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Chapter I 

INTRODUCTION 

The optimal parameter adaptive estimation problem may be stated as 

follows: Assume that we are given a collection (possibly countably in~ 

finite) of random processes with known distributions one of which is 

being observed with additive noise. The~ priori probability, that a 

specific random process in this collection will be observed, is specified 

for each one in the collection. The problem is to find the least squares 

estimate of the random process that is being observed. 

That is, the statistical model is specified up to a set of unknown 

parameters with known~ priori probabilities. Knowledge of the parameter 

vector completely specifies the statistics of the problem. Therefore, 

the optimal estimator should learn the value of the parameter vector. 

(This characteristic justifies the name parameter adaptive.) The problem 

can be visualized as joint detection and estimation [41]. There is a 

large class of physical problems that can be considered in this context. 

For instance, joint estimation and system identification [28], joint 

failure detection and estimation [40], [34], estimation under uncertainty 

[42], parameter adaptive self-organizing control [43], [44], [45], etc .. 

Optimal parameter adaptive estimation of sampled Gaussian processes 

has been investigated by Magill [24]. Magill has shown that the optimal 

estimator is composed of a set of elemental estimators corresponding to 

each possible value of the parameter vector and a set of weighting 

coefficients which is a nonlinear functional of the elemental estimates. 

In this case, the elemental estimators turn out to be the linear Kalman 
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filters conditioned on each value of the parameter vector. This decom-

position of the optimal estimator is known as the "Parti.tion Theorem" 

in the literature. Optimal parameter adaptive estimation of continuous 

Gaussian random processes with linear dynamic models has been treated 

by Lainiotis [27], [28]. Other more specific works can be found in 

Sims et al. [26] and Park et al. [36]. 

The previous results on this subject have been limited to parameter 

adaptive estimation of Gaussian vector random processes with linear 

dynamic models corrupted by Gaussian noise. In this work, we solve the 

parameter adaptive estimation problem for a larger class of vector 

random processes. For instance, the results that we obtain are appli-

cable to vector random processes which are the solutions of nonlinear 

stochastic differential equations and to second order vector random 

processes which are not necessarily the solutions of stochastic dif-

ferential equations. The outline of the thesis is as follows. 

Chapter II is a review of stochastic processes and statistical 

decision theory. The probabilistic framework, in which the problem will 

be analyzed, is set up in this chapter. We put particular emphasis on 

the Wiener process, the stochastic integral, linear stochastic differ-

ential equations, and statistical decision theory. The only novelty of 

this chapter is the measure-theoretic approach to the M-ary hypothesis 

testing problem. 

Chapter III is on the jo•int detection and least squares state 

estimation problem for linear continuous stochastic dynamic systems. 

In Section A, the detection problem in linear continuous stochastic 

dynamic systems will be formulated. Computable expressions for the 
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likelihood ratios and the stochastic differential equations that these 

likelihood ratios satisfy will be found in the first section. In Sectiop 

B, joint detection and state estimation problem for linear continuous 

stochastic dynamic systems is solved using nonlinear filtering theory. 

It will be shown that the least squares estimate of the state is a 

weighted average of the hypothesis conditioned estimates weighted by the 

.! posteriori probabilities of the hypotheses conditioned on the obser-

vations. The stochastic differential equations that the.! posteriori 

probabilities satisfy will also be found. The stochastic differential 

equations derived in this chapter have not been treated previously in 

the literature. 

Chapter IV is the main contribution of this dissertation. In this 
) 

chapter, we will formulate the parameter adaptive estimation problem for 

a large class of vector random processes in a measure theoretic frame-

work. The scope of the problem considered in this chapter is as 

follows: We are given a countably infinite collection of vector random 

processes with known distributions; one of which is being observed with 

additive white Gaussian noise. The.! priori probability, that a specific 

one in this collection will be observed, is also given. The least 

squares estimate of the random process that is being observed will be 

found in terms of the hypothesis conditioned estimates. In this chapter, 

we will show that the optimal estimate is an infinite linear combination 

of the hypothesis conditioned estimates with coefficients as the 

.! posteriori probabilities of the hypotheses conditioned on the 

observations, (Lenvna 4.8). We will show that there is only one natural 

probability measure that one can possibly talk about in this problem; 
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namely, this probability measure wi 11 be the one provided by an extended 

version of the classical Product Measure Theorem (Lemma 4.1 and Corollary 

4.2). A Radon-Nikodym derivative representation will be derived for the 

.! posteriori probabilities (Theorem 4.5). The important part of this 

Representation Theorem is that this Radon-Nikodym derivative can be 

~ritten in terms of known Radon-Nikodym derivatives of measures of the 

stochastic processes in the collection with respect to the Wiener measure 

(Lemma 4.7). The Radon-Nikodym derivative representation can be con-

sidered as generalization of the classical Theorem of Bayes (see the 

remark following Lemma 4.7). By using recent results of Duncan [17], 

[18], and Kailath [33], [15], on likelihood functions, we will obtain a 

general expression for the weighting coefficients of the elemental 

estimators in terms of the conditioned estimates. We will prove an 

extended version of "the Partition Theorem" of parameter adaptive esti-

mation (Theorem 4.10); namely, it will be shown the optimal estimator for 

this parameter adaptive estimation problem consists of two parts: I.) A 

non-adaptive part in which the hypothesis conditioned estimates are found. 

II.) An adaptive part in which the.! posteriori probability of each 

hypothesis conditioned on the observations is calculated using the 

conditioned estimates in Part I. We will then find the stochastic 

differential equations that the.! posteriori probabilities satisfy for 

the case of finitely many hypotheses (Theorem 4.11). It will also be 

shown that the.! posteriori probability is the unique solution of the 

stochastic differential equation that it satisfies with the.! priori 

probability as the initial condition. An expression for the conditional 
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error covariance will be found in terms of the hypothesis conditioned 

error covariances. 

In Chapter V, some analogous results on joint detection and esti-

mation will be derived for discrete stochastic dynamic systems. An 

application of the results to optimal sensor redundancy management in 

digital slight control systems is in Chapter VI. Real-time hybrid 

computer simulation results for a self-organizing digital flight control 

system which is optimally tolerant of sensor failures will be presented 

in this chapter. Conclusions and recommendations for further study will 

be presented in Chapter VII. 

Appendix I is a review of linear deterministic dynamic systems and 

the optimal continuous linear regulator. The regulator problem is 

solved in a Hilbert space setting and an interesting relationship between 

observability and inner product is proved in this context. Appendix II 

is a summary of basic definitions of probability theory. 

The recent results on likelihood functions of stochastic signals 

in white noise can not be over emphasized. · Prior to Duncan and 

Kailath's work, methods for computation of likelihood functions were 

primarily on Gaussian signals in Gaussian noise. The evaluation of 

these likelihood functions involved solution of integral equations in 

terms of the covariance of the stochastic process. The work of 

Grenader [37], Kadota [38], [39], Shepp [32], is along this direction. 

These integral equations are ·hard to solve and usually difficult to 

implement on line. The likelihood functions of stochastic signals in 

white noise in terms of casual least-squares estimates were first 
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treated by Sosulin and Stratonovich [40] for a restricted class of 

signals. Major generalizations are due to Duncan and Kailath. 



Chapter II 

STOCHASTIC PROCESSES AND STATISTICAL DECISION THEORY 

In this chapter, we shall set up the probabilistic -framework in 

which we will study the optimal parameter adaptive estimation problem. 

In Section A, the basic definitions of random processes are introduced. 

Section B deals with one of the most important building blocks of 

modern theory of random processes; namely, the Brownian motion process. 

Elementary properties of the Wiener process, which is used in stochastic 

integration, is discussed in this section. The stochastic integral for 

sure functions is defined in Section C. Some characteristic properties 

of this integral, which are similar to those of the Ito integral [19], 

are proved in this section. In Section D, the concept of a linear 

stochastic dynamical system is introduced. Some properties of the 

solution of the linear vector random integral equations are proved. The 

classical framework of statistical decision theory is set up and a 

measure-theroetic solution to the M-ary hypothesis testing problem is 

given in Section E. The treatments of the subjects in Section A through 

Dare quite standard. The approach to the M-ary hypothesis testing 

problem is novel. 

A. Basic Notions of Probability Theory and Stochastic Processes 

A probability space is a triplet (n,A,P), where n is a set of 

points w, A is a a-algebra of subsets of n, and Pis a measure defined 

on the measurable space (n,A) for which P(n) = l. (For a brief summary 

of these measure theoretic notions, see Appendix II; for a more detailed 

7 
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analysis see [l], [7].) We can visualize the probability space (n,A,P) 

as a random experiment such that the outcomes of the experiment are 

points win n, the elements of A are the events determined by the 

experiment, and P assigns to each event its probability. A random 

variable xis a real valued measurable function defined on a probability 

space, i.e., x: (n,A) + (R,B) where Bis the Borel sets of the real line 

which is the a-algebra generated by the class of all open sets on the 

real line. The random variable x induces a probability measure P' on 

its range by: 

P'(B) = P{w £ n: x(w) £ B} for every B £ B (2.1) 

P' (.) is called the distribution of x. If we are interested in only one 

random variable, it is simpler to work with the induced probability space 

(R, P'). Every random variable x defines a real valued function Px(.) 

on R by 

(2.2) 

Px(.) is called the distribution function of the random variable x. 

Px(.) is a non-decreasing function on R, continuous from the left with 

P (-oo) = 0 and P (+oo) = 1. It can be shown if g is any Borel measurable X X 

function on R, then 

+oo 
E(g(x(w))) - f g(x(w))dP(w) = f g(y)dPX(y) 

n · -oo 
= f g(y)dP'(y) 

R 
(2.3) 

where the second integral should be interpreted as the Lebesgue-

Stieltjes integral with respect to Px(y). 
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If x1,x2, ... ,xn are n random variables, then x = (x1 ,x2, ... ,xn) is 

a measurable mapping from (n,A) into (Rn,zf). The joint distribution of 
xis defined by 

P1 (B) = P{w £ n: x(w) £ B} for every B £ zf 

Similarly, the joint distribution function of xis defined by 

If (x1 ,x2 , ... ,xn) are such that Px(x1 , ... ,xn) is absolutely continuous 

with respect to Lebesgue measure, then from an application of Radon-

Nikodym Theorem, there exists a non-negative Borel measurable function 

Px(x1 ,x2 , •.. ,xn) such that 

px(x1 , ... ,xn) is called the probability density function for the random 

variables x1 , ••• ,xn. 

The random variable, x, is said to be a Gaussian random variable, 

if the distribution function of xis given by: 

P x(y) 

It then follows that Ex=µ and E(x - µ) 2 = cr 2. The distribution of 

this Gaussian random variable will be denoted by N(µ,cr2). 
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Then random variables (x1 ,x2, ... ,xn) is said to have a joint 

Gaussian distribution, if the joint distribution function of x = 

(x1 ,x2, ... ,xn) is given by: 

p (y) = f l 
x (-oo,y) (2rr)n/2(det Q}l/2 

exp{-} (z-µ} 1 Q- 1(z-µ}} d(z1 ,z2, ... ,zn) 

where y = (y1 ,y2, ... ,yn}', z = (z1 ,z2 , ••. ,zn)', and Q is a nxn positive 

definite real matrix. 

A collection of random variables is called a stochastic or random 

process. The stochastic process {x(t,w): t e T} is measurable if x(t,w) 

is measurable on the product space T x n. In this thesis Twill always 

be a subset of the real line, R. Unless otherwise stated, Tis 

implicitly assumed to be the interval [0, 00 ) in R. {x(t): t e T} is said 

to be a Gaussian process if the joint distribution of every finite set 

of samples (x(t1), • • • ,x(tn)) of {x(t): t e T} is Gaussian. All finite 

joint distributions of a Gaussian process are completely determined by 

its mean and covariance. {x(t}} is a second order process if 

Ejx(t)j 2 < 00 for all t. The set of all second order random variables is 

a Hilbert space with scalar product 

<x ,Y> = Exy (2.4a) 

The norm induced by this scalar product is 

(2.4b) 
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B. The Wiener Process 

One of the most important stochastic processes is the Wiener 

process (the Brownian motion process). Wiener process is a Gaussian 

process {x(t), t e T} with mean and covariance defined by: 

E(x(t)) = 0 and E(x(t)x(s)) = min(t,s) (2.5) 

In order to show that min(t,s) defines a covariance we have to show 

that the matrix [min{ti,tj}] for t 1<t2< ... <tn is positive-semidefinite 

[10]: 

t, t, t, 
t, t2 t2 

t, t2 t3 t3 

Multiplying the kth row by -1 and adding it to the k+l th row we get the 

upper triangular matrix 

t, t, t, t, 

0 t2-t, t 2-t1 . t2-t, 

[min{t1 ,tj}] ~ 0 

. t -t n-1 n-2 tn_,-tn-2 
0 0 . 0 tn-tn-1 

[min{t;,tj}] is positive definite due to Sylvester's criterion. 
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Theorem 2.1. Let {x(t): t £ T} be a Wiener process. Consider the 

increments of the process {x(t) - x(s)} on the interval .(s,t). 

{x(t) - x(s)} has a Gaussian distribution N(O,t-s). If (s1 ,t1) and 

(s2,t2) are disjoint, (x(t1) - x(s1)) and (x(t2) - (x(s 2)) are 

independent. 

Proof: Since x(t) is a Gaussian process, the joint distribution of 

{x(t1),x(t2), ... ,x(tn), x(s1), ... ,x(sn)} is Gaussian. Since the joint 

distribution of any finite linear combination Gaussian random variables 

has a Gaussian joint distribution, {x(t1)- x(s1), ... ,x(tn)- x(sn)} have 

a joint Gaussian distribution. {x(t) - x(s)} is a Gaussian process. 

E(x(t) - x(s)) = E(x(t)) - E(x(s)) = 0 

E(x(t) - x(s)) 2 = E(x(t)) 2 + E(x(s)) 2 - 2E(x(t)x(s)) 

= min{t,t} + min{s,s} - 2 min{t,s} 

= t + s - 2s = t - s 

Now let s1<t1~s 2<t2. The covariance {x(t1) - x(s1), x(t2) - x(s2)} is 

given by 

cov{x(t1) - x(s1),x(t2) - x(s 2)} 

= E(x(t1) - x(s1))(x(t2) - x(s 2)) 

= Ex(t1)x(t2) + Ex(s1)x(s 2) - Ex(t1)x(s 2) - Ex(s1)x(t2) 

= min{t1,t2} + min{s1 ,s2} - min{t1 ,s2} - min{s1 ,t2} 

= t 1 + s1 - t 1 - s1 = 0 = (Ex(t1) - x(s1))(Ex(t2) - x(s 2)) 
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So {x{t1) - x(s1),x(t2) - x(s2)} are uncorrelated. Since their joint 

distribution is Gaussian, they are independent. So {x{t) - x(s)} has 

distribution N(O,t-s).* 

The Wiener process is first used as a model for Brownian motion. 

If x(t) is thought of as the displacement of a particle under Brownian 

motion, from the above theorem it is clear that the displacement of the 

particle in successive time intervals are independent random variables 

and the distribution of the length of the displacement depends only on 

the length of the time interval. Our interest in Wiener process is in 

the modeling of noise. The process was first introduced by Brown and 

was later developed rigorously by Wiener. A widely accepted inter-

pretation of white Gaussian noise is the formal derivative of a Wiener 

process. (This is just an interpretation and not a definition, since 

the sample function of a Wiener process is nowhere differentiable with 

probability 1 [8].) 

A stochastic process {x{t)} is continuous in the quadratic mean if 

lim E(x(t+h) - x(t)) 2 = 0 for every t £ T 
~o 

Since, for the Wiener process, W(t), by Theorem 2.1 

E(W(t+h) - W(t)) 2 = t + h - t = h 

It follows that the Wiener pr.ocess is continuous in the quadratic mean. 
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C. Stochastic Integration 

b 
In this section, we shall define the integral J f(t)dW(t) where 

a 
f(t) is a real valued function on [a,b] and W(t) is a Wiener process. 

