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1. INTRODUCTION 

In the past twenty years composite materials have been widely used 

in advanced engineering structures. Because of their complex nature, 

refined analytical and experimental methods of analysis must be employed 

to study their mechanical behavior. Moreover, a number of mechanisms 

contributing to such a behavior must be explored and understood, both at 

the macro and micro structural levels. On the other hand, damage often 

takes a complex form and appears as matrix cracks, fiber breakage, 

delaminations, etc., making detection and evaluation a difficult effort. 

AS a result, advanced nondestructive testing techniques (NDE) must be 

applied in order to gain information about damage presence, location, 

severity and type. Usually the application of one method is not 

sufficient to provide all the necessary information, and quite often a 

variety of NDE methods are combined to yield complementary data. The 

application of these methods depend on different factors such as the 

type of structure considered, equipment availability, environmental 

conditions and technical expertise. Often the interpretation of the 

results obtained is difficult. 

One of the most common types of damage in anisotropic composite 

plates is delamination, where an in-plane crack forms as a result of the 

separation of adjacent layers. Impact loading is one common type of 

loading resulting in delaminations. At the present time it is not known 

exactly where the crack will first initiate. Excessive out-of-plane 

shearing and normal stresses may significantly contribute to the 
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initiation of the delamination. If after the defect appearance the 

structural component continues to operate under static, dynamic and 

environmental loads for some period of time, the crack will propagate 

and progressive failure will follow. It is thus essential that we 

detect, evaluate and control the damaged area before it will expand and 

contribute to structural failure. 

1.1 Frequency Dependent Heat Generation During 

Vibrothermographic Testing 

Thermography is the technique used to visualize surface temperature 

of an object. The thermal image is generally presented as isothermal 

lines on the surface. Thermal field generation can be accomplished in 

two ways, termed *passive’ and ‘active’ heating, respectively. In 

passive heating, the specimen is heated in-process by different 

transformation processes and dissipative mechanisms, while the test 

object is being subjected to a normal operating , testing or loading 

condition. In active heating, heat is produced by injection, and 

thermal gradients on the material surface are produced due to different 

thermal conductivities in the defect regions. | 

Vibrothermography is a term describing a nondestructive technique, 

where a portion of a structure’s surface is mapped to indicate the 

temperatures on the surface - produced by passive heating - while the 

structure is subjected to forced mechanical oscillations. Areas of 

defects convert mechanical energy to heat through different dissipative 

mechanisms. AS a result flaws and other imperfections appear as local 
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(usually) hot regions when the surface is mapped to indicate the 

temperature. The thermal image is detected by an infrared detector. 

The biggest advantage of this method compared with other NDE methods is 

that it is extremely fast in revealing damaged areas, can inspect large 

areas of the structure in a small period of time, can be performed ’in 

situ’ under adverse environmental conditions and does not require 

advanced specialized knowledge. 

As an NDE method for composite plates, vibrothermography was first 

initiated at Virginia Tech and it’s operating principles were first 

discussed by Reifsnider, Henneke and Stinchcomb’. Henneke and Russell* 

used several NDE techniques to detect impact damage in glass-epoxy 

panels. Using vibrothermography they observed that heat generation 

patterns appeared around the defect areas. These patterns were strongly 

dependent on the excitation frequency. They also proposed two models to 

explain the frequency dependent heat generation, namely a ‘local 

resonance model’ (LRM) and a ’global resonance model’ (GRM). In the 

local resonance model the delamination was modeled as two plates, one on 

either side of the delamination, free to resonate with their own 

dynamics. The local plates were assumed ideally clamped to the rest of 

the plate. Based on the Raleigh-Ritz approximation, they developed a 

model for local resonant frequency prediction. This model was primarily 

written for O-degree unidirectional symmetric laminates. Secondly, a 

structural resonance model was proposed, were the natural frequencies 

were calculated for the whole plate. It was assumed that heating 

developed when global resonance occurred. 

Henneke and Lin? expanded the above formulation and a new software 
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program was written to predict the natural frequencies of a symmetric, 

multi~angle ply anisotropic laminate with clamped boundary conditions. 

Experiments were performed to check the program predictions with 

experimental data. A finite difference computer program was also 

developed to simulate heat contours during vibration resonance. Heat 

generation was assumed proportional to the strain field. 

Although some correlation between theory and experiment was 

achieved, not all the results were satisfactory. For example Russel 1° 

found that the local resonance model did not give the correct 

predictions when compared with experimental results obtained from impact 

damaged specimens. Also both Russell’s and Lin’s”’? computer programs 

were found to predict inaccurately higher plate natural frequencies, and 

no comparison with free vibration experimental results of composite 

plates were given to examine the validity of the analytical prediction. 

The local resonance model, i.e. that local areas of damage vibrate 

independently of the rest of the structure, was assumed and not 

analytically justified. Moreover, their proposed models, were able to 

treat only those delaminations that occured at an interphase, separating 

symmetric sub-plates above and below the delamination. Obviously, a 

delamination can occur virtually between any interphase. Finally they 

experimentally tested laminates over a frequency range between 10 and 25 

kHz, leaving unexplored what happens in the 0-10 kHz frequency region. 

In the present work a mechanism affecting the dynamic behavior of 

cracked composite plates has been developed and analytically justified, 

using the concepts of numerical analysis. The finite element method 

applied was based on the principles of the three dimensional theory of 
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linear anisotropic elasticity. Damaged material dynamic behavior was 

modeled, and vibrothermographic experiments were performed over a wide 

frequency range. Material dissipative mechanisms were identified in 

order to explain the mechanical energy conversion into heat. Data from 

other complementary NDE methods, such as the SPATE technique (Stress 

Pattern Analysis by Thermal Emission) were also compiled to yield 

additional useful information. 

1.2 Objectives 

The objectives of this study were as follows : 

1. To simulate the dynamic behavior of anisotropic composite 

plates with delaminations over a broad frequency range. 

2. To construct an analytical model such that a delamination can 

occur at any interface. 

3. To prove the ’ local resonance model’. 

4. To apply Vibrothermography and SPATE over a wide frequency 

range to detect and evaluate damage in composite plates. 

5. To identify heat generation mechanisms responsible for 

vibrothermal structural and damage heat patterns. 

6. To advance Vibrothermography and SPATE for nondestructive 

evaluation of advanced composite materials and structures. 
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2. EXPERIMENTAL OBSERVATIONS 

2.1 Experimental Setup 

Figures 1,2 show the equipment used to perform the 

vibrothermographic testing. An electromagnetic’ piezoelectric shaker 

(Wilcoxon Research F4/F7) together with a power amplifier (Model PA7C ) 

and a matching network (Model N7C) were used to excite the composite 

specimens over a wide range of frequencies, typically between 0-20 kHz. 

The emitted infrared thermal signal was detected by an infrared 

thermographic camera (AGA Thermographic 680, 780 models}, and the image 

was displayed on a monitor with a variable temperature scale. The 

working principle of the infrared camera is thermal imaging, i.e. 

investigating the environment as it appears in the infrared and 

producing pictures from the invisible thermal radiation constantly being 

emitted, absorbed and re-emitted by all matter. The infrared spectrum 

covers wavelengths greater than 0.75 um in the electromagnetic spectrum, 

extending to the range of microwaves. 
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Figure 1. Vibrothermographic experimental setup. Also shown is the 

SPATE unit system used for thermoelastic analysis. 
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Figure 2. Equipment used for testing. (a) Vibration shaker and 

thermographic camera; (b) Frequency generator, power 

amplifiers and display monitors. 
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2.2 Vibrothermographic Experimental Observations 

Using the setup described in section 2.1, different undamaged and 

damaged composite plates were tested. The first specimen tested was a 

(0/90/90/0) | 12 by 12 inches (304.8x304.8 mm) graphite’ epoxy plate. 

Figure 3a displays the infrared signal of the undamaged laminate 

oscillating at 20 kHz, with the shaker head attached to the piate’s 

center. At this particular frequency, a global increase in temperature 

(approximately 0.5 C) was observed, and many local hot spots were 

formed, possibly following regions of high strains and stresses. 

Next, a 6 by 6 inches (152.4x152.4 mm) (0790) | plate with three 

simulated delaminations was forced to vibrate over a wide frequency 

range. Again heat contours appeared after 10 kHz. At some particular 

frequencies heat generation seemed to be affected by global resonance 

patterns (Figure 3b), being especially intense around the delaminated 

regions and roughly following their shape. At some other frequencies 

heat appeared to be localized around the damaged areas with limited 

global contribution (Figure 4a). Also the thermal image around the 

imperfection areas was found to change shape (shifted) with frequency 

change (Figure Ab). 

By carefully examining the thermal images in Figures 3,4, the 

following questions arise : 

1) Why do heat patterns appear only after approximately 10 kHz? 
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2) What is the mechanism responsible for heat generation? 

3) Is surface friction present at the internal delaminations? 

4) What is the structural resonance contribution to the overall 

thermal response? 

5) Is a local phenomenon taking place at the damaged regions that 

is strongly frequency dependent and also influences heat generation? 

6) How do the stress concentrations at the flaw areas affect the 

thermal patterns? 

7) What is the boundary condition of the cracked areas? 

It is the purpose of this study to focus, investigate and explain 

some of the above experimentally observed phenomena, so that the method 

can be further advanced and applied to nondestructively evaluate 

advanced composite materials and structures. 
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Figure 3. (a) Heat contours of a damage-free graphite epoxy plate at 20 

kHz; (b) Contours of a damaged plate with the three 

simulated delaminations revealed. 
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Figure 4. (a) Thermal contours localized at the defect areas at 13 kHz; 

(b) Heat pattern changes with frequency (15 kHz). 
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3. 3D DYNAMIC FINITE ELEMENT ANALYSIS 

3.1 The Delaminated Composite Plate model 

In this chapter, a finite element scheme based on the 

three-dimensional theory of linear elasticity, for determining 

approximations to the natural frequencies and modes of delaminated, 

anisotropic composite plates is developed. The composite piate is 

modeled using the full equations of 3D anisotropic elasticity and the 

delamination is assumed to be infinitely thin. The small size of the 

flaw introduces the challenging computational problem of accurately 

determining high (in the kilohertz range) natural frequencies and the 

corresponding modes. 

The undamaged composite plate occupies the region 

P= { O<x<A, O< y<B, O<z2<2Z } 

in three dimensional space, where A,B, and Z denote the plate length, 

width, and thickness, respectively. The plate is composed of N layers 

Zz <2z2<¢<2,n=1,...,N, with 
n-1 n 

z= O and Z. = Z. The delamination , which occurs between two of the 

layers at, Say, z= Z, for some d between 1 and 

N - 1, is assumed to occur over the region 

D= { 0 < a, <x < a, <A, O< b, <y< b, <B, z= 24}: 
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Thus, Ca, - a) and (b, - b) are the flaw dimensions and the 

damaged plate is described by the slit domain Q = P \ D, i.e., the 

domain P with the slit D. The boundary of Q consists of six faces of P 

and the upper and lower surfaces of the slit D. 

The equations of three-dimensional elastodynamics valid within the 

n-th lamina are given by 

of + bins p™ a” for i=1,2,3 and n=1,...,N (2.1) 

where, for the n-th layer, o'™ = o ™ 
i o. denotes the entries oz the 

(n) 
symmetric Cauchy stress tensor, bd the components of the system body 

{n) 
forces, p the mass density, and yi”? ' the components of the 

displacement vector. 

Invoking the standard assumptions of linear elasticity, we have the 

material constitutive law 

(n) _ .(n)} (n) 
o = € (2.2) 

ij ijkl kl 

with respect to the material coordinate axis system xyz. With respect 

to a global plate axis system XYZ, equation (2.2) becomes 

o™ = ¢™ 2 in) 
(2.3) 

ij ijkl kl 

Introducing a reduced notation for ijkl 

11 51, 22 > 2, 33 > 3, 23 > 4, 13 » 5, 12 > 6, the matrix C is given 

for every (orthotropic) layer n by 
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C Cc Cc Oo o ¢ 
11 12 13 16 

Cc l- Con sg «(8 0 C6 

33 0 0 C36 

Symmetric Cus Cas 0 

55 0 

Cc 
L 66   

The expressions for the elements of the C matrix are 

GC -=m'c + 2mn*(C + 2C ) + n’c 
11 11 12 66 22 

C = n*m7(C +C —-Ac )+(n4+m*)c 
12 11 22 66 12 

C =m*C + nc 
13 13 23 

C =m [ m(C -C -2C_)+n*(C - C_-2C_)]) 
16 11 12 66 12 22° 66 

C =n‘c + 2m*n7(C +2C ) + mC 
22 11 12 66 22 

Cc = n7C + m°C 
23 13 23 

~ 2 2 
Co = mn [ n (C, C5 2c +m (C, C,. 2c] 

CH = 33’ Co. = mn(C, -C,,) 

€ =m’c +n*c C =mn(C -C ) 
rv 44 55, 45 55 44 
= 2 2 
C =nC +mC 

55 a4 55, 

C = mn*(C - 2C +C_)+ C_(m*-n7)? 
66 11 12 22 66 
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where m, n are the direction cosines of the fiber angle @ with respect 

to global plate coordinate X and each layer is taken to be orthotropic. 

The elements of the stiffness matrix , C, , for an orthotropic material 

in terms of the engineering constants is obtained by inversion of the 

compliance matrix, ar 

      

    

    

  

  

  

    

2 

Cc hs S32°337 S25 Cc Si3°237 Si 2°33 
11 Ss - 12 iS 

Ss -s* Ss -s 5s 
Cc = 33°11 13 Cc =e 12 23 13°22 

22 S 13 Ss 

S s -s? SS -s Ss 
C = 11 22 12 Cc = 12°13 23 11 (2.6) 

33 Ss 23 Ss . 

1 1 1 
C = C = C = 

44 Sua 55 Se. 66 S66 

2 2 2 
where S=S S$ S -S SS - -S §S° +2S § § 

11 22 33 11 23 22 12 33 12 12 23 13 

- - . i2 = . 413 
and SH ~ "E S12 E S43 E 

1 1 1 

_. vi2 _ 1 - . _¥23 
So ~ TE S22 E S53 E 

1 2 2 

v13 v23 1 
Ss =— S =- Ss = 
31 E. 32 E, 33 E, 

1 1 1 = Ss = —_— S = 
4A G. 55 G5 66 Gio 
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m rr
 

mm
 tt Young’s moduli in 1,2, and 3 directions 

S H Poisson’s ratio for transverse strain in the j- 

direction when stressed in the i-direction, 

that is, vo = - JI 
j E, 

G,G ,G = shear moduli in the 2-3, 1-3 and 1-2 planes 
23 13 12 

Also the Maxwell - Betti reciprocal relation holds i.e., 

  

v v 
tj ji 

——— = i,j = 1,2,3 
E E 

i j 

We also recall the strain - displacement relations of linear 

elasticity 

(n) (n) (n) _ 
=> We + Us ] for k,l = 1,2,3 (2.7) 

Within each layer the material is assumed to be homogeneous so that 

for each value of n, the elements of the elasticity tensor c™ are 

constant. Of course, (2.3) and (2.7) may be combined to yield, taking 

into account the symmetries of the elasticity tensor, 

(n) ={n) (n) 
oF = Cs sel Wea (2.8) 

If we assume that the body forces vanish, the substitution of (2.8) 

into (2.1) yields 

=(n) (n) (C )= (n) + n) 
u =p u for i= 1,2,3 and n = 1,...,N, (2.9) 

tjkl k,l’ ,j 1 
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We will focus on the natural frequencies and modes of the plate, so 

that we examine the equations 

-(n) -(c™ u™) - (2nw)? p™ i, 
for i = 1,2,3, n= 1,..,N, (2.10) 

ijkl k,l ,j 

where w denotes the frequency. Of course (2.10) may be derived from 

(2.9) by using an appropriate transform, or through the assumption that 

the displacement is proportional to e2mv-1ut 

On different segments of the boundary IT of Q, one may impose the 

displacement u, or the traction t = o-n, or some compatible combination 

of these. The boundary condition along any clamped side of the plate is 

that the displacement vanishes. On the other hand, along any side that 

is free, the tractions, or stresses, vanish. Thus for example, for a 

cantilever plate clamped at x = 0, the appropriate boundary conditions 

for the components of the displacement vector are 

(n) 
u, = 0 for i = 1,2,3, n=1,...,N, and x = 0, O<y <B, 

Zz <2<2), (2.11) 

of? anim) uo n=0 for 1, J= 1,2,3, and 

ij ijkl k,1 n =1,...,N 

x= A, O<y<B, z : <€z<2 (2.12) 
O<x<A, y=0, z” <z2<2" 

O<x <A, y=B, 2 <2z2<2" 
O<x<A, O<y<B, ™* z=0 ® 
O<x<A, O<y<B, z=Z 
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Along the delamination, we assume that the tractions vanish, so 

that 

_ , (2.13) 
(n) ee™ 1) 26 for { 
c. 

ij ijkl k,1 yo
 I It 

Gr
e 

Except at the delamination, it is assumed that the displacement is 

continuous along the interfaces between layers, i.e., 

(2.14) 
1,2,3, (n) (n+1) { i 

u = u for 

1,...,N-1 
i i+ 

n 

except for 

O<x<A, O<y<B, 2z=2z 

and. 2 

b<y<b, ~ “g 
1 2 

a<x<a 
1 2, 

Thus the natural frequencies and modes of the delaminated, 

composite, cantilever plate are to be determined as solutions of the 

mathematical model (2.10)-(2.14). 

3.2 A Weak Formulation 

In order to define finite element approximations to the solution of 

the eigenvalue problem (2.10)-(2.14), we need to recast that problem 

into a weak form. To this end, the following spaces are introduced 

H(Q) = { @ e L712) | @, E LQ) for i = 1,2,3 }, 

L7(Q) = [17(Q)1°= { v=(v,,v,.v,) | vel°(Q) for i=1,2,3}, 

H(2) = (#°(2))°= { v=(v,.v,,v,) | v,eH°(Q) for 1=1,2,3}, 

W(Q) = { v e H’(Q) { v = 0 on the clamped end x = 0 }, 
Cc 
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The space H’(Q) will be used in defining a weak formulation for the 

cantilever problem. 

Associated with the above spaces are the following norms and 

seminorms: 

5 1 2 ; 
het=( [ #2 | for ¢ € L7(Q), 

Q 

3 3 "7/2 2 

| v ll, = | L | vile for v € L’(Q), 

2 3 2 /2 1 

ll, = ( be +) bei] tore ewe, 
i=1 

3 > 1/2 \ 

Iv, (). Iv I? for v € H(Q), 

3 3 2 : 

bet= (2 bet | for @ € H (Q), 

and 

3 /2 

Ive (hy for v e H'(Q), 
i=1 

Note that on H(Q), the seminorm | -{, defines a norm equivalent to 

HI,» i.e., there exist positive constants C, and C, such that 

| 1 
C,|vl, < lIvil, < Cilvl, for allve H_(Q) 

A Galerkin weak formulation is obtained by defining the bilinear 

forms 

v dQ for all u, ve H'(Q) aC u, v ) =| Cs sea bs 
Q 
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b( u,v) =o¢ uv dn for all u, v € L7(Q) 

It is well known’ that these bilinear forms are symmetric, continuous, 

and coercive, i.e. symmetry >» 

a(u,v) = a(v,u) for all u,v e H’(9) 

b(u,v) = b(v,u) for all u,v e L*(Q); 

continuity =» there exist positive constants a and B such that 

a(u,v) s R lui liv, for all uve H’ (2) 

A 

2 
and b(u,v) Biull iv, for all u,v € L(Q) 

coercivity = there exists a positive constant a, such that 

a(u,u) = a lull? for all u e H'(Q) 
2iy 

and b(u,u) 2 ellulle for all u € L7(Q) 

The weak formulation of the problem (2.10)-(2.14) for the 

cantilever plate is then given as follows: We seek A = (2nw)* e€ R and u 

= (u., u, u_.) € H(Q) such that 
i 2 3 c 

a(u,v) =A blu,v) for all ve H(Q). (2.15) 

Integrating (2.15) by parts shows that sufficiently smooth 

solutions of (2.15) satisfy the partial differential equations (2.10), 

and that the boundary conditions (2.12) along the free ends of the plate 

and (2.13) along the delamination are natural for this weak formulation, 

i.e., are automatically satisfied by any u that satisfies (2.15). The 

boundary conditions (2.11) along the clamped end of the plate, as well 

as the continuity conditions (2.14) along non~-damaged interfaces between 

layers, are essential conditions, i.e., they are imposed on the test 

functions v and trial functions u. 

Note that due to symmetry of the forms a(.,.) and b{.,.), the 
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eigenvalues A are real, and the associated eigenfunctions {u } may be 
m 

chosen to be real-valued and to form an orthonormal set. Moreover, as a 

result of the coercivity of these forms, the eigenvalues A are positive. 

