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Exploring Accumulated Gradient-Based Quantization and
Compression for Deep Neural Networks

Meghana Laxmidhar Gaopande

(ABSTRACT)

The growing complexity of neural networks makes their deployment on resource-constrained

embedded or mobile devices challenging. With millions of weights and biases, modern deep

neural networks can be computationally intensive, with large memory, power and compu-

tational requirements. In this thesis, we devise and explore three quantization methods

(post-training, in-training and combined quantization) that quantize 32-bit floating-point

weights and biases to lower bit width fixed-point parameters while also achieving significant

pruning, leading to model compression. We use the total accumulated absolute gradient

over the training process as the indicator of importance of a parameter to the network.

The most important parameters are quantized by the smallest amount. The post-training

quantization method sorts and clusters the accumulated gradients of the full parameter set

and subsequently assigns a bit width to each cluster. The in-training quantization method

sorts and divides the accumulated gradients into two groups after each training epoch. The

larger group consisting of the lowest accumulated gradients is quantized. The combined

quantization method performs in-training quantization followed by post-training quantiza-

tion. We assume storage of the quantized parameters using compressed sparse row format

for sparse matrix storage. On LeNet-300-100 (MNIST dataset), LeNet-5 (MNIST dataset),

AlexNet (CIFAR-10 dataset) and VGG-16 (CIFAR-10 dataset), post-training quantization

achieves 7.62×, 10.87×, 6.39× and 12.43× compression, in-training quantization achieves

22.08×, 21.05×, 7.95× and 12.71× compression and combined quantization achieves 57.22×,

50.19×, 13.15× and 13.53× compression, respectively. Our methods quantize at the cost of

accuracy, and we present our work in the light of the accuracy-compression trade-off.
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(GENERAL AUDIENCE ABSTRACT)

Neural networks are being employed in many different real-world applications. By learning

the complex relationship between the input data and ground-truth output data during the

training process, neural networks can predict outputs on new input data obtained in real

time. To do so, a typical deep neural network often needs millions of numerical param-

eters, stored in memory. In this research, we explore techniques for reducing the storage

requirements for neural network parameters. We propose software methods that convert

32-bit neural network parameters to values that can be stored using fewer bits. Our meth-

ods also convert a majority of numerical parameters to zero. Using special storage methods

that only require storage of non-zero parameters, we gain significant compression benefits.

On typical benchmarks like LeNet-300-100 (MNIST dataset), LeNet-5 (MNIST dataset),

AlexNet (CIFAR-10 dataset) and VGG-16 (CIFAR-10 dataset), our methods can achieve

up to 57.22×, 50.19×, 13.15× and 13.53× compression respectively. Storage benefits are

achieved at the cost of classification accuracy, and we present our work in the light of the

accuracy-compression trade-off.
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Chapter 1

Introduction

1.1 Motivation

Neural networks have been shown to solve complex problems in many different real-world

applications. Critical applications like autonomous vehicles and medical systems warrant a

high accuracy as well as a high inference speed or low latency. As the complexity of neural

network architectures has increased, a typical model can have a very large number of weights

and biases (parameters), making it computationally intensive, with large memory and power

requirements. The growing size and complexity of neural networks makes their deployment

on resource-constrained embedded or mobile devices challenging. This impediment has given

rise to a field of research that aims to achieve resource-constrained efficient machine learning

computations.

A recent survey paper by Sze et al. [56] notes that unlike earlier work in deep neural net-

works, recent work has focused on hardware-software codesign or hardware-aware software

algorithms to maximize gains in the trade-off between accuracy and throughput during in-

ference. Sze et al. [56] group these approaches as follows:

1. Reducing precision of operations and operands

This consists of reducing bit width, using a more efficient numerical storage format

(fixed-point instead of floating-point), quantization, and weight sharing.

1



2 Chapter 1. Introduction

2. Reducing number of operations and model size

This consists of techniques like pruning and using compact neural network architec-

tures.

Recent works combine both the approaches described above, achieving neural network com-

pression jointly through network pruning and weight quantization. Han et al. [24] demon-

strated that applying weight quantization to a pruned neural network achieves better com-

pression than pruning or compression alone, while maintaining accuracy. Tung and Mori

[57] perform in-parallel network pruning and weight quantization during training. However,

separate techniques are used to prune and quantize parameters.

We explore methods that achieve network pruning as well as parameter quantization, i.e.,

we do not use separate techniques for pruning and quantization. The goal of this thesis is

to devise new methods that quantize 32-bit floating-point parameters (weights and biases)

to lower bit width fixed-point parameters while also achieving significant pruning, leading

to reduced storage requirements for the neural network, without significant degradation in

accuracy.

Pruning methods often use some metric to determine the importance of a parameter in

a neural network, and insignificant parameters are pruned away. In this thesis, we use a

similar parameter importance metric and apply it to quantization. Our outlook is that the

importance of a parameter determines its tolerance for quantization error.

Recent work by Golub et al. [19] [18] shows that neural network parameters that accumu-

late the highest total gradients during the training process constitute most of the learning.

During backpropagation, their procedure updates only those weights that have the highest

total accumulated gradient. Inspired by this work, we have developed a new procedure for

quantization that is based on accumulating gradients for the network parameters during the
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training process. Since we use mini-batch optimization algorithms, we accumulate gradients

for the last mini-batch (with shuffling) for every epoch. We use the accumulated gradient of

a parameter to determine its importance to the network. In our quantization methods, the

quantization decision for each parameter is based on this importance criterion.

1.2 Contributions

We devise and explore three new accumulated-gradient based quantization methods to

achieve neural network compression. To the best of our knowledge, the usage of accumu-

lated gradients as an importance criterion for quantization decisions has not been applied to

fixed-point quantization before. The first method performs post-training quantization, while

the second method performs in-training quantization. The third method is a combination

of both post-training and in-training quantization. This method gives us the best results in

terms of compression ratio and percentage of non-zero parameters, balanced with the loss

in post-quantization accuracy. We show results on standard benchmark architectures like

Lenet-300-100, LeNet5, AlexNet and VGG-16 using MNIST and CIFAR-10 datasets.

Our methods have the following benefits:

1. The methods we have devised achieve network pruning as well as quantization through

the same methods, i.e., we do not use separate techniques for pruning and quantization.

2. The importance of a parameter in the neural network is judged based on the gradients

it accumulates during the training process. There is no computational overhead of

calculating any additional importance measures, as gradients are calculated in the

backward pass of the training process. As elaborated in Sections 2.2 and 2.3, this is

an unusual approach which we have adapted from Golub et al. [19].



4 Chapter 1. Introduction

3. The quantization levels or values that we assign to weights and biases during quanti-

zation are fixed-point friendly. Models created using our methods can potentially be

used on hardware supporting fixed-point, sparse matrix or weight-sharing capabilities.

4. We achieve significant pruning, i.e., a large percentage of weights and biases are

zero-valued after quantization. On Lenet-300-100 (MNIST dataset), LeNet5 (MNIST

dataset), AlexNet (CIFAR-10 dataset) and VGG-16 (CIFAR-10 dataset), our quan-

tized networks achieve up to 3.61%, 3.29%, 10.18% and 7.73% non-zero parameters,

respectively.

5. We convert 32-bit floating-point weights and biases to a lower bit width fixed-point for-

mat. On Lenet-300-100 (MNIST dataset), LeNet5 (MNIST dataset), AlexNet (CIFAR-

10 dataset) and VGG-16 (CIFAR-10 dataset), we achieve a bit width of 4, 4, 7 and 7

bits per weight, respectively.

6. As a result of pruning as well as quantization, we are able to achieve significant com-

pression. We assume storage of the quantized parameters using compressed sparse

row format for sparse matrix storage. We achieve up to 57.22×, 50.19×, 13.15× and

13.53× compression on Lenet-300-100 (MNIST dataset), LeNet5 (MNIST dataset),

AlexNet (CIFAR-10 dataset) and VGG-16 (CIFAR-10 dataset), respectively.

7. Our methods allow users to decide the accuracy-compression trade-off point to utilize

during quantization.

1.3 Thesis Organization

The rest of the thesis is organized as follows:
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• Chapter 2 provides background and a literature review about neural network compres-

sion and acceleration.

• Chapter 3 discusses the number representation and storage methods typically used and

details the number representation used in this work.

• Chapter 4 details the three quantization methods we use to achieve neural network

compression through fixed-point quantization.

• Chapter 5 presents the compression results of our methods on standard benchmark

architectures.

• Chapter 6 presents a summary of work and discusses future work opportunities.



Chapter 2

Neural Network Compression and

Acceleration

Deploying deep neural networks on resource constrained hardware is a challenge due to the

limited memory, power and computational capabilities of these platforms. Neural network

compression and acceleration can address these challenges and is currently an active field of

research in the deep learning domain.

In this section, we discuss two network compression techniques: pruning and quantization.

These are software-level techniques that can be used to optimize the computational perfor-

mance, power efficiency or memory requirements for a neural network. These techniques try

to optimize for the accuracy-compression trade-off, i.e., striking a balance between gaining

compression and losing accuracy. We present a literature survey of pruning and quantization

techniques. We also present a literature review of some hybrid or combination methods of

achieving compression.

We also discuss the hardware and software implications of the sparsity and compression

achieved through pruning and quantization, with a literature review of recent hardware

accelerators and sparse computation software libraries.

6
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2.1 Neural Networks

A neural network defines a mapping y = f(x;W ), where x is an input and y is the corre-

sponding computed output. For classification problems, y would be the class label for x.

During a training procedure, inputs are provided to the network and computed outputs are

compared to the “ground-truth” outputs. The values of the parameters (weights and biases)

W are incrementally adjusted to learn a reasonable function approximation [20]. The pro-

cess of applying the learned function f on a previously unseen input xtest and predicting an

output ypred is known as inference.

Neural networks are loosely inspired by how the brain functions, with a set of interconnected

neurons. Figure 2.1 depicts a neuron model. The connections between neurons are known

as synapses. Synapses scale the input signals with some scaling factors (weights). Each

neuron has multiple input signals (x0, x1, x2 in Figure 2.1). These are scaled with weights

(w0, w1, w2 in Figure 2.1). The weighted sum of the inputs, often times added with a bias

term, is computed in a neuron. This is followed by the application of a nonlinear function

(g in Figure 2.1). The non-linear function is known as an activation function [56].

Figure 2.1: Illustration of a neuron model. The weighted sum of inputs, often added with
a bias term, is followed by the application of an activation function. (Figure adapted from
[36].)
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Figure 2.2: Fully connected neural network and terminology. On the left is an illustration
of a two layer neural network (input layer, one hidden layer and output layer). On the right
is an illustration of weight matrices associated with the two layer neural network. (Figure
adapted from Li et al. [36] and Sze et al. [56]).

Figure 2.2 shows a simple neural network with two layers (without counting the input layer).

This example is fully connected, which means that each neuron in a layer is connected with

each neuron in the next layer. The weights of the synapses connecting input layer neurons

to the Layer 1 neurons form a matrix (W1) of the size 4 × 3. The weights of the synapses

connecting Layer 1 neurons to the Layer 2 neurons form a matrix (W2) of the size 2 × 4.

