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II. INTRODUCTION

The aeroeslastic instability of aircraft skin panels has been
the subject of a number of theoretical investigations.l'zl Yost of
thess paporsl"l6 have dealt in some detail with the problem of a one~
dimensional panel in a two-dimensional flow and have been attempts
either to establish approximate stability boundaries for use in the
design of flat or slichtly curved panels or to investigate some of
the apparent peculiarities of the panel-flutter phenomenon. The aero-
slastic behavior of thin cylinders has also been considered,17’18
although in a somewhat preliminary fashion. In addition, the flubtter
of two-dimensional flat panels in a three-dimensional flow has been
treated by Eisleyl’ and Luke, St. John, and Gross?0#2l, It is to the
latter subject that this thesis 1s directed.

The work both of Eisley and of Luke, St. John, and Gross con-
cerns the flutter of rectangular simply supported plates subjected to
supersonic flow over one side; both analyses employ modal solutions
and present numerical results for a variety of panel aspect ratios for
a limited range of supersonic Mach numbers. No attention is paid,
however, either to the higher Mach numbers (greater than 2) or to the
effects of midplane tension and compression stresses on flutter. In
additlion, neither analysis is completely satisfactory for an lsolated
panel; Eisley used linearized two-dimensional unsteady-flow theory
and Luke, et al, while employing three-dimensional theory, actually
solve the problem of an infinite-span panel separated into rectangular

bays by equally spaced, rigid streamwise stiffeners.
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In this thesis we consider again the flat rectangular simply
supported plate. The important departure from the previous analyses
is in the use of so-called "static™" air forces,2 for solving the
flutter problem. Experience has shown that this static approximation
yields flutter boundaries that exhibit excellent agreement with those
yielded by more refined (with regard to unsteady effects) aerodynamic
theories provided that the Mach number is sufficiently high.* The
use of the static air forces has the obvious virtue of simplicity and
allows the inclusion of three~dimensional aerodynamic forces in a
relatively simple manner. In addition, large ranges of the pertinent
paramsters of the problem can be readily investigated. Also, studies
of the effects on the flutter boundaries of the midplane stresses which
might arise as a result of loading and aerodynamic heating are feasible.

Because of the paucity of experimental information pertaining to
the flutter of flat, unbuckled panels, it is not possible to assess
the overall accuracy of any pansl flutter theory. Consequently, state-
ments regarding the validity of the theory contained herein are based
on comparisons with more refined (and, presumably, more accurate)
theories.

The help of Prof. Daniel Frederick in preparing this thesis is
hereby acknowledged. Appreciation is also due to Miss Lillie Belle
Evans and Mr. Keith Redner of the staff of the Natiomal Advisory
Committee for Aeromautics for their valuable aid in performing the

numerical computations.

*Comparisons presented in a subsequent section show that the
lower limit on Mach mumber is somewhere between Vﬁr and 2.
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ITI. SYMBOLS

Ry = 2n2n?(a/b)?

R, - 2n%(a/b)2 (Note that flutter is usually most
critical for n = 1)

K2 + n?n?(a/b)?Ry - nltlt(a/o)l

2+ n%(a/0)?R, - nl'(a/o)"

o
(a/b) R, - (a/o)l
integral defined by equation (All)
plate stiffness, Eh3/12(1 - u2)

Young's modulus of elasticity

functions used in evaluation of generalized force
(see Appendix)

generalized force of (rs) mode on (mn) mode
Mach number

midplane stresses (positive in compression)
Nxaz/D

Nyaz/b

integral defined by equation (A10)

velocity of air flow

complex amplitude of panel vibration (see eq. (lj))
dimensions of panel (see fig. 1)
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amplitude of (mn) mode (see eq. (19))

panel thickness

frequency parameter, wal 7h/D

1(/7(2

lateral aerodynamic loading

lateral aerodynamic loading due to (mn) mode
integers

dynamic pressure, pU2/2

time

lateral deflection of panel

Cartesian coordinates (see fig. 1)

x/a

\’Mz -1

mags density of plate
pa/f h

perturbation velocity potential

mass ratio,

dynamic pressure parameter, 2qa3/ﬁD
eritical valwe of A

transtability value of A

Polsson's ratio

mass density of air
m gb

n a
circular frequency

step funetion, equal to zero for

wmity for y> 0

y< 0 and eqwl to
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Iv. STATEMENT OF PROBLEM

The configuration to be analyzed herein is shown in Figure 1.
It consists of a simply supported flat plate of wniform thickness h
mounted in a rigid wall with air flowing over the top at a Mach
number M. The plate has 2 length a and a width b and is sub-
jected to constant midplane force intensitiss Ny and Ny (positive
in compression).

In the following analysis, small-deflection thin-plate theory
is assumed to apply. The appropriate equllibriwm equation and

boundary conditions are:

Dylw + Nw_ + Now. +7hm, = 1(x,y,t) (1)

w(x,0,t) = w(x,b,t) = w(0,y,t) = w(a,y,t) =0
wyy(x,o,t) = wyy(x,b,t) =w.(0,y,t) = w_(a,y,4) =0

where w(x,y,t) is the lateral deflection of the plate and 1(x,y,t)
is the lateral load per unit area due to aerodynamic pressures;

D is the plate stiffness Eh3/12(1 - u2) and 7 is the density of
the plate material.

As was mentioned in the Introduction we will assume that the air
forces ylelded by linearized static aerodynamic theory give an
adequate approximation for this problem. In this theory, the loading
at each instant is taken to be the loading which would result from

flow over a stationary surface with a shape the same as the shape of




Fig. 1.- Rectangular panel and coordinate system.
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the deflected plate at that instant. Thus no time~dspendent effects
are considered in either the potential equation, the boundary con-
ditions, or the pressure-potential relations. Note that this differs
(on the side of simplicity) from the so-called "quasi-steady" theory,
in which time derivatives are included in the boundary conditions and
pressure-potential relations and from the first-order theory22 in
which time-dependent effects are included approximately in all thres
governing relations.

