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(ABSTRACT)

This dissertation is a study of two basic questions involving irreducible elements
in algebraic number fields. The first question is: Given an algebraic integer 5 in a
field with class number greater than two, how many different lengths of factorizations
into irreducibles exist? The distribution into ideal classes of the prime ideals whose
product is the principal ideal (8) determines the possible length of the factorizations
into irreducibles. Chapter 2 gives precise answers when the field has class number 3
or 4, as well as when the class group is an elementary 2-group of order 8.

The second question is: In a normal extension, when are there rational primes
which split completely and remain irreducible? Chapter 3 focusses on the bicyclic bi-
quadratic fields. The imaginary bicyclic biquadratic fields which contain such primes

are completely determined.
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Chapter I. Introduction

In the field of rational numbers, every integer has a unique factorization into ir-
reducible elements; i.e., unique prime factorization. However, in an arbitrary number
field, an algebraic integer may have several distinct factorizations into irreducible el-
ements. In fact, the number of irreducible factors occuring in different factorizations
of an integer may not be the same, depending on the class structure for the field. If
the field has class number 1 or 2, then the number of irreducible factors in the factor-
izations of an integer is unique. In Chapter II we consider the problem of determining
the number of different lengths of irreducible factorizations of an algebraic integer in
fields with class number greater than 2. Theorems 7 and 8 give precise answers when
the Davenport constant of the class group is 3 and Theorems 10 and 17 answer the
question when the Davenport constant is 4. For each of these theorems, Section six
gives explicit examples, showing how an integer may be found having a given number
of irreducible factorizations with distinct lengths.

In the field of rational numbers, the prime numbers are the irreducible elements.
However, every other algebraic number field will contain rational primes which are
reducible. Chapter III explores the question of which number fields contain rational
primes which remain irreducible. Narkiewicz [13] has shown that such number fields
must have a Galois group with a cyclic subgroup of index not exceeding the Daven-
port constant of the class group. In particular, in a cyclic extension there are rational
primes which remain prime and therefore are irreducible. Sliwa [19] gave a charac-
terization of normal extensions K /@ containing irreducible rational primes using the
Galois group G(K/Q), the class group H(K'), and the action of G on H(K).

The question becomes more interesting when restricted to the existence of rational
primes which split completely in K and remain irreducible. A normal cyclic extension

of degree I = 2,3 or 5 over the rational numbers is easily seen to have this property
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if and only if it has class number greater than 1. In a bicylic biquadratic field K, a
prime splits completely and remains irreducible if and only if its prime factors in each
quadratic subfield of K are not principal in K. The detailed study of this condition in
Chapter III yields a complete characterization of imaginary bicyclic fields containing

irreducible rational primes which, as ideals, split completely.



Chapter II. Lengths of Irreducible Factorizations in Fields with
Small Class Numbers

§1. Introduction.

Every nonzero integer of an algebraic number field has a unique factorization into
irreducible elements if and only if the field has class number 1. L. Carlitz [5] has shown
that the number of irreducible factors occurring in a factorization is unique if and
only if the class number of the field is less than or equal 2. For fields of class number
greater than 2, Narkiewicz [14], Narkiewicz and Sliwa [15], and Allen and Pleasants [1]
have obtained asymptotic estimates for the number of different lengths of irreducible
factorizations. In this chapter we obtain explicit formulas for the number of different
lengths of irreducible factorizations of an algebraic integer, when the ideal class group

of the field has Davenport constant at most four.

§2. Notation and Terminology.

K: an algebraic number field.
B: nonzero, nonunit, integer of K.
1(B): Number of different lengths of factorizations of 8 into irredu-

cible elements, where the length of an irreducible factorization is

the number of irreducible factors.

h: Class number of K.

H: Ideal class group of K.

X;(0<i<h): Ideal classes of K, where X, denotes the principal class.

o( X;): Order of the class X;.

Q:(B): Number of prime ideals (counting multiplicities) in X; which
divide .

s = Q(B): Number of prime ideals (counting multiplicities) which divide 3.

3



(B) = prp2 -+ ps:
[pi]:

S = S(B):
Block:

Block Product:

Irreducible Block:

D(H):

w(F):

4
Factorization of (f) into prime ideals.
The ideal class of p;.
The sequence [p1], [p2], ..., [ps] of ideal classes determined by £.
A finite sequence of elements of H whose product is Xj.
If B=X2Xh ...XZ:‘ and C = XX ... X;*7' are blocks

and b;, c;are nonnegative integers then
_ vbotco yvhi+c bp_14+ch—1
BC = X°T* X c X .

A block which cannot be written as a product of two subblocks.
The Davenport constant of H; i.e., the maximum length of an
irreducible block of H.

The free commutative semigroup generated by the set of all irre-
ducible blocks of H. The elements of R can be represented as
formal linear polynomials ¥a;B; where each a; is a nonnegative
integer and the B; range over all the irreducible blocks of H.

If F € R, the weight of F, w(F'), is the sum of the coefficients

of F.

§3. Preliminary Results.

Some general observations are made in this section, which apply to any number

field, K.

LEmMA 1. If 8 = Bof1 where Q;(Bo) = 0 for 1 < i < h and Qo(f1) = 0, then

(B) = U(Br)-

Proor: Since every prime ideal factor of By is principal, the number of irreducible

elements in any factorization of By is Qo(f3). Hence I(Bp) = 1 and {(B) = I(51).



)

In view of Lemma 1, for the remainder of this chapter we will assume that Qo(3) =

There is an obvious one-to-one correspondence between the set of all partitions
of S into irreducible blocks and a subset R’ of R. The coefficient of an irreducible
block B of an F in R’ is precisely the number of times the block B occurs in the given

partition of S.

LemMa 2. If F belongs to R' and some terms G = > .-, b;B; of F are replaced with

=1

the terms G' = 37| ¢;C; in R subject to the condition that
m by __ C
i=1Bi - H?:lcj]
then the polynomial F' obtained by this substitution also belongs to R'.

Proor: Since F corresponds to a partition of S into irreducible blocks, the product
condition insures that F” also corresponds to a partition of S. Thus F” belongs to R'.
The substitution of Lemma 2 can be considered as a transformation on R'. The

notation
m

(> 6B =Y e,

i=1

will be used to denote such transformations.
LemMa 3. The number of different weights of elements of R' is precisely I(3).

Proor: For any F' in R',w(F) is precisely the number of irreducible elements in the
y p

factorization of 3 determined by the partition of S corresponding to F.

Each element F' of R’ determines a solution to the Diophantine equation
251 +3y2+ -+ Dyp_1 = s (*)

where y; is the number of irreducible blocks of length ¢ + 1 which occur in F' and
D = D(H). A non-negative integral solution to (*) will be called an admissible

solution if it is determined by some F in R'.
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LemMa 4. I(f) is precisely the number of distinct sums of the form y; +y2+---+yp_1

where (y1, -+ ,yp—1) runs through the set of admissible solutions to (*).

