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ABSTRACT

We describe an adaptive filter system that is able to switch between
adaptive filter algorithms in order to produce fast convergence and low mean
square error (MSE). The switching system employs two adaptive filters for two
different tasks; one is intended to yield fast convergence, and logically called the
"fast convergence structure", while the other is intended to give small MSE, and
called the "low MSE structure".

The switching from one algorithm to the other is determined by the state
of the system. For example, switching from the "fast convergence structure” to
the "low MSE structure" happens if the former has reached its steady state
according to some pre-defined criterion, while switching from the "low MSE
structure” to the "fast convergence structure" happens if the former starts
diverging according to some pre-defined criterion. We define here that an
algorithm has reached its steady state if the average of the square of its output
error is small and approximately constant for several iterations. After an
algorithm has reached its steady state, not much additional error reduction can
be obtained from it, so that there is no payoff using "the fast convergence
structure”, which is usually more computation intensive than the "low MSE

structure”. In this situation it would be better to use the Least Mean Squares



(LMS) algorithm as the "low MSE structure" because of its simplicity and its
numerical robustness.

Experiments using the recursive-least-squares-lattice (RLSL) algorithm
together with the LMS algorithm, the fast-transversal-filter (FTF) algorithm
together with the LMS algorithm, and the gradient-adaptive-lattice (GAL)
algorithm together with the LMS algorithm for a system identification application,
in particular for echo cancellation, show the expected result of providing faster
convergence and lower mean square error than would be possible with a single
algorithm. The switching system demonstrates other important resuits: it can
avoid the numerical instability of some algorithms, such as the RLSL and FTF
algorithms, without adding any additional computations; it is able to handle a
change in the unknown system, as long as it settles, without suffering a slow
convergence rate caused by an incorrect initial condition; it is able to handle a
change of the observation noise without facing a divergence problem; and it is
able to produce an optimum result even for ill-conditioned input signals, i.e. the
ratio of the maximum and minimum eigenvalue of the auto-correlation of the
signal is high.

When switching to the "low MSE structure” we also apply a
computationally reduced order technique, in which only the values of the impulse
response that are greater than some threshold are used for computation. This
technique is applied to the switching structure of the recursive-least-squares-
lattice algorithm together with the LMS algorithm and exhibits fast convergence
and low MSE even for ill-conditioned input signals. For the white Gaussian noise
input, on the other hand, this technique yields a somewhat larger mean square

error.
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CHAPTER ONE
INTRODUCTION

Adaptive filtering presents an appropriate solution in signal processing
where statistical information of the environment is not available [16]. Unlike the
fixed filter, the adaptive filter develops ‘its parameters on-the-fly, using the
observable data, which gives it great flexibility to operate in an unknown
environment.

There is an inherent problem facing the adaptive filter: an adaptive filter
aimed at fast convergence usually exhibits large mean square error (MSE),
while, on the other hand, an adaptive filter aimed at low MSE usually exhibits
slow convergence. Several papers have been published regarding these issues,
yet no satisfying results have emerged [5], [25], [38].

In this thesis, we try to solve the problem from a different angle. Instead of
trying to improve an adaptive filter algorithm/structure, we develop an adaptive
fiter system, called a switching structure, consisting of two adaptive filter
aigorithms/structures. Each adaptive filter in this system is specified for a
different task, one is intended to produce fast convergence, called the "fast
corivergence structure”, and the other is intended to vield low MSE, called the
"low MSE structure”. The switching structure can chocse one of the structures
based on a predefined criterion. For example, during the transient state, the
switching structure uses the "fast convergence structure” o mode! the unknown
system as fast as possible. In other words, it tries to reduce the error as fast as

possible. Then, after the "fast convergence structure" has converged, the



switching structure switches to the "low MSE structure” to get additional error
reduction and to have a more stable algorithm.

The adaptive filter algorithms/structures used as the "fast convergence
structure” are the adaptive filters that are less affected by the eigenvalue ratio of
the input data. The adaptive filter algorithms/structures used as the "low MSE
structure” are the adaptive filters that are numerically stable and, of course,
produce low MSE. It turns out that /east-squares based and lattice based
adaptive filters are good choices for the "fast convergence structure” since their
fast convergence characteristics are almost not affected by the eigenvalue ratio
of the input signal, even though there can be problems with the numerical
stability for implementations in finite word length. On the other hand, the LMS
algorithm is a good choice for the "low MSE structure" since it is numerically
stable and produces low MSE.

We simulate the switching structure for a system identification problem,
i.e. echo cancellation. For this application the switching structure tries to model
the unknown system using the input and output data of that system. Echo
cancellation is usually used to remove the echo in telephone connections using
satellite communication. As we know, the voices of the speakers on long
distance connections via satellite very often are returned to them, they hear their
own voices return, after being delayed, and this is very annoying. The adaptive
filter is very suitable to this application since the characteristic of the telephone
path that causes the echo changes from connection to connection.

The simulations use two sets of data: white Gaussian noise and colored

noise. We also simulate the behavior of the switching structure when there is a



change in the unknown system. Then, we compare the merits of the switching
structure with the non-switching structure for all those cases.

The switching structures that are simulated are the recursive-least-
squares-lattice joint process (RLSL-JP) algorithm together with the LMS
algorithm, the fast-transversal-filter (FTF) algorithm together with the LMS
algorithm, and the gradient-adaptive-lattice joint process (GAL-JP) algorithm
together with the LMS algorithm. The RLSL-JP, FTF, and GAL-JP algorithms are
used as the "fast convergence structure" since they are known to yield fast
convergence. On the other hand, the LMS algorithm is chosen as the "low MSE
structure”, since it is computétionally simpler and numerically more robust, and
produces low MSE.

When the switching structure switches from the "fast convergence
structure" to the "low MSE structure", the parameters of the "fast convergence
structure" should also be transferred. This transfer can be done directly if both
structures are the same, say both structures are transversal filters. However,
when the "fast convergence structure” is a lattice joint-process estimator and the
"low MSE structure" is a transversal filter, i.e. a transversal LMS, we can not
transfer the parameters directly because they are different. Here we introduce a
method to convert the regression coefficients of the lattice joint process estimator
to the tap-weights of the transversal filter.

After the switching structure reaches its steady state the "low MSE
structure” is used. If suddenly the error increases, the switching structure has to
figure out whether this is caused by a change in the unknown system or caused

by an increase in the observation noise, i.e. the presence of double talk in the



echo cancellation application. In this situation, the switching structure enters a
transition period.

During the transition period, both structures are working. The "fast
convergence structure" tries to figure out what causes this error, while the "low
MSE structure” works as a fixed filter, i.e. the adaptation is inhibited, and the
output of the switching structure is taken from both structures with some
weighting factor. Using this scheme, if it turns out that the change is caused by
an increase in the observation noise, the switching structure is still able to model
the unknown system using the coefficients which are already in the "low MSE
structure”. On the other hand, if the change is caused by the unknown system,
the switching structure, then, tries to converge again to the new unknown
system; the switching structure knows that the change is caused by a change in
the unknown system if the "fast convergence structure" is converging to the new
unknown system.

The decision whether the switching structure has to choose the "fast
convergence structure” or the "low MSE structure" is made by the end of the
transition period. The switching structure chooses the "low MSE structure" and
operates as a fixed filter if the error increase is caused by an increase of the
observation noise, or chooses the '"fast convergence structure" if the error
increase is caused by a change in the unknown system.

The rest of the thesis is organized as follows: Chapter Two gives the
mathematical analysis as well as demonstrations/illustrations of the analytical
and experimental result for the adaptive filter algorithms/structures that are used

in this thesis. Chapter Three describes the simulation methods for the switching



structure adaptive filter. Chapter Four shows the simulation results and, finally,

Chapter Five concludes the thesis and proposes further research.



CHAPTER TWO
THEORETICAL BACKGROUND

This chapter covers the characteristics of adaptive filter structures and
algorithms. The discussion emphasizes the rate of convergence and mean
square error (MSE) since these two characteristics are the main reasons for
switching from one structure to another. The performance comparison among
structures and algorithms is given at the end of this chapter. This performance
comparison is limited, in that it is based on the system identification problem as

it applies to echo cancellation.

2.1 Adaptive Filters

A filter is defined as a system that processes a stochastic input in order
to produce a desired output or to extract predefined values, i.e. it passes
signals having frequency f, only. An adaptive filter is a filter that can self-adjust
its parameters based on its input signal and the desired signal. In other words,
the adaptive filter defines its correct parameters "on-the-fly," starting from any
initial value. Because of this self-defining characteristic, the adaptive filter is very
suitable for applications where complete knowledge of the statistical
characteristics of the environment is not available.

We now review some notions that are used to characterize the merit of
adaptive filter algorithms. The rate of convergence is the number of iterations
required by an algorithm in order for it to reach within some percentage of its
fjnal valug. In the echo cancellation problem, CCITT Recommendation G.165 [3]

defines the rate of convergence as the ability of an echo canceller to reduce the



echo level to a certain value, i.e. -27 dBmQ0, in a certain time, i.e. 500 ms [3]; the
;rm dBmO is explained in Appendix D. Misadjustment measures in percent the
deviation of the mean square error, as an ensemble average, from the minimum
value as produced by the optimal Wiener filter. Robustness describes the
performance of an algorithm under ill-conditioned input signal conditions.
Numen’cal stability determines the performance of an algorithm under finite word-
length conditions.

The adaptive filter used here is a linear adaptive filter. Any non-linearity

that can not be modeled by the linear system will be considered to produce

extraneous noise.

2.1.1 System Identification

One application of adaptive filters lies in the area of system identification.
The system identification problem is indicated in Figure 2.1.1. Given the input
u(n) and the output d(n) of the unknown system, the task is to develop an
adaptive filter in such a way that it generates an output a(n), for the same input
as the input of the unknown system, that is close to the output of the unknown
system in the sense of some predefined criterion, such as minimal mean-square
error (MMSE). The output of the unknown system is usually termed the desired
signal and the output of the adaptive filter is termed the estimate of the desired
signal.

The adaptive filter uses the error between the desired signal and the
estimate of the desired signal to change its parameters based on a certain
algorithm. The structure of the adaptive filter does not have to be the same as

the structure of the unknown system.



One example of the use of system identification is echo cancellation in

telephone systems, which will be the main topic of this thesis.
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Figure 2.1.1 System Identification

2.1.2 Echo Cancellation

Every telephone connection will experience echo problems; echo is a
signal that is transmitted back to its sender. The echo problem is very annoying,
especially in long-distance connections such as occur in satellite communication
in which one full-hop or round-trip delay is about 540 ms [37]. The typical

configuration of a telephone connection is shown in Figure 2.1.2.



The best method to date to remove this echo is to use an echo canceller.
The echo canceller tries to model the hybrid circuit including the transmission
path and then generates a replica of the echo signal using the received signal
from the far-end; the echo canceller on the left side in Figure 2.1.2 will cancel
the echo signal that comes from the right side. By subtracting the replica of the
echo a(n) from the echo signal y(n), as shown in Figure 2.1.3, it is expected that
the echo can be prevented from going back to its sender. The echo signal is

expressed as:
y(n) = d(n) + uv(n) + r(n) (2.1.1)
d(n) = w"(n)u(n) (2.1.2)

where u(n) is the received signal, d(n) is the desired signal, uv(n) is the

observation noise, w(n) is the system function of the echo-path, and r(n) is the

near-end signal.
The replica of the echo signal generated by the echo canceller, cA:i(n), is

expressed as :
dn) = w"(n) uln) (2.1.3)

where & H(n) is the estimate of the system function of the echo-path, and a(n) is

the estimate of the echo signal d(n) which here is the desired signal (to be

cancelled).



A typical impulse response of the echo-path is as shown in Figure 2.1.4. It

usually has an all-pass characteristic [10]. The pure delay region of the first few

samples represents the distance between the echo canceller and the hybrid. The

non-zero impulse response usually lasts about 2 ms (16 samples at 8 kHz

sampling frequency) [7].

";?__ delay

oo |} <ol A\ 0D
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Figure 2.1.2 Typical Telephone Connection
with Echo Cancellers
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Figure 2.1.3 Relation of Signals
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The characteristic of the hybrid, including the transmission line, is
different from connection-to-connection, so that the use of an adaptive filter in

echo cancellation is well suited to the application.

1 — — —

051

05}

Impulse response

0 20 20 60 80
—-> sample number

Figure 2.1.4 Typical Impulse Response of the Echo-path

The dynamic range between weak and strong voice signals on the
telephone system is about 30 dB [7]; the weak and strong signals mentioned
here refer to the signal strength under different connection condition, some
connections produce very strong signals, whereas other connections produce
weak signals. This could be a problem for some algorithms, such as the least-
mean-square (LMS) algorithm, in that its performance is dependent on the
eigenvalue or the power of the input signal. As will be mentioned in Section 2.2,
the step-size p of the LMS algorithm should be less than 2/power of the input

signal, so that in order to assure convergence for any signal, the step-size of the
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LMS algorithm should be set in reference to the weakest signal, otherwise there
is the possibility that for some connections the LMS algorithm will diverge.

As soon as the near-end signal r(n) appears, the adaptation should be
inhibited, otherwise the echo canceller algorithm will diverge. This occurrence is
called the "double talk" condition. To monitor this condition, an echo canceller is

usually furnished with a double talk detector.

2.1.3 The Experimental Data Sets

The adaptive filter algorithms, and their features, used in this thesis will
be illustrated using several sets of simulated data. For simulations, the adaptive
filter algorithms are used for system identification problems as shown in Figure
2.1.1. The plant to be identified is an all-pass type of plant; this is to resemble
the echo path. The plant is specified as a pure delay followed by a second-order
all-pass filter section with poles at 0.75 e*?*® and zeros at 1.3333e*?*%, The
pure delay models the delay of the echo path and the all-pass filter models the
hybrid. The all-pass filter is designed to have a variable gain. The impulse
response of the above plant is shown in Figure 2.1.4.

Two kinds of data sets will be used: white Gaussian noise and colored
noise with an eigenvalue ratio of 100. The white Gaussian noise is used in the
simulations because the standard [3] is based on a white Gaussian noise input
instead of speech. On the other hand, the colored noise is used mainly to test
the algorithms/structures because the performance of some
algorithms/structures is affected by colored noise.

The white Gaussian noise is generated by the MATLAB program routine

"randn”, with zero mean and unit variance. MATLAB has the capability to
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generate white Gaussian noise with a different seed or initial value. This is
useful for ensemble averaging of several independent trials. However, we can
also define the seed itself, so that we can compare different algorithms based on
exactly the same input noise signal. For future use, the white Gaussian noise
input data will be referred to as Data Set 1.

The colored noise data is generated by passing zero mean white
Gaussian noise through a second-order AR process as shown in Figure 2.1.5.
The variance of the white Gaussian noise is set such that the output of the AR
process will have unit variance theoretically. By using different AR parameters,
we can generate colored noise with eigenvalue ratio of 100. For future use, the
colored noise data with an eigenvalue ratio of 100 is called Data Set 2.

The AR process is expressed as:

u(n) = -a,u(n-1) -a,u(n-2) +v(n) (2.1.4)

where v(n) is a zero mean white Gaussian input with variance o2, a, and a, are

the parameters of the AR process, and a, is setto 1.