As is usual in the treatment of flutter problems, the analysis
contained herein is cf the dynamic stability type. That is, condi-
tions are sought for which an unstable (growing with time), self-
excited motion is possible. The existence of such a possible motion
would then imply instability of the panel since any small disturbance
would "trigger" the motiomn.

In the following sections a closed-form solution of equation (1)
is first carried out for two-dimensional asrodynamic theory (strip
theory). The same problem is then solved by the Galerkin procedurs
in order to investigate the convergence of this modal approach.
Finally, a modal solution of equation (1) for three-dimensional theory

(surface theory) is presented.
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V. ANALYSIS

Aerodynamic Strip Theory
For strip theory, the lateral loading is given by the simple

Ackeret value

Lx,y,t) = - gﬁg' WX(X’Y:t) (2)

where q is the dynamic pressure pU2/2 and § = J - 1.
Equation (1) then becomes

Dyl + Moy + N + %‘3- w, + yhwy, = O (3)

For the simply supported plate a solution of equation (2) can

be written in the form:
W= ReE‘fn(X)sin P_LSZ emfl (L)

The frequency o 1is, in general, complex; however, we direct our
attention primarily to real values of « for which the motion is
harmonic.

Substituting equation (L) into equation (3) and the associated
boundary conditions and nondimensionaliging yields:

2 b 2
W,V - 2n2n2(%) W+ n!’ﬂ!‘(%> W+ RS- Rynzn"’(%) W, 4 AL -K%H = 0

(5)
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W (0) = wn”(o) =W (1) =w"(1) =0

where the primes denote differentiation with respect to xp = x/a and

2 N
N_a
Ry = =5
2
e
By = =5
4 (6)
2qa3
A= '?ﬁf'
2 _ﬂ}xjah o2
J

Equation (5) and the boundary conditions constitute an eigenvalus
problem where k2 can be considered to be the eigenvalue. We sesk,
in fact, the values of A, R,, and Ry for which one of the eigen-
values k2 becomes complex and, hence, the panel becomes unstable.
(See eq. (L).)

Equation (5) can be rewritten:

W, am "+ am,' - BW, =0 (7)

where
A =R, - mznz(f'-‘-)z
> (8)

B =K+ nzna(%>2Ry _ nhnh(g,_)h

Note that B now takes on the role of the eigenvalue.
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Exact solution.- The characteristic equation for equation (7) is

pt +4p2 + Ap =B =0

The roots of this equation can be written in the fc>rrul3

p=-afe, atis

e = J-Eka—az—% > (9)
.22 (2, a)?
5" e h(a 5)

Substituting the form

PiX1
Wy = iDie

i=}

in the boundary conditions yields the following condition for a
nontrivial solution

2
l:(sz +62)° + hacz(é2 - 52)i|sin & sinh ¢ = 80256(cosh e cos & - cosh 2a)

(10)

The eigenvalue B can be computed for fixed values of A and A

by varying a until equation (10) is satisfied and then using the lasgt
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of equations (9) to determine B. The resulting solutions can be
shown in the form of plots of A versus B for various values of A.
An example plot for A = 0 is indicated by the solid line in Figure 2.
(The abscissa is {757; instead of B 1in order to allow the inclusion
of large ranges of B conveniently.)

It can be seen that for a fixed valus of A there exists an
infinite discrete set of values of B. For A = O, the values of B
can be shown to correspond to the matural frequencies of the plate
in a vacuum. Increasing the dynamic~pressure parameter A\ merely
changes the values of B (and, hence, the natural frequencies)
smoothly until a critical value (demnoted M\, in Fig. 2) is reached.
At this value, two of the roots for B become equal. For X\ < A..,
the values of the frequencies remain real (provided the panel is
unbuckled for X = 0) and, thus, the panel is stable. For X\ > A,
two of the values of B become complex; hence, in view of egquations L),
(6), and (8), the panel has at least one unstable mode of oscillation.
Therefore, the value X\, defines the flutter boundary. (Note that
other roots for B would coalesce and become complex if A were
increased further, thereby producing additional unstable modes. These
secondary critical values are symbolized by the dotted lines in
Fig. 2.)

The variation of Aoy With A has been calculated and is shown
by the s0lid line in Figure 3f' The abscissa here is

F-d-5, - od3) @)

n

*Some examples of the shape of the flutter mode are presented
in the Appendix for interest.
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Fig. 2.- Influence of air flow on panel freguencies.
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Fig. 3.- Variation of A, with & = Ry - 2n2(a/b)2,' strip-theory
solution.
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where

RX.

(12)

"ol

Note that for A« 5, A, decreases monotonically with 43 thus, for
fixed values of R, and a/b, the lowest value of X . would be
achleved for n = 1. The resulting shape of the flutter mode in the
y-direction would be a half sine wave.

Although a full discussion of the flutter boundary in Figure 3 is
included in a later section of this thesis, a mention of several
salient points is warranted here. The first is that the flutter speed
is independent of Ry This result, which comes about from the lack
of coupling between the various modes in the y-direction, is of
interest in connection with wing panels for which the greatest stress
is usually in the sparmwise (y) direction. Secondly, the range of
validity of the results in Figure 3 is limited by the buwckling charac-
teristics of the plate. For instance, a square plate with no stress
in the y-direction (Ry = 0) would buckle (for A = 0) if R, 2 ks for
this reason, the curve in Figure 3 would be valid only for A<c2.®
Other valuss of a/b and Ry would yleld other ranges of validity.
Thirdly, the critical dynamic-pressure paramster is finite when the
panel is on the verge of buckling even though the "effective stiffness"

of the panel (as measured by the lowest in-vacuo natural frequency)

¥Since the buckling load is affected by the air forces, this
inequality is not strictly correct. This phenomenon is discussed in
a later sectlon.
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approaches gero. Finally, the critical dynamic-pressure parameter
goes to zero at A equal to 5. The need of large panel thicknesses
if A~ 5 1is obvious.

