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Efficient Parallelization of 2D Ising Spin
Systems

Shuangtong Feng

(Abstract)

The problem of efficient parallelization of 2D Ising spin systems requires realistic
algorithmic design and implementation based on an understanding of issues from
computer science and statistical physics. In this work, we not only consider fundamental
parallel computing issues but also ensure that the major constraints and criteria of 2D
Ising spin systems are incorporated into our study. This realism in both parallel
computation and statistical physics has rarely been reflected in previous research for this
problem.

In this thesis, we designed and implemented a variety of parallel algorithms for both
sweep spin selection and random spin selection. We analyzed our parallel algorithms on a
portable and general parallel machine model, namely the LogP model. We were able to
obtain rigorous theoretical run-times on LogP for all the parallel algorithms. Moreover, a
guiding equation was derived for choosing data layouts (blocked vs. stripped) for sweep
spin selection. In regards to random spin selection, we were able to develop parallel
algorithms with efficient communication schemes. We analyzed randomness of our
schemes using statistical methods and provided comparisons between the different
schemes. Furthermore, agorithms were implemented and performance data gathered and
analyzed in order to determine further design issues and validate theoretical analysis.



Acknowledgements

| would like to thank my committee chair and advisor, Dr. Santos, for her endless help
and support for my work. | would also like to thank my committee member Dr. Ribbens
and Dr. Heath for their precious time and guidance.

| thank the Laboratory for Computation, Information and Distributed processing (LCID)
of the department of Computer Science in Virginia Tech for providing me with the
computational resource necessary to carry out the work presented in this thesis.

The results in this thesis are joint work with my advisor, Dr. Santos and Dr. Jeffery M.
Rickman. | would also like to thank Dr. Rickman for his guidance.

Lastly, the research in this thesis was supported in part by the National Science
Foundation and by Virginia Polytechnic Institute and State University.



Table of Contents

Chapter 1 Introduction and Background
1.1 Introduction

1.2 Background
1.2.1 The2D Ising Spin M ode
1.2.1.1 Basics and Concepts
1.2.1.2 Algorithms and Properties
1.2.1.3 The Principle of Detailed Balance
1.2.1.4 The Periodic Boundary Condition
1.2.2 TheLogP Parallel Machine M odel
1.2.3 The Parallélization of 2D Ising Spin Systems
1.2.3.1 Static and Dynamic Properties
1.2.3.2 Sweep Selection and Random Selection Schemes
1.2.3.3 Blocked Domain and Stripped Domain Decompositions
1.2.4 Measuring LogP Model Parameters For a Given Network Cluster

Chapter 2 Parallel Algorithmsfor Sweep Selection Schemes: Design,
Implementation and Analysis

2.1 Algorithm Design For Sweep Schemes

2.2 Blocked Data L ayout
2.2.1 Description of Blocked Data L ayout
2.2.2 Algorithm Pseudo Code For Blocked Sweep Scheme
2.2.3 Analysisof Algorithm 2.1

2.3 Stripped Data L ayout
2.3.1 Description of Stripped Data L ayout
2.3.2 Algorithm Pseudo Code For Stripped Sweep Scheme
2.3.3 Analysisof Algorithm 2.2

2.4 Comparison of Blocked Data Layout and Stripped Data L ayout
2.5 Measuring theL, o, and g Parameters of the LogP M odel

2.6 Experimental Data and Plots
2.6.1 MeasuringL, o, and g Values of the Experimental Environment
2.6.2 Performance Data of Blocked and Stripped Data L ayouts

Chapter 3 Parallel Algorithms For Random Selection Schemes. Design,
Implementation and Analysis

3.1 Overview of Algorithm Design For Random Selection Schemes

3.2 The Truly Random Scheme
3.2.1 Algorithm Pseudo Code
3.2.1.1 Assumptions and Definitions
3.2.1.2 The Pseudo Code
3.2.2 Communication Pattern Design

O~NOPPWWN B

PR R R
GOANRPR

17
17

18
18
21
24

26
26
28
29

31
33

36
36
37

40
40

40
41
41
42
45



3.2.3 Algorithm Analysis of the Truly Random Scheme
3.2.4 ProblemsWith the Truly Random Scheme

3.3 TheFixed Message Length (FML) Scheme
3.3.1 Design of the FML Scheme
3.3.2 Algorithm Pseudo Code
3.3.2.1 Assumptions and Definitions
3.3.2.2 Algorithm Pseudo Code
3.3.3 Communication Pattern Design
3.3.4 Algorithm Analysisof the FML Scheme
3.3.5 Performance Comparison Between FML and Truly Random
3.3.6 Problemsof the FML Scheme

3.4 The a-Scheme
3.4.1 Design of the a-Scheme
3.4.2 Algorithm Pseudo Code
3.4.2.1 Assumptions and Definitions
3.4.2.2 Pseudo Code
3.4.3 Algorithm Analysis of the a-Scheme
3.4.4 Comparison With the FML Scheme
3.4.5 Randomness Analysis and M easurement

3.5 Algorithm Performance Results
Chapter 4 Concluding Remarks

References

46
49

50
50

58
58
59
60

60
60
61
61
61
66
68
68

72

75

77



List of Figures

1.1 Anexample of 2D Ising spin model. Spins are represented by up and down arrows
1.2 Periodic boundary condition for an L*L two dimensiona lattice

1.3 The LogP moded

1.4 Cost of sending a K-byte message on the LogP model

1.5 Blocked datalayout for 9 processors

1.6 Stripped data layout for 9 processors

2.1 Blocked Datalayout for 4 processors

2.2 Stage 1 of sweep selection using blocked data layout
2.3 Stage 2 of sweep selection using blocked data layout
2.4 Stage 3 of sweep selection using blocked data layout
2.5 Stripped Data Layout

2.6 Stage 1 of sweep selection using stripped data layout
2.7 Stage 2 of sweep selection using stripped data layout
2.8 T(B)-T(S) for 4 processors

2.9 T(B)-T(S) for 9 processors

2.10 T(B)-T(S) for 16 processors

3.1 Block subdivision and iterations

3.2 Interior and exterior of the block

3.3 Oneiteration of the FML scheme

3.4 Autocorrelation plot for the truly random scheme (all lags)
3.5 Autocorrelation plot for the FML scheme (all 1ags)

3.6 Autocorrelation plot for the FML scheme (lags 1-30)
3.7 Autocorrelation plot for the FML scheme (lags 700-730)
3.8 Autocorrelation plot for the a-scheme (al lags)

3.9 Autocorrelation plot for the a-scheme (lags 1-30)

3.10 Autocorreation plot for the a-scheme (lags 700-730)
3.11 Performance comparison (4 processors)

3.12 Performance comparison (9 processors)

3.13 Performance comparison (16 processors)



List of Algorithms

1.1 Sequential MC smulation of 2D Ising model
1.2 Sweep Selection Scheme
1.3 Random Selection Scheme

2.1 Blocked Sweep Selection Scheme
2.2 Stripped Sweep Selection Scheme
2.3 Measuring T,

3.1 The Truly Random Scheme
3.2 The FML Scheme
3.3 The a-Scheme

12
13

21
28
35

42

61



List of Tables

2.1 Sample Threshold Values of Sfor P=9, 16, 25
2.2 Measured L, o, g values and the statistics (in ps)
2.3 Resultsfor 4 processors (in seconds)

2.4 Resultsfor 9 processors (in seconds)

2.5 Resultsfor 16 processors (in seconds)

3.1 Resultsfor 4 processors (in seconds)
3.2 Resultsfor 9 processors (in seconds)
3.3 Resultsfor 16 processors (in seconds)

33
36
37
38
39

73
73
73



Chapter 1 Introduction and Background

1.1 Introduction

Problems in computational science deal with complex phenomena with inherently large
problem sizes. As such, parallelization becomes a viable approach in order to obtain
results in an efficient manner. Computational scientists have designed a variety of
algorithms and software for this purpose. Many of the codes designed by computational
scientists have been “home grown codes’ which run specifically on certain types of
parallel machines.

In recent years, the field of parallel processing has moved towards clustered or distributed
message passing platforms and environments. Many older codes are not well suited and
a times not truly portable to this new machine paradigm. This leaves many
computational scientists with issues of redesigning existing code. Therefore, it is apparent
that designing efficient portable parallel code at the onset is of particular importance and
spotlights the areas of parallel models and algorithm design.

This exploration of the intersection between computational and computer science brings
forth many problems and issues demanding the need for a true understanding of both
fields.! While the overall goal is particularly large and has fundamental impact, in order
to obtain a true understanding of the issues involved, one approach is the in-depth
exploration of specific important problems between these fields.

As such, in thisthesis, we focus our attention on the parallelization of the 2D Ising model
[Ising 1925][Domb et al. 1974] in the area of statistical physics. The Ising model is one
of the most widely studied models in statistical physics. Researchers have utilized the
Ising model to study the properties and dynamic behaviors of magnetic particles in a
magnetic field or heat bath. The model has further been used to study alloys in
components [Gonis et al. 1995] and even load-balancing in parallel computing [Bultan
1991].

To promote efficiency and portability to a variety of parallel platforms, a general parallel
machine model is utilized. While there has been much research done in general models,
cluster computing requires a model that utilizes network parameters for the basis of
efficiency analysis.

Of all the well-known and widely accepted models available, the LogP model [Culler et
al. 1996] seems particularly well suited to this task. The main emphasis of this thesis is
the design, analysis and implementation of parallel algorithms for 2D Ising spin systems
on the LogP model.

! The contents discussed above were originally provided in [Santos 2001]. As such, please refer to that
paper for amorein depth discussion.



In particular, we focus our atention on the following aspects of 2D Ising spin systems:

(1) Our work will design and implement parallel algorithms for 2D Ising spin systems
for both blocked and stripped data layouts on a cluster of workstations. Furthermore, we
will analyze each algorithm on the LogP model, compare the results, and pinpoint the
best data layout, in terms of run-time performance, to use under given network parameter
settings. To the best of our knowledge, there has been little done on analyzing such
parallel algorithms formally on a practical parallel model (LogP in particular), comparing
performance differences of different data layouts, and choosing the best data layout.

( i) Another important issue of Ising spin systems is the measurement of dynamic
properties. To measure dynamic properties, we will need to use a random selection
scheme [Binder 1997] that will be introduced in the background section. However, when
the random selection scheme is used, it creates many degrees of complexity for parallel
implementation on a distributed memory architecture. We will design and implement new
parallel algorithms with efficient communication patterns that maintain randomness at
high levels. We will introduce a particularly novel random scheme called the a-scheme
that maintains much of the needed random characteristics for measuring dynamic
properties. Again, we will rigorously analyze all our algorithms on the LogP model and
compare their performance.

In addition to the above work on the parallelization of 2D Ising spin systems, we will
design and implement algorithms to measure network parameters of the LogP model with
the presence of system jitters. This research will further spotlight the validity and
usefulness of the LogP model in analyzing and predicting the performance of parallel
algorithms, as well as, determining important network characteristics in order to predict
network performance and the design of efficient communication schedules. Our
approaches to designing efficient parallel algorithms and analyzing them theoretically on
the LogP model will be of interest to computer scientists in parallel processing or
networking.

The contents of this thesis are as follows. Chapter 2 describes the design and analysis of
parallel algorithms for the sweep selection scheme on different data layouts. Chapter 3
presents the design and analysis of parallel algorithms for the random selection scheme.
Chapter 4 contains the concluding remarks, a summary of results and a discussion of
future work.

The remainder of this chapter is spent covering background materials needed for this
thesis.

1.2 Background

In this section, we discuss the 2D Ising model, the LogP parallel model, parallelization
methods of the 2D Ising model, and the measurement of network parameters for LogP.



1.21 The2D Isng Spin M odel

We start the introduction of the 2D Ising spin model with some basic concepts and
definitions.

1.2.1.1 Basics and Concepts

The Ising spin model [Ising 1925] is important in statistical physics and has been widely
studied in various areas. Essentially, a 2D Ising spin model represents a set of magnetic
spins that are assumed to be positioned on a two dimensional sgquare lattice. These spins
are put into a heat bath or an external magnetic field or both. The system then exhibits
many interesting and complex properties and phenomena. Intuitively, a spin model
consists of [Domb et al. 1974]:

(a) A lattice, i.e. a non-empty set, whose elements are called lattice sites,
and a binary, irreflexive, symmetric relation (of "bonds') among those
Sites.

(b) A non-empty subset of lattice sites which are said to be occupied. Each
such lattice site is occupied by a single spin.

(c) A non-empty subset of the set of lattice bonds connecting occupied
sites; such bonds are said to be energy bonds.

(d) A real number associated with each spin whose value may change over
time.

(e) A definition of the interaction energy between any two spins in terms
of their spin values.

(f) A definition of the total energy of the spin system (the Hamiltonian) in
terms of these interaction energies.

The 2D Ising spin model is a simplified spin model. It can be intuitively described as the
following (Figure 1.1 shows an example): Each lattice site is occupied by a spin. Each
spin takes only the values of +1 (up) or -1 (down). Spins S,y and Sy ) on adjacent

|attice sites” interact with an energy of — ISim,n)Sx y) (this definition of interacting energy

is based on the assumption that there is no external magnetic field) and J is a positive real
number. Clearly, identical value spins interact with an energy value of —J while opposite
value spins interact with an energy value of +J. Moreover, we are studying the
ferromagnetic Ising model in which spins tend to aign at the same direction and the
system tends towards a lower level of energy. However, when the (heat bath) temperature

2 Lattice sites (x, y) and (m, n) are said to be adjacent if and only if the following istrue:
(x,y) O{(m-1,n),(m,n-1),(m+1,n),(mn+1)}



is above the critical temperature, there is no guarantee that the entire spin systems can
stabilize at a certain configuration such as spins pointing either all up or all down.

50 i

summation is over al the spins on the lattice. The Hamiltonian is deflned as the sum of
the interaction energies, i.e.,

The magnetization per spin for a system of N spins is defined as ¥; — >, where the

Hamiltonian = > o >- JS(m n)S(x y) =-J > z S(m n)S(x y) »
(mn) (x,y) (m,n)
where (x,y) O{(m-21,n),(mn-1),(m+1n),(mn+1)} and the summation is over all
pairs of nearest neighbor spins.
Y

Figure 1.1 (An example of 2D Ising spin model. Spins are represented by up and down
arrows)

If the spins are allowed to have Q > 2 states, thisis referred to as the Q-state Potts model
[Potts 1952]. If the lattice sites are not all occupied by a spin, we call it a diluted spin
system. In the literature, researchers often refer to a 2D Ising spin system using slightly
different terminologies. Examples of these include 2D Ising model, and 2D Ising spin
model.