The parameters for Data Set 2 are [16):

a=[1-1960 -8] : o? =0.014

The theoretical output variance of Data Set 2 is .9820 with the eigenvalue

ratio y(R) of 99; the eigenvalue ratio is the ratio of the maximum and minimum

eigenvalues of the auto-correlation matrix of the input data:
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Reelu]

u=[u(n), u(n-1),---u(n-N+17"

(2.1.5)

(2.1.6)

(2.1.7)

where A . and A, are the maximum and minimum eigenvalues of the auto-

correlation matrix R respectively. If Data Set 2 is used for an adaptive filter order

N, the eigenvalue ratio z(R) will be different, depending on N. The following are

the theoretical eigenvalue ratios z(R) for N equal to 64 and 256:

N 64 256
AR) 1.387 x10* 4.872 x10*
wite gasdan| ¥V O 1 u M
noke > 3 2 >
source 62 1+ a,z7+a,z
v

14

Figure 2.1.5 The AR Model of Order 2



2.2 The Transversal Least Mean Squares Algorithm

The least mean squares (LMS) algorithm is based on the use of the
instantaneous value of the gradient, as an estimate of the gradient, to
recursively compute the solution of the Wiener Filter. The LMS algorithm is

depicted in Figure 2.2.1 and is expressed as follows [16]:

y (n) = w(n) u(n) (2.5.a)
e (n) =d(n) - y(n) (2.5.b)
w(n+1)= w(n) + pu(n) e’(n) (2.5.c)

where d(n) is the desired signal, y(n) is the estimate of the desired signal, e(n) is

the difference between the desired signal and its estimate, w(n) is the estimate
of the tap-weight of the unknown system, u(n) is the tap-input vector, and u is
the step-size parameter. The LMS algorithm in (2.5) can be used for complex as
well as real systems. A complex system means that the data and the tap-weight
vector consist of complex numbers, and a real system means that the data and

the tap-weight vector consist of real numbers.

u @ tap - welght y M

> A —

w (n)

$ |

e (n) J'

LMS
Algorithm C)

Figure 2.2.1 The LMS Algorithm
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In order for the tap-weight to converge in the mean, u should satisfy:

O<u< (2.6)

max

where 4, is the maximum eigenvalue of the input auto-correlation matrix R

which is defined as:

R=E[u ] (2.7)

Note that convergence in the mean implies that the mean of the tap-weight
estimate w(n) converges to the optimum Wiener solution w,,, [16].

M
We know that 4, is less than z:/.i, which is equivalent to M times the

auto-correlation of the tap-input vector at lag zero, o2, or

izsmﬁ (2.8)

Considering that M times the auto-correlation at lag zero, Mo?, is equivalent to
the power of the input signal [16], so that by replacing 4 ., in (2.6) with the input
power, we get

2

O<u< 29
2 total input power (2.9)
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Furthermore, the step-size u defined in (2.9) is always less than u defined in
(2.6), meaning that (2.9) always gives u that makes the LMS algorithm
converge.

The maximum time constant 7, for convergence in the mean [16], is

1
= — 2.10.a
Fmas ]n(1 - #Amin) ( )

For u small we can approximate (2.10.a) with:

1
~ 2.10b
s H A min ( )
By replacing u in (2.10.b) with the upper limit in (2.6) we get:
R
e > Ama o ZR) (2.11)

min

where y (R) is the ratio (condition number) of the maximum and minimum

eigenvalues of the auto-correlation matrix R.

The MSE of the LMS algorithm [16] is:

M
J(n) = e+ - J i (2.12)
=

li
"2 -#kwi)

=1
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where k is equal to 1 for the complex LMS algorithm and k is equal to 2 for the

real LMS algorithm, and J,_,, is the minimum mean square error produced by the

optimal Wiener Filter.

The constants ¢, are the eigenvalues of matrix C, which is a diagonal

matrix derived from the eigendecomposition of matrix B:

B= GCG"

G is an orthonormal matrix consisting of the orthonormal eigenvectors g, and G"

denotes the Hermitian transpose of matrix G. B is an M-by-M matrix with

elements:

(1-p4a)" +kp?a? Q=]
b;; = { 2 - (2.14)
BA A i # ]

where k is equal to 1 for the complex LMS algorithm, and k is equal to 2 for the

real LMS algorithm.

We now derive 7 .. Thereto define the weight error vector ¢(n) as:
g(n) = w(n) - w,, (2.15)
and define K(n) as the variance of ¢ (n):

K(n) = [z (n)e" (n)] (2.16)

Now multiply K(n) with Q" on the left side and Q on the right side to yield:
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X(n)=Q"K(n) Q (2.17)

where Q is obtained from an eigendecomposition of auto correlation matrix R

such that
A = Q"RQ

in which A is an diagonal matrix. Usually X(n) in (2.17) is not a diagonal matrix,
consisting of column vectors x,(n). It has been shown [16] that

i = 4 97g;[X(0) - x ()] (2.18)
(2.19)
where x(0) is the initial value of x(n), x() is the final value of x(n), and | is the M-

by-M identity matrix.

The range of u that guarantees that the algorithm converges in the mean-

square is
M
_BA Ly 2.22
2 G- katy (222)

where k is equal to 1 for the complex LMS algorithm, and Kk is equal to 2 for the

real LMS algorithm. In order for the LMS algorithm to converge, u should fulfill
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(2.6) as well as (2.22). Note that convergence in the mean square implies that
the final value of the mean square error, J(«), is finite [16].

The LMS algorithm is very simple and has good numerical properties, i.e.
the LMS algorithm has not been reported as having divergence problems
caused by quantization errors. However, the LMS algorithm convergence rate is
very dependent on the eigenvalue ratio of the auto-correlation matrix R. In other
words, for ill-conditioned input signals, i.e. y (R) large, the LMS algorithm will
take a long time to converge as indicated by (2.11).

When using a large u, the algorithm will converge fast as indicated by
(2.10), but the MSE will be large as indicated by (2.12). In order to get fast
cbnvergence and small MSE, we can use a time-varying u. At the beginning of
the iterations, a large u is used, so that the LMS algorithm will converge fast.
After the algorithm has converged substantially, a small g is used, and this will
give é small MSE. However the choice of a large u can cause divergence of the
algorithm for some input signals, if in this condition p violates (2.6) or (2.22).
This can happen in an application where the input signal strength varies greatly

from one condition to another, such as in the echo cancellation application.

2.2.1 Convergence Indicator for the LMS Algorithm

The estimation error of the LMS algorithm is very noisy, so that it is
difficult to monitor whether the algorithm has converged or not. One way to
check for convergence of the algorithm is by computing an average squared
estimation error. This is done by summing the current squared estimation error

énd M-1 previous squared errors and then dividing this sum by M.
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In order to reduce the computation, the M-1 previous values of the
squared estimation error are stored, and added to the square of the current
estimation error (the oldest value of the squared estimation errors is
automatically removed as depicted in Figure 2.2.2), and the sum of these errors
is divided by M. By using this scheme, we only add one multiplication to the total

computational load at every iteration. These procedures can be expressed as

follows:
e2(n) = gez(n-i) (2.24)
e () = (2.25)

where M is the length of the averaging interval.
After the algorithm converges, the difference of the average squared
estimation error between two successive iterations is very small; in other words,

the average squared error will be almost constant. We therefore define the

convergence indicator ¥ (n) as:

y(n) =1-e2,(n) (2.26)

2.2.2 Effect of the Initial Value

Recall the weight error vector ¢ (n+1) defined in (2.15) as

e(n+1) = w(n+l) - w,
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By using (2.5.c) in (2.15), where e(n) is replaced by (2.5.b), we can rewrite
(2.15) as

e+ )=(1 - wu (U'(N) () + pu () ') (2.26)

e{n)

Figure 2.2.2 Squared Error Averaging Circuit

The expected value of the weight error vector, by assuming that u (n) and e’(n)

are orthogonal, is:

E[en+1)] = (I - #R)&n) (2.27)
=(I-uR)"£(0)
where
£(0) = w(0)- w

— opt

and Q(O) is the initial value of the tap-weight.
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The choice of g(O) will determine the rate of convergence. If
W (0) = w,, then £(0) = 0, and the algorithm has converged immediately.
However, if the initial tap-weight is far from the optimum value, then
convergence will usually take quite a long time. Experiments with different initial
values confirm this. For initial conditions zero, one, and optimum, the results are
given in Figures 2.2.3, 2.2.4, and 2.2.5 respectively. These experiments use
Data Set 1 with a filter order of 64 and p of 0.005. The MSE is taken as the

ensemble average of 10 independent trials.

10

step-size=.005 J

MSE
&
=

7% 500 1000 1500 2000
—> sample number

Figure 2.2.3 The MSE for the LMS Algorithm with Zeros as the Initial Condition

20

10 step-size=.005

0
-10}
.20}

MSE

-30
-40¢+

50}

-B0OF

0% 500 1000 1500 2000

—-> sample humber
Figure 2.2.4 The MSE for the LMS Algorithm with One as the Initial Condition
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-52 v r —
step-size=.005

'

[4,]

<D
T

200 300 200 500
—> sample number

Figure 2.2.5 The MSE for the LMS Algorithm with the Optimum as the Initial Condition

Since an initial condition of zero does not show any peculiar convergence
behavior such as when the initial condition is one, for practical purposes it will
be convenient to start the algorithm from initial condition zero. However, if the
algorithm is given an initial condition that is close to the optimum value, as
happens when we switch from another algorithm, the convergence rate will be
faster than if the algorithms were started at an initial tap-weight of zero. This is
exactly the behavior we want to exploit when switching from the "fast
convergence structure” to the "low MSE structure”, thereby averting the slow
convergence of the latter.

Furthermore, if the initial tap-weight is extracted from another algorithm,
which is done during operation, the M tap-input of the latter algorithm should be
the same as the M tap-input of the previous algorithm; otherwise, the latter

algorithm will experience a transient condition, and if this happens, the error will
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go up because the estimate of the desired response will be different from the

desired response.
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2.3 The Method of Least Squares

The method of least squares uses a time average of the available data,
instead of an ensemble averaged statistical characterization of the data, to solve
the linear filtering problem. As a result, the least squares approach gives a
better solution than that resulting from approximation approaches such as in the

LMS or gradient algorithm [16]. The cost function &(n)of the least squares

method is:

() = ile(i)l2 (2.3.1)

where n is the time index, e(i) is the difference between the desired signal d(i)

and the estimate of the desired signal y(i) at time i. As shown in Figure 2.3.1,

the error (i) is defined as:
e(i) = d(i) - y(i)
= d(i) - w"(n) u() (2.3.2)
where w(n) is the tap-weight vector at time n, defined as:

w(n) = [wo(n), wy(n), ..., wya(n)]' (2.3.3)

w(n) is fixed during the observation interval 1<i<n, and u(i) is the tap-input

vector at time i, defined as:
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u(i) = [ugi), uGi-1), ..., u(i-M+1)]" 1<i<n (2.3.4)

u(i) 1 u(l-1) : u(i-2) I ! u(l-M+1)
z oz R z oz
y { Y y Y }
w* w* ) w;' )] w;'_zln) w;_i(nl |

+ +

* y(i) e(l)

&
e
g

Figure 2.3.1 Transversal Filter

2.3.1 TheTransversal Recursive Least Squares

The recursive least squares (RLS) algorithm solves the least squares

approach recursively by way of minimizing a weighted version of the cost

function &£(n). We follow a fairly standard treatment [16] of the RLS algorithm to
set the stage for further work. The commonly used weight or forgetting factor u

is usually in the form of exponential weighting, so that the cost function &£(n) is

written as [16]:

e(i)’: 0<u<i (2.3.5)

&(n) = Zn;#""
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For u equal to 1, the algorithm uses all the past data equally and the criterion
corresponds to that in (2.3.1). In other words, the case of n equal to 1
corresponds to linearly increasing memory. For p <1, the algorithm forgets the

past data more and more.

The optimum values of the tap-weight vector w(n) are obtained from the

normal equation:
o(n) w(n) = 6(n) (2.3.6)
where ®(n) is the M-by-M correlation matrix of the input signal, defined as:

@mr=2p“4mwm) (23.7)

and 6(n) is an M-by-1 cross-correlation vector between the input signal and the

desired signal, defined as :
o(n) = Y ur'ul) ¢ (n) (2.3.8)
In recursive form, ®(n) and & (n)can be written as :
®(n) = p@(n-1) +u(n) u(n) (2.3.9)

8(n) = 4 8(n-1) +u(n) d*(n) (2.3.10)
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Using the matrix inversion lemma [16], the inverse of ®(n) can be written

in a recursive form as:

o'(n) = p' o (n-1)-£ ?:L”ﬂ (n)(g) (n(&j(() 1) (2.3.11)
Letting P(n)‘:S ®'(n), we can rewrite (2.3.11) as:
P(n) = u" P(n-1)-£ -21F:(:_:;2,(L:1()r2(9:_(:))z(nn) ! (2.3.12)
= 4" P(n-1)- u"k(n)u"(n)P(n-1) (2.3.13)
where k(n) is an M-by-1 vector defined as
k() = - Pln-1) u(n) (2.3.14)

1+ W(n)P(n-1)u(n)

The time update of the tap-weight vector can now be derived. Multiplying

(2.3.6) with @'(n) from the left, we have

w(n) = @"(n)g(n) (2.3.15)

and then by applying (2.3.10), (2.3.12), (2.3.14), and (2.3.15), we have the time

update of the tap-weight vector &(n) as:
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w(n) = w(n-1) + k(n)a () (2.3.16)
where o(n) is the a priori error

a(n) = dn) - w'(n-1) u(n) (2.3.17)

The RLS algorithm is initialized by defining :

®(0) = 61 (2.3.18)

where I is an M-by-M identity matrix, and 0< <1, § is a small positive number,

something like 0.1. Consequently,
P(0) = &1 (2.3.19)

For u<1, the initial value of ®(0) will not affect the steady state value of the

algorithm because ®(0) will be zero, as proven below:

o(n)= @ (n-1)+u(n) u"(n) (2.3.20.a)
=™ ®(0) + Z 2 u(n-iu"(n-i) (2.3.20.b)

where for n— o, the first term of (2.3.20.b), which corresponds to the initial

value, will vanish.
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2.3.1.1 Convergence of the Tap-weight Vector in the Mean

For the RLS algorithm with u< 1, the expected value of the estimate of the

tap-weight vector can be represented by [16]:

E[Q (n)] = - i S (MW, (2.3.21)

As n — «, the second term of (2.3.21) goes to zero. In other words, the expected
value of the tap-weight exponentially approaches the optimum tap-weight.

The independence of the weighted RLS algorithm from the eigenvalue
ratio can be shown as follows. The correlation matrix ®(n) defined in (2.3.7) is

bounded if the outer product of the input vector u(i) satisfies [20]

N
Z (i (i
i=M

for all i, N-M is fixed, | is an identity matrix , 0<p<wo, and v>0. Define the

square of the tap-weight vector error as o,(n)
o.(n)=g"(n@(n)e (n) (2.3.22) !
where the tap-weight error vector ¢ (n) is defined as
e(n) = wln) - w (2.3.23)

and ®(n) is defined in (2.3.20.a). Then we can define the difference of o (n-1)

with o,(n) as
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Aln)=o,(n)- o (n-1) (2.3.24)

By substituting (2.3.20.a) and (2.3.22 ) into (2.3.24 ), we have [20]

Aln) <(u-1)&'(n-1)®(n-1)en-1) (2.3.25.a)
<(u-1o,(n-1) (2.3.25.b)

and by replacing A(n) with (2.3.24), we get

o.(n) <uo(n-1) (2.3.26.a)
< "o, (0) (2.3.26.b)
<u" " (0)®(0)& (0) (2.3.26.¢c)

Eq.(2.3.26.c) shows that o,(n) decays exponentially to zero. Since ®(n)
is a positive definite matrix, when o,(n) decays to zero the only component of
o.(n) that decays to zero is the tap-weight error vector £(n) as shown in
(2.3.22). This means also that the tap-weight vector w(n) converges

exponentially to w . Eq.(2.3.26.c) also indicates that the convergence of the

weighted RLS algorithm is not dependent on the eigenvalue ratio.

2.3.1.2 The RLS Mean Square Error

The MSE of the RLS algorithm is formulated as [16]:

Jn) = &% + t[RK(n-1)] (2.3.27)
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where o2 is the variance of the observation noise, K(n-1) is the weight-error

n

correlation matrix, i.e. E[¢ (n)&” (n)], for & (n) defined in (2.3.23), and R is the M-
by-M ensemble-averaged correlation matrix of the input signal.