Galerkin solution.- In order to investigate the convergence of

the modal procedure, a Galerkin solution of equation (7) will be

performed.
let
J
W, = E]_ Cmn Sin mnxy
mes

Substituting into equation (7), multiplying by sin rix,, and inte-

grating yields the following set of equations for the coefficients Cm

(m)-l —mx-g)cm-—)ﬁ-ifm,rncm = 0 (m. 1)2;° . ':J) (13)
ﬂ3 r=]

where
SN
2 2 L
=B .k 2(a L(a
el )
= L __rm
bon,ps * % 3 3} 75 m*rodd
r-n
> (1)
fmn’rs-o;n-s, m + r even
Lm’rs-O;n}‘a
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In the first of the latter expressions, ﬁ& - Ry/nz. The seemingly
overcomplicated form for the generalized aerodynamic-force coeffi-
cient zmn,rs is introduced at this point to agree with the notation
in the next section.

For a nontrivial solution, the determinant of the coefficients

of ¢y, must equal zero. If J = 2, for instance,

8 —- -
-—K-A 16 - 44 - B
3n

Upon expanding and solving for A we get

\ -233\!<x+§-1)(15-hz-§> (15)

This relation is illustrated by the dashed line in Figure 2 for 17 = O.
The two~-term spproximation to the critical value of A can be obtained

by finding the maximum; the result is

}‘cr

s
16

5~ K' (16)

This approximation and the three-term and four-term approxi-
mations (J = 3 and ;) are compared in Figure 3 with the exact result.

It can be seen that the two~term approximation consistently under-

estimates A,., the error increasing as 1 becomes large negatively.
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The three-term approximestion is satisfactory for small values of 1
but is again unsatisfactory for the larger negative values of A.
On the other hand, the four-term solution ylelds good results over the

entire range of 1 considered.*

Aerodynamic Surface Theory

The results in the preceding section were obtained on the basis
of aerodynamic strip theory. The influence of three-dimensional
serodynamic effects on the flutter boundary is of interest. In this
section, the flutter of the rectangular panel in a three-dimensional
flow is analyzed by means of the Galerkin solution.

Air Forces.— The lateral loading dwe to the supersonic flow above
the panel can be found in a straightforward manner by means of source-

superposition techniques. Thus, if the deflection of the panel is

w(x,y,t), the lateral load 1(x,y,t) iszh
1(x,7,t) = oU 32 (x,7,t) (7)
where
. S (4,m,8)at an
o(x,¥,t) = - ;[/ (18)

\l(x -2 - Bz(y - n)2

The integration 1s carried out over the forward Mach cone from the

point (x,y).

*It should be mentioned that the four-term solution would also be
inaccurate for very large negative values of A. In this case, the
behavior of the plate approaches that of a membrane for which the

Galerkin solution is known to be inapplioabls.23
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In the modal solution the deflection is expressed as the series

in the region 0 <x<a, 0 <y <b. The corresponding loading is

1(x,y,t) = Re [ZZ crslrs(x:Y)eimt :| (20)
T 8

where

r 3 x ‘y+%(x-§) cos E‘Ei sin i%n
lpg(x,y) = -29 T 5% f 1 s ; > > X
0 gt - 02 - 2y - )
(160 = 1n - B)]an at (21)

Note that the step-function expression

1n) - 1n=-1v) =03 n<o0
=130<n<b
=0;n>b

excludes the regions outside of the plate from the integration.

Modal solution.- Substituting equations (19) and (20) into the

equilibrium equation, equation (1), gives
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2
D 1" T( 2112 -N 1‘2112
Z Z 2 T2 S
X 3

a

2.2
rax 8
Ny ‘173 - v}mﬂcrs sin - sin -%y- = Cpglyg (x,y) b= 0

If this equation is multiplied by sin % sin 9%1 and integrated,
the result is

where k = k/n2 and

'b ‘a
I » Lfr j f mRx nry
Lmn,rs nab v 0 sin a sin b X

j fy+—(x-g) cos 5’-‘5 sin E}Z)‘_"I §
1
g0t V- 82 - g2y - m)?

]:m) - 1n - b):ldn at b ax ay
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is the generalized force of the (rs) mode on the (mn) mode. Inte-

gration by parts ylelds

S TN e sl

Jix - 02 - g2y - )2

[1(*)) -1(n - bﬂdn dt¢ dx dy (23)

Before continuing, it is necessary to determine these generalized
forces. As is usual for supersonic-aerodynamic problems, the
generalized forces can be shomn to be functions of the modified aspect
ratio parameter pb/a. For Bb/a 21, the reduction of the expression
for -f‘mn,rs in terms of Bessel and Struve functions and two readily
evaluated single numerical integrations is possible; this reduction is
carried out in the Appendix. Values of ‘f'mn,rs for pb/a =1, 2, L
and my, n, r, 8 =1, 2, 3, 1 are given in Table 1. Also given are
the values for the two-dimensional case (fb/a = ) obtained from
equation (15).

