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ASYMPTOTIC SIMUI1TA?mous CONFIDENCE IETERV/\.LS FOR 

THE PROBABILITIES OF A MULTD!OMIAL DISTRIBUTION 

Given a random sample from a. multinomial distribut~ion, 

what can b\? said a.bout the par3.meters of the distribution? 

This is a question of interest, for samples from multi-

nomial distributions arise in many situations. The follow-

ing example illustrates a situation in which we are con-

cerned with a sample from such a distribution. 

1'.l.r1 agency purchcises copies of a certain "component" 

to be installed on equipments. Any"component" which fails 

during the inspection and assembling operations of the 

agency is termed a ttfailure," and the data recorded are 

the number of fci.ihtres for e2.ch possible type of defect .. 

Data from such a situation can be tabulated as follows: 

(The defect types have been ranked in order of increas-

ing number of failures.) 

--D8f ect Type 1 2 3 4 5 6 7 8 9 10 
.. 

Failures 5 10 20 JO 60 65 90 120 170 JOO 
.. -

What conclusio~s can be drawn from these frequen-

cies? What can be said about the proportion of failures 

which is attributable to any particular type of defect? 
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We wouldi- of course, be interested ln isolating types of 

defects which are significant problem areas. Can we 

make p:rot,ability statements as to the relative impor-

tance of different types of defects, i.ea, does one type 

of defect account for more {or less) of the total num-

ber of failures than some (or any) other type of defect? 

These are the kinds of questions which we wlll provide 

a way of answering. A manager of a defect reporting 

system or an unsatisfactory condition reporting system 

will note that "Type of Defect 1~ could be replaced by 

nMonth", "Area Found", 11 Severity", or any of many similar 

cat.egorical variables. The same fl.exibility holds as 

regards the item, part, or equipment considered. 

II. Review of Literature 

In this section a review of the literature that is 

concerned with the statistical concepts and procedures 

that are germane to the theme of this paper shall be giveno 

In particular, we shall consider the Chi-square goodness-of-

fit statistic, its applications, and simultaneous confi-

dence intervals. 

1. The X2 Goodness of Fit Statistic. 

Let a random sample of N observations be drawn from 

a population, and suppose that these observations can be 

classified into k mutually exclusive classes, or cells 



') 
-_,)-

by some criteria" Let TT i ( i ''"' i. 1 2 1 ••• , k) denote the 

p0£Ulation probability that any individual observation 

will fall into the ith cell. The sample of observed cell 

frequencies$ ( n , n , • o .. , n ) , will have a multinomial 
l 2 k 

distribution, i.e., e the joint distribution function of the 

b d 11 f · · ~·•1r~·n b 0 serve ce requencies 18 u~ ~ y 

{ l) 

where 

and 

k 
I n = N, 

i=l i 

k 
I TT. = 1. 

i=l l 

n1,.. 
• "• TT '-k 

Our purpose in drawing .9. sample from a multinomial 

distribution is to obtain infor:n11tion concerning the 

values of the parameters, (TT , ••• , TT ) 11 of the distri-
1 k 

bution. Many previous vJriters have shown that: 

E(p.) = E(nJ./N) =TT., 
1 " 1 

i = 1, ••• ' k 

var ( p. ) = TT • ( 1 - TT • ) /l'T, 
1 1 1 

cov(p1 , Pj) = -TTiTTj/N, i ~ j 

and that p. is the maximum likelihood estimator of TT ... 
1 1 

It should be noted that p. is the classical relative fre-
1 

quency estimator of the proportion of the population in 
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cell i .. 

Naturally~ we 11muld like to obtain much more infor-

mation about the parameterso One thing that 1,re might be 

interested in knowing would be whether or not the para.-

meters have some specified set of values. Pearson (1900} 

has given a method for testing to determine whether or 

not a specified set of values for the parameters is con-

sistent with the set of observed cell frequencies obtained 

by a random sample. He has shown that for sufficiently 

large values of the expected cell frequencies~ Nrr 
i 

(i = 1, 0 • • , k), the statistic 

(2) 

is distributed as a Chi-square variate with k - 1 degrees 

of freedom. That is, the distribution function of X2 is 

approximated by 

(3) 9 
__ ___,l.....__1_;:-'""'f. ( X 2 ) e 

2 

as N -,,, co . 

Therefore, this Chi-square approximation to the dis-

tribution of the quantity xz can be used to make an 

asymptotic test of the null hypothesis that the parameters 

have a specified set of values, i.e., 
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Ho : ( 111• 112' • • "" 11k) = ( 1110-' 1120' • • •' 11k0) • 

(The goodness of this approximation will be discussed in 

the appendix.) It should be noted that if this hypothesis 

is reject,ed the alternative is composite, and we can only 

conclude that one or more of the hypothesized values of 

the parameters are incorrect. Also, if the hypothesis is 

not rejected the experimenter should be aware that in 

general there exists an infinity of sets of values for the 

parameters, which could be specified, which would not 

lead to rejection either. 

