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ASYMPTOTIC SIMULTANTEOUS CONFIDEMCE INTERVALS FOR
THE PROBABILITIES OF A MULTINOMIAL DISTRIBUTION

I. Introduction

Given a random sample from a multinomial distribution,
what can be said about the parameters of the distribution?
This is a question of interest, for samples from multi-
nomial distributions arise in many situations, The follow-
ing example illustrates a situation in which we are con-
cerned with a sample from such a distribution,

An agency purchases copies of a certain "component®
to be installed on equipments. Any"component® which fails
during the inspection and assembling operations of the
agency is termed a "failure," and the data recorded are
the number of failures for each possible type of defect,
Data from such a situation can be tabulated as follows:
(The defect types have been ranked in order of increas-

ing number of failures.)

10
Failures 5110|2030 |60 |65]9C |120]170(300
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Defect Type | 1| 2

What conclusions can be drawn from these frequen-
cies? What can be said about the proportion of failures

which is attributable to any particular type of defect?
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We would, of course, be interested in isolating types of
defects which are significant problem areas. Can we
make probability statements as to the relative impor-
tance of different types of defects, i.e., dces one type
of defect account for more {or less) of the total num-
ber of failures than some {or any) other type of defect?
These are the kinds of questions which we will provide

a way of answering., A manager of a defect reporting
system or an unsatisfactory condition reporting system
will note that "Type of Defect® could be replaced by
vMonith®, YArea Found", "Severity", or any of many similar
categorical variavles., The same flexibility holds as

regards the item, part, or equipment considered.

IT. Review of Literature

In this section a review of the literature that is
concerned with the statisticsal concepts and procedures
that are germane to the theme of this paper shall be given,
In particular, we shall consider the Chi-square goodness-of-
fit statistic, its applications, and simultaneous confi-
dence intervals.
1. The X? Goodness of Fit Statistic.

Let a random sample of N observations be drawn from
a population, and suppose that these observations can be

classified into k mutually exclusive classes, or cells
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by some criteria. Let mi (i1 = 1, 2, «ees k) denote the

populstion probability that any individual observation

will fall into the i®" cell. The sample of observed cell
frequencies; (nl, n2, coos ny), will have a multinomizl
distribution, i.e., the joint distribution function of the

observed cell frequencies is given by

ae ﬁl Nin r?.l,_
e TT 7 “ ooe TT >
1 2 )
(1) ,
b4 ) 4
nl.n2! PRP nk.
where
k
2 n =N,
i=1 1
and
k
>, o= 1.
i=1 1t

Our purpose in drawing a sample from a multinomial
distribution is to obtain information concerning the
values of the parameters, th, ...,1TP), of the distri-
bution, Many previous writers have shown that:
®p.) = E(ni/N) =Ty i =1, eeey k
var(pi) = rri(l - ﬁi)/l‘f,
COV(pis PJ) = -ﬁiﬁj/N’ i#J

and that Py is the maximum likelihood estimator of1wi,

It should be noted that i is the classical relative fre-

quency estimator of the proportion of the population in



cell i.

Naturally, we would like to obtain much nmore infor-
mation about the parameters. One thing that we might be
interested in knowing would be whether or not the para-
meters have some specified set of values. Pearson (1900)
has given a method for testing to determine whether or
not a specified set of values for the parameters is con=
sistent with the set of observed cell frequencies obtained
by a random sample. He has shown that for sufficiently
large values of the expected cell frequencies, Nni
(1 =1, oes, k), the statistic

(%4

1 Nﬁi

(2) X2 = - Nmy)e

™M

i
is distributed as a Chi~square variate with k - 1 degrees
of freedom. That is, the distribution function of X? is

approximated by

Ko - ﬁ
(3) B k~l‘x2) e <
(k=3 =312 ¢

as N———p— oo ,

Therefore, this Chi-square approximation to the dis-
tribution of the quantity X? can be used to make an
asymptotic test of the null hypothesis that the parameters

have a specified set of values, i.es,



-5

Ho ¢ (my, Tpseco, M) = (Mygs Mygseces "k0)°
(The goodness of this approximation will be discussed in
the appendix.) It should be noted that if this hypothesis
is rejected the alternative is composite, and we can only
conclude that one or more of the hypothesized values of
the parameters are incorrect. Also, if the hypothesis is
not rejected the experimenter should be aware that in
general there exists an infinity of sets of wvalues for the
parameters, which could be specified, which would not
lead to rejection either.;

As useful as this test is, there still remain ques-
tions about the parameters which the experimenter would
like to be able to answer. DMethods for obtaining more
information about the parameters from the sample are quite
scarce in the literature. lost efforts towards obtaining
more information have been made by partitioning the quan-
tity X2 into expressions corresponding to the individual
degrees of freedom of X2, and attempting to use these ex-
pressions to make tests in some manner so that inferences
can be made about the parameters of the multinomial, or
about the phenomena occurring in the physical situation
under study. (This approach seems to have been suggested
by the partitioning of the treatment sum of squares into

individual degrees of freedom in the analysis of variance.)
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This was, in fact, the first approach considered by this
authors
Cochran (1952) shows that X2 can be partitioned in

general in the following manner.

