Delamination Dynamics and Vibrothermographic-Thermoelastic
Evaluation of Advanced Composite Materials

by

Lazarus H. Tenek

Thesis submitted to the Faculty of the
Virginia Polytechnic Institute and State University
in partial fulfillment of the requirements for the degree of
MASTER OF SCIENCE
in

Engineering Mechanics

APPROVED:

{;/mtmlb %,LW & Z

Dr. E.G.Henneke II, Chairman

LA Sod 45 0.

Dr M D. Gunzburger Dr. D.A. Dillard

January, 1991
Blacksburg, Virginia



Awn)"rix,z.»/b_

e =



ACKNOWLEDGEMENTS

The author wishes to thank Dr. Edmund G. Henneke, II for the
support, asslstance, advice and encouragement he received during his
years at Virginia Tech.

Also appreciation and sincere thanks to:

e Dr. Max Gunzburger, for his advice, for serving on his committee
and for introducing the author to the world of numerical analysis.

° Dr. David Dillard, for serving on his committee and for many
valuable discussions.

e National Science Foundation Center for High Performance Polymeric
Adhesives and Composites at Virginia Tech for providing support for

this work.

ACKNOWLEDGEMENTS ii



DEDICATION

This work is dedicated to my parents Harry and Alexandra and to my

best friend Cathy.

DEDICATION iii



1.1

1.2

2.1

2.2

3.2

3.3

3.4

3.5

3.6

3.7

3.8

TABLE OF CONTENTS

INTRODUCTION .. ...ttt et ettt e e 1

Frequency dependent heat generation during vibrothermographic

BESEING ottt ettt et et e e e e 2
ObJectives L e e e e e 5
EXPERIMENTAL OBSERVATIONS ... ....... ... .0ttt 6
Experimental setup ....... ... . i e e 6
Vibrothermographic experimental observations .................... 9
3D DYNAMIC FINITE ELEMENT ANALYSIS .......... ... ... 0 iiinnunnnn. 13
The Delaminated Composite Plate Model ............ ... ... .. ... .. 13
A Weak Formulation ........... ... i, 19
The Finite Element Scheme .......... ... ... .. . . i i, 22
Computational Experiments at Low Frequencies ...... e 27
Higher Frequencies and Local Resonance ............. .. ... 31
Computation of Stresses ........ ittt 38
The Local Boundary Condition ......... ... ... . i iiiiennnnnn 46
Limitations of the Finite Element Analysis ...................... 46
INTERPRETATION OF EXPERIMENTAL RESULTS........................... 47
Vibrothermographic Testing of Undamaged Specimens ............... 47
Vibrothermographic Testing of a Damaged Specimen ................ 48

TABLE OF CONTENTS ’ iv



4.3 Thermoelastic (SPATE) NDE Evaluation ...............c.ovuuionn.. 52
4.4 Mechanisms for Energy Dissipation into Heat ..................... 63
4.5 A Three Dimensional Expression for Energy Dissipation per

Unit Time .. .. e e e 67
5. CONCLUSIONS AND DISCUSSION ... .........iiiiiiiiniiiinenenannnnnn 70
REFERENCES . . ... .. ..ttt it e e e e et et 72
APPENDIX . ... . e e e e e e 74

TABLE OF CONTENTS



Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

LIST OF

10.

LIST OF ILLUSTRATIONS

Vibrothermographic experimental setup. Also shown is the
SPATE unit system used for thermoelastic analysis. ....... 7

Equipment used for testing. (a) Vibration shaker and
thermographic camera; (b) Frequency generator, power
amplifiers and display monitors. ......................... 8

(a) Heat contours of a damage-free graphite epoxy plate
at 20 kHz; (b) Contours of a damaged plate with the three
simulated delaminations revealed. .................... ... 11

(a) Thermal contours localized at the defect areas at 13
kHz; (b) Heat pattern changes with frequency (15 kHz)....12

Interlayer crack model. ........ ... ... . . .. i i, 24

(a) Natural frequencies of a (0/90}s plate with different
size flaws at the midplane; (b) Natural frequencies of a
(90/45/-45)s plate with different size flaws at the

45/7-45 interface. ... .. i e e i e e 34

Finite element discretization of an 8x4x0.242 in (0/90)s
delaminated plate with a damage of size 1.09%1.09 in.
Four different flaw locations are indicated. ............ 35

Displacement across delamination nodes (normalized by the
root mean square of the displacements at all other nodes)
versus natural frequency. The flaw is at location 1
(Figure 7) at interface 1. ... ...ttt iiniininnnn.. 39

Top surface of the natural mode corresponding to 5.6 kHz
for a cantilever plate with the flaw positioned as for
Figure 8. ... e e e e e e 40

Displacement across delamination nodes {(normalized by the
root mean square of the displacements at all other nodes)
versus frequency. The flaw is inserted at location 1
(Figure 7) at the middle interface. ..................... 41

ILLUSTRATIONS vi



Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

11.

12.

13.

14,

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Normalized displacement across delamination nodes versus
frequency. The flaw is of larger size and positicned at
location 1 at interface 1. ........ ... ... .. . .. . ... ... ... 42

(a) Normal stress contours (ox) at local resonance;
{b) Normal stress contours (oy). ........ .. ... 43

(a) Normal stress contours (¢z) at local resonance;
{b) Shear stress contours (Tyz). ......iviiiiniinnean. 44

(a) Shear stress contours (txz) at local resonance;
{b) Shear stress contours (Txy). ...ttt innneennnn. 45

Thermal patterns on a (90/0/90) undamaged graphite
epoxy beam at 13 kHz. ........ ... ... . 49

Thermal patterns on a unidirectional undamaged glass
epoxy beam at 14 kHz. ...... .. .. .. . i i e S0

Heat generation in a (0/90/0/90)s undamaged Nicalon/Cas
ceramic beam at 14 kHz. ........ . . .. i 51

Finite element discretization of the damaged (90/0/90)
DA, .. e e e e e e e et e e 53

Displacement at delamination nodes (normalized by the
root mean square of the displacements at all other nodes)
versus natural frequency. ..........c.oiiiiiiiiiiiiinaens 54

Vibrothermographic signal of the damaged beam specimen
at 13.5 kilohertz. ...... . ... . i 55

Thermoelastic SPATE experimental setup. ................. 58

A SPATE line scan along the damaged (90/0/90) beam
specimen at 283.55 Hz. . ... ... . . i i e e 59

(a) SPATE signal of a delaminated (90/0/90) beam.
(b) Infrared signal of the damage-free beam at 13.5 kHz..61

(a) Infrared signal at 14.5 kHz. The smaller flaw is
now getting excited; (b) SPATE signal at 13.5 kHz. Only
the bigger flaw is rescnating locally. .................. 62

 LIST OF ILLUSTRATIONS vii



Table

Table

Table

Table

Table

LIST OF TABLES

Material properties used in the present study. ............. 28

Comparison of the experimental and analytical first natural
frequency for five cantilever composite laminates. ......... 29

Comparison of six natural frequencies for three plates,
Frequencies are normalized with respect to the first one. ..29

The effect of delamination on the natural frequencies of
a (0/90/90/0) composite plate. The crack is inserted at

the midplane. ... i i e e e e e e e 32
The effect of delamination size on the natural frequencies

of a (90/45/-45)s composite plate. The crack is inserted

at the second interface. . .. ... i i 33

LIST OF TABLES viii



1. INTRODUCTION

In the past twenty years composite materials have been widely used
in advanced engineering structures. Because of their complex nature,
refined analytical and experimental methods of analysis must be employed
to study their mechanical behavior. Moreover, a number of mechanisms
contributing to such a behavgor must be explored and understood, both at
the macro and micro structural levels. On the other hand, damage often
takes a complex form and appears as matrix cracks, fiber brzakage,
delaminations, etc., making detection and evaluation a difficult effort.
As a result, advanced nondestructive testing techniques (NDE) must be
applied in order to gain information about damage presence, location,
severity and type. Usually the application of one method 1is not
sufficient to provide all the necessary information, and quite often a
variety of NDE methods are combined to yield complementary data. The
application of these methods depend on different factors such as the
type of structure considered, equipment availability, environmental
conditions and technical expertise. Often the interpretation of the
results obtained is difficult.

One of the most common types of damage in anisotropic composite
plates is delamination, where an in-plane crack forms as a result of the
separation of adjacent layers. Impact loading is one common type of
loading resulting in delaminations. At the present time it is not known
exactly where the crack will first initiate. Excessive out-of-plane

shearing and normal stresses may significantly contribute to the
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initiation of the delamination. If after the defect appearance the
structural component continues to operate under static, dynamic and
environmental loads for some period of time, the crack will propagate
and progressive faillure will follow. It is thus essential that we
detect, evaluate and control the damaged area before it will expand and

contribute to structural failure.

1.1 Frequency Dependent Heat Generation During

Vibrothermographic Testing

Thermography is the technique used to visualize surface temperature
of an object. The thermal image is generally presented as isothermal
lines on the surface. Thermal field generation can be accomplished in
two ways, termed ’passive’ and ’active’ heating, respectively. In
passive heating, the specimen is heated in-process by different
transformation processes and dissipative mechanisms, while the test
object is being subjected to a normal operating , testing or loading
condition. In active heating, heat 1is produced by injection, and
thermal gradients on the material surface are produced due to different
thermal conductivities in the defect regions.

Vibrothermography is a term describing a nondestructive technique,
where a portion of a structure’s surface is mapped to indicatg the
temperatﬁres on the surface - produced by passive heating - while the
structure is subjected to forced mechanical oscillations. Areas of
defects convert mechanical energy to heat through different dissipative

mechanisms. As a result flaws and other imperfections appear as local
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(usually) hot regions when the surface is mapped to indicate the
temperature. The thermal image is detected by an infrared detector.
The biggest advantage of this method compared with other NDE methods is
that it is extremely fast in revealing damaged areas, can inspect large
areas of the structure in a small period of time, can be performed ’in
situ” under adverse environmental conditions and does not require
advanced specialized knowledge.

As an NDE method for coﬁposite plates, vibrothermography was first
initiated at Virginia Tech and it’s operating principles were first
discussed by Reifsnider, Henneke and Stinchcomb'. Henneke and Russell®
used several NDE techniques to detect impact damage in glass-epoxy
panels. Using vibrothermography they observed that heat generation
patterns appeared around the defect areas. These patterns were strongly
dependent on the excitation frequency. They also proposed two models to
explain the frequency dependent heat generation, namely a ’local
resonance model’ (LRM) and a ’global resonance model’ (GRM). In the
local resonance model the delamination was modeled as two plates, one on
either side of the delamination, free to resonate with their own
dynamics. The local plates were assumed ideally clamped to the rest of
the plate. Based on the Raleigh-Ritz approximation, they developed a
model for local resonant frequency prediction. This model was primarily
written for O-degree unidirectional symmetric laminates. Second}y, a
structural resonance model was proposed, were the natural frequencies
were calculated for the whole plate. It was assumed that heating
developed when global resonance occurred.

Henneke and Lin® expanded the above formulation and a new software
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program was written to predict the natural frequencies of a symmetric,
multi-angle ply anisotropic laminate with clamped boundary conditions.
Experiments were performed to check the program predictions with
experimental data. A finite difference computer program was also
developed to simulate heat contours during vibration resonance. Heat
generation was assumed proporticnal to the strain field.

Although some correlation between theory and experiment was
achieved, not all the resu1£s were satisfactory. For example Russel1?
found that the 1local resonance model did not give the correct
predictions when compared with experimental results obtained from impact
damaged specimens. Also both Russell’s and Lin’s®?3 computer programs
were found to predict inaccurately higher plate natural frequencies, and
no comparison with free vibration experimental results of composite
plates were given to examine the validity of the analytical prediction.
The local resonance model, i.e. that local areas of damage vibrate
independently of the rest of the structure, was assumed and not
analytically Jjustified. Moreover, their proposed models, were able to
treat only those delaminations that occured at an interphase, separating
symmetric sub-plates above and below the delamination. Obviously, a
delamination can occur virtually between any interphase. Finally they
experimentally tested laminates over a frequency range between 10 and 25
kHz, leaving unexplored what happens in the 0-10 kHz frequency region.

In the present work a mechanism affecting the dynamic behavior of
cracked composite plates has been developed and analytically Jjustified,
using the concepts of numerical analysis. The finite element method

applied was based on the principles of the three dimensional theory of

1. INTRODUCTION 4



linear anisotropic elasticity. Damaged material dynamic behavior was
modeled, and vibrothermographic experiments were performed over a wide
frequency range. Material dissipative mechanisms were identified in
order to explain the mechanical energy conversion into heat. Data from
other complementary NDE methods, such as the SPATE technique (Stress
Pattern Analysis by Thermal Emission) were also compiled to yield

additional useful information.
1.2 Objectives
The objectives of this study were as follows :

1. To simulate the dynamic behavior of anisotropic composite
plates with delaminations over a broad frequency range.

2. To construct an analytical model such that a delamination can
occur at any interface.

3. To prove the ’local resonance model’.

4. To apply Vibrothermography and SPATE over a wide frequency
range to detect and evaluate damage in composite plates.

5. To identify heat generation mechanisms responsible for
vibrothermal structural and damage heat patterns.

6. To advance Vibrothermography and SPATE for nondestruptive

evaluation of advanced composite materials and structures.
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2. EXPERIMENTAL OBSERVATIONS
2.1 Experimental Setup

Figures 1,2 show the equipment used to perform the
vibrothermographic testing. An electromagnetic/ piezoelectric shaker
(Wilcoxon Research F4/F7) together with a power amplifier (Model PA7C )
and a matching network (Model N7C) were used to excite the composite
specimens over a wide range of frequencies, typically between 0-20 kHz.
The emitted infrared thermal signal was detected by an infrared
thermographic camera (AGA Thermographic 680, 780 models), and the image
was displayed on a monitor with a variable temperature scale. The
working principle of the infrared camera 1is ihermal imaging, 1i.e.
investigating the environment as it appears in the infrared and
producing pictures from the invisible thermal radiation constantly.being
emitted, absorbed and re-emitted by all matter. The infrared spectrum
covers wavelengths greater than 0.75 um in the electromagnetic spectrum,

extending to the range of microwaves.
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Figure 2. Equipment wused for testing. (a) Vibration shaker and
thermographic camera; (b) Frequency generator, power

amplifiers and display monitors.
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2.2 Vibrothermographic Experimental Observations

Using the setup described in section 2.1, different undamaged and
damaged composite plates were tested. The first specimen tested was a
(0/90/90/0)s 12 by 12 inches (304.8x304.8 mm) graphite/ epoxy plate.
Figure 3a displays the infrared signal of the undamaged laminate
oscillating at 20 kHz, with the shaker head attached to the piate’s
center. At this particular frequency, a global increase in temperature
(approximately 0.5 C) was observed, and many local hot spots were
formed, possibly following regions of high strains and stresses.

Next, a 6 by 6 inches (152.4x152.4 mm) (0/90)!s plate with three
simulated delaminations was forced to vibrate over a wide frequency
range. Again heat contours appeared after 10 kHz. At some particular
frequencies heat generation seemed to be affected by global resonance
patterns (Figure 3b), being especially intense around the delaminated
regions and roughly following their shape. At spme other frequencies
heat appeared to be localized around the damagéd areas with limited
global contribution (Figure 4a). Also the thermal image around the
imperfection areas was found to change shape (shifted) with frequency
change (lF igure 4b).

By carefully examining the thermal images in Figures 3,4, the
following questions arise :

1) Why do heat patterns appear only after approximately 10 kHz?
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2) What is the mechanism responsible for heat generation?

3) Is surface friction present at the internal delaminations?

4) What is the structural resonance contribution to the overall
thermal response?

5) Is a local phenomenon taking place at the damaged regions that
is strongly frequency dependent and also influences heat generation?

6) How do the stress concentrations at the flaw areas affect the
thermal patterns?

7) What is the boundary condition of the cracked areas?

It is the purpose of this study to focus, investigate and explain
some of the above experimentally observed phenomena, so that the method
can be further advanced and applied to nondestructively evaluate

advanced composite materials and structures.
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Figure 3. (a) Heat contours of a damage-free graphite epoxy plate at 20
kHz; (b) Contours of a damaged plate with the three

simulated delaminations revealed.

2. EXPERIMENTAL OBSERVATIONS 11



Figure 4. (a) Thermal contours localized at the defect areas at 13 kHz;

(b) Heat pattern changes with frequency (15 kHz).
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3. 3D DYNAMIC FINITE ELEMENT ANALYSIS
3.1 The Delaminated Composite Plate model

In this chapter, a finite element scheme based on the
three-dimensional theory of 1linear elasticity, for determining
approximations to the natural frequencies and modes of delaminated,
anisotropic composite plates is developed. The composite placte is
modeled using the full equations of 3D anisotropic elasticity and the
delamination is assumed to be infinitely thin. The small size of the
flaw introduces the challenging computational problem of accurately
determining high (in the kilohertz range) natural frequencies and the
corresponding modes.

The undamaged composite plate occupies the region
P = { 0<x<A 0<y<B,0<z<2 }

in three dimensional space, where A,B, and Z denote the plate length,
width, and thickness, respectively. The plate is composed of N layers
z <z<z,n=1,...,N, with

n-1 n

Zo= 0 and z“ = 2. The delamination , which occurs between two of the

layers at, say, z = zd for some d between 1 and

N - 1, is assumed to occur over the region

D= { 0 < o < x < az < A, 0« b1 <y« b2 <B, z= zd}.
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Thus, (az - ai) and (b2 - b1) are the flaw dimensions and the
damaged plate is described by the slit domain Q = P \ D, i.e., the
domain P with the slit D. The boundary of Q consists of six faces of P
and the upper and lower surfaces of the slit D.

The equations of three-dimensional elastodynamics valid within the
n-th lamina are given by

o:';)j + :“’= p'™ iii‘“’ for i1=1,2,3 and n=1,...,N (2.1)

where, for the n-th layer, 0:?) = cj:n)
symmetric Cauchy stress tensor, b:")

denotes the entries of the
the components of the system body

(n)

forces, p the mass density, and u("’

. the components of the

displacement vector.
Invoking the standard assumptions of linear elasticity, we have the
material constitutive law
(n) _ ~(n) (n)
gy = Cijkl €, (2.2)
with respect to the material coordinate axis system xyz. With respect

to a global plate axis system XYZ, equation (2.2) becomes

(n) =E(n) e(n)

oij 1)kl k1 (2.3)

Infroducing a reduced notation for ijkl
11 > 1, 2252, 3353, 2354, 13 55, 12 > 6, the matrix C is given

for every (orthotropic) layer n by
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C c C 0 0o ¢C
11 12 13 16
] _ c C o o ¢C
= 22 23 26
33 0 0 36
Symnetric C44 C4s 0
C 0
55
C
| 66

The expressions for the elements of the C matrix are

aro0OF o0t

(@]]

22

23

m'c + 2m®n%(c _+ 2c ) + n'C
11 12 66 22
n’m?(C + C__-4c )+(n*+m")C
11 22 66 12
mZC + n2C
13 23
mn [ m°(C_- C_-2C_)+n°(C_- C_-2C_)]
11 12 66 12 22 66
n‘c + 2m°n?(Cc + 2C ) + m'C
11 12 66 22
n2C + mzc
13 23

2 2
mn [ n (C11 C12 2C66)+m (C12 sz 2C66)]

C ,C =m(C -C )
33 36 13 23
m’C, + n°C__ C,_ = mn(C_C, )
44 55, 45 55 44
nZC + mzc
44 55,

n°n2(C - 2C _+C_)+ C_(m*-n®)?
11 12 22 66

3. 3D DYNAMIC FINITE ELEMENT ANALYSIS
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where m, n are the direction cosines of the fiber angle 6 with respect
to global plate coordinate X and each layer is taken to be orthotropic.
The elements of the stiffness matrix ,

ij’ for an orthotropic material

in terms of the engineering constants is obtained by inversion of the

compliance matrix, Si

2
_ 5225337 523 c = 135237 512533
11 S 12 S
s s -§° S S -S .S
c = 33711 13 c = 12723 13722
22 S 13 S
S s -§° S S -S__S
c = 11722 12 c = 12713 T23711 (2.6)
33 S 23 S :
1 1 1
C = C = C =
44 544 55 S55 66 Sss
2 2 2
where S=8 S § - s° - -S S +28 S S
1122733 11 23 22712 33 12 12723 13
I | - _ vi2 - . V13
and S, = 512 = E 5,3 E
1 1 1
viz2 1 vas
S =— S = S =
21 Ez 22 Ez 23 E2
13 v23 1
S = = - S =
31 E1 32 Ez 33 E3
= 1 = 1— S = 1
44 623 55 G13 66 G12
S =S =5 =8 =5 =5 =S =8 =S5 =85 =5 =S =
14 715 T16 24 "25 "26 34 35 36 41 42 43
S =S =8 =5 =S = =S =85 =8 =5 =85 =S =0
45 46 51 52 53 54 56 61 62 63 64 65
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m
M
(3]
"

Young’s moduli in 1,2, and 3 directions

1 2 3
vij = Poisson’s ratio for transverse strain in the j-
direction when stressed in the i-direction,
€
that is, v = - -
) €
i
G_,G ,G = shear moduli in the 2-3, 1-3 and 1-2 planes

23 13 12

Also the Maxwell - Betti reciprocal relation holds i.e.,

ij vjl
= i,jJ=1,2,3

E E

i 3
We also recall the strain - displacement relations of 1linear

elasticity
e™ = 1 [ ™ 4y ] for k,1 = 1,2,3 (2.7)
kl 2 k,1 1,k

Within each layer the material is assumed to be homogeneous so that
for each value of n, the elements of the elasticity tensor C(n) are
constant. Of course, (2.3) and (2.7) may be combined to yield, taking

into account the symmetries of the elasticity tensor,

(n) ={n) (n) -
oij = Cijkl uk’1 (2.8)

If we assume that the body forces vanish, the substitution of (2.8)

into (2.1) yields

(-(n) (n)) (n) +(n)

i Y1), 5P u for i =1,2,3andn=1,...,N, (2.9)

3. 3D DYNAMIC FINITE ELEMENT ANALYSIS 17



We will focus on the natural frequencies and modes of the plate, so

that we examine the equations

€™ u™y = 2r)? p™ ™ for i =1,2,3, n=1,..,N, (2.10)
13kl k,17,3 i
where w denotes the frequency. Of course (2.10) may be derived from

(2.9) by using an appropriate transform, or through the assumption that
the displacement is proportiénal to eZHVTth.