As useful as this tes·G is, there still remain ques-

tions about the parameters which the experimenter would 

like to be able to answer. Methods for obtaining more 

information about the parameters from the sample are quite 

scarce in the literature. Most efforts towards obtaining 

more information have been made by partitioning the quan-

tity X2 into expressions corresponding to the individual 

degrees of freedom of' X2 , and attempting to use these ex-

pressions to make tests in some manner so that inferences 

can be made about the parameters of the multinomial, or 

about the phenomena occurring in the physical situation 

under study. (This approach seems to have been suggested 

by the partitioning of the treatment sum of squares into 

individual degrees of freedom in the analysis of variance.} 
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This was, in fact, the first approach considered by this 

author. 

Cochran (1952) shows that X2 can be partitioned in 

general in the following manner. 

Let 

where 

and 

Then 

k 
L: b .. nJ· , 

j=l J.J 

k 
Eb .. rr. -- 0, 

j=l J.J J 

k 
l: b· ·bh ·IT· ·-1 1J J J J--

k x2 = L: 
i=l 

-- o, 

1, 

if~ 

if 

h =I i 

h -- i. 

k-1 
I: z?: 

j=l J 

and for N sufficiently large the individual terms on the 

right are asymptotically distributed as a Chi-square vari-

ate with l degree of freedom each. 

Lancaster (1949) has performed an approximate parti-

tioning of X2 in the following manner. The multinomial 

distribution function can be written in an algebraically 

equivalent form as the product of k - 1 binomial distri-

bution functions, i.e., 
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-· n1 n2 nk 
NJrr1 rr2 .... rrk = 

n1!n2J •• ,,nk! 

• (4) • 

• 
0 

'I'he binomial variates on the right hand side of this 

equation are uncorrelated. (For a proof of this, see Lan-

c<:-i.ster (1949).) The (i-l)st factor on t,he right gives the 

probability that ni observations v.rill fall into the i th 

cell, conditional upon the sum of the cell frequencies of 

the first i cells, i.e., 

xfrr1 ~· • .+ \rr1 -•... + 

Since the binomial distribution approaches the normal 

distribution as sample size increases,, if as N becomes 
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large n1 + n2 + ••• + ni ( i """' 1, 2, .... , k) becomes large 

also, then the general binomial variate above can be 

approximated by a normal variate, and since the binomial 

variates are uncorrelated the normal variates will be 

asymptotically independent. The mean and variance of the 

general normal variate is 

and 

Let 

mean = (n1 + • • (> + ni. ) 

variance 

rr + 1 •• 0 + rr i 

-(i (n1 +., ~ •. +ni )rr~~ n1 + ..... +n .. )TT. ( TT1+ ••• +rr. 1 ) zi ·- ni - - - i 1. i-
TTl+ • • • +TT. ( rrl+., • • +rr . ) 2 1. . 1 

and then Zi''·dH(O,l), approximately, so that z~""'X(l)' 
approximately. 

Since there are k - 1 of the z.•s with 1 degree of 
J.. 

freedom each, then the z~'s correspond to the individual 
1 

degrees of freedom of xz. Also, 

k 
X2 == l': z~ ' 

i==2 l. 

approximately. 

The purpose in obtaining these z. 's was to use them 
l. 

to obtain information about the parameters of the multi-

nomial distribution. Let us consider using them to test 

• 
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hypotheses involving the parruneters of the multinomial. 

In order to test a hypothesis it must be such that it 

will give a constant value to the expression 

'IT + 
1 

'IT. 
J. 

•• 0 + 'IT i 

for this is necessary and sufficient to remove all of the 

parameters .from the expression for zi' i.e., 

One such hypothesis of this type would be a hypothesis 

which specifies the value of each of the first i parameters, 

i.e., of the form 

Ho : ( rrl, 112' .. 0 1 1'Ti) 0
" ( 1110' rr20' • • •' 11i0) • 

However, this hypothesis can be tested by the usual X2 

test without using the zi's. The above hypothesis is 

equivalent to 
H • 

0 • 

because of the restriction 

can be tested by the usual 

freedom. 

rrio' 1 - 1110 - rr20 - ••• - rriO), 
k 
k rr. = 1, and this hypothesis 

i=l 1 

x2 test with i degrees of 

Any other hypothesis to be tested would be of the 

form 
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TT• ]. 

TT. 
J.. 

-- constant 

If c is chosen equal to i., then 

rrJ + . .. . -{·· 1T. ==> J rr. - i 1T. ·-· 
l. 1. 

so we consider ·the null hypothesis 

(6) ' rrl + .... + rr. l H0 : rr. = i-1 -----~~~,,......--~ 

i - l • 

{Note that the hypothesis 

1Tl = rr2 cc~ • .. • - ... rr,. - -
is a special case because 

---=> rrl ··- rr2 -- • • • ·- TT• rr. --
l. 1. 

but no·t conversely.,) Under (6) we have 

{7) z? 
l. 

1 "{; , sayo 

rrl + II'(). + rr. 1 J.-
i - 1 

TTl + ., • Q + TT· 1 1-
i 1 ' -

1.rhich is the test .statistic to be computed from the sample. 

This test purportedly gives a comparison of rri with 

the i - l preceeding parameters. The value of the test is 

limited, hmvever, in that it compares rr.: \l•rith the mean of 
..f.. 

ot7.her parameters which are themselves unknmm. So re-

gardless of whether the hypothesis is rejected or not, 

no definite information is obtained about the magnitude of 

rr. or any other parameter. 
1 
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Another criticism of this test is that the results 

will in general be different if the cells are taken in 

different orderingse As an illustration of this, consider 

the following example. 