As we have noted earlier, the sample function of a Wiener process is 

nowhere differentiable. Therefore, it would be very pleasing if the 

sample functions of a Wiener process were of bounded variation so that a 

standard Lebesgue-Stieltjes integral could be defined with respect to 

a Wiener process. However, the sample functions of a Wiener process are 

of unbounded variation with probability l [8] so that the integral 
b 
J f(t)dW(t) cannot be defined by any of the customary recipes of inte-
a 
gration theory. This difficulty can be overcome by defining the 

stochastic integral as a limit in the quadratic mean. 
I 

Let the time interval, T, be [a,b]. Consider the Wiener process 

{W(t), t £ [a,b]}. Let us define the function F(t) on R by: 

F(t) = E(W(t) - W(a)) 2 = t - a for every tin [a,b] 

Since E(W(t) - W(s))2 = t - s = t - a - (s-a):; F(t) - F(s), F(t) is a 

bounded monotone increasing, continuous function oft. Now if f(t) 

is any step function on [a,b], then for a= t 1<t2< ... <tn = b 

The integral of f(t) with respect to the Wiener process is defined to 

be a random variable by: 

b 
f f(t)dW(t) 
a 
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Now if f and g are two step functions on [,a ,b] on the same partition 

b b 
E f f(t)dW(t) f g(t)dW(t) 

a a 

From Theorem 2. 1 

By applying Theorem 2.1 once again 

n-1 
= .l f(ti)g(ti)(F(ti+l) - F(t;)) 

1 =1 

So 

b b b 
E f f(t)dW(t) f g(t)dW(t) = f f(t)g(t)dF(t) (2.6) 

a a a 

where dF(t) is the Lebesque-Stieltjes measure induced by F(t). From 

Equation 2.6 it follows that 

b b 
E[f f{t)dW{t)J 2 = f f 2{t)dF{t) 

a a 

So if fn(t) is a sequence of step function such that 

b 
limn J lf(t) - fn(t)1 2 dF(t) = 0 

a 

from Equation 2.6 1 it follows that 

{2 • 6 I) 
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b b 2 
limn E[f f(t)dW(t) - f fn(t)dW(t)] = 0 

a a 
(2.7) 

Now it would be useful to introduce convergence in the quadratic 

mean. A sequence of random variables is said to converge to a random 

variable x if limn(E(xn-x) 2)1/ 2 = O. 

Notation x = limn xn (q.m.) 

b 
So the random variable J f(t)dW(t) can be defined by: 

a 

b b 
f f(t)dW(t) = limn f fn(t)dW(t) (q.m.) 
a a 

(2.8) 

It is easy to see that the above definition is independent of the 

particular sequence of step functions {fn(t}} chosen. This integral is 

defined for all functions which are measurable with respect to Lebesque-

Stieltjes measure dF(t) and for which 

b 
J lf(t)1 2 dF(t) < ® 

a 

Vector random processes are vectors whose elements are stochastic 

processes. The stochastic integral with sure integrand functions was 

first defined by Paley and Wiener [19]. Therefore, we shall call the 

integral defined by Equation 2.8 as the Wiener integral. We summarize 

the properties of the Wiener integral in the next lemma. 
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Lemma 2.2. Let {W(t): t E [a,b]} be a Wiener process. Define 

F(t) = E(W(t) - W(a)) 2. Let g(t) be a measurable function with respect 
b 

to the Lebesque-Stieltjes measure dF(t) and J lg(t)1 2 dF(t) < 00 • The 
a 

Wiener integral I(g) of g(t) defined by Equation 2.8 has the following 

properties: 

l. E I(g) = 0 

2. I(a1g1 + a2g2) = a1I(g1) + a2I(g2) where a1, a2 are real numbers 
b 

3. EII(g)l 2 = f g2(t)dF(t) 
a 

b 
Proof: Let gn be a sequence of step functions such that limn f 

a 
lg(t) - gn(t)l 2 dF(t) = O. It follows that 

E I(g) = E limn I(gn) q.m. 

= limn E(I(gn)) since E I(gn) = oYn EN 

E I(g) = 0 

The limit and the expectation operator can be interchanged since con-

vergence in the quadratic mean implies convergence in the mean in a 

probability space, i.e., if xn x q.m., then xn x in the mean. It 

follows that 

which implies that 
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The second property follows from the property of limits. Third property 

is true for step function gn by Equation 2.6', i.e., 

It follows that 

b b 
E(I(g)) 2 - f g2(t)dF(t) - (E(I(gn)) 2 - f g~(t)dF(t)) 

a a 

b b 
= E(I(g)) 2 - E(I(gn)) 2 + f g~(t)dF(t) - f g2(t)dF(t) 

a a 

where the norm for the random variable I(g) is 11 I(g) 11 = (E(I(g)) 2) 112 
b 

and the norm for g(t) is I lg(t) 11 = (J l(t)dF(t)) 112 . The following 
a 

inequalities follow from the definition of a norm [4]: 

11 I ( 9) 11 - 11 I ( gn) 11 2- 11 I ( g) - I ( gn) 11 

11 gn 11 - I I 9 I I 2- I I g - gn 11 

Since I(g) + I(g) q.m. and g + g q.m., it follows that [8] E(I(g ))2 
n b nb · n 

+ E(I(g)) 2 and J g2(t)dF(t) + J g2(t)dF(t). Therefore, the property 3 
a n a 

of the Wiener integral follows.* 

A vector Wiener process {W(t)} is a vector Gaussian process with 

E W(t) = 0 and 
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min(t,s) 
E(W(t)W'(s)) = J Q(T)dT for t,s in [a,b] 

a 

where Q(t) is a positive semidefinite matrix. 

Corollary 2.2. If W(t) is an n-vector Wiener process with 
min}t,s) 

E(W(t)W'(s)) = Q(T)dT, and B(t) in an nxn matrix with 
a 

integrable elements, then 

b b b 
E(f B(t)dW(t))(f B(t)dW(t))' = f B(t)Q(t)B'(t)dt 

a a a 

Proof: We first note that if (s1,t1) and (s 2,t2) are disjoint 

intervals in [a,b] we have 

min(t1 ,s 2) min(s1 ,t2) 
J Q(T)dT - J Q(T)dT 
a 

min(s 1 ,s 2) 
+ f Q(T)dT = 0 

a 

a 

Assume that the elements of B(t) were step functions such that B(t) = B. , 
fort£ [t; ,ti+l) i = l , ... ,N-1 with t 1 = a and tN-l = b. 

b b N-1 N-1 
E(f B(t)dW(t))(f B(t)dW(t))' = l l EBi(W(ti+l) 

a a i=l j=l 

In view of the remark we made at the start of the proof, we have 
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N-1 
= l Bi E(W(ti+l) - W(ti))(W(ti+l) - W(ti))'Bi 

i=l 

N-1 ti+l 
- .l s, J Q(T)dT Bi 

1=1 t, 
b 

= J B Q(T) B'dT 
a 

The general case follows by using a similar argument as in Lemma 2.2.* 

D. Linear Stochastic Dynamical Systems 

In this section, we will consider linear dynamical systems driven 

by white noise input. The standard reference for this section is [20]. 

Consider the vector random integral equation: 

t t . 
x(t;w) = x(a;w) + J A(s)x(s;w)ds + J B(s)dW(s;w) (2.9) 

a a 

where x(t;w) is an-vector random process, W(t;w) is am-vector Wiener 
min(t,s) 

process with E W(t) = 0 and E W(t)W'(s) = f Q(T)dT, A(t), B(t) 
a 

are matrices of appropriate dimensions, elements of A(t) are in L2(a,b) 

and elements of B(t) are in L2(a,b) with respect to Stieltjes measure 

dF(t) induced by W(t); x(a;w) is a Gaussian random variable independent 

of the W(t) process. For any sample function the first integral is to 

be interpreted as a Legesgue integral. The second integral should be 

interpreted as a Wiener inte~ral defined by Equation 2.8. The unique 

measurable solution of Equation 2.9 is given by [9] 

t 
x(t) = ~(t,a)x(a) + J ~(t,s)B(s)dW(s) 

a 
(2.10) 
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where ~(t,s) is the transition matrix of A(t) (see Appendix I for the 

definition of the transition matrix). Random integral Equation 2.9 can 

be interpreted as the formal differential equation 

x(t) = A(t)x(t) + B(t)w(t) (2.9 1 ) 

where w(t) is a white Gaussian process with zero mean and 

cov{w(t),w(s)} = Q(t)o(t-s) where o(t-s) 

is the Dirac delta function. Using the properties of the Wiener 

integral, the mean and the covariance of the solution of the random 

integral equation 2.9 can easily be found. 

Theorem 2.3. Consider the solution of the random integral Equation 

2.9 given by 

t 
x(t) = ~(t,a)x(a) + J ~(t,s)B(s)dW(s) 

a 
(2.10) 

x(t) is a Gaussian process with its mean and auto-correlation given by 

E(x(t)) = ~(t,a)Ex(a) 

Ex(t)x 1 (s) = ~(t,a) E(x(a))x'(a)) ~•(s,a) 

min(t,s) 
+ f ~(t,T)B(T)Q(T)B 1 (T)T 1 (s,T)dT 

a 

and E(x(t)x 1 (t)) = V(t) is the unique solution 

V(t) = A(t)V(t) + V(t)A 1 (t) + B(t)Q(t)B 1 (t) 

with V(a) = Ex(a)x'(a). 

(2.11) 

(2.12) 

(2.13) 
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Proof: x(t) is a Gaussian process since it is a linear transfor-

mation of a Gaussian process. Equation 2.11 follows from property l of 

the Wiener integral. 

Ex(t)x'(s) = ~(t,a)E(x(a)x 1 (a))~ 1 (s,a) 

s 
+ E ~(t,a)x(a)(f ~(s,y)B(y)dW(y)) 1 

a 
t 

+ E f ~(t,y)B(y)dW(y)x 1 (a)~ 1 (s,a) 
a 
t s 

+ E f ~(t,y}B(y)dW(y}(f ~(s,y)B(y)dW(y)) 1 

a a 

The second and third terms are zero because x(a) and W(t) are independent 

and W(t) has zero mean. Using the fact that W(t) has independent 

increments and properly l of the Wiener integral we get 

Ex(t)x 1 (s) = ~(t,a)E(x(a)x 1 (a))~ 1 (s,a) 

min(t,s) min(t,s) 
+ E f ~(t,y)B(y)dW(y)( f ~(s,y)B(y}dW(y}} 1 

a a 

Using Corollary 2.2 we obtain 

Ex(t)x 1 (s) = ~(t,a)E(x(a)x 1 (a)}~ 1 (s,a) 

min(t,s) 

It follows then 

+ f ~(t,y)B(y)Q(y)B 1 (y)~ 1 (s,y)dy 
a 

V(t) = Ex(t)x 1 (t) = ~(t,a)E(x(a)x 1 (a))~ 1 (t,a) 
t 

+ f ~(t,y)B(y}Q(y)B'(y)~•(t,y}dy 
a 
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Differentiating with respect tot we get Equation 2.13.* 

E. Statistical Decision Theory and M-ary Hypothesis Testing 

In the sequel we shall use hypothesis testing in the detection of 

random signals in additive noise. To this end we now develop some 

aspects of statistical decision theory that will be essential in our 

development. 

The classical model that is used in statistical decision theory 

consists of three measurable spaces: The parameter space (n1 ,A1) 

consisting of elements e, the observation space (n2,A2) consisting of 

elements y, and the decision space (n3,A3) consisting of elements a 

([ll],[12]). For a given element e in the parameter space, the value 

that the observation can assume is described probabilistically: For a 

given e £ n1, a probability measure P2(e,.) will govern the observation 

when e is the true value of the parameter. For instance, in the problem 

we are concerned with, the parameter space will be a countably infinite 

set of hypotheses each one corresponding to a certain second order 

random process. The observation space will correspond to measurements 

under one of these hypotheses. The decision space will consist of 

decisions that correspond to different hypotheses in the parameter space. 

The problem of statistical decision theory is to find a decision 

function, a mapping from the observation space to the decision space, 

that is best with respect to ·a cost function. We now give the 

following definitions to make the above discussions more precise. 
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Definition 2.4. A decision function is a measurable mapping, 

d(.), from the observation space, (n2,A2), into the decision space, 

(n3' A3). 

That is, the decision function represents the action of deciding 

an element a£ n3 for a given element y £ n2. 

Definition 2.5. The cost function, C(a,a), is a nonnegative 

measurable function defined on (n3,A3) x (n1 ,A1). The numerical value 

of the cost function at the point (a,a) represents the loss following 

a decision "a" when 11 0 11 is the true value of the parameter. 

Definition 2.6. Hypothesis testing is a statistical decision 

problem in which a probability measure, P1(.), is given on the parameter 

space, (n1,~); and, for every a£ n1 a probability measure, P2(a,.) 

is given on the observation space (n2,A2) such that, for every fixed 

A2 £ A2, P2(. ,A2) is measurable on (n1 ,A1). The Bayes risk is the 

expected value of the cost function averaged over all a£ a1 and a£ n3. 

At this stage, we would like to be able to make probability 

statements about events that are subsets of a1xa2. That is, a proba-

bility measure, P(.), on (n1xa, A1xA2) should be constructed. 

Intuitively, this probability measure, P, should satisfy 

The fact that such a probability measure Pon (a1xa2, A1xA2) 

satisfying the above condition exists and is unique is given by an 

extended version of the classical product measure theorem (see Theorem 
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2.62 in [30] and Lemma 4.1 and Corollary 4.2). So the Bayes risk 

becomes 

B = f C(d(y),e)dP 
n1xn2 

where Pis given by 2.14. 

(2.15) 

Definition 2.7. M-ary hypothesis testing problem is a hypothesis 

testing problem where the parameter and the decision space contain M 

elements; i.e., n1 :=::{e 0 ,e1 , ... ,eM_l} and n3 = {a0 ,al' ... ,aM_l}. 

Theorem 2.8. Consider the M-ary hypothesis testing problem 

described by definitions 2.6 and 2.7. Assume that there exists a 

a-finite measureµ on (n2,A2) such that P2(ei ,.) is absolutely continuous 

with respect toµ for all i. The decision function, d, which minimizes 

the Bayes risk is given by 

min Sk(y)} j = 0,1, ... ,M-1 
0<k<M-1 (2.16 ) 

where 

(2 .17) 

dP. 
where Pi(.)= P2(ei ,.) and dµ, is the Radon-Nikodym derivative of Pi 

with respect toµ. Furthermore, the minimum Bayes risk that can be 

achieved is given by 

(2.18) 
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Proof: From Equation 2.15, the Bayes risk is 

B = f C(d(y),e) dP 
n1xn2 

= f C(d(y),e) dP 
M-1 V {ei }xn2 
1=0 

M-1 
= l J C(d(y),e) dP 

i=0 {ei}xn2 
M-1 

Since n2 = V d-1(aJ.), we have 
J=0 

M-1 M-1 
B = l l J_1 C(d(y),e) dP 

i=0 j=0 {ei}xd (aj) . 

M-1 M-1 
= 1!0 j!O C(aj,eile.}{d-l(a.)dP 

1 J 

Using 2.14, we get 

(2.19) 

Since P; = P2(e;,.) is absolutely continuous with respect toµ, 
dP. dP. 
-d 1 exists. Also, the -d 1 > 0, and 

µ µ -

(2.20) 

Combining (2.19) and (2.20), the Bayes risk becomes 



M-1 
B = l J 

j=O n2 
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where IA(.) denotes the characteristic function of the set A. 

M-1 
B = l J Id-l(a.) Sj(y) dµ (2.21) 

j=O n2 J 

Note that Sj(y) is non-negative. It is now clear that (2.21) is 

minimized if dis chosen such that 

Also, the minimum value of Bis clearly given by (2.18).* 

When the observation space is Rn; that is, when the observation 

space represents a finite sequence of measurements, the a-finite measure 
dP. 

µ in Theorem 2.8 can be taken as Lebesque measure, so that -d 1 becomes . µ 

the probability density of the observations under hypothesis i. When 

the observation space represents a continuous measurement,µ can be 

taken as the Wiener measure. In the case where the probability density 

functions exist, an equivalent optimum decision function can be obtained 

in terms of the likelihood functions Ai where 

p(ylei) 
Ai (y) = P (y I e ) 

0 
(2.22) 

where p(ylei) is the probability density of the observations when ei is 
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the true value of the parameter. In this case, the decision function, 

d', which is equivalent to (2.16), is given by 

where Lk{y) is given by 

M-1 
Lk(y) = .l P1(ei)(C(ak,ei) - C(ai'ei)) A;(Y) 

1 =O 

(2.24) 

Of course, the assumption that C(ak,ei) C(ai,ei) has to be made to get 

those equations which is equivalent to asserting that wrong decisions 

cost more than the right decisions. 

The advantage of working with the likelihood ratios is that 

equivalent decision regions are easier to characterize in the new M-1 

dimensional (A1 ,A2, ... ,AM_1) space. 

In the next chapter, we shall use the results of this chapter to 

find a solution to the joint detection and estimation problem in linear 

stochastic dynamic systems. 



Chapter II I 

SIMULTANEOUS DETECTION AND LEAST SQUARES ESTIMATION IN 

LINEAR CONTINUOUS STOCHASTIC DYNAMIC SYSTEMS 

In this chapter we formulate the joint detection and optimum state 

estimation problem for linear continuous stochastic dynamical systems. 

The formulation incorporates actuator and sensor failure detection 

problems. The results are also applicable to system identification. 