Let
k
z;3 = jilbijnj R
where
k
jilbijﬁj =0,
and
k N
3§lbijbh3n3 0, ifth#1
=1, if h = i.
Then
xz - 3 lmizMm)? KRGl
=1 m j=1

and for N sufficiently large the individual terms on the
right are asymptotically distributed as a Chi-square vari-
ate with 1 degree of freedom each.

Lancaster (1949) has performed an approximate parti-
tioning of X? in the following manner. The multinomial
distribution function can be written in an algebraically
equivalent form as the product of k = 1 binomial distri-

bution functions, i.e.,
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N3W11W220.oﬂﬁk: (nl - n2)2

nlzngl..,nkz n1:n2:

+n2

K(nl + o, + n3): "}

(ny + n2)1n3: ™ o, F W
(&) . .

n "3" °+n;
. 1°° i-1

(nl+h2+n3+ooo+ni)’ ﬂi ﬂi+ooo+ﬁi_l

nl'}’n2+o . o+ni_l ) 3ni¢’ ﬂ'l‘g’o . o":‘ﬂ'i ﬂ'l+o . o’f‘ﬂ'i

N3 nye

- N-nk

The binomial variates on the right hand side of this
equation are uncorrelated. (For a proof of this, see Lan-

caster (1949).) The (i-1l)st factor on the right gives the

probability that n; observations will fall into the ith

cell, conditional upon the sum of the cell frequencies of

the first i cells, i.c.,

(Ill Tesot n-)’ TT.
. == l
Pr(nilnl +o0o ni) - i

{nl ":”0‘0—*' ni“l)xn‘{—i’ ‘ﬂ'l“!‘-oo‘f"ﬂ'i

nl+ooo+n~
i-1
x 'n'l +Teoot Wi_l

TTl +0 .0'}' Wi

Since the binomial distribution epproaches the normal

distribution as sample size increases, if as N becomes



large n; + Ny + eee + 1y (i = 1, 2, eee, k) becomes large
also, then the general binomial variate above can be
approximated by a normal variate, and since the binomial
variates are uncorrelated the normal variates will be

asymptotically independent. The mean and variance of the

general normal variate is

Ty
H = '1‘ J. [ = 1)
mean (n1 eee + 1) T T A
1 i

and

s = + + n ni(wl A ;

variarnce nl eees VT ..i (,n,l 4+ eee -+ -‘Ti)d L4
Let

_ (Bytesetn, ﬁ nytesetn, Yy (myteoormy )
Zi = ﬁi - 1 ‘ 1 -1
'Tl}"oco'f‘ﬂ'. / (ﬂ'.‘ f“e..’l‘ﬂ' )2

. 2 5
end then zinaNI(O,l), approximately, so that ziaaxfl),
approximately,

Since there are k - 1 of the zi's with 1 degree of
freedom each, then the zi’s correspond to the individual
degrees of freedem of X2, Also,

k
X2 = I 22,
. i
1=2
aporoximately.

The purpose in obtaining these zi's was to use them

to obtain information about the paremeters of the rulti-

nomial distribution. Let us consider using them to test
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hypotheses involving the parameters of the multinomial.
In order to test a hypothesis it must be such that it

will give a constant value te the expression

Ty

ﬂ'l + eee * TTi

for this is necessary and sufficient to remove all of the
parameters from the expression for Zss le€e,

s

P bi + oo0e . + + -) .
(5) Zi = nl (nl nl)(ﬁ_]: eee "l 3 l'«‘"2,oao,ko

—

AL Y — — e
mytee ety gm0 - )

One such hypothesis of this type would be a hypothesis
which specifies the value of each of the first i parameters,
iece, of the form

HO M (TTl, 772, eeo0y TTi) == (Tflo, "20, ceoy TTio)o
However, this hypothesis can be tested by the usual X7
test without using the z;%s. The above hypothesis is
equivalent to

HO . (Wl, Wz, 6o0y TTi, 1 - 'ITl - 'ITZ - eo0o - 'ﬂ'-) =

(105 TMpgs eees Mg, 1 = MQ - Mog = eeo = "iO)’
k

because of the restriction X uf
i=1

can be tested by the usual X2 test with i degrees of

= 1, and this hypothesis

freedome

Any other hypothesis to be tested would be of the

form



] Qoo

e

T * L = T == l 3o\
HO : "1 A constant = ¢ , saye

[t

I£ C is chosen equal to i, then

Ty T se0 + W"i My + eo0e TT-._
™, = 1 :::> w, = L i=L

so we consider the null hypothesis

™, -+ + 1,
(6) Hy ¢omy = 1 7 00 " M-l
i=-1

(Nete that the hypothesis

HO : o "2 = aee AT

is a special case because
T’l+moo+ﬁ'l

V. = Ttr = = 17 .= -
1 2 e j_w)nl T s

but not conversely.) Under (6) we have

[(i-—l)nl - (nl +os ot ni_l}lz

. s i‘:g,ooo,ke
(nl Teeot Hi)(l"’l)