1.2.1.2 Algorithms and Properties

In this study, we focus only on the non-diluted, standard 2-value Ising spin system. The
main objectives of studying Ising models are values of internal energy (i.e., the thermal
average of the Hamiltonian), values of magnetism, critical temperature, correlation
between different states and various other dynamic properties. All static values should be
obtained when a system reaches equilibrium under a certain temperature and magnetism
field setting. For temperatures near zero, al spins should either be aligning up or aligning
down after a sufficiently long period of time. For higher temperatures, spins are



disordered and there is no particular common alignment of spins. However, the internal
energy (Hamiltonian) or magnetization will still converge to certain values. For a certain
temperature T, the material begins to lose magnetism as the temperature goes above that
point. We refer to T as the critical temperature. Theoretical values of the above
properties were obtained by Fisher via series expansion [Fisher 1967].

Physicists have studied this model for decades, and have obtained theoretical results for
the 2D lattice, but not for the 3D. Researchers have utilized computers to simulate the
Ising model and have developed various types of algorithms for such purposes.
Furthermore, researchers have developed simulation methods on 2D lattices and then use
the theoretical results to validate their simulation methods. Once validated, simulation
methods applied on the 2D lattice are then extended to the 3D lattices and above. Thus,
computational study on the 2D lattice is an important endeavor in order to understand
larger dimensional systems.

One of the most well-known algorithms for simulating Ising models is called the
Metropolis Monte Carlo algorithm, introduced in [Metropolis et a.1953]. The pseudo
code of the Metropolis algorithm is provided below:

Algorithm METROPOLIS MONTE CARLO

Begin

Initialize() //Function definitions can be found at the end of this pseudo code
double Sum_Energy = Comp_Energy()

double Magnet = Comp_Magnet()

double 8E =0

double &M =0

char S[SIZE][SIZE] /IS denotes the lattice

For iteration=1 to max_iteration DO

Randomly select one spin from the lattice.

OE = the value of potential energy change if that spin is flipped.

IF (3E <= 0) DO
S(i,j) =-S(i.j) Ilaccept the flip,
ELSEIF (rand() <= exp(-0E/Kb*T)) //generate a random number
S(i,j) = -S(,)) /laccept the flip,
ENDIF
IF (S(i,j) has been changed) DO
oM=25(i,j) /Ithe change in magnetism
ENDIF

Sum_Energy = Sum_Energy + &E;
Magnet = Magnet + dM;

ENDFor




(Continued from previous page)

END

Function Definitions

rand()

Uniformly randomly generates a double precision number from [0,1].
Initialize()

Initializes the lattice to a random state.
Comp_Energy()

Compute the energy of the current state.
Comp_Magnet()

Compute the magnetism of the current state.

Algorithm 1.1: Sequential MC simulation of 2D Ising model [ Metropalis et al. 1953]

Description of Algorithm 1.1 The algorithm works as follows:

1. Initialize the whole lattice to arandom initial state.

2. Select a spin to examine, see whether that spin will flip based on the change of
energy level.

3. If the energy level decreases, the spin will be flipped immediately. If the energy
level increases, the spin will be flipped with probability P(BE) = e "%E/KbT) | K, is
called the Bolzman factor (which is a constant). T is called the temperature
(which can be expressed by positive real numbers).

1.2.1.3 The Principle of Detailed Balance

In the spin system, there is an important principle called the principle of detailed balance
which asserts that at the thermodynamic equilibrium, the probability of a system being in
any state A and changing to any other state B is equal to the probability of it being in
state B and changing to state A. This principle may be stated as:

P(A)P(A - B) = P(B)P(B - A), for all states A and B.
A state is defined as a particular configuration of spins on a lattice.

Moreover, there is another result from statistical physics that provides the probability of a
spin system being in any state X at thermodynamic equilibrium in the canonical
ensemble(i.e. , constant temperature, volume and particle number).

-BEx 1

, Where Z isthe total energy of all statesand = ——

e
P(X) = :
) KyT

From the above two conditions, the following theorem was obtained by Metropolis in
[Metropolis et al. 1953].

THEOREM 1. For the Metropolis algorithm, let d E be the energy change caused be a spin
flip. If OE >0, the probability of that spin flip being accepted is:

_ 1
P(OE =eﬁ5E,vvhere =,
(OE) B T

b




PROOF [Metropolis et al. 1953]. Let the state before a certain spin flip be state A and the
state after that spin flip be state B. SincedE > 0, E(A) < E(B). According to the
metropolis algorithm, if a state change causes the energy level to decrease, that change
will always be accepted. Thisimpliesthat P(B - A) =1. So

e(~BEB)

P(B)P(B ~ A)=P(B) =———,

(-BEA)

Since P(A) = € , according to the detailed balance principle we have

= = _ € IZ _ peg-En) - o
P(OE) =P(A - B) =[P(B)P(B - A)]/P(A)_-BE—A/Z_e BEA) =g P& [
e

1.2.1.4 The Periodic Boundary Condition

Another important condition that must be maintained while implementing the Metropolis
algorithm is the periodic boundary condition. This condition is defined as follows:

The Periodic boundary condition: For an L x L two-dimensional lattice, grid points (0, j)
and (L-1, j) are north-south neighbors and (i, 0) and (i, L-1) are west-east neighbors.
Essentially, this defines a wrapped around lattice (See Figure 1.2).

By utilizing a “wrap around configuration”, each 2D lattice is essentially mapped to a

toriodal lattice, and boundary spin points become no different than interior points. This
property is used by researchers to simulate the lattice system without surface effects.

0,1

@or @ L-1)

L)

Figure 1.2 Periodic boundary condition for an L*L two dimensional lattice.
According to the periodic boundary condition, (0,1) and (L-1,1) are defined to be neighbors.



1.2.2 The LogP Parallel Machine Model

The LogP model [Culler et al. 1996] is a general parallel machine model for the design
and analysis of portable parallel and distributed algorithms. It is a widely used model for
many aspects of parallel processing.

LogP was designed with the goa of being not only general and practical, but also
realistic. Earlier models, such as PRAM, specific network topologies, and BSP,
unfortunately, did not address all three criteria [Culler et al. 1996]. The PRAM model is
too simple and not realistic. It imposes the usage of a central, shared memory and does
not consider network topology at all. On the other hand, specific network topologies
typically provide readlistic representations of particular interconnection networks.
However, such representations are not general since they cannot account for portability
making them potentially impractical for overall efficient algorithm design. The BSP
model does not have sufficient parameters to characterize important network properties.
As such, it fails to predict algorithm’s performance under a wide range of circumstances.
Thus, we decided to base our algorithm design and analysis on the LogP model.

We now briefly describe the LogP model.

In LogP, the lettersL, o, g, and P represent 4 parameters. These parameters are:
L: the bound on the latency (or delay) incurred in communicating a
message
containing anumerical value from its source module to its target module.
o0: the overhead, defined as the length of time that a processor is engaged
in the transmission or reception of each message; during this time, the

processor can not perform arithmetic operations.

g: the gap, defined as the minimum time interval between consecutive
message transmissions or consecutive message receptions to a processor.

P: the number of processor/memory modules

Figure 1.3 provides a pictorial overview of the LogP model:



< - >
PIM _processors | pwm

o(overhe ad)\ TCP\Q (gap)
A |

L(latency)
Interconnection Network

([Culler et al.1996] Figure 1.3 The LogP modd describes an abstract machine configuration in terms of
four performance parameters. L,0,g and P)

The LogP model assumes a finite number P of processors with local memory connected
by a network. It abstracts important criteria of the network topology via the L,0 and g
parameters. Each processor has its own clock, so synchronization and communication is
performed via message passing amongst processors. All send and receive operations are
initiated by each processor.

For programmers utilizing clusters of computers, the network has no direct connection to
the local memory. There is no global shared memory at all. All communication is done
via sending /receiving messages between processors.

L is the delay for sending a unit length message. Here, we consider a byte as our length
unit; o is the overhead for pushing the message out to the network / pulling the message
in from the network. So, the cost for sending one message of 1-byte length is:

Let us now consider the cost C(K) of sending a K-byte message on the LogP model. We
assume that the underlying network will send messages in a pipelined or overlapped
scheme that is widely used in modern communication networks. A pipelined
communication scheme sends the (k+1)th byte shortly after it sends out the kth byte, not
necessarily needing to wait until the kth byte has reached its destination. The interval
between sending the (k+1)th byte and kth byte is defined as g in the LogP model, which
essentially can be measured as the per processor bisection bandwidth of the network. The
parameter g is a property of the network and it represents the reciprocal of the bandwidth.
The faster the network is, the smaller thegis.

Thus, the cost for sending a K-byte message can be summarized as:
C(K)=L+ 20+ (k-1)g,

which can be shown by the following figure:



A
L+20
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k
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[ Time
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Figure 1.4 Cost of sending a K-byte message on the LogP model

Much research has been published in regards to designing efficient and optimal methods
for broadcasting on LogP [Karp et al. 1993][Santos 1999]. These results will provide
much needed insights in our design of communication patterns in later chapters.

From the definitions of g and L, we see that there are at most L/g messages in transit
from any or to any processors at any time, otherwise the communication will stall[Culler
et a. 1996]. Thisis a particularly important feature of the LogP model and spotlights the
practical restrictions of modern communication networks while conveying this restriction
to algorithm designers. By doing this, the parallel algorithm will take consideration of the
actual network capacity such that communication patterns will not flood the underlying
network. In our case, we consider a valid algorithm on LogP to satisfy this capacity
constraint and we base our analysis on this. In fact, our algorithms for parallelization of
the 2D Ising model have included efforts to control (and fix) the message length such that
the underlying network will not be flooded as the lattice size grows. This will be
introduced in the next chapter.

As with any parallel models, there are comments and evaluations on the usage of that
model in practice. The authors of the LogP paper made several points regarding the
utility of LogP. In particular, as specifically statedin [Culler et al. 1996]:

1. Algorithms may adapt their computation and communication structures in response to
each of the parameters of the model.

2. In specific situations some parameters become insignificant and one can work with a
simplified model (e.g. g=0 or 0=0).
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3. Adjusting data placement and scheduling communication are important techniques for
improving algorithms. (We take careful consideration of this point during the design and
implementation of our parallel algorithms for the Ising spin system)

4. LogP can be used not only for algorithm design and analysis but also as a model to
determine lower bounds on parallel running time.

5. The LogP model is extremely valuable in guiding algorithm design. Discrepancies
between predicted and measured execution time often highlight deficiencies in
implementation that violate constraints specified by the model. Correcting these
deficiencies resulted in a large performance improvement and led to a close match
between predicted and measured execution time.

1.2.3 The Parallelization of 2D Ising Spin Systems

Clearly, there are two types of simple spin flipping schemes: (a) single spin flip or (b)
multi-spin flip. Because single spin flipping is not particularly efficient and has difficulty
to achieve quick convergence [Wang et al. 1990], researchers have developed various
ways to flip multiple spins at the same time. There are mainly two approaches to this.
One approach is to modify the Metropolis algorithm to determine a legitimate way to flip
spins in groups (i.e. “clusters’) instead of flipping spins one by one. This is called
clustering of spins, and there are two well known methods for this: the Swendsen-Wang
algorithm [Wang et al. 1990] and the Wolff algorithm [Wolf 1989]. Another approach is
to develop a parallel implementation of the Metropolis algorithm using multiple
processors where the lattice is partitioned among processors [Heermann et al. 1991]. This
is essentially applying the Metropolis algorithm simultaneously on different parts of the
lattice. Our study is focused on the second approach.

Thus, the main goal of this study is to design portable methods for the parallelization of
the Metropolis algorithm for the 2D Ising spin system. We base our work on the basic 2D
lattice Ising spin model. We believe that our work on this model provides needed insight
to more general spin models, be it the 3D Ising model or the Q-state Potts model or other
kinds of lattice models.

1.2.3.1 Static and Dynamic Properties

Physicists are particularly interested in two categories of properties of an Ising spin
system: (a) Static properties and (b) Dynamic properties. Static properties are typically
measured when the system is at the thermodynamic equilibrium state; examples include
internal energy per spin, magnetism per spin, critical exponent and critical temperature.
Dynamic properties are typically measured throughout the process of state changes.
Dynamic properties characterize the behavior of the system over time, e.g., the manner in
which it decays from an initial state of magnetization 0. To accurately measure dynamic
properties, the system should evolve in such away that spins are selected randomly, and
there should be little to no correlation between spin selections of different time steps in

11



the process. [Binder et al. 1997] [Binder 1997]. In other words, the more random the spin
selection process is, the more accurate the measurement for dynamic properties.
Sequential simulations were performed to obtain some of the dynamic properties of the
2D lattice spin systems [Okano et al. 1997]. We note that designing efficient random
selection schemes on parallel platforms that can accurately measure dynamic propertiesis
nontrivial.

In this thesis, we design and implement different parallel algorithms to measure both
types of properties.

1.2.3.2 Sweep Selection and Random Selection Schemes

At the first step of the Metropolis algorithm, we need to select a spin from the lattice.
From there, we make a decision on whether to flip that spin or not based on the potential
energy change of such aflip.

There are various types of schemes to select a spin out of a 2D lattice of size hxh.
Based on the randomness of the selection scheme, there are 2 extremes. Sweep selection
and Random selection.

A) Sweep Selection Scheme

Intuitively, the sweep selection scheme can be described as selecting spins one by one on
the lattice from left to right and then from top to bottom. More formally:

Definition1.1. Given a 2D lattice of size hx h, the sweep selection scheme selects spin
S(tmodh,|t/h]) a timestept for O<t<h?.
Pseudo code for the sweep selection scheme:

Algorithm SWEEP SELECTION SCHEME
Begin

=0, J=0
For 1=0to h-1 DO
For J=0to h-1 DO
select spin at lattice site (1,J)
ENDFor
ENDFor

END

Algorithm 1.2 Sweep Selection Scheme

Sweep selection is both easy to implement and parallelize. We will introduce two
different sweep implementations in the next chapter and perform analysis of those
implementations on the LogP model. However, we note that sweep selection cannot be
used to measure dynamic properties of the Ising spin system [Binder et al. 1997], thus
making random selection necessary.
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In the simulation of Ising spin systems, researchers typically define one Monte Carlo Step
(MC step for short) as a step in which every spin on the lattice is selected (or given the
chance to be selected) once. Obviously, in the case of sweep selection, one MC step
consists of one sweep over the whole lattice.

B) Random Selection Scheme

Intuitively, the random selection scheme can be described as selecting spins uniformly

randomly on the lattice. One MC step of random selection consists of selecting h? spins
uniformly randomly over the whole lattice (assuming we have a lattice of sizeh x h).
More formally:

Definition1.2. Given a 2D lattice of sizehxh, the random selection scheme selects
spins uniformly at random on the lattice. One MC step of the random selection scheme

consists of h? such selections.

Pseudo code of the random selection scheme for one MC step:

Algorithm RANDOM SELECTION SCHEME

Begin
Initialize random number generator and give it a seed
While (k< h[h) DO
Generate a random number R from [0, h [h-1]
LetlI=R/h,J=R%h
Select spin at lattice site (1,J)
k = k+1;
ENDWhile
End

Algorithm 1.3 Random Selection Scheme

To implement the random selection scheme, we need to utilize a “good” random number
generator with a sufficiently long period for large lattices. The random number generator
used in our implementation is called the Mersenne Twister random number generator

[Matsumoto et al. 1998]. It has a very long period of 2!%%37 —1, and it has been widely
used by researchers and users of simulation programs.