3.3 The Finite Element Scheme 

Next a finite element approximation scheme for the solution of the 

eigen-problem (2.15) is defined. Let Te denote a subdivision of Q into 

boxes. The associated requirement is that interlayer boundaries do not 

cut through the interior of any of the boxes that make-up. the 

subdivision re 

A finite element space Ss" is defined as follows: v’ e S” if 

(i) v"lo » i.e., v restricted to an element Qe € re is such that 

k 

each of its components ve ij = 1,2,3, is a trilinear polynomial whose 

value in Qe is determined by its value at the eight vertices of Q and 

(ii) along the delamination region, no continuity of v" across the 

delamination is enforced. 

One may easily conclude that spc H’(Q). A practical method for 

satisfying (ii) is to define a double layer of nodes along the 

delamination, one associated with the elements below the delamination, 

and one with those above. (Figure 5). These nodes occupy the same 

geometric position in space, but could vibrate independently. At an 

undamaged point on the interface, the continuity of the displacement 

vector is imposed, i.e., 
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(+) (-) 
u 

where the superscripts + and - refer to interface nodes belonging to the 

upper and lower layers, respectively. Thus, at an undamaged interface 

point, the two layers meeting at an interface are not allowed to vibrate 

independently. 

At an interface point corresponding to a delamination, two nodes 

corresponding to the same geometric point but to different layers in the 

structure are allowed to vibrate independently. In this case, the 

Galerkin formulation (2.15) implies that stresses vanish at the 

delamination. Since the nodes corresponding to the upper and lower 

layers occupy the same point in space, it is effectively assumed that 

the crack is infinitely thin. 

The following subspace is also defined 

s° ={wes | v" = 0 at the clamped end x = 0 } = SH (W)cH! (2) 

For the cantilever plate, the approximate problem is given as 

follows: seek A" e R and u’ e s° such that 

a(u",v") = > b(u",v") for all v es. (2.16) 

Again the coercivity, continuity, and symmetry properties of the 

bilinear forms imply that the eigenvalues x are real and positive, and 

that the corresponding eigenvectors ue are real and can be composed into 

an orthonormal set. 
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Figure 5. Interlayer crack model. 

3. 3D DYNAMIC FINITE ELEMENT ANALYSIS 24



In the usual manner, i.e., by choosing a basis for s’, (2.16) can 

be shown to be equivalent to an algebraic eigenvalue problem. The size 

of this problem is determined as follows. At each node of Th we have 

three displacement components. At the clamped end, we set these 

displacement components to zero, while at the delamination, two values 

for each component are allowed. 

Whenever the plate is thin (in the z-direction), the aspect ratio 

of the boxes used in any practical computations will be rather large, 

i.e., the height of the boxes (in the z direction) are in general much 

smaller than the length and depth (in the x and y directions). (In the 

present calculations, the aspect ratio was as large as 120). This gives 

rise to the well known phenomenon of shear-locking within’ the 

computations. A common remedy for this problem is to use reduced 

integration techniques”’° wherein low-order quadrature rules are used to 

evaluate the integrals involving, in our case, out-of-plane shears. 

Thus, a one-point {centroid} rule is used to evaluate the integrals of 

terms in (2.16) with (i,j) = (1,3), (2,3), (3,1) or (3,2). The effect 

of the reduced integration is to make the plate less stiff. All other 

terms are integrated using an eight-point Gauss rule within each 

element. 

The accuracy of the numerical approximation is limited by at least 

two factors. First, the use of reduced integration techniques to 

alleviate the shear-locking problem introduces errors in the 

computation; here we have the classic trade-off of enhancing stability 

at the expense of accuracy. Secondly, more serious is the fact that the 
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regularity of the solutions of (2.16) is severely limited because the 

domain 2 contains a slit, i.e. the delamination region, and the material 

properties are piecewise constant, and therefore discontinuous, in Q. 

This lack of regularity severely limits the attainable accuracy of 

finite element approximations, and is one of the reasons for the use of 

Simple piecewise trilinear test and trial functions. Using higher 

degree polynomials will not necessarily yield better accuracy. 

The assembly of the element stiffness and mass matrices yields the 

algebraic eigenvalue problem 

KU =o MU. (2.17) 

The components of U are the approximate values of the nodal 

displacements. The algebraic eigenvalue problem (2.17) is solved using 

the subspace iteration method of reference 7, with the stiffness and mass 

matrices stored in compacted form using the skyline’ technique. 

3. 3D DYNAMIC FINITE ELEMENT ANALYSIS 26



3.4 Computational Experiments at Low Frequencies 

The numerical scheme developed is used to study the dynamic 

behavior of delaminated composite plates over a wide frequency range. 

All the computations were performed on an IBM mainframe computer with 

250 Mb available memory. We will examine first the response of 

undamaged cantilever composite plates at lower frequencies, for which 

the experimental determination of the natural frequencies and mode 

shapes has been reported®. In that work the panels were constructed 

from a 5245C/G40-600 graphite Prepreg System made by BASF Structural 

Materials, Inc. The material properties, which are also used in this 

computational model are given in Table i (6 denotes the ply thickness). 

The comparison of the first experimental and analytical natural 

frequency for five different configurations for length to width ratio of 

2.5 is given in Table 2. Table 3 presents the comparison of higher 

experimental and numerical natural frequencies for three eight-ply 

laminates with the same aspect ratio as Table 2 . The frequencies are 

normalized with respect to the first one. 

Considering the fact that the material properties are only known 

approximately, and taking into account other factors’ such as the 

uncertainty of the experimental modeling of boundary conditions, the 

agreement is found to be very good. 
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Table 1. Material properties used in the present study. 

  

  

  

  

  

E1 E2 E3 Gi2 G13 

127.5 GPa 7.3 GPa 7.3 Gpa 4.2 GPa 4.2 GPa 

G23 Mi2 "43 Y 33 p 35 

4.7 GPa 0.33 0.33 0.40 0.00166 0.15367 

kg 3 
/com mm 
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Table 2. Comparison of the experimental and analytical first natural 

frequency for five cantilever composite laminates. 

  

  

Experimental Finite element 

Layups (L/W=2.5) first frequency (Hz) analysis (Hz) 

(0/90/0/90)s 25.129 28.952 

(0/45/0/-45)s 29.851 29.784 

(0/30/0/-30)s 34.909 31.149 

(0/60/0/-60)s 30.321 29.134 

(90/-45/90/45)s 11.224 10.856 

Table 3. Comparison of six natural frequencies for three plates. 

Frequencies are normalized with respect to the first one. 

  

(0/45/0/-45)s (90/-45/90/45)s (0/30/0/-30)s 

  

EXP FEM EXP FEM EXP FEM 

MODE 1 1 1 1 1 1 1 

MODE 2 3.13 2.94 6.11 6.03 2.92 2.83 

MODE 3 6.38 6.26 8.68 8.34 6.24 6.29 

MODE 4 10.49 10.00 17.02 17.26 9.74 9.62 

MODE 5 17.35 16.94 26.18 25.95 13.63 13.47 

MODE 6 19.05 18.62 32.83 34.29 17.69 18.09 
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Next we proceed to study the vibration behavior of a delaminated 

composite plate at low frequencies. First a flaw was embedded at a 

midplane of a (0/90/90/0) 8 x 4 in (203.2x101.6 mm) composite plate, 

i.e., between two layers with the same fiber orientation. The size of 

the flaw is then varied and the effect on the natural frequencies is 

monitored. Table 4 presents these results; and for a better visual 

comparison, they are also given in Figure 6a. The first column of Table 

4 shows the corresponding natural frequencies of the undamaged panel. 

It is clear from the data that for large flaw sizes, even when the 

delamination is half the plate size, the effect on the first five 

natural frequencies is not significant. A drop in the natural 

frequencies was observed at the higher modes, with the magnitude of the 

drop increasing with increases in the flaw size. It is also noticeable 

that the plate barely "feels" the impact of small cracks. 

Next, the delamination was placed between two layers with different 

fiber orientation, namely at the second interface of a(90/45/-45) | 

laminate. Table 5 and Figure 6b display the corresponding dynamic 

behavior for different flaw sizes. The results are similar to the ones 

obtained for the previous configuration. Now the first four natural 

frequencies were not seriously affected, even for large flaw sizes. 

Thus, the same dynamic behavior was observed when two layers having the 

same or different fiber orientations are partially delaminated. For 

more computational experiments see reference 9. 
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The computational results obtained before indicate that the lowest 

natural frequencies of a composite plate are little affected by 

delaminations. The vibrational modes corresponding to these frequencies 

are such that the upper and lower surfaces of the delamination vibrate 

in concert, i.e. in phase. At higher frequencies these surfaces tend to 

vibrate out of phase, and effects due to the delamination become 

noticeable. No local flaw behavior is observed at the lower natural 

frequencies. 

3.5 Higher Frequencies and Local Resonance 

Next the (0/90/90/0) graphite epoxy plate is allowed to vibrate at 

higher frequencies. For this case a new mesh is defined. Figure 7 

shows a finite element discretization of the above plate consisting of a 

mesh of 1936 trilinear brick elements. Computations were made, for a 

cantilever plate, with a flaw size of 1.09 x 1.09 inches (27.6 x 27.6 

mm), inserted either between the first two layers or at the middle 

plane. To check for any local behavior and for the effect of boundary 

conditions, the delamination was separately set at different locations, 

as indicated in Figure 7. Also, the flaw size was increased and the 

effect on any local behavior was monitored. 

For the case of a flaw of dimension 1.09 x 1.09 inches, the above 

discretization resulted in a total of 3174 nodes and 7260 degrees of 

freedom. Relative convergence of many modes was achieved, this being 

necessary due to the small flaw size. The solution of one hundred 

eigenvalues and corresponding eigenvectors was obtained in less than 7.5 
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Table 4. 

3. 

a (0/90/90/0) composite plate. 

midplane. 

The crack is inserted at the 

  

M
O
D
E
 UNDAMAGED..73x.73 in 1x0.73. 1X1 1.45x1.452.18x2.18 4x2.37 

Hz 
  

ol
i,

 

  

204 204 204 204 204 202 197 

beeen eter tee ence eee eee eee ee be Eee ee RE OEE RESET EMER ERT EM SOHO REE DEM wR EERE OEE REEF ORO OE EEE STEERER E EEE Me ene nen E ee ESCHER EE EO MORES EER eE eS he te eee 

3976 397.3 397.2 3955 3937 3844 3763 
Denar e ee nee a ere n dt than asses en ep asec ewetee eter en ansneneeE Yoneeenerneeresnncasepecseewenroasens Loreen e cere scanner eet re dees serene crate near terete ten nemeuscasesarenca 

543.1 542.3 5418 539.7 5332 512.7 4221 
eee te ee ERE NORE E DEST ERG DRA OEE ORTH DEG OEE ER EEE GEER ORE EEDA HOTA TEETER ETE E REDE ERE ADEE OER EL EEE EE SOE THEE REE e HEE EERE Rete TOES REESE HHO EEE ESE eee ene 

7285 (727.7 725.7 7219 692.0 6020 4368       
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Table 5. 

3. 

a (90/45/-45) | composite plate. 

The effect of delamination size on the natural frequencies of 

The crack is inserted at 

  

  

the second interface. 

UNDAMAGED : 0.723x0.73in 1x1 : 1.45x1.45 2182.18 4x2.37 

(18 4x1 & Smm) : (25. 4x25. 4) (96. 8x36. 8) 2 (55. 3x55. 3) : (101x60) 

MODE NO 1 10.74 10.74 10.74 10.74 10.74 10.72 

2 60.58 60.58 60.58 60.57 60.50 60.32 

3 74.60 74.60 74.59 74.57 74.50 74.02 | 

4 176.42 176.41 176.36 176.26 17571 174.69 | 

5 228.11 228.00 227.79 226.72 219.93 211.01 

6 339.18 339.15 339.01 338.56 335.63 329.06 

7 429.74 429.47 427.95 425.60 419.77 373.86 

8 549.68 549.50 549.25 548.20 538.27 489.89 

9 693.09 692.31 691.29 684.00 640.54 512.87 

10 766.70 766.24 764.44 785.00 664.62 575.74 

11 809.63 809.19 807.35 809.39 781.79 654.21 

12 846.97 846.69 844.89 867.00 845.82 726.95         
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MODE 1 MODE 3 MODE 5 MODE 7 MODE 9 MODE 11 
MODE 2 MODE 4 MODE 6 MODE 8 MODE 10 MODE 12 

Figure 6. (a) Natural frequencies of a (0/90) | plate with different 

size flaws at the midplane; (b) Natural frequencies of a (90/45/-45) 
5 

plate with different size flaws at the 45/-45 interface. 
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Figure /7. Finite element discretization of an 8x4x0.0242 in 

(0/90/90/0) delaminated plate with a damage of size 1.09x1.09 

in. Four different flaw locations are indicated. 
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minutes of CPU. This attests to the speed and effectiveness of the 

subspace iteration solver. As a result , the structural and local 

dynamic behavior could be studied over a broad range of frequencies to 

nearly 20 kilohertz. 

The discrete eigenvectors are normalized by the root mean square of 

their nodal values, i.e., so that their 1? norm is unity. This 

facilitated, for any particular mode, the estimation of the energy 

concentrated at the delamination nodes as a percentage of the total 

energy of the whole structure. 

Figure 8 displays (as a function of the frequency w), the nodal 

values of the normalized eigenvectors at nodes near the middle of the 

delamination region. For this figure, the flaw is inserted between the 

two layers at position 1. (see Figure 7). The cantilever plate is 

clamped at the left end, and is free at the other boundaries. This plot 

indicates that at certain particular frequencies, a large portion of the 

energy of the structure is being concentrated at the delamination. At 

these frequencies, the local subplates in the vicinity of the flaw are 

excited and vibrate out of phase with the rest of the structure. The 

surface displacement is plotted in Figure 9. It is clear from the 

figure ( the peak in Figure 9 is at the delamination) that a local 

vibration is taking place at the delamination; it appears that the upper 

subplate (above the delamination) resonates in its third mode. 

For Figure 10, the delamination is inserted at the mid-plane of the 

(0/90/90/0) laminate, i.e., between the second and third layer, and at 

position 1. Now two identical subplates are created above and below the 

delamination, each being an unsymmetric (0/90) plate. Due to symmetry 
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considerations, we now expect that if a local excitation takes place, 

then the two subplates will become excited at the same frequencies. 

This is indeed the case, as can be seen in Figure 10, where the opposite 

motions of the damaged areas at 3 kHz are evident. 

Finally, for Figure 11. the flaw dimensions were increased to 2.1 x 

1.8 in (53.3 x 45.7 mm). This flaw is placed between the first two 

layers of a cantilever plate. The first local natural frequency is now 

approximately 400 Hz. This reduction is to be expected since now the 

flaw area, and thus the size of the independently vibrating subplates, 

is more than tripled. For more computational trials for flaw positions 

2,3,4 (Figure 7) see reference 10. 

The computational results reported above all indicate that at 

certain mechanical excitation frequencies, delaminations exhibit 

independent dynamic plate behavior and vibrate out of phase with the 

rest of the structure. This is what we call the local resonance model. 

The independence of the vibrations of the subplates above or below the 

flaw is not affected by the location of the flaw. However, the detailed 

structure of those vibrations is affected by flaw location, e.g., the 

natural frequency distribution depends on the proximity of the flaw to 

the boundaries of the structure. Also the larger the flaw size, i.e., 

the larger the subplate dimensions, the lower the excitation 

frequencies, as would be expected from independently vibrating 

subplates. | 

The computational results suggest that the surface above or below 

the delamination will actually "pop out" when an input forcing frequency 

coincides with one of the natural frequencies of the local subplates. 
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Recall from Chapter 2 that experimentally it was found that strong heat 

generation will follow from the above phenomenon. Furthermore, the 

computational results indicate that the values of the resonating forcing 

frequencies can yield quantitative information, e.g., as to the flaw 

size and depth. 

3.6 Computation of Stresses. 

The six components of the stress tensor can be easily estimated 

after the displacement components have been determined. The program 

first computes the strains at the element center, as a function of the 

displacement vector at the element nodes. The strain matrix is then 

multiplied by the stiffness matrix for the individual element to yield 

the stress matrix. Thus the stresses depend only on the element nodal 

displacements. 

Figures 12,13,14 display individual stress contours occurring in 

the middle of the top layer of the (0/90/90/0) cantilever composite 

plate discussed previously. They are plotted when a flaw of size 2x1 in 

(50x25.4 mm) resonates independently of the rest of the structure. It 

can be seen from the contour plots that high normal’ stress 

concentrations exist at the flawed region. No shearing stress 

concentrations are observed. This was expected since for thin plates, a 

plane stress situation prevails. It is expected that shearing stress 

contribution will be significant for thicker plates . 
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Figure 8. Displacement across delamination nodes (normalized by the 

root mean square of the displacements at all the nodes) versus natural 

frequency. The flaw is at location 1 (Figure 7) at interface 1. 
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Top surface of the natural mode corresponding to 5.6 kHz for Figure 9. 

a cantilever plate with the flaw positioned as for Figure 8. 
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Figure 10. Displacement across delamination nodes (normalized by the 

3. 

root mean square of the displacements at all the nodes) 

versus frequency. The flaw is inserted at location 1 

(Figure 7) at the middle interface. 
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Figure 11. Normalized displacement across delamination nodes versus 

frequency. The flaw is of larger size and positioned at 

location 1 at interface i1. 
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Figure 12. (a) Normal stress contours ( a ) at local resonance; 

(b) Normal stress contours (a). 
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Figure 13. (a) Normal stress contours ( o ) at local resonance. 

(b) Shear stress contours i - 
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Figure 14. (a) Shear stress contours iz) at local 

(b) Shear stress contours ce 
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3.7 The Local Boundary Condition 

An attempt was made to find if the local subplates resonate 

according to a perfect model with the appropriate boundary condition. 

Different computations were carried out, where the little plates were 

modeled either as simply supported or fully clamped. It was found that 

the local dynamic behavior was closer to the clamped model, but did not 

match exactly the behavior of a fully clamped plate. This was expected 

since the fiber orientation around the flawed areas will determine how 

stiff the actual boundary is. It was thus concluded that in general, 

the local delamination boundary was geometry dependent and closer to a 

clamped condition. 

3.8 Limitations of the Finite Element Analysis 

The finite element analysis presented did not take into account the 

contact between the delamination surfaces, which is expected to affect 

the motion and the natural frequencies of the subplates above or below 

the delamination. The model allowed the interference and self 

penetration of the delamination surfaces. 
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4. INTERPRETATION OF EXPERIMENTAL RESULTS 

4.1 Vibrothermographic Testing of Undamaged Specimens 

In Chapter 2, the frequency dependent heat generation was observed. 

It was also found to be particularly intense around the defect regions. 

In Chapter 3 the local resonance phenomenon was analytically juscified. 

In order to determine the frequency that thermal patterns first appear, 

different undamaged composite specimens were forced to vibrate from O to 

nearly 20 kHz. Thus, the best frequency range for vibrothermographic 

evaluation can be defined. This chapter will also focus on the 

mechanisms responsible for the observed thermal behavior. 

Damage-free specimens made from three different matrix and fiber 

materials were tested. The first one was a (90/0/90) 11 by O.5 in 

(279.4x12.7 mm) graphite-epoxy beam. The second was a 6 ply 

unidirectional 1002 Scotchply E-glass epoxy 8 by 3 in (203.2x76.2 mm) 

panel. The third one was a Nicalon/Cas (SiC) ceramic (0/90/0/90) | beam 

of dimensions 2.9x0.21x0.1 in (7.36x0.53x0.25 mm) composed of 

Glass-Ceramic matrix and Silicon Carbide Fibers. 

For all three specimens it was found that heat contours appeared 

only after the mechanical excitation exceeded 10 kHz. The material was 

thermally inactive below that frequency. Figure 15 shows thermal 

4. INTERPRETATION OF EXPERIMENTAL RESULTS 47



patterns in the undamaged (90/0/90) graphite-epoxy beam at 13 kHz. 

Figure 16 presents heat generated in the glass~-epoxy plate at 14 kHz. 

Figure 17 displays a slight increase in temperature inside the ceramic 

beam at 14 kHz. Note that for both the graphite-epoxy and the 

glass-epoxy panels, thermal contours appeared rather fast and steady 

state situation was rapidly developed. The ceramic beam was forced to 

vibrate for approximately ten minutes before the thermographic camera — 

was able to detect any heat. It appears that for the ceramic beam, a 

different mechanism is responsible for heat generation, or else the 

mechanism occurs at a different frequency range for the ceramic beam. 

4.2 Vibrothermographic Testing of a Damaged Specimen 

Delamination in real composite panels can be simulated by folding 

mylar, teflon or halar tapes and sealing them with plain scotch tape’. 

Two delaminations were embedded in the two interphases of the (90/0/90) 

graphite-epoxy beam that was tested in an undamaged form in Chapter 4.1. 