On different segments of the boundary I' of §I, one may impose the
displacement u, or the traction t = o-n, or some compatible combination
of these. The boundary condition along any clamped side of the plate is
that the displacement vanishes. On the other hand, along any side that
is free, the tractions, or stresses, vanish. Thus for example, for a
cantilever plate clamped at x = 0, the appropriate boundary conditions

for the components of the displacement vector are

(n)

ui =0 fori=1,2,3, n=1,...,N, and x =0, 0 <y < B,
z ,<z<z, (2.11)
o_(n). _(m) u(n).n=0 for 1,£= 1,2,3, and
1) ijkl k,1 n=%,...,N
X = A, 0<y<B, z . <z<z (2.12)
0 < x <A, y =0, z"-1 <z< 2"
0 < x < A, y = B, zn—1 <z<zZ"
0O<x<A, O<y<B, "'z=0"
0<x <A, O0<y<HB, z =2

3. 3D DYNAMIC FINITE ELEMENT ANALYSIS 18



Along the delamination, we assume that the tractions vanish, so

that
s s _ (2.13)
G(n)'n=c(n) u(n).n___o for i,j=1,2,3, and
iJ ikl k,1 n = d,d+1
a <x<a,b <y<b

Except at the delamination, it is assumed that the displacement is

continuous along the interfaces between layers, i.e.,

(2.14)

1,2,3,

(n) (n+1) { i
u = u for
1,...,N -1

i i+1
n

except for

0<x <A, O0<y<B z=2
and 2
b<y<b, © “a
1 2

a<x <«
1 2,
Thus the natural frequencies and modes of the delaminated,
composite, cantilever plate are to be determined as solutions of the

mathematical model (2.10)-(2.14).
3.2 A Weak Formulation

In order to define finite element approximations to the solution of
the eigenvalue problem (2.10)-(2.14), we need to recast that problem

into a weak form. To thlis end, the following spaces are introduced

B@ =1{¢elQ | ¢ el?q) fori=123},
L2@ = (22@)1% { v=(v,v,,v) | vel®(®) for 1=1,2,3},
B(@) = (£ @1% { v=(v ,v_,v,) | vei’ (@) for 1=1,2,3},

Hz(Q) ={veH(EQ | v =0 on the clamped end x = 0 },

3. 3D DYNAMIC FINITE ELEMENT ANALYSIS 19



The space Hz[Q) will be used in defining a weak formulation for the
cantilever problem.

Associated with the above spaces are the following norms and

seminorms:
12 ,
I ¢ I, = [ I ¢* aq ] for ¢ € L°(Q),
Q
3 1/2 2
v, = [ z IIv “ ] for v € L°(Q),
3 /2 X
"¢"1 = [ | ¢ H z I ¢ ] for ¢ € H (Q),
1,
2 1
b, = ):IIVI!] for v e B (D),
\ i=1
r 3 2,1/2 .
e, = u; le ;) forecim@,
and .
f 3 2\/2 1
| v |1 = \ :Z1 | v, |1 J for v € H (Q),
Note that on Ht[Q), the seminorm | —|l defines a norm equivalent to

H'“1’ i.e., there exist positive constants C  and C, such that
1
Cllvl1 = ||v||1 = C’zlvl1 for all v € H_(Q)

A Galerkin weak formulation is obtained by defining the bilinear

forms

el u, v) = I C u v dQ for all u, v e B (Q)
q MKlk174,)
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b(u, v)=p uividQ for all u, v € LZ(Q)

It is well known® that these bilinear forms are symmetric, continuous,
and coercive, i.e. symmetry =

a(u,v) = alv,u) for all u,v € H (Q)

b(u,v) = b(v,u) for all u,v € L}(Q);
continuity = there exist positive constants “1 and Blsuch that

alu,v) = a1"u"1"v"1 for all u,v € H(Q)
and b(u,v) = B"“":"v"o for all u,v € L(Q)2
coercivity =» there exists a positive constant «, such that
a(u,u) = aZHu"f for all u € H'(Q)

and b(u,u) = p"uuz for all u € L%(Q)

The weak formulation of the problem (2.10)-(2.14) for the
cantilever plate is then given as follows: We seek A = (Zuw)2 € R and u
= (ui, u,. u3) € Hz(Q) such that

al(u,v) = A b(u,v) for all v e Hi(Q). (2.15)

Integrating (2.15) by parts shows that sufficiently smooth
solutions of (2.15) satisfy the partial differential equations (2.10),
and that the boundary conditions (2.12) along the free ends of the plate
and (2.13) along the delamination are natural for this weak formulation,
i.e., are automatically satisfled by any u that satisfies (2.15). The
boundary conditions (2.11) along the clamped end of the plate, as well
as the continuity conditions (2.14) along non-damaged interfaces between
layers, are essential conditions, i.e., they are imposed on the test
functions v and trial functions u.

Note that due to symmetry of the forms a(.,.) and b(.,.), the
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eigenvalues Am are real, and the associated eigenfunctions {u } may be
m
chosen to be real-valued and to form an orthonormal set. Moreover, as a

result of the coercivity of these forms, the eigenvalues A are positive.
3.3 The Finite Element Scheme

Next a finite element approximation scheme for the solution of the
eigen-problem (2.15) is defined. Let Th denote a subdivision of Q into
boxes. The associated requirement is that interlayer boundaries do not
cut through the interior of any of the boxes that make-up the
subdivision Th.

A finite element space s" is defined as follows: v € S" if

(1) vhln , 1.e., vh restricted to an element Qh € Th, is such that
k

each of its components v?, 1 =1,2,3, 1is a trilinear polynomial whose
value in Qh is determined by its value at the eight vertices of Qh;and

(1i) along the delamination region, no continuity of vh across the
delamination is enforced.

One may easlly conclude that s' ¢ HI(Q). A practical method for
satisfying (ii) is to define a double layer of nodes along the
delamination, one associated with the elements below the delamination,
and one with those above. (Figure 5S). These nodes occupy the same
geometric position in space, but could vibrate independently. At an
undamaged point on the interface, the continuity of the displacement

vector 1s imposed, i.e.,

3. 3D DYNAMIC FINITE ELEMENT ANALYSIS 22



(+) (=)
u

where the superscripts + and - refer to interface nodes belonging to the
upper and lower layers, respectively. Thus, at an undamaged interface
point, the two layers meeting at an interface are not allowed to vibrate
independently.

At an interface point corresponding to a delamination, two nodes
corresponding to the same geometric point but to different layers in the
structure are allowed to vibrate Iindependently. In this case, the
Galerkin formulation (2.15) implies that stresses vanish at the
delamination. Since the nodes corresponding to the upper and lower
layers occupy the same point in space, it is effectively assumed that
the crack is infinitely thin.

The following subspace is also defined

S: ={ves" | v" = 0 at the clamped end x = 0 } = Shnﬂz(W)cﬂz(Q)

For the cantilever plate, the approximate problem is given as

follows: seek Ah € R and uh € S: such that
a(uh,vh) = AP b(uh,vh) for all v" e.SZ. (2.16)

Again the coercivity, continuity, and symmetry properties of the
bilinear forms imply that the elgenvalues A; are real and positive, and
that the corresponding eigenvectors u: are real and can be composed into

an orthonormal set.
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Figure 5. Interlayer crack model.
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In the usual manner, i.e., by choosing a basis for S:, (2.16) can
be shown to be equivalent to an algebraic eigenvalue problem. The size
of this problem is determined as follows. At each node of Th we have
three displacement components. At the clamped end, we set these
displacement components to zero, while at the delamination, two values
for each component are allowed.

Whenever the plate is ihin (in the z-direction), the aspect ratio
of the boxes used in any practical computations will be rather large,
i.e., the height of the boxes (in the z direction) are in generzl much
smaller than the length and depth (in the x and y directions). (In the
present calculations, the aspect ratio was as large as 120). This gives
rise to the well known phenomenon of shear-locking within the
computations. A common remedy for this problem is to use reduced
integration techniques&s wherein low-order quadrature rules are used to
evaluate the integrals 1lnvolving, in our case, out-of-plane shears.
Thus, a one-point (centrold) rule is used to evaluate the integrals of
terms in (2.16) with (i,j) = (1,3), (2,3), (3,1) or (3,2). The effect
of the reduced integration is to make the plate less stiff. All other
terms are integrated using an eight-point Gauss rule wilthin each
element.

The accuracy of the numerical approximation is limited by at least
two factors. First, the use of reduced integration techniques to
alleviate the shear-locking problem Iintroduces errors in the
computation; here we have the classic trade-off of enhancing stability

at the expense of accuracy. Secondly, more serious is the fact that the
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regularity of the solutions of (2.16) is severely limited because the
domain Q contains a slit, i.e. the delamination region, and the material
properties are pliecewise constant, and therefore discontinuocus, in Q.
This lack of regularity severely 1limits the attainable accuracy of
finite element approximations, and is one of the reasons for the use of
simple plecewise trilinear test and trial functions. Using higher
degree polynomials will not necessarily yield better accuracy.

The assembly of the eleﬁent stiffness and mass matrices yields the
algebraic eigenvalue problem

KU=0uw MU, (2.17)

The components of U are the approximate values of the nodal
displacements. The algebraic eigenvalue problem (2.17) is solved using
the subspace iteration method of reference 7, with the stiffness and mass

matrices stored in compacted form using the skyline7 technique.
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3.4 Computational Experiments at Low Frequencies

The numerical scheme developed 1is used to study the dynamic
behavior of delaminated composite plates over a wide frequency range.
All the computations were performed on an IBM mainframe computer with
250 Mb available memory. We will examine first the response of
undamaged cantilever composite plates at lower frequencies, for which
the experimental determination of the natural frequencies and mode
shapes has been reporteda. In that work the panels were constructed
from a 5245C/G40-600 graphite Prepreg System made by BASF Structural
Materials, Inc. The material properties, which are also used 1ln this
computational model are given in Table 1 (8 denotes the ply thickness).

The comparison of the first experimental and analytical natural
frequency for five different configurations for length to width ratio of
2.5 is given in Table 2. Table 3 presents the comparison of higher
experimental and numerical natural frequencies for three eight-ply
laminates with the same aspect ratio as Table 2 . The frequencies are
normallized with respect to the first one.

Considering the fact that the material properties are only known
approximately, and taking into account other factors such as the
uncertainty of the experimental modeling of boundary conditions, the

agreement is found to be very good.
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Table 1. Material properties used in the present study.

E1 Ez E3 Giz Gi13
127.5 GPa 7.3 GPa 7.3 Gpa 4.2 GPa 4.2 GPa
Ges v12 v13 v23 P 3
4.7 GPa 0.33 0.33 0.40 0.00166 0.15367
kg 3
/cm mm
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Table 2. Comparison of the experimental and analytical

frequency for five cantilever composite laminates.

Layups (L/W=2.5)

Experimental

first frequency (Hz)

Finite element
analysis (Hz)

first

natural

(0/90/0/90)s 25.129 28.952
(0/45/0/-45)s 29.851 29.784
(0/30/0/-30)s 34.909 31.149
(0/60/0/-60)s 30.321 29.134
(90/-45/90/45)s 11.224 10.856
Table 3. Comparison of six natural frequencies for three plates.

Frequencies are normalized with respect to the first one.

(0/45/0/~-45)s (90/-45/90/45)s (0/30/0/-30)s

EXP FEM EXP FEM EXP FEM
MODE 1 1 1 1 1 1 1
MODE 2 3.13 2.94 6.11 6.03 2.92 2.83
MODE 3 6.38 6.26 8.68 8.34 6.24 6.29
MODE 4 10.49 10.00 17.02 17.26 9.74 9.62
MODE 5 17.35 16.94 26.18 25.95 13.63 13.47
MODE 6 19.05 18.62 32.83 34.29 17.69 18.09
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Next we proceed to study the vibration behavior of a delaminated
composite plate at‘ low frequencies. First a flaw was embedded at a
midplane of a (0/90/90/0) 8 x 4 in (203.2x101.6 mm) composite plate,
i.e., between two layers with the same fiber orientation. The size of
the flaw is then varied and the effect on the natural frequencies is
monitored. Table 4 presents these results; and for a better visual
comparison, they are also gi;ren in Figure 6a. The first column of Table
4 shows the corresponding natural frequencies of the undamaged panel.
It is clear from the data that for large flaw sizes, even whea the
delamination is half the plate size, the effect on the first five
natural frequencies 1is not significant. A drop in the natural
frequencies was observed at the higher modes, with the magnitude of the
drop increasing with increases in the flaw size. It is also noticeable
that the plate barely "“feels" the impact of small cracks.

Next, the delamination was placed between two layers with different
fiber orientation, namely at the second interface of a(90/45/-—45)s
laminate. Table 5 and Figure 6b display the corresponding dynamlc
behavior for different flaw sizes. The results are similar to the ones
obtained for the previous configuration. Now the first four natural
frequencies were not seriously affected, even for large flaw sizes.
Thus, the same dynamic behavior was observed when two layers haviqg the
same orbdifferent fiber orientations are partially delaminated. For

more computational experiments see reference 9.
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The computational results obtained before indicate that the lowest
natural frequencies of a composite plate are 1little affected by
delaminations. The vibrational modes corresponding to these frequencies
are such that the upper and lower surfaces of the delamination vibrate
in concert, i.e. in phase. At higher frequencies these surfaces tend to
vibrate out of phase, and effects due to the delamination become
noticeable. No local flaw behavior is observed at the lower natural

frequencies.

3.5 Higher Frequencies and Local Resonance

Next the (0/90/90/0) graphite epoxy plate is allowed to vibrate at
higher frequencies. For this case a new mesh is defined. Figure 7
shows a finite element discretization of the above plate consisting of a
mesh of 1936 trilinear brick elements. Computations were made, for a
cantilever plate, with a flaw size of 1.09 x 1.09 inches (27.6 x 27.6
mm), inserted either between the first two layers or at the middle
plane. To check for any local behavior and for the effect of boundary
conditions, the delamination was separately set at different locations,
as indicated in Figure 7. Also, the flaw size‘was increased and the
effect on any local behavior was monitored.

For the case of a flaw of dimension 1.09 x 1.09 inches, the above
discretization resulted in a total of 3174 nodes and 7260 degrees of
freedom. Relative convergence of many modes was achieved, this being
necessary due to the small flaw size. The solution of one hundred

eigenvalues and corresponding eigenvectors was obtained in less than 7.5
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Table 4.

3.

a (0/90/90/0) composite plate. The crack is inserted at the

midplane.

UNDAMAGED 73x.73n 1x0.73 1x1 1.45x1.452.18x2.18 4x2.37

MODE

Hz

-
n
o
b

204 204 204 204 202 197

8 | 3076 3073 38972 3955 3937 3844 3763

e s RSN FOR [ ferenenressestsasaesesfossonssnsarenerined

9 | 5431 5423 5418 5397 5332 5127 4221

10| 7285 7277 7257 7219 6920 6020 436.8
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Table 5.

3.

a (90/45/—45)S composite plate.

the

second interface.

The effect of delamination size on the natural frequencies

of

The crack is inserted at

UNDAMAGED | 0.73%0.73in

1x1

L 1.4501.45 218218 |

4x2.37

(185x18.5mm) | (25.425.4) (36.8x36.8) (5355 | (101x60)

MODE No 1

10

n

12

10.74

74.60

176.42

228.11

330.18

429.74

549.68

693.09

766.70

809.63

846.97

10.74

60.58

74.60

176.41

228.00

338.15

429.47

549.50

692.31

766.24

809.19

846.69

10.74

60.58

74.59

176.36

227.79

339.01

427.95

549.25

691.29

764.44

807.35

844.89

10.74

60.57

74.57

176.26

226.72

338.58

425.60

548.20

684.00

785.00

809.39

867.00

10.74

60.50

74.50

175.71

219.93

335.63

419.77

538.27

640.54

664.62

781.79

845.82

10.72

60.32

74.02

174.69

211.01

329.06

373.86

489.89

51287

§75.74

654.21

726.95
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Figure 6. (a) Natural frequencies of a (0/90)s plate with different

size flaws at the midplane;

(b)

Natural frequencies of a (90/45/-45)
-

plate with different size flaws at the 45/-45 interface.
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Figure 7. Finite element discretization of an 8x4x0.0242 in
(0/90/90/0) delaminated plate with a damage of size 1.09x1.09

in. Four different flaw locations are indicated.
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minutes of CPU. This attests to the speed and effectiveness of the
subspace iteration solver. As a result , the structural and local
dynamic behavior could be studied over a broad range of frequencies to
nearly 20 kilochertz.

The discrete eigenvectors are normalized by the root mean square of
their nodal values, 1.e., so that their 1° norm is unity. This
facilitated, for any particular mode, the estimation of the energy
concentrated at the delamination nodes as a percentage of the total
energy of the whole structure.

Figure 8 displays (as a function of the frequency w), the nodal
values of the normalized eligenvectors at nodes near the middle of the
delamination region. For this figure, the flaw is inserted between the
two layers at position 1. (see Figure 7). The cantilever plate is
clamped at the left end, and is free at the other boundaries. This plot
indicates that at certain particular frequencies, a large portion of the
energy of the structure is being concentrated at the delamination. At
these frequencies, the local subplates in the vicinity of the flaw are
excited and vibrate out of phase with the rest of the structure. The
surface displacement 1is plotted in Figure 9. It is clear from the
figure ( the peak in Figure 9 is at the delamination) that a local
vibration is taking place at the delamination; it appears that the upper
subplate (above the delamination) resonates in its third mode.

For. Figure 10, the delamination is inserted at the mid-plane of the
(0/90/90/0) laminate, i.e., between the second and third layer, and at
position 1. Now two identical subplates are created above and below the

delamination, each being an unsymmetric (0/90) plate. Due to symmetry
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considerations, we now expect that if a local excitation takes place,
then the two subplates will become excited at the same frequencies.
This is indeed the case, as can be seen in Figure 10, where the opposite
motions of the damaged areas at 3 kHz are evident.

Finally, for Figure 11. the flaw dimensions were increased to 2.1 x
1.8 in (53.3 x 45.7 mm). This flaw 1is placed between the first two
layers of a cantilever plate. The first local natural frequency is now
approximately 400 Hz. This reduction is to be expected since now the
flaw area, and thus the size of the independently vibrating subplates,
is more than tripled. For more computational trials for flaw positions
2,3,4 (Figure 7) see reference 10.

The computational results reported above all indicate that at
certain mechanical excitation frequencies, delaminations exhibit
independent dynamic plate behavior and vibrate out of phase with the
rest of the structure. This is what we call the local resonance model.
The independence of the vibrations of the subplates above or below the
flaw is not affected by the location of the flaw. However, the detailed
structure of those vibrations is affected by flaw location, e.g., the
natural frequency distribution depends on the proximity of the flaw to
the boundaries of the structure. Also the largerbthe flaw size, i.e.,
the 1larger the subplate dimensions, the lower the excitation
frequencies, as would be expected from independently vibrating
subplatés. |

The computational results suggest that the surface above or below
the delamination will actually “pop out"” when an input forcing frequency

coincides with one of the natural frequencies of the local subplates.
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Recall from Chapter 2 that experimentally it was found that strong heat
generation will follow from the above phenomenon. Furthermore, the
computational results indicate that the values of the resonating forcing
frequencies can yleld quantitative information, e.g., as to the flaw

size and depth.