In general, if m is the number of neurons in a layer and n is the number of neurons in the

previous layer, the weight matrix is of dimensions m× n. Layer 1 also has a bias vector B1

of size 4× 1. Layer 2 has a bias vector B2 of size 2× 1. This neural network has a total of

4 weight/bias matrices: W1, B1, W2, B2. A vector of the inputs to each neuron (as denoted

in Figure 2.1) is denoted by X. A vector of the outputs of the output layer neurons in the

output layer is denoted as Y . The activation function for neurons of both layers is denoted

by g. The output vector Y for input vector X, is given by Equation 2.1. This equation

defines the mapping function f , for the given input and output vectors. Equation 2.1 which

applies to 2-layered network can be easily extended for larger networks.
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Y = g(W2 · g((W1 ·X +B1)) +B2) (2.1)

During the training procedure, an optimization function (also referred to as cost function or

loss function) is used. The loss (L) is a function of W (set of weights and biases), input x and

ground-truth output y. The training procedure tries to minimize the difference between the

outputs provided with the training samples and the computed or predicted outputs. Weights

are adjusted by an optimization method, such as gradient descent. For every weight w ∈ W ,

where W is the full parameter set, the gradient of the loss with respect to w is calculated

during backpropagation. Weights and biases are updated as follows, where α is the learning

rate and t denotes the epoch or step.

wt+1 = wt − α

(
∂L(W ;x, y)

∂w

)
(2.2)

Figure 2.3: Illustration of convolution operation. A 3 × 3 kernel convolved across a 4 × 4
input image produces a 2× 2 output. (Figure adapted from Mosser et al. [44].)
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Convolutional neural networks (CNN) include convolutional (CONV) layers. Figure 2.3

shows a 2-dimensional convolution with a 3× 3 kernel. The input is a 4× 4 matrix. During

the convolution operation, the kernel slides across the width and height of the input. The

dot product between the kernel and the input overlapping with the filter is calculated. This

produces an activation map consisting of the response to the kernel at every position on the

input.

Figure 2.4: Illustration of vector, kernel and filter in context of a CONV layer. (Figure by
Mao et al. [42]1.)

A CONV layer is made up of a set of filters. Consider a CONV layer made up of C filters

(Figure 2.4). Let the number of channels (depth) of the input volume to this layer be K, and

the convolution kernel be of size R×S. The convolutional layer is a 4-dimensional tensor of

shape C×K×R×S [42]. After convolution, each filter produces an activation map. These

activation maps are stacked to get the output volume [36]. This CONV layer produces an

output with C channels. The weight tensor of this layer will be of shape C ×K × R × S.

A bias vector of shape C × 1 is often used. The weights and biases are adjusted or learned

during the neural network training.

1“Figure 2: Example of Sub-kernel Vector, Filter and Kernel” by Mao et al. [42] is licensed under CC BY
4.0. [1]



2.2. Pruning 11

2.2 Pruning

Figure 2.5: Pruning weights and neurons in a 2-layer fully-connected neural network. On
the left is a depiction of pruned weights (connections between neurons). On the right is an
illustration of pruning a neuron (all connections to and from this neuron are pruned).

Large neural networks are associated with ample expressive power, or the network’s ability to

approximate functions [41]. Pruning algorithms remove inessential parts of a neural network

that is larger or more complex than might be required (Figure 2.5). This makes the network

generalize better, avoiding over-fitting [49].

Reed [49] (1993) grouped early works into two categories. The first group based its methods

on the sensitivity of the objective function to the removal (setting to zero) of a neural network

parameter. The second group adds regularization terms to the objective function to favor

simpler networks. LeCun et al. [34], in “Optimal Brain Damage” approximate the objective

function using a Taylor series, and analyze the effect on the objective function caused by

perturbing a parameter. Assuming pruning is done after the training converges to a local

minimum, and ignoring higher order terms, they approximate the effect on the optimization

function as proportional to the second derivative of the objective function with respect to

the parameter. They followed an iterative pruning and re-training scheme. They defined

the “saliency” of a parameter as its importance in terms of its effect on the training error.

Chauvin [13], Weigend et al. [63] and Ji et al. [31] were some early works from the second
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category of methods.

In recent deep learning research, Han et al. [25] (2015) developed a magnitude-based pruning

scheme, without an additional cost of saliency computation. After training, in an iterative

manner they pruned connections with parameters below a threshold and then retrained the

network to recover from the pruning. They achieved a 9× to 13× reduction in the number

of non-zero parameters, without degradation of accuracy.

Building on this approach, Guo et al. [21] (2016) proposed a pruning method called Dynamic

Network Surgery (DNS). In addition to pruning, they introduce splicing, which enables them

to recover a pruned connection if the parameter is found to be important to the network at

a later time. Their parameter importance criterion is also magnitude based and they prune

weights with small magnitudes.

It is important to note that Han et al. [25] as well as Guo et al. [21] use a pruning threshold

that is local to a layer [50]. See et al. [51] (2016) further used the method proposed by

Han et al. [25] while experimenting with local and global thresholds for pruning. A pruning

threshold per weight class (such as layer) is referred to as a local threshold, whereas a single

pruning threshold across the entire network is referred to as a global threshold. They showed

that a global or “class-blind” approach of taking all network parameters, sorting them by

magnitude and pruning the lowest magnitude parameters across the network worked best

for their LSTM based Neural Machine Translation (NMT) model. In this work, we use a

“class-blind” approach as well.

Srinivas et al. [55] (2017) proposed a “learning-based approach to pruning weights” that

combines weight pruning and training, occurring simultaneously. They use binary gate

variables that are drawn from a Bernoulli distribution and binarized (converted to 1 or 0).

During training, weights as well as gate variables are updated using backpropagation. At the
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end of training, each layer has a corresponding binary gate matrix. This is used to mask the

weights, such that weights with zero values in the gate matrix are then zeroed out, resulting

in the final pruned model.

Zhang et al. [67] propose a systematic weight pruning framework using “Alternating Direction

Method of Multipliers” (ADMM). During training, they minimize the loss function but

subject to a cardinality (number of non-zero elements) threshold for each layer.

Dong et al. [17] proposed “Layer-wise Optimal Brain Surgeon” (L-OBS), a deep neural net-

work take on the “Optimal Brain Surgeon” (OBS) [27] method. OBS is similar to “Optimal

Brain Damage” (OBD), but also includes the non-diagonal terms of the Hessian matrix

(second derivatives) of the objective function with respect to the parameters, in its approxi-

mation. In L-OBS, parameters are pruned based on second order derivatives (just like OBS),

but of a layer-wise error function.

The algorithm “Global Sparse Momentum SGD” (GSM) [16] (2019) modifies the regular

momentum “Stochastic Gradient Descent” (SGD) for achieving sparsity or pruning. They

also use Taylor series to estimate the change in loss value when a parameter is pruned.

After dropping higher order terms, the saliency function (T ) of parameter w from a set of

parameters W , such that w ∈ W , is given by Equation 2.3. All parameters are split into two

groups of important (highest saliency parameters) and relatively unimportant parameters.

The unimportant parameters are not updated during the backward pass. Only weight decay

is used to penalize large values. For the important parameter group, regular parameter

updating using gradients with respect to the objective function as well as weight decay is

used. l2 regularization is used for penalizing large weights and enforcing weight decay.

T (x, y, w) =

∣∣∣∣∂L(W ;x, y)

∂w
w

∣∣∣∣ (2.3)
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Fine-grained 
Sparsity(0-D)

Kernel-level
Sparsity(2-D)

Filter-level
Sparsity(3-D)

Vector-level
Sparsity(1-D)

Irregular Regular

Figure 2.6: Pruning granularity in a CONV layer from fine-grained (irregular) pruning, to
filter-level (regular) pruning. (Figure by Mao et al. [42].) 2

The methods described so far achieve unstructured or fine-grained pruning, i.e., there is

no pattern to the sparsity induced in the parameter tensors and matrices (as described in

Section 2.1). Mao et al. [42] explored pruning granularity (Figure 2.6) in convolutional layers

(Figure 2.4), from fine-grained sparsity, vector-level sparsity, kernel-level (2-dimensional)

sparsity to filter-level (3-dimensional) sparsity. Fine-grained sparsity refers to the zeroing

out of individual parameters. Vector-level sparsity is achieved by zeroing out entire rows

of a kernel. Kernel-level sparsity refers to entire kernels (2-dimensional) of a filter being

zero valued. Filter-level sparsity refers to an entire 3-dimensional filter being zero valued.

Mao et al. [42] state that course-grained sparsity, such as filter-level or kernel-level sparsity,

creates a smaller and denser version of the network architecture and therefore has direct

hardware gains on general-purpose hardware. For fine-grained pruning, custom accelerators

can be used, which is discussed in Section 2.5.

Li et al. [38] (2017) use the l1-norm of a filter to determine its importance in a convolutional

neural network. For the smallest l1-norm filters, they prune the filters and their corre-

2“Figure 1: Different sparse structure in 4-dimensional weight tensor. Regular sparsity makes hardware
acceleration easier.” This figure by Mao et al. [42] is licensed under CC BY 4.0. [1]
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sponding activation maps, followed by a fine-tuning or retraining step. Qin et al. [46] use

a functionality-oriented (instead of magnitude-oriented) filter pruning approach and prune

away filters with repetitive functionality. Wang et al. [60] incrementally assign different reg-

ularization factors to different importance based parameter groups, and state that increasing

the regularization for unimportant parameters in small increments allows for the CNNs to

transfer the expressiveness power to the unpruned parts of the network.

Recent works also apply more innovative pruning methods. Lin et al. [40] propose a pruning

framework called “Runtime Neural Pruning” (RNP). They use reinforcement learning to

learn a pruning scheme for a trained network. Unlike the fixed pruned models that are the

output of most of the methods described above, RNP prunes the network according to the

training set images and feature maps.

Methods presented in this thesis use the accumulated gradient of a parameter as its “saliency”.

We take inspiration from Golub et al. [19], who use accumulated gradients to learn only a

subset of the neural network parameters, while keeping the rest of the parameters at their

initial values. Unlike Golub et al. [19], we do not scale our accumulated gradients with the

learning rate. Another difference is that we accumulate gradients for only the last mini-batch

of inputs. Since we use shuffling, this mini-batch is different for every epoch and random-

ization is introduced. We prune at the lowest granularity, achieving fine-grained sparsity.

Using absolute accumulated gradients is computationally easier than second-order derivative

approaches. We group parameters according to their saliency into multiple clusters, using a

global or “class blind” approach as described in Chapter 4. We take inspiration from Ding

et al. [16] for our in-training quantization method (Section 4.3), where we also split parame-

ters into two groups based on saliency. The less important parameters are quantized whereas

the more important parameters are left at their full precision. In this method, parameters

pruned in one epoch may be recovered in the next, as in DNS [21].
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2.3 Quantization

Tung and Mori [57] define weight quantization as “the process of discretizing the range of

weight values so that each weight can be represented using fewer bits”. The number of

bits needed to represent the discrete values, known as quantization levels is ⌈log2N⌉ for

N quantization levels. Quantization is a way to perform coarse-grained approximation of

neural network parameters, in an effort to achieve a balance between lowering the storage and

computational requirements while achieving the most accuracy. The benefits of quantization

include lower storage requirements and computational efficiency.

