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Robust and Data-Driven Uncertainty Quantification Methods as Real-
Time Decision Support in Data-Driven Models

Pooja Algikar

(ABSTRACT)

The growing complexity and data in modern engineering and physical systems require robust
frameworks for real-time decision-making. Data-driven models trained on observational data
enable faster predictions but face key challenges—data corruption, bias, limited interpretabil-
ity, and uncertainty misrepresentation—which can compromise their reliability. Propagating
uncertainties from sources like model parameters and input features is crucial in data-driven
models to ensure trustworthy predictions and informed decisions. Uncertainty quantifica-
tion (UQ) methods are broadly categorized into surrogate-based models, which approximate
simulators for speed and efficiency, and probabilistic approaches, such as Bayesian models
and Gaussian processes, that inherently capture uncertainty into predictions. For real-time
UQ, leveraging recent data instead of historical records enables more accurate and efficient
uncertainty characterization, making it inherently data-driven. In dynamical analysis, the
Koopman operator represents nonlinear system dynamics as linear systems by lifting state
functions, enabling data-driven estimation through its applied form. By analyzing its spec-
tral properties—eigenvalues, eigenfunctions, and modes—the Koopman operator reveals key
insights into system dynamics and simplifies control design. However, inherent measurement
uncertainty poses challenges for efficient estimation with dynamic mode and extended dy-
namic mode decomposition algorithms. This dissertation develops a statistical framework
to propagate measurement uncertainties in the elements of the Koopman operator. This

dissertation also develops robust estimation of model parameters, considering observational



data, which is often corrupted, in Gaussian process settings. The proposed approaches adapt
to evolving data and process agnostic— in which reliance on predefined source distributions

is avoided.



Robust and Data-Driven Uncertainty Quantification Methods as Real-
Time Decision Support in Data-Driven Models

Pooja Algikar

(GENERAL AUDIENCE ABSTRACT)

Modern engineering and scientific systems are increasingly complex and interconnected—
operating in environments with significant uncertainties and dynamic changes. Traditional
mathematical models and simulations often fall short in capturing the complexity of large-
scale real-world, ever-evolving systems—struggling to adapt to dynamic changes and fully
utilize today’s data-rich environments. This is especially critical in fields like renewable
integrated power systems, robotics, etc., where real-time decisions must account for un-
certainties in the environment, measurements, and operations. The growing availability of
observational data—enabled by advanced sensors and computational tools—has driven a
shift toward data-driven approaches. Unlike traditional simulators, these models are faster
and learn directly from data. However, their reliability depends on robust methods to quan-
tify and manage uncertainties, as corrupted data, biases, and measurement noise challenge
their accuracy. This dissertation focuses on characterizing uncertainties at the source using
recent data, instead of relying on assumed distributions or historical data, as is common in
the literature. Given that observational data is often corrupted by outliers, this dissertation
also develops robust parameter estimation within the Gaussian process setting. A central
focus is the Koopman operator theory—a transformative framework that converts complex,
nonlinear systems into simpler, linear representations. This research integrates measure-
ment uncertainty quantification into Koopman-based models, providing a metric to assess

the reliability of the Koopman operator under measurement noise.
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Chapter 1

Introduction

Physical, scientific, and engineering systems must effectively extract insights from observa-
tions as their scale increases, especially when running mathematical models on simulators
becomes computationally demanding [31]. In such cases, using simulators for making opera-
tional and control decisions in real time is impractical. For e.g. consider a power distribution
system: the network expands daily with the addition of numerous customers, the installa-
tion of photovoltaic systems (PVs), and the deployment of electric vehicle charging stations.
Solving differential equations involved in dynamical analysis (such as state estimation, time
domain simulations, etc.) is extremely time consuming and the results may not be even ac-
curate when customer additions or PV installations go unrecorded [132]. In addition to that,
the physical components of engineering systems are governed by natural processes; and the
associated uncertainty and intermittency needs to be modeled to be prepared for unexpected
events. In decisions theory, modeling uncertainty levels enables operators make trustworthy
decisions. On the other hand, data-driven models—designed using observational data—are
faster at making predictions compared to simulators once trained: yet, without adequately
addressing uncertainty, their reliability is compromised. Data-driven models must also ad-
dress misrepresentations, inadequacies, and corruptions in data, along with uncertainties in

measurement processes and biases that may skew their real-world applicability.

Uncertainty quantification (UQ) establishes a probabilistic framework within data-driven

models by characterizing the uncertainties of source variables—such as input variables or
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system parameters—and modeling their impact on target variables, like system outputs.
Uncertainty in target variables can be quantified through variability (e.g., confidence in-
tervals), information measures such as Shannon information and probability distributions
[104]. UQ enables informed decision-making by probabilistically modeling uncertainty and
the occurrence of extreme events and outliers in uncertain input variables, then propagating
that uncertainty through the model to estimate the variability—or ideally, the probability
distribution—of uncertain output variables in physical or engineering systems, and vice versa.
It can also provide estimates of uncertainty levels for both parametric models (e.g., neural
networks) and non-parametric models (e.g., Gaussian processes), as well as for their param-
eters. System operators or decision-makers can leverage this information on uncertainty,
propagated from various sources to targets, to make more uncertainty-aware decisions. For
example, in aerospace design, engineers incorporate margins for fuel consumption, aerody-
namic drag, and component reliability to account for uncertainties in operating conditions
and material properties, thereby enhancing safety and performance in flight systems. Simi-
larly, operators in other engineering domains can use these uncertainty estimates to ensure

robust and reliable system designs [100].

There are two main approaches to quantifying uncertainties in this context. The first in-
volves constructing a surrogate model—also known as an emulator, meta-model, or response
surface—that statistically approximates the simulator model. This surrogate is typically
built by running simulations at carefully selected, space-filling points across the input di-
mensions and recording the output at each point. Surrogate models serve as inexpensive,
fast approximations of the simulator, maintaining accuracy within the chosen design space
of inputs. In surrogate-based UQ, Monte Carlo simulations are performed on thousands of
samples drawn from an assumed probability distribution of test inputs [122]. The result-

ing output samples for each input test point can then be analyzed to determine variability,



distribution, or information measures, depending on the chosen metric for assessing uncer-
tainty levels. For example, in transmission spectroscopy, distributional information can aid
in estimating atmospheric composition variability [36], while in renewable energy integration
in power systems, variability analysis helps operators anticipate fluctuations in generation
and maintain grid stability [13]. Common surrogate models include neural networks [152],
prized for their flexibility; Gaussian processes, which naturally quantify model uncertainty;
and polynomial chaos expansions, known for their customizable basis function selection. For
example, in autonomous navigation, NN based-based UQ assesses the reliability of sensor
data (e.g., from LiDAR or cameras) in dynamic environments [37]. In power systems, poly-
nomial chaos-based [121] and Gaussian process-based [147]. UQ models facilitate real-time
voltage and frequency adjustments, stabilizing the grid in response to fluctuations from

renewable energy sources and varying demand.

The second approach involves using inherently probabilistic models, such as Bayesian mod-
els, Gaussian processes (GPs), and Markov models, which aim to model the relationship
f between y € Y and & € X based purely on observational data D = {y;, «;}?,. These
data-driven models rely on probability theory to capture uncertainty in the underlying re-
lationships. These data-driven models inherently provide estimates for uncertainty, with
parameter, model uncertainty and output uncertainty emerging as natural byproducts of
the inference process. This characteristic of Bayesian models makes them highly desirable
for UQ, contributing to their widespread popularity in stochastic modeling. This has led
to a recent interest in probabilizing neural networks [140] by incorporating Bayesian princi-
ples, resulting in models like Bayesian neural networks, proposed by [88] and Bayesian graph
neural networks [47]. These approaches make neural networks parametrically probabilistic,

enabling them to produce predictive probability distributions.

A well-trained surrogate-model requires training data constituted by running the simulator
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model at input space filling data points to obtain output data points as we discussed earlier.
As a result, the input data points are sampled from an assumed probability distribution in
the design space of stochastic input variables. The specified probability distribution for input
variables may not always correspond to real-world scenario. For e.g. assumed probability
distributions in constructing a power flow emulator is typically are the Gaussian distribution
for the load variables, the Weibull distribution for the wind speed, and the Beta distribution
for the solar irradiance, among others. However, in practice, these distributions may not
represent the actual data [68, 148], yielding inaccurate uncertainty quantification results.
The conventional meta-modeling methods are not designed to handle the misrepresentations

(for e.g. of power curve distribution), yielding biased results.

For real-time applications, using historical data to assume a distribution for uncertain in-
put variables can be insufficiently current. Characterizing input uncertainty based on re-
cently observed data often provides a more accurate reflection of the present conditions.
For instance, in environments like autonomous vehicles and robotics, uncertainties arise
from physical and model limitations, partial observability, changing environmental dynam-
ics, and domain shifts [110]. In these applications, data-driven UQ methods are essential
in, where the uncertainties are dynamic, making online UQ essential for rapid, informed
decision-making. As a result, there is increasing interest in developing fast, data-driven UQ
methods that eliminate the need to specify probability distributions for uncertain inputs
when building data-driven or surrogate models. Instead, there is a need to construct these
models using data from the most recent time window. With the widespread deployment
of sensors across the system network to enhance system observability, measurement data
becomes readily available for constructing data-driven models. However, when recent obser-
vations are used to build a data-driven UQ) model, they may occasionally contain erroneous

data—a challenge that is often unavoidable.



In the context of nonlinear dynamical systems, data-driven models such as neural network-
based approaches (e.g., neural ODEs [24], recurrent neural networks, LSTMs [120]) and
Bayesian methods [30] that approximate the time-series functional relationship between sys-
tem states are popular; however, they often struggle to provide detailed information specific
to the system’s dynamics. Koopman operator, by contrast, enables a linear approximation
of nonlinear dynamics, allowing for stability assessment through the analysis of its spectral
properties: Koopman mode, eigenvalues, and eigenfunctions. Koopman modes show the
amplitude and spatial distribution of oscillatory or growing/decaying behavior in different
regions of the system. Each eigenvalue indicates the frequency and stability of its corre-

sponding mode. The associated eigenfunctions capture invariant structures of the dynamics.

Koopman operator theory provides a richer, linearized representation of nonlinear dynam-
ics compared to other data-driven models. However, approximating the Koopman operator
generator in finite dimensions often relies on weighted least squares based algorithms, which
can be non-robust and highly sensitive to measurement quality. As a result, researchers have
focused on developing robust estimation techniques for approximating the Koopman opera-
tor. For real-time decision-making, quantifying measurement uncertainties from data in the
approximated Koopman operator is important to ensure reliable predictions and improve the
robustness of system control and stability assessments [75]. For example: a Koopman op-
erator based model represents the complex swing dynamics within interconnected generator
networks, essential for identifying coherency [127]. Real-world power system measurements
are subject to multiple uncertainties: sensor noise, communication delays, and environmen-
tal variations among them. By quantifying these uncertainties and integrating them into
the Koopman model, operators can achieve a probabilistic bounds on coherence. When
the model indicates high uncertainty in a coherence group’s stability, operators can take

proactive steps to prevent potential system instability. In many robotic systems, real-time
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control solutions are essential. Linear representations enable control of nonlinear systems
using linear optimal control tools, which are typically faster and easier to implement than
nonlinear methods. The challenge lies in balancing dimensionality with modeling accuracy
by finding the minimum number of basis functions needed for desired precision [75]. Here,

model uncertainty can indicate the reliability of online control decisions.

1.1 Research objective and significance

My research aims to quantify uncertainty purely using recorded data. Traditionally, the
models aiming to quantify uncertainty use a probability density functions of the standard
probability distributions to describe the uncertainty in the input arguments, which isn’t
accurate all the time for a wide range of applications. We have data available in enormous
amount due to advances in the sensing and metering technologies. I aim to leverage the
data to precisely characterize the uncertainty in the input arguments, propagate it through
the model, and characterize the uncertainties in the output arguments. The accuracy of
uncertainty quantification models is highly influential to how accurately we are specifying
the uncertainty of the input arguments. As we are aware, measured data gets corrupted with
noise almost all the time, I focused on developing robust and data-driven UQ models which

has the following essential components differentiating the methods from the literature:

e data-driven characterization of uncertainty of the input arguments.

e parameter estimation in the proposed uncertainty quantification model by advancing on
the principles from robust estimation theory.

e time-series estimation of uncertainty bounds for system states.

e confidence levels associated with the Koopman-theoretic data-driven characterization of

power systems dynamics.
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e measurement uncertainty propagation characterized by analytical expressions for the sec-

ond moments of the Koopman operator using random matrix theory.

1.2 Summary of achievements

To date, this research has resulted in the following publications:

e Algikar, P., Xu, Y., Yarahmadi, S., & Mili, L. (2023). A Robust Data-driven Process Mod-
eling Applied to Time-series Stochastic Power Flow. IEEE Transactions on Power Systems.
e Algikar, P., Xu, Y., & Mili, L. (2022, July). A Measurement-Based Robust Non-Gaussian
Process Emulator Applied to Data-Driven Stochastic Power Flow. In 2022 IEEE Power &
Energy Society General Meeting (PESGM) (pp. 01-05). IEEE.

e Algikar, P., & Mili, L. (2023). Robust Gaussian Process Regression with Huber Likelihood.
International Conference on Machine Learning (under review).

e Algikar, P., & Mili, L. (2023). Robust Hyperparameter Estimation in Gaussian Process
Regression Model. Statistics and Computing (under review).

e Algikar, P., Sharma, P., Netto M., & Mili, L. Measurement Uncertainty Impact on Koop-
man Operator Estimation of Power System Dynamics. IEEE Transactions on Power Systems
(under review).

e Algikar, P., Sharma, P., Netto M., & Mili, L. Measurement Uncertainty Impact on Koop-
man Operator Estimation of Power System Dynamics. IEEE Transactions on Power Systems
(under review).

e Algikar, P., Sharma, P., Netto M., & Mili, L. Trustworthy Koopman Operator for Element-

wise Uncertainty Analysis. IEEE Control Systems Letters (under review).
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1.3 Organization

This dissertation proceeds as follows.

Chapter 2 explores the evolution of data-driven methods, emphasizing advancements in

uncertainty quantification and their integration into observational data-driven approaches.

Chapter 3 focuses on robust process modeling within the framework of Gaussian Processes,

with robust estimation of hyperparameters.

Chapter 4 presents Bayesian inference for Gaussian process regression, using the Huber likeli-
hood to handle noisy data in covariate and response dimensions. It develops Gibbs sampling
and Laplace approximation methods, with theoretical proof of the posterior distribution’s

unimodality.

Chapter 5 addresses measurement uncertainty quantification in Koopman-theoretic, data-
driven approximations of nonlinear dynamics. It introduces statistical methods for comput-
ing the first and second moments of the DMD operator elements using Sawa integration

techniques and moment-generating functions.

Chapter 6 delves into element-wise computation of the first and second moments of the
Koopman operator using random matrix theory in DMD and EDMD approximations. The
chapter highlights the benefits of zero-centered data and provides straightforward steps for
calculating moments, offering analytical insights into the uncertainty quantification of diag-

onal and off-diagonal elements through their second moments.

Chapter 7 concludes with a discussion of future directions and key takeaways



Chapter 2

Literature review

2.1 Data-driven methods

Data-driven methods are approaches that purely use observational data to develop approx-
imation models, make predictions, and inform decisions without being explicitly learned
with field specific knowledge. These methods use statistical methods, machine learning, and
Al to extract patterns, relationships, and insights from large datasets. Examples include
fuzzy and rough sets for handling uncertainty [44], neural networks for approximating func-
tions [48], global optimization and evolutionary computing [45], statistical learning theory
[136], and Bayesian methods [50]. They are particularly effective for complex systems with
interconnected behaviors that are difficult to predict, analyze, or control due to limited un-
derstanding or inherent variability, especially where traditional models are insufficient or
challenging to construct. These models have evolved from earlier statistical models, which
were based on certain assumptions about probability distributions of error in model fitting

that often proved to be overly restrictive [39].

2.1.1 Statistical data-driven methods

Statistical inference approaches can be broadly categorized into model-driven and data-

driven methods. Model-driven analyses rely on established probabilistic or mathematical
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models, such as linear regression or analysis of variance, that assume key conditions like
normality, homogeneity, or additive effects. These models provide a structured framework
but can be restrictive, requiring validation of assumptions and often complex interpreta-
tion. On the other hand, data-driven analyses have three main subcategories: exploratory
techniques, robust methods, and diagnostic tools. Exploratory techniques like principal com-
ponent analysis [92] or clustering algorithms are less assumption-driven and aim to uncover
patterns within the data. Robust methods such as robust regression with Huber estimators
[124] are designed to provide reliable results even when standard distributional assumptions
of error are not met, handling outliers or non-normal distributions more effectively. diag-
nostic tools [9] help assess model fit and assumptions; examples include residual analysis,

cross-validation, or permutation tests.

The Bayesian approach to data analysis dates to the Reverend Thomas Bayes [11]. Ini-
tially, Bayesian computations were difficult except for simple examples, and applications
of Bayesian methods were uncommon until Adrian F. M. Smith [116, 117] began to spear-
head applications of Bayesian methods to real data. Bayesian applications to science and
medicine have exploded between 1990 and 2010, thanks to the development of flexible and
robust computational algorithms such as Markov chain Monte Carlo [41, 42]. More closer
to data-driven way, empirical Bayesian methods take a data-driven approach: unlike clas-
sical Bayesian methods, they do not assume a fixed prior distribution. Instead, they learn
the prior and its parameters directly from the data by maximizing the marginal likelihood
[15, 22]. Bayesian network (BN) proposed by Pearl et.al.[91], which used graph theory and of-
ten Bayesian statistics to allow machines to make plausible hypotheses when given uncertain
or fragmentary information. BNs are widely studied for uncertainty quantification, relia-
bility analysis, and model calibration in engineering systems under uncertainty [105, 149].

These applications depend on established physics models or known causal dependency re-
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lationships. Data-driven BNs found in the literature [86, 137, 153] are primarily suited
for discrete variables. For continuous variables, alternative approaches have been proposed
[12, 46, 52, 113]. Particularity influential in time-series analysis, observations Y dependent

1

Markov processes on latent variables f, hidden Markov models, * offer an explanation on

the sequential occurrence of f by observing y, since f cannot be observed directly [10].