It should be noted that -f’mn,rs =0 when n + s is odd. Thus,
flutter modes are either symmetric (n =1, 3, . . .) or antisymmstric
(n=2, L4, « . .) about the midspan. Also, the generalized force

possesses the following symmetry properties

Lin,rs * Lms,rn
Lun,rs = Lrn,mss m * T even
-I:rm,rs - :I:rn,ms3 m + r odd
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TABLE L1.- VALUES OF GENERALIZED FORCE

Lmn,rs
(a) B2-1
rs
11 21 31 41 15 25 55 43
mn
11 280799 | 0.918u881-0.0167k | 0.342534|-0.094024 | 0.027056 | 0.071L348 | 0.0316772
21 .018988 1.707919 | .062653| =.027056| -.225040| -.179612 | -.0521253
31 L016794 [-1. 70701y 070016 | 2.278778|  LOTL3KE|  J17wlz| -.003225 | -.122598
L1 L3hon3h | 062055 |-2.278778 | LOLLTBE| -.031672| -.0veles] L122558 | L11596k4
13 .05k02k L027056 | LO71348 | .031672]  LH9E360|  J1T9035 | -. 5178y 271309
23 L027056 | -.225040] -.179012 | -.092123] -.1740%5 | 1.583501 | 1.000 (| -4 492357
33 LOT13M8|  .179612] -.003225 [ -.122558| -.317892 -1, 5551 | 2.200615 | 2.197349
L3 L031672] -.052125| 122998 | 11590k | —.27130u| -.hGuR3T|-3.1073489 | 1281462
rs
12 22 32 b2 1h Zi 5l Ll
mn

12 S17To7| 0.6k5152]-0.252072 | 0.28804k%] 0,00 291 0.1boiid | C.0TBLDY |-0.00810k4
22 LOB5152] 1.117029 1.969184 | .025543] - 150605 -.2060500 0550551 LLT8HL
32 050672 -1.96918% | L7OLBLE | 2.752980|  LOTHELY | =.0%5005 | = k200 | -.Jkllo02
42 .2L8ohh L0235h3 -2, 752580 | L21054T|  LOCBLOL LB UHL Jllone L0305 38
14 L009251) L1586y  LO78655 | -.008104|  .2823534 L00O0L| = 0859k8 | L269400
2k L158665| -.286500  .03%393 | L17895k| -.050001 | l.zztush | JATeT5u | -.01T7150
7k 078655 -.03%3953] -.482067 | - k1loo2| -.0my k|~ 57eT50 | 2.98k960 | 2.125151
Ly .008104 L78U5h 411662 L030538| —.20ukCo| -0 7150 -2.109151 | 3.63342k




TiEBLi 1.- VALUES OF GENERALIZED FORCE - Continued
() B2
rs
11 21 31 L1 13 23 33 43
mn
1 0.115737 | 0.10125 | 0.022377 | 0.559008 | =0.056992 | -0.043405 | -0.018266 | -0.012048
21 -.910125 L036088 | 1.5660619 [ .012605 .0k 3405 .005858 | -.019678 | -.01328k4
31 .022377 | -1.566619 .011487 | 2.205615 | -.018266 L019678 023348 .00604T7
41 -.359008 .012605 | -2.205615 | .008108 .012048 | ~.013284 | -.00604T .003112
13 -.056992 [ -.0k3405 | -.018206 [ -.012048 550382 889221 | -.1276%0 .287169
23 .0k3405 .005858 | -.019678 | -.013284 | -.889221 LTek612 | 2.009013 .171298
33 -.018266 .019678 .023348 1 L006OLT [ -.127630 | -2.009013 .168138 | 2.429539
L3 .012048 | -.013284 | -.006047 | .00%112 | -.287169 2171298 | -2.4k29539 LO8THTS
rs
12 22 32 42 1L 2k 3l inn
mn
12 0.364129 | 0.985523% | 0.013831 [ 0.362869 | -0.080855 | -0.031587 | 0.012926 | 0.010780
22 -.985523 241190 | 1.729682 | 078351 L031587| -.069568 | -.098219 | -.058536
32 L013831 | -1.729682 L03904k | 2.269501 .012926 .098219 068260 .010209
Lo -.362869 L078351 | -2.269501 | 042120 -.010780| -.058536 | -.010209 .015761
14 -.0808%5 | -.051587 .012926 [ .010780 569556 593959 | -.3k3632 .191677
2l L031587 1 =.069568 | -.0u8219 -.058526 -.993%9 1 1.339%018 | 2.168749 L114766
3l .012926 .098219 .068260 | .010209 | -.343632| -2.168T749 63790 | 2.803101
Lk ~-.010780 | -.058936 | =-.010209 | .015761} -.191677 J1147660 | -2.803101 | 1.332676
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TABLE 1.- VALUES OF GENERALIZED FORCE - Continued

() B2 =4

rs 11 21 31 b1 13 23 33 43
mn
11 | 0.034825 | 0.870251 | 0.009766 | 0.347509 | -0.010958 | -0.010364 | -0.006399 | -0.004678
21 -.870251 .00L086 | 1.92%95199 [ .001478 .01036k4 L006573 .001822 .001331
31 .009766 | =1.53519Y .003639 | 2.189341 | -.006395 | -.001822 .000%68 [ -.000820
41 -. 347509 L001478 | -2.1893L1 | .000993 .00k678 .001351 .000820 .001416
13 -.010958 | -.010364 | -.0063%99 | -.0046T8 264711 .985087 .0k5301 379360
23 .010364 .006573 .001822 | .001331 | -.985087 .093516 | 1.628193 .036687
33 -.006399 [ -.001822 .000368 | -.000820 .045301 | -1.628193 L017556 [ 2.231651
43 .004678 .001331 .000820 | .001416 | -.379360 L036687 | -2.231651 .019055
rs
12 22 32 L2 1k ok 3k "
mn
12 0.130759 | 0.92kk87 | 0.031581 | 0.365621 | -0.025207 | -0.0223%27 | -0.012470| -0.008832
22 -.92Lu8T L02664G | 1.563057 1 .010435 .022327 .01097h | -.000285| -.000247
32 L031381 | -1.563657 L011365 | 2.206962 | -.012Lk70 .000285 .00LkLys .000228
ibe -.36562L .010435 | -2.206962 | .00603Y .00883%2 | -.0002k7 | -.000228 .002066
1k -.025207 | -.022327 | -.0124k70 | -.008822 L0579k | 1.018790 .0291k44 373036
2k .022327 .010974 | -.000285 | -.000247 | -1.018790 .232938 | 1.740563 .086199
3L -.012470 .000285 .00k4Lgs . 000228 029144 | -1.740563 280215 | 2.26L4862
Ll .0088%2 1 -.000247 | -.000228 | .002066 | -.3730%6 .086199 | -2.264862 .090980
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TADIE 1.- VALUES OF GENERALIZED FORCE - Concluded
(@) 8-«
rs
11 21 31 41 13 23 3% 43
mr