Traditionally, neural network training is done on 32-bit single-precision floating-point (FP32)

[10] systems, and the weights and biases, referred to as parameters, are 32-bit floating-point

numbers. Courbariaux et al. [15] found that very low precision formats work well, not only

for running inference but also for training neural networks.

One approach to quantization is to use a narrower bit width data type, for example 16-bit

half-precision floating-point format (FP16). Micikevicius et al. [43] propose a method to

obtain neural networks with FP16 parameters. FP16 parameters are used during training,

but a FP32 master copy is stored and updated in the backward pass. They scale the gradients

to a FP16 representable range to avoid zeroing of small magnitudes gradients in the FP16

format. They train using FP16 arithmetic, with FP32 accumulation. Wang et al. [62] devised

an 8-bit floating-point format (FP8) and demonstrated 8-bit floating-point format training.

Using fixed-point arithmetic instead of floating-point arithmetic circuits has benefits in terms

of throughput and energy efficiency [22]. Hence, some quantization approaches focus on

achieving fixed-point models. Gupta et al. [22] show that if a stochastic rounding scheme

is used on 16-bit fixed-point arithmetic, the results are almost identical to FP32 arithmetic.

Lin et al. [39] develop a method to convert a trained floating-point deep convolutional net-
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work to a fixed-point model without loss of accuracy. Jacob et al. [30] propose a method to

carry out neural network inference using integer-only arithmetic, which can work on more ef-

ficient integer arithmetic hardware. They also devised a training scheme where quantization

is simulated in the forward pass (“fake quantization”), which is implemented in Google’s

TensorFlow Lite [5]. Our work also uses the fixed-point storage format, as described in

Section 3.5.

Courbariaux et al. [14] proposed “BinaryConnect” (BC), a method of training with binary

weights during the forward and backward pass. They retain full precision copies of the

weights that are updated in the backward pass. Pushing the envelope further, Hubara

et al. [29] propose a training method for “Binarized Neural Networks” (BNN) such that

weights as well as activations are binarized (-1 or +1 values represented by 0/1 bit values)

during the forward pass during training as well as inference. The authors present results for

typical datasets on a fully connected architecture. For CIFAR-10, an accuracy of 90.10%

was reported for BC, while an accuracy of 88.6% was reported for BNN. On AlexNet trained

on Imagenet, they report a top-1 accuracy of 36.1% and a top-5 accuracy of 60.1%.

For BNNs, memory benefits are 32× compared to 32-bit typical representations. Since 32-bit

floating-point multiply-accumulation operations (MAC) can be replaced by 1-bit XNOR-

count operations, the XNOR dot product computational efficiency is higher than regular

MAC operations (200×) [29]. The authors have also written a GPU kernel for binary matrix

multiplication specifically to optimize BNNs. They demonstrate that with this optimization,

the BNN trained on MNIST runs 7× faster without any loss of accuracy.

Li and Liu [37] propose Ternary Weight Networks (TWNs). They quantize weights to +1,

0 and -1 values, with a similar approach as Courbariaux et al. [14]. Zhu et al. [71] proposed

Trained Ternary Quantization (TTQ). Instead of using the quantization levels of -1, 0, +1,

they use different positive and negative quantization levels per layer, which are trainable
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parameters. They quantize the weights to −W n
l , 0, +W p

l , where −W n
l and +W p

l are the

negative and positive quantization levels for Layer l. Backpropagation updates the positive

and negative quantization levels as well as the full precision weight copies. On both CIFAR-

10 and ImageNet datasets, their models match or surpass the accuracy of full precision

models.

Rastegari et al. [48] propose two efficient convolutional neural networks: “Binary-Weight-

Networks” (BWN) and “XNOR-Networks”. The first variation has binary weights (binarized

to +1 and −1), while the second has binary weights as well as binary inputs to the convo-

lutional layers. On AlexNet trained on ImageNet dataset, BWN achieved a top-1 accuracy

of 56.8%, and top-5 accuracy of 79.4%. On the same benchmark architecture, XNOR-Net

achieved a top-1 accuracy of 44.2%, and top-5 accuracy of 69.2%. Zhou et al. [69] propose

“DoReFa-Net”, which is a CNN that reduces the bit width of gradients, in addition to weights

and activations during training. An AlexNet derivative of DoReFa-Net can quantize weights,

actvations and gradients to 1, 2 and 6 bits, respectively while maintaining an accuracy of

46.1% on ImageNet.

Many systems such as BWN, TWN, TTQ, XNOR-Net and DoReFa-Net, do not apply the

quantization to the first and last layers [56]. They keep the first and last layers at 32-

bit floating-point precision, since significant accuracy degradation is observed on further

quantization of these layers [69]. Mixed precision, or using different bit widths for different

layers of a neural network, also proved to be a successful approach [23, 47]. Coming up with

methods to determine the optimum bit width for each layer for layer-wise quantization is

a research direction. Wang et al. [61] developed a framework for an automated selection of

the bit widths for weights and activations depending on the target hardware architecture

and the neural network architecture. “Adaptive Quantization”, proposed by Zhou et al. [70],

theoretically analyzes the effect of quantizing a layer on model accuracy. Based on that, they



2.3. Quantization 19

propose an optimization technique to determine the optimal quantization bit width for each

layer. For Alexnet and VGG-16 architectures, they achieve a 30-40% reduction in model

size.

Zhou et al. [68] have a three step method of weight partitioning, group-wise quantization

and then re-training. They divide the parameters into two groups (either randomly or based

on the parameter values). The first group is quantized, and the second is retrained to

compensate for the accuracy loss. On AlexNet, quantized to 5 bit width, they achieve a

top-1 accuracy of 57.39% and top-5 accuracy of 80.46%, doing better than the full-precision

reference models. Parameter partitioning is a common theme shared by Ding et al. [16],

Golub et al. [19], Zhou et al. [68] across quantization as well as pruning. Our work also

adopts group-wise quantization as described in Chapter 4.

Datatype conversion or bit width reduction approaches usually have a uniform-quantization

approach in which they uniformly divide the range of weights or the range of the datatype

into quantization levels. Zhou et al. [69] use the former approach and describe a quantization

process that converts a real number r ∈ [0, 1] to a b-bit number rq ∈ [0, 1] (Equation 2.4).

Gupta et al. [22] use the latter approach for fixed-point conversion of floating-point numbers.

We also use a uniform quantization technique as described in Section 2.3.

rq =
round((2b − 1) · r)

(2b − 1)
(2.4)

Another approach is “weight sharing”, where the idea is to represent a set of parameters

using k distinct values. The parameters can then be represented using the index of the value

({0, 1, . . . , k − 1}) using ⌈log2 k⌉ bits. Additionally, a codebook has to be maintained for

the index-value mappings. Clustering is a popular choice for obtaining weight groups such

that parameters are quantized to the respective cluster centroids. This approach is notably
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used by Ullrich et al. [58] and Han et al. [24]. Similar to Han et al. [24], we use a k-means

clustering approach as described in Chapter 4.

Non-uniform quantization approaches are also popular in recent works. Zhou et al. [68]

convert parameters to zeros or powers of two. The quantization levels are {±2n1 , ...,±2n2 , 0},

where n1 and n2 are integers such that n2 ≤ n1. This bounds the non-zero parameters

to [−2n1 ,−2n2 ] or [2n2 , 2n1 ], and parameters with absolute values less than 2n2 are set to

zero. The advantage of this method is that it converts multiplication operations to bit shift

operations, which have a lower hardware cost. They can be implemented on custom hardware

like FPGAs. This technique is also referred to as logarithmic quantization.

2.4 Hybrid Compression Methods

Some recent works combine compression methods. “Deep compression”, a technique by Han

et al. [24], uses a three stage method that combines pruning, quantization through weight

sharing and Huffman coding to achieve storage efficiency. They compress models by 35×

to 49× with no accuracy drop. Their magnitude based pruning strategy has an iterative

pruning and training approach. Quantization is achieved by weight sharing on the fully

trained network, followed by retraining to recover from accuracy loss. Finally, Huffman

coding (variable-length lossless compression technique) further compresses the model.

Another hybrid technique is “Compression Learning by In-Parallel Pruning-Quantization”

(CLIP-Q) by Tung and Mori [57]. This technique achieves neural network compression

through in-parallel pruning and quantization while fine-tuning (retraining) a trained network.

To achieve p% pruned parameters, after each training minibatch, the positive and negative

pruning limits are determined such that p% of weights fall between these limits. The weights

falling between limits are set to zero for the forward pass, and the rest of the weight range
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is uniformly partitioned and quantized for a set bit budget. The pruned/quantized weights

are used in the forward pass, but the full precision weights are retained and updated in the

backward pass. The pruning limits and quantization levels change over the training epochs.

They achieve a 51× compression rate on AlexNet trained on ImageNet, while preserving

accuracy.

Our methods achieve quantization as well as pruning as a result of our quantization tech-

niques. Without any special pruning efforts, we obtain significant pruning as a result of

parameters being quantized to 0.

2.5 Hardware Implications of Pruning and Quantiza-

tion

Network pruning creates sparse matrices of parameters, and quantization further optimizes

the number of bits used to represent the parameters. These have two major advantages:

1. Compression or storage efficiency

2. Computational efficiency

DRAM accesses are expensive [28] and thus, model compression resulting in models that can

fit in the on-chip SRAM or cache can save expensive memory accesses. Model compression

results in computational efficiency and speedup on hardware. The computational benefits

can be achieved in addition to or independent of the compression of neural networks.

Pruned neural networks can be stored more efficiently by using sparse matrix storage for-

mats. Compressed sparse row (CSR) and compressed sparse column (CSC) are sparse matrix
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storage formats that assume no structure to the sparsity. They store only the non-zero ele-

ments of a sparse matrix, with an additional overhead of indices. CSR stores the non-zero

elements contiguously.

Following Barrett et al. [12], three vectors are used to store a sparse matrix in the CSR

format:

val Vector of non-zero elements in the dense matrix, row-wise traversed

col_ind Column indices of val elements

row_ptr With one entry for each row, row_ptr[row] stores the index in the val vector

where that row begins. The last entry in this vector comprises of the total number of

non-zero elements in the matrix.

Figure 2.7 shows an example of how a sparse matrix can be stored in the CSR format. The

non-zero elements {5,2,3,4} are stored in val. The column indices for {5,2,3,4} are {0,2,1,2}.

These are stored in col_ind. The original matrix has 4 rows. The row_ptr has 5 elements.

The first 4 elements correspond to the four rows and store the index (in the val vector)

where the row begins. Row 0 begins with the non-zero element 5, which is at index 0 in val.

Thus, row_ptr[0] is 0. Row 2 begins with the non-zero element 3, which is at index 2 in val.

Thus, row_ptr[2] is 2. Since row 1 has no non-zero elements, row_ptr[1] is the same as the

next row. The last element in the row_ptr stores the total number of non-zero elements.

For a sparse matrix with R rows, and C columns, i.e., R · C total elements, the row_ptr

vector generally has R + 1 elements. If N is the total number of non-zero elements, the

vectors val and col_ind have N elements each. Thus, instead of storing RC elements, we

store 2N + R + 1 elements, achieving significant storage benefit by using the CSR format.