For large n, by using the /aw of large numbers we get [16]:
Jn) = & + J_(n) (2.3.28)
where the excess mean-squared error J, (n) satisfies
J.(n)= £r{E[RK(n)]} (2.3.29)
The final value of J_ (n) can be written as

() = 2 A M (2.3.30)

— Jex(oo)_ 1"/‘
M= oz 1+#M (2.3.31)

where M is the order of the filter.
Unlike the LMS algorithm, the RLS algorithm is less affected by an ill-
conditioned input signal as indicated in (2.2.26). Furthermore, the RLS algorithm

converges in the mean square in about 2M iterations [16], [30].
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2.3.2 The Fast Transversal Filter (FTF) Algorithm

Even though the RLS algorithm avoids computing the inverse of a matrix,
its computational load is still relatively heavy; on the order of M?, where M is the
order of the filter. Reducing the computational load to on the order of M leads to
so-called fast algorithms. Such a fast algorithm is the fast transversal filter (FTF)
algorithm.

The FTF algorithm consists of four different transversal filters driven by
the same input data, as shown in Figure 2.3.2. Filter 1 and filter 2 solve the
forward and backward prediction error problems respectively. Filter 3 computes
the gain vector k(n) of the RLS algorithm. Filter 4 computes the a priori and a
posteriori errors and also adapts the tap-weight vector. The combination of filters
1 to 4 produces the exact solution of the RLS problem at all times [16]. The
complete FTF algorithm is given in Appendix A.

The FTF algorithm introduces the conversion factor y (n) that relates the
a priori error a(n) and the a posteriori error e(n). This scheme reduces the
computation of the RLS solution, and also the y(n) can be used as a
convergence indicator.

The FTF algorithm solves the RLS problem, and fundamentally therefore
exhibits the same performance as the standard RLS algorithm such as rate of
convergence and misadjustment. However, finite word-length experiments show

that the FTF algorithm suffers from numerical instability [16], [36].
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2.3.2.1 Initialization of the FTF Algorithm

The FTF algorithm can be started by initializing some of the parameters

as follows [1]:
ay(0) =10 0]

cu(0) =00 1]

Ym (0) =1

Fu.(0) =B, (0) = », oisasmallpositive number ( | used 0.09)

ku(0) = [00-- 0]
Transversal Fiiter 1 [7u(®)
tap-welght ) fM(n)
vector +
a (n-1) Su(n)

M
?:;merls;:tﬁlter 2 wu(n)
-We
vector + bun)
emin-19 \BM(n)
Transversal Alter 3 .
tap-welght ' -
ie;?rr\ y 3 7um(n)
\}’ M+1 (n)
Transversal Alter 4
tap-welght . a (n)
vactor
wy(n-1) { e (n)
gmin (n)

Figure 2.3.2 Fast Transversal Filter
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Actually, there is no exact guidance on how to pick o. However, if we use
the soft constraint (explained below) to initialize the FTF algorithm with the tap-
weight vector of zeros, this initialization is equal to the soft constraint

initialization of the RLS algorithm and the recommended value of o is any

positive number as long as it is small compared to .00102, where o? is the
variance of a data sample u(n) [16].

If we start the FTF algorithm using some arbitrary initial condition, such as
when we switch from another algorithm to the FTF algorithm, we should use the
soft constraint. This is done by appending (M+1) terms to the tap-input data and
the desired signal as follows. Suppose at time n we switch to the FTF algorithm

and at that time we already have the tap-input data

u(n) = [u(n-M), u(n-M+1),---, u(n)]

and the desired response

dn) = [d(n-M), d(n-M+1),---, d(n)]

Assume that we have stored the last M values of the desired response, so that

when we switch to the FTF algorithm we append the tap-input data u(n) with

M+1 terms of data as follows
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M+1terms

1

tap-input u(n) > { @?, 0 ---, 0, 0, u(n-M), u(n-M+1), ---, u(n) (2.3.32)

Time n

and we also append the desired response d(n) with M+1 terms as follows:

M+1 thrms

1 1 1
dn) > w2 W, @2 W, -, @2 W,,,,0, dn-M), dn-M+1), ---, d(n)

T (2.3.33)

Timen

where w, is the tap-weight vector used as the initial value of the FTF algorithm,
and o is a positive number to ensure a quadratic cost function. So, during the
initialization from time interval n up to n+M, the FTF algorithm does not use the
tap-input u(n) nor the desired signal d(n) yet, it uses the appended terms of u(n)
and d(n) instead.

The soft constraint can also be used when we want to change the
weighting factor u during operation of the FTF.

By using the soft constraint, the cost function is modified to :

(i)’ (2.3.34)

E(n) = p"o|wl) - w,,

2 T ;
+ Z U n-i
=1

For n large and p < 1, the first term of (2.3.34) will vanish so that the cost

function eventually gives the RLS solution.
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2.4 Lattice Structure

Unlike the transversal or tapped-delay line filter structure, the lattice
structure provides the potential to orthogonalize the input signal. This makes the
' I;attice structure based algorithm less dependent on the eigenvalue ratio x(R) of
the input signal. This also implies that it may converge faster than transversal
filter based algorithms [14], [15], [28]. Furthermore, lattice structure algorithms
show better numerical properties in terms of both numerical stability and
numerical accuracy. On the other hand, lattice structure based algorithms need
more computations per iteration than transversal filter based algorithms [33].

The structure of the Lattice Joint Process Estimator is shown in Figure

2.4.1.
Sl — b, |
+
Tom®™
r n)
f () fm

PN -

Figure 2.4.1 Single Stage of Lattice Structure
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2.4.1 The Gradient Adaptive Lattice Joint Process Algorithm

The Gradient Adaptive Lattice Joint Process (GAL-JP) algorithm uses the
gradient algorithm to adapt its regression coefficients or the ladder weights. The
GAL-JP adaptation algorithm is summarized in (B.1.a) through (B.1.g) in
Appendix B.

The MSE at stage m, J ,.,(n), is computed as the variance of the

estimation error at the output of stage m:
Jna(n) = E[enn(n)en.(n)] (2.4.1)
where e, ,,(n) is the estimation error at the output of stage m, defined as:
€me1(N) =&, (n)-c;, (n)b,,(n) (2.4.2)
Defining the regression coefficient error at stage m as:

en(n+1)= c(n+1) - Con (2.4.3)
and the variance of the regression-coefficient error at stage m, Km(n+1), as:

Kn(n+1)=E[£,(n+1)e],(n+1)]
= K_(n)B,..,(n+1)+P_.,(n+1) (2.4.4)

where, from (B.13),
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B.(n+1)=1- 4Ebn(n)] | 2(Eo ) (2.4.5)

E['um”(n + 1)] E[aumﬂ(n + 1).“m+1(n + 1)]

and from (B.14)

P,..(n+1)= 4E{ 1001 E{ O ()] (2.4.6)

E[#m(n +1) ey (N 1)']

Substituting (2.4.2) into (2.4.1), and using (2.4.4) yields the MSE at stage m

Jq(n+1) as:
‘Jrn+1(n+1) = Jm+1 opt +Jm+1 exc(n+1) (247)
where J_,, ., is the optimum MSE at stage m defined in (B.21) as

Jmﬂ opt = E[em+1 opt (n + 1)e:n¢1 opt (n + 1)]

I
:%

(2.4.8)

Note that o® is the observation noise, and J

n m+1 exc

(n+1) is the excess noise at

stage m, defined in (B.22) as:

Jm1ee (N+1) =K, (n+1)E[b,, (n)b;, ()] (2.4.9)

At large n, we have as in (B.23), that

E[b,,,(n+ 1)bm(n+1)‘]= ot (2.4.10)
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and from (B.26) and (B.27), we have the mean and the variance of u_,,(n),

which are:

n

1-«

E[ﬂ m1 (n)]= o™ l‘m1(0)+202bm 1-a

n n 2
E[ﬂM(n)’u:’”‘(n)]: P2 (0)+4a ™, (0)al, 1-a +120':m[11 a )

1-a a
(2.4.12)
As n — «, we have from Appendix B the following final-values:
E[ (0] - 202, —— (2.4.13)
"1-a
1 2
E ()] > 45, (=) @414
B,..(n+1) > 2-4a+3d? (2.4.15)
1_ 2
P.(n+1) > a(i-a) (2.4.16)
o
o*(1-a)
K (n+1) > =< 2.4.17
m( )_) Oﬁm(‘l"'a) ( )
so that as n—x, the final value of the MSE as in (B.35) is
o*(1- a)
J +1) > o2 +—F——- 2.4.18
m+1 (n )—) n (1+ a) ( )
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where «a is the forgetting factor.

2.4.1.1 The MSE for Multi-stage GAL-JP Algorithm

if we write the error of m stages of the GAL-JP algorithm with respect to

the desired response, we can rewrite (2.4.2) as:
e,(n+1) = dn+1)-c,(n+1)by(n+1)

e,(n+1)

e,(n+1)-c(n+1)b,(n+1)

= d(n+1)-c; (n+1b,(n+1) - c;(n+1)b, (n+1)

for stage m, the error is
e,.,(n+1) = din+1)-c;(n+1)b,(n+1)—--—c (n+1)b_(n+1)

= dn+1)- > (n+ )b (n+1) (2.4.19)

where d(n+1) is the desired response. Replacing the regression coefficient
c,(n+1) with the tap-weight error vector ¢ (n+1) as in (2.4.3), we can rewrite

e,.,(n+1) as:
emﬂ(n+1) = em+1 opt -Z&' i-(n+1)bi (n+1) (2420)
=0

The MSE of the m-stage GAL-JP algorithm, J_,, (n), is:
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Jna(n+1) =E[€ s (n+1)e;.,(n+1)] (2.4.21)

and from (B.47) in Appendix B, we have for the MSE of the m-stage GAL-JP

algorithm:

I (n+1)= o? +[iKi(n+1)E[bi (n+1)b;(n+1)]] (2.4.22)

where K,(n+1) is the variance of the regression-coefficient error defined as in
(2.4.4), and ¢,(n+1) is the regression-coefficient-error vector defined as in

(2.4.3).
As n—o, by substituting the final value of K,(n+1) as in (B.35) into

(2.4.22), we get the final MSE Jj,41 o (n+1) of the m-stage GAL-JP algorithm, as

we have in Appendix B (B.48):

;(1-a)
(1+a)

Jpy (N+1) =02+ (m+1) (2.4.23)

Equation (2.4.23) indicates that the MSE of the GAL-JP algorithm is
affected by the order, the higher the order, the higher the MSE. This is true if the
order of the lattice is the same as or higher than the order of the identified
system, so that the optimum error J n.1 opt is contributed by the observation noise
only. On the other hand, if the order of the lattice is smaller than the order of the
identified system, the optimum error Jn.1 o does not come from observation

noise only but also from the underdetermined parametric estimation, so that it is
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possible, and even likely, that the MSE of a lower order GAL-JP is higher than
the MSE of a higher order one.

The GAL-JP is simulated using Data Set 1. The order of the GAL-JP
algorithm is 32 and the forgetting factor a is 0.999. The graph of an ensemble
average of 20 independent trials with 4,900 iterations for each trial is shown in

Figure 2.4.2, along with the theoretical value.

MSE in dB

<-— Simulation

Theoretical Value

70 P L L 1
0 1000 2000 3000 4000 5000
—> sample number

Figure 2.4.2 The MSE for the GAL-JP Algorithm for a Forgetting Factor of .999,
and an Order of 32

The MSE for the simulation, which is calculated by taking the average of
the last 900 samples of the squared error, is 1.0484 x 10, while the theoretical
value of the MSE is1.0165 x 10°. So, the simulation result agrees well with the
theoretical value for the MSE. Furthermore, the final value of the MSE can be
computed from (2.4.23) and it gives the value 1.0053 x 10, This means that for
n — o« the GAL-JP algorithm will eventually reach the final MSE value of

1.0053 x 10°.
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Figure 2.4.2 also shows that the theoretical MSE value converges faster
than the simulation result. This is because the theoretical MSE value is
computed by assuming that the prediction sections of the GAL-JP algorithm
have already converged, in other words the backward prediction errors b, (n+1)
have already reached their final values.

By taking the expected value of the regression-coefficient error at stage
m, em(n+1) in (B.5.), and assuming that b,,(n) and en.1 o @re uncorrelated, we

obtain:

) 2E[b,,(n) b;, ()]
E[# mer()]

E[en(n+1)] ~ [1 ] E[£ (n)] (2.4.24)

By iterating (2.4.17) for large n , we get, as in (B.40),

2 E[b,,(n) b, ()]
- E[y,m,(n)] } £,(0) (2.4.25)

E[e.(n+1)]= [ 1

The time constant 7,,,, for stage m of the GAL-JP algorithm is then,

-1

et = [, . 2E[a(0) b(0)]
E[.um+1(n)]

(2.4.26)

Figure 2.4.3 shows that the trajectory of the expected value of the third

regression coefficient c;(n) is close to the theoretical value. The experiment is

the same as that used to simulate the MSE above. Observe that the
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convergence behavior of c;(n) is like the overal convergence in Figure 2.4.2, i.e.

complete convergence after about 2,000 iterations.

o
=]
4

05 J
k<3
2
e
§ 04y - = theoretical value T
s - = Simulation
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Figure 2.4.3.a Trajectory of the Third Regression Coefficient ca(n)
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Figure 2.4.3.b A Closer Look at the Trajectory of the Third Regression Coefficient ¢, (n)
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2.4.2 The Recursive Least Squares Lattice Joint Process Algorithm

In the recursive least-squares lattice joint process (RLSL-JP) algorithm,
the regression coefficients are adapted with the goal to minimize the sum of
weighted squared errors. There are two types of RLSL-JP algorithm: the first
type uses a priori errors and the second type uses a posteriori errors.
Furthermore, each of these can be adapted using error feedback (direct update),
or without error feedback (indirect update). The direct update gives better
numerical accuracy [26] as well as better numerical performance in a finite word
length environment [31]. Also, since the RLSL-JP algorithm solves the exact
least squares problem, it gives better performance than the GAL-JP algorithm
which uses a gradient approximation in computing the parameters [31].

For some applications, such as echo cancellation and adaptive
equalization, the RLSL-JP algorithm using a posteriori errors can not be used
[33], because the regression coefficient ¢ ,(n) instead of ¢ ,(n-1) has to be
used to compute the estimate of the desired response, yet ¢ ,,(n) can not be
computed prior to the availability of the desired response d(n) [33]). Therefore,
only the RLSL-JP algorithm using a priori estimation errors with error feedback
will be considered here.

The structure of the RLSL-JP algorithm is the same as the structure of
GAL-JP as shown in Figure 2.4.1. The complete summary of the RLSL-JP
algorithm is given in Appendix C.1.

The expected value of the conversion factor as expressed in (C.2.8)

Appendix C.2 is

E[y(n)] = a™ y,4(n) (2.4.2.1)
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Define the regression coefficient error at stage m as:

(2.4.2.3)

where c_ ., is the optimum value of the regression coefficient at stage m. The

expected value of the regression coefficient error at stage m can be written in

recursive form, as shown in (C.2.18), under the assumption that the previous

stages have converged:
E[s m(n)] =a E[s (n -1)]
= a"¢,(0)

The time constant for convergence in the mean, 7, iS:

The error at the output of stage m, e_,,(n), is defined as:

eni(n)=e,(n)-c;(n-1)y,(n)

=€+t opt (n) - &, (n -1) l//m(n)
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where &£,,(n-1) is defined in (2.4.2.3), and the MSE at stage m, J_.,(n), is

defined as:
Jet(M) = E[ € (N ()] (2.4.2.7)

Replacing e,.,(n) as in (2.4.2.6) and assuming that the previous stages have

converged, J_,,(n) can be expressed, as derived in Appendix C.2, as
1) =E[€mtop (M1 on(M]+E [|¥n(n)] 2] Knln-1) (2.4.2.8)

where under the optimum condition, with the length of the lattice longer than the
autocorrelation depth of the input signal, E[e,,,,,op,(n)e;,,,,1 p(M] is equal to the

observation noise o?

n?