Turning our attention to the parallel implementation of the random selection scheme on a
2D lattice, we see that it is conceivable that this scheme is more difficult to implement
than the sweep selection scheme. This is due to the fact that this selection scheme is
random and thus has a variable number of spins being selected on borders of the lattice.
This can lead to messages of variable lengths being sent between processors, thereby
affecting the performance and stability of the parallel algorithm.

We design and implement a method utilizing fixed message lengths in the random

selection scheme. This will improve the performance and stability of the parallel
algorithm. In Chapter 3, we show by statistical methods that our approach is very closein
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randomness to the truly random selection scheme. Clearly, no “non-random” scheme can
obtain truly random selection. Full discussion of these topics will be described in Chapter
3.

1.2.3.3 Blocked Domain and Stripped Domain Decompositions

There are two well-known ways to decompose the 2D lattice for parallel processing,
blocked decomposition and striped decomposition. They can also be referred to as
blocked data layout and stripped data layout, respectively.

Definition1.3. Given a 2D lattice of size Sx S and P processors denoted by Py, P4, ...,
Pp-1, @ blocked domain decomposition method(i.e., blocked data layout) is defined as

partitioning the lattice into P contiguous sublattices each of size %X%, where
processor P; is assigned the spins at site (j,K) for (i mod\/ﬁ)[-%s j <(imod+/P +)BE,
and (i/+P )OS <k<([i/vP r1)BE .

The following figure provides an example of a blocked data layout for 9 processors:

o) 1 2
3 4 5
6 7 8

Figure 1.5 Blocked data layout for 9 processors

Definition1.4. Given a 2D lattice of size Sx S and P processors denoted by Py, P4, ...,
Pp-1, a stripped domain decomposition method (i.e., stripped data layout) is defined as

partitioning the lattice into P contiguous sublattices each of size % x S(or SX%), where
processor P; is assigned the spins at site (j,K) for 0< j<S (or i< j < (i +1) ), and
iE<k<(i+D)EE (or 0sk<9).

The following figure provides an example of a stripped data layout for 9 processors:
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7
8

Figure 1.6 Sripped data layout for 9 processors
(Note: It could also be partitioned into vertical strips)

Obviously, the choice of data layouts plays an important role in the design and analysis of
parallel algorithms. In previous parallel simulations of Ising spin systems, researchers
chose either blocked data layout, or stripped data layout and simply designed and
implemented algorithms for that data layout [Heermann et al. 1991].

To the best of our knowledge, there have been no previous efforts in this field to analyze
the parallel algorithm formally on a general parallel model (LogP in particular), and then
compare performance differences of different data layouts, and finally choose the best
data layout for parallel implementation. We will design and implement parallel
algorithms for both blocked and stripped data layout on a cluster of workstations, and
then analyze both algorithms on the LogP model, compare the results, and pinpoint the
best data layout to use under given network parameter settings.

1.2.4 Measuring LogP M odel Parameters For a Given Network Cluster

To compare the experimental data with our LogP theoretical analysis, we need to
measure the network parameters of our workstation cluster. The parameters of interest are
clearly the three network parameters of the LogP model (the P is self-explanatory).

L: latency of sending 1 byte from machine A to machine B
o: the overhead of sending/receiving a byte
0: the gap between sending/receiving consecutive bytes.

Moreover, in order to obtain correct measurements of L, o and g, we need to consider the
presence of system clock jitters, since different systems of the network cluster usually
have different system clocks unless there exists some hardware synchronization
mechanisms to ensure consistency among system clocks. Therefore we must also
consider:
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j: the jitter, which is defined as the system time difference between
machine A and machine B.

We will design and implement algorithms to eliminate the system clock jitter and
measure L, o and g parameters for our cluster. This will be described in Chapter 2.

In the next chapter, we will present the design and analysis of parallel algorithms for the
sweep selection scheme on different data layouts. We will then make comparisons
between blocked and stripped data layout and present our results.
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Chapter 2  Parallel Algorithms for Sweep Selection
Schemes: Design, Implementation and Analysis

In Chapter 1, we provided pertinent background materials regarding the 2D Ising spin
system. Spin selection schemes are categorized into two different types: sweep selection
and random selection. Each scheme has its importance and, as such, we address both
schemes in this thesis. In this chapter, we present algorithm design and analysis for the
sweep selection scheme.

2.1 Algorithm Design For Sweep Schemes

As introduced in Chapter 1 (Definition 1.1 and Algorithm 1.2), a sweep selection scheme
can be described in words as selections of spins one by one, from left to right, and then
from top to bottom. Sweep selection schemes can be applied on any kind of data layout,
either blocked or stripped. This chapter presents the design of parallel algorithms for
sweep schemes on both data layouts.

In [Heerman 1991], brief descriptions of parallel algorithms are provided for both data
layouts. However, these algorithms are not presented in detail. Furthermore, no
theoretical performance analysis of these algorithms is provided, and only experimental
results on Transputers are given.

In this chapter, we provide clear descriptions and full pseudo codes for both algorithms,
along with implementation details. More importantly, we provide rigorous theoretical
analysis of both algorithms on a portable, practical parallel model, i.e. LogP, and
establish a threshold value on lattice size in order to determine when blocked data layout
outperforms stripped data layout.

An important condition we must satisfy throughout the whole algorithm is the Detailed
Balance Condition.

As introduced previously, the detailed balance condition can be described as following:
P(AP(A - B)=P(B)P(B - A) for al states A and B under thermodynamic
equilibrium, i.e. the probability of a system being in any state A and changing to any
other state B is equal to the probability of it being in state B and changing to state A.

In terms of multiple simultaneous spin flips using Metropolis Monte Carlo dynamics, the
detailed balance condition implies that neighboring spins should never be allowed to be
flipped at the same time. This must be kept in mind for designing any parallel schemes
for the Metropolis Monte Carlo algorithm.

Clearly, processors need to avoid flipping neighboring boundary points simultaneously.
One widely used solution is to split one iteration step into 2 stages. At the end of each
stage, communication and synchronization will be performed among neighboring
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processors. At the beginning of each stage, the data necessary for executing that stage
needs to be available for that processor.

In each data layout, each processor receives additional data from neighboring processors.
Researchers call them “cached boundary data” which essentially holds the boundary data
from neighboring processors. Such data are necessary for local processorsto compute the
potential energy change caused by flipping a spin on the boundary. Because of the
detailled balance condition, once a processor P, sends out its boundary data to its
neighbors, P, cannot further update any boundary spins, unless its neighbors are no longer
using the boundary data from it. This leads to the necessity for synchronization and
communication.,

The following sections describe in detail the algorithm design and analysis for both
blocked data layout and stripped data layout.

2.2 Blocked Data L ayout

In this section, we introduce the design, pseudo code and analysis of parallel algorithms
on the blocked data layout.

2.2.1 Description of Blocked Data L ayout

We begin by providing a figure containing an example of blocked data layout

(-1

Figure 2.1 Blocked Data layout for 4 processors

Assuming we have 4 processors and a lattice size of Sx S, we now describe our parallel
algorithm and then present a generalized pseudo-code.

In our design, processor Py is assigned a sub block containing rows 0 to h-1 and columns

0to h-1, where h=S/2. In order to flip aspin at site (0, j), it needs to know the value of 4
neighbor spins, which are (0,j-1), (1,j), (0,j+1) and (S-1,j). The first three lattice sites are
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in processor Py, but the last one, (S-1,)), is in processor P,, clearly communication
between Py and P, is needed.

One method of handling such communication in a general and structured fashion is to
allow each processor to send its 4 boundaries to its neighbors at the start of each iteration
and meanwhile, receive boundary data from its neighbors. The received data will be
stored locally at each processor in 4 arrays and used throughout the iteration. We call
these 4 arrays boundary arrays and they are named the top boundary array, the left
boundary array, the bottom boundary array and the right boundary array.

However, what if Py and P, want to update spins (0, j) and (S-1, ) at the same time? This
is not allowed due to the detailed balance condition (neighboring spins cannot be flipped
at the sametime). Clearly, we need to synchronize these updates!

The solution isto split a Monte Carlo step into 3 stages:

At stage 1, processor Py locally updates rows 0 to h-2 and columns O to h-
2. Furthermore, it sends spins of row 0 and column O to its upper and left
neighbors respectively while receiving spins of row h-1 and column h-1
from its lower neighbor (P,) and right neighbor (P,) respectively.

At stage 2, processor Py locally updates two borders: the bottom border
and the right border (excluding the lower-right corner), which is row {(h-
1, 0), (h-1, h-2)} and column {(0,h-1), (h-2, h-1)}. It will send spins of
these two borders to its lower and right neighbors respectively.
Furthermore, it needs to send spin (h-1, 0) to its left neighbor and spin
(O,h-1) to its upper neighbor. At the same time, it also receives spins from
its neighbors.

At stage 3, processor Py locally updates the spin at lattice site (h-1,h-1)
which is the lower right corner, and then send that spin to Py’'s right
neighbor and lower neighbor.

We now provide figures representing these three stages. We note that the process is
symmetric in regards to processors. Thus, our figures focus on processor P.
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Stage 1

Send to P,
0 ? h-2 h-1
0 Received
Send E)O Po from P1
1 4—
<4+—
h-2
h-1

T Received
from P,
The shaded area represents the region in which Py exeautes

itslocal spin update operations. {(0,0), (h-2,h-2)}

Figure 2.2 Stage 1 of sweep selection using blocked data
layout

Stage 2
Received from P,
L Send (0,h-1) to P,
Send right border
. to P1
Received
from P1

Send (h-1,0) to P,

L Send bottom
border to P2

P, executes its local spin update operations on two borders:
the bottom bor der and the right border

Figure 2.3 Stage 2 of sweep sdlection using blocked data
layout.
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Stage 3

Received from P,
e
Po
Received from P,
Send to Py
>
Send to P2

Py executes its local spin update operations on the lower
right corner (h-1,h-1).

Figure 2.4 Stage 3 of sweep sdlection using blocked data
layout.

An efficient yet fairly straightforward parallel algorithm based on a blocked data layout sweep
scheme is presented below:®

2.2.2 Algorithm Pseudo Code For Blocked Sweep Scheme

Algorithm BLOCKED SWEEP SELECTION SCHEME

INPUT: A lattice of size SX S, and P processors. S must be divisible by\/E .
OUTPUT: Static properties of the Ising spin system, e.g. internal energy, magnetism.
Begin

/*

Initialization: Each processor initializes its block of the sub-lattice and send/receive boundaries
from its neighbors. Each processor has a sub-lattice of size h*h where h equals to (S /\/E), Sis

the width (height) of the lattice, and P is the number of processors available.
*/
For each processor P; DO
Initialize (); //function definitions are given at the end of this pseudo code

ENDFor

/I Now we begin the Monte Carlo process

3 As stated previoudly, a brief discussion of this method was provided in [Heermann et al. 1991]. However,
no design specifications were provided. This|eft the reader to determine how to best design and implement
this method. In this thesis, we have developed a full design specification that provides overall efficiency
(i.e. bath computational and communication efficiency) spanning wide classes of parallel machines.
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For each processor P; DO
K=0;

While K < (Total MC steps) DO
Begin

/IStage 1

/*

Pi sweeps over sub lattice (0,0) — (h-2,h-2), select spins one by one from left to right and up to
down. Compute potential energy change for each selection and decide whether to flip it or not
according to the Metropolis algorithm.

*

Sweep( (0,0), (h-2,h-2) );

/*
P; sends row 0 and column O to its upper neighbor and left neighbor, respectively.
*

Send ( row_0, upper );
Send ( column_0, left);

/*

P; receives spins from its right neighbor and lower neighbor, and put them into right boundary
array and bottom boundary array respectively.

*

Receive( right, right_array );
Receive( lower, bottom_array );

/IStage 2

/*

Pi sweeps over the bottom row from (h-1,0) to (h-1,h-2), and sweeps over the right column from
(0,h-1) to (h-2,h-1). For each spin it selects, compute potential energy change and decide
whether to flip it or not according to the Metropolis algorithm.

*/

Sweep( (h-1,0), (h-1,h-2) );

/*
P; sends bottom row and right column to its lower neighbor and right neighbor
*

Send (row_h-1, lower);
Send (column_h-1, right);

/*
P; sends spin (h-1,0) to its left neighbor, and spin(0,h-1) to its upper neighbor
*

Send ( (h-1,0), left);
Send ( (0,h-1), upper );
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/*
P; receives spins from its left neighbor and upper neighbor, and put them into the left boundary
array and top boundary array respectively.

P; receives one spin from its right neighbor and put it into the (h-1)th position of its right boundary
array, and one spin from its lower neighbor and put it into the (h-1)th position of its bottom
boundary array

*/

Receive( left, left_array );
Receive( upper, top_array );

Receive( right, right_array[h-1] );
Receive( lower, bottom_array[h-1] );

/IStage 3

/*

P; selects spin at site (h-1,h-1), compute potential energy change and decide whether to flip it or
not according to the Metropolis algorithm.

*

Sweep( (h-1,h-1), (h-1,h-1) );

/*

P; sends spin of (h-1,h-1) to its right neighbor and lower neighbor
*

Send ( (h-1,h-1), right );

Send ( (h-1,h-1), lower);

/*

P; receives one spin from its upper neighbor and put it in the (h-1)th position of the top boundary
array, and receives one spin from its left neighbor and put it in the (h-1)th position of the left
boundary array.

*

Receive( upper, top_array[h-1] );
Receive( left, left_array[h-1] );

K=K+1;

IF (K>= WARM_UP && K % SAMPLE_INTERVAL == 0) DO
/I Run functions to measure all desired physics properties.
Compute_Energy();
Compute_Magnetism();

ENDIF

ENDWhile

ENDFor

ENDAIlgorithm
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Function Definitions:

Initialize()
Initialize the local lattice. Each spin will be randomly assigned a value of +1 or —1.

Sweep( From, To)

Apply sweep selection scheme of Algorithm 1.2 on the rectangle specified by upper-left point
“From” and lower-right point “To”, apply Metropolis Monte Carlo Algorithm (algorithm 1.1) on each
selected spin.

Send ( DATA , DESTINATION)
Send the data buffer “DATA” to the processor specified by “DESTINATION”

Receive( SOURCE, BUFFER)
Receive data from the processor specified by “SOURCE” and store the data in “BUFFER”

Compute_Energy(), Compute_Magnetism()
Computes the internal energy and magnetism of the lattice.

Algorithm 2.1: Blocked Sveep Sdlection Scheme
2.2.3 Analysisof Algorithm 2.1

In this section, we analyze the cost of Algorithm 2.1.We provide both computational and
communication costs of the algorithm.

