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Wavy or undulatory debonding is often observed when a confined/sandwiched elastomeric layer is
pulled off from a stiff adherend. Here we analyze this debonding phenomenon using a cohesive zone
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model (CZM). Using stability analysis of linear equations governing plane strain quasi-static deformations
of an elastomer, we find (i) a non-dimensional number relating the elastomer layer thickness, h, the long
term Young's modulus, E1, of the interlayer material, the peak traction, Tc, in the CZM bilinear traction-
separation (TS) relation, and the fracture energy, Gc, of the interface between the adherend and the
elastomer layer, and (ii) the critical value of this number that provides a necessary condition for
undulations to occur during debonding. For the elastomer modeled as a linear viscoelastic material with
the shear modulus given by a Prony series and a rate-independent bilinear TS relation in the CZM, the
stability analysis predicts that a necessary condition for a wavy solution is that Tc

2h=GcE1 exceed 4:15.
This is supported by numerically solving governing equations by the finite element method (FEM). Lastly,
we use the FEM to study three-dimensional deformations of the peeling (induced by an edge dis-
placement) of a flexible plate from a thin elastomeric layer perfectly bonded to a rigid substrate. These
simulations predict progressive debonding with a fingerlike front for sufficiently confined interlayers
when the TS parameters satisfy a constraint similar to that found from the stability analysis of the plane
strain problem.

& 2015 Elsevier Ltd. All rights reserved.
1. Introduction

Systems consisting of a soft elastic or viscoelastic layer confined
between two stiff substrates occur in numerous industrial appli-
cations. One example is manufacturing of bio-implants, which
may involve mechanically demolding a soft polymer layer sand-
wiched between two relatively stiff molds [1]. A frequently
observed phenomenon is the occurrence of contact undulations
when a stiff layer is separated from the soft layer under tensile
tractions. Classical examples include the formation of ripples
when a contactor approaches an elastic film bonded to a fixed base
[2–4], and wavy debonds in peel [5] and probe tack tests [6–8].
Experimentally, the characteristic spacing, λ, between two adja-
cent undulation peaks has been found [2,9] to scale linearly
λ� 3�4h
� �

with the thickness h of the confined interlayer while
being independent of the interfacial adhesion properties. The lin-
ear stability analyses and energy arguments [10–13] have been
used to show that undulations result from the competition
between the strain energy of the system acting as a stabilizing
influence, and the energy associated with the interfacial forces
: þ1 540 231 9187.
(such as van der Waals forces) acting as a destabilizing influence.
These approaches give a threshold value of the interaction energy
for the onset of instability. For example, it was shown [10,14] that
the condition A

6πd4
Z2E

3h is necessary for the onset of contact
instabilities when a rigid contactor is gradually brought close to an
elastic film of thickness h and Young's modulus E, where A is the
effective Hamaker constant for van der Waals interactions and d
the gap between the contactor and the film at the onset of
instabilities. Other examples include [15] morphological changes
in an elastic film caused by an applied electric field. Combined
experimental and linear stability approaches have helped identify
a threshold value of the effective voltage as a function of the film
stiffness.

As debonding ensues at the interface between an adhesive and
an adherend, multiple nonlinear processes such as cavitation and
fibrillation may occur at the debonding site. These involve differ-
ent length scales and contribute to the overall energy dissipation
during the creation of the two new surfaces. In a cohesive zone
model (CZM) [16,17], the collective influences of these small-scale
mechanisms are lumped together into a traction-separation (TS)
relation. In this approach the adjoining points on the two sides of
an interface are conceived to be connected by a spring of zero
length that begins softening with extension (separation) after
reaching a critical extension and subsequently breaks upon



Nomenclature

Symbols

A Hamaker constant for van der Waals interaction
B Left Cauchy-Green tensor
d Distance between an elastic film and an approaching contactor
d Damage variable
D Bending rigidity of the flexible plate
E Young's modulus of the elastomeric interlayer
h Thickness of the elastomeric interlayer
i ¼

ffiffiffiffiffiffiffiffi
�1

p

K Slope of the rising part of the straight line in the bilinear traction-separation law
k Wavenumber of the x- dependent part of the perturbation to the stream function and the hydrostatic pressure.
m Ratio of the modulus of the spring in the spring-dashpot link to the long-time modulus for the 1-term Prony series
p Hydrostatic pressure not related to strains for incompressible materials
R Reaction force on the rigid adherend
T Normal traction at the interface
t Time
u; v;w Displacement components along x,y and z directions, respectively
x; y; z Axes of the rectangular Cartesian coordinate system when the index i of the system xi has values 1, 2 and 3, respectively
α Magnitude of the slope of the falling part of the straight line portion of the bilinear traction-separation relation
Δ Applied vertical displacement to the upper adherend
δ Displacement jump at the interface, also called the contact opening
λ Dominant wavelength of debonding undulation
μ Shear modulus of the elastomeric interlayer
ψ Stream function introduced to define displacement components u and w
ω Growth rate of a perturbation
a1, a2 Material constants in the constitutive equation used to model finite strain viscoelasticity
aT Shift factor relating the relaxation time at temperature T to that at the reference temperature
C1, C2 Constants in the Williams- Landel-Ferry (WLF) equation for aT
E1ð ¼ 3μ1Þ Long term Young’s modulus (¼3�long-term shear modulus) of the viscoelastic material
E0ð ¼ 3μ0Þ Instantaneous Young’s modulus(¼3�instantaneous shear modulus) of the viscoelastic material
Ft Deformation gradient
Gc Fracture energy of the interface
gR Relaxation function normalized by the instantaneous modulus of the viscoelastic material
Ksof tening ¼ Tc

2=Gc

Kelastic ¼ E1=h
lf inger Length of a finger
pnh Non-homogeneous perturbation to the hydrostatic pressure
Tc Peak value of the normal traction at the interface
xi Axes of the rectangular Cartesian coordinate system
δc Critical displacement jump when damage initiates
δf Displacement jump at the initiation of debonding/separation
εij Components of the infinitesimal strain tensor
μi Shear modulus of the ith term in the generalized Maxwell model used to define the relaxation function of the viscoelastic model.
μR Relaxation function for the elastomeric interlayer when modeled as a linear viscoelastic material
σij Components of the stress tensor
τi Characteristic relaxation time of the ith element of the generalized Maxwell model
ϕc1 The lower limit of ϕ for debonding instability
ϕc2 The value of ϕ beyond which region III sets in
ψnh Non-homogeneous perturbation of the stream function
~A Area of the interlayer initially bonded to the rigid adherend
~p z-dependent part of the hydrostatic pressure perturbation
~T Temperature
~T REF Reference temperature
∂
∂xi

Partial derivative (with respect to xi ) operator
x Distance along the x axis normalized by the half width of the rigid adherend
_Δ Rate of the applied vertical displacement to the upper adherend
δ Contact opening normalized by δf
~ψ z-dependent part of the stream function perturbation
~ω The growth rate ω normalized by 1=τ1
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Fig. 1. Schematic sketch of the problem studied. The width W (normal to the page,
not shown) is large enough to justify studying plane strain deformations in the xz-
plane.
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reaching a larger limiting value of the extension. In a typical TS
relation, it is assumed that the energy associated with the soft-
ening process is irrecoverable, i.e., upon unloading from extension
between the critical and the limiting values, the spring stiffness
remains constant at the reduced value. At the limiting extension
value, the area under the TS curve equals the critical fracture
energy (Gc) of the interface whose value is generally derived from
the test data. Works cited above addressing the interplay between
the destabilizing contact interaction, and the stabilizing elastic
deformations of a film and the concomitant debonding instability
suggest that the threshold for undulatory separation can be
modeled by a TS relation. Hui et al. [18] illustrated this for
debonding between two blocks made of the same material.