Example 1: For N = 100, k = 4, and the ni as follows: 

n = 10 n = 20 n = 30 n1. = 40. 1 ' -2 ' 3 ' '+ 

The z~ for the cells taken in the order 1, 2, 3, 4, are 
z2 = 

2 
z2 = 
3 

z2 = 
4 
4 

(20 - 10) 2/JO = Jo3JJ, 

(60 - 30) 2/2(60) = 7.5, 

(120 - 60)2/3(100) = 12, 

1: z2 -
i=2 i 

22.833. 

From these zf 's we can reject the hypotheses 

H0 ~ 113 = (rr1 + rr2)/2 
and 

H0 : rr~ = (rr1 + rr2 + rr3)/3 
at. the .05 level of sign.ificance. 

Now consider taking the cells in the order 2, 3, 4, l. 

'rhen 

z.2 - (30 20) 2/50 = 2, 2 
z2 3 (80 50) 2 /180 5 
z2 = (30 90) 2 /300 - 12 4 
4 
I: z~ - 19. 

i=2 1 
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From these z2 ts we can reject the hypotheses 
i 

H0 ~ rr~ = (rr2 + rr3 )/2 

H0 ~ rr~ -- {rr2 + rr3 + rr4 )/3 
at. the .05 level of significanceo 

By comparison of these two results it is obvious 

that different orderings of th0 cells lead to quite dif-
4 

ferent results. It should also be noted that I: z~ is 
i=2 1 

different for different orderingso 

The above discussion is not intended to imply that 

this method is of no value, but merely to point out its 

limitations. For a situation where the order of the cells 

is determined by other considerations it may be quite use-

fulo This is the situation in the following example taken 

from Lancaster (1949), which illustrates a situation in 

which this method can yield useful results. 

Example 2: nMeasured constant amounts of a liquid 

suspension of a bacterial culture are mixed with an equal 

quantity of disinfectant solution of known concentration, 

and a plate is poured and the number of colonies develop-

ing are noted. For each plate the concentration of disin-

fectant used is given by a series such as 1, Y, y2, y3, ...... 

where Y is some factor such as 2 or 1.5. In such a case 

the following results might be obt.ained. n 



"Number of colonies (n.) developing in successive 
1 

plates 427, 440, 494, 422,, li-09, 310, 302.. We are inter-

ested in fin.ding the poin·c at which the disinfectant began 

·to inhibit grm .. rth. n 

at 

The z~ components taken for this ordering are 
l. 

z2 
2 

zZ 
J 

z2 
4 

z2 
5 z5 z2 

7 
0.195 5.379 1.6$7 2.465 32.947 2s.299 

Of the components, only 2 zg, and z2 are significant z3' 7 
the .05 level, so that we can reject the hypotheses 

Ho : 1lj -- (rrl + "2)/2 

Ho : 1l~ = (n1 + 

Ho : 117 = ( TTl + 

•e• 

006 

From these results we cannot SilY that rr6 or rr7 are 

greater than any of the other parameters (except rr1 ), but 

the evidence does se~m to indicat~e that gro'Wth is beginning 

to be inhibited at plate 60 
Irwin (1949) has presented a method for partitioning 

X2 exactly into zr'so However, the same kind of difi'i-

culty is encountered in attemp·ting to use his zi' s to make 

tests of hypotheses in such a way as to make inferences 

about the individual parameters. The difficulty is again 

that the individual zi's involve functions of the first 

i parameters, and tests on these functions do not lead to 

i.:u.ferences about the individual parameters. 
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For either Lancasterw s or I1"'win ts partitioning, pro-

cedures can be developed for obtaining asymptotic confi-

dence intervals for ·the functions of the parameters 

rri/(rr1 + rr2 + ••o + rri)o However, confidence intervals 

for these functions do not give definite in.formation about 

the individual parameters. 

Two methods have been mentioned for partitioning X2 

into expressions corresponding to individual degrees of 

freedom of X(k ... l)• It seems that there may be other 

methods which would lead 'to more fruitful results. How-

ever, in partitioning X2 it seems desirable to maintain 

the property of asympto·tic independence among the zf com-

ponents obtained.. This vrriter has attempted such parti-

tionings, but all efforts have either been entirely 

unsuccessful or have led to the conditional binomial 

variates given by Lancaster. 

The above discussion indicates that the information 

to be obtained from existing met.hods of analysis is 

limitede It is the purpose of this paper to present a 

method of analysis that will yield the experimenter more 

information about his cell parame·ters, (rri), than can be 

obtained by present methods. The approach considered here 

is to find a set of asymptotic simultaneous confidence 

intervals for the cell parameters. 