The bigger flaw size was approximately 0.4x0.3 in (10.1x7.62 mm). The 

smaller was 0.3x0.3 in (7.62x7.62 mm). Figure 18 shows the finite 

element discretization (containing only one flaw) of this cracked 

anisotropic domain using trilinear brick elements. The dynamic behavior 

of the beam was studied over the frequency range from 0 to nearly 35 

kHz. The displacement at the center delamination nodes divided by the 

root mean square of the displacement at all other nodes, is plotted in 

Figure 19. It is evident from the plot that at 13.5 and 14.5 kHz a 
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Figure 15. Thermal patterns on a (90/0/90) undamaged graphite-epoxy beam 

at 13 kHz. 
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Figure 16. Thermal patterns on a unidirectional undamaged glass-epoxy 

panel at 14 kHz. 
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Figure 17. Heat generation in a (0/90/0790) | undamaged Nicalon/Cas 

ceramic beam at 14 kHz. 
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large part of the energy absorbed by the composite beam in this mode, is 

concentrated at the flaw. At these particular frequencies, some local, 

independent vibration is taking place. Figure 20 displays’ the 

vibrothermographic signal of the damaged (90/0/90) beam specimen at 13.5 

kHz excited as a cantilever structure. As can be seen from the figure, 

heat generation is particularly intense at the flaw area. The 

delaminated region appears to the thermographic camera as a hot spot and 

is approximately located. A similar experimental result was obtained 

for exciting frequencies between 13.5 and 15.0 kHz. No heat was 

detected at any other frequency from 0 to 25 kHz. 

4.3  Thermoelastic (SPATE) NDE Evaluation. 

SPATE (thermoelastic emission) analysis stands for Stress Pattern 

Analysis by thermal emission or simply Thermographic Stress Analysis 

(TSA). It is a powerful relatively new, noncontacting stress analysis 

technique which is based on the thermoelastic effect, which relates 

dynamic changes in strains to the temperature changes they induce. 

These small temperature changes (typically at most a few tenths of a 

degree) are monitored with an infrared photodetector. A dynamic loading 

must be applied to the component. For adiabatic conditions, the 

thermoelastic equation describing the change in temperature resulting 

for a given change in stress for isotropic materials can be written as’? 
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Figure 18. Finite element discretization of the damaged (90/0/90) beam. 
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Figure 19. Displacement at delamination nodes (normalized by the root 

mean square of the displacements at all the other nodes) 

versus natural frequency. 
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Figure 20. Vibrothermographic signal of the damaged beam specimen at 

13.5 kilohertz. 
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AT = ——~— dl, (4.4) 

For a unidirectional composite under uniaxial loading in the fiber 

direction the thermoelastic equation becomes’ © 

  

T 1 OE, 
AT = - a - ——oe Ao (4.5) 

i Q 1 
pc 

where AT is the change of temperature, p the density, a the thermal 

conductivity, Ac the mean stress and C. the specific heat at constant 

temperature. 

The SPATE system detects the infrared flux emitted from points on 

an observable surface as a result of the minute temperature changes in a 

cyclically stressed structure or component. The Ometron SPATE 8000 

equipment consists of an infrared-sensitive camera coupled to a 

correlator and a computer. The sensitivity of the system can detect a 

temperature discrimination typically better than 0.001° K. The 

measurement is taken synchronized with peak to peak amplitude of the 

periodic change in the sum of the principal stresses at the measuring 

point. The points are scanned in a raster-like manner under adjustable 

computer control and can be identified simultaneously on the surface by 

means of a visual channel incorporating an eyepiece or a projected light 

spot with cross wires. Therefore, the image obtained on the screen, 
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which results from adiabatic temperature changes, is point-wise related 

to the stress field or strain field induced by cyclic loading. One 

limitation is that the TSA signal only provides information on the sum 

of the principle strains I. Both area and line scans can be 

accomplished by using the above method over a large structural area ina 

short period of time. The output of the SPATE is the thermoelastic 

emission from the material under cyclic loading. 

Figure 21 displays a typical thermoelastic experimental setup. The 

SPATE camera shown receives the thermoelastic signal of the vibrating 

composite specimens and displays it on a personal computer color 

monitor. The computer has special software to further manipulate the 

thermoelastic signal and store it for later imaging. 

Figure 22 presents a SPATE area scan of the damaged beam resonating 

at 283.55 Hz in one of it’s lower resonance modes. Stress intensities 

are represented by different colors, and areas of zero stress can be 

located. A normalized plot of the principle stresses along a beam line 

is displayed at the lower part of the plot. Note that there was no flaw 

detection at this exciting frequency and no irregular flaw behavior was 

observed. 
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Figure 21. Thermoelastic SPATE experimental setup. 
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Figure 22. A SPATE line scan along the damaged (90/0/90) beam specimen 

at 283.55 Hz. 
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Figure 23 presents a SPATE line scan at 13.5 kHz. The bottom part 

of the figure shows the infrared signal received from the undamaged 

(90/0/90) beam, while the top part displays the corresponding signal of 

the damaged one. The first scan indicates that near the flaw location, 

the SPATE camera detected a response which was out of phase with the 

rest of the beam, suggesting that either one of the local subplates 

is resonating independently of the rest of the structure ‘?”? 

Figure 24 shows the thermoelastic signal of the damaged beam at two 

different frequencies, namely 13.5 and 14.5 kHz. At 14.5 kHz (Figure 

24.a), the second simulated delamination is excited and again an out of 

phase signal was detected by the SPATE camera. The response also 

indicates that the second delamination is located approximately 4 inches 

to the right of the clamped end and is smaller in size than the one 

being closer to the right free end. This was indeed the case. Note 

that all of the above line scans were obtained in less than 5 seconds. 

The ’local resonance model’ suggests than even when the structural 

component is relatively thick, heat will be generated if the local 

subplates -formed as a result of delamination presence- resonate 

locally. However, heat may be conducted through the material, resulting 

in a weak thermographic signal. If this is the case, the SPATE 

technique can be of great importance. Vibrothermography and SPATE can 

be combined together to form a very powerful NDE package for composite 

materials and structures. 
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Figure 23. (a) SPATE signal of the delaminated (90/0/90) beam. 

(b) Infrared signal of the damage-free beam at 13.5 kHz; 
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Figure 24. (a) Infrared Signal at 14.5 kHz. The smaller flaw is now 

getting excited; (b) SPATE signal at 13.5 kHZ. Only the 

biger flaw is resonating locally. 
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4.4 Mechanisms for Energy Dissipation into Heat 

When an outside source of work is performed on a body deformation 

results. In an elastic body potential energy (strain energy) is 

created, which will be recovered upon unloading. In a viscoelastic 

material - such as a composite - part of this work may be lost in the 

sense that it is transformed into heat and therefore is not recoverable. 

Such energy is called dissipated’. 

Lazan’? discussed a number of mechanisms responsible for energy 

dissipation into heat in metals and polymers. He also presented 

experimental data reporting the variation of loss coefficient n (n is 

expressed as the imaginary over the real part of the modulus) with 

temperature and frequency. 

He categorized damping mechanisms as follows : 

A. Linear Damping Associated with Anelastic Mechanisms in Metals 

(1) Relaxation Peaks. 

(2) Point Defect Relaxations. 

(3) Grain Boundary Viscosity. 

(4) Macro-thermoelasticity. 

(5) Micro-thermoelasticity. 

(6) Eddy-current effects. 

(7) Other Linear Anelastic Mechanisms. 
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B. Linear Damping Associated with Dislocation Mechanisms in Metals 

(1) Vibrating String Dislocation Model. 

(2) Bordoni Peaks. 

Cc Damping in Polymers and Other Nonmetallic Materials 

(1) Mechanical Dispersion. 

Many composites have polymeric matrices possesing viscoelastic 

characteristics. Lazan proposed that several types of dispersion 

phenomena are observed in polymers including optical, dielectric, and 

mechanical. Mechanical dispersion effects are directly related to the 

strong frequency and temperature effects observed in polymers. As a 

result of mechanical dispersion the following features are observed over 

a wide range of frequencies and temperatures. 

(a) The elastic and complex modulus (for example, G.G) increase 

rather rapidly in a critical region as either the frequency is increased 

or the temperature is decreased. 

(b) The loss modulus and loss coefficient (for example G and n 

pass through a maximum in this critical region. 

At low frequencies (or at high temperature) a "rubbery" region is 

observed in which relaxation processes follow the slow change in stress 

(in phase) resulting in an equilibrium condition not conducive to energy 

dissipation. Thus, in the “rubbery” region, all moduli and damping 

values are relatively low. At intermediate frequencies and temperatures 

there is a "transition" region in which the loss modulus is largest. In 
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this region a variety of dispersion and mobility effects are observed. 

As a result of this spectrum of processes a broad resonance type curve 

not dissimilar to that observed in anelastic behavior is produced. Flow 

and diffusion processes are generally out of phase with the cyclic 

stress, and the resulting phase lag in the cyclic strain provides a 

mechanism for dissipating damping energy. At very high frequencies (or 

at low temperature) the storage modulus is large, the loss modulus is 

quite small, and the behavior resembles that of a stiff "elastic" 

material. This is known as the "glassy" region where various types of 

molecular mobilities are gradually "frozen in”. In terms of 

anelasticity nomenclature the diffusion and relaxation processes cannot 

occur rapidly enough to follow the stress, and the material behaves 

essentially "elastically". Lazan also presented data for "typical 

elastomers", polymers and plastics, in order to indicate general levels 

of damping in the transition region. 

As the transitional frequency is approached, the damping properties 

are governed by the chain segments in the amorphous (non crystalline) 

phase of the polymer. The chain segment, which is much smaller than the 

macromolecule but large compared to the chain length of the monomer 

group, undergoes coiling and uncoiling motions. In this region the 

glass-transition dispersion micromechanism produces high damping over a 

broad range of frequencies. 

Lee’? presented a general lecture in Thermo-Viscoelasticity, and 

also discussed vibration problems. He stated that for oscillatory 

loading, the continuous dissipation of mechanical work into heat due to 
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viscoelasticity can cause an appreciable temperature increase, with a 

corresponding effect on the stress distribution due to sensitivity of 

viscoelastic characteristics to temperature change. He also presented 

the heat balance equation in one-dimensional form and found that the 

work dissipation term dominates thermo-mechanical coupling effects since 

it is cumulative in time because of the phase difference between the 

stress and strain oscillations. He concluded that the other terms in 

the heat equation cause a small temperature oscillation during each 

vibration cycle. Due to viscoelastic attenuation, peak stresses and 

hence peak dissipation occur adjacent to the surfaces where the force is 

applied or near defect areas with high stress concentrations, and the 

resulting heating can soften the material there and hence further 

localize the dissipation and cause marked temperature rise. 

Ting, Yuan and Wang’? discussed thermal effects in viscoelasticity 

due to thermo-mechanical coupling. In their paper they gave numerical 

results for a vibrating viscoelastic rod. They indicated that at w = 

10° rad/sec ( 1.592 kHz ) the temperature rise in the rod can reach 130° 

F in only 4 hours. They also found that for higher frequencies, the 

temperature increases more rapidly. 

By relating now all the above observations with the experimental 

results reported in the present study, some reasonable explanations 

about the frequency dependent heat generation mechanisms can be given. 

We recall that no thermal patterns appeared in the 0-10 kHz frequency 

range for all specimens tested. It is thus assumed that in this region 

there is no phase lag between the stresses and the strains. As we 
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proceed to higher frequencies, a transitional frequency occurs and a 

phase difference between the stresses and the strains takes place. 

Mechanical dispersion and thermomechanical behavior (interaction between 

the mechanical energy and heat), convert mechanical energy into heat. 

That was most likely the heat generation mechanism for the graphite and 

glass epoxy specimens. It appears that the viscoelastic nature of the 

epoxy matrix material produces significant damping in the frequency 

transitional region. At defect areas such as delaminations, stress 

concentrations cause peak dissipation and local temperature rise. For 

the ceramic specimens other mechanisms such as internal micromolecular 

friction may contribute to a slight heat increase observed in Figure 17. 

It is unlikely that mechanical dispersion primarily produces damping for 

this type of material. 

4.5 A Three Dimensional Expression for Energy Dissipated per Unit 

Time. 

Modeling a single bar in tension and assuming oscillatory motion, 

the amount of energy dissipated per unit time is given by the simple 

relation 

we = + o” wv D (w) (4.1) 

where 

co : Imax normal stress 

W : frequency 

D (w) : Loss compliance 
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For a three dimensional state of stress the rate of work done is 

given by the relation 

W=o € +o € +60 € +t YY %+T FY %FT YF 
x Xx y y z 2 yz yz XZ = XZ xy xy 

Assuming oscillatory stresses, introducing the stress-strain law, 

integrating over one period and applying symbolic computational algebra 

we get a three dimensional expression for the dissipated eneray 

d 1 té 2 fé 2 “dé 2 f@ 

W = = ( Ds o + Da. o, + Do4 o. ) + Di. oo, o + (4.2) 

4? #?@ 4dé 2 

D woeococ+D wec+D wt’ + 
16 x Zz 12 x 44 yz 

aa 7 

D__ w T + Dw r 
55 XZ 66 xy 

where 

we : energy dissipated per unit time 

wW : angular frequency 

o : normal components of stress tensor, i=x,y,zZ 

Th off-diagonal terms of stress tensor i, j=1,2,6 

44 

D (w) : Loss compliance tensor, i,j = 1,2,6 
ij 

As expression (4.2) indicates, the energy dissipated per unit time 

is directly related to the prescribed stress state of the material at a 

particular frequency. It also depends on the loss compliance tensor. 

a? 

For composite materials dD is very close to zero, since the fibers 
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induce very little damping (if ox obtains a high value, the term is 

still important). Also for thin laminates (where Kirchoff’s hypothesis 

is valid) the shearing stresses -especially those out of plane- are of 

very small magnitude and can be neglected. In Chapter 2 it was found 

than no significant shearing stress state exists when local resonance 

occurs. Thus equation (4.2) can be simplified as follows 

Wo = > w ( Dd, o° + D. o ) + D.. w °, o 

Note that this relation is valid in the layer material coordinate 

system. For laminates composed of many layers all quantities must 

transformed to a global XYZ coordinate system. 

When local resonance occurs, normal stresses peak. At the 

transitional frequency stresses and strains are out of phase, and the 

loss compliance entries become maximum. At this time a significant 

amount of mechanical energy is dissipated into heat. As a result,the 

easy, nondestructive detection of flaws follows. 
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5. CONCLUSIONS AND DISCUSSION 

The analytical and experimental study presented in this work, 

numerically justified the ’Local Resonance Principle’ and developed it 

further. Local sub-plates formed as a result of delamination presence, 

resonate locally, independently, and out of phase with the rest of the 

structure at particular mechanical excitation frequencies. While this 

depends strictly on the delamination geometry, it was found that as a 

result of this dynamic behavior, heat will be generated only after the 

excitation exceeded approximately 10 kHz. Mechanical dispersion and 

thermomechanical coupling are major dissipative mechanisms contributing 

to mechanical energy dissipation into heat. Two NDE techniques, namely 

Vibrothermography and SPATE, were used to verify the analytical 

predictions. These methods are responsive to this type of dynamic flaw 

behavior, and nondestructively detect and evaluate damage. The best 

frequency region for infrared thermographic analysis was identified; the 

excitation frequency must reach approximately 10 kHz. Relating the 

excitation frequency with plate geometry, information about the damage 

area and depth can be obtained. The combination of Vibrothermography 

and SPATE can result in a very powerful NDE package. It’s biggest 

advantage over other NDE methods are the significantly reduced time 

required for inspection, the ’in situ’ application of the method, the 

capability of examining large structural areas, and the performance of 

the method under relatively adverse conditions. The performed analysis 
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also shows that based on the ‘local resonance model’, the SPATE 

technique will also be capable of revealing delaminations in relatively 

thick composite structural components. 
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@PROCESS DCCSTMAS) 
PROGRAM FEMVS 

EM 
OF LAMINATED & DELAMINATED 
OSTITE PLATES 

IMPLICIT DOUBLE PRECISION (A-H,0-Z) 
PARAMETERCIVDELAM=0, ISDELAM=0,NDELL=0,NODEL= 0, 

. NX=18,NY=18,NZ=11,XL= 8.0D0,YL= 4.0D0,MODN=4, 
ZL=0.00605D0,NNE=8,NQ=8,MATE=2,ALPHA=2.D0*%2000.0D0, 
IFLAG=3, IBOUND=2, IVEC=0, IPRVEC=26, IZOLINE=0, 
NROOT=30,RTOL=1.D-6,NC=NROOT, IGRAPH=0,ISTRES=0, 
NNC=NCX¥C(NC4+1)72,LYNUM=1, 

. NITEM=16,I1FSS=0,IFPR=0) 
DIMENSION A(1000000),B(1000000) 
COMMON 7 STMAS 7 A,B 
INTEGER MAXA(C 3% CNXNYXNZ+NODEL 041),L BC 3 CNX¥XNYXNZ+NODEL DD 
DIMENSION TTC 3% (NX¥NYXNZ+NODEL DD 
DIMENSION WC3¥CNX¥NYXNZ+NODEL DD 
DIMENSION DCNC),VECCNC,NC),ARCNNC), BRCNNC) 
DIMENSION RTOLVCNC),BUPCNC), BLOCNC),BUPCCNC) 
DIMENSION XNCNX¥NYXCNZ+NDELL)),YNONX¥NYSCNZ+NDELL)), 

. ZNCNX¥NYXCNZ+NDELL DD 
DIMENSION NODECCNX-1)®ONY-1)%(NZ-1),8), 

. INDXCNX¥NYXCNZ+tNDELL), 5) 
DIMENSION XQCNQ),YQCNQ),ZQCNQ) 
DIMENSION EIGVCNC) 
DIMENSION RC3¥CNX¥NYXNZ+NODEL ),NC) 
DIMENSION OMEGACNC) 
DIMENSION DEGR(NZ-1), THETACNZ-1) 
INTEGER KDCCNZ),XDSTCNDELL+1),XDENCNDELL+1) 
INTEGER YDSTCNDELL+1),YDENCNDELL +1) 
DIMENSION ESTRCCNX-1 XCNY-1)8€NZ-1),6) 
DIMENSION FC3¥CNX¥NYXNZ+NODEL DD), VC SHCNX¥NYXNZ+NODEL D D 
DIMENSION VNEWC3¥(NX¥NYXNZ+NODEL ) ) 

DO 5 II = 1,NZ-1 
DEGR(II) = 6.DO 

5 CONTINUE 

DEGR(1) 
DEGR(2) 
DEGR( 3). 

w
n
e
u
d
 

\ 
w
o
s
 

e
o
o
o
 

o
 o
 oS 

DATA XDEN 7 5 
DATA YDST 7 3 
DATA YDEN 7 5 
DO 3000 ID = 0 

KDCCID) = 0 

i
n
n
A
N
N
 

Z 

ENT VIBRATION 
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“ENDIF 

‘po 85 1=1,NC 

CONTINUE 
DCC 3)=1 x 

IFCTFLAG.EQ.1) THEN 
DEN = }.467D-4 
ELSEIFCIFLAG. Eg. 2) THEN 
DEN = 1.46430-4 
ELSEIFCIFLAG.EQ@.3) THEN 
DEN = 1.4752D-4 
ELSEIFCIFLAG. EQ. 4) THEN 
EN = 1.D0 

ELSE 

ENDIF 
PIT = 3.141592654D0 
IFCIVDELAM. EQ. 0) THEN 

CALL VPERFPCLYNUM,NX,NY.NZ,XL,YL,ZL,NNE.NQ, 
MATE, ALPHA, IFLAG, LBOUND, DEGR. DEN, IGRAPH, 

° XN, YN,ZN,NODE, INDX,A,B,X@,¥Q,2Q, 
EIGV,R, OMEGA, THETA, ISTRES,MODN, PIT, 
IVEC, TPRVEC, 
NROOT,RTOL,.NC,.NNC, NITEM, IFSS,IFPR,MAXA, 
TT,W,.D.VEC.AR, BR,RTOLV, BUP, BLO, BUPC,LB) 

SE 
CALL VDELCPCIVDELAM, LYNUM,NDELL,NODEL,NX,.NY,NZ, DEGR, 

XL-YL,ZL,NNE,NQ, MATE, ALPHA, IFLAG, IBOUND, 
XDST, XDEN, YDST, YDEN, KDC, DEN, PII, IGRAPH, 
XN, YN, ZN, NODE, INDX,A,B,X@,YQ,2@, 
EIGV.R.OMEGA, THETA, ISTRES,MODN, 
IVEC, IPRVEC, ESTR, 
NROOT,RTOL, NC, NNC NITEM, IFSS, IFPR,MAXA, 
TT.W,D, VEC, AR, BR,RTOLV, BUP, BLO, BUPC,LB) 