In order to understand the mechanics of the peeling and
demolding processes, researchers have often relied on numerical
simulations. Since the use of the CZM coupled with the finite
element method (FEM) by Hillerborg et al. [19] to study fracture
problems, significant progress has been made in modeling inter-
facial debonding/delamination of a polymer interlayer [20–23].
However, there has been limited research [8,24,25] on capturing
progressive interfacial debonding undulations using the CZM. The
formation of debonding undulations (such as fingering in a peeling
problem) adds to the complexity of the mechanics of the
demolding process. The development of a tool for capturing such
phenomena is important for delineating the debonding process
and improving our understanding of the associated mechanics.
The focus of our work is to identify the role of the TS, the material
and the geometric parameters in causing undulatory debonding.

The rest of the paper is organized as follows: In Section 2, we
present a linear stability analysis of plane strain deformations of a
semi-infinite elastomeric layer debonding from a rigid adherend
pulled vertically outward. We find a non-dimensional parameter
in terms of the TS and the elastic film parameters that must exceed
a critical value for debonding to exhibit an undulatory morphol-
ogy. In Section 3, we analyze the two-dimensional (2D) problem
by the FEM to provide details of the debonding evolution and
confirm the necessary condition derived by the linear stability
analysis. In Section 4, we use the FEM to analyze a practical pro-
blem, namely 3D deformations when a flexible plate is peeled off a
confined elastomeric layer bonded to a rigid substrate. This
necessitates introducing another non-dimensional parameter in
terms of the plate bending stiffness and elastomer properties. We
correlate results of this problem with our learnings from Sections
2 and 3. Conclusions are summarized in Section 5.
2. Analytical approach

2.1. Problem formulation

We investigate the initiation of wavy debonding using a CZM
when a rigid smooth adherend bonded to the upper surface of an
elastomeric layer is pulled upwards while its lower surface stays
perfectly bonded to the rigid support. Our analysis is essentially
similar to those of Shenoy and Sharma [10] and Huang et al. [14]
who used a linear stability approach to study instabilities in an
elastic layer triggered by van der Waals forces when a rigid probe
is brought near the layer. However, we use a TS relation to simu-
late debonding between the elastomeric layer and the upper rigid
adherend. The configuration studied is schematically shown in
Fig. 1. The infinitely strong perfect bonding between the lower
stationary rigid adherend and the elastomer layer is modeled by
constraining to zero displacements of points on the bottom surface
of the interlayer. We assume that the interlayer material is iso-
tropic, incompressible, homogeneous, and linear elastic/viscoe-
lastic. The problem is first analyzed for a linear elastic interlayer,
and subsequently for a viscoelastic layer. For the assumed form of
the solution using the separation of variables with evolution in
time represented by a sine (or cosine) function, the constitutive
relation for a linear viscoelastic material reduces to that of a linear
elastic material with the shear modulus depending upon a solu-
tion variable.

2.1.1. Linear elastic material
The constitutive equation for an incompressible, homogeneous and

isotropic linear elastic material is σij ¼ �pδijþ2μεij, where σij is the
stress tensor (Each of the indices i, j and k corresponds to x, y, and z,
directions), εij the strain tensor for infinitesimal deformations, p the
hydrostatic pressure not related to strains, and μ the shear modulus of
the interlayer material. Recalling the strain-displacement relation,
εij ¼ 1

2
∂ui
∂xj

þ∂uj
∂xi

� �
, the incompressibility constraint, εxxþεyyþεzz ¼ 0,

and assuming zero body force and negligible inertial effects the
equilibrium equations ∂σij

∂xj
¼ 0 (repeated index j is summed over x, y,

and z) reduce to the following Navier’s equations.

∂p
∂x

¼ μ
∂2u
∂x2

þ ∂2u
∂z2

� �

∂p
∂z

¼ μ
∂2w
∂x2

þ ∂2w
∂z2

� �
ð1Þ

Here and below we denote the displacement components ux

and uz as u and w, respectively. Perfect bond with the fixed lower
rigid adherend is incorporated by setting u and w equal to zero at
the lower interface of the interlayer. For thin confined infinitely
wide incompressible films under tension, the shear stress over the
central region is negligible, e.g., see Lindsey et al. [26]. Thus,
boundary conditions are:

Fixed base : uðx; �hÞ ¼w x; �hð Þ ¼ 0

Surf ace tractions :
σzz x;0ð Þ ¼ �p x;0ð Þþ2μ

∂w
∂z

x;0ð Þ ¼ T δ
� �

σxz x;0ð Þ ¼ μ
∂w
∂x

x;0ð Þþ∂u
∂z

x;0ð Þ
� �

¼ 0

8>><
>>:

ð2Þ

The interfacial normal traction T is related to the displacement
jump δ¼Δ�w x;0ð Þ by the TS relation that characterizes the
interface between the interlayer and the upper adherend. Here Δ
is the vertical displacement of the upper rigid adherend. We have
tacitly assumed that the region of interest is far removed from the
edges x¼ 7 L

2 and boundary conditions at these edges, not speci-
fied in Eq. (2), do not affect deformations in the interior.

2.1.1.1. Description of cohesive zone behavior at the interface. We
consider a bilinear TS relation [27] for the interface, illustrated in
Fig. 2, and given by Eq. (3). That is, the traction first increases
linearly with the displacement jump, commonly termed the con-
tact opening/separation, over the region OA. Point A denotes



Fig. 2. A bilinear traction-separation relation.

1 The assumed perturbation, in the form of separation of variables with the
complex x-dependent term, implies a sinusoidal variation in x-direction of wave-
number k. Any perturbation can be considered for finding necessary conditions.
However, finding sufficient conditions is more challenging.
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initiation of damage/softening beyond which the traction decrea-
ses affinely with an increase in the contact opening (line AB).
Should unloading occur at point M, the traction follows the path
MO. Subsequent reloading occurs along the path OMB.