2. Simultaneous Confide:nco Intfc:rvalsQ 

The theory of confidence intervals :ts due largely to 

Neynw.n (1935 $ 19371 and others} a:nd PeG.rson {1934 and 

others).· Other contr:i..butors have been Wilks (1938a, 1938b" 

1939};; Wald (1939j) 19it-2), Welsh (1939), and Bartlett (1936, 

1939). No individual discussion of the various pa.pers 

'that a.re concerned with confidence interirals will be at-

tempted here.. This exposition will be limited to a defi-

nition of what is meant by a confidence interval for one 

parameter, and a set of simultaneous confidence intervals 

for a set of k parameterso 

Let the distribution function of an observed sample 

depend upon k (~ 1, 2, 3, • t;j.) pa:<:>ameters, (rrl, 1T2' 8 fl", 11k) e 

Select one of these parameters, Day rri (J. = l, 2, ••• , k)o 

Suppose tha·t there is a procedure such that when a sample 

is dravm this procedure will specify an interval upon the 

axis of real numbers. If~ i-,;rhen c-. large number of samples 

.s.re drmm and intervals obtained for each sample by this 

procedure, the proportion of int;ervals which contain the 

parameter rri tends to a l:iJ:nit, sa.y 1 - yi, as the number 

of samples tends to infinity, ·then the int~erval obtained 

for any individual sample is called a confidence interval 

for the parameter TT. (i =1_. .... , k) tPdth confidence co~;i'~ 
l. 
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Again let the distribution function of an observed 

sample depend upon k parameters. Denote the parameters 

by (rrl$ rr2, ••• , TTk) and le·t s = (Sl, s2, ••• ,, Sk) denote 

a set of k intervals where S corresponds to rr. - i 1 

( i = 1, ••• , k). 11Jow le·t the set S be obtained by some 

procedure from a sample such that if such sets are ob-

tained by this same procedure for a number of samples the 

proportion of these sets for which every s. (i = 1, ••• , k), 
l 

contains its corresponding parameter, TT ,, tends to a limit, 
i 

say 1 - a., (as the number of samples increases without 

bo'und), the set S obtained for any particular sample is 

called a set of simultaneous confidence intervals with 

confidence coefficient 1 - a.. This may be represented as 

[ k 
Pr <__TJ 

It should be emphasized that the confidence coeffi-

cient for a set of simultaneous confidence intervals refers 

to the procedure by which the intervals are obtained, and 

not to whether or not the intervals contain their para-

meters (for the probability of this event can only be zero 

or one). 

Each of the intervals of a set of simultaneous confi-

dence intervals is a confidence interval for its parameter. 

However, the relationship between the confidence coeffi-
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cient for an individual interval, 1 - Y: 9 and the confi-

i 

dence coefficient for the set of simultaneous confidence 

intervals, 1 - a:1 is not in general known unless any two 

intervals are independent in a probability sense., ioe., 

Prf1\F..Si) (rrjE_Sj)J = (1 - yi)(l - yj), if j. 
In this case the simultaneous confidence coefficient is 

equal to the product of the confidence coefficients for 

the individual intervals., i.e • .!I 

(9) 1 - a ::: (1 - yl)(l - y2) ••• (l - yk). 

And.11 if yl = y = . . .. = y k = y, then 
2 

(10) 1 - a = (1 k - y) .. 

For the general case it is true that: 

1 - y > (1 - y )(1 - y2) •• o(l - Y. ) ••• (1 - Y.) >_ 1 - a 
i - 1 1 J 

for j = 1, ••• , k; and i < jo 

III. Derivation of Intervals. 

The following symbols have been used previously but 

for completeness they are defined here. 

N is the number of observations in the sample. 

n is the number of observations in cell io 
i 

TI is the probability that any observation will fall in 
i 

cell i. 

k is the number of cells., 

p· ~ n./N, and is the proportion of observations that fall -1 l 
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in cell i. 

The joint distribution function of a set of observed 

cell frequencies is as before given by the multinomial 

distribution function: 

(1) Pr [ n1 , n2, .. ""' n IN}= 1,. 
b. 

where 

k 
2:: n = N, 

i=l i 

and 

k 
2.: ii = 1. 

i=l i 

It is well known that 

(2) E'n ) = l\Jii. i = 1, k I • . . . , 
l 1 

(3) var (n. ) = Nii. ( 1 - ii. ) 
l l l 

( /_.,) CCV ( 11. ~ n.) = -Nn. n. j .L i .. 
1 J l J r 

Pearson (1900) has shown tl1e;t 

k (n; - l'.Trr ) 2 k Np. 2 
'"' . v2 = z J_ 1 = z l N A 

i=l Nn. i=l 1T. 
l ]. 

is asymptotically distributed as x2 o In the present (k-1) 
application of the statistic x2 the parameters~ 

(ii , o ... , n ), will not be assumed known., They are only 
i k . -

a set of unknown nwnbers which satisfy the relation 

k 
~ rr = 1 .. 

i=l i 
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Using this asymptotic approximation we can make the 

following probability statement 

(5) Pr[~ Npf - N $ X~ k-l{ :::5 1 - a, 
i=l rri , :J 

where X2 is the a percentage point of the x2 distri-a, k-1 
bution with k - 1 degrees of freedom~ 

For fixed a, k, and N the inequality 

(6) 
k u? x2 
~' ~ l. < ••rv J_,._ 1 I ;_, --~·-1--C 

i=l rri N 

will define a region in the k dimensional Euclidean space 

of the parameterso The probability that this region will 

ncontain" the point (rr1, .... , rrk) is 1 - a. The associated 

equation 

{7) 
k ".) 
l: tl = c 

i=l rr. . J. 

will define the bounding hypersurf ace of this region. The 

intersection of this hypersurface with the hyperplane 

(8) 
k 
I; 1T· = 1 

i=l J. 

will be a k dimensional hypercurve, or a k - 1 dimensional 

hypersurface. If maximum and minimum values will consti"i'~u.-ce a 

set of asymptotic simultaneo~J_,~; ,:>:.:.1fidence intervals for the 

set of parameters with confidence coefficient equal to or 
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greater than 1 - a. 