3.6 Computation of Stresses.

The six components of the stress tensor can be easily estimated
after the displacement components have been determined. The program
first computes the strains at the element center, as a function of the
displacement vector at the element nodes. The strain matrix is then
multiplied by the stiffness matrix for the individual element to yield
the stress matrix. Thus the stresses depend only on the element nodal
displacements.

Figures 12,13,14 display individual stress contours occurring in
the middle of the top layer of the (0/90/90/0) cantilever composite
plate discussed previously. They are plotted when a flaw of size 2x1 in
(50x25.4 mm) resonates independently of the rest of the structure. It
can be seen from the contour plots that high normal stress
concentrations exist at the flawed region. No shearing stress
concentrations are observed. This was expected since for thin plates, a
plane stress situation prevails, It is expected that shearing stress

contribution will be significant for thicker plates .
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Figure 8. Displacement across delamination nodes (normalized by the
root mean square of the displacements at all the nodes) versus natural

frequency. The flaw is at location 1 (Figure 7) at interface 1.
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Top surface of the natural mode corresponding to 5.6 kHz for

Figure 9.

a cantilever plate with the flaw positioned as for Figure 8.

40
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Figure 10. Displacement across delamination nodes (normalized by the
root mean square of the displacements at all the nodes)
versus frequency. The flaw is 1inserted at location 1

(Figure 7) at the middle interface.
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Figure 11. Normalized displacement across delamination nodes versus
frequency. The flaw is of larger size and positioned at

location 1 at interface 1.
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Figure 12. (a) Normal stress contours ( o ) at local resonance;

3.

(b) " Normal stress contours (o*y).
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Figure 13. (a) Normal stress contours ( o ) at local resonance.

(b) Shear stress contours (tyz).
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Figure 14. (a) Shear stress contours (txz) at local resonance.

(b) Shear stress contours (rxy).
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3.7 The Local Boundary Condition

An attempt was made to find if the local subplates resonate
according to a perfect model with the appropriate boundary condition.
Different computations were carried out, where the little plates were
modeled either as simply supported or fully clamped. It was found that
the local dynamic behavior was closer to the clamped model, but did not
match exactly the behavior of a fully clamped plate. This was expected
since the fiber orientation around the flawed areas will determine how
stiff the actual boundary is. It was thus concluded that in general,
the local delamination boundary was geometry dependent and closer to a

clamped condition.

3.8 Limitations of the Finite Element Analysis

The finite element analysis presented did not take into account the
contact between the delamination surfaces, which is expected to affect
the motion and the natural frequencies of the subplates above or below
the delamination. The model allowed the interference and self

penetration of the delamination surfaces.
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4. INTERPRETATION OF EXPERIMENTAL RESULTS
4.1 Vibrothermographic Testing of Undamaged Specimens

In Chapter 2, the frequency dependent heat generation was observed.
It was also found to be particularly intense around the defect regions.
In Chapter 3 the local resonance phenomenon was analytically jusiified.
In order to determine the frequency that thermal patterns first appear,
different undamaged composite specimens were forced to vibrate from 0 to
nearly 20 kHz. Thus, the best frequency range for vibrothermographic
evaluation can be defined. This chapter will also focus on the
mechanisms responsible for the observed thermal behavior.

Damage-free specimens made from three different matrix and fiber
materials were tested. The first one was a (90/0/90) 11 by 0.5 in
(279.4x12.7 mm) graphite-epoxy beam. The second was a 6 ply
unidirectional 1002 Scotchply E-glass epoxy 8 by 3 in (203.2x76.2 mm)
panel. The third one was a Nicalon/Cas (SiC) cerémic (0/90/0/90)s beam
of dimensions 2.9%0.21x0.1 in (7.36x0.53x0.25 mm) composed of
Glass-Ceramic matrix and Silicon Carbide Fibers.

For all three specimens it was found that heat contours appeared
only after the mechanical excitation exceeded 10 kHz. The material was

thermally inactive below that frequency. Figure 15 shows thermal
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patterns in the undamaged (90/0/90) graphite-epoxy beam at 13 kHz.
Figure 16 presents heat generated in the glass-epoxy plate at 14 kHz.
Figure 17 displays a slight increase in temperature inside the ceramic
beam at 14 kHz. Note that for both the graphite-epoxy and the
glass~-epoxy panels, thermal contours appeared rather fast and steady
state situation was rapidly developed. The ceramic beam was forced to
vibrate for approximately ten minutes before the thermographic camera
was able to detect any heat. It appears that for the ceramic beam, a
different mechanism is responsible for heat generation, or else the

mechanism occurs at a different frequency range for the ceramic bzam.
4.2 Vibrothermographic Testing of a Damaged Specimen

Delamination in real composite panels can be simulated by folding
mylar, teflon or halar tapes and sealing them with plain scotch tape3.
Two delaminations were embedded in the two interphases of the (90/0/90)
graphite-epoxy beam that was tested in an undamaged form in Chapter 4.1.
The bigger flaw size was approximately 0.4x0.3 in (10.1x7.62 mm). The
smaller was 0.3x0.3 in (7.62x7.62 mm). Figure 18 shows the finite
element discretization (containing only one fiéw) of this cracked
anisotropic domain using trilinear brick elements. The dynamic behavior
of the beam was studied over the frequency range from O to nearly 35
kHz. Tﬁe disélacement at the center delamination nodes divided by the
root mean square of the displacement at all other nodes, is plotted in

Figure 19. It is evident from the plot that at 13.5 and 14.5 kHz a
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Figure 15. Thermal patterns on a (90/0/90) undamaged graphite-epoxy beam

at 13 kHz.
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Figure 16. Thermal patterns on a unidirectional undamaged glass-epoxy

panel at 14 kHz.
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Figure 17. Heat generation in a (0/90/0/90)s undamaged Nicalon/Cas

ceramic beam at 14 kHz.
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large part of the energy absorbed by the composite beam in this mode, is
concentrated at the flaw. At these particular frequencies, some local,
independent vibration is taking place. Figure 20 displays the
vibrothermographic signal of the damaged (90/0/90) beam specimen at 13.5
kHz excited as a cantilever structure. As can be seen from the figure,
heat generation 1is particularly intense at the flaw area. The
delaminated region appears to the thermographic camera as a hot spot and
is approximately 1located. A similar experimental result was obtained
for exciting frequencies between 13.5 and 15.0 kHz. No heat was

detected at any other frequency from O to 25 kHz.
4.3 Thermoelastic (SPATE) NDE Evaluation.

SPATE (thermoelastic emission) analysis stands for Stress Pattern
Analysis by thermal emission or simply Thermographic Stress Analysis
(TSA). It is a powerful relatively new, noncontacting stress analysis
technique which is based on the thermoelastic effect, which relates
dynamic changes in strains to the temperature changes they induce.
These small temperature changes (typically at most a few tenths of a
degree) are monitored with an infrared photodetectbr. A dynamic loading
must be applied to the component. For adiabatic conditions, the
thermoelastic equation describing the change in temperature resulting

for a given change in stress for isotropic materials can be written as'®
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Figure 18B.

Finite element discretization of the damaged (90/0/90) beam.
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Figure 19. Displacement at delamination nodes (normalized by the root
mean square of the displacements at all the other nodes)

versus natural frequency.
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Figure 20. Vibrothermographic signal of the damaged beam specimen at

13.5 kilohertz.
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AT = ——— dI1 (4.4)

For a unidirectional composite under uniaxial 1loading in the fiber

direction the thermoelastic equation becomes’®

n

_ T [ _ 1 aEx ]
AT o —_—— o (4.5)
o C 1 n 1
P

where AT is the change of temperature, p the density, a the thermal
conductivity, Ac the mean stress and Cp the specific heat at constant
temperature.

The SPATE system detects the infrared flux emitted from points on
an observable surface as a result of the minute temperature changes in a
cyclically stressed structure or component. The Ometron SPATE 8000
equipment consists of an infrared-sensitive camera coupled to a
correlator and a computer. The sensitivity of the system can detect a
temperature discrimination typically better than 0.001° k. The
measurement is taken synchronized with peak to beak amplitude of the
periodic change in the sum of the principal stresses at the measuring
point. The points are scanned in a raster-like manner under adjustable
computef'control and can be identified simultaneously on the surface by
means of a visual channel incorporating an eyepiece or a projected light

spot with cross wires. Therefore, the image obtained on the screen,
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which results from adiabatic temperature changes, is point-wise related
to the stress field or strain field induced by cyclic loading. One
limitation is that the TSA signal only provides information on the sum
of the principle strains 11. Both area and 1line scans can be
accomplished by using the above method over a large structural area in a
short period of time. The output of the SPATE is the thermoelastic
emission from the material under cyclic loading.

Figure 21 displays a typical thermoelastic experimental setup. The
SPATE camera shown receilves the thermoelastic signal of the vibrating
composite specimens and displays it on a personal computer color
monitor. The computer has special software to further manipulate the
thermoelastic signal and store it for later imaging.

Figure 22 presents a SPATE area scan of the damaged beam resonating
at 283.55 Hz in one of it’s lower resonance modes. Stress intensities
are represented by different colors, and areas of zero stress can be
located. A normalized plot of the principle stresses along a beam line
is displayed at the lower part of the plot. Note that there was no flaw
detection at this exciting frequency and no irregular flaw behavior was

observed.
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Figure 21. Thermoelastic SPATE experimental setup.
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Figure 22. A SPATE line scan along the damaged (90/0/90) beam specimen

at 283.55 Hz.
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Figure 23 presents a SPATE line scan at 13.5 kHz. The bottom part
of tﬁe figure shows the infrared signal received from the undamaged
(90/0/90) beam, while the top part displays the corresponding signal of
the damaged one. The first scan indicates that near the flaw location,
the SPATE camera detected a response which was out of phase with the
rest of the beam, suggesting that either one of the 1local subplates
i1s resonating independently of the rest of the structure (17’

Figure 24 shows the thermoelastic signal of the damaged beam at two
different frequencies, namely 13.5 and 14.5 kHz. At 14.5 kHz (Figure
24.a), the second simulated delamination is excited and again an out of
phase signal was detected by the SPATE camera. The response also
indicates that the second delamination is located approximately 4 inches
to the right of the clamped end and is smaller in size than the one
being closer to the right free end. This was indeed the case. Note
that all of the above line scans were obtained in less than S seconds.

The ’local resonance model’ suggests than even when the structural
component is relatively thick, heat will be generated if the local
subplates -formed as a result of delamination presence- resonate
locally. However, heat may be conducted through the material, resulting
in a weak thermographic signal. If this is the case, the SPATE
technique can be of great importance. Vibrothermography and SPATE can
be combined together to form a very powerful NDE package for composite

materials and structures.
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Figure 23. (a) SPATE signal of the delaminated (90/0/90) beanm.

(b) Infrared signal of the damage-free beam at 13.5 kHz;

4. INTERPRETATION OF EXPERIMENTAL RESULTS

61



—d 2bpa Y LANRIN BNN B S SRR N T T =
1] 3
a
1502
o 1o f =
n C ]
L Y oRMAGED DELAM DEL J
o k1% %) -
> ' BEAM J SITE SITE ]
-, PP DO PO , .
@ 7 4 3 -3 75
DISTANCE, 1in
BEAM OIMENSIONS:11X.5 S IN (ge~e~-501 GR-EF
H 1 L] v 1 Ll L L] ' L] T v I Ll L L I L L) L) L
0 1750 3
o 15pd 3 s
1259 r
1000 |-
v ’sa b
A F ;
g S®@F " DAMAGED DELA
booese | HEFM SITE :
u :J 1 | j B I | Y 4! 'l A 1 l L L A J L .
[~ 2 4 e ] '
DISTANCE, in

Figure 24. (a) Infrared Signal at 14.5 kHz. The smaller flaw is now
getting excited; {b) SPATE signal at 13.5 kHZ. Only the

biger flaw is resonating locally.

4. INTERPRETATION OF EXPERIMENTAL RESULTS 62



4.4 Mechanisms for Energy Dissipation into Heat

When an outside source of work is performed on a body deformation

results. In an elastic body potential energy (strain energy) is
created, which will be recovered upon unloading. In a viscoelastic
material - such as a composite - part of this work may be lost in the

sense that it is transformed into heat and therefore is not recoverable.
Such energy is called dissipatedll.

Lazan'® discussed a number of mechanisms responsible for energy
dissipation into heat in metals and polymers. He also presented
experimental data reporting the variation of loss coefficient n (n is
expressed as the imaginary over the real part of the modulus) with

temperature and frequency.

He categorized damping mechanisms as follows :
A. Linear Damping Associated with Anelastic Mechanisms in Metals
(1) Relaxation Peaks.
(2) Point Defect Relaxations.
(3) Grain Boundary Viscosity.
(4) Macro-thermoelasticity.
(5) Micro-thermoelasticity.
(6) Eddy-current effects.

(7) Other Linear Anelastic Mechanisms.
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B. Linear Damping Associated with Dislocation Mechanisms in Metals
(1) Vibrating String Dislocation Model.

(2) Bordoni Peaks.

C Damping in Polymers and Other Nonmetallic Materials

(1) Mechanical Dispersion.

Many composites have polymeric matrices possesing viscoelastic
characteristics. Lazan proposed that several types of dispersion
phenomena are observed in polymers including optical, dielectric, and
mechanical. Mechanical dispersion effects are directly related to the
strong frequency and temperature effects observed in polymers. As a
result of mechanical dispersion the following features are observed over
a wide range of frequencies and temperatures.

(a) The elastic and complex modulus (for example, G:G*) increase
rather rapidly in a critical region as either the frequency is increased
or the temperature is decreased.

(b) The loss modulus and loss coefficient (for example GI’ and n
pass through a maximum in this critical region.

At low frequencies (or at high temperature) a "rubbery" region is
observed in which relaxation processes follow the slow change in stress
(in phase) resulting in an equilibrium condition not conducive to energy
dissipation. Thus, in the "rubbery" region, all moduli and damping

values are relatively low. At intermediate frequencies and temperatures

there is a "transition" region in which the loss modulus is largest. In
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this region a variety of dispersion and mobility effects are observed.
As é result of this spectrum of processes a broad resonance type curve
not dissimilar to that observed in anelastic behavior is produced. Flow
and diffusion processes are generally out of phase with the cyclic
stress, and the resulting phase lag in the cyclic strain provides a
mechanism for dissipating damping energy. At very high frequencies (or
at low temperature) the storage modulus is large, the loss modulus is
quite small, and the behavior resembles that of a stiff “elastic”
material. This is known as the "glassy" region where various types of
molecular mobilities are gradually "frozen in". In terms of
anelasticity nomenclature the diffusion and relaxation processes cannot
occur rapidly enough to follow the stress, and the material behaves
essentially "elastically". Lazan also presented data for "typical
elastomers"”, polymers and plastics, in order to indicate general levels
of damping in the transition region.

As the transitional frequency is approached, the damping properties
are governed by the chain segments in the amorphous (non crystalline)
phase of the polymer. The chain segment, which is much smaller than the
macromolecule but large compared to the chain length of the monomer
group, undergoes coiling and uncoiling motions. In this region the
glass-transition dispersion micromechanism produces high damping over a
broad range of frequencies.

Lee13 presented a general lecture in Thermo-Viscoelasticity, and
also discussed vibration problems. He stated that for oscillatory

loading, the continuous dissipation of mechanical work into heat due to
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viscoelasticity can cause an appreciable temperature increase, with a
corfesponding effect on the stress distribution due to sensitivity of
viscoelastic characteristics to temperature change. He also presented
the heat balance equation in one-dimensional form and found that the
work dissipation term dominates thermo-mechanical coupling effects since
it is cumulative in time because of the phase difference between the
stress and strain oscillations. He concluded that the other terms in
the heat equation cause a small temperature oscillation during each
vibration cycle. Due to viscoelastic attenuation, peak stresses and
hence peak dissipation occur adjacent to the surfaces where the force is
applied or near defect areas with high stress concentrations, and the
resulting heating can soften the material there and hence further
localize the disslpation and cause marked temperature rise.

Ting, Yuan and Wang14 discussed thermal effects in viscoelasticity
due to thermo-mechanical coupling. In their paper they gave numerical
results for a vibrating viscoelastic rod. They indicated that at w =
10* rad/sec ( 1.592 kHz ) the temperature rise in the rod can reach 130°
F in only 4 hours. They also found that for higher frequencies, the
temperature increases more rapidly.

By relating now all the above observations with the experimental
results reported in the present study, some reasonable explanations
about the frequency dependent heat generation mechanisms can be given.
We recall that no thermal patterns appeared in the 0-10 kHz frequency
range for all specimens tested. It is thus assumed that in this region

there is no phase lag between the stresses and the strains. As we
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proceed to higher frequencies, a transitional frequency occurs and a
phaée difference between the stresses and the strains takes place.
Mechanical dispersion and thermomechanical behavior (interaction between
the mechanical energy and heat), convert mechanical energy into heat.
That was most likely the heat generation mechanism for the graphite and
glass epoxy specimens. It appears that the viscoelastic nature of the
epoxy matrix material produces significant damping in the frequency
transitional region. At defect areas such as delaminations, stress
concentrations cause peak dissipation and local temperature rise. For
the ceramic specimens other mechanisms such as internal micromolecular
friction may contribute to a slight heat increase observed in Figure 17.
It is unlikely that mechanical dispersion primarily produces damping for

this type of material.

4.5 A Three Dimensional Expression for Energy Dissipated per Unit

Time.

Modeling a single bar in tension and assuming oscillatory motion,

the amount of energy dissipated per unit time is given by the simple

relation
W = —%— o’ w Dll(w) (4.1)
where
o : max normal stress
w : frequency
Dll(w) : Loss compliance
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For a three dimensional state of stress the rate of work done is

given by the relation

W=0c € +0 € +0 &€ +1T % +71T % +71T %
X X y y z z Yz vz XZ  XZ Xy — xy

Assuming oscillatory stresses, introducing the stress-strain law,
integrating over one period and applying symbolic computational algebra

we get a three dimensional expression for the dissipated energy

d 1 s 2 r 7 2 77 2 117
WV = — W ( D11 o+ D22 . + D33 o, ) + D26 wo o+ (4.2)
17 TN 17 2
D wo o +D _we ¢ +D w1t +
16 X Zz 12 X y 44 yz
177 2 t 7 2
D55 W sz + D66 w Txy
where
Hd : energy dissipated per unit time
w : angular frequency
011 : normal components of stress tensor, i=x,y,z
Tij off-diagonal terms of stress tensor i, j=1,2,6
17
D (w) : Loss compliance tensor, i,j = 1,2,6

1)

As expression (4.2) indicates, the energy dissipated per unit time
is directly related to the prescribed stress state of the material at a
particular frequency. It also depends on the loss compliance tensor.

4

For composite materials D11 is very close to zero, since the fibers
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induce very little damping (if ox obtains a high value, the term is
stiil important). Also for thin laminates (where Kirchoff’s hypothesis
is valid) the shearing stresses -especially those out of plane- are of
very small magnitude and can be neglected. In Chapter 2 it was found
than no significant shearing stress state exists when local resonance
occurs. Thus equation (4.2) can be simplified as follows

O R R IR AT

Note that this relation is valid in the layer material coordinate
system. For laminates composed of many layers all quantities must
transformed to a global XYZ coordinate system.

