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i.1 ·~!lr?tie.llz. ~a~!.neecil. ,l~Cr>FJ!.le~·~. B.i~.9.~ .... 1'e·.~ns,,,.:vri.~il. ~~~o • 
.A$soG.1~te Classes 

_...,. _, _ ~ ti M>j'911l ti!! l 'Iii )''. . , _. f , . ioi . !- l!oJ 

Par'tial.ly balanced. ineomplete 'bleek d.es1gns have been 

u~ed 1~Jidely in many f!~·lds (Hf' ueaea.rch, 1.d.n~ID their 1ntraduc ... 

t:te:n by Bose and l\Tai1t (19;gf). · Wile 111at1ngui1shit:1,g featµres of 

a PSIB des•ign are (l.) momoglSp,erious p1Gts ti\:1?~ grouped :int$ 

blocks whieh are ·to0 sma..J.l iii~ a0eo1un1ed~i.te a Qo~plete replicate 

Of' th$ treQ.far~ents;, Q!llti on ~n7 two t?i'eaf;ltHirnts de :net 0eCU:t' 

tegetl:ler eq111ally often in a. 'blee~. P.BII~ ddsi~ns may 'be ela.ss• 

ified a.c~ording to the number of a:ssoeiate cl~$1ses they pt.u:1s .. 

Eaae, Clatworthy, ~n¢l Shl?'il.kna11de .(l9~$4) published. a 

monegraph .01~ P:SI.l' (11.ea.!gris with t"W@ r~u~seeia,te elasses and their 

notatien will be adhe:reil to in ttd.s t'.hesis. Ad.llit:to:nal Qe• 

s.igne ef this el~sfJlfieatiorL wsr~ publi$he~1 lz>y Ollfittworthy 

( 19551 1956) .. o 

An i:n.eon1plete bl.oek: dea!gn .is Sflid to be pa:rt.ially bal• 

a.need with two ~1lssoe1ate eJ.a,is~~~ tf :tt s.a.t;t$:il'ies the f0llGl'41ing 

req,ui:t-eme'ntsi 

( 1} 1fue expel:'i.mentai .material :ls cl:t trided into 1rr l>loeks 

of k units (;Hach, di.ffe~ent t:r·e~.tme:nt.$ 'being applied t~ the 

units in the SQ.me blook«• 

(Z) i:i:bE!lre t\:Pe v(7k) treat1uen:t.;a $f.leh. vthieh occur in l" 

bl.eeks. 



. ·, . ',1,'. 

ti$twE!ie»i :a.BU· tW:•~· tre~tm~t\ts sattst.ybg the f&l1ewi~ ·l'equl~•-

. '· . 
($) '!We .t~eatlftentlll' ~re: etth~-l'; t1rs.t a~~oc.iQ~$: ·or 

SEt¢0rt4 as:s~¢!&tes •: · .· . ,c,. .... · : ' ... 

·: 
. to) Baet~. tI>1sna.~enti ,p$ $xe.e.t1t n1 1•th as~oeia;tes · 

.:· - " ,',,. ' ' ·,.· ". _,/'"'"'"""' ~-. " 

',( t - l,:_2) !' ! • '. -:· . f' 

(e;) ~·vea any ·two .t:rE1$.:tm:E11nt$ tM$h · ~l(te 1.-th as!!!&e• 

.t$~~~f.:~fat .~V4•;:'b$~ :e~. t!feat!ntli!:n~a ·:~~oft ~o th~:·. 3•th 
, ... <asst'>'CS::~at~ :Qf'.. ~~· t.t~:itt ~~~ tJi1~ k;th: aesoe;i~te ·ot· the 

· ,,.~ se()o- ;ts. j~ a,~d .. 1$ · l-depand.~nt ·.~:£: .tile: 'Ji>titl2i': :Ellf 

treatme•t• we atp·t _vtith:•( A.l*'lc> ,; :: g~ (t •. J.,,k = i,a:),., 

(4.). -o :tt"~atai4!Jnt;s wh..1Ch ar;e fl.•th ~$sGt·i*tt'I· $~eur l'ilil• 

@;e-ther in e~aetlr A:t ~loe~a O. = l,a).: .,, 

. . Th~ . numbe-~s v, \}1~ :it~ ·t>, . •·i:~ n.2 ~. X1~ ·an.ca A .a il~e ~•11ett 
parameters. ot tbe t!11?&'b klrut,, whet'e$fi.l '-th$ nwnbe:ra p.t. ··&:fie .... · ........ ·. . . . . . . .. . . . . . .. . . . .. · .. ·ak . 
ea.lled ... the pa~(Ulet$11& $f tll$· $Eif)~nd ktni. 

'!'b.e f<>l.lowtrng. ·r~la.t1~ntt betw~e11 tli$ · 'pa:t'tuneter$ a.Pe k:rwwli · 

to bf)ldt 



d.e·s:tsn With tw~ ae,so$i~t~ cl~,;113es ;i.$ <rle'neted 'bf ~;QS (G:re~p 

Divts:tbl.e $1ngula~}, ThZt.$ Gi.J.tl$s :~f ~e$i~ns bais ·itl:;ie faJ.l.~V'J'i~ 
I 

ii!ln :ttl .es.eh,. s~(}n that a?al' tw~ t:J?ea.tm.ents ot the s61me g:t'1eup are 

fi~st assoet.ate$ whll:a two tl~eatrt~nt!ll .t:t11<>m ~1fff4!rent IJl;lli(t)ta,J;lli& 

£tX!e aeQ!$ln~ ~"$SC>'~lliitea .• 

(b) 1the foll.r.>w!nfi;. Z?el~.ttl(l>l'll:$ e.raor1gist ~l:ie pa~&~~~te~a ~1:re: 

r ~.A1, 
\&~ .... A.V;, 0 .• 

?l.~. = n ... a, 
n = n<. :tnc•l) .. , .. 2 

<:n·tl A + n{l!l.•it.>. ~ . =- ~Ck•.t>, · 
. 1 . . ;ra,. [~-.•. a o ] 

J. liJ $\t(Irt""l) # 

·[ 0 11~1 J J? - . 
"'a .. .,.. "".•·.··.··-·.·.· .. 'l ..•. · .. ""I ·· <:1') 

"'"' .... .i< .. ~m·~ • 



Ia ":J!i:Jf;l~-atlll~ WEt>l"'lt ~.. OF lll0~$ $-$-l'V'fl ti~--- UJ ,,, 

:m1S$1q.. A~. ag~·ieultu11'al. pl~t may ~$ ·t:ramp).eeJ, "a t;l,n;!.$a1 

mar· t1i~, •. te$·t tube ., 'f.!>e ~;~,,$,,, o~ .• lll«lthi•e flatr bl!'ealt 

«.owth Wh$~ -is1S1.ng v•1~et11 ••-~u•:• tl\tt. usu-.1 $$t~ti _.of e0m• 
'ut1~ tht valt#.tni~ au~x;a>,f ~q~a:.ea e~p~rt, be U$$4 u~lflGI$ 

I ' . • 

th$ ·mt•~d.ng "1'a1'1lEt$ a~f!I·. :l'l:t'~t $•$t.1m~t•·l .t;rent th •;r;5;;$tl;ng 

·d:a ta., · · 

I• -~hi$: tll$1J!s···tb4 $.M11sle flt 8$ -4$$11•1 wt·th 1tl$4$'l~ 
ollart1'.'l'atif.l>11$ ·wl1l· lle tita•u$s;~4-• 'f,be p~oe4u•.e t:b•t. "1lll 

' . . 

be t~l.1QW:~' .w$·$ t1•$t tll~~11u1~·•4· litf. 'lt.ttut (l.;J,) • , Xt ~avt11ve$ 

e~rt:Uniil.tl~ 'bhe ml.:u~.t.ni ·.f:al~•·•. •r: m1•1*11l- ~he e~:to~ •'1l~ 
' .. 

of s~t4a.~~hl1. ·sulttll\"af ii.ill~I "•• . i•P't o.t ~ttldo• .tr•~ t:b.$ et*t'"e~ 

de;~ee• tJ_t' f Pee-cttl!).tn:'. t•I •ee~ -.ts·s.t.q va.1u•1 .Qm<f. ~~l"••o tlq . - . ~ . . . . 
' - . . 

tot'- tbe. po$1ttve. \1>&•1 b th.$· t,$~t~;nt. e'tlm. '$f squ~;r!-f$~ .. 
: . ' . . . . . . . . ' 

!ht ~i'.f)e·ve P'l"$Q;$d~~· k• '••~ u~Ha(t bf' Ot:i·~rd.ab (1J4J) 
te• 1$:.t\1~~ ~Ed~1~•;·. \tf W:i.3.~l-$01\ (1;,.,$) to~ ·t&•t>l•t~ a•'l!l 

b1•omp.lete bl~•lr 4••1&»1,t l)f ~l•8 .. ~•'- ••ae~ fl,$8) f$~ · 
the r~d~m1~~d. lill~•k icnd.g~,,- t>r <fltul~ a,J.4 kr·amelr C19iO) t•l' 

. ' ' 

. ' . . . . . . . 

the l>$1a~e·EJ4 ln••l'llPl•te· · 'bl."k ~t·s1.g-•'. 

lp"-e1t1e .tG1,mul~$ te•. ef!IS ale$kag ··v•J.ue·:·$,ni ·tov "''° 
•l8$i:ft& v~l.~is oeou~~- · ln v-:~i•~$, ••ntlg~at.1QAISI w1ll :•• 

tlle.vel.:$pt4. flt(iJ 0~1;• Q:f a d•.etq va.~u~• wt:u. - 'ie-lt vtlih 



f et- a few $~e¢ it.\ l 

t;(i) obta:tn at! 

lf, ··i'!i ~i'!l.'11~Pi~al. ·""oi!\•~''J;i·"'•Q 

v0J:ve!3. ''~lJ, 'b0 g:l.ven. 

sum (llf ,squafe$• Fin~i· 

·tn~ ¢.e,1~t:ala't.;t·ol;l;$ · ex,i.• 



whe:t>$ y.. • ilil t~~ . ~J 

bloek' ( 1r t11eatmtl~t 1 o~e~~a :.i~ b1~~k .3 l, p- .;\,$ 

mean, ft. . . .·· l, t)!G t ~f tb,{;l) t"'"ta tfeatin:Ei!Zl"t~ ~ .• 1$ the .. ··· . . r :t 
eff~et of tbs j""th "bl1s;,~'.k,. E71 j 1£J ~· :canat7>ll'l effeet ~$"" 

zero D$Giatl. an.et Mioroeg$D.eott$ v~.ri~n.$~.. ()l • Tb.~ Pe·lll·fari@ ii>•.!.!!>'"'~"'· 
on the paramet~:t?1& 1n ($.,,.J.) ar~ 

~·rt.. = L.. ~. = Q •• 
. i 1 j. 3 

'by me .. arie of' th~ F'•~ea't,. .t.l:t>.st e.~a,e·111l.~te 

'1= ~.·· 1:ti • . . . j . ,., 

13.= 2=. '.H 1;t '1 ... ' t . d 

f:!i. - ' i!Jr, . ~ i?· ~ - L-. ~1 :47 ~~.s jY· 

1 ' J ' 

) 



li!I -"'lit. -
¢Gnta;in,~~ •. tr~ilt~1~~t £) 

SJ,(~j,:J :: $~~ tl)f' i14•V~lll~S t1t$.t i.$S0~.~$t$$ 
tl?.eatm~nt 1 , (~.$) 

$Ji. = 'ti. + S1(~l) ·• {2 •. 9) 

~ts.).= 2:.. ·. L ..... ·. ·~·····~.• .. . . ~ 1'1§., . = :t', 
. .li. ··~· .· .. •·.~ . 