2.1.2 Machine learning methods

Data-driven methods and machine learning are closely intertwined, and whether one is a
subset of the other often depends on subjective interpretation. In this dissertation, machine
learning is viewed as a subset of data-driven methods. A model that disregards field-specific
feature generation and focuses solely on learning functional dependencies f(-) from observed
input-output data D =2 C X,y C ), with the primary objective of minimizing test errors,

is classified as a machine learning model.

Recently, we see a surge of data-driven methods on solving ill-posed inverse problems, mean-
ing that small errors in data may lead to large errors in the model parameter, or there are
several possible model parameter values that are consistent with observations [6]. Data-
driven methods, particularly those from machine learning, offer alternative approaches to
address the limitations of analytical models in inverse problems. Deep learning, known for
its transformative impact on tasks like computer vision and speech recognition [66], adapts
generic models to specific problems through training data without relying on prior knowl-
edge. However, an entirely data-driven approach face challenges in scientific applications
due to insufficient training data and the need for robustness, which seriously limits their
effectiveness in solving complex inverse problems. For example, in inverse power flow within

power distribution systems, traditional methods rely on accurate forward models to esti-

LA nice representation of Bayesian networks and Hidden Markov Models is available in [86]
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mate system states like voltages and power flows. However, these models often simplify
real-world complexities or rely on incomplete system information, leading to approximations
that may not fully capture the behavior of distributed energy resources or grid dynamics.
Additionally, real-world inputs, such as sensor measurements, are often noisy, incomplete, or
biased, creating further challenges. Techniques leveraging sparsity or statistical assumptions
improve estimation, yet they too struggle with highly dynamic, irregular, or site-specific
variations. These factors necessitate more adaptable, data-driven, or hybrid approaches to

handle evolving complexities in modern power grids effectively.

In the context of state estimation in engineering systems, data-driven methods often act as
"black-box” models, meaning they focus on learning relationships between input and out-
put variables directly from measurements without explicitly incorporating the underlying
physical or mathematical rules of the system. While these models—Ilike neural networks or
deep learning algorithms—can effectively capture complex patterns, their interpretability is
limited compared to traditional physics-based models [101]. This trade-off between flexibil-
ity and interpretability is a key consideration when using data-driven approaches for state
estimation, particularly in critical applications. For example, in power systems, a critical
application of state estimation is real-time monitoring for fault detection and isolation. State
estimation algorithms continuously assess the voltage and current levels throughout the grid.
In case of abnormalities, like a sudden voltage drop or current spike, these algorithms can
quickly identify the affected lines or components. Accurate state estimation enables opera-
tors to detect faults and isolate them to prevent cascading failures, which could otherwise

lead to large-scale blackouts.

Machine learning methods—particularly deep neural networks—are highly effective at mini-
mizing loss and achieving a broad fit across data. They manage overfitting and underfitting

with various regularization techniques embedded in the loss functions for regression and clas-
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sification tasks. As a result, these models have advanced significantly in machine learning,
focusing on data-driven fits. However, in applying them to real-world scientific or engineer-
ing systems, domain experts must carefully assess which tasks can be assigned to machine
learning, given its capability for rapid approximation. Some tasks can be managed using
observed data alone, while others still depend on system-specific solvers. Ultimately, these
models offer the potential to approximate almost any function, provided there is sufficient

data.

To incorporate system-specific constraints and achieve parameter optimization that aligns
with the limitations imposed by physical systems, an emerging branch called physics-informed
machine learning combines data-driven approaches with knowledge of physical laws [59]. This
approach leverages computer models or simulators to fill data gaps and aims to approximate
functions efficiently. When data is insufficient or as part of the model’s function, it integrates

simulator runs to maintain accuracy while respecting system constraints.

2.1.3 Physics informed ML

Machine learning has emerged as a promising alternative in solving partial differential equa-
tions (PDEs) for multiphysics, but training deep neural networks requires big data, not
always available for scientific problems. Instead, such networks can be trained from addi-
tional information obtained by enforcing the physical laws (for example, at random points in
the continuous space-time domain), thus emerging a branch of ML called physics informed
ML is widely looked up for scientific applications. Such physics-informed learning integrates
(noisy) data and mathematical models, and implements them through neural networks or
other kernel-based regression networks. Moreover, it may be possible to design specialized

network architectures that automatically satisfy some of the physical invariants for better ac-
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curacy, faster training and improved generalization [59]. There is a need for developing new
frameworks and standardized benchmarks as well as new mathematics for scalable, robust

and rigorous next-generation physics-informed learning machines.

Traditionally, an inverse problem is formalized as solving an equation of the form

y=A(f)+e (2.1)

Here y € )Y is the measured data, assumed to be given, and f € X is the model parameter
we aim to reconstruct. In many applications, both y and f are elements in appropriate
function spaces ) and X, respectively. The mapping A : X — )Y is the forward operator,
which describes how the model parameter gives rise to data in the absence of noise and
measurement errors, and € € ) is the observational noise that constitutes random corruptions
in the data g. The above view constitutes a knowledge-driven approach, where the forward
operator and the probability distribution of the observational noise are derived from first
principles. Focusing on , the forward model is always an approximate description of reality,
and extending it might be challenging due to a limited understanding of the underlying
physical or technical setting. Ideally one uses explicit knowledge-driven models when there
are such available, and learns models from example data using data-driven methods only

when this is necessary.

2.1.4 (Gaussian processes

Gaussian Processes (GPs) occupy a unique space within the intersection of data-driven
statistical methods and machine learning. As probabilistic models, GPs rely on a prior
over a set of functions fi, fo,..., f, (can be indexed by space or time) making them more

aligned with model-driven approaches theoretically. Therefore, they can be used to deduce
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estimations of latent functions at test points conditional on training points as well as to learn
the joint distributions of parameters. GPs are universal in a sense that they can be defined
over an input domain indexed by time (in the case of temporal processes) or space (in the
case of spatial processes). The covariance functions (or kernels) in GPs are adapted based
on data, which helps GPs capture dependencies without needing strict assumptions about

the underlying system’s functional form.

In a machine learning context [142], GPs are often used for regression and classification tasks,
where their adaptability and non-parametric nature allow them to model complex relation-
ships. For example, in regression, GPs use training data to learn a flexible mapping between
input variables X and target variables Y, with minimal domain-specific assumptions. The
training process involves learning hyperparameters by maximizing the marginal likelihood,

which makes GPs effective at adjusting their covariance structures based on empirical data.

At the same time, GPs provide uncertainty estimates through their probabilistic framework,
making them very useful in applications where confidence in predictions is critical. This
combination of data adaptability and probabilistic structure allows GPs to function well in
both data-driven and machine learning paradigms. For the purposes of this dissertation,
Gaussian Processes are one of the primary topics of focus. A detailed framework for GPs is

provided in Appendix A.

2.2 Data-driven methods in applied Koopman operator

analysis

Real-world systems are complex and nonlinear. Identifying unknown dynamics from data and

learning intrinsic coordinates that enable a linear representation of the underlying nonlinear
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dynamics are two of the most pressing goals of modern dynamical systems [18]. The Koop-
man operator approach has found tremendous success in these goals [80]. In simple words,
the Koopman operator transforms a finite-dimensional nonlinear dynamical system into an
infinite-dimensional linear system. This transformation enables the use of well-developed
principles and tools in linear algebra to study nonlinear dynamical systems without neglect-
ing nonlinearities [17]. Dynamic mode decomposition (DMD) [107], one of the numerical
methods associated with the Koopman operator [98], has been widely adopted. Indeed,
DMD has been applied to robotic systems [16], traffic control systems [7], power grids [112],
and other engineering systems where sensor measurements are used for real-time operations
and control. For example, in power grids, data obtained from instruments called phasor
measurement units can be used to assess the stability of the system without having to solve
nonlinear differential equations [126], identify groups of synchronous generators oscillating
coherently after a disturbance [125], and quantify the interplay between state variables and

oscillatory modes [89].

This chapter briefly introduces Koopman operator theory, followed by the presentation of
DMD, extended DMD (EDMD), and the kernel variant of EDMD formulations. The impact
of data uncertainty on (E)DMD approximations of the Koopman operator is discussed, along

with a review of existing methods in the literature that address these challenges.

2.2.1 Koopman operator theory

Let us consider the following dynamical system as an example:

f(z) = . (2.2)
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Here, we assume that the state space * € M C R" of the dynamical system forms a linear
vector space with certain geometrical properties and that the rule of evolution has some
degree of regularity, which is denoted as f(-). Let us assume that the solution to (2.2) exists.
Let us define the flow map, F*(x), which takes @ from its initial state, xg, to the state a'
at time t given by /

F'(xy) = 2o + /t B f(zx(to)) dt'. (2.3)

@=awo,t'=to

The Koopman operator lifts the dynamics of the system from a finite-dimensional nonlinear
state space to an infinite-dimensional observable linear space. Consequently, we project the
dynamics from the state space M by g(F*(x)) to an infinite observable space to get the linear

rule of evolution defined by the Koopman operator, U!. Formally, we have an expression for

the evolution of the system from time ¢, to ¢ given by:

g(x) = g(F' (o)) = U'g(o). (2.4)

The eigenfunctions, ¢;, associated with the j eigenvalue, );, of the Koopman operator, U,

are defined as:

U'g; = eM';. (2.5)

Now, we assume that all the observables lie in the linear span of the Koopman eigenfunctions,
which are the right eigenvectors of the Koopman operator; therefore, the observables can be

constructed as a linear combination of eigenfunctions given by

9(x) = cxr(x), (2.6)

k=0

yvielding U'g(x) = > 1, cre™ ¢r(x). The coefficients g, of these linear expansions are called

Koopman modes, which inform us of the shape or structure within the data that evolves
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with the eigenvalues of the Koopman operator, A;. Note that the principal eigenfunctions
are not all the right eigenvectors of the Koopman operator but only those that are linear

combinations of observables.

The infinite-dimensional Koopman operator, U?, can nonetheless capture the full nonlinear

dynamics, but applied analysis demands a finite approximation of U?, hereafter denoted by

A.

2.2.2 Applied Koopman operator

Numerous algorithms have been proposed to approximate the Koopman operator from data
20, 99, 134], with dynamic mode decomposition (DMD) [108] and extended DMD (EDMD)
[145] being prominent examples. This chapter focuses on the algorithmic steps of DMD, a
method that analyzes system dynamics by extracting dominant modes and their associated

temporal dynamics from snapshot data.

DMD

DMD [107] is a class of numerical methods with connections to the Koopman operator
formalism [98] widely used to perform data-driven analysis of nonlinear dynamical systems
[8]. Suppose we have m + 1 data snapshots @1, ..., €, sampled from a continuous-time
system at instances ¢y, ..., 1. Let us organize X = [@1,...,xy,] and Y = [xo, ..., & pi1]-

An estimate of the DMD operator, assuming a full-state observable, is given by

A~ XY, (2.7)

where X is the Moore-Penrose pseudoinverse of X.
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EDMD

EDMD, a generalized version of DMD, broadens its applicability to nonlinear systems by
introducing a set of nonlinear functions or observables, 1/ : R — R+, Unlike DMD, which
operates directly on the data, EDMD uses these observables to provide a more flexible

representation of the system’s dynamics. The EDMD operator is given by:
A=G'L. (2.8)

where G = ZiT:1 Y(x;)Y ()" and L = ZZT:1 p(xi)p(y:)".

Kernel EDMD

The kernel trick is a common technique for efficiently computing inner products in an implic-
itly defined reproducing kernel Hilbert space. A kernel function has the form &£ : M x M —
R, and is associated with a feature map 1, which maps from state space to feature space.
The relationship between k and ) is that k(x;, ;) = (x;) (x;) for all z;,x; € M.
Gaussian kernels have the form:

21 - o (2221 29

o

which is commonly used in Gaussian processes for machine learning applications [109]. ¢ is
a scaling parameter that is dependent on the characteristic length scales of the underlying

problem.

For kernel variant of EDMD [143], using the data set of snapshot pairs and the kernel
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function, k, compute the elements of G and L using:

2.2.3 UQ in applied Koopman operator

Like any weighted least squares method, (E)DMD is susceptible to the quality of the mea-
surements [34]. The noise and uncertainty associated with the measurements directly im-
pact the accuracy of analytical conclusions and control decisions. Therefore, when the DMD
method is applied to experimental or field data, one must account for the inherent uncer-
tainty associated with measurements. Niiske et al. [90] derived probabilistic bounds on the
extended dynamic mode decomposition [144]. They examine systems described by ordinary
and stochastic differential equations from an ergodic and independent identically distributed
sample perspective. To formulate theoretical constraints on error, the authors split the vari-
ance of the random matrix that forms the basis functions into the terms associated with the
asymptotic contribution and the number of data points. Interestingly, the approximation er-
ror is quantified using the Frobenius norm between the Galerkin projection of the Koopman
generator onto the space of observables and the operator computed from finite samples. The
Frobenius norm measures the overall difference between the two representations. However,

its insensitivity to structural errors may limit the ability to understand local uncertainty:.

Colbrook et al. [25] enhanced the reliability of dynamic mode decomposition by showing
a rigorous convergence on the spectral information of Koopman operators from trajectory
data for chaotic systems. Zhang et. al. [150] set boundaries on the approximation error
of the extended DMD method but do not account for measurement noise. They determine

convergence in terms of the largest and smallest eigenvalues of the stiffness matrix. They
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approximate the stiffness matrix that constitutes the dictionary functions with a normal
probability distribution. Dawson et al. [29] introduced a formulation for sensor noise as a
random matrix. The bias induced by additive noise levels is numerically quantified through
the expectation of the DMD operator. This approximation holds only for small noise lev-
els. Finally, the bias correction is proposed by downweighting the expectation of the DMD

operator based on the variance of the noise levels.

Duke et al. [34] explore the impact of factors such as the quantity and quality of the data,
the signal-to-noise ratio, and the quantity of the ensemble on the accuracy of DMD. Dawson
et al. [29] quantify the bias in the estimation of the Koopman operator by the DMD method
resulting from additive noise levels in the measurements and propose corrective measures
Niiske et al. [90] derive probabilistic bounds on how well the extended DMD algorithm [144]
captures the underlying system dynamics. They consider both ergodic and independent
identically distributed (i.i.d.) samples for systems described by ordinary and stochastic
differential equations. They quantify the approximation error using the Frobenius norm
between the Koopman operator estimated from finite samples and the Galerkin projection
of the Koopman generator onto the space of observables. In formulating theoretical bounds
on error, the authors decompose the variance of the random matrix that constitutes the basis
functions into terms related to the asymptotic contribution and the impact of the number
of data points. The authors in [150] analyze the convergence of a variant of the generator-
extended DMD algorithm. The authors establish bounds for the approximation errors but
do not consider measurement noise. Based on the convergence of the coefficients of the
approximate stiffness matrix of the dictionary functions to a normal probability distribution,
the authors arrive at the convergence of the Koopman operator in the matrix norm in terms

of the largest and smallest eigenvalues of the stiffness matrix.
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2.3 Uncertainty quantification in data-driven models

Uncertainty Quantification (UQ) is a crucial technique for enhancing the trustworthiness
of data-driven models in decision making. The recorded data is often noisy, incomplete, or
heterogeneous. By explicit quantification of the variability or confidence in predictions, UQ
provides more informed judgments in scientific and physical systems, preventing catastrophic
outcomes. For example, in autonomous vehicles, sensor readings from LiDAR or cameras
can be uncertain due to environmental factors like fog or glare. Incorporating uncertainty
estimates enables the vehicle to act cautiously when confidence in obstacle detection is
low, preventing potential collisions. In aerospace, aircraft navigation systems can adjust
algorithms based on uncertainties in GPS or inertial measurement readings, improving flight
safety during conditions like sensor malfunctions or adverse weather. Similarly, in robotics,
UQ allows robots to adaptively plan their movements or grip strength based on uncertain

sensor inputs, reducing the likelihood of errors in object manipulation.

2.3.1 Types of uncertianties

It is common to divide uncertainty into two types, aleatoric and epistemic uncertainty.
Aleatoric uncertainty — from the Latin alea, meaning a die — refers to uncertainty about
an inherently variable phenomenon. Epistemic uncertainty — from the Greek episteme,
meaning knowledge — refers to uncertainty arising from a lack of knowledge [123]. If one
has at hand a model for some system of interest, then epistemic uncertainty is often further
subdivided into model form uncertainty, in which one has significant doubts that the model
is even ‘structurally correct’, and parametric uncertainty, in which one believes that the
form of the model reflects reality well, but one is uncertain about the correct values to

use for particular parameters in the model. To a certain extent, the distinction between
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epistemic and aleatoric uncertainty is an imprecise one and and repeats the old debate

between frequentist and subjectivist (e.g. Bayesian) statisticians.

Aleatoric and epistemic uncertainties can occur together within the same context. If exper-
imental parameters show aleatoric uncertainty (inherent variability) and these parameters
are then used in a computer simulation, the surrogate model—like a GP or polynomial chaos
expansion—will also exhibit epistemic uncertainty (due to limited data) [94]. In this case,
the resulting uncertainty involves a mix of both types, creating a more complex form of
uncertainty that can’t be purely classified as aleatoric or epistemic, but rather as a broader
“inferential uncertainty.” For example, in a smart grid or power distribution system inte-
grated with renewable energy, an example of experimental parameters could be the solar
irradiance levels or wind speed measurements at different times of the day. These param-
eters are crucial because they directly impact the power output of solar panels or wind
turbines. When used in simulations for grid stability analysis, any variability or errors in
these measurements introduce aleatoric uncertainty. If these measurements are then used to
train a surrogate model (like a GP) for forecasting or optimization, the model’s incomplete

understanding or data limitations add epistemic uncertainty.

Measurement errors generally consists of two parts: systematic error (the consistent, repeat-
able error due to sensor bias, calibration issues, or environmental factors) and random error
(drifts, environmental conditions). If one aims to quantify measurement uncertainty, they
are ideally quantifying aleatoric uncertainty, while systematic errors are typically managed

through sensor calibration and bias correction of the data-driven model.
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2.3.2 Forward and inverse uncertainty quantification

In forward UQ (also known as uncertainty propagation), the goal is to quantify the uncer-
tainties in output variable(s) y that arise from uncertainties in input variable(s) @ and/or
parameters 1. Model uncertainty, U(h), is quantified in probabilistic models, as described
above. Aleatoric uncertainty—associated with measurement error—is captured within the
model and its parameters. Surrogate-based methods provide flexibility: they allow specify-
ing any desired distribution for inputs or parameters, enabling UQ in the output variables.

Though not fixed, forward UQ generally focuses on computing U(y) | U(x) or U(n).