This general area in engineering literature is known as optimal 

parameter adaptive estimation, which is essentially the problem of 

estimating a random process described by an initially unknown parameter 

vector. Knowledge of the parameter vector (knowledge of the active 

hypothesis) completely specifies the statistics of the process so that 

the optimal adaptive estimator should learn the value of the parameter 

vector. Optimal adaptive estimation of scalar sampled Gaussian processes 

has been investigated by Magill [24]. Magill has shown that the optimal 

estimator consists of a set of elemental estimators and a corresponding 

set of weighting coefficients, one pair for each possible value of the 

parameter vector (or for each active hypothesis, whichever way the 

problem is visualized). The elemental estimator corresponding to a 

certain value of the parameter vector turns out to be the linear Kalman 

filter [25] conditioned on that value of the parameter vector. The 

evaluation of weighting coefficients involves nonlinear operations on 

the conditioned estimates. This decomposition of the optimal estimator 

into these two parts is known as "the partition theorem" in the 

literature. The extension of this problem to the sampled vector Gaussian 

29 
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processes has been reported by Sims et al. [26]. The optimal parameter 

adaptive estimation of continuous Gaussian vector random processes with 

linear dynamic models has been treated by Lainiotis [27] using a 

formal approach. A more analytical derivation of the same results has 

also been reported by Lainiotis in [28]. 

In this chapter, we will solve the optimal parameter adaptive 

estimation problem in linear stochastic dynamical systems using Kushner's 

results [29] on nonlinear filtering. Although this derivation provides 

a short derivation of the needed equations for implementation, it does 

suffer from loss of insight into the problem. In the next chapter, we 

will solve a more general problem through a more direct route. In this 

approach, we will prove a generalized version of "the partition theorem" 

which is applicable to a wide class of problems including Markov proc-

esses with nonlinear dynamics and random processes that do not satisfy 

stochastic differential equations. The results obtained in the next 

chapter will include the results of this chapter as special cases. 

In Section A, we formulate the detection problem in linear contin-

uous stochastic dynamic systems. Computable expressions for the likeli-

hood ratios and the stochastic differential equations that these 

likelihood ratios satisfy are found in this section. Considerations for 

on-line implementation of the detection logic is discussed in Section B. 

In the next section, joint detection and state estimation problem for 

linear continuous stochastic .dynamic systems is solved by using Kushner's 

results on nonlinear filtering. The least squares estimate of the state 

will be shown to be a weighted average of the hypothesis conditioned 

estimates weighted by the! posteriori probabilities. The stochastic 
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differential equations that~ posteriori probabilities satisfy will be 

found. The stochastic differential equations that the likelihood ratios 

satisfy in the detection problem of Section A, which are stated in 

Theorem 3.3, and the stochastic differential equations that the 

weighting coefficients of the elemental estimators satisfy, which are 

given by Theorem 3.6 in Section C, have not been treated previously in 

the literature. 

A. Detection in Linear Stochastic Dynamic Systems 

In this section, we will formulate the detection problem in linear 

continuous stochastic dynamic systems. The likelihood ratios for the 

detection problem and the stochastic differential equations that these 

likelihood ratios satisfy will be found. 

Consider the fo 11 owing hypo th es i zed sys tern structure 

t t 
x(t) = ck + f Ak(s)x(s)ds + f Bk(s)dW(s) k = 1,2, ... ,M (3.1) 

a a 

t t 
Y(t) = J Ck(s)x(s)ds + J dV(s), t E [a,b] 

a a 
(3.2) 

where xis then-dimensional state vector, Y is them-dimensional obser-

vation vector, W(t) is an-vector Wiener process with EW(t) = 0 and 
min ( t ,s) 

E[W(t) - W(a)][W(s) - W(a)]' = J Q(T)dT for some positive semi-
a 

definite matrix Q(t), V(s) is am-vector Wiener process independent of 

the process W(t) with EV(t) = 0 and 

min ( t ,s) 
E[V(t) - V(a)][V(s) - V(a)]' = J R(T)dT 

a 
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for some positive definite matrix R(t). Ak(t), Bk(t) nxn matrices whose 

elements are continuous functions of time and they are known matrices 

for each hypothesis. Ck(t) is a mxn matrix whose elements are contin-

uous functions of time and is known for each hypothesis. ck is a 

Gaussian random variable independent of the Wiener processes W(t) and 

V(t). The mean and variance of ck is assumed to be known for each 

hypothesis . 

The formulation given by (3.1) is broad enough to model sensor and 

actuator failures in linear dynamic stochastic systems. For instance, in 

the case of sensor failure modeling, we can set Ak(t) = A(t); Bk(t) = 
B(t), k = 1, ... ,M, and Ck (k = 1, ... ,M-1) may represent the failure 

state corresponding to the failure of kth subgroup of sensors and CM may 

represent the normal operation with no sensor failures. That is, Ck 

(k = 1, ... ,M-1) is ~he CM matrix with rows corresponding to the kth 

subgroup of sensors deleted. Actuator failures can be modeled by 

changing the columns in the Bk matrix. We have, without loss of 

generality, assumed that the Wiener processes W(t) and V(t) have zero 

mean. In the practical applications, solving the problem as if the mean 

values were known and using the maximum likelihood estimates of the 

means yield very good results. We shall say more about this in the last 

chapter. Also, the inherent assumption that (Ck,Ak) is observable is 

made. The assumption is the amount of redundancy needed so that the 

resulting system will be practical. If state variable feedback is used 

in the control of the system, the hopeful state of affairs should be 

that the system remains observable with the remaining unfailed sensors. 
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It is well known [20] that, for each fixed hypothesis, the best 

estimate of the state in the least-squares sense out of all functions 

which are measurable with respect to the a-algebra generated by the 

observations is given by the conditional expectation which can be 

physically realized by a Kalman-Bucy filter [13]. We shall denote the 

least squares estimate condi'tioned on the kth hypothesis by ~k(t), i.e., 

A 

xk(t) = E(x(t)IYt,hk) (3.3) 

where (Yt,hk) is the minimal a-algebra generated by the observations up 

to the time t under the hypothesis hk. 
' We shall now proceed to find the likelihood ratio for the detection 

problem described by 3.1 and 3.2. The likelihood ratio definition 

(Equation 2.22) that we introduced in Chapter II poses no mathematical 

problems as long as one works with detection problems with finite dis-

crete measurements. For instance, suppose tha_t {y{k), k=l, ... ,n) is a 

m-vector random process under the two hypotheses h0 and h1. Then, from 

Chapter II, we know that the probability density functions Py(y1 , ... ,yn 

ih0) and Py(y1 , ... ,ynlh1) exist under the suitable absolute continuity 

assumptions. In this case using Equation 2.22 we can define the like-

lihood ratio 

= Py(Y1 , ... ,Yn]h1) 
Py(Y1 , .. • ,Ynlh0) 

When dealing with continuous measurements complications arise in 

(3.4) 

defining likelihood ratios in terms of the probability density functions. 

Therefore, it is desirable to define the likelihood ratio given by 3.4 
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in a more general way. To simplify the notation, let Yn represent 

(y1, ... ,yn). In Chapter II, the probability densities were defined by 

for every Borel set of Rmn whereµ is the Lebesque measure on Rmn_ That 

is, the probability densities are given by the Radon-Nikodym derivatives 

It follows that the likelihood ratio is given by the Radon-Nikodym 

derivative that 

(3.6) 

(3. 7) 

so that the likelihood-ratio can be defined independent of the proba-

bility density functions. This approach is more feasible in defining 

ratios in the case of continuous parameter vector random processes. 

Every stochastic process (y(t,w), t £ T) with prescribed finite 

dimensional joint distributions induces a measure on the real valued 

functions in the interval Tin the following way [8]. Now y(t,w): 

(n x T) + Rm where (n,A,P) is the probability space on which the 

stochastic process is defined. Define a new mapping Y: n + RmT by 

Y(w) = y(. ,w) £ RmT, where RmT is all Rm valued functions on T. Then 

(RmT,BmT,py-l) is a new prob~bility space where BmT is the class of 

Borel sets of RmT and PY-1(B) = P[Y-1(8)] for every B £ ~T. We shall 

denote py-l by Py, In the simple detection problem we are considering 

under each hypothesis, h1, h0, two probability measures will be induced 
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mT on R ; namely, Py , Py . The likelihood ratio is defined as the Radon-
l 0 

Ni kodym derivative of Py 
l 

the likelihood ratio will 

with respect to Py if it exists. Of course, 
0 

is absolutely continuous with exist if Py 
l 

respect to Py . 
0 

The Radon-Nikodym derivatives of measures induced on 

the space of continuous functions by the solution of stochastic differ-

ential equations have been resolved by Girsanov [16]; a convenient 

formula is given in Duncan [17], [18]. We sunmarize these results in 

the following lenma. 

Lemma 3.1. Consider the following stochastic processes in the same 

probability space. 

h1: Y(t,w) 

h0: Y(t,w) 

t t 
= J Z(s,w)ds + J dV(s,w) 

a a 

t 
= J dV(s,w) 

a 

t £ [a,b] = T 

where V(t) is am-dimensional 
min(t,s) 

Wiener process with EV(t) = 0 and 

EV ( t) VI ( s) = J Q (T) d,' z ( t) is 
a 

a measurable m-dimensional vector random 

process, which is the 

independent of V(t). 

solution of a stochastic differential equation, 
b 

If J Z'(t,w)Z(t,w)dt is finite almost surely, 
a 

the probability measures induced on the space of Rm valued continuous 

functions under the two hypotheses, Py and Py , are mutually absolutely 
l 0 

continuous and the likelihood ratio, the Radon-Nikodym derivative of 

Py with respect to Py is gi'ven by 
l 0 

A= (dPy /dPy) 
l 0 

t A l l t A l A 

= exp(f Z'(s)R- (s)dY(s) - 2 J Z'(s)R- (s)Z(s)ds) 
a a 

(3.8) 
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A 

where Z(t) = E(Z(t)!Y(s), a.::_s.::_t, h1). 

Proof: See Theorem 3 in [17] and [18].* 

Remark: The first integral in 3.8 is an Ito integral. 

The Ito integral is an extension of the Wiener integral that we have 

defined in Chapter II to the case where the integrand is random. The 

definition of Ito integral is the same as in Chapter II and this integral 

enjoys the same properties as the Wiener integral except that property 3 

now becomes [8]: 

b 2 
Elf g(t,w)dW(t)I 

a 

b 
= J (E g{t,w)j 2)dF(t) 

a 

We also note that Y(t) is not a Wiener process but since in each hypoth-

esis Y(t) can be written as a stochastic integral it is well defined 

[19]. The Ito integral is closed under the application of a wide class 

of smooth functions. This property is known as Ito 1 s Differentiation 

Lemma [19]. We shall now derive a differential equation that the like-

lihood ratio of 3.8 satisfies; this equation could be useful in 

implementation. 

Lemma 3.2. The likelihood ratio A(t) of Equation 3.8 is the 

solution of the stochastic differential equation 

dA(t) = A(t) Z1 (t)R-1(t)dY(t) (3.9) 

Proof: The proof is a direct application of the differentiation 

Lerrvna on 3.8. Without loss of generality, assume in the proof that R(t) 
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is the identity matrix. Under each hypothesis the likelihood ratio can 

be written as 

where 

t " t 
A(t) = exp (J Z'(s)dV(s) + J f(s)ds) 

a a 

under h0 

f(s) = - } Z'(s)Z(s) + Z'(s)Z(s) under h1 

Now we can write the ljkelihood ratio A in terms of m stochastic 

integrals: 

A= exp 
m 
I s. 

i=l l 

t " t 

(3.10) 

(3.11) 

where si 

partials 

noting 

= J Zi(s)dVi(s) + 1/m J f(s)ds. Since the required continuous 

where ds; 

a a 
exist, we can apply Ito's differentiation Lemma (see [19]) by 

aA aA a2A at= 0, -= as. as. as. 
l l J 

m 
+l dA = A I ds. 

i =1 l 2 

" = Z.dV. + f/m dt. 
l l 

m " 
dA = A I Z; dV; + 

i =1 

= A 

m m 
I I ds .ds. 

i =1 j=l l J 

m 
fdt + 1 A r z? dt 

i=l l 

(3.12) 

(3.13) 
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Reverting back to matrix notation 

dA = AZ'dV + A fdt +½A Z'Zdt 

A A 

Under h0: dA = A Z'dV = A Z'dY 

A 

Under h1: dA = A Z'dV + A Z'Zdt 
A 

= A z I ( Zd t + d V) 

A 

dA = A Z'dY 

The proof is complete_-k 

Theorem 3.3. Consider the detection problem posed by Equation 3.1 

and 3.2: 

t t 
x(t) =ck+ J Ak(s)x(s)ds + J Bk(s)dW(s) 

a a 

t t 
Y(t) = f Ck(s)x(s)ds + f dV(s) 

a a 

The likelihood ratios for this detection problem (Ak, k = 1 , ... ,M-1) 

where A is the Radon - Nikodym derivative of the measure induced by 

observations under hypothesis hk with respect to the measure induced 

under hM satisfy the following stochastic differential equations: 

A 

- CM(t)xM(t)dt) k = 1 , 2 , ••• , M- 1 (3.14) 

A 

where xk(t) = E(x(t)IY(s): a<s5.t, hk), k = 1,2, ... ,M. The likelihood 

ratios are given by 
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k = 1 , 2 , ••• , M- 1 (3.15) 

Proof: The likelihood ratios can be obtained by introducing a 
t 

dummy hypothesis h : Y(t) = J dV(t). By Lemma 3.1, Py « Py and 
o a k o 

Py «Py. (The symbol, 11«; 11 stands for "absolutely continuous with 
o M 

respect to.) So that by the chain rule of Radon-Nikodym derivatives, 

we have 

[Py J 
M 

The last equality follows since Py << Py by Lemma 3.1. Equation 3.15 
M o 

follows from above by using Lemma 3.1. From Lemma 3.1, we see that the 

A similar argument to that used in the proof of the Lemma 3.2 shows that 
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Equation 3.14 follows from the preceding relation and the proof is 

complete.* 

B. Implementation of Detection Filters 

Of course, the hypothesis conditioned least squares estimates xk in 

3.14 and 3.15 are given by the Kalman-Bucy equations [13], [9], [20]: 

A 

where xk(a) = Eck and _Pk(t) is the solution of 

pk= Ak(t)Pk + PkAk(t) - PkCk(t)R-1(t)Ck(t)Pk + Bk(t)Q(t)Bk(t) 
(3.16) 

with Pk(a) = Eckck; k = l , ... ,M. The solution of the detection problem 

requires M Kalman-Bucy filters that tan be realized by an analog 

computer components in the form 

t 
where Y(t) = J y(s)ds and the filter gain Gk(t) is given by 

a 

(3.17) 

The reason that the stochastic differential equation can be manipulated 

to give the ordinary differential equation 3.17 is that the gain of the 

optimal filter is deterministic [21]. Unfortunately, in the stochastic 
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differential equation we have derived for the likelihood ratios (3.14) 

the coefficient of dY is random and the formal manipulation would .yield 

erroneous results. Methods to obtain the Ito integral as the limit of 

ordinary integrals using polygonal approximations [22], [23], can be 

used to get around this difficulty. So that M-1 likelihood ratios can 

be computed and based on the results of the last chapter,we can choose 

the most likely system structure in the Bayesian sense. The evaluation 

of the likelihood ratios requires M conditioned least mean-square esti-

mates which can be realized by M Kalman-Bucy filters. The detection 

problem is completely solved for this problem. 

C. Joint Detection and State Estimation 

The ·state estimation problem for the system described by 3.1 and 

3.2 will be solved in this section. The problem is clearly one of joint 

detection and estimation. The least squares estimate will be shown to 

be a weighted average of the hypothesis conditioned estimates weighted 

by the~ posteriori probabilities. The stochastic differential equations 

that the~ posteriori probabilities satisfy will be found. 

We will solve the problem using the results on nonlinear filtering 

[29]. To this end. we will set up an equivalent nonlinear filtering · 

formulation of the joint detection-estimation problem described by 3.1 

and 3.2. One way of doing this is to introduce M new random processes 

(Ik, k = 1, ... ,M) as follows: 

Let k = 1,2, ... ,M 

Ik(t,w) = 1 for all t £ [a,b] when hypothesis hk is true 

Ik(t,w) = 0 . for all t £ [a,b] when hypothesis hk is not true. 
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Also, P(Ik(a,w) = l) = Pk' k = 1,2, ... ,Mis specified. (These are the 

priori probabilities of the M hypotheses.) Also let 

M 
l pk = l 

k=l 

That is, one of the hypotheses is bound to be true. From this 

assumption it follows that for all tin [a,b] Ik(t) = l almost surely~ 

I .(t) = 0 almost surely for j t- k, j = 1, •.• ,M. Now we are in a position 
J -

to write an equivalent description of the system described by 

Equation 3.1 and 3.2: 

t £ [a,b] (3.18) 

t M t 
Y(t) = J [ I Ik(s)Ck(s)] x(s)ds + J dV(s) 

a k=l a 
(3.19) 

To simplify notation let us define the vector e(t) = [I 1(t) ... IM(t)]'. 