Tf!e i:ntl'.a•'bl~<:;k •n•.l:ys$.$ f)f v~r$.ane(I> .1$ g:tv·en in IJJ!a~l~ 

! •1~ whleh fL~ B:¥l .~$~1 ,I;, · 

~· te~rt ,a..,;) 1 th!$" ea..l:11.ftlla,ed: :r•:ratic;i :Ls e(1.)m,Pa:f.".$i w.~·t:h 

th@ ta~\11.l.$~ v~.llil$. ~f tll~ F.,dlist~~'hlut1$:n. wlth (lf•ll1 ~tltl 

. (N•b•v..,.J.l <ieg:t"(S~~ o.t t;re~d.~m o1' th$ f~e·asalped: J.eval. 0f 
. aig:11tttfi.ea:nt}e •. 



Blocks (iunad~) 

Trea t.ments (t.tdj) 

Error 

v•l 
:f.-b•v .. l., 

' 

ln this· $action :t,t; will be shown thmlt the el:lror sum fi>f 

sq~ares (tbtai~-ed bJ the at$n¢L~::ud lea~t squa,res pl1ooedur$ tor 
the known da t·a ts ~qual to the e1.t"re1 slim of' squares .abtai~eli 

by fir1i:Jt @st1ms..tiq tl'ie missing values am.cl then using t:b.$ 

tf.>rxnulae of Section .2 .1. 
Let m, t,1• and bJ 'be the ltiu;u~t sqt1a:res w~t1:mates et 

the p~.rarrietet'$}Jv , rt1, and. {?> .j reui.Pecti:vely 1taken ove.r 

known data only, tltlilll 

E~ = 4=..? . (;rr,_j -. m - t1 .. bj) 2 ,, (.a.,1;) 
kx1Jr:rwx1 data 

is a min.i:llll\iil~h ~ t' we now Cle:ne te mi s,81n~ da t~ by X :L j t $* and 

use Y~1.tes• ~1"iter1en te o'~te.1n $$·ti1nates ot the ~tisa!ng 

values we l\iava to ~tntm1z$ ;m~~, tihe ~rt':re~ s\lm o.1ft $q,Ua:res 

taken aver both l;mow:n and. estimated df:lt~.. If' ?n~~,., t,~, .an4 



* ' ~· b 3, d~r10te: th~ 1En1;st; $Q~$.Ji~a .~at!ma·'ta$ l'JltfA" ,, · ~!~ ~.tid ~j 
, - .·, ' 

:&e.$peot1 velf · .:: tiirer botb .. :kl>.own an:d augm.entet'il d::a.t~ th,'.11.\ 

1s a minimum• 
lf' ·w·Eli ti.ibta1n tlie pa:Jl'l·tial d$l""!vat,~veof :$:* wlth re.$pet)t 

ti;:, X 13, s¢1 t l t ~qaal t(;l) Z$J>'c;J~ 'We o't~tn 

S\ibst:Ltuting (!~17) i:a·b~ U!•~.6') and. ocmpa:r$~:ng it l'/1tl,t. (a.1;) 
1 t is s~en · th.at. 

licn'Ueve~; te el>tai:tl the ~IZ)~t;rQet p$.::ti"titien:tl'J.g of th(!ll d,~g~ee.s 

of .freedoni, the: eJ>;r:o~ $\Ut\1 tot~l d:egr$e~ cit tre~do:m. ~ttu~'b be 

re~uoeCi bf ~ne ff>'W ea~·h •1ss.l~g obse~•atlel'l• 



'lbe prt>eedtt~e i.1se'Ut$sed 1n $eet1on l.$> \'Ifill \le used 

to estim~t~ .. ~. singlf;l m;iaaing v~\ltu~_,t.~h..t ~al"tially .d:lffe:re11~ 

tis.ting 'lihf> eif;rl:);r Elum ot $qtua:res with l"eapef.lt to tbf.ll rn:te,tng 
ebse~vation Xea (sa1)11 ~ll.~ eql:ls:ting the; :reeul.ti.ng e~pres$• 

it>n to zere • 

Bloek and. tPEHltrnent totale whtt::h involve a m.!.ss!ng 

value :i:riay 'be de!'lne~~t a$, 

:Bd. = .m~ + i~a 

X .. Will. ·.· l'Je involved i~ tu. ee tv... ·.lli • $.• s o. t .. · ·tii. - val.• ue a ·a. nd e6. ., Jt:f ""€. 

in th~e~ types e:f ~ "lalu'?S• ~.· .en.4i ·(i VQ.lues fo'11' the treat• 

ment e, Q. ~nd G vll.'tllee to:r ith.$ tlrst s.sseeiates !'llf t:veat.ra.(llnt 

of t:reatmettt9,(denoted by !4)• 

Q and O. val'Ue11iJ invo1v:tx~ a :n11s$1ng t:>bllllQrrvation rtJ;a:y be 

wl'ittan as 

Q.q = ~: .... k·l.······. ·.··. ~ ...... · ""· j . .. .. k "'1Q.. 

rnl .. ·.t;) _ r._..' le 
"tim...... - "" ""' .! Xe4 i JI!' It . ·. 

(. ·'&.· ·i"JI.·.·)·.·.·. . ..,.ti;', 



' f 
~.;.. - J'll; + ., ........ ""'."'.·.·· .. ·· '!IT.···.·.;;····.. .. .. . , e ... ue ~ . .il);eu: "' 'hi ' ' ' 

'n!·· .•. • .·a.>e.•.:· _ ,..t ·le '<t· ~ t;;; . . ·.. .. . fl ;n.eti • 
q - ., ~ it 

f!'t1e er~e~ ~unt of $<i:iilta.l!'i'iJs 11. il'!V11iilv1ng (')l'le. •:i.ss:tng i~al~•• 

:ic114• m117 :iie "'1tt1>1* u1. 11~4 "12.~. " L~~sJ. 
~ Jt ' 

!;.~ - !?, .. =/ t;e '11~ .. ~ ... h $¢ ~!.~" ' ' '' :fJ ·~· ''' • ' ·.· ' '. ,.j 
( ~.}J.) 

W.ti.l~l".e th~ t~:r$t cfU~n .. ~tti .1$ taJ($!lll f~ti>m. tht e:x:t.at~~g eiat~· · 

a~d. the $~~Ql'.l(/i ~l:l$,l'lt1 ;y fil?Qm. t~$ a.~. ta witb a m1e.$tl.ng 11.fb~~:r· 

va t19n., Xeii'' W~· lt~-1 wt~:tte 

i.~. = r:(:,,i{ [I fit•U lit.,..11.l + (lt"llH•1-o aU t: ~ <~:tH•:i.·•a )•l 
. + l (!k•1)2<1t·•;i.) + <.·li\•1) c.•.·.·k-•) ... · (c:t. •c1>) X4l1}•. • 

lt 

•;11ta;e=r-~~);i{ [tM)(e1ca~ "~(IMl:i,1] 41111111 .. 

(11:i, " <Ila) ~. 11> + i ((it...i~j • fl!; .. n)tc;i.~ll~ 104} • ,, .. ;) 



'···.·.J_·.>10 ,~_.:._,a,. ;o. . ..x;~4 .. •· {•· \lic·~~.~l +•<~··:·~~:: ,1 ,·~l•·+<r ... ~ 1 •'''' ~ ' - ;,k(~:ll· . ~:~ L £~ . . .·· ... · 1 }I rj :... . . ; ~~· \i . q ... 

+ : [t .... ).l+.~~1 .... 3>] ltd} .. 1' ..... 

. . w-.•~• '' ,,.· t:t1 aaA t•·61··:~e ·l•t:lt•<it. !;.1' .(.J.i) ~ ,,._ .. ,.'., • U4 . 
. ' . ,· .. 

. . (l+lt>) i-t~»•~•t.v-·17• . . 
. , , 

.. · ... ·.. • # . lll• :·~U~ ~~;4' ~ ~ftGl'Y~: •llti ~· ) l .• .. ·.· .. a.fE~r lj ·-~- • :1' a,~~+[Jt··· .... ..,; (ll.1;+.,.,1 
... · .. ·· .. · · .. ·. . wlt . k :./.~ .~i. • • ,•·C ..• · .. ··· .. t .c .·• ~ . 

C"".";;~~~·<.· { ~11to11dl•i""a) atiu1a][ ~ + ~· fl P ~ 
' ~•(t•1) ·. ' ' . ' ':: ' , , ,, ' p ' ' , , . 

+ hfk1• -~~ +c<••=:)*:r- ~: ~ jl. ~·/·• 
.. \!«1t-e1h•t•).1 J:!]:Z:\- ... <•1~.) ~··~-

''It'." ~-11 ~ , ' . fcit_ • ,)_. 

' . 

+ (!~lltM~J:i- t.-.¥bi;t'"ll~J --~JJ .·, '~--~·· t 

ru~mp:l.lftl•" •·(~tiilQ• ,, ,.~,,. \9:1\. tl\t -- tl ther .to1ln• 

aatl th•,.. pa•~t.•111 i~.tt~~~ni~l~~~- -~·· ~e.un~l t·l~ •xpl?ess,$a 

wttb;· ~es~ect tti ••ecl ···•·· 



· .. G-····. ;·.· .. · .... ··.·.· ... "·.·o·· l{:•~. ,a· ... ···.·.·•··· ..... · ... ~ .. tt t.a. 
- · .... l ... · .... ·.·, a(k·~ .. ·· .. ) + n(i't··.·.·.····.·.·•f .. ll.'.·.•.· .~ '~.'.·.·.·.· .. ·' "".··.l,·· ...• ·.·.· ... (e:'t ... ···~·"".·.· ... > ~ ~ .... · .. · ·.· .. ·.·' " i l ·"' 4 ..c::::.. q, i .,.. ~. .::::.. .Gf.. ',.' ', 

·~J.9). 

:Oe.~t;'>t.;l,llg tl1le ~.~e:ffiqzl.~lt;tt. (')f tl'ri,e YJiii!l!~;i}fl~ V'tia;l~~ "11rlt5.~~ 

·e•sna'it~e:t"a tio:ll'l., i •. ~ • ~ · 31t:~&t . 'liJ>~· ·lilt s.~.4 .t~ · rigb."t ti:~ti ~;ttt~ 

;.~( ··tlke. ¢)q_~at;ie~ .(~ .• ,J '.bt Qe·tl·tr (o:tr th~ e~n$tfl~t te~~ i.~~,,,e1~ 

... · .i1 . . ... 'mi .... r .. ··. .. iTh. • ·"" ... 1·.·.·. • • .. t!'tt.·.·.·· .. ··.·' •. ·~. e.··.••. ""'·· .. ·· ..... ·,·.. "11.·*' .. -... a. e ·.··\·· .. ·· ~"'"' """'"''"·"· ;;;~;mg Jtil $. ·~·. ~.f if• q e .. 'l1ll_q ' ~·a"" .. ~' ur_q, ''I~ n~ ,l;~~ve, 



C!$.ll) 
Ced = 1~(k•l.)JS•d ,. k(k•e 1)~'c 1- ((1t•n)(ci~e2 ) ... (k•c1 )] <l• 0 

and :at . ~ Q,• • tl• , 1 {') • Bo and G' ke $.'1fl the, n'UmfrU?:t~ca,l val~ · d. ~·· o. ''.Ci " ... JIN 
ues taken from the eJdsting data~· 

'B~ 'the appliei1 tlon fJ t: the p~t)()edu;fe fl:is()ua sfld 1n See"" 

tiain a.21 and aattilng Up the e~rO:f't $Wll ti.tf sqthlU."$/S in ·the 

same !'e;shion as in t11e 0;&se o·r a ·. $in&;le .lj:t.ssi.:ng observQtt$ll!. 

in. Seetion ; •. :i. tt ls easy t.flJ Qbtain e;K;pl1¢'it' .fo~ula$ fe3" 

every p0$$ible qonfigurat;ton~. 1~ \~he .Ji.f)1$: stgn~. with t\irtll 
) •"k • 

m.issing values. ref'e:r:r·ed t€.> 

ln a similar fashi.on, t:t.u~ tirs·e a$s~ei~ties oi' tr<eu1't;• 

:mentn e and e 1nt:l.:l be 4ienote~. 01 .le. 2n~ le r~speet~vel.y. 