In the inverse UQ problem, we aim to quantify U(n), U(f) | U(z) or U(y). This involves
assessing the uncertainty of a data-driven model and its parameters given the uncertainty in

input and output variable(s).

For the purposes of this dissertation, calibration is omitted from inverse uncertainty prop-
agation to focus on developing methods that support uncertainty-aware decision-making.
Model parameters can be calibrated based on uncertainty measures at a later stage, which

falls outside the scope of this work.

We refer to this as reverse UQ-—quantifying U(n), U(f) | U(z) or U(y)—where the objective
is to deduce the distribution of the model and its parameters given data uncertainty, primarily

measurement uncertainty.

2.3.3 Prior research

Monte Carlo sampling methods are the oldest and most widely used approach for forward
UQ capable of handling high dimensionality [58]. The idea is to sample from the assumed

input distributions multiple times and run the computer simulation to obtain a distribution
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of output variables. Quasi-Monte Carlo methods make sure that all regions of the input
space are covered as evenly as possible instead of purely random sampling to achieve faster
convergence and better coverage of the input space [21]. However, these methods can be
computationally demanding. Modern Monte Carlo sampling techniques, such as multilevel,

multifidelity, and multimodel approaches, offer more efficient solutions for forward UQ [151].

Latin hypercube sampling achieves similar accuracy to Monte Carlo sampling with fewer
samples, reducing computational costs in complex models with many uncertain input vari-
ables [81]. It is particularly valuable for constructing training datasets in surrogate-based
UQ. Sequential Latin hypercube sampling methods incrementally add sampling points—

improving allocation efficiency with each addition [70].

Polynomial Chaos expansions, proposed by Nobert Wiener (with Hermite polynomials) [141]
constructs an expansion of the output variable(s) as a sum of orthogonal polynomials with
coefficients determined by the input distributions. Input uncertainties can be described using
known probability distributions (not necessarily Gaussian [35]). This method directly relates
input distributions to output distributions, and the coefficients of the polynomial provide
information on how each input affects the output. Recent advances include multi-element
polynomial chaos expansions [139] divide the input domain into multiple elements, applying
expansion within each element separately. This local approach helps handle strong non-
linearities and discontinuities in the model response. The use of sparse grids for polynomial
chaos expansions and stochastic collocation help alleviate the curse of dimensionality by

efficiently distributing collocation points [71].

Bayesian neural networks incorporate uncertainty of the weights and inputs of the neural
network by placing probability distributions over them [62, 138, 146]. Non-normal distribu-
tions can be accommodated with variants: mixture density networks [14], multi-modality in

neural processes [4], and mixture models [57]. Regression-based neural networks (NNs) are
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increasingly used in safety-critical domains such as computer vision [93], robotics, and con-
trol systems [115], where accurately inferring model uncertainty is essential for their broader
adoption. Hybrid variational inference techniques where researchers are combining varia-
tional inference for more expressive approximations model like mixture models [72, 128, 129]
or hierarchical variational inference [95] improve the quality of uncertainty estimates while
maintaining scalability. Variational inference with normalizing flows [97] approximates a
complex posterior distribution with a simple initial density, which is transformed into a
more complex one by applying a sequence of invertible transformations until a desired level

of complexity is attained.

Unlike BNNs, each model in deep ensembles [38] is typically initialized with random weight
values drawn from a common initialization scheme (like Xavier or He initialization). There-
fore, multiple instances of the model (e.g., neural networks) are trained with different random
initializations or subsets of the training data aimed to learn slightly different relationships,
capturing different aspects of the input-output relationship. The key idea is that this vari-
ability reflects the range of possible model outcomes, indicating the uncertainty due to the
model itself. A combined predictive mean and variance representing the epistemic uncer-
tainty is the outcome. Bayesian Deep Ensembles combine ideas from Bayesian methods and
deep ensembles to better capture epistemic uncertainty. For example is to use Bayesian cali-
bration techniques to refine the ensemble predictions [49]. [82] propose to explicitly regularize
ensemble diversity (choosing fewer weak learners for an ensemble) to improve robustness and

calibration on in-distribution data as well as under dataset shift for classification tasks.

Bootstrapping [130] is a strongly non-parametric technique that accounts for input uncer-
tainties by creating multiple resampled datasets. The key assumption in bootstrapping is
that the original dataset is representative of the population, allowing it to be used as a basis

for generating new samples.
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Hybrid methods [28, 67, 85]—which integrate deep learning with probabilistic models like
GPs—can reduce interpretability due to the complexity of combining non-parametric and
parametric representations [140]. These methods often carry the computational burdens of
both components (e.g., deep NNs and GPs), making them costly for real-time applications

or large datasets.

Surrogate modeling is crucial in forward UQ: it offers simplified, computationally effi-
cient representations of complex simulations, enabling repeated evaluations for sensitivity
analyses—key for propagating uncertainties and quantifying their impact on outputs. Tra-
ditionally, surrogate models were built on simplified fundamental equations. Over time,
data-driven methods like GP regression gained prominence [103]. With advances in com-
putation and vast training datasets, modern deep learning models are increasingly used in
surrogate modeling, often outperforming traditional models like linear regression and deci-

sion trees [27].

Key challenges include high dimensionality [3], data scarcity, and computational costs,
which adaptive sampling techniques help address [135]. Robust UQ remains a priority,
with Bayesian methods—such as Bayesian Neural Networks [73, 88]—boosting reliability.
Conformal predictions provide a robust, distribution-free, and model-agnostic UQ frame-
work, offering valid prediction intervals without assuming precise data distributions [111].

Additionally, neural network-based surrogate models are gaining traction [133].

2.4 Summary of research gaps

To quantify uncertainty from a specific source within a system, there are two main ap-
proaches: one assumes a probability distribution for the uncertain parameter or input vari-

able, while the other, known as data-driven UQ), learns this distribution from historical data.
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The first approach often relies on surrogates, or metamodels: by assuming a probability dis-
tribution for uncertain inputs, samples are drawn and evaluated on an emulator trained
with a limited set of simulator runs, which represents the real-world process. When the
prior probability density used to generate input samples does not accurately reflect real-
world conditions, surrogate-based approaches are limited in their ability to produce reliable

time-series forecasts of prediction uncertainties.

In the machine learning community, UQ is often divided into two main types: aleatoric
uncertainty, which is data-driven and captures inherent variability in the data, and epis-
temic uncertainty, which is model-driven and reflects uncertainty due to limited knowledge
about the model. Effective UQ is essential for tasks where both aleatoric and epistemic

uncertainties need to be accounted for in predictions.

Many UQ methods in ML rely on assuming a probability distribution for uncertain inputs,
especially those rooted in Bayesian and probabilistic frameworks. Bayesian neural networks
are sensitive to the choice of priors, learning rates, and other hyperparameters, making
them challenging to tune effectively. However, approaches that don’t require distributional
assumption—such as bootstrapping and deep ensembles—have limitations. While deep en-
sembles can capture input uncertainties to some extent, they generally only provide the
predictive mean and variance, lacking a full representation of the output distribution. Con-
sequently, the ML community continues to explore advanced methods to more fully capture

and quantify uncertainties across both data and model components.

Recent advancements (2020-2024) include several innovative approaches:

» Stochastic weight averaging: This method forms an approximate posterior distribution
over neural network weights and samples from this Gaussian distribution to perform

Bayesian model averaging [74]. It aims to provide a simple, scalable, and general-
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purpose approach for uncertainty representation and calibration in deep learning.

o Deep evidential regression: This framework captures both aleatoric and epistemic
uncertainties without requiring multiple predictions or sampling-based methods. It
places evidence-based priors over the original Gaussian likelihood function and trains
the neural network to estimate the hyperparameters of this evidential distribution.
A regularization term is added during training to penalize deviations in the model’s

predicted evidence from the correct output [4].

o Multi-fidelity GPs: Recent advances in GPs combine information from low- and high-
fidelity models, enhancing expressiveness with neural network kernels. By training a
deep neural network alongside GPs, this approach effectively represents complex input

spaces and models multi-scale data efficiently.

o Neural processes (NPs): NPs integrate neural networks with probabilistic processes
to model distributions over functions, allowing data-driven learning of both mean and
variance functions and efficiently capturing prediction uncertainty [40]. Attentive Neu-
ral Processes [61] extend this method by incorporating attention mechanisms to capture

spatial and temporal dependencies.”

Recent efforts (2020-2024), as discussed above and in Section 2.4, aim to enhance UQ meth-
ods in ML by improving computational efficiency, scalability, outlier robustness, and high-
dimensional handling. By integrating sparse methods, principal component analysis, adver-
sarial training, normalizing flows, and multi-fidelity hierarchical modeling, these approaches
are becoming more practical and accurate for applications in machine learning, engineering,

and science—though some fundamental challenges remain:

o Sampling-based methods: Monte Carlo methods often require an impractically large

number of samples to converge, particularly for rare events or complex uncertainties.
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The assumption of independent input distributions, typical in Monte Carlo sampling,
may not hold in real-world cases where input variables are correlated. Furthermore,
Latin Hypercube Sampling (LHS) becomes less effective in high-dimensional spaces,
compromising coverage and efficiency, and it assumes well-defined input distributions,

limiting its utility in cases with poorly understood inputs.

Polynomial chaos expansion: As the number of input variables increases, the number of
polynomial terms grows rapidly, raising computational costs and the risk of overfitting.
For highly non-linear or discontinuous input-output relationships, they may require

high-order polynomials, further increasing complexity and reducing interpretability.

Bayesian neural networks (BNNs): BNNs are highly sensitive to the choice of priors,

learning rates, and other hyperparameters, making them challenging to tune effectively.

Deep ensembles: While deep ensembles capture some epistemic uncertainty, they can
still be overconfident, especially with out-of-distribution inputs or rare events. Addi-
tionally, they lack a principled probabilistic interpretation of uncertainty, as they do

not define distributions over weights or predictions.

Bootstrapping: Bootstrapping, based on resampling observed data, cannot generate
samples outside the original dataset’s range, limiting its effectiveness for unseen sce-
narios or out-of-distribution inputs. It can also be computationally expensive for large,

complex neural network models.



Chapter 3

Robust data-driven process model

Let us represent a simulator function: f(-), is assumed to be a function of x;, € X in
training interval ¢ = [1,...,n|. The output variables are y;, = f(x;,) + €, measured with
e, ~ N(0,02). In the Gaussian process framework, uncertainty about f is encoded using
a Gaussian process prior, which is defined by a mean function m(-) and a covariance (ker-
nel) function k(-,-). As a Gaussian process distribution, f(xy,), f(Xs,), .- ., f(xs,) follow a

multivariate normal distribution. Formally, we have

FOI BT ~ GP(m(-), (-, ), (3.1)

where the mean function m(-) takes the form
m(x) = h(x)' 3. (3.2)

Here, h(x;,) : R? — R? denotes the basis function that can be chosen to model the assumed

degree of non-linearity about the underlying process. For example, the quadratic basis

: _ 2 2
functions are expressed as h(x) = [1, 2, ..., &t 73, - 27, |-

The kernel function k(x;,,X;;) denotes the covariance between corresponding output points

31
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(Yt:,yr;)- A commonly used covariance function is the radial basis function given by

P (xy, —%¢, )2
k(x,,, % |1, 72) = 72 — Ny e el ) 3.3
(x4, Xt]| ) TeXp( kz:; 2lk2 (3.3)
where I = (I1,...,[,) denotes the characteristic length-scale, which models the rapidity of

the process. Some other covariance functions are listed in Table 3.1.

Table 3.1: Commonly used Kernel Functions

Kernel function

Exponential 72exp <_ - W)
kE' (Xtiy th)
3 =Xy 3 X,
Matern 3/2 72 <1 + Zi:l W) exp <_ ip:1 W)
K (Xti ) th)
—X,. )2 —a

Rational 72 (1 + exp <_ i:l W))

Quadratic

kRQ (ti th)
Let us gather n input and output measurements into the matrix X = [x;,,. .. ,xtn]T and the
vector y = [, ... ,ytn]T, respectively. The matrix of of basis functions is then represented

as H(X) = [h(xy,), ..., h(x:,)]". The distribution of y according to (3.1) is a multivariate
normal (also known as marginal likelihood) having a covariance function diagonally additive

with noise elements € ~ N(0,0°1,). Formally, we have

y|X,8,1,7% 0% ~ N (H(X)3,2(X)), (3.4)

where 3(X) = k(X, X) + 0%I,. The noise elements € with zero mean and variance o2, also

called "nugget”, account for model uncertainty and numerical stability.

The time-series measurements gathered in dataset D = {X,y} are often tainted with out-
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liers, which commonly arise due to human errors, measurement errors, meter sensitivity to
changing weather conditions, and systematic variation unconsidered in the simplified model,
to name a few. The two types of outliers likely to occur are vertical outliers and bad leverage

points [54].

o Vertical outlier is an outlier in the response space whose projection on the input vector

space associated with the input variables is an inlier.

o A leverage point is a data point whose projection on the input vector space is an
outlier. It can be a good or a bad point depending on whether it is an inlier or an

outlier in the response space, respectively.

In the estimation process outlined below, we aim to minimize the impact of outliers on the
hyperparameters n = {3,1, 7%, 0%}, with the goal of obtaining a robust approximation of the
simulator function f through the estimated mean 1 and covariance function 3 of posterior

of f in the GP framework.

3.1 Robust hyperparameter estimation

A widely used way of obtaining hyperparameters estimates 7 is by maximizing the marginal
likelihood (evidence), called type-II maximum likelihood estimation introduced by [|. For-
mally:

n= argmazx log £ (y|X, 8,1, 72’ 02) _ (35)
(B,l,72,02)ERIRPRT*Rt*

The hyperparameter associated with mean function 3 is mostly affected by the bad leverage

data points (outliers in X). We propose to bound this effect using weights w, which are
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based on the robust version of Mahalanobis distances, referred to as projection statistics:

hiv —med(hlv)
j

PS, — , 3.6
loliot 1.4826 med [ATv — med(h]v) (3:6)
J

where h; = h(x;); v; = ﬁ, u; = h;—M; j = 1,...,n. Here, M denotes the coordinatewise
J

median given by

Projection statistics are the largest standardized projection distances, which are calculated
by projecting the point cloud along lines that start at the coordinate-wise median and pass

through each data point [84].

The weight w; associated with " input data point x; is calculated on h(x;) as:

1, PS? < ¢;
w; = (37)

PLSQ’ otherwise.
The data point x; is considered as a leverage point if the associated PS? is greater than

threshold c¢. The weight w; are then used to scale the residual r; = y; — h(xl-)T 3. associated

with " data point.

A weighted loss function of standardized residuals rg; = —"%- is formed based on the

Schweppe-type M-estimator [|, given by,
J(B) = wip(rs:). (3.8)

The residual scale s is robustly estimated by 5 = 1.4826 <1 + %_q) med|r| when there is a

2

little to none knowledge about . We employ the Huber loss function p(-) because of its

unimodal and its quadratic characteristic at its center (to gain efficiency at the Gaussian
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distribution). It is defined as

2
Ti

> for r; < b,
p(ri) = (3.9)

b\ri\—% for r; > b.

The threshold parameter b is typically chosen to be equal to 1.5, which offers a good compro-
mise between a high statistical efficiency at the Gaussian distribution and good robustness

against outliers.

The marginal likelihood is now modified to incorporate J(3) as:

logl = —J(8) —log|= (X1, 72,07 |—g log(27) (3.10)

We are now ready to propose a hyperparameter estimation algorithm. First, we will itera-

tively estimate ﬁ, and then estimate 7 and [ using the robustly obtained 3-profile likelihood.

Setting gradient of the objective function log (£(y|X,n)) with respect to 3 to zero gives

3w, Ilrsi) _ (3.11)
i=1 Orsi
Let us define the psi-function as ¢(rg;) = %’:i). (3.11) now becomes
Z wihi(rsi). (3.12)
i=1

Dividing (3.12) by the standardized residuals rg,, we get

m

T
i\ by — 1
>4 (W_QS) hir; =0, (3.13)

=1
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where ¢(rg;) = % defines weight function, given by:

7

1, TZ‘<C

q(rs) =19 . (3.14)
b Sign(rs,)

, otherwise.
TSi

Substituting the expression of the residuals, r;, and rewriting (3.13) in matrix form yields

H'Q(y —HB) =0 (3.15)

B =(H'QE 'H)'H'QWx ly, (3.16)

where Q = diag(q(rs,)). Since Q is function of residuals, we solve for 8 in an iterative
manner by incorporating iterative re-weighted least squares (IRLS) algorithm. Formally, we
have:

/B(kJrl) _ (HTQ(k)Ele)leTQ(k)Efly' (317>

Let us denote 3 as the value converged by IRLS. Now, (1,72, 2) is estimated by substituting

~

B in (3.10) using in maximum likelihood estimation:

(Z\, ?2,37%) = argmaxlog L (y]X, B, 1,72 02> , (3.18)
l,r2,02
which reduces to
(i\, 72.6%) = argminT(l, 72, 02). (3.19)
l,72,02
Here
[(1,7% 02) = log |k(X,X|l,7%) + o°L,|. (3.20)

The hyperparameters, (lA, 72,0%), are estimated by utilizing a gradient-based optimizer as
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described in [96]. We can then update 8 as 8 = B(I,72,52). The algorithm for estimating

the hyperparameters is outlined in Algorithm 1.

Algorithm 1 Algorithm for Estimating the Hyperparameters

Constitute observational training dataset data-set D = (X,y);

Construct H using a suitable basis function;

Calculate the projection statistics of the row vectors of H given by (3.6);

Calculate the weights w based on the PS given by (4.4);

Initialize B using the weighted least squares solution as By = (HI X 'H) 'HT X ly;
Update B8 by executing the IRLS algorithm given by (3.17) until convergence while
setting the hyperparameters (1,72, ¢2) at their initial values to obtain 3:

Update (I, 72, 02) while setting 3 = B;

8: Iterate Steps 7 and 8 until convergence, e.g. ||r||< 0.001, to obtain the final hyperpa-

=~

rameter estimates, (B, lA, 72,02).

3.2 Model and prediction uncertainty

For the surrogate based uncertainty analysis, let us consider that we draw N samples of the

input test variable x;+ at instances t* = [1,...,n*] in the prediction interval.