Equation (7) expresses any one of the parameters in 

terms of the k - 1 others, i.e., 

(9) l = 1, 2, .... , k. 

Therefore, the function to be maximized and minimized 

is 

(10) 
k z 

C-2: £j 
• -1 1T. 
~~i J J, 

k 
- 7-.. (2: fr. - 1)' 

j=l J 
,jfi 

where ? .. is the Lagrange multiplier .. 

Differentiating this function with respect to "j and 

rr and setting these derivatives equal to ~:ero gives the m 
equations 

(11) 

and 

which 

(12) 

A.p~ 
·J_ 

(A.-1 )n~ 
l 

A.p~ 
l 

(A.-1) TT~ 
J_ 

can be 

TT 
m 

i, j, m = 1, &ee' k 

p2 
m 

= .. 
~ m 

solved to obtain 

pmrr. 
= - J .. 

pj 

This represents k - 2 equations, and we can solve these 
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equations with equations (7) and (8) to obtain the required 

values of the k parameters. 

Using (12) to substitute into (8) gi'\res 

k 
i: 'fT. 

i=l 1 

k p 1Tj 
=TT; +TT· + I: _m___ = 1, 

- J m=l Pj 
mri 

k 
and using l: p. . l J. J..= 

m=f j 
= 1 and simplifying gives 

(13) 

or 

1T. = 
J 

Substituting into (7) gives 

p~ k p~(l - pi) 
- + L: J - = G 
rri j=l p.(l - rr1T 

• =1. • J JI J.. 

P~ (l-po} 2 
.-1:. + -, ___ 1_ = c' 
rri _ - rr. 

l. 

arLd solving this quadratic for rri gives 

c + 2p i - l ± J { c + 2p i - i ) :z - 4cPI 
20 (14) 