Now by augmenting the state vector in 3.18 and 3.19 by the indicator 

variables (Ik' k = l, ... ,M) we get 

I 
M M I 

I Ik(a)ck I Ik(s)Ak(s) 
I . Q I 

[x(t)] I l(s)] ds k=l t k=l I 

+ J I = ---------------4--
e(t) e(a) · a 0 : 0 e(s) 

I 

dW(s) t £ [a,b] (3.20) 
a 0 



I 
I 

I k ( s ) Ck ( s ): 
I 
I 
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a] [x(s)l 
e(s) 

t 
ds + f dV(s) 

a 
( 3. 21) 

Now the problem is one of non-linear filtering. Least-squares estimate 

of x(t) is given by [20] 

A 

x(t) = E(x(t)IYt) (3.22) 

where Vt is the a-algebra generated by the observations (Y(s), a~s~t)) 

where Y(t) is as in 3.21. Because of the special structure of the system 
A 

in 3.20 and 3.21 we can find a representation of x(t) in terms of the 

conditioned estimates. 

Lemma 3.4. Consider the system described by 3.20 and 3.21. The 

conditional expectation of x(t) is given by 

(3.23) 

A A 

where Ik(t) = E(Ik(t)IYt) and xk(t) = E(x(t)IYt' Ik = 1). 

Proof: By the smoothing property of the conditional expectations 

[7] 

E(x(t)IYt) = E(E(x(t)IYt' e)lvt) 

M 
= l P(Ik(t) = l IYt) E(x(t)IYt' Ik = 1) 

k=l 
M A 

= l P(Ik(t) = l IYt) xk(t) 
k=l 

(3.24) 
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Since E(Ik(t) IYt) = 1 · P(Ik(t) = 1 IYt) + 0 · P(Ik(t) = OIYt) 

= P(Ik(t) = 1 IYt) 

it follows that E(x(t)IYt) 

(3.25) 

Note that conditional expectation is a weighted average of the 

hypothesis conditioned estimates by the~ posteriori probabilities. 
A 

Also, xk(t) is given by the linear Kalman-Bucy filter (3.16 and 3.17). 

We shall now find a stochastic differential equation that the 

posteriori probabilities satisfy using Kushner's results on nonlinear 

filtering [24]. We state the part of the nonlinear filtering that we 

wi 11 use in ·the next 1 emma. 

Lemma 3.5. Consider the nonlinear stochastic dynamic system 

t t 
x(t) = c + J f(x(s),s)ds + J g(x(s),s)dW(s) (3.26) 

a a 

t t 
Y(t) = J h(x(s),s)ds + J dV(s) (3.27) 

a a 

where W, V, care as in 3.1. The vectors f(x,t), h(x,t), h(x,t) and the 

matrix g(x,t) are continuous int. The components of f(x,t) and g(x,t) 
A 

are globally Lipschitz continuous in x. Let xi(t) = E(xi(t)IYt) where 

xi(t) is the ; th component o~ x. The conditional mean of xi satisfies 

the stochastic differential equation 

(3.28) 
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Proof: See [24].* 

We shall now derive a stochastic differential equation that the 

posteriori probabilities satisfy in 3.24 using Lemma 3.5. 

Theorem 3.6. Consider the . system described by 3.20 and 3.21. The 

conditional means of the indicator variables (Ik' k=l, ... ,M) satisfy 

the following stochastic differential equations 

dik(t) = ik(t)(Ck(t);k(t) - jrl ij(t)Cj(t);j{t))'R-l{t) 

M A A 

(dY(t) - j~l Ij(t)Cj(t)xj(t)dt) 

Proof: Applying Lemma 3.4 on 3.20 and 3.21 we get 

A M A 

dlk(t) = (E(Ik(t) .l IJ.(t)CJ.(t)x(t)IYt) - Ik(t) 
J=l 

M 
E(_I IJ.(t)Cj(t)x(t)IYt))'R-1(t) 

J=l 
M 

(dY(t) - E(_I IJ.(t)CJ.(t)x(t)IYt(dt) 
J=l 

Consider the following term in 3.30 

(3.29) 

(3.30) 
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From 3.25 and from the fact that Ii = l I o a.s. + j = a.s. for all 
j f i it follows that 

Similarly 

M 
E( l I .c.xjYt) = 

j=l J J 

M 
_l IJ. ( t ) CJ. ( t ) ~J- ( t ) 
J=l 

Since Ii = l a.s. +I.= 0 for all j f i, it follows that 
J 

.... .... 
Ik(t)Ck(t)xk(t) 

(3.31) 

(3.32) 

Combining 3.31 and 3.32 with 3.30 we get 3.29 and the proof is complete.* 

So the solution of the joint detection and estimation problem for 

linear continuous stochastic dynamic system~ can be realized as follows: 

Construct M linear Kalman-Bucy filters (3.17) conditioned on each 

hypothesis. Implement M stochastic differential equations for the 

posteriori probabilities (3.29) using the outputs of the filters. Form 

the weighted average of the conditioned estimates (3.23) to obtain the 

optimum estimate. 

In the next chapter we will solve the joint detection and estimation 

problem for general second order random processes. The results of this 

chapter will be special cases of the more general results obtained in 

the next chapter. 



Chapter IV 

SIMULTANEOUS DETECTION AND LEAST SQUARES ESTIMATION 

OF RANDOM PROCESSES 

This chapter is the main contribution of this dissertation. In 

this chapter, we shall formulate the parameter adaptive estimation of 

general second order random processes in a measure-theoretic framework. 

Previous work has been limited to parameter adaptive estimation of 

Gaussian vector random processes with linear dynamic models. The 

results of this chapter are applicable to vector random processes which 

may be the solutions of nonlinear stochastic differential equations and 

to vector random processes which are not necessarily the solutions of 

stochastic differential equations. 

The scope of the problem considered in this chapter is as follows: 

We are given a countably infinite collection of vector random processes 

with known distributions; one of which is being observed with additive 

white Gaussian noise. The.! priori probability, that a specific process 

in this collection is being observed, is also given. We will find the 

least-squares estimate of the random process that is being observed in 

terms of the hypothesis conditioned estimates. 

We take a basic measure-theoretic approach in this chapter. We 

start by stating an extended version of the classical product measure 

theorem and then show the further characterization in the product 

probability for the countably infinite hypothesis case. Next, a Radon-

Nikodym derivative representation is obtained for the_! posteriori 

probabilities of the hypotheses conditioned on the observations. The 

47 
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Representation Theorem for the_! posteriori probability can be considered 

as an extension of the classical Bayes Theorem. We then prove an 

extended version of "the partition theorem" of joint detection and 

estimation. Namely, it is shown that the best estimate in the least 

squares sense for this parameter adaptive estimation problem is a linear 

combination of the hypothesis conditioned estimates weighted by the 

posteriori probability of each hypothesis; and, the_! posteriori 

probability of each hypothesis is a function of the hypothesis 

conditioned estimates. So if the hypothesis conditioned estimates can 

be obtained, by using these estimates, we can get the_! posteriori 

probabilities. Then, we can obtain the least squares estimate by taking 

the linear combinations of the hypothesis conditioned estimates. That 

is, the least squares estimator for this problem is partitioned into 

two parts: I.) A non-adaptive part in which hypothesis conditioned 

estimates are found. II.) An adaptive part in which_! posteriori 

probability of each hypothesis conditioned on the observations is found 

by using conditioned estimates of Part I. 

We then find the stochastic differential equations that the_! 

posteriori probabilities satisfy for the case when there is a finite 

number of hypotheses. It is also shown that the~ posteriori probability 

is the unique solution of the stochastic differential equation that it 

satisfies with the_! priori probability as the initial condition. We 

also derive an expression for conditional error covariance in terms of 

the conditioned error covariance for each hypothesis. We then specialize 

the results for linear continuous stochastic dynamic systems. 
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A. Product Probability 

We start with the following version of product measure theorem. 

Lemma 4.1: Extended Product Measure Theorem. Let (n1 ,A1 ,P1) be a 

probability space and let n2 be a set with a cr- algebra A2. Assume that 

for each w E n1 we are given a probability measure P2(w,.) on A2. If 

P2(w,B) is Borel measurable in w for each fixed BE A2, then there exists 

a unique probability measure Pon (n1xn2,A1xA2) such that 

Namely, 

P(A x B) = f P2(w,B)dP1(w) for all A E A1 and BE A2 (4.1) 
A 

P(F) = b P2(w,Fw(w'))dP1(w) for all FE A1 x A2 (4.2) 
l 

where Fw(w') is the n2-section [l] of F; i.e., 

Proof: See Theorem 2.62 in Ash (30].* 

For instance, in the hypothesis testing problem, n1 in 4.1 will 

correspond to the set of all hypotheses with an initial~ priori proba-

bility measure (P1) on it; n2 will correspond to the observation space 

and, for each hypothesis, we. will be given a probability measure (P2) 

on this observation space. 

We now show the further characterization in the product probabi-

lity for the case where n1 is countably infinite in the next corollary. 
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Corollary 4.2. Let (n1,Al'Pl), (n2,A2), and P2(w,.) be as in 

Lemma 4.1 except without the assumption that P2(w,B) be .measurable in 

w for each fixed be A2• If n1 = {w1 ,w2, ... ,wn,···} and A1 is all 

subsets of n1, then the unique probability measure induced on A1 x A2 
is given by 

00 

(The reason that the above assumption about P2(w,B) can be relaxed in 

this case is that A1 is all subsets of n1 so that this assumption is 

automatically satisfied.) 

Proof: Let Fe A1 x A2, then by Lemma 4.1 

P(F) = f 
00 u {Wi} 

i =l 

By the countable additivity of indefinite integrals [l] 

00 

= I J P2(w,Fw(w'))dP1(w) 
i =l {W;} 

00 

= r P1(w;)P2(W; ,Fw. (w')).* 
i =l 1 

We shall need the following lemma in the solution of parameter 

adaptive estimation. 
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Lemma 4.3. Let n be a set and A be a a-algebra of subsets of n. 
I 

Let {Pk}k:l be a sequence of probability measures on A and {ak}k:l be 
00 

a sequence on non-negative real numbers such that I ak = 1. Then the 
k=l 

set function P(.) defined on A by 

00 

for a 11 A e: A (4.3) 

is a probability measure on (n,A). 

00 

Proof: Since akPk(A) .::_ ak for any k and l ak is convergent, P 
k=l 

is certainly well-defined, P(.) is non-negative, P(0) = 0, and P(n) = 1. 

To show countable additivity, let {Aj}j:l be a sequence of disjoint sets 

in A. Then 

00 00 00 

P(U A.) = I akPk(V Aj) 
j=l J k=l J=l 

00 00 

= I ak l Pk(Aj) 
k=l j=l 

00 00 

= I I akPk {Aj) (4.4) 
k=l j=l 

oo n n oo 

Now akPk(AJ.) .::_ .l akPk(AJ.) implies l akPk(AJ.).::. l l akPk(AJ.). 
J=l k=l k=1 j=l 

Taking the limits of both sides as n 00 , we get 

00 

That is, I akPk(Aj) is convergent for each j = l ,2, ..•• Therefore, we 
k=l 

can now form the sum 
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which implies that 

(4.5) 

Similarly, 

n 00 00 n 00 00 

r r akPk(Aj) = r r akPk (Aj) .l r akPk(Aj) 
k=l j=l j=l k=l J=l k=l 

So 

00 00 00 00 

r r akPk(A.) l r akPk (Aj) (4.6) 
k=l j=l J j=l k=l 

Combining 4.5 and 4.6, it follows then 

00 00 00 

P(M Aj) = r r akPk(Aj) 
k=l j=l 

00 00 

= r r akPk (Aj) 
j=l k=l 

00 

= r P(Aj) 
j=l 

P(.) is, therefore, a probability measure on (n,A).* 

B. Representation Theorems for the A Posteriori Probability 

Let us now try to cast the parameter adaptive estimation problem 

into the available measure-theoretic structure. Let n1 be (w1 ,w2, ... , 

wn, ... ) where w1 represents the event that ; th hypothesis is true, let 
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A1 be all subsets of n1. We are also given P1 (wi) which represents the 

priori probability that the ; th hypothesis is true. For each W; E n1 , 

we have a probability measure on n2 where n2 is the space of all Rm 

valued continuous functions in the problem described by 3.1. Let A2 be 

the Borel sets of n2. Now by Corollary 4.2, we have a unique probability 

measure Pon the events which are in A1 x A2. That is, (n1xn2,A1xA2,P) 

is a probability space. From Lemma 3.4 we see that we need the~~-

teriori probability that the 1th hypothesis is true. Let us now define 

the transformation Y by Y: (n1xn2,A1xA2,P) + (n2,A2) with 

Y(w,w') = w' (4.5) 

In this setting we need to find the conditional probability of the event 

wi x n2 given that Y = y; that is, P(w; x n21Y = y). Before we go on 

let us now define conditional probability. 

Definition 4.4. Let X be a random variable on (n,A,P) and Y be a 

transformation such that Y: (n,A) + (n',A'). If EX exists, then 

E(XIY = y): (n' ,A')+ (R,B) is defined by 

f XdP = f E(XjY = y)dPy for all A EA' 
y-l(A) A 

If BE A, P(BIY = y) is defined as E(IBIY = y), where I8 is the charac-

teristic function of the set B. If h(w) = E{XIAy) and g(y) = E(XIY = y}, 

then h(w) = g(Y(w)) [30]. We are now in the position to state the 

following important theorem. 
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Theorem 4.5: A Representation Theorem for the A Posteriori 

Probability. Let (n1 ,A1 ,P1) be a probability space with n1 = (w1 ,w2, 

.. . ,wn,···) and let n2 be a set with a a-algebra A2. Suppose that we 

are given a probability measure P2(w1,.) on A2 for each wi £ n1. Let 

P be the unique probability measure on Ai x A2 given by Corollary 4.2. 

Let Y be the measurable transformation 

(4.6) 

Then the conditional probability of the event wj x n2 conditioned on 

Y = y is given by the Radon-Nikodym derivative 

(4. 7) 

00 

Proof: By Lemma 4.3, µ(.) is a probability measure on A2. It is 

clear that µ/··) is a finite measure on A2. Furthermore, µj « µ (µj is 

absolutely continuous with respect toµ) since for any A£ A2 
00 

.l P1(w1)P2(w1,A) = 0 + P1(wj)P2(wj,A) = 0 for all j 
1 =l 

so that the Radon-Nikodym derivative dµj/dµ exists. 

Let us denote the event. wj x n2 by Bj. From definition 4.4, it 

follows that P(BjlY = y) is defined by the relation: (EI 8 _ exists and 
J 

EI 8 _ = P(wj x n2) = P1(wj)) 
J 

(4.8) 
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Remark l. Py(.)=µ{.). This follows since for any A£ A2 

Py(A) = P({{w,w') £ a1xa2: Y(w,w') £ A}) 

= P{{{w,w'): w' £ A}) 

= P(a1xA) 

00 

= P(U (wi x A)) 
; =l 

From now on, we shall write wi for {wi}. Since {wi x A}i:l is a 

disjoint class of sets in A1 x A2 

00 

Py(A) = _[ P(wi x A) 
1 =l 

From Corollary 4.2 it follows that 
I 

00 

P(wi x A)= I P1 (wk)P2(wk,(wi x A)w) 
k=l k 

( 4. 9) 

where (wi x A)wk is the a2-section of the set wi x A. Since (wi x A)wk 

=~for all k 1 i and (wi x A)w = A fork= i, it follows that 
, k 

Combining 4.9 and 4.10, we get 

00 

Py(A) = I P1(w1)P2(wi ,A)= µ{A) 
i =l 

(4.10) 
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Remark 2. f I8 _dP = P1(wj)P2(wj,A). This follows since 
y-l(A) J 

f I8 _dP = f dP 
y-l(A) J 1v-l(A)(\Bj 

00 

y-l (A)lBJ. = (V (wixA))('\(wJ.xn2) 
, =1 

00 

= U_ ( ( w1. xA )I' ( wJ. xn2) . l I I 1= 

00 

= U (w[\wJ. )x(Af"\n2) . l · 1 I 1= 

Combining 4.11 and 4.12 

So 4.8 becomes (using the results in Remarks 1 and 2) 

for all A E A2 

Since µj <<µ,the Radon-Nikodym derivative dµj/dµ exists and 

for a 11 A E A2 

(4.11) 

(4.12) 

Since dµj/dµ is unique up to a set of µ-measure zero, it must be that 
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The proof is complete.* 

The importance of the above theorem is that the Radon-Nikodym 

derivative in 4.7 can be computed in terms of the conditioned least-

squares estimates. The expressions for the Radon-Nikodym derivative of 

the measures {P2(wi ,.)}1: 1 with respect to the Wiener measure is fairly 

well-studied in the literature [16], [17], [18], [31], [32], [15], [33]. 