In time-series analysis, the assumption of stationarity and ergodicity for a specific range of
time is often made, very oftenly for steady state estimations. The latter means that the
sample average, commonly known as the ensemble average, is equal to the time average.
The assumption of ergodicity allows us to model a stochastic time-series process using a
single real-time measurement per instance. Let us group the N sampled test predictors for
instance t denoted as ng) for k in [1, N] into X} = [XE;), . ,XE;V)]T. Using a hierarchical
formulation, the model output variables y* obtained through the power flow simulator f(-)

at the test points X} together with the training output variables follow a joint multivariate
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Gaussian distribution given by

v [ [ |z exol) 1
yIX; m(X;)| [T V(X))

where C(X}) = k(X,X}),CT(X}) = k(X},X) and V(X)) = k(X},X). The covariance
matrix, 3(X), is represented by ¥ hereafter. Furthermore, we assume an a priori Gaussian

probability distribution for the simulator output at the test points, f(X7)|X?, that is,
XX ~ GP (m(X"), V(XF)) . (3.22)
Upon conditioning and using the standard techniques in multivariate distributions, we get
FXDIXy. X, 8,1 7%, 0% ~ GP (1" (X), 2%(X)), (3.23)
where the estimated mean function p*(XY) is given by
i (X;) = m(X;) + CT(X)Er, (3.24)
and the estimated covariance function f]*(X*) is expressed as
(X)) = V(X)) - C"(X))Z'C(X)), (3.25)

for all the instances in the predictive interval, i = 1,...,n".

The estimate of the mean
function given by (3.24) acts as a computationally efficient surrogate model that captures
the behavior of the power flow while the covariance matrix estimate given by (3.25) quantifies

the associated uncertainty.
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Let us apply a weak prior for (3,7%), p(83,7?) x T%, combining with (3.4) and using Bayes’

theorem yields a posterior distribution for (3, 72), which is normal inverse-gamma distribu-
tion given by

Bly, X, l,7%, 0> ~ N(B, 7> (H'S'H) ™), (3.26)

where B is the weighted least squares estimate given by B = (H'S'H)"'H'X 'y, and

— — g = 2)72
*ly, X, 1,02 ~ InvGamma (n 5 q7 (n q2 )7 ) , (3.27)

(1= THHTE'TH)'H'ES )y
(n—q—2) ’

T
where 72 = ¥

3.3 Theoretical robustness of the proposed model

The influence function of the Schweppe type M-estimator is given by

IF(rg;, hy; ®) = M(HTH)*%M. (3.28)

B[’ (rs4)]

One can notice that the influence of position, IP(h;, ®) = (H"H) 'h;w;, is bounded thanks
to the weights calculated using the projection statistics, whose breakdown point attains the
maximum given by W [79]. Note that the estimator reduces to an ¢y-norm estimator
for small standardized residuals and to the ¢;-norm estimator for larger ones. Therefore, it

has a high statistical efficiency at the Gaussian distribution while being robust to outliers.
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3.4 Simulation results

In this section, we compare the performance of the proposed model RPM to that of the
Gaussian process model (GPM) when applied to a standard IEEE 33-bus system (Case
A) and to a real-world 240-bus distribution system located in the Midwest U.S. with high
penetration of RESs and DGs (Case B). We add vertical outliers, i.e., outliers in y, bad
leverage points, i.e., outliers in X, and good leverage points, i.e., outliers in both (X,y) up
to 25% in the training data. To demonstrate the good performance of the RPM for non-
Gaussian distribution noises, we assume that the noise follows the Student’s t distribution
with 10 degrees of freedom. This distribution is chosen because it has heavier tails for low
degrees of freedom, producing sampling values that may fall far from its median. We compare
the performances of the GPM and the RPM using mean absolute error and the root mean

square index for each of the cases.

3.4.1 IEEE 33-bus system

The RPM is applied to a standard IEEE 33-bus system, to which are attached four RES,
namely, a PV (Pgoy4) to Bus 24, and three WGs (Pg13, Po1a, Paos) to Buses 13, 14, and 26 of
capacity 1 kW, 50 kW, 10kW, 10kW, respectively. The time-series data considered for the
RES power outputs and loads are the real measurements with a resolution of 1s. We run
the power flow simulator at n = 150 input data points X = [x;,,...,Xs.,]? to obtain the
corresponding voltage magnitude and angle values y = [y, ..., ¥s.,]" that constitutes the
training data. Trained on (y, X), the RPM and the conventional GPM are used to make pre-
dictions for the next n* = 60 data points constituted as the validation data set at instances
t* = [t151, .., t210]. To perform stochastic analysis, Latin hypercube sampling is employed

to generate 7000 samples of the input variables at each instance in the validation data set
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Figure 3.1: Outliers corrupting the training data set; (a) QQ-plot of the measurements cor-
rupted with 25% of outliers; (b) plot of the weights using the PSs vs. the outlier magnitudes.

following the Weibull distribution for WGs (P g1, Pis g1, Pir g24 ~ Weibull(2.06,7.1)) and
the Beta distribution for the PV (P gog ~ Beta(2.06,2.5)); i = 151, ..., 210. The results ob-
tained from the Monte Carlo (MC) simulations performed at these samples stand as reference
values for comparing the results obtained from the RPM and the GPM. The robustness of the
RPM is demonstrated by the addition of 25% outliers as shown in Fig. 3.1 (a) in the training
data set. To be precise, we impose a worst-case scenario by adding bad leverage points to the
input data points [Xy,,...,Xy,,], i.e., to the measurements (Pg13, Pgi4, Poos, Paos) and to
the load consumption of the load buses, {Pr1,Pro,...,Prs3}. Similarly, vertical outliers are

added to the output data points [yy,, . . ., Y], i-€., to the measurements of voltage phasors.

We observe from the weights displayed in Fig. 3.1 (b) that the SHGM estimator downweights
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the bad leverage points and vertical outliers. The prediction results of the voltage magnitude
and angle for Bus 19 with the percentage of outliers up to 25 in the training data constitute
a benchmark for this study. The mean and standard deviation values (indicated as error
bars) of the prediction results for the voltage angle of Bus 19 are displayed in Fig. 3.2 (a),
where the error bars represent standard deviation values. Fig. 3.2 (¢) depicts the data fit for
the training duration [t; — t150] obtained for the RPM. Fig. 3.2 (b) compares the probability
density of the voltage angle of Bus 19 calculated from the 7000 realizations at the next
instance t}5; obtained from the RPM to the MC simulation output. Fig. 3.3 (a) displays
the predicted values of the voltage magnitude at Bus 19 obtained from the RPM and from
the GPM. We observe that the predicted values from the GPM deviate largely from the true
values. This is due to the fact that the estimate of the mean function hyperparameter of
the conventional GPM is centered at the basic weighted least squares estimate. Therefore,
it fails to represent the simulator in presence of outliers while the RPM succeeds. Also, the
prediction accuracy is displayed in Fig. 3.3 (b) using root mean square error (RMSE) values
when the training data set is added with an increasing percentage of outliers up to 25%. We
notice that the RPM consistently exhibits low RMSE values. The RMSE and mean absolute
error (MAE) values for the forecast of the voltage phasors at Bus 19 are listed in Table
3.2 for the cases of training data added with and without the outliers for both the linear
and quadratic basis function. We observe that the prediction results are more accurate for
the quadratic basis function in the case of added outliers. Therefore, by the principle of
parsimony, we choose a quadratic basis to obtain the results for the voltage phasors for all

the 33-buses in the network plotted in Fig. 3.4.
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Table 3.2: The RMSE and MAE for the Bus 19 of the IEEE 33-bus system
Quadratic Basis Linear Basis
With 25% outliers Without outliers With 25% outliers Without outliers
RPM ‘ GPM RPM ‘ GPM RPM ‘ GPM RPM ‘ GPM
Measure V A 1% A v A 1% A \% A v A \% A v A

RMSE 0.0034 9.7810e~* 1.0274 0.1527 0.0931 0.0058 0.0657 0.1468 0.0264 0.01264 0.7995 0.0206 0.01005 0.01747 0.00838 0.01645
MAE  0.003 8.2815¢~* 7.3087 0.1287 0.0672 2.5516e™* 0.0334 0.1669 0.0047 9.7962¢~* 4.2355 0.0029 0.00058 0.00176 0.00042 0.0018
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Figure 3.3: Comparison between the performance of the RPM and the GPM: (a) voltage
magnitude at Bus 19; (b) RMSE values.

3.4.2 Real-world 240-bus system

We integrate the 240-bus radial distribution system [19] with RES, namely 35 PVs and 35
WGs distributed across the network. Their locations in the network are displayed in Fig.
3.5. Please note that the RES are connected to each phase of the indicated buses in the

network.

The training data set (X,y) is obtained by running the three-phase power flow simulator
for the hourly spaced load and active and reactive power injection measurements for 7 days
i.e. a total of n = 168 data points constitute a training data set for the design of the GPM
and the RPM. The GPM and RPM are analyzed using the prediction results obtained for
the n* = 24 test data points, which are the validation data points. For the probabilistic
analysis, 7000 samples are drawn using Latin hypercube sampling from input variables of

load following Gaussian distribution P, ~ N(Pt;gL, 0.05P;x 1), i = 169, ...,192, the WGs’
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Figure 3.4: RPM predictions for the IEEE 33-bus system with the training data set added
with 25% of outliers: (a) voltage magnitudes; (b) voltage phase angles.
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output following the Weibull distribution, and the PVs’ output following the Beta distribu-
tion with the shape and scale parameters same as mentioned in Section 4.A. Voltage phasors
predictions at Bus 2003.2 for a day ahead forecast constitute as a benchmark for this study.
We display the mean of the prediction results obtained from the GPM and the RPM of the
voltage magnitude at Bus 2003.2 using linear and quadratic basis functions in Figs. 3.6 (b)
and (d), respectively, where the error bars represent the standard deviations as showing their
probability distributions individually will be inconvenient. Similarly, the prediction results

of the voltage angle at Bus 2003.2 are plotted in Figs. 3.7 (b) and (d).

We now add up to 25% of outliers in the power injection measurements and voltage mag-
nitudes and phase angles, i.e., to the first 42 input and output data points in the training
dataset. To best demonstrate the robustness of the RPM, we choose the outlier distribution

to be Student’s t with 10 degrees of freedom because of heavier tails as displayed in Fig.
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Figure 3.6: Comparison between the GPM and the RPM forecast results for the voltage
magnitude of Bus 2003.2 in the 240—bus network when (a) the training data set is added
with 25% of outliers ; (b) training data set is not added with outliers for linear basis; (c)

the training data set is added with 25% of outliers ; (d) training data set is not added with
outliers for quadratic basis.
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Figure 3.7: Comparison between the GPM and the RPM forecast results for the voltage
angle of Bus 2003.2 in the 240—bus network when (a) the training data set is added with
25% of outliers ; (b) training data set is not added with outliers for linear basis; (c) the
training data set is added with 25% of outliers ; (d) training data set is not added with
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Figure 3.8: QQ plot of 25% outliers added in (a) power injection measurements; (b) voltage
magnitude measurements.

3.8. Similarly, the same percentage of outliers is included in the measurements of active and
reactive load power. We display in Figs. 3.9 (b) and (d) the probability density function
of the voltage magnitude at Bus 2003.2 for the test input at instance ¢j; obtained using
linear and quadratic basis function. Similarly, the probability density results of the voltage
angle at Bus 2003.2 are plotted in Figs. 3.10 (a) and (b). We compare the prediction results
of the voltage magnitude at Bus 2003.2 obtained from the GPM and the RPM with basis
function as linear and quadratic in Figs. 3.6 (a) and (c), respectively. The voltage angle
results are displayed in Figs. 3.7 (a) and (¢). The RMSE and MAE values of the prediction
results for the cases of addition of outliers in the training data set and without the addition
of outliers, both with the linear and basis function, are listed in Table 3.3. We observe that
the RMSE and the MAE values obtained from the GPM and the RPM for the voltage mag-
nitudes’ predictions are lesser with linear basis functions than the ones with the quadratic
basis functions for both cases. As for the voltage angles, both models’ performance is better
with the quadratic basis function for the case with outliers in the training data set. The
linear basis function yields better performance for the case without outliers. Therefore, we

choose the linear basis to plot the voltage magnitudes and the quadratic basis function for
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Table 3.3: The RMSE and MAE for the Bus 2003.2 of the 240-bus system

Quadratic Basis ‘ Linear Basis ‘
With 25% outliers Without outliers With 25% outliers Without outliers
RPM [ GPM RPM [ GPM RPM [ GPM RPM [ GPM

Vv A Vv A Vv A Vv A Vv A |4 A Vv A Vv A
RMSE 0.4222 3.8734 0.4242 5.5007 0.1888 4.9835 2.2246 11.1942 0.1921 8.8619 4.0814 53.4306 0.1183 4.4287 0.0637 6.1481
MAE 0.3845 3.1791 0.3164 4.5781 0.1544 3.8252 1.9426 8.5223 0.1859 3.3976 3.0779 34.3391 0.1026 1.5122 0.0513 4.9164

the voltage angles to obtain further predictions at all the buses in the system for the case
with outliers in the training data set. The mean values (indicated as dots) and standard
deviations (indicated as error bars) of both the models’ prediction results for the voltage
magnitudes (see, Fig. 3.12) and phase angles (see, Fig. 3.13) at the buses of the 240—bus
system are compared with the MC simulation results. We observe that the results obtained
from the comparable GPM deviate significantly from the true values in both the mean and
standard deviation. The performance of the RPM is comparably accurate on account of the
trade-off between the accuracy and robustness of the SHGM estimator. Conventional GPM
is strongly biased towards outliers, thus the prediction results deviate further away from
the MC results. The bias is particularly significant in phase C results because of the high
variance of voltage phasors due to the large power flow in lines. For a large magnitude of
outliers, the resulting bias is the worst-case scenario that can be imposed on power system
measurements. The proposed RPM keeps this bias finite as long as the added outliers are
added without exceeding the breakdown point, whereas the bias is unbounded for the results

of conventional GPM.

The RMSE of the predicted values for the voltage magnitude and the angle at Bus 2003.2
with an increasing percentage of outliers added in the training data are plotted in Fig.3.11
(a) and (b), respectively. We observe that the RMSE values obtained from the GPM are

higher than the ones obtained from the RPM which provides consistently low RMSE results.
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Figure 3.9: Comparison between the GPM and the RPM probability density results for the
voltage magnitude of Bus 2003.2 in the 240—bus network when (a) the training data set is
added with 25% of outliers ; (b) training data set is not added with outliers for linear basis;
(c) the training data set is added with 25% of outliers ; (d) training data set is not added
with outliers for quadratic basis.
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Figure 3.10: Comparison between the GPM and the RPM probability density results for the
voltage angle of Bus 2003.2 in the 240—bus network when (a) the training data set is added
with 25% of outliers ; (b) training data set is not added with outliers for linear basis; (c)
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Figure 3.12: The prediction results of voltage magnitude from the RPM compared with those
obtained from the GPM of 240—bus system with 25% of outliers added in training data. (a)
The results obtained from the RPM for phase a; (b) comparison between the GPM and the
RPM for phase a; (¢) The results from the RPM for phase b; (d) comparison between the
GPM and the RPM for phase b; (e) The results from the RPM for phase ¢; (f) comparison
between the GPM and the RPM for phase c.
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Remark 1: Note that, because of the lack of availability of the real measurements of the
voltage phasors (output variables y), they are obtained by running the power flow simulator

using real measurements of active and reactive power injections (input variables X).
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Figure 3.13: The prediction results of voltage angle from the RPM compared with those
obtained from the conventional GPM of 240—bus system with 25% of outliers added in
training data. (a) The results obtained from the RPM for phase a; (b) comparison between
the GPM and the RPM for phase a; (c) The results from the RPM for phase b; (d) comparison
between the GPM and the RPM for phase b; (e) The results from the RPM for phase c; (f)
comparison between the GPM and the RPM for phase c.



Chapter 4

Robust Gaussian process with Huber

likelihood

Let us consider a regression setting y; = f(x;) + €;, where ¢; ~ N(0,0?) is a homoscedastic
i.i.d. random variable with constant variance. In GP models, the systematic dependency
between the covariates & and output vector y € R is given by a latent function, f(x) :
R? — R. In a truly non-parametric sense, the latent vector function at n covariates, f =
[f(x1),..., f(x,)]", is assumed to have a priori probability distribution. This distribution
is a joint multivariate normal distribution with zero mean vector and covariance matrix, K,
that is,

£1X,0 ~ N(£]0, K). (4.1)

The covariance matrix, K, is a positive semi-definite matrix that captures residual spatial
association with elements K; ; = k(x;, x;), 7,7 = 1,...,n. The function k(-,-), chosen from
a parametric kernel family such as the Gaussian or the Matérn kernel, is characterized by
hyperparameters denoted by 6. The likelihood of the data is expressed as y|f, 0 ~ N (y|f, 2),

and the resulting posterior distribution on f as where 3 = diag(o?,...,02).

Next, we develop three aspects of the proposed GP-Huber model: Huber likelihood, projec-
tion pursuit weights, and the resulting unimodal posterior distribution. Following that, we

discuss the hyperparametric settings of the GP-Huber.

56
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4.1 Huber likelihood

We propose to use the Huber density function based on the Huber loss proposed by [53]
to model the likelihood of the observed data. The Huber loss function p(-) is a truncated
mixture of two commonly used loss functions: squared loss, I(r) = r? for residuals below
threshold b, and absolute loss, I(r) = |r| for residuals r; = y; — f(x;) below threshold b, given
by

%7’2, if [r]<b

p(r) = (4.2)

blr|—$b%.  otherwise
[53] considered the contamination model (1 — ¢)G(r) + cH(r), where G(r) is the Gaussian
cumulative density function and H(r) is the unknown cumulative density function. The

associated least favorable Huber density function with a fraction of contamination ¢ is defined

as

u(ylf, o H

The parameter €, symbolizing the fraction of the dataset presumed to deviate from the

exp —p(r;)) . (4.3)

underlying model, can be computed utilizing the minimum covariance determinant estima-
tor [55]. The threshold b is selected to protect estimation of the model parameters and

hyperparameters against the fraction of contamination e.

4.2 Projection pursuit weighting

The idea is to scale the residual r; associated with the i** data point with projection pursuit
weight w(x;) based on robust variant of Mahalanobis distances, called projection statistics
PS(z;) : R — R This scaling highlights the impact of outliers in single or multiple

dimensions masking each other in the covariate space. Residual larger than the threshold b
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gets robust L1 norm treatment, while those smaller than b are treated with an efficient L2

norm within the Huber loss p(r).