{(7) 2

=0
i

which 1s the test statistic to be computed from the sample.
This test purportedly gives a comparison of y with

the i - 1 preceeding parameters. The value of the test is

limitved, however, in that it compares m; with the mean of

other parameters which are themselves unknown. So re-

gardless of whether the hypothesis is rejected or not,

no definite information is obtained about the magnitude of

w, or any other parameter.
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Another critvicism of this test is that the results
will in general be different if the cells are taken in
different orderings. As an illustration of this, consider
the following example.

Example 1: For N = 100, k = 4, and the n; as follows?

ny = 10, n, = 20, ny = 30, ny = 40,

The z§ for the cells taken in the order 1, 2, 3, 4, are

zg = (20 - 10)3/30 = 3.333,
z§ = (60 - 30)2/2(60) = 7.5,
zz = (120 - 60)2/3(10C) = 12,
L

z Z? = 2208330
i=z 1

From these z%’s we can reject the hypotheses

g

©0

3
-
li

(ﬂl + ﬁz)/Z
and

H, ¢ m, = (wl + g, ﬂ3)/3
at the .05 level of significance.

Now consider taking the cells in the order 2, 3, 4, L,

Then
2% = (30 - 20)2/50 = 2,
2§ = (80 ~ 50)2/180 = 5
zi = (30 ~ 90)2/300 = 12
4
z ng = 190

2.1.

i
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From these 2z%%s we can reject the hypotheses
i

Ho s ﬁz = (n2 -+ w33/2
and

Hy ¢ wi = (m, + Myt Wh)/B
at the .05 level of significance.

By comparison of these two results it is obvious
that different orderings of the cells lead teo quite dif-
ferent results. It should also be noted that _g‘zi is
different for different orderings. o

The above discussion is not intended to imply that
this method is of nc value, but merely to point out its
limitations., For a situation where the order of the cells
ig determined by other considerations it may be quite use-
ful. This is the situation in the following example taken
from Lancaster (1949), which illustrates a situation in
which this method can yield useful results.

Example 2¢ "Measured constant amounts of a liquid
suspension of a bacterial culture are mixed with an equal
quantity éf disinfectant soluticn of known concentration,
and a plate is poured and the number of colonies develop-
ing are noteds For each plate the concentration of disin-
fectant used is given by a series such as 1, Y, Y2, YB, eso

where Y is some factor such as 2 or 1l.5. In such a case

the following results might be obtained."
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"Number of colonies (ni) developing in successive
plates 427, 440, 494, L2Z, LO9, 310, 302. We are inter-
ested in finding the point at which the disinfectant began
to inhibit growth.® |

The zi components taken for this ordering are

z2 22 % %2 2§ z?2

2 3 L 5 7
0195 54379 1.687 2.465 32.947 28.299

Of the components, only %2, zg, and z2 are significant

2 7
at the .05 level, so that we can reject the hypotheses

H, 3 n; = (my + m,)/2
Hy ¢ m§ = {19 + eo0 + wg)/B
Hy ¢ w% = (ﬁl + cee + ﬁé)/é
From these results we cannct say that g or n7 are
greater than any of the other parameters (except ﬁl), but
the evidence does seem to indicate that growth is beginning
to be inhibited at plate 6. |
Irwin {1949) has presented a method for partitioning
X? exactly into Z§°So However, the same kind of diffi-
culty is encountered in a;tempting to use his z;'s to make
tests’df&ﬁygoéhéseslin such a way as to make inferences
about the individual parameters. The difficulty is again
that the individual z:%s involve functions of the first

1 parameters, and tests on these functions do not lead to

iuferences about the individual parameters.
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For either Lancastertis or Irwints partitioning, pro-
cedures can be developed for obtaining asymptotic confi-
dence intervals for the functions of the parameters
ﬂi/(ﬁl T Myt oeee Wi)o However, confidence intervals
for these functions do not give definite information about
the individual parameterse.

Two methods have been mentioned for partitioning X2
into expressions corresponding to individual degrees of
freedeom of X%k—l)' It seems thzt there may be other
methods which would lead to more fruitful results. How-
ever, in partitioning X? it seems desirable to maintain
the property of asympteotic independence among the zg com-~
penents cbtaineds This vriter has attempted such parti-
tionings, but all efforts have either been entirely
unsuccessful or have led tc the conditional binomial
variates given by Lancaster,

The above discussion indicates that the information
to be obtained from existing methods of analysis is
limitede It is the purpose of this paper to present a
method of analysis that will yield the experimenter more
information about his cell parameters, (ﬂi), than can be
obtained by present methods. The approach considered here
is to find a set of asymptotic simultaneous confidence

intervals for the cell parameters.
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2¢ Simultaneous Confidence Intervals.