With these in mind, we shall derive an expression for equation 4.7 in 

the case where measures P2(wi,.) are mutually absolutely continuous with 

respect to some other 'measure µ0 • Before we go on, however, we need the 

following elementary fact. 

Lemma 4.6. Let (n,A,µ) be a measure space and let {fn}n:l be a 

sequence of real-valued integrable functions on n such that 

00 

00 

then the series l fn(w) converges a.e. to an integrable function f and 
n=l 

00 

Proof: Consider the partial sum gn(w) From the 

elementary property of integrals 
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Since {gn}n:l is an increasing sequence of non-negative real valued 
CX> 

measurable functions such that gn + r lfnl for every win n, by 
k=l 

Lebesgue's Monotone Convergence Theorem [l]: 

wh i ch imp l i es 
CX> . (X) 

I r lfnldµ = r J lfnldµ 
n= l n= l 

CX> CX> 

So {W £ n: r lfn(w)I = 00 } must have measure zero. Therefore, r lfnl 
n=l n=l 

is convergent a.e. on n. Since absolute convergence implies convergence, 
CX> n CX> r fn must be convergent a.e. on n. Since r fk(w).::. r lfk(w)I 

n=l k=l k=l 
n CX> 

and I fk + I fk a.e., by Lebesgue's Bounded Convergence Theorem [l], 
k=l k=l 

we have 

n n 
limn J r fkdµ = I lim r fkdµ 

k=l n k=l 

CX> CX> 

r f fkdµ = f I f kdµ . * 
k=l k=l 

Lemma 4.7. Let (n1 ,A1 ,P1 ), (n2,A2), {P2(wi'. )}i:l, P, and Y be as 

in Theorem 4.5. Let µ0 be some o-finite measure on (n2,A2) such that 

P2(w.,.) « µ for i = 1,2, ..• 
l 0 

If the probabilities {P1(wk)} are all positive, then the conditional 

probability of the event wj x n2 is given by 
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(4.13} 

Proof: From Theorem 4.5 we have 

00 

whe.re µJ.(.) = P1(w.)P2(wJ.,.) andµ(.)= .l P1(wi)P2(wi,.). By 
J 00 1=1 

hypothesis, ii";« µ0 • Sinceµ(.)= .l. P1(wi)µi(.), it follows then 
, =J 

µ << µ0 • Let A E A2 and µ(A)= 0. This implies 

00 

l µi(A) = 0 + µi(A) = 0 for all i. 
i=l 

Therefore, µi « µ. Si nee µ « µ0 and µi « µ, by applying the chain 

rule for Radon-Nikodym derivatives [l], we get 

(4.14) 

Since {y: 91!_ (y) = O} has µ-measure zero [1], we can divide both sides dµo 
of 4.14 by the~µ to obtain: µo 

(4.15) 
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Now 

(4.16) 

By multiplying both sides of 4.16 by P1(wj), we get 

So 

(4.17) 

From 4.17 it follows that 

00 00 

j~l P1(wj)µj(A) = l f P1(wj)(dµJ./dµ0 )dµ0 for all A£ A2 
j=l A (4.18) 

Since dµj/dµ0 is a finite valued, non-negative measurable function so 

is P1(wj)(dµj/dµ0 ). We, therefore, can apply Lemma 4.6 to get 

for all A£ A2 (4.19) 

From the uniqueness of the Radon-Nikodym derivative it follows that 
00 

(4.20) 

Combining 4.15, 4. 17, and 4.20, we get 4,13 and the proof is complete.* 

Remark. The Radon-Nikodym derivative representation of the~ 

posteriori probability, Theorem 4.5 and Lemma 4.7, can be considered 
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as an extension of the classical Theorem of Bayes. This can be seen 

as follows: Let n2 = Rn and let µ0 be the Lebesque measure on Rn. 

Then we would have 

where Py(Ylwj) is the probability density of Y under the j th hypothesis. 

The~ posteriori probability would then become 

The above equation is one version of the classical Theorem of Bayes. 

Remark. In the hypothesis of Lemma 4.7 we have assumed that P1 (w;) 

is positive for each i. That is, the~ priori probability that ; th 

hypothesis is true should be nonzero. This is not a restriction since 

if P1(w;) were zero then µj(.) = 0 and by 4.7 we would have 

P(wj x n21Y = y) = 0. We shall now find an analogue of Lemma 3.4. 

Lemma 4.8. Let (n1 ,Al'Pl), (n2,A2) and {P2(wi,.)}1: 1 and Y be as 

in Theorem 4.5. Let x(t) be a second order vector random process on 

(n1xn2,A1xA2,P). The conditional expectation of x(t) conditioned on 

the observation y is given by 

00 

E(x(t)IY = y) = .I P(wi x n2 1Y = y) E[x(t)IY = y, w = wi] 
,=l (4.21) 
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Proof: Let xk(t) be the kth component of x(t). We will first shaw 

that 

where Py_ (A)= P{{w,w')en1xn2: Y(w,w') e A when w = w1} , 

Constder E(lxkl IY = y, w = w1), which is defined by 

and since Py << Py it follows from 4.22 and 4.23 that 
i 

00 

.l f E(lxkl IY=y, w=w1)(dPy_/dPy)dPy < 00 

1=1 A 1 

Since in general IE(xlY=y)I ~E(lxllY=y) 
00 

.l J IE(xklY=y, w=w1)(dPy_/dPy) dPy < 00 

1 =1 A 1 

(4.23) 

(4.24) 
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()() 

J xkdP = .l J E(xklY=y, w=wi)(dPy_/dPy)dPy 
00 1=1 A 1 

UwixA 
i =l 

Because of 4.24 we can now apply Lerrma 4.6 to get 
()() 

J xkdP = J .l E(xklY=y, w=wi)(dPy /dPy)dPy for all A£ A2 
y-l(A) A 1=1 i 

So we have from definition 4.4, 
()() 

E(xklY=y) = .l (dPy_/dPy)E(xklY=y, w=wi) 
1 =l 1 

Since Py_ (A)= P(wixA) = P1(wi)P2(wi,A) and Py(A) = P(Y-1(A)) = 
1 

()() 

P(U wi xA) = 
i =l 

()() ()() 

l P(w.xA) = l P1(wi)P2(wi,A) 
i=l 1 i=l 

we can see from Theorem 4.5 that 

dPy _/dPy = P(w1xn21Y=y) 
1 

and the proof is complete.* 

(4.25) 
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We shall also need an extension of Lemma 3.1. Namely, likelihood 

ratios of general second order vector random processes which are not 

necessarily the solutions of stochastic differential equations will be 
I 

given in the next lerrma. 

Lemma 4.9. Consider the following detection problem: 

t t 
l. Y(t) = f Z(s)ds + f dV(s) t e [a,b] 

a a 

t 
2. Y(t) = f dV(s) 

a 

where V(t) is an n-vector Wiener process, Z is n-vector random process 

independent of V such that 

E V(t)V'(s) = min(t-a,s-a)I 
b 
f _E(Z'(t)Z(t))dt < oo 

a 

Then Py , measure induced on the space of Rm valued continuous functions 
l 

under hypothesis l, is absolutely continuous with respect to Py , the 
2 

measure induced under hypothesis . 2. The Radon-Nikodym derivative is 

where z1(s) = E{Z(s){Y{u)I a.::_u.::_s, w=w1} and Yin 4.26 has Py 
2 

distribution. 

Proof: See Theorem l in [18]~ 

(4.26) 
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C. Extended Partition Theorem 

We are now in a position to state an extended version of "the 

partition theorem" of joint detection and estimation. 

Theorem 4.10: Generalized Partition Theorem. Consider the joint 

detection and estimation problem 

t 
Y(t) = f Z(s)ds + V(t) t £ [a,b] 

a 

where Z(t) £ {X1(t),X2(t) ... ,Xn(t), ... }, V(t) is a zero mean Wiener 

process with 

min(t,s) 
EV(t)V'(s) = f R(z)dz 

a 

(R is positive definite) such that V(a) = 0, Xi(t) is a measurable 

random process independent of V(t) with 

a 
f E(X!(t)Xf(t))dt <"' 
b l . 

The probability P1(wi) of the event W; which represents Z(t) = X;(t) 

is given such that 

"' 

The least squares estimate of Z(t) is then given by 

"' 
Z(t) = l an(t)Zn(t) 

n=l 
( 4. 27) 
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(4.28) 

Proof: Let us start with a basic probability space (n0 ,A0 ,Pi) 

(i is a fixed natural number) and the stochastic processes {Yi(t,w0 ), 

Xi(t,w0 ),V(t,w0 ); w0 £ n0 , t £ [a,b]} on this probability space such 

that {V{t,w0 )} is a zero mean Wiener process with the prescribed 

covariance in the hypothesis, {Xi(t,w0 )} is a vector random process, 

satisfying the hypotheses in the statement of the problem. {Yi(t,w0 )} 

is defined by: 

Pi{w0 £ n0 : (Yi(tl'w0 ),Yi(t2 ,w0 ) ... ,Yi(tn,w0 )) £ B} 

tl 
= Pi {w o £ no : (/ 

a 
Xi(s,w0 )ds 

Jn Xi(x,w0 )ds + V(tn,w0 )) 
a 

£ B} 

for all finite collections {t1 ,t2, ... ,tn} in [a,b] and Borel sets of 

Rmn_ Now let T = [a,b]. From the discussion in the beginning of this 

chapter, we know Yi(t,w0 ) induces a measure piyi-l on the Rm valued real 

continuous functions on [a,b]. Let us denote the set of all continuous 

real valued functions taking, their values in Rm by n2(=RmT). Let A2 be 

the Borel sets of RmT, so that we have now a probability space 

(n2,A2,PiYi-l). 
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Now let n1 = {w1,w2, ... ,wn,···} and let A1 be all subsets of n1. 

Each wi represents the event that Z(t) = Xi(t) the probability of which 

is prescribed by P1(wi). So we have the probability space (n1 ,A1 ,P1). 
I 

If we now let P2(wi,.) = Pi Yi -l, we see that we have cast the 

problem into the format of extended product measure theorem (Lemma 4.1 

and Corollary 4.2). Now by Corollary 4.2 there exists a unique 

probability measure Pon (n1xn2, A1xA2) such that 

00 

It is this probability space (n1xn2,A1xA2,P) on which the conditional 

expectation of Z(t) will be found. Let us now see how we can visualize 

Z(t) as a stochastic process on (n1xn2,A1xA2,P) so that we can apply 

Lemma 4.8. Now we can write Z(t) as 

Note that the above sum is well-defined since, at each point 

(w,w'), the sum will contain countably many zeroes and a nonzero term. 

Since I{w.}(w) is A1-measurable and Xi(t,w') is A2-measurable for each 
1 

t £ T, I{w.}(w)Xi(t,w') will be A1xA2 measurable. Since the limits of 
1 

measurable functions are measurable, Z(t,w,w') will be A1xA2 measurable 

for each t £ T. Therefore, Z(t,w,w') is a vector random process on 

(n1 ,n2,A1xA2,P). Note that we have reduced a joint estimation and 

detection problem into a pure estimation problem. So by Lemma 4.8, we 

have 
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00 

Z(t) = E(Z(t)IY(t)=y) = .l P(wixn21Y(t)=y) Zi(t) 
l =l 

where y: [a,t] Rm and~ E [a,b] 

and Zi(t) = E(Z(t)IY(t) = y,w;)· 

Now we can apply Lemma 4.7 with µ0 as Wiener measure to obtain 

(4.29) 

By Lemma 4.9 

Substituting 4.30 into 4.29 verifies 4.28 and the proof is complete.* 

Theorem 4.10 shows that least squares estimator for this problem is 

partitioned into two parts : I.) A non-adaptive part in which the least 

squares estimate of Z(t) conditioned on each hypothesis is found. II.) 

An adaptive part in which the~ posteriori probabilities are found using 

the conditioned estimates. The second part provides the learning or 

system identifying nature of the estimator. The structure of the esti-

mator is shown in Figure 4.1. The problem is closely related to 

detection: dP2(wi ,.)/dµ0 in ·4.29 is the likelihood function for the 

detection problem 



+ 

V 

\ 
\ 

AP l n+ 

Fig. 4.1 Structure of the Parameter Adaptive Estimator (En is the estimator 
conditioned on the nth hypothesis; APn is the~ posteriori 
probability computer for the nth hypothesis). 

I 
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t 
Y(t) = f Xi(s)ds + V(t) 

a 

Y(t) = V(t) 

The least squares estimate of Z(t) is the weighted average of the 

hypothesis conditioned estimates by the~ posteriori probabilities. 

Remark: It is interesting to note that almost all sample functions 

of the a posteriori probability a (t) will be continuous except at a set _,____ n 

of P-measure zero. This follows from 4.28 and the property of the Ito 

integral which states that the points of continuity of the random 

process defined by the stochastic integral are the points of continuity 

of the Wiener process with respect to which the integral is defined [8]. 

We shall now find the stochastic differential equations that the 

coefficients an(t) satisfy in the case when Ql = {w1,w2, ... ,\'IM} is 

finite. These equations can be used in the implementation of the filter. 

We will also find an expression for the conditional error covariance in 

terms of the conditioned error covariance for each hypothesis, that can 

be used as a measure of performance of the filter. We now give these 

results in the next theorem. 

Theorem 4.11. Consider the joint detection and estimation problem 

of Theorem 4.10 with n1 = {w1 ,w2, ... ,wM}, i.e., 

t 
Y(t) = J Z(s)ds + V(t) t £ [a,b] 

a 

where Z(t) £ {X1(t),X2(t), ... ,XM(t}} and the rest of the hypothesis 

remains the same. 
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The least squares estimate of Z(t) is given by 

( 4. 31) 

A 

where Zn(t) = E(z(t)IYt' w=wn). 

The coefficient an in Equation 4.31 is the unique solution of the 

following stochastic differential equation with an(t) = P1(wn) at t = a. 

A M A l M A 

dan(t) = an(t)(Zn(t) - .l ai(t)Zi(t))'R- (t)(dY - .l ai(t)Zi(t)dt) 
1=1 1=1 

n = 1,2, ... ,M (4.32) 
A A 

The conditional error covariance P(t) = [(Z(t)-Z(t))(Z(t) - Z(t)) 1 IYt] is 

given by 

(4.33) 

where Pn(t) is the conditional error covariance conditioned on the nth 

hypothesis, i.e., 

A A A A 

P n ( t ) = [ E ( Z ( t ) - Zn ( t ) )( Z ( t ) - Zn ( t ) ) 1 I Y t , w = w n] 

Proof: From Theorem 4.10, with n1 = {w1 , ... ,wM}' we have 

t £ [a,b] {4.34) 
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We will first prove 4.33: 

A A 

P(t) = E((Z-Z)(Z-Z) 1 IYt) 

= E(ZZ 1 IYt) - E(ZZ'IYt) - E(ZZ 1 IYt) + E(ZZ 1 IYt) 

A 

Since Z is Vt-measurable 

From Lemma 4.8 

M 

A 

= I an E(ZZ 1 IYt, w=wn) - zz• 
n=l 
M A A 

= l an E[(Z-Zn)(Z-Zn)' IYt' w=wn] 
n=l 

Since Zn is (Yt, w=wn)-measurable 

M M A A AA 

= I a P + I a z z• - zz• 
n=l n n n=l n n n 

M M 
Since zz• = I a zz• (because I a = 1) 

n=l n n=l n 
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which verifies 4.33. 

To prove Equation 4.32, we could directly apply Ito's differen-

tiation Lemma on Equation 4.35 which contains Mm stochastic integrals. 

However, we shall not do so since the dir~ct method gets exceedingly 

complex. Instead, we note that 4.35 is the quotient of two stochastic 

integrals 

with 

The fact that s1 and s2 are stochastic integrals follow from Lemma 3.2. 

Since the indicated partials exist and are continuous, by Ito 1 s 

differentiation Lemma we have 

2 aan 2 2 2 a an 
da = I + l I I ds.ds . n as-:- ds; . 2 i =l as. as . l J i =l l j=l l J 

So it follows that 
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To simplify notation let P1(wj) = pj. By Lemma 3.2 we have 

ds 1 = p A Z'R-1dY n n n 

_ M ", -1 ds 2 - I p.A.Z.R dY 
i=l l l l 

Let us now evaluate each of the terms in Equation 4.36: 

M 
= a Z'R-l I 

n n i =1 
" a.Z.dt 

l l 

( 4. 37) 

(4.38) 

(4.39) 
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Equations 4.39 and 4.40 follow from the fact that 

A A m A M A . 