Proor: Each F'in R’ gives an admissible solution to (*) with w(F) =y, 4+ -+ yp-1.
Conversely, any admissible solution with y; + --- + yp_; = t, corresponds to an F in

R’ with w(F') = t. The result follows from Lemma 3.

84. Class groups of order 3 and 4.
When H has order 3 or 4, it is shown that I(3) is a linear function of m =

min{Q;(8)} such that X; € H has maximum order.

LemMa 5. If H = Z3, then [(B) is the number of solutions to 3z + 2y = s with 0 < z

and 0 <y < m.

Proor: The irreducible blocks of H are X?(: = 1,2) and X;X,. Hence the number
of irreducible blocks of length 2 in any partition of S(3) is at most m. Thus {(8) is
bounded above by the number of solutions to the equation satisfying the inequalities.

Conversely, let (z,y) be a solution to the equation which satisfies the inequalities.
Since (B) is a principal ideal, Q,(8) + 202(8) = 0(mod 3). Thus ©,(8) = Q:(B) =
m(mod 3) and so 2y = s = O;(8) + Q2(8) = 2m(mod 3). Hence

1 1
F = 5(0(8) - ) X3 + 5(%(8) ) X3 +uX: X,
is in R’ and corresponds to the solution (z,y). Since distinct solutions to (*) give
distinct values of z + y, the result follows from Lemma 4.

LemMma 6. If H = Z3 X Z,, then I(B) is the number of solutions to 3z + 2y = s with
0<z<mand0<Ly.
Proor: Here the irreducible blocks are X?(i = 1,2,3) and X;X,X3. Since z denotes

the number of irreducible blocks of length 3 in any partition of S, it is clear that

z < m. The remainder of the proof is similar to that of Lemma 5.
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TueoreM 7. If H = Z, then I(3) = =t where e = s(mod 3) and 1 < e < 3.

Proor: If 3z + 2y = s, then

y = 2s(mod 3)

so y = 2s — 3t for some integer t and so z = 2t — s. It follows from Lemma 5 that

Zom <t < 2 oand £ <t But £ < 2™ Note that 2s —m = 0(mod 3) and that

2s =3 — ¢(mod 3) withO§3—e$2,sothatt§L‘jﬁ=3§3ﬂ——l. By Lemma 5,

=23+e_1_23—m+1=m+e.

18) 3 3 3

TreoreM 8. If H = Z, X Z,, then I(B) = ™} where ¢ = s(mod 2) and ¢ = 1 or 2.

Proor: As in the preceding proof y = 2s — 3t and z = 2t — s. From Lemma 6,
3 <t< % and t < %, but ’—'gﬂ < :‘%’ Since (f) is a principal ideal, Q,(3) +
Q3(8) = Q2(B) + Qa(B) = 0(mod 2), so Q(B) = N2(B) = Q3(B) = m(mod 2). In
particular, s = m(mod 2). Note that s =2 — e(mod 2) with 2 — e = 0 or 1, so that
t > st2=¢ — ==¢ } 1. By Lemma 6

s+m (s—e m+e

2

1(8) =

- o) 41

We now consider the case H = Z;. Number the ideal classes so that o(X;) =
o(X3) =4 and o(X;) = 2. Let ;(B) = k,Q2(8) =l and Q3(8) = m. With no loss of

generality, we may assume k > m.

Lemma 9. If H = Z,, then I(B) < [2] + 1.

Proor: By Lemma 4, I(f3) is bounded by the number of solutions to
dx+3y+2z=s

which give distinct values for £ 4+ y + 2. Since y = s(mod 2),y = s — 2u for some

integer u and

22+ z= —s+ 3u so
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z = s + u(mod 2). Thus

z=s4+u—2v and
r=-—8§+u+v, SO

rt+y+z=s8~—v.

Since the irreducible blocks of H are X3(i = 1,3), X?X2(¢ = 1,3), X; X3 and X3, in
any partition of S(f) the I X, terms occur either as singletons in blocks of length 3

or as pairs in blocks of length 2. Thus | <y + 2z,s0 v < 3—34'—'—’. On the other hand,

1
z<m+ 3 (number of X,’s not used in blocks of length 3)

=m + %(l — ). Thus

y + 2z <1+ 2m and hence

3s—l_m<v<33—l.
4 2 - T 4

Thus there are at most [%] +1 distinct values of z + y + z where (z,y, z) is a solution
to (*). This gives the desired bound for /().

[m/2]+1 ifl>0

TaEOREM 10. If H = Z,, then l(8) = { (m/4]+1 ifl=0

Proor: First suppose ! > 0. Since () is a principal ideal, k£ + 2] + 3m = 0(mod 4) so
k = m(mod 2). Also, k = m + 2l(mod 4) and

s=k+1+m=I(mod 2).

Let m = € = 2¢; + €o(mod 4) with 0 < € <3 and 0 < €, €65 < 1. Set

38 —=1—2¢
- 4

4o =3s — 1 — 2¢

v and note that

=3k + 2l +3m — 2¢
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= 2(m — €¢) = 0(mod 4),

so that v is an integer. First, we assume that ! (and hence s) is even, so u = § — ¢
is an integer. Using the equations given in the proof of Lemma 9, we obtain
k—e L (Mo
T =
4 4
Yy =26

_l+260
2

z — €1.

An element of R’ corresponding to this solution is

k— _ l
F= ( ; 6) Xi4 <m4 6) Xt aX2X; + e X2X, + (5 _ 61) X2 4 X1 Xs.

Since we will need a cubic term with positive coefficient, if ¢, = 0 apply the transfor-

mation

To(X{ 4+ X2) = 2X2 X, to F,
giving the polynomial F’. Note that w(F) = w(F").
Define the following transformations on R,
T'](‘X'i1 + X32X2) - X12X2 + 2X1X3
To(Xa + X2X;) = X2X, +2X, X5

T3(X12X2 + X32X2) = 2X1 r3 + X22

Note that each T increases the weight of a polynomial by 1. Assume for the moment

that either ¢, = 1 or k > m. Apply T followed by T} to F(F' if ¢ = 0) ™= times.

Then apply T3 €; times. Since each T; increases the weight by 1,

m— ¢

1(5)22<T>+61+1=

m — €g

+1=[T]+1.
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If k= m and ¢ = 0, apply T followed by Ty to F' ™3 — 1 times, apply T; one

additional time and then apply 73 ¢, + 1 = 1 time. As above

l(ﬂ)ZQ(%—l>+1+€1+l+l

- 3]+

Now, assume [, and hence s, is odd. Note that k = m + 2 = 2(1 — ¢) + €(mod 4)
with 0 < 2(1 — €1) + €0 < 3. Set u = 252 and v = ¥==2a 4o

_k+m—=2-2¢¢ k+m—(2—2¢e + e+ 26 + €)

T

4 o 4
_k—(2(1—61)+60)+m—e_k+461—(c+2)+m—e
N 4 4 4 4

y=1
l—1+2€0
2=
2

An element of R corresponding to this solution is

k+4e — 2 —
F=< + 614(6+ ))XH(%)Xgﬁu(l—q)Xsz

[—1
+ €1X§X2 + (T) X22 + 60X1X3.