911 •••<>n4 S.l$Gf·la•s r>t tPl1'fim••'* I l\d e •lll.. 'be 1-eft1',tti 

. ~ a• If and, a. •e.4pte\$.ve:.tr, ui b th.G •••• •-•~G· •••"·-' 
' ' ' 

e.se~td.attl st. Wta•---~ ·O . •al • •~• •••f1& •tt l.\iCJfl:ktt, 4 g,4 
· · t,,o.1! 1i»tl'.u~:r- tJ"•a~t111&1<1t$ .a,• .•• _.litl\tt-- .;bl li>l•'1lti· 4 ~~i 11 wll1 

l>• f$f$:f~CiHl '1a. $1 a~ 

l• .,bJ..1 ••ett••~- •• •Qdl.t•••t1&t.. •.t ~« ••• 1.•.r w11>i 
b .. G_ ... ·.·• .l_;44 "iii_.t1.··g.t __ e_d ... _ .. _ t· ... ·iihn __ .···.·°'··'ll·_· .. _a_·· t_.·.· __ .. _··.-.1."_: __ ) .. • . ..,.-<i!i~- .iaa4.i!i.-.· ""<!ii· ··t·· lf..t...·;.!j_·· ·•ltii--1·ft!lili' ... ..:,., . 4 "' iLll!t .... ~... ·~~~ . .,,r.l.i&"""i1J1111 ..... e o · ~'1<11•' ••'il'• -. ..., 

' ' ' 

~ :1~ ~·: eout~=l~ WW.lt ..... ~ ~ _., :a~~· 
and._ thl ~~~•t•t '•~ # ~i'1lt ~nd. iii• i•V$1.vl• I 4v q 0 , 

fl•o·• •* ·ae. Qt ·!&, f1J:~·t1f, <t• "gi, ad· B't• t''e• t•·•·'* Ciit: 1 I•;· · · .. · .q .. Ja•··-.· Jl · ..• _·.-_,.<-· ··. · .. · · .. ··-.·_ - ' · 

ll~!i. ff,i .,at, . l!~'d .~. 'l!!U be .l'<iteft!ff 11$ at G~4 ~ (l~t ~ 
pettivi;,1:7 •. 

1·•*· wlll. b• ft:f$tr;ett 1't1 a• t~ t:v~olt •~• •t sq~•,•• . , ... " . 
,.. . . . . . . . 

1n'fe1vlng ·tQ .. mts:iq. 111.lti~l- •:tll,... .· :i. .,. -~-·~:. ~V:olv~ng 
lt11,. • .;111 •nlt~ ~· .-.. tl4'..iti ~ ... u..,. ~ l!he·~¥> 
slam of stua)llt»i iwlll :a1uts· ·1'n11h. u•4•• itftt'J'•:1.d~::l-ati&tt 
'• ._ .. ' ' .. " .· .. '" ,' ", '" . "," ••,• ""' ' : . '' " ' . ·".· ' ' ' ' ' ' ' .. " ...... ~ 

1. •• ~. ·~ ;t~•t-ltr. •~-•·• li?~a •• :eJJ¢lJU,rli 4at~~-

. in · · . . . 
j •. i •. a . ~~. ;~~ _,ta;_it'~~ !l!t·~'I k~~~ .• ~~•-.1~1•~1t. t~ -~~e:~~t.,~1•1:· · 

. . . . ,. ... , .· . . . . "! ' ... ·. '- ... 

1. • ~S$>'t11E>l!ltd C i.itltt :E!J• a~.-<fli?$t $.4)$0~-ia,tt / . l!!Jut .·ta•¢:$~. ••• 

. so•tal•s •t· t.,e•·ia$tAt1 t ... t .... att l!•Jtl$.e.a•te l.•: b:il,1Hfka 



ti and t. 
ln this ct.u1c;l, e,nd G v~l'tHill!l .inv~litil\lg the rn1sa!~g 

: 

.n. ~ .. 'jl" .. 1. :;{, ... .111. 1•. 
'llfl. ca - . e~ ., 

k 

~"i Q ... --<efq 
·,':,·* ·2e 1 ·x· 
"'ii • .·..• . i»I . Q. k $4"·. 

G. - G! .·. ""' n.· X ........ '1. + k· ... n X .·. , .. e - ·.e · -. ··e~ ~.· 'J.f . k ·~·· .· 

$2e Gti!O - ft Xc4 , fl), = -q, k 

G'Ce - @t ·aEt - ll x ·r·· -q t - e •. k 



-'11-

W?ie ~~:it·etc snm Qt eqta.ar~s, · t;nvQl:~!ng twf;t m!.a1i¢;l.ttg tt~:Cue~, 

~04a.nil$f • :t;, 

ifh~ t~~$t .. q)JUlU\ 'bit~; 11'1 
'tloth :Nfll'W1, ~~~·$~d,in~ 

. : .'. ' :. . 

(;s,~14) ~n1d. (;.l.;) ano.·· ........... ...,,., ~o~$ .~~•b:ra~~ ;ni~nifiuiat~.on.,. 
t~e · e:frt>~ · '$\• {t)f: sq;ua;r\$.$ · .Ji~vol.ri:l~ i~lle'~!ing v~J.~ew ~nl.t,l•$ •, · 

·JI* l~.va1vl~ led. fi\n« ·'.i~t , t~ltt~~ as, 

.. ; '. ' ,. i; . : .••· ·tt+~· 

• • .. · ...... ·. 1.•· .. ·--.. · ... · ~ ... ·{ •.. • U!t:'~t<e., ~~~) t ,~!~ ~u L ·· .. , t ~~Pit Z:.111t~>J :Pk(1¢•1) . . . . . . . . . . . · ... 

{~4 + ~t) · +. [allt,)(..(l~i~}. -t- (ilJL•!!;a) {~Ill : ti.fl! ., ~·. • 



~ · · . n•B .. 
+ l~U((~•C1)Qte + (e'l~~-)~~(tf~ - G·\, 7 .G'c • ~~-.ptl,l) 

~ &€~"'(11>, +n(!l1"°,?ff )t' \~ .. <ei"'llal ~~ ~ ... 2eJ x..r 
' . . . . t 

+ B i~-1) ( •--~ f) + (k•a) ( ~ J. ~• ~) J[ 12~tt ;- xile t} ~-· 
i 
l• 

•' 

' n•a ,·' 
Qi i . + t:'I .. ·· t. · .. ·.+ ~ .. · .:h. •.·· .·. {. 1. :. ) : $,· i I •. ~(. e ·. ""''" Ii) . ·~ .~ , ~ ·•· ..., • 

trlmpl1t11~g (J•17) wi'th tM h~lp et (:;.l$h. pa~t~all·J 
' . . . . ' ,, ·. ~- .)_-· ,·· ·., .. ,,. ,· 

X .,;,! and X ... .p, ' ' <.\!M;, ,,. ... 
equ'$.t~ng t~.e l)&\::ft1al del?iva ti·ve$ t~ ~ia'J?P1 

•1.:; 

on~ obtab1s 

('~.l;) 

-l ~k~n>af'~1-ea) ... (ak .. ;rii:) (k:•$1U Xci + m'iet = Set • '''~U~') 
k 



. ·'·'.·,·-

'"j [iil(~a) + Df!ll...\jif}J ~f41qfi " i (Ol"oiil) ~*1 ifi,<il~~ J 

.bi. b.l.Q9k$ .i Qf).ti t (t:w 
e<lt.~w;rtng Jn ~;tQ$'lt 

)tt is t£Qt j(!Hi!.Sibl$ 

·( .. ~ .•• Jal) 
- - ,.,, , 

Se'1:HD'f.!.C!: •JS$~~.i:$;'t,$ $£' t~-~t;men'b e 
· e f)~e'b'll?ti,~'· tl4:'.~·l>l~~k 4-.} 

{i/. Yalu' S :h~ thl!ii ea;Jt$ 

111!1!• ·)l· ~ ·.· · ~.··.. A&.·'".• I 
~.· ·· .... .i:..·· ,, 

, -.~ ·. . 

i • 1 :r,.. . ~.-1.x.· '1)1. ... ·· .····· '' efll+ .> .. · .·.·•·.· .. ···· G,i. ""' 'I .. ·.··.~··· ·' 



.·. -~ . 0, ~ .· = 
ct ' fi ca: • !. xej , 

lt 

(}l .... •···· +. . k ..•.•. · .. •U; )t .... +. ! ....... •·.~ x . • 
"" I k -~ ·. I • :.h: 'ef •,' 

~r11 G•. (1). hl""l"J. x . t-n. x 
·lf)\ .. n.. + ··:·· ... · .. ·.·· · et! + ....... ,. ..... ···.·.'... ef ' v .· w . k .. ···.. . ~-

·~.y f. !~ • ·.~.•. v.·.•..,,A ·~ ·' ·~ ~ ~""'~ Cl I k ·, '• I 

The erPo~ sum et 111q~~:res il1V6l;vlng mi$s1ng v$.l«u@s orily-

ma::r .i>~ :a:r:v~:ngeQ. :tn a .s1:m1.l~~ fa;$hio1i e.s in (;.1·7), u$!i,.:tag 
. . . 

{2.10)11 (J.~.J}# fJ •. te4l~ ~1!'1d. ('•ll) li1i:uet a:tt~:I? $em$ fitlgelll?~le 

man1pulati·l2}n, $':n¢ obt®'i~s, 



•J\ .... c.·.· .. i ...... :.··,;f •... ·. +· ;ri! 'A> ( ., ! . ~···.;Q· + ·:~1: .... · \:~ ·- "'"" w .. e;1. . Jt ~~:~jl k 

' . \". . ' ·' 

"·· ~ •••.•.... ··.: .. · .. { ~( ll!"'\i J. )ll. • <1 ·'!< '~ f l!!~e 1) H.( e. f•0a l] rk(k•l) · . · · · 

\; 

' ' 

' k•n-an - a:a :.0 . '· .. ' ' k~:a·~n· :'°"'." 

[ .····~···.·.·.· ·~·~1}.c + :t ~·~~J -. <'~""1$!>·[z. ...... ~~·,."'1e. 

+ "f,"' ~!!] +rfi."J.lll~~~> + ~~~H(IJ..~~ij ~} . 

., ~!f ~-H{ . lalg(k"'Ji) '• ,. . \!tl<"c;iJ + n.iei~aB 
· ~··~ · 1r .· · k•tl.•an r 

'.··.·: ... i$· + ~ ~ t,.··.····.!-.' •~]·. · .... co .... ·.··"'¢· .. ,.· ... ·>.· ... r.· ·--==::::-- ~··• · .. ·.·ie11. q. .c:_ cf . . .l i·LL- .(! , . 

• 2Xed X6 t' [Ot: .. 111)2£•1·~2) •·. ca:~ .. ~·ta~) ~k..,~~J 
.. >>:&: >q ... 
$'k(~-~) 

. + ~~a t~a""''~.>J • 



D1tte:V$nt1~t1~ pa~tit;tllJ (IJ.~5) v11 
' ·~ 

·.~ .. · e ... ' s•'.'Jie.' .. t ·b tlllP .·v .. ·· ··.· .. ·.····.;ii.·.·· . .., ... doe .... 

and x .. i(fj, an€! equat~~i .. ··• @"" ·. . . 