The CSC format is similar, with a column-traversal of the dense matrix and vectors val,
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Figure 2.7: An example of the compressed sparse row (CSR) format. On the left is the dense
matrix and on the right is the corresponding CSR representation.

row_ind and col_ptr.

Quantization can further add to the storage benefits of sparse matrix representation. Quan-

tization reduces the number of bits per non-zero element. Further, Han et al. [24] and Tung

and Mori [57] use a sparse encoding scheme such that the elements in the col_ind and

row_ptr vectors (referred to as indices) can be stored with fewer bits as well.

During neural network inference in real time systems, matrix-vector multiplications and

matrix-matrix multiplications are performed while processing one input at a time. Figure

2.8 shows how a convolution operation is implemented using matrix multiplications. Convo-

lutional layers (CONV) as well as fully connected layers (FC) essentially consist of Multiply-

Accumulate (MAC) operations [56]. To exploit the computational benefits of pruning, the

zeroed out weights and the consequently redundant multiplication and addition operations

have to be optimized for, or skipped, whether using dense matrix multiplication or sparse

matrix multiplication.

Software libraries that give accelerated performance on CPU/GPU can be used to harness



24 Chapter 2. Neural Network Compression and Acceleration

Figure 2.8: The convolution operation implemented as matrix multiplication. (Figure
adapted from [53]).

computational benefits of sparsity. CUSPARSE (CUDA sparse matrix library) [7] is a high-

performance sparse matrix linear algebra library by NVIDIA. It has basic linear algebra

subroutines (BLAS) for sparse matrices for GPU acceleration. Similarly, Intel’s MKL SP-

BLAS [8] (Math Kernel Library - Sparse Basic Linear Algebra Subprograms) is for CPU

performance acceleration. These libraries support linear algebra for the CSR other sparse

matrix formats. Han et al. [24] show that neural network pruning results into 3×, 3.5× and

4.2× speedup as well as 7×, 3.3× and 4.2× lower energy consumption on CPU, GPU and

mobile GPU on average.

Recent works also propose custom hardware to exploit the hardware benefits of pruning and

quantization. Han et al. [26] propose an “Energy Efficient Inference Engine” (EIE) compat-

ible with their previous work [24]. It accelerates sparse matrix-vector multiplication with
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weight sharing and leverages sparsity of weights and activations. Véstias et al. [59] propose

an FPGA architecture for CNN inference that utilizes mixed fixed-point representation of

activations and weights (varying bit width across layers), zero-skipping (multiplications with

zeros are skipped), and run-time pruning of activations (setting to zero if activations are be-

low a threshold). Zhang et al. [65] proposed Cambricon-X, a novel accelerator to utilize

irregular sparsity of neural network models. On general purpose processors, instruction level

optimizations can be performed. Sen et al. [52] proposed “Sparsity-aware Core Extensions”

(SPARCE) a set of low-overhead micro-architectural and instruction set architecture exten-

sions that dynamically perform instructions for zero valued operands. This is an active area

of research, as part of the hardware-software co-design paradigm in deep learning.
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Number Representation and Storage

In this chapter, we discuss relevant numerical storage representations and discuss our ap-

proach of using the Q0.FL fixed-point format to represent the weights and biases of a neural

network.

3.1 Floating-point

Single-precision floating-point numbers are commonly stored using 1 sign bit, 8 exponent

bits and 23 mantissa bits [10] as illustrated in Figure 3.1. The value is given by the following

formula as compiled by Courbariaux et al. [15]:

value = (−1)sign ×
(
1 +

mantissa

223

)
× 2(exponent−127) (3.1)

Single-precision floating-point numbers are typically used to represent the weights and biases

(referred to as parameters) in neural networks.

Figure 3.1: An illustration of the single-precision floating-point format (IEEE 754 standard
[10]).

26
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3.2 Fixed-point

As compiled in Courbariaux et al. [15], a fixed-point representation with B bits consists of

1 sign bit and B− 1 mantissa bits. A scaling factor is used globally, which is equal to 2−FL,

where FL is the length of fractional part. The fractional length denotes the position of the

radix point. This format has a much lower precision and range as compared to floating-

point. Assuming two’s complement format, the value for a B-bit fixed-point number can be

computed as:

value = 2−FL ·

(
−sign · 2B−1 +

B−2∑
i=0

2i ·mantissai

)
(3.2)

3.3 Q-format

In this work, we use the Q-format [9] to denote fixed-point signed representations. The

format is represented as QIL.FL where:

IL is the number of integer bits (excluding sign bit). 1

FL is the number of fractional bits.

The bit width (B) required to represent QIL.FL is B = IL+ FL+ 1.

The range of QIL.FL is −2IL to 2IL–2−FL, assuming a two’s complement representation.

The step size is 2−FL [64].

1Gupta et al. [22] include the sign bit in their integer length (IL). We choose to exclude the sign bit.
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3.4 Dynamic Fixed-point

As per Courbariaux et al. [15], dynamic fixed-point is essentially the same as fixed-point,

except that the scaling factor is not global (Figure 3.2). There can be multiple groups of

variables, with each group having one scaling factor. Courbariaux et al. [15] refer to it as a

compromise between floating-point and fixed-point. They further mention that in a neural

network, each layer’s weights, biases, weighted sums, outputs (post-nonlinearity) and the

respective gradients vectors and matrices can have different scaling factors. This makes

dynamic fixed-point more suitable for deep learning than regular fixed-point. In this work,

we quantize neural network parameters to a fixed number of distinct values between -1 and

1. For this range we do not need the flexibility of dynamic fixed-point representations.

Figure 3.2: Dynamic fixed point representation with variable length of fractional part. (Fig-
ure adapted from Gysel [23].)
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3.5 Number Representation Used

In this work, we convert the 32-bit floating-point weights and biases of neural networks to

Q0.FL fixed-point format. Since neural network parameters typically lie in the range [−1, 1],

they can be stored using only the sign bit (1 bit) and fractional bits (no bits used to represent

the integer part). Table 3.1 illustrates the Q0.FL fixed-point format.

Figure 3.3: Our choice of number representation for neural network parameters.

Consider the decimal number 0.33. It can be represented as 0.01010100011110101110000 in

a binary representation with 23 fractional bits and 0 integer bits i.e., Q0.23. To represent

the same in Q0.7 using round-to-zero mode (described in Section 4.1), we truncate it to

0.0101010 or decimal 0.328125 (Figure 3.3), introducing an approximation error. The first

bit (0) represents the sign (positive) and the rest of the bits are the fractional part. Since we

use 2’s complement format, -0.33 quantized to Q0.7 fixed-point format is 1.1010110. This is

the storage format we assume in the rest of this work.

During inference, the quantized weights and biases are used, while the rest of the network is in

the single-precision floating-point format. For the weights and biases, we simulate fixed-point

values using floating-point data types because common deep learning frameworks support
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Table 3.1: Binary representations and decimal values for Q0.1, Q0.2 and Q0.3 fixed-point
format.

(a) Q0.1 fixed-point format

Binary Decimal
Representation Value

00 0.0
01 0.5
10 -1.0
11 -0.5

(b) Q0.2 fixed-point format

Binary Decimal
Representation Value

000 0.00
001 0.25
010 0.50
011 0.75
100 -1.00
101 -0.75
110 -0.50
111 -0.25

(c) Q0.3 fixed-point format

Binary Decimal
Representation Value

0000 0.000
0001 0.125
0010 0.250
0011 0.375
0100 0.500
0101 0.625
0110 0.750
0111 0.875
1000 -1.000
1001 -0.875
1010 -0.750
1011 -0.625
1100 -0.500
1101 -0.375
1110 -0.250
1111 -0.125
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IEEE 754 single-precision floating-point format. For example, converting 0.33 (floating-

point) to Q0.5 fixed-point format, would convert the decimal value to 0.3125. We store this

converted value using a floating-point datatype. Other low precision arithmetic simulation

packages like QPytorch [66] and Ristretto [23] (a framework for CNN approximation) use a

similar approach.



Chapter 4

Methodology

In this chapter, we describe our methodology to achieve neural network compression through

fixed-point quantization (and consequent pruning) of weights and biases. Our methods have

been designed with the goal of:

1. Minimizing the number of non-zero parameters in the network (achieving sparsity)

2. Minimizing the number of bits used to represent each parameter (weight or bias)

Three methods of quantization are explored. The first consists of post-training quantization,

the second consists of in-training quantization and the third is a combination of the first

two. We also describe the fixed-point quantization technique used in our methods.

4.1 Quantization Method

In this section, we describe the algorithm used to quantize a 32-bit single-precision floating-

point number to a Q0.FL fixed-point format, where FL is the number of fractional bits (as

described in Section 3.5). The bit width B required to represent Q0.FL is FL + 1. The

quantization levels range from −1 to 1–2−FL, with a step size of 2−FL.

We quantize a number using a standard conversion scheme by Gupta et al. [22] as given in

Equation 4.1. For our Q0.FL format, if the given number x falls outside the range of −1 to

32
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1–2−FL, it is clipped. If the number is within the range, a rounding scheme is used.

Convert(x,Q0.FL) =


−1, x ≤ −1

1− 2−FL, x ≥ 1− 2−FL

Round(x,Q0.FL), otherwise

(4.1)

The IEEE Standard for Floating-Point Arithmetic [10] describes five rounding modes. Equa-

tions 4.2 to 4.6 define ⌊x⌋ as the largest integer multiple of 2−FL which is less than or equal

to x, and ⌈x⌉ as the largest integer multiple of 2−FL which is greater than or equal to x.

1. Round-toward-positive

This mode rounds a number to the quantization level towards positive infinity.

Round-toward-positive(x) = ⌈x⌉ (4.2)

2. Round-toward-negative

This mode rounds a number to the quantization level towards negative infinity.

Round-toward-negative(x) = ⌊x⌋ (4.3)

3. Round-toward-zero

This mode rounds a number to the quantization level towards zero.

Round-toward-zero(x) = sgn(x) ⌊| x |⌋ (4.4)

4. Round-ties-to-even

This mode rounds a number to the nearest quantization level. Numbers that lie midway
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between two quantization levels are quantized to the even quantization level. For

example, the quantization levels for Q0.1 are {−1,−0.5, 0, 0.5} and the even indexed

levels are {−1, 0} (assuming zero-based indexing). In the following equation, Z refers

to the set of integers.

Round-ties-to-even(x) =



⌊x⌋ , ⌊x⌋ ≤ x < ⌊x⌋+ 2−(FL+1)

⌊x⌋+ 2−FL, ⌊x⌋+ 2−(FL+1) < x < ⌊x⌋+ 2−FL

⌊x⌋ , x = ⌊x⌋+ 2−(FL+1) and

⌊x⌋ = k · 2−(FL−1), k ∈ Z

⌊x⌋+ 2−FL, x = ⌊x⌋+ 2−(FL+1) and

⌈x⌉ = k · 2−(FL−1), k ∈ Z

(4.5)

5. Round-ties-to-away

This mode rounds a number to the nearest quantization level. Numbers that lie midway

between two quantization levels are quantized to the quantization level away from zero.