When 1local resonance occurs, normal stresses peak. At the
transitional frequency stresses and strains are out of phase, and the
loss compliance entries become maximum. At this time a significant
amount of mechanical energy is dissipated into heat. As a result,the

easy, nondestructive detection of flaws follows.
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5. CONCLUSIONS AND DISCUSSION

The analytical and experimental study presented in this work,
numerically justified the ’'Local Resonance Principle’ and developed it
further. Local sub-plates formed as a result of delamination presence,
resonate locally, independently, and out of phase with the rest of the
structure at particular mechanical excitation frequencies. While this
depends strictly on the delamination geometry, it was found that as a
result of this dynamic behavior, heat will be generated only after the
excitation exceeded approximately 10 kHz. Mechanical dispersion and
thermomechanical coupling are major dissipative mechanisms contributing
to mechanical energy dissipation into heat. Two NDE techniques, namely
Vibrothermography and SPATE, were used to verify the analytical
predictions. These methods are responsive to this type of dynamic flaw
behavior, and nondestructively detect and evaluate damage. The best
frequency region for infrared thermographic analysis was identified; the
excitation frequency must reach approximately 10 kHz. Relating the
excitation frequency with plate geometry, information about the damage
area and depth can be obtained. The combination of Vibrothermography
and SPATE can result in a very powerful NDE package. It’s biggest
advantage over other NDE methods are the significantly reduced time
required.for inspection, the ’in situ’ application of the method, the
capability of examining large structural areas, and the performance of

the method under relatively adverse conditions. The performed analysis
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also shows that based on the ’'local resonance model’, the SPATE
technique will also be capable of revealing delaminations in relatively

thick composite structural components.
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aPROCESS DC(STMAS)

PR o P R g

PROGRAM FE

MVS
ELEMENT VIBRATION
S DOF LAMINATETD & DELAMINATED
MPOSITE PLATES
Uus H TENEK

o e e am m e e W mn e e e S e Sr e R e S Sk Em R Ee SN e W M W M AR T e W e w =

R R N N R R

IMPLICIT DOUBLE PRECISION (A-H,0-27)

PARAMETER(

DIMENSION
COMMON - S
INTEGER

DIMENSION
DIMENSION
DIMENSION
DIMENSION
DIMENSION

"DIMENSION

DIMENSION
DIMENSION
DIMENSION
DIMENSION
DIMENSION
INTEGER

INTEGER

DIMENSION
DIMENSION
DIMENSION

DO 5 II =
DEGR(II) =
CONTINUE

DEGR(1)
DEGR(2)
DEGR(3).
DEGR(4)
DATA XDST
DATA XDEN
DATA YDST
DATA YDEN
DO 3000 ID
KDC(ID)

nwawnn

NNNN wvwe
w
-

IVDELAM=0, ISDELAM=0,NDELL=0,NODEL= O,
NX=18,NY=18,NZ=11,XL= 8.0D0,YL= 4.0DD,MODN=4,
ZL=0.00605D0,NNE=8 ,NQ=8,MATE=2,ALPHA=2,D0%2000.0D0,
IFLAG=3, IBOUND=2, IVEC=0, IPRVEC=26, IZOLINE=0,
NRDOT=30,RTOL=1.D-6, NC=NROOT, IGRAPH=0, ISTRES=0,
NNC=NCX(NC+1)/2,LYNUM=],
NITEM=16,1IFSS=0,IFPR=0)

A(1000000),B(1000000)

TMAS 7 A,B
MAXA(3%(NXXNYXNZ+NODEL)+1),LB(3%(NXXNYXNZ+NODEL))
TT(3%(NXXNYXNZ+NODEL ))

W(3X(NXXNYXNZ+NODEL))

D(NC), VECINC,NC), ARCNNC), BR(NNC)
RTOLV(NC),BUP{NC), BLOCNC), BUPC(NC)
XNCNXXNYX(NZ+NDELL D), YNCNXXNYX(NZ+NDELL)),
ZNCNXXNYX(NZ+NDELL))

NODE( (NX~1)%(NY-1)%(NZ-1),8),
INDX(NX%XNYX(NZ+NDELL), 3)

XQ(NQ), YQ(NQ),ZQ(NQ)

EIGV(NC)

RC3IX(NXXNYXNZ+NODEL >, NC)

OMEGA(NC)

DEGR(NZ~-1), THETA(NZ-1)

KDC(NZ), XDSTC(NDELL+1),XDEN(NDELL+1)
YDSTCNDELL+1),YDENCNDELL+1)
ESTRCCNX-1)%(NY-1)%(NZ-1),6)
FC(3%(NXXNYXNZ+NODEL ) ), V(3%X(NXXNYXNZ+NODEL))
VNEW( 3% (NXXNYXNZ+NODEL)) '

1,NZ-1
6.Do

o000
o
o
o
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3000

3DFEM

4700
46446

"ENDIF

‘b0 85 I=1,

CONTINUE
(3)=1

xDC
IFCIFLAG. EQ 1) THEN
DEN = 1.467D-6
ElSEIF(lFLAG EQ.2) THEN
DEN = 1.4663D-4
ELSEIF(XFLAG EQ.3) THEN
DEN = 1,4752D-4
ELSEIFCIFLAG.EQ.4) THEN
N = 1.D0

E
DEN = 1.97D-¢
IF

PII = 3.141592654D0
IFCIVDELAM.EQ.0)THEN
CALL VPERFP(LYNUM,NX,NY,NZ,XL,YL,ZL,NNE.NQ,
MATE,ALPHA, IFLAG, IBOUND, DEGR. DEN, IGRAPH,
. XN,YN,ZN,NODE, INDX,A,B,XQ,YQ,2Q,
EIGV,&.OHEGA.TNETA,ISTRES,HODN.PII.
IVEC, IPRVEC,
NROOT,RTOL,NC,NNC,NITEM, IFSS, IFPR,MAXA,
TT,M.D,VEC, AR, BR,RTOLY,BUP,BLO,BUPC,LS)

SE

CALL VDELCP(IVDELAH LYNUM, NDELL, NODEL , NX, NY,NZ, DEGR,
XL,YL,ZL,NNE,NQ, HATE ALPHA, IFLAG, IBOUND,
XDST, XDEN, YDST, YDEN,KDC, DEN,PII, IGRAPH,
XN.YN.ZN,NODE.INDX.A.I.XQ.YQ.ZQ.
EIGV.R OHEGA,YHEYA.!STRES MODN,
IVEC, IPRVEC
NROOT, RTOL,NC, NNC NITEM, IFSS, IFPR,MAXA,
TT.H.D,VEC,AR, BR,RTOLV, BUP, BLO, BUPC,L3)

END

SUBROUTINE VPERFP(LYNUM,NX,NY,NZ,XL,YL,ZL,NNE, NQ, MATE,
. A

LPHA, IFLAG, IBOUND, DEGR, DEN, IGRAPH,
XN, YN, ZN, NODE, INDX,A,B,XQ,YQ,2Q,
EIGV,R,OMEGA, THETA, ISTRES,MODN,PI1,
IVEC, IPRVEC,
NROOT,RTOL . NC,NNC,NITEM, IFSS, IFPR, MAXA,
T7,W,D,VEC, AR, BR,RTOLV, BUP,BLO,BUPC,LB)

“IMPLICIT DOUBLE PRECISION (A-H,0-2)

DIMENSION AC1000000),8C1000000)
DIMENSION XN(NXINY!NZ) YN{NXXNY®NZ),
NONXXNYXNZ)

. b4
DIMENSION NODEC(NX-1)X{NY-1)X(NZ-1),8),

INDX(NXXNYXNZ, 3)

"DIMENSION XQ(NQ),YQ(NQ),ZQ(NQ)

DIMENSION DEGR(NZ-1), THETA(NZ-1)

DIMENSION EIGV(NC),CB(6,6)

DIMENSION R(3IXNXXNYXNZ,NC)

DIMENSION OMEGA(NC)

INTEGER MAXA(SRCONXXNYXNZ)+1), LBC3SHINXXNYXNZ))
DIMENSION TTC3®(NXXNYXNZ))

DIMENSION HW(SX(NXXMNYXNZ))
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DIMENSION D(NC),VEC(NC,NC),ARCNNC), BRCNNC)

DIMENSION RTOLV(NC),BUP(NC),BLO(NC), BUPC(NC)

CALL GEDH(LYNUH NODE, INDX, XN, YN, ZN NE NN, NU, ISDELAM, ISTATIC,
X,NY,NZ,XL,YL,ZL, NNE lEPL DEGR MATE, IBOUND)

CALL ASENIL!A B,XN,YN,ZN,NODE, INDX,NNE, NE, NN
NQ, LYNUM, NX,NY,NZ, DEGR, LEPL, XQ, YQ ZQ,
THETA,MATE, DEN.ANG IFLAG,NU, IBOUND,
WK, NWM, MAXA,LB)

: N
CALL SSPACECA,B.MAXA.R. EIGV, TT.H. AR BR. VEC, D.RTOLY,
v

P;!LD.BUPC.NU.NU’I,NNK.NHH.NRCOT.RTOL.
NC,NNC,NITEM, IFSS, IFPR, 9, I0UT)

NC
OMEGA(I)=(DSQRT(EIGV(I))/(2.DOXPII))
CONTINUE
CALL GVREST(OMEGA.NU,NC,EIGV.R,IVEC, IPRVEC, IZOLINE)
IFCIGRAPH.EQ.0) GOTO 4446
IF USE THESE ADD FILEDEF DISK 30 NODEXYZ DATA A IN EXEC
WRITE(30,%) NN
DO 4600 1=1,NN
WRITE(30,4 001) I XNCI),YNCI),ZNCI)%100.D0
FORMAT(3X,15,3F18
WRITE(31,%) ME
DO 4650 I=1,NE
WRITE(31,4002) I,(NODE(I,K),K=1,8)
FORMAT(2X,15,815)
WRITE(42,%) NN
DO 4700 I = 1,NN

IF ¢ INDX(I,1).EQ.0.AND.INDX(I,2).EQ.0.AND.
INDX(I 3) €Q.0 ) THEN
0.D0 + XN(I)

YYY - 0.D0 + YN(I)
P 424 = 0.D0 + ZNC]I)
ELSE
XXX = RCINDX(I,1),IPRVEC) + XN(I)
YYy = RCINDX(I,2),IPRVEC) + YN(I)
22z = RCINDX(I,3).IPRVEC) + ZN(I)
ENDIF
WRITE(42,4001) I,XXX,YYY,222/10.D0
CONTINUE
RETURN

END
SUBROUTINE VDELCPC(IVDELAM, LYNUM,NDELL,NODEL,NX,NY,NZ, DEGR,
. X

L,YL,ZL,NNE,NQ,MATE,ALPHA, IFLAG, IBOUND,
XDST,XDEN,VYDST, YDEN,KDC, DEN,PII1, IGRAPH,
XN, YN, ZN,NODE, INDX,A, B, XQ,YQ, 29,
EIGV.R,OMEGA, YNETA.ISTRES MODN,
IVEC, IPRVEC, EST
NRDDT RTOL . NC, NNC.NIYEH 1FSS, IFPR,MAXA, 76
D, VEC,AR, BR,RTOLV, BUP,BLO, BUPC,LB)

"IMPLICIT DOUBLE rn:ctsxon (A-H,0-2)

DIMENSION A(1000000),B(1000000)
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‘Do 85 I-=1

"ESTR(IT,2)
"ESTRCIT,3) = CB(3,1)XAVUII+CB(3,2)%AVU22+CB(S, 3INAVUS3+

DIMENSION XMCNXXNYX(NZ+NDELL)), YNCNXXNYN(NZ+NDELL)),

INCNXRNYR(NZ+NDELL))

‘DIHENSXON NODE( (NX-1)3(NY-]1)%(NZ-1),8),

INDXCNXANY®(NZ+NDELL ), 3)

"DIMENSION XQ(NQ),YQUNQ),ZQ(NQ}

DIMENSION DEGR(NZ-1),THETA(NZ-1)
DIMENSION UUCS),VV(3),MH(8),ESTRO(NX-1)R(NY-1)%(NZ-1),6)
INTEGER KDC(NZ),XDST(NDELL+1),XDENC(NDELL+]1)

INTEGER YDST(NDELL+1),YDEN(NDELL+1)

DIMENSION EIGV(NC)

DIMENSION RC3X(NXNNYXNZ+NODEL),NC)

DIMENSION OMEDA(NC),CB(6,6)

INTEGER MAXACSHCNXXNYXNZ+NGDEL)+1),LBCIX(NXXNYANZ+NODEL))

DIMENSION TT{3N(NXMNNYXNZ+NODEL))

DIMENSION W(3X(NXXNYXNZ+NODEL))
DIMENSION D(NC),VEC(NC,NC) ., ARCNNC}, BR(NNC)
DIMENSION RTOLVINC),BUP(NC),BLOCNC),BUPC{NC)

CALL *GGEOMCIVDELAM, NDEL L, NODEL . L YNUM, NODE, INDX, XN, YN, ZN, NE, NK, NU,

NX.NY NZ,XL,YL.ZL,NNE,LEPL,DEGR,MATE, IBOUND,KDC,
ST,XDEN,YDST,YDEN, ISDELAM, ISTATIC)

‘cALL AASEH!(A.I.XN YN, ZN,NODE, INDX, NNE, NE, NN, NDELL,

NQ, LYNUM, NX,NY,NZ, DEGR, LEPL.XQ,YQ,20Q,
"THETA,MATE, DEN.ANG IFLAG,NU, 1DOUND,

K, NWM, MAXA, LB}

. NW
CALL SSPACE(A, a MAXA,R, EIGV,TT,H,AR,BR, VEC,D,RTOLY,

llD.lUPC NU,NU+1,NHK, NWM, NRCOT ,RTOL,

CONT

e NC NNC NITEM,1FSS,IFPR,9,10UT)
0"%0!&1) (DSQRTCEIGV(I))/(2.D0XPII))

CALL GVREST(OMEGA,NU,NC,EIGV,R, IVEC, IPRVEC, IZOLINE)

IFCISTRES.EQ.0) GOTO 3606
DO 5000 IT = 1,NE
IF éHATE EQ.2) TH

K =1+ INT((IT 1)/LEPL)

TH = THETA(KK)

LSEALL CBAR3IDCIT,LYNUM, TH,CB,NE,NX,NY,NZ,MATE, IFLAG)
CALL CBAR3DCIT,LYNUM,D0,CB,NE,NX,NY,NZ,MATE.IFLAG)

N
DO 5010 IN = 1,NNE

1P =
HX =
HY =
HZ =
IF CINDX(IP,1).EQ
INDX(IP,3).EQ.0 ) TH
UUCIN) = 0.DO
VV(IN) = 0.D0
WH(IN) = 0.DO
UUCIN) = RCINDX(IP,1),IPRVEC)
VV(IN) = RCINDX(IP,2),IPRVEC)
WACIN) = RCINDX(CIP,3),IPRVEC)
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AV CONT!NUE

11 ={UU(2)-UUC1)+UUC3)-UU(4I+UUC6)I-UUCS) +UU(T7)~UUC
AVUZZ SCVV(5)-VV{1)+VV(6)-VV(2)4VV(8)-VV(4)+VV(7)-VV(
AVU3S3 =(WN(G)~WWC1)+NH(3) -WH(2)+WIW(8 ) -HIN( 5 ) +RN( 7 ) =WM(
AVU12 =(UUC(5)-UUC1)+UUCE)I-UUC2)+UU(E) ~UU(&4)+UU(7)-VUC
AVULS =(UU(4)~UUC1)+UUC3)-UU(2)+UUC8)-UU(S)+UU(7)-UU(
AVU23 =(VV(§)-VV(!)0VV(3) YV(2)+VV(B)-VV(S5)+¥V(7)-VV(6

NODE(IT,IN)

(XL/(NX-1.D0))
(YlI(NY-l D0))
(ZL/(NZ-1.D0))

.0 .AND INDX(IP 2).EQ.0 .AND.
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8 (HX¥%4.DC)
3
6
3
é

ESTR(IT,1) = CB(1,1)MAVUI1+CB(]1,2)%AVU22+CB(]1,3)RAVUS3I+
CB(1,4)XAVU23+CB(1,5)XAVUL3+CB(]1,6)%AVUI2

CB(2, 1)XAVUL1+CB(2, 2)RAVU224CD (2, 3)XAVUSS+

CB(2,4)XAVU23+4CB(2, S)XAVULS+CB(2,6)XAVUL2

CB(3,4)XAVU23+CB(3, S)XAVULS+CB(3,6)%AVU12

"ESTRCIT, &) = CB(4,1)XAVUL1+CB(4,2)XAVU22+CB( &, 3)XAVUSS+

CB(4,4)XAVU23+CB(4, S)XAVUL3I+CB(4,6)XAVUL2

"ESTRCIT,5) = CB(S,1)XAVUL1+CB(5,2)xAVU22+CB(S, 3)XAVU3S+

CB(5,4)XAVU23+CB(5, 5)NAVUI3+CB(S5,6)%AVUI2

"ESTRCIT,6) = CB(6,1)IXAVULI1+CB(6,2) NAVU22+CB(4, 3)NAVUSS+

CB(6,6)XAVU23+CB(6,5)XAVULI+CB(6,6)%AVUL2

"CONTINUE

FORMAT(1X, *SXX*, 9X,°*SYY', 9X,'SZZ', 9X,'T23',10X,'T13*, 9X,'T12")

FORMAT(6(D10.2,2X))
WRITE(X, %) * ¢
WRITE(39,%) NX-1,NY-1
LAYER = 4
ISTR =3
LK = ((LAYER-1)XLEPL)+1
DO 6001 I = LK,LK+#NX-2
DO 6003 J = O,NY-2

KK I 4 (NX-1)x%J

b{ = (XNCNODE(KK,?7))+XN(NODE(KK,1)))72.D0
(YNCNODE(KK,7))+YN(NODE(XK,1)))/2.D0

YC
WRITE(39,6007) XC,YC,ESTR(KK,ISTR)/1.Dé6

CONTINVE
CONTINUE
FORMAT(3(F16.4,4X))
IFCIGRAPH.EQ.0) GDTO 4446
WRITE(30,%) NN
DO 4600 I=1,

WRITE( 30, 6001) l XNCI),YN(I),ZNC(I)%100.D0

FORMAT(3X,15,3F18
WRITE(31, %) NE
DO 4650 Izl

WRITE(S], 6002) I,(NODE(I,X),K=1,8)

FORMAT(2X,15,815)
WRITE(62.%) N
DO 4700 I =

»NN
IF ¢ _INDX(I, l) EQ. O)AND INDX(1,2).EQ.0.AND.

INDX(I, 3) EQ.0
XXX = 0.D0 + XN(I)
YYyYy = 0.D0 ¢+ YNCD)
22z = 0.D0 + ZN(D)
ELSE

77



XXX * RCINDX(I,1),IPRVEC) + XN(I)
YYyy = RCINDX(1,2),IPRVEC) + Y| )
ZZZ = RCINDX(I,3), "({)

ENDIF

NRITE!62 4001) I,xxx,
4700 CONTINUE
4446 RETURN

N

),1
3,1
),IPRVEC) + ZN(
YYY,2ZZ/100.00

END
SUBROUTIRE GEOMCLYNUM,NODE, INDX,XN,YN,ZN,NE, NN, NU, ISDELAM, ISTATIC,
+ NX,NY,NZ,XL.YL,ZL,NNE,LEPL,DEGR,MATE, IBOUND)
IMPLICIT DOUBLE PRECISIDN (A-H,0-2)
DIHENSIDN XN(lYNUHINlINYINZl YNCLYNUMNNXRNYXENZ ),
ZNCLYNUMRNXXNY XNZ )
DlHENSlDN NODECLYNUMMCNX-1)R(NY-1)%(NZ-1),8).
INDX(LYNUMXNXXNY®NZ, 3)
DIHENSIDN DEGR(NZ-1)
IF(ISTAY!C.EQ.?) THEN

WRITEL ¥, %)

WRITE(X,N) Yssxzzszzzzssszsssszssszzzzzzzzzzzsasszsssszssszact
WRITE(x, %) =
WRITE(N, ®) FINITE ELEM NT ANALYSTIS =!
HRITE(X, %) = FREE VIBRATION PROBLEM =
WRITE(X,X) LAMINATED PLATE =t
WRITE(H, X) =!
WRITE(X,x) fss=zs=zszzzzzszsszrzsssssssssszzszassszssszzsssas!