END 

SUBROUTINE VPERFPCLYNUM,NX,NY,NZ,XL,YL,ZL,NNE,NQ,MATE, 
. A LPHA, IFLAG, IBOUND, DEGR, DEN, IGRAPH, 

XN, YN,2N. NODE, INDX,A,B,XQ,7Q,2@, 
EIGV,R, OMEGA, THETA, ISTRES,MODN,PII, 
IVEC, IPRVEC, 
WROOT,RTOL.NC.NNC, NITEM, IFSS,IFPR,MAXA, 
TT,W,D, VEC, AR, BR,RTOLV, BUP, BLO, BUPC, LB) 

IMPLICIT DOUBLE PRECISION (A-H,0-Z) 
DIMENSION AC1000000),8(1000000) 
DIMENSION XNCNXHNYENZ), YNCNXENYHNZ), 

ZNCNX¥NYENZ) 
" DIMENSION NODEC CNX-1 )CNY-1)(NZ-1),8), 

INDX(NX#NYRNZ, 3) 
“DIMENSION XQ(NOQ), YQCNQ),ZQ(NQ) 
DIMENSION DEGR(NZ~1), THETACNZ-2) 
DIMENSION EIGV(NC),CBC6,6) 
DIMENSION RC SENXENYXNZ,NC) 
DIMENSION OMEGACWC) 
INTEGER MAXAC SECNXENYENZ 41), LBC 30 CNXENYENZ ) ) 
DIMENSION YTC3¥CNXENYNZ) ) 
DIMENSION WC S¥CNXHNYENZ)) 
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DIMENSION DCNC),VECCNC,NC),ARCNNC), BRONNC) 
DIMENSION RTOLVCNC), BUPCNC), BLOCNC), BUPCCNC) 
call GEOMC LYNUM, NODE, INDX, XN, YN, ZN,NE,WN,NU, ISDELAM, ISTATIC, 

NX,NY,NZ,XL,YL,ZL, NNE, LEPL, DEGR, MATE, IBOUND) 
“catt ASEMBL(A, B,XN,YN,2ZN,NODE, INDX,NNE,NE,NN 

NQ,LYNUM,NX,NY,NZ, DEGR,LEPL, XQ, YQ, za, 
THETA, MATE, DEN, ANG, IFLAG, NU, IBOUND, 
INK, NWM, MAXA, LB) ; Ni 

CALL SSPACECA, BMAXA-R, EIGV, TT-W. AR, BR. VEC, D- RTOLV, 
UP, BLO, BUPC, NU, NU+1,NWK,NWM,NRCOT,RTOL, 

NC,NNC,. NITEM, IFSS,IFPR,9, IOUT) 

OMEGAC I) =(DSQRTCEIGVC1) 972. DONPIT)) 
CONTINUE 
CALL GVRESTCOMEGA,NU.NC, EIGV.R, IVEC, IPRVEC, IZOL INE) 
IFCIGRAPH.EQ.0) GOTO 4444 
IF USE THESE wee FILEDEF DISK 30 NODEXYZ DATA A IN EXEC & 
WRITEC30,%) 

DO 4600 Te] NN 
WRITEC30, peels yr XNCID,YNCI),ZNC13¥100.D0 

FORMAT(3X,15,5F18 
WRITECS1,%) NE 

DO 4650 T=1,NE 
WRITE( 31,4002) I, (NODECI,K),K=1,8) 

FORMAT(2xX,15,815) 
WRITECG2,%) NN 
DO 4700 I = 1,NN 

IF € INDX(CI,1).€0.0. AND INDX(I,2).EQ.0.AND. 
INDXCT, 3. €Q.0 ) THEN 

= 0.00 + XNCT) 
ry = 0.00 + YNC(I) 
Z2z = 0.00 + ZN(T) 

ELSE 
XXX = RCINDXCI,1),IPRVEC) + XNCT) 
YYY = RCINDXCI,2), 1PRVEC) + YNCI) 
Z2Z = RCINDX(1,3),IPRVEC) + ZNCI) 

ENDIF 

WRITEC42,4001) I,XXX,YVY,222710.D0 

CONTINUE 

RETURN 
END 
SUBROUTINE VDELCPCIVDELAM, LYNUM.NDELL »NODEL : NX NY ANZ. DEGR: 

»YL,ZL,NNE,NQ, MATE, ALPHA, IFLAG, IBOUND, 
XDST,XDEN. YDST, YDEN, KDC, DEN, PII, IGRAPH, 
XN, YN, ZN, NODE, INDX,A,B,X9,7Q,29, 
EIGV,R, OMEGA, THETA, ISTRES, MOON, 
IVEC, IPRVEC.ESTR, 
WROOT,RTOL.NC,NNC,. NITEM, IFSS,IFPR,MAXA, 76 

T,W.D, VEC. AR, BR, RTOLV, BUP, BLO, BUPC.LB) : TT, 
IMPLICIT DOUBLE PRECISION (A-H,0-Z) 
DIMENSION AC1000000),8¢2000000)



85 

3DFEM 

$010 

“po 85 I=1,NC 

DIMENSION XNCNXMNYRCNZ+NDELL)). YNCNXENYMCNZ4+NDELL)), 
ZNCNXENYRCNZ¢NDELL)) 

“DIMENSION NODE(CNX-1)9(NY-1)MCNZ-1),8)- 
INOXCNXSNYR(NZ4NDELL), 3) 

“DIMENSION XQ(NQ),YQCNQ),ZQCNQ) 
DIMENSION DEGR(NZ-1),THETACNZ-1) 
DIMENSION UUC8), VV(8), WHC 8), ESTROCNX-1)HCNY-1)MONZ-1),6) 
INTEGER KDCCNZ), XDST(NDELL 41), XDENCNDELL #1) 
INTEGER YDSTCNDELL41),YDENCNDELL 41) 
DIMEN STON EIOVCNC) 
DIMENSION R¢SECNXNNYHNZ+NODEL ),NC) 
DIMENSION OMEGACNC),CB(6,6) 
INTEGER MAXAC SHCNXHNYANZ*NODEL 41), LBC SHCNXENYANZ+NODEL ) ) 
DIMENSION TTC SNCNXENYANZ4NODEL)) 
DIMENSION WC SEC NXMNYMNZ¢NODEL )) 
DIMENSION DCNC),VECCNC,NC).ARCNNC), BRONNC) 
DIMENSION RTOLVENC), BUPC NC), BLOCNC). BUPCCNC) 
CALL *GGEOMCIVDELAM, NDELL,NODEL.LYNUM, NODE, INDX,XN,YN,ZN,NE,NN,NU, 

MeN: WZ,XL,YL.ZL,NNE,LEPL, DEGR, MATE, IBOUND, KDC, 
DST. XDEN, YDST. YDEN, ISDELAM, ISTATIC) 

“CALL AASEMBCA, B,.XN,YN,ZN,NODE, INDX,NNE,NE,NN,NDELL, 
NQ,LYNUM,ANX.NY,NZ,DEGR,LEPL.XQ,¥Q,2Q, 
Hera MATE. DEN, ANG, IFLAG, NU, IBOUND, 

»NWE, MAXA, LB) 
~ CALL SSPACECA’ 8, MAXA,R, EIGV, TT. WAR, BR,VEC, O,RTOLY, 

P, BLO, BUPC, NU,NU+1,NHK,NWM,NRCOT.RTOL, 
NC,NNC, NITEM, IFSS,IFPR,9,10UT) 

co eMEGACT I CDSQRTCEIGV(T) 3702. D0xPII)) 

CALL GVRESTCOMEGA,NU,NC, EIGV,R, IVEC, IPRVEC, IZOLINE) 
IFCISTRES.EQ@.0) GOTO 3606 
DO 5000 IT = 1,NE 

IF (MATE.EQ.2) THEN 
KK = 1 + INTCCIT-1)/L EPL) 
TH = THETACKK) 
CALL CBARSDCIT,.LYNUM, TH,CB,NE,.NX,NY,NZ,MATE,IFLAG) 

LSE 
CALL CBAR3DC1T,LYNUM,0,CB,NE,NX,NY.NZ, MATE, IFLAG) 

EN 
DO 5010 IN = 1.NNE 

= MODECIT,IN) 
= (XL/(NX-1.p0)) 

HY = Cyt et: pO)) 
= (ZL/(NZ-1.00)) HZ 

IF CINDXCIP,1).E@.0 jAND yiNDXCIP, 2).E£@.0 . AND. 
. INDXCIP,3).E@.0 ) TH 

UUCIN) = 0.D0 
VVCIN) = 0.DO 
WHCIN) = 0.DO0 

UUCIN) = RCINDXCIP,1), IPRVEC) 
VVCIN)D = RCINDXCIP,2),1IPRVEC) 
WHCIN) = RCINDXCIP,3),IPRVEC) 
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CONTINUE 
AVUI]1 =CUUC2])-UUC1 ) FUUC 3) -UUC 4) 4UU 6 -UUC 5) +007 UU C8) CHXES . DO) 
AVUZ2 =CVVC5)-VV¥C1DF¥V06)-V¥C 23 4VV0 8 -VV044¥V07)-V¥03) 7 CHYE4 DO) 
AVUSS =(WNC4)-WW(] )+WWC 3) -WAC 2) +WWC 8) -WC S 40 7 WC 6 CHZ84. DO) 
AVUI2 =CUUCS)-UUC 1 #UUC6 )-UUC 2 UU 8 ) -UU0 4) 4UUC7 )-UUC 3) 7 CHY 4. BO) 
AVULS SCUUC4)-UUC 1 4UUC 3) -UUC234UUC 8 )-UUCS FUE 7) -UUC6 3) 7 CHZ 84. D0) 
AVUZS =CVVC4)-VVC1FVV035)-V¥C22¢V¥08 > -V¥CS)4V¥07 -VV(6) 7 CHZ84. DOD 
ESTRCIT,1) = CBC1,1)#AVULIL+CBC1, 2) RAVUZZ4CB(1, 5 HAVUSS+ 

CBCL, 4) RAVUZS4+CBC 1, 5) RAVULS4CB( 1,6 DRAVUL2 
“ESTREIT,2) = CBC2,1)"AVUL14CB(2,2)NAVUZZ+CB(2, 3) RAVUS3+ 

CBC2, 6) MAVUZ3S+CB(2, 5 MAVULS4CB( 2,6) RAVULZ 
“ESTROIT,3) = CBCS, LIRAVULI+CEC 3, 2) HAVUZZ4CB( 5, 5) HAVUS3+ 

CBC3, 4) RAVUZS+CB(S, S)HAVULS+CB( 3,6 HAVULZ 
“ESTRCIT,4) = CBC4,1)¥AVULI4CBC4, 2) ¥AVUZZ+CB( 4, 3) MAVUS 3+ 

CBC 4, 4) MAVUZ3+CBC 4, 5) 2AVULS+CB( 4, 6 DRAVUL2 
“ESTRCIT, 5) = CBCS,1)¥AVU114CB(5, 2)AVUZ24CB(S, 3)NAVUS3S+ 

CBC5, 4) RAVUZS4+CBC 5, 5} MAVULS+CB( 5,6 RAVULZ 
“ESTRCIT,6) = CBC6,1)"AVULI4CB(6, 2) AVUZ2+CB(6, 3) RAVUS3+ 

CBC6 4) MAVUZS+CB(6, 5) RAVULS4CB( 6,6 HAVUL2 
“CONTINUE 

FORMATCIX, ©SXX*, OX, "SY¥', 9X,'SZZ", 9X, *T25*,10X,°TIS", 9X, *T12°) 
FORMAT(6CD1LO.2,2X)) 
WRITECH,)> * * 

BRITELS9- ®) WX~-1,NY-1 
LAYER = 
ISTR = 3 
LK = CCLAVER~-1 DHLEPL 41 
DO 6001 I = LK,LK+NX-2 

DO 6003 J = G,NY-2 

KK = I + (NX-lDmJ 
XC = (XNCNODECKK, 7) )+#XNCNODECKK, 139972. D0 
YC = CYNCNODECKK, 7))+YNCNODECKK, 1)))/2. D0 
MRITECS9,6007) XC, YC, ESTROKK, ISTR)/1. D6 

CONTINUE 
CONTINUE 
FORMAT(S(F16.4,6X)) 

IFCIGRAPH.EQ.0) GDTO 4444 
WRITE(30,%) NN 

DO 4600 I=1,NN 
WRITEC 30,6001) I,XNC(I),YNCI),ZNCI)"100. D0 

FORMAT(3X,15,3F18.4) 
WRITEC31,¥) KE 

DO 4650 I=1,NE 
WRITEC SI. 4002) I,CNODECI,K),K=1,8) 

FORMAT(2X,15,815) 
WRITEC62,%) NN 
DO 4700 I = 1,NM 
IF ¢ INDX(I, be EQ.0. AND. INDX(I,2).EQ.0.AND. 

INDX(1,3).EQ. 0 ) THEN 
XXX 2 oo + XNCT) 77 
YYY = 9: DO + YNCI) 
22z 2 0.D0 + ZNC(I) 

ELSE



4700 
4444 

SDFEM 

67 
65 
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XXX 
YYY 
222 

ENDIF 
WRITECG2, 4001) 1,XXx, 
CONTINUE 
RETURN 

N END 
SUBROUTINE 

+ 

= RCINDXCIL1L), IPRVEC) # XNCT) 
= RCINDXCI,2),IPRVEC) + YNCT) 
= RCINDXCI, 5), I) 

1 
I 
IPRVEC) + ZNC 

YYY,2ZZ/100.00 

GEOMCLYNUM, NODE, INDX,XN,YN,ZN,NE.NN.KU,ISDELAM, STATIC, 
sNY,NZ,XL,YL,ZL,NNE,LEPL, DEGR, MATE, IBOUND) 

IMPLICIT DOUBLE PRECISION CA-H, 0-2) 
DIMENSION RCE NOX ENYENZ) , YNCL YNUMENXANYENZ), 

ZNCLYNUMENXINY NZ) 
"DIMENSION NODECLYNUMMCNX-1) RC NY-1)"CNZ-1),8), 

INDXCL YNUMENXENYWNZ, 3) 
* DIMENSTON DEGR(NZ-1) 
IFCISTATIC. 
WRITEL#,®) 
WRITECH, ©) 
WRITECH.&) 
WRITE(H, HD 
WRITECH, BH) 
WRITEC HM) 
WRITECH,H) 
WRITECH,&) 
WRITECH, #) 

EQ@.0) THEN 
,o4 

FIWITE E EMENT ANALYSIS 
FREE VIBRATION PROBLEM =! 

LAMINATED PLATE = 
e
o
s
 ao 

ab
 

ab
 

ot
 

- “ a tt ” “a a at a “ iy
 te u “a
 

“ Ty
 " “ “ " ” au ” “ nn
 

" iT un " “ “ iy
 

“ w a h iy iw
 n w iT
 

" “ “ iy
 

it)
 a“ Ty " - 

1 

ELSEIFCISTATIC. , Ea. 1) THEN 
WRITECH, &) 
WRITECH, ©) 
WRITECH,#) 
WRITECH, 
WRITECH, EH) 
WRITECH, EH) 
WRITECH, BD 
WRITEC =, ®) 
WRITECK,#) 
ENDIF 

IFCIBOUND. 
WRITECH, ®) 

e 

tenes SRESIosseesterssesersssrsssssssezssesrssessses 
@e 

‘> FINITE ELEMEN 
ts STATIC ANAL 
s LAMINATED PL 

"
 

“A
 

w
h
a
n
 
n 

w
o
e
e
n
r
a
a
e
 

ANWALYSI 

»
<
 

4
u
U
-
 

- “ ot
 Cy u “a " a a ft iy Uy " " 0 tt " “ a w a“ w “ i it “ at a“ u" u a yy nu
 " at w “ o " iy ty “ “ “ “ a" tt - 

EQ.1) THEN 
' FULLY FREE BOUNDARY CONDITIONS ° 

ELSEIFCIBOUND.E@.2) THEN 
WRITECH,H) ! 

E 
CLAMPED FREE FREE FREE BOUNDARY CONDITIONS’ 

ELSEIFCIBOUND.EQ@.3) THEN 
WRITECH,#) | FULLY FLAMPED BOUNDARY CONDITIONS’ 

ELSEIFCIBOUND.EQ.4) THE 
WRITECS,®) * FULLY SIMPLY SUPPORTED BOUNDARY CONDITIONS' 

ELSEIFCIBOUND.£Q@.5) THEN 
Ese TTECe * CLAMPED FREE CLAMPED CLAMPED BOUNDARY CONDITIONS* 

ener ECR * S$.SUP FREE S.SUP S.SUP BOUNDARY CONDITIONS‘ 

WRITECH,#) § 
WRITEC,%) "NUMBER OF ELEMENT NODES ~>',NNE 
WRITECH,%) ‘NUMBER OF LAYERS ->',NZ-1 

FORTRAN Al 11719790 22:43 F 80 2264 RECS 11719790 22:44 PAGE 

WRITECH,%) "STRUCTURE LENGTH CIN) et 
WRITECH,®) *STRUCTURE WIDTH ->', 
WRITECH,#) *STRUCTURE HEIGHT meee 1) 
WRITECH, ©) "ELEMENTS ACROSS THICKNESS ->',] 
WRITECH,%) "NODES IN X DIRECTION ~>",NX 
WRITEC,K) "NODES IN Y DIRECTION ->',NY 
WRITECH,%) "NODES IN Z DIRECTION ->",NZ 
WRITECH,®) *ELEMENTS per LAYER ~>', CRX-1 RONY-1) 
WRITEC,%) "NODES PER L => 9) WENT 
WRITEC#,®) (MATERIAL TYPE ee1>1s0<2>aNISO ->' MATE 
WRITECH,%) * 
IFCMATE .NE.2) GoTo 777 
DO 65 I = 1,NZ-1 
WRITE(™,67) I, DEGRCI) 
FORMATC1X, *LAVER->*,14,.2X, "FIBER ORIENTATION’ ,F12.4) 
CONTINUE 
WRITECH,#) ' * 
LEPL= CRX-1 }4CNY-1) 

- DO 
1 0. 

HY 
HZ 
HZ 

DO 1025 LY 
Bo 1040 
bO 1050 

CYL 

DO 1030 KC = 

FULLY CLAMPED 

TFCTBOUND.EQ.4.AND. 
IFCIBOUND.EQ.4.AND. 
TFCIBOUND.EQ.4. AND. 
TFCIBOUND.EQ.4.AND. 

re 0.5D0 
ZINCR = 0.DO 
KX (XL-0. 

-0.DO)/CNY-1 
L 

CZL-0. 