Round-ties-to-away(x) =


⌊x⌋ , ⌊x⌋ ≤ x < ⌊x⌋+ 2−(FL+1)

⌊x⌋+ 2−FL, ⌊x⌋+ 2−(FL+1) < x < ⌊x⌋+ 2−FL

sgn(x) ⌈| x |⌉ , x = ⌊x⌋+ 2−(FL+1)

(4.6)

Of these rounding modes, round-toward-zero (truncation) prunes a parameter x if |x| < 2−FL

and round-ties-to-even prunes a parameter x if |x| ≤ 2−FL−1 for our Q0.FL fixed-point for-

mat. These two modes prune away a greater range of numbers compared to the rest. For

this reason we work with these two modes of rounding. Figure 4.1 shows a comparison of

round-toward-zero and round-ties-to-even based quantization on LeNet-300-100 trained on
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the MNIST dataset. Round-toward-zero (truncation) prunes more aggressively and loses

accuracy faster, compared to round-ties-to-even. Round-ties-to-even prunes more conserva-

tively and preserves accuracy to a greater extent.

Figure 4.1: Comparison between quantization using round-toward-zero and round-ties-to-
even modes on LeNet-300-100 on MNIST data.

Algorithm 4.1 describes the implementation of Equation 4.1, adapted from [66]. It uses a bit

shifting and rounding approach to implement Equation 4.1. By multiplying the number by
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2FL, the rounding is converted to integer rounding. At this step, round-toward-zero returns

the nearest integer towards zero. Round-ties-to-even returns the nearest integer (or even

integer in case of a tie). Then the rounded integer is multiplied by 2−FL. Overall, this

achieves the same result as described by Equations 4.4 and 4.5.

Algorithm 4.1: Q0.FL Fixed-point Quantization of Floating-point Numbers
Input:
num: Single-precision floating-point number
FL: Fractional length
rounding_mode: round-toward-zero or round-ties-to-even
Output:
numq: Quantized to Q0.FL fixed-point format

numq = round((num · 2FL), rounding_mode)
numq = numq · 2−FL

minimum = −1
maximum = 1− 2−FL

if numq > maximum then
numq = maximum

if numq < minimum then
numq = minimum

return numq
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4.2 Method 1: Post-training Quantization

The first method to achieve neural network compression performs post-training quantization.

Prior to quantization, during training we accumulate gradients for all the weights and biases

(parameters), such that we have an accumulated gradient value for each parameter. The

accumulated gradient of a parameter is the sum of the absolute values of the gradients (for

one input batch) for that parameter during training. Since we use mini-batch optimization

algorithms, we accumulate gradients for the last mini-batch for every epoch. We use shuffling,

so the last mini-batch consists of different training samples at every epoch.

We denote the set of weights and biases as W . The loss is a function of W , input x and

ground-truth output y. For every epoch, we accumulate the gradient for the last mini-batch.

After N epochs, for every weight w ∈ W there is a corresponding accumulated gradient gacc

given by Equation 4.7.

gacc =
N∑

epoch=1

∣∣∣∣∂L(W ;x, y)

∂w

∣∣∣∣ (4.7)

This algorithm is described in Algorithm 4.2. G is the set of accumulated gradients for

trained weights Wt. We create a sorted list from G. We apply the k-means clustering

algorithm to this list (discussed further in Section 4.5). The choice of k value is heuristic.

F is the fractional bit budget or the maximum allowable fractional length in the Q0.FL

format. We assign a fractional length in the range [1, F ] to each cluster, based on the

threshold accuracy (Ta). The threshold accuracy is the lower bound for the post-quantization

accuracy on the validation dataset.

The parameters belonging to each cluster are quantized to the corresponding fractional length

assigned to that cluster1. Since this is a post-quantization method, we use the round-ties-
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to-even rounding mode to prune conservatively. We prioritize maintaining accuracy.

The basis of this method is our hypothesis that parameters with lowest accumulated gradients

can tolerate the highest approximation errors. Hence, the cluster with lowest accumulated

gradients is assigned the lowest fractional length and the highest accumulated gradient cluster

is assigned the highest fractional length.

The inputs to this algorithm are:

k, number of clusters

F , fractional bit budget

Ta, threshold accuracy

1In implementation, we quantize all weights below the cluster boundary to the bit width assigned to the
cluster, and repeat this for lower clusters. This gives the same result as separately quantizing weights for
individual clusters.
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Algorithm 4.2: Method 1: Post-training Quantization
Input: Wt: Trained parameters of the neural network
G: Accumulated gradients collected over the training process
val_set: Validation dataset
k: Number of clusters
Ta: Threshold (lower bound) for the accuracy of the quantized network
F : The fractional bit budget or the maximum fractional bit width to be assigned

Output: Wq: Quantized weights

// Cluster the sorted accumulated gradients
Gl ← get_sorted_list(G)
clusters ← kmeans(Gl, k)
previous← F
Wq ← Wt

// Go over clusters, starting with the highest accumulated gradient
cluster

reverse(clusters)
for c ∈ clusters do

// Get the index of the last element in the cluster
index ← get_cluster_boundary_index(c)
threshold ← Gl[index]
for b = F − 1 to 1 do

if b > 1 and b ≥ previous then continue

// Quantize all weights with accumulated gradients less than or
equal to 'threshold' to b bits

W ← quantize_weights(Wq, threshold, b, round_ties_to_even)
accuracy ← test(W , val_set)
if accuracy < Ta then break

end
// Quantize all weights with accumulated gradients less than or equal

to 'threshold' to the assigned bit width
if b == 1 then

Wq ← quantize_weights(Wq, threshold, b, round_ties_to_even)
previous← b

else
// b+1 is the last bit width for which accuracy was within

tolerance
Wq ← quantize_weights(Wq, threshold, b+ 1, round_ties_to_even)
previous← b+ 1

end
end
return Wq
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4.3 Method 2: In-training Quantization

The second method to achieve neural network compression performs in-training quantization

as described in Algorithm 4.3. After every training epoch, we sort and divide the accumulated

gradients into two groups. The first group consists of the highest accumulated gradients.

The size of this group is denoted by top and the weights corresponding to this group are

left at their full-precision values. The rest of the weights are quantized to the quantization

fractional length (Fq).

Our intuition is that the network tries to recover from the quantization error introduced

after every training epoch. This recovery is achieved by adjusting parameters through back-

propagation in the next training epoch. We use the round-toward-zero rounding mode as

we want to prune aggressively, forcing the network parameters to be adjusted. We do not

quantize the most important parameters (based on their accumulated gradients) to limit the

quantization error introduced. The neural network parameters trained by this method are

observed to be more quantization friendly as described in Chapter 5.

The inputs to this algorithm are:

N , number of epochs

top, number of parameters with the highest accumulated gradients to be kept at

full-precision

Fq, fractional bit width for quantization

Fq is the fractional length that we choose for the in-training quantization. A rule of thumb

we followed to select the Fq value is illustrated in Figure 4.2. We quantize the trained

network with round-toward-zero (truncation) with varying FL (starting with 1) and look at

the accuracies (on validation set). The accuracy should increase as we increase the fractional
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length. We follow the upward accuracy trend and use the fractional length such that the

accuracy is observed to decrease in the next FL step. For LeNet-300-100 trained on MNIST,

we select Fq as 6.

Figure 4.2: Selection of Fq, based on round-toward-zero (truncation) with varying FL.
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Algorithm 4.3: Method 2: In-training Quantization
Input: N : Number of epochs for training
top: Number of parameters with the highest accumulated gradients to be kept at
full-precision
train_set: Training dataset
Fq: Fractional bit width for quantization, integer bit width set to 0

Output: Wt: Trained weights
G: Accumulated gradients

for epoch = 1 to N do
// Get the trained weights at this epoch
W ← train(W , train_set)

// Accumulate gradients for the last mini-batch
for w, g ∈ W,G do

g ← g +
∣∣∣∂L(W ;train_set)

∂w

∣∣∣
end

// Sort accumulated gradients, and get quantization threshold
Gl ← get_sorted_list(G)
threshold ← Gl[S - (top + 1)]

// Weights with accumulated gradients less than or equal to threshold
will be quantized to Fq fractional length

Wq = {w ∈ W | g ≤ threshold}
W ← quantize_weights(Wq, Fq, round_toward_zero)

end
Wt ← W
return Wt
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4.4 Method 3: Combined Quantization

The third method to achieve neural network compression is a combination of the in-training

and post-training quantization methods described in sections 4.3 and 4.2. The combination

of both techniques achieves the best results as described in Chapter 5. Figure 4.3 illustrates

the three quantization methods.

Figure 4.3: Illustration of the three quantization methods explored in this work.
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4.5 K-means Clustering

Figure 4.4 shows a visualization of the sorted accumulated gradients for LeNet-300-100,

trained on MNIST dataset. Of the 266,610 parameters, 266,230 parameters (99.85%) have

an accumulated gradient less than or equal to 0.137. As the accumulated gradient value

increases, the statistical frequency decreases drastically. We use clustering to segment the

accumulated gradient list. Due to the monotonically decreasing nature of the accumulated

gradients list, we do not use distribution based methods. Park et al. [45] solve a similar

problem by creating equal interval clusters to begin with and performing an incremental

search to modify cluster boundaries using bisection method. We choose to use k-means

clustering as has been done by Han et al. [24] and Ullrich et al. [58].

Figure 4.4: Distribution of accumulated gradients for LeNet-300-100 trained on MNIST
dataset.

The k-means algorithm separates given data points into k clusters such that the total squared

distance between each point and its closest center is minimized. We use the k-means++

initialization technique which is a randomized seeding technique, that is O(log k)-competitive
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with the optimal clustering [11].

As shown in Figure 4.5, we use k-means clustering to essentially segment the 1-dimensional

accumulated gradient data. The color bar indicates the cluster membership percentage for

each cluster. The clusters with lower accumulated gradient values have higher membership.

Cluster size decreases as the accumulated gradient value increases.

Figure 4.5: Visualization of k-means clustering of accumulated gradients for LeNet-300-100
trained on MNIST dataset.
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4.6 Implementation Details

• We use PyTorch [4] to implement, train and test neural network benchmarks. The

trained weights and biases of each layer of a neural network are stored as tensors of

class “torch.Tensor”. Weights and biases are stored as 32-bit floating-point numbers

(type “torch.float32”).

• For fixed-point quantization according to Algorithm 4.1, we use the NumPy library

[3]. PyTorch tensors can be accessed as NumPy arrays.

• In implementation of Algorithm 4.2, we use KMeans [2] from the scikit-learn package

of SciPy with k-means++ initialization of centroids. The algorithm is run 3 times,

with up to 20 iterations per run. The output with the best inertia (within-cluster

sum-of-squares) is returned.
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Results and Discussion

In this section, we present results for our methods. Our choice of networks is consistent

with Han et al. [24]. We present results on MNIST dataset with LeNet-300-100 and LeNet-5

networks [35], and on CIFAR-10 [32] dataset with AlexNet [33] and VGG-16 [54].

5.1 Networks and Datasets Used

In this section, we provide a brief description of the networks and datasets for which we

present results.