WRITE(®, %) ' ¢

ELSEIF(ISTATIC. EQ 1) THEN

WRITE(%, %) '

WRITE(%, %) '==s:=s=:::==:x::t::::z:::::::::::==:========s==='
WRITE(®, %) = =
WRITE(%,X) *= F I NITE ELEMENT ANALYSIS =
WRITE(N, %) = STATIC ANALYSIS =
WRITE(X,X) LAMINATED PLATE =t
WRITE(X, ¥)
WRITE(X,*)
WRITEC(x, %) *+ '
ENDIF

IFCIBOUND.EQ.1) THEN

WRITE(%,%) ' FULLY FREE BOUNDARY CONDITIONS '
ELSEIF(IBOUND.EQ.2) THEN

WRITE(X,%) ' CLAMPED FREE FREE FREE BOUNDARY CONDITIONS®'
ELSEIF(IBOUND.EQ.3) THEN

WRITE(X,%) ' FULLY CLAMPED BOUNDARY CONDITIONS'
ELSEIF(IBOUND.EQ.4) THEN

WRITE(%,%) * FULLY SIMPLY SUPPORTED BOUNDARY CONDITIONS'
ELSEIF(IBOUND.EQ.S) THEN

WRITE(x,%) ' CLAMPED FREE CLAMPED CLAMPED BOUNDARY CORDITIONS®

LSE
WRITE(X,%) ' S.SUP FREE S.SUP S.SUP BOUNDARY CONDITIONS®

ENDIF
WRITE(%,%) * ¢
WRITE(X,%) 'NUMBER OF ELEMENT NODES =>',NNE
WRITE(X, %) 'NUMBER OF LAYERS =>',N2-1
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WRITE(X,x%) 'STRUCTURE LENGTH (IN) ->‘.XL
WRITE(X,%) "STRUCTURE WIDTH ->*,
WRITE(X,%) *STRUCTURE MEIGHT ->'.le(NZ 1)
WRITE(x,%) 'ELEMENTS ACROSS THICKNESS -1
WRITE(X,%) *NODES IN X DIRECTION ->*,NX
WRITE(%,%) 'NODES IN Y DIRECTION “>',NY
WRITE(X, %) *NODES IN Z DIRECTION =>',NZ
WRITE(X, %) *ELEMENTS PER lAYER =>1, (RX=1)R(NY-1)
WRITE(X,%) *NODES PER LAY ->'.HXI
WRITE(x%,x) 'NATERIAL TYPE <l>ISO<2>lNISO =>",MATE
NRITE(X, %)
lF(HATE NE. 2) GOTO 777

65 1 = 1,N2-1

NRITE(I 67) I,DEGR(I)
67 FORMAT(LX, *LAYER->",14,2X, 'FIBER ORIENTATION',F12.4)
65 CONTINUE

WRITE(X,%) ' ¢
77 LEPl' (NX-1)%(NY-1)

-Do
lU = U.DO
1P = Do
ZINCR = 0.DO
BX = (XL-0.D0)/(NX-1.D0)
HY = (YL-0.D0)/(NY-1.D0)
HZ = ZL
g HZ = (ZL-0.D0)/(NZ~1.D0)
x 1025 LY = 1, LYNUM
DO 1060 JC = D, NY-1
DO 1050 IC = 0, NX-1
DO 1030 KC = 0, NZ-1
x
% CANTILEVER PLATE
*
 §
IFCIDOUND.EQ.2.AND.IC.EQ.0) GOTO 3100
3
x FULLY CLAMPED
1 3
*
IF(IBOUMD.EQ.3.AND.IC.EQ.0) GOTO 3100
IFCIBOUND.EQ.3.AND.IC.EQ.(NX-1)) GOTO 3100
IF(IBOUND.EQ.3.AND.JC.EQ.0) GOTO 3100
IFCIBOUND.EQ.3.AND.JC.EQ.(NY-1)) GOTO 3100
3
»
x SIMPLY SUPPORTED
*
=

FCIBOUND.EQ.4.AND.IC.£Q.0.AND.KC.EQ.0) GOTO 3100
FCIDOUND.EQ.6.AND.IC.EQ. (NX-1).AND.KC.EQ. 0) GOTO 3100
F(IBOUND.EQ.4.AND.JC.EQ.0.AND.XC.EQ.0) GOTO 3100
FCIBOUND.EQ.4.AND.JC.EQ.(NY-1) .AND.KC.£Q.0) GOTO 3100



CLAMPED FREE CLAMPED CLAMPED

- W

IFCIBOURD EQ.5.AND.IC.EQ.0) GOTO 3100
IFCIBOUND .EQ. 5 AND.JC.EQ.0) GOTD 3100
IFCIBOUND.EQ.5.AND.JC.EQ.(NY-1)) GOTO 3100

SIMPLY SUPPORTED FREE SIMPLY SUPPORTED SIMPLY SUPPORTED

IFCIBOUND . EQ.6.AND.IC.EQ.0.AND.KC.EQ.0) GOTO 3100
IF(IBOUND.EQ.6.AND.JC.EQ.D.AND.XC.EQ.0) GOTD 3100
IFCIBOUND.EQ.6.AND.JC.EQ.(NY-1).AND.XC.€Q.0) GOTO 3100

SIMPLY SUPPORTED CONSTRAINED AT THE MID SURFACE

LR B8 B

IFCIBOUND . €Q.7 .AND.IC.EQ.0.AND.KC.EQ.((NZ-1)/2)) GOTO 3100
IFCIBOUND EQ.7 .AND.IC.EQ.(NX-1).AND.XC.EQ.((NZ-1)-2)) GOTO 3100
IFCIBOUND.EQ.7 .AND.JC EQ.0.AND.XC.EQ.({NZ-1)/2)) GOTO 3100
IFCIBOUND.EQ.7.AND.JC.EQ.(NY~-1) .AND.KC.EQ.((NZ~1)/2)) GOTO 3100

IV = JU+3.D0

3100 IP = IP+1.D0
XNCIP) =ICHHX
YNCIP) =JCEHY
ZN(IP) =KCXHZ+ZINCR

IFCIDOUND.EQ.2.AND.IC.EQ.0) THEN
INDXCIP,1)
INDXCIP,2)

™
-
w
™
s
pn
~
—
™
o
<
z
b [T

Q.3.AND.IC.EQ.0) THEN

)

,2)
INDX(1IP, 3)
OU Q.3.AND.IC.EQ.(NX-1)) THEN

MOQGMGQOMOQO

D

.3.AND.JC.EQ.0) THEN
INDXCIP,

Q.3.AND.JC.EQ.(NY-1)) THEN

.IC.EQ.0.AND.KC.EQ.0) THEN

"WHO U W nenw u:’u " nun un

aeguea
=
>
z
o
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INDX(IP,3) = 0
ELSEIF(IBOUND.EQ.&.AND.IC.EO.(NX-l).AND.KC.EQ.B) THEN

.EQ.4.AND.JC.EQ.0.AND.KC.EQ.0) THEN

4.AND.JC.EQ.(NY-1).AND.KC.EQ.0) THEN

.5.AND.IC.EQ.0) THEN

r -]

DN NN uonnnunu

mooomooomMmooo

.5.AND.JC.EQ.0) THEN

.5.AND.JC.EQ.(NY-1)) THEN

o

.6 .AND.IC.EQ.0.AND.KC.EQ.0) THEN

o

INDX(IP,1)

m
~
w
m
[l
-
~
-
- o
o
<
x
(= RN = T T =R TR TT]
o

.6.AND.JC.EQ.0.AND.KC.EQ.0) THEN

.6 .AND.JC.EQ.(NY-1) .AND.KC.EQ.0) THEN

NDX(1P,
ELSEIF(IBDU;D EO D.IC.EQ.0.AND.XC.EQ.((NZ-1)72)) THEN

-
ZX
oo
=
~~
"
°vo

u- MNM\‘MN"NMNHNGNMNMN

AND.IC.EQ.(NX-1).AND.XC.EQ.((NZ-1)/2)) THEN

m
-
w
m
—
=
~
-
w
-
cx
k3
O
"ﬂ
O
s s e

[
XXX
HU
R
~enm
=4 e

..

IN
ELSEIF(XI?U:D E AND.JC.EQ.0.AND.XC.EQ.((NZ~1)/2)) THEN

P,
P
1P
Q.
1P

!NDX(IP
1P
Q.
P
P
P

000 000 OO QEQMGOO

(xR

PN

D.JC.EQ.C(NY-1) .AND.KC.EQ.((NZ-1)/2)) THEN

»

NRUZO N UZ O N NZ 0N llznllnbuuu

INDX(
ELSE]F(IIOUND E
INDX(1
INDX(I
INBX(I

SE
INDX(IP

s
oo

)} = 1U-2.D0

79



INDX(IP,2) = IU-1.DO
INDX(IP,3) s [U
ENDIF

1030 CONTINUE
1050 CONTINUE
1040 CONTINUE

» ZINCR = ZLX¥LY
1025 CONTINUE

NN = [P
WRITE(®,®%) *TOTAL NODES OF STRUCTURE ->*,NN
NU = U
WRITEC(X, %) 'TOTAL NUMBER OF UNKNOWNS =>',NU
NODINCR = 0

DO 1060 KC = 0,NZ-2
D0 1070 JC = O,NY-2
. DO 1080 IC = 0,NX-2

IT = IT + 1.D0

NODECIT,1) = (NXXNZ¥JC)+(ICXNZ)+1.DO+NODINCR
NODECIT,2) = NODE(IT,1)¢NZ
NODE(IT,3) = NODE(IT,2)+1.D0
NODE(IT,4) = NODE(ITV,1)+1.D0
NODECIT,S5) = NODE(IT,1)+(NXXNZ)
NODE(IT,6) = NODECIT,S5)+NZ
NODE(IT,7) = NODE(IV,6)+1.D0
NODE(IT,8) = NODE(IT,5)+1.D0
1080 CONTINUE

1070 CONTINUE
1060 CONTINUE

NODINCR = NODINCR+1.D0

NE IT
WRITE(%,%) *TOTAL ELENENTS IN STRUCTURE ~->',NE
406 FORMAT(23X,'X*,15X,'Y",15X,*
L WRITE(%,%x) *
% DO 400 1 = 1,1IP
L} WRITE(X,402) I,XNCI),YNCI),ZNCI)
402 FORMAT('NODE:',IS5,1X,D16.4,1X,D16.4,1X,D16.4)
%600 CONTINUE
* HRITE(l:i) ¢
* TE(x,220)
«220 FORHAT(IZ:i‘l'.GX ‘Z'.ex.'!',éx.‘G'.GX.'5'-6!.'6'.6!.'7'.6X.'l')

DO 111 I = 1,NE
I ODE(1

—
ry
LT T ]
= =

Q
-4
m
~

1
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IG = NODE(I,
* [TE(!.ZZZ) I I11,12,13,14,15,16,17,18
222 FORMAT(14,'>*,2X,16,1X,16,1X.16,1X,16.1X,16,1X,16,1X,16,1X,16)

CONTINUE
230 FDRHAT(17X.'l'.lx.'Z'.7X.'S')
TE(X, %) ?
Do 115 ) !.NN
J1 N

J2
33

[T
bt g
=
-~

)
§
WRITE(X,23 1,J1,32,J3
32  FORMAT('NODE',15,64X,15,4X,15,4X,15)
15 CONTINUE

LI EE T T
)(NHH

RETURN

END
SUBROUTINE ASEMBLCA,B,XN,YN,ZN,NODE, INDX,NNE,NE, NN,
. NQ,LYNUM,NX, NY, NZ, DEGR, LEPL, XQ, YQ,2Q,
. THETA MATE, DEN, ANG, IFLAG, NU, IBOUND,
. NKWK, NWM, MAXA,LB)
IMPLICIT DOUBLE PRECISION (A-H,0-2)
DIMENSION A(lDODOOO).l(lOOﬂDBO)
INTEGER MAXA(NU+1),LB(NU)
DIHENSION XN(NX!NY!NZ) YN{NXXNYXNZ),
ZNCNXENYRNZ )
’ DIHENSIUN NODE( (NX-1)%(NY-1)%(NZ-1),8),
INDX(NXXNYXNZ, 3)
DIHENSIDN XQUNQ), YQINQ), ZQ(NQ)
DIMENSION DEGR(NZ'I),THETI(NZ-I)
DIMENSION CB(6,6)
DO 4500 J = 1,NU
LB(J) = ¢
4500 CONTINUE
DO 4550 IT = 1,NE

DO 4560 1IN = 1,NNE
IP = NODECIT,IN)
Do 4570 IU = 1,3
I = INDXC(IP,IUW)
IF(1.EQ.0) GOTO 4570
DO 4580 JN = 1,NNE
IPP = NODECIT,JN)
DO 4590 JUK = 1,3

J = INDXCIPP,IUK)
IF(J.ER.0) GOTOD 4590

1J = J-1
IFCIJ.GT.LB(J)) LBLII=I)



L]
4600

1700

1980

%1990
x1988
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CONTINUE
CONTINUE
CONTINUE
CONTINUE
CONTINUE
MAXAC1) =]
DC 4600 J = 2,NU
MAXA(JS) = MAXA(J-1)+LB(J-1)+]
WRITEC(H, %) 'LB,MAXA *',LB(J),MAXA(J)
CONTINUE
NHK = MAXACNU)+LB(NU)
NWM = NWK
MAXACNU+1)=NKWK+]
. WRITE(%, %) ' '
WRITE(®,n) *NWK ', NKHK
WRITE(H, %) ' !
DO 1700 IK = NKK
ACIX) = 0.DO
B(IK) = 0.DO
CONTINUE

CALL LOCCOR(NQ,XQ,YQ,2Q)
IF(MATE . EQ.2) TMEN
DO 1980 L = 1,N2-1
THETA(L) = (3.141592653598793239D0%DEGR(L))~/180.D0
CONTINUE
DO 1985 I = 1,LYNUM

DO 1990 J = 1,LEPL
ANG(J) = THETAC(I)
CONTINUE
CONTINUE
ENDIF
DO 2000 IT = 1,NE
X1 = XN(NODE(IT,1))
Y1 = YN(NODE(IT.1))
Z1 = ZNCNODE(IT.1))
X7 = XN(NODE(17,7))
Y7 = YNC(NODE(IY.7))
Z7 = ZN(NODE(IT,7))

IF(MATE EQ.2) THE
KK = 1 + lNT((lT 1)/LEPL)
TH = THETA(KK)
HRITE(®, %) "IT *,1I7
WRITE(X,%) *ELE ID (KK) ',KK
WRITE(H,%) 'TH IN ASSEMBLY',TH
CALL CBAR3ID(IT.LYNUM,TH,CB,NE,NX,NY,NZ,MATE, IFLAG)

ELS
55351 CBAR3DCIT,LYNUM,0,CB,NE,NX, NY,NZ,MATE, IFLAG)
VOL = (X7-X1)%(Y7-Y1)X(Z7-Z1)
X1 = XQUIQ)

DO 2020 IQ = 1,NQ
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EN = YQUIQ)
Z1 = ZQ(1Q)
DO 2040 IN = 1,NNE
= NODE(IT,IN)
CALL TIF(II EN,Z1.1IN,BB,BX,BY,B82,
+ 1,Y1,21,X%7,Y7,Z7)

DD 2060 1V = 1,3
I = INDX(IP,IU)
IF(I.EQ.0) GOTO 2060

DO 2070 INN = 1,NNE
= NODECIT,INN)

IP
CALL TIF(XI EN.ZI, INN,BBE, lIX BBY,BBZ,
+ 1,Y1,21,X7,Y7,27)

DO 2080 JU = 1,3
J = INDXCIPP,JU)
F(1.GT.J) GOTO 2030
IJ = MAXAQJ) + (J-DI)
BIJ = 0.DO

IFCIU.EQ.1) THEN

IF(JU.EQ.1) THEN

AIJ = BX®(CB(1,1)%BBX+(CB(1,5))%BBZ+(CB(1,6))%BBY)+
+ BYX((CB(6,1))%BBX+(CB(6,5))InBBZ+(CB(6,6))%BBY)
BIJ = BBXBBBXDEN
ELSEIF(JU.EQ.2) THEN
AIJ = BXN(CB(1,2)%BBY+(CB(1,6))%BBZ+(CB(1,6))%BBX)+

BYX((CD(6,2))%BBY+(CB(6,4))XBBZ+(CDH(6,6))NPBX)

+

ELSE
AXJ = BXN(CB(1,3)%BBZ+(CB(1,%))XBBY+(CB(1,5))%XBBX)+
+ ENDIF BY®C(CBC(6,3) )%BBZ+(CB(6,4))NBBY+(CB(6,5))xBBX)
ELSEIF(IU EQ.2) THEN
IFCJU.EQ.1) THEN
AIJ = BYR(CB(2,1)%BBX+(CB(2,5))XBBZ+(CB(2,6))%BBY)+
+ BXXC(CB(6,1))NBBX+(CB(6,5))NBBZ+(CB(6,6))%BBY)

ELSEIF(JU.EQ.2) THEN

AIJ = BYN(CB(2,2)%BBY+(CB(2,4))IXBBZ+(CB(2,6))NBBX)+
+ BXXC(CB(6,2))XBBY+(CB(6,4))IRBBZ+(CB(6,6))XBBX)

EE;% = BBXBBBXDEN

AIJ = BYX(CB(2,3)%BBZ+(CB(2,4))%BBY+(CB(2,5))%BBX)+

ENDIF BXXC(CB(6,3))XBBZ+(CDI6,64))XBBY+(CB(6,5))%BBX)

E
IF(JU.EQ.1) THEMN
AlJ = BZ¥(CB(3,1)%DBBX+(CB(3,5))%BBZ+(CB(3,6))nBRY)
ELSEIF(JU.EQ.2) THEN
AlJ = BZN(CB(S,2)uBBY+(CB(3,4))NBBZ+(CB(3,6))XBBX)

= BZE(CB(3,3)NBBZ+(CB(3,4))NBBY+(CB(3,5))nBBX)
BIJ = BBXBBBXRDEN

81
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ACIJ) = ACTJ)+ATJ uVOL
BCIJ) = BLIJ)+BIJAVOL
CONTINUE
CONTINUE
CONTINUE
CONTINUE
CONTINUE
CONTINVE
DO 3020 IQ = 1,1
XI = 0.D0
EN = 0.D¢
Z1 = 0.D0
DO 3040 IN = 1,NNE
= NODE(IT.IN)
. CALL TIF(XI EN,ZI.IN,BB,8X,8Y,B2,
+ X1,Y1,21,X7,Y7,27)

DO 3060 IU = 1,3
I = INDX(IP,IU)
. IF(1.EQ.0) GOTO 3060
DO 3070 INN = 1,NNE
IPP = NODECIT.INN)

CALL TIF(XI EN,ZI,INN,BBB,BBX,BDY,BBZ,
+ - X1,Y1,21,X7.Y7,27)
DO 3080 JU = 1,3
J = INDXCIPP,JU)
. IF(1.GT.J) GOTO 3080

IJ = MAXA(J) + (J-D)
IFCIV.EQ.1) THEN

IF(JY.EQ.1) THEN
AIJ = BZ¥((CBCS,1))XBBX+(CB(5,5))%3BZ+(CB(S,6))NBBY)

ELSEIF(JU.EQ.2) THEN
AIJ = BZR((CB(5,2))%BBY+(CB(5,4))%BBZ+(CB(5,6))xBBX)

ELSE
AIJE;nng((CI(S.S))l!hZ#(CllS,Q)JIIIY*(CI(5,5))iIBX)
ELSEIF(IU EQ.2) THEN

.EQ.1) THEN
AIJ = lll(tCI(ﬁ 1))%BBX+(CB(4,5))%BBZ+(CB(4,6))XBBY)

ELSEIF(JU.EQ.2) THEN

AIJ = BZ®((CB(4,2))%BBY+(CB(4,4))%BBZ+(CB(4,6))%BBX)

ELSE
AIJE;DEEI((CD(Q.S))15520(Cl(4.€))!BIY‘(CB(‘.S))IBIX)

LSE
IF(JU.EQ.1) THEN

ALJ = BXX((CB(5,1))%BBX+(CB(S5,5))%BBZ+(CB(5,6))%BBY)+
+ BYX((CB(4,1))NBBX+(CB(&,5))%BBZ+(CB(4,6))%XBBY)
ELSEIF(JU.EQ.2) THEN
ATJ = BXR((CB(5,2))%BBY+(CB(5,G4))%BBZ+(CB(5,6))%BBX)+
+ _ lYl((Cl(ﬁ 2))XBBY+(CB(4,4))%BBZ+(CB(4,6))%BBX)
AlJ = BX!((CB(S.S))!IBZO(CD(S 4))XBBY+(CB(5,5))%xBBX)+
(4,6))%BBY+(CB(4,5))%BBX)

+ BYX((CB(G,3))%BBZ+(CB
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ENDIF

ENDIF
ACIJ) = ACTJ)+AlJ%VOL
CONTINUE
CONTINUE
CONTINUE

CONTINUE
CONTINUE
CONTINUE
RETURN
END

SUBROUTINE LOCCOR(CNQ,XQ,YQ,2Q)
IMPLICIT DOUBLE PRECISION (A-H,0-2)
DIHENSION !Q(NQ) YQINRQ), ZQ(NQ)

XQ(1) = .DO/DSQRT(3.D0))