Apply T; followed by T, or T, followed by T}, according as ¢, = 1 or 0, to F' =<

times. Apply T} €; times, obtaining

The first result is now immediate from Lemma 9.
Now assume [ = 0. Here s = k+m with k = m(mod 4). Moreover, any admissible
solution of the Diophantine equation 4z + 3y + 22 = s must have y = 0. The

Diophantine equation reduces to

k
2x+z=%
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which has solution z = Ej'z,ﬁ —2z with 0 < z<m. ience k_Tm <z< k—'iﬂ. However,

each admissible solution must correspond to an element of R’ of the form
aX}+bX5 + X, X5
with £ = a + b and z = ¢. Therefore,
4b+ c=m so z = ¢ = m(mod 4).

Thus 2z = 5% — 7z = £ (mod 4) or

k—m

z = T(mod 2).

Thus at most [%] + 1 of the solutions to the Diophantine equation are admissible, so

m

g < 7] +1

On the other hand,

k— _
F=( ; 6>X;‘+(m4 6)X;;JﬂleXe,

corresponds to the solution r = ,z = €. Let Ty denote the transformation

T4( X} + X3) = 4X, X3. Note that Ty, which increases the weight of a polynomial by

m—e¢

1 times. Hence

2, can be applied to F

and so equality must hold.

§5. Elementary class group of order 8.
When H is an elementary abelian 2-group of rank 3, D(H) = 4 (see Olson [16]),

so the Diophantine equation becomes

4z + 3y + 22 = s. (*)
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Here, it will be shown that I(f) is a linear function in z¢ and yo where (zo, yo, 20) is
an admissible solution to (*) with £ = z¢ maximal and y = yo maximal subject to
T = Zg.

Each element of H has a unique expression in the form X, = Xi x XJ x X*
with 0 < 7,5,k <1, where X;, X2 and X3 generate H. Denote « using the 3 digits
1-22-7 3k and then omit any zero digits. Thus, for example X;3 = X; x X9 x Xj.

There are 21 irreducible blocks of H, 7 of each length 2,3, and 4. Those of length
2 are simply the squares of the non-identity elements of H. The irreducible blocks of

length 3 and 4 are:
X1 X2 X102, X1 X5X13, X1 X253 X123, X2 X3 X03, X2 X13 X123, X3 X712 X123,
X12X13 X023, X1 X2 X3 X123, X1 X2 X153 X023, X1 X3 X12X 23, X1 X12X13 X123, X2 X3 X712 X3,
X2X12X23 X123, and X3X;13X23 X723

Let k, = Q(X,). Since any three non-identity elements, not contained in a proper
subgroup, generate H, we may choose X; and X, so that k; < k; < k, for a # 1, 2.

Then choose X3 # Xi, so that k3 is minimal among the remaining k.

Lemma 11. Assume (zg, Yo, Z20) Is an admissible solution to (*) with y = yo maximal
forx =z¢. Ifz =2y, =20—1,y = y1 and z = z, is another admissible solution, then
Y1 < Yo+ 2.

Proor: Let F} in R’ correspond to the solution (z,,y;, 2;). Suppose y; > yo+2. If F}

contains two different blocks of length 3, say X; X5X12 and X;X3X;3, then applying
To(X1 X2 X12 + X1 X3 X13) = Xo X3 X1 X13 + X7

gives an F' corresponding to an admissible solution with z = z¢ and y = y1 — 2 > yo,
contradicting the choice of yo. Hence, we may assume that F} contains only one type

of irreducible block of length 3, say X; X;Xj,.
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Suppose now that Fj contains at least two types of square terms disjoint from

X1X3X19, say X7; and XZ,. Applying
Ty(X1 X X12 + X3y + X3) = X1 X5 X13X 03 + X12X13X2s

gives an admissible solution with ¢ = zo and y = y; > yo, again contradicting the
choice of yy. Therefore we may assume that F} contains at most one such square
term, say X2,.

If F} contains the block X3.X13X23X 123 then applying
T5(X3X13X23 X123 + X1 X2 X12) = X1 X2 X3 X123 + X12X13 X123

yields an element of R’ with two types of blocks of length 3 corresponding to the
admissible solution (zi, y1,21) which was seen to give a contradiction.
Now suppose that F) contains the block X2, and a block of length 4 which does

not contain X3, say X;X2X3X123. Applying
T5( X1 X2 X3X123 + 2X1 X2 X2 + X223) = X2 X12X23 X125 + X1 X53X12X23 + Xf + X;:’

gives an admissible solution with £ = x4 and y = y; — 2 > yo, again contradicting
the maximality of yo. Thus Fj can contain only one type of block of length 3, one
type of block of length 2 which is disjoint from the block of length 3, and no block of
length 4 disjoint from either. Therefore, if F} contains an XZ; term, the only blocks

of length 4 which can occur are:
X1 X2 X13X23, X1 X3X12X 23, and X2 X712 X293 X123

Since X3, X33 and X3 can occur only in blocks of length 4, z; = ki3 + ks +
ki23. But every irreducible block of length 4 must contain at least one element of
{X13, X3, X123}, in particular, zg < kyj3 + k3 + k123 = 21 = o — 1. Thus we may

assume Fj contains no X2, block as well as no X3X13X23X123 block.
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Now every block of length 4 in F; contains exactly twé of the elements X3, X13, X23
and Xj3. Moreover, since these elements can occur only in blocks of length 4, z; =
%(k3 + k13 + k23 + k123). Label the irreducible blocks of length 4 as Ay, ..., A7 and let

a; denote the maximum number of A; which can occur in a partition of S. Then

a;+a;+az+a; < ks
as+ag+as+ar; < ks
az + as + ag + a7 < ka3

ay+as +ag+ a7 < ks

where the blocks are labelled so that X, for a € {3,13,23,123} occurs in block
A; if and only if a; occurs in the inequality for k,. Thus 2(a; + -+ + a6 + 2a7) <
k3 + k13 + ka3 + k123. In particular, 2o < a1 + -+ + a7 < 2(ks + ki3 + oz + k123) = 71,

a contradiction. Thus no Fj can exist with y; > yo + 2.

Let £ = —s+u+ v,y = s—2u and z = s + u — v be a parameterization of the

solutions to (*) as in the proof of Lemma 9.