The theory of confidence intervals is due largely to
Neymar (1935, 1937, and others) and Pearson {193k and
others)s. Other contributors have been Wilks (1938a, 193&b,
1 1939), Waid {1939, 1942), Welsk (1939), and Bartlett (1936,
1939)e No individual discussion of the various papers

that are concerned with confidence intervals will be at«
tempted here. This exposition will be limited to a Qefla
nition of what is meant by a confidence interval for one
parameter, and a set of simultaneous confidence intervals
for a set of k parametevs°

Let the distribubion function of an observed sample
depend upon k {= 1, 2, 3, .ee) pavameters, {rrys Moseoes T o
Select one of these parameters, say (i = 1, 2, oeey klo

suppose that there is a procedure such that when a sampie

is drawn this procedure will spscify an interval upon the

(l:

axis of real numberse If, when & large number of samples

{~So

are drawn and intervals obéaiﬂed for each sample by this
procedure, the proportion of intervals which contain the
parameter m; tends to a limit, say 1 - Yis @S the number
of samples tends to infinity, then the interval obtained
for any individual sample is called a confidence interval
for the parameter i (i =1, coe, k) with confidence cosi-

ficient 1 - Yye
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Again let the distribution function of an observed
sample depend upon k parameters. Denote the parameters

by (ﬂlg T 5 eees nk) and let S = (S., S

2’ 1’ T2?
a set of k intervals where Si corresponds to m

ooey Sk) denote

(i =1, eees k)o HNow let the set S be obtained by some
procedure from a sample such that if such sets are ob-
tained by this same procedure for a number of samples the
proportion of these sets for which gvery Si (i =15 eoey ki,
contains its corresponding parameter, m , tends to a limit,
say 1 - a, (as the number of samples inzreases without

bound), the set S obtained for any particular sample is

called a set of simultaneous confidence intervals with

confidence coefficient 1 - a. This may be represented as
k
Pr{ 7 ( (meS.)¢{=1 - a.
i=s1 t ot

It should be emphasized that the confidence coeffi-
cient for a set of simultaneous confidence intervals refers
to the procedure by which the intervals are obtained, and
not to whether or not the intervals contain their para-
meters (for the probability of this eveut can only be zero
or one).

Each of the intervals of a set of simultaneous confi-
dence intervals is a confidence interval for its parameter.

However, the relationship between the confidence coeffi-



-17w
cient for an indivicual interval, 1 - ¥ and the confi-
dence coefficient for the set of simultaneous confidence
intervals, 1 - a, is not in general known unless any two
intervals are independent in a probability sense, i.e€.,
Pefinies,) (mes ) )= (- w ) - v ) 1 £
In this case the simultaneous confidence coefficient is
equal to the product of the confidence coefficients for

the individugl intervals, ji.ce,

(9) 1"@‘—' (1*Y1)(1-Y2)ooo(l ‘va)o
And, if Yl = Yg = see = Yk = v, then
(10) 1-a-=(1-y)k

For the general case it is true that:

1 -y > (1- 'Y‘l)(l - 72)....(1 - vi),..,(l - yj) >1-a

1
for j = 19 XXN) k; and i S ,jo

ITI. Derivation of Intervals.
The following symbols have been used previously but

for completeness they are defined here.

N is the number of observations in the sample.

n is the number of observations in cell i.

ﬂ; is the probability that any observation will fall in
cell i,

k is the number of cells.

pi = ni/N, and is the proportion of observations that fall
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in cell i,
The joint distribution function of a set of observed
cell frequencies is as before given by the multinomial

distribution function:

Nirr My "R L. n e
(l) Pr {nl, nz, scoy 1’17 |N}= 1 2 k
£
nltnzl eco nkz
where
k
Zn, =N,
i=1 1
and
k
2w, = 1l
i:l 1
It is well known that
(2) E(ni) = N, 1 = 1, eee, k
(3) var(n,) = Nm, {1 - m.)
1 1 RS
(4) cov(ni, nj) = -Nwinj j# ;Q
Pearson (1900) has shown that
} .- Hm )2k Np,®
I T S R
i=1 N7y, i=1 T,
i i

is asymptotically distributed as % o In the present

(k-1)
application of the statistic X* the parameters,

(M 5 ooes nk), will not be assumed known. They are only

(R

a set of unknown numbers which satisfy the relation

7, = 1o
!