Kmn(n-1) asin(C.2.25)is

and the variance of the regression coefficient error

n-1 2(n-1-i)
K n(n-1)=a*"K,(0) + 2 (1- o) ¥ —"——— (2.4.2.9)
0 E[Il//m(l)' ]
The MSE for large n, as derived in (C.2.30), is
2
J .(n) = oﬁ( ) (2.4.2.10)
1+ a

2.4.2.1 The MSE for the Multi-stage RLSL-JP_Algorithm

If we write the error of m stages of the RLSL-JP algorithm with respect to

the desired response, we can rewrite (2.4.2.6), as in (C.2.32) as:
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m

ena(n) = dn)-> c/(n-1)y;(n) | (2.4.2.11)

FO

where d(n) is the desired response. Substituting for the regression coefficient

ci(n-1) as in (2.4.2.3), we can rewrite ep,(n) as:

€me(N) = €y opt (N) io & (n-1)y;(n) (2.4.2.12)
The MSE for the m-stage RLSL-JP algorithm, J_., (n), is:

i) =E[€pur(n)ernna(n)] (2.4.2.13)

and from (C.2.37) in Appendix C.2, we have for the MSE of the m-stage RLSL-
JP algorithm

J..(n)=d? +[§m; Ki(n-1)E[| w0 ]] (2.4.2.14)

FOo

where K;(n-1) is the variance of the regression-coefficient error defined as in
(2.4.2.9)
At large n so that

E[wi (n+)yi(n+ D] =E[ ys (n) y ()]

= (2.4.2.15)

i
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we can write (2.4.2.14) as

St ()= 2 +[i}<i(n-1)o;] (2.4.2.16)

At large n, by using the final value of K,(n-1) as in (C.2.29) in (2.4.16), we
get the final MSE J_.,(n) for the m-stage RLSL-JP, as we have in (C.2.38):

Joy (N)=02 +%(m+1) (2.4.17)

A simulation for the order 32 RLSL-JP algorithm using Data Set 1 is
performed. The trajectory of the conversion factors for different stages is shown
in Figure 2.4.4. This plot verifies (2.4.2.4) that the final value of the conversion
factor is dependent on the stage m as well as on the forgetting factor a. The
MSE is shown in Figure 2.4.5, along with the theoretical value. The MSE of the
simulation is an ensemble average of 20 independent trials with 1,000 iterations
for each trial. The theoretical MSE for iteration 1,000 is 1.8625x10®° and the
MSE of the simulation, which is calculated by taking the average value of the
last 500 points of the squared error, is 1.989 x10®. This graph shows a good
agreement between the simulation and the theoretical value. Furthermore, the
trajectory of the second regression coefficient is shown in Figures 2.4.6.a and
2.4.6.b along with the theoretical value. The trajectory of the theoretical value

also agrees well with the simulation.
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Figure 2.4.4 The Conversion Factors of the RLSL-JP Algorithm for Different Stages;
o = .95 and the order of 32
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Figure 2.4.5. The MSE for the RLSL-JP Algorithm; o = .95, and the order of 32
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2.5 Conversions from the Lattice Joint Process Structure to the Transversal

Structure

This section explains the procedures for converting from the lattice
structure joint process estimator to the transversal filter and vice versa. This
conversion is needed when, during operation, we want to switch from one
structure to another and we want to have a smooth transition process.

We assume that the conversion from a lattice-structure-based algorithm
to a transversal-structure-based algorithm is done after the former algorithm has
converged. This implies that the conversion takes place under the condition of
stationarity of the input data. Furthermore, because the coefficients of the
transversal structure are derived by'converting the coefficients of the lattice
structure, it acts as a continuation process of the lattice structure, and hence the
transversal-structure based algorithm will not experience the usual convergence
period or transient condition. The subsequent derivation of the conversion from
a lattice structure to a transversal structure is thus based on the stationary input
assumption.

The transversal backward prediction error filter is shown in Figure 2.5.1,

where the backward prediction error of order M, by(i), is expressed as:
bu() = an,(n) U, (i) i>M, M=0,1,2..., and 1<i<n, (2.5.1)
ayx (n) are the coefficients of the backward prediction error filter, defined as
aue(n) = [auu(n), 2w (), ..., 17",

and uy,4(i) is the tap-input vector, defined as:
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Figure 2.5.1 Backward Prediction Error Filter

b (i)

Using (2.5.1), we can compute the backward prediction error for any order

of the backward prediction error filter. In matrix form, the backward prediction

error vector b (i) can be written as:

bw(i) = T(n) U (i)

(2.5.2)

where b (i) is the M-by-1 backward prediction error vector, defined as:

Lo

w() =[bo (), b,(0), --..by ()]

T(n) is an M-by-M conversion matrix defined as
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1 0 . 0

) = a,,(n) 1 . 0

A Ba(n) . 1

and ay,, (n) are the coefficients of the backward prediction error filter of order M.
For a lattice structure with the forward reflection coefficients I';, and the

backward reflection coefficients I',,, the forward prediction error filter coefficient

vector g and the backward prediction error fiter coefficient vector a,, are

related as follows [16]:

g, (n) = [gm-(')(n)] + T, [ ém-l((Jn-1): (2.5.3)
an(n) =[.am?n- 1)] +T,, [Sm_(,)(”)j (2.5.4)

wherem=1,..., M, g,(n) = 1, a, (n) =1, and n is the time index.

Using (2.5.3) and (2.5.4) we can compute the backward prediction error
filter coefficients recursively. In the case that the forward and backward

reflection coefficients are assumed to be the same, such as in the gradient
adaptive lattice, we can still use (2.5.3) and (2.6.4) with I;, and I, taken to be

the same.

The structure of the lattice joint process estimator is shown in Figure

2.4.1.b. The estimate of the desired response <A:I(n) is

dn) = cti(n) bu(n) (2.5.5)
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where ¢,, (n) are the regression coefficients of the lattice joint process estimator

defined as;

au () = [eoln), (), ... cu®)]'

The transversal filter that is equivalent to the /attice joint process

estimator is shown in Figure 2.5.2. The estimate of the desired response a(n)

produced by the transversal filter is:
d (n) = wy(n) uy (n) (2.5.6)
where w,,(n) are the coefficients of the transversal filter defined as:
T
wu(n) = [wo(n), wy(n), ..., wyu(n)]

By equating (2.5.5) and (2.5.6), and using (2.5.2) to replace b y(n), we get:

Wy(n) Uy (n) = cu(n) T(n)up., (n) (25.7)

u(n) u(n-1) uim-M+1) uln-M)

z l 4 —H =z z "

w?* in) w* (n) w* ) w* (n)
0 1 M1 M
+ + +
A
+ + + d {n
) —» — —>»

Figure 2.5.2 Transversal Filter Equivalent to Lattice Joint Process
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Equation (2.5.7) holds for vector u,,, (n) at any time n, therefore, the tap-

weights of the transversal filter and the regression coefficients of the /attice joint

process estimator are related as:

wu(n) = cu(n) T(n) (2.5.8)

Equation (2.5.8) is used to convert the regression coefficients of the /attice joint

process estimator ¢,,(n) to the tap-weights of the transversal filter w,,(n).

In the adaptive filtering context, where the input data changes every time

sample during the operation of the lattice structure, the tap-input vector uy,4(n)

of the transversal filter structure has to be filled with recent data samples even if

the coefficient vector w,,(n) is not being adapted, otherwise the transversal filter

structure will experience a transient condition when we switch from the lattice

algorithm to the transversal algorithm.
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CHAPTER THREE

SIMULATION DESCRIPTION

This chapter describes the simulation set up for switching between
structures based on the echo cancellation application, whereas the simulation
results will be presented in Chapter 4. This chapter is organized as follows: the
first subsection gives a brief description of the specification of an echo canceller
based on CCITT Recommendation G.165 [3]. The second subsection describes
methods for reducing the order of an adaptive filter, which is important in
decreasing the computational load. The third subsection explains the simulation

procedures.

3.1 Specification and Simulation Setup

Most echo cancellers nowadays follow the specification of CCITT
Recommendation G.165 [3]. The simulation here will use two important
specifications of CCITT Rec. G.165 concerning the rate of convergence and
cancellation at steady-state. We will discuss these two issues only because they
relate directly to the merit of the adaptive filter. The other specifications such as
distortion, leak-rate, etc., are very much dependent on the details of the
hardware implementation of the echo canceller, which is outside the scope of the

present investigation.

3.1.1 Rate of Convergence

CCITT Recommendation G.165 [3, pp.224] describes the rate of

convergence as:
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" the interval between the instant a defined test signal is applied to the receive-in port of
an echo canceller with the estimated echo path impulse response initially set to zero, and

the instant the returned echo level at the send-out port reaches a defined level”
The rate of convergence is specified as 500 ms for the echo canceller to have a
minimum total attenuation of 27 dB. The total attenuation includes hybrid
attenuation, echo attenuation, and nonlinear processing attenuation as shown in
Figure 3.1.1. The non-linear processing block represents a non-linear device
that is used to suppress the echo signal even further. Since we use a linear
adaptive filter, any non linearity in the system to be identified consequently can
not be modeled and comes out as an extraneous error. This error hopefully can
be rejected by the non-linear device. One such non-linear device is a threshold
circuit. Whenever the output error of the adaptive filter is less than its threshold
value, this error will be suppressed even further, however if the error of the

adaptive filter is bigger than its threshold value, this error is just passed through.

transmit-out
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&

Figure 3.1.1 Attenuation in a Telephone System

In equation form, we have:
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A = AL +A, A, (3.1.1)

where A, is the total attenuation, A, is the attenuation due to the hybrid, A__ is

the attenuation provided by the echo canceller, and A,, is the attenuation

provided by the non-linear processing device. CCITT Recommendation G.165

[3] specifies that the echo canceller should fulfill the recommendation based on

the hybrid attenuation A, of 6 dB or greater.

For this simulation, the specification will be tightened so that the minimum
total attenuation of at least 27 dB is provided by the echo canceller only. That is,

we set

A=A (3.1.2)

This also means that the error between the desired signal and the estimate of
the desired signal is at most -27 dB in less than 500 ms (4,000 iterations at an 8

kHz sampling rate).

3.1.2 Cancellation at Steady-state

CCITT Recommendation G.165 [3, pp.223] defines the cancellation at
steady-state as the final cancellation of an echo canceller so that its output
consists of the residual echo only; the final cancellation includes the hybrid
attenuation. The residual echo level should satisfy Figure 3.1.2 (this figure is
taken from Figure 7/G.165 Recommendation G.165). Figure 3.1.2 indicates that
the attenuation of an echo canceller, including the hybrid attenuation of 6 dB, is

a minimum of 18 dB for the lowest received-in test signal of -30 dBmO, up to a
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minimum of 26 dB attenuation for the highest received-in test signal of -10
dBmO. The steady state should be attained within at most 2 seconds (16,000

iterations at an 8 kHz sampling rate).

dBmO

accepted region
Residual /
-45

-30 ' -20 -10 dBm0

Received-in
Figure 3.1.2 Specification of Residual Echo Level

The reason for choosing the test signal of -10 dBmO, meaning the level of
the test signal is 10 dB below the nominal level of the receive path, is to prevent
the possibility that the test signal exceeds the allowable level of the receive path,
which can produce clipping. If clipping happens the actual level of the test signal
is not known, and hence the measurement will not be valid. On the other hand,
the minimum test signal is 30 dB below the nominal level which is hopefully not
too small, so that the measurement can still be made accurately.

For this simulation, the attenuation requirement will be tightened up so
that the adaptive filter by itself provides the minimum required attenuation of 18

dB up to 26 dB of attenuation for the specified received-in signal levels above.
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3.2 Reducing the Computational Order of the Adaptive Filter

We know that the lower the order of the adaptive filter the faster the
computation and the lower the MSE. Since the impulse response of the echo-
path has a pure delay followed by the impulse response of the hybrid, we can
reduce the computational order of the adaptive filter used to model the impulse
response of the hybrid, if we can identify this delay. Furthermore, the impulse
response of the hybrid itself also has some values equal to or close to zero, so
that if we can pinpoint these zeros, we can reduce the computational order of the
adaptive filter even further.

The pure delay of the echo-path can be identified from the cross-
correlation of the echo signal and the received-in signal. However, from this
procedure, we can identify the length of the delay only and not the impulse
response values that equal zero.

The second way to reduce the order is by putting a threshold on the
estimated impulse response values. We use only the impulse response values
that exceed the threshold, along with the corresponding input signal samples, to
cancel the echo signal. For the simulation, the second method will be used.

The order reduction technique is illustrated in Figures 3.2.1.a and b.
Suppose the threshold is zero. In Figure 3.2.1.a we see that the second and the
fourth tap-weight are non-zero so that by using the computational order
reduction technique, we use only the second and the fourth tap-weight and the
filter structure now becomes computationally equivalent to a second order filter

as shown in Figure 3.2.1.b.
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Figure 3.2.1.a The Fifth Order Filter
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Figure 3.2.1.b The Computationally-Reduced Order Filter
In order to see the effects of the computationally reduced order filter on

the MSE, we expand the derivation of the MSE for the LMS algorithm. Recall the

tap-weight error vector £ (n) in (2.15) as
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e(n) = win) - w,, (3.2.1)
and the variance of the tap-weight error vector K(n) in (2.16) as:

K(m)=Ez (n)e."(n)] (32.2)

If Q is a unitary transform matrix for the auto-correlation matrix of the tap-input

data R, we have:
A = Q'RQ (3.2.3)
By multiplying K(n) with Q, we have
X(n) = Q*K(n)Q (3.2.4)
From [16] we know the excess squared error J, (n) as

J.. ()= tr(RK(n)) (3.2.5)

By replacing R and K(n) in (3.2.5) with A and X(n), respectively, we can rewrite

(3.2.5) as:

J,.(n)=tr(QAaQrax(n)Qr) (3.2.6)

since A is a diagonal matrix, we can write J_(n) in (3.2.6) as
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L= 324 x(0) 3.27)

where 1, are the eigenvalues of R, x;(n) are the diagonal elements of the matrix
X(n), and M is the order of the filter.
Now, to see the effects of the computationally reduced order, let us take a

look at an example of a third order filter with the coefficients

w(n)=[w,(n), 0, w,(n)]" (3.2.8)

By definition in (3.2.1), the tap weight‘error vector is
£(n)=[e,(n), 0, &,(M]’ (3.2.9)

and the variance of the tap-weight error vector K(n) is

£o€ 0 €46,
Khn)=Ef o0 0 O (3.2.10)

* *
£, 0 £,

Suppose the matrix Q consists of q;, so that by substituting the matrix Q and

K(n) into (3.2.4), with the time index n dropped for convenience, we obtain

q;1 Q;1 q;n & 05; 0 805‘1 Gy G2 Qi3
X=0 G G 0 0 0 )Gy G Gy (3.2.11)
iz O3 Uaa || €180 O €46 [ Qs G G
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Generally as the g; are not zero, X(n) will not have a zero column vector x;(n)
and, as a result, the excess squared error J.,(n), as defined in (3.2.7), consists
of summations as the full third order filter. Therefore the computationally
reduced order filter does not reduce the excess squared error in the sense that

the number of constitutihg summations remains the same.

However, if we look at (3.2.11), the value of the x;(n) will be smaller than
the value of the x;(n) when there is no zero coefficient, because if we multiply
out (3.2.11), some of the multiplications will give zero values. Consequently, this
fact raises the possibility that the computationally reduced order procedure can
lower the excess squared error Jex(n).

Furthermore, if Q is a diagonai matrix, the second column of matrix X(n)
derived from (3.2.10) will be zero, in which case the excess squared error Jex (n)

will be

Jor(N) = 2,%,(n) + 2,%,(n)

Therefore, Jex(n) for the computationally reduced order filter could be lower than
Jex (n) for the full third order filter. The matrix Q can be a diagonal matrix if the
matrix R is a diagonal matrix, which is true if the input data is white Gaussian
noise. In short, for a white Gaussian noise input, the computationally reduced
order technique will possibly give a smaller MSE.