LEMMA 2.1. Given P processors and assuming a lattice size of Sx S, the computation
cost of one Monte Carlo step of the sweep selection scheme using blocked data layout is

2
Teomp =%, C > Oisaconstant.

PROOF. For one Monte Carlo step, there is atotal of h? selections and updates of spins
on each processor, where h is the size of the local block. Let the total cost of selecting a
spin, computing the potential energy change, and generating a random number be C.
Clearly, C is a positive constant for any given processor. Thus, the total computation cost
of one Monte Carlo step is.

2 2

S CS
Tom=Ch?=Cll— | = =,
o [E\/Ej P

LEMMA 2.2. Assume the size of a sublattice assigned to each processor is hx h, the
communication cost of one Monte Carlo step of the sweep selection scheme using blocked
data layout is

Teommunication = 8(L +20) +4g(h-2),
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where L, o0, and g are the parameters of the LogP model.

PROOF. As introduced before, sending one k-byte message on LogP has a cost of
L+ 20+ (k-1)g. In our case, we observe the following facts:

Stage 1: Sending 2 messages each of size h-1 codts:
T,=2(L+20+(h-2)Q).

Stage 2: Sending 2 messages each of size h-1 followed by 2 messages each of size 1
costs:

T, =2(L+20+(h-2)g) +2(L + 20)
=4(L+20)+2(h-2)g.

Stage 3: Sending 2 messages each of size 1 costs:
T3 =2(L + 20).
Thus, thetotal cost of communication is:

Tcommunicaﬁ on = Tl + T2 + T3
=4(L+20+(h-2)g) +4(L + 20)

=8(L+20)+4(h-2)g.

THEOREM 2.3. Given P processors and assuming a lattice sizeof Sx S, let h be equal

to % , the total run-time cost of one Monte Carlo step of the sweep selection scheme

using blocked data layout is

T(B) :C—I‘3'2+8(L +20) +4g(h-2),

where L, o0, and g are the parameters of the LogP model, and C > O is a constant.
PROOF. Thetotal cost of the sweep selection scheme using blocked data layout is
simply the summation of the computation cost and the communication cost. Let T(B)
denote the total cost. From Lemma 2.1 and Lemma 2.2, we obtain the following result

T(B) = Tcorrp + Toommunication
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2
:%+ 8(L +20) +4g(h-2).

In the following section we will discuss algorithms utilizing stripped data layout. Once
run-time has been analyzed utilizing stripped data layout, we will compare them with the
run-time for blocked data layout.

2.3 Stripped Data L ayout

In this section, we provide the detailed design, pseudo code, and analysis of parallel
algorithms for the stripped data layout.

2.3.1 Description of Stripped Data L ayout

The design of the sweep scheme on stripped data layout is similar to that of blocked data
layout, except that each processor has only 2 neighbors. This slightly simplifies the
problem. The following figure provides an example of a stripped data layout along with
how processor P; stores boundary information from its neighbors.

Po On the left is a stripped data

layout for 4 processors. Each
processor holds S/4 rows for
P2 an S*S lattice

P1

P3

C Top array, received from Pg
>

The right hand figure shows the P,
storage of spins on P1. The top a4
array contains spins from the
bottom row of Po. The bottom )

i . Bottom array, received from P,
array contains spins from the
top row of P> .The rectanglular

block holds row h to row 2h-1,
where his S/4.

Figure 2.5 Stripped Data Layout

We note that we also need to satisfy the detailed balance condition as before. We divide
one MC step into stages. For the stripped data layout, we have 2 stages (WLOG, we
explain these 2 stages on Py. Clearly, each processor performs the same procedure as P):

At stage 1, processor Pp locally updates rows 0 to (h-2) in its own block. It
then sweeps from left to right and then up to down. After local updates, it
will send spins of row O to its upper neighbor (Ps), while receiving spins
from its lower neighbor (Py), and stores the received spin into the bottom
boundary array.
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At stage 2, processor Py locally updates the bottom row (row h-1) and
sweeps from left to right. After local updates, it sends the bottom row to
its lower neighbor, and at the same time, receives spins from its upper
neighbor (Ps), and stores the received spin in the top boundary array.

The following figures pictorially represent these two stages:

Stage 1
Send row 0 to P3
Po
(h-2,5-1)
Bottom (h-1.5-1)
Boundary
Array T Received
from P1

The shaded area represents the region in which Py executes
itslocal spin update operations. {(0,0), (h-2, S1)}

Figure 2.6 Stagel of sweep selection using stripped data
layout.

Stage 2

Top l Received from Ps

Boundary

Array
l Send the last row
toP1
P, executes its local spin update operations on the last row
(theboldedline). {(h-1,0), (h-1,S 1)}

Figure 2.7 Stage 2 of sweep sdleciton using stripped data
layout

We now present the pseudo-code for stripped datalayout
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2.3.2 Algorithm Pseudo Code For Stripped Sweep Scheme

Algorithm STRIPPED SWEEP SELECTION SCHEME

INPUT: A lattice of size SX S, and P processors. S must be divisible by P.
OUTPUT: Static properties of the Ising spin system, e.g. internal energy, magnetism.
Begin

/*

Initialization: Each processor initializes its strip of the sublattice, sends and receives boundaries
from its neighbors. Each processor has a sublattice of size Sx h where h equals to % , Sisthe

\gidth (height) of the lattice and P is the number of processors.
For each processor P; DO
Initialize (); /[Function definitions can be found at the end of this pseudo code
ENDFor
/I Now we begin the Monte Carlo process
For each processor P; DO
K=0;
While K < (Total MC steps) DO
Begin

/[Stage 1

/*

Pi sweeps over sublattice (0,0) — (h-2,S), select spins one by one from left to right and up to
down. Compute potential energy change for each selection and decide whether to flip it or not
according to the Metropolis algorithm.

*/

Sweep( (0,0) , (h-2,9) );

/*

Pi sends row O to its upper neighbor.

P; receives spins from its lower neighbor, and put them into bottom boundary array.
*

Send ( row_0, upper );
Receive ( lower, bottom_array );

/IStage 2

/*

Pi sweeps over the bottom row from (h-1,0) to (h-1,S-1).For each spin it selects, compute
potential energy change and decide whether to flip it or not according to the Metropolis algorithm.
*
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Sweep( (h-1,0) , (h-1,S-1));

/*

P; sends bottom row to its lower neighbor

P; receives spins from its upper neighbor, and put them into top boundary array.
*/

Send ( row_h, lower );
Receive ( upper, top_array );

K=K+1

If (K>= WARM_UP && K % SAMPLE_INTERVAL == 0)
/I Run functions to measure all desired physics properties.
Compute_Energy();
Compute_Magnetism();

ENDWhile

ENDFor

ENDAIlgorithm

Function Definitions:

Initialize()
Initialize the local lattice. Each spin will be randomly assigned a value of +1 or —1.

Sweep( From, To)

Apply sweep selection scheme of Algorithm 1.2 on the rectangle specified by upper-left point
“From” and lower-right point “To”, apply Metropolis Monte Carlo Algorithm (Algorithm 1.1) on each
selected spin.

Send ( DATA , DESTINATION)
Send the data buffer “DATA” to the processor specified by “DESTINATION”

Receive( SOURCE, BUFFER)
Receive data from the processor specified by “SOURCE” and store the data in “BUFFER”

Compute_Energy(), Compute_Magnetism()
Computes the internal energy and magnetism of the lattice.

Algorithm 2.2 Stripped Snveep Selection Scheme

2.3.3 Analysisof Algorithm 2.2

LEMMA 2.4. Given P processors and assuming a lattice size of Sx S, the computation
cost of one Monte Carlo step of the sweep selection scheme using stripped data layout is

_Ccs?

Teomp =5 C > Oisaconstant.
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PROOF. For one Monte Carlo step, there is a total of S[hselections and updates of
spins on each processor, where h is the height of the local strip. Let the total cost of
selecting a spin, computing the potential energy change, and generating a random number
be C. C is apositive constant for any given processor. Thus, the total computation cost of
one Monte Carlo step is:

2
Teomp = C[S[h= C[SBI‘:S—): %.

LEMMA 2.5. Assume the size of a sublattice assigned to each processor is Sx h, the
communication cost of one Monte Carlo step of the sweep selection scheme using
stripped data layout is

Teommunication = 2(L +20) +29(S-1),
where L, o and g are the parameters of the LogP model.

PROOF. Similar to the proof of Lemma 2.2, we analyze the stripped sweep selection
scheme by the following two stages,

Stage 1. Sending 1 message of size Scosts:
T,=L+20+(S-1g.
Stage 2: Sending 1 message of size S (same as Stage 1) costs:
T,=L+20+(S-1)g.
Thus, thetotal cost of communication is:

Teommunication = T1 + T2
=2(L+20+(S-1)09)
=2(L+20)+29(S-1).

THEOREM 2.6. Given P processors and assuming a lattice size of Sx S, the total run-
time cost of one Monte Carlo step of the sweep sel ection scheme using stripped data
layout is

T(S) :CT‘?Z+2(L+20) +29(S-1),

where L, o0, and g are the parameters of the LogP model and C > 0 isa constant.
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PROOF. Thetotal cost of the sweep selection scheme using stripped data layout is
simply the summation of the computation cost and the communication cost. Let T(S)
denote the total cost. From Lemma 2.4 and Lemma 2.5, we obtain the following result

T(S) = Tcorrp + Tcommunication

2
=%+ 2(L +20)+2g(S-1).

2.4 Comparison of Blocked Data L ayout and Stripped Data L ayout

LEMMA 2.7. Given P processors and assuming a lattice size of SxS,T(B) =2T(S) if
and only if

L+20>[1_ij§+1
g U +P)3 7

where L, o, and g are the parameters of the LogP model.

PROOF. By Theorem 2.3 and Theorem 2.6, we obtain the following equation:

T(B)-T(S) :C_I‘§’2+8(L+20) +4g(%—2)—C—§'2—2(L+20)—29(S—1)
— 6(L +20) + g(%—G—ZS).

Clearly, T(B) = T(S)if and only if T(B)-T(S) 0. Thus,

6(L+20)+g(4T§—6—28)20

- L+202[1—ij§+1

g VPJ3

The implications of Lemma 2.7 are as follows:

. af L2, (1—ij§ +1, stripped data layout should be utilized over blocked
g VP )3

data layout.

31



(1—ij§ +1, blocked data layout should be utilized over stripped

NCIE

L+20
<
g

. If

data layout.

THEOREM 2.8. Given P processors and assuming a lattice size of SxS. LetL, o, and
g be the parameters of the LogP model.

IfP=4, T(B)>T(S),

If P> 4, T(B) 2 T(S)if and only if

3JP(L+20-0)
S< .
= (/P -2)g

PROOF. By Lemma2.7, T(B)=T(S)if and only if

L+2°>[1_ij§+1
g U P37

For agiven network cluster, the parameter set of {L, 0, g} isassumed to be fixed (stable).
So, theratio at the left hand side of the inequality is fixed and greater than O.

Consider the right hand side of the inequality (we use RHS to denote the right hand side
and LHS to denote the left hand side):

If P=4, RHS= (1—£j§+1: 0= LHS> RHS. ThusfromLemma 2.7, T(B)>T(S).

Ji)3

P> 4, RHS:[l—ij§+l, i.e, T(B)=T(S)if and only if

NIE
L+20 z[l—ij§+1

g JP)3
3JP(L +20-0Q)
S< :
= (P -2)qg

d

To summarize Theorem 2.8, we point out the following important results:

. For P = 4, blocked data layout is slower than stripped data layout. Clearly, choose
stripped data layout.
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3JP(L+20-g)

. For P > 4, when the lattice size S is less than or equal to
(P -2)qg
blocked data layout is slower than stripped data layout, otherwise the reverse is
true.

The following table illustrates some sample threshold values of Sfor P =9, 16, 25. When
S is less than the threshold value, blocked is slower than stripped data layout, otherwise
blocked is faster than stripped data layout.

Processor Number | Threshold Valueof S
9(L+20-0Q)
9 9
6(L +20-Q)
16 g
5(L+20-0)
25 g

Table 2.1 Sample Threshold Values of Sfor P =9, 16, 25

Once we are given a network cluster, we can measure L, o and g. A simple method to
measure these parameters will be introduced in the following section. After we have
obtained values for all these parameters, we can decide which data layout to use for a
certain pair of Sand P.

2.5Measuring theL, o, and g Parameter s of the LogP M odel

We note that there have been some previous research studies performed on the
measurement of parameters for the LogP model [Kielmann et al. 2000].

Here, we present a simple method to measure latency (L), overhead (o) and gap (g) for a
given cluster of workstations. Our method assumes a homogeneous and single level
network. We allow workstations to have different system clocks, and we will eliminate
the difference in our method.

To measure these parameters, we need to send and receive messages in between
workstations. Let us consider two nodes. A and B. Assuming that A and B have
asynchronous system clocks, i.e. a the same physical time t, node A has system time of
Ta but B has a different system time of Tg. We define the jitter j as Tg — Ta.

Let T; be the time to send one double number (8-byte) from A to B, and T is measured
by node B, then
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Ti=L+20+7g+] Q)

Let T, be the time to send K double numbers from A to B (K can be chosen arbitrarily as
long as there is a clear difference between T, and T), then

T,=L+ 20+ (8K-1)g + ] 2

Let T3 be the time to send one double numbers from B to A, and T3 is measured by node
A, then

Ts=L+ 20+ 79g—] 3
Each T; should be measured by repeating the same experiment multiple times, discard the
first 2 measurements (thus eliminating the warm-up time for a network), and finally

average over the remaining measurements.

By solving equations (1), (2), and (3) we obtain:

j: (Tl_T3%’
_(T,-T
g_(2 %K—l)’

L+20=T, - (—8(K7— 1)j(T2 -T,) U ;T3) .

Once K is chosen, we are able to obtain the numerical values for j, g and L+ 20.

The overhead, o, can be measured by taking 2 timestamps before and after MPI_Send()
and computing the difference between those time stamps. In order to achieve a more
accurate measurement of o, we should measure o on both machines A and B and then
take the average as the final o.

After ois measured, we can determine L.

If using MPI, all time values can be accurately measured by calling the MPI_Wtime()
routine on the local machine. To measure T;, we let machine A get alocal time stamp Ta,
(adouble precision number) and then send that number to machine B. On B’ s side, upon
receiving a number from A, it takes a time stamp Tg. T is the result of subtracting Ta
from Tg.

The following pseudo code shows how to measure Tj:



Algorithm MEASURING T1

INPUT: 2 Processors and the network in between them.
OUTPUT: T, the cost of sending a double precision number.
Begin

rank = the rank of local processor.

SOURCE = a constant indicating the rank of the source processor.
DESTINATION = a constant indicating the rank of the destination processor.
IF (rank == SOURCE){

numbers = MPI_Wtime();
Send (numbers, DESTINATION);

}

ELSEIF (rank == DESTINATION)
{
Receive( SOURCE, numbers)
end=MPI_Wtime();

T, = end - numbers;
Output(T,);

}
ENDIF

END

Function Definitions:

MPI_Wtime()
Get the system time from the local processor.