M

i
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Using this asymptotic approximation we can make the

following probability statenent

r o~ O~ <X - ~
i=1 Ty . a, k=17~
where Xz 11 is the o percentage point of the X? distri-
9 ~-

bution with k -~ 1 degrees of Ireedom.

For fixed ¢, k, and N the inequality

ko p2 42
(6) % 91 <._m,kul
i=1 Ty

will define a region in the k dimensicnal Euclidean space
of the parameters. The probability that this region will
contain® the point (ni, cees ﬂk) is 1 - a. The associated

equation

90

(7)

h ™M X
Jiﬁ
il
(9]

i=1

e

will define the bounding hypersurface of this region. The
intersection of this hypersurface with the hyperplane

k
(8) Zomy =1

i=1
will be a k dimensional hypercurve, or a k - 1 dimensional
hypersurface. If maximum and minimum values will constitut

set of asymptotic simultaneou: 2nafidence intervals for the

set of parameters with confidence coefficient equal to or

te &
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greater than 1 - a.
Equation (7) expresses any one of the parameters in

terms of the k - 1 others, i1.€.,

(9) "i = p:f{ p‘? :.‘» = l’ 2’ e e k.
C-3
J=1
A

Therefore, the function to be maximized and minimized

is
2
o) k
(10) (1-K1)cf L = ME - 1),
o n
j=1 ™ :
A

where N is the Lagrange multiplier.

Differentiating this function with respect to 5 and

™ and setting these derivatives equal to zero gives the

equations
Ap? 2
(11) T___TEE_ = 2] P, 5o M =1, eeey k
A=l )% ™45
: J JAL,mAL, mE
and
2 2
ApZ i P )
o112 w2
N l)wi e

which can be solved to obtain

Y

J

(12) T o=
m

This represents k - 2 equations, and we can solve these
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squations with equations (7) and (8) to obtain the required
values of the k parameters,

Using (12) to substitute into (8} gives

k k 172
Sy =my by + I L 1,
=1t J @1 Py
mFi
k i
and using I Py = 1 and simplifying gives
i=1
(l - ﬁi)p.i
(-!-3) ﬁj 1 - pi ®

Substituting into (7) gives

pi X § P§(l - p;) ~
w3 J=1 pj(l )
J#i
or
2 - 2
pf (1 -p,) .

and solving this quadratic for n; gives

C+ 2ps - 1 % /TC+ 2p. = L)% < LCp?
(lli' ) ﬂ'i = Y fzc = L

Or, rewriting for computational convenience

N bas (N = ny)
X2 + 2nj?_ i\Az(Xz + 1 N 1
? =
(14) hE ST %7)

2 - y2
where ¥ Xa,k-l"

Let Si represent the set of all numbers y for which
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c+2pi-1-y40+2pi=1)2«40p§ c+2pim1+v(c+2pi-1)3~ACp§
vV £

20 20

Then the set S = (Sl, Sns eves Sk) is a set of asywmp-
totic simultaneous confidence intervals for the set of
parameters (ni, Moy ooy nk), with confidence coefficient
equal to or greater than. 1 - a., Symbolically this may
be written

IV. Properties of the Intervals
These intervals have certain desirable properties which
will be stated as theorems and proved in this section.

Let

C+2p, -1 /G + 2p; - 1)2 - 4Cp2

1 2¢
and
) c+2pi-1~/(c+2pi_1)2-acp§
* 2C
and
= kel

Theorem 1. U; and L; are always real numbers, i.e., the
intervals will always existe

Proof

1) ¢+ 2p; = 1= X%/N + 1 + p; = 1 >0

2) 20 = 2(X3/N + 1) > C
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3) (C + 2p, - L)% - L4Cp? :‘%ﬁ + Lp, %” by p'

v2 | x2
*ﬁ"'[‘ Fhp, (1-‘9)]

o » theorem is proved.

Theorem 2. lim U, = lim L; = p;. i.e., the intervais
=00 + ‘I-—->CD '
will converge upon p;, the maximum likelihood estimator of

7y, from both the left and the right as the sample size.

incresseso
Proof's
\ C + Zpi - 1 X’/W + Zp Zpi
1‘ 1im J(\;r = llm 'y‘;’ N 4 m—- = p~
W=>>00 2 N->a>?( ol l) *

2) lim J{C+ 2p; - 1J7% - 5Cp% /2C
Ne—>00

< ’3
= 1im %m[” +hp, (1 - py)] 20+ x2)

o>

== 00
o’e since the limit of a sum is the sum of the limits
the theorem is proved.

Theorem 3, If p. = 1 ~Pys then Uj = Ls = Uy s leCe,

J Jj Ly
intervals whose corresponding p?s are eqgual distances from
z will be of equal length.

Proof?