11 0 0.848826 | © 0.539531 1 0O ) ) 0

21 - 0 1278871 0 0 0 9 0

31 0 -1.527887 | © 2.182090 [ 0 0 0 0

L1 -350531 (1 0 -2.182090 | O 0 ) 0 0

13 ) 0 0 0 0 hsdes | o EuH31
5] 0 0 ) 0 - 8Lkeu | o 1.527887 | O

55 ) 0 0 o 0 -1.52787 | O 20152000
i3 ) 0 0 -.559551 1 0 -2 18209% | o

rs
12 22 32 L 14 24 it Ll
mn

12 0 0.848826 | 0 0.535351 1 0 0 0 0

22 -.8483826 1 © 15278871 0 0 0] 0 o]

32 0 -1.527887| © 2182090 1 0 o] 0 0

L2 - 359931 0 ~2.182096 | O 0 8] 0 o

1h 0 0 0 0 ) RETTCRTIEN Y I3
oh 0 0 0 0 -.8L8820 1 0 1278

3l 0 o 0 0 0 -1.527857 L O L
N 0 0 0 0 - 539531 0 SCulssian | o
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For pb/a < 1, a similar, but more complicated, reduction can be
made. No results have been obtained for this case, however, primarily
because they would be useful only for very low-aspect-ratio panels.

For example, values of Pb/a €1 would correspond to Mach numbers less
than |2 for a panel of wnit aspect ratio. But, as will be demon-
strated, the static aerodynamic theory cammot be expected to yield
good results for this region. |

Calculations for an example panel.- In view of the results

obtained for the modal solution for strip theory, it is evident that
the use of four modes in the x~direction should give satisfactory
accuracy. In the y-direction, it is convenient to include two modes:
n = 1, since this constituted the most critical value for the strip-
theory solution; and n = 3, in order to include effects of spanwise
coupling.

Equation (22) then becomes

Ena . nz(%>2jz - u?E, -
- - =1,2, 3L
n2<-§>21>v - %2 Cm ‘)}5 Z Z IS'zm,rs rs (m > >

rel,2,3,) s=1,3 ne1l, 3

For a nontrivial solution, the determinant of the coefficients of
®m must be gero. When expanded, this determinant yields an eighth~
order equation in k2 in which the coefficients are dependent on A,

ﬁy, and a/b. As before we seek the lowest valus of A for fixed
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R, Ey’ and a/b for which two of the eight roots for k2 become
complex. (For A = 0, all roots are obviously real.) The calculations
have been carried out for a/b = 1 and for a number of values of Ex

and ﬁ&. The following values for xcr were obtained:

For fb/a =1
R
R, o | -2 0 2 L 6 8
-l 822.0 | 64,7.7 | 4LB0O.O | 322.8 | 179.6 |5L.38 | 1}6.63
-2 647.7 | 480.0 | 322.8 | 179.6 | 54.38
0 647.7 | 4B0.0 | 322.8 | 179.6
2 é47.8 | 480.1 | 322.9
L 648.0 | 1,80.3
For pb/a = 2
Ry
7 4 | -2 | o | 2 | u | 6 | 8
y

=l 847.7 | 668.2 | 4,95.8 | 333.9 | 186.3 | 56.56 | 16.35

-2 668.2 | 195.8 | 333.9 | 186.3 | 56.56
0 668.2 | 1,95.8 | 333.9 | 186.3
2 668.2 | 495.8 | 333.9

L 668.2 | 4,95.8
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For pb/a =)
%Rx A | -2 0 2 L 6 8
-L |859.8 |676.9 |502.5 |338.6 [189.1 |57.55 [L9.39
-2 676.9 |502.5 |338.6 [189.1 [57.55
0 676.9 |502.5 |338.6 |189.1
2 676.9 |502.5 |338.6
h 676.9 |502.5

In the calculations for gb/a = 1, 2, and L, an automatic high-
speed digital computer was used. For each set of values for -ﬁx
and §y the determinant was expanded for various selected values
of A. The resulting eighth-order equation in "k'2 was then solved.
The critical value of A was found by an interpolation procedure.

A significant outcome of these calculations is the virtual inde-
pendence of X\, on the value of '}iy. Evidently the coupling
between the various modes in the y-direction is slight, even for
Bb/a = 1. Since the coupling is so slight, it is improbsble that the
addition of more modes in the y-direction would change the results
appreciably. Thus the tabulated values can be considered to be
essentially correct.