Since we use two structures, when switching, the computationally reduced
order technique is applied to the "low MSE structure". The "fast convergence
structure” will identify the whole impulse response or parameters of the echo-

path including the delay, and then only non-zero parameters, i.e., the
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parameters that are greater than the threshold, are transferred to the "low MSE
structure”.

If the threshold is not zero we have to be careful, because if the threshold
is too large, there are some significant impulse response values which will not
be used, and as a resuilt, the computational order reduction technique would

give a higher MSE instead. This is the same as the effect of model mismatch.

3.3 Simulation

For the simulation there are several performance characteristics that need
to be examined: the rate of convergence, the final MSE, the effect of changes in
the echo-path, the effect of the computationally order reduced filter, and the
effect of different input signals.

From now on, the "fast convergence structure" term will refer to the
adaptive filter that is used at the beginning of operation which handles the
convergence state or the fast changing situation and the "low MSE structure"
term will refer to the adaptive filter that gives fine cancellation or cancellation at
steady state. Note, fast changing can be caused by a change in the system to be
identified, i.e., a new echo-path, or caused by a change (increase) in the
observation noise, i.e., the appearance of a near-end signal; any signal that
comes at the desired signal side which is not the desired signal is called
observation noise since it disturbs the adaptation process.

In order to be able to accommodate the echo-path delay of 32 ms, the
adaptive filter, more precisely the "fast convergence structure” will be designed
to have an order of 256 which is equivalent to 32 ms at an 8 kHz sampling rate;
the 32 ms delay includes the impulse response of the hybrid. However, the

length of the computationally reduced order filters, which is the "low MSE
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structure”, will vary depending on the number of the non-zero tap-weights which
are transferred from the "fast convergence structure”.

The "fast convergence structure” will be designed to give the fastest
convergence, with the consequence of producing relatively high MSE. The "low
MSE structure" on the other hand, will be chosen to produce the lowest MSE,
with the consequence of exhibiting relatively siow convergence. The use of both
algorithms successively in time is expected to produce fast convergence and low

MSE.

3.3.1 Convergence Test and Switching Threshold

Switching from the "“fast convergence structure” to the "low MSE
structure” will be done if the former structure has already converged according to
some pre-defined criterion. The convergence criterion is based on the
convergence of the error; the algorithm is considered to have converged if the
difference of the averages of the squared error over consecutive intervals falls
inside a pre-defined range.

There are two steps involved in deciding whether the "fast convergence
structure” has converged: the first step is to compute the average of the squared
error of the "fast convergence structure", e,z(n), at every iteration which is
detailed in Section 2.2.1, and the second step is to compute the difference or the
ratio of the average squared error between two consecutive iterations Ar(n),

that is:

L :,V/" . "\ :".,:..;,: ‘(3.3.1 )
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where e?(n-1) is the average squared error at iteration n-1, and e?(n) is the

average squared error at iteration n.

If

1-5<A.(n) <1+3, §=.02 (3.3.2)

for P consecutive iterations; then the algorithm is considered to have converged
and the system switches to the "low MSE structure”; P will be defined later

depending on the structure and the algorithm used. Before the adaptive filter has

converged, the total output error e;(n) is taken from the output error of the "fast
convergence structure” e, (n).

The idea of monitoring At(n) for P consecutive iterations is to make sure
that the error e,z(n) is within the value that is considered "flat", as shown in
Figure 3.3.1. When the system switches to the "low MSE structure"”, the
parameters of the "fast convergence structure" needed by the second structure
are also transferred, after being transformed if necessary. The "low MSE

structure”, then, starts working to reduce the error even further and now the total

output error e;(n) is taken from the error of the second structure e,(n).

3.3.2 Switching During Operation

There are two major changes that should be anticipated by the adaptive
filter, or system, during operation. Those are a fast change caused by a
complete change of the system to be identified, and a fast change caused by the

observation noise.
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Figure 3.3.1 Reaching the Convergence State

A fast change in the system to be identified is made by changing the gain
A of the impulse response of the system from 1 to -1. Before the change, the

system to be identified has the input-output relation:

y =A(w"x)

where w is the tap-weight vector, x is the tap-input vector, and A is the gain
which is set to 1. For the system change, the gain A is moved to -1, so that the
impulse response after the change is the opposite of the impulse response
before the change. However, the change of gain A from 1 to -1 is not done
instantaneously. The change follows the path shown in Figure 3.3.2. The start of

the system change can be made at any sample number.
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Figure 3.3.2 Gain Change of the System to be ldentified

The switched adaptive filter system will consider that there is a fast

change if

Ar(n)>y, y=1.1 (3.3.3)

and if this happens, the "low MSE structure” stops adaptation, meaning it acts as
a fixed filter, and the system enters a transition period.

During the transition period, both structures are running. The "fast
convergence structure” is working to figure out whether the change is caused by
a change in the system to be identified, or caused by an increase of the
observation noise. Meanwhile, the "low MSE structure” is working as a fixed filter
using the old parameters. The total output error e3(n) is a weighted sum of the
output error of the "fast convergence structure" ei(n) and the "low MSE

structure” e3(n), that is

e3(n)= (1-wk)et(n) + wk e3(n) (3.3.4)
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where w,_ is the weighting factor and k is the iteration number in the transition
period. The latter produces a smooth transition from using e2(n) to e?(n).

The switching procedures using the above transition have some
advantages. First, if the change is caused by an increase in the observation
noise, the echo can still be canceled by the "low MSE structure” using the old
parameters since the system to be identified itself does not change, while the
"fast convergence structure" is figuring out the cause of the change; adaptation
should be inhibited if the observation error is large in order to prevent the
algorithm from diverging. If the "fast convergence structure” has not converged
by the end of the transition period, then the change is considered to have been
caused by an increase in the observation noise and the "low MSE structure”
continually works as a fixed filter to cancel the echo until the change has
disappeared, which is indicated by a decrease of the output error of the "low
MSE structure" e3(n), and then the "low MSE structure" becomes an adaptive
filter again.

Second, if the change is caused by a change of the system to be
identified, the "fast convergence structure” will be converging, which is indicated
by a decrease of its output error eZ(n). If this happens, the "low MSE structure”
can stop running and the "fast convergence structure" will continue to adapt after
the transition period has elapsed, and eventually reach convergence again.
Finally, the system will switch back to the "low MSE structure" after the '"fast
convergence structure” has converged again.

The weighting factor w, should be chosen such that it will not go to zero

very fast or very slowly. The reason is that, if the weighting factor w, vanishes
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very quickly, then the role of the "fast convergence structure" filter will be

nullified. if, on the other hand, the weighting factor w, diminishes very slowly,

then the role of the "low MSE structure" will be nullified. This also means that the

value of w, will depend on the length of the transition period because, as
indicated by (3.3.4), the weighting factor w, is raised to the power of the

transition iteration number, k.

d(n)
-/
fast . + ei (n)
convergence ﬁﬁQ
structure |°1 ‘
C weighting
+ e+(n)
x(n) transferring of T
parameters
+
/ weighting
low + ]
MSE .
structure | ¥ 2("V e,(n)

2

Figure 3.3.3 Diagram of the Switching Structure

In summary, the procedures for switching are as diagrammed in Figure

3.3.3:
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1.

at the beginning of operation the "fast convergence structure" is working, the
total output error er(n) is based on the error of the "fast convergence
structure” e4(n), and the average of the square of e,(n) is monitored,;

if the "fast convergence structure” has converged as explained in Section
3.3.1, the system switches to the "low MSE structure”. The tap-weights of the
“fast convergence structure” are transformed, if necessary, and then copied
into the "low MSE structure”. The total output error e;(n) is taken from the
error of the "low MSE structure” e,(n), and the average of the square of
e,(n) is monitored,

if there is a change in the desired signal d(n), which is indicated by an
increase of the error er(n) as explained in Section 3.3.2, the adaptation of
the "low MSE structure” is inhibited. The system will enter the transition
period in which the "fast convergence structure" and the "low MSE structure"
are running in parallel;

if, at the end of the transition period, the average square of the output error
of the "fast convergence structure" e,(n) decreases, meaning that the "fast
convergence structure” is converging, then the "fast convergence structure”
will take over because it is then assumed that there is a change in the system
to be identified, and the process is as described under 1. If, however, the
average squared output error of the "fast convergence structure” e,(n) does
not decrease, this means that the 'fast convergence structure" is not
converging, so that most probably the change is caused by the appearance
of a near-end signal, while the system to be identified did not change. If this
happens, the "low MSE structure” will take over and continuously work as a

fixed filter using the old parameters and the total output e;(n) will be taken
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from the error of the "low MSE structure,” e,(n). By using this scheme, the

echo can still be cancelled because the system to be identified actually

remains the same; the large error is caused by the near-end signal.

For switching between FIR structures, the "low MSE structure” is always
the transversal LMS algorithm because the transversal LMS algorithm is the
most robust and exhibits the lowest MSE.

We briefly tried to use an adaptive IIR structure, but it turned out to
converge very slow; taking more than 100,000 iterations, even with the initial
parameters close to the optimal solution. Also, very often it diverged if the order
was a little higher, for example more than 10. The problem comes from the
choice of the convergence control parameter, i.e. the step-size. There is still not
a good method to choose the convergence control parameter. So, we decided
not to use the IIR adaptive filter.

The switching structures that will be investigated are, for transversal
filters: FTF/TLMS, and for switching from lattice to transversal filters: GAL/TLMS
and RLSL/TLMS; where the / indicates the switching structure and prefix T

denotes a transversal filter.
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CHAPTER FOUR

SIMULATION RESULTS

The simulation procedures explained in Chapter 3 are applied to several
switching structures in this chapter. The input data used in this simulation will be
the white Gaussian noise specified as Data Set 1 and the colored noise
specified as Data Set 2. The eigenvalue ratio y(R) of Data Set 2 depends on the
order of the adaptive filter. For an adaptive filter of order 64, y(R) is 1.387 x10*
and for an adaptive filter of order 256, y(R) is 4.872x10*.

4.1 Switching Using the RLSL-JP/TLMS Algorithm

4.1.1 Results Using the White Gaussian Noise Input

For the experiment using Data Set 1, which is a zero mean Gaussian
noise with unit variance, as the input, the RLSL-JP algorithm is used either as
the "fast convergence structure" of the RLSL-JP/TLMS algorithm or as a stand-
alone algorithm with the forgetting factor o. equal to 0.95. This value will give fast
convergence for the RLSL-JP algorithm, without causing problems of divergence
soon thereafter. Moreover, the TLMS algorithm as the "low MSE structure" will
be used with a small step-size p of .0005 in order to give low MSE.

The result for the RLSL-JP algorithm is shown in Figure 4.1.1 and the
result for the RLSL-JP/TLMS algoritm is shown in Figure 4.1.2. Because the
computation is very slow, the ensemble average of the RLSL-JP/TLMS is taken

only for two independent trials.
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We see from Figure 4.1.1 that the RLSL-JP algorithm converges at about
iteration 400, and so does the RLSL-JP/TLMS algorithm as shown in Figure
4.1.2. However, by comparing Figures 4.1.1 and 4.1.2, we see that the RLSL-
JP/TLMS algorithm in Figure 4.1.2 produces a lower MSE of 1.2355 x10® or -59
dB than the RLSL-JP algorithm with MSE of 9.3114 x10® or -50 dB; the MSE is
taken by averaging the last 1,000 samples of the ensemble average of the
squared error. The theoretical final value MSE for the RLSL-JP algorithm, using
(2.4.17), is -51.14 dB. The additional error reduction of the RLSL-JP/TLMS
algorithm is contributed by the TLMS algorithm.
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Figure 4.1.1 Two Trial Average MSE for the RLSL-JP Algorithm

o=.95

o

If we use a sampling time of 125 micro seconds per sample (8 kHz),
convergence of the RLSL algorithm, which takes about 400 iterations, takes
about 50 ms. This is faster than the convergence rate specified by CCITT Rec.
G.165 [3] of 500 ms. Furthermore, the steady state cancellation for the RLSL-
JP/TLMS algorithm is about 59 dB and for the RLSL-JP algorithm about 50 dB,
both of which far exceed the CCITT Rec. G. 165 requirement of 26 dB.
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Figure 4.1.2 Two Trial Average MSE for the RLSL-JP/TLMS Algorithm
o=.95 and p =.0005

Next we look at the performance of the RLSL-JP algorithm and the RLSL-
JP/TLMS algorithm when the system to be identified changes during operation.
The change is made after both algorithms have converged, at iteration 2,500.
The change is made by changing the gain of the system to be identified as
explained in Section 3.3.2. The result for the RLSL-JP algorithm is shown in
Figure 4.1.3 and the result for the RLSL-JP/TLMS is shown in Figure 4.1.4.

By comparing Figure 4.1.3 and 4.1.4, we see no significant difference in
convergence. However, we see again there is reduction in MSE for the switching

structure as seen in Figure 4.1.4.
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Figure 4.1.3 Ten Trial Average MSE for the RLSL-JP Algorithm
o=.95, gain change at iteration 2,500

2
10F

0

10
g 20
=30
%

50

50

70k

O mE W @

—> sample number

Figure 4.1.4 Ten Trial Average MSE for the RLSL-JP/TLMS Algorithm
a=.95, u =.0005, gain change at iteration 2,500

4.1.2 Results Using the Colored Noise Input

The next simulation uses Data Set 2, in which the input signal is a colored

noise having eigenvalue ratio y(R) of 4.872x10* since the order of the filter is
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256. The result for the RLSL-JP algorithm is shown in Figure 4.1.5, and the
result for the RLSL-JP/TLMS algorithm is shown in Figure 4.1.6. For this
experiment, the step-size p is set to .0002 because a value of u greater than
.0002 causes the LMS algorithm to diverge, and the forgetting factor of the
RLSL-JP algorithm is set to 0.95. Both algorithms, the RLSL-JP/TLMS algorithm
and the RLSL-JP algorithm, converge at about the same rate, at about iteration

400.

forgetting factor = .95

MSE in dB
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Figure 4.1.5 Five Trial Average MSE for the RLSL-JP Algorithm
colored noise input

By comparing Figure 4.1.5 and Figure 4.1.6, we see that the final MSE's
are almost the same. The MSE for the RLSL-JP algorithm is 9.833 x10® or -50
dB, and the MSE for the RLSL-JP/TLMS algorithm is 7.1923 x10® or -51.4 dB;
the MSE is calculated by averaging the last 1,000 points of the ensemble
average of the squared error. The smaller MSE for the RLSL-JP/TLMS is
contributed by the TLMS algorithm as the "low MSE structure"”.
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Moreover, the steady state cancellation of the RLSL-JP/TLMS algorithm is
about 51.4 dB, which easily exceeds the CCITT Rec. G.165 requirements, and

so does the steady state cancellation for the RLSL-JP algorithm.
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Figure 4.1.6 Five Trial Average MSE for the RLSL-JP/TLMS Algorithm
colored noise input

Next we investigate the effect of a change in the system to be identified
during operation. The system is run using Data Set 2 and after the system has
converged, at iteration 4,000 the system to be identified changes by changing its
parameters as explained in Section 3.3.2. This change causes large errors, so
that the adaptive filter sees that there is a new system to be identified. Since the
adaptive filter is already in the steady state, this condition forces the adaptive
filter to converge from the arbitrary initial values which are not in the direction of
the optimal values.