Jc = 0, 

DO)/(CNX-1 . DG) 
- DO) 

DO)/(NZ~1. D0) 

= 1, LYNUM 
NY-1 
NX-1 
NZ-1 

Ic = 0, 
0, 

CANTILEVER PLATE 

IFCIBOUND.EQ@.2.AND.IC.E@.0) GOTO 3200 

IFCIBOUND.EQ.3.AND.IC.EQ.0) GOTO 3100 
IFC I BOUND. EQ.3.AND.IC.EQ.CNX-1)) GOTO 3100 
IFCIBOUND.E@.3.AND.JC.E@.0) GOTO 35200 
IFCIBOUND.EQ@.3.AND.JC.E@.CNY-1)) GOTO 3100 

SIMPLY SUPPORTED 

I1C.€Q.0.AND.KC. Ea @) GOTO 31060 73 
IC.EQ.(NX-1).AND.KC.EQ.0) GOTO 3100 
JC.EQ.0.AND.KC.E@.0) GOTO 310 
JC.EQ.CNY-2).AND.KC.EQ.0) GOTO 3100



CLAMPED FREE CLAMPED CLAMPED 

m
a
m
 

om
 

Mw
 

IFCIBOUND EQ@.5.4ND.IC.EQ@.0) GOTO 3100 
TFCIBOUND.EQ.5.AND.JC.EQ@.0) GOTO 3100 
TFCIBOUND.EQ.5.AND.JC.EQ.CNY-1)) GOTO 3100 

SIMPLY SUPPORTED FREE SIMPLY SUPPORTED SIMPLY SUPPORTED 

TFCIBOUND.EQ.6.AND.IC.E@.0.AND.KC.EQ.0) GOTO 3100 
TFCIBOUND.£Q9.6.AND.JC.EQ.0.AND.KC.EQ.0) GOTO 3100 
TFCTBOUND.EQ.6.AND.JC.EQ.(NY-1).AND.KC.EQ.0) GOTO 3100 

SIMPLY SUPPORTED CONSTRAINED AT THE MID SURFACE 

BOUND .€Q.7 .AND.IC.EQ@.0.AND.KC.EQ@.¢(NZ-1)72)) GOTO 3100 
BOUND .EQ.7.AND.IC.EQ.(NX-1).AND.KC.EQ.CCNZ-1)72)) GOTO 3100 
BOUND.EQ.7.AND.JC.£Q.0.AND.KC.EQ@.C{NZ-1)72)) GOTO 3100 
BOUND.E@.7.AND.JC.EQ.CNY¥-1) .AND.KC.EQ.((NZ-1)72)) GOTO 3100 

IU = 1U+3.b0 
3100 IP = IP+1.D0 

XNCIP) =ICHHX 
YNCIP) =JCHHY 
ZNCIP) =KC#HZ+ZINCR 

IFCTBOUND.EQ.2.AND.IC.EQ@.0) THEN 
INDXCIP,1) 
INDXCIP,2) 
INDXCIP, 3) 

ELSEIFCIBOUN 
INDXCIP,1) 
INDXCIP,2) 
INDXCIP,3) 

ELSEIFCIBOUN 
INDXCIP,1) 
INDXCIP,2) 
INDXCIP,3) 

ELSEIFCIBOUN 
INDXCIP,1) 
INDXCIP,2) 
INDXCIP,3) 

ELSEIFCIBOUND. 
INDXCIP,1) = 
INDXCIP,2) 

0 

0 
ELSETFCIBOUND.EQ.4.AND.IC.EQ.0.AND.KC.EQ.0) THEN 

0 

A
A
A
 

am
t 
P
4
6
 

mt
 o

me
 

@.3.AND.IC.EQ.0) THEN 

Q.3.AND.1C.EQ.(NX-1)) THEN 

Q@.3.AND.JC.EQ.0) THEN 

H
H
H
 
h
e
e
n
 

n
e
e
 
W
e
 

Q.3.AND.JC.EQ@.CNY-1)) THEN 
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INDXCIP,3) = 0 
ELSEIF ( TBOUND. EQ.4.AND.IC.E@.(NX-1).AND.RC.E@.0) THEN 

-AND.JC.€Q.0.AND.KC.EQ.0) THEN ™
 

ee
) ro
 

m
o
o
c
o
 

2
 ra
d -AND. JC. EQ. CNY-1) .AND.KC.EQ.0) THEN 

INDXCT 

-AND.IC.E@.0) THEN m
 

-
 

wv
 

m
 

~
 

ww
 

ba
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Od
 o

me
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@
 

ww
 

-AND.JC.EQ.0) THEN a
 

¥y
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m
M
m
o
o
o
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o
o
a
n
c
o
n
o
 

AND. JC.EQ.(NY-1)) THEN =
 

Wn
 

AND. IC.EQ.0.AND.KC.EQ.0) THEN @
 

aw
 

DXCIP, 
INDXCIP, 
INDXCIP, 

ELSEIFCIB 
INDXCIP, 
INDXCIP, 
INDXCIP, 

ELSEIFCIB 
INDXCIP, 
rote: 

ELSEIFCTBOUND: DE 

INDECIP. 
INDXCIP. 

ELSETFCTBOUND. D- £8. 

HB 

ELSEIFCIBOUND. E 5 

IND 

ELSEIFCIBOUND. EQ. 
INDXCIP,1) 
INDXCTP 2) 
INDXCIP, 3) 

ELSE 
INDXCIP,1) 

-AND.JC.EQ.0.AND.KC.EQ.0) THEN @
 

an
 

S
e
 

a 
w
u
S
u
u
a
s
n
a
n
 

-AND. JC.EQ. (NY-1).AND.KC.EQ@.0) THEN @
 

a
 

D.IC.EQ.0.AND.KC.EQ.€€NZ-1)/2)) THEN 
} 

) 
-AND.IC.EQ.(NX~-1) AND. KC.EQ.C(NZ-1)72)) THEN 
) 
) 
nl 

D.JC.E@.0.AND.KC.EQ.CCNZ~1)72)) THEN 

e
c
a
0
”
 
e
o
o
:
 

o
a
a
n
-
 
e
c
a
o
m
o
a
n
o
m
o
o
n
 

T
e
o
 

M
U
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U
N
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U
N
 
U
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n
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i\ 
) 
) 

, 

s 

> 

AND. JC.EQ@.CNV-1).AND.KC.EQ.C(N2Z-1)72)) THEN 

79 L
e
 

| 
w
Z
w
w
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z
w
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R
e
e
 

e 

TU-2.D0



INDXCIP,2) 2 Iu-1.D0 
INDXCIP,3) = Tu 

ENDIF 
* 
1030 CONTINUE 
1050 CONTINUE 
1040 CONTINUE 

x ZINCR = ZLELY 
"1025 CONTINUE 

MN IP 
WRITECH.&) TOTAL NODES OF STRUCTURE ->*, NN 

WU 
WRITECM.#) "TOTAL NUMBER OF UNKNOWNS ->",NU 

NODINCR = 0 

DO 1060 KC = 0,NZ-2 
DO 1070 JC = O,NY-2 

« DO 1080 IC = 0,NX-2 

17 = IT + 1.00 

NODECTY,1) = CNX¥NZHJC)4+CICENZ)41. DO+NODINCR 
NODECIT.2) = WODECIT,1)4NZ 
NODECIT.3) = NODECIT,2)+1.D6 
NODECIT.4) = NODECIT,1)4+1.D0 
NODECIT,.5) = NODECIT. 1)4#(NXENZ) 
NODECIT.6) = NODECIT, 5)4NZ 
NODECIT.7) = MODECIT,6)+1.00 
NODECIT,8) = NODECIT,5)+1.D0 

1080 CONTINUE 
1070 CONTINUE 

1060 CONTINUE 
NODINCR = NODINCR+1.DO 

NE 1T 
WRITECH,&)> ‘TOTAL ELEMENTS nM ) STRUCTURE ->*,NE 

G04 FORMAT(23X,"*X*,15X,'Y"',15x,* 
x WRITE( HLH) ¢ 8 
* DO 400 1 = 1,1P 

Li WRITECH,G402) I,XNCID,YNCI),ZNCI) 
402 FORMATC "NODE: *,15,1X,D16.4,1X%,D16.4,1X,D16.4) 
#400 CONTINUE 
x WRITECK, 3) ‘os 
x TECH, 220) 
220 FORMAT (LEN, 111 Re 2" 6K, 154,6X, 86", 6X, °S",6X,'6", 6X, 97", 6X, 8") 

RITECu,™m) * 
bo i 1a 1,NE 
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TS = NODECT,8 
WRITEC#, 222) 1, 11,12,13,14,15,16,17, 

FORMATC 14, 1>".2X, 216,1X,16,1X.16,1X,16,1X,16, Ix, 16,1X,16,1X,16) 

FORMAT LI Ke gems 2h TK, tS") w
e
n
 

O
m
n
 

} 
) 
) 
1,J1,J2,J3 
5,4X,15,4xX,15) 

O
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n
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w
e
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x
 

RETURN 
END 
SUBROUTINE ASEMBL(A,B,XN,YN,ZN,NODE, INDX,NNE,NE,NN, 

. NQ,LYNUM, NX,NY,NZ,DEGR, LEPL.XQ,YQ,28, 

. THETA MATE. DEN, ANG, IFLAG,NU, IBOUND, 
: NWM, axe LB) 
IMPLICIT DOUBLE PRECISION (A-H,0-2) 
DIMENSION A(1900000), 81000000) 
INTEGER MAXACNU+1]),LBCNU 

, DIMENSION XNCONXENYHNZ), YNCNXXNYNZ), 
ZNCNXSNYENZ ) 

" DIMENSION NODEC CNX-1 RC NY-1)CNZ-1),8), 
INDXCNXENYENZ, 3) 

* DIMENSION XQCNQ), VYQCNQ), ZQCNQ) 
DIMENSION DEGR(NZ-1), THETACNZ-1) 
DIMENSION CBC6,6) 
DO 4500 J = 1,NU 

LBCJ) = 0 
4500 CONTINUE 

DO 4550 IT = 1,NE 

DO 4560 IN = 1,NNE 

IP = NODECIT,IN) 

DO 4570 IU = 1,53 

1 = INDXCIP,IU) 
IFCI.EQ.0) GOTO 4570 

DO 4580 JN = 1,NNE 

TPP = NODECIT. JN) 

bo 4590 IUK = 1,3 

; = INDXCIPP,IUK) 
IF(J.EQ@.0) GOTO 4590 

80 
TJ = Jol 
IFCIS.GT.LBCJ)) LBCJDFTJ



4590 COKTINUE 
4580 CONTINUE 
4570 CONTINUE 
4560 CONTINUE 
4550 CONTINUE 

MAXAC]) = 1 

DO 4600 J = 2,NU 

MAXAC J) = MAXACJ-LIL BC I-14] 
x WRITEC HM, ®) "LBLMAXA ', LBC J), MAXAC J! 
4600 CONTINUE 

NWK = MAXACNU)D+LBCNU) 
NWM = NWK 
MAXACNU+] ) =NWK+1 

e WRITECH,M) ° ' 
WRITEC, ©) "NWK  °, AWK 
WRITECm,.#) ' ' 

p0 1700 IK x 
ACIK) 
BCIK) 

1700 CONTINUE 
CALL LOCCOR(NG, XQ, 79,29) 
IFCMATE.£Q.2) pen 
pO 1980 L = 1,NZ- 

THETACL) = tes. 141592653598793239D0"DEGR(L) 7180. D0 
1980 CONTINUE 
x DO 1985 I = 1,LYNUM 

w
n
 

oe o
 

9°
 

" DO 1990 J = 1,LEPL 
x ANG(J) = THETACT) 
¥1990 CONTINUE 
21985 CONTINUE 

ENDIF 
DO 2000 IT = 1.NE 

X1 = XNCNODECIT,1)) 
Yl = YNCNODECIT,1)) 
Zl = ZNCNODECIT.1)) 
X7 = XNCONODECIT.,7)) 
Y7 = YNCNODECIT,7)) 
27 = ZNCNODECIT,7)3 

ITFCMATE .EQ@.2) THEN 
KK = 1 ¢ INTCCIT-1)/LEPL) 
TH = THETACKK) 

ARITECH,€)> SIT &,IT 
WRITECM,¥) "ELE ID (KK) *,KK 
WRITE(#,¥) "TH IN ASSEMBLY',TH 

ral CBARSDCIT.LYNUM. TH.CB.NE,.NX,NY.NZ,MATE,IFLAG) 
ELS 
“EAL CBARSDCIT, LYNUM,9,CB,NE,NX,NY.NZ,MATE,IFLAG) 

VOL = CX7-X1LINCY7-Y1)"C(27-Z1) 

XI = XQCT@) 
DO 2020 IQ@ = 1,N@ 
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EN = YQCIQ@) 
ZI = ZQC1Q) 

DO 2040 IN = 1,NNE 
IP = MODECIT, IN) 

CALL TBFCXI,EN,Z1, IN. BB, BX, BY, BZ, 
+ X1,Y1,21,X7,7,27) 

DO 2060 IU = 1,3 
I = INDXCIP,IU) 
IFCI.€Q@.0) GOTO 2060 

DO 2070 INN = 1,NNE 
P = NODECIT, INN) IP 

CALL TBFCXI.EN.ZI,INN, BBB, BBX, BBY, BBZ, 
+ X1,Y1,Z1,X7,7,27) 

DO 2080 JU = 1,3 
J = INDXCIPP, JU) 
IFC2.GT.J) GOTO 2080 

IJ = MAXACJ) # €J-1) 
BIJ = 0.D0 

IFCIU.E@.1) THEN 
IFC JU.EQ.1) THEN 
AID = BXHCCBC1, 1) *BBX+(CBC1, 5) ¥BBZ+(CBC1,6) HBBY + 

+ BYHCCCBC6,1) )#BBX+(CB(6, 5) )RBBZ+(CB(6,6) )¥BBY) 
BIJ = BBXBBBXDEN 

ELSEIFCJU.EQ.2) THEN 
AIJ = BX¥(CBC1,2)*BBY4(CBC1,4))¥BBZ+(CB(1,6) "BBX 

* cig BYR CCBCE.2) xBBYSCCBLG, 4) xBBZ#CCBCG, 6) )"BBX) 

AIJ = BXHCCBCL, 3)BBZ4(CBC1,4) RBBYS(CBC1, 5) EBBX D+ 
* eupre BYNECCBCS) 5) MBBZ+CCBCG, 4) RBBYSCCBCE. 5) )*BBX) 

ELSEIFCIU.£@.2) THEN 
TFCJU.EQ.1) THEN 
ALJ = BYRCCBC2 1 XBBX4(CBC2,5))*BBZ+(CBC2,6) )¥BBY)4 

+ BXHCCCBC6, 1) HBBX4+(CB(6, 5) MBBZ+(CB(6,6) RBBY) 
ELSELFCJU EQ: 2) THEN 

BYR(CBC2,2)"BBY4+(CB(2, 4) )MBBZ+(CB(2,6) )HBBX)+ 
+ BX"C(CB(6,2) BBY*(CBC6,4) )BBBZ+(CB(6,6) )#BBX) 

BIJ = BBXBBBXDEN 
ELSE 
AIJ = BYRCCBC2, 3)"BBZ4+(CB(2,4) )RBBY+(CB(2, 5) )#BBX)+ 

BXxCCCBC6, 3) )MBBZ+(CBC6,4) )RBBYS(CBC6, 5) )¥BBX) 
ENDIF 

TFCJU.EQ.1) THEN 
AIJ = BZNCCBC3,1)BBX+(CBC3,5))"BBZ4+(CB(3,6) "BBY 

ELSEIFCJU.EQ.2) THEN 
gALs = BZNCCACS,2)MBBYS(CBCS, 6) )MBBZ¢(CBCS,6))*BBX) 

ALJ = BZECCBCS, 3)¥BBZ+(CBC 3,4) MBBY+(CB(3,5)) "BBX? 
BIJ = BBXBBBXDEN 

ENDIF 81



xu 

2080 
2070 
2060 
2040 
2020 
"2000 

3DFEM 

ACTJ) = ACTJVFAISMVOL 
BCIJ) = BCIJ +BIJNVOL 

CONTINUE 
CONTINUE 

CONTINUE 
CONTINUE 

CONTINUE 
CONTINUE 
DO 3020 I@ = 1,1 

XI 2 0.D0 
EN = 0.D9 

= 0.b0 ZI 
DO 3040 IN = 1,NNE 

IP = NODECIT.IN) 
. CALL TBFCXI,EN,Z1.IN,BB,BX,BY,.BZ, 

+ X1,Y1.21,X7,Y7,27) 
BO 3060 JU = 1,3 

T= INOXCIP, IU) 
IFCI.E@.0) GOTO 3060 

DO 3070 INN = 1,NNE 
IPP = NODECIT. INN) 

CALL ThFCXT, EN, ZI, INN, BBB, BBX, BBY, BBZ, 
+ . X1,V1,21,X7, 77,27) 

pO 3080 JU = 1.3 
J = INDXCIPP, JUD 

. IFCI.GT.J) GOTO 3080 
TJ = MAXACJ) + (J-1) 

IFCIU.€@.1) THEN 
TFCJU.EQ.1) THEN 

AIJ = BZEC(CBCS,1) RBBX+(CBC 5,5) )¥BBZ+(CB(5,6) BBY) 
ELSEIFCJU.EQ@.2) THEN 

AIS = BZRCCCBC5,2) MBBY+(CBC5,4) )HBBZ+(CBC 5,6) )RBBX) 
ELSE 

ATS Dee OBES: 3) MBBZ# (CBC, 4) HBBY#(CBC5, 5) RBBX) 

ELSEIF CTU. E@.2) een 
IF -EQ.1) TH 

AIJ = “RKC CERLS, 1) ABBXS(CBCG, 5) )BBZ+(CBCG,6) )RBBY) 
ELSEIFCJU.EQ@.2) THEN 

AIS = BZHCCCBCG,2)) MBBY+(CB(4,4))2BBZ+(CB(4,6) ) RBBX) 
ELSE 

AT ID OBC a 5) RBBZ#CCBLS, 4) EBBY# (CBC 4, 5) )HBBX) 

LSE 
IFCJU.EQ.1) THEN 

AIS = BX¥CCCBC5,1) >) *BBX+(CBC5,5))¥BBZ+(CB( 5,6) MBBY)+ 
+ BYRCCCBC4, 1) RBBX+(CBC4,5)) XBBZ+(CB(4,6) )RBBY) 

ELSEIFCJU.EQ.2) THEN 
ATS = BXHCCCBC5,2) MBBY+(CB(5,4) HBBZ+(CBC 5.6) )MBBX)+ 

+ ELSE ne CCBA 12) RBBYSCCBCS, » 4) RBBZ+(CBC4,6) )RBBX) 

AIJ = BX¥C(CBC5,3))*BBZ+(CB(5,4) HBBY+(CB(5, 5) )RBBX)+ 
+ BYECCCBC4G,3)) MBBZ+(CB(4,4) )MBBY+(CBCG,5) RBBX) 
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ENDIF 
ENDIF 

ACIS) = ACIJ)+4AITJ¥VOL 
CONTINUE 

CONTINUE 
CONTINUE 

CONTINUE 
CONTINUE 

CONTINUE 
RETURN 
END 
SUBROUTINE LOCCORCNQ,XQ,7Q,2Q) 
IMPLICIT DOUBLE PRECISION (A-H,0-Z) 
DIMENSION XQC(NQ),YQCNQ),ZQCNQ) 
XQC1) = C-1.DO/DSQRTC3. ) eo o

 
ro
) 

YQC1) = (-1.DO/DSQRTC3.DO)) 
ZQC1) = (-1.DO/DSQRT(3.D0)) 
XQC2) = C4#1.D0/DSQRTC3.BDO)) 
YeC2) = C-1.D0/DS@RTC3.DO)) 
ZQ(2) = (-1.DO/DSQRT(3.DO)) 
XQC3) = C41. D0/DSQRTC3.D0)) 
YOC3) = (41. DO/DSQRTC3.D0)) 
ZQ(3) = €-1.DO/DSQRT(3.D0)>) 
XQ(4) = (€-1,.BD0/DSQRTC3.D0)) 
YOC4) = (41. D0/DSQRT(3.D0)) 
ZQCG) = C-2,. DO/DSQRTCS.DO)) 
XQC5) = €-1.D00/DSQRTC3.D9)) 
YQC5) = €-1.D0/DSQRTC3.DO)) 
ZQC5) = (+1. DO/DSQRTC3.DO}) 
XQC6) = C+] .DO/DSQRTC3.DO)) 
¥QC6) = (-1.D0/DSQRT(3.D0)) 
ZQC6) = C4+1.D0/DSQRT(3.D0)) 
XQC7) = (41. D0/DSQRTC3.DO)) 
YQC7) = (4#1.D0/DSQRTC3.D0)) 
ZQ(7) = (+1. DO/DSQRT(3.D0)) 
XQC8) = C-1.DO/DSQRTC3.DO)) 
YQC8) = (+1. DO/-DSQRT(3.D0)) 
ZQ(8) = (41. DO/DSQRT(3.DO)) 
RETURN 
EN 
SUBROUTINE TRFCKT, e ZI,IN, BB, BX, BY, BZ, 

+ 1,21,X7,¥7.27) 
IMPLICIT DOUBLE PRECISTON (A-H, 0-2) 

TRCIN. €@.1) THEN 
(1.D073.DO#C1. DO-XI "C1. DO-END#C1. DO-Z1) 

Bx -C€1. D078. DO)RC]. DO-EM DEC]. DO-ZI3mC2.DO/(X7-X1)) 
BY 7a: DO78 .DOINC] ._DO-XI9NC1.DO-Z1)"C(2.D0/(Y7-Y1)) 
82 (1.D078. DONC]. DO-X1)¥C1.DO-ENI NC 2. DO“(27-21)) 

ELSETFCIN. EQ.2) THEN 
= (1.D078.D0)NC).DO+#XI "C1. DO-EN)¥C 2. DO-ZI) 

Bx = (1.D0/8.D0)¥C(1.DO-EN)(1. DO-ZI #C2.DO/¢(X7~-X1)) 82 
BY = -€1.D0/8.DO)%C1. DO+XI C1. DO-ZIDE(2.D0/(Y7~-Y1)) 
BZ = -(1. D078. DO)#C] .DO+XI "C1. DO-END EC 2. DO7(Z7-21)) 

ELSEIFCIN. E@.3) THEN



SDFEM 

N
e
 

= €1.D078.DO)m(1. DO+XI NC]. DO-ENI EC]. DO+ZI) 
BX = (€1.D0/8.DO)mCL.DO-ENINC 1]. DOOZINC2. DOs CX7~-X1)) 

= “i. 0078 DONC) DO*XT) EC]. DO+ZIINC2. DOL CY7-Y1)) 
= 0078 .DO)#C1. DOFXI IMC]. DO-ENDNC2.DO/(2Z7-Z1)) 

ELSELECIN, fa. 4) THEN 
= €1.0078 .DO)#C1.DO-XT)NC1. DO-ENDEC(1. DOsZI) 

He = -(€1.D0078.DO)"C1.DO-ENI EC]. DO+Z1 C2. pov (x?7-X1)) 

BY = ~(- DO/8 DONC)  DO-XIINC). DO*ZINC2. DO“ (Y7-Y1)) 
BZ = (1.0078. DONC]. DO-XIDNC1. DO-ENDEC2. DO“(Z7-21)) 