LEMMA 12. Suppose z = zg,y = yo and z = zp is an admissible solution to (*) with
zo maximal and yo maximal with z = . If u = ug and v = vy are the values of the

parameters corresponding to this solution, then v < vq for all admissible solutions to
(*)-
Proor: Let (z1,y;,2;) be an admissible solution with zq — z; = t. It follows from

Lemma 11 that y; < yo + 2t so that up — u; = %(yl —yo) <t. Thus, t = 9 — 71 =

(uo — u1) + (vo — v1) £t + vo — vy and so v; < vo.

LEmMa 13. If = z,,y = y; and z = z; is an admissible solution with z, maximal,

then the corresponding v = v, is minimal for the set of all admissible solutions.
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Proor: Clearly z; < Y [£2] = 0. Since () is principal
ki + k1o + ki3 + k123 = 0(mod 2)

ky + k12 + ko3 + k123 = 0(mod 2)
ks + ki3 + ko3 + k123 = 0(mod 2)

and so, exactly 0,3,4 or 7 of the k, are even (odd). Moreover, if exactly 3 or 4 of the &,
are odd, the corresponding X,’s form an irreducible block of length 3 or 4 respectively.
If all 7 k, are odd, then clearly they can be partitioned into one block of length 3
and one of length 4. Hence there exists an admissible solution with z; < 1,y; <1
and z; = 0. Since y; = s — 2u; and z; = —s + u; + v; with z; and y; minimal, u;

maximizes u and v; minimizes v.

LEMMA 14. Let 2 = 2o,y = yo and z = 29 be the admissible solution to (*) with
r = zo maximal and y = yo maximal with £ = zo. Let ¢ = x1,y = y; and z = =z,
be the admissible solution to (*) with z; maximal. Then I(f) < zo — x; + ©3% + 1.
Moreover, z; < 1,y; <1 and z; = 1 exactly when 4 or 7 k, are odd and y; = 1

exactly when 3 or 7 k. odd.

Proor: Let f =z +y + 2 where 4r +3y + 22 =s. Then f = ZH —z =s—v. If
(z,y,2) is an admissible solution to (*) then f is the weight of a corresponding F' in
R'. Now [(f) is the number of weights of F' in R'. Since f = s — v, the maximal and
minimal weights are obtained when v is minimal and maximal, respectively. From
Lemma 12 and Lemma 13, these values are given by v = v; and v = vo respectively.

Hence

(B)<1+ fi—fo

S_yl_w _S—yo
2 ! 2

+ xo
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1
=1+x0—$1+§(yo—y1)-

The exact values of z; and y; were determined in the proof of Lemma 13.

In order to determine xzg and yo, we construct an element F in R’ of the form
F = m1A1 + m2A2 + m3A3 + m4B + TL]Cl + nQCQ + TL3C3

where the A’s and B’s and C’s represent blocks of length 4,3 and 2 respectively.
Choqie the A; and m; as follows: A; = X; X12X13 X123, m1 = ky, Az = X0 X172 X023 X123
and mqy = min{ks, k1o — my, ko3 — my }. I my = ki3 — my, then Az = X X3X1,X5
and m3 = min{ky —ma, ks, k12 — (m; +m3), k13 —m; }, otherwise Az = X3X;3X23 X193
and mg = min{ks, k13 — my, kaz — mo, k123 — (Mg + my)}.

The choice for B depends on m, and mj as follows:

If my = k3 and m3 = k3 or m3 = ki3 — (mq1 + m2), then B = X32X13X53 and
my = min{ki2 — (my + m2), ki3 — (my + m3), kaz — (m2 + m3)}.

If my = k; and m3 = ki3 — my or ms = ko3 — m3, then B = X3X,5,X;.3 and
m4 = min{ks — ms, k12 — (M1 + m3), k12s — (M1 + mg + ma)}.

If mq = k12 —my and mg3 = k13 — my Or Mgz = k123 - (m1 + mg), then B = X2X3X23
and

my = min{ks — mz, ks — mg3, k2 — (M2 + m3)}.

If mq = k12 — my and m3 = k23 — Mg O M3 = k‘3, then B = X2X13X123 and
my = min{k; — my, k13 — (M1 + m3), k123 — (Mg + my + ma}.
If my = kyp3 — my and ms = k; — m, or ma = ks, then B = X;,X;3X23 and

my = min{kiz — (my + ma + m3), k13 — (my + m3), ka3 — ma}.
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If Mo = k123 - ms and ma = k12 - (m1 + mg) or ms = k13 —my, then B = X2X3X23

and

my = mzn{kg - (mg + m3), k3 — ma, k23 — mg}.
The C; represent the remaining X, in S(3) which must occur in pairs.
LEMMA 15. The polynomial F' defined above has minimal weight in R'.

Proor: In each case F' corresponds to an admissible solution of 4z + 3y + 22 = s
with z maximal and y maximal for the value of z. By Lemma 12, the corresponding
v = v is maximal. Since w(F) =z +y + z = s — v is minimal when v is maximal,
the result follows.

Set ¢, = mi(mod 2) ¢, =0or 1 for 1 <:<4. By Lemma 13, F' = €A + ¢ B+
squares has maximal weight in R’, where ¢ = 1 if exactly 4 or 7 k, are odd and ¢ = 0

if exactly 4 or 7 k, are even, ¢4 = 1 if exactly 3 or 7 k, are odd and ¢4 = 0 if exactly

3 or 7 k, are even.

LEMMA 16. Let F' and F' be as above. If ky, # 0 then for any integer v with w(F') <

v < w(F") there exists an element Fy in R' with w(F}) = 4.

Proor: Suppose there is a series of transformations, which when applied to F' yields
F'. 1f each of these transformations increases the weight by at most one, then there

is an F; with w(F) =+. Thus we must show that such a series exists.

First assume m; = m, = m3 = 0. Here F = myB+ squares. If my <1, then F' =
F' and the lemma is trivially true. If my > 1, then apply T4(2B) = C1+C3+Cs, ™45
times. Observe that each application of T increases the weight by one.

Now suppose at least two of m;,m; and m3 are positive, say ms > 0 and m; > 0
or mz > 0. Define T7(A; + A;) = Ai; + C + C'; eg., Tr(Ay + Ag) = X1 X5 X 13X 23 +
X + X
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Note that T7(A; + A;;) = A; + squares and that T incréases the weight by one.
One sequence of transformations taking F' to F' is as follows:
Apply T7 to A; + Az and then to A; + Az ™ times, followed by T7 to A; + A3
and then to A;+Azs, 22 —1 times and finally apply T to A+ Az and Az+ Ay ™

times. This yields
F,=6A:+4(2—€e)A2 + e3A3 + myB + squares.

If ¢, = €2 = €3 =0, then F; = 2A; + myB+ squares and this can be dealt with as
in the case of exactly one m,, m, or m3 being positive. Otherwise at least one ¢; # 0
for some : < 3. Apply 77 €; + €3+ 1 — €; more times yielding F3 = A+ m4B+ squares
where A, the remaining block of length 4, depends on m;,m; and m3. Next apply
Ty, ™47 times, yielding Fy = A + ¢4 B+ squares. If ¢, = 0 or A and B are disjoint,
then no further transformations are possible. Otherwise, Ts(A + B) = B’+ squares
can be applied one time. If m; = 0 and m; > 0,m3 > 0, then iﬁterchanging A, and
A; in the above sequence of transformations yields the desired result.