The lack of dependence on ﬁy also suggests the possibility

that the value of )‘cr is dependent only on the parameter

o)
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as it was for the strip-theory solution. If this were the case, the
results for a/b = 1 could be extended to apply to other aspect
ratios through the use of this parameter. As 3 check, the values
of X, were calculated for a/b =2, Ry =1, ‘ﬂy =0 and
a/b = 1/2, Ry = -3.5, By = 0. For pb/a = 1, the resulting values
of A . are 64,7.7 and 626.6, respectively, in reasonsble agreement
with the tabulated value for a/b =1, R, = -2, 'iy = 0. Thus, the
extension can apparently be made. The variation of A, With A
is shown in Figure ), for fb/a = 1, 2, }j, and e (strip theory);
the values are also given in Table 2. Note that for & = 5, the
critical dynamic-pressure parameter is gzero for all values of PBb/a.
The significant results of this thesis are embodied in Table 2.
From this table, the critical values of A for isolated rectangular
simply supported panels can be found in terms of A for a large
range of panel aspect ratio, midplane stress, and Mach number. The
necessary panel thickness to prevent panel flutter can then be
calculated from the value of )\cr‘ In this regard, it is interesting
to note that the aerodynamic effect of finite aspect ratio on the
panel thickness is very small. For the range considered the variation

of A, between Bb/a =e and fb/a = 1 1is approximately 6 percent;

the corresponding variation of thickness would be leas than 2 percent.
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Fig. L.~ Variation

of

cr

with A = R

solution.

X

- E(a/b)g; surface-theory
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TABLE 2.- CRITICAL VALUES OF DYNAMIC PRESSURE PARAMETER A

Bb
=
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VI. DISCUSSION |

Accuracy of Static Aerodynamic Approximation
The results obtained by Eisley19 by using linearized two-
dimensional unsteady-flow theory provide an excellent basis for
evaluating the sccuracy of the static aerodynamic approximation
employed in this thesis. The results calculated by & two-mode Galerkin
solution for unstressed plates of aspect ratio ), 2, 1, and 1/2 sub-
jected to M = 2 flow are shown in Figure 5. The abscissa in this

figure is the well-known mass ratio
= &a-
&= %

which doss not appear in the present analysis because of the simplicity
of the aerodynamic theory. Indeed, the values of )‘cr obtained from
the static approximation are the same as those in Figure 5 for € = Q.
It is therefore apparent that the static approximation is adequate
if ¢ 1is small enough.
In order to define the practical range of e, it is convenient to

make use of the following combined parsmeter

.2‘...12(1_ 2)2‘23 l)j:".z.

e3 " E (P p
where ¢ 1is the speed of sound in the air. Note that, for fixed ilach

number, this parameter is dependent only on the properties of the air

and the plate material. For a particular altitude-material combination,
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Fig. 5.- Results for M = 2
solution using unsteady air forces.
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therefore, A would vary as 63. The variation for magnesium at sea
level is indicated by the dashed line in Figure 5. For this altitude-
material combination the errcr of the static approximation can te
seen to be negligible. For higher altitudes or denser materisls the
corresponding cubic line would lie above the one showm and the error
would be less. It is reasonable to conclude, therefore, that the
static approximation yields satisfactery accuracy for M = 2.
Investigations of the frequency expansions of the flutter forces
(see ref. 6, for example) show that the accuracy of the static
approximation would be even better for Mach numbers greater than 2.
For M < 2, however, the accuracy decreases. At \]E- 2, for
instance, the unsteady flow theory yields two flutter boundarie36’19
whereas the static theory predlcts only one. It is probable, there-
fore, that a lower limit, scmewhere between \/5- and 2, exists on the

Mach number range for which the results cbtained in this thesis are

applicable.

Buckling Behavior

It is generally agreed that buckling has an adverse effect on the
flutter speed of panels. Past theorstical work on this subject,
however, has dealt with only the two-dimensional panel-flutter problem.
This work was pioneered by Ismsl, who introduced the concept of the
"transtability" speed, a speed calculated from purely static considera-
tions that constitutes an upper limit on the flutter speed of the
buckled panel. Hayes? and Miles® then demonstrated that the
transtability speed is indeed equal to the flutter speed for small

perturbations about the static equilibrium position.
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The similarity between the governing equations of two- and three-
dimensional panel flutter for strip theory with static air forces (see
eq. (7) and ref. 12) indicates that the flutter speed of a buckled
finite-aspect-ratio panel might also be obtained through a
transtability-type approach. A mreliminary investigation, limited
by the use of small-deflection plate theory to small buckle depths,
of the static buckling behavior of panels is outlined here. Since
some of the results obtained are of uncertain validity, being unsup-
ported by a dynamic analysis, the investigation is limited to a two-
mode solution for simplicity.

The effect of the air forces on the buckling load can be determined
by setting k equal to zero in equation (15). Slightly rewritten,

the equation becomes

>2=(K+§0—1>(16-h'§-§°> (2)

where, for n =1

5, &) - (8)

The buckling loads can be calculated from this equation. An example
plot of the variation of R, with . for a/b = 1, Ey = 0 is shown

in Figure 6. Similar plots would result for other values of a/b

and ﬁ&.




Fig. 6.- Influence of air flow on buckling loads for two-mode solution.

R

, =0, afb=1.
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The transtability analysis for the two-dimensional problem is
based on a plot like that in Figure 6. It is argued that a buckled
panel subjected to air flow would exhibit the midplane load given by
the left~hand branch of the curve. If A 1s increased, the load
would increase until the maximum of the cuwrve is reached. Further
increase of A would necessarily vroduce motion of the panel since
there would be no stable static equilibrium position of the buckled
panel. (Presumsbly, the panel would be unstable at the higher buckling
loads not considered in the two-mode solution.) The maximum value
of A given by the curve is the transtability valwe.