Or, re-writing for computational convenience 

(14) f 

I . 4n· (N - n· r 
x2 + 2n. ± ~2(x2 + i N i 

IT. = ~~~-1--.~ ......... .--_,.. .......... ~~~~ 
1 2{N + X2J 

where x2 = x~,k-1· 

Let S. represent the set of all numbers y for which 
1 
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C+2p. -1-/( C+2p. -1) 2-li-Cp? C+2p. -1 +/( C+2p. -1) 2-4Cp~ 
1 1 1 1 1 1 

~~~~~-2C~~~~~~ < y < ~--~~~2-C~--~--~~ 

Then the set S = (s1, s2, ••• , Sk) is a set of asymp-

totic simultaneous confidence intervals for the set of 

parameters (rr1 , rr2, ••• , rrk), with confidence coefficient 

equal to or greater than 1 - ao Symbolically this may 

be i'ITri tten 

Pr [( n 1c,S1 ) ( n 2 c, S 2 ) ••• ( n kc, S k ) ] > l - ex. 

IV. Properties of the Intervals 

These intervals have certain desirable properties which 

will be stated as theorems and proved in this section. 

Let 

c + 2p. - l +Ac I 2pi - 1)2 -T 

u. --
J.. 2C 

and 
c + 2pi - l - /{c + 2p. - 1)2 

L. 1 
""' 1 2C 

and 

xz -- xz k 1· a, .. -

Theorem 1. u. 
1 

and L. 
l. 

are always real numbers, 

intervals will always exist. 

Proof 

l) C + 2pi ... l :=; X2/N + 1 + 

2) 2C = 2(X2/N + 1) > 0 
2p. - 1 > 0 1 

4CpI 

- 4Cp~ 
J. 

i.en 1 the 



3) 

., 
0 .. theorem is provedQ 

Theorem 2. lim U; = lim Li = Pi u i .. e., the inter1n:JJ_~'.' 
N->oo -- N->co 

will converge upon pi, the maximum likelihood estimator of 

rri, .from both the left and the right as the sample size · 

increa.ses., 

]?:roof: 

1) lim 
N->oo 

c + 2pi - 1 
2C 

X2/N + 2p. 
1 . J 

= im 2 ( ·:np:; "+ 1 ) N--->ro - ,., .... 

2) lim /{c+ 2pi ... 1 j ~~ -·-4cpf ;2c 
N->oo 

4p. ( 1 - p. ~ 2 (N + x2) 
l. :t ~ 

--- o. 
" ., . since 'the limit of a sum is the sum of the limits 

the theorem is provedQ 

Theorem 3., Ii' pj = 1 -pig then Uj - Lj = Ui - Li, i .. e., 

intervals whose correspond:i.ng p ~ s are equal distances from 

~ will be of equal leng·th. 



3) But p. 
J 

= l - pi ~> p j ( J. ·~ p j ) -- pi ( 1 ~pi ) 

" ,, . U. ~ L .. 
J J 

"'" u. - L. A 1. J. v 

Theorem 4-• 0 < L~ < P~ and I>· < U. < 1. i~e •. the inter-
- ..1..--.1.. i- 1- " " 

~lnl~; will always lie entirely :i.n the closed interval [O,l] 

2,l'i.d contain the point pi., 

Thif:> theorem ·will be l)l"OYed in four• parts., 
')-.. ,oof • l J.. c.! .. 

l} To show·: 0 < L.~ 
- .J.. 

( i) . 0 > -4CpI, s:.i.nc.::) C > 0 and pi > 0 

I -~ -! ) \ .!....1. (C + 2p1 - 1) 2 ~ (C + 2pi -1) 2 - 4Cp~ 

(iii) c + 2p1 - i > /Tcr+-2pi~:-i)2 - 4cPI 

by definition of a radical sign and. parts (1) and (3) of 

theorem 1. 

( ''T ) e v 0 • c + 2pi - 1 - JTG+2pi - lfZ - 4Cpf "" 
2C L. > 0 

J.. -

since C > 0 by (2) of theorem lo 
Part 2) 

!.:. ) 
\ ..!.. 

{ii) 
since c 
(iii) 

To shm~r: 11 < pi 

c ... 1~~~>0 
f\1 

4CpI(C ~, 1) + 4Gp:i/(C + 2pi - 1)2 4Cpf > 0 

0 0 · ;T... 1 \1: l c z o > , pi > a.m1 , c, + 2p i - _,, 1 - 1- ,, p J. > 
4C 2pf + 4Cp1 J(C + 2p1 - 1) 2 ~ 4Cp~ 

+ {C + 2p1 - 1) - 4Cp~ > (C + 2p1 -1) 2 
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(iv} 2p. - 1 - J. 

since both sides of (iii) are positive. 
0 e o 

or 

or 

c -1- ?n. - i - 1Tc + ~;=i. - 1pr - 4cp~1; < 2cp.~ . ~.;: J. " - J. 

[(C + 2pi - 1) - J(C 

Li< pie 

Part 3) To show: Ui < l 

(i) 
{ii) 
(iii} 

{iv) 

but 

(pi - 1) 2 = pf - 2p. + 1 > 0 
J. 

1 - 2pi > - Pf 
4C 2 - 4C 2 - 8Cp. + 4C > - 4Cp~ 

J. - -:i. 

4C(C + 2pi 1) + (C + 2p. 
l. 

(C + 2p. - 1) 2 - 4Gp? -i. -::i. 

(C + 2p. - 1) 2 - 4Gp? - 4Cp? > 0 -1 1. ~i-

by {J) of theorem 1, and • 0 • both sides of (iv) are positive~ 

(v) 2C - (C + 2pi - 1) ~JTC + 2pi - l)~ - 4Cpf 

(vi) 
(vii) 

c + 2p i - 1 + JfC + 2p ~ - lTZ" ... 4Cp I $ 2C 

[(C + 2p. 1) + JTC + 2pi-- 1) 12 - 4CptJ /2C = 
J. 

u. < 1 
l -

Part 4) To show: U. > p. c We shall consider the three J. - ., 

cases for pi = }, P1 < k, P1 > ~. 
C~se (1) If u 

L • 
l. 



-26-

(i) 
C + 2o . - 1 + JTC + 2p , - f J 2 4.cpY C + JG 2 - G 

. 1 __ J. --·---- -- __ _,...,,. __ 
2C-~ 2C 

= 1 .J. Jc 2 . - c ' l 
2 -r 20 2 ~ 

,.9ase l?)_ Then 

( i) pi < ~ ~ ( 2p i - 1 ) < 0 

since 

(2p~ - l)(C - 1) < 0 
..£. 

c - i = xz " o N ::.. 
(ii) ,/(C + 2pi - 1)2 - 4Gpi ~ (2pi - l)(C - 1) = 

2Cp1 - C - 2pi + l 

since a positive is greater than a negativeo 

or 

(i) 

r~ince 

(ii) 

(iv) 
(v} 

(vi) 

Pi > k -> (pi - 1 )( l - G) > 0 

product of two negatives :ts a positive. 

P . + C - Cu. - l > 0 l. .. 1. 

-4Cn2 > 4C 2 p? - 4Cn.(C + 2p~ - 1) Li - l. .j.J. -_,_ 

(C+2p.-1) 2-4Cp? > 4C 2n?-4Cp.(G+2p--l)+(C+2p.-1) 2= 1 J. ~ '"1 -J.. J. 1 

"~ [2Cpi-(C+2p1-1)]2 >0 

J(C + 2pi - 1)2 - 4Cpf ~ 2Cpi - (C + 2pi - 1) 



(vii) 

(viii) 
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C + 2p. - l + ./fC+ 2p. - f )'2''"- 4Cp~ > 2Cp. 
1 l 1 - 1 

U. = [( C + 2p. - l) + ./'((Ft:'2i)--:--1) 2 - 4Cp2]/2C > p .. 
1 1 1 i - -1 

Cases (1), (2), and (3) imply Ui >pie Parts (1), (2), 

(3), and (4) imply that 'theorem. 4 is true. 

These theorems establish several desirable properties 

of the intervals. The first theorem shows that the int;er-

vals always exist, which is ce:ctainly a necessary property .. 

We must have interYals for all of' the cells in order for 

the concept of simultaneous confidence intervals to be 

meaningful. 