¢ibta1ns the eiqlJatier~.s ~lh 

•! Hit•n)2(~1...,~;d ... (ik•a ... an)(k!·~1) +anafei·~a~ ltera 
k 



. ~! .••. <111.·· .. ..-e.·.··.·al[ >.··~n G•. ~e .+·. 'J.···.··'··.·•; ... ·.·.-.. at] .. • ~ · ........ · ... c.t.' ... q .. . 

. x.~····.··.·r.·.· . a. s .. e·· ··"' 

:Jt64 rn~~ct + .. ~. Bk.,.~)~·(e1'"era} .~·. (!lt~n~a~) flt·~,.> .. + an.!((i1 .. e~)] 'J$r = --~--_,-.·"' __ ,.: ~if_PR ... __ ', .--. ____ ·. ,-.. _-_-, !'!'/~.j-~».~io.· __ ·.· .. -,,.'> - - ·._,,:_·, ... - -__ ,_-~.y,. --·-._··_ ·---. ~-- .• L _I,)/'!_.~:·: .. ~--:_ -~.-~t. -~::111.~_, ___ -, .• _-_ ·_ -~ .-, ____ -_-,,, 

m,i .~.· ·.~ ..... [;{k.•~)~(e:i,-~a!) .. (i~~~~~ti)(it;•1) + m.:n.' 4<~.1 .•... -.. ·.•.··.ta) ... J. a 
~·. . ' " 

no 
; • :rreatment$ c and e are · ~etH.lfi~. ~ss~;(;llat~- b'tlt e;roulf: 

lu?ea.tttients· .a:r?$ e.$l!?l1!.iiti tt> bl(J~ke ~ii f,· Q 

1:n thl.s e~.ae a;r• 



le·· = 

~.!'.le .· _ _a_ .. v le ~· ~ .. :···. - ,. . ·+ k;:!'lil J:, ... "'1. :t 
;if ··:tt ~·.~ 



. + ~cMl) f4'~ + <•1 .. a),fWJ·~-~· ~~ >~ ~iP.~l . . 
. k4l!il'1f .··· ..;;.· ... ·.· .·· k~ . -J ·. 

• [ac~:u +11l•1"~a~ :;£ ~!,~.~··. to~".'al z;~~~!j~ 

+ [1t• .. ><•1*ll11) •. tfk~1~["~~+r'-·,1e1 ........... :. 

+ llk(k~W~ ·• + ~14a)tlte".:;.tty r ll•~t•t 
• ~(11z,.e1J + 11fc1.·•a~ :E Q' a.. • (ct"°al~e• a.\,~ 

' ~ "' ' ' " . '4 j 
+f [kfk·lHTW1) " f~lJ + CIC +1)(~nH~l~a>J[x2~«·~~.~} 

(···3 -~·), ...... _ .. :,··\,; . 
. . . ' . . '. . . . "'~' 

f4l~ +}.,. ,;~11J ,, Gi~ • 
. ,, .· 

. n•a ·· .. 
ft e + , 2: $1:,lC = '~f.''o f· · 

'• ': 



. . _., ......... ·.· 
. . > , ·. n~! : , . >, 

. ,, + .~ q• · ~e = a.: .... ·'~ ..... ·.' 
• .: 'C!i1 . •' L_.,..· . : P:··o::--- ..... ' . ""' , ::· .. 

~·.'+)a G.~,~ - •«'• • 
I· •;, 

··:.··:"' 

.., '.1.:,- . 

- . . ... -... ' 

1•*= xacd + x2 t ··• 1 C•\~ + i.,4la • 1 CB• 1 + :1$1.1 8 
' ' '·.. . • ' ',k ,; ' '' ,_· •· .··· : It ' • ' ' ' ' 

.. ~~!<w>ITK~>~•11a> :-J11~uJL •:c1+ 1di-1>,~· •. · 
' ,., "' ,·· .. ·- '·: '. ·k~ - ; ' ' 

. :: [ttJMJ1) + •t•:i.-.a~ ·~· tt• ~"!'• _,. t f •~·e~t .· 

)
4 ~\24] '•4,+,[~~•~111'"'a> .·.~ <)to.ciil . 9•,, · · 

+ td~iJ -~. '".J (!C~:i:l; •<~1'"•~~ ~-t<tfi 

•f tc1~a1 ~= •~ttfj x..1' + ~ ~l•lH~~c,J 
.. (ll"ll1i+ftt+lt(lM1H•1:...al][ xa •• T ~et1} (J.J(i) 

·to JU.· .. and i. .., - uti. «di1,Pl&tfln$. t• ~esulti.ng $xp:resslo54i1 · 
.·· ,, ; - <Ei>J. .•..•.. '< '.·. ·:'.•. ,»' ·. - "' ' ·.,,,,.•>, .. > ', ~-

on~ •'hta1•• · 

--



Whel;J'~ 

·ni = t!t·(k•l);;a • J&:<k•.1) <-~•a.> + (k·•~) • (1!! ~:tJ' c~~n> h~,:e~) • 

"t ~(1¢"'¢1,} i- •tll).~;!~ )_·,·rt·· . t l!!J."ll~~ 2~t'ct'". 
(;$•40) . 

~-~ - .... · ...... · ...... · ... 1'¢<0t0ll, f' .· . 
·k.···· ~(~.-c1) + nC·tl·;t·~ifl ~<it' .a~ .- ~,, •• ,2; z:~·· ... · e •. I . ·.·· .·····.·.··.··· ~·· q ~· ··· .. ··········<l· 

fj •. lµ.) 

whien &.UJi~ 1tt~nti4'ttl.. ·~. tl:'.ti$ 'tst1lf1&te et lit.· s.i:nsl~ m!set~ 

obs~-pvatSon gi.VEln z1-fl' $e1tti~n ;.1. 



4 • 'l~e:Eltra.entt.l o .~n,d e ~:tfle ~eet$\:n' Ql')So~1~tes• an4 in t\ddit.1tiJlii 

(N·.rtg:roup !Jf treat~ents., (~'tb~;r .th•n tlie g:rou:Jf1$ eont;aln:tng 

the m.1$1iil1ng v~.lues) al:'~ e.0•¢ln te bloek1 ¢1 t,i\;no. t. 
~et't'~~~ th$ e:f;rel? $U:m ·9'f f;lq-ua:r\'$$ ~on.tai:n:ttlg m1$s1~ 

.· ·-~,_.~,.,. ··~ . 

valuea itn a ;J!m.ila~ :!'$.~hlGti ~s 3..¥<1 equQtS.on <;.,&)., one all! ... 

tai.ns, 

E'~ = ;xa + .lta ... !.··.··.··. (l'.;1. + '·.·.· .. .i:l··.·.>1 - ! ... · .. (B'·"" + llj;,;ill.¢t, ed et kt · ~ e.~ ~· ~· . . .... 

.. rtk~~·l ~ l ~l!:"t'H ll 1"1i!;i > .. lk."!1 l )] tJ•e + K( l!:-'G~ )~ \. . 

. .. t j!t11:"l11h!!<e1•!>a~[ k~m 'J}t,t• + 5 <i\1UJ 
~·n·~• . - '-n t~ .. t (•1""2)[ z::. Gfqil!e + 2Q•q!._.~i!C!14 

+ [ g k•l!: i (" 1""' 2) .. (1-:iJJ 4'. . + l!:! k"'! 1> " '1:1 

... -.1 .. ··.··.· .. ri(k•e ....... l -t nt~1·~a>l.··[·lt·2n~· .... ··· ... jC. ..) .Q• ... ·!!.1 .. 2 I.! . , ~ , ... '.J q + q J 

... t (•;i.••2)[ k~ !Jl 'I!:;;, .+ -:! ~~,!~] 1 :&.,1' 

+ .~· [1d1t-1> <t ... 1, ~<It•e 1> + u~ ~ .1> (k·:tl) <01-caDC xae.d.+ :x.2$f.l 

· + f [:mt1i:~e1) + !Ulif!.fe1""';1;V it¢11 x,.+ 



S¢>lv1~ (~.4.5) a:na <;•4'*t, tb.~ ~i$ti•~t~$ (f:}t 

ler a:re, 

5 "" ~e~tll\tenta 4 and ~ ~:re $ee~d $1l~ae.ie1~te. 

1~e~ tm~e:t1tl ~. and. ·49· a~e. l"'eI1ll~•.te~l 1~ l;;lt!H.U~~ d ~n.(j t, 
but nQ grt?ups ~f t:re-t:m~nts (f)tb~.l" tl11.ah tll.e t1~$t assQeiatl1;)$ 

· of tre~ tments~ ·.~ al:'$d @) t1)."'e ef.i!ln~:m.~n t() '.b.iQolt$ <I a~a t • 
t ~nd tl Val~~$. if! . 'thit$ Oa!'iaQ;. e;~e 



Ai .• --~ - r.•• •1: .. _~---- .,. "1--• -~- A w -, ''.'tl' . .;to "Vt ~ ""- -·. ~- .,l)>,(l\';f, ·- ~ AE!}J. I 
p- p .· k k 

.(\. -_.ae _ --. -2fl 
'<11. - q = Q. 'I_:·-___ - - .,. 4'-. Xo4 *' 

,-k 

f1_le ._ - .~~ '.t _ 1~. ... . n -~-... _--_Al_: . ..,, --p - :r p - - vu. 
k 

f:ll_,,.,Ze, _ -r:>._t _ ·fi ... .,. v 
"" """ - ... _,,---- "~ -• if:'. • (\J; - - q, - i $~ 





. ' 

: 11~1 11 
• ..• 

t + ~ Q • il.e ::: Gt .... 
• ~ v ' • , 

E•"~= l 2oc1+X2et ~ ~(Bl4-+ ~teala • ! Ca.•·i + X:et> 2 
A . 1;( .. . .. 

-_i.< .. ".·.· .. f[. f!it•n.> <,e;;.;·ea> • ~:kt·c 1l] G•~. + .kt(k·~1l Q.'e 
rk{k•l.}l ·.· · 

• ak-~1> ;. ntei·e•U · tl'- 6 ·I'!!· t §ck~Q 1.~,. fe!{c.i-~!H 

k .. an - k ... h -~ 
~.Q. '. !.e ""' -.l ... · (~1·02) . ~ G'. · .. ac ;g.·· ~· •. L- q a L:...-. q. ·. ~« 

+ [Qk•H•x""'zl - l.k-e1l] Gf <t + M<(~:i) fl.\, 

- Gk·e1i +rJ;~cat°'i:TI ()*• ·i· ~(k .. e:i.> -\- n<~i~e-~~ 

·~. Q'.n· .. ae.· . ·. •. . . ..... · ~ CH 2e x; .. + k•in .. - · k .. ~it ~J 
L- ~ • i (~1-~a> . L.-.• tr· · · '~t 



. ....,.' iz. · ... ··.•.. . : #~ 



.~~·1) fif~~·il + (k•alfe:.;~•1>] [ x~.,,.~ ·~~•tl · 
... t ~(~(St+•;. --·tf~:~•f,1~.!,, .... 

Mffll.'ptlfli~f!I ~~J'. U.:•> ~~ »~8111119tl ~ ~ ~ii4· 
. ltet 1 ••e elJ~ .. i•s tb,fl. fi#•ql)tatlta11: t.1,1 

• • l .. .• • • .,.·· .. : : . .• :' ' .'· ••.. ·.:.:'··.:.... :.·,:,· : .:'···.: .. ;·, 

: : . '·>. ' ; ~ '. .: : · .. i ~ . 