The same line of reasoning can be used for the three-dimensional
problem provided that the buckle depth is kept small. For this case,
the results are dependent on the boundary conditions on in-plane
deflections and stresses at the edges. Consider, for instance, a
buckled panel with streamwise edges having a prescribed stress and
sparwise edges having a prescribed displacement. For such boundary
conditions the value of B, would be fixed and the valus of A would
be that given by equation (2};). The resulting transtability value

of 2 would be found from the condition

1.8

— m

dA

which gives

L+ B,| (25)
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On the other hand, a panel with the edge boundary conditions reversed
would have a fixed value of A and the appropriate transtability

condition would be

A

—— )

3B,

The resulting value of }sT is

a = 25 - 7 (26)

which is the same as that obtained for the unbuckled panel (see
eq. (16)); this result can, of course, be quite different from that
given by equation (25).

In a practical situation, the edge boundary conditions would
probably be different from either of the foregoing cases and different
values of Apr would result; each situation requires separate
treatment.

A question might arise as to the usefulness of the small-deflection
theory in obtaining results pertalning to finite~aspect-ratio buckled
panels. It is felt, however, that such results represent correctly
the limiting case of vanishingly small buckle depths and, furthermore,
that this limiting case establishes a lower bound on the critical
value of A for buckled panels. The latter conjecture is based on
the demonstrated independence of )Lor on buckle depth for the two-

dimensional p:mbilam12 »16

and the more rapid increase of stiffness with
buckle depth for a finite-aspect-ratio plate than for an infinite-

aspect-ratio plate (beam)25 . A test of the validity of the conjecture,
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and others implied in this section, must await a full-fledged dynamic
analysis of the aerocelastic behavior of three-dimensional buckled

panels including large-deflection structural effects.

Panel Thickness

Two examples of the variation of the critical thickness ratio
with Mach number as obtained by the present theory are indicated by
the solid lines in Figure 7. The results apply to unstressed aluminum
panels at an altitude of 50,000 feet with aspect ratios of one and
infinity. As could bevexpected, the effect of reducing the aspect
ratio is to reduce the required h/a.

Also shown in Figure 7 are the results calculated from unsteady-
flow theory for the lower supersonic Mach numbers by Luke and
St. Jom2l. These results, which are indicated by the dashed lines,
merge well with the predictions of the present analysis. The meeting
is nearly exact for the aspect ratio of infinity if account is taken
of the fact that the dashed lines were obtained from a two-mode

21 whereas the solld lines were obtained from a four-mode

solution
solution; the effect of going from four to two modes is to increase
the thickness by 7.5 percent. For the case of unit aspect ratio, the
results are again not directly comparable; in addition to being based
on fewer modes, the dashed line applies to a spanwise array of panels
rather than to an isolated panel. The effect of this latter disparity
is probably small for M - 1.5, however, since strip theory yields

the same results for both configurations and the aerodynamic influence
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of finite aspect ratio is rather unimportant. The correction for
number of modes mentioned above would again produce excellent
agreement.

Past analyses of two-dimensional panel flutter have indicated
that the most critical condition for design occurs at a value of Mach
number of about 1l.3. This is illustrated strikingly by the infinite-
aspect-ratio curves in Figure 7. The required thickness decreases
rapidly between Y = 1.3 and 1.5 and then increases very slowly.
Even at M = 6, the thickness ratio is only about one-fourth of that
at M= 1.3. However, the situation is apparently different for
finite aspect ratlos; a virtually monotonic increase of required
thickness with Mach number is experienced for an aspect ratio of one.
Thus the high Mach number theory of this thesis should provide useful
design information for panels of moderately low aspect ratio.

The numerical values of the critical thickness ratios in Figure 7
are fairly small and would be of consequence only for lightly loaded
portions of the structure such as fairings and control surfaces. It
should be emphasized, however, that large thickness ratios would be
required if the parameter A were close to 5. This situation would
not be difficult to attain. For instance, if a panel of aspect ratio
equal to 1/2 were subjected to a compressive midplane stress in the
chordwise direction only, 2 = 5 could be achieved without buckling.
Even for s panel of unit aspect ratio, 1 = 5 could be obtained
without buckling by compressing in the x~direction and pulling in
the y~direction. It is obvious that such configurations should be
assidwously avoided in design.
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VII. CONCLUDING REMARKS

The panel flutter amalysis presented herein has been restricted to
the problem of an isolated simply supported plate of uniform thickness.
The same type of analysis can be applied, however, to other panel con-
figurations. Clamped panels, integrally stiffened panels, arrays of
panels, and others should be amenable to treatment by the modal approach
based on the static aerodynamic approximation.

It is generally agreed that flutter analyses should be supported
16,26

by experiment. In this regard, the small amount of data which

is available indicates that theoretical panel-flutter calculations

are somewhat conservative. MHost of these data, however, relates either
to buckled panels or to the lower supersonic Mach numbers. More experi-

mental data, especially on unbuckled panels, are needed in order to

assess the validity of panel-flutter analyses.
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X. APPENDIX

EVALUATION OF im s
iidy

The generalized force L ..o is given by equation (23)
41 ,

7+l (o)

Tun,rs = aab/ / // x

rn:
cos 42X gin —~l cos —;— sin —%ﬂ
a

Ju-eﬂ-aﬁy—m2

[1(11) - (- b)] dn dr dx dy (A1)

X

If * and mn are replaced by

u=(x-¢)=py=-mn

ve(x-¢)+ By -m)

the result is
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where the order of integration has been changed. Carrying out the x~ and
y-integrations yields the following result after some manipulation:

hen n+ s 1is odd,

-I:mn,rs =0 (A3)
¥hen n + s 1is even,
\
= mnrs :
I*run,rs = %‘}E (r2 - m2)(s2 - n2) (°l)m(1rs = Irn = Ips * Inn)

(277)

= % ‘2_P'§-'2‘ (-1)™(Ins - Inn = Kgs * Kan)
n~s s~ - n

(R57) L )

2
) ‘5’&1"5 (-1)"(Zyn = Irn = Jpn * Jnn)
ne r¢ -

-1 (-1)®(~Ipn - Jnn * Kan * Lan)
n

2




In these expressions

~
; u+ v v-u
\ sin mn )sin nn{ == )
I = (L% // ( 2 ( 2pb du dv
mn a n \/;

F (45) ‘

Lop = L. (mn)z_/?