T δ
� �¼

Kδ ð0rδrδcÞ
Tc

δf �δc
δf �δ
� �ðδcrδrδf Þ

0 ðδf rδÞ

8>>><
>>>:

ð3Þ

Point B signifies complete separation at a point on the interface.
The energy release rate at debonding (i.e., the fracture energy)
equals the area of the triangle OAB. That is,

Gc ¼
1
2
Tcδf ð4Þ

A complete description of the bilinear TS relation involves speci-
fying the initial slope K , the peak traction Tc , and the fracture energy
Gc . In general, the value of K must be large enough to not sig-
nificantly alter the effective stiffness of the system and prevent inter-
penetration under compression. A very large value of K can make the
systemmatrices ill-conditioned when the problem is analyzed by the
FEM. While Gc can be obtained directly from test data [28,29], finding
values of parameters, Tc and δf , is difficult. An indirect method, fre-
quently employed [22,30], is to iteratively find values of these para-
meters which, when used in numerical simulations, can predict
reasonably well the experimental load-displacement traces. Recently,
the digital image correlation [31] and the interferometry techniques
[32] have been used to measure the TS parameters.

2.1.1.2. Homogeneous solution. We note that the homogenoeous
solution (u¼ 0; w¼ 0; p¼ constant) satisfies equilibrium Eq. (1)
and boundary conditions (2) for T δ

� �¼ �p. The corresponding
stresses are σzz ¼ σxx ¼ σyy ¼ �p and σzx ¼ 0. The pressure p,
found from Eqs. (2a) and (3a), is given by Eq. (5). This homo-
geneous solution implies that pulling the upper adherend upwards
will stretch the fictitious CZ springs while the interlayer will not
deform.

p¼

�KΔ ð0rΔrδcÞ
� Tc

δf �δc
δf �Δ
� � ðδcrΔrδf Þ

0 ðδf rΔÞ

8>>><
>>>:

ð5Þ

2.1.1.3. Non-homogeneous solution. We now explore the possibility
of a non-homogeneous solution of the boundary value problem
defined by Eqs. (1–3). For the deformation to identically satisfy the
incompressibility constraint, we write displacements in terms of a
stream function ψ as

u¼ ∂ψ
∂z

;w¼ �∂ψ
∂x

ð6Þ
where ψ is a twice continuously differentiable function of x and z.
In order to find necessary conditions for the instability of the
homogeneous solution ψ¼constant and p¼ constant (defined by
Eq. (5)), we perturb it by adding to it the non-homogeneous field:
pnhðx; zÞ ¼ eikx ~pðzÞ and ψnh x; zð Þ ¼ eikx ~ψ ðzÞ. Here the superscript nh
stands for non-homogeneous, i¼

ffiffiffiffiffiffiffiffi
�1

p
, and k represents the

wavenumber of the perturbation.1 The perturbed form, when
substituted into equilibrium Eq. (1), yields the following system of
ordinary differential equations (ODEs).

μ
d3 ~ψ
dz3

�k2
d ~ψ
dz

 !
�k ~p ¼ 0

iμk �d2 ~ψ
dz2

þk2 ~ψ

 !
�d ~p
dz

¼ 0

ð7Þ

The ODEs (7) have the solution

~p zð Þ ¼ cosh kzð ÞA1þ ik2μ sinh kzð ÞA2� iμ sinh kzð ÞA4

~ψ zð Þ ¼

i �kz coshðkzÞ� sinh kzð Þð ÞA1þk2μ 2 cosh kzð Þ�kz sinh kzð Þð ÞA2þ
2kμ sinh kzð ÞA3þkμz sinh kzð ÞA4

" #

2k2μ

ð8Þ
where constants A1; :::;A4 of integration are determined from the
boundary conditions. Recalling that Δ is not perturbed, δ¼
Δ�w x;0ð Þ ¼Δþ ikeikx ~ψ ð0Þ. In terms of the non-homogeneous z-
dependent terms, boundary conditions (2) become:

Fixed base : ~ψ �hð Þ ¼ d ~ψ
dz

�hð Þ ¼ 0 ð9a;bÞ

Top f ace :

~p 0ð Þþ2μk
d ~ψ
dz

0ð Þþαk ~ψ 0ð Þ ¼ 0

d2 ~ψ
dz2

0ð Þþk2 ~ψ 0ð Þ ¼ 0

8>>><
>>>:

ð9c;dÞ

where

α¼
�K ð0rδrδcÞ

Tc
δf �δc

ðδcrδrδf Þ
0 ðδf rδÞ

8>><
>>: ð10Þ

We assume that δ is increased monotonically during the
debonding process. Two out of four constants in solution (8) are
evaluated from boundary conditions (9a,b). Enforcing the remaining
boundary conditions (9c,d) we obtain the eigenvalue problem ½C�
Af g ¼ f0g that has a non-trivial solution if and only if det½C� ¼ 0. This
gives the following equation for k of which we seek real roots.

f ðhkÞ�αh
μ

¼ 0 ð11Þ

where f ðhkÞ ¼ 2hk 1þe2hkð Þ2 þ8e2hk hkð Þ3
e4hk �4hke2hk �1 . Roots of Eq. (11) depend upon

values of the TS parameters through their dependence upon α, the
interlayer thickness h, and the shear modulus, μ, of the interlayer
material. The function f versus hk, plotted in Fig. 3, has the mini-
mum value 6.22. Thus Eq. (11) has real roots only if αh=μZ6:22 and
α is positive. Eq. (10) implies that the separation, δ, must have
values greater than δc and at most equal to δf .



Fig. 3. The plot of function f (hk). The implication is that a sinusoidal solution with
wavenumber k is possible when αh=μZ6:22. Note that f is a positive valued
function of hk.
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For αh=μ46:22, one real root of Eq. (11) is less than 2.12 and
the other greater than 2.12. The perturbed solution can be
expressed as a linear combination of these two solutions. It is
possible that the two perturbations will grow at different rates.

2.1.2. Linear viscoelastic material
For a linear viscoelastic interlayer we assume the following

constitutive relation.

σijðx; z; tÞ ¼ �pðx; z; tÞδijþ
Z t

0
2μR

t�s
aT

� �
∂εij x; z; sð Þ

∂s
ds ð12Þ

Here εijðx; z; tÞ ¼ 0 for tr0, t is the present value of time and μR
is the relaxation function expressed as Prony series [33],

μR tð Þ ¼ μ1þ Pn
i ¼ 1

μie
� t τi= . Here μi and τi denote, respectively, the

shear modulus and the relaxation time. For discussion later, the
dependence of τi upon the temperature2 ~T is included; i.e.,
τi ~T
� �

¼ τi ~T REF

� �
aT , where the thermal shift factor aT is given by

the Williams–Landel–Ferry (WLF) equation: log 10ðaT Þ ¼ �C1ð ~T � ~T REF Þ
C2 þ ~T � ~T REF

,

C1 and C2 are constants, and ~T REF is the reference temperature
[33]. The temperature is assumed to be uniform in the interlayer
and stay constant during its deformations. Furthermore, for sim-
plicity, we assume that the TS parameters are independent of the
temperature and the loading rate.