Yﬂ(l) z ( 1 DO/DSQRT(3.D0))
ZQ(1) = (-1.D0/DSQRT(3.D0))
XQ(2) = (+1.D0/DSQRT(3.D0))
YQ(2) = (~1.D0/DSQRT(3.D0))
ZQ(2) = (-1.D0/DSQRT(3.D0))
XQ(3) = (+1.D0/DSQRYT(3.D0))
YQ(3) = (+1.D0/DSQRT(3.D0))
ZQ(3) = (-1.D0/DSQRT(3.D0))
XQ(4) = (-1.D0/DSQRT(3.D0))
YQ(4) = (+1.D0/DSQRY(3.D0))
ZQ(64) = (-1.D0/DSQRT(3.D0))
XQ(5) = (-1.D0/DSQRT(3.D0))
YQ(5) = (-1.D0/DSQRT(3.D0))
ZQ(5) = (+1.D0/DSQRT(3.D0))
XQ(6) = (+1.D0/DSQRT(3.D0))
YQ(6) = (-1.DO/DSQRT(3.D0O))
ZQ(6) = (+1.D0/DSQRT(3.D0))
XQ(7) = (+]1.D0/DSQRT(3.D0))
YQ(7) = (+1.D0/DSQRT(3.D0))
2Q(7) = (+1.D0/DSQRT(3.D0))
XQ(8) = (-1.D0/DSQRT(3.D0))
YQ(8) = (+1.D0/DSQRT(3.D0))
ZQ(8) = (+1.D0/DSQRT(3.D0))
RE;URN

EN
SUBROUTINE TlF(XI EN Z1,IN,BB,BX,BY,B2Z,
+

1,21,X7,Y7,27)
IMPLICIT DOUBLE PRECISION (A-H,0-2)

IFCIN.€Q.1) THEN
(1.D0/8.D0)%(1.D0-XI)N(1.DO-EN)I¥(1.D0-21)
-(1.D0/8.D0)%(1.DO-ENIX(]1.D0O-Z1)%(2.D0/(X7~X1))
-(1.00/8.D0)%(].D0-X1)%(1.D0-Z1)%(2.D0/(Y7~Y1))
-(1.D0/8.D0)%(1.D0-XI)*(1.DO-ENIXN(2.D0/(27-21))
ELSEIF(IN EQ.2) THEN
BB = (1.D0/8.D0)N(1.DO+XI)%(1.DO-EN)N(1.D0O-Z]) 82
BX = (1.D0/8.DO)XCI.DO-ENIX(1.D0-ZI)R(2.D0/(X7-X1))
BY = -(1.D0/8.D0)%(1.DO+XI)%(1.DO-ZI)%(2,00/(Y7~Y1))
BZ = -(1.D0-8.D0)X(1.D0+XI)x(]1.DO-EN)R(2.D0/(27-21))
ELSEIF(IN.EQ.3) THEN

oo
N=<
“un e
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B2 = (1.D0/8.D0)xu(1. DO+XI)N(1.DO-ENIN(]1.DO+ZI)

BX = (1.D0s/8.D0)K(1.DO-ENIX(1.DO+ZI)N(2.D0/(X7-X1))

BY = '(l D0/8.D0)™(1 DO+XI)N(1.DO+ZI)N(2.D0O/(Y7-Y1))
=z 1

BZ .D0/8.D0OIX().DO+XI)X(].DO-ENIN(2.D0O/(27-2
ELSEIF(IN EO 4) THEN
88 = (1.D0-/8.D0)¥(1.DO-XI)INC(]1.DO-EN)X(1.D0O+21)
BX = -(1.D0/8.D0)%(1.DO-EN)®(]1.D0O+ZI)X(2. DO/ (X7-X1))
BY = -(l D0/8.D0)X(1 . DO-XIIN(1.DO+ZI)®(2.D0/(Y7-Y1))
Bz (1.D0/8.D0)%(1.D0-XI)N(1 .DO-ENIX(2.D0/(27-21))
ELSEIF(IN EQ.5) THEN
(1.D0/8.D0)%(1.D0-XI)x(1.DO+EN)N(]1.D0-21)

IX : ~(1.00/8.D0)XR{] .DO+EN)IN(].DO-Z])¥(2.DO/(X7-X1))
IY = (1 DO/8.DO)IX(].DO-XI)¥(]1.D0O-21)%(2.D0/(Y7-Y1))
= -(1.D0/8.D0)%(1.D0-XI)XC(]1.DO+EN)®(2.D0/(27-21))

ELSEIF(IN EQ 6) THEN
(1.D0/8.D0)%(].DO+XI)IN(1.DO+ENIN(]1 . DO-21)
lX (1.00/8.D0)X(1.DO+EN)X(]1.DO-ZI)%(2.D0/(X7-X1))
. BY (l D0/8.D0)%(]1.DO+XI)N(]1.DO-ZI)%(2.D0/(Y7~Y1))
3z .D0/8.D0)X(1,.DO+XI)IX(]1 . DO+ENI®(2.D0/(27-21))
ELSEIF(IN EO 7) THEN
BB

n won o

= (1.00/8.D0)%(].DO0+XI1)%(1.DO+ENIN(]1.DO+Z])
BX =.(1.D0/8.D0)%(1.DO+ENIN(].DO+ZI)%(2.D0/(X7-X1))
3Y = (1.D0/8.DO)%(1.DO+XI)%(]1.D0O+2ZI)%(2.D0/(Y7-Y1))
BZ = (1.D0/8.D0)X(1.DO+XI)N(1.DO+EN)I%(2.D0/(Z7-21))
ELSEIFC(IN.EQ.8) THEN
B8 = (1.D0/8.D0)N(1.DO-XI)®(1.DO+EN)IX(]1.DO+2]1)
BX = -(1.D0/8.D0)x(]1.DO+EN)X(1.D0+21)%(2.DO/(X7-X1))
BY = (1.D0,/8.D0)N(1.DO-XI)¥(1.DO+ZIIN(2.D0/(Y7-Y]1))
= (1.D0/8.D0)x(1.DO-XI)N(]1.DO+EN)XC2.D0/(27-21))
ENDIF
RETURN

END
SUBROUTINE CBARSD(IT,LYNUM,TH,CB,NE,NX,NY,NZ,MATE, IFLAG)
IMPLICIT DOUBLE PRECISION (A-H,0-2)
DIMENSION S(6.,6),C(6,6)
DIMENSION CB(6,6)
HWRITE(X, %) 'THETA IN CBAR ', TH
IF({MATE. EO 1) GOTO 666
IFCIFLAG.EQ.1) THEN
El = 20000000.0D0
E2 = 1300000.0D0

E3 1250000.0D0

P23 = 0.49D0

P13 = 0.3D0

P12 = 0.3D0

G23 = 900000.0D0

Gl3 = 1030000.0D0

612 = 1030000.9D0

ELSEIF(IFLAG.EQ.2) THEN
El = 25047135.60D0
E2 = 1044234.95D0
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]

-

~n
"

0.3D0
545322.67D0
0.9D0x%G12
Gl2

OO
A
[Py

]

= 18700000.0D0

EZ = 1070000.0D0
E3 = 1070000.0D0
P23 = 0.400D0
P13 = 0.330D0
P12 = 0.330D0
Gl2 = 610000.0D0
G23 = 695000.0D0
Gl3 = 610000.0D0

ELSEIF(IFLAG.EQ.4) THEN

El = 25.D0

E2 = 1.D0

E3 =1.D0

P23 = 0.25D0

P13 = 0.25D0

P12 = 0.25D0

Gl2 = 0.5D0

G623 = 0.2D0

Gl3 = 0.5D0
ELSE

El = 2.695D6

E2 = 2.56Dé

E3 = E2

P23 = 0.230D0

P13 = 0.230D0

P12 = 0.242D0

Gl2 = 0.6

G23 = 0.9D0%G12

Gl3 = 612

ENDIF

$(1,1) = 1.D0/E]

$(1,2) = -Pl2/E1

S(1,3) = -P13/El

S(2,2) = 1.D0/E2

S$(2,3) = -P23/E2

S(3,3) = 1.DO/E3

S(4,4) = 1.D0/G23

$(5,5) = 1.D0/G13

$(6.,6) = 1.D0s/G12

TM =DCOS(TH)

TN =DSINC(TH)

SA= S(1,1)%5(2,2)%5(3,3)-5(1,1)%5(2, 3)nu2~-
1 5¢(2,2)%5(], 5)nx2-5(3, 3)nS(1,2) N2+
2 2u5(1,2)%5(2,3)%5(1.3)

C(1,1) = (S(2,2)%5(3,3)-5(2,3)%%2)/SA

€(1,2) = (S(1,3)%5(2,3)-5(1,2)%5(3,3))/5A 83

C(2,2) = (S(3,3)%S5(1,1)-5(1,3)nx2)/5A

C(1,3) = (S(1,2)%S5(2,3)-S(1,3)%5(2,2))/5A

C(3,3) = (S(1,1)%5(2,2)~5(1,2)u%2)/SA



C(2,3) & (SC1,2)%S(1,3)-5(2,3)%5(1,1))/SA
Cl4,4) = 1.00/5(4,4)
€(5.5%5) = 1.D0/5(S.5)
C(6,6) = 1.D0/S(6.6)
CB(1,1) = THMMNANC(],1)+2uTMEN2¥TNUR2R{C(],2)42%C(6,6))+
8 TNN%4RC(2,2)
CB(1,2) = TNNN2NTMEN2N(CL],]1)+4C(2,2)-6RC(6.6))+
[ (TNRXG+TMNRG)INC(],2)
CB(1.3) = TMEN2XC(1,3)+THNRX2KC(2,3)
CB(1.4) = 0.DO
CB(1.5) = 0.DO
CBC1.6) = TMNTNN(TMMN2%(C(],1)-C(1,2)-20uC(6,6))+
TNRN2X(C(1,2)-C(2,2)+2%C(6,6)))
CB(2,2) = TNENGNC(1,])+2NTNuN2¥TMEN2N(C(],2)+
2UC(6,6))+TMXNGNC(2,2)
CB(2,3) = TNNX2RC(]1,3)4TMAx2%C(2,3)
CB(2.4) = 0.DO
CB(2.8) = 0.DO
CB(2.6) = TMETNX(TN®®2%(C(1,1)-C(1,2) ZIC(6 6))+
1 THMx2%(C(1,2)-C(2,2)+2%C(6.,6))
C8(3.3) = C(3.%)
CB(3.4) = 0.DO
CB(3.5) = 0.D0
CB(3.6) = TMRTNM(C(],3)-C(2,3))
CB(4,4) = TMNN2EC(G4,4)+TNXX2XC(S,5)
CB(4,S) = THITNI(C(S 5)-C(6,4))
CB(4.6) = 0.DO
CB(5,5) = TNI!ZIC(Q 4)+TMRNA2XC(S, S)
CB(5,6) = Do
Cches,6) = THK!ZITNIIZl(Ctl 1)-2%C(1,2)+4C(2,2))+
3 C(6,6)M(TMNN2-TNXX2)%X2
DO 90 I = 1,6
D0 95 J = 1,6
CB(J,I) = CBCI.J)
x WRITECX, ¥) I J,CB8(1,J)
95 CONTINU
90 CONTINUE
] WRITE(x,%x) * *
c GOTO 177
666 CONTINUE

WRITE(X,%) * ¢
177 RETURN

END .

SUBROUTINE GVREST{OMEGA,NU,NC,EIGV,R,IVEC, IPRVEC, IZOLINE)
IMPLICIT DOUBLE PRECISION (A-H,D-2)

DIMENSION OMEGA(NC)

DIMENSION EIGV(NC) R(NU,NC)

WRITE(X,%) *

WRITE(X, %) '=-ee---- - '
NRITE(!.I) " NATURAL FREQUENCIES'
WRITE(N, ) te—mecoo——mcooo oo oo '
WRITE(X,%) * *

D0 250 I 1,

WRITE(x, 255) I OMEGA(I), EIGV(I)
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255  FORMAT(1X,'NO:',16,1X,*FREQ:',D12.6,1X,'HZ",2X, "E-VAL",1X,D12.6)
250 CONTINUE

IFCIVEC.EQ.1) THEN

KK = 0
DO 264 K=IPRVEC, IPRVEC
* D0 264 K=1,IPRVEC

WRITE(X, %) *

WRITE(X, %) *

WNRITE(%, %) °*

WRITE(%,%) ' MODE ----- > 'K
T’ .
.

WRITE(X, %)
WRITE(X,x)
WRITE(X,X) !
PII = 3. 1‘159265400

WRITE(X,%) * NATURAL FREQUENCY :',OMEGA(K)
WRITE(x, %) *

DO 268 L = 1,NU,3
c DO 268 L = 361,363,3

KK=KK+1

WRITE(X,277) KK,R(L,K),R(L+1,K),R(L+2,K)
277 FORMAT(I4,3X,*U :*,D16.64,3X,'V :",D16.4,3X,'W :',D16.6)

268 CONTINUE

KX = 0
¥ NODES OF INTEREST
* KK = 1236
RMS = 0.DO
DO 288 I = 3,NU,3
RMS = RMS+R(I,K)®R(I,K)
283 CONTINUE
- RMS = DSQRT(RMS)
WRITE(N,X) *RMS *,RMS
WRITE(X,%) °'W T,R(179%3,K)
WRITE(X, %) 'W *,R(180%3,K)
RATIOL R(179 %3,K)/RMS
RATIO2 = R(180 ¥3,K)/RMS

RATIOS = RC1307X3.K)/RMS
RATION = RCIS08X3.K)/RMS

00
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3012

WRITE(%,%) *NODE 179 ', RATIOL

WRITE(®,x) *NODE 180 ' RATI02

WRITE(®, %) 'NODE 1307 °*,RATIOS

WRITE(®, %) 'NODE 1308 ',RATIOG4
CONTINUE

ENDIF

ITE THE Z COORDS TO FILE 10 TO PLOT USING SAS-GRAF
IF(IZOLINE.EQ.1) THEN
Lt =10

Do 3¢l0 J = 0,
00 3020 1 =

=L+5
HRITE(]D 1001) Ix
FORMAT(3F14.4, 3X)

CONTINUE
CONTINUE

S
[ )
1.8D0,J%0.72D0,R(L 3, IPRVEC)

ENDIF

RETURN
END

SUBRDUTINE GGEOM(IVDELAM, NDELL , NODEL, LYNUM, NODE, INDX, XN, YN, ZN, NE,
NN, NU,NX,NY,NZ,XL,YL,ZL,NNE, LEPL, DEGR,MATE, llDUND.KDC.

* XDST, XDEN, YDST, YDEN ISDELAH ISTATIC)

IMPLICIT DOUBLE PRECISION (A-H,0-2)

DIMENSION XNC(NX¥NYR(NZ+NDELL)), YNCNXXNYR(NZ+NDELL)),

. ZNCNXENYR(NZ+NDELL))

DIMENSION NODE((NX-1)X(NY-1)X(NZ-1),8),

. INDXCNXXNYX(NZ+NDELL),3)

DIMENSION DEGR(NZ-1)

INTEGER KDC(NZ),XDST(NDELL+1), XDENCNDELL+]1)

INTEGER YDST(NDELL+1),YDENINDELL+1)

IFCISTATIC. §Q 0) THEN

WRITE(X, %)

WRITE(X,x) f2sx===2s 22238 EESII2I IS =SS SS=Sssss=sss3ssY
WRITE(%, %) = =t
WRITE(X,%) *= F I NI TE E EMENT ANALYSI S-
WRITE(X, %) *= FREE VI!R‘TION PROBLEM

MRITE(X,%) '= DELAMINATED PLATE . ='
WRITE(x,x) '= =t
WRITE(X, x) ?zs=s=ss=s=sssss=sssssss=s==s=srs=rsgrsesssss=ssessssl

WRITE(X,%) * v
ELSEIF(XSTATIC EQ.1) THEN

WRITE(X
HRITE(I l) '=======::::::====:==:::::=========:::=:====::===‘
HRITE(!.‘) '= s
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WRITE(X, %) FINITE FIL EMFNT ANALYSI S '
HRITE(X, %)

WRITE(X, %) DELAMINATED PLATE =

WRITE(X, ) =z

WRITE(X, %) zzzz=zzszzszszsazsszssssmszzssszzszazszsszzszzzzss!?
L]

WRITE(X, %) *
ENDIF

IFCIBOUND.EQ.1) THEN

WRITE(X, %) * FULLY FREE BOUNDARY CONDITIONS *
ELSEIF(IBOUND.EQ.2) THEN

WRITE(X,%) ' CLAMPED FREE FREE FREE BOUNDARY CONDITIONS'
ELSEIFCIBOUND.EQ.3) THEN

WRITE(X,%) * FULLY CLAMPED BOUNDARY CONDITIONS®

ELSEIF(IBOUND.EQ.4) THEN

WRITEC%,%) * FULLY SIMPLY SUPPORTED BOUNDARY CONDITIONS®
ELSEIF(IBOUND.EQ.5) THEN

WRITE(¥,%) * CLAMPED FREE CLAMPED CLAMPED BOUNDARY CONDITIONS'®

LSE
£ D?gITE(!,!) ' S.SUP FREE S.SUP S.SUP BOUNDARY CONDITIONS®
N

WRITE(Xx, %) * ¢

IFCIVDELAM.EQ.0) THEN
:fng(l.l) TUNDAMAGED LAMINATE °*

WRITE(X,%) *DELAMINATED LAMINATE °*

HRITE(%,%) *NUMBER OF DELAMINATED LAYERS ->',NDELL
EﬂR%TE(l.l) ‘TOTAL NODES IN DAMAGED REGIONS>',NODEL
NDIF
WRITE(®,%) * °*

IF(IVDELAM. EQ 1) THEN

WRITE(%,%) *-------cceoccoe—ccacconx '
WRITE(%,%x) *DELAMINATION !NFORHATIDN'
WRITE(X%,%) *1 DELAM PER LAYER
WRITE(X, %)
WRITE(%,%) * '

WRITE(X,%) "FROM BOTTOM TO TOP '
WRITE(X,%) ' ¢

DO 3012 LM=0,NZ-1

IFCKDC(LM).NE.0) THEN
WRITE(X,%) *DELAMINATION AT INTERFACE :',LM

ENDIF
CONTINUE
WRITE(%,%) * ¢
DO 3010 II = 1,NDELL
WRITE(X,%) *‘DELAM x' 11
DELX]1 = XDST(II)I(XL/(NX 1.00))
DELX2 = XDEN(II)®(XL/(NX-1.D0))
DELY1 = YDST(II)X(YL/(NY-1.D0))

85



DELY2 = YDEN(II]I(YL/(NY -1.00))
WRITEC(H, %) EL SIZE (IN)°,DELX2-DELX1
WRITE(®, n) ‘Y DEL SIZE C(IN)',DELY2-DELY]
WRITE(X, %) *X BOX ST',XDST(II)
WRITE(®, %) 'X BOX ED',XDEN(II)
WRITE(X, %) *Y BOX ST',YDST(II)
WRITE(®,%) 'Y BOX ED'.YDEN(II)
WRITE(%,%) *

3010 CONTINUE

ENDIF

WRITE(x %) * ¢

WRITE(®, %) "NUMBER OF ELEMENT NODES ->*,NNE
WRITE(K, x) *NUMBER OF LAYERS =>7,NZ-1
WRITE(N, %) *STRUCTURE LENGTH (IN) =>t, XL
WRITE(N, %) *STRUCTURE WIDTH =>t, YL
WRITE(®,n) *STRUCTURE HWEIGHT ->'.ZLI(NZ 1)
WRITE(®, %) "ELEMENTS ACROSS THICKNESS ->',1
WRITE(®,%) "NODES IN X DIRECTION =>*,NX
WRITE(®,%) "NODES IN Y DIRECTION =>',NY
WRITEC®,%) 'NODES IN Z DIRECTION =>',N2
WRITE(x,%) 'ELEMENTS PER LAYER =>', (NX-1)R(NY-1)
WNRITE(X,%) *NODES PER LAYER ->'.NX!N

WRITE(X, x) 'HATERIAL TYPE <1>ISO<2>ANISO ->',MATE

WRITE(®, %) v

IF(MATE .NE.2) GDTO m

DD 65 1 = 1,N2-1

WRITE(%,67) I,DEGR(I)
67 FORMAT(1X, "LAYER->',164,2X, "FIBER ORIENTATION',F12.4)
65 CONTINUE

WRITE(%,%) * ¢
777 LEPL= (NX-1)%(NY-1)

lT = 0.D0

0.D0

lP 0.D0

ZIN R = 0.D0

HX =0.D0)/(NX-1.D0)

:} (YL-O.DO)/(NY-I.DG)

ZL
HZ (ZL-0.D0)/ (NZ-1.DO)

DO 1025 LY = I. LYNUM
DO 1040 JC 0, NY-1
D0 1050 IC = 0, NX-1
DO 1030 XC = 0, NZ-1

Hawaeynn

“O0

CANTILEVER PLATE
IFCIBOUND.EQ.2.AND.IC.EQ.0) GOTO 3100

FULLY CLAMPED
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IFCIBOUND.EQ.3.AND.IC.EQ.0) GOTO 3100
IF(IBOUND .EQ.3.AND.IC.EQ.(NX-1)) GOTO 3100
IFCIBOUND.EQ.3.AND.JC.EQ.0) GOTO 3100
IFCIBOUND.EQ.3.AND.JC.EQ.(NY-1)) GOTO 3100