The property established by theorem 2, viz., that the 

intervals will converge upon the maximum likelihood esti-

mator as the sample size increases, is certainly a satis-

fying result. Theorem 3 gives a result that is not too 

surprising. It shows that the lengths of intervals which 

correspond to p's that are at equal distances from the 

point ;} are equalo It m.igh.t be noted from the proof of 

this theorem that the length of the interv.;,3. is determined 

essentially by the estimated variance of pi. ;_hat the 

length of the inter·iTal and the variance of the estimator 

of rri are so related is 110·1; a totally unexpected result. 

The last theorem shows that all intervals will lie 

entirely in the closed int.erval [O, l], which is desirable, 

for if an interval contained points outside [O, l] these 



points ·would be meaningless!} a:-.:.; 

Ve Binomial Case 

rr. 
1 

could not assume such 

It ts of interest to note that the above confidence 

intervals can be derived quite simply for the binomial 

case (k = 2). Consider the graphs of the equations (see 

figure 1) 

(1) p 2/n1 + p~/n? -· C 
1 - '" ~~ 

and 

The graph of tho first equation will be a hyperbola 

since its discriminar.rt is poDiti·:;e, and it will have a 

vertical asymptote at. rr1= Pf /C and a horizontal asyrn.p-

·t;ote at rr = p22~ /C.. In this casG t.he maximum and minimum 2 
values of rr1 and rr are given by the coordinates of the 2 
points of intersection of the tv:o curves. Solving the 

equations simultaneously g:lves thE.~ values 

i = 1, 2 .. 

Since this equation al·ways gives real values for rr1 
aud rr2 by theorem 1 of thG previous section, t.re are 

assured that t.he curves will alvvays intersect., It shot~.ld 

be observed that for this case the confidence intervals 

for Til and rr2 are completely dependent, for if the 
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-~------------------! 
I 

1. 0 rr 

Figure 1. Graphical Solution for Simultaneous 
Limits for rr1 and rr2 • 

1 
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interval for one parameter is specified then the interval 

for the other one is completely deter·mined~ 

F'ormula ( 3) can be ·~,1rit;ten as 

(4) iT 
i 

= 
X 2/N + 2p. + 

1. 

= N 

2 (X 2 /N + 1) 

N + X 2 [ p. + X 2 /2N 2 x/p. (1 - p. )/N + X 2 /4W·!] 
1 1 1 

and,!) remembering that a x 2 variate with 1 degree of' freedom 

is the square of a standardized normal variate, we see that 

this formula is the same as the .formula given by Cramer 

(1946, Po 515) based on the normal approximation to the 

binomial distribution, i~e. 9 

{ 5) 'fT = N l ~i-cd2 
N + z~-a/2 P + - 2N 

.:!: zl /2 fil 1 - P) + z~-~~ -a M 4u2 L\ .v~ 

where z / is the 1 - a/2 percentage point of' the normal 
1-a 2 

distribution. 

Thus the intervals obtained for the case k = 2 

(binomial distribution) by this method are exactly the same 

intervals as tho::..e obtained by the normal approximation to 

the binornialo 

VIe Examples 

We now apply this method of analysis to the data 
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given for the example in Section I and to that given for 

the two examples in Sect;ion II. We shall use the equat.ion 

x2 + 2112 ± jX2[x::: + 4ni (N - ni) ~ 
2(X2 + N} 

X. 2 v2 
~- '"a l<-1 , 

for computing. 

Exam2l~l. Choosing a= .3 (1 - a= .7), then 

x;3, 9 ~== 10. 656. The computations can be carried out as 

illustrated in table l. The intervals obtained are: 

0001 < rr1 < .022 .050 < "6 < .109 

.004 < "2 < .• 031 .074 < 'fT7 < .142 

.. 011 < "3 < .04.6 .104 . < rrg < .1$0 

0019 < 1T4 < .061 ol55 < rro < .248 
; 

e046 < rr5 < elOJ 0294 < "10< .399 

The confidence coefficient is 1 - a' > .70. This 

means that if more samples vrere dra.'trm and intervals com-

puted for eachi1 as the number of samples increases the 

proportion of the number of sets of intervals computed for 

w·hich every interval cont.ains its corresponding parameter 

vdll approach 1 - a",. In the sanie manner ·we can say with 

a confidence coefficient greater than 070 that any one of 

the above intervals will contain its parametero If we 

are interested only in comparing the different types of de-

fects we can rank ·chem with a confidence coefficient greater 



(1) (2) (3) (4) 
ni ~J-r>L • 

~. J.. 4ni(N-ni) (3)/N 

5 865 17,JOO 19. 885 

10 st.:o! 34,400 39.540 ;iOt i 

I 
20 8501 68,000 780161 . I 

i 
lOOl>SOO 115 .. 862 30 $401 

I 

60 
! 

810i 
! 

194!Jh00 223.44$ 

65' 8051 209,,300 2J.,,.0.574 
I 

90 1eo I 28011800 322.759 
120 750 J60J>OOO 413.,793 
170 700 l:-76!1000 547 .. 126 
300 570 684,,000 786.207 --

( 5) 
x~Lx~+{4)] ,J (51" 

325 .. 44 18 .. 04 

531}. 89 23.13 

946 .. 43 30 .. 76 

1J4.8. 7'7 36.74 
! 

2494.61 11·9· 95 
2677.11 151. 74 

l 

3552 .. 87 159061 

4522.93 67.25 
5943.72 77<5>09 
$49L.37 92.15 

~ 

20.66 2 .. 62 

30.66 7.53 

50 .. 66 19.90 
70.66 33.92 

130.66 80.71 

140.66 88.92 
190 .. 66 lJl.05 

250 .. 66 183.41 
350.66 273,.57 
~ c.6 . olO.o 518.51 

(9) 
7 +(6) 

3S.70 

53.79 
81.42 

107.,40 

180.61 

192.40 

250 .. 17 

317.,91 

437.75 
702 .. $1 

.001 

.. OOli-

~011 

0019 

.011-6 

.. 050 

.074. 

olOh 

.. 155 

.. 294 