ELSEIFCIN.E@.5) THEN 
BB (1. D078. DONC]. DO-XT C1. DOCEND C1. DO-ZI) 
Bx ~(€1.D078. DOdMC1. DOEND HC). DO-ZIDEC2. DOV (X7-X1)) 
BY (i: DO’8 . DONC]. DO-XI)MC1.D0-Z1)eC2.D0/CY7-Y1)) 

D078. DOIMC1. DO-XI)4C1. DOFEN DEC 2. D07(27-Z1)) 
ELSETPCIW, Eo 6) THEN 

(1.0078. DO"). DO+XT MC]. DOFEND HC]. DO-2Z1) 
Bx = (1.00/38. DOImC1. DOFEND EC]. DO-ZI "C2. D07CX7-X1)) 

e BY = th: DO/8 . DONC]. DO+XI IMC 1. DO-ZI)¥C2.D0/(17-Y1)) 
BZ =-C1. DOr . DOHC]. DO+XI C1. DOSEN) C2. 007027-Z1))} 

ELSEIFCIN. EQ. 7) THEN 
BB = (1.0078. DO)¥(1.D0+X1)m(1.DO+ENI MC) DOFZI) 
BX =-€1.D0/8.DO)e( 1. DOFEN) HC]. DOFZIIEC2. DOK (X7-X1)) 
BY = €1.D0/8. DONC 1. DO+XI IMC]. DOFZI DRC 2. DO/CY7-Y1)) 
BZ = (1.D0/8.DO}MC). DO+XI INC]. DOFENIEC 2. DO“(Z7-Z1)) 

ELSEIFCIN.EQ.8) THEN 
BB = €1.D078.pO)MC).DO-XIT)eC1. DOFEND RC). DOFZI) 
BX = -€1.D0/8.D0)"C1. DOSEN) HC 1. DOFZI MC 2. DOL CX? -X1)) 
BY = (1.D078.DO)mC1. DO-XI)¥C1.DO+ZI NC2. DOL CY7-Y1)) 

® ¢€1.0078.D0)"C1.DO-X1>#C1 . DOFEN DNC 2.D07(27-Z1)) 
ENDIF 

RETURN 
END 
SUBROUTINE CBARSDCIT,LYNUM, TH,CB,NE,NX,NY,NZ,MATE,IFLAG) 
IMPLICIT DOUBLE PRECISION (A-H,0-2) 
DIMENSION $(6,6),C(6.6) 
DIMENSION CB(6,6) 
WRITECK,§) "THETA IN CBAR ',TH 

IFCMATE. EQ. 1) GOTO 666 
IFCIFLAG EQ. 1) THEN 

1 = 20000000.0D0 
E2 = 1300000.0D0 
E3 = 1250000.0D0 
P23 = 6. 4900 
PLS = 0.3D0 
Pi2 = 0.3D0 
G23 = 900000.0D0 
G13 = 1030000.0D0 
Gl2_= 1030000.9D0 
ELSEIFCIFLAG.E@.2) THEN 
El = 25047135.60D0 
E2 = 1044234.95D0 
E3 = E2 
P23 = 0.35bD0 
P13 = 0.3D0 
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Pl2 = 0.3D0 
Gl2 = 545322.67D90 
G23 = 0.9D0"G12 
13 = Gl2 G 

ELSEIFCIFLAG.EQ.3)> THEN 
El = 18700000.0D0 
E2 = 1070000.0D0 
ES = 1070000.0D0 
P23 = 6.99000 
P13 = 0.330D0 
P12 = 0.330D0 
Gl2 = 610000.0D0 
G23 = 693000: oDO0 

= 610 - ODO 
eLSEIFCIFLAG, £@. 4) THEN 

El = 25. 
F2 =1 oo” 
E3 = 1.00 
P23 = 0.25D0 
P13 = 0.25D0 
Pl2 = 0.25D0 
Gl2 = 0.5D0 
G23 = 0.2D0 
GI3 = 0.5D0 

ELSE 
El = 2.695D6 
E2 = 2.56D6 
€3 = E2 
P23 = 0.23000 
P13 = 0.230D0 
Pl2 = 0.24230 
Gl2 = 0.606 
G23 = 0.9D0G12 
G13 = G12 

ENDIF 

$C1,1) = 1.D07E] 
$€1,2) = -Pl2/El 
$01.3) = -P13/E1 
$(€2,2) = 1.D07E2 
$(€2,3) = -P237E2 
$(3,3) = 1.DO/E3 
$04.4) = 1.D0/G23 
$(5,5) = 1.B0/G13 
$(6.6) = 1.D0/G12 
T™ =DCOS(TH) 
TH =DSINCTH) 
SA= SC1,198502,2)8SC3,35)-SC1L, 1 8SC2, 3) 82- 
S$€2,2)#SC1, 3) 8H2-SCS, SESCL, 2) RR2+ 
24S01,298S(2,59"SC1,3) 

COl.1) = (862,2)8SC3,3)-S(2, 3) 8RZI7SA 
CO1,2) = €501,39"S02,3)-SC1,2)8SC3,3)9/S5A 
CO2-2) = CSCS,3MSCL.LI-SC1,3)4N2)7S5A 
CCL,3) = €801,2)8S02,3)-SC1,39"S02,2))/5A 
CO3,3) = (SCL, 1)¥S02,2)-SC1,2)4N2)7SA



& 
DO 90 I = 

D 

c 
666 

177 

3DFEM 

255 
250 

277 

268 

2 3)-S02.359SC1,1)9754 

1. 1 )e2uTanazatwmazn ccc. 2)42mC16,6))+ 
TNEHQEC( 2,2) 
TNEM2NTMMM2HCCO1L,1)4002,2)-466C06 894 
CT NE NGS TMHEGIRC(CN,2) 
TMRRZNCCL, SI+TNMRZHC( 2,3) 
0.p0 
0.D 
TMMTNMCTMMM2HCCO), 2I-CO1L,2)-25C(6,6))¢ 
TNEW2RCCO1, 22-C02,2)428C(6,69)) 
THENGHCC 1], 1 + 2RTNERZETMERZE(COL, 234 
2NCC6,6) + TMEEGHCO 2,2) 
BEBO te SS TMRZHC C2, 5) 
0.D 
0.b0 
TMMTNECTNERZE(CC] 
TMeR2UCCO1,29-CC2 
c¢3,3) 
0. D0 
o.D 
TMMTNMCCO1,3)-C62,3)) 
TMMN2EC(G,4)+TNENZEC(S, 5) 
TM Necces. 5)-€04,4)) 

-d 
TieKZHCc4, 749+ TMeR22CC5, 5) 

TMHRZHTNMR2U(CO1,1)3-2"CC1,2)4C62,2))¢ 
CCG, 16 EC TMM O-TNEN2 ) MHD 

76 

095 3/2 1,6 
CBC 

WRITECH, &) ve’ J,CBC 
CONTIN 

CONTINUE 
WRITECH,&) * ¢ 
GOTO 177 

CONTINUE 
WRITEC(H,®) * * 
RETURN 
END : 
SUBROUTINE GVRESTCOMEGA, NU,NC,EIGV,R,-IVEC, IPRVEC, IZOLINE) 
IMPLICIT DOUBLE PRECISION (A-H,0-2) 
DIMENSION OMEGACNC) 
DIMENSION EIGVCNC), RCNU,NC) 
WRITECR,#) 
WRITECH,®) 
WRITECK, ¥) 
WRITECH,#) 
WRITECH,) * ° 
DO 250 T=1,NC 
WRITEC#, 255) 1, OMEGACI), EIGV(I> 

—
 wu
 

~
 ” 

11)-CO1,2)-28C06,6))+ 
»2)*2C06,6))) 

J.I) = CBCI,J) 
I,J) 

"NATURA a 
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FORMATC1X, "NO: ',14,1X, ‘FREQ: ',D12.6,1X, "HZ". 2X, *E-VAL*,1X,D12.6) 
CONTINUE 

IFCIVEC.€Q.1) THEN 

KK = 0 
DO 264 K=IPRVEC, IPRVEC 

DO 264 K=1, IPRVEC 

WRITE(H,%) * * 
WRITE(H,E) * 
WRITEC(a,®) § ¢ 
WRITECH,%) 
WRITECH, ®) 
WRITECE, » 
WRITECH, ® 
PII = $. 14 
WRITECH, ®) 
WRITEC#,#) 

FORMATCI4 
Ww 

2 3X, °U 

159265400 
* WATURAL FREQUENCY :', OMEGA(K) 

O 268 t 
0 268 L 

= 1,NU,3 
= 361,363, 

KK=KK+1 

RITECH,277) KK,RCL»K),ROL41,K),R0L42,K) 
:*,D16.4,3X,°V =',D16.46,3X,'° :*,D16.4) 

CONTINUE 

KK = 

w NODES OF INTEREST 

288 

a
n
 

RMS = 

DO 288 

KK = 1236 

0.b0 

I: 

RMS = 

3,NU,3 

RMS+R( IT, KIERCI,K) 

CONTINUE 

RATIO] = 
RATIO? = 
RATIO3 = 
RATIO€ = 

DSQRTCRMS) 
"RMS *,RMS 

RMS = 
WRITECH, ®) 
WRITECH,%) ‘HW ©, RO179RS,K) 
WRITECH, ©) 'W *, RCL8ONS,K) 

RC179 B3S,KI/RMS 
RCOLEO N3,K/RMS 
RC1L307HS,K)/ RMS 
RCL 3S08%3,K)/ RMS 

84



WRITEC#,3) "NODE 179 *, RATION 
WRITEC#,@) "NODE 180 *, RATIOZ 

c WRITECH.#) ‘NODE 1307 *, RATIOS 
c WRITECH, MH) "NODE 1508 ', RATIOS 
264 CONTINUE 

ENDIF 

" 

wm WRITE THE Z COORDS TO FILE 10 TO PLOT USING SAS-GRAF 
* 

TFCIZOLINE.EQ.1) THEN 
= 0 

BO 3010 J = 0,5 
bo so020 I = 0,4 
L2L+5 

WRITECI0O,1001) I%1.8D0,9"0.72D0,R¢L 03, IPRVEC) 
10012 FORMAT(3F14.4, 3X) 

3020 CONTINUE 

3010 CONTINUE 

ENDIF 

RETURN 
END 

_ DUBROUTINE GGEOMCIVDELAM, NDELL,.NODEL,.LYNUM, NODE, INDX,XN.YN,ZN,WNE, 
NN.NU,NX,NY,NZ,XL,-YL,ZL,NNE,LEPL, DEGR, MATE, IBOUND, KDC, 

; XDST, XDEN,YDST, YDEN, ISDELAM, ISTATIC) 
IMPLICIT DOUBLE PRECISION (A-H,0-2) 
DIMENSION XNCNX¥NYRONZ+NDELL)), YNONXENYRCNZ4+NDELL)), 

: ZNOCNXENYECNZ+NDELL )) 
DIMENSION NODE( CNX-1L)CNY-1)BONZ-1),8), 

. INDX(NXMNYERCNZ4+NDELL), 3) 
DIMENSION DEGRCNZ-1) 
INTEGER KDCONZ),XDSTCNDELL +1), XDENCNDELL41) 
INTEGER YDSTCNDELL 41), YDENC(NDELL +1) 

IFCISTATIC. EQ. %) THEN 
WRITECH,) * 
WRITECX, 4) teeunesecesaeestssssssscesecesseceecceeseeeeezeee! 

WRITE(#, 8) 's id 
WRITECH,*) *= F INIT ELEMENT ANALYSTI Set 
WRITECH,#)  ¢= FREE VIBRATION PROBLEM 
MRITEC(H,H) 8% DELAMINATED PLATE ze 
WRITE(H,H) f= =? 
WRITECK,#) WSSeesesersssssseesssessssesasessesesessxrssssessst 

WRITE(H,%) * ¢ 
ELSEIFCISTATIC, EQ@.1) THEN 
WRITEC 
WRITECH, % Usrsssresrsesssreessszrssezsrsrssesesessssczesesesest 

WRITECH,#) 9 f= = 
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WRITE(H,*) "= FINITE FIEMENT ANALYSI S=! 
WRITE(H,) = = 
WRITE(H,H) 8% DELAMINATED PLATE = 
WRITECH, 2H) 8 %= =! 
WARITECH,) Sseesseasssessssseszesssesssesseesasessssssssszest 

WRITECH,%) * & 
ENDIF 

IFCIBOUND.EQ.1) THEN 
WRITECE,#%) ¢ FUCLY FREE BOUNDARY CONDITIONS ‘ 

ELSEIFCIBOUND.EQ.2) THEN 
WRITECH,%) ° étanred FREE FREE FREE SOUNDARY CONDITIONS’ 

ELSEIFCIBOUND.EQ.3 E 
WRITE(,™) ° FULLY CLAMPED BOUNDARY CONDITIONS* 

ELSEIFCIBOUND.EQ.4) THEN 
WRITECH,¥) * FULLY SIMPLY SUPPORTED BOUNDARY CONDITIONS’ 

ELSEIFCIBOUND.£€@.5) 
isprttECee™ ' CLAMPED FREE CLAMPED CLAMPED BOUNDARY CONDITIONS’ 

WRITEC#,%) ' S.SUP FREE S.SUP S.SUP BOUNDARY CONDITIONS‘ 
ENDIF 

x 

WRITEC(H,#) * ¢ 
IFCIVDELAM.EQ.0) THEN 
reper? "UNDAMAGED LAMINATE ' 

WRITE(#,%) *DELAMINATED LAMINATE ° 
WRITEC#,%) "NUMBER OF DELAMINATED LAYERS ->',NDELL 
eNWeree ‘TOTAL NODES IN DAMAGED REGIONS>',NODEL 

WRITE(H,%) * ° 

IFCIVDELAM. EQ. 1) THEN 
WRITECH, 8) Semen nen nn mene ee mre nnrenn ' 
WRITEC#,%) "DELAMINATION TMP ORMATION 
WRITEC#,#) ©] DELAM PER LAY 
WRITECH, 8) Seen nnn ree nen nen nn ' 
WRITECH,®) °° 
WRITEC#,#) "FROM BOTTOM TO TOP * 
WRITE(H,HD * f 

DO 3012 LM=0,NZ-1 

IFCKDCCLM).NE.0) THEN 
WRITECE, %)*DELAMINATION AT INTERFACE :',LM 

ENDIF 

3012 CONTINUE 

WRITECH,@) '  ! 
DO 3010 II = 1,NDELL 
WRITECH,M) 'DELAM i", TI 85 
DELX1 = XDSTCIIDECXL/(NX-1.D0)) 
DELX2 = XDENCIIDMCXL/(CNX-1.D0)> 
DELY1 = YDSTCIIDRCYL/CNY-1.D0)>



DELY2 = YOENCIT I MCYES CNY” 1.D0)) 
WRITECA, #) DEL SIZE CIN)', DELX2-DELX1 
WRITECR, ©) y DEL SIZE CIN)", DELY2- DELY1 
WRITEC MH.) "X BOX ST'.XDSTCIT) 
WRITECH,€) *X BOX ED'.XDENCIID 
WRITECH,@) *Y BOX ST',YDSTCIT) 
WRITECM, RH) 'Y BOX ED',. YDENCII) 
WRITECH,€) *  f 

35010 CONTINUE 
ENDIF 

WRITECH, RH) ' f 
WRITEC®,%) "NUMBER OF ELEMENT NODES ->", MNE 
WRITECH, ©) "NUMBER OF LAYERS ->',NZ-1 
WRITECH,&) "STRUCTURE LENGTH (IN) ->* xb 
WRITECM,™) "STRUCTURE WIDTH ->'LYL 
WRITECH,§) "STRUCTURE HEIGHT ->", ZL" CNZ-1) 
WRITECM,.%) "ELEMENTS ACROSS THICKNESS ->',) 
WRITECM.®) "NODES IN X DIRECTION ->' NX 
WRITEC#,%) "NODES IN Y DIRECTION ~>t NY 
WRITEC#,®) "NODES IN Z DIRECTION ->",NZ 
WRITECH,%) "ELEMENTS PER LAYER ~>", ONX-1L)"ONY-1) 
WRITEC#,%) "NODES PER LAYER ->" NXENY 
WRITECH, ®) VMATERIAL TYPE <1>ISO<2>ANISO ->', MATE 
WRITE( 2,8) * 
IFCMATE .NE.2) GoTo 777 
DO 65 I = 1,NZ-1 
WRITECH,67) I. DEGR(I) 

67 FORMATC1X, "LAYER->°,16,2X, "FIBER ORIENTATION', F12.4) 
65 CONTINUE 

eee ae , 4 
777 LEPL= CNX-1)#CNY-1) 

0.BO 
14 0.D0 

0.DO 
ZINCR = 0.50 

CXL~-0.DO)/CNX-1.D0) 
Hy CY¥L-0.D0)/(NY-1.D0) 

L 
HZ (ZL~-0.D0)/CNZ-1. D0) 

DO 1025 LY = I, LYMUM 
DO 1040 JC = 0, NY-1 
DO 1050 Ic = 0, WX-1 
DO 1030 KC = 0, N2Z-1 

K
a
m
 e
o
n
 

wo
 

e
e
 
w
w
 

CANTILEVER PLATE 

IFCIBOUND.EQ.2.AND.1C.EQ@.9) GOTO 3100 

FULLY CLAMPED 

x
a
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CIBOUND.EQ.3.AND.IC.EQ.0) GOTO 3106 
CIBOUND.E@.3.AND.IC.EQ.(NX-1)) GOTO 310¢ 
CIBOUND.EQ.3.AND.JC.EQ.6) GOTO 3100 
CIBOUND.EQ.3.AND.JC.EQ.CNY-1)) GOTO 3100 

SIMPLY SUPPORTED 

o
O
 
oa

t 

IFCIBOUND.€@.4.AND.IC.EQ@.0.AND.KC.EQ.0) GOTO 3100 
IFCIBOUND.EQ.4.AND.IC.EQ. CNX~- D AND. KC.E£Q.0) GOTO 3100 
IFCIBOUND.£Q@.4.AND.JC.EQ.0.AND.KC.EQ.06) GOTO 3100 
IFCIBOUND.EQ.4.AND.JC.EQ.CNY- I "AND. KC.EQ.0) GOTO 3100 

CLAMPED FREE CLAMPED CLAMPED 

IFCIBOUND.EQ.S.AND.IC.EQ.0) GOTO 3190 
IFCIBOUND.E@.S.AND.JC.EQ.0) GOTO 3100 
IFCIBOUND.£@.5.AND.JC.EQ.CNY-3)3 GOTO 3109 

SIMPLY SUPPORTED FREE SIMPLY SUPPORTED SIMPLY SUPPORTED 

ew 
O
O
 

IFCIBOUND.EQ.6.AND.IC.EQ.0.AND.KC.EQ.0) GOTO 3100 
IFCIBOUND.EQ.6 .AND.JC.EQ.0.AND.KC.EQ.0) GOTO 3100 
IFCIBOUND.EQ@.6.AND.JC.EQ.CNY-1).AND.KC.EQ.0) GOTO 3100 

SIMPLY SUPPORTED CONSTRAINED AT THE MID SURFACE 

O
N
E
 

OO
 

IFC IBOUND.E@.7.AND.IC.EQ.0.AND.KC.EQ.CONZ-1372)) GOTO 3100 
IFCIBOUND.EQ.7 .AND.IC.EQ. CNX-1).AND.KC.EQ.(CNZ- 1)02)) gone 3100 
IFCIBOUND.EQ.7 AND. JC.EQ.0.AND.KC.EQ.CCNZ-1)72)) GOTO 310 
IFCIBOUND.EQ.7 .AND.JC.EQ.CNY-1) . AND. KC.EQ.((NZ-1)72)) goro 3100 

Iu = [U+3.D0 
3100 IP = IP+1.D0 

XNCIP) =ICRMX 
YNCIP) =JCRHY 
ZNCIP) =KCHHZ+ZINCR 

° IFCIBOUND.E@.2.AND.1C.EQ.0) THEN 
INDXCIP,1) 
INDXCIP,2) 
INDXCIP, 3) 

ELSEIFCIBOUND.EQ.3.AND.IC.E£Q.0) THEN 
INDXCIP,1) 86 
INDXCIP,2) 
INDXCIP,3) = 

C1 cerertaniwun Fo t aWf Tc FO (N¥-1)) THEN 

“ 
w
G
u
 

Ho 
We
 

c
o
o
m
e
o
o
.