(ZidY)(ZJ~dY) = ( I Z;(k(dY(d)) I zJ.(k)dY(k) 
k=l k=l 

A th A 

where Zi is i component of Zand Y(i) is the component of Y. Since 

dY = Xqdt + dV for some Xq 

A A M A m A 

(Z1dY)(ZJ~dY) = [ I zi(k)(Xq(k)dt+dV(k))J[ I zJ.(k)(Xr(k)dt+dV(k))J 
k=l k=l 

m A A 

= I Zi(k)ZJ.(k)dt = Z!Z.dt 
k=l 1 J 

Combining 4.36, 4.37, 4.38, 4.39, and 4.40 we get 4.32. So we have 

proved that 4.35 is a solution of 4.32. To show that 4.35 is the only 

solution of 4.32 with the initial condition P1(wn), we shall . first 

show that it is the only solution of the following stochastic differ-

ential equation with this initial condition: 

M A A 

Note that we have just replaced I aizi by Zin 4.32. Now let x1 and 
i=l 

x2 be two solutions of 4.32; from 4.36 we have 

(4.42) 

It is clear that x2dx1-x1dx2 = 0. From the reasoning used on 4.39 

and 4.40 it follows that 
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x1dx2dx2 = x1x2(in-i) 1 R-l(dY-idt)x2(in-i) 1 R-l(dY-idt) 
A A 1 A A 

= X1X2X2(Zn-Z)'R- (Zn-Z)dt 

for all t € [a,b] 

So if x1(a) = x2(a), we must have x1(t) = x2(t) on [a,b]. Now the next 

question to answer is whether we can replace a (t) in the expression for . n 
A 

Z(t) equation 4.31 by an(t) where an is the solution of the differential 

equation 4.41 with the prescribed~ priori probability as the initial 

condition or not. The answer is affirmative. This can be proved by 

induction. It is certainly true for N = 1. Suppose the claim is true 

for N = M. Consider 

A 

Using the fact that akzk is Vt measurable, we have 

A A 

= E(Z - aM+lZM+l) 
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So that 

The proof is complete.* 

Remark: As pointed out in the proof of the theorem, the a 

posteriori probability is the unique solution of 

(4.43) 

with an(t) = P1 (wn) at t = a for n = l ,2, ... ,M. The form of the 

solution as in 4.43 gives an innovation interpretation of the results 
A 

by noting that dY - Zdt is the innovation of the process Y [14]. 

We shall now apply these results to linear continuous stochastic 

dynamical systems. We summarize the results in the next corollary ~ 

Corollary 4.12. Consider the detection and estimation problem posed 

by Theorem 4.11 with Xi(t) _= Ci(t)x(t) where x(t) satisfies Equation 

3.1. The least squares estimate of x(t) is given by 

A 

x(t) (4.44) 

where xi satisfies Equation 3.17 and the coefficient ai(t) is the unique 

solution of the following stochastic differential equation 

A M A 

dai(t) = ai(t)(Ci(t)xi(t) - j~l aj(t)Cj(t)xj(t))' 

l M A 

R- (t)(dY - j~l aj(t)Cj(t)xj(t)dt) (4.45) 
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with ai(t) = P1(wi) at t = a. The closed form solution of the coefficient 

a; is given by 

where 

P1 (wi )Ai (t) 
M 

_L Pl ( wJ. )A J. ( t) 
J=l 

Proof: The proof follows from Theorem 4.16·.* 

(4.46) 

Remark: Comparing the results in the above corollary and the 

results obtained by nonlinear filtering earlier (Lemma 3.4 and Theorem 

3.6), we see that we have, in fact, found the solution for the 

stochastic differential equation of 3.29 that the indicator variables 

satisfy. 

So the optimal parameter adaptive estimation problem for general 

second order vector random processes is completely solved in this 

chapter. The results are applied to the joint detection and estimation 

problem in linear continuous stochastic dynamic systems. In the next 

chapter, we shall apply the results of this chapter to find some 

analogous results for linear discrete time stochastic dynamic systems. 



Chapter V 

JOINT DETECTION AND ESTIMATION 

IN LINEAR DISCRETE STOCHASTIC DYNAMICAL SYSTEMS 

The discrete stochastic systems are simpler to deal with than 

continuous stochastic dynamic systems. In this chapter, we shall derive 

the discrete version of some of the results of Chapter III. These 

results are fairly well-known in the literature [35], [24]~ [26]. Our 

treatment will be concise. We start with the following Lemma. 

Lemma 5.1. Let v(k) be a zero mean white Gaussian sequence of 

random vectors with Ev(k)v'(j) = R6kj for some positive definite matrix 

Rand let z(k) be a Gaussian (necessarily second order) sequence of 

random vectors independent of v; 6kj is the Krbnecker delta. Consider 

the sequence of random m-dimensional vectors y{k) defined by 

y(k) = z(k) + v(k) k = 1,2, ... ( 5. l ) 

Let Y(k) = (y ( l ) ,y ( 2) , ... ,y ( k) ) . The probability density of Y ( k) is 

given by 

k l Py ( k) (y ( l ) , ... ,y ( k)) = n 
i =l (2n)m/21Q(i)ll/2 

l k 
(r'(i)Q-1(i)r(i)} exp {- - I 2 . l 1= 

A 

where IQ ( i) I = det ( Q ( i ) ) , r( i ) = Y ( i ) - z ( i Ii -1) , (5.2) 

~ ~ 
Q(i) = E(z(iji-l)z 1 (iji-l)IY;_1) + R 

79 
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with ~(ili-1) = z(i) - i(ili-1) and i(ili-1) = E(z(i)IYi_1) where Yi-l 

is the a-algebra generated by Y(i-1). 

Now 

Also 

Now 

Proof: From the chain rule for probability densities 

k 
PY(k)(.) = Py(l)(.) ;~2 Py(i)IY(i-1)(.) 

A A 

E ( [y ( i )-y ( i I i -1)] [y ( i I i -1)] I I y i - l ) 
~ ~ 

= E(z(ili-l)z'(ili-l)IYi-l) + E(v(i)~'(i)IY;_1) 

+ E((z(i)-i(ili-l))v'(i)IYi-l) 

+ E(v(i)(z(i)-i(ili-l))'IYi-l) 

A 

(5.3) 

(5.5) 

- E(z(ili-l)v'(i) Yi_1) = 0 

The first term is zero because z and v are independent and v has zero 
A 

mean; the second term is zero since z(iji-1) is Yi-l measurable and v 

has zero mean. So 5.5 becomes 

E ( [y ( i ) -y ( i I i -1 ) ] _[y ( i ) -y ( i I i - l ) ] 1 I Yi _ l ) 

= E(~(ili-l)~'(ili-l))IYi-1)+ R (5.6) 

The proof follows from 5.3, 5.4, 5.6, and the Gaussian assumption.* 
' 
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Theorem 5.4. Consider the joint detection and estimation problem 

posed by: 

y(k) = z(k) + v(k) k = 1,2, ... ,N 

where v(k) is as in Lemma 5.1, z(k) £ {x1(k), ... ,xM(k)} where each 

xj(k) is a Gaussian random sequence that in independent of v(k). The 

.! priori probability Pj of the event which represents z(t) = xj(t) is 

given such that 

M I P. = ,. 
j=l J . 

The least-squares estimate of z(t) is given by 

where zn(k) = E(z(k)IYk, w=wn). The coefficient dn(k) is the.! 

posteriori probability of the hypothesis, hn being true given the 

observations Y(k) and it is given by: 

where 

(5. 7) 

(5.8) 

k 
1 exp {- l I rn'(i)Qn-l(i)rn(i)} (5.9) 

IQn(i)ll/2 2 i=l 

with 
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A 

rn(i) = y(i) - zn(iji-1) 

Also, the coefficients dn(k) satisfy the difference equations 

where 

Ln(k) dn(k) = _M ____ _ 

l L;(k)di(k-1) 
i=l 

n = 1,2, ... ,M 
k = 1,2, .. . 

L.(k+l) = l exp {- -21 r!(k+l}Q:1(k+l)r.(k+l )} 
1 jQi(k+l)ll/2 1 1 1 

Proof: Equation 5.7 follows from Lemma 4.13 with Q2 = (Rm)k. 

(5.10) 

Equations 5.8 and 5.9 follow from Lemma 4.12 with µ0 as the Lebesgue 

measure on Rmk and Lemma 5.1. To prove 5.10 

Since 

PnAn(k) Ln(k)PnAn(k-1) 
dn ( k) = -,r,-,--~ --- = .....,M~----

M 
.I 
1 =l 
M 
.I J=l 

l P.A.(k) L P.A.(k) i=l , , i=l , , 

P-A-(k) 1 1 M 
= 

i k1 P-A-(k-1) J J 

= -,,-,-----M 
l P.A. (k) 

i =1 1 1 

P.A.(k-l)L . (k) 
1 1 1 
M 
l P-A-(k-1) j=l J J 

= 
M 
I 

i =l 

P.A.(k-1) 
J J 

(5.11) 

di (k-l)L; (k) (5.12) 



Combining 5.11 and 5.12 we get 

M 
l d;(k-l)L;(k) 

i =l 

which verifies 5.10.* 
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These results can be applied to the case where xis generated by 

one of the following systems (with x being generated by the ; th system, 

having a probability P;): 

i = 1,2, ... ,M (5.13) 

where w; is a zero mean white Gaussian sequence of random vectors of 

dimension m with E wi(k)wi(j) = Q;(k)okj' vi is a zero-mean Gaussian 

sequence of random vectors of dimension m independent of W; with 

E v;(k)v1(j) = R;(k)okj' and Ai, Bi, Ci are matrices of appropriate 

dimension. In this case, the least squares estimate of x will be given 

by 

A 

x(k) 

A 

M A 

= L di(k)x;(k) 
j=l 

where X;(k) = E(x(k)IYk' h=h;)· The coefficient d;(k) is given by 

PnAn(k) 
M 
l P.A.(k) 

i =l , , 

(5.14) 

(5.15) 



where now 

with 

where 
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Qn(i) = Cn(i)Vx (ili-l)C~(i) + Rn(i) 
n 

(5.16) 

(5.17) 

(5.18) 

(5.19) 

where V- is the prediction error covariance of nth filter that generates 
xn 

xn. The equations that generate xn can be found in [25]. 

In the next chapter, we will apply the results of this and the 

previous chapters to the design of a digital flight control system which 

is optimally tolerant of sensor failures. 



Chapter VI 

APPLICATIONS TO FLIGHT CONTROL SYSTEMS 

We shall now show applications of some of the results developed in 

the previous chapters to flight control systems. Namely, we shall 

present a design method for digital self-reorganizing control system 

which is optimally tolerant of failures in aircraft sensors, reported by 

Caglayan and Montgomery in [34]. The design process will be applied to 

the design of self-reorganizing control system for a current configu-

ration of the space shuttle orbiter at Mach 5 and 120,000 feet. The 

failure detection capabilities of the system are demonstrated using a 

real-time simulation of the system with noisy sensors. 

Before we go on, we would like to remark that the problem is one of 

joint detection, estimation, and control. Separation between estimation 

and control has not been shown to be valid in this problem up to now, 

and we have not addressed ourselves to this problem in the text. In 

the simulations, we have used the steady-state regulator gains and the 

estimate corresponding to the most likely hypothesis in the Bayesian 

sense. 

Consider the equations of motion of an aircraft to be represented 

by 

t t 
x(t) = A J x(s)ds +BJ U(s)ds + W(t) t £ [a,b] (6.1) 

a a 

where xis then-dimensional state vector, U is them-dimensional 

control vector, W(t) is a zero mean Wiener process with W(a) = 0 and 
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E W(t)W'(s) = min{(t-a),(s-a)} Q1. In equation 6.1, the matrices A and 

Bare determined from the aircraft's stability and control derivatives, 

·its mass and inertia characteristics, and its geometric characteristics. 

The variable W may, but need not, represent turbulence. It may 

represent uncertainty in the designer's knowledge of the aircraft's 

characteristics . We shall be interested in the digital control of the 

plant which constrains the control to be piecewise constant with a 

sampling period T; i.e., 

U(t) = U(kT) forte [kT,(k+l)T) (6.2) 

So that we get the discrete equations of motion of the aircraft 

x(k+l) = ~x(k) + rU(k) + w(k) (6.3) 

T 
where~= exp(AT), r = f exp(As)ds B, and w(k) is a zero mean white 

0 
Gaussian sequence of random vectors with 

T 
E w(k)w'(j) = [f exp(As)Q1 exp(A's)ds] okj = Qokj 

0 

(okj is the Kronecker delta) 

We shall hypothesize the following failure-mode observation models 

for the aircraft. 

i = 1,2, •.. ,M-1 (6.4) 

where vi(k) is a white Gaussian sequence of random vectors with 

E(vi(k)) = (0,0, ... ,mi, ... )' and E(vi(k)v1(j)) = Riokj for some positive 

definite matrix Ri. The quantity m1 is the unknown parameter vector 
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of the distribution. The approach that we will take is one of 

approximation. We shall solve the problem as if mi were known and then 

use the maximum likelihood estimate of m; under the ; th , hypothesis. 

This procedure is known as a generalized likelihood ratio approach in 

the communications literature [12]. For the normal unfailed operation 

we wil 1 assume 

(6.5) 

where v0 (k) is a white Gaussian sequence of random vectors with 

Ev0 (k) = 0 and Ev0 (k)v~(j) = R0 okj" As usual, we shall introduce an 

extra dummy hypothesis hM by 

(6.6) 

where vM(k) is a white Gaussian sequence of random vectors with EvM(k) 

= O and EvM(k)vM(j) = RMokj" 

We will be concerned with the selection of the most probable 

hypothesis based on a finite set of measurements {y{1),y(2), ... ,y(k}} 

= Y(k). We shall use the detection theory results of Chapter II and 

choose the hypothesis that will result in minimum Bayesian risk. To 

this end, we need to evaluate the likelihood ratios {A;, i = 0,. , ... ,M-1} 

where A; is the ratio of the probability densities 

For a fixed K number of observations, from the results of the last 

chapter, we have for the likelihood ratios 



ln A. 
1 

where Q;(j) = C;Vx;(j j-l)C1 + R; with Vxi being the prediction error 

covariance of the ; th filter, r;(j) is the innovation sequence of the 

; th filter given by 

A A 

r;(j) = y(j) ·- C;($x;(j-l) + ru(j-1)) - m;(j) (6.8) 

A A 

where X;(j) = E(x(j)jY(j),h;) and m; is the maximum likelihood estimate 

of m; under hypothesis hi. Actually, the true value of mi(j) should be 
A 

used in 6.8. When the maximum likelihood estimate, m;(j) is used instead 

of mi(j), then 6.7 becomes a generalized likelihood ratio. 

We also assign the~ priori probabilities {P(h;) =Pi, i = O,., ... ,M}. 

Of course, PM= 0. When the cost of making a right decision is zero and 

the cost of making a wrong one are all equal, from the results in 

Chapter II it follows that we have to choose the maximum of 

{ P; Ai , i = 0, l , .•. , M- l } (6.9) 

Combining equations 6.7 and 6.9, it follows that we have to choose 

the maximum of 

ln P. - ln I jQ1.(j)j 1/ 2 - l f" r,~(j)Q-,.1(j)r1.(j) , . l 2 . l J= J= 
i = 0, • , ••. , M- l (6.10) 

When the steady-state filters are used and the~ priori proba-

bilities are all equal, then an equivalent criterion that would result in 
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the minimum Bayesian risk is to choose the minimum of the set 

{ti' i = 0, l, ... ,M-1} where 

K 
•,· = _2K lnlQ,. I + 12 r r~(j)Q:lr.(j) . l 1 1 1 J= 

(6.11) 

The above considerations are implemented on a real time hybrid 

simulation using the lateral dynamics for a current space shuttle 

orbiter with A and B matrices: 

A = 

B = 

-0.058 

1.0 

0 

0 

0.017 -5.791 

0.5773 0 

-0.0029 0 -0.0085 -0.7438 

-0.5 .0055 -0.8660 -0.0009 

2.256 

0 

0.0553 

0 

The state vector x = (p,0,r,a)' and the control vector v = o a 
where pis the roll-rate in degrees per second, 0=is the bank angle in 

degrees, r is the yaw rate in degrees per second, a is the sideslip 

angle in degrees, and oa is the aileron input angle in degrees. The 

vehicle in consideration has. a roll-rate gyro, a yaw-rate gyro, and a 

sideslip indicator. So we have the following observation models: 

h0 : y =[pr a]' + v0 

h1: y =[Or a]'+ v1 
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h2 : y = [p O 8] 1 + v2 

h3: y =[pr OJ' + v3 

The variances Q1, R0 , R1, R2, R3 are chosen as 

Ql = diag (2(.05) 2, 0, 2(1.01) 2, 3(.001) 2) 

Ro = (.0025, .0001, .0001) 

Rl = diag (.025, .0001, .0001) 

R2 = diag ( .0025, .001, .0001) 

R3 = diag (.0025, .0001, .01) 

That is, h0 represents the normal operation under no sensor 

failures, h1 represents the failure of the roll-rate gyro and so on. 