Table 1. Computational Procedure for the Limits on Example lt section VI. 

(11) 

.022 

.. 031 

0046 

.061 

.103 
~ 

\.:-> 
1\) 
I 

.109 

..142 

.. 180 

.248 

.. 399 
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t.blanl -·'70 . h +· 11 . _ _ v J..:n t _e .... o · ovnng ma:tme:r,, 

~----~-~---
___ ..,.....__ __ 

where any two parameters a.re declared significantly dif-

ferent if they are not; underscored by the same line .. 

~§1!1:.Qle 2. Confidence irrt.ervals for the data given 

in example 1 of section II are as follows: 
. 05'~ • I:. < TT l < "1$3 .. 212 < TT3 < .406 
el2C < H2 < .299 .. 301 < ff4 < .. 508 ' 

where a .2 or l a rl - - -- e0e. 

Fo:c t.his metjhod of a:nalysis the criticism. advanced 

against the method of part;it.ioning X2 , viz., that differ-

ent orderings of the cells gave different results, obvi-

ously does not apply., 

§.~n:ele 3., Confidence intervals for the parameters 

in the second ex.ample :i.n section II can be .found for 

a -·-- .. 30 to be 

.09296 < TI 7 < .. 12447 
09r,:"2 e '.)0 < rr6 < .12749 

.12885 < rr 5 < .16470 

.13324 < 114 < 016955 
elJJi,93 < 11' l < .17142 

.13933 < rr2 < .1762'7 

015767 < rr3 < l 9t"'.ll • - -')4• 
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Ranking these parameters for easy comparison gives 

IT'" 
) 

TT 
4 

fT 
1 

'IT 
2 

This shows that the disinfectant began to inhibit 

grm·rth at the 6th plate. We can also make more definite 

statements from these confidence intervals~ such as plate 

6 and plate 7 each have greater inhibiting power t.han any 

of the five other platese 

VII.. SuJnmary and Discussion 

A method has been presented for analyzing a set of 

cell frequencies obtained by random sampling from a multi-

nomial distribution. This method consists of finding a 

set of asymptotic simultaneous confidence intervals for 

the parameters of the distributione Particular attention 

should be given to t.he term n ~dmu.l taneous confidence int.er-

·vals~' and the associated term ~'confidence coefficien"te" 

The confidence coefficient does not refer to the proba~ 

bility that any set. of intervals contain their corres-

ponding parameters, for this probability is either 0 or le 

Rather, the confidence coefficient refers to the method used 

to obtain the intervals .. 

By using such a set of simultaneous confidence inter-

vals the investigator obtains the whole class of sets of 

values of the parameters which are consistent with the 

sample. He can make statements about the ranges of values 



which the individual parameters can assume, and state-

ments about the relat:i.ve magnitudes of the parameters 

with a confidence coefficiGnt that is greater than some 

stated value., 

The alternative methods of analysis available are to 

test hypotheses that the parameters have specified sets 

of values, or to make tests upon variates derived by par~ 

titioning the X2 quantity into components corresponding to 

the individual degrees of freedom of x2 • Any information 

that can be obtained by these methods is available (and 

more also) from a se't of simultaneous confidence intervals" 

The selection of the confidence coefficient has been 

left; completely arbitrarye Further research would be 

helpful in making a more judicious choice. Such research 

should be directed towards establishing the relationship 

between the confidence coefficient for the set of simul-

taneous confidence intervals, 1 ~ a, and the confidence 

coefficients for the individual intervals, say 1 - y. 
J. 

(:1. ::: 1, ••• , k)., 
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In order that the approximation of X 2 by X 2 be ade-

quate various writers have recommended that the minimum 

value of 'the smallest expected cell frequency should not 

be less than 5, 10, and even as much as 20. Cochran (1954) 
expresses the opinion that a minimum value of 5 is too 

conservative, and that the approximation may be adequate 

even if as many as 20 of the expected cell frequencies 

are less than 5, and that expected cell frequencies of 1 

are allowable. He further warns that eliminating cells 

with small expected values by grouping such cells may be 

hazardous for it tends to reduce the power of the test. 
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ABSTRACT 

by 

Charles P .. Quesenberry 

Approx:i.mate formulae are derived for obtaining con~ 

fidence intervals for the probabilit:las of a multinomial 

distribution. The approach used is to consider the Chi ... 

square goodness of f:it~ statistic as a function of the 

population parametars and to :Lnvert this function to obtain 

!! set of simultaneous conf:1.dence int:.ervals for the parameti:}rs. .. , 

The confidence coefficient for the set of simultaneous 

confidence intervals obtained by this procedure is conser-

vative, i.e., the true probribility that every interval 

covers its correspond:/ ng parameter will in general be greater 

than the coefficient obtai.ned by this method. As the sample 

size increases the intervals will converge on the population 

parameters and will estimate t:1em exactly in the limit .. 
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