N -AND.JC.EQ@.0) THEN 

m
o
a
c
a
o
a
m
o
o
e
o
 

@
 

w
 

o
 

ue
 

) 
U 
) 
) 
) 
UN -AND.JC.EQ.CNY-1)) THEN 

) 
INDXCIP,3) 

ELSEIFCIBOU 
INDXCIP,1) 
INDXCIP, 2) 
INDXCIP, 3) 

OUN 

-AND.IC.EQ.0.AND.KC.EQ.0) THEN  *
) a
 

-AND.IC.EQ.¢NX-1).AND.KC.EQ@.0) THEN zo “
 

o
u
n
 

oe
 
H
U
Q
O
H
H
 

H
O
F
 

UN
 
R
H
 
o
N
 

w
e
 

M
o
o
a
m
a
o
a
o
n
o
o
d
0
 

INDXCI 
-AND.JC.£Q.0.AND.KC.EQ.0) THEN D

 -
 

INDX(T 
-AND.JC.EQ.CNY-1).AND.KC.£Q.0) THEN o

u
v
n
n
e
 

ee
) Po
 

.5.AND.IC.EQ.0) THEN o
 

INDXCIP, 

INDXCIP, 

el 
2 
3 
+ .5.AND.JC.EQ.0) THEN 

2 
INDXCIP,5 

OUN 
1 
2 
3 
0 

yo
) 

~5.AND.JC.EQ.CNY-1)) THEN @ 

.6.AND.IC.E@.0.AND.KC.EQ.0) THEN oe
) 

ELSEIFCIBOUN -AND.JC.EQ.0.AND.KC.EQ@.0) THEN @
 

n~
 

N .6.AND.JC.EQ.CNY-1).AND.KC.EQ.0) THEN 

-IC.EQ.0.AND.KC.EQ.CCN2-1)72)) THEN 

c
o
o
”
 
B
O
 
O
S
O
M
G
A
G
O
M
O
G
e
E
M
e
P
V
e
M
o
o
a
m
M
m
M
a
c
e
a
n
e
c
d
o
m
a
o
c
n
a
 

INDX(T 
INDXCT 

’ 
=z
 

w
u
 
“
z
e
 

w
e
n
g
r
e
u
e
n
r
o
n
n
e
o
n
a
 

w
o
u
 

i 
w
o
u
 
v
n
g
u
 

a
o
n
 

w
e
 

=
 

=
 

V
O
 
U
U
 
U
H
 

UD 
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ELSEIFCIBOUND.EQ.7.AND.IC.EQ.(NX-1).AND.KC.EQ.CC(NZ-1)72)) THEN 
INDXCIP31) = 0 
INDXCIP,2) = 0 

DXCIP,3) = 0 
ELSEIFCIBOUND,€0,7 AND. JC.E@.0.AND.KC.E@.((NZ-1)/2)) THEN 

INDX(IP,1) = 0 
INDXC1P.2) = 0 
INDXCIP,3) = 0 

ELSEIFCTOUND ER. 7 AND, JC.EQ. (NY-1) AND.KC.EQ.C(NZ-19/2)) THEN 
’ z 

INDX(IP,2) = 0 
TNDXCIP, 5) = 0 

INDXCIP,1) = IU-2.D0 
INDXCIP,2) = TU-1.D0 
INDXCIP,3) = IU 

ENDIF 
x 

x 

® BY MANIPULATING GT=GE .. IN THE FOLLOWING IF STATEMENTS 
u THE DELAMINATIONS CAN BE EXTENDED TO THE FREE ENDS 
# PUT DOUBLE NODES ACROSS THE DELAMINATED LAYER 
M ONLY NODES IN THE DELAMINATED REGION GENERATE 3 MORE UKNOWNS 
% U,V,M SAME FOR OTHER NODES 

IFCIVDELAM.EQ.1.AND.KDCCKC).NE.0) THEN 
TFCXNCIP) GT . CXDSTCRDCCKC) 2€HX) AND XNCIP) LT. (XDENCKDCCKC) HX). 

+ AND. YNCIP) GT. CYDSTCKDC(KC) HY). AND. YNCIP) 
+ (CYDENCKDCCKC)DNHY)) THEN 

IP = IP41 
IU = Iu¢3 
XNCIP) = ICHHX 
YNCIP) = JCRHY 
ZNCIP) = KCHHZ 

INDXCIP,1) = IU-2.D0 
. INDXCIP,2) = IU-1.D0 

INDXCIP,3) = IU 
ELSE 

IP = IP+i 
XNCIP) = ICKHX 
YNCIP) = JCxHY 
ZNCIP) = KCHHZ 
INDXCIP.1) = INDX(IP-1.1) 
INOXCIP,2) = INDXCIP-1,2) 
INDXCIP,3) = INDXCIP-1,3) 

ENDIF 
. ENDIF 

1030 CONTINUE 
1050 CONTINUE 
1040 CONTINUE 

87 NN = IP 
WRITECH, &) "TOTAL wopes OF STRUCTURE ~>°,NN 

: WRITECH,%) "TOTAL NUMBER OF UNKNOWNS ~>', NU



1080 
1070 

1060 

404 

402 
%400 
220 

a 
CO
 

e
m
e
r
y
 

o
r
n
 

8 N
 

ta
 

")
 

I 

SDFEM 

"115 
c 

4500 

NODINCR = 0 

mo net tSecag HE? M.EQ@.1.AND. ROCCEC) . W 
WOOINCR = NODINCR + F-0) THEN 

ENDIF 
DO 1070 JC = 0,NY-2 

DO 1080 IC = O,NX-2 
IT = 17 + 1.00 

NODECIT, wip = CNXMCNZ#NDELL MIC) *¢CICHCNZ¢NDELL) 41. DO+NODINCR 
ODECIT.2) = NODECTT 2 oak oon ee ELL) 

NODECIT. 3) = NODECIT.2)41. 
NODECIT.4) = NODECIT.1)42. DO 
NODECIT,5) = NODECIT.1L)¢CNXNCNZ4*NDELL)) 
NODECIT,&) = NODECIT.S)+(NZ4#NDELL ) 

. NODECIT,7) = NODECIT,.6)+1.00 
NODECIT,8) = NODECIT,5)+1.D0 

CONTINUE 
CONTINUE - 

MODINCR = NODINCR+1 . DO 
CONTINUE 

WE = IT 
WRITECH,®) ‘TOTAL ELEMENTS IN STRUCTURE ->',WE 
FORMAT (23X,*X", 15X, *Y", 15X,°Z 

WRITECH,M) ' fF 
DO 400 I = 1,1P 
WRITECH,G02) I,XNCID,YNCI),2NCI) 
FORMATC *NODE:',15,1X,D16.9,1X,.D16.4,1X,D16.4) 
CONTINUE 

FORMATC12X, 41° ,6X-' 25, 6X, 93", 6K, 149 ,6X, 586K, 67, 6X, 75, 6X, 8") 
WRITECH,M) ' * 

DO 111 I = 1,WE 
Tl = NODEC(I,1) 
T2 = NODECI.2) 
13 = NODECI, 3) 
14 = NODEC(I,4) 
15 = NODECI,5) 
16 = NODE(I,6) 
17 = NODE(I,7) 
18 = NODEC(I,8) 
WRITECH, 222) 1,11,12,13,14,15,16,17.18 

FORMAT IN INUE ee 216,1X,16,1X,16,1X,16,1X,16,1X,16,1X,36,1X,16) 

FORMATC17X, *17,8X,°29,7X,'3") 
WRITEC#, ©) 

dO 115 I = 1 NN 
J1 = INDXC(I,1) 
J2 = INDX(T,2) 
Her r INDX(1, 3) 

EC#, 232) I,J1,J2 
FORMATC "NODES 18. §X,15,4X, 15, ax, 15) 
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CONTINUE 

RETURN 
END 
SUBROUTINE Meee MS en Deen LEBEL enya eee 

»LYNUM, NX,NY,NZ,DEGR,LEPL,XQ,¥Q,2Q, 
woe At es DEN. ANG, IFLAG, NU, IBOUND, 

K,NHM,MAXA,LB) 
IMPLICIT yrOUBLE PRECISION (A-H,0-Z) 
DIMENSION AC1000000),B¢ 1000000) 
INTEGER. MAXACNU+1),LBCNU) 
DIMENSION XNCNXENYHCNZ4+NDELL)), YNCNXENYECNZ4NDELL DD, 

ZNCNXENY#CNZ+NDELL ) ) + 

DIMENSION NODECCNX=-1)>#CNY-1)¥C(NZ-1),8), 
+ INDXCNX¥NY EC NZ4tNDELL ), 3) 
DIMENSION XQCNQ),V@CNQ),ZQCNQ) 
DIMENSION DEGR{(NZ-1), THETACNZ-1) 
DIMENSION CB(6,6) 
DO 4500 J = 1,NU 

LBCJ) = 0 
CONTINUE 

DO 4550 IT = 1,NE 
BO 4560 IN = 1,NNE 

IP = NODECIT, IND 

DO 4570 Iu = 1,3 

I = INDXCIP,IU) 
IF(I.€Q.0) GOTO 4570 

DO 4580 JN = 1,NNE 

IPP = NODECIT, JN) 

DO 4590 IUK = 1,3 

J = INDXCIPP, TUK) 
IF(J.£Q.0) GOTO 4590 

IJ = J-I 
TFCIJ.GT.LBCJ)) LBC J)=TJ 

CONTINUE 
CONTINUE 

CONTINUE 

CONTINUE © 
MAXACL) = 1 88 

DO 4600 J = 2,NU



MAXACJ) = MAXACJI-1LISLBCJ-1)41 

4600 CONTINUE 

NWK = MAXACNU)*LBCNU) 
WWM = WWK 
MAXACNU41)=NWK41 
WRITECK, HM) & ' 
WRITECH, ©) 'NWK "NHK 
WRITEC WL) ¢ ' 

DO 1700 IK = NWK 
ACIK) = 0.D0 
BCIK) = 0.D0 

1700 CONTINUE 
ALL LOCCOR(NG,xQ,7Q,29) 
IF(MATE.€Q.2) THEN ‘ 
DO 1980 L = 1,Nz 

* THETACL) = (3. 161592653598793239D0XDEGREL))/180. DO 
1980 CONTINUE 
a DO 1985 I = 1,LYNUM 
x DO 1990 J = 1,LEPL 
x - ANGCJ) = THETACT) 
#1990 CONTINUE 
¥1985 CONTINUE 

ENDIF 
DO 2000 IT = 1,NE 

X1 = XNCNODECIT,1)) 
Yl = YNCNODE(IT,1)) 
21 = ZNCNODECIT,1)) 
X7 = XNCNODECIT,.7)) 
Y7 = YNCNODECIT,7)) 
27 = ZNCNODECIT,7)) 

IFCMATE. EQ.2) THEN 
=1¢ ENTCCIT- t>/LEPL) 

rH = THETACKK 
x WRITEC,®) ‘IT ett 
x WRITECHLH) "ELE ID CKD *,KK 
x WRITECH, ©) °TH IN ASSEMBLY', TH 

ecaul CBARSDCIT, LYNUM. TH, CB,NE.NX,NY,NZ,MATE, IFLAG) 

aga CBARSDCIT, LYNUM,0,CB,NE,NX,NY,NZ,MATE, IFLAG) 

VOL = (X7-X1)"CY7-Y1)"(Z7-Z1) 
DO 2020 I@ = 1,NQ 

XI = x@(1Q) 
EN = YQ(IQ) 
ZI = ZQ¢IQ) 

DO 2040 IN = 1,NNE 
IP = NODECIT,IN) 

CALL TBFCXI,EN,Z1,1N, 8B, BX, BY, BZ, 
X1,¥1,Z1,X7,-Y7,27) 

DO 2060 IU = 1,3 
I = INDXCIP, IU) 
IF(1.£@.0) GOTO 2960 

DO 2070 INN = 1,NNE 
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IPP = NODECIT, INN) 
CALL TBFCXI,EN, ZI, INN, BBB, BBX, BBY, BBZ, 

X1,Y1,21,X7,Y7,Z7) 
DO 2080 JU = 1,3 

J = INDXCIPP, JU) 
IF(I.GT.J) GOTO 2080 

IJ = MAXACJ) + CJ-7) 
BIJ = 0.D0 

IFCIU.EQ.1) THEN 
IF(JU.EQ.1) THEN 
AIS = BXHCCBCL,1)#BBX4(CBC1, 5) )#BBZ+(CB(1,6) MBBY)+ 

+ BYNC(CBCG6, 1) ¥BBX4(CB(6,5) )¥BBZ+(CB(6,6) BBY) 
BIJ = 3B¥BBBxDEN 

ELSEIF(JU.€9.2) THEN 
AI) = BX¥(CBC1,2)"BBY+(CBC1,4))"BBZ+(CBC1,6) )¥BBX)+ 

+ Ese BYR((CB(6,2) )HBBY*(CBC6,4))¥BBZ+(CB( 6,6) )¥BBX) 

ALJ = BXH(CBC1,35)*3BZ4+(CB( 1,4) XBBY#(CBC1,5))"BBX)+ 
+ enpre BYN(CCB(G. 3) NOBZSCCBCE 4) RBBY+(CB(6,5) )¥BBX) 

ELSEIF(IU.£Q.2) THEN 
IF(JU.EQ@.1) THEN 
ALJ = BYRCCBCZ,1)€BBX4(CB(2, 5) )}#BBZ4(CB( 2,6) )EBBY + 

+ BX¥(CCBC6, 1) )XBBX+(CB(6,5) )¥BBZ+(CB( 6,6) )®BBY) 
ELSEIF(JU.EQ.2) THEN 
AIJ = BYRC(CBC2,2)¥BBY+(CB( 2,4) )RBBZ+(CB( 2,6) ) BBX) 

+ BX¥(CCBC6, 2) )EBBY+(CB(6,4) )¥BBZ+(CB(6,6) ) ¥BBX) 
BIJ = BBXBBBXDEN 

ELSE 
AlJ = BYR(CBC2,3)BBZ+(CBC 2,4) MBBY4+(CB(2,5) "BBX )¢ 

BX¥(CCBC6, 3) )BBZ+(CBC6,4) RBBY+(CB(6,5) BBX) 
ENDIF 

TFCJU.EQ.2) THEN 
AIS = BZ¥CCBC3,1)"BBX4+(CBC3.5))¥BBZ+(CBC3,6) ¥BBY) 

ELSEIF(JU.E@.2) THEN 
Ald = BZECCBC3,2)"BBY+( CBC 3,4) )¥BBZ+(CBC3,6) )¥BBX) 

ALJ = BZ¥(CBC3,3)NBBZ+(CBC3,4) MBBY+(CB( 5.5) BBX) 
BIJ = BBXBBBXDEN 

ENDIF 
ENDIF 

ACIS) = ACIJ)¢AI EVOL 
BCIJ) = BCIJ)+BIJRVOL 

2080 CONTINUE 
2070 CONTINUE 
2060 CONTINUE 
2040 CONTINUE 
2020 CONTINUE 

"2000 50 S020 19 = Let 89 @2l, 
XI = 0.D0 
EN = 0.D0 
ZI = 0.D0



SDFEM 

10 

60 

40 

DO 3040 IN = 1,NNE 
IP = NODECIT, IN} 

CALL TBFCXT, EN, ZI,IN.BB, Bx. BY. BZ, 

DO 3060 IU = 1,3 PYRCZLsX7,¥7627) 
I = INDXCIP, Iu) 
IFCI.E@.0) GOTO 3060 

DO 3070 INN = 1,NNE 
IPP = MODECIT, INN) 

CALL TRFCXI. EN.ZI, INN, S5BB, BBX. BBY, BBZ, 
1,71,.21,X%7.¥7,27) 

DO 3080 su = 1,3 
J 3 INDXCIPP, Ju) 
IFCI.GT.J) GOTO 3080 

IJy = MAXACJ) # (4-1) 

AIS =°BZEC(CB(S, 1) MBBX*(CBCS, 5) MBBZ+(CB( 5,6) "BBY? 
ELSEIFCJU.EQ@.2) THEN 

ATS BIR eC RCS. 2) MBBY+(CB(5,49)) 2BBZ+(CBC5.6) ) MBBX) 
LSE 

AL pte BZNCCCBCS, 5) )MBBZ4(CB( 5,4) )MBBY+(CBC5,5) )¥BBX) 

ELSEIPCTU, EQ.2) THEN 
TFCJU.EQ@.1) THEN 

AlJj = BzRCE CBC. 1) MBBX+(CBC4, 5) RBBZ+(CBC4,6) )¥BBY) 
ELSEIFCJU.EQ@.2) THEN 

ATS Ty peN tC Cats, 2) MBBY+ (CBC 4,4) )MBBZ+(CB(4,6) )HBBX) 
LSE 

AT NDE CBC Ss 3) EBBZ#CCBCS, 4) EBBY#(CBCG, 5) )XBBX) 

LSE 
IFCJU.EQ.1 > THE 

ATS = BX¥CCCBC5,1))¥BBX+(CB( 5,5) )¥BBZ+(CB(5,6) )RBBY)+ 
. BYMCCCBC4,1) HBBX*+(CBC4,5) HBBZ+( CBC 4,6) )HBBY? 

ELSEIFCJU.EQ.2) THEN 
AIJ = BXECCCBC5,2) SHBBY+(CBC 5,4) )*BBZ+(CBC5,6) )BBX)+ 

BYECCCBCG, » 2) HBBY+(CBC4,4) RBBZ+(CBC4,6) )HBBX) 

ATS = BXECCCBCS, 33) ¥BBZ+(CBC 5,4) HBBY+(CB(5,5) )¥BBX)+4 
BYHCCCBCG, 3) )MBBZ+(CBCG,4) MBBY+(CB(4, 5) RBBX) 

ENDIF 
ENDIF 

ACIS) = ACTJI+A1 VOL 
CONTINUE 

CONTINUE 
CONTINUE 

CONTINUE 
CONTINUE 

CONTINUE 

RETURN 
END 

SUBROUTINE MULTTC(C.A,.B,N,M,L) 
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IMPLICIT DOUBLE PRECISION CA-H,0-Z) 
DIMENSION ACN,M),BCM.L),CCN,L) 
BO 10 I[=1, 
DO 10 J=1,L 
CCI,J)=0 
DO 10 K=1,M 
CCI, J>=CC1, J 4AC1 KIRBCK, JD 
RETURN 
END 

SUBROUTINE alae TTS Tart te hae NTT a tee at ae 
UPC,.NN.NNM,NWK,NWM,NROOT,RTOL,NC,.NNC, NITEM, 
IFSS,IFPR,NSTIF, IOUT) 

“IMPLICIT DOUBLE PRECISION (A-H,0-Z) 
DIMENSION ACNRK), BCNWM),RONN,NC), TTCNN),WONN), EIGVCNC) 

D(NC), VECCNC, NC), ARCNNG), BRCNNC),RTOLVCNC), BUPCNC), 
BLOCNC), BUPCCNC) 

“INTEGER MAXACNNM) 
SET TOLERANCE FOR JACOBI ITERATION 
TOLJ = 0.000000000001D0 
ICONV 0 

=z
 

wv
 

o = 

w
t
 

Qa 

I 
-GT.0) JeJ+l 
BT-ACIDD 
-LE. 38) GOTO 16 

4 1.L 
IF CWCI). “LT. RT) GOTO 40 
RT = WOT) 
IJ 2 
CONTINUE 
bo 50 I = L,.WNN 

90



50 

A
O
U
 °o
 

100 

90 

120 

140 

130 

150 
110 

190 

180 

200 
160 

3DFEM 

310 

c 
320 
c 

350 

379 
360 

c 
385 

2390 

IF CHCI).LE.RT) GOTO 58 
RT = WC) 
IJ 21 
CONTINUE 
TICS) = FLOATCISS 
WCOIJ) = 0.00 
L = i-ND 
RCIJ,J) = 1.00 
FACTORIZE MATRIX A INTO CLIRCDIMCLOT)) 

ISH = 0 
CALL DECOMP (A, MAXA,NN, ISH. IOUT) 
NITE = 0 
NITE = NITE + 1 
IFCIFPR.EQ.0) GOTO 90 
WRITEC#,1010) NITE 

0 IJ = 
DO 140 J = 1,NC 
bo 120 K = 14H 
TTCK) = ROK. S) 
CALL REDBAK CA,TT,MAXA,NN) 
BO 130 1 = J.NC 
ART = 0.00 
DO 140 K = 1.N 
ART = ARTORCKSTIRTTOK) 
IJ = IJ¢] 
ARCIJ) = ART 
DO 150 K = 1,NN 
RCK.J) 2 TICK) 
CONTINUE 
IJ = 0 
DO 160 J = 1,NC 
CALL MULT (TT,B,RO1,J),MAXA,NN, NWM) 
DO 130 I = J,NC 
BRT = 0.DO 
DO 190 K = 1,4N 
BRT = BRT+RCK, LIXTTCK) 
TJ = [J+] 
BRC(IJ) = BRT 
IFCICONV.GT.0) GOTO 160 
DO 200 K = 1,NN 
RCK,J) = TICK) 
CONTINUE 
TFCIFPR. EQ@.0) GOTO 320 
IND 1 
WRITECH, 1020) 
Tl 1 
bo 300 I = 1,WC 
ITEMP © II4NC-] 
WRITEC#,1005) CARCJ),J=II,ITEMP) 
Il = II¢n1-I 
WRITECH,1030) 
im: 