For each hypothesis, the system is observable, but, given the measure-

ment errors and uncertainties in the vehicle equations of motion, each 

sensor group has a different capability of estimating the aircraft's 

state. In this example, we have used steady-state filters and simplified 

Bayesian risk weights so that Equation 6.11 is valid. The sampling 

period used is .1 seconds. A moving window of innovations sequence of 

length 5 is implemented. Using the innovation sequence in each moving 

window, Equation 6.11 is evaluated. The estimate of the filter corre-

sponding to the most likely hypothesis is used. The structure of the 

system is shown in Figure 6.l. Figure 6.2 illustrates the unaugmented 

and the augmented step response of the non-minimum phase vehicle to an 

aileron input. Figure 6.3 shows the step response of the closed-loop 

aircraft with feedback gains (-4.9, 0.4, 14.5, -6.0) using state variable 
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feedback with noisy measurements under hypothesis h0 • In Figure 6.4, 

the responses of the system are indicated for the case when h2 is true 

but for each hypothesis being accepted at different times. The failure 

mode in Figure 6.4 is an increase in measurement noise. Figures 6.5 

and 6.6 illustrate the actual performance of the system under increased 

noise type failure. By looking at the (p,r,e) measurements, it can be 

seen that the following sensor failure mode sequence is simulated: 

{h0 ,h1 ,h2,h3,h2,h1 ,h0 }. The plot, showing the hypothesis decided, 

indicates the superior performance of the detector logic. Figures 6.7 

and 6.8 deal with the detection of hardover failures~ In the first one, 

a hardover failure in the beta sensor is simulated and a zero hardover 

failure of the yaw-rate gyro in the second figure. 

Note that the steady-state filter gains and the estimate corre-

sponding to the most likely hypothesis is used in this simulation. 

The results may be improved by using time varying filter gains and by 

using optimum least squares estimate of the state which is the average 

of conditioned estimates by the~ posteriori probabilities. The overall 

system performance is pretty good in the sense that the system is 

capable of identifying increased noise and hardover type sensor failures 

quite rapidly in the order of one or two sampling periods. 
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Figure 6.6 Self-Reorganization in Operation During 
the Failure Sequence (h3,h2,h1 ,h0 ) 
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Chapter VII 

CONCLUSIONS AND RECOMMENDATIONS 

A. Conclusions 

In this dissertation, we have considered the simultaneous detection 

and least squares estimation of vector random processes corrupted with 

Gaussian noise. The previous results in this field have been extended 

to include random processes which are the solutions of nonlinear 

stochastic differential equations and general vector random processes 

which are not necessarily the solutions of stochastic differential 

equations. In Chapter IV, we have proved an extended version of 11 the . 

Partition Theorem 11 of joint detection and estimation. The least squares 

estimator for this problem is shown to be composed of two parts: A non-

adaptive part in which estimates conditioned on each hypothesis are 

calculated. An adaptive part in which the~ posteriori probability of 

each hypothesis conditioned on the observations is calculated using the 

estimates computed the non-adaptive part. In obtaining this result, we 

have taken a basic, rigorous measure theoretic approach. By using an 

extended version of the product measure theorem we have obtained a 

Radon-Nikodym representation for the~ posteriori probability. This 

Representation Theorem (Theorem 4.5 and Lemma 4.7) can be considered as 

an extension of the classical Bayes Theorem. For the case where there is 

a finite number of parameters, the stochastic differential equation, 

that each~ posteriori probability satisfies, is found. It is also 

shown that the~ posteriori probability is the unique solution of the 
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stochastic differential equation that it satisfies with the~ priori 

probability as the initial condition. 

In Chapter III, we solved the joint detection and estimation problem 

for linear continuous dynamic systems through a nonlinear filtering 

theory approach. Comparing the results of this chapter with the more 

general results of Chapter IV, it is shown that the nonlinear filtering 

approach and the measure theoretic approach give the same results in the 

case of linear continuous dynamic systems. 

Some analogous results are derived for discrete dynamic systems 

in Chapter V. Chapter VI includes an application of the theory to a 

digital flight control system which is tolerant of sensor failures. 

Real-time hybrid computer simulations show that this approach has 

engineering significance. 

B. Recommendations for Further Study 

This work has been limited to the parameter adaptive estimation in 

the case when the parameter has a discrete distribution. At the time of 

the printing of this thesis, the work has been extended by the author 

to the case where the parameter has a continuous distribution. 

Another limitation of this work is that the parameter was considered 

to be a random variable. That is, the parameter had a constant distri-

bution at all times. Physical implication of this assumption is that 

one and only one random process is being observed at all times. An 

interesting extension would be the case where the parameter is a 

random process. Work along this line, where the parameter is a jump 

Markov process, has been reported by Wonham (46] and Sworder (47]. 
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The other logical step for further research is to test the feasi-

bility of on line implementation of the stochastic differential equations 

that the coefficients of the hypothesis conditioned estimates satisfy 

on the computer. Different discrete numerical algorithms can be derived 

to approximate these stochastic differential equations and they can be 

compared by computer simulations. 



Appendix I 

LINEAR DYNAMIC SYSTEMS AND A HILBERT SPACE APPROACH 

TO THE REGULATOR PROBLEM 

In this appendix we shall review the linear matrix differential 

equations and study the optimization of linear deterministic dynamic 

systems in a Hilbert space setting. The main result will be to obtain 

the solution of the linear quadratic regulator problem without any 

variational arguments. We shall denote the set of all real valued 

measurable functions on a closed interval [a,b] of the real line by 

F(a,b). Measurable functions constitute a very broad space, e.g., all 

continuous, piecewise continuous functions and the limits of sequences 

of measurable functions are measurable functions [l]. Although Lebesgue 

measurable functions need only be defined almost everywhere (denoted by 

a.e.; that is, everywhere except at a set of Lebesque measure zero), 

this non-physical concept introduced is outweighed by the extra class 

of control problems that can be analyzed in this context. 

We shall denote the subset of F(a,b) consisting of all Lebesgue 

integrable functions on [a,b] by L1(a,b). Similarly, let L2(a,b) be 

the subset of all square integrable functions on [a,b]; i.e., 

b 
L2(a,b) = {f E F(a,b): Jlf(t)l 2 dt < 00 } 

a 
(A. l) 

It is well-known [2] that the set L2(a,b) is a separable infinite-

dimensional Hilbert space over the field of real numbers under pointwise 

addition a~d scalar multiplication. The inner product on L(a,b) is 

defined by: 
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b 
<f,g> = f f(t)g(t)dt 

a 
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(A.2) 

The space L2 is deservedly the most extensively studied of the 

function spaces, because it is the most fruitful generalization of the 

finite dimensional Euclidean space. 

We shall be mainly interested in the optimization of the linear 

dynamical system (A(t),B(t),C(t)) governed by the differential equation: 

x(t) = A(t)x(t) + B(t)u(t) 

y(t) = C(t)x(t) 

t £ [a,b], x(a) known (A.3) 

where x(t) is then-dimensional state vector, u(t) is them-dimensional 

control vector, and y{t) is the r-dimensional measurement vector. 

A(t), B(t), and C(t) are time-varying (not necessarily continuous) 

matrices of appropriate dimension. We shall assume that the elements of 

A(t), B(t), and C(t) are real-valued measurable functions that belong 

to L2 (a ,b). 

Remark A.l. If the optimization interval is finite, then the above 

assumptions imply that the elements of A(t), B(t), and C(t) are inte-

grable. This follows since if f £ L2(a,b), by Holder's Inequality 
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In the sequel we shall primarily deal with the integral form of 

Equation A.3. The solution can be easi1y obtained from the following 

two theorems which are a sunvnary of results on the classical theory for 

system of linear equations. 

Theorem A.1. Consider the homogeneous part of equation A.3 

~(t) = A(t)x(t) t £ [a,b] (A.5a) 

Given any initial condition x(a) of the elements of A(t) are real-valued 

measurable functions in L1(a,b), then there exists a unique solution of 

equation A.5. The solution is given by 

(A.5b) 

where $(t) is any nxn matrix whose n-columns are n linearly independent 

solutions of equation A.5a. $(t) is called a fundamental matrix of 

equation A.5a. 

The fundamental matrix has the following properties: 

1. $(t) is absolutely continuous on [a,b] and satisfies the matrix 

differential equation 

~(t) = A(t)$(t) a.e. on [a,b] (A.Sc) 

2. A necessary and sufficient condition that $(t), which satisfies 

equation A.5c, be a fundamental matrix of equation A.5, is that 

det $(t) r O t £ [a,b]. 

3. Every solution of equation A.5 is a unique linear combination 

of the columns of $(t). 
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4. The fundamental matrix is not unique. Any two fundamental 

matrices are related to each other by w2(t) = w1(t)C for some 

non-singular constant C matrix. 

5. w(t) determines A(t) uniquely a.e. on [a,b]. 

Proof: (See Thm. 2.1, 2.2, and 2.3 in Chapter 3 of Ref. 3.) 

It follows from the property 3 of w(t) that the solution x(t) should 

be of the form x(t) = $(t)c, where c is an nxl column vector. Since 

x(a) = $(a)c and $(t) is always non-singular, c = $-1(a)x(a).* 

Theorem A.2. Consider the linear non-homogeneous differential 

system 

x(t) = A(t)x(t) + b(t) t £ [a,b] (A.6) 

where A(t) is an nxn matrix, b(t) is an nxl column vector. If the 

elements of A(t) and b(t) are in L1(a,b), then, for any given initial 

condition x(a), there exists a unique solution of equation A.6 with 

initial condition x(a) which is given by 

t 
x(t) = $(t)$-1(a)x(a) + $(t) f $-1(s)b(s)ds 

a 

where $(t) is any fundamental matrix of equation A.Sa. 

Proof: (See Thm. 3.1 in Chapter 3 of Ref. 3.)* 

In system theory, the fundamental matrix with $(a)= I (where I 

is the nxn identity matrix) is given the name state-transition matrix 
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because it represents the evolution of the state vector in time for 

zero-input. 

Definition A.l. Let $(t) be any fundamental matrix of x(t) = 

A(t)x(t), t £ [a,b], the state-transition matrix of this differential 

system is defined by 

t,s on [a,b] 

The properties of the state-transition matrix can be surrmarized as 

fol 1 ows: 

1. The state-transition matrix is unique. This follows since 

$1, $2 are two different fundamental matrices, they are related by 

$2(t) = $1(t)C where C is some non-singular constant matrix C. 

$2(t)$2-1(s) = ($1(t)C) ($1(s)Cf1 

= $1(t)CC-l$1-1(s) = $1(t)$1 -l(s) 

2. <I>(t,t) = I 

3. <I>- 1(t,s) = <I>(s,t) 

4. <I>(t,s) = <I>(t,T)<I>(T,s) T £ [a,b] 

5. The state transition matrix can be interpreted as the unique 

fundamental matrix of x = A(t)x with $(a)= I. Therefore, the state-

transition matrix satisfies 

<I>(t,a) = A(t)<I>(t,a) a.e. on [a,b] 

with <I>(a,a) = I. The solution of the linear dynamical system described 

by equation A.3 can now be easily derived from the ·preceding two theorems. 
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Corollary A.2. Consider the linear dynamical system governed by 

the differential equations given in equation A.6. 

x(t) = A(t)x(t) + B(t)u(t) t E [a,b] (A.6) 

If the elements of A(t), B(t), and u(t) are in L2(a,b), then, for 

any initial condition x(a), there exists a unique solution of equation 

A.3 which is given by 

t 
x(t) = ~(t,a)x(a) + f ~(t,s)B(s)u(s)ds 

a 
t E [a,b] 

where ~(t,s) is the state-transition matrix for x = A(t)x. 

Proof: By Remark A.l, the elements of A(t) are in L1(a,b). Now 

consider the column vector c(t) defined by 

m 
c(t) = B(t)u(t) + ci(t) = .l b1J.(t)uJ. (t) 

J=l 

By Holder's Inequality bij(t) E L2(a,b) and uj(t) E L2(a,b) implies that 

b;j(t)uj(t) E L1(a,b). Since L1(a,b) is a linear vector space 

m 
l biJ.(t)uJ.(t) E L1(a,b). 

j=l 

Now Thm. A.2 can be applied with b(t) = c(t) and the corollary follows.* 

We shall now formulate the quadratic linear regulator problem in a 

Hilbert space setting. We will show that, in this formulation, the 

concept of observability arises naturally in defining an inner product. 

A global optimal control law will be derived without going through any 
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variational arguments. In order to proceed we need the definition for 

the Cartesian product of vector spaces: 

Definition A.2. Let x1, x2, ... , Xn be vector spaces over the same 

field of scalars, then the Cartesian product of these vector ·spaces is 

defined to be 

Addition and scalar multiplication are defined on this Cartesian product 

as follows 

We shall denote the Cartesian product of a vector space with itself 

n-times by xn. 

Definition A.3. Let Q(t) be an nxn matrix and x(t) be an nxl 

vector both of whose elements are real-valued measurable functions on 

(a,b). Q(t) is said to be positive definite on (a,b) if 

x'(t)Q(t)x(t) > 0 

x'(t)Q(t)x(t) = 0 

for all x(t) ! 0 

for x(t) = 0 

Similarly, Q(t) is positive semidefinite on (a,b) if 

x'(t)Q(t)x(t) 0 

Notation Q(t) > 0, Q(t) 0. 

for all x(t). 
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Now consider equation A.3. We can interpret x(t) = (x1(t), ... , 

xn(t))' with xk(t) E L2(a,b) fork= l, ... ,n; i.e., x(t) E L~(a,b). 

Similarly, let u(t) E L~(a,b). It is well known that for each x1(t), 

X2{t) in L~(a,b) 

b 
<x1(t),x2{t)> = f x1{t)C'{t)C(t)x2(t)dt 

a 
(A.7) 

defines an inner product on L2(a,b) whenever C'(t)C{t) is a positive-

definite nxn matrix. Of course, equality in the inner-product axioms 

[2] should now be interpreted as equality almost everywhere; i.e., we 

say x1{t) is equal to x2{t) whenever 

a.e. on [a,b] 

Similarly, we can define an inner product on L~(a,b) by 

b 
<u1(t),u2{t)> = f u1(t)D'(t)D(t)u2(t)dt 

a 

whenever D'(t)D(t) is an mxm positive-definite matrix on [a,b]. 

Remark A.2. All the axioms of inner-product except 

<(x,u)(x,u)> = 0 + (x,u) = 0 

are satisfied whether or not C'(t)C(t) and D'(t)D(t) are positive 

definite. 

Now let us consider the· Cartesian product of L~ and L~; i.e., 

L~{a,b)xL~{a,b) = {x{t),u(t): x(t) E L~(a,b) and u(t) E L~(a,b)} 

(A.8) 
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An inner product on L~(a,b)xl;(a,b) can be defined by 

{A.9) 

In the linear quadratic regulator problem we are concerned with the 

ordered pairs (x,u) in L~xl~ that satisfy the integral constraint. 

n m t V = {(x,u)£L2xL 2: x{t) = ~(t,a)x(a) + f ~(t,s)B(s)u(s)ds} 
a 

(A.10) 

where x(a) is some finite initial condition. 

We will now investigate whether this extra dynamic information can 

be used to relax the positive-definiteness of C'{t)C(t) and D'(t)D(t) 

in the inner product or not. It turns out that the observability of the 

pair (C(t),A{t)) on [a,b] [5] and positive definiteness of D'(t)D(t) 

is a sufficient condition for equation A.9 to be an inner product on V. 

We state this fact in the following theorem. 

Theorem A.3. Let V denote the set of ordered pairs (x(t),u(t)) 

defined by equation A.lo. If the pair (C(t),A(t)) is observable on 

[a,b] and D'(t)D(t) is positive definite on [a,b], then the following 

bilinear form defined for every (x(t),u(t)) £ V by equation A.9. 

b 
<(x1(t),u1(t)),(x2(t),u2(t))> = f (x1(t)C'(t)C(t)x2(t) 

a 

defines an inner product on V. 