2.1.2.1. Homogeneous solution. We note that the trivial solution
(u¼ 0; w¼ 0; p¼ constant) satisfies governing equations for a
viscoelastic layer provided that values of the TS parameters are
independent of the rate of increase of Δ, _Δ.

2.1.2.2. Non-homogeneous solution. We add to homogeneous fields
the perturbation pnhðx; z; tÞ ¼ eikx ~pðzÞeωt and ψnhðx; z; tÞ ¼ eikx ~ψ ðzÞeωt .
The real part of ω gives the growth rate of perturbations. The per-
turbation will grow (decay) if the real part of ω is positive (negative).
Although perturbations are time-dependent, we ignore inertia forces
in equations of motion because the time of interest is much larger
than that taken by an elastic wave to travel through the interlayer
thickness (see Appendix A). Substitution of the perturbed field into
Eq. (12) gives

σij ¼ �pδijþ2μεij ð13Þ

where μ¼ μ1þ PN
i ¼ 1

μiωτiaT
1þωτiaT

. Eq. (13) is the constitutive equation of

the linear elastic material with shear modulus μ. For one-term Prony
2 We introduce the tilde (� ) notation to distinguish temperature from traction
but use the conventional notation aT for the thermal shift factor.
series (i.e., Zener’s model), i¼ 1, and we set τi ¼ τ, μ¼ μ1þ μ1 ~ω
1þ ~ω

where ~ω ¼ωτaT . Replacing μ by μ in Eq. (11) and solving the
resulting equation for ~ω, we get

~ω ¼ ϕ� f
mf þ f �ϕ

ð14Þ

where we have set ϕ¼ αh=μ1 and m¼ μ1=μ1. We call ϕ the CZM
control parameter; it equals the ratio of the interfacial softening
stiffness relative to the effective long-term stiffness (modulus to
thickness ratio) of the interlayer and signifies the potential impor-
tance of the former relative to that of the latter. Eq. (10) implies that α
equals the magnitude of the slope of line AB (softening stiffness) in
Fig. 2.

2.2. Results and discussion

We recall that the function f given after Eq. (11) is positive-
valued (see Fig. 3), m40 for a viscoelastic elastomer, and ϕ40
since α, h and μ1 are positive. Then for the growth rate ~ω to be
real and positive, the following inequalities (15) must hold since
the numerator and the denominator of the expression on the right
hand side of Eq. (14) cannot be simultaneously negative.

f oϕo mþ1ð Þf ð15Þ
Eq. (14) and inequalities (15) suggest that the fastest growing

wavelength corresponds to the minimum value of f ðhkÞ which is
independent of values assigned to the CZM parameters and the
interlayer material. Either by setting df

dðhkÞ ¼ 0 or from Fig. 3, we get
hk¼ 2:12, f ðhkÞ¼6.22. We call values of variables for k¼2.12/h
critical and denote them by a subscript c. Thus λc ¼ ð2π=kÞ ¼ 2:96h,
and for this value of hk, d2 f

dðhkÞ240. Between two critical values, ϕc1

� 6:22 and ϕc2 � 6:22 1þmð Þ, the growth rate ~ω of perturbations is
positive for all wavenumbers lying between roots of f hkð Þ ¼ϕ, as
shown in Fig. 4a in which we have plotted the growth rate as a
function of the wavenumber for values of ϕ in the range ½ϕc1;ϕc2Þ.
Thus the interaction parameter ϕmust exceed the threshold ϕc1 for
a spatially sinusoidal perturbation to grow. Beyond the upper cri-
tical value, ϕc2, of ϕ the growth rate becomes negative for wave-
numbers lying between the two roots of f hkð Þ ¼ ϕ

mþ1, as illustrated
in Fig. 4b in which we have plotted the growth rate as a function of
wavenumber for a ϕ4ϕc2. Contours in the wave number-ϕ plane
of the normalized growth rate ~ω of perturbations for m¼3 and aT
¼ 1 are shown in Fig. 5. For values of ϕ in region I (ϕoϕc1), per-
turbations will not grow and the adherend will snap off the inter-
layer when the debonding criterion is satisfied. In region II
(ϕc1oϕoϕc2), perturbations will grow with growth rate
depending upon the wavenumber k. For a given value of ϕ the
undulation will consist of infinitely many wavenumbers with
positive growth rates, and the resulting displacement will not be a
pure sine curve. In order to delineate this, we need to find ampli-
tudes of perturbations, which is beyond the scope of the linear
analysis. The numerical solution of the problem by the FEM
reported in Section 3 provides details of the debond nucleation and
evolution. It is possible that the wavelength with the maximum
growth rate will determine the minimum spacing between adjacent
undulations as stipulated by Wright and Ockendon [34] in their
study of adiabatic shear bands.

It can be noted from Fig. 4a that the range of wavenumbers
with positive growth rate increases as a function of ϕ, with the
wavenumber 2:12=h having the fastest growth rate that is inde-
pendent of ϕ. The growth rate as a function of the wavenumber
plotted in Fig. 4b illustrates an example of the behavior when
ϕ4ϕc2, i.e., region labeled III in Fig. 5. While the wavelength λc
¼ 2:96h is no longer expected in this region, two wavelengths with



Fig. 5. Contours in the wavenumber-ϕ plane of the normalized growth rate ~ω of
perturbations for m¼3. Values of ~ω are indicated on the contours. These plots
imply that a sinusoidal perturbation of wavenumber hk will decay in regions I and
III and grow in region II.

Fig. 4. For m¼3, the dimensionless growth rate versus the dimensionless wave number (a) for different values, labeled in the figure, of ϕ in ½ϕc1;ϕc2Þ and (b) for
ϕ ¼ 41:25ð Þ4ϕc2. Results in (a) imply that larger the value of ϕ, faster is the growth rate and wider is the range of the growing wavenumbers. However, the fastest growth
rate always corresponds to the wavenumber of wavelength 2.96 h. Results in (b) show that for two indicated wavenumbers, perturbations grow infinitely fast while for
wavenumbers lying between them they decay due to their negative growth rates.
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infinite growth rate will be close to λc ¼ 2π
η1
h, and 2π

η2
h, where η1 and

η2 are roots of f η
� �¼ ϕ

mþ1.
For an elastic interlayer, μ1-0 or m-0, we get μ-μ1 which

implies that ϕ-f . Thus the right hand side of Eq. (14) approaches
0/0. Using L’Hôpital’s rule, we obtain ~ω-0. As depicted in Fig. 6,
the region (II) with positive growth rates collapses gradually with
decreasing m to that for a linear elastic interlayer. In region III, it is
possible that the resulting debond nucleation wavelength will
depend on ϕ.