DO 310 I = 1,NC 
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ITEMP = I14+NC-I 
BRITE s. 1005) CBRCJ),J=11,1TEMP) 

IFCIND.EQ.2) GOTO 350 

CALL JACOBI CAR, 3BR,VEC,EIGV.W,NC.NNC, TOLJ,NSMAX, IFPR, IOUT) 

IFCIFPR.EQ.0) GOTO 350 
Tepe 37 1040) 

D 
GOTO 210 
Is = 0 
Ir=1 
BO 360 I = 1,NC1 
ITEMP = II¢N1-1 
IF CEIGV(I+1).GE.EIGVCI)) GOTO 360 
IS = 1841 
EIGVT = EIGV(I+1) 
EIGVCI+1) = EIGVCI) 
EIGVCI) = EIGVT 
BT = BRCITEMP) 
BRCITEMP) = BRCII) 
BRCII) = BT 
DO 370 K = 1,NC 
RT = VECCK,I+41) 
VECCK,I+1) = VECCK,T1) 
VECCK,I) = RT 
II = ITEMP 
IFCIS.GT.9) GOTO 350 
IFCIFPR.EQ.0) GOTO 375 
WRITEC, 1035) 
WRITE(%, 1006) CEIGVCI),.I=1,NC) 
DO 420 I = 1,NN 
DO 422 J = 1,NC 
TTCJ) = ROIS) 
DO 424 K = 1,NC 
RT = 0.DO 
dO 430 1 = 
RT = RTSTTCLIRVECEL, KD 
RCI,K) = RT 
CONTINUE 
IFCICONV.GT.0) GOTO 5006 

CHECK FOR CONVERGENCE OF EIGENVALUES 

bO 380 I = 1,NC 
DIF = DABSCEIGV(T)-DCI)) 
RTOLV(I) = OIF“EIGVCI) 
IF CIFPR. Ee. 9) GOTO 3385 
WRITECH,105 
WRITECH, 1005) CRIOLVCI),121,NC) 

DO $90 I = 1,NROOT 
rece touycr). -GT.RTOL) GOTO 400 
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400 

410 
440 

500 
* 

530 

5990 

600 

580 
m 

640 

645 

660 

664 

ba
d 

te
at

 f
e 

Be
at

 f
et
 

bra
t 

2190 

270 

280 

FORMAT 

FORMAT 

WRITE eH 1060) RTOL 
ICONV = 
GOTO 100" 
IF CNITE.LT.NITEM) GOTO 410 
WRITEC#,1070) 
ICONV = 2 
IFSS = 0 
GOTO 100 

DO 4460 I = 1.NC 
DCI) = EIGVCI) 
GOTO 100 
WRITEC#,# 
WRITECH,1 
WRITEC#,1 
WRITECH,) 
DO 53 
WRITE 
00 580. L 
RT = EIGV 
CALL MULT i 
VNORM = 0.D 

DO 590 I = 1,WNN 
VNORM = VNORMFTTCIDETTCI) 
CALL MULTCH,B,RC1,L),MAXA, NN, NWM) 
RNORM = 0.50 
DO 600 I = 1,NN 

CEIGVCI),I=1,NRGO0T) 

i
 

O
n
n
o
 

H
e
 
S
e
w
 

oot 
CROK,J),K=1,NN) 
ooT 

oA, RO1,0),MAXA, NN, NWK) 

TTT) = TTCI) - RTRWCI) 
WNORM = WNORM¢TTCIONTTCI) 
VNORM = DSORTCVNORM) 
WNORM = DSQRTCWNORM) 
DCL) = WNORM/VNORM 
CONTINUE 
WRITEC#,1115) 
WRITECH, 2006) (DCI), 1=1,NROOT) 
TFCIFSS.E@.0) GOTO 700 
CALL SCHECK CEIGV.RTOLV, BUP, BLO, BUPC,D,.NC.NEI,RTOL, SHIFT) 
IFCNWM.GT.NN) GOTO 645 
DO 640 I = 1,NN 
II = MAXACT) 
ACII) = ACII)-BCIJSSHIFT 
GOTO 660 
DO 650 I 
te. = ACD BCTDMSHIFT 
SH 1 

fat DECOMP CA,MAXA,NN, ISH, IOUT) 
NS = 
DO 664 °; = 1,NN 
Il = MAXACT) 
IF €( ACIT).LT.0.D0) NSCH = NSCH+1] 
CONTINUE 
IF (NSCH.E€Q.NEI) GOTO 670 
NMIS = NSCH-NEI 
WRITEC#,1130) NMIS 
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RELATIVE TOLERANCE REACHED ON EIGENVALUES ° ) 
CONVERGENCE REACHED FOR RTOL *,D16.4) 

‘3sE NO CONVERGENCE IN MAXIMUM NUMBER OF ITERATIONS 
- WE ACCEPT CURRENT ITERATION VALUES - THE S 

SEQUENCE CHECK IS NOT PERFORMED ') 

GoTo 7? 
WRETEG, 1140) NSCH 
RETU 

FORMAT (10F10.0) 
FORMAT (12E11.4) 
FORMAT (6E22.14) 
FORMAT (* STOP, NC ES LARGER THAN THE NUMBER OF MASS 

: DEGREES OF FREEDOM’) 
FORMAT (' pecrees OF FREEDOM EXCITED BY UNIT STARTING ITERATION 

. v ') 
FORMAT (' ITERATION NUMBER *,14) 
FORMAT (* PROJECTION OF A CMATRIX AR‘) 
FORMAT (* PROJECTION OF B (MATRIX BR*) 
FORMAT (‘ EIGENVALUES OF AR-LAMBDANBR ‘') 
FORMAT Cs AR AND BR AFTER JACOBI DIAGONALIZATION' ) 

Ce 
¢ 

(' THE CALCULATED EIGENVALUES ARE ') 
FORMAT (' PRINT ERROR NORMS ON THE EIGENVALUES ' ) 
FORMAT (' THE CALCULATED EIGENVECTORS ARE ' ) 
FORMAT (' CHECK APPLIED AT SHIFT *,D22.14) 
FORMAT (* THERE ARE',14,2X, EIGENVALUES MISSING') 
FORMAT (* WE FOUND THE LOWEST ',14, 2X, 'EIGENVALUES*) 

END 

SUBROUTINE DECOMP (A,MAXA,NN, ISH, IOUT) 
IMPLICIT DOUBLE PRECISION (A-H,0-Z) 
DIMENSION AC1),MAXAC1) 
TFCNN.EQ.1) RETURN 

DO 200 N = 1,4NN 
KN = MAXACN) 
KL = KN4] 
ru = MOXA CNL) ~ j 

FER) 3 1508, 240,210 

Ic = 
KLT = K 
DO 260 J = 1,KK 
Ic = Ice] 
KLT = KLT-1 
KI = MAXACK) 
ND = MAXACK41)-KI-1 
IF END) 260,260,270 

= MINOCIC,.ND) 
C's 0.DO 
pO 280 L = 1, 
Cz CeACKI4L JRACKLT#L) 
ACKLT) = ACKLT)-C 

= 
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240 

<90 
390 

304 
310 

320 

200 
Cc 

2000 

2010 

420 

400 

480 

er
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510 

520 
500 
Cc 

100 

210 

K = K+] 
K = WN 
B = 0.00 
DO 300 KK =KL.KU 

1 K K- 
KI = MAXACK) 
C = ACKKIZACKT) 
IF CDABS(C}.LT.1.007) GOTO 290 
ar ipet ee 20190) WLC 

: 
A 
A KN) = ACKN)-B 
IFCACKM)) 310,310,200 
IFCISH.EQ@.0) GOTO 320 
IFCACKN) .E@.0) ACKN)=-1.0-16 
GOTO 200 
WRITEC#, 2000) N,ACKN) 
TOP 5 

CONTINUE 

RETU 
FORMAT( *STOP- STIFNESS MATRIX NOT POSITIVE DEFINITE. 

NONPOSITIVE PIVOT FOR EQUATION ',14,3x,"PIVOT’, 
. D20.12) 
FORMATC*STOP-STURM SEQUENCE CHECK FAILED BECAUSE OF 

MULTIPLIER GROWTH FOR COLUMN NO ',14,5X, 
"MULTIPLIER ‘,D20.8) 

“END 

SUBROUTINE REDBAK (A,V,MAXA, NN) 
IMPLICIT DOUBLE PRECISION (A-H,0-Z) 
DIMENSION AC1),¥(1),MAXAC1) 

DO 400 N=1,NN 
KL=MAXACN)41 
KU=MAXA(Nt+1)-1 
TE CRU-KL) 400,410,419 

c=0.be 
DO 420 KK=KL,KU 
=K-1 

C=C+ACKKIEV(K) 
VON =VON)-C 
CONTINUE 

DO 480 N=1,NN 
K=MAXACN) 
VONJEVON)DZACK) 
IF (CNN.EQ.1) RETURN 
N=NN 
DO 500 L=2,NN 
KL =MAXA(N)41 
KU=MAXACNt+1)-1 
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TECKU-KL) 500,510,510 

Do. 520 KK=KL,KU 

VOR D=EVCK)-ACKK DEVON) 
N=N-2 

RETURN 
END 

SUBROUTINE MULTCTT.B,RR,MAXA,.NN, NWM) 
IMPLICIT DOUBLE PRECISION (A-H,0-Z) 
DIMENSION T7(€1),8€10),RRC1L),MAXACL) 

IF (NWM.GT.NN) GOTO 20 
DO 10 I=1,NN 
TTCID=BCTRRCI)D 
RETURN 

DO 40 1=1,NN 
TTCID=0.D0 
DO 100 I=1,NN 
KL=MAXACT) 
KU=MAXACT4+1)-1 
IT=I+l 
CC=RRCI) 
DO 100 KK=KL,KU 
II=II-1l 
TTCIT.=ETTCIID+BCKK RCC 
IF CNN.EQ.1) RETURN 
DO 200 I=2,NN 
KL =MAXACI) +1 
KU=MAXACI¢1)~-1 
IF (KU-KL) 200,210,210 
Its! 
AA=0.DO 
BDO 220 KK=KL,KU 
ITII-] 
AA=AA+BCKKERRCIT) 
TTCII=ETTCID+AA 
CONTINUE 

RETURN 
END 
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SUBROUTINE SCHECKCEIGV,RTOLV, BUP, BLO, SUPC,NEIV.NC,NEI, 
RTOL, SHIFT) 

“IMPLICIT DOUBLE PRECISION (A-H,0-Z) 
DIMENSION EIGVCNC),RTOLVC(NC), BUPCNC),BLOCNC), 

BUPCC(NC),NEIVINC) 

FTOL=0.01D0 
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106 

120 

200 
240 

260 

2706 

290 

x" 
295 

300 

"330 
320 

SDFEM 

40 

dO 100 
BUP(T)= 
BLOCI)= 
NROOT=0 
DO 120 I=1,N 
If CRIOLVC LD. LT.RTOL) Roos NROOT+1 
IF CNROOT.GE.1) GOTO 20 
per 210190) 

DO 2460 I=1,NRO0T 
WEIV(1I)=] 
IF C(NROOT.NE.1) GOTO 260 
BUPCC1)=BUPC1) 

L=1 
1=2 
pore 295 

2 

I 
I 

121,NC 
EIGVCI)mC1. DO*FTOL) 
EIGVCI)"C). DO-FTOL) 

PCI-1).LE.BLOCI)) GOTO 280 
DENETVCL) +1 

BU 
CL 
1 
I.LE.NROOT) GOTO 270 
CL)=sBuecr-1) 
I. .GT.NROOT) GOTO 290 

1 
I. 
C 

LE.NROOT) GOTO 270 
L)=BUP(T-1) 

ROOT.EQ.NC) GOTO 300 

IF CBUPCI-1).LE.BLOCI)) GOTO 300 
IF CRTOLVCI).GT.RTOL) GOTO 300 
BUPC(L )=BUPCT) 
REIV(L)=NEIVCL 4] 
NROOT=NROOT+1 
IF (NROOT.EQ@.NC) GOTO 500 
T=I¢) 
GOTO 295 
WRITE(6,1020) 
WRITEC6,1005) CBUPCCI),1=1,LM) 
WRITE(6,1030) 
WRITEC6,1006) CNEIVCID,1=2,LM) 

t= 

T= 

IF ¢ 
NEIV 
[T=I+¢ 
IF ¢ 
BUPC 
IF ¢ 
L=b+ 
l=I+ 
IF ¢ 
BUPC 
LM=L 
IFCN 

t 
1 

P 

¢ 

LL=LM-1 
IF CLM.EQ. 1) sore 310 
DO 320 I=} 
NEIV(L)= NETVCL)SNEIVCTD 
Lel-1 
LL=LL~-1 
IF (L.NE.1) GOTO 330 
WRITEC6, 1040) 
RRITEC6, 1006) CNEIV(I), 1=1,2M) 

= 

BO 340 I=1,UM 
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L=L+1 
IF (NEIV(I).GE.NROOT) GOTO 350 
CONTINUE 
SHIFT=BUPCC(L) 
NET=NEIV(L) 
FORMAT (6D22 .14) 
FORMAT(6122) 
FORMAT ( *xxxxxe ERROR STOP IN ¥SCHECK® NO EIG-VALUES FOUND'} 
FORMATC(*UPPER BOUNDS ON EIGENVALUE CLUSTERS") 
FORMATC*NO OF EIG-VALUES IN EACH CLUSTER") 
FORMAT(*NO OF EIG-VALUES LESS THAN UPPER BOUNDS') 

SUBROUTINE JACOBICA,B.X,EIGY,D,N,NWA,RTOL,NSMAX, IFPR, IOUT) 
IMPLICIT DOUBLE PRECISION CA-H,0-2) 
BIMENSION ACNWA), BCNWA), XCN,ND, EIGVON), DCN) 

=N+ 

It=1 
DO 10 I=1.N 
IFCACTI).GT.0.D0.AND.BC(II).GT.0.D0) GOTO 4 
WRITECK,%) "HERE* 
WRITE(#,2020) TILACIID. BCIT) 
STOP 
DCID=ACTID/BCII) 
EIGVC(I)=DCT) 
TI=ITI+N1-1 
DO 30 I=1,N 
DO 20 J=1.N 
XC1,J)=0.D0 
XI, 121, DO 
IFCN.EQ@.1) RETURN 
NSW =0 
NR=N- 
NSWEEP =NSWEEP+1 
IFCIFPR.EQ.1) WRITEC#, 2000 NSWEEP 
EPS=(0.01DOX2NSWEEP )¥*2.00 
DO 210 J=1.NR 
JPY=J41 
JM1=J-1 
LJK=JM1EN-JM1EJ/2 
SIAL IKE) 
DO 210 K=JP1,N 
KP1=K+) 

KM1=K-3 
IK=L IKK 
KK =KM1] EN-KM1 RK/ 24K 
EPTOLA=CAC JR RACIK) CAC IJ IMACKK) ) 
EPTOLB=( BC IKI RBC IK) CBC JJ RBCKK)) 
IF CCEPTOLA.LT.EPS) AND. CEPTOLB.LT.EPS))GOTO 210 
AKK=ACKKI EBC IK) -BCKK RAC IED 
ASS=FACIIVEBCIK DBC IJ RAC IND 
AB=AC IJ EBCKK I -ACKK EBC JJ) 
CHECK=( ABEAS+44 . DOXAKK¥AJJ)/74.D0 
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180 
190 

200 
x 

210 

215 
220 

230 

240 

“250 
255 

270 
275 

7280 

IF (CHECK )50,60,6 
WRITECM, 4) HERE 
WRITECH, 2020) 
STOP 
SQCH=DSQRT( CHECK ) 
D1=AB/2.00+SQCH 
D2=AB/2.D0-SQCH 
DEN=D1 
IFCDABS(D2).GT.DABS(D1))DEN=D2 
IFCDEN)80,70,80 
CA=0.D0 
CG=-ACJKI/ACKK) 
GOTO 90 
CA=AKK/DEN 
CG=-AJJ/DEN 
TFCN-2)100,190,100 
IFC SM1-1)9130,110,110 
DO 120 [=1,JM1 
IM1=I-2 
TJ IMLEN-IMIRI/Y 249 
IK=IMLEN-IM] B17 24K 
AJZACT I) : 
BJ=BCIJ) 
AK=ACIK) 
BK=BCIK) 
ACT J) =AJ*CGHAK 
BCIJ)=B85+CGRBK 
ACIK)=AK+CARAJ 
BCIK)=BK¢CARBJ 
IFCKP1-N)190,140,160 
LJ1=JM19N-JM1HU72 
LKI=KM) ¥N-KMINK/2 
DO 150 T=KP1.LN 

ACJT )=AS+CGHAK 
BC JI)=BJ+CGRBK 
ACKT )=AK+CANAS 
BCKI }=BK+CARBJ 
TFC JP1-KM1 170,170,190 
LJT=JM1EN-JM1xJ72 
DO 180 1=JP1,KM1 
JT=LJI+! 
IM}=I-1 
IK=IM1LEN-IM1¥I/ 24K 
AJ=AC ST) 
BJ=BC JID 
AK=ACIK) 
BK=BCIX) 
ACJIT=AJ+CGMAK 
BCJ1)=BJ+CGRBK 

FORTRAN Al 11719790 22:43 F 80 2264 RECS 11719790 22:44 PAGE 

ACIK)=AK+CAMAJ 
BCIK)=BK+CARBJ 
AK=ACKK) 
BK=BCKK) 
ACKK) =AK42. DONCAMAC JK +CARCARAC JJ) 
BCKK)=BK+2. DOXCAMBC JK) +CARCARS( JJ) 
ACJJ)=ACIII+2 . DORCGMAC JK 4+CGECGHAK 
BC JID FBC JJ)+2. DOXCGRB( JK )+CGECGHBK 
AC JK) =6.D0 
BCJK)=0.00 
DO 200 I=1,N 
XJ=XCT,J) 
XK=XC1I,K) 
XC1, J) SXS4CGRXK 
XCI, KV =XK+CARXJ 

CONTINUE 
II=1 
DO 220 I=1,N 
IF CACII).GT.0.00.AND.BCII).GT.0.D0) GOTO 215 
SR TTeCx, 2020) II,ACII), BCIT) 

0 
EIGVCID=ACIID/BCIT) 
TI=II4+N1-1 
IFCIFPR.E@.0) GOTO 230 
WRITECH, 2030) 
WRITECH,2010) CEIGVCI). 1=1,N) 
DO 240 I=1,N 
TOL=RTOLEDC(I) 
DIF=DABSCEIGVCI>-DCT)) 
IFCDIF.GT.TOL) GOTO 280 
CONTINUE 
EPS=RTOLEN2. DO 
DO 250 J=1,NR 
JM1=5-1 
JP1=J5+1 
LJK=JM1 4N-JM1LEJ72 
JI=LIK+S 
DO 250 K=JP1,N 
KM1=K-1 
JK=LIK+K 
KK=KM1 EN-KM] 8K 24K 
EPSA=CAC IK RAC IK) CAC SID MACKK) ) 
EPSB=CBC IKI RBC IK) I/ CBC JJ) RBCKK)) 
IFCCEPSA.LT.EPS) .AND.CEPSB.LT.EPS)) GOTO 250 
GOTO 280 
CONTINUE 
II=1 
DO 275 I=1,N 
BB=DSQRTCBCIT)) 
BO 270 K=1,N 
XCK,I)=XCK,1)/BB 
TI=ITI4¢N1-1 
RETURN 
DO 290 I=1,N 
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290 

2000 
2010 
2020 

2030 

D(I)=EIGV(I) 
IF(NSWEEP.LT.NSMAX) GOTO 40 
GOTO 255 
FORMAT( "SWEEP NUMBER IN XJACOBIX = ',I4) 
FORMAT(6D20.12) 
FORMAT( '®* ERROR SOLUTION STOP - MATRICES NOT POSITIVE 

DEFINITE’, "II=",14,"ACII) ",D20.12,"BCII) *,D20.12) 
"FORMAT('CURRENT EIGENVALUES IN XJACOBI® ARE ') 
END 
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ABSTRACT 

During vibrothermographic experimental testing of damaged composite 

‘plates, frequency dependent heat generation phenomena were observed. 

Local hot spots were formed around imperfection areas especially 

delaminations. Heat generation was also found to relate to the crack 

size. In order to explain the above observed phenomena, the dynamic 

behavior of undamaged and damaged composite plates was studied over a 

broad frequency range. The analysis was carried out using the finite 

element method based on the concepts of the three dimensional theory of 

anisotropic elasticity. Delaminations were modeled, and the ’ local 

crack resonance’ was justified. Two NDE methods namely, 

Vibrothermography and SPATE were used to verify the numerical 

predictions. Experiments performed for both undamaged and damaged 

specimens, and good correlation between theory and testing was achieved.