•h1rt · · · · 
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mates ~f i 04 ·~ii. X;~t et$.1 
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. ; :· 
• " • ' • ' • ' • ' • ~ ' '. .. • • .. < ;:· : • : • ;. • •• ~ ' •• ~ • ' .' ; • •' ·1' •• ,. ''. :. .. ' • •• • ... • • • •• ' ' •• • • 

•,'~t~-~ [~~·1>i1 +:~<··;-'.~·i>J;· ~~i)f n~.._1'+ ~~·J··C•1~a~ ~~« 
·~t~:L.-.::•.,:q·,;.1 :·..-.·,,,.·:'("' . .r:m'. . .r1Ji.:'ii1<1•11iA,.i:.1..'(f :.\: .. :r.::1.:t ·'.·.-. vo: .. ~.':•~:- LH ,(1.-,;u:.::r1•:af1JJ 1 _ •'· ~ ft[ f!·1r~·1-~i+ ~!~•·+ lf}- (1:~3-~ ~~-·aJ~+·a-attj; :f_•.~~a~ . -. 
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. ·:;: 

~ . .. . . 
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. . 

1!11~ result' :fJJt ·tl'tl.e •~t1"t~~ ~t two ll1$sstng Q}!J$et-vei:tt~nt 1 
. d.l$Cit~s$ed .;i.:tl le.etit>~ ,.it:.~;; '~v11l ~:11>vi~~e.).;1 ~,.eJ.j.. ~:0.$ t-~fltlfS• 

u:r~td..on ~f the m1ss1ati v~J.'lll~ .. $ i:Jll tit~e de~l.gn. ~- 'qua'ti\Q~$ 

ebta:i:nei atte:v li>~'rt$.a1a~. ~t:t·t•n>ntliat1~ th$ $,r~t aiwi~ ~f 

Sff!lJafe $ w~ th 'es:@$• 'b tQ · ., :g~r~rti.!..~'!Ltl)!:t~· m3.s1d::n~ "'•lllla,. , 
. . 

$bt;>W $tw,t thtJ e¢it:tf:lg\l!f2tt1'1>~ ls :!lle.l.th$:t2 (t;t'~ecti:ng tile ee$f• 

f:teielilt ·o.t ~a. ,. :tio:tlf' th~ e~~s·~a.:iat tq;:r?m t~vQ~vl~ l'i , ~'e' 
~'e , .. Q~~ae "' ~fLd t•~"··~ ~t C>~rti tei~m at:fe~t¢.i bf the 
~onfi.~~*1tt.'ld.m• lL$ th.$ ~~e.f'f:J.,.;t~n.~ ~t ~he miLa$5.~g val~e ·.:fil$···~ 

. undel? c~n$1de~~t1t)~ ... $~.~·~ 'Q~.ttg..l1i,nt ot lat''*' ~·· ge~e~ttl, 

tn~ $unt f~!t:)u:i: tlile m~1s:tf;t.1 vat~~~l ~r>t ~nete~ eE>~$14~w~J,;t.on1 

\Vill :" denot$tl by I'• 

lb,$ ~ -= ··:n. rn.tsillll~ '(tallies 1v!l:L -~ ~Elif~~:Pre~ t;a &1.1 1~4" 

xet · .. • • ••. ,., •• •, ~uiv 1>J!i~~ tih~ J$t~tle•l~l? m:tllJst~ 'V~l.~$ ~$ . 

x,ct,• . !we ·P'$;J't~e~l$.7' $l$$tl,;ng 'V'$ilutl$ w:l).l ~ ~enot~ti .'bf X-.ai 

(;\~Q l$f:c• 
~e er~o~ ~um et lilta/U$l'9$' :.t.nvol.vl~tg; ui$;ssill1l.i v$;1l.\les $:1!llf 

ean b$ w~itte~ JM~.l 

(. ;IL. JV.'.··· ,. f4t_,lj ' ., 

·~ 1'e$tttlt Qli)t~'l~$• art.~?' pa~iit.•l!ly j~tterr~n,i.s;bbs2:l!t1, 3 , 
w.ttn t'$~P~et ~o a p$.~ttt$~u.l.aiJ mias:t~ ·vaJ..tt$ x.04 , &$, 



.. t?J .... · .. [····. a . '""""' ,.,.. .·x:$.A.· ... ··.· /7\:g.. . .· vfii.'t . . v. ~Q, . . 
• I\)~·. • • . . "·'': .. •.•.· ... ·.· •. · •. 2.· ... ·. ~.··. ::. ~.a. • ~""' l 

()inti(i.)usli, bl13.$ re.ij'Q.JLtt 'llV1:ta. l)~ .. 1~ ll;J~!ill~ .. ; u:a'~~ tt~j' •0ntig.• 
~~at!en. 

!be ~~C)k. t~'~i .t~vf>tvla~··· 
tit th~ te~,.! 

•.. •. •.... "' '.I, ~· . < 4 +. ~.ct t 

P~~tlaal\.1r ttiffe~el'ltlittti.~ 

· v:t~ m!~s.tlQ; v$.l,:u$"~ .. G1$.1.J1 

./Q...... [-··:·····-.~·.1.: ... ·····.·.·· . .. ·f.1.· .. :st.· .•... ft··.··.·· .. ·· ... + ------:<','-i'"·'-1,; \ Tr l{)X¢4··· 

fh$ ~nty- te:r:im ~tte~\1$~ tr th~ •~.r.J~ifie.t:len ·ts 1. 

m1 .. '\l$fi1li tiQa, 

,~, i ( :._, ;: 



•' ' ' ~ 'ti;. ---:;;?·. +' ' ' ':~~ ' ,, 
'••it :: .,,Clt1' .,,w. ~ ' 1t ' <~ ',' •.. + ,,1,~ ' ', ' ''' U-)1 ., .·· ll ' 1•111 

"•• uti;ui 1• ~(t. llll• ••"1re.. . 
•1-~~ ••·• fli'I. •~x ·htA·t~•:1 s~il-l.J1" s• .ttlU· ~u:awi-•.t'l tti11 

., •• ,. $'tt' ll\ ..• ¥/l t1J14 It -tt•Ut4•~Ut4\ JO.··· . ' . ·' 

r ··• ~ 

.·/· .. ···· 

' ' 

••.• ~.$!J•ia •'1 A•. (.~·it) ,, .,.J! •14.toA•'S I ·-·~-$d;~ 90\11$ ' 

l\iii~t!- ·. q,, .. :J . 



= .·. l .... · \ ;ak(k·~ 1> ~ •:0 + a E<~ .... :n> c~1 ·e¢> - (k ... e1)] 0: 1·0 
l'"k(k•l) . . 

' ' 

• r a(k•e."1.) + n<~ .. -e· .fl ~ @•.·2. ~e L: ... · · i ·· 21J " q 

-<fl:1,-e2l )-n, a•g_ae }x84 +;:..,, + ... +~.1 

+ ,;Jf!li-:1,){ \!t(k•lHJt•c:i) • k(i<...,Hill.,...alJ (X2•il + Jt!!.,r-+ •• .+:t<lluvl 

+·~·· :N } • {4.1;) ed. · ··. 

l?arit:tally n1.ffe.rent1at:1J.1€; <4.l~l, with ~·$pact te xe<a,' s·~e 

obtain:e, 

. D k• .. . k~ 
• !.·· a<:tt·•"j.> + a(c:h ... ··e'!} .. >~· L .. ~:·." .. a<: .. 1 <~ 1· .... o't'l .. t~-.· e• ac> .2 · • · · ··· · i;1li ~·· . ·· ~ 2· · · a. L q, 

' . ,, ~ . -

A0ain• the onl.y expression wh(;}se .tovm ts aff$eted by ce:n.ttg-
ura t;l.en: i.s !f., . (foneeq,U$f!'ltiy.t ·e•t:>m'JZi1ni~ resultit5 f 4t12)' (};~. $) 

· and!. (4.1.4), cne get.s 



·~'if . < a ·!1!t• .. · a ·fur .... ··· a t·h.,,...... )°' .. - ,. ' en ,'' 1-. ·~. 1.;. e~ .· 't .• d:.1 ; ·~. \ .,. ·'4< •' ,.. ~ - ·~.·· .. ·.·.· .. a.·.• '"""!ili!"..it .. . ~-.·.·.:~ . .a.·· • ··~.· .. '.··· ... · .. i&~'·J.1.""'w't.· '4l..' •, ' ' •. ~ .·., ... , ' ~·. . ..•. ·. ·, ~~~11-Jt;,, . . ' ·.·· 

·· k•n · · ki•ll. . . 
+n.t.e.it.·,· ... ··.;..e ..•..... >'' ·~~'·•·. ~o· • .. 1 .. · .... 'e,.· ..... •co.> ~ ~·.··.·.•fl!.~ .• ,.. a U L~ q . I ' ·. <lo · .. ""' · '- · ... JI 

-+ [k•llHk•11:i.l .. <tt.on:J.(lli..,.a>] l1,1~+1 • .1v.>1m.··\ \~!I! ';II 

~quat!:ng equat.:$.;o:n (~.l,). tfJ ~~rr!I>.~. llll.tid. 2.t:mpl.11'y1~•; ~~$ 

filbtia;tns · tti.e ,gen~'Ql l?(J$talt:!·,: 

m ~ .. ··.· •. ·1;1.·, .·. + I' = . o .. · .. ·Ji:! .. •·. ., . c~ ..... ··•IJOl> 

f!'le el.lu•tien $ystem .i~ve>1:(t:tng ~ in1a$l111g ·v~lu~~ m~y b$ 
. ' 

~ritt•en ata;.,: 
'.\ . 

... ~· ..l... ,I'll'' '::. t.i.· .... ·' "' .. ·. 
"''~ 4 6f' -r ~'!. ..., $' " $,Ii 

m.·.. "";.... .• . ..L N.r ... ' · !4.tnr .- · · 

. . . . ' i.e,, iltbe ~o~tf'l.e•1e¥At ·CJ'i; .. tll~ :nd.f'.liS!ng. v~a.u.a urii:;i.i.e.:t'r f!if:fe~~n· 

hand s~ .. d.e 'OJ:f • t!l$ ¢GZ'J:Stant t~~rt'l 1$ ral\'no~.t the $ml'1$; wlth 

tlle e;;tee_pt1o:n ~t thfse eaa$$;. v1h•:L"e se~o:ll~~ a@$.oe$;.s.te~ et 



' . 

'tl?1'Q-$?');.t I) ·~~~· il'i!e•:i:J·.li.~L~!l!L'lill!i!U -~ t1ne · the :1l'i:v~.lve(i · t>J.i;;~k:t:i. 
:Eix;p.l.iQi t .tenr.ulfle :l~ t1A:Ul ~-~I ~~·""' 

plt;l.~ir,i,g the ~et'lst~~:t; te~m.a,· wn~,a nl;lee~11.~r.. P~fill's1\1le ~¢in• 
,_ {" 

!'ie;.u~at:ten ef lei :let al&~ !$'V~lli tn fable ,4.1 a.lo~ wt th 
the. 0ff ~:ta,,~Jti~~ ~~~.t'fitc~~•~ifll•• 



...,, . 
... -. ·.-

. l 1 

We tvlo &l'e mt as~~··.~ ':tt . ·~~·- ·~m;t . , ~-•. '. ·: .·~ .r '. ·_q·> . ."J • .-.- tr:n :r~r1i,J_ J t ·-i · •... r_-~i!:·~·,y-l. · 
:, · ... . 

:··, : .. ! ' . • ·.; ;, i ' '. ';~ ... " 'J ..... 