The growth term eωt at the onset of softening in the CZM TS

relation (i.e., point A in Fig. 2) can be written as e
~ω Tc
K _ΔτaT . At a given

value of ϕ, a higher value of the pulling rate _Δ implies a smaller
amplitude of the sinusoidal oscillation that follows the onset of
softening. Thus wavy debonding may not be experimentally dis-
cernible for very high pulling speeds. Since lowering the tem-
perature implies increasing the effective relaxation time (τaT ),
lowering temperature for fixed _Δ will have similar effect as
increasing _Δ. This suggests the time-temperature equivalence of
wavy debonding behavior and agrees with the experimental
findings of Lakrout et al. [35]. Since the normalized growth rate ~ω
increases from zero to infinity as ϕ is varied from f to mþ1ð Þf for
fixed hk, therefore, at a given _Δ and operating temperature, ϕ can
be increased to achieve physically discernible wavy debonding.

Recalling that ϕ¼ αh
μ1

, α¼ Tc
δf �δc

ðwhen δcrδrδf Þ and

K441, the condition ϕ4ϕc1 ¼ 6:22 gives the following
requirement for the wavy debonding to ensue.

Ksof tening44:15Kelastic ð16Þ

Here Ksof tening ¼ Tc
2

Gc
is a measure of the slope of the softening

portion of the bilinear TS relation and Kelastic ¼ E1
h , where E1 ¼ 3μ1 is

the long-term Young's modulus of the interlayer material. The quan-
tity Kelastic can be thought of as the long-term stiffness of the inter-
layer. On the other hand, ϕ4ϕc2 leads to Ksof tening4 4:15Kins

elastic ,
where Kins

elastic ¼ E0
h and E0 ¼ 3 μ1þμ1

� �
is the instantaneous Young's

modulus of the interlayer material. Eq. (16) suggests that for wavy
debonding to ensue, the stiffness (units: N/mm3) of the interface
during the softening regimemust be 4.15 times the long-term stiffness
of the interlayer. Thus the TS parameters must satisfy this constraint
for wavy debonding. If the softening stiffness (divided by 4.15) lies
between the long-term and the instantaneous stiffness of the elasto-
meric layer, the dominant wavelength is expected to be independent
of the CZM parameters.

Eq. (16) provides an interpretation of the debonding instability
in terms of the CZM parameters. It stems from the interfacial
traction decreasing with an increase in the interfacial separation,
similar to what previous researchers [10,14] stated in terms of the
distance-dependent van der Waals forces acting at the interface
that trigger instability when a rigid adherend approaches an
elastic film. Our results imply that the elastomeric layer thickness
and the interfacial adhesion can be selected to either avoid or
produce wavy debonding. Similarly, given the TS relation and
values of parameters of the interlayer material, one can discern if
the necessary condition for undulations to occur is satisfied.

One needs to analyze the nonlinear problem to study the
evolution of debonding. In the following section, we use the FEM
to analyze plane strain deformations of the interlayer material
with the bilinear TS relation and furthermore ascertain (i) the
validity of Eq. (16), and (ii) the effect of ϕ on the spacing between
the adjacent debonding undulations. Advantages of the FE work
over the analytical work include no specific form of perturbations,
using the finite size specimen, considering boundary conditions at
specimen edges, not assuming a-priori the deformation field,
accounting for mixed-mode debonding evolution, and the cap-
ability to simulate material and geometric nonlinearities.



Fig. 6. Effect of m: (a) elastic limit with two possible wavenumbers, (b) three regions for m¼1, and (c) three regions with a wider region II for m¼5.

5 As an example, values of the parameters for the simulation with Ksoftening

/ Kelastic ¼ 4.15 are: h ¼ 0.25mm m1 ¼ 0.2Mpa, m ¼ 3, taT ¼ 10ms, K ¼ 106 N /
mm3, Tc ¼ 0.04MPa, and Gc ¼ 0.166 N / m.

6 The inhomogeneity in the distribution of interfacial tractions, singular at the

B. Mukherjee et al. / International Journal of Adhesion & Adhesives 66 (2016) 114–127120
3. Debonding of elastomeric layer from a rigid adherend by
the FEM

3.1. Approach

The problem studied in Section 2 is now analyzed by the FEM
using the commercial software ABAQUS/Standard [36] . To be con-
sistent with the assumption made in Section 2 that the system is
infinitely wide in the x direction, we use a large L=h ratio3. The FE
mesh and the prescribed boundary conditions are shown in Fig. 7. Five
4-node plane strain elements with hybrid formulation (CPE4H) are
placed through the thickness of the interlayer. In order to characterize
well the spacing between adjacent undulations, 20 elements are
placed over the expected characteristic length of the undulation spa-
cing, i.e., 3 h. Results for three different FE meshes are included in
Appendix C. A uniform vertical displacement, w¼Δ, is applied at the
rate of 1 mm s�1 on the top surface of the rigid adherend while its
lower smooth (frictionless) surface is bonded to the top surface of the
interlayer via the CZM interaction and the bilinear TS relation [36]
with mode-independent values of TS parameters4. The bottom surface
of the interlayer is held stationary. The remaining bounding surfaces of
the interlayer are assumed to be traction free. To alleviate numerical
3 Dimensions of the elastomeric layer used in most of our FE simulations are
L¼ 23 mm; h¼ 0:25 mm. The size of the rigid adherend is taken to be
25 mm � 10 mm.

4 We assume mode-independent values of the initial slope, the peak traction,
and the fracture energy; see [36] for details of a mixed mode bilinear TS relation.
instabilities, the “Damage Stabilization” option in ABAQUS is used. The
value of the stabilization parameter was gradually reduced to 10�8

and further decrease in this value was found not to affect the com-
puted results. The interlayer material is modeled either as linear elastic
or linear viscoelastic with one term in the Prony series. For the linear
viscoelastic material, unless otherwise mentioned, values assigned to
the material parameters are: τaT ¼ 10�5s and m¼ 3. Numerical
experiments are conducted by varying the parameter Ksof tening

Kelastic
using

several combinations of values of the interlayer modulus, μ1or μ,
thickness, h, and cohesive zone parameters, K , Tc and Gc

5.

3.2. Results and discussion

Wavy debonding is predicted, as shown in Fig. 8, at sufficiently
large values of Ksof tening . The critical Ksof tening values plotted in Fig. 9
versus the elastic stiffness of the interlayer agree with those given by
Eq. (16). The predicted debonding nucleates periodically6 along the x-
direction implying long debonding channels along the y-direction
corners [37–40] triggered by the free-edges of the elastomer layer and the
adjoining traction-free portion of the adherend likely acts as the perturbation to
the homogeneous solution over the central region. If horizontal displacements at
the free edges of the interlayer are constrained, then the undulatory debonding is
not predicted. We have not attempted to capture the correct order of singularity at
the corners. However, our key results are insensitive to further refinement of the
FE mesh.