For the RLSL-JP algorithm, the result is shown in Figure 4.1.7 and for the
RLSL-JP/TLMS algorithm the result is shown in Figure 4.1.8. By comparing
Figure 4.1.7 and 4.1.8, we see that if we use the RLSL-JP/TLMS algorithm, the
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peak error at the change is about 10 dB smaller than the peak error if we use the
RLSL-JP algorithm,

In conclusion, the experiment with the colored noise input shows that the
convergence rate of the RLSL-JP algorithm is almost not affected by the ill-
conditioned input data. Whether we use the white Gaussian noise in Section
4.1.1 or the colored noise in Section 4.1.2 as the input, the RLSL-JP algorithm
converges at about the same rate. Moreover, the RLSL-JP/TLMS algorithm
easily exceeds the CCITT Rec. G.165 requirement regarding the convergence
rate and the steady state cancellation, and so does the RLSL-JP algorithm.

20
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Figure 4.1.7 Two Trial Average MSE for the RLSL-JP Algorithm
colored noise input, gain change at iteration 4,000
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Figure 4.1.8 Two Trial Average MSE for the RLSL-JP/TLMS Algorithm
colored noise input, gain change at iteration 4,000
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4.1.3 Results Using the Computationally Reduced Order Technique

In this section, we apply the computationally reduced order technique for
the RLSL-JP/TLMS algorithm. As described in Section 3.2, this technique is
applied to the TLMS algorithm as the "low MSE structure”, that is, after the
RLSL-JP algorithm as the "fast convergence structure” has converged, only
coefficients which are greater than the threshold are transferred to the TLMS
structure. The threshold is chosen as 0.2% of the biggest value of the
coefficients.

Since the "order" of the resulting TLMS structure is smaller, here we can
use a step-size p somewhat bigger than the one which is used in ordinary TLMS
(TLMS without computationally reduced order). For the white Gaussian input, the
step-size is 0.0007. The MSE curve is shown in Figure 4.1.9. The MSE, which is
taken as the ensemble average of the last 2,000 samples of the squared error, is

1.789x10° or -57.5 dB. We see that the computationally reduced order
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technique yields a somewhat higher MSE than the switching without
computationally reduced order which is 1.2355 x10® or -59 dB.

From Figure 4.1.9 we see that there is an immediate drop of the MSE
curve. What happens is that, when we apply the computationally reduced order
technique, we "force" some values of the impulse response to zero. This is
almost the same as making the adaptive filter reach its steady state value, if we
assume that any values below the threshold will actually be zero when they have
converged. If there are many zeros in the impulse response, there are also many
zeros in (3.2.1) and (3.2.2). Moreover, this will make (3.2.4) also contains many
zeros and as a result, the excess noise, J,(n), in (3.2.7) will drop. In the
experiment, there are only 23 out of the 256 values of the impulse response
which are bigger than the threshold. This immediate drop of the MSE is shown in
Figure 4.1.9 at about iteration 1,000.
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Figure 4.1.9 Five Trial Average MSE for the RLSL-JP/TLMS Algorithm
with Computationally Reduced Order Technique
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Furthermore, the immediate drop of the error can make the adaptation
slow as indicated in (2.5.c) Section 2.2; a low error makes the TLMS algorithm,
as the "low MSE structure”, slow to reach its final value as indicated by the MSE
which is somewhat bigger than the MSE for the TLMS algorithm without the
computationally reduced order technique. Moreover, when we use the
computationally reduced order technique, there is an error caused by
mismatching, meaning there are some values which are actually non-zero which
are forced to be zero, and this contributes to a higher MSE.

For the colored noise input with eigenvalue ratio y(R) of 4.872x10*, the
step-size is 0.0003. This step-size is bigger than the step-size for the TLMS
algorithm without the computationally reduced order technique of .0002, so that
normally this will give a somewhat higher MSE. The MSE curve is shown in
Figure 4.1.10. The MSE, which is taken as the ensemble average of the last
1,000 samples of the squared error, is 5.1815x10® or -52.8 dB and this is
smaller than the MSE without the computationally reduced order technique as in
Section 4.1.2. that is 7.1923 x10®° or -51.4 dB.

For the colored noise as an input, the computationally reduced order
technique gives a smaller MSE. This is because for colored noise the TLMS
algorithm, as the "low MSE structure”, needs a long time to reach its steady state
value, so that by applying the computationally reduced order technique, we
"force" the TLMS algorithm to reach its steady state, meaning that any impulse
response values below the threshold are considered to become zero as their
steady state values, so that we replace them with zero. It is true that it can cause

error. However, since if we use a small threshold the error is also small. The
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result shows that for colored noise, the MSE is lower. So the experiment with a
colored noise produces a better MSE.

For the colored noise input, unlike for the white Gaussian input, the drop
in MSE is not very large as we see from Figure 4.1.10 where the MSE drop at
about iteration 1,500 is barely visible. This is because the number of impulse
response values greater than the threshold is 146 out of 256. From Figure
4.1.11 we can barely see the non-zero impulse response values at the beginning
as well as at the tail of the impulse response. While the steady state value of
these values is zero, we see that even when we apply the computationally
reduced order technique, many of the impulse response values are still larger
than the threshold. It simply takes longer in the colored noise case for the
impulse response values to converge below the threshold.

In short, even if for the white Gaussian input the computationally reduced
order technique gives a somewhat higher MSE, the computationally reduced
order technique is still preferred because it can reduce the computational load, it
gives a smaller MSE for the colored noise input, and we know that most of the
signals in applications are colored. Since the computationally reduced order
technique can not be applied for a non switching structure, we again have shown

an advantage of the switching structure.
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Figure 4.1.10 Two Trial Average MSE for the RLSL-JP/TLMS Algorithm
with Computationally Reduced Order Technique, colored noise input
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Figure 4.1.11 Impulse Response of the TLMS Algorithm
with Computationally Reduced Order Technique, colored noise input
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4.2 Switching Using the FTF/TLMS Algorithm

4.2.1 Results Using the White Gaussian Noise Input

For Data Set 1 as the input, the FTF algorithm, either as the non-
switching structure or as the "fast convergence structure" in the switching
structure, will be used with forgetting factor o equal to 0.999. This value will give
fast convergence, without causing divergence. It turns out that for an order of
256, the FTF algorithm can converge with the forgetting factor o equal to .999 or
larger, otherwise, the FTF algorithm will diverge. Meanwhile, the TLMS algorithm
as the "low MSE structure” will be used with a small step-size x4 of .0005 in order
to give a low MSE. Moreover, the length of the interval, P, over which the error is
considered flat, is 512. The result for the FTF/TLMS algorithm is shown in Figure
4.2.1. The same input data is applied to the FTF algorithm, and the result is

shown in Figure 4.2.2.

MSE in dB

o 2000 4000 6000 8000 10000
—~—-> sample number

Figure 4.2.1 Ten Trial Average MSE for the FTF/TLMS Algorithm
a=.999, u =.0005
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Let us compare the performance of the FTF algorithm and the
performance of the FTF/TLMS algorithm. By comparing Figure 4.2.1 for the
FTF/TLMS algorithm and Figure 4.2.2 for the FTF algorithm, we can not see a
clear difference. The MSE of the FTF/TLMS algorithm is 1.0238 x 10 or -59.8
dB and the MSE of the FTF algorithm is 1.011x10° or -59.9 dB; the MSE is

calculated from the average of the last 2,000 samples of the squared error.

10 T T T —

MSE in dB

1000 2000 3000 4000 5000  BOOO
-—--> sample number

Figure 4.2.2 TenTrial Average MSE for the FTF Algorithm
o =.999
For the second experiment, we change the system to be identified at
iteration 6,000. The transition period is made three times as long as the order of
the filter and the transition weighting factor w, is 0.994. After the change, the
FTF/TLMS algorithm converges fast as indicated in Figure 4.2.3. From Figure
424, on the other hand, we see that after the change, the FTF algorithm
converges very slowly. The slow convergence of the FTF algorithm after the
change is because when the system to be identified changes, the FTF algorithm

has already converged to the previously identified system, in other words, this
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means that when the change occurs, the FTF algorithm is initialized with values
which are not in the direction of the new system to be identified.

For the FTF/TLMS algorithm, when the change in the system to be
identified occurs, it is still able to converge fast, because the FTF is reinitialized,
although it is not as fast as at the beginning of the iterations. The reason is that,
the change in the system to be identified is not instantaneous, it produces a
transient condition, before settling at the final value as explained in Section
3.3.2. Therefore, when the change occurs, the FTF algorithm will try to follow
this transient behaviour. Although the transient period is very short, it still

produces some initial values to the FTF algorithm.
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Figure 4.2.3 Ten Trial Average MSE for the FTF/TLMS Algorithm
gain change at iteration 4,000
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Figure 4.2.4 Ten Trial Average MSE for the FTF Algorithm
gain change at iteration 4,000

4.2.2 Results Using the Colored Noise Input

Data Set 2, which is a colored noise with eigenvalue ratio y (R) of
1.387 x10*, since the filter order is 64, is used for this simulation. We use a filter
order of 64 since the computation for order 256 takes a long time. Also, most of
the impulse response of the system to be identified, i.e. the echo path, consists
of zeros, so that reducing the order does not produce a different result. By
reducing the order here, we reduce the number of zeros in the impulse response
of the system to be identified, and also reduce the order of the adaptive filter.

The FTF algorithm uses a forgetting factor of .9999 since the algorithm
diverges for a forgetting factor less than that. For the FTF/TLMS algorithm, on
the other hand, the forgetting factor is set at .999 and the step-size of the LMS
algorithm is set at 0.0003. This is possible since for the switching structure, the
system switches to the LMS algorithm after the FTF algorithm reaches

convergence, so that the system switches to the LMS algorithm before the FTF
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algorithm diverges. This scheme gives the FTF/TLMS algorithm faster
convergence as shown in Figure 4.2.5 than the FTF algorithm as shown in

Figure 4.2.6.
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Figure 4.2.5 Ten Trial Average MSE for the FTF/TLMS Algorithm

colored noise input
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Figure 4.2.6 Ten Trial Average MSE for the FTF Algorithm
colored noise input
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We see from Figure 4.2.5, that the FTF/TLMS algorithm gives faster
convergence than the FTF algorithm as shown in Figure 4.2.6; the FTF/TLMS
algorithm reaches an MSE of about -53 db in about 1,500 iterations or 187 ms,
while the FTF algorithm reaches an MSE of about -53 dB in about 3,000
iterations or 375 ms assuming the sampling time is 125 micro seconds.
However, the FTF algorithm gives a lower MSE of 1.095x10°° or -59 dB at
iteration 6,000 than the MSE for the FTF/TLMS algorithm of 4.14x107° or -53
dB. Actually, the final MSE value of the LMS algorithm with the step-size .0003 is
1.009 x 10 or -59.96 dB and of the FTF algorithm is 1.0032x107° or -59.97 dB.

in fact, we can develop the FTF/FTF algorithm where the first FTF
algorithm is used with a forgetting factor of .9995 to get fast convergence, and
the second FTF algorithm is used with a forgetting factor of .9999 to get low
MSE. The switching between the FTF algorithms can be done by using a soft-
constraint as explained in Section 2.3.2.1. However, here we will most likely
have problems of numerical instability. Furthermore, the MSE of the FTF
algorithm with a forgetting factor of .9999 is not much different from the MSE for
the TLMS algorithm with a forgetting factor of .0003, whereas the TLMS
algorithm does not have numerical instability problems. In conclusion, the
FTF/FTF algorithm is not too promising.

The FTF/TLMS algorithm gives better performance, in the sense of
convergence, if there is a change in the system to be identified, as can be seen
from comparing Figures 4.2.7 and 4.2.8 for the FTF/TLMS algorithm and the
FTF algorithm respectively. The reason is that when there is a change, the FTF
algorithm has to converge from an incorrect initial condition, while, on the other

hand, the FTF/TLMS algorithm does not experience much of an initial condition
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problem since it can reset the initial condition to zero, and start converging.
However, the convergence after the change for both structures is slower than
the convergence if the algorithms start from the zero initial condition. This is
because the change in the system does not happen instantaneously, as
explained in Section 3.3.2, there is some transient state which is short yet
produces an incorrect initial condition.
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Figure 4.2.7 Fifteen Trial Average MSE for the FTF/TLMS Algorithm
colored noise input, gain change at iteration 2,500

In conclusion, the switching structure of the FTF/TLMS algorithm is more
promising than the FTF algorithm. This comes from considering that in many
applications we need fast convergence and that the system changes from time to
time which are situations that can not be handled properly by the FTF algorithm.
Furthermore, the FTF/TLMS algorithm as well as the FTF algorithm exceed the
CCITT Rec. G.165 requirements regarding convergence rate and steady state

cancellation.
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Figure 4.2.8 Fifteen Trial Average MSE for the FTF Algorithm
colored noise input, gain change at iteration 2,500
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4.3 Switching Using the GAL-JP/TLMS Algorithm

4.3.1 Results Using the White Gaussian Noise Input

For this case, Data Set 1 is used as the input. The GAL-JP algorithm is
used in the GAL-JP/TLMS as the "fast convergence structure” and it is used with
a forgetting factor o. equal to .9999 in order to get fast convergence, while the
TLMS algorithm is used as the "low MSE structure" with a small step-size u of
.0003 in order to give low MSE. For the GAL-JP algorithm the forgetting factor,
a, is .99995 since for any a less than .99995, the GAL-JP algorithm diverges
after several thousand iterations; note that this will not occur in the GAL-
JP/TLMS algorithm because the GAL-JP algorithm will be replaced after it has
converged by the TLMS algorithm. The order of the filter is 64.

forgetting factor=9999 J
step-size=.0003

'}

V'xi )

01000 2000 3000 4000 5000 6000
—-> sample number

Figure 4.3.1 Eight Trial Average MSE for the GAL-JP/TLMS Algorithm
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It turns out that the GAL-JP/TLMS algorithm converges faster than the
GAL-JP algorithm as shown in Figures 4.3.1 and 4.3.2 respectively, because the
forgetting factor for the GAL-JP/TLMS algorithm is less than the forgetting factor
for the GAL-JP algorithm. Moreover, the MSE for the GAL-JP/TLMS algorithm of
6.88x10° or -51.6 dB is smaller than the MSE for the GAL-JP algorithm of
2.05x10° or -46.9 dB.
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Figure 4.3.2 Eight Trial Average MSE for the GAL-JP Algorithm

In fact, with a forgetting factor of .99995, the GAL-JP algorithm will
eventually have a smaller MSE than the TLMS algorithm with step-size .0003
which is used as the "low MSE structure". However, the GAL-JP algorithm with a
forgetting factor very close to one will converge very slowly, and also it will adapt
very slowly if there is any change in the system to be identified as will be shown
in the next simulation.

