (5.153

Ili Et{l* Q,! js @" ;’ @’ BQ, ﬁﬁﬂ« G 2

> ave the nnm@rn@al vals

nes takan fr@m tha ayﬁstxng &&t&q

Ey bhe awﬁlicatien @f th@ yr@ea&urﬁ ﬁiazuss&d in,Seea
vtian 8.2, and s@tting ug th@ evr@r smm @f‘aguar@& in ﬁhe )

”g”@haefvatiaﬁ

same fashi@n as in th@ ease 9f a singla miaf”

iﬂ &eetitn 5.1, it ia eaﬂy ﬁ@ @%%ain @xmliait”f@rmula@ f@y

every @@ssi@l@ a@nfmguranian, in ﬁhﬁ Gl&*ﬁ“%&gnﬁ w1a& tw@

missing valuea, ﬁeiarwad t@ as EGQ amﬂ X | N
In a aimilar f&ﬁhian, vha fﬁrat assmaiat@s @f t@@ab

ments ¢ and ¢ will be &an@ﬁa@w%g A@;am@ ;avrag@@etivaiy.



| =15e

The second assoeiates ﬁf'%ragtmﬁuﬁa ¢ and e will be referred
‘to s 20 and o vespectively, smd in the case where second
 assoeiates @f,tﬁ%&tmﬁﬂ%g~@.@mﬁ.a‘are.@@mmﬁn ﬁ@ b%@gka-ﬁ-aﬁﬂ
f,0r other treatments aéé¢re§&&@aﬁaﬁ in @1@&%3 £ &3& £3 will
be referred to as Eic | | | \
In this saati@m, the amnfi&mrahitn,@f X@a aﬁﬁ X f will
be iﬁenﬂiii&d, (Eablﬁ h@l} and @ﬁtim&t@& of %keaa miasﬁn@
Values will be aﬁﬁaina&.

Foy expeﬁiamay of vesults, the wmaf@i&iamh @? the miaa—

ing value anﬁar @Qnazﬁﬁrati@n.will B@ &anw%&ﬁ by m, as before,

’ an& th@ conatant temn oy rgght hand @iﬁe invwlvimg l*éx gﬁv'

' 3,33‘ ez gﬁ' %—, gig amﬁ ﬁ’fg Q‘@a :"!gs @’ ’2%

@'gﬂ @*QE” &éatf will be r@fﬁwr@ﬁ to as a a amﬁFGaffﬁaﬁﬁ

pectively.

-

‘ﬁ*%*‘wilx'ba @&f@@?ﬁﬁ to as t@eyﬁrr@rfaamhaf-sgﬁaras

involving the missing valu@@ onily. In this @as@,‘imvalving

Ké. and X of onlys ﬁinﬁa tha first quanﬁﬁﬁy'in ﬁhs arra? :

_ sum,@f sguaras will always vanish umﬁar ﬁiff@renhi&%iam

-ﬂat@¢;

 i.e., the guentity taken from the existing

in o
}tha sawe bluak or traatmeé .

1 = Treatments ¢ end e amééfirg% asﬁaﬁi&bea_®u%’5@@@@@*&&6

‘soelates of treatments ¢ and ¢ are mot repliceted in blocks
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- In this Qas@’ an@i G values inmvﬁ.ﬂg %;Emmis&i

obaervations, Kog amA Xygy uey be writam dsy -

Qo= Aty -

(1) (3.)
Vp=tp

i

o= Ho = Boq y KR Ay s

e e el gemx L km X, . (3.5
e A (3015)

= @'@i’?@ -

wis

%og 0

6*e = gt é.@ -

a. Rege

s



1Y

“Yhe error sum of sqﬁar@s,"iﬁvalviﬁg~tﬁ@~missiagv@alnég,

Hog ond X p ,iﬁ, ST

-3 2
+ X f - ;(B'é'\' {%ﬁ}

;ﬁ (1) Q (3;)

{5.16)

Thé i‘i‘rs% quzmti‘ﬁ, in E w”iﬂl‘ i vamish unﬁ@r ﬁiffamn%ia- |

. tﬁ.@n{ Nw, amar&iﬁg %@'m de: ',tima made z.n (2 1@),

| (5.3,21.) ani (faa}@)“an@ af’swr ne algem*am maniﬁulatiﬁﬁ, E

- V;th@ wwr sum ai‘ 32;%2&?.’%-5 imsﬁl,ﬁ@‘» miasing, '?E.lﬁ@ﬁ eniy,‘i‘e.,”_

*"E*"" inm&vwg % ed anﬁ X@f i m&y ﬁ:ae wri%eza &s, _i 4

- (%oq + Xge) + [%(3&7*@1)' | {al-ag}(kw G o - G*@ . .

-2 | o ~ | | R- | |
nz: 5;.! {l)) - E’?,(I@gqgg’l}_\_n(@l_@g)} Zn Q} 2




S et =
~<e;f_-eg>zw * | 7ar

r2 [m;..magel-»eg) {ak-ﬁ}fcl-czﬂ xﬁé Gf}. (317)

* We now define

ATy + 'Q*Z’p(l) = B s (5‘1)
A n-?:* * | o .
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