SIMPLY SUPPORTED

IFCIBOUND.EQ.4.AND.IC.EQ.0.AND.XC.EQ.0) GOTD 3100
IFCIBOUND.EQ.4.AND.IC.EQ. (NX~ 1) AND.KC. EG 0) GOTO 3100
IFCIBOUND.EQ. ﬁ AND.JC.EQ.0.AND.XC.EQ.0) GOTQ 3100
IFCIBOUND.EQ.4.AND.JC.EQ. (NY-1).AND.KC.EQ.0) GOTO 3100

CLAMPED FREE CLAMPED CLAMPED

IFCIBOUND.EQ.5.AND.IC.EQ.0
IFCIBOUND.EQ.5.AND.JC.EQ.O
IF(I EQ.(

) 6
) GOTO
BOUND.EQ.S5.AND.JC.EQ.(NY-

00
1)) GOTO 3100

SIMPLY SUPPORTED FREE SIMPLY SUPPORTED SIMPLY SUPPORTED

IFCIBOUND.EQ.6.AND.IC.EQ.0.AND.XC.£Q.0) GOTO 3100
IFCIBOUND .EQ.6.AND.JC.EQ.0.AND.KC.£Q.0) GOTO 3100
IFCIBOUND.EQ.6.AND.JC . EQ.(NY-1).AND.KC.EQ.0) GOTO 3100

SIMPLY SUPPORTED CONSTRAINED AT THE MID SURFACE

b B B B B

BOUND.EQ.7.AND.IC.EQ.0.AND.KC.EQ.((NZ-1)/2)) GOTD 3100
BOUND.EQ.7 .AND.IC.EQ.(NX-1).AND .KC.EQ.((NZ2-1)/2)) GOTO 3100
BOUND.EQ.7 .AND.JC .EQ.0.AND.XC.EQ.((NZ-1)/2)) GOTO 3100
BOUND.EQ.7 .AND.JC.EQ.(NY-1) .AND.XC.EQ.((NZ-1)-/2)) GOTO 3100

IV = Ju+3.D0

3100 IP = IP+1.D0
XNCIP) =ICEMX
YNC(IP) =JCEHY
ZNCIP) =KCXHZ+ZINCR

= IFCIBOUND.EQ.2.AND.IC.EQ.0) THEN
INDXCIP,1) = 0

INDX(IP,2) = O

INDXCIP,3) = 0

3

et Pt Pf by
nhmmm
~~
lalalal ol

ELSEIFC(IBOUND.EQ.3.AND.IC.EQ.0) THEN
INDX(IP,1) =
INDXC(IP,2) = 0

INDXCIP,3) = 0
€1 CETC/TRAIMA F0 T AND T FO (NY-1)) THEN



mooo
o
“

.AND.JC.EQ.0) THEN

-AND.JC.EQ.(NY-1)) THEN

o
w

CHW USTURNNT NN

mooomooomooomooo

.AND.IC.EQ.0.AND.KC.EQ.0) THEN

o
»

AND.IC.EQ.(NX-1).AND.KC.EQ.0) THEN

DO
F

.AND.JC.EQ.D0.AND.KC.EQ.0) THEN

o
Y

LAND.JC.EQ.(NY-1) AND.KC.EQ.0) THEN

o0
o

INDX(IP,2)
INDX(IP,3)
ELSEIF(1B0UN
INDX(IP,1) =
INDX(IP,2)
INDX(IP, 3)
ELSEIF(IBOUN
INDX{IP,1)

CGH U UD UK NODUNNSH N

.AND.IC.EQ.0) THEN

©o
w

.5.AND.JC.EQ.0) THEN

O

CAND.JC.EQ.(NY-1)) THEN

r -
(¥}

.AND.IC.EQ.0.AND.KC.EQ.0) THEN

o
o

W H nuu "HO NN

LAND.JC.EQ.0.AND.KC.EQ.0) THEN

o
o

.AND.JC.EQ.(NY-1).AND.KC.EQ.0) THEN

o
o

.IC.EQ.0.AND.KC.EQ.((NZ-1)/2)) THEN

. INDX( I
: INDX( I

OOO COOMOOCOMOOOMOOOMODOMOOOMOOOMOaOO

~ o~
e
VT‘D‘T"“'UT"N'UVT’-'U""H

4
H N0 uz“ WO e N

3DFEM FORTRAN Al 11/19/90 22:43 F 80 2264 RECS 11719790 22:44 PAGE

ELSEIF(I!OUgB EQ.7.AND.IC.EQ.(NX-1) .AND.KC.EQ.((NZ-1)/2)) THEN

IP.1) = 0
INDx(1p.2) = 0
INDXCIP,3) = 0
ELSEIFCIBOUND.EQ.7.AND.JC.EQ.0.AND.KC.EQ.C((NZ-1)/2)) THEN
INDX(IP,1) = 0
INDX(1P.2) = 0
INDX(IP,3) = 0
ELSEIF(!lOUND(;: 7.AND.JC.EQ. (NY-1).AND.KC.EQ.((NZ-1)/2)) THEN
» z
INDX(IP,2) = 0
INDXCIP,3) =
ELSE
INDX(IP,1) = IU-2.DO
INDX(IP,2) = Iu-1.DO
INDX(IP,3) = U
ENDIF
*
X
X BY MANIPULATING GT=0E .. IN THE FOLLOWING IF STATEMENTS
% THE DELAMINATIONS CAN BE EXTENDED TO THE FREE ENDS
® PUT DOUBLE NODES ACROSS THE DELAMINATED LAYER
% ONLY NODES IN THE DELAMINATED REGION GENERATE 3 MORE UKNOWNS
% U,V,W SAME FOR OTHER NODES
IFCIVDELAM.EQ.1.AND.KDC(KC).NE.0) THEN
IFCXNCIP).GT. (XDST(KDCCKC))XHX) . AND.XNCIP). LT (XDENCKDC(KC) JXHX)
+ AND.YNCIP).GT.(YDST(XDC(KC))%MY).AND.YNCIP)
+  (YDEN(KDC(KC))IXHY)) THEN
IP = 1P+l
IU = TU+3
XNCIP) = ICEMX
YNCIP) = JCXHY
IN(IP) = KCWHZ
INDX(IP,1) = 1U-2.D0
. INDX(IP.2) = TU-1.
INDX(IP,3) =
ELSE
1P = IP+1
XNC(IP) = ICEHX
YNCIP) = JCHHY
IN(IP) = KCWHZ
INDXCIP, 1)< INDX(IP-1.1)
INDX(IP,2) = INDXCIP-1,2)
[ TNDXCIP.3) = INDXCTP-1,3)
ND
. ENDIF
4
1030 CONTINUE
1050  CONTINUE
1040 CONTINUE
NN = IP
WRITECX.X) 'TOTAL NODES OF STRUCTURE ->1, NN
=

NU
- HRITE(X, %) *TOTAL NUMBER OF UNKNOWNS ->',NU



1080
1070

1060

404

402
%400
220

LR B B B B

=232

I
3DFEM

X115
C

4500

DO 1060 KC = O,NZ-Z

IFCIVDELAM. EQ.

NODINCR = 0

.AND. KDC(KC) NE.0) THEN

NODINCR = NDD!NCR +

DO 1070 JC = 0,NY-2
0,NX-2

ENDIF

DO 1080 IC =
IT = IT + 1.D0

NODE(IT, 1) = (NXI(NZOgDElL)IJC)O(XCI(NZ4NDELL))01 DO+NODINCR

ODE(IT,2)
NODE(IT.S)
NODE(IT,4)
NODE(IT,S5)
NODE(IT,.6)
. NODE(IT.7)
NODE(IT,8)
CONTINUE
CONTINUE -
NODINCR =

CONTINUE

=
z

DECIT,1)+4(NZ+NDELL)
NODE(IT.2)+1.D0
NODE(IT,1)+1.D0
NODECIT,1)+(NXX(NZ+NDELL))
NODECIT,S5)+(NZ+NDELL)
NODE(IT,6)+1.D0
NODE(IT,5)+1.D0

NODINCR+1.D0O

NE 17
NRITE(X,%X) 'TOTAL ELEHENTS IN STRUCTURE ->',NE
FORHAT(ZSX,'X‘.lSX.'Y'.ISX,
r

WRTITE(%,%) *

DO 400 I = 1,1IP

WRITE(X,402) I,XNCI),YNCI),ZN(I)

FORMAT( *NODE: *
TINUE

»15,1X,D16.4,1X,D16.4,1X,D16.4)

CON
FORHAT(IZ:i'I'.GX.'Z' 16X, "3,6X,%4%,6X,"5",6X,'6,6X,'7",6X,°'8")

DO 111 I = ],NE

WRITE(x, %) °*

DO 115 I = ],NN
J1 = INDX(I,1
J2 = INDX(I,2
JS = INDX(I,3
RITE(x,232)
FORHAT('NODE'.!S X, 1

Pt o

»11,12,13,14,15,16,17,18
FORHAT(!G a>',2x ,16,1X,16,1X,16,1X,16,1X,16,1X,16,1X,16,1X,16)

CONTINUE
FORMAT(17X,°*1", 8X.'Z'.7X.'3')
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CONRTINUE
RETURN

EN

SUBROUTINE AASEMB(A, DB, XN, YN, ZN,NODE, INDX,NNE, NE, NN, NDELL,
NQ, LYNUM, NX, NY,NZ, DEGR, LEPL , X Q,YQ.ZQ.
TNETA,HAYE DEN, ANG, IFLAG NU, IBOUND,

NHK, NHM, MAXA,LB)

"IMPLICIT DOUBLE PRECISION (A-H,0-Z)

DIMENSION AC1000000),B(1000000)

INTEGER MAXACNU+1),LB(NU)

DIMENSION XN(NX!NYI(NZONDELLI) YNCNXXNYXR(NZ+NDELL)),

ZNCNXXNY%(NZ+NDE

+
DIMENSION NODE((NX- l)l(NY-l)l(NZ 1.8,
+

INDX(NXXNYXC(NZ+NDELL),3)
DIMENSION XQ(NQ),YQ(NQ),ZQ(NQ)
DIMENSION DEGR(NZ-1),THETA(NZ-1)

DIMENSION CB(6,6)

DO 4500 J = 1,NU
LBCGJ) = 0

CONTINUE

DO 4550 IT = I,N
IN

DO 4560

E
= 1,NNE

IP = NODECIT,IN)

D0 4570 IV = 1,3

I = INDX(IP,IVU)
IF(1.EQ.0) GOTO 4570

DO 4580 JN = 1,NNE

1J =

IPP = NODECIT,JN)
DO 4590 IUK = 1,3

J = INDX(CIPP, IUK)
IF(J.EQ.0) GOTO 4590

= J-I
IF(IJ.GT.LB(J)) LBCI)=1J

CONTINUE

CONTINUE
CONTINUVE

CONTINUE
CONTINUE
MAXA(1) = 1

DO 4600 J

2,NU

88



MAXACJ) = MAXACJI-1)4LB(J-1)¢]
4600 CONTINVE

NWHK = MAXA(NU)+LB(NU)

NHM = NWK

MAXACNU+1)=NWK+]
WRITE(x, %) *
WRITE(N, %) 'NWK ', NHK
WRITE(N, %) * '

DO 1700 IK = NWK
ACIK) = 0.DO
B(IK) = 0.D0O

1700 EDNTINUE
ALL LOCCOR(NQ.XQ,Y )
IF(MATE EQ.2) THEN 9.29
Do 1980TL = 1,N2-1
» THETACL) = (3.14 98793239D0OXDEGR(L))~/180.D0
1980 CONTINUE 1415926535 239DOXDE L !
) DO 1985 I = 1,LYNUM

] DO 1990 J = 1,LEPL
* © ANG(J) = THETA(I)
x1990 CONTINUVE

%1985 CONTINUE
ENDIF
DO 2000 IT = 1,NE

X1 = XN(NODE(IT.1))
Y1l = YN(NODE(IT,1))
21 = ZN(NODE(IT,1))
X7 = XN(NODE(IT,7))
Y? = YNCNODE(IT,7))
27 = ZN(NODE(IT,7))

IF(MATE .EQ.2) THEN
KK = 1 + INT(!IT 1)/LEPL)
TH = THETA(KK
WRITE(%, %) 17 ° IT
WRITE(x,%) 'ELE !D (KK) *,KK
WRITE(¥,x) *TH IN ASSEMBLY',TH
CALL CBAR3D(IT,LYNUM,TH,CB,NE.NX.NY,NZ ,MATE,IFLAG)

ELSE
Eﬁs}# CBARSDCIT,LYNUM,0,CB,NE,NX,NY,NZ,MATE, IFLAG)
VoL = (X7-X1)%(Y7-Y1)%(Z7-21)

DO 2020 IQ = 1.NQ
X
EN
Z1
DO 2040 IN = 1,NNRE

nnw
N
D0 D
~ew
.
D OO
~

IP = NODE(IT,IN)
CALL TBF(XI,EN,ZI,IN,3B,BX,BY,B2Z,
X1,Y1,2Z1,X7,Y7,27)
DO 2060 IV = 1,3

I = INDXCIP,IU)
IF(I.£Q.0) GOTD 2060
DO 2070 INN = 1,NNE
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IPP = NODECIT,INN)
CALL TBF(XI.EN,ZI,INN,BBB,BBX,BBY,BB2Z,
X1,v1,21,X7,Y7.,2)

J_= INDXCIPP,JU)
IF(1.GT.J) GOTO 2080

DO 2080 Ju = 1,3

1J = MAXA(JD) + (J-D)
BIJ = 0.D0

IFCIV.EQ.1) THEN
IF(JU.EQ.1) THEN
AIJ = BXH(CB(1,1)%B3BX+(CB(1,5))%BBZ+(CB(1,6))%BBY)+
+ BYXC(CD(6,1))uBBX+(CBL6,5))XBBZ+(CB(6,6))%BBY)
BIJ = BBXBBBXDEN
ELSEIF(JU.EQ.2) THEN
AIJ = BXE(CB(1,2)%BBY+(CB(1,4))RBBZ+(CB(1,6))%BBX)¢
ELSE BYRC(CB(6,2))XBBY+(CB(6,4))%BB2+(CD(6,6))%XBBX)

AlJ = BXX(CB(1,3)%BBZ+(CB(1,4))%BBY+(CB(1,5))XBBX)+
+ BYX((CBC6,3))%BBZ+(CB(6,49))%BBY+(CB(6,5))XBBX)

ENDIF
ELSEIF(IU.EQ.2) THEN
IF(JU.EQ.1) THEN

+

AIJ = BY®(CB(Z,1)XBBX+(CB(2,5))XBBZ+(CB(2,6))%BRY)+
+ BXXC{CB(6,1))%BBX+(CB(6,5))%BBZ+(CB(6,6))%BBY)
ELSEIF(JU €9.2) THEN
BYX(CB(2,2)%BBY+(CB(2,4))%BBZ+(CB(2,6))%BBX)+
+ BX®R((CB(6,2))%BBY+(CB(6,4))%BBZ+(CB(6,6))%BBX)
Eféé = BBXBBBXDEN

AlJ = BYR(CB(2,3)%BBZ+(CB(2,4))XBBY+(CB(2,5))xBBX)+
ENDIF BXX((CB(6,3))%BBZ+(CB(6,4))XBBY+(CB(6,5))%BBX)

E
IF(JU.EQ.1) THEN
AlJ = BZ®{CB(3,1)%BBX+(CB(3,5))%BBZ+(CB(3,6))X%BBY)
ELSEIF(JU.EQ.Z) THEN
AlJ = BZX(CB(3,2)%BBY+(CB(3,4))XBBZ+(CB(3,6))%BBX)

ELSE
AlJ = BZ®(CB(3,3)NBBZ+(CB(3,4))NBBY+(CB(3,5))%BBX)
BIJ = BBXBBBXDEN
ENDIF
ENDIF
ACIJ) = A(TJ)+ATINVOL
B(IJ) = B(IJ)+BIJRVOL
2080 CONTINUE
2070 CONTINUE
2060 CONTINUE
2040 CONTINUE

2020 CONTINUE
%2000 CONTINUE
DO 3020 IQ = 1,1

XI = 0.D0
EN = 0.D0
ZI = 0.D0



DO 3040 IN = 1,NNE
IP = NODE(CIT,IN)
CALL TIF(XI EN,ZI,IN.BB,BX.BY,BZ,

1,¥Y1, 7,Y7.27)
DO 3060 IU = 1,3 Z.x
I = INDXC(IP,IW)
IF(1.EQ.0) GOTO 3060

DO 3070 INN = 1,NNE
IPP = NODECIT,INN)
CALL TBF(XI,EN.ZI,INN,8BB,BBX, 3BY, 88Z,
X1,Y1,21.%7.Y7.27)

J = INDXCIPP,JIU)
IF(1.GT.J) GOTO 3080

DO 3030 JU = 1,3

= MAXA(J) + (J-D)

.EQ.1) THEN
1IF(JU.EQ. 1) YMEN

AlJ "lll((C!(S INBBX+(CB(S.5))InNBBZ+(CB(5,6))uBBY)
ELSEIF(JU.EQ. THEN

AlJ) = gll((CB(S 2))!!!70(CD(5 4))IXBBZ+(CB(5.6))ABBX)

EL
AIJE; BZN((CB(S5,3))%BBZ+(CB(5,4))ABBY+(CB(5,5))*BBX)
ELSEIF(IU EQ.2) THEN
IFCJU.EQ.1) THEN
AIJ = BZX((CB(4,1))uBBX+(CB(G,5))XBBZ+(CB(G,6))XBBY)
ELSEIF(JU.EQ.2) THEN
AIJ = BZX((CB(4,2))%BBY+(CB(G,6))XBBZ+(CB(4,6))%BBX)

ELSE
AIJE;D?EI((CI(Q.SJ)llll#(Cl(ﬁ.C))lllY#(C!(G.S))!IIX)

LSE
IF(JVU.EQ.1

) _THEN
AIJ = BXX((CB(S5,1))XBBX+(CB(5,5))%BBZ+(CB(5,6))%BBY)+
. BYX((CB(4,1))%BBX+(CB(4G,5))XBBZ+(CB(4,6))%BBY)
ELSEIF(JU.EQ.2) THEN
AlJ = BXX((CB(S5,2))XBBY+(CB(S,4))NBBZ+(CB(5,6))XBBX)+
. Sng((CB(Q »2)IXBBY+(CB(4,4))%BB24+(CB(G,6))%BBX)
ATJ = BX®((CB(S,3))%BBZ+(CB(5,4))uBBY+(CB(5,5))%BBX)+
. BYR((CB(4,3))%BBZ+(CB(4,4))NBBY+(CB(4,5))%XBBX)
ENDIF
ENDIF
A(IJ) = ACTJ)I+ALJIXVOL
3080 CONTINUE
3070 CONTINUE
3060 CONTINUE
3040 CONTINUE

3020 CONTINUE
2000 CONTINUE

RETURN
END

SUBROUTINE MULTT(C,A,.B,N,M.L)
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IMPLICIT DOUBLE PRECISION (A-H,0-2)
DIMENSION a(N,H).B(H'L).C(N.L)

K=1,
10 Eél »J)=C(1, J)*A(I.K)!I(K.J)
END

SUBROUTINE SSPACECA,B,MAXA,R,EIGV,TT,H,AR,BR, VEC,D,RTOLY,BUP,BLO,
. BUPC, NN.NNH NHWK, NHM, NROOT, RTOL, NC, NNC, NITEM,

. IFSS,IFPR,NSTIF,I0UT)

IMPLICIT DOUBLE PRECISION (A-H,0-2)

DIMENSION ACNNWK),BCNKWM),R(NN,NC), TT(NN),N(NN),EIGV(NC),

. D(NC), VEC(NC NC).AR(NNC).!R(NNC) RTOLV(NC), BUP(NC),

. BLOCNC) , BUPCCNG)
INTEGER MAXA(MNNM)
c SET YDLERANCE FOR JACOBI ITERATION
TOL) = oooooooooooln
ICONV =
NSCH = o
NSMAX = 12
N1 = NC+l
NC1 = NC-1
DG 60 I=1,NC
60 D(I) = 0.DO
ND = NN/NC
ir (NHM.GT.NN) GOTO 4
po 2 I=1.Nn
I1 = MAXACI)
RCI,1) = B(D)
IF(B(I).GT.0) J=J+1
2 W(I) = BCID/ACIDD
IF (NC.LE.J) GOTO 16
WRITE(X,1007)
STOP
G DO 10 I=1,NN
11 = MAXACI)
R(I,1) = B(ID)
10 WCI) = BCIID/ZACID)
16 DO 20 J = 2,NC
DO 20 I = 1,NN
gu RCI,J)=0.D0
* = NN-ND
DO 30 J = 2,NC
RT = 0.D
DO 40 I = 1,L
IF (RWCI).LT.RT) GOTD 40
RT = W(I)