We obtain standardized the residual rg, = r;/(w;os) by scaling r; by its corresponding
projection pursuit weight w; and using a scaling factor s = by med|r|, where by = 1 +
5/(n — d) is the dimensionality correction factor. When the error distribution is unknown,
s accounts for its spread parameter. The projection pursuit weights w limit the influence of
outliers simultaneously arising in multiple covariate dimensions at multiple locations on the

loss function, are based on projection statistics PS;, calculated as

1, for PS? < ¢;,

Pcéz’ for PS? > ¢

The projection statistics [33, 119] are a robust version of Mahalanobis distances based on
the median absolute distance from the median. Formally defined as the maxima of the
standardized projection distances obtained by projecting the point cloud in the directions
that originate from the co-ordinate wise median and that pass through each of the data

points, x; [83]. They’re easy to calculate:

|zl — me%ian(mguj)]

PS; = max = (4.5)

 Jluyl/=1 1.4826 median |z u; — me%ian(wk u;)|’

where u; = Haﬁ%ﬁ\l’ g,k = 1,...,n. The co-ordinate wise median M is given by M =
{ .rr%ed Tit, ..., 'H%ed x;q}. The projection statistics attain the maximum breakdown point
J=1..5m J=4..,n

given by [(n —d —1)/2]/n [78].

[118] and [83] showed that, when n > 5d, the squared projection statistics PS? roughly follow

a x? distribution with a degree of freedom equal to the number of non-zero elements v; in
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the row vector of the associated regressor, x;, i.e., PS? ~ Xi. However, when n < 5d, it is
the PS that roughly follow a y? distribution, that is, PS; ~ X?, Consequently, the threshold
¢; is chosen as the 97.5 percentile of the chi-square distribution with v; degrees of freedom

while defining weights in (4.4).

Throughout the inference process (as detailed in Section 4.4), we use standardized residuals

rs, within the Huber likelihood.

pu(y18.0) = T[ ~—=exp (~plrs). (4.6)

4.3 GP-Huber posterior

The posterior distribution resulting from our model, which incorporates a non-conjugate

prior, is given as:

p(f|D, 0, 0) = LEV )
(£1D.8.9) =~ D6, o)

pu(ylf, o), (4.7)

where where pe(f]|0,K) is the Gaussian prior N (f|0,K) and py(y|f,o) is the likelihood
modeled using the Huber density. This formulation leads to a posterior that does not have

a closed-form expression due to the non-conjugate nature of the Huber likelihood.

The marginal likelihood (or evidence) of the data, which plays a crucial role in model selection

and hyperparameter optimization, is expressed as:

p@h@z/mm&MWWWWﬁ (48)

Theorem 4.1. Let D = (x;,v;);_, be a dataset with distinct covariates x; € X and response
yi € YV, where n < co. The kernel matrix K € R" " is positive definite, with elements

K;j = k(z;,z;) defined by a continuous kernel function k : X x X — R. Assume the
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Huber likelihood function py(y|f,o) based on strictly convex and continuous Huber loss

p(r;) : R — R. Then the posterior distribution p(f|D, 0, 0) is unimodal.

Proof. The GP-Huber posterior distribution is proportional to the expression:

p(f|D, 07 0) X exp (_%fTK_lf - ip(yz - fz)) ) (49)
i=1

where p denotes the Huber loss function, which is continuous and strictly convex. The

derivative of the log-posterior with respect to f is:
Vilogp(f|D,0,0) < —K 'f — Vep(y: — fi), (4.10)

and for each component f;, the derivative becomes:

hi(f:) = —(yi— i) = — v, (4.11)
V31t (yi— f)
where v; represents the i*" component of v = K~'f. The term % is strictly mono-
Yi—Ji

tonic in f;, as its derivative is positive for all f;. Its behavior at the limits is given by:

(s — f 0 if fi i
Wi h) i (4.12)

VIHW =6 1 i e

The second term, v;, arises from the precision matrix K~!, which is symmetric and positive
definite. By the spectral theorem, K~! can be diagonalized as K=! = QAQT, where A is the
diagonal matrix of positive eigenvalues, and Q is an orthogonal matrix. This ensures that
v; is a linear combination of the entries of f and is therefore continuous and differentiable in

fi- Combining these terms, h;(f;) is strictly monotonic because the first term is monotonic
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and the second term is linear. By the intermediate value theorem, h;(f;) crosses zero exactly
once because:

Ji—yi fi—roo

Thus, h;(f;) has a unique root, ensuring that the log-posterior logp(f|D, 0, 0) is strictly
concave. The strict concavity of the log-posterior implies that the posterior distribution

p(f|D, 0, 0) has a unique mode, proving that it is unimodal. O ]

This theorem indicates that despite the non-Gaussian and potentially complex nature of
the Huber likelihood, the posterior retains a single peak, simplifying both inference and

hyperparameter optimization.

We can set the threshold b = 1.5 to achieve high efficiency at the Gaussian distribution
(see appendix B.1). This would make our model robust to 10% outliers (since fraction of
contamination is ¢ = 0.1). Note that, in the context of our work, "efficiency” refers to the
estimator’s ability to achieve low variance when the noise follows a Gaussian distribution.
Specifically, a highly efficient estimator can make the best use of data that is predominantly
Gaussian, leading to more accurate parameter estimation. The contamination fraction e
defines the model’s tolerance to deviations from the Gaussian assumption, allowing it to
handle a proportion of outlier points without being overly influenced by them. The parameter
b controls the threshold for identifying outliers and thus influences the transition between L2
and L1 norm treatment. By setting b = 0.45, we get € = 0.45 for heavy-tailed and Gaussian
error distributions, we aim to accommodate up to 45% outliers while maintaining reasonable
efficiency. The only hyperparameter of the likelihood function requiring estimation is ¢ = o2.

Thus, the incorporation of projection pursuit weighting and the Huber likelihood does not

introduce any extra hyperparameters.
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4.4 Approximate Bayesian inference

By retaining the optimization-friendly properties of convex problems ensured by to uni-
modality (see Theorem 4.1), our method enables the use of the Laplace approximation [131]
for the posterior. To facilitate predictions f*, we develop Gibbs sampling and Laplace’s
method. The key requirement for the latter is the continuity of the Huber density function,
ensuring that its derivatives exist for all rg in the interval (—oo, c0). In Gibbs sampling,
the joint posterior distribution p(f, 8, 0?) can be simplified using the scale mixture model of
the Laplace distribution for data points with residuals r > b: this representation expresses
the likelihood of these points as a normal distribution—making the sampling process more

efficient.

4.4.1 Gibbs sampling

The Huber density function is a mixture of a truncated normal and a Laplace density function
for an absolute standardized residual respectively lying within and outside the threshold b.

This yields

2
C1 T3
\/27rwiogsexp ( Qw%UZSQ |rsi|§ bv

_Co _ |
2w;as exp < w;as ’TSZ'

where Cy and O} are the constants respectively, defined as C; = 1—¢ and Cy = /FTexp(b?/2).

pua(ylf.o) = (4.14)

> b,

The Laplace distribution pr(y;|f(x;),a) with location parameter a can be represented as

2

a scale mixture of normal distributions N (y;|f(x;), 03

2) where o? follows an exponential

distribution pg(o?|3) [5] and i = 1,...,n; are the indices of the points associated with the

standardized residuals larger than the threshold b hereafter referred to as outlying points.
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Formally, we have

Pl f (i), a) = / Pe(uil F(x:), 02)pi(02|8)do?. (4.15)

Using this property, we represent the individual standard deviations corresponding to n;

outlying training points as {0y, ..., 1, }, which are elements of the vector ;. The variance

2
g

associated with n, inlying points is denoted as o-. Conclusively, the Huber probability

density function takes the form

w0 CWN (s i), 02 1< b,
ot ot ot | OV ) sl )

»Ygo
[T, CoN (yil f (i), o7 )Exponential(a7, B)  |rs,[> b,
where ny + n; = n is the total number of points in the training dataset. An alternative
representation of the likelihood function is given by
Yolfy g 0

Yo, Yilfg, f1,05, 07 ~ N : : (4.17)
yilfi 0 Xy

where 3., and ¥, both are diagonal matrices, the former with constant diagonal elements
equal to 03 and the latter with diagonal entries {0121, e ,afnl}. Let the hyperparameter

2

vector o< consist of the diagonal entries of the matrix 3,4, which are 0'2 and o?. The joint

posterior probability density function of f, o2, and @ is given by
p(f, 0%, 0) o< p(ylf, o)pa(£]0, K)p(a?|B)p(BI¢)p(0C).- (4.18)

We assume that the hyper-hyperparameter vector 3 and the hyperparameter vector 6 follow
the log-uniform distribution with parameters contained in . Since the distribution of the

variance parameter 02 of ny inlying training points is degenerate, the hyper-hyperparameter
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vector B = [B,, 31]" corresponding to the n, points follows a degenerate distribution as
well. Therefore, p(c;|3,) is a Dirac impulse while o7 |8; ~ Exponential(o7|5;). The samples
generated from this distribution are highly correlated. Therefore, in order to better mix the

Monte Carlo chains, we follow the trick used by [65] as follows:

P, B,6) x [ [ petyle Bpettio. Kyt | sl OpBIO010). (119

where the covariance matrix of the n, inlying samples and the n; outlying samples is given by

3 0
Y = % . The samples can be used to obtain the approximated probability density

functions of the latent vector function, p(f*|D, X*), at the new test covariates contained in

X* by averaging over all unknowns. Formally, we have
p(f*|D, X*) = /p(f*\f,a2,9,x*,p)p(f, o?,0|D)dfdo?do. (4.20)
For T samples, it can be evaluated as

T
1
P X7,0) = Z/p(f*|f, X, X*,0,)p(f|D, o2, 8,)df. (4.21)
t=1

4.4.2 Laplace approximation

To ensure the continuity of the derivative of the Huber density function with respect to the

latent vector function f, we utilize the pseudo-Huber loss function [23], which is defined as

plrs) = b2 ( (1+ (%)2 - 1) . (4.22)
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Laplace approximation of the posterior requires the likelihood to be log-concave in order
for it to be represented by a unimodal multivariate normal distribution. It is executed by

approximating the posterior distribution of f with a normal distribution [102], that is,
f|D,0,0 ~ N(f|f, A). (4.23)

A Taylor series expansion about the largest mode of the un-normalized posterior density
function of f yields ¢(f|D,0,0) ~ py(y|f,o)pc(f|0,K). The latter is used to define the
MAP estimate f , given by

f= arg maz In ¢(f|D, 0, 0), (4.24)

which may converge to a local mode in case of multimodal likelihood. As for the posterior

covariance matrix, A, it is given by
A=K'+wW) (4.25)

where W = —VV¢ln (pH(y|f , 0)) . The hyperparameter vector (o, ) is estimated by maxi-
mizing the log of the approximate evidence given by (4.8) using the gradient descent or the

conjugate gradient method since the gradient can be analytically derived. Formally, we have

(6,0) = argmazx In ¢(D|o, 6), (4.26)
(0,0)

where ¢(D|o, 0) = p(D|o, 0) is the approximate log evidence given by

; 1 1 1
In ¢(D|o,0) = In py (f|f) — 51n|K|—§fTK*1f + §ln|A]. (4.27)
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4.5 Experiments

Through our experiments, we aim to address the following questions:

(Q1) When is HuberLA (GP-Huber with Laplace’s method) preferable, and under which
outlier scenarios is HuberMCMC (GP-Huber with Gibbs sampling) more suitable?

(Q2) Does GP-Huber show a significant performance improvement over standard GP re-
gression and the RCGP method proposed by [2]7?

(Q3) Does the use of projection pursuit weighting offer a tangible advantage?

(Q4) Does GP-Huber provide more accurate estimates of the planet-to-star radius ratio
compared to the standard GP method used by [43] in the transmission spectroscopy experi-

ment?

We performed extensive experiments on benchmark datasets, considering cases of extreme
outliers based on their locations, magnitudes, and various error distributions. The threshold
b was set to 1.5 for Gaussian error distributions and 0.45 for Student’s-t, Laplace, and
Cauchy distributions. For all experiments, including the transmission spectroscopy, we used
a anisotropic squared exponential kernel function. The mean function is assumed to be zero
except for the spectroscopy experiment. Performance was evaluated using root mean square

error (RMSE) and mean absolute error (MAE) metrics.

4.5.1 Neal dataset

We evaluate the proposed GP-Huber on the Neal dataset [87] for the following cases of
extreme outliers:

Z-(l), z" in added in output and covariate dimensions, respectively.

Case 1: Extreme outliers y ;

@

Case 2: Only output dimensions y; ' were contaminated with extreme data points.
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SCtMCMC tLA HuberMCMC  HuberLA RCGP GP LaplaceMCMC

e ~ N(0.01,0.08)
RMSE  0.74 (0.52) 0.75 (1.31)  0.37 (0.42)  0.25 (0.25) 1.84 (0.82) 1.44 (0.90)  0.43 (0.46)
MAE 047 (0.25) 0.48 (0.61)  0.31 (0.25) 0.14 (0.14) 1.28 (0.54) 1.24 (0.68)  0.33 (0.26)

€ ~ Student-¢(10)
RMSE 4.86 (11.56) 1.22 (1.31)  0.50 (0.81) 1.17 (0.37) 1.89 (0.88) 152 (0.98)  0.59 (0.93)
MAE 167 (1.25) 0.77 (0.65) 0.41 (0.39)  0.79 (0.18) 1.71 (0.85) 1.34(0.22)  0.43 (0.35)

e ~ Laplace(0,0.1)
RMSE 476 (0.48) 1.23 (131) 0.58 (0.42) 117 (0.35) 1.95 (0.86) 1.51 (0.89)  1.06 (0.82)
MAE  1.64 (0.23) 0.76 (0.61) 0.41 (0.24)  0.68 (0.18) 1.27 (0.46) 1.23 (0.41)  0.75 (0.34)

¢ ~ Student-¢(1) (Cauchy)
RMSE  4.75 (0.57) 1.25(1.32) 0.61 (0.49) 1.20 (0.17) 1.97 (0.62) 1.50 (0.89)  0.42 (0.75)
MAE  1.65(0.27) 0.78 (0.67) 0.47 (0.27)  0.81 (0.11) 1.78 (0.42) 1.32 (0.66)  0.66 (0.38)

Table 4.1: RMSE and MAE values on the Neal dataset for the Case 1. Values in parentheses
represent the performance for Case 3. Bold values highlight the best performance with the
lowest RMSE and MAE.

Case 3: Bad data points ygc), wgl)in added to both output and covariate dimensions, re-
spectively, with the former being relatively close to the main data cluster compared
to Case 1.

i(c

Case 4: Only output dimensions were contaminated with data points y ) relatively close to

the data cloud compared to Case 1.

In all the cases above, the locations ¢ and j of the output and covariate outliers may differ
or coincide (refer to Appendix B.2.1 for the location and magnitude details on outliers).
For each case, we considered four different error distributions: A/(0.01,0.08), Student-t(10),

Laplace(0,0.1), Student’s-t(1).

The baseline models considered for comparison on the Neal dataset, along with RCGP,
include: GP with a Student’s t error model solved using MCMC integration (SCtMCMC),
GP with a Student’s t error model using Laplace approximation (tLA), and GP with a
Laplace likelihood solved via MCMC integration (LaplaceMCMC). Table 4.1 presents the

RMSE and MAE values comparing GP-Huber against these baselines for Cases 1 and 3.
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Refer to Appendix B.2.1 for the Tables B.1, B.2 for the Cases 2, 4. Now, we are in position

to answer Q1.

When is HuberMCMC better?

In scenarios with 3, 2@ (Case 1), HuberMCMC performed better than HuberLA (see,
Tables 4.1 and B.1). HuberMCMC also outperformed tLA in predictive accuracy, demon-
strating a more robust fit that is less influenced by ¥ (Figure 4.1). HuberLA generally
provided better uncertainty quantification compared to HuberMCMC (see Figures 4.1 and
B.2), while maintaining competitive predictive performance. In outlier scenarios with y®
(Case 2), HuberMCMC exhibited superior performance across Student’s-t, Laplace, and
Cauchy error distributions (see, Table B.1). This suggests that HuberMCMC is a robust
choice for datasets containing extreme output outliers i.e. outlier scenarios similar to Cases
1 and 2.

When is HuberLA better?

HuberLA exhibited superior performance in handling closer output outliers y(® compared to
HuberMCMC (values in parenthesis in the Table 4.1 and Table B.2). Figure B.3 highlights
HuberLLA’s robustness to , in contrast to tLA which is influenced by such points. While Hu-
berL A generally provided more accurate predictions and reliable uncertainty quantification
than both HuberMCMC and tLA, HuberMCMC performed competitively for the Cases 3
and 4.

When we did not add ¥ (Cases 2 and 4), HuberLA and HuberMCMC exhibited per-
formance comparable to other baselines, indicating their robustness to exclusively y¥ and
y(© In this case, we did not need to apply projection pursuit weighting on . However, the
RMSE and MAE values in Table 4.1 (with projection pursuit weighting) are clearly lower
than those in Tables B.1 and B.2 (without weighting). This demonstrates that the weighting

mechanism enhances GP-Huber’s accuracy, addressing Q3. Compared to the RCGP, both
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T+ 2std(D) T+ 2std(D) T+ 2std(D)
real f real f real f

—t —t —t

Figure 4.1: Predicted values for the Case 1 of the Student’s t-error distribution for the Neal
dataset obtained from the eight considered GP regression models: (a) SCteMCMC; (b) tLA
; (¢) HuberLA; (d) GP.

HuberLA and HuberMCMC consistently produced better predictive performance across all
outlier cases and error distributions applied to the Neal dataset. (Please refer to Appendix

B.2.1 for Figures B.2, B.3.)

4.5.2 UCI datasets

In this set of experiments, we compared the performance of GP-Huber on the UCI datasets,
Energy and Yacht, against RCGP and other baselines: t-GP, m-GP, and standard GP,
using the outlier settings from [2]. We specifically focused on the "focused outlier” and
"asymmetrical outlier” scenarios, as they closely resemble our extreme and close outlier

cases.