&<
A
=5
4+
3
el
o
§
o]
€
\
«Q

S
2 Uy -1y =y

'f-
5
[
o
B
b
™~



3}  But Py~ L= py s> pj(l -
s U, = L, =U, - L,

©tY; g i i°

Theorem Lo O < L; < p; and p; <

vals will glways lie entirely in

and contain the point Pyo
This theorem will be proved
Proofs

Part 1) To show: O 5 L,

= . (] wp.
Ui < 1, i.e., the inter-

. the closed interval [0,1]

in four partse

and py 2 0

0.

~11R . R
1 1) Z@Cg,i

(i) o> -@Cpi, since T > 0
{ii) (C+ 2p; - 1% 2 (C+ 2
(iii) C+ 2p; = 1 >/{C+ 2p;

car

L% - 4Tp7

by definition of a radical sign and parts (1) and (3) of

theorem 1.

(iv) C+2p; =1 «/{C+2p; - L)% - bTpf 20

("‘-f)o'o G + Zpi - 1 "\/(C + 2pi i 1—52 = [&Cp:‘% - L.>0
2C i=

since C > 0 by (2) of theorenm l.

Part 2) To show: L; < pj

s IR AN

{1} C l T = 0

{31) L0p2{C - 1) + 4Cp,/TC +2p; - L)% - LCp% 2 O

'$ince c >0, P; 2 0 end f{CT + 2pg = L)% - 4Cpg > O

o3 ,2 o e ~ I's N
{1ii) LG2pE kupi\/(s +2p;

(

lal

-4
¢

+

1)= ~ 4Cp7

4Cp% 2 (C + 2p; =1)%
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(iv) 2p; + /(0 + 2py =~ 1)7 = LCpZ 2 C + 2p; - 1
since both sides of (iii) are positive.
e%o ¢+ 2p; ~1=/(CH+ 2p;, -~ L)% - QCpi < 2Cpy
or

[(C+2py = 1) ~/TCF 25y = 177 ~ 4Cp3) /2C < py
or

Li S plc
Part 3) To show: U; <1
(i) (pg = 138 =pf - 2p, +120

~ 2
(11) 1-2p; 2 =97
(iii) 4CZ - 4C2 - BOp, + 4C > - 4Cp3
{iv) LCZ - KC(C + 2p; = 1) + (C + 2p, = 1)% >
I - 2 2} 2

but

(C + 2p, = L)% = 4Cp2 - 4Cp

o

by (3) of theorem 1, and .°. both sides of (iv) are positive.

(v) 2C - (C + 2p; - 1) 2/(C + 2p; - 1)% - 4Cp%

{(vi) ¢ + gpi =1+ {0+ 2p, - L)% -« 4ip§ < 2C

(vii) [(c +2p, - 1)+ /(T +2p; - 1J% - 40p%] /2C =
U; g1

Part 4) To shows: Uy 2 pye e shall congsider the three

ey 3 £ = 1 3—_ P 2
cases for p, g9 Py < 3y Py 2 2o
Case (1) If p =}

iR
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C+2p, -~ 1+ /{0 F 2p, = L)% ~ 4Cp
20 : 50

)
=y

(1)

Cose (2) 1If p; < 5. Then
(1) p; < 3= fepy - 1) <0
| (2p; = 1)(Cc - 1) <0

since
v2
c-1=250
N =
{ii) JIC + 2p; = 1)% - L4Cp% > {2p; ~ L)(C - 1) =

20p; -~ C - 2p; + 1

since a positive is greater than a negative.

(1i1) C+2p; =1+ /(C+ zpf - 1) - thi 2 20p,
o
Ui = [(C + Zpi - 1) + J{C + 2p; - 1}3-40p§}/202pi
Gase if p., > &, then
(i) pi>-}3-x> (piwl)(l»C)ZO
since product of two negabives is a positive.
{ii) p; +C=0Cp;, =120
{iii) -p; = Cpg =~ (C + 2p; = 1)
{iv) -ACpi > 402p§ - thi(C + 2p; - 1)
{v) (C+2pi-l)2—QCp§ > kﬁgpg—hﬁpi(C+Zpi-l)+ C+2pi_1)2x
. A . - 2 S
{ZCpi (Gini 1)]2 >0
{(vi) JIC + 2p; = 112 - 4Cp2 » 20p; - (C + 2p, - 1)
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(vii) €+ 2p; ~ 1+ /C+ 2p; - 1)% < 4Cp? » 20p,

44 = 7{C o 1 TR T ERT /00 .
(viii) Ui [{c + 2p4 1) + 4TC+2pi 1) thij/zu z 7

Cases (1), (2), and (3} imply (U= Py Parts (1), (2),
(3), and (4) imply that theorem 4 is true.

These theorems establish several desirable properties
of the intervals. The first theorem shows that the inter-
vals always exist, which is certainly a necessary propertye
We must have intervals for all of the cells in order for
the concept of simultaneous cenfidence intervals to be
meaningful.