. ~);~k,o\~e~mn,~ . . " 
i-~· •••~•at: 4 ~4-~:-~1t1:::ti~tt, 1 . ,._ ·· ::· 

,_ . ' ·~ : 

a$.$b01a~-- 1'ut ••e~- "8$i){tll$.'l$$ ... ' ·'.,.· ·-t o-4~··~·-i .. a~;< 
c;t- o .an4 t •~e tJ.0' ."p).1oi«,$4 ~ &n · · · " -· -
btocka a uill- 1. 

\-'i .•,!,\ \. '. 

·.·:·.: ·i.' 

J • ••,akrtent1 u u• • axae s..,e .. 
Qa4 Qa•oelateai •1tut so cto'lllls •t· · .. · . . . . '' . . . ;'~\ ,• 

· 4 •· fl'••-ntd '$: @~\e ~.E) ~•••::'' 
. o~41 t:iil$~b'te.$ · ~··~ <ltlr\ p~..lr>~t · 

',; . i .··' 

.:., ... 

'. " ' • ·•~ . ..,, (k~,13 

I. ; I'' 
\. .. • '~ •• ~ • _1 

··:· ;:·,:.,' 

t ·,,, 

-. : ' 
,:· ; :_; r .• :: 

' ,:· ·:·,,·,, ·; . ·'' 



aasoei~ tes,. tre.atlil'l:$li~t$ eand. $ ~:f'e 

l;leplica.tecl tn bltrHi~k~ 4 ~ltd: 11 but 

:no .g:reups ot treatxn~nts (etihf:li' 

t:tlan first 111.sst1~il!l t~s ef c ·a,nQ.. ~) 

al?e :repl!,cQ;'bed '1n bl;Geks l Qn4 f. • 

6 • ~~~ tment$ ~· e:nd e ~:t>E!l $$()6nd 

a.ssoeiatss, 'trtnAt~nents e e.nd e <a~ 
tt().wti¢>n to bloclfs · .f!t ~nit t., in a,~- . 

at t!Qn Q.1n gt;t0uJ. Gt ;~~@Sitn1ents a3'J(; :'!tr ·--. · ·, · -
·,. 

co.mm.on ttl.r 'bloek:J an.d t.· 

X0d .an~ Xer a~er. ti:~1.ss1ng J.n tlie 
..... -.·. - -.· ., ...... · 11i4w! lli._,L. ·y -.: .w. -, . ·-~*'~ 

7 ..,. l1re:e.tlll.e·nts o .. ~jJ!d ·~ 13t!"e · f.i~st 

as$&Gl1$: tes • 

xcd ~J;aa liet a~e .·mf~$~0l:n~ tne · 
s~rne trea ta.Dent ! •• lih. , · e. • t q Nz"X'ri-" .. - . -~ " - ' ;:nm ~ ,11_.~ 

• [Fttt-1)· +(k•e1) 

+ <t~nl {.o 1 ·~a>] 

- 1rrOt•l) • (k•.eTt l<~D:..i.n•l.) k i.:= . .. . .·· ... . ... · ·. 

·~fk•JlJ (1i1•~i) J 



. . . . 
. . 

',.: · (J.PJ~l)J1t•1At tJ.~znrt•:tu11· · . ·. 
. . . : 

-. _ .~~nt·s:gm11a.t!~~ 111· 3£0~ a« '~t· · · .. ~-••tt.l~.~•n:t! •fj.'.X~;e . ; . 
', "'· $$~ent\. -a~~~•ta~••' ti~,:'t~~·~.t~. • 1 [tk ... :t)l(k•c.11'· .> . 
inea>t Q I\;>$ n<>1l HpU.a~:iJl .. i. +f~~).)(;.:.~) .... 
bl~eita t ~·n(l·. f,:~. · · · · . . . · ... , · · · · · , · . + f-~•)8t•1·•1U 

ul ~<~ •v•-.... 01!£· · ~~ ... ~ ·.• · ·. • ltcM~i .{t'~i.·11 . 
· ~•t•~: et •atuat o,, ~~p,11~-. ·. . · +a(•.·+~).:• :i} · . 
e:~t~.a t*1 bl••lt& 4 o.4 ·::;,'.' +t«~1-.•a>' £<~·•)4-t:---~] 

;·: .:··, .. 

'·: : : . . . ;.: ' : , .. 
. '. ( 

\ ! " ;, 
: ,,.;,_: .. · 

:'.('. ': ,, 

J'' .. 

• .. -·:.> 



ta t1Aa $$(itlloa,, i;b$ P;t'tl>~e\\u~e lll!liil~U$s$d ta $(il1Qtl~l1 

a •oft will b$ usei to~ th~ $a,1-$:t!e:u, f!i~ s~•t:ra1 .i•s1~ 

11~1~•~• 1..~., )J>Uti$l.1V i:1:t~f$~S$'!ttat1- th~ Ei~r~~ sum: ot 
tut•$.l'f.UJ wltli ~~$)1ilict ta ~f.u~h m!LIJJ~ft- val'lile .~-d 'ilq•at.:tlt$ 

the ;re$ultilil$· el£jtJ?i~·s~d.~• •&:th ia•:t~,, wbi.tl!t wt).1 t4<$J.4. I· s$.t 

~t e(\'tS, ti~n' !Ja · una~wttll£• 

D• e~~o:P b:tmi Qf $q'U$.~es mjf '.be •~t*t~~ e,s,i 

E~[~tt ,.. ~s .. L~~,. "' ~. i;:u.,. tU~ .. >:- r .. q ~21 ~l 
"l 

;~z1~;a . 4 2. •l ~ LttllJ. ~ ·~~ "1 u ... "' ~at ~ai\ • ~ '. k ' ~· 1 ,'·' ' ' J 
(~.1) 

!he, f'lrst t~:r$ l» f$•l) tis, ta~~n ti;~~1 t~ fAl(!et!rt1 

$ata. wllil.Q ae~~n<l te~ 1$ ¢ib~~~4 ~E)m· tll~ .•t'1. l,tn,vol• 

Ving mi liltil1rt~ va 1uEl s:~\ 

f$:ar" e'1tpedlen.cnr, 'Ght f$i.lowit11S 41'ti;tr!litle•• (!~~. ma4~. IQ:t? 
the $S$$nd ~u~:ut!tr in ($.1) •· $b.oe ~h• tt~li~ q,•a~'tl.1>1 in 

( 5.1) VV'ill vai~h, ••4tl~ 4iffte1'rtn.tl~.t1el1.• 

·:~··, .. 2 ' i . . ~·1·.····· = • !~· k ·. 



. . ' ' . . . 

W••• ,~ -~~-,, '* e,f equ~••r •••,i•t_, mie•big •t\1• · 
u1s1:: ••lr,, ·'1•4~c<ea\ , •. 

. .. -· . 
. . ' ... . .:· . . '' _. . " .. 

:tn •a,1'& the ••••~d. a11;11,1\1S.a••i- .,.,. •. ,uoa•tl &a·•ar t.t •t 



t.· .. · ..... ai m.···· ... · .. 1'J, .. :··.,.; ·~·· .. ··.··· ... • .... ~.·.·.·.·.··.·.•'.1.· .... ··.·.· ... · ... · .. r~ .. ·.•.· .. ·.·.L.'£) ···-4.·· .. i: ... •.·.·. ;iii:' .. ,.1· .. •• ... :t.·'. -'- .'.l<w.J· :. ··+·· ·.·.c .. •.·.·:·1.· •... · .. ·. · ... · . ·.... ... ·, q- ~··- - !i ~I•· ·~ ' li ~!!, ... ~ .- ~Yj .. : . q, P(lt•J..) . ·· .··· . .·•· . . ~flt 1' 
.·.· ,' · ·. ···:r.:·:·>r'· , .. ·, , , g·····~····. ·. ''···,, ""~; _1 .. ,.,,.· ... 
. , '' ''. ' .· '. '(~.··. ,:u .. ~.·1.·)···.·.··.·.·l.··.*.·.··.· .. · ·.··".· + 1~ ..• 1 , .·.U.···.·.·.,···3·::£ ... -.·~.·.·. z.~.·.· .. ·.•· .. tt·.·.' ... ···+·· .... 1·. ·.·. '·.·· .· \: '.' ' ' k ·, ., i;ti,'(i,' 'lj 'Wi· ~--· ~ ·. ··;,t0 . ., .. 

!' -,- ' - ,_,_, ----' 

' ' ., ' '. ' ' 

'{i.;f~. 

;,0:r · th$ (/)·tJ.tl111a,'ll'B qt1antl t1 t() -~ •~\VJ• 

sA.d;e'.t:'f;d' !.s tiv~-. .!a · '( '~J')·,, · · '1;t$ -·1•11' twi~$\~Q-~ ~'.t,1.1 

(~lt$S$,B~ 'V&tl;~~-·lft i$3•6 
' , , 

'. ... ' 

ti; = '*i + · ·(~!$$illg 111.l~t.e ~~ .. i~~.aime1lt · ~) 111 

:&:~ th$ ~a3ta or $!~11@.~~a~l~v-:i.~~, liid.'··. f~lJ<l•• .. 
lt.e~t wl~~ 'be l~•,ii.y(lta tJlt t•et fj7~~$ t#I ··~. va,11.1~• ~~ti tbr~~. 

,. . - - •' ,. ,_, .·.- ; . . . '·. ' ·' .· 

u·a~~ . !nl~sfl~ y~i'fl"tt lili~,I~ \le· ;r~t~:~:r•i . 11> .ta$ ~<t, ~~a. ~~t ·~ 

• (: ~l ni:tss.ill.I V$'tl~";s ~lili ll>e ~@.t~-~~ \lo .$.•~· le.I•' 

... , '•• ' 

t~vC>1vJJ th~ ld~~l~ v:~lu~• raQt···~-<!$~· ~(l~-~~&:r$tJ&~~~~~ 

~~: e·~,o~ ·~· .~r · ••-~lllE.,~.. . ~~tr~.l~tf1a -1$.~l~ .. · ~xrt!A~\t•s.,•:.· 
<.: 



, ,:1f'' ;::, I~, 1-t-, la .+.'II • . · , · .. , . ~· ff19) 

1)1ff$t1ettt~tt~· parpt!•l~~ • (S:l!:f) ·. •l:~h. ~~-,~~t · ·~- 1;$•ii •••• 

tq· vilu1• ·1n.· 1••:tJitttJ•v• ~•1.•:·~I·• oncr·a•tt · ~h•::ros~ltltJc 
· •t••t3:.o•; •t · t•': ro.m,, .. · 

.(·. ;, ., : (1,, .' 

-~J.'$. 

... -·~. . 

m =· ·l'krfk•1.)a .- (1'11> (tc<1t·i~ ·--~ t1•i1] ·~·· (k +••·l.)(it~~o·t•1._,J • 
'. 

\, I 



1E?41,ted 'lta ~~J. 7bVi~· t·f' tr!le i~v~.:i.v~.~ ~•o@:t¢s, . \ih.e ·eiqu~tlen, 
. (att~:r pa~tlallJ: ti1Wt~~eni~$tt~ (~·9-l \vlttb reo.E>~<Jt t~ 

jt<.'Jd at!;(i. ~q\'lat1~$ th~. Pf:l.l?tlal Cl0·'.tlvat:t;V;~· 1fi9'Y ~e~or. w:tll b~ 

of t!'l~ t0~, 

. . 