Send ( DATA , DESTINATION)
Send the data buffer “DATA” to the processor specified by “DESTINATION”

Receive( SOURCE, BUFFER)
Receive data from the processor specified by “SOURCE” and store the data in “BUFFER”

Remarks
This algorithm can be changed to measure T, and T also -- only need to modify the message
length or change SOURCE and DESTINATION value.

Algorithm 2.3 Measuring T, -- The cost of sending a double precision number
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2.6 Experimental Data and Plots

In this section, we present the experimental data for the parallel algorithms described in
previous sections along with corresponding plots. We ran all our simulations on a 16-
node Solaris Ultra 5 workstation cluster with a 100Base-T Ethernet backbone. We also
used the MPICH implementation [Gropp et al. 1996][Gropp et al. 19964 of the MPI
standard as the message passing library.

2.6.1Measuring L, o, and g Values of the Experimental Environment
We measured the latency, overhead and gap of our cluster using the algorithm introduced

in the previous section. We ran the measuring program 10 times and took the average of
the outcomes. The measured values are listed in the following table.

Experiment L+20 L 0 g

1 234 186 24 1

2 242 194 24 1

3 205 159 23 1

4 246 198 24 1

5 241 191 25 1

6 251 203 24 1

7 245 197 24 1

8 234 186 24 1

9 248 200 24 1

10 249 201 24 1
High 251.0 203.0 25.0 1.0
Low 205.0 159.0 23.0 1.0
Std Dev 12.75 12.21 0.45 0.00
Average 239.5 191.5 24.0 1.0

Table 2.2 Measured L, o, g values and the statistics (in s)

We summarize the above table by highlighting the following average values of our
network properties (in ps):

Latency: 191.5
Overhead: 24.0
Gap: 1.0
Latency + 2* Overhead: 239.5

The jitter is also measured and it is: -0.186718 seconds.
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2.6.2 Performance Data of Blocked and Stripped Data L ayouts

For the purpose of obtaining algorithm performance data, we run each simulation for 20
MC steps. We note that researchers (e.g. statistical physicists) who are interested in
obtaining precise Ising spin system data can change the number of MC steps of each
simulation through command line input.*

According to the theoretical analysis given above, we predicted that when
S< 3JP(L+20-Q)
- (/P-2g

and P > 4, blocked data layout will be slower than stripped data

3J/P(L+20-0)

(VP -2)g
stripped data layout. Finally, for P = 4, regardless of the size of S, blocked data layout is
always slower than stripped data layout.

layout. WhenS > and P > 4, blocked data layout will be faster than

Now, when we plug in the values we measured for L, o and g, we are able to obtain the
following real value prediction about the critical lattice size ..

3JP(L+20-g) _3x3x(239.5-1)

For P=9, = =9x239.5=21555
= WP -2)g 3-2
For P=16, S, = 3/P(L+20-g) - 3x4x(2395-0) 6x239.5=1437
WP -2)g 4-2

So, for S < &, blocked data layout is slower than stripped data layout (T(B) — T(S) > 0);
for SS;, blocked data layout is faster than stripped datalayout.(T(B) — T(S) < 0).

The following tables and graphs show the running time results for 4, 9 and 16 processors.
We note that although there are some random variations of the algorithm run-time due to
occasional network fluctuations, the theoretical results still clearly predicted the outcome
of the experimental results.

Lattice Size Blocked Stripped T(B)-T(S)
720 5.50 5.49 0.01
1440 23.70 22.04 1.65
2160 53.07 49.35 3.72
2880 86.22 85.57| 0.65
3600 137.67 135.67| 2.00
5400 309.46 305.14 4.31

Table 2.3 Resultsfor 4 processors (in seconds)

* Source code is available by emailing the author of this thesis,
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T(B) - T(S) for 4 Processors
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Figure 2.8 T(B)-T(S) for 4 processors
Remark: For four processors, the theoretical analysis predicted that blocked data layout
issower than stripped data layout. The actual data verifies this.

Lattice Size Blocked Stripped T(B)-T(S)
720 2.87 2.50 0.38
1440 10.36 9.78 0.58
2160, 21.61 22.12 -0.51]
2880 37.95 39.22 -1.28]
3600 59.95 62.03 -2.08|
5400 134.86 138.09 -3.22
Table 2.4 Resultsfor 9 processors (in seconds)
T(B)-T(S) for 9 processors
1 VS
08 | ‘\;\ T T T T T
D 0-?720 1440 2160 2880 3600 4320 5040° 5760
= -
. 15 I
o -2 o
F -25 T
-3
35 =
-4
size

Figure 2.9 T(B)-T(S) for 9 processors

Remark: For nine processors, the theoretical analysis predicted that the critical lattice
sizeis 2155.From our experiment, we found out that at size 1440, T(B) > T(S). However
at size 2160, T(B) < T(Swhich verifiesthe prediction.
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Lattice Size Blocked Stripped T(B)-T(S)
720 1.67 1.44 0.23
1440 5.53 5.74 -0.22
2160 12.21 13.45 -1.24
2880 21.58 22.97 -1.39
3600 33.00 35.35 -2.35
5400 76.05 81.49 -5.44

Table 2.5 Resultsfor 16 processors (in seconds)

T(B)-T(S) for 16 processors

|

05 Y

1720 14402160__ 2880___3600___4320___5040__ 5760
—.

-2
-25 e

T(B) - T(S)

size

Figure 2.10 T(B)-T(S) for 16 processors

Remark: For 16 processors, the theoretical analysis predicted that the critical lattice size
is 1437.From our experiment, we found out that at size 720, T(B) > T(S). However at size
1440, T(B) < T(Swhich verifies the prediction.
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Chapter 3  Parallel Algorithms For Random Selection
Schemes: Design, Implementation and Analysis

In Chapter 2, we investigated the design and analysis of parallel algorithms for sweep
selection on the LogP model. Moreover, we provided comparison results based on two
different data layouts and derived a threshold value for lattice size for determining when
blocked data layout outperforms stripped data layout.

In this chapter, our focus is on the random selection scheme. In the study of random
selection schemes, we focus our attention on the design and implementation of parallel
algorithms with efficient communication patterns, while simultaneously ascertaining the
amount of random characteristics in each particular design.

3.1 Overview of Algorithm Design For Random Selection Schemes

The random selection scheme can be described in words as the selections of spins one by
one uniformly randomly on the lattice (See Definition 1.2 and Algorithm 1.3). As
described in Chapter 1, researchers must rely on random selection schemes to measure
dynamic properties of the Ising spin system. Unfortunately, the sweep selection schemeis
simply not usable to measure dynamic properties.

Our work on the random selection scheme is focused on algorithmic performance issues.
Our goa is to improve the efficiency and reliability of random selection parallel
algorithms. In order to achieve such a goal, we introduce an efficient and stable
communication pattern into the parallel algorithm design.

We design and implement three random selection schemes. They are: (a) Truly random
scheme, (b) Fixed Message Length scheme (called the FML scheme), and (c) a modified
FML scheme which takes into account interleaving and changing interior to exterior ratio
of spin selections. This scheme also utilizes a bit to decide the order of interior and
exterior selection. We refer to this modified scheme as the a-scheme (or ALPHA
scheme).

We base our work on random selection on blocked data layout. The ideas and principles
of our work can be easily applied to stripped data layout or any other data layout.

3.2 The Truly Random Scheme

For the truly random scheme, the parallelization is straightforward. For each block of the
lattice assigned to each processor, it is divided into Upper-Left and Lower-Right parts.

One Monte Carlo step is composed of several iterations. In each iteration, every
processor is working on the same part of the lattice block. This ensures that no
neighboring spins will be flipped at the same time, thus the detailed balance condition is
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not violated. At the end of each iteration, processors communicate boundary spin update
information with their neighbors.

The following figure shows the division of Upper-Left part and Lower-Right part, plus
their relationship with each iteration.

_| el |
A

At iteration K, each processor At iteration K+1, each

is working on the Upper-left processor is working on the
part of its block (the shaded Lower-Right part of its block
area). (the shaded area).

At the end of iteration K, processors
send/receive boundary spin update information
to their neighbors.

UL LR
The two corner points not
UL -- Upper Left part covered by UL and LR parts,
) but are NOT ignored by the
LR -- Lower Right part algorithm.

Figure 3.1 Block subdivision and Iterations

Due to the fact that neighboring spins cannot be flipped at the same time, any random
selection scheme must impose this constraint. As such, the scheme we have just
presented derives its name from the fact that it is truly random inside each iteration rather
than being "truly random™ throughout the whole algorithm.

3.2.1 Algorithm Pseudo Code

This section provides the pseudo code of the truly random scheme.

3.2.1.1 Assumptions and Definitions

Each processor holds a hxhblock of the Sx Slattice where h = /ﬁ.

Upper-left part: {(0,0), (h-2, h-2)}.
Lower-right part: {(1,1), (h-1, h-1)}.
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3.2.1.2 The Pseudo Code

Algorithm TRULY RANDOM SCHEME

INPUT: A lattice of size SX S, and P processors. S must be divisible by P.
OUTPUT: Dynamic properties of the Ising spin system.

Begin

/*

Initialization: Each processor initializes its block of the sub-lattice and send/receive boundaries
from its neighbors.
*/
For each processor P; DO
Initialize ()
ENDFor
MC=1

For MC <= Total Monte Carlo Steps DO

/*
Begin One Monte Carlo Step
*/
/*
K 2
Processor 0 generates a sequence of numbers X;,Xy,...X¢ (1< X; €4(h-=1)), untl 3 X; = h”.
i=1
*/
For P, DO
Begin
K=1
SUM=0

While SUM <= 4(h-1) DO
Begin
X[K] = rand()*4(h-1) + 1 //function definitions are listed at the end of the pseudo code
SUM = SUM + X[K]
K=K+1
ENDWhile
/*

After knowing K, processor O generates a number C from [0,k-1] such that each processor will
select 2 corner points (upper right corner and lower left corner) at iteration C of the MC step.
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(Continued from previous page)
Now, we have an array like this on processor 0:

X1,X3,...Xk,C

Processor 0 broadcasts this array to all processors on network

{Reason for the range of X; to be [1,4(h-1)] is that E(X;) will be equal to 2(h-1),which is equal to
the total number of rows and columns in the region (there are h-1 rows and h-1 columns in the
region)}

*/

C = rand()*(k-1)
Array[1..K] = X[1..K]
Array[K+1] = C
Broadcast(Array, K+1)

ENDFor // For Py DO
For each processor P; DO
Begin

ji=1

While j <= KDO

Begin

/*

/IStage 1

Pi selects Xj number of spins uniformly randomly from the Upper Left Part of its local block, and
apply sequential Metropolis algorithm on those Xj number of selections

Pi sends spin update information of its top border and left border to its upper neighbor and left
neighbor respectively.

Pi receives spin update information from its lower neighbor and right neighbor.

*/

RandomSelectAndApplyMetropolis (X;,(0,0),(h-2,h-2))

Arrayl= ScanUpdated (top_border)
Array2= ScanUpdated (left_border)
Send (Arrayl, upper)

Send (Array2, left)

Receive (lower, bottom_array)
Receive (right, right_array)

/*

/IStage 2

Pi selects Xj;; number of spins uniformly randomly from the Lower Right Part of its local block,
and apply sequential Metropolis algorithm on those Xj;; number of selections

Pi sends spin update information of its bottom border and right border to its lower neighbor and
right neighbor respectively.
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(Continued from previous page)
Pi receives spin update information from its upper neighbor and left neighbor
*/

RandomSelectAndApplyMetropolis (Xj:1,(1,1),(h-1,h-1))

Arrayl= ScanUpdated (bottom_border)
Array2= ScanUpdated (right_border)
Send (Arrayl, lower)

Send (Array2, right)

Receive (upper, top_array)

Receive (left, left_array)

/*
Processing the “Corner” iteration
*

if (j == COR j+1 ==C) DO //C is the corner iteration

/*

Pi selects those two corner points of (0,h-1) and (h-1,0) and apply Metropolis algorithm on them.
Pi sends to upper and right neighbor corner (0,h-1)

Pi sends to lower and left neighbor corner (h-1,0)

P; receives from its neighbors corner spins

*/

Metropolis ((0,h-1))
Metropolis ((h-1,0))

Send ((0,h-1), upper)

Send ((0,h-1), right)

Send ((h-1,0), lower)

Send ((h-1,0), left)

Receive (upper, top_array[0])
Receive (left, left_array[0])

Receive (lower, bottom_array[h-1])
Receive (right, right_array[h-1])

ENDIF
j=j+2
ENDWhile // One Monte Carlo Step
MC = MC+1
IF (MC>=WARM_UP && MC % SAMPLE_INTERVAL == 0) DO
/I Run functions to measure all desired dynamic properties.

Compute_Correlation()

ENDIF




(Continued from previous page)
ENDFor // MC<=TOTAL Monte Carlo Step
ENDAIgorithm

Function Definitions:

Initialize ()
Initialize the local lattice. Each spin will be randomly assigned a value of +1 or —1.

rand ()
Generates a random number uniformly from [0,1]

Broadcast (array, number_of_items)
Broadcast an array whose length is “number_of_items” to all processors.

Metropolis ((X, y))
Apply Metropolis Monte Carlo Algorithm (Algorithm 1.1) on the spin S (i,))

RandomSelectAndApplyMetropolis (N, From, To)

Uniformly randomly selection N spins on the rectangle specified by upper-left point “From” and
lower-right point “To”, apply Metropolis Monte Carlo Algorithm (Algorithm 1.1) on each selected
spin.

ScanUpdated (Border)
Scans the border specified by “Border” and put the updated spin of that border into an output
array, return the output array to caller.

Send ( DATA , DESTINATION)
Send the data buffer “DATA” to the processor specified by “DESTINATION”

Receive( SOURCE, BUFFER)
Receive data from the processor specified by “SOURCE” and store the data in “BUFFER”

Compute_Correlation ()
Compute the correlation of the spin system, which is a dynamic property. This function can be
replaced by any other customized functions to measure different dynamic properties.

Algorithm 3.1 TRULY RANDOM SCHEME
3.2.2 Communication Pattern Design

In this section, we introduce the design of the communication pattern for the truly
random scheme.

Because we are examining the truly random scheme, the number of border spins being
updated in each iteration will be varying. We do not want to send the whole border out.
Instead, we want to send out only those spins that have been updated. So, the lengths of
the messages are varying. We used the following mechanism to handle communication in
the truly random selection scheme:
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We allocated a buffer for each border. We called that buffer the work_array. The length
of work_array is the same as the length of the border. It is indexed from O to h-1.
Work_array isinitialized to be 0, which implies that the corresponding spin on the border
has not been changed.

Whenever a spin i is changed on the border, work_array[i] will be set to the latest value
of that spin (-1 or 1).After all the updates are performed for this iteration, we will send
the spin update information to the neighbors. We scan work_array to find out all those
items that are not 0 and put them into "send" arrays.

For example: assuming the border length = 8:

work_array is {0,-1,1,-1,-1,1,0,1}. So, spin[0] on the border has not been changed,
spin[1] has been changed with the latest value of -1, spin[2] has been changed with the
latest value of 1, etc. According to the above work_array, we have the following send
array:

send_array is {1,-1;2,1;3,-1;4,-1;5,1;7,1} . We can compute the length of the send array
by multiplying 2 with the number of non-zero items in the send array.