The property established by theorem 2, viz., that the
intervals will converge upon the maximum likelihood esti-
mator as the sample size increases, is certainly a satis-
fying result. Theorem 3 gives a result that is not too
surprising. t shows that the lengths of intervals which
correspond to p¥s that are at equal distances from the
point } are equal. It might be noted from the proof of
this theorem that the length of the intervzl is determined
essentially by the estimated variance of ;e “hat the
length of the interval and the variance of the estimator
of Wy are so related is not a totally unexpected result.

The last theorem shows that all iatervals will lie
entirely in the closed interval [0, 1], which is desirable,

for if an interval contained points outside [0, 1] these



eaeh
-2 o

points would be meaningless, as i could not assume such

FalueSe

Vo Binomial Case
% is of interest to note that the above confidence
intervals can be derived quite simply for the binomial
case (k = 2). Consider the graphs of the equations (see
figure 1)
)

- 2 -
{1 pf/na + p5/m, = C

"

The graph of the first cquation will be a hyperbola
since its discriminant is positive, and it will have a
vertical asymptote at nthf/c aind a horlzontal asynmp-~
tote at w, = pg/C. In this casec the maximum and minimum
values of ™y and m, are given by the coordinates of the
peints of intersection of the two curves. Solving the
equations simultaneously gives the values
(3) w, = [{C + 2p; ~ 1)L JTC+ 2p; - 177 - &CpZl/2cC

i:‘l, 2e

Since this equation alwaygs gives real values for ™y
and My by theorer 1 of the previous section, we are
assured that the curves will always intersect. It shculd
be observed thet for this case the confidence intervals

for ™y and W, are completely dependent, for if the
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Figure 1. Graphical Solution for Simultaneous
Limits for e and Ty
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interval for one parameter is specified then the interval
for the other one is completely determined.
Formula (3) can be written as
x3/1 + 2p, = /P (T ~ p3)/N * X °/&W7
(4) o=
1 2008/N + 1)

=__ N
W +%® [p, »x?/20 2 x/o_ (T - p /0 + x*/kV7
1 1 i \

and, remembering that a X% variste with 1 degree of freedom
is the square of a standardized normal variate, we see that
this formula is the same as the formula given by Cramer

(1946, p. 515) based on the normal approximation to the

binomial distribution, icgey,

w

2

2 -
(5) T o= N Bl.0/2 + 2 p(l - p) + %1-a/2
N o + y.} - “l-a 2 q =
T e | Pt T / 3 g
where zl o/2 is the 1 - «/2 percentage point of the normal
distribution,

Thus the intervals obtained for the case k = 2
(binomial distribution) by this method are exactly the same
intervals as thote cbtained by the normal approximation to

the bincmiale.

VI, Examples

We now apply this methed of gnalysis to the data
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given for the example in Section I and to that given for
the two examples in Section IT. We shall use the equation

X2+ _ny T AELKE hni(N - ni) iR
2(Xe + N)

TTi =
YR = ) 2
A Aa,k-l
for computinge.
Example 1. Choosing a = +3 (1 = a = .7), then

X§3’9 = 10,656, The computations can be carried out as

illustrated in table ls The intervals obtained are:

001 < 1y < 4022 2050 < mg < +109
00k < mp < L.031 074 < Ty < o1h2
0Ll <y < SO046 104 < g < .180
2019 < m < .06} <155 < mg < «248
046 < s < «103 294 < 1< 4399

The confidence coefficient is 1 - a' > .70. This
means that if more samples were drawn and intervals com=-
puted for each, as the number of samples increases the
proportion of the number of sets of intervals computed for
which every interval contains its corresponding paranmeter
will approach 1 - «%. In the same manner we can say with
a confidence coefficient grzater than 70 that any one of
the above intervals will contain its parameter. If we
are interested only in comparing the different types of de-

fects we can rank them with a confidence coefficient greater



(1) (2)  (3) (4) (5) 6) (7)) __ (8) (9) __(10) (11)
ng N-n] »Lpni(N-ni) i/ D=+ (L) 1|/ (5) | X2+2n,) (7)-(6) T7)+(6} :’2"(1%%}%” 3:1-}\;%%2«);
51865 17,300 | 19.885| 325.4k |18.04| 20.66| 2.62 | 38.70 .001 .022
10| 8690 | 34,400 39.540 534,89 23.13| 30.66 7¢53 53.79 - 004 «031
20| 850, 68,000 | 78.161| 946.43 [30.76| 50.56| 19.90 | @l.4z | .o11 | .046
30 | 84,0 100,800 | 115.862| 1348.77 38. 74| 70.66| 33.92 |107.40 - 019 061
60 | 8101 194,400 | 223,448 | 2494.61 |49.95|130.66 20.71 |180.61 | .046 | .103
65 | 805 | 209,300 | 2504574 | 2677.11 51. 74 1140.66] 88,92 [192.40 505O>» «109
9C | 780 280,800 322.759 | 3552.87 590,61 1190.66|131.05 |250.17 CO7h | o142
120 | 750| 360,000 |413.793| 4522.93 67425 (250,66 [183.41 [317.91 o LO4 .180
170 | 700 | 476,000 | 547,126 | 5943.72 |77.09 |350.66|273.57 |437.75 | <155 | o248
300 570 684,000 | 7864207 | 8451.37 02.15 [610.66 |518.51 |702.81 0 294 2399
Table l. Computational Procedure for the Limits on Example 1, section VI,
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than .70 in the following nauner,