= ~~,,~.;J.,).itt~ + k~IJtt:'°'~).)~··~ 

+ ··~ (!~.;n) .~'.J..i.·•i> • (k•,1ij . i*• 

.. f ~{~ .. oi• •+ a~~t~~ur~~~·~ft\ >t""'4*'ldJ 
.... · •. .. J&z""n•~l\ b a~ ,r zt ·t ht1·~2~[· L ~~·ti··· +2=tq~J-. 

t~~1Jl 

S.$ .the nilimbe.:i'J tJt' setec1,1.~ a$s·~~tJ;;•t~.s er:t:ii ilb.$ · tW~at:tn.~:i.'l.ia. ~~!:~ 

l!'~pl.!.c.attad in tt~e ;l~1'(';}3,;1fe'it ~ll,;)e.rifl~.. i.t !.$' ~t Pt$ai)~~ tll~$ 

a= g~ 

i'.··· .. ~ .. · .. , t.t•.·.·.·. , $\.'.> .. ,. ~·. · .. sie .... ~··.·· ... ··· .. g& .: G•· ...... · .... fi .·. a:nd t~• .... ·.1& . . · __ u · Jl ,. . .. ·~. . q cor· ..• q .· I ... q ' .. . .. . q, .· 

. . ' 

a.re th& n~•~$..o~'1- v~l'Qes ta.lfl:$rrt ffom the ~~:l;et:.t·l1g .e,liit"t~.• 



. . 

. find Q'.*1e pa~tfi:tilly .,:U1f~!l'~;o:t:t~tti~.· :the e~:r0;r tt~m. 0it square& 

w1 th !"e$~e~ t ti) each ml$S>!.11&; v~lu(l3ii~ . ~ql$$ttta t~e p~l'Jti;l.~.1 
' . : ' ' : . : . ,. '·: '. ·.. 'i-' ' : . ·.·: 

· dE)rivat:tvea td4tfl. ~$,O, o~a ol))it~:llf1$ tli~ ~ell0wS;~~ S7($it~~ 

f>f eq,ll$t tions .. 

-. . - ~ -. ~ --. ---. - --

lJ'i 

J'. 
·~i 

fh.e £13 9$ a!'e 0htal:a$.d i"N tl!¢>lf.t$'id.ei-lng the ~@,astble 
eQntig~rat:t~Jl~ ~f t'\lll~ miss!:nti v1altrt~S;• l~4 ~nd :ifi.et .f:rG:m 

. . 

faJ:>le 4.l. '11h~$e e·~.nflg'Ur(!l;till>t1$ ~~Et no~ -all ~-~tu$111 <;11;t• 

Cl.USiV({}• 

3:1'11.~ a:tiove ~1.$t~n't .of e¢t~iiitt1o•$ ~:r .'.tDe ~~·:t'Jia;~e$~~tett ~~.­

:mat~llt: fo~m 

AX = G ."' ... ..,., ~ 

' ... · '!;; , .. \'I .f!J.:_· .. ,l_·.· . \ .,,.. +,71 



--

·• 

.<!if .. · 

.w;,· ..... . 
l:!V 

.·x· . . -.·· -..... 

' .' •. ;.a.a· e.·'.a,$~ ~f :$ •1lisl11l!ll~ va1~~~ l~ Zi d.l.$tit~~' bloe:wt& •~t .ii "- _-.--0 _. - _Je_ .,_ _-.'-, _. ____ · L .-- -. _ .: .f:. · "_U) __ ·. -· .. -~ __ :_ ·_n. _- _ · ___ _ 1_ ".~J: ·.J_u.,. ).,._it_.illl:.!ld!" •:we_ a t!M: -.i,~·.'r: .-: . , · .' .,. __ ... ,. _- _ .... _ . ___ J. __ 1: ,..;,, ,. ·-..:~ J'11" 



. . 

!l-<~~'·,,~Jt;}'.\t~~'.~~~~~··,t::'..···::: ·:;: :,\•;: 
. , , : .Qb;V!~\l:$~}"if,.: •~,<,h,.P,~~~;ef·;~lS,~:~~i;;• !•~·~~·:-~at:~e~l·;~(·ff~n• 

. f.is~l'$>t~$~ .),. a~· tkfl sr•te•'.$t'•q;•a,t£~b$ J'~<ilttees ~.)'. .. 
! · .. 

. .· . ·.,. 

' I:,.:••,• .','_. ! 

., .. ' . '. .. . ' . : . -~ 

' .: . . ·.t 

fftle $$'.1$~t$ -~t 'w;tsalq. W;.ltt$6,t- i.~·.t:r·~-·~~·: 1~- anti :blo.1tlt .f, 
111 -·~-~ •ae•, 1• 

. :.:,<'. .. 
\ . . ; ' 

.-.:ua. = ,lt,:t•:t.>.~,:~.· <,J&i~iJ [lt~~--1t 4'. t.~ .. ~u ._ .~. tk.~.~·i>t~~~-<•a·•a!:, 

g .-=· l;: .••. "~· 4, .• _.,., 
and 

o,1 = .. lfftt•it••~+ ~l;k1:1J~~, + tttft1 .. ~t•1-o11 ·•· <i ... 1u t'j(: 



· RerEl each. lflll>r;Jsible ;pai.v ta1t ni1.ss1~g cyalttea sattef'.~e&~­

f1€;urati.on 1, so tut 
.. '",. 

' ' 

- 1 -t;...·. ~~~n)!(e1·~i> • (i!k•Ji)(k•e1l) - • t (:say) 
;Ill;. 

m .. (~·a)t 

" 

• • •• 
: ;• 

t 
m • fF$•:ut 



a ~a, .. 
(:·$£ .. 

x114 = l \Cm - < ~..ai tJ 
x.,1 = f { 1!i • h·&IL] 

c .. ~.·.·.·.• ... '!)1· + l L..·· .··.. . .·•· ... ··· .... a 1.·.·dl. • v~ lrp fl · 'J 
$ .... · . .P ...•..• + i .... L:·· .· ... · i::.:·)··.·.· i> .. J·. , "'"" ~ ~ . ·~J; ~·r«l , 

x ... ··· = ·.-.·.1··•··.·.· .. ·• .. ·. {cm - tz.•rut] ; .. • .. ····· + '·· ... z:...... . ·· .. ~.· .. ·····.·} • UV ;t UV . !#lit i.V . 

where· 

1; = raa .. ~<z•a>£ .•.. <z·~lf4 $ 

n.... 1.,.. It=:.~ 
k 

;\_11($ :~!,~~($$ ~~~· ... f~~~~ .~$$f.1)C~-t~.m.\ 

··'.· .... ·~· ... ·.·'ll.·.· .. · .. t:.•··'·· ·~ iIJ•Gi'OI 

l:n this G$.$$ 1 •aeh. }?fJt.!~ ~t :m./1$$lng \i'al:u~s sai;ist~~:.;'.j 



A.s;alit,, u~!n{l& ~~ t1~i~ -~,it,~ti~~.,t ~~· fJut~at$~• $V't~:ttl ,flft?J.1 -~ 
,;;,. ···.:': :·" ' . ' ,,., : .. 

--
. 1'3, .£, .,.. ,., . • 

·• i1 m • • •· ' .. ··~.,a?> ,; iJI ,,- if.,, 



-~-·~~~~.~~ .. ~-~~ . . . . . . . . '1. ; . ' ·.·· ... ·1,, ..• @ ~"• ~: (:•~11 ,,. . , 
.. ·.·('5.30) 

·~ = ·' :. •('•..a), ·'1 •· (~~lf 4• , ,f ' I · 'iili) ,;J•J•. 
,: .. 

. . . - . - . . . - -. 

.• , ti. :1~.ltiti•a ta 

'· cr'Y''"""" iii- w.t~<!{li'ftti> ~al· ~-' 9oe;,.~ie,...;....,~a.iio; .. C~·.-'~ ".•li!f -·•'""""~"O ·11: 1••• • • • • .. !IP.'W~~tiil'll"lil'I . . ' ; . ,._ ' . . . . 

. . 

xw = ii {Lti - 4• .. > "1J c_. ~ '1· 2:: :;,! 01.1,. 
l+. J 

••• • - .•. ft\•{'la') 
.r• ·• ·• ·• ·• .._ . 

. (, .(' 
· .. ·.I 

.~· : .. ~lft~l- ,~:\'1t~~J~· .,tl_, ;~~;,j .iM,~~P,t# .J · •.. ~~ :i~-~-.fl~' 
' " ; 

. 'S~~-~$~t~:~ .;··.~.· ··~··~~~~;~'f,.J*'\'~"~;~:r"~;.J{•~,~~~~~~r,;~~'·0.J;.:_· .. 
tw• •t. ~h• la>Wi l:ved bloe:*~ll·• »• ·_r_··.·.:.:· .1 ·:::;~~·•nu.··_·~-~-~-•:. :·:.·'1'.-1 Jrwf.J.J~~·-_,...., . 

. ·. ·iu tlit~ · •. ., •• , · ·~v~i//'t'··~~:ett~ie. pel• "' tbe ·•t*at.q 
·. ! · .. ', 



val:u0s ~at!.$t·iuiiltlnt'~:$~~.~~~O'n;.,,. Ji~$14•~~. t;ll:~ .,'1;U1:,$.o;t ;:,$., 
;$m ~s 

·f· x· o· . .. ' ' . - ...... - '.·. .• I eir - .·el 1 

I 

• l~. x~ .. ··..i1 • £ .. ".:)•·.·. ¥"'·. ".·~ ._. \llil!. ,. , A - ·~~ '1·-~ !i~-1< 

Wb$:fO 

'a :: · .. .! .. ro~·:t) 2(11·•1> + 't•·1J(:k•1·1> + c·-1>2(ei·•a!>J • . .~ L: 

• • ·<~~~u '• ···ta. 
'' 

ia ~.., • 
. .m '!!!! (~•!.~ £2 ,-. . -..... ~ - ~ ~ ...... ~ 

·:lio!i· .""' 

~ """ 

thfl!I · eolut1Qi:t ~. = A"'°~ ~ 1 •"~fl)$ the ~~ttmli.t~~ 

V(lltU~$1. 
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11,. •n~l..Jts& th$ 1)$ ••1d.'1n ·with m$$$.:l.11g ~bs(ll;fVa.t1f{)n$ 

if';l~St f!_nd .th~ blQektS··~~t~lS··lf~J ···~~·,.~~ $1,l!GJfi;~X~ft~~ta.i .e am 
11i$e~; :them in Jhe Pl•n: «r>t. t;.,1$:1,e· 6.i. 10!$\ tl$oh tJ.1'ea~.$nt, 

. _;,.":'.">···:· 

$bta:tn the. t~'lle,Q~.$?1tc:~t~l ml ·.~ lin4.la,~ ;·~h~ ;t~;ttai. ~f' ~ll 

ble>~~$ tn wbloa t?e~tm~llti t •e~\\l~~. .~"~.e q;u~t>it~~·~<~GM. 

tn.~·· anit'ffldua1 ~bee3''Vattt,i>n$. ·~~ il~t: lttt t<t tl1.e itAi;,,veoari 
an'4 the Qe;,rei(p~$\4l.•g bloek: t~tala ~- 'tM :ti1ht:• the 

rt,•s $1\~ E1.'·$ ~~$· .Pl~~eli $:t1. th'Ell :f1~1-"b twe CClU?tltlill "'' . 
. r .- .,. • •. . . ._, \ .. : . 

~ble 6~:f4.t . tben th~ .o~.:tgln~1 Q.1·,..va!ll.l•s $~" '>·rirta:tned -1 . .... ' ' 

~O'fl. 1:ta $ht) €i!i$Sll'J\l:1tit1$l't G.~b$&rt~ .• 

The tl"e~ traent ~t\m ~t sq~a:,~$ 11 '\ibn IQ''.111fi:Uttni bu 

~~.1 ''· , ·w~~~r.e 

" t1 = 
~1~ t~~~tnlent smn eqi~a~t:r~ w!;l;l b$ bl33\ilit it o~~· 

·-a~t~~d fl1~'m ~t · 'tis~l'J$ th~ a~gm$n:t$d ~ta. 1~ ~~miJV$ 

the of.~$. ,encl t~ t)'btaln, ~~ e~die'lil • test, t~ :metl".let\ ~twe~ 



. ! .· . . . . 
,'i'. ': .... 