Fig. 8. Deformed and undeformed configurations when a wavy debonding is pre-
dicted by themodel. The FE mesh is shown only on the undeformed configuration. The
gap between the adherend and the interlayer is due to the displacement jump at the
interface. Debond occurs only when this jump exceeds its prescribed limiting value.

Fig. 9. The map illustrating that the quantity Tc
2=Gc must exceed approximately

4.15(E1=h) for a wavy debond to ensue. This plot was generated for m¼ 3; τ¼
10�5s; and _Δ¼ 1 mm=s.

Fig. 7. Details of the FE mesh and boundary conditions. Applied zero tractions in
directions of the unconstrained displacement components are not shown.
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because of the plane strain assumption. However, in probe tack tests
[7] and contact experiments [2], debonding is found to nucleate per-
iodically along both the x- and the y- directions. Motivated by the
work of Huang et al. [14], we speculate that the condition for the onset
of wavy debonding remains unchanged for 3D deformations of the
interlayer. The simulated debonding evolution, in general, consists of
the nucleation of interfacial cavities at a characteristic spacing,
expansion of cavities and lateral propagation of each cavity until the
adherend separates from the elastomeric layer as cavities coalesce.
Such debonding behavior in probe tack tests has been reported by
Lakrout et al. [7]. Two examples of the evolution of wavy contact
opening are shown in Fig. 10 for ϕ¼ 8:25 and ϕ¼ 41:25. The discrete
Fourier transform method (available in the software MATHEMATICA
[41]) is used to extract the dominant wavelength of the debond
nucleation. Results are plotted in Fig. 11 for a range of ϕ values for
an elastic interlayer ðm-0Þ, and two viscoelastic interlayers with
m¼ 3 and 25. The dominant wavelength is close to 3h and indepen-
dent of ϕ when ϕ lies in region II. This agrees with the value derived
from the above analytical work and experimental findings of Mönch
and Herminghaus [2]. For both the elastic and the viscoelastic layers,
the wavelength to thickness ratio for ϕ near region III is found to be
larger and dependent on ϕ than that when ϕ is near region II. It is
noteworthy that at the larger ϕ value, shapes of the nucleated cavities
change before they coalesce as was computed by Sarkar et al. [24]. Our
numerical experiments suggest that the response becomes more
mesh-dependent as ϕ is increased (see Appendix C).

Previous studies [2,9] suggesting that the characteristic wave-
length is independent of the adhesion seem to contradict at first
sight our results for large values of ϕ. For typical experimental
[5,29] values of m¼ 103, Gc ¼ 0:04 �0:2 J =m2, μ1 ¼ 0:2�2 MPa,
and h¼ 40�400 μm, we get Tc42:5 μ1 in the proximity of
ϕ¼ϕc2. Such large values of the critical traction imply probable
onset of cohesive debonding mechanisms such as bulk cavitation
[42] that occurs when ð�pÞZ2:5μ1. This suggests that the ϕ
values for test conditions [2,9] that exhibited pure interfacial
separation were well below ϕc2 and, therefore, the dominant
wavelength was indeed independent of the adhesion.

Results depicted in Fig. 9 for the interlayer material modeled as
neo-Hookean do not exhibit any significant difference in the threshold
softening stiffness because strains induced in the elastomer layer
when softening ensues are negligible for the large value of K used.

Results summarized in Table 1 indicate that wavy debonding was
not predicted when either _Δ¼ 100 mm/s or a higher value of the
relaxation time τaT was used for a given value of ϕ. However, a lower
value of τaT or a higher value of ϕ at _Δ¼ 100 mm s�1 resulted in
wavy debonding. These results qualitatively confirm the time–tem-
perature equivalence discussed at the end of Section 2.
4. Analysis of 3D deformations for peeling of a flexible plate
off a soft elastomeric layer by the FEM

4.1. Approach

Results presented in the preceding two sections imply that
values of parameters in the TS relation for the interface between
an elastomeric layer and the rigid substrate, the applied pulling
rate and the characteristic relaxation time determine whether or
not a wavy debond will occur. In order to delineate fingering
instability [4,5,9] for a deformable upper adherend, we study
progressive crack propagation in the configuration of Fig. 12 that
resembles the test set up often used to characterize interfacial
adhesion and/or study mechanics of interfacial separation
[5,29,43]. Major differences between this problem and those stu-
died above include bending and stretching deformations of the
upper adherend.

We model the plate/adherend and the interlayer of dimensions,
respectively, 20�30�1mm3 and 20�25�hmm3. Deformations of
the interlayer may be large but those of the adherend plate are
assumed to be infinitesimal. Furthermore, inertial effects are neglec-
ted. We use values of the material parameters given by Murray [43]
who experimentally observed fingerlike debonding during the peeling
of a glassy polymer plate from a hydrogel interlayer in a wedge test.
The plate material is modeled as homogeneous and isotropic Hookean



Fig. 10. Evolution of the contact opening for m¼ 3 and (a) ϕ¼ 8:25 ϕc1oϕoϕc2
� �

and (b) ϕ¼ 41:25 ðϕ4ϕc2Þ. Variables in the plot are: δ¼ δ=δf and x¼ 2x=L. The defor-
mation shown is multiplied by 5 for ease in visualization. Plots correspond to the central portion of the interface of non-dimensional length 1. Deformed configurations are
for the interface portion of non-dimensional length 0.66.
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Table 2
Effect of the TS parameters (for plate rigidity¼2.1 Nm, interlayer thickness¼250
μm, and pulling rate¼1 mm/s), which evince that wavy undulations vanish when
the interfacial softening is increased relative to the interlayer stiffness (lower
effective stiffness at a higher temperature due to viscoelasticity).

~T 1Cð Þ TcðMPaÞ Gc J=m2
� �

Type of debonding front

55 0.04 0.2 Fingerlike undulations
55 0.004 0.2 No fingerlike undulation
-30 0.04 0.2 No fingerlike undulation
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with Young's modulus, Eplate¼2.1 GPa and Poisson’s ratio¼0.4. How-
ever, we also compute results for different values of Eplate. The material
for hydrogel interlayer is modeled as isotropic, homogeneous and
incompressible with the constitutive relation (17) (e.g., see Simo [44])
implemented in ABAQUS [36].