After the send array is available, we send two messages to neighbors. The first message
contains the length of the second message. Thus, the receiver can correctly allocate its
receiving buffer for the second message. The second message contains the actual send
array which has the actual spin update information.

3.2.3 Algorithm Analysis of the Truly Random Scheme

This section analyzes the runtime cost of the truly random scheme.

LEMMA 3.1. Given P processors and assuming a lattice size of Sx S, let h be equal to

% , the expected communication cost of one iteration of the truly random scheme is

Teomm = 2hb+4(L +20+99),
where b > Oisaconstant and L, 0, and g are parameters of the LogP model.

PROOF. We set the time unit to be the time of sending a one-byte message divided
byL+20. By this definition, the cost of sending a k-byte message is simply
L+20+(k—-1)g. However, we should scale the computation cost and other costs to this
unit by multiplication of constants.

During each iteration, processor P, works on either the UL or the LR part of their sub
block and has two neighbors to communicate with.

The cost of setting up one communication buffer is h b, where h is length of the buffer
and b is the cost of processing one item of the buffer. For each iteration, we have two
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work_arrays to scan. Thus, the cost of setting up communication buffers for one iteration
IS

We aways send a header message to neighbors to indicate the length of the actual
message. If there is nothing to update, we still need to send the head message containing
the value 0. The header message is simply an integer, which is 4 bytes. For each iteration,
we send two header messages. So, the cost of sending header messages for one iteration
is.

Theader = 2(L +20+3Q).

After sending the header message, we need to send the actual message containing the
spin update information on the borders. As described in the section of communication
pattern design, we send out two send arrays each containing 2m integers (8m bytes)
where m is the number of spins that have been updated in this iteration. The cost of
sending the actual message is:

Tactuaj = 2(L + 20 + (8m _1)9) y

where m is the number of border spins being updated in one iteration. We use the
expected value of m, i.e. E(m), to perform our expected case analysis.

At the i"" iteration, there are X; total number of spins being selected uniformly randomly
onthe UL part or LR part. Each such part is of size (h-1)x(h-1).

h-1 _E(X))
(h-12 h-1
Because X; is a uniform random number from [0,4(h-1)], E(X;) = 2(h-1). So, we have
E(m): E(XI) :2(h—1):2
(h-1) (h-2

Thus, E(m) = E(X;)

Using this value in Taca , We have
Tactua = 2(L +20+15Q).

The expected communication cost for one iteration is simply the summation of Teep,
Theader, and Tactual:

Teomm = Teetup + Theader + Tactual

=2hb+2(L +20+ 3g) +2(L + 20 +159)
=2hb+4(L +20+9q).
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LEMMA 3.2. Given P processors and assuming a lattice size of Sx S, let h be equal to

%, the expected number of iterations in one Monte Carlo step of the truly random

schemeis

E(K) = h* =N,
2(h-1) /2

PROOF. One MC step consists of K iterations. K is not a fixed number; it’s a random
variable related to X; . From the algorithm we see that processor O generates a sequence

K
of numbers X1,Xz,...Xk (1< X; £4(h-12)) , until ¥ X; = h?. X; is the number of spin
i=1
selections for the it" iteration, and K is the total number of iterations in that Monte Carlo
step. The expected value of K is

E(K) = h° _ i =N
CE(X) 2(h-1) /2

LEMMA 3.3. Given P processors and assuming a lattice size of Sx S, let h be equal to

%, the expected communication cost of one Monte Carlo step of the truly random

schemeis
Tuc_comm = h°b+2h(L +20+9g),
where b > Oisaconstant and L, 0, and g are parameters of the LogP model.

PROOF. The expected communication cost for one Monte Carlo step is the product of
the communication cost per iteration and the expected number of iterations per Monte
Carlo step, i.e.,

Tmc_comm = E(K) % Teormm »
fromLemma3.1 and Lemma 3.2,

Tuc_comm = E(K) X Togyryy = g (2hb + 4(L + 20+ 9g)) = h?b + 2h(L + 20+ 9g) .

Clearly, the communication costs for truly random selection are considerable. Thus the
need to utilize schemes that maintain high levels of randomness while reducing
communication costs should be explored. In section 3.3 and 3.4, we present two such
schemes.
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LEMMA 3.4. Given P processorsand assuming a lattice size of Sx S, let h be equal to

% , the computation cost of one Monte Carlo step of the truly random scheme is

T.omp = Ch?, C> Oisa constant.

comp

PROOF. The number of spin selections for one Monte Carlo step is h?. Let the cost of
applying the Metropolis agorithm on one spin be C (this cost includes determining the
potential energy change, generating a random number and bookkeeping the internal
energy). This is a positive constant. Thus, the total cost of computation can be
represented simply by

Teomp = Ch?.
THEOREM 3.5. Given P processors and assuming a lattice sizeof Sx S, let h be equal

to % , the total cost of one Monte Carlo step of the truly random scheme is

Toruly = (b+C)h? +2h(L +20+9g),

where b > 0, C > 0 and they are both constants, L, 0 and g are parameters of the LogP
model.

PROOF. The total cost of one Monte Carlo Step of the truly random scheme is simply
the summation of the communication cost and the computation cost. From Lemma 3.3
and Lemma 3.4, we have

Tiruty = Tmc_comm * Teomp
=h?b+ 2h(L + 20 + 9g) + Ch?
= (b+C)h? +2h(L +20+9g).

3.2.4 Problems With the Truly Random Scheme

In the truly random scheme, the number of spins being selected on the border is not fixed,;
it could be any value from O to h-1. This causes the message length to be varying.

Since the message length is not fixed, every time the sender wants to send out a message,
it needs to provide the message length to the receiver. This ensures that the receiver can
anticipate the needed size of the receiving buffer. In our case, the sender sends out a
header message first. This message contains an integer value representing the message
length of the second message to the receiver. Thus, the receiver is ready to receive the
(second) actual message.
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This scheme is inefficient and unstable. It is inefficient due to the fact that every time
there is a need for communication, it sends out two messages for one piece of
information. Instead of incurring a cost of L+20+(k—-1)gfor one piece of k-byte

information, it now costs L+20+L+20+(k—-1)g=2(L+20)+(k-1)g.Usualy,

L + 20is much greater than g. Thus, for small k, the second cost may double the first one.
We need to consider new communication schemes with better performance.

This scheme is also unstable due to the fact that it has varying message lengths and the
lengths can be as large as (%—1). If the number of processors (P) is fixed, then the

message length is O(S) where Sx Sis the size of the lattice. As S grows larger, the
message length grows at the same rate. In the real world, the available communication
buffer (receiver buffer in particular) istypically limited. If the message length grows over
the limit, the system may become unstable and possibly crash. New implementations to
break down the long message into fixed size pieces must be developed under such
circumstances. Thiswill inevitably add more cost.

Regarding the above concerns and issues, we designed our own communication scheme

with Fixed Message Length. We call this the FML scheme, and we introduce it in the
next section.

3.3 The Fixed M essage Length (FML) Scheme

In this section, we will introduce the design, implementation and analysis of the FML
scheme.

3.3.1 Design of the FML Scheme
We categorize lattice spins into interior spins and exterior spins. Exterior spins are those
spins that are on the border of the lattice, while interior spins are not on the boundary.

The following figure shows the division of the lattice into exterior and interior regions on
processor P,.
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Division of the block into interior and exterior
regions. There are (h-2)*(h-2) interior spins,
and 2(h-1)-1 exterior spins for the upper left
part and lower right part respectively.

Figure 3.2 Interior and Exterior of the block

For any type of random selection schemes, the probability of an interior spin being
selected in one Monte Carlo step should be the same as the probability of an exterior spin
being selected in one Monte Carlo step.

Our goad is to design an algorithm such that for every iteration of that algorithm, it will
update a fixed number of spins on the exterior part, while still satisfying the above
condition of equal probability. Once the number of spins being updated on the exterior is
fixed, the message length is also fixed. This should substantially improve the efficiency
of the parallel algorithm. We describe our design below:

Given a set of spins, let t be the tota number of spins, and let x be the number of
selections made from those spins. We select spins with replacement, i.e. once a spin is
selected, it will not be excluded from the set. This is exactly the case of lattice spin
model, i.e. once a spin is selected, it is not taken away from the lattice, it is still there and
available for future selections.

From basic statistics, the probability of a spin being selected (at least once) out of t spins
by x selectionsis:

P(x,t) =1—[1—%jx

_ T -(t-D*
From basic statistics [Casella et al. 2001], we know that:

(x+y)" = %(E)xky”"‘ , Nis anon-negative integer
k=0
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(t-)*=(-1+t)* = f(ﬁk—nkt”*
k=0

:tX + X(_l)ltx—l + X(Xz_l) (_1)2tX—2 + X(X_lé(x_z) (_1)3tX—3 +

6

- (-1
tX

P(x,t) =

XtX_l

_X(x-1) X2 4 X(X=1)(x-2) X3
2

tX

X(x=1) x(x-1D(x-2)

_ X 2 6

= + ——ee.
t ot t3

_5_[x(x—1) _X(x=1)(x-2) +j
t 2t? 6t>

z%,when X <<t.

S0, we can use %to approximate the probability P(x,t).

We note that a good approximation occurs when t is greater than or equal to 50x, which

2
means = <~ =0,02 and [fj <1 ~0.0004. The quadratic term is negligible
t 50 t) = 2500

As in the truly random scheme, the FML scheme still divides the lattice into upper left
parts and lower right parts. This is required since all processors must work on the same
part to ensure that neighboring spins are never flipped at the same time. In the FML
scheme, one iteration is composed of the following sub steps:
a) For the upper left part, uniformly randomly select 2(h—2) spins
from the interior.
b) Select x spins from both exterior borders of the upper left part.
Communicate with upper neighbor and left neighbor (Send and
receive messages of length x).
C) For the lower right part, uniformly randomly select 2(h—2) spins
from the interior.
d) Select x spins from both exterior borders of the lower right part.
Communicate with lower neighbor and right neighbor (Send and
receive messages of length x).
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The following figure shows one iteration in the FML scheme:

Sub steps of one iteration in the FML scheme

Shaded areasin each sub step represent the set of spinsbeing
selected in that sub step. Arrowsrepresents communication.

Figure 3.3 One iteration of the FML scheme

Now, we determine the value of X, i.e.,, the number of spins selected on the exterior
borders.

According to the above analysis, P(x,t) = ?X .
Thus, the probability of an interior spin being selected throughout the whole iteration is

4h-2)_ 4
(h-2% h-2’

Ruterior = P(4(h—2),(h-2)?) =

and the probability of an exterior spin being selected throughout the whole iteration is

X
Paterior = P(x,2(h-1)-1)= h-3’
and,
I:zlnterior = I:)exterior
4 X
-2 2h-3
L 4 2A2h-3) _8h-2)+4_o 4
h-2 h-2 h-2
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This implies that we need to select 8 spins on the exterior borders and select the 9" spin
with probability ﬁ . By doing so, we satisfy the equal probability condition. In regards
to the message length, we fix it to be 9 integers, which is 36 bytes on a 32-bit machine.

The total number of spin selections per iteration is 4(h—2) +2(8+h;f2) =4h, and the
total number of spin selections required for one MC step is h?. So number of iterations is

h%_h
4h 4"

3.3.2 Algorithm Pseudo Code
This section introduces pseudo code for the FML scheme.

3.3.2.1 Assumptions and Definitions

Each processor holds a hxhblock of the Sx Slatticeand h = 7\5 :

Upper-left part : {(0,0), (h-2,h-2)}

Lower-right part: {(1,1), (h-1,h-1)}

Interior: {(1,1), (h-2,h-2)}

Exterior: 4 borders{(0,0), (0,h-2)}, {(0,0),(h-2,0}, {(h-1,1),(h-1,h-1)} and
{(1,h-1),(h-1,h-1)}

3.3.2.2 Algorithm Pseudo Code

Algorithm FML SCHEME

INPUT: A lattice of size SX S, and P processors. S must be divisible by P.
OUTPUT: Dynamic properties of the Ising spin system.

Begin

/*

Initialization: Each processor initializes its block of the sub-lattice and send/receive boundaries
from its neighbors.
*
For each processor P; DO
Initialize () //function definitions can be found at the end of the pseudo code
ENDFor
MC=1
For MC <= Total Monte Carlo Step DO

Begin




(Continued from previous page)
/* For Py,
Randomly generate a number k from [0,h/4) and broadcast it to each node. Then, at the kth
iteration of that MC Step, each node will examine the upper-right corner (0,h-1) and lower left
corner (h-1, 0) of the block it holds.
*

For Po DO

Begin

K =rand()*h/4
Broadcast(K,1)

ENDFor

For each processor P; DO
Begin
ji=1
Whilej<=h/4 DO
Begin

%

local updates on the upper left part
Uniformly randomly select 2(h —2) spins from the interior part and apply sequential Metropolis

algorithm on those 2(h —2) number of selections.
Uniformly randomly select 8 spins from the exterior (top and left borders) and select the 9" one
with probability 4/(h-2). Apply sequential Metropolis algorithm on those 8(9) spins selected.
*/
RandomSelectAndApplyMetropolis (2(h-2),(1,1),(h-2,h-2));

IF (rand() < 4/(h-2) ) DO

NUM =9
ELSEIF

NUM =8
ENDIF

NUML1 = rand()*NUM
NUM2 = NUM — NUM1

RandomSelectAndApplyMetropolis (NUM1,(0,0),(0,h-2));
RandomSelectAndApplyMetropolis (NUM2,(0,0),(0,h-2));

/*

Communication with neighbors

Pi sends spin update information of its top border and left border to its upper neighbor and left
neighbor respectively.

Pi receives spin update information from its lower neighbor and right neighbor.

*/
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(Continued from previous page)

Arrayl= ScanUpdated (top_border)
Array2= ScanUpdated (left_border)

Send (Arrayl, upper)

Send (Array2, left)

Receive (lower, bottom_array)
Receive (right, right_array)

/*
Uniformly randomly select 2(h —2) spins from the interior part and apply sequential Metropolis
algorithm on those 2(h —2) number of selections.