Now suppose exactly one of m;,my; or ms is not zero, call it m. Then F =
mA 4+ msB+ squares. If m = ms and my4 = 0, then since ky2 > 0, F contains a X2,

term, so the transformation
Ts(As + X3;) = X5 X12X123 + X12X13X 23

can be applied. If my = 0 and m # mg, then k; > 0, so k, > 0 for a > 2. If m; # 0,
then apply
Ts(Ar + X2;) = X1 X23X125 + X12X13X23 = B' + B.

If m, # 0, then apply

Ts(A; + X123) = X3X13X 123 + X12X13X23 = B'+ B.
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Thus there is always a polynomial F, in R’ such that w(F') = w(F3;) and F, contains
a block of length 3. In fact,

F; =(m —€)A + (my+ €5)B + €sB' + squares

where €5 = 1 if my = 0 and €5 = 0 otherwise. Now suppose that A and B are not
disjoint. We can apply Ts(A + B) = B’+ squares followed by Ts(A + B') = B+
squares for a total of m — €5 transformations. Next apply Ty(2B) = C; + C; + C;
and Ty(2B') = C; + C, + C} as many times as necessary to get a polynomial F3 with
the coeflicients of the B and B’ terms to be 0 or 1. If F3 = B + B’'+ squares, then
by applying the inverse of Ts we get Fy = A+ squares. Since T5 does not change the
weight of a polynomial, w(F3) = w(Fy) = w(F").

Now we must consider the case where the A and B are disjoint. This can occur
only when A = A; = X X12X13X123 and B = X3X3X23. If my =1, then 4 0or 7 k,
are odd and z¢ = z; = 1. Thus no transformation involving A will increase w(F') and
applying T, ™= times will yield F’ as in the case my = my = m3 = 0. lf my > 1,

then by applying
TQ(A + B) = A-;) + Bl = X2X12X23X123 + X1X3X13 to F gives

Fy=(my —1)A;1 + Ay + (mg — 1)B + By + squares.
This is similar to the case where at least two of m,, m, or m3 are positive.

TueoREM 17. If k13 # 0, then I(B) = my + ma + ma + ™44 + 6 where 6 =1 if 0 or 3
k., are odd and § =0 if 4 or 7 k, are odd.

If k12 =0, then I(B) = 22 + 1.
Proor: By Lemma 14 I(8) < zo — z; + ®35% 4 1. By Lemma XVI, factorizations of

all lengths between w(F) and w(F"’) occur when k;2 # 0 and equality holds. By our
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choice of F,z9 = m;+my+m3 and yo = my. By Lemma 14 £, = 1 when 4 or 7 k, are

odd and z; = 0 otherwise, so 6 = 1—z;. Since y; = €4, () = my+my+mg+ 24446,

Since k; < ky < kig,ky = k; = 0 and m; = my = 0 when k2 = 0. Also
B = X,,X13X23 so my = 0. Thus F = m3zAas+ squares and the only transformation
possible is Tg(2A3) = squares. Ty increases the weight by two and can be applied

ma=2 times. Thus there are ™27 + 1 weights of polynomials in R'.

CoroLLARY 18. If k;, # 0 then I(8) =1 if and only if one of the following is true:
(a) Either 0 or 3 k, are odd, ki = ko = k3 = 0 and min{kz, k13, k23} < 1.

(b) Exactly 4 k, are odd, ky = k; = 0,k = 1 and either ki3 =1 or ko3 = 1.

(c) ALl 7 k, are odd, k; = ky = k3 = 1 and at least two of kqy, ky3 or ko3 are 1.

Proor: (a) From Theorem 17 I(8) = my + ma + m3 + ™% + 1 when 0 or 3 k, are
odd. Thus if {(f) =1,m; = m; =m3 =0 and so k; = ky = k3 = 0. Also my = €4
and B = X,X13X53 so min{k;,, ky3, k23} < 1.

Conversely, if no k, are odd with k&, = k; = k3 = 0, then m4 is even and
min{kyq, k13, k23} = 0. Thus m; = my = m3 = my = 0 and I(B) = 1. If exactly 3 k,
are odd and k; = k; = k3 = 0, then min{k2, k13, k23} = 1. Thus my = ma=ms =0
and my = ¢ =1 and so {(B) = 1.

(b) Here Theorem 17 shows that () = m; + my + mg + 244, If [(B) = 1,
then m; = my = 0,m3 = 1 and my = ¢4 = 0. Since A3 = X3X;3X93X123 and
B = X,3X,3X33, it follows that k&, = k; = 0,k3 = 1 and k3 = 1 or ko3 = 1.
Conversely, the given conditions force I(3) = 1.

(c) As above I(B) = mq + mg + ma + ™47, If [(B) = 1, then F = A, + B+
squares. Thus k; = 1. Because A; = X;X12X13X193 and m,; = m3 = 0, at least two
of kia, k13 and kjg3 are one. Since k; < k3 < k, for @ = 13 or 123, k; = k3 = 1.

Conversely, the given conditions force {(3) = 1.
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CoroLLARY 19. If ky2 = 0, then I(f) =1 if and only if k3 < 1.

Proor: [(B) = 1 if and only if m3s = €3. Since k; = k; = 0,m3 = k3 and k3 = 0 or

k3 = 1. Conversely, suppose k3 < 1. Then m3 < 1 and m3 = €3.

§6. Examples.

Let K be a number field with o > 2. Given any positive integer a, Sliwa [20]
showed that it is possible to find an integer 8 such that {(3) = a in K. In addition,
Sliwa [18] has given asymptotic estimates for the number of non—associated integers
B in K with |[N(B)| < z and I(8) = a. In this section, examples are given to illustrate

how the results of this chapter may be used to determine such a 3.

Example 1. K = Q(v/=21), F = Q(v/—1, V3, V7), and H ~ Z, x Z,. Let p be a
—21

rational prime such that (——;—) = 1. Then p = p;p; in K. Since every class has
order 2, both p; and p, are in the same class. Thus we may talk about the class of
the prime ideals above p without ambiguity. By class field theory, we see that the
prime ideals above 5, 11 and 19 represent the three distinct nonprincipal classes. Let
n =25-11-19. Theorem 7 shows that I(3) = a where § = n®~1.

Example 2. K = Q(v/=105), F = Q(v/=1,V3,V5,V/7), and H =~ Z, x Z, x Z,.
Again, every class has order 2, so we may refer to the class of the primes above a
prime that splits in K. The primes: 11, 13, 19, 41, 43, 47 and 53 represent the
seven non-principal classes of K. We will number the classes so that ideals with
norms 11, 13 and 19 are in X;, X, and X3 respectively. Let n = 41 -43 -47. Then
ky=ko=ks=kip3=0kig=kiz=ky3=2, my=my=m3=0, my=2and § =1.
Thus, Theorem 17 shows that I(n*~!) = a.