• The MNIST [35] dataset consists of 28 × 28 gray scale images of handwritten digits

with 10 classes. The training set consists of 60,000 examples, and the test set of 10,000

examples.

• The CIFAR-10 [32] dataset consists of 32×32 color images with 10 classes. The training

set consists of 50,000 images and the test set consists of 10,000 images. Overall, the

dataset consists of 6,000 images of each class.

• For both MNIST and CIFAR-10 datasets, we split the training set into a training

set and validation set such that these subsets have the same class distribution as the

original training set. For MNIST, the training set consists of 54,000 images while the

47



48 Chapter 5. Results and Discussion

validation set consists of 6,000 images. For CIFAR-10, the training set consists of

45,000 images while the validation set consists of 5,000 images.

• LeNet-300-100 [35] is a fully connected neural network. It has two hidden layers, with

300 and 100 neurons each. Since we are using the MNIST dataset with 10 classes, the

output layer has 10 neurons. This network consists of 266,610 (~267k) parameters.

• LeNet-5 [35] is a convolutional neural network. It has two convolutional layers (5× 5

kernels, with 20 and 50 filters, respectively) and two fully connected layers (500 and

10 neurons each). Convolutional layers are followed by max pooling layers with 2× 2

kernels. This network consists of 431,080 (~431k) parameters.

• AlexNet [33] is a 8-layer network with 5 convolutional layers and 3 fully connected

layers as shown in Figure 5.1. This network consists of 56,909,194 (~57M) parameters.

• VGG-16 [54] is a 16-layer network with 13 convolutional layers and 3 fully-connected

layers as shown in Figure 5.2. This network consists of 134,301,514 (~134M) parame-

ters.
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Figure 5.1: The AlexNet architecture. AlexNet consists of 5 convolutional layers and 3
fully-connected layers.

Figure 5.2: The VGG-16 architecture. VGG-16 consists of 13 convolutional layers and 3
fully-connected layers. (Figure adapted from Golub [18].)
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5.2 Evaluation Metrics

We evaluate the performance of our methods based on the following metrics:

1. Percentage of non-zero parameters

The percentage of parameters that have a non-zero value (out of the total neural

network parameters) is an indication of pruning efficiency.

2. Compression ratio

This metric indicates the combined efficiency of pruning as well as quantization. We

calculate these figures assuming that the Compressed Sparse Row (CSR) format (Fig-

ure 2.7) is being used to store the quantized network parameters. Once the network

parameter matrices are converted into CSR format, we proceed to calculate the theo-

retical minimum number of bits required to store the complete CSR matrices, which

in turn lets us calculate the theoretical maximum compression ratio that could be

achieved. For CSR conversion, we use the CSR class from the SciPy library [6].

Each non-zero parameter in the val vector is stored using bw bits (including the sign

bit). This is the highest bit width assigned to a cluster by Method 1 or 3. In case of

Method 2, this is the quantization bit width. We assume storage of all the parameters

with a uniform bit width, padding zeros for parameters quantized to lower bit widths.

Each index entry in the col_ind and row_ptr vectors is stored using bi bits. To

minimize the number of bits required per entry for the col_ind and row_ptr, we

prepend these vectors with a 0 and store the difference between consecutive values,

instead of storing the absolute values. We determine bit width based on the maximum

and minimum entry in the col_ind and row_ptr.

For No parameters stored using bo bits in the original network, N non-zero parameters
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after quantization and R rows in the M parameter matrices, the compression ratio is

calculated as follows:

CR =
No · bo

N · bw + (N +R +M) · bi
(5.1)

For parameter tensors, we reduce the number of dimensions before conversion to the

CSR format. For example, a convolution layer with a 20× 1× 5× 5 weight tensor, we

convert it to 100× 5.

3. Accuracy after quantization

The post-quantization accuracy indicates the effects of the quantization error intro-

duced by our methods. This accuracy is calculated using 32-bit floating point arith-

metic, with our quantized neural network parameter values.
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5.3 LeNet-300-100 on MNIST Dataset

We achieved a baseline accuracy of 98.47% for LeNet-300-100 trained on the MNIST dataset.

The network was trained for 50 epochs using the Adam optimizer with a learning rate of

0.001. The batch size was set to 120. We use the same initialization of weights for all three

methods to get a fair comparison.

5.3.1 Method 1

Figure 5.3 illustrates the results obtained over a range of k and threshold accuracy values.

We achieve a compression ratio of 2.82 to 7.62, with a post-quantization accuracy of 98.38%

to 97.24%. The choice of k and threshold accuracy depends on the allowable accuracy

degradation.

Table 5.1 shows the result for the configuration that yields the best compression. Quantizing

all the parameters to Q0.3 results in 47.04% non-zero parameters, with an accuracy of

97.87%. Quantizing all the parameters to Q0.2 results in 21.15% non-zero parameters, with

an accuracy of 96.21%. Our method achieves 27.86% non-zero parameters with an accuracy

of 97.24%. Table 5.2 shows the configuration that yields the best accuracy.
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Table 5.1: Method 1: Best compression achieved for LeNet-300-100 on MNIST dataset.

Number of clusters (k): 15
Threshold accuracy (Ta): 97.6
Fractional bit budget (F ): 6
Cluster membership (%): 0.002, 0.011, 0.022, 0.038, 0.058, 0.089, 0.29, 0.952, 2.172, 4.051,
7.047, 12.313, 18.61, 28.773, 25.571
FL assignment: 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 2, 2
Bit width per weight (bw): 4
Bit width per index (bi): 11

Baseline Post-Quantization Remaining/Original % Non-zero Compression
Accuracy Accuracy Parameters Parameters Ratio

98.47 97.24 74286/266610 27.86 7.62

Table 5.2: Method 1: Best accuracy achieved for LeNet-300-100 on MNIST dataset.

Number of clusters (k): 5
Threshold accuracy (Ta): 98.0
Fractional bit budget (F ): 6
Cluster membership (%): 0.03, 0.13, 3.95, 22.85, 73.04
FL assignment: 4, 4, 4, 4, 4
Bit width per weight (bw): 5
Bit width per index (bi): 11

Baseline Post-Quantization Remaining/Original % Non-zero Compression
Accuracy Accuracy Parameters Parameters Ratio

98.47 98.38 188590/266610 70.74 2.82
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(a) The percentage of non-zero parameters after post-training quantization. A low percentage of
non-zero parameters results into high compression.

(b) The compression ratio after post-training quantization.

(c) The accuracy after post-training quantization. The baseline accuracy is 98.47%.

Figure 5.3: Method 1 results for LeNet-300-100 on the MNIST dataset.
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5.3.2 Method 2

We trained LeNet-300-100 on the MNIST dataset using Method 2, for 80 epochs. We varied

top from 1000 to 5000 with a step size of 1000. The fractional bit width (Fq) for quantization

was set to 6. Method 2 returns a partially quantized network. Table 5.3 shows results for

the trained networks quantized to Q0.4 format, with round-ties-to-even rounding.

Table 5.3: Method 2: LeNet-300-100 on MNIST dataset, quantized to Q0.4, with weight
bits (bw) = 5, and index bits (bi) = 11.

Top Baseline Post-Quantization % Non-zero Compression
Accuracy Accuracy Parameters Ratio

1k 98.47 98.23 8.94 22.08
2k 98.47 98.31 9.32 21.20
3k 98.47 98.07 9.07 21.77
4k 98.47 98.22 9.82 20.14
5k 98.47 98.22 10.23 19.33

5.3.3 Method 3

We run Method 1 on the trained networks obtained using Method 2 as described in Subsection

5.3.2. Figure 5.4 illustrates the results obtained over a range of k and top values, for a

threshold accuracy of 98.00%. We achieve a compression ratio of 28.57 to 57.22, with a

post-quantization accuracy of 98.27% to 98.04%. The choice of k and top depends on the

allowable accuracy degradation.

Table 5.4 shows the result for the configuration that yields the best compression. Table 5.5

shows the configuration that yields the best accuracy.
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Table 5.4: Method 3: Best compression achieved for LeNet-300-100 on MNIST dataset.

Number of clusters (k): 12
Threshold accuracy (Ta): 98.0
Top: 1000
Fractional bit budget (F ): 6
Cluster membership (%): 0.011, 0.038, 0.081, 0.315, 0.876, 1.896, 3.373, 5.617, 9.117,
15.516, 19.514, 43.645
FL assignment: 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 2, 2
Bit width per weight (bw): 4
Bit width per index (bi): 11

Baseline Post-Quantization Remaining/Original % Non-zero Compression
Accuracy Accuracy Parameters Parameters Ratio

98.47 98.04 9632/266610 3.61 57.22

Table 5.5: Method 3: Best accuracy achieved for LeNet-300-100 on MNIST dataset.

Number of clusters (k): 5
Threshold accuracy (Ta): 98.0
Top: 5000
Fractional bit budget (F ): 6
Cluster membership (%): 0.091, 1.838, 6.743, 25.237, 66.091
FL assignment: 4, 4, 4, 4, 3
Bit width per weight (bw): 5
Bit width per index (bi): 11

Baseline Post-Quantization Remaining/Original % Non-zero Compression
Accuracy Accuracy Parameters Parameters Ratio

98.47 98.27 18371/266610 6.89 28.57
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(a) The percentage of non-zero parameters after post-training quantization. A low percentage of
non-zero parameters results into high compression.

(b) The compression ratio after post-training quantization.

(c) The accuracy after post-training quantization. The baseline accuracy is 98.47%.

Figure 5.4: Method 3 results for LeNet-300-100 on the MNIST dataset. The threshold
accuracy is set to 98.00%
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5.4 LeNet-5 on MNIST Dataset

We achieved a baseline accuracy of 99.09% for LeNet-5 trained on the MNIST dataset. The

network was trained for 50 epochs using the Adam optimizer with a learning rate of 0.001.

The batch size was set to 120. We use the same initialization of weights for all three methods

to get a fair comparison.

5.4.1 Method 1

Figure 5.5 illustrates the results obtained over a range of k and threshold accuracy values. We

achieve a compression ratio of 5.28 to 10.87, with a post-quantization accuracy of 98.97%

to 98.39%. The choice of k and threshold accuracy depends on the allowable accuracy

degradation.

Table 5.6 shows the result for the configuration that yields the best compression. Quantizing

all the parameters to Q0.4 results in 70.63% non-zero parameters, with an accuracy of

99.12%. Quantizing all the parameters to Q0.2 results in 24.39% non-zero parameters, with

an accuracy of 89.49%. Our method achieves 17.49% non-zero parameters with an accuracy

of 98.39%. Table 5.7 shows the configuration that yields the best accuracy.
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Table 5.6: Method 1: Best compression achieved for LeNet-5 on MNIST dataset.

Number of clusters (k): 20
Threshold accuracy (Ta): 98.6
Fractional bit budget (F ): 7
Cluster membership (%): 0.002, 0.009, 0.017, 0.032, 0.039, 0.06, 0.08, 0.139, 0.263, 0.469,
0.617, 0.879, 1.093, 1.348, 1.874, 3.376, 6.786, 12.561, 21.46, 48.897
FL assignment: 4, 4, 4, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 2, 2, 2, 2, 2
Bit width per weight (bw): 5
Bit width per index (bi): 11

Baseline Post-Quantization Remaining/Original % Non-zero Compression
Accuracy Accuracy Parameters Parameters Ratio

99.09 98.39 75412/431080 17.49 10.87

Table 5.7: Method 1: Best accuracy achieved for LeNet-5 on MNIST dataset.