Uniformly randomly select 8 spins from the exterior (bottom and right borders) and select the o
one with probability 4/(h-2). Apply sequential Metropolis algorithm on those 8 (9) spins selected.
*/

RandomSelectAndApplyMetropolis (2(h-2),(1,1),(h-2,h-2))

IF (rand() < 4/(h-2) ) DO
NUM =9
ELSEIF
NUM = 8
ENDIF

NUM1 = rand()*NUM
NUM2 = NUM — NUM1

RandomSelectAndApplyMetropolis (NUM1,(h-1,0),(h-1,h-1))
RandomSelectAndApplyMetropolis (NUM2,(0,h-1),(h-1,h-1))

/*
Pi sends spin update information of its bottom border and right border to its lower neighbor and
right neighbor respectively.
Pi receives spin update information from its upper neighbor and left neighbor.
*/
Arrayl= ScanUpdated (bottom_border)
Array2= ScanUpdated (right_border)

Send (Arrayl, lower)

Send (Array2, right)
Receive (upper, top_array)
Receive (left, left_array)

/*

Pi selects those two corner points of (0,h-1) and (h-1,0) and apply Metropolis algorithm on them.
Pi sends to upper and right neighbor corner (0,h-1)

Pi sends to lower and left neighbor corner (h-1,0)

P; receives from its neighbors corner spins

*/

IF j == k DO

Metropolis ((0,h-1))
Metropolis ((h-1,0))
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Send ((0,h-1), upper)
Send ((0,h-1), right)
Send ((h-1,0), lower)
Send ((h-1,0), left)
Receive (upper, top_array[0])
Receive (left, left_array[0])

Receive (lower, bottom_array[h-1])
Receive (right, right_array[h-1])

ENDIF

j=j+1

ENDWhile

ENDFor // One Monte Carlo Step

MC = MC+1

IF (MC>=WARM_UP && MC % SAMPLE_INTERVAL == 0) DO
/I Run function(s) to measure all desired dynamic properties.
Compute_Correlation();

ENDIF

ENDFor //MC<=Monte Carlo Step

ENDAIgorithm

Function Definitions:

Initialize ()
Initialize the local lattice. Each spin will be randomly assigned a value of +1 or —1.

Metropolis ((X, y))
Apply Metropolis Monte Carlo Algorithm (Algorithm 1.1) on the spin S (i,))

RandomSelectAndApplyMetropolis (N, From, To)

Uniformly randomly selection N spins on the rectangle specified by upper-left point “From” and
lower-right point “To”, apply Metropolis Monte Carlo Algorithm (Algorithm 1.1) on each selected
spin.

Send ( DATA , DESTINATION)
Send the data buffer “DATA” to the processor specified by “DESTINATION”

Receive( SOURCE, BUFFER)
Receive data from the processor specified by “SOURCE” and store the data in “BUFFER”

Compute_Correlation ()
Compute the correlation of the spin system, which is a dynamic property. This function can be
replaced by any other customized functions to measure different dynamic properties.

Algorithm 3.2 FML SCHEME
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3.3.3 Communication Pattern Design

The FML scheme has a more efficient and concise communication pattern than the truly
random scheme. For the FML scheme, there are at most 9 selections of exterior spins in
one iteration. Because each selection can be mapped into an integer number using the
offset of the selected spin, we can use an array of 9 integers for each border. Initialy,
every key value of the array is —1. Whenever a spin on that border is selected and
updated, we put the offset of that spin into the array. Processor Pi sends the array to its
corresponding neighbor. The neighboring processor will read the array and update spins
until it meetsthe first —1.

Message length is fixed to be 9 integers (36 bytes) inthe FML scheme
3.3.4 Algorithm Analysis of the FML Scheme

This section provides performance analysis of the FML scheme. In Section 3.3.5 we will
compare the results of the FML scheme with those of the truly random scheme.

LEMMA 3.6. Given P processors and assuming a lattice sizeof Sx S, the
communication cost of one iteration of the FML schemeis

Tcomm_iteration = 4(L + 20+ 350),
where L, o, and g are parameters of the LogP model.
PROOF. For the FML scheme, during each iteration, processor P; works on both the UL
part and the LR part of their sub-block. It communicates with 4 neighbors. P, sends out 4
messages each of size 36 bytes.

Teomm _iteration = 4(L +20+359).

LEMMA 3.7. Given P processors and assuming a lattice sizeof Sx S, let h be equal to

% , the communication cost of one Monte Carlo step of the FML schemeis

Teomm = (L + 20+ 350),
whereL, o0, and g are parameters of the LogP model.

PROOF. By the design of the FML scheme, we note that there are totaly % iterations

for one MC step. From Lemma 3.6, we obtain the communication cost of one Monte
Carlo step of the FML scheme:

Teomm =2E4(L +20+35g) = h(L + 20 + 350) .
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LEMMA 3.8. Given P processors and assuming a lattice sizeof Sx S, let h be equal to

% , the computation cost of one Monte Carlo step of the FML schemeis

Teomp =Ch?,
where C > 0 isa constant.

PROOF. Similar to the proof in the truly random case, let the cost of applying the
Metropolis algorithm on one spin be C (this cost includes determining the potential
energy change, generating a random number and bookkeeping the internal energy), which

is a constant number independent of the algorithm. There are totally h? such selectionsin
one Monte Carlo step of the FML scheme, thus the total cost of computation is

Teomp = Ch?.

THEOREM 3.9. Given P processors and assuming a lattice sizeof Sx S, let h be equal

to % , the total cost of one Monte Carlo step of the FML scheme is

Tewme =Ch? +h(L +20+35g)
where C > O isa constant and L, 0, and g are parameters of the LogP model.

PROOF. The tota cost of the FML algorithm is the summation of its communication
cost and computation cost, thus from Lemma 3.7 and Lemma 3.8,

TemL = Teomp * Teomm = Ch® + (L + 20+ 35g).
3.3.5 Performance Comparison Between FML and Truly Random

~ Ty = (1+C)h? +2h(L + 20 + 9g) - (Ch? + h(L + 20 + 35g))

=h2 +h(L +20-17g)
=h(h+L+20-17g) >0O,whenh+L+20-17g>0

Ttruly

In most cases, h+ L +20-17g >>0, S0 Tyuy is much slower than Trw
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3.3.6 Problems of the FM L Scheme

The FML scheme brings clear improvements in regards to agorithm efficiency and
system stability. However, it imposes arigid spin selection pattern of interleaving interior
selections and exterior selections. It selects 2(h-1) interior spins, then 8 or 9 exterior
spins, then interior again, then exterior, etc. This introduces a level of sequentiality into
the algorithm, i.e. “a certain lack of randomness’. This affects the measurement of
dynamic properties (since measuring dynamic properties requires random selections).
However, if we want to have fixed message lengths and efficient communication
patterns, clearly some loss of randomness will be incurred. However, we want to
minimize this loss. Therefore, we need to design a better scheme that incorporates more
randomness than the FML scheme while still maintaining efficiency. As such, we will
present the a-scheme in the next section.

3.4 The a-Scheme

This section presents the design, pseudo code and analysis of a variant of the FML
scheme which we will call the a-scheme.

3.4.1 Design of the a-Scheme

As in the FML scheme, we categorize lattice sites into exterior and interior. We till fix
the number of exterior selections to be 8+%. So, we maintain fixed message length.

However, unlike the FML scheme, the a-scheme does not have the rigid sequences of
exterior and interior selections. Instead, it creates more diversity by adding a varying
ratio. We call thisratio a.

Assume that the FML scheme has the selection sequence given below:

2(h-2)1, 8E, 2(h-2)1, 8E, ...... 2(h-2)1, 8E, Q)

(‘I refersto theinterior, ‘E’ refersto the exterior, ‘2(h-2)’ refersto 2(h-2) selections)
Each (2(h-2)I , 8E) par forms a local iteration at the end of which processors
communicate with their neighbors.

The goal of a-scheme is to break the (2(h-2)1 , 8E) pair into an “unpredictable” number
of small pairs having a random order of interior and exterior. We introduced a ratio
a that dividesthe original pair into smaller pairs:

If we fix a =2, wewould have the following new selection sequence:

(h-2)1, 4E, (h-2)1, 4E, (h-2)I, 4E , ....... ,(h-2)1, 4E, (h-2)1, 4E, )

It splitsthe (2(h-2)1 , 8E) pair into 2 pairs of (h—2)1 ,4E).
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Comparing sequence (2) with sequence (1), we see that in sequence (1), exterior spins
will only be selected after 2(h-2) interior selections. However, in sequence (2), exterior
spins will be selected twice during the first 2(h-2) interior selections. Sequence (2)
creates more randomness than sequence (1).

Furthermore, instead of fixing a, we should vary a to introduce even more randomness

into the sequence. To break the (2(h-2)I , 8E) pair into small pairs of ( (Intk)l, (ExtK)E),

the only condition we need to satisfy is > Ext, =8, and X Int, =2(h-2). So, we
k k

uniformly randomly generate a series of random numbers X, in the range of [1,8] such
Ext, (h-2)

that X X =8. Let Ext, = X,and Int = 2(h-2) gk = . By doing this,
k

we split one original pair of (2(h-2)1 , 8E) into small pairs of ( (Inty) I, (Ext1)E), ( (Int2) I,
(Ext2)E) .... ( (Inty) 1, (Exty)E) and more importantly, those Inty and Extx are randomly
generated.

Finally, in addition to a varying a , we used random bit flipping to decide the order of
selection — interior first or exterior first. For each small pair of ( (Inty)l, (Exty)E), the
a-scheme uniformly randomly decides the order of this pair : ( (Int)l, (Ext)E) or
((Ext)E, (Int)l).

3.4.2 Algorithm Pseudo Code
This section introduces the pseudo code of the a-scheme
3.4.2.1 Assumptions and Definitions

Assume each processor holds a h xhblock of the Sx Slatticeand h = S :

JP
Upper-left part : {(0,0), (h-2,h-2)},
Lower-right part: {(1,1), (h-1,h-1)},
Interior: {(1,1), (h-2,h-2)},
Exterior: 4 borders{(0,0), (0,h-2)}, {(0,0),(h-2,0}, {(h-1,1),(h-1,h-1)} and
{(1,h-1),(h-1,h-1)}.

3.4.2.2 Pseudo Code

Algorithm O-SCHEME

INPUT: A lattice of size SX S, and P processors. S must be divisible by P.
OUTPUT: Dynamic properties of the Ising spin system.
Begin

/*
Initialization: Each processor initializes its block of the sub-lattice and send/receive boundaries
from its neighbors.
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(Continued from previous page)
For each processor P; DO
Initialize ()
ENDFor
MC =1
For MC <= Total Monte Carlo Step DO
Begin
/* On processor O:
Randomly generate a number C from [0,h/4) and broadcast it to each node. Then, at the Cth
iteration of that MC Step, each node will examine the upper-right corner (0,h-1) and lower left
i:/orner (h-1, 0) of the block it holds.
For Po DO
Begin

C =rand()*h/4
Broadcast(K,1)

ENDFor
For each processor P; DO

i=1

Whilej<=h/4DO
Begin

/*

Determine the total number of spins to select on upper left exterior (Ext):

Generate a random number N uniformly from [0,1], if N<4/(h-2), Ext = 9 else Ext=8
*

N = rand()
IF (N <4/(h-2)) DO
Ext=9
ELSEIF
Ext=8
ENDIF
U=Ext
/IWork on the upper left part first
While U>0 DO
Begin
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X =rand()*U+1
U=U-X
N=rand()
if (N<0.5) DO //interior first

/*

Select 2(h-2)X/8 number of spins in the interior, and apply Metropolis algorithm on each
selection

Select X number of spins on the upper left exterior (top border and left border), and apply
Metropolis algorithm on each selection

*

RandomSelectAndApplyMetropolis (2(h-2)X / 8,(1,1),(h-2,h-2))

X1 = X*rand()

X2 = X-X1

RandomSelectAndApplyMetropolis (X1,(0,0),(0,h-2))
RandomSelectAndApplyMetropolis (X2,(0,0),(h-2,0))

ELSEIF //exterior first

/*

Select X number of spins on the upper left exterior (top border and left border), and apply
Metropolis algorithm on each selection

Select 2(h-2)X/8 number of spins in the interior, and apply Metropolis algorithm on each
selection

*/

X1 = X*rand()

X2 = X-X1

RandomSelectAndApplyMetropolis (X1,(0,0),(0,h-2))
RandomSelectAndApplyMetropolis (X2,(0,0),(h-2,0))

RandomSelectAndApplyMetropolis (2(h-2)X / 8,(1,1),(h-2,h-2))
ENDIF

ENDWhile /While U>0

/*

//[Communication with upper and left neighbors

Pi sends spin update information of its top border and left border to its upper neighbor and left
neighbor respectively.

Pi receives spin update information from its lower neighbor and right neighbor.

*/

Arrayl= ScanUpdated (top_border)
Array2= ScanUpdated (left_border)

Send (Arrayl, upper)
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(Continued from previous page)

Send (Array2, left)
Receive (lower, bottom_array)
Receive (right, right_array)

/*
/llocal update on the lower right part
Determine the total number of spins to select on lower right exterior (Ext):
Generate a random number N, if N<4/(h-2), Ext = 9 else Ext=8
*/
N = rand();

IF (N < 4/(h-2)) DO
Ext=9
ELSEIF
Ext=8
ENDIF

U=Ext
While U>0 DO
Begin
X =rand()*U+1
U=U-X
N=rand()
IF N<0.5 DO //interior first

/*

Select 2(h-2)X/8 number of spins in the interior, and apply Metropolis algorithm on each
selection

Select X number of spins on the lower right exterior (bottom border and right border), and
apply Metropolis algorithm on each selection

*

RandomSelectAndApplyMetropolis (2(h-2)X / 8,(1,1),(h-2,h-2))

X1 = X*rand()

X2 = X-X1

RandomSelectAndApplyMetropolis (X1,(h-1,1),(h-1,h-1))
RandomSelectAndApplyMetropolis (X2,(0,h-1),(h-1,h-1))

ELSEIF //exterior first

/*

Select X number of spins on the lower right exterior (bottom border and right border), and
apply Metropolis algorithm on each selection

Select 2*(h-2)*X/8 number of spins in the interior, and apply Metropolis algorithm on each
selection

*




X1 = X*rand()
(Continued from previous page)
|
X2 = X-X1
RandomSelectAndApplyMetropolis (X1,(h-1,1),(h-1,h-1))
RandomSelectAndApplyMetropolis (X2,(0,h-1),(h-1,h-1))

RandomSelectAndApplyMetropolis (2(h-2)X / 8,(1,1),(h-2,h-2))
ENDIF

END While U>0

/*

//[Communication with lower and right neighbors

Pi sends spin update information of its bottom border and right border to its lower neighbor and
right neighbor respectively.

Pi receives spin update information from its upper neighbor and left neighbor.

*/

Arrayl= ScanUpdated (bottom_border)
Array2= ScanUpdated (right_border)

Send (Arrayl, lower)

Send (Array2, right)
Receive (upper, top_array)
Receive (left, left_array)

/IDetermine whether to check the upper right corner and lower left corner
if (j==C) DO //C is the corner iteration

/*
Pi selects those two corner points of (0,h-1) and (h-1,0) and apply Metropolis algorithm on them.
Pi sends to upper and right neighbor corner (0,h-1)
Pi sends to lower and left neighbor corner (h-1,0)
P; receives from its neighbors corner spins
*/

Metropolis ((0,h-1));
Metropolis ((h-1,0));

Send ((0,h-1), upper);
Send ((0,h-1), right);
Send ((h-1,0), lower);
Send ((h-1,0), left);

Receive (upper, top_array[0]);
Receive (left, left_array[0]);
Receive (lower, bottom_array[h-1]);
Receive (right, right_array[h-1]);
ENDIF

j=j+1
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ENDWhile // While j <= h/4
(Continued from previous page)

ENDFor // One Monte Carlo Step

MC = MC+1

ENDFor // For MC<=Monte Carlo Step
ENDAIgorithm

Function Definitions:

Initialize ()
Initialize the local lattice. Each spin will be randomly assigned a value of +1 or —1.

rand()
Generates a uniform random number from [0,1]

Metropolis ((X, y))
Apply Metropolis Monte Carlo Algorithm (Algorithm 1.1) on the spin S (i,))
(Continued from previous page)

RandomSelectAndApplyMetropolis (N, From, To)

Uniformly randomly selection N spins on the rectangle specified by upper-left point “From” and
lower-right point “To”, apply Metropolis Monte Carlo Algorithm (Algorithm 1.1) on each selected
spin.