Example 3. K = Q(+/79) and H ~ Zs. Let p be a rational prime such that p = p;p; ‘

in K with neither p; nor p, principal. In this case, p; and p, are in distinct classes.

Since the divisors of 3 are nonprincipal in K, if we set n = p = 3 then Theorem 7
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shows that {(n®*3) = a.
Example 4. K = Q(1/82) and H ~ Z,. In this field we may choose the primes above
the ramified prime 2 to represent the class of order 2 and the primes above 3 to
represent the two classes of order 4. Thus, if n = 2-3", m = r. It follows from

Theorem 10 that I(n) = a where r = 2a — 2.



Chapter III: Bicyclic Biquadratic Fields Which Contain

Irreducible Rational Primes

§1. Introduction.

In an algebraic number field a rational prime may be irreducible, but still not
generate a prime ideal. Proposition 9.6 of [13, p. 507] gives a necessary condition for
a normal extension of the rational numbers to contain rational primes which do not
ramify, but remain irreducible. Sliwa [19] gives a necessary and sufficient condition
for the existence of irreducible rational primes in a normal extension K with Hilbert
class field F', based on a characterization of the Galois group G(F/Q). In this chapter
we are primarily interested in the existence of rational primes which split completely
in a given algebraic number field, but are irreducible. Such primes will be called sci
primes.

It follows from Theorem 1 of §3 that a normal extension of the rationals of prime
degree [ = 2,3 or 5 contains sci primes if and only if its class number is greater than
1. Moreover, any number field of degree greater than the Davenport constant of its
class group does not contain sci primes.

In general, it seems to be difficult to characterize the normal extensions of the
rational numbers that contain sci primes. The simplest case where this question is
nontrivial is the bicyclic, biquadratic fields. In Theorem 2 of this chapter we give
sufficient conditions for such fields to contain sci primes. The last two sections of this
chapter are devoted to obtaining precise conditions for imaginary bicyclic biquadratic
fields to contain sci primes.

If every ideal of a subfield k # @ of a number field K becomes principal in K,
then K contains no sci primes. However, the converse is not true even when K
is an imaginary bicyclic biquadratic field. Assuming all imaginary quadratic fields
with class numbers 2, 4 and 8 are known, see [3, 4, 7|, we show there are exactly 88

23
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imaginary bicyclic biquadratic fields such that the converse of the above statement is

false. Such fields will be called exceptional fields.

§2. Notation.
Q:
M,N,E,K:
k, k;:

p,q:
P,9,p: 9q::

P,Q:
)

)

N(a) = Nyyr(a):

Rational number field.
Number fields.
Subfields of K.

Hilbert class field of K.
Class group of k;.

Class number of k;.
Discriminant of k;.
Number of distinct prime divisors of A;.
Rational primes.
Primes of k, k;.

Primes of K.

Frobenius automorphism for the prime ‘B of E.

Frobenius automorphism for all the primes in £ lying above

P in K. Here E/K must be abelian.
The norm of . We will drop the M/L when the extension is

obvious.

The remaining notation is only defined when K is an imaginary bicyclic biquadratic

field, kg its real quadratic subfield and k; and k, its imaginary quadratic subfields.

p:
€

my, Mo

Unit index of K/kq.
Fundamental unit of k.

Principal factors of the discriminant of ko. We will take both
values to be positive.

Number of distinct prime divisors of (A1, A,).
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ALY N Order of the subgroup of H(k;) which consists of the classes
containing ideals that are principal in K.

2R Order of the subgroup of the genus group of k; consisting of gen-
era containing ideals that are principal in K. We will assume that
the imaginary subfields of K are numbered so that R, > R;.

Gr, = G;: Group of characters for the field k;. Also the genus group for
imaginary quadratic k;.

% = Go: Group of normalized characters for the real quadratic field k.
Also the genus group of k.

1 if 2 is totally ramified in K,
10 otherwise.

X = Ako) = 0 if p | A for some p =3 (mod 4),
IR I if pt Ap for all p =3 (mod 4).

§3. General results.

LemMa 1. Let K/k be a normal extension and N/k be an abelian extension. If E/K

is an abelian extension with N C E and E/k normal and if p = P, ... P, is a prime

E/K _(N/k .
2 ) N-( " )forz—l,...,g.

of k which splits completely in K then (

Proor: Let P be a prime of E lying over P;. Since p splits completely in K,

(259, = (251, = [E8E]),= (229):

LEmMA 2. Let k, K, N,E be as in Lemma 1 with [K : k] = n. If p is a prime of k
which is unramified in F, then (%) N (NT/IC) .

Proor: Let p = P, ... P, in K where each P, has degree f over p, so fg = n. Let B;
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be a prime of E lying over P; for eachi=1,...,¢. Then

(%) ’N N (Pf/.ﬁog) ‘N
(%),

1

-
1

Il
En

E/K]

-
Il
—

il
.Eb

Bl

] ~1()

()" - ()

LemMa 3. If K/k is an extension of degree n and I is an ideal of k which is principal

-
1]
-

]
:jze

-,

1

in K, then every ideal in the class of I is principal in K. Moreover, I™ is principal in

k.

Proor: If I = (o) for some a € K and I ~ J, then J = (B)I for some 3 € k, so
= (Ba). Moreover, I" = Ng/i(I) = (Ng/i(a)).

THEOREM 1. Let k/Q) be a normal extension of prime degree | = 2,3 or 5 and N be

the Hilbert class field of k. Suppose K[k is a cyclic extension with K N N = k and

K/Q normal. If there exists a prime of k which does not become principal in K,

then there are infinitely many rational primes which split into | primes in K and are

irreducible.

N/k
Proor: Let q be a prime of k£ which does not become principal in K. Let 7 = (——é—)
and let o generate G(K/k). By assumption, NN K = k; thus G(KN/k) ~ G(K/k) x

G(N/k). By the Cebotarev Density Theorem, the set of primes P of KN with

=

] = (o, 7) has positive density. We may assume that B is unramified over Q.
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Let p=PNQ and p = PN k. Since (0,7) € G(KN/k) and k/Q is normal, p splits

completely in k, say p = p;...p; where p; = p. Since (-K,#) = (o,7)|lk =0, p

stays prime in K. Also, (NT/k> = (o,7)|n = 7 yielding p ~ q in k. By Lemma 3,
p does not become principal in K. Since K/Q is normal, each p; stays prime in K
and no p; becomes principal in K. If I = 2 or 3, it is clear that p is irreducible in
K. Assume now ! = 5 and p;p; is principal in K. Since G(k/Q) is transitive on the
prime factors of p, there exists an automorphism o of k/Q of the form o = (12abc)
where {a,b,c} = {3,4,5}. Note o maps p;p, to p.ps; so that p. is principal in K,

contrary to assumption.