GP RCGP t-GP m-GP HuberMCMC HuberLA

Focused Outliers

Energy 0.03 0.02 0.03 0.24 0.12 0.04

Yacht 0.26 0.10 0.20 0.24 0.37 0.28
Asymmetric Outliers

Energy 0.54 044 042 0.41 0.06 0.07

Yacht 0.54 0.35 041 040 0.29 0.42

Table 4.2: MAE values for energy and yacht. Bold values indicate the best performance for
each row.
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MAE values of the comparison are presented in Table 4.2. As expected, HuberLA demon-
strates to be more robust than HuberLLA since the asymmetrical and focused outliers cases
considered in the study of [2] broadly fall under the Cases 3 and 4 in our study. On the
Energy dataset, HuberLA outperformed both tLA and RCGP. On the twitter flash crash
dataset, HuberLA outperforms RCGP in both RMSE and MAE (see Table 4.3).

P P HuberMCMC HuberLA
GP RCGP HuberMOMC  Huber RCGP HuberMCMC HuberLA

RMSE 0.354 0.331 0.0118 0.0021
Flashcrash  8.71 26.6 3.41

MAE 154 124 . 0.0014
015 0 00059 Neal 4.47 6.28 2.73

Table 4.3: RMSE and MAE for Twitter flash

crash, Table 4.4: Processing times (in seconds).

HuberMCMC (Gibbs sampling) and HuberLA (Laplace approximation) have similar com-
putational times to RCGP. HuberLLA consistently converged within 2 to 4 seconds, while
HuberMCMC showed more variability, with times ranging from 5 to 30 seconds. Table 4.4
shows the processing times for HuberLA and HuberMCMC compared to RCGP on the Twit-
ter flash crash and Neal datasets for Case 1. In our experiments, both HuberMCMC and
HuberLA outperformed RCGP and standard GP, with HuberLLA showing the best compu-

tational efficiency, thus answering O2.

4.5.3 Transmission spectroscopy

Transmission spectroscopy records the relative change in the stellar flux, which is the incident
photons per unit area, as a planet travels in front of the star. The sources of error, such as
photon noise and instrumental and astrophysical systematics, raise many potential challenges
for precise planet’s atmosphere characterization. The goal is to infer the planet to star radius

ratio prqaius from the observed flux as the planet passes in front of the star. The optical state
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parameters are metered via auxiliary measurements of the spectral trace such as position,
width, angle, or other parameters, indicating the state of the detector and optics, which
are thought to be the cause of instrumental systematics. Instead of modeling the latter as
a linear function of the optical state parameters, [43] proposed a non-parametric model by

leveraging GPs.

The observation set obtained from HST-NICMOS includes the light curves for 18 wave-
length channels extracted from n = 638 spectra of the planetary system HD-189733. The
flux measurements contained in the vector, f = [f1, f2, ..., fa]T, are recorded at n time in-
stants, {t1,%s,...,t,} and the optical state parameters x;, collected in the matrix X € R"*4
constitute the training dataset. We extend the work of [43] by using the GP-Huber model
to estimate the planet-to-star radius ratio p,q4ius- As demonstrated earlier, the robustness
to outliers of GP-Huber allows us to utilize 517 measurements associated with four out-of-
transit orbits, namely orbit numbers, {2,3,4,5}, and 137 measurements associated with one
in-transit orbit, namely orbit number 1. The latter was excluded from the analysis performed
by [43] as it constitutes much larger systematics effects attributed to the spacecraft settling.
The observed transit flux modeled in the GP framework follows a normal distribution, that
is,

f(t,X) ~ N(T(t, ¢), K), (4.28)
where the parameter vector, ¢, include the parameter of interest, p,.q4ius, and other parame-
ters. We consider the analytical quadratic limb darkening transit function proposed by [76].

Analogous with (4.16), we assume that the observed transit flux vector, f = f(¢,X), in the

GP-Huber framework follows a normal distribution, that is,

fITt,¢),X,0,0,0° ~N (T(t,X),X +K). (4.29)
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The joint un-normalized log-posterior function of ¢, 3, and @ with the gamma aprior prob-

ability density function, p(@) = %exp (’Te), over the covariance function hyperparameters is

given by

log P(6.6.0%. B1F.X.) = log (£(xs/X..6.0%) — 7 = YL, (55 ) +log(B) — 870 + log(p(BI¢)) + C.
(4.30)
The challenging task now is to infer the parameter p,,q4i.s from the joint posterior distribution

of (¢,0,0?% 3). The log-likelihood £ term is expressed as
log L(rs|X, ¢,0,0%) = Fri(E + K) 't — $log|X + K|—%log(27) + log(1 — ¢), (4.31)

where r = f — T'(t,X). One of the approaches is to use the Bayesian method that seeks
the posterior distribution of p,q4ius by marginalizing over the other parameters of the mean
function parameters ¢ and the covariance function hyperparameters, 8 using MCMC meth-
ods. The other method proposed as the type-II maximum likelihood method by [43], where

the hyperparameters, 8 and o2. Formally, we have

(9.8,6%,B) = axg maxlog P(¢.6,0”, B, X.). (4.32)

And the posterior distribution of the parameter of interest p,qqius is obtained by marginal-
izing the joint posterior distribution p(¢, 8, a2, 3) over the hyperparameters and the rest of
the mean function parameters. In the standard type II maximum likelihood method, the
hyperparameters are fixed to their maximum likelihood estimates i.e. by maximizing the

evidence p(D|¢p, 0, 5?).

Figure 4.2(a) shows the transit fit obtained for one wavelength channel. Figure 4.2(b) shows

the estimated p,qqius Obtained using MCMC integration over the rest of the mean function
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Figure 4.2: Transit curve fit and estimated prqgius- (@) Transit curve mean function 7'(¢, 0)
and GP-Huber model fit; (b) results of planet-to-star radius ratios (preais) Obtained from

GP-Huber with error-bars.

parameters ¢ and hyperparameters @ along with the values estimated from the white light

curve represented as the white dashed line. Note that the estimated p,.qius values are very

close to the white light curve value of 0.155. Most of our results agree with the results

obtained from the Gibson model except for wavelength channels 1.665um and 2.124um (see,

Appendix B.2.2), which effectively answers Q4.

Our code! was implemented in Matlab R2023a with the help of package gpstuff on Intel i7.

thttps://github.com/apoojal /GpHuber



Chapter 5

Measurement uncertainty
quantification in DMD-based

Koopman operator approximations

Numerous algorithms have been proposed to approximate the Koopman operator from data
20, 99, 134], with DMD [108] and extended DMD [145] being prominent examples. This
chapter is focused on the algorithmic steps of DMD, a method that analyzes system dynamics

by extracting dominant modes and their associated temporal dynamics from snapshot data.

Suppose we have m+ 1 data snapshots x4, ..., x,, 1 sampled from a continuous-time system
at instances ty,...,t,1. Let us organize X = [@1,..., @y and Y = [z, ..., &pi1]. An

estimate of the DMD operator, assuming a full-state observable, is given by

A~ XY, (5.1)

where X is the Moore-Penrose pseudoinverse of X . The elements of X and Y are assumed

to follow a normal distribution N (p,,02) and N (u,, 0;), respectively.

This chapter devises a numerical method to quantify the impact of measurement uncertainty
on the random variables a;;, elements of A. That is, it provides expectations and confidence

bounds on a,;. For that, we propagate the first and second moments of X fand Y. Although

74
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2

e We need to derive

the moments of Y are straightforward, E[yx] = p,, and E[y?,] = o
the first and second moments of xik, elements of Xf. This is done in the next subsection,

followed by the moments of a;;, the elements of A.

5.1 Element-wise moments of the DMD operator
The Moore-Penrose pseudoinverse of X is given by
X =(X"X)'XxT, (5.2)

and the tk element of X', z,, can be expressed as

o=l (XX ), (5.3)

Now, let

XX"=V +xx/, (5.4)

where V.=3"", |, x;x; . Using the Sherman—Morrison formula [114], we get

Voilgx V1
XXH)l=v'i-o Lo 5.5
( ) 1+ xV-1lx, (5:5)
where V™! is symmetric. Substituting (5.5) into (5.3),
Vil V!
Tyt t
R (V 1+ w;‘;—lwt) o (5.6)

where k = (x/ Vlx;) is a scalar, and
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| T ‘/v_1 + V_IK/ — V_lwta:tTV_l
T, =e x
tk k 1‘*’/{: t
e, Ve, + eV ike, — el Vigk
1+k

Ty -1

_ % (5.7)
Now, for the sake of simplicity of notation, let R = V=1, Let us also define s; = e, Rx;
and sy = 1+ x/ Rx;. In what follows, we derive the first and second moments of xlk
using moment generating functions (MGFs). The MGF of a real-valued random variable is
an alternative specification of its probability distribution; it encodes all the moments of a

random variable into a single function from which they can be extracted again later. An

MGF h : R — [0,00) of a random variable s and parameter p is defined as

h(p) == Elexp(p - 5)]. (5.8)

The Taylor series expansion of the MGF around p = 0 is given by

h(p) — E[eXp(p . 8)] -1 —i—pE[s] + pZEESQ] + p3E£53] 4o

The n-th moment about 0 is the n-th derivative of the MGF evaluating at p = 0 is expressed

as

dn
E[s"] = d_p"h(p)
p=0

Note that s; and s, in (5.7) are both functions of random variables, thus requiring the joint

MGEF. Following Hoque [51], the joint MGF for a rational function with quadratic forms in



5.1. ELEMENT-WISE MOMENTS OF THE DMD OPERATOR 77

the nominator and denominator is given by

h(p1,p2) = Elexp(p: - 51+ p2 - 52)] (5.9)

where p; and py are parameters. However, unlike [51] where the matrix that multiplies the
vector of random variables is deterministic, here R is stochastic. Therefore, we derive the
joint MGF conditioned on R for the expression in equation (5.7). Hence, we redefine the

joint MGF in (5.9) is as follows:

h(p1,p2| R) = Eexp(py - s1 + p2 - 52)| R] . (5.10)

Now, drawing parallels to the approach in [51], we apply the integrals by Sawa [106] to derive
exact moments of the joint MGF. Note that h(p;, —p2|R) incorporates the negative sign on
P2 to achieve the quadratic form of s =1+ a:tT V !z, in the denominator of the expression

for the moments in (5.7). Then, we have:

dps, (5.11)

E [(l’lk)”} ﬁ/ompg_l ((%h(pl,—ple))

p1=0
to extract the n® moment of xth from (5.10), where 7 is a positive integer.

Now we are in a position to state the main result of this chapter.

Theorem 5.1. Let the t-column vector x; of the data matrix X follow a multivariate normal

distribution N'(pg, ). The ezact first moment of Iik, k-element of the t-column vector mtl
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—+o00
h(p1, —p2|R) = f(x) exp(pr - 81 — pa - S2)dx

e 1 1 Ty -1 T T
1 1 _
= e () o
T n

+00 1
/ exp (—imTE_laz +2' Y 'y + pre’ Re —py — pngRw) dx

+o0 1
=0 / exp (—mT <§E_1 +p2R>33 + (7 g +p1r)Ta:> dx (5.13)
oo
= / exp (—z' Sz + (b+pir) @) de (5.14)

of X1, the Moore-Penrose pseudoinverse of X, is given by

E[z;,] = E [exp(pis1 — p252)|R]

00 bT —lb T —lb
= c/ S|7Y/2 exp(—pa)exp ( S4 ) : (T 82 ) dpo, (5.15)
0

where S = 337+ psR, b =X p,, R is symmetric with k-row (k-column) vector v" (r),

and

1 L
C—WGXP <_§“’w 3 Nw)-

Proof. To simplify the notation, we omit the subscripts in  and e. We develop MGF
h(p1, —p2|R) in (5.14), where ¢; = Wexp(—%uliﬁluw — p2). Using the Gaussian
integral [69] in the form

n/2 Tr-1
s v v
/eXp (—UTLU + 'UT’U,) du = Wexp (T) ,
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Oh(py, —po| R b'S~'b r'S™'b  p?r’STlr r'S™'b r'Slr
(plaplpz\ )zczexp< )exp<p1 . LDl : )( : LD : )
(5.16)
2 _
1
Ts—lb 2 Ts—l TS—lb Ts—l
= ¢3 exp (pﬂ“ : LT : ’r) (r . ) (rTS*1b+2p1rTS*1r) +¥ (p%rTSflrJrQ)

(5.18)

we arrive at the solution of the integral in MGF (5.14):

(5.19)

b+ pir)'S7Hb + pir
h(p1, —p2|R) = ¢y exp(( pr) ( D1 )) ’

4

_ 1 1, Ty—1
where ¢y = mexp(—gﬂmz Ha — P2).

The first derivative of (5.19) with respect to p;, required to calculate the first moment of
)., is given by (5.16). Evaluating (5.16) at p; = 0 yields

0 b'S™'b r’'S~b
= —h(p1, —p2|R) = c2 exp < 1 ) ~ ( 5 ) (5.20)
p1=0

Op1

Substituting (5.20) into (5.11),

< b'S b r’'S™1p
Elzl] = c / S| eXp(—pz)eXp( )( )dpQ.

4 2

Theorem 5.2. Let the t-column vector x; of the data matrix X follow a multivariate normal

distribution N'(pg, X). The exact second moment of x,, k-element of the t-column vector
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a:i of X1, the Moore-Penrose pseudoinverse of X, is given by

0o st—lb Ts—l Ts—lb 2
I [(fﬁik)Q] =c / polS|7V2 exp(—pg)eXp< 1 ) : (r 5 Tl . ) )dpg.
0

(5.21)

Proof. Starting from (5.16), we obtain (5.18), where ¢3 = ¢y - exp (@). Evaluating

(5.18) at p; = 0,

02 (r'S7'b)? r’S7lp

S —2|R = 22

o (p1, —p2| R) - Cs ( 1 t— ) (5.22)
and substituting (5.22) into (5.11) yields (5.21). O

Although we assumed independence among the variables in (5.14) by using a diagonal covari-
ance matrix X, the correlations between the variables in «; can be introduced by including

off-diagonal elements in the covariance matrix.

We proceed with an element-wise derivation of the first and second moments of A in (2.7).
Recall that our objective is to quantify the impact of measurement uncertainty on the random

variables a;;, elements of A. Let

Qij = Tyt + - T = Y Tl (5.23)
k=1
t=1,...,mand j =1,...,m. The first moment of a;; is

E[a;] = Xn:E [Iztkykj] = Zn:E [%Lk} E [yx;]

- ZE [szk} Foyrj» (5.24)
k=1
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where i, . is straightforward to estimate using the sample mean. On the other hand, we use
the result from Theorem 5.1 to estimate E [;L’H . Let us gather the estimates of E [:cllk] ina
matrix M ;3, and denote its i-row by u;. Similarly, we gather the estimated values of i,
(1)

in a matrix My’ and denote its j-column by p,,. Then, an estimate of the first moment of
a;; is given by:

Z’Eaz‘j = IJ’IL“yj' (525)

We now focus on obtaining an expression for the element-wise second moments of A in (2.7).

To this aim, starting from (5.23),

Ela;;] = E :(a:hylj +...+ %Lnynj)Q}
=E :(%yljﬂ —E [l‘h} E v’ +... +E [(l‘%ymﬂ —E [Jf,ln} E [Yns]”
—E[h)?| B[R] ~E [oh] B+ +E[wh?] B[] ~E o] Bl

(E[hr) B l] - E[oh] Bot) (5.26)

3

k=1

Note that the uncertainty around the k-state xj, is given by its associated variance, o?.

In what follows, we assume the random variables to be homoscedastic, that is, all random
variables have the same finite variance. This is also known as homogeneity of variance. Thus,

the random element yy; follows a normal distribution N (s, ;, 0%).-

Substituting i, for the mean and o} for the variance of y; in (5.26), the second moment
of a;; is given by:

waﬂziEWWh%EMJ@W (5:27)

We now make use of the result in Theorem 5.2. Let us gather the estimates of E [(:cik)z]

in M(g)

xi» and denote its i-row by (aiL)T. The confidence levels of the random elements a;;,

7



CHAPTER 5. MEASUREMENT UNCERTAINTY QUANTIFICATION IN DMD-BASED KOOPMAN OPERATOR
82 APPROXIMATIONS

Algorithm 2 Estimate the first and second moments of A
» Obtain the data D = {X,Y}

« Obtain or calculate o7 = [07,...,02]"
o Apply (5.15) to estimate the first moments M )((12

o Apply (5.21) to estimate the second moments M ;?2

o Initializei=1and 7 =1
fori:1:m do
for 5:1:m do
- ml(i7j> - /"”;Z[/"l’yj

— ma(i, j) = (a2)) T (ag) — (12) T (k5)-

QSZ :I:,L-
end for
° ﬁgi]’ ml(%])
° O-llij = m2(7/7‘])
end for

which represent the measurement uncertainties propagated from system states, can finally

be estimated as

Gay = (02) () = (12)) " (11y,), (5.28)

K3

where 02 = [0} 21T

y = (01,---,0,] . Algorithm 2 summarizes the process for estimating the confidence

levels in terms of the first and second moments of the random elements of A.

Remark 5.3. Note that our proposal to quantify the impact of measurement uncertainty
on the elements of A is agnostic of specific dynamic mode decomposition methods. This
feature is desirable, given the number of variants (see, e.g., [56]) of the original dynamic

mode decomposition method [107].

5.2 Experiments

We perform simulations on a spring-mass system and a multi-machine power system. The

covariance matrix X captures the measurement uncertainty of the recorded states; the two
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ways to accomplish this are (i) to use the standard deviations of the measurement devices
provided by the manufacturers and (ii) to calculate the variance of the ambient measurements
using sample variance. We make the blanket assumption of a Gaussian distribution around
the recorded data in each instance: xy ~ N(xu,0%) and yu ~ N (v, 0r). We employ
(5.15) and (5.21) to estimate the element-wise mean and variance of X, necessary for the
DMD method. Following Algorithm 2, we further estimate the first and second moments
of the elements of A. The estimated moments are compared with those obtained from
Monte Carlo simulations, which are the true values. To perform Monte Carlo simulations,
N random trajectories of each state are drawn as illustrated in Figure 5.1. Then, N samples

of A are obtained using DMD in (2.7) as
AL = xt0y 0 (5.29)

l=1,...,N. Finally, the first and second moments of a;; are estimated using sample mean

_ 1NN (0 : 2 _ 1 N0 2 .
May; = 3 211 &; and sample variance og = 5 > )2, (a;; — a4;)", respectively.

Figure 5.1: Obtaining instances of the random matrix X from the normal distribution of

elements z ~ N (pi,, 02).
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5.2.1 Spring-mass system

3000
0.014 +
2500
0.013 +
0.012L  Proposed Method 2000
20011} |
6 4 1500
é 0.01}
0.009 ¢ {14 1000
0.008 F / M.,
0.007 ¢ Monte Carlo
Lo

0.5 0.6 0.7 0.8 0.9 1 1.1
Re(/\l)

Figure 5.2: Comparison of kernel densities for the largest eigenvalue \; of A: Density
distributions estimated from samples obtained through our proposed method and Monte
Carlo simulation. The colorbar indicates density values.