(A. 11 ) 

Proof: By Remark A.2 it is sufficient to show that if 

(C(t),A(t)) is observable and D'(t)D(t) is positive definite on [a,b], 
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then <(x(t),u(t)), (x(t),u(t))> = 0 implies (x(t),u(t)) = 0. Let 

(C(t),A(t)) be observable and D'(t)D(t) be positive definite on [a,b]. 

b 

and 

<(x,u),(x,u)> = 0 + f x1 (t)C 1 (t)C(t)x(t)dt = 0 
a 

b 
f u1 (t)D 1 (t)D(t)u(t)dt = 0 
a 

Since D1 (t)D(t) > 0 on [a,b], we have u(t) = 0 on [a,b]. And with 

u(t) = 0, we have 

b b 
J x1 (t)c 1 (t)C(t)x(t)dt = x'(a) f ~•(t,a)C'(t)C(t)~(t,a)dtx(a) 
a a 

Define the observability Gramian M(a,b) by 

b 
M(a,b) = f ~•(t,a)C'(t)C(t)~(t,a)dt 

a 

In general, M(a,b) is a positive semidefinite matrix. Since (C(t),A(t)) 

is observable on [a,b], M(a,b) is positive definite [5] + x(a) = 0. 

Since x(a) = 0, u(t) = 0 on [a,b] + x(t) 0 on [a,b]. It follows 

then (x(t),u(t)) = 0 on [a,b].* 

We shall now formulate the quadratic regulator problem and find the 

unique global optimal solution without variational arguments. 

Lemma A.4. The set 

r m t M = {(y(t),u(t)) e L2xL2: y(t) = f C(t)9(t,s)B(s)u(s)ds 
a 

where u(t) e L~(a,b)}, is a linear manifold. 
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Proof: Let (y1,u1) and (y2,u2) be in M. This implies that 

t 
y1(t) = f C(t)t(t,s)B(s)u1(s)ds 

a 

t 
y2(t) = f C{t)t(t,s)B(s)u2(s)ds 

a 

where u1, u2 are in L~(a,b). For a1, a2 in R: 

t 
a1y1(t) + a2y2(t) = J C(t)•(t,s)B(s)(a1u1(s) + a2u2(s))ds 

a 

Since a1u1 + a2u2 £ L~(a,b) + a1(y1 ,u1) + a2(y2,u2) EM, Mis a linear 

manifold.* 

In order to show that Mis closed, we need to show that 
t 
f t(t,s)x(s)ds defines a continuous linear operator. 
a 

Lemma 2.6. 
t 

The operator K: L~(a,b) + L;(a,b) defined by Kx = 

f t(t,s)x(s)ds x(t) E L~(a,b) where t(t,s) is the fundamental matrix 
a 
defined by Definition A.l is a bounded linear transformation on L~(a,b) 

and its adjoint K* is given by 

b 
K*x* = J t'(s,t)x*(s)ds 

t 

(The inner product is the standard inner product on L~(a,b); i.e., 

b 
<X1X2> = f x1(t)x2(t)dt.) 

a 
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Proof: Clearly, K is a linear operator. 

b t 
<Kx,x*> = J (f ~(t,s)x(s)ds) 1 x*(t)dt 

a a 
b t n n 

= J J I .I 0iJ.(t,s)xJ.(s)xi*(t)ds dt 
a a i =l J=l 
n n b t 

= .l .l J J 0iJ.(t,s)xJ.(s)xi*(t)ds dt 
1=1 J=l a a 

Since 0ij(t,s) is continuous on the closed and bounded rectangle [a,b] 

x [a,b], it is bounded. Since -00 <a< b < +00 , 

b 2 J I~'; j ( t, s) I d ( txs) < 00 

a 

t 
So J 0ij(t,s)xj(s)ds is a Hilbert-Schmidt operator with kernel 

a 
0ij(t,s) on L2(a,b). It is bounded and its adjoint is given by [2] 

t b 
< J 0- .(t,s)x.(s)ds, x.*(t)> = <x.(t), J 0- .(t,s)x.*(s)ds> a lJ J 1 J t 1J 1 

It f o 11 ows then 

n n b b 
<Kx,x*> = I I J J 0iJ.(s,t)xJ.(t)xi*(s)ds dt 

i =l j=l a t 

b 

b b 
= J x1 (t) J ~•(s,t)x*(s)ds dt 

a t 

b · 
= <x(t), J ~•(s,t)x*(s)ds dt 

t 

Defining K*x* = J ~•(s,t)x*(s)ds 
t 
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<Kx,x*> = <x,K*x*> x,x* £ L~(a,b) 

By Theorem 5 in [6] on page 48, K is bounded and K* is, obviously, the 

adjoint of K. * 

Lemma A.7. If the elements of B(t) are bounded and measurable on 

(a,b), then N = {B{t)u(t): u(t) £ L~(a,b)} is a subspace of L~(a,b). 

m 
Proof: B(t)u(t) = ( .l biJ.(t)uJ.(t)), i = 1, ... ,n 

J=l 

2 2 2 lb .. (t)u.(t)I < lb- .(t)I lu-(t)I lJ J - lJ J 

Since lbij(t)1 2 is bounded and luj(t)l 2 is integrable on (a,b), it 

follows then their product is integrable. So 

m 
b;j(t)uj(t) £ L2(a,b) + j~l bij(t)uj(t) £ L2(a,b) + B(t)u(t) £ L~(a,b) 

So N L~(a,b). N is a linear manifold; to show that it is closed we 

will show that Bis a bounded linear transformation. 

b 
11 B(t)u(t) 11 2 = J (B(t)u(t))' (B(t)u(t) )dt 

a 

b 
J tr(B'(t)B(t))u'(t)u(t)dt 
a 

b 
~f ·(tr(B'(t)B(t))) 2dt1Jull 

a 
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for all UEL;(a,b) with I juj I~ l. It follows then that B(t) is a 

bounded linear transformation. 

Now if {xn}n:lC N is a fundamental sequence, since L~(a,b) is 

complete lim xn exists and lim xn E L~(a,b). Also since xn EN, 

n = 1 ,2, ... , there must exist {un}n:1CL;(a,b) such that 

xn(t) = B(t)un(t) n = 1,2, ... 

lim xn(t) = lim B(t)un(t) 

Since B(t) is a bounded linear transformation, it is also continuous 

so that 

Since lim un(t) E L;(a,b) + lim xn(t) EN+ N is closed.* 

Lemma A.8. If the elements of C(t) are bounded and measurable on 
t 

(a,b), then C(t) f ~(t,s)B(s)u(s)ds where u(t) E L~(a,b) is a continuous 
a 

transformation. 

Proof: By Lemma A.7, B(t) maps L~(a,b) into a subspace of L~(a,b). 
t 

By Lemma A.6, f ~(t,s)(B(s)u(s))ds is a bounded linear transformation, 
a 

and, therefore, continuous. Since the elements of C(t) are bounded and 

measurable, C(t) is a bounded linear transformation (see Lemma A.7). 

It is continuous; i.e., 

t 
lim C(t) f ~(t,s)B(s)u (s)ds 

a n 

t 

t 
= C(t) f ~(t,s)B(s)limnun(s)ds 

a 

So f C(t)~(t,s)B(s)u(s)ds is a continuous transformation.* 
a 
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Lemma A.9. Consider {(y(t),u(t}}CL~xL~ defined by 

. t 
M = {(y(t),u(t)) E L~xL;; y(t) = J C(t)~(t,s)B(s)u(s)ds 

a . 
where 

Mis a closed linear manifold under the norm induced by inner product 

on L~xL;: 

b 
<(y1 ,u1),(y2,u2)> = J (y1(t)y2(t) + u1(t)D'(t)D(t)u2(t)dt 

a 
(A.12) 

Proof: Mis a linear manifold by Lenma A.4. Let {xn,un}n:1CM . 

be a fundamental sequence in M; i.e., 

lim I l((xn-xm),(un-um))I 12 = 0 which implies 
n,ffi-+<x> 

b 
lim f (un(t)-um(t)) 1 D'(t)(un(t)-um(t))dt = 0 and 
n,ffi-+<x> a 

b t t 
1 im 
n , ITl-+<x> 

f (f C(t)~(t,s)B(s)(un(s)-um(s))ds) 1 (J C(t)~(t,s)B(s)(un(s) 
a a a 

So {un}n:l is a fundamental sequence in L;(a,b). Since L; is complete, 

limnun exists and limnun E L;(a,b). Also 

t 
{f C(t)~(t,s)B(s)un(s)ds}n:l 
a 
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is a fundamental sequence in L;(a,b) with the standard inner-product. 
t 

Since L~(a,b) is complete, limn f C(t)~(t,s)B(s)un(s)ds exists and is 
a 

in L~(a,b). By Lemma A.8 

t t 
limn J C(t)~(t,s)B(s)un(s)ds = f C(t)~(t,s)B(s)limnun(s)ds 

a a 

It follows that 

t 
limn (J C(t)~(t,s)B(s)un(s)ds, un(s)) 

a 

Thus, Mis a closed linear manifold.* 

Theorem A.10: Consider the optimization of the linear dynamical 

system (A(t),B(t),C(t)) governed by the equations 

x(t) = A(t)x(t) + B(t)u(t) t £ [a,b] x(a) is a finite 
initial condition 

y(t) = C(t)x(t) 

with respect to the performance index. 

b 1 
J = (J (y'(t)y(t) + u'(t)R(t)u(t)dt)2 

a 
(A.13) 

If R(t) is positive definite· on [a,b], then the unique global optimal 

control law minimizing equation A.13 is given by u*(t) = -R-1(t)B'(t) 

K(t)x(t) where K(t) satisfies the Riccati equation 
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K(t) = -A'(t)K(t) - K(t)A(t) + K(t)B(t)R-1(t)B'(t)K(t) - C'(t)C(t) 

with K(b) = 0. 

Proof: The problem is equivalent to finding the element which has 

the minimum norm in the linear variety V of L1(a,b) x L~(a,b) 

V = (C(t)~(t,a)x(a),O) + M where Mis given by 

t 
M = {(y(t),u(t) £ L1xL~: y(t) = J C(t)~(t,s)B(s)u(s)ds 

a 

The fact that Vis a linear variety follows from Lemma A.9. Now 

by the Projection Theorem there exists a unique element (y*,u*) of V, · 

which is of minimum norm. A necessary and sufficient condition for 

(y*,u*) be of minimum norm is that (y*,u*) lM [4]. 

(y*,u*) 1 (y,u) (y,u) £ M 

which implies 

b b 
J y*'(t)y(t)dt + J u*'(t)R(t)u(t)dt = 0 (y,u) £ M 
a a 

It follows then 

b t b 
J y*'(t) J C(t)~(t,s)B(s)u(s)ds + J u*'(t)R(t)u(t)dt = 0 
a a a 
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t 
<C 1 (t)y*(t), f ~(t,s)(B(s)u(s))ds > R(t)u*(t), u(t)> = 0 

a 

Now by Lemma A.6 

b 
< f ~•(s,t)C 1 (s)y*(s)ds, B(t)u(t)> + <R(t)u*(t), u(t)> = O 

t 

After some manipulation 

b 
<B 1 (t) f ~•(s,t)C 1 (s)y*(s)ds + R(t)u*(t),u(t)> = O 

t 

It follows that 

b 
B1 (t) f ~•(s,t)C 1 (s)y*(s)ds + R(t)u*(t) = o 

t 

Since y*(t) = C(t)x*(t) 

b 
u*(t) = -R-1(t)B 1 (t) J ~•(s,t)C 1 (s)C(s)x*(s)ds 

t 

Now we seek a closed form solution 

b ? f ~•(s,t)C 1 (s)x*(s)ds = K(t)x*(t) 
t 

That is, does there exist a matrix K(t) satisfying the above equality? 

Now K(b) = O; differentiating the above equation we get a differential 

equation for K(t): 
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b 
~~•(t,t)C'(t)C(t)x*(t) - A'(t) J ~•(s,t)C'(s)C(s)x*(s)ds 

t 

= K(t)x*(t) + K(t)x*(t) 

Since x*(t) = (A(t)-B(t)R-1(t)B'(t)K(t)) x*(t) 

. 
K(t)x*(t) = (-A'(t)K(t)-K(t)A(t) 

+ K(t)B(t)R-1(t)B'(t)K(t)-C'(t)C(t))x*(t) 

which implies the matrix differential equation 

~(t) = -A(t)K(t) - K(t)A(t) + K(t)B(t)R-1(t)B'(t)K(t) 

- C'(t)C(t) with K(b) = 0 

which is, of course, the familiar Riccati equation of linear optimal 

control. It can be shown that this equation has a unique, symmetric, 

positive semidefinite solution on [a,b].* 



Appendix II 

BASIC DEFINITIONS OF PROBABILITY THEORY 

A set function is a function whose domain of definition is a class of 

sets. An extended real ' valued set functionµ defined on a class 

of sets,~, is countably additive if, for every disjoint sequence 

{En}n:l of sets in~ whose union is also in~, we have 
00 00 

µ(\) En)= l µ(En) 
n=l n=l 

A a-ring is a non-empty class of sets which is closed under the for-

mation of differences and countable unions. 

A measure is an extended real valued, non-negative, countably additive 

set functionµ, defined on a a-ring, such that µ(0) = 0. 

A measurable space is a set X and a a-ring S of subsets of X with 

US= X. A subset E of Xis said to be measurable if and only if 

it belongs to the a-ring S. 

A measure space is a measurable space (X,S) and a measure definedµ 

on S. A real valued function f on a measurable space (X,S) is 

called a measurable function if {X£X: f(s)< c} is measurable for 

every real number c. 

A a-algebra of sets is defined to be a non-empty class of sets closed 

under the formation of complements and countable unions. 
I 

A probability space is a measure space (n,A,P) for which A is a 

a-algebra of subsets of n and P(n) = 1. 

122 
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If~ is any class of sets, the a-algebra generated by~' is the smallest 

a-algebra containing the sets of~. 

If n1 and n2 are any two sets, the Cartesian product of the sets 

n1 and n2, in symbols n1 x n2, is the set of all ordered pairs 

(w1 ,w2), where w1En1 and w2En2. 

If n1 and n2 are any two sets with a-algebras s1 and s2 of subsets of 

n1 and n2, respectively, s1 x s2 is defined to be the a-algebra 

generated by the class of sets of the form A1 x A2 where A1Es1 and 

A2ES2· 
A transformation is a function T defined for every point of a set n1 and 

taking values in a set n2. For every subset A1 of n1, the image of 

A1 under T, in symbols T(A1), is the set of th points of n2 which 

are of the form T(w1) for some w1Es1. For every subset A2 of n2, 

the inverse image of A2 under T, in symbols T-1(A2), is defined to 

be the set of all those points of n1 whose image is in A2. 

If (x1 ,s1) and (X2,s2) are two measurable spaces, Tis said to be a 

measurable transformation, in symbols T: (x1 ,s1) + (X2,s2), if the 

inverse image of every measurable set is measurable. 
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OPTIMAL PARAMETER ADAPTIVE ESTIMATION OF STOCHASTIC PROCESSES 

by 

Alper K. Caglayan 

(ABSTRACT) 

This study is concerned with the simultaneous detection and least 

squares estimation of vector random processes. The problem is formu-

lated in the following context: A random process, out of a countably 

infinite collection of (not necessarily Gaussian) vector random 

processes with known distributions, is observed with additive white 

Gaussian noise. The~ priori probability, that a specific random 

process will be observed, is specified for each one in the collection. 

The least squares estimate of the random process that is being observed 

is to be found in terms of the hypothesis conditioned estimates. 

It is shown that the best estimate is the linear combination of 

the hypothesis conditioned estimates weighted by the~ posteriori 

probabilities of the hypotheses conditioned on the observations. A 

Radon-Nikodym derivative representation is derived for the~ posteriori 

probability by using the specific structure of the product probability 

measure for this problem. It is shown that this Radon-Nikodym 

derivative can be expressed in terms of the Radon-Nikodym derivatives 

of measures induced by the random processes in the collection with 

respect to Wiener measure. ·By using the recent results on likelihood 

functions, an expression for the~ posteriori probability is found in 

terms of the conditioned estimates. In this connection, an extended 

version of the partition theorem of parameter adaptive estimation 



is proved. The unique stochastic differential equation, that each 

-~ posteriori probability satisfies with its associated~ priori 

probability as the initial condition, is derived for the case of 

finitely many hypotheses along with an expression for the conditional 

error covariance in•terms of the hypothesis conditioned error 

covariances. 

The results are applied to the parameter adaptive estimation 

problem in linear continuous and discrete stochastic dynamic systems. 

In the continuous case, the solution is also obtained through an 

alternate approach using nonlinear filtering theory. An application of 

the theory to the design of a digital flight control system which is 

tolerant of sensor failures is presented with real-time hybrid computer 

simulation results. A review of random processes and statistical 

decision theory is also included. 
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