Send ( DATA , DESTINATION)
Send the data buffer “DATA” to the processor specified by “DESTINATION”

Receive( SOURCE, BUFFER)
Receive data from the processor specified by “SOURCE” and store the data in “BUFFER”

Compute_Correlation ()
Compute the correlation of the spin system, which is a dynamic property. This function can be
replaced by any other customized functions to measure different dynamic properties.

Algorithm 3.3 The a-scheme

3.4.3 Algorithm Analysis of the a-Scheme
This section introduced the performance analysis of a-scheme.

LEMMA 3.10. Given P processors and assuming a lattice sizeof Sx S, let h be equal

to % , the communication cost of one Monte Carlo step of the a-schemeis

Teomm = N(L + 20 + 35Q)

where C > 0 is a constant.

66



PROOF. Because the a-scheme’s communication pattern is exactly the same as the FML
scheme, the communication cost in a-scheme is the same as that in the FML scheme, i.e.,

Teomm = N(L + 20+ 35Q) .

LEMMA 3.11. Given P processors and assuming a lattice sizeof Sx S, let h be equal

to % , the computation cost of one Monte Carlo step of the a-schemeis

— 2
Tconputation =Ch” +9hR.

where C > 0 and R> 0 are congtants.

PROOF. The basic computation cost is the same as the FML scheme, which is

— 2
Tbasic_corrp =Ch?,

where C is the cost of applying the Metropolis algorithm on one spin (this cost includes
determining the potential energy change, generating a random number and bookkeeping
the internal energy). Thisis a positive constant.

For the a-scheme, extra costs are incurred, such as the cost for generating a sequence of
random number Extx and doing bit flippings for each interior and exterior pair. Extra
costs are related with random number generation. Let the cost of generating one random
number be R. In the worst case, we have 9 exterior spins. The original pair of (2(h-2)I,
9E) can be split into at most 9 small pairs. Each split requires generating one random
number. For each small pair, a random number is generated to decide the order of that
pair. Thus, there are a most 9 + 9 = 18 random number generations for splitting one
original pair. Thiscost is 18R.

For each iteration of the a-scheme, the algorithm works on two parts of the lattice (UL
part and LR part). Therefore, there are two original pairs to split in one iteration. Thus,
we obtain the total extra computation cost of one Monte Carlo step as follows:

Texdra_comp = NumOflterations x CostPerlteration

= 2 [{28R) = 9hR.
Thus, thetotal cost of computation of one Monte Carlo step of the a-schemeis:

- _ 2
Tcorrputation - Tbasic_comp + Textra_corrp =Ch” +9hR.
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THEOREM 3.12. Given P processors and assuming a latticesize of Sx S, let h be

equal to % , the total cost of one Monte Carlo step of the a-scheme is

T, =Ch? +9hR+h(L + 20 + 35g) ,

where C > 0 and R> 0 are congtants.

PROOF. Thetotal cost of one Monte Carlo step of the a-scheme is the summation of the
computation cost and communication cost. Thus, from Lemma 3.10 and Lemma 3.11, we
have,

Ta = Teomputation + Teorm = Ch? + 9hR + h(L + 20 + 359).

3.4.4 Comparison With the FML Scheme

Comparing run-time with the FML scheme, the only difference is the extra computational
cost related with random number generation. This differenceis:

The cost of the FML algorithm is O(h® + h(L +0+ g) ). Clearly the difference of 9hR is

not particularly significant. However, the randomness we achieved through the a-scheme
over the FML scheme is significant, and we will provide the analysis in the next section.

3.4.5 Randomness Analysis and M easurement

Thus far, we have presented three schemes: (a) Truly random scheme, (b) FML scheme,
and (c) a-scheme. Clearly, the theoretical run-time of sweep selection schemes presented
in Chapter 2 is better than any of these 3 random selection schemes' theoretical run-time.
We reiterate that random schemes are needed in order to measure dynamic properties. As
such, it is now quite important to be able to measure how close each of the 2 schemes
(the FML scheme and the a-scheme) is to that of being truly random. This provides
guidance on how realistically either method will be in its measurements of dynamic
properties. Therefore, in this section, we measure the randomness of all these three
schemes by using autocorrelation functions.

Next, wetry to model the spin selection process by a series of random numbers. We need
to map the selection of one spin to an integer number. In order to do so, we number the
lattice sites as integers. Each lattice site is given a unique integer number. For example,
for the upper left part of the lattice, we give all exterior lattice sites numbers that are in
the range of [0,2h—4] and all interior lattice sites numbers in the range of

[2h -3, h? - 2h]. By doing this, all exterior lattice sites are put into one range while all
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interior lattice sites are put into another range. We define these numbers as the “site
numbers’ of spins.

In order to measure randomness, we inserted profiling code into these agorithms.
Whenever a spin is selected, the algorithm outputs the site number of that spin. So, the
whole spin selection process of that algorithm will generate a series of integer numbers.
If the selection scheme is truly random, the integer number series should also be truly
random. Randomness of the spin selection scheme can be measured by the randomness of
the integer number series it generates.

From statistics, it is known that autocorreation can be used to measure the randomness of
atime series [Box et al. 1976]. The definition of autocorrelation at lag k for a series of
No, N1, No, .... Nj, is:

TN = RNy~ ) )
A(k) = =0 , where N isthe mean of all Ni(s).

n —\2
>(N;j —N)
i=0

We take the case where the lattice size is 720 x 720 and the number of processorsis4. In
this case, each processor holds a block of 360x 360. According to the FML scheme, it
will select 2(360-2) = 716 interior spins and then 8 exterior spins. We expect to see large
autocorrelation values at lags 1 to 8 and lags 717 to 725. If we measure autocorrelation
for all lags from lag 1 to lag 730, we expect to see some peak values at the head and tail
of the plot for the FML scheme. However, for the truly random scheme, we should not
see any obvious peak values on the autocorrelation plot. For the a-scheme, we might see
some peak values, but there should be significantly less peak values for the a-scheme
versus the FML scheme.

Furthermore, if we calculate the average of the absolute values of autocorrelation at all
lags, we should be able to observe that the Truly random scheme has the smallest average
autocorrelation value while the FML scheme has the largest one.

We profiled all of those 3 schemes and measured autocorrelation values from lag 1 to lag
730. We calculated the average autocorrelation. The numbers are listed below:

Average absolute autocorrelation value for Truly random scheme, FML scheme and a-
scheme:

1. Truly random scheme: 0.002961
2. a-scheme: 0.003058
3. FML scheme; 0.003413

The difference between a-scheme and the truly random scheme is 0.000097, while the
difference between FML scheme and the truly random scheme is 0.000452. So, the
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improvement of randomness of the ao-scheme over the FML scheme is

0.000452 ~ 0.000097 _ 0.000355 70 5o g implies that the o-scheme achieved
0.000452 0.000452

significantly more randomness than the FML scheme, while still keeping the message

length fixed (our goal).

The following are some autocorrelation plots for all three schemes.
1. Autocorrelation plot for the truly random scheme

Autocorrelation for Truly Random Scheme (All Lags)
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Figure 3.4 Autocorrelation plot for the truly random scheme (all 1ags)

2. Autocorrelation plots for the FML scheme
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0.04
0.03
0.02
0.01

Autocorrelation

-0.01 ]
-0.02

lag

Figure 3.5 Autocorrelation plot for the FML scheme(all 1ags)
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Figure 3.6 Autocorrelation plot for the FML scheme (lags 1-30)
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Figure 3.7 Autocorrelation plot for the FML scheme (lags 700-730)

We observed large autocorrelation values at the head and tail of the FML scheme.

3. Autocorrelation plots for the a-scheme
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Figure 3.8 Autocorrelation plot for the a-scheme (all lags)




Autocorrelation of Alpha Scheme (lag 1 -- 30)
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Figure 3.9 Autocorrelation plot for the a-scheme (lags 1-30)
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Figure 3.10 Autocorrelation plot for the a-scheme (lags 700-730)

Observing the autocorrelation plots for the a-scheme, we can see that the a-scheme
eliminated large autocorrelations at lags of 700 to730 whereas the FML scheme exhibits
large autocorrelations. For the head of the plot, the a-scheme eliminated most of the large
autocorrelations exhibited by the FML scheme.

3.5 Algorithm Performance Results

We have analyzed the performance of all three schemes on the LogP model in previous
sections. We predicted that for sufficiently large lattices the FML scheme is faster than
the a-scheme and the a-scheme is faster than the truly random scheme. For small lattice
sizes (e.g. 720*720), the difference of run-time between the a-scheme and the FML
scheme is negligible, and sometimes FML scheme may be slightly slower than the a-
scheme due to network fluctuations. The following are the actual performance data
collected using our workgtation cluster.
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Lattice Size Truly Random o FML
720 34.04, 22.61 22.98
1080 70.61 49.25 45.78
1440 126.58 93.00 85.71
1800, 226.98 131.12 125.38
2160 280.19 189.32 175.79
2520 391.58 275.91 236.38

Table 3.1 Results for 4 processors (in seconds)

Lattice Size Truly Random o FML
720 25.65, 13.37 14.15
1080 56.61 24.66) 25.86)
1440 94.54 39.66 40.08
1800 156.64 62.20 63.15
2160 221.41 87.15 83.85
2520 277.13 134.83 115.89

Table 3.2 Resultsfor 9 processors (in seconds)

Lattice Size Truly Random o FML
720 15.97 8.15 9.84
1080, 39.41 15.77 14.88
1440 61.04 26.23 25.02
1800 86.16) 35.10 33.18
2160 125.45 52.55 48.84
2520 172.00 96.97 94.26

Table 3.3 Resultsfor 16 processors (in seconds)
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Figure 3.11 Performance comparison (4 processors)
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Performance Comparison (9 nodes)
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Figure 3.12 Performance comparison (9 processors)
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Figure 3.13 Performance comparison (16 processors)

From the performance data, we can see that the truly random scheme is the least efficient
one while both the FML scheme and the a-scheme have significant performance
improvements over the truly random one. Comparing the a-scheme with the FML
scheme, the a-scheme is only slightly slower than the FML scheme at large lattice sizes,
i.e. 2.18% for lattice size 2520 x 25200n 16 nodes. However, the a-scheme achieved
much more randomness than the FML scheme.
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Chapter 4 Concluding Remarks

In this thesis, we have studied the parallelization of 2D Ising spin systems. We were able
to derive rigorous theoretical analysis of algorithm performance on a practical, general,
and portable parallel machine model, namely LogP.

Moreover, we have derived a guiding equation (based on the LogP model) for choosing a
better data layout for the sweep selection scheme. This equation can be widely applied to
any 2D Ising spin system utilizing sweep selection.

Furthermore, we designed and implemented highly efficient parallel algorithms for
random selection schemes. To the best of our knowledge, there has been no previous
research in this field to address performance issues for the random selection scheme,
particularly on a distributed computing environment. We were able to design efficient
communication pattern in our parallel algorithms while still keeping high levels of
randomness. We presented our agorithms and made comparisons among them in our
study. We also provided rigorous performance analysis for these algorithms on the LogP
model.

Finally, performance data was gathered and analyzed which pinpointed design issues and
validated the theoretical analyses provided.

To re-iterate, the specific major resultsin this thesis include:

1) For measuring static properties of the Ising spin system.

» Designed and implemented parallel algorithms for sweep selection on both
blocked data layout and stripped data layout.

* Analyzed above algorithms on the LogP model, pinpointed aformulafor use in
choosing a better data layout under certain settings of network parameters.

* Measured the network parameters L, o and g on our workstation cluster, and
compared the experimental results with theoretical analyses.

» Verified that the mathematical guiding equation for data layout accurately
determines the appropriate data layout.

2) For measuring dynamic properties of the Ising spin system:
* Introduced two new random selection schemes; namely FML (Fixed Message
Length) and the a-scheme.

- Designed and implemented parallel algorithms for the FML scheme. The
FML scheme has a sequential pattern of spin selection.

- Developed the a-scheme through modification of the FML scheme in
order to achieve better randomness while maintaining efficiency.
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» Designed and implemented a truly random selection scheme which does not have
a fixed message length. Clearly, it is much less efficient than either the FML scheme
or the a-scheme.

. Analyzed the randomness of the FML scheme, the a-scheme, and the truly
random scheme by mapping this problem into a datistical time series analysis
problem. Measurements of autocorrelation values at various lags were taken and
plotted. Results showed that the difference between the a-scheme and the truly
random scheme in regards to randomness is negligible.

» Showed that the theoretical results predicted actual performance results.

Based on the investigations performed in this study, similar approaches and methods can
be applied to spin systems of three dimensions and higher. Furthermore, parallel
algorithms for Q-state Potts model, or other similar spin models can be developed using
variations of methods and principles introduced in this study. For statistical physicists or
researchers who are interested in measuring various properties of spin systems, they will
be able to simply plug in their evaluation formulas into our paralel programs and then
obtain the desired results’,

Furthermore, we note that our work on the parallelization of 2D Ising spin systems
showed the validity and usefulness of the LogP model for analyzing and predicting
parallel algorithm performance, as well as, determining important network characteristics
in order to predict network performance and the design of efficient communication
schedules. We observed that the experimental data of our parallel algorithms' run-times
match the theoretical analyses of those algorithms on the LogP model. We presented a
simple but effective way of measuring network parameters for the LogP model with the
presence of system jitters. As stated previously, the approaches and methods developed in
this thesis for the design and analysis of efficient parallel algorithms on the LogP model
will be of great interest for any computer scientists whose research intersects any areain
parallel processing, networking, as well as, scientific computing.

We now conclude with the following observation. Clearly the work in this thesis provides
the necessary foundation for realistic parallel schemes for spin systems. In this work, we
not only considered fundamental parallel computing issues (such as communication
scheduling, networking, run-time efficiency, portability, theoretical modeling, etc.), we
also ensured that the major constraints and criteria of 2D Ising spin systems were
incorporated into our study. This realism in both fields has rarely been reflected in
previous research for this problem. As such, this thesis spotlights the importance of
interdisciplinary collaboration between computational and computer scientists in order to
obtain realistic results spanning both fields.

> For interested researchers, the source code of all paralld implementations performed in this thesis can be
obtained via email to the author.
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