Now, we change the unknown system at iteration 4,000. From Figure

4.3.3 and Figure 4.3.4, we see that the GAL-JP/TLMS algorithm in Figure 4.3.3
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converges faster than the GAL-JP aigorithm in Figure 4.3.4. This is, again,
because of the effect of the initial conditions as mentioned in the previous
simulations and the value of the forgetting factor.
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Figure 4.3.3 Eight Trial Average MSE for the GAL-JP/TLMS Algorithm
gain change at iteration 4,000
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Figure 4.3.4 Eight Trial Average MSE for the GAL-JP Algorithm
’ gain change at iteration 4,000 .
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4.3.2 Results Using the Colored Noise Input

For this case, Data Set 2 is used as the input. The GAL-JP algorithm in
the GAL-JP/TLMS algorithm, which is used as the "fast convergence structure”,
is used with a forgetting factor o. equal to .9999 in order to get fast convergence,
while the TLMS algorithm as the "low MSE structure” is used with a small step-
size n of .0003 in order to give low MSE. For the GAL-JP algorithm, the
forgetting factor is 0.99999. The MSE for the GAL-JP/TLMS algorithm and the
GAL-JP algorithm are shown in Figures 4.3.5 and 4.3.6 respectively.
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Figure 4.3.5 Eight Trial Average MSE for the GAL-JP/TLMS Algorithm
colored noise input

The MSE of the GAL-JP/TLMS algorithm is 1.675x10™* or -37.8 dB,
whereas the MSE of the GAL-JP algorithm is 7.675x10° or -41.1 dB and this
result is expected since with a forgetting factor very close to one, the GAL-JP
algorithm will have very small MSE. However, even though the MSE of the GAL-
JP algorithm is somewhat smaller than the MSE for the GAL-JP/TLMS algorithm,
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the MSE curve of the switching structure is smoother, without spikes, as we see
from Figure 4.3.6 that the spikes of the GAL-JP algorithm can be more than 10
dB. This behavior is undesirable since it can cause the algorithm to become
unstable. In fact, if we let the iterations of the GAL-JP algorithm continue, it
diverges. Also with a forgetting factor very close to one, the GAL-JP algorithm
will not be able to adapt very easily if there is a change in the system to be
identified as will be shown in the next simulation.
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Figure 4.3.6 Eight Trial Average MSE for the GAL-JP Algorithm
colored noise input

Next, we look at the performances of the GAL-JP/TLMS algorithm and the
GAL-JP algorithm when the system to be identified changes, in this case it is
changed at iteration 6,500. The MSE for the GAL-JP/TLMS algorithm converges
fast after the change as shown in Figure 4.3.7, while the MSE for the GAL-JP
algorithm does not seem to start converging yet at iteration 9,500 as shown in

Figure 4.3.8. As in the previous cases, the slow convergence of the GAL-JP
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algorithm is caused by incorrect initial conditions, and also because the
forgetting factor is very close to one.
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Figure 4.3.7 Eight Trial Average MSE for the GAL-JP/TLMS Algorithm
colored noise input, gain change at iteration 6,500
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Figure 4.3.8 Eight Trial Average MSE for the GAL-JP Algorithm
colored noise input, gain change at iteration 6,500
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In conclusion, the GAL-JP/TLMS algorithm, again, shows better
performance than the GAL-JP algorithm. Moreover, as for the previous cases,
the GAL-JP/TLMS algorithm easily satisfies the CCITT Rec. G.165 requirements
regarding the convergence rate and the steady state cancellation, and so does

the GAL-JP algorithm.
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CHAPTER FIVE
CONCLUSION AND FURTHER RESEARCH

5.1 Conclusion

Simulations for switching adaptive filter structures have been presented.
The algorithms that are used for the switching structure are the recursive-least-
squares-lattice joint process (RLSL-JP) algorithm together with the transversal
LMS algorithm, abbreviated as the RLSL-JP/TLMS algorithm, the fast
transversal filter (FTF) algorithm together with the transversal LMS algorithm,
abbreviated as the FTF/TLMS algorithm, and the gradient-adaptive-lattice joint
process(GAL-JP) algorithm together with the transversal LMS algorithm,
abbreviated as the GAL-JP/TLMS. The simulations are conducted using white
Gaussian noise and colored-noise having eigenvalue ratio of 1.387 x10* if the
filter order is 64, and eigenvalue ratio of 4.872 x10* if the filter order is 256. The
results of the switching structure are compared with the results of the non-
switching structure, which are the RLSL-JP algorithm, the FTF algorithm, and
the GAL-JP algorithm.

The transversal LMS algorithm is chosen as the "low MSE structure"
since not only is the LMS algorithm numerically more stable than the other
algorithms mentioned above, the LMS algorithm can also have a smaller MSE
and a lower computational load. The other algorithms are used as the "fast
convergence structure” since they are actually faster in convergence than the
LMS algorithm. We do not use the LMS algorithm as the "fast convergence

structure” since the LMS algorithm is very slow if the input is colored noise.
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The switching between the "fast convergence structure” and the "low MSE
structure”, and vice versa, is determined by the error. If the average of the
squared error is small and almost the same for several iterations, then it is
declared that the "fast convergence structure” has converged and the switching
structure will switch to use the "low MSE structure”. On the other hand, when the
average of the squared error is large (exceeds a pre-determined value), the
switching structure switches to the "fast convergence structure” and starts
converging if this is caused by a change in the unknown system.

In general, the switching structure shows more preferable performance: it
can converge faster, it produces a smaller MSE, it can adapt to changes in the
unknown system without any problems, and it is more stable.

By ignoring the values of the impulse response which are less than some
threshold, we can reduce the computational load of the adaptive filter. In the
switching adaptive filter structure, the computationally-reduced order technique
is applied to the "low MSE structure”. The computationally-reduced order
technique seems to yield good results in the sense that the MSE drops even
lower than for the switching structure without the computationally-reduced order
technique. The possibility to implement the computationally-reduced order
technique is another advantage of the switching adaptive filter structure; we can
not apply the computationally reduced order technique for the non-switching
structure. However, in applications where there are few impulse response values
equal to zero, the influence of the computationally reduced order is hardly
noticeable. Actually, the computationally-reduced order technique can potentially
produce a large error when the threshold is so big that many significant impulse

response values are discarded.
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Some algorithms like the FTF algorithm and the GAL-JP algorithm turned
out to need a forgetting factor very close to one, otherwise they diverged after
several iterations. The forgetting factor close to one could yield a small MSE for
the price of very slow convergence. Even worse, these algorithms are not able to
easily adapt to a change in the system as the experiments show that after the
unknown system changed, the FTF algorithm and the GAL-JP algorithm hardly
converged again.

By using the switching structure, we can make some compromises. We let
the FTF algorithm, and also the GAL-JP algorithm, have a forgetting factor not
too close to one, so that we can have faster convergence. Then we switch to the
LMS algorithm. This way we can make the FTF algorithm, and also the GAL-JP
algorithm, converge faster, yet we prevent the switching structure from diverging,
and the final MSE is that associated with the LMS algorithm. Also, if there is any
change in the unknown system, the switching structure can converge readily to

the new system.

5.2 Further Research

Switching using the average of the squared error as a criterion is simple,
however, this is not optimum. The optimum criterion for switching needs
investigation. The switching optimization here means that at a certain time we
compute the criterion for each algorithm using the parameters for each algorithm
at that time. The algorithm that fulfills the criterion better will be used by the
switching structure. The variables that are taken into account are the state of an
algorithm at that time and the rate of convergence. The optimization function
uses these two variables to determine which algorithm should be used from that

time on (until the criterion dictates another switch).
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The simulation experiments in this thesis are based on the assumption of
stationarity for the system to be identified. The next thing to do is to find out the
behavior of the switching structure in a non-stationary environment and to make
some modifications so that it can perform well. This is especially interesting
since several researchers show that even though the least-squares based
algorithms demonstrate fast convergence, they are outperformed by the LMS
algorithm in a non-stationary environment; in other words, the LMS algorithm
tracks better than the least-squares based algorithms. By finding a mathematical
explanation for this phenomenon, we can hopefully devise a switching adaptive

structure that can converge fast and track fast as well.
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APPENDIX A

The Gain-Normalized Fast Transversal Filter Algorithm

The fast-transversal-filter (FTF) algorithm consists of two sections: a
Prediction section and a Filtering section, which can be summarized as follows

[16];

Prediction

7w(n) = aa(n-1Nuy.,(n) (A1)

fu(n) = yu(n-1)m(n) (A.2)
Iu(n)=23,(n-1) + py(n-1)fy,.(n) (A.3)
Yua(n)= 2 J%‘(r(‘r;;)m (n-1) (A.4)
= (g0 | * 7" s 2w (o) A5)

0

20 = aulo-d -t o] A8)

WM(n) = ABy (n‘1) RM+1M+1(n) (A7)
7’M(n)= [1 -V (n) Y M1 (n)RM+1M+1 (r‘)]-1 Y Ma (n) (A.8)
Rescue variable= [1 = W (N) 7 et (MKngyapter (n)] (A.9)
bu(n)= 74 (n) v\ () (A.10)
B,(n)=4B,(n-1) + y u(n-1)by.,(n) (A.11)
l:l_('Mc()n)]= _R_M+1 (n) - RM+1M+1 (n) Cwm (n'1) (A.12)
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Filtering
ay(n) =d(n) - wi(n-1uy, (n)
e(n) = }’M(n'1)au (n)

Wy (n) = Wy, (n-1) + ku(n)ey, (n)
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APPENDIX B
MSE and Convergence Analysis for the GAL-JP Algorithm

The gradient adaptive lattice joint process (GAL-JP) algorithm can be

summarized as follows [33], it consists of a prediction section and a filtering

section:
Prediction
P+ = @ pu(0) + [ (041 + | b, ()] (B.1.2)
. . g
l‘m+1(n+1)
fo(n+1) =1 (n+1) + T,(n) b, () (B.1.c)
b, (n+1) =b_,(n) + T.(n)f_,(n +1) (B.1.d)
Filtering
e,.,(n+1) = e_(n+1) - c, (n+1) b_(n+1) (B.1.e)
dn+1) =cp(n+1) b,(n+1) (B.1.)
caln +1)= cy(n) + 2PnCmiln) (B.1.9)
Hr(D)
where:
u(n) : sum of squares of forward and backward prediction errors
o .forgetting factor, o<1, ax1
f .(n+1)  :forward prediction error
b,..(n+1)  : backward prediction error

I,..(n+1) :reflection coefficient
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e,..(n+1) :the estimation error

a( n+1) . the estimate of the desired signal
c,(n+1) : regression coefficient

m :0,1,..., M,

M : the order of the filter

From Figure 2.4.1.b, we see that
g,(n+1)= dn+1) (B.2)
where d(n+1) is the desired signal.

Define the regression-coefficient error at stage m, ¢,_(n+1), as:

g.(n+1)=c, (n+1) - ¢ (B.3)

'm opt
where ¢, is the optimum value of c,,(n+1).

Substituting (B.3) into (B.1.e) yields the estimation error at stage m,
e..,(n+1), as:

e .,(n+1) = e (n+1) - (em(n+1)+cmop,)- b, (n+1)

em+1opt(n+1) - g:n(n+1) bm(n+1) (84)

where

em+1opt(n+1)= em(n+1) = c:nopi bm(n+1)

is the optimum estimation error at stage m. Furthermore, by using (B.4) and

(B.1.9), (B.3) can be written in recursive form as:

25, ()@t () - £(N) b(M))
Mo (n)

em(n+N)=c,(n) + -c

m opt
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[, 2b,(n)b,(n) +26n(n) €1 (M) (B.5)

- [1 ™ J““m(“) ()

Defining the variance of the regression-coefficient-error at stage m, Km(n+1), as:

Kn(n+1)= E [£,(n+1) £,(n+1)] (B.6)

and using (B.5) in (B.6), K m(n +1) can be written as :

H m+1(n) /1m+1(n)

K_(n +1)=EH{ 1. 25,0 b;n(n)} e () + 20n() €r o () )

H () Her ()

[ { .. 26, b, (n)} o () + 20m0) e:..m.,,(n))'} 8

E [x]
E [y]

and y are statistically independent, and using Taylor series expansion to expand

By multiplying and rearranging (B.7), and assuming E [ﬂ &

; assuming x

1/y at its expected value, and also assuming that the variance of y is small, we

can approximate E[1/y] with 1/E[y], so that we get:

E[2 b,,(n) b;,(n) £,(n) £,(n)]
E] ttes ()]

K. (n+1) =K.(n) -

Ef26,() £u() b (0) biln)]
E[Pmﬂ(”)]
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, E[4 bn(n) b(n) £,(n) £,(n) by (n) by, (n)]
E] ttme1(1) £tnes ()]

_ E[4b,(n) (1) £n(n) bw(n) eron(M) |

E[ tte1() st ()]

E[4 emron(n) bp(n) sn(n)bn(n) b, (n)]

E[ﬂmﬂ (n) ﬂ;m(n)]

. El4 emion(n) B (M0 (n) €10 ()]
E[.Umn (n) 2 (n)]

(B.8)

From random process theory, we know that for a real zero mean

Gaussian random variable u we have:

E[uuuu] = 3{E[u2 ]}2 (B.9)

which is called the Gaussian fourth moment factoring theorem. We also know

that for two Gaussian random variables u, and u, we have:
E[uzuz ] =E[u JE[uz ] +2(E[uy, ])’ (B.10)
and if u, and u, are independent and have zero mean, we have

E[uzuz]=E[u? JE[u3] (B.11)

Equations (B.9) through (B.11) will be used for the subsequent derivations.
Assume that b_(n), ¢

m

(n), and e, are independent and e has

m+1 opt

zero mean. Then by applying (B.9) to E[bm(n) b, (n)b,,(n) b, (n)] in (B.8), which
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is obtained by separating b_(n) and ¢_(n) in the fourth term of (B.8), we can

write K_(n+1) as

Kn(n+1) =K, (N)B,..(n+1)+P,.,(n+1) (B.12)

where:
B (n+1)=1- 4E[pr(n)] | 12(Ebh ) , (B.13)
Epres()] ] (M) ttn(n)'|
o (e )= Lt (Vo) {7, ()] (B.14)
E[ (M) ta()|
By iterating (B.1.a), we obtain:
()= & hs(0)+ 3 o (n-1- + 3 (- (8.15)
=0 =0
so that the mean of z,_.,(n) is
E ()] = @ 10(0)+ 5 @[ (n-1-0 [+ - 0-]  (B16)

and E[pm(n)z] is

E[ o1 (N) e (0)]= E[{a"" ym,(0)+g &, (n-1-if +2; ailfm(n-i)lz}
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{d“" pw1(0)+2 o, (n-1-i)f +Z:; aj|fm(n-i)|z}.} (B.17)

The MSE at stage m, J ., (n+1), is defined as:

Jos (N+1) = E[e,, (n+1)e;,., (n+1)] (B.18)

Replacing the estimation error at stage m, e_,, (n+1), with (B.4), the MSE

J .., (n+1) can be rewritten as:
J ot (041) =E[(€ 1 ou(n+1) - £,(n+1) b, (n+1))
(Emron(n+1) - £a(n+1) bm(n+1))'] (B.19)

Assuming e,y and bm(n+1) are orthogonal, and using (B.6), we can

rewrite (B.19) as:

It (049 = [0y o (14 Depus g (04 D] +K (0 +)E] b, (n+ )b, (0 +1)]

=Jm+1op| +Jm1exc(n+1) (BZO)
where
Jm+1 opt = E[em+1 opt (n + 1)em+1 opt (n + 1). ]
= 0% 1 opt
= o2 (B.21)
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Jiec(N+1), is defined as:

It e (N+1) =K (n+1E[b,(n+1)b,(n+1)']

where K_(n+1) is defined as in (B.12).

For nlarge enough

E[by(n+1)b(n+1)'] = E[b (N (n) ] = o,

Bt (n+ 0+ 1) | =E[t(0)fn(0)] =2

and
Oim = OF

f.m

so that from (B.16), we obtain

n-1 n-1

Ll (0)]= @ i ()4 02, 5 a4 02, 3

and from (B.17), assuming all the variables are real number, we get
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o* is the variance of the observation noise, and the excess noise at stage m,

(B.22)

(B.23)

( B.24)

( B.25)

(B.26)



E[ym(n)y;,.xn)]={ww:,+,(o)+o§,,,§d+o¢m§a‘}

={a”'#5.+1(0)+20§miai}

={a"'1,u:1+1(0)+20§m 1'“"} (B.27)

By squaring and re-arranging (B.27), we obtain

E[l‘mﬂ (n)l‘;m(n)] = aZ(n.”I‘im(o) +40" (0) O'me 1oa

n 2
+4gt [11;‘;) (B.28)

1-a

Using the fact that for large n

K, (n+1)=K_(n) (B.29)

we can write (B.12) as

Km(n”):M (B.30)
1'Bm+1(n+1)
As n increases without bound, from (B.26) we get
1
E[ ttpi(M)] > 205 2 (B.31)

and from (B.27) we get
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e i) 403, (1) B.32)

Applying (B.31) and (B.32) to (B.13), we get:

2
Bm+1(n+1) =1- 40§m + 12(6§m)

1 1\

1-a
=1-2+2a+3-6a+3a?

=2-4a+3a? (B.33)

and by applying (B.31) and (B.32) to (B.14), we get:

S\ el (B.34)

where

E[em+1 Olp‘(n)e:,,+1 OIm(n)] = o2 is the variance of the observation noise.