Consider a spring-mass system with n = 2 states: displacement x; and velocity x5, as follows:

Ltl = Ty,
) —k
To = —T1 — ¢,
m
where m is the mass of the object, k is the spring constant, g is the acceleration due to
gravity. We choose m = 5 kg and k£ = 20 N/m. The simulation with initial conditions set
as xy = [0.03; 0.01] recorded for 40 seconds constitutes our observed data Dy, = {X,Y}.
We estimate o7 and o3 using the sample variance of the measurements taken between 30-40
2

seconds, where they remain steady. The diagonal matrix ¥ = diag(c?, 03) now constitutes

the uncertainty in the states.

The estimated first (second) moments of a;; employing Algorithm 2 are gathered in Mg)

(ME)). The matrices ij) and Mf) are compared with those obtained from Monte Carlo
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50 100 150 200 250 100 200 300 400 500
603] (502]
(a) (b)

Figure 5.3: Absolute error differences between the estimated 322,], and true second moments

o2 of DMD operator for (a) event A and (b) event B for the multi-machine power system,

a;j
2 _ 2 _ A2
where d0y,; = |0, — 0,

simulations. A similar comparison is made for the matrices M )((12 and M )(?2 that constitute
the first and the second moments of :cth, respectively. Table 5.1 lists the root mean square
error (RMSE), mean absolute error (MAE), Frobenius norm (Fr-norm), and cosine similarity

(COS) of the performed comparisons.

Let us obtain N = 1000 instances AY; [ =1,..., N of A assuming a normal distribution
on its elements a;; with means as their first moments and variances as their second moments
estimated using the proposed method as ag-) ~ N (ﬁaijﬁij). For each instance AW, we
calculate the eigenvalues {)\gl) > )\g) > L. Aﬁ,’?} to obtain their NV samples. Similarly, let us
obtain N instances of eigenvalues of AY) generated using Monte Carlo simulation. Since the
two largest eigenvalues {\1, A2} form a conjugate pair, we focus on examining the densities
of the real and imaginary parts of the largest eigenvalue \;. Figure 5.2 compares the kernel
density of the largest eigenvalue \; estimated from these samples obtained by both the

proposed and Monte Carlo methods, with a squared exponential kernel fit.
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Monte Carlo == Proposed method

5 10 15 20 25 30 35 40

(b)
Figure 5.4: Comparison of kernel densities for DMD operator a;; and its eigenvalues \; in
the case of (a) even A and (b) event B estimated using samples obtained from the proposed
method and Monte Carlo simulations for the multi-machine system.
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Table 5.1: The RMSE, MAE, Fr-norm, and COS values for the spring-mass system and
multi-machine power system

Spring Mass System Multi-machine Power System
Event A Event B
Measure | RMSE ~ MAE  Fr-norm  COS RMSE MAE Frnorm COS | RMSE MAE Frnorm COS

MY 3.79e-2  3.32e-2 1.19 1.24 4.94e-2  3.14e-2 4.55 1.86 1.97e-2  1.19e-2 2.80 1.57

Xt
M) | 24503 236e-3 7.75¢-2  9.75¢-1 | 2.82¢7-4 9.15e-5 2.60e-2  5.22¢-1 | 3.39e-5 1.25¢-5 4.83¢-3  7.10e-1
MY | 1.04e-3 9.15e-4 523e-1 141 | 2.14e2 1582  5.35 4.66 |8.14e-3 6.16e-3  4.83 4.88

Mf) 4.84e-6 4.48e-6 2.4le-3 9.17e-1 | 3.38e-4 3.04e-4 8.47e-2 7.28e-1 | 2.78e-4 1.1le-4  1.6e-1  5.92e-1

5.2.2 Multi-machine power system

The data obtained from time domain simulation of the multi-machine power system [64]
is gathered in D,s. For this study, we considered detailed dynamical models associated
with synchronous generators that led us to n = 34 states in total simulated for m = 120 s.
The dynamical events are further divided into two sub-events A and B, with measurement
uncertainty characterized by the steady-state period from 0 s to 53.99 s and from 63.18 s to

87.20 s, respectively.

Table 5.1 compares M ) MP . first and second moments of X T and MS), Mf), the

X1 X1
first and second moments of A estimated using the proposed method with their true values
obtained from Monte Carlo simulations. The comparison is conducted using RMSE, MAE,
Fr-norm, and COS. Figure 5.3 illustrates the absolute error differences do?,,, = |a§ij —

G5.,| between the true second moment o, obtained from Monte Carlo simulations and its

estimated counterpart 82”, using the proposed method.

In Figure 5.4, a detailed comparison of p,,; and Ugij, the first and the second moments
of A, estimated using the proposed method, are made with those obtained from Monte
Carlo simulations. Given the considerable number of elements of A (specifically m x m =
6.25e4 (3.52¢5) in the case of event A (event B)), visualizing all of them does not help us to
compare their estimated moments with the true ones. To address this, we plot the moments

of a;; in the intervals of 900 data points for better visualization. Additionally, to ensure
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consistency, the second moments are normalized using min-max scaling. Figure 5.4 also
compares [y, 0'/2\1_, the first and second moments of the eigenvalues, estimated by employing
sample mean and sample variance on N samples obtained using the proposed method and
Monte Carlo simulations as explained above, 7,7 = 1,...,m. The shaded region represents

the range within +2 second moments from the first moments.

Remarkably, the absolute errors associated with the second moments of most of the DMD
operator elements in Figure 5.3 are on the order of 1073. The estimated first and second
moments of A and its eigenvalues in Figure 5.4 exhibit a high degree of comparability
with the values obtained from Monte Carlo simulations. Similar is the case for the kernel
densities of the eigenvalues compared in Figure 5.2. Further strengthening the reliability of
our approach, Table 5.1 illustrates the accurate estimation of moments for XT. Accurate
estimations of the first and second moments for X, A, and X in our proposed measurement

uncertainty analysis instill trustworthiness in the DMD method.



Chapter 6

Random matrix theory-based

quantification of measurement
uncertainty in (E)DMD

approximations of Koopman operator

The DMD algorithm, as we have seen earlier, involves computation of pseudo inverse of X
followed by multiplication with Y. The significant effort is dedicated to compute the first
and second moments of random elements of X' because the first and second moments of Y’

are straightforward.

To compute the moments of xﬁj, the (i,7)-th element of X, we present Theorem 6.1. It
provides formulas for the moments using zero-mean data X, which works since we focus on

the second moments of a;;.

Theorem 6.1. Let the columns of X = (@1, ..., @) € R™™ be a sample, x;, from N, (0, %),
n— wvariate normal probability distribution with a positive definite variance matriz, 3. The
sum of squares matrices, given by 8 = XX, follows a n-variate Wishart distribution with

m degrees of freedom, denoted by W, (X, m). If m > n+3, then the first and second moments

89
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of X1 are given by:

orm(m—n—1)

Proof. By invoking Theorem 2.1 from the seminal work by Cook et al. [26], we establish
the first moment of the generalized inverse, WT, of a matrix, W, following the distribution

W, (I, m):
n

E[W' = I, (6.3)

m(m —n—1)

Considering that E[WT] = (X X )t we derive:

n

E[X X1 = L, (6.4)

m(m —mn—1)

Examining the diagonal elements of the mean of this matrix, we observe a direct relationship

with the variance of each element:
E[X "X = nE[(z},)*]Ln. (6.5)

This relationship leads to the following insightful result:

LE 1
= 6.6
oZm(m—n—1) (6.6)

for a case where W ~ W, (X, m) with elements of 3 as o7, O

Theorem 6.2. As n — oo,m — oo, the probability distribution of XT approaches the

Gaussian distribution, that is, x,}j ~ N0, m)
ij

Here, measurement uncertainty—quantified in the context of the (E)DMD operator—is a
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broader term with a probabilistic basis, attributed to the spread of the estimated value
(from numerical procedures such as the Arnoldi approach or singular value decomposition),
A, from the true value, Agy. Therefore, when we refer to the quantification of measurement

uncertainty, we are essentially addressing the quantification of the algorithmic uncertainty.

Recalling the DMD method’s algorithmic steps, A=X 'Y, the expression of the random
variable a;; is:

Qij = Ty + o T = D Tk, (6.7)

From (5.24), we note that the first moment of a;; is:

E[a;] = ZE[ zkykj] ZE[ } Y]

= ZE [xfk} Hoypi» (6.8)

The data is centered around zero mean reflects 1, . = 0 and E [xlk] = 0 from Theorem 6.1.
Therefore,

E [a;;] = 0. (6.9)

Recalling expression for the second moments of a;; from (5.26):

Ela}] = E [(ahon + .+ 2hin)?] +E [(whin)?] — E [2,] Ely
|

x) )2} IE ylJ — [a; 1}2 ylj ...+E [(m,ﬁn)z} E [yi]] —E [:czln]QE [ynj]2

- (E ()| B[R] ~E [z uyk]). (6.10)

k=1

Substituting i, = 0 and E |:($Z[k)2i| = % from Theorem 6.1, and E [(yx;)*] = o3,

,(m—n—1)
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Algorithm 3 MUQ in Koopman Operator via DMD

o Obtain the data Dyps = {Xops, Yobs} and
e Compute A s = Xj)bsYObS using the DMD algorithm
o Obtain the variance matrix ¥ = diag(c?,...,02)
o Generate N random samples around Xps, Yops following the distribution X;; ~ N (Xobsij,ajg-)
and Yj; ~ /\/’(Yobsij,o']?-)
e Initialize k=1,i=1,7=1
fori:1:mdo
for j:1:m do

2
— 5(i.) = sz 5y
if i £ j then
—S(i,j) = (m—%z—l)
end if
—7=7+1
end for
—i=13+1
end for
* E[aij} = AObSij
* E[a?j} = Sij
we get

2

T (6.11)

Before deriving the moments for the EDMD operator, let us discuss the significant analytical
insights (6.11) sheds: dependencies of second moment of a;; on the variances of the random
elements in data matrices, X and Y. For the diagonal elements of A (i.e., a;;, where i = j),

the variance is ]E[a?j] = 1

o oo 8 which depends solely on the dimensions of data matrices-

X and Y. For the off-diagonal elements (a;;, where i # j)—the variance is inversely related
to the variances of the data column ; at the i*" instance and directly related to the variances

of the data column y; at the j™ instance.
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6.1 Moments of the kKEDMD operator

In the following, we derive the first and second moment of a;; in the case of kernel variant
of EDMD operator, kKEDMD. Since, the EDMD algorithm involves lifting the state space to
the higher-dimensions of observable space, a distinctive step from DMD, let us first focus

on the probability distributions of lifting functions ¢ (x;). Even in the simplest case of

2

dictionary functions - quadratic polynomials ¥ (x;) = [y, ..., Tni, ¥3;, - . ., x2,]—introduce
state interactions that quickly become overwhelmingly non-linear. Not only does this make
it difficult to derive their probability distributions, but the functional dependence also spi-
rals further during operations - inversion of matrix G and multiplication with matrix A.
Therefore, we proceed to use radial basis functions (RBF) k(z, ') = exp (— 5 ||z — «'||%)
as the dictionary functions, which map the state space to infinite dimensional Hilbert space,
a desirable property in the EDMD algorithm. Therefore, we refer to kernel EDMD [60] to

obtain an approximation of Koopman operator generator:
A=GL, (6.12)

where g;; = k(z;,x;) and l;; = k(x;,y;). The expression for a;;, i, j™ random element of
A is:

aij = ghlij + - Gonlmi = Y Ghlis, (6.13)
k=1

where gilj represents 7, j- element of G™!, and [;; denotes 4, j"- element of L. The first and
second moments of a;;, E[a;;] and E[a,], respectively, analogous to the steps in the case of

DMD in (6.8) and (6.10), are expressed as:

E o] = Y [gh] B[], (6.14)
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and
m

Ela}] =3 <IE (Gh?|E[R) - E [g}k]QJE [z@}) . (6.15)

k=1
Before deriving the first and second moments of the elements of G=! and L, we clarify that
our derivation applies to both homoscedastic (where noise is identical at every instance,
¥ =... =3, = ¥) and heteroscedastic (where noise varies across instances, 3 # ... #
3.,,) cases. These are common real-world scenarios, and our approach ensures the proposed
measurement uncertainty quantification remains universal. The derivation accommodates

both cases, providing the first and second moments of the elements of G~ and A, which

are necessary for computing the moments of L, [;;.

Theorem 6.3. Let x; ~ N(po,, X;) and x; ~ N(p,,, X;), where X; and 3 are covariance

matrices. Define the RBF kernel function as:
L r
kij = k’($1, a:j) = eXp —%z z|, (616)

where z = x; —x; and v > 0. Then the first moment of k;j, E[k;], is given by:
1

\/det <%I +3!

where 3, = 3; + 3, and p is the dimension of the vectors x; and x;.

Elki;] =

) exp <—%pf§ (=, ++I)7" m) , (6.17)

Proof. Let z = x; — x;. Since x; ~ N(p,,,%;) and x; ~ N(p,,,%;), the difference
z ~ N(p.,X.), where p. = prp;, — po; and X, = X; + 3;. The expectation of k;; is given
by:
Effy;] = / exp (—isz> £.(2)dz, (6.18)
RP 27y
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where f,(z) is the PDF of z ~ N(u,, X,):

1

fz(z) = (27T)p/2|22’1/2

exp (—%(z )T (e - uz>) | (6.19)

Thus,

1 L r 1 Ty—1
Elki;] = CSREALE /Rp exp (—Ez z) X exp (—§(z — ) X (z— ,uz)> dz. (6.20)
Expanding (z — p.)TX (2 — p.), the integral becomes:
1

—1 e 1 T Ts—1
Wexp (7;1,222 I,LZ> /Rpexp (—5 (AZZ Z—Quzzz Z) dZ,

(6.21)

Elki;] =

where A, = % + X! Using the Gaussian integral,

/Rp exp (_%Az (z—20)" (2 — zo)) dz = %, (6.22)

we have:
exp (=1pT (Z, +~I)
Efks,] = xp (—5ps (B 49D) " pe) (6.23)
det(A,)
Factoring out % from the determinant gives:
B[k, ] L. < LT (=, 41 ) (6.24)
ij| = — /———==¢€X PN z z | - .
J det(AZ) p 2!’/ Y 12
O

Theorem 6.4. Under the same assumptions as Theorem 6.3, the second moment of k;j;,
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E[k], is given by:

1
det (%I + X1

E[k};] = ) exp (—%uf (B +~D)7" /J’z> (6.25)

Proof. The second moment of k;; follows similarly to Theorem 6.3. Here, we compute:

Ek}] = /R exp (—%z?z) f.(2)d=. (6.26)

Following the same steps as Theorem 6.3, with the factor % instead of %, the combined

exponent becomes:

2
(— - 2;1> 2Tz —2uls 'z, (6.27)
gl

We complete the square as in Theorem 6.3 and apply the Gaussian integral:

/R e (—%zTAZz> dz = \/(%, (6.28)

where A, = 2T + 3. The final result is:

exp (—%Aul(ﬁi + 3+ WI)’IAux>

Elkj] = 6.29
il det(I 4+ 2v3;1) ’ (6:29)
Ap, = pp; — po,. Factoring out 4¥ completes the proof:
2 1 1 T -1
EU%] = exp | ——p, (X, +I)  p, (6.30)
det (21 +371) Y
O

As we have discussed earlier, EDMD fashions the Koopman operator estimation in the least-
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squares framework as follows:

A=G'L, (6.31)
gl | l l
= - R (6.32)
ginl ce girm lnl s lnm

We can generally compute the moments of ax; and g;; by substituting the first and second
moments of giLj and /;; in (6.14) and (6.15) computed using Theorems 6.3 and 6.4. To obtain
the moments of g,ij, we need to do some approximations. When the fluctuations of G are

small around its expectation E[G], we can approximate its inverse:
E[G™'] ~ E[G]". (6.33)

To satisfy this condition, A must be positive definite and well-conditioned, ensuring the
existence of its inverse. The perturbation approximation relies on two criteria: a condition
number less than 1 and var(a;;) < Fla;;]? being sufficiently small. In this study, since the

data is centered around zero, these conditions are met.

6.2 Probability distributions of the eigenvalues of the

DMD operator

The eigenvalues of a symmetric random matrix follow the Marchenko-Pastur distribution

[77], expressed as:

o2molx ’
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Figure 6.1: (a) 3-bus system with 2 generators and a load and (b) data gathered in D from
the simulation of the 3-bus system.

with Ay = o%(1 &+ \/X)2 Here, x is the variable, A, and A_ are the upper and lower bounds
of the spectrum, and o2 is the variance of the entries of the random matrix. First, we will
use this knowledge to construct the eigenvalues of the symmetric matrix, constructed as
Ay = ATAT. The probability distribution of the eigenvalues of the random matrix, Ay,

can be described by the probability density function defined in (6.34).

To derive the distribution of the eigenvalues of the DMD operator, Ay,..., A\, of A, which
is the quantity of our interest, we take a positive square root of the eigenvalues s1, ..., s,, of

Agym.

6.3 Numerical analysis

In this section, we discuss the implementation of the proposed uncertainty quantification
in the data-driven identification of nonlinear dynamics using measurements from both a

simulated example power system and real-world data.



6.3. NUMERICAL ANALYSIS 99

6.3.1 Three-Bus Example

Consider a power network with two generators and a load, as shown in Figure 6.1 (a). The
load is modeled as an induction motor in parallel with a constant P(Q) load. The system
is modeled as a four-dimensional dynamical system with the states being generator angle
(02), generator angular velocity (w), load angle (d3), and load voltage magnitude (V3). For
a detailed analysis of the dynamics and parameters of the system, we refer the reader to

1, 32].