14 2 1
40 CONTINUE
DO 50 I = L,NN



50

OO W
o

100
90

120

140
130

150
110

19¢0
130

200
160

3DFEM

310

C
320
c

350

379
360

c
385
<390

IF (WCI).LE.RT) GOTO 50

RT = W(I)
1J =
CONTINUE
T(J) = FLOATC(IN)
W(1J) = 0.D0
L = L-ND
R(1J,J) = 1.D0O
FACTORIZE MATRIX A INTO (L)XCDIN(L(T))
ISH = 0

CALL DECOMP (A,MAXA,NN,ISH,10UT)
NITE = 0

NITE = NITE + )
IF(IFPR.EQ.0) GOTO 90
HRITE(I 1010) NITE

1J =
Do llO J = 1,NC
bo 120 K = 1, NN
TT(K) = R(K,
CALL REDDAK (A.TT MAXA,NN)
DO t30 I J.NC
ART = 0. 00
DD 140 K = ], N
ART = lRT*R(K.Il!TY(KJ
1J = 1J¢+
ARCIJ) = ART
150 X = 1,NN
R(K,J) = TT(K)
?gNTINUE

J
CALL HULT (TT.l R(1,J),MAXA, NN, NKM)
Do 130 ID; J.KC

lR(IJ) = IR
IFCICONY.GT.0) GOTO 160
DO 200 X = 1,NN

R(K,J) = TT(K)

CONTINUE

XF(!FPR EQ.0) GOTO 320

IND 1

MRITE(! 1020)

II 1

Do 300 I =1,NC

ITEMP = 1I+NC-1

WRITE(%,1005) (ARCJ),J=I1,ITEMP)

II = II+N1-1
WRITE(X,1030)
11 =1

DO 316 I = 1,NC
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ITEMP = II4NC-I
?;ITE§: 1005) (BR(J),J=1I,ITEMP)
IFCIND.EQ. Z) GOTO 350

CALL JACOBI (AR,BR,VEC,EIGV,W,NC,NNC,TOLJ,NSMAX, IFPR,IOUT)

IF(IFPR.EQ.0) GOTO 350
WRITE(X,1040)

IND = 2

GOTO 210

Is=10

11 = 1

DO 360 I = 1,NC1

ITEMP = T11e¢Nl1-]

IF (EIGV(I+1).GE.EIGV(I)) GOTO 340
IS = IS+1

EIGVT = EIGV(I
EIGV(I+1) = EIGV(I
EIGV(I) = EIGVT

BT = BRCITEMP)
BRCITEMP) = BR(II)
BR(II) = BT

DO 370 K = 1,NC

RT = VEC(K,I+l)
VEC(K,I+1) = VEC(K,I)
VEC(K,I) = RT

I1 = ITEMP

IF(IS.GT.0) GOTO 350
IF(IFPR.EQ.0) GOTO 375
WRITE(X,1035)
WRITE(%,1006) CEIGV(I),I=1,NC)
DO 420 I = 1,NN

.bo
DO 430 L =1,
RT RTOTT(L)!VEC(L.K)
R(I.K) = RT
CONTINUE
IFCICONY.GT.0) GOTO S0¢C

CHECK FOR CONVERGENCE OF EIGENVALUES

DO 380 I = 1,NC

DIF = DABS(EIOV(I) D(I))
RTOLV(I) = DIF/EIGV(])

IF (IFPR.EQ.0) GOTOD 335
WRITE(%,1050)

WRITE(X,1005) (RTOLV(I),I=1,NC)

DO 390 1 = 1,NRO
é;(RTOLV(I) .GT. RTOL) G0TO 400
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"FORMAT
"FORMAY

FORMAT

HWRITE (l 1060) RTOL

ICONY =

GOTO0 100

IF (NITE.LT.NITEM) GOTO 410
WRITE(X,1070)

ICONVY = 2
IFSS = 0
6070 100

DO 440 I = 1,.NC
D(I) = EIGV(D)

GOTO 100

WRITE(®, %) * ¢

WRITE(®,1100) * ¢

WRITEC®,1006) (EIGV(I),I=1,NROOT)
WRITE(x,1110)

DO 53 J = 1,NROOTY

WRITE 1005) (R(K,J),K=1,NN)

oo 5!0 L = 1,NROOT

RT = EIGV(L)

CALL MULT(TT,A,R(1,L),MAXA,NN,NHK)
VNORM = 0.D0O

DO 590 I = 1,NN

VNORM = VNORM+TT(I)XTT(I)

CALL MULT(W,B,R(1,L),MAXA,NN, NHM)
WNORM = 0.D0

DO 600 I = 1,NN

TICI) = TT(I) - RT%N(I)
WNORM = WNORM+TT(I)XTT(I)
VNORM = DSQRT(VNORM)
WNORM = DSQRT(WNORM)

DC(L) = WNORM/VNORM
CONTINUE

WRITE(%,1115)

WRITE(%,1006) (D(I),I=1,NROOT)

IF(IFSS.EQ.D) GOTO 700

CALL SCHECK (EIGV,RTOLV,BUP,BLO,BUPC,D,NC,NEI,RTOL,SHIFT)
IF(NWM . GT.NN) GOTO 645

DO 640 I = 1,NN

I1 = MAXA(D)

ACII) = ACII)-BUIDXSHIFT

Do 650 1
:(I) A(I) D(I)iSNlFT

SH 1
Cléh DE%OHP (A, MAXA,NN, ISR, I0UT)

)
IF ¢ ACII).LT.0.D0) NSCH = NSCH+l
CONTINUE
IF (NSCH.EQ. NEI) GOTO 670
NMIS = NSCH-NE
WRITE(x,1130) NHIS
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G070 7
:RITE(! »11640) NSCH

FORMAT
FORMAY
FORMAT
FORMAT TOP, NC IS LARGER THAN THE NUMBER OF MASS
DEGREES OF FREEDOM')
' DEEREEg OF FREEDOM EXCITED BY UNIT STARTING ITERATION
v
*'ITER A TION NUMBER'I®
* PROJECTION OF A (MATRIX AR')
* PROJECTION OF B (MATRIX BR')
' EIGENVALUES OF AR-LAMBDAXBR °)
' AR AND BR _AFTER JACOBI DIAGONALIZATION' )
¢ RELATIVE TOLERANCE REACHED ON EIGENVALUES ' )
* CONVERGENCE REACHED FOR RTOL *,D10.4)
*%x%u% NO CONVERGENCE IN MAXIMUM NUMBER OF ITERAT!DNS
- WE ACCEPT CURRENT ITERATION VALUES - THE STURM
SEQUENCE CHECK IS NOT PERFORMED ')

"FORMAT (' THE CALCULATED EIGENVALUES ARE *)

' PRINT ERROR NORMS ON THE EIGENVA[UES LI
' THE CALCULATED EIGENVECTORS ARE '
' CHECK APPLIED AT SHIFT *,D22.

' THERE ARE'.IG.ZX,‘EIGENVALUES HISS]NG')

' WE FOUND THE LOMWEST ', I4,2X,'EIGENVALUES')

FORMAT (
FORMAT (
FORMAT (
FORMAT (
FORMAT (

END

SUBROUTINE DECOMP (A,MAXA,NN, ISH,I0UT)
IMPLICIT DOUBLE PRECISION (A-H,0-2)
DIMENSION A(1),MAXA(L)

IF(NN.EQ.1) RETURN

DO 200 N = 1,NN

KN = MAXA(N)

KL = KN+l

:U = HAXA(N+1) 1
IF(KN) 306 240,210
IC = 0

KLT = KU

DO 260 J = 1,KH

IC = IC+]

KLT = KLT-1

KI = MAXACK)
ND = MAXACK#1)-KI-1

fems e

€ = 0.D0 92
DO 280 L = 1,KK

C = CHACKI+LIRACKLT+L)

A(KLT) = ACKLT)-C



260
240

<90
300

304
310
320
200
c

2000

2010

620
400

480

af

520
500
C

&

K+l
N
0.00
0 300 KK =KL.

: K=1
I = MAXA(K)

= ACKK)/Z7ACK]D)
(DABS(C).LT.1.D07) GOTO 29¢
;5(1.2010) N.C

3
3

(=L 2 ¥ 1

LIVY LYY
"

B+CRACKK)
A(KK) = C

ACKN) = A(KN)-B

IFCACKN)) 310,310,200
IFC(ISH . EQ.0) GOTO 320
IF(A(KN) EQ.0) A(KN)=-1.D-16
G070 2

HR!TE(l 2000) N, ACKN)

SToP

CONTINUE
RETURN

R .
FORMAT('STOP-STIFNESS MATRIX NOT POSITIVE DEFINITE,
NDNPU;ITIVE PIVOT FOR EQUATION *,I4,3X,'PIVOT®,

. D020.12)
FORMAT('STOP-STURM SEQUENCE CHECK FAILED BECAUSE OF

MULTIPLIER GROWTH FOR COLUMN NO *',I14,3X,

*MULTIPLIER *,D20.3)

"END

SUBROUTINE REDBAK (A,V,MAXA,NN)
IMPLICIT DOUBLE PRECISION (A-H,0-2Z)
DIMENSION AC1),V(1),MAXA(])

DO 400 N=1,NN
KL=MAXA(N)+1
KU=MAXA(N+1)-1
:FsKU-KL) 400,410,410
C=0.D0
DO 420 KK=KL,KU

=K-1

C=C+A(KK)XV(K)
VIN)=V(N)-C
CONTINUE

DO 430 N=1,NN
K=MAXA(N)
VIN)=V(N)ZA(K)

IF (NN.EQ.1) RETURN
N=NN

DO 500 L=2,NN
KL=MAXA(N)+1
KU=MAXA(N+1)-1
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EF;KU-KL) 500,510,510
DO 520 KK=KL,KU

K=K~

VK =VIK)-A(KK) XV (N)
N=N-1

RETURN
END

SUBROUTINE MULT(TT,B,RR,MAXA, NN, NNM)
IMPLICIT DOUBLE PRECISION (A-H,0-Z)
DIMENSION TT(1),B(10),RR(1),MAXA(1)

IF (NWM.GT.NN) GOTD 20
DO 10 I=1,NN
TT(I)=B(I)*RR(1)
RETURN

DO 40 I=1,NN

DO 100 I=1,NN
KL=MAXA(I)
KU=MAXACI+1)-1

I
DO 100 KK=KL,KU

11 1
TTAID=TT(I1)+B(KK)%CC
IF (NN.EQ.1) RETURN

DO 200 I=2,NN
KL=MAXACI)+1
KU=MAXACI+1)-1

IF (KU-KL) 200,210,210

.DO
DO ZZDIKK=KL,KU
AA=AA+B(KK)XRR(II)
TTCI)=TT(I)+AA
CONTINUVE

RETURN
END
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SUBROUTINE SCHECKC(EIGV,RTOLV,BUP,BLO, BUPC,NEIV,NC,NEI,
RTOL, SHIFT)

"IMPLICIT DOUBLE PRECISION (A-H,0-Z)
DIMENSION EIGVINC),RTOLV(NC),BUP(NC),BLO(NC),

BUPC(NC), NEIV(NC)
FTOL=0.01D0



100

120

200
240

260
270

2990

|
295

300

‘330
320

3DFEM

40

DO 100 1:=1,NC
BUP(I}=EIGV(I)N(]1.DO+FTOL)
BLOCI)=EIGV(I)X(]).DO-FTOL)

NROOT=0

DO 120 I=1,NC

IF (RTOLV(I).LT.RTOL) NROOT=NROOT+1
IF (NROOY.GE.1) GOTO 200

WRITE(6,1010)
STOP

DO 240 I=1,NROOT
NEIV(I)=]

IF (NROOT.NE.1) GOTD 260
BUP€(1)=!UP(1)

o
pry
Q
~N
N3
w

—_— A

.

P(I-1). LE ILO(I)) GOT0 280
=NEIV(L

LE.NROOT) GOTO 270
L)=BUPCI-1)
GT.NROOT) GOTO 290

°
ZEOA++~AON S

BU
(L
1
1.
(
I.
1
1
I.
(

LE.NROQT) GOTO 270
L)=BUP(I-1)

ROOT.EQ.NC) GOTO 300

IF (BUP(I-1).LE.BLOCI)) GOTO 300
IF (RTOLVC(I).GT.RTOL) GOTO 300
BUPC(L)=BUP(])
REIVIL)=NEIV(L)+]
NROOT=NROOT+1

IF (NROOT.EQ.NC) GOTO 300
I=1+1

GOTO 295

WRITE(6,1020)

WRITE(6,1005) (BUPC(1),1=1,LM)
HWRITE(6,1030)

WRITE(6,1006) (NEIV(I),I=1,LM)
Li=iM-1

IF (LM_EQ. 1) GOTO 310

DO 320 I=1

rEEViL) NEIV(L)+NEIV(I)
Li=LL-1

IF (L.NE.1) GOTO 330
WRITE(6,10640)

HRITE(6 1006) C(NEIV(I),I=1,LM)

=0
DD 340 I=1,LM

ot = GO Pt bt = Dt Ot 1t T Pt bt P )
MECTHIUMNCT MM

~UHT e
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L=L+1

IF (NEIV(I).GE.NROOT) GOTO 350

CONTINUE

SHIFT=BUPC(L)

NEI=NEIV(L)

FORMAT(6D22.14)

FORMAT(6122)

FORMAT( *xxxx%x ERROR STOP IN ¥SCHECKX NO EIG-VALUES FOUND'}
FORMAT(*UPPER BOUNDS ON EIGENVALUE CLUSTERS')
FORMAT(*NO OF EIG-VALUES IN EACH CLUSTER')
ESSHAT('NB OF EIG-VALUES LESS THAN UPPER BOUNDS')

SUBROUTINE JACOBI(A,B.X,EIGV,D,N,NHA,RTOL, NSMAX, IFPR,I0UT)
IMPLICIT DOUBLE PRECISION (A-H,0-2)
:{HEN?ION ACNHAY, BCNHA) , XCN, N, EIGVCN) , DCN)

=N+

11=1

DO 10 I=1.N
IFCACII).GT.0.DO.AND.B(II).GT.0.D0) GOTO 4
WRITE(X%,%) 'HERE®

WRITE(%,2020) II,ACII),B(II)

STOP

DC1>=ACII)/BCII)
EIGV(I)=D(I)
II=11I+N1-1

DO 30 1=1.N

D0 20 J=1,N
X(I.J)=0.Dﬂ

IF(N EO 1) RETURN
WEEP =

NR N-1

NSWEEP=NSWEEP+]1
IFCIFPR.EQ.1) HRITE(!.ZOBO)NSNEEP
EPS=(0.01DOXXNSWEEP ) %%2. D
D0 210 J=1,NR

JPY=J+1

JM1=J-1
LJK=JMIEN-JMI NI/ 2
JJI=LJIK+)

DO 210 K=JP1,N

KP1zK+1

KM1:2K-1

JK=L JK¢K

KK=KM] XN-KM]1 %K/ 2+K

EPTOLA=(ACJKIRACIK) )/ CACIIINACKK))

EPTOLB=(B(JK)IXNB(IK))/(B(JJINBIKK))

IF C(CEPTOLA.LT.EPS).AND.CEPTOLB.LT EPS))GOTD 210

AKK=ACKK)XB(JK)-B(KK)IXA(JK) 94
AJJI=ACIIIRB(IKYI-B(JJIIRALIK)

AB=A(JJ)IXB(KK)-ACKK)XB(JJ)

CHECK=(ABPXAB+4 . DOXAKKXAJJ)/6.DO
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215
220

240

‘250
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275

280

IF(CHECK)50,60,60
MRITE(N, %) *HERE'
WRITE(X,2020)
sTop

SQCH=DSQRT(CHECK)
D1:=AB/2.D0+SQCH
D2:AB/2.D0-SQCH
DEN=D1
IF(DABS(D2).GT.DABS(D1))DEN=D2
IF(DEN)80,70.80
CA=0.D0
CG=-A(JK)I/ZA(KK)

GOTO 90

CA=AKK/DEN
CG=-AJJ/DEN
IF(N-2)100,190,100
IF(JMl-17130,110,110
DO 120 I=1,JM]
IM1=1-1
TJ=IMLI¥N-IMIXI/24)
IK=IMIXN-TM]1 %] /24K
AJ=A(1J)

BJ=8(1J)

ACTJ)=zAJ+CGHAK
B(1J)=BJ+COXBK
ACIK)=AK+CAXAJ
BCIK)=BK+CAXBJ
IF(KP1-N)140,140,160
LII=JMLAN-IMI XS/ 2
LKI=KM]1%N-KM1 XK/ 2

DO 150 I=KP1.N

ACIT)=AI+CGXAK
B(JI)=BJ+CGXBK
ACKI)=AK+CAXNAJ
B(KI)=BK+CAXBJ
IF(JP1-KM1)170,170,190
LJI=JMIXN-IM]1XJ/2
DO 180 I=JP},KM1
J1=LJI+I

Mi=1-1
M1XN-IM1%]/24K
D

A

3J=8CJI)
AK=A(IK)
BK=B(IX)
ACII)=AJ+CORAK
B(JI)=BJ+CGXABK
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ACIK)=AK+CAXAJ

B(IK)=BK+CAXBJ

AK=A(KK)

BK=B(KK)
ACKK)=AK+2 . DOXCAXACJK)+CAXCARACJIS)
B(KK)=BK+2.DOXCANB(JK)+CAXCAXB(JJ)
ACJI)I=A(JI))+2 . DOXCOXAL JK ) +COXCGRAK
BCJJ)=B(JJ)+2. DOXCOXB(JK)+CORCGXBK
A(JK)=0.D0

B(JK)=0.D0

DO 200 I=1,N

XJ=X(1,d)

XK=X(I,K)

X(I,J)=XJ+CGXXK

XCI,K)=XK+CAXXJ

CONTINUE
11=1
DO 220 1=1,N

IF (ACII).GT.0.DO.AND.B{(II).GT.0.D0O) GOTO 215
2¥3TEII.ZDZU) II,ACII),BCID)

P
EIGV(I)=ACIIN/B(II)
I1=11I+N1~1
IFC(IFPR.EQ.0) GOTO 230
WRITE(X,2030)
WRITE(%,2010) (EIGVC(I),I=1,N)
DO 240 I=1,N
TOL=RTOLXD(I)
DIF=DABS(EIGV(I)-D(I))
IF(DIF.GT.TOL) GOTO 280
CONTINUE
EPS=RTOL%¥2.D0
DO 250 J=1,NR
JM1=J-1
JP1=J+1
LIK=JM] AN-JM1 %J/ 2
JJzLJIK+J
DO 250 K=JP1,N
KM1=K-1
JK=LJK+K
KK=KM] XN-KM] %K/ 2+K
EPSA=(ACJKIRA(JIK) )/ (ACIJ)IHA(KK)) .
EPSB=(B(JK)IXB(JIK) )/ (B(JJ)XB(KK))
IF(C(EPSA.LT.EPS) .AND.(EPSB.LT.EPS)) GOTD 250
GOTOo 280
CONTINUE
I1=1
po 275 I1=1,N
IB=DSQRT({(£I))
X(K,I)=X(K,1)/B8B

N1-1 95

DO 290 I:=1.M



290

2000
2010
2020

2030

D(I)=EIGV(I)

IF(NSWEEP.LT.NSMAX) GOTO 40

GOTO 255

FORMAT('SWEEP NUMBER IN %JACOBIXx = ',I4)
FORMAT(6D20.12)

FORMAT( *%X%% ERROR SOLUTION STOP - MATRICES NOT POSITIVE

DEFINITE','II=*,14,"A(II) ',D20.12,"'B(II)

"FORMAT( *CURRENT EIGENVALUES IN XJACOBIX ARE ')

END

',D20.12)
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ABSTRACT

During vibrothermographic experimental testing of damaged composite
" plates, frequency dependent heat generation phenomena were observed.
Local hot spots were formed around imperfection areas especially
delaminations. Heat generation was also found to relate to the crack
size. In order to explain the above observed phenomena, the dynamic
behavior of undamaged and damaged composite plates was studied over a
broad frequency range. The analysis was carried out using the finite
element method based on the concepts of the three dimensional theory of
anisotropic elasticity. Delaminations were modeled, and the °’local
crack  resonance’ was Jjustified. Two NDE methods namely,
Vibrothermography and SPATE were wused to verify the numerical
predictions. Experiments performed for both undamaged and damaged

specimens, and good correlation between theory and testing was achieved.