σ tð Þ ¼ �pIþa1Bþa2B
2þdev

Z t

0
_gR

s
aT

� �
Ft �1 t�sð ÞσD

0 t�sð ÞFt �T t�sð Þds
	 


ð17Þ
Here a1 and a2 are material constants, B the left Cauchy–Green

tensor, gR the normalized relaxation modulus expressed as Prony
series gR tð Þ ¼ μR tð Þ

μR 0ð Þ

� �
, devðAÞ ¼ A�1

3trðAÞI, trðAÞ¼ sum of the diagonal
elements of the matrix A when its components are written with
respect to an orthonormal basis, I¼the identity matrix, σ0

D the
instantaneous deviatoric Cauchy stress, and Ftðt�sÞ the deforma-
tion gradient at time ðt�sÞ with respect to the configuration at
Fig. 11. Effect of ϕ on the dominant wavelength (normalized by thickness) of the
debonding undulation.

Table 1
Qualitative evidence of the time–temperature equivalen

Δ¼ 14 μm

ϕ _Δ(mm/s) τaT (μs) Debond

7 1 10

7 100 10

7 1 1000

7 100 0.1

28 100 10
time ðtÞ, defined as Ftðt�sÞ ¼ ∂xðt� sÞ
∂xðtÞ with x giving the current

position of a material point. Based on experimental results [45],
the instantaneous elastic response is assumed to be neo-Hookean,
ce in predictions from the model.

ing (Deformations exaggerated by a factor of 10)

Fig. 12. The FE mesh and boundary conditions with zero tractions along uncon-
strained displacement components not exhibited.



Fig. 13. Two main types of debond front predicted by the simulations: debond front (a) with or (b) without fingerlike undulations. In these images, the bonded and the
debonded regions are shown by plotting the damage variable, d¼ δf δ� δcð Þ

δ δf � δcð Þ defined for the region corresponding to segment AB of the TS relation (for segment OA, d¼ 0). The

value of d equals 1 over the debonded region (represented by red color) and varies from 0 to 1 over the region which is yet to debond (represented by blue color). Whether
or not undulation is exhibited at the debond front depends on the plate bending rigidity, the viscoelastic properties and the thickness of the interlayer, temperature, pulling
rate and values of the TS parameters. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.).
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i.e., a2¼0, and a1¼twice the constant shear modulus of the
interlayer material. The Prony series parameters determined
experimentally [45] at the reference temperature of 45 °C are lis-
ted in Table B1. The WLF constants at the reference temperature
~T REF¼45 °C are C1¼4.57 °C and C2¼142.2 °C.

We assume a mixed-mode bilinear TS relation [36] with mode-
independent values of the initial slope (K ¼ 106 MPa =mm), the
peak traction (Tc ¼ 0:04 MPa ), and the fracture energy (Gc ¼
0:2 J=m2). The value of the damage stabilization parameter for
alleviating numerical instabilities was gradually reduced to 10�10

until a further decrease in this value did not affect computed
results.

The boundary conditions and the FE mesh are shown in Fig. 12. The
three displacement components of points on the lower face of the
interlayer are set equal to zero to simulate its infinitely strong bonding
to the stationary rigid adherend. The same vertical displacement Δ is
applied at 1 mm s�1 to all nodes on the plate right edge. Tractions on
the other bounding surfaces and tangential tractions on the right edge
are null.

The eight-node brick elements (C3D8R) with reduced integra-
tion and the default hourglass control option have been used for
the cover plate. Hybrid elements (C3D8RH)7 have been employed
for the incompressible interlayer. The interlayer region is dis-
cretized into 5 (thickness)�150 (width)�100 (length) uniform FE
mesh. This FE mesh is reasonably fine as the characteristic spacing
between adjacent undulations is expected [5] to be λ� 3h�4h¼
� 1 mm for the smallest interlayer thickness used in the study. In
order to demonstrate the effect of the CZM parameters on the
debonding characteristics, we have not obtained a fully converged
solution by successively refining the FE mesh since qualitative
features of progressive debonding remained independent of the
FE mesh.

4.2. Results and discussion

In general, the debond front is either fingerlike or straight as
illustrated in Fig. 13. An example of the evolution of the fingerlike
debonding process is shown in Fig. 14 in which we have plotted
contours of the contact opening δ at three different times for a

plate of bending rigidity, D¼ Eplatehplate
3

12ð1�υ2Þ ¼21 Nm (υ¼Poisson's ratio,
hplate¼the plate thickness) and an interlayer of thickness 250 μm.
7 For the 3D simulations, the overall energy balance applied to the ABAQUS
output gave a discrepancy of about 20%. Additional numerical experiments
revealed that this was due to our using the default value of the hourglass control.
The use of selective reduced integration or other hourglass control options satisfied
the energy balance within 1% error but triggered unphysical oscillations at the
contact surface. The physically meaningful results computed with the default hour
glass control and their agreement with the literature results obtained by other
methods provide credence to results reported here.
Computed values of δ4 δf are represented in red color at right
ends of illustration. As experimentally observed [5,9], the devel-
opment of fingers is preceded by the nucleation of debonds spaced
at approximately the same distance as that between the fingers
that will ensue. Decaying plate displacement, undulatory
debonding, and lateral propagation of debonds give rise to what
resembles fingers at the debond front.

Progressive debonding was also simulated for a plate with D¼
2.1 Nm and interlayers thicknesses 250 μm, 500 μm, 600 μm and
750 μm. The spacing between the adjacent fingers, computed
using the discrete Fourier transform method (using MATHEMA-
TICA [41]), versus the interlayer thickness is plotted in Fig. 15a. We
note that the computed spacing increases with an increase in the
interlayer thickness and reasonably agrees with experimental
findings of Ghatak and Chaudhury [9] who reported the approx-
imate relation: λ� 4h. We note that for the highest thickness
(750 μm) simulated, fingerlike debonding was not predicted.
However, debonding exhibited a fingerlike front for a plate of
higher flexural rigidity (7.5 Nm), consistent with the requirement

of a threshold lateral confinement D=μh3
� �1=3

, expressed as the

ratio of the two length scales, D=μ
� �1=3 and h [9,12]. Simulations

conducted for different values of D and a constant interlayer
thickness (250 μm) revealed that the length of the fingers
increased monotonically with the quantity D=μ

� �1=38 which
represents the characteristic stress decay distance for a flexible
plate bonded to an elastomeric foundation [46]. The linear fit to
the computed values depicted in Fig. 15b is close to that obtained
by Ghatak and Chaudhury [9] for a different material system. We
believe that this quantitative agreement in the finger amplitudes is
coincidental because the softening zone length (in the y-direction)
should also depend on the interfacial adhesion. We found that the
dominant frequency of undulation is relatively insensitive to the
plate rigidity, consistent with findings of [9].