CoroLLARY 1. If K is a normal quartic number field with quadratic subfield k, such
that K € N and there is a prime of k which does not become principal in K, then
there are infinitely many rational primes which split into two primes in K and are

irreducible.

Proor: Immediate from Theorem 1 with I = 2, since K € N implies K N N = k.

For the remainder of this chapter, we specialize to the case where K is a bicyclic

biquadratic field and ko, k1, and k, are its quadratic subfields.

LEMMA 4. Let p be a prime which splits completely in K. Then p is irreducible in K,
if and only if, for each 1 = 0, 1,2, the prime factors of p in k; are not principal in K.
ProoF: Suppose p = PoPyP,P; in K and p; = PsNk; for i = 0,1,2. We may number
Py, P, and P, so that p; = P,P; for ¢ = 0,1 and 2. If p is irreducible in K, then no
subproduct of Py, P, P, and P; is principal in K, so in particular, p; is not principal
in K for z =0,1, and 2.

Conversely, assume no p;, ¢ = 0,1 and 2, is principal in K. Then no subproduct
consisting of one or two P;’s can be principal, so no subproduct of the P;’s is principal.

Thus p is irreducible in K.
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LEmMa 5. If in each k;,© = 1,2 there exists a prime p; which splits completely and is
nonprincipal in K, then there is a rational prime q which splits completely in K and

has prime factors in both k, and ko which are not principal in K.

Proor: Let p; = PP/ in K for: = 1,2, p; = P, N k; and p; = P, N k,. If for either
1 =1 or 2, (FZK>

(%)- -

By hypothesis ( ;K) #1a (]ZK) # 1. Thus (i/pK) # 1 and so the
2

11
ideal p,p7 is in a class of k; which does not become principal in K. Similarly, p,p;

F/K) _

# 1, then set ¢ = p; N Q = p’ N Q. Thus we may assume that

belongs to a class of k; which does not become principal in K. Let 7 = (

PP,
F/IK F/K
( ]/3 ) ( ]/3‘> and use the Cebotarev Density Theorem to obtain a prime ideal
1 2
Q in F Such that {Fq/)Q] = T. Set q = QnQ and ql — Qﬂ k; for Z — 1,2. Since
i i Fi/k; ) )
7|k =1, ¢ splits completely in K. By Lemma 1, s, = q for 1 = 1,2. Since

F/IKY . Fy/ b
= t follows from L 1 that = | ==
(PIPQ) 1 Oollows Irom Lemimna a 7'|}:'1 ( plp,{

Similarly, g, ~ pop3. Thus ¢ splits completely in K and has prime factors in both &,

). Hence q; ~ p1p3.

and k, which do not become principal in K.

THEOREM 2. Assume that k; and k, satisfy the conditions of the previous lemma. If,
in addition, ko contains a prime ideal po which splits completely in K and belongs to

an ideal class whose square is not principal in K, then K contains an sci prime.

Proor: Let P be a prime divisor of po in K, p; = PNk and po = PNk, If

F/K

(FZA) # 1 # (F/K) we are done. Thus we may assume ( / ) = 1. By
1

Lemma 5, there exists a prime @ in K of degree 1 and index 1 over ) such that

F/K
(7)1 (L) e - a2 (78 10
1 2 °

¢ F/K F/K
QN Q is an sci prime. Assume (Féh> =1 and let o = (/T) T = (_é ) If
0
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F/K ¢
( / ) =1, then set § = o72. If (F/A) # 1, then set § = or. By the Cebotarev
P29 P29
F/Q

Density Theorem, there exists a prime £ of F' with [ ra

=LNk; for:=0,1,2. Since 8| = 1, [ splits completely in K.

J:G. Let I = £NQ and

We now show that [ is irreducible in K. Let j = 1 or 2 so that § = o77. By

Fi/k; : Fi/k; »
Lemma 1, ( I/ ) =0|p, = or!|F, =( /]) so l; ~ q;p] in k;. Thus for ¢ =1,

(5)- (28)- ) () - ()
(- () () (5"
(- () Gy - (3 o
By Lemma 4, [ is irreducible in K.

Example: K = Q(v/—13,v/—14), ko = Q(V/182), k; = Q(v/—13) and k, = Q(v/—14).

Here hy = h, = 2 and H(ky) is cyclic of order 4. We will show in the next section

For : = 2,

For: =0,

that no nonprincipal class of any subfield becomes principal in K. It follows from

Theorem 2 that K contains sci primes.

84. Classes which become principal.

In this section we determine precisely which ideal classes of a quadratic subfield
k of an imaginary bicyclic biquadratic field K become principal in K. Since only
classes of order 1 or 2 in k can be principal in K, all classes which become principal
are ambiguous for k/Q. When k is imaginary, all ambiguous classes contain an
ambiguous ideal, i.e., an ideal whose prime factors are ramified over (). When £ is
real, either all or half of the ambiguous classes contain ambiguous ideals. However,
when k is real, it follows from Washington [13] that at most one nonprincipal class of

k can become principal in K.
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Since the problem is trivial unless h(k) > 1, we may assume that K # Q(v/3,v/—3)
and K # Q(v/2,v/72).
We shall adopt the following notation for the remainder of this chapter: kq =
Q(vm),ky = Q(/n) and k, = Q(v/n') with n < 0, m > 0 and n' = mn/d>.
Here m,n, and n’ are square free elements of ) and d = (m,n). Also < 7 >=

G(K/ko) and < o >= G(K/ky).

LemMa 6. If A = (a) is a nonzero principal ideal of K which is ambiguous for K/k,,
then a can be chosen to have one of the following forms for some 8 € ky:
() o=
(ii) a = /7.
(iii) a = (1+1)B.
If, in addition, A is ambiguous for K/k,, then there is a unit u € ko such that
o’ = pa when (i) or (ii) hold and o° = —ipa when (iii) holds. Moreover, 3 can be

chosen so that pu = +e€’ with j =0 or 1.

Proor: Since A is ambiguous for K/ko, (@) = A = A” = (a”). Thus a” = pa for
= |u| = 1. Also K/Q

some unit g in K. Since 7 is complex conjugation on K,

. a” . .
is abelian, so all conjugates of — have absolute value +1. Thus g is a root of unity.
e

By our assumptions on K, u is a 2nd, 3rd, 4th or 6th root of unity.

If u =1, then @ = o and & € ko. If p = —1, then @ = a\/n + bv/n' =
Vn (a-i— g\/ﬁ), for some a,b,€ Q. When p® = £1,(e®)” = p3a® = £a® Thus
a® € kg or @® = \/ny where ¥ € k. Since [K : ko] = 2, either & = 3 or a = y/nf for
some [ € ko.