Let us obtain the measurements of the n = 4 dynamic states {d2,w, d3, V3} by solving the
continuous differential equations of the given system for the duration 7. We stack these so-
called observed quantities in the data matrix, Dy, € RT*™ = [85, w, 83, V3], shown in Figure
6.1 (b). Let us form the observed input matrix using the 7'— 1 rows of the matrix D as X5 €
RT=1x" = [d,,...,dr_1] and the observed output matrix Yo, € RT 1" = [dy,...,dy]. The
Koopman operator is estimated using the observations Dyps = {Xops, Yops} from the DMD

algorithm as A s = lesYObS'

Let us now characterize the measurement uncertainty using the variance matrix, 32, calcu-
lated from the steady-state measurements from the time, approximately 5 s to 10 s, which
is given as ¥ = diag(0.39745, 0.0026435, 0.5936, 0.23668). Now, with the variance, %, and
mean, Xops, i.¢., Tij ~ N (Tops,;» 2j5) and yij ~ N (Yobs,,;» 2j;), we can draw N = 1000 random
samples, D*) = { X *) Y *) N |, to conduct a Monte Carlo simulation. The realizations of
the DMD operator, A®): k =1,..., N, are obtained by employing the DMD algorithm.

(k) 2
ij _aobsij )

The variance of the elements of the Koopman operator, Rij = Var(a;;) = Zgﬂ (@ T

,1s
estimated using the sample variance, which represents the true variance of the DMD operator
for comparison. We employ Algorithm 3 to estimate variances of the elements of the DMD

operator, S. The DMD operator is sampled from the distribution: a;; ~ N (aobsij, S’”) The
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Figure 6.2: Comparison between the true variance, R, and the ones obtained from the
proposed MUQ algorithm, S, for the elements (a) aiy, (b) aia, (¢) ag1, (d) aze of the DMD
operator, A. The results generated using the proposed method are referred to as tKOP.

results are compared with the Monte Carlo method (considered as true values) where the

elements of the DMD operator are sampled from a;; ~ N (aobsij , R;j). The comparison of the

results is shown in Figure 6.2. Similarly, we also analyze the given system in the function

space using polynomial dictionary functions.

Figure 6.2 show that the uncertainty quantification obtained by employing Algorithm 3 is

quite close to the variance values obtained from Monte Carlo simulations for the single-

machine system.
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Figure 6.4: (a) The data plot for State 1 and (b) the data with subtracted regressed values.
6.3.2 Analysis on real sensor measurements

System setup

The real-world data comprises phasor measurement unit measurements that capture the
voltage magnitude and phase angles of a hardware-in-loop system (NREL ARIES) as shown
in Figure 6.3. Recorded at a sampling frequency of 100 samples per second, the data span

a duration of 10 min. Figure 6.4 (a) illustrates one of the steady state states observed.

To quantify measurement uncertainty for each state, we fit the measured data using a 9th-
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order polynomial regression (see Figure 6.4(b)). The variance of the residuals serves as the

uncertainty estimate for the state.

Results on the element-wise distributions of the DMD operator

x107% x107%
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Figure 6.5: Comparison between (a) the true variance, R, obtained from Monte Carlo and
(b) the ones obtained from the proposed algorithm, S, via DMD; (c¢) variances obtained from
Monte Carlo and (d) proposed algorithm for EDMD.

Figure 6.5 presents a comparison between the true variance values obtained from the Monte
Carlo simulation and those derived from our proposed MUQ method that employs the DMD

and EDMD estimation algorithms.



Chapter 7

Conclusions and future research

7.1 Conclusions

This dissertation explores robust and data-driven uncertainty quantification (UQ) methods
to address the challenges of modern, high-dimensional systems under dynamic and uncer-
tain conditions. A key focus was on developing statistical frameworks that combine robust
modeling techniques with data-driven approaches to enhance the reliability of predictions in
real-time decision-making contexts. The robust process model (RPM) was demonstrated as
an effective tool for handling stochastic power flow calculations, accommodating uncertain-
ties introduced by renewable energy sources (RES) and distributed generation (DG). The
GP-Huber model further expanded the scope by addressing heavy-tailed distributions and
extreme outliers in both covariate and output dimensions, offering computationally efficient
solutions for various real-world applications. Additionally, the dissertation proposed a novel
measurement uncertainty quantification (MUQ) methodology for the Koopman operator,

leveraging random matrix theory to enable robust system control and stability assessments.

The proposed frameworks were validated through rigorous experiments across various do-
mains, including power systems, renewable energy integration, and nonlinear dynamical
systems. Collectively, this work underscores the importance of integrating robust UQ meth-
ods into data-driven models to achieve greater accuracy, adaptability, and resilience in the

face of uncertainty.
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7.2 Directions of Future Research

In future work, several promising directions emerge to further enhance the methodologies
developed in this dissertation. Building on the RPM’s robustness, future research will focus
on extending its application to optimal power flow calculations, particularly in systems with
more than 25% outliers. High breakdown estimators will be explored to enhance performance

under extreme data corruption scenarios.

To handle the increasing size of datasets in real-world applications, future efforts will aim at
implementing sparse inference techniques for the GP-Huber model. These advancements will
ensure scalability while preserving robustness against skewed error distributions and highly
corrupted data. Beyond the first and second moments explored in this work, deriving higher-
order moments such as skewness and kurtosis will provide deeper insights into uncertainty
distributions. This direction will be complemented by extending the MUQ methodology to

non-normal cases, improving its applicability to diverse real-world systems.

Bridging robust UQ methods with real-time decision-making systems remains a critical goal.
Applications such as energy management, autonomous systems, and robotics will benefit
from UQ-driven feedback mechanisms to improve reliability and performance. Future studies
will derive analytical expressions for variances in Koopman operator tuples, establishing
stronger theoretical foundations. Additionally, exploring the interplay between uncertainty
quantification and modal analysis will expand its utility in areas like stability evaluation and

control optimization.

By pursuing these research directions, this work sets the stage for advancing the capabil-
ities of data-driven models and robust uncertainty quantification methods, ensuring their

effectiveness across an ever-growing array of dynamic and complex systems.
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Appendix A

Gaussian process

A Gaussian process is a collection of random variables, any finite number of which have a
joint Gaussian distribution. A Gaussian process is completely specified by its mean function
and covariance function. The mean function m(z) and covariance function k(z,2’) of a real

process f(x) are defined as:

We write the Gaussian process as:

f(x) ~ GP(m(x), k(z, ).

The covariance function specifies a distribution over functions. By choosing a set of input
points X, we can compute the covariance matrix K (X,, X,) elementwise and sample a

random Gaussian vector from the distribution:

f. ~ N(0, K(X., X.)). (1)

In realistic scenarios, we do not observe the function values directly but rather noisy obser-

vations, modeled as y = f(x)+¢, where ¢ is Gaussian noise with variance o2. The covariance
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of the noisy observations is:

cov(Yp, Ug) = k(Tp, 14) + 028, o equivalently, cov(y) = K(X,X) + o21.

Here, 6,, is the Kronecker delta, which is 1 if p = ¢ and 0 otherwise. Adding the noise term

modifies the covariance structure, as seen in the diagonal addition to the covariance matrix.

The joint distribution of the observed targets y and the function values f, at test points X,

K(X,X)+02] K(X, X,
I owlo (X, X)+o ( s @
f, K(X.,,X) K(X., X))

Using this joint distribution, we can derive the conditional distribution for Gaussian process
regression. The posterior distribution of the function values f, at the test points, given

observations y and inputs X, is:

f. | X,y, X, ~ N(E[f.], cov(£,)),

where the predictive mean and covariance are given by:

E[f* |X>Y7X*] :K(X*’X)[K(XvX)+U721[]_1Y7 (3)

cov(f,) = K(X., X,) — K(X,, X)[K(X,X) + 2] 'K (X, X.). (4)

These equations form the foundation of Gaussian process regression, enabling us to make
predictions with uncertainty quantification. The mean provides the expected prediction,

while the covariance quantifies the uncertainty around those predictions.



Appendix B

GP-Huber additional experiments

B.1 Selection of the threshold b

The Huber estimator is a maximum likelihood estimator associated with the least favorable

density function given by

- 1l—¢ _ (r
g(r) = 27me p(a), (B.1)
which can be further elaborated as
1<~y for |r|<b
gy =4V (B.2)

2
1= —lbllrl-%
€ for |r|>b

This distribution is Gaussian in the center and Laplacian in the tails. The threshold b is
related to the fraction of contamination e against which we want to be protected. This

relation is obtained by setting

/OO G(r)dr =1 (B.3)

yielding
/_b (1\/_2_5)6_32 dr +2(1—¢) /boo \/%_ﬂe<_br+b22> dr =1 (B.4)
(1—¢) /_b \/12_7Ter22 dr=(1—-¢)[1 =2(1—®(b))] =(1—¢)(2P(b) — 1); (B.5)
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Figure B.1: Weights based on PS for the Neal data. The numbers right to the data points
indicate index numbers and the ones to the left in red color indicate the weights associated
with that data point.

and

Solving further, we get

2 1
20(b) — 1+ -P(b) =
(6) =1+ 70() = T—

(B.8)

We observe that b decreases to 0 as ¢ increases to 1. At b = 1.5, the Huber loss can handle

roughly e = 0.1 i.e. 10% of outliers.
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B.2 Additional experiments

B.2.1 Neal dataset

[87] proposed the following artificial model:
g(x;) = 0.3 4 0.42 + 0.55in(2.7x) + 1.1/(1 + 2?). (B.9)

A sample of n = 100 points constitutes the training data set, (X,y). The predictions of the
vector function, f*, are made at n* = 541 test covariates contained in x* over the interval
[—2.7,5]. Since the projection statistics require at least a two-dimensional covariate space,
they are calculated on the regressors’ vector, x combined with the column of ones, i.e., on
the matrix H = [1,x]. Specifically, for a test point h; = [1,z;], PS(h;) is calculated using
(4.5). The training covariate, z;, is flagged as an outlier if the associated projection pursuit

weights, w; = min (1, m), has a value less than one.

We demonstrate the proposed GP-Huber in four cases of error probability distribution: (i)
N(0.01,0.08); (ii) the Student’s t-distribution with 10 degrees of freedom; (iii) Laplace(0, 0.1);
and (iv) the Cauchy distribution. For each of these error distributions, we introduce extreme
output outliers y* = {90.5,8.6,98.1,5.3,5.2,6.1, 1,8} at locations j = {7, 8, 9, 10, 11, 15, 61,
70}, extreme covariate data points ) = {4.3, 4.4, 4.5} at locations i = {21, 22, 23}. We
also add large magnitudes to introduce group of good data points to the covariates {xsg, 51,

T52, L53, T54, 1'55} fOI' which Y, = g(.’]}l)

We observe that the projection pursuit weights based on the PS corresponding to the bad
leverage points are {0.9179, 0.8744, 0.8339} while those corresponding to the good leverage

points are equal to 1 (see Figure B.1).
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(a) (b) (c)

Figure B.2: Predicted values for (a) tLA; (b) HuberMCMC; (c) HuberLA with standard
deviations for the Case 2 with error following Student’s t distribution on Neal dataset.

(a) (b) (¢)

Figure B.3: Predicted values for (a) tLA; (b) HuberMCMC; (c) HuberLA with standard
deviations for the Case 3 with error following Student’s t distribution on Neal dataset.

() (b) ()

Figure B.4: Predicted values for (a) tLA; (b) HuberMCMC; (¢) HuberLA with standard
deviations for the Case 4 with error following Student’s t distribution on Neal dataset.
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SCtMCMC tLA HuberMCMC HuberLA RCGP GP LaplaceMCMC
e ~ N(0.01,0.08)

RMSE 1.41 1.30 1.40 1.36 204 1.74 1.48

MAE 0.90 0.81 0.99 0.95 1.93 1.51 0.98
e ~ Student-t(10)

RMSE 1.22 1.14 0.91 1.12 2.04 1.66 1.01

MAE 0.63 0.56 0.62 0.67 1.85 1.34 0.92
e ~ Laplace(0,0.1)

RMSE 1.38 2.73 1.33 1.37 206 1.73 1.33

MAE 0.88 1.82 0.97 0.96 1.95 1.51 0.95

e ~ Student-t(1) (Cauchy)
RMSE 4.74 2.11 1.33 1.38 2.11 1.75 1.33
MAE 1.67  1.36 0.96 0.98 1.84 1.50 0.95

Table B.1: Results for Case 2

SCtMCMC tLA HuberMCMC HuberLA RCGP GP LaplaceMCMC
e ~ N(0.01,0.08)

RMSE 1.02 1.01 1.48 1.50 1.10 1.17 0.98

MAE 0.51  0.52 0.79 0.54 0.76 0.78 0.53
e ~ Student-t(10)

RMSE 1.58 1.02 1.17 1.13 1.11 1.17 0.61

MAE 1.28 0.52 0.53 0.78 0.76 0.85 0.35
e ~ Laplace(0,0.1)

RMSE 1.04 1.01 1.06 1.18 1.16 1.08 1.16

MAE 0.51 0.52 0.53 0.78 0.66 0.66 0.58

e ~ Student-t(1) (Cauchy)
RMSE 1.58 1.02 1.18 1.02 1.10 1.07 1.04
MAE 1.28  0.52 0.63 0.78 0.56 0.56 0.52

Table B.2: Neal results for the Case 4.

B.2.2 Transmission spectroscopy

Transmission spectroscopy records the relative change in the stellar flux, which is the incident

photons per unit area, as a planet travels in front of the star around which it revolves. When



132 AprPENDIX B. GP-HUBER ADDITIONAL EXPERIMENTS

the planet faces the star directly, known as a transit, it occludes a fraction of the stellar flux
emitted by the star equal to the sky-projected area of the planet as compared to the area of
the star, which is referred to as transit depth. The measurement of the total flux over time
is known as the light curve. The property on which the transmission spectroscopy relies to
estimate the transit curve parameters is the planet’s transit depth, which dependents on the
wavelengths of the transmitted flux. For the wavelengths where the planet’s atmosphere is
opaque due to the absorption of the emitted electromagnetic waves by constituent atoms
or molecules, the planet blocks slightly more stellar flux. The variations are measured by
binning the light curve into spectrophotometric channels of different wavelengths and by

fitting the light curve from each channel separately with a transit model [63].

The sources of error, such as photon noise and instrumental and astrophysical systematics,
raise many potential challenges for precise atmosphere characterization. Pointing drift or
modifications in the telescope focus influence the spectrum position on the detector to a small
degree during transit due to instrumental systematics. Note that instrumental systematics
are nothing but what is popularly known as systematic errors in statistics, which are here
attributed to the atmospheric effects on the physical properties of an instrument. The
optical state parameters are metered via auxiliary measurements of the spectral trace such
as position, width, angle, or other parameters, indicating the state of the detector and optics,
which are thought to be the cause of instrumental systematics. Instead of modeling the latter
as a linear function of the optical state parameters, [43] proposed a non-parametric model

by leveraging GPs.

The observation set obtained from HST- NICMOS includes the light curves for 18 wavelength
channels extracted from n=638 spectra along with six optical state parameters, namely the
position of the spectral trace along the dispersion axis ,AX, the average position of the

spectral trace along the cross-dispersion axis, AY, the angle of the spectral trace with
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the x-axis, W, the average width of the spectral trace, ¥°, the temperature, T, and the
orbital phase, 1. The flux measurements contained in the vector, f = [f1, fo, ..., fa]T, are
recorded at n time instants, {t1,ts,...,%,}, contained in the time vector, ¢, and the optical
state parameters are given by x; = [AX;, AY;, Wy, wH T;, f]T at time instant, t;, collected

in the matrix X € R given by X = [xy,...,X,].

The observed transit flux modeled in the GP framework follows a normal distribution, that
is,

ft,X)~N(T(t,¢), K(X,X|0)). (B.10)

where the parameter vector, ¢, include the parameter of interest, p,qq4ius, and other param-
eters, namely out-of-transit flux, fon, time gradient, Ty,qq, fixed central transit time, T,
orbital period, P, limb darkening coefficient, c¢;, limb darkening coefficient, c;. The transit
vector function, T'(t, ¢), is hereafter referred to as mean function parameter vector. The
non-variable mean function parameters are fixed or calculated as stated in [43]. Along with
the planet-to-star radius ratio, the other mean function parameters are the parameters of a
linear baseline model, foot and Ty.qq. The covariance matrix, 3(x;,x;|0), is the covariance
between two output flux measurements defined as a function of the distance between optical

state parameters, (x;,X;), given by

Kij = k(xi,%;) + 6550, (B.11)

where k(-,-) is a Gaussian kernel. The threshold parameter, b, is set to 1.5 to achieve good

robustness and efficiency at data distributed normally.



134 AprPENDIX B. GP-HUBER ADDITIONAL EXPERIMENTS

The joint un-normalized log-posterior function of ¢, B, and @ is given by

sil;

d
I%P@ﬁm%MﬁXOIbgwmx¢aam_%_§:(1)
T i=1

+10g(8) — B0 +log(p(BIC)) + C. (B.12)

Here, we lay the gamma a priori probability density function, p(€) = %exp (’Te) over the
covariance function hyperparameters 8. The parameter [, is of the gamma a priori associated
with hyperparameter 7 and C represents additional constant terms. The samples of 3; are
generated from log uniform distribution to lay a non-informative prior with parameter vector,

¢, whereas p(f3,) is a degenerate probability density function.

The values of the planet-to-star radius ratio p,qq¢us for each wavelength obtained from the
GP-Huber model are shown in Table B.3 along with those obtained from the model described

in [43] referred to as Gibson2012, where Ap,qqius represents the estimated uncertainty.
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Table B.3: Results of the planet-to-star radius ratio obtained from Gibson (2012) and GP-

Huber.

Wavelength  Results from model in Gibson2012 Results obtained from GP-Huber
(,um> Pradius Apradius Pradius Apradius
2.468 0.15545 0.00077 0.15525 0.00071
2.411 0.15520 0.00052 0.15771 0.0008911
2.353 0.15455 0.00044 0.15488 0.0004021
2.296 0.15513 0.00057 0.15825 0.0006526
2.238 0.15512 0.00041 0.1542 0.0005276
2.181 0.15504 0.00051 0.15297 0.0007462
2.124 0.15417 0.00066 0.15928 0.0007869
2.066 0.15508 0.00066 0.15525 0.000399
2.009 0.15393 0.00036 0.15259 0.0004077
1.951 0.15595 0.00051 0.15602 0.0005586
1.894 0.15549 0.0006 0.15466 0.0005988
1.837 0.15513 0.00053 0.15433 0.0004704
1.779 0.15534 0.00051 0.1537 0.0003601
1.722 0.15447 0.00087 0.14937 0.0006938
1.665 0.15429 0.00064 0.1517 0.000871
1.607 0.15266 0.00062 0.15213 0.0008045
1.55 0.15359 0.00073 0.15276 0.0007583
1.492 0.15367 0.00118 0.15256 0.0010653
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