In order to qualitatively demonstrate the concept that the CZM
parameters for confined interlayers determine whether or not
contact separation resulting from tension is wavy, additional
simulations were conducted by varying the TS parameters and the
operating temperature by keeping the thickness of the interlayer,
the plate rigidity and the pulling rate constant. The key parameters
used in these simulations and the results are summarized in
Table 2. For Tc¼ 0.04 MPa, setting the temperature equal to -30°C
results in larger relaxation times following the WLF equation, and
a fingerlike debond front was not predicted. Similarly, a fingerlike
8 The shear modulus of the interlayer at time t and temperature T~was esti-

mated as μðt; ~T Þ � μR
t
aT

� �
¼ μ1þ PN

i ¼ 1
μie

� t
aT τi



Fig. 15. Dependence of the (a) dominant wavelength, λ, of the fingerlike pattern on the interlayer thickness, h, and (b) the fingers length, lf inger , on the length scale D=μ
� �1=3

when h¼ 250 μm. As shown in (a) fingerlike debonding is not predicted when D¼ 2:1 Nm and h¼ 750 μm. However, a larger value of D causes fingerlike debonding. The
linear fit of the data points shown in (b) agrees with the linear fit of experimental results of Ghatak and Chaudhury [9], lf inger ¼ 0:2 D=μ

� �1=3�0:16. The intercepts are not
important since undulatory debond fronts do not occur for small values of D=μ

� �1=3.

Fig. 14. Contour plots of contact opening at three values of the applied displacement when the plate rigidity D¼ 21Nm and the interlayer thickness h¼ 250 μm. For easy
visualization, deformations are exaggerated by a factor of 10 and by a factor of 12 for the cross-section AA/ illustrating wavy debonding.
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front was not predicted when Tc¼ 0.004 MPa was used for the
operating temperature of 55 °C.

Our computed results suggest that the debonding behavior
during peeling a flexible plate off an elastomeric layer constrained
to a rigid base is dictated by both the lateral confinement

D=μh3
� �1=3

and the adhesion parameter, Tc
2h=E1Gc. A detailed

analysis probing their collective role in the debonding evolution
will be undertaken in a future work.
5. Conclusions

We have studied debonding of a confined elastomer layer from
an adherend using the cohesive zone model (CZM) and the bilin-
ear traction-separation (TS) relation for the interaction between
the elastomer layer and the adjoining adherend. The stability
analysis of the homogeneous solution (null displacements and
constant hydrostatic pressure) of plane strain deformations of the
elastomer and the analysis of deformations by the finite element
method (FEM) have enabled us to conclude that a necessary con-
dition for a wavy/undulatory debonding to ensue is Tc

2h
GcE1

44:15,
where Tc is the peak traction and Gc the fracture energy in the TS
relation, h the thickness and E1 the long-term Young's modulus of
the elastomeric layer modeled as linear viscoelastic. This result can
help design a material system for avoiding wavy debonding by
choosing thickness of the soft adhesive and/or altering the inter-
facial softening by suitable surface treatment. It also serves to
tailor the TS relation parameters for simulating spatially undula-
tory debonding evolution. The linear stability analysis also predicts
that if undulations occur, their dominant wavelength is close to 3h,
when Tc

2=4:15Gc lies between E1=h and E0=h where E0 is the
instantaneous modulus of the elastomeric layer. Analysis of the
problem using the finite element method (FEM) provides details of
the interfacial debonding evolution and sheds light on the effects
of pulling rate and temperature.

We have also analyzed using the FEM three-dimensional
deformations of a thin elastomeric interlayer (perfectly bonded
to a rigid base) when a flexible plate is peeled from it by applying
vertical displacements to points on one edge. This analysis predicts
the progressive debonding with a fingerlike front is controlled by

both the lateral confinement D=μh3
� �1=3

and the adhesion
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parameter, ϕ, where D equals the plate bending rigidity and μ the
interlayer shear modulus at the operating temperature.
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Fig. C1. For ϕ¼ 8:25, sensitivity to the FE mesh of (a) the dimensionless reaction force
(P ¼ R=Tc

~A ) vs. the dimensionless displacement, Δ, applied at a rate of 1 mm/s when
m¼ 3, and (b) the dimensionless interfacial contact opening when Δ¼ 0:54.
Appendix A

Using the non-dimensionalization X ¼ x=h; Z ¼ z=h;U ¼ u=h;W
¼w=h; P ¼ p=μ and T ¼ t=tint where tint ¼ δf = _Δ is the time of
interest, equations of motion for the interlayer become

∂2U
∂T2 þ

tint
twave

� �2

� ∂P
∂X

þ ∂2U
∂X2þ

∂2U
∂Z2

� �� �
¼ 0

∂2W
∂T2 þ tint

twave

� �2

�∂P
∂Z

þ ∂2W
∂X2 þ∂2W

∂Z2

� �� �
¼ 0

where twave ¼ h
ffiffiffi
ρ
μ

q
equals the time for an elastic wave to travel

through the thickness, h, of the interlayer material of mass density
ρ. For typical representative values (m� 103, ~ω � 0�1,
ϕ� 4�4000, _Δ� 1 mm=s, Gc � 0:04�0:2 J= m2, h� 40�400 μm

and ρ� 1 kg=m3), tint
twave

� �2
¼ 4

3ϕ _Δ
2
Gc
ρh 1þ m

1þ ~ω � 1

� �
441. Thus iner-

tia terms are negligible. However, the inertia term will potentially

play a significant role for faster pulling speeds for which tint
twave

� �2
is

not much greater than 1.
Appendix B

See appendix Table B1.
Fig. C2. For ϕ¼ 41:25, sensitivity to the FE mesh of (a) the dimensionless reaction
force vs. dimensionless displacement applied at a rate of 1 mm/s when m¼ 3, and
(b) the dimensionless interfacial contact opening when Δ¼ 1:67.
Appendix C

As suggested by a reviewer we include here the effect of the FE
mesh on results of the plane strain problem studied in Section 3.
Sensitivities of the load-displacement histories and the spatial
variations of the contact opening for three FE meshes in the
interlayer are examined. The FE meshes 1, 2, and 3 had, respec-
tively, 5, 5, and 8 elements through the thickness with element
widths of 0.05, 0.04 and 0.03 mm. Results plotted in Fig. C1 and
Fig. C2 for ϕ¼ 8:25 and ϕ¼ 41:25, respectively, are sensitive to the
FE mesh at the larger value of ϕ. A coarse mesh causes spurious
oscillations as can be seen from Fig. C2b. However, discrete Fourier
transforms of the computed contact openings for mesh 2 and
mesh 3 (Fig. C2a) yield the same dominant frequency (� 4:1h ).
Table B.1
Values of material parameters in the Prony series at the reference temperature of 45 °C [45].

i 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
μi(MPa) 4.11 4.11 4.11 4.082 3.194 0.420 0.186 0.052 0.016 0.003 0.001 0.001 0.017 0.014 0.017 0.009
τi(s) 10�10 10�9 10�8 10�7 10�6 10�5 10�4 10�3 10�2 10�1 1 10 103 104 105 1
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