Number of clusters (k): 8
Threshold accuracy (Ta): 99.0
Fractional bit budget (F ): 7
Cluster membership (%): 0.023, 0.070, 0.149, 0.645, 1.868, 3.597, 16.196, 77.453
FL assignment: 4, 4, 4, 4, 4, 3, 3, 3
Bit width per weight (bw): 5
Bit width per index (bi): 11

Baseline Post-Quantization Remaining/Original % Non-zero Compression
Accuracy Accuracy Parameters Parameters Ratio

99.09 98.97 159271/431080 36.95 5.28
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(a) The percentage of non-zero parameters after post-training quantization. A low percentage of
non-zero parameters results into high compression.

(b) The compression ratio after post-training quantization.

(c) The accuracy after post-training quantization. The baseline accuracy is 99.09%.

Figure 5.5: Method 1 results for LeNet-5 on the MNIST dataset.
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5.4.2 Method 2

We trained LeNet-5 on the MNIST dataset using Method 2, for 80 epochs. We varied top

from 1000 to 5000 with a step size of 1000. The fractional bit width (Fq) for quantization

was set to 7. Method 2 returns a partially quantized network. Table 5.8 shows results for

the trained networks quantized to Q0.3 format, with round-ties-to-even rounding.

Table 5.8: Method 2: LeNet-5 on MNIST dataset, quantized to Q0.3, with weight bits (bw)
= 4 and index bits (bi) = 11.

Top Baseline Post-Quantization % Non-zero Compression
Accuracy Accuracy Parameters Ratio

1k 99.09 99.11 13.48 14.77
2k 99.09 99.24 12.12 16.30
3k 99.09 99.20 11.64 16.93
4k 99.09 99.22 9.17 21.05
5k 99.09 99.05 11.55 17.05

5.4.3 Method 3

We run Method 1 on the trained networks obtained using Method 2 as described in Subsection

5.4.2. Figure 5.6 illustrates the results obtained over a range of k and top values, for a

threshold accuracy of 99.00%. We achieve a compression ratio of 16.30 to 50.19, with a

post-quantization accuracy of 99.24% to 99.08%. The choice of k and top depends on the

allowable accuracy degradation.

Table 5.9 shows the result for the configuration that yields the best compression. Table 5.10

shows the configuration that yields the best accuracy.
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Table 5.9: Method 3: Best compression achieved for LeNet-5 on MNIST dataset.

Number of clusters (k): 11
Threshold accuracy (Ta): 99.0
Top: 4000
Fractional bit budget (F ): 7
Cluster membership (%): 0.009, 0.042, 0.068, 0.154, 0.388, 0.889, 1.583, 2.655, 6.019,
19.549, 68.644
FL assignment: 3, 3, 3, 3, 3, 3, 3, 3, 3, 2, 2
Bit width per weight (bw): 4
Bit width per index (bi): 11

Baseline Post-Quantization Remaining/Original % Non-zero Compression
Accuracy Accuracy Parameters Parameters Ratio

99.09 99.08 14199/431080 3.29 50.19

Table 5.10: Method 3: Best accuracy achieved for LeNet-5 on MNIST dataset.

Number of clusters (k): 10
Threshold accuracy (Ta): 99.0
Top: 5000
Fractional bit budget (F ): 7
Cluster membership (%): 0.007, 0.012, 0.016, 0.032, 0.035, 0.053, 0.082, 0.14, 0.219, 0.324,
0.47, 0.621, 0.834, 1.158, 1.65, 2.805, 5.658, 11.348, 21.723, 52.812
FL assignment: 4, 4, 4, 4, 4, 4, 4, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 2
Bit width per weight (bw): 5
Bit width per index (bi): 11

Baseline Post-Quantization Remaining/Original % Non-zero Compression
Accuracy Accuracy Parameters Parameters Ratio

99.09 99.34 30427/431080 7.06 25.14
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(a) The percentage of non-zero parameters after post-training quantization. A low percentage of
non-zero parameters results into high compression.

(b) The compression ratio after post-training quantization.

(c) The accuracy after post-training quantization. The baseline accuracy is 99.09%.

Figure 5.6: Method 3 results for LeNet-5 on the MNIST dataset. The threshold accuracy is
set to 99.00%
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5.5 AlexNet on CIFAR-10 Dataset

We achieved a baseline accuracy of 82.57% for AlexNet trained on the CIFAR-10 dataset.

The network was trained for 90 epochs using stochastic gradient descent with momentum.

The learning rate, momentum and weight decay were set to 0.01, 0.9, and 0.0005, respectively.

The batch size was set to 64. We use the same initialization of weights for all three methods

to get a fair comparison.

5.5.1 Method 1

Figure 5.7 illustrates the results obtained over a range of k and threshold accuracy values.

We achieve a compression ratio of 4.38 to 6.39, with a post-quantization accuracy of 82.33%

to 81.29%. The choice of k and threshold accuracy depends on the allowable accuracy

degradation.

Table 5.11 shows the result for the configuration that yields the best compression. Quantizing

all the parameters to Q0.7 results in 30.86% non-zero parameters, with an accuracy of

82.33%. Quantizing all the parameters to Q0.1 results in 0.01% non-zero parameters, with

an accuracy of 10.00%. Our method achieves 20.93% non-zero parameters with an accuracy

of 81.29%. Table 5.12 shows the configuration that yields the best accuracy.
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Table 5.11: Method 1: Best compression achieved for AlexNet on CIFAR-10 dataset.

Number of clusters (k): 5
Threshold accuracy (Ta): 81.0
Fractional bit budget (F ): 11
Cluster membership (%): 0.084, 0.882, 3.369, 48.819, 46.845
FL assignment: 7, 7, 7, 7, 1
Bit width per weight (bw): 8
Bit width per index (bi): 15

Baseline Post-Quantization Remaining/Original % Non-zero Compression
Accuracy Accuracy Parameters Parameters Ratio

82.57 81.29 11909315/56909194 20.93 6.39

Table 5.12: Method 1: Best accuracy achieved for AlexNet on CIFAR-10 dataset.

Number of clusters (k): 5
Threshold accuracy (Ta): 82.0
Fractional bit budget (F ): 11
Cluster membership (%): 0.084, 0.882, 3.369, 48.819, 46.845
FL assignment: 7, 7, 7, 7, 7
Bit width per weight (bw): 8
Bit width per index (bi): 15

Baseline Post-Quantization Remaining/Original % Non-zero Compression
Accuracy Accuracy Parameters Parameters Ratio

82.57 82.33 17562090/56909194 30.86 4.38
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(a) The percentage of non-zero parameters after post-training quantization. A low percentage of
non-zero parameters results into high compression.

(b) The compression ratio after post-training quantization.

(c) The accuracy after post-training quantization. The baseline accuracy is 82.57%.

Figure 5.7: Method 1 results for AlexNet on the CIFAR-10 dataset.
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5.5.2 Method 2

We trained AlexNet on the CIFAR-10 dataset using Method 2, for 110 epochs. We varied

top from 10M to 30M with a step size of 5M. The fractional bit width (Fq) for quantization

was set to 11. Method 2 returns a partially quantized network. Table 5.13 shows results for

the trained networks quantized to Q0.6 format, with round-ties-to-even rounding.

Table 5.13: Method 2: AlexNet on CIFAR-10 dataset, quantized to Q0.6, with weight bits
(bw) = 7 and index bits (bi) = 15.

Top Baseline Post-Quantization % Non-zero Compression
Accuracy Accuracy Parameters Ratio

10M 82.57 79.85 10.93 7.95
15M 82.57 79.59 10.92 7.94
20M 82.57 79.85 11.14 7.86
25M 82.57 80.56 11.18 7.87
30M 82.57 80.49 10.99 7.94

5.5.3 Method 3

We run Method 1 on the trained networks obtained using Method 2 as described in Subsection

5.5.2. Figure 5.8 illustrates the results obtained over a range of k and top values, for a

threshold accuracy of 80.00%. We achieve a compression ratio of 4.23 to 13.15, with a

post-quantization accuracy of 80.76% to 79.72%. The choice of k and top depends on the

allowable accuracy degradation.

Table 5.14 shows the result for the configuration that yields the best compression. Table

5.15 shows the configuration that yields the best accuracy.
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Table 5.14: Method 3: Best compression achieved for AlexNet on CIFAR-10 dataset.

Number of clusters (k): 30
Threshold accuracy (Ta): 80.0
Top: 10000000
Fractional bit budget (F ): 11
Cluster membership (%): 0.000002, 0.000005, 0.00028, 0.00047, 0.0001, 0.0003, 0.001, 0.002,
0.004, 0.007, 0.012, 0.021, 0.033, 0.049, 0.072, 0.098, 0.125, 0.161, 0.195, 0.234, 0.274, 0.321,
0.375, 0.453, 0.587, 0.881, 1.78, 6.433, 65.974, 21.907
FL assignment: 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 1
Bit width per weight (bw): 7
Bit width per index (bi): 15

Baseline Post-Quantization Remaining/Original % Non-zero Compression
Accuracy Accuracy Parameters Parameters Ratio

82.57 79.72 5791050/56909194 10.18 13.15

Table 5.15: Method 3: Best accuracy achieved for AlexNet on CIFAR-10 dataset.

Number of clusters (k): 5
Threshold accuracy (Ta): 80.0
Top: 15000000
Fractional bit budget (F ): 11
Cluster membership (%): 0.126, 1.017, 3.584, 39.637, 55.635
FL assignment: 7, 7, 7, 7, 7
Bit width per weight (bw): 8
Bit width per index (bi): 15

Baseline Post-Quantization Remaining/Original % Non-zero Compression
Accuracy Accuracy Parameters Parameters Ratio

82.57 80.76 18209317/56909194 32.00 4.23
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(a) The percentage of non-zero parameters after post-training quantization. A low percentage of
non-zero parameters results into high compression.

(b) The compression ratio after post-training quantization.

(c) The accuracy after post-training quantization. The baseline accuracy is 82.57%.

Figure 5.8: Method 3 results for AlexNet on the CIFAR-10 dataset. The threshold accuracy
is set to 80.00%
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5.6 VGG-16 on CIFAR-10 Dataset

We achieved a baseline accuracy of 80.73% for VGG-16 trained on the CIFAR-10 dataset.

The network was trained for 50 epochs using stochastic gradient descent with momentum.

The learning rate, momentum and weight decay were set to 0.01, 0.9, and 0.0005, respectively.

The batch size was set to 64. We use the same initialization of weights for all three methods

to get a fair comparison.

5.6.1 Method 1

Figure 5.9 illustrates the results obtained over a range of k and threshold accuracy values. We

achieve a compression ratio of 7.85 to 12.43, with a post-quantization accuracy of 79.91%

to 77.74%. The choice of k and threshold accuracy depends on the allowable accuracy

degradation.