The region of integration R 1is bounded by the lines u =0, u = v, and
u+ve=2a for Bbf/a _-1 and by the additional line v - u = 2gb for
pb/a - 1.

Hereinafter we confine our attention to values of fjb/a greater

than or equal to one. For this range the expressions for I, dJpn,

Kpn» 8nd Ly, can be reduced to simpler forms as follows:

Let

u=al(l - sin ©)
(46)

v = af (1l + sin 8)




Then Iyn, for example, becomes

bi

.2 .1
- -Z-E - m . . M q N
Inn = (-1) jo */0 sin mnd s:.n(c ¢ sin 9)(19 b4 (47)

where
o =3 Eb (48)
na
Carrying out the {-integration yields
n iy
. f? s:x.n(%—’-‘- sin e)de f2 s:m(m“ sin 9)d6
Imn"';; 0 0 + sin & * 0 - sin &
0
or
Lin = = Z[5(,0) - S(a,-0) ] (49)
on
where
bl A
2 sin (Tl'%'l sin e) de (410)
smye) = [
(m, 0) sin & + ¢

0

By a similar procedure we find

Jon = 026. . ;%1-; [S(m,o) - S(m,-a)] - E:(m,o) - c(m,-—oZI +

02-1%%'"QG9 -
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Kmn = o 0203 S ﬁ% S(m,0) - S(m,-o{] - %[%(m,o) + C(m,°o}}

- ‘gliz - nh1< )] (412)

g -1

tn = 22 As@0) - sw,-0 ]+ oan[sa,0 + 500,]]

3 . ol

o 2 (mn> o(2+ o )m ( ) 20 =m a
mnucdy{=-) + 2 - 7H + e (-1)
2 -1 e (02_1)211[ o/| ;2. 1n

(413)

where

n
2 cos(ﬁ%L-sin 9) - cOS mn
C(m,o) = f
0 sine + ¢

de (AlL)

and J; and Hy are Bessel and Struve functions.

The functions 3(m,y) and C(m,s) can be evaluated accurately by
means of numerical integration; the presence of the term cos mmn in
equaticn (alli) insures well-behaved integrands. For the calculations of

ths values of L ,g 1in Table 1, Gaussian integration with eight points
?

on the interval (0, n/2) was used; this procedure yields values of the

i1ntzgrals accurate to at least five significant figures.




ixcept in the special case = = i, the values of Lo rs G40
s 4’

be calculated from equations (a3), (ak), and (49) through (all). For
v = 1, it is convenient to go back to equation (A5) and obtain expressions

in .1 for this

for Lo Y b

an»  Kpps @nd L. directly. Thus, since

case, we can write, for example,

; r v veu) 1/, am _ anv
s:x.nmn(h‘?a )sin rm<2ﬁb> 2<cos a cos a)

and the necessary integrations can be performed without changing

variables., The results for - = 1 are

L, = %l} - ﬁHl(mn):l )

Jnn *= '32- xﬂ' + % &;‘1& Hgp(mn) - manl(mn) - % %’l Hy (an)

Kpp = 2 % (-1)" - % ‘ﬁ + % .(&’r‘;ﬁ Hp(mn) = %— %ﬂ Hy (an) > (415)
Lo, = % % (-1)™ + '1'23' % + %manJO(:ﬂn) - -3]= mngdl(mn)

3 2 2 an
- .]%. mrf: + % ng) Ho(mﬂ) + %(% mén2 - %)Hl(ﬂm)

~
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FLUTTER MODE SHAPES FOR AERODYNAMIC STRIP THEORY

The shape of the flutter mode as cobtained from the exact solution

of equation (7) is given by

4
LA 2. p, Pt ™ (A16)
i=1
where
Pl’2’3’h-= — & + G""'U:"' €, G4 + 15, Q@ - ib

The D, must satisfy the matrix equation

i
1 1 1 1 Dl 0
e”‘l epg ep3 eph D2 0
2 2 2 2 = (a17)
2 py 2 po 2p 2 py
] p, € P, e Py e 3 pye | D, o)

At flutter, of course, the determinant of the square matrix is zero
and the Di are determined except for a common multiplier. Thus, the

set of Di at flutter must be proportional to




- 57 —

1 1 1
D, = - e¥3 ePh ePl i
2 2 2
1 1 1
D, = ePh efl ef2 | 4
2 2 2
Pu Pl pa
1 1 1
Dl} =T e Gpl ep2 ep3 i
2 2 2
P, P, Py

wvhere 1 = Vt—f has been inserted as a multiplier in order to make
the resulting Wn real.

The flutter mode shapes for A = — 7, -3, 0, 3 have been evaluated
by using equation (Al6) in conjunction with the appropriate values of A
and a . (See discussion following equation (10).) The results
(normalized so that the maximum ordinates are unity) are shown in

Figure 8. It can be seen that the amplitude of flutter is greatest in
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the rear portion of the panel and that the peak amplitude moves rearward
as A 1is decreased.

Also plotted in Figure 8 is the flutter mode shape as obtained by
the two-term Galerkin solution. For this solution the shape is given by

W = sin xx; — sin 2mx, (A18)

for all values of A . The degree of agreement with ‘the exact shapes
is similar to that shown in Figure 3 for A’cr ; that is, increasingly
poor agreement with decreasing A . The differences » however, are not

as marked as those obtained for xcr .

E
-



EXACT

TWO TERMS

Figure 8. — Flutter Mode Shapes Obtained by Aerodynamic Strip Theory