Using (B.33) and (B.34) in (B.30) the variance of the regression-

coefficient-error vector K_(n+1) as n -, can be found:
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%(1-a)

3

Finally the MSE for stage m whenn — « is

Jm+1 (n+1) = Jmﬂ opt +Jm+1 exc(n+1)

o3(1-a)

=0t T a)

(B.36)

The Time-constant for Convergence in the Mean

Taking the expected value of the regression-coefficient-error vector
g,(n+1) in (B.5), yields:

E[z,(n+1)]= EH1 (2 bi:?(:;"(")] & (n) +2bm('2:f'{r‘5m(”) ] (B.37)
Assuming that e, (n) and b, (n) are orthogonal, we obtain

[z (n+1)]= e[ 1.2 b;‘tf(:;"(")]ﬁ[ ()] (B.38)
By iterating (B.38), we obtain:

E [e.(n+1)] = [H[1 2 EE[E’:S‘Z;](”]H (0) (B.39)
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For large n, by assuming

E[ba(n) b;,(n)]=E[b,(n-1) b;,(n-1)]

and
E[ #e1(1)] = E[ ey (n-1)]

we obtain

vaite | 4 2 Elba(n) bn(0)] "
el 0] [1 Elptr)] }g"‘(")

so that the time constant at stage m, 7, is

-1
T,

" | {1 _2b,(n) b;,,(n)]]

E[ ttmr(0)]

The MSE for the multi-stage GAL-JP Algorithm

(B.40)

(B.41)

The dependencies amongst the reflection coefficients, the backward

prediction errors, the forward prediction errors, and the regression coefficients

make the analysis of the multi-stage GAL-JP algorithm difficult. Here we try to

analyze the MSE of the multi-stage GAL-JP algorithm using the independence

assumption, and then observe the deviation from an experiment.
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The output of stage m, v, .,(n), of the GAL-JP algorithm is stated as:
Ymer(N+1) = D c/(n+1)b,(n+1) (B.42)
=1

where c_.,(n+1) is the regression coefficient at stage m, and b_(n+1)is the

backward prediction error at stage m. The estimation error e_,,(n+1) is:
€ma(N+1)= d(n+1)-y,,.,(n+1)

= d(n+1)- Zm: c;(n+1)by,(n+1)
0

= d(n+1)- ¢’ (n+1)b(n+1) (B.43)
where
c=[c,, ¢,, ---, ¢ 1" is the regression coefficient vector
b=[b,, b,, ---, b, " is the backward prediction error vector at order m

and replacing ¢ with the regression-coefficient-error vector £(n+1) as in (B.4),

we obtain:

Cnei(N+1)= €y ou(n+1)- £ (n+1)b (n+1) (B.44)

where g(n+1)=[g(n+1), 5(n+1), ---, £ (n+1)]" is the regression-coefficient-

error vector.
The MSE J ., (n+1) is:
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J s (N+1) =E[es(n+1)er,. (n+1))]

= E[{enm(n+1)- £ (n+ 1 (n+1)]
{ermren(n+1)- & (n+1)b (n+1)}']

= E[€mtop (1+ D€ rmon (N+1)]-E[ 1o (n+ )£ (n+ 1) (n+1))]

- Elepyon(n+Nbn(n+1)z (n+1)]
+E[{ (n+ 9 (v )} 1+ (n+ 1) ] (8.45)

By assuming that e,,.,,,(n+1) and b, (n+1) are orthogonal, we obtain the MSE

J oy (N+1) as:

It (n+1) = 7 +E[¢ (n+1)b (n+10"(n+ D)z (n+1)] (B.46)

Using the assumption that after the prediction section of the GAL-JP
algorithm, as in (B.1), has converged, the backward prediction errors b,(n+1)and

b.(n+1) are uncorrelated for izk [16], and also &,(n+1) and £, (n+1) are
uncorrelated for izk. We can now write the MSE J ., (n+1) as

Joa (0+1) = 2+ E[6(n+1)g (n+1)]E[b,(n+1)b; (n+1)]

M3
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= o2+ K (n+1)E[b,(n+ )b; (n+1)] (B.47)

where, as in (B.6),

Ki(n+1)=E[e (n+1)z(n+1)]

As n—, by using the final value of K,(n+1) and b,(n+1) as shown in

(B.35) and (B.23) respectively, we get the final value of the MSE for m stages of
the GAL-JP algorithm, J_,, (n+1), as:

i (1-a)

- (n+1)=0ﬁ+ (1+a)

(m+1) (B.48)
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APPENDIX C.1
The RLSL Algorithm using a Priori Error Feedback

The RLSL-JP algorithm using a priori estimation errors with error
feedback consists of two sections: a Prediction section and a Filtering section,

which can be summarized as follows [186];

Prediction:
M is the last stage of the lattice predictor
m=1,.... M

n = number of iterations

() = 7s(n) + T (0= pq(n) (C.1.1.a)
V() = ¥pa(n-1) + I, (n-1)7,.4(n) (C.1.1.b)
Fpa(n) = @S, (0-1) + 10y (N-1)] 7 (0)]] (C.1.1.0)
B,4(n) = aB,y(N-1) + 7o (N)|Wms (M) (C.1.1.d)

7m-1(n - 1) '//m-1(n - 1) 'T:n(n)
B, (n-1)

I,.(n) = T, (n-1) - (C.1.1.e)

Yema(N=1) 74(n-1) y,(n)

Tn(n) = Gyn(n-1) - Sal(n)

(C.1.1.f)

125



126

(C.1.1.9)

(C.1.2.a)

(C.1.2.b)

(C.1.2.c)



F(n) = Bo(n) = aSo(n - 1) + fu(n)]
a o(n) =d(n)

where 7,(n) is the a priori forward prediction error, f_(n) is the a posteriori
forward prediction error, y, (n) is the a priori backward prediction error, b_(n) is
the a posteriori backward prediction error, rf_m(n) is the forward reflection

coefficient, and I, , (n) is the backward reflection coefficient.
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APPENDIX C.2
MSE and Convergence Analysis for the RLSL-JP Algorithm

The mean of the conversion factor at stage m, » _(n), is computed by

taking the expected value of (C.1.1.g) in Appendix C1 as:

E[y ()] = E[rm.,(n) 7 :”('1'3) '_"gn")*‘(“” (C.2.1)

Assuming that ¥ _(n) and v _,(n) are independent, and using the approximation

E[ﬂ ~ % we can write E[y ,(n)] as:
E7 2us ()] E{| )]
el ]l - (E[ﬂw[(':;] o] c22)

The expected value of the sum of weighted backward a posteriori prediction

error squares B_,(n) is obtained by taking the expected value of (C.1.1.d),
E[Bns(n)] = a E[B,(n-1)] + 5[7 ma(N) '/’m.1(n)|2] (C.2.3)

Assuming that the conversion factor » ,_,(n) and the a priori backward prediction

error v _,(n) are independent, we can write (C.2.3) as:

E[Bn ()] = @E[Boy(n-1)] + E[7 alr)] €| sl ] (C.2.4)

128



For n so large that E[B,,(n)] = E[B,,(n-1)] , we obtain

E[B,..(n)] = flr "*‘(”()1] E[I:; 0] (C.2.5)

or, rewritten in another form,

E[Iwm(n)lz]z (1-a)
E[Brs(n)]  E[¥ maln)]

(C.2.6)

By using (C.2.6) to substitute in the second term of (C.2.2) and assuming

that the variance of the conversion factor is small after convergence, so that
E[r4(n)] = [E [7 ()] %, we get

7 )] = €y ()@ (C.2.7)

By replacing the conversion factor at stage m-1 in (C.2.7) with the conversion

factor at m-2, all the way to the conversion factor at the zeroth stage, y,(n), we

obtain:

E[7n(n)] = a™ ,(n) at stage m (C.2.8)

and
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E[7 m()7 n(n)]= [E [ o] ?

=q?™ (C.2.9)

where y ,(n) is set to 1.

By replacing E [y ,(n)] in (C.2.5) with (C.2.8), we obtain:

E[Bn(n)] = (1“_m 3 El|y mol)f ] (C.2.10)
and the variance of B, ,(n), E[B,,(n)B,,(n)] is obtained from (C.1.1.d):
E[B () Brs(0)] = E[{aB(n-1) + 7] yims(0)]'}

{aB ma(n-1) +7 iV s ] ] (C.2.11)
By multiplying (C.2.11) out and assuming 7 ,.(n) and y __(n) are independent,

we can write (C.2.11) as
E[Bm1(n) B,4(n)]= &’E[B,,,(n-1)B,(n-1)]
+20 E [B1(n-1)] E[#s(n)] E[|¢m(n)] ?]

+E[7ma) 7] E[|w i)' | ][y )] ] (€:242)
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By substituting the value (C.2.10) into (C.2.12), assuming that n is so large that
E[B ,,..()B 1..(n)] = E[B n((n-1)B ,.,(n-1)]
we get

E[B,..(n) B;,..(n)]=a? E[B ,(n-1)B ,.,(n-1)]

202 ly o] + @ Ely ol
oy [l ] 21

The a priori estimation error at stage m, em(n), is found from (C.1.2.a)
en(n) = e,(n) - ci(n-1) y,,(n)
= em+1 opt ~ ¢ ;n(n-‘l) Wm(n) (0214)

where
£n(N)= ¢ n(n) - € on (C.2.15.a)
is the regression-coefficient error at stage m, and ¢ ., is the optimum

regression coefficient at stage m, and
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em+1 opt(n) = em+1(n)-cl.nopl Wm(n) (C2'15b)
is the minimum error.

Recall (C. 1.2.c) and replace c,(n) with £ _(n), to get

Y1) ¥ (N)€0is ()

En(n) = £q(n-1) + B () (C.2.16)
Substituting for e_,,(n) with (C.2.14) and rearranging, we obtain
1 7a(0)yn(n)yn(n)
aa)=]1 - 2000
+ 7m(n) Wm(n)e:nﬂopt(n) (C 2 17)
B,(n) o

Taking the expected value of (C.2.17) and assuming e, op,(n) has zero mean

and is independent from ., (n), yields

E[7n()] ]| wn(n)f ]
E[B,.(n)]

E[£.(n)] ={1 - E[&,(n-1)] (C.2.18)

Substituting (C.2.6) into (C.2.18), we get:

E[£.(n)] = aE[,(n-1)] (C.2.19)

By iterating (C.2.19), we then obtain
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E[¢ n(n)] = o"¢,,(0) | (C.2.20)

The convergence time of the regression coefficient can be derived from (C.2.20),

assuming that the previous stages have converged, which yields

0<ac<i (C.2.21)

K.(n) = E[gm(n)sm(n)‘] (C.2.22)

Substituting for the regression-coefficient error ¢, (n) with (C.2.17), we get

B, (n) B,(n)

K (n)=E [{[1 ] y..,(n)wm(n)w;,(n)]g 1) + 7m<n)y,m(n)e;,+,m(n)}

{[1 _ ym(nm,,((n; w;(n)]g (n-1) +72(® wm(n)eW(n)}']
B_(n "

(C.2.23)

For large n, assuming e,,,,,,(n) has zero mean and is independent from y,,(n),

and substituting (C.2.8) through (C.2.10) into (C.2.23), we get:

(1-a

m opt W (C.2.24)

K.(n) = azE[em(n-1)gm(n-1)'] +
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where
2 o = E [€non(N*1)er o (n+1)]

By iterating (C.2.24) we find

n-1 2(n-14)
Kn(n)=a?"K,(0) + 02, (1 - @ 2 Zis[r—(i)r] (C.2.25)
=0 Wm

Under the optimum condition, with the length of the lattice longer than the
autocorrelation depth of the input signal, of,,op, is equal to the observation noise

oh.

n

At n so large that E[|y/m(n)| 2] = E[|y/m(n-1)| 2] we get

(1- a)z(‘! - az")
(1- @)E [Jym(of ]

K,(n) =~ o2

n

g (1-a) (1 - az")
"1+ @) [Jya()?]

(C.2.26)

The MSE at stage m, J ..,(n), is

Inir(n) = E[en(n)er, ()]

E[{emion(n) = £n(n-Dwn(n)} {emion(®) - £n(n-Dw(n)} ]
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=g 2+E [| y/m(n)lz] K_(n-1) (C.2.27)
= Jm+1opt + Jm+1ex(n) (C228)

where

It ()= B[ ()] | Ko (-1)

and

— 2
Jmﬂopt— o-n

At n - o, the final value of K_(n-1) is equal to K_(n), that is, from

(C.2.26),

K, (n)=o? (1-a) (C.2.29)

(1 + & )E[|wn(n)] ?]

By substituting (C.2.29) into (C.2.27) we get the final value of the MSE at stage
m, J ..(n), as:

=oﬁ( 2 ) (C.2.30)
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Equation (C.2.30) indicates that the smallest MSE is achieved when « is close to

unity.

C.2.1 The MSE for the Multi-stage RLSL-JP Algorithm
The output of stage m, y,.,(n), of the RLSL-JP algorithm is stated as

W 20:(n-1) wi(n) (C.2.31)

Recall the a priori estimation error at stage m, e_,,(n), as defined in

(C.2.14) and rewrite it with respect to the desired response d(n):

€mer(N) = dn) - ¥ ru()
=d(n)-c’(n-1)y(n) (C.2.32)

where

e(n-1)=[cy(n-1), c,(n-1), -, c,,,(n-1)]H

and

w(n)=[wo(n), wi(n), -, ()]

and replacing c(n) in (C.2.32) with the regression-coefficient-error vector ¢(n),

we obtain

€mi1(N) = €y ope(N) - £'(n-1) () (C.2.33)
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The MSE, J,_...(n), is

et (M) =E[uy(N)ers(n)] (C.2.34)

substituting (C.2.33) into (C.2.34), we obtain

St () =E[{oruin(n)- £ (n-Dy (0}
{emiun(- £ -0y ()]
= E[eeton (V€1 01(M)] - E[ s (e (n- D ()]
- e mron (¥, (M (n-1)]

. E[{g(n-ﬂ v (He -1y (n)}'] . (C.2.35)

By assuming that e, ,.(n) and y,(n) are orthogonal, we obtain the MSE

Jma () a5

3t ()= 02+ (-1 y ()y (n)e (n-1) (C.2.36)

Using the assumption that after the prediction section of the RLSL-JP

algorithm, as in (C.1.1), has converged, the backward prediction errors y,(n)and
w(n) are uncorrelated for izk [16], and also £/(n-1) and &,(n-1) are

uncorrelated for izk. We can now write the MSE J ., (n) as
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~o2 + 2Ki(n -1)E[| zy,(n)r] (C.2.37)

where K,(n-1) is defined in (C.2.22).
At n - «, by using the final value of K,(n) as in (C.2.29), we obtain the

final value of MSE for the m stages of the RLSL-JP algorithm, J_,,(n), as:

Jp) = 2 4022 (m+1) (C.2.36)
1+a

It turns out that the final MSE value for the RLSL-JP algorithim is
equivalent to the final MSE value for the GAL-JP algorithm as derived in

Appendix B.
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APPENDIX D
DECIBEL UNITS

Basically, the decibel unit is a logarithm to the base 10 of a power ratio.

dBm : power level relative to 1 mW

g power(mW)

ower(dBm)=10 lo
p ( ) W

dBW : power level relative to 1 W

power(dBm)=10 Iogpov:e—\;\(’W)

0 dBW = 30 dBm

A test level point (TLP) is a location in a circuit at which a certain level of
test tone is expected during testing. A O TLP is a point in a circuit where the
level of the test tone is expected to be 0 dBm [11]. Other points in the circuit are
then related to the O TLP using the unit dBr ( dB reference). The unit dBmO is an
absolute unit of power in dBm that applies at the O TLP [11, pp.17]. The power
level at any test point now follows from:

dBm = dBm0O + dBr
for example, a test point at -22 dBr, with -10 dBm0O, means that we have a signal

with power -32 dBm at the test point.
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