Table 5.16 shows the result for the configuration that yields the best compression. Quantizing

all the parameters to Q0.6 results in 15.16% non-zero parameters, with an accuracy of

79.91%. Quantizing all the parameters to Q0.1 results in 0.01% non-zero parameters, with

an accuracy of 10.00%. Our method achieves 8.64% non-zero parameters with an accuracy

of 77.74%. Table 5.17 shows the configuration that yields the best accuracy.
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Table 5.16: Method 1: Best compression achieved for VGG-16 on CIFAR-10 dataset.

Number of clusters (k): 15
Threshold accuracy (Ta): 78.0
Fractional bit budget (F ): 10
Cluster membership (%): 0.000001, 0.0004, 0.002, 0.017, 0.066, 0.188, 0.418, 0.823, 1.553,
2.978, 6.404, 23.18, 60.342, 4.028
FL assignment: 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 1, 1
Bit width per weight (bw): 7
Bit width per index (bi): 16

Baseline Post-Quantization Remaining/Original % Non-zero Compression
Accuracy Accuracy Parameters Parameters Ratio

80.73 77.74 11605665/134301514 8.64 12.43

Table 5.17: Method 1: Best accuracy achieved for VGG-16 on CIFAR-10 dataset.

Number of clusters (k): 10
Threshold accuracy (Ta): 80.0
Fractional bit budget (F ): 10
Cluster membership (%): 0.001, 0.027, 0.179, 0.594, 1.338, 2.673, 5.743, 21.541, 67.904
FL assignment: 6, 6, 6, 6, 6, 6, 6, 6, 6
Bit width per weight (bw): 7
Bit width per index (bi): 16

Baseline Post-Quantization Remaining/Original % Non-zero Compression
Accuracy Accuracy Parameters Parameters Ratio

80.73 79.91 20366608/134301514 15.16 7.85
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(a) The percentage of non-zero parameters after post-training quantization. A low percentage of
non-zero parameters results into high compression.

(b) The compression ratio after post-training quantization.

(c) The accuracy after post-training quantization. The baseline accuracy is 80.73%.

Figure 5.9: Method 1 results for VGG-16 on the CIFAR-10 dataset.
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5.6.2 Method 2

We trained VGG-16 on the CIFAR-10 dataset using Method 2, for 70 epochs. We varied top

from 30M to 55M with a step size of 5M. The fractional bit width (Fq) for quantization was

set to 10. Method 2 returns a partially quantized network. Table 5.18 shows results for the

trained networks quantized to Q0.6 format, with round-ties-to-even rounding.

Table 5.18: Method 2: VGG-16 on CIFAR-10 dataset, quantized to Q0.6, with weight bits
(bw) = 7 and index bits (bi) = 16.

Top Baseline Post-Quantization % Non-zero Compression
Accuracy Accuracy Parameters Ratio

30M 80.73 77.37 8.69 12.38
35M 80.73 76.90 8.40 12.71
40M 80.73 77.78 8.58 12.49
45M 80.73 75.27 8.57 12.51
50M 80.73 77.54 8.50 12.58
55M 80.73 77.88 8.58 12.49

5.6.3 Method 3

We run Method 1 on the trained networks obtained using Method 2 as described in Subsection

5.6.2. Figure 5.10 illustrates the results obtained over a range of k and top values, for a

threshold accuracy of 78.00%. We achieve a compression ratio of 3.62 to 13.53, with a

post-quantization accuracy of 78.72% to 76.21%. The choice of k and top depends on the

allowable accuracy degradation.

Table 5.19 shows the result for the configuration that yields the best compression. Table

5.20 shows the configuration that yields the best accuracy.
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Table 5.19: Method 3: Best compression achieved for VGG-16 on CIFAR-10 dataset.

Number of clusters (k): 40
Threshold accuracy (Ta): 78.0
Top: 35000000
Fractional bit budget (F ): 10
Cluster membership (%): 0.000001, 0.000001, 0.000001, 0.000001, 0.000003, 0.00013,
0.00018, 0.00065, 0.0001, 0.0002, 0.0004, 0.001, 0.002, 0.007, 0.014, 0.025, 0.041, 0.061,
0.088, 0.119, 0.156, 0.194, 0.237, 0.286, 0.346, 0.41, 0.469, 0.55, 0.615, 0.722, 0.885, 1.124,
1.409, 1.939, 6.338, 51.185, 32.776
FL assignment: 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6, 6,
6, 6, 6, 6, 6, 6, 1
Bit width per weight (bw): 7
Bit width per index (bi): 16

Baseline Post-Quantization Remaining/Original % Non-zero Compression
Accuracy Accuracy Parameters Parameters Ratio

80.73 76.21 10386184/134301514 7.73 13.53

Table 5.20: Method 3: Best accuracy achieved for VGG-16 on CIFAR-10 dataset.

Number of clusters (k): 30
Threshold accuracy (Ta): 78.0
Top: 50000000
Fractional bit budget (F ): 10
Cluster membership (%): 0.000001, 0.000001, 0.000001, 0.000004, 0.00006, 0.00088, 0.0001,
0.0003, 0.001, 0.002, 0.005, 0.011, 0.021, 0.034, 0.051, 0.075, 0.106, 0.148, 0.204, 0.274, 0.36,
0.475, 0.619, 0.824, 1.265, 2.856, 15.787, 76.884
FL assignment: 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7, 7
Bit width per weight (bw): 7
Bit width per index (bi): 16

Baseline Post-Quantization Remaining/Original % Non-zero Compression
Accuracy Accuracy Parameters Parameters Ratio

80.73 80.27 45954860/134301514 34.22 3.63
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(a) The percentage of non-zero parameters after post-training quantization. A low percentage of
non-zero parameters results into high compression.

(b) The compression ratio after post-training quantization.

(c) The accuracy after post-training quantization. The baseline accuracy is 80.73%.

Figure 5.10: Method 3 results for VGG-16 on the CIFAR-10 dataset. The threshold accuracy
is set to 78.00%
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5.7 Discussion

We present a comparison of the results achieved by the three quantization methods discussed

so far. We consider the best compression results for comparison. Performance steadily im-

proves as we move from post-training quantization to in-training quantization and combined

quantization.

Compared to post-training quantization (Method 1), in-training quantization (Method 2)

achieves a compression ratio gain that is 2.89×, 1.93×, 1.24× and 1.02× for LeNet-300-

100, LeNet-5, AlexNet and VGG-16, respectively. We achieve the best compression results

using combined quantization (Method 3). Compared to Method 1, the compression ratio

increases by 7.50×, 4.61×, 2.05× and 1.08× for LeNet-300-100, LeNet-5, AlexNet and VGG-

16, respectively. Figures 5.11 illustrates these trends.

Figure 5.11: Compression ratio after quantization.
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Figure 5.12 shows that the percentage of non-zero parameters decreases as we move from

post-training quantization to in-training quantization. Combined quantization achieves the

lowest percentage of non-zero parameters, with 3.61%, 3.29%, 10.18% and 7.73% for LeNet-

300-100, LeNet-5, AlexNet and VGG-16, respectively.

Figure 5.12: Percentage of non-zero parameters after quantization.

Figure 5.13 shows that for LeNet-300-100 and LeNet-5, Method 1 has the highest accuracy

loss. This accuracy loss drops for Method 2 and increases slightly as we go from Method 2

to Method 3. We do not observe this trend for AlexNet or VGG-16, which exhibit the lowest

accuracy loss for Method 1. This accuracy loss rises for Method 2 and increases slightly as we

go from Method 2 to Method 3. For LeNet-5, we observe accuracy gains after quantization,

i.e, the post-quantization accuracy was observed to be greater than the original accuracy.

Figure 5.14 shows the best compression ratios achieved, with and without assuming the CSR

format. Using the CSR format, there is a 86.01%, 84.06%, 65.24% and 66.23% decrease in
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Figure 5.13: ∆ Accuracy after quantization. This is the difference between the post-
quantization and original accuracy. A negative accuracy difference indicates a gain in post-
quantization accuracy.

the number of bits used to represent the neural network parameters, for LeNet-300-100,

LeNet-5, AlexNet and VGG-16, respectively. This translates to a 7.15×, 6.27×, 2.87× and

2.96× increase in the compression ratio due to the CSR format, for LeNet-300-100, LeNet-5,

AlexNet and VGG-16, respectively.

In our experiments, Method 2 added 6 seconds and 1 minute and 48 seconds of training time

per epoch on NVIDIA V100 nodes for AlexNet and VGG-16, respectively. For LeNet-300-

100 and LeNet-5, the additional time is insignificant. On Intel’s Broadwell processors, one

instance of the post-training quantization (for Method 1 or Method 3) took 28 seconds, 1

minute, 19 minutes and 2 hours and 38 minutes of CPU time, for LeNet-300-100, LeNet-5,

AlexNet and VGG-16, respectively.

Han et al. [24] achieve a compression of 32× and 33× after pruning and quantization on
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Figure 5.14: Compression ratios with and without the CSR format.

LeNet-300-100 and LeNet-5, respectively. Their non-zero parameters are at 8% for both

networks. We achieve better compression due to a lower percentage of non-zero parameters,

and by using lower number of bits per parameter. On AlexNet as well as VGG-16 (trained

on ILSVRC-2012 dataset), they achieve a much higher compression of 27× and 31×, respec-

tively, with a non-zero percentage of 11% and 7.5%, respectively. Unlike Han et al. [24], our

methods lose accuracy as a consequence of quantization.
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Conclusion

6.1 Summary

In this thesis, we explored the novel usage of accumulated gradients as an importance cri-

terion for fixed-point quantization decisions. We devised accumulated gradient-based post-

training, in-training and combined quantization methods, converting weights and biases to

fixed-point quantization levels. The methods we devised, achieved significant compression

for three reasons:

• Significant pruning was achieved through quantization, on account of zero being a

quantization level in our quantization technique.

• Weights and biases that were not pruned were quantized to considerably lower bit

widths through fixed-point quantization.

• For storing the sparse neural networks, we assumed storage with the compressed sparse

row format. Storing the column indices and row information using index differences

instead of absolute positions allowed us to use lower bit widths for this information.

Our results support our hypothesis that the accumulated gradient of a parameter can be an

indicator of its quantization tolerance, and can be successfully used to make quantization

decisions. We achieved up to 57.22×, 50.19×, 13.15× and 13.53× compression on LeNet-300-

80
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100 (MNIST dataset), LeNet-5 (MNIST dataset), AlexNet (CIFAR-10 dataset) and VGG-16

(CIFAR-10 dataset), respectively.

6.2 Limitations and Future Work

Our results showed that as the network size increases, the gains in compression are lower

and the post-quantization accuracy drop is higher. Our methods are heuristic in nature

and results show some variation across different training runs on the same architecture.

Additionally, a grid search of various parameters is required to find optimal calibrations.

In the future, various methods of gradient accumulation can be explored. This includes

accumulating gradients for all mini-batches. The compression benefits of the compressed

sparse row format can be further enhanced. Han et al. [24] encode the column indices and

row information using 8 bits for convolutional layers and 5 bits for fully-connected layers.

For every occurrence of an index difference greater than the bound, they use zero-padding.

Additionally, they perform Huffman coding. This could lead to additional compression gains

using our methods. There is also scope for automating the grid search procedure to obtain

the optimal calibrations.
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