!n ~'·4lf1 , tl\1- f,\~•lttl,• tit· va#''l~n;~ :~••h'n:l,ue; to' ~'.'4t;tt 
1--~- te.$t,_. _tu -tt1:u.$mrb3,.~t$~,,s ·l1f'5it-~· •.. •,~·~-,:,t~ ;~,~l~lil:l•.tt,t. •ttu 
atltllt tt ~t1:a•••• Aft•:t -·obt.:d.nl~- ~Et.-_ t•'.\i•t•:$ ,G:: '. ihl'Je·, •l•~· 

l~ va11l,s: ll~El · ~~t'-,l~ -_tht• :;t~ ~mt• --'"!':~, ·It'll':' ,c•t•·-,.,f 
.~t~ 't• '*~s- ef &ttl.1t:ree _iti the t•J11i)wt~g .. ;f~thi••-•·' --.- .. · .. 

.. Bl .. '•.·_, ek_·:_.·. 4.~- •. 1.·· .·-~-· .'·_:' .. ···~.·.·.·-.a~ .. -·.·.'.:.~_._ ...•• _. -~lb·.· . .t~.- · .. = -1 . ' ~ -s~I . · .. . , ....... ·- • I ~ • . 

~· ; .. 

. + l.- ·. L .·- -c:1-'.• 11-,Llt .. ·--. >': - -~ci:s . -~ .·. . ' $;j -

' ·~"'" - 1' • (It-+ ~ 4 l.tta ') - . ·' 
• ;, ·;1'.: .: f ''.,M~:-.;4-:i11 H .• ~ ,. J .-L .. ~· · 

,, ., "\ 

... ·.···.• ..-, 

't/I ·: . 
. . 1~ A: .. J~)-. . ,,u.,. 

. • . . 

· ~-·- 3 · ~· • '-11.Q•k ~ti~_· fe).1 t.~ -~:~il•fal1 ot••e~t.t.s.~~~ ;('12fl••• 
....... 

uvint~iat~ 'b~ ~'as~~ ~-lt1$a) , *1'' .$.~· tntt g:fn• ·total, t•~ 

a« ·•rt.st~~' ••l.ut$~ '·.·tile· t,,•-•i·JI' $• -ol •fl••~-a,, A~ ••f-' 
• '· '. c 



fo· $l.:l.mi:t1~ti1· tne ·v:t~.li,,· tch~ :tr;;l.l~tw1~~. s~ ., .ri>t . sq:ua~~IJJ· 

eale>ttlii\ tea. 

= ''·= t(t•1~·' 
'~. N"°~·· . 

wh~1le ··~ = nwnb$:f 0t tilia;irt1~ valtti';)S• 

............ 
lt~i 

flm Ul''il'.>1a:;Jed tr·EiH~tm:en;u ~'Um ot $q~ares 5"$ ~t~.n fQ:'filt:iacl. 

J>L 
·-.·.·. '.~.·.· .. ·.·•:v.• ....... . """ ~··' ·.•· 

1~~~,1'S.1tt$i C$l.~.~.3.e; ·~4.Gn$ ·~;tt.~· ~hevin "ow tattii~ ~,n e;r..aa:mpl;,e 

1n. $ecti~::n. 6,1, Elll':l~ti ~nj aipp~(!l-,n~f;'~t:e ~*'1J$ls .~f Virl,anc,'i~ 

la ~bt•1ned flil}l." a 1G~$ d•11Hatgl!l w;l,'V~ t:vi.r~ m.t,ail~ oli>$er"'e.tt1o~$ 

li~ated in ~'t!J ot trl't~ i:!tv-olved. ~l.t)f3lt~:.1 ti~ ta.:@l~.l1~b~g 'lihe 

rorm'lll~e J;·~,90'}. ~l!J;a ~~•9l~• 



.~ze~,, the Q.a fsa 1,0~. ~~· e~~¢f~·;t~l!it . '11.tlcb. .~ ~:1."t&n'1!~r.d. v~~lety· 

· ~t (}Q?n was s~~jaQt~d t~)l.O tn:i~·}~t ~e~t(i1~e~~.~· .. ~~ Q~~ 
$~»vai;tor.i,$ ~~Pl'~.t>~trt; . th~ .. Yil6~t1 ~' ~Q~;rt ip ~ainw;iis .P~t~ p).¢1$·• 

.~. 4e"1!>'1 wa$ a t;;,,11 ~vi~11~· :U:~i.~;.~ .~.·~· :\1 . ,.h~ •• 
· Gtl$ Deid.gn · ~v-it~ v ~ lC>., JP, -= ~' ~. - Ji,..~ b = J.G:,, m . ::; 5.,, 

-'! . . . ' ';, .: -· .... 

n = ~.1 , A .~: = 4, , · • .\ .. ft?. =- .l, .e:i - . il.1 ~ . .i = !t/lo. .. . . 
· ibe .D.~$1.gn. is tf;l;ken :rr~om ·uir~tb).;$ of ~?~~·tilal:Ly l:§ala:i:.fcllii~ 

:f)$13lgn~ wit:ti· ~vo Assiao'i~~~> tla .. s~·•;tj'*~ b; ~l;f,\'tt~t~l:'t;b.7 t!tnd $~1k• 
had$ ~El:lfi!"n ~~7, 

~ · diae;U$.S ·t;ne rftetl11~¢i Qf 41'1~~fiSls lfl!'$$e~ted,·:tn .thle· 

pt11.;pe:r., trwQ Q.bservat1ot1$ $1'e ~ak~~ ~s 111t~$i:ns' $.n ~re~tme>llt 
., ' ' ; . . . ' ' . - - : . ~ ' \ 

a, t~ t !.~. l'.;aJ.. &il\d Xaa• 1l:F~~ltr!1€i~~ a, hl0e~ l;,. ~µ,a 'tr-~~t· 

:mexit -~~ 'bl$~k; a, :resp~c t$:~~¥3'. the; ~Q ~ell.$ are' e:tl"'eleti. 
in ~able ,,.1, 

' · ... 

$~~~ b~'bh 11a1'"~1i a.I'~ !tt!.,~$lnt: ,4.n tb~1 .. $ame. tPea~r.t~~t, 
}.~j • '.,, ,~, 'c 

. ~.e ,_. a,. a?ld S$0t:l•d asaee:l,8.t~SI· Gf tiveatm,$~,t 2. a~e not a?a~"'°' 

:u· .. e~'!Z$d 1:n 'b).ficks l e.~d. ,a. (till~ inv~l..ved ~ll)~}ts) ,i o~el woul~ 

G-l?l;lZLU th~ to~~Ul.&•_J,, •. $)Q) an~ t; .... ,~) •• 
;.-,' 

- . -



..-';·. 

ft~···­.~-· 

.a 
' . .., ,. :J· 

;:'. ' .. 

. ~ .. •\ ..... 

... ,_ .. ·. ·_,,,:._. 

·a. - ·_'. 7· __ -
. :i.;~~~Jl~ ' ' '!l) 

-~ Jas· I .. a~ 
_.: .. ·· .... ' :; .' 

.,. : .. :.. ... -.~ . ' 
. ·.• \• ·' 

:· &x--~nt)la ; 
i - .···· ·4, 
;t·· : ,, :,1 
i a· 
4 g 

' :ti 

,. ,· '. · ... ·r.· > '. . . :~ ··: :_ ..... · 
.:::: ... :.· .. : 

;_;,• ·, • : ~ J / ' 

:': :_, ; ': ~::: ' :; .. ' 

·;j .. 

'·. ~ ·:. . ':_l.-1? . . : . . ··.··. 

':. • . .' :·'. 
·. ·.' '.:·,-'•: .. ·<'Jiea ... 

~ :: ,: ' .. 

; : I ' ' ~ ·:. .~· ' : { ·' . : \ '. 

·., I 

.. :- . ._r·· ' 



,. .',, 

m :, ~·(k-.•l)a ~· ·(l~~l) (k~~l) • {k~~} (cr).•ca) ; 

' ,, 

~nd ~eeo~cti:ng tei (3_.lli) it c~l an.it ea;;a ~'.t:f$ d~t·bq,ed. a~ 

--1· 2i 
the .{iHfi , B,t4!' .. _';\. ; ~ .... a'b.·.•." e1t;;,. .... • ~L C • Cl'~; ~($ a;~e. def'i:n~d 

t;r;_ ,,.,'I - - '!!' .. "' '· ' ' ' fl. 
in equtAti~tt,$ (J.J.·}, (,.!}• f~·/f), (3•~1) t:ntl (,.lt}) r$s-. · 

pee 'i.ve.ly • 
. ~1il.ere f;;>l'.'e, 

C21 : la(,.1J) + ).~{.-!~~· 2$) + t;_ • ') {•;?ii.~l • .lf6+ ;) 

.. :,.(Jl ~ J•5 + 'f + .o) -} (~1 .- ~~s~ 7."" o>, 

= !JJ.i.ll~/1$ ' 



't 

022 = l~ty5) -t isc.~4.9.itHH + (~ • 3)(·•!54•'> ·• i(fi+tl 

c,1 - 3.;::+ 7 +0) •. i'··(;.1 - J•5 -+7 +o) 

~.(f . t~ 
.it ~!it· Lij.g 

=. s.~, 

+ (n"'ll(lf1-.e1) + (k•:n)2(ei•oa>] 

= ,,4 .. ~.$ •• 

'ftlese. estin1ate$ $:re tk~Jt .,nt~~$d 1:n 'ti:f:~le 6.1 anti e.i~~led. 

fhe ~\1t~lnent(fja qttl\Ultit$e~ u4 , 'a, 1 Qi ,~ a.~d Gt ~~e .~aleu• 

le.tea a1!'id J>X'e$ented bi 'l!•t>le 6.,i • 
1Jb.$ ~pp~0~1n~ate. and Et~aet $~1tea?a Qf V:;;t:?*ia.rnc$ a:rs 

0bta.ine1ti as diseus$r::}tl ;in S$Ct!Qn ~· 



$lbe app~ox.$.m~te ·a~aly$t~. t$ Eibt$1n~<t ·~~ · t~. t~l.:l.tJ1W:l~g 

,llrs.t. t1n4 the eli>r~act10n ta0t!flir 
' • '.-- • I - • ' ' • • • ~ , ' : ,; ' • 1 •• ' • C ' • \ ' ' ' • [ • • • •• •• ' • 

: fG'+~·il1j>al 
:I 

(:t.1. '··~.·.··.··)·!···.··· -=··.¢.. .. i·-1··_··-~;_,. -

t;.e 

"' " 

}!ow .:E}arti ~~onin~ the bloek $~m e:t $qua~e• tt~ad~U·~rted intC> 

twa parts; $~e pa~t 'n wh:!.e~ })).:$el~ .. ·t0t$cl.s io~~ Jill)t i~~lve 
' ., . .,, 

m:tssing values·.~~ th• ~the:r p~~t in Wh1e.h \tlQ"k i:i~t~l~ ·1 

invel.ve m1a~1)lg 'tlall!le.lil we 0'bta1n 

= 1()14~4 
4 

J:n i;he $1m:!t1s,r la$bi\tGn 1:1.lie total. s\Ul ot s1ttla~~ 1:$ 

pa:rtit1ened; .o:£le PS:fit Cti>J'~~~'Jlf:.u.ad~.;ne 1iO ·4utl$t!ng. ¢il»~EiX"Va• 
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