: i TV e v T 1 7
:‘L]: 72 |’3 Tfl" l’ff) 56 T 7 WS ?9 'Tlo 9

a

where any two parameters arve declared significantly dif-
ferent if they are not underscored by the same linee.
Example 2. Confidence intervals for the data given

in exampie 1 of section II are as follows:

'0052 < ﬂ'l < 0183 e 2L2 < TT:}, < 01#06
0128 < ﬂ'z < 0 299 0301 < ﬂl&» < 0508 s .

S

where a = 2 or 1 = o = «Co
For this mebhod of aualysis the criticism advanced
against the method of partitioning X%, viz., that differ-
ent orderings of the cells gave different results, obvi-
ously does not applye
Exemple 3. Coniidence intervals for the parameters
in the second example in section Il can be found for
a = 30 to be
«05296 < o L24LT
- 09562 g, < S 12749
« 12885 < 1w, 16470
13324 < U 016955
«13493 < wy < L17ik2
013933 < 11, < »17627
015767 < 1

2
A

A
~J

v
A

AN

N

3'< «19634.
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Ranking these parameters for easy comparison gives

?T? ™ 6 TT:,.,; ™ 3 Ts”l ‘?Tg i 3 °

This shows that the disinfectant began to inhibit
growth at the 6th plate. We can also make more definite
statements from these coanfidence intervals, such as plate
6 and plate 7 each have greéter inhibiting power than sny

of the five other plates.

VIl, Summary and Oiscussion

A method has beea presented for analyzing a set of
cell frequencies obtained by random sampling from a multi-
nomial distribution. This method consists of finding a
set of asymptotic simultaneous confidence intervals for
the parameters of the distribution. Particular attention
should be given to the term ®simultaneous confidence inter-
vals® and the associated term ®confidence ccefficient.”
The confidence coefficient does not refer to the proba-
bility that any set of intervals contain their corres-
ponding parameters, for this probability is either O or 1.
Rather, the confidence coefficient refers to the method used
to obtain the intervals.

By using such a set of simultaneous confidence inter-
vals the investigator obtains the whole class of sets of
values of the parameters which are consistent with the

sample. He can make statements about the ranges of values



T

which the individual parameters can assume, and state-
ments about the relative magnitudes of the parameters
with a confidence coefficient that is greater than some
stated value.

The alternative metheds of analysis available are to
test hjpotheses that the parameters have specified sets
of values, or to make tests upon variates derived by par-
titioning the X% quantity into components corresponding to
the individual degrees of freedom of X?. Any information
that can be obtained by these methods is available (and
more also) from a set of simultaneous confidence intervals.

The selection of the confidence coefficient has been
left completely arbitrary. Further research would be
helpful in making a more judicious choice. Such research
should be directed towards establishing the relationship
between the confidence coefficient for the set of simul-
taneous confidence intervals, 1 - a, and the confidence
coefficients for the individual intervals, say 1 - Yi

(i = 1, e ey k)o
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In order that the approximation of X # by X @ be ade-
quate various writers have recommended that the minimum

value cf the smallest expected cell frequency should not

be less than 5, 10, and even as much as 20. Cochran (1954)

”~

expresses the opinion that a minimum value of 5 is too
conservative, and that the approximation may be adequate
even if as many as 20 of the expected cell frequencies
are less than 5, and that expscted cell frequencies of 1
are allowable. He further warns that eliminating cells
with small expected values by grouping such cells may be

hazardous for it tends to reduce the power of the test.
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ABSTRACT
ASYMPTOTIC SIMULTAUBGUS CONFIDERCE INTERVALS FOR
THE PROBABILITIES OF & BULTINCHMIAL DISTRIBUTION
by

Charles P. Quesenberry

Approximate formulae are derived for obtaining cone
fidence intervals for the probabilitiss of a multinomial
distribution. The apprecach ugsed is to consider the Chi-
square goodness of fit statistic as a function of the
population perameters and to invert this function to obtain
a set of simultaneous confidence intervals for the parameters.

The confidence coefficient for the set of simultaneous
confidence intervals obtained by this procedure is conser-

vative, il.e.; the true probebility that every interval

govers its corresgponding parameter will in general be greaber
than the coefficient obtained by this method. As the sample
size increases the intervals will converge on the population

parameters and will estimate them exactly in the 1limit.
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