If 4 = i and @ = a+by/—m+cy/m+ei, then a—by/—m+cy/m—ei = o = tia =
Fe &+ co/—=m F by/m + ai. Thus e = Fa and b = Fc, yielding @ = (1 F1)(a + c/m).
Since (1 —7)i =1 + 1, we may write @ = (1 +¢)3 with 8 € ko.
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Now suppose that A is also ambiguous for K/k;. Then (a) = (a’) and o’ = wa
for some unit w € K. If @ = B or a = /nf3, then 8% = wfh, so w = _,Bﬂ_" € ko. Here
weset p =w. f a =(1+417)p, then (1 —¢)8° = a’ = wa = w(l +1)B = tw(l —1)B.
Thus % = w}f. Setting g = 1w = %, we have u € kg and o’ = —ipa.
Since u € ko, we may write u = +€**+7, where j = 0 or 1 and ¢ is the fundamental

unit of kg. Now 7 = puf, so (¢8)° = (¢')°8° = £(€)7e¥H B = £ Ny, 0(€)el(€'5).

Hence, if 8 is replaced by €3, then pu = +¢.

LEmMMA 7. Let A = («) be a principal ideal of K which is ambiguous for both K[k,

and K/ko. Let B and p be determined as in Lemma 6. Then for some ¢ € Q:

= (&), (ev/m) or (e(1+4)) if p = 1,
= (cv/m),(cVn') or (¢(1 + i)v/m) if p = —1 and
A= (c(e? £1)),(cv/n(e” £1)) or (c(1 +1)(e° £1)) if p = *e.

Proor: When g = 1,8° = B and B € kyNko = Q. Thus B = ¢ for some ¢ €
Q. f u = —1, then B = ¢y/m. When p = +e¢, let = a+ by/m and € = u +
vy/m with a,b,u,v € Q. Then a — by/m = $° = pB = +(u + vi/m)(a + by/m) =
+ [(ua + bvm) + (ub+ av)y/m| and —b = £(ub + av) so —av = b(u £ 1). Hence
—vf = b(u+t 1) — vby/m = b[(u — vy/m £ 1] = b(e” £ 1). Setting ¢ = —b/v yields
B = c¢(e? £ 1). The results follow from Lemma 6.

Lemma 8. If p = *e, then N(e) = +1.

ProoF: Since 87 = +ef3, B = £e°4° = (£e”)(Le)B and €17 = N(e) = +1.

When N(e) = +1, there are two integers a; and a3, unique up to associates, such
that aya, = y/me or V/4me and € = o?/N(ay) = —a?/N(e2), see Barrucand and
Cohn [2]. Since e(e” +1) =€+ 1, e= (e+1)/(¢” +1) = (e+ 1)?/N(e+1). Similarly,
e = —(e—1)2/N(e — 1). Thus (¢ +1) = (r1)(e1) and (e — 1) = (r2)(c2) for some
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rational integers r; and ry. Set m; = |[N(ey)| and m, = thaz)l. Then m,; and m,
are called principal factors of the discriminant of k.

Let C be an ideal class of the imaginary quadratic subfield k; which becomes
principal in K. By Lemma 3, C is an ambiguous class for k;/@Q. Since k, is imaginary,
every ambiguous class is strongly ambiguous, so we may choose an ideal A in C such
that A is an ambiguous ideal for k,/Q. By removing rational factors, we may assume

that A is square free and only divisible by prime ideals which are ramified over Q).

LemMma 9. Let A be a square free ideal of k;, without rational factors, which be-
comes principal in K and is ambiguous for k,/Q. If p = =+e¢, then Ny 0(A) =
my, —n/my, —4n/my, mq, —n/m, or —4n/m;,, except when i € K, then my/2, 2m,,

my/2, and 2m, are also possible.

Proor: Set a = Ny, /o(A) and note that a divides the discriminant of k; and that a
is square free. It follows from Lemma 7 and the remarks preceding this Lemma that

a is 2 r?myg, —c*r’nmg or c*r?2mg where r is a rational integer and mg = m; or m,.

2r?2 = 1 and @ = m, or ms. In the other cases, c?r?d? = 1 where

In the first case, ¢
d = (n,mp) or d = (2,mg). Hence a = —nmg/d? or a = 2my/d?. By assumption
aln or al4n. If aln,a = —nmy/d?, and : € K, then mq also divides n and my = d

yielding a = —n/mg. Similarly, if a|4n but a t n, then mo = ¢ = 0 (mod 2) and

a=—4n/mo. If i € K and a = 2my/d?, then d = 1 or 2, so a = 2mg or mo/2.

LEmMA 10. If: € K, then the unit index p = 2 if and only if n = —m, or n = —m,.

When 1 € K, p = 2 if and only if 2 is a principal factor in ko.

Proor: In Kuroda [12] it is shown that /e = 1/2 (\/N(e+ 1)+ +/—N(e— 1)) =
1/2(r1\/my + r23/m2). In Satz 12 of [12], it is shown that p = 2 if and only if there
exists a root of unity w € K with \/w € K such that /Jwe € K. If i &€ K, take w = —1
and /—¢ € K if and only if \/—m; and \/—m; € K, i.e., if and only if n = —m; or
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—m3 and n’ = —mj or —m,. If ¢ € K, the result is immediate from Satz 13 of [12].

TueoreM 3. Let D be the set of divisors of Ay and let N be defined as follows:

{1,-n} ifi¢ K and p=1,
N =< {1,2} ifite K and p=1,
{1} ifp=2.

Then |D N N| is the number of classes of the real subfield ko, which are principal in
K.

Proor: Let A be an ideal of kp which is principal in K. Then A is ambiguous for
K/ko. By Lemma 6, A = (o) where a = (a+by/m), /n(a+by/m) or (1+:)(a+by/m).
In the first case A is principal in k. In the second and third cases A = (a + by/m)B
where N(B) = —n or N(B) = 2. If N(B) = —n, then in K, B = (y/n). Since (1/n)
1s an ambiguous ideal for K/Q, B is ambiguous for kg/Q. Thus —n € D. If p = 1
and ¢ € K, then —n # m,m,, nor my; hence, B is not principal in ky. If 7 € K or
p = 2, then B is principal in ko.

Similarly if ¢ € K and N(B) =2, then B = (1 +¢) in K and B is ambiguous for
K/Q. Thus2 € D. If p=1, then B is not principal in kg, but the class containing B
becomes principal in K. However, if p = 2, B is principal in kg and no nonprincipal

class is principal in K.

THEOREM 4. Let D be the set of divisors of the discriminant of the imaginary quadratic

field k = Q(\/n) and let M be defined as follows:

{1,m} ifi¢ K and p=2 or N(e) = —1
{1,2} ifie K and p=2or N(e) = —1
{1,m1,mg,m} ifig K,p=1 and N(e)=+1
{1,m,2,2m,} ifi € K,p=1 and N(e) = +1.
Then |D N M| is the number of classes of k which are principal in K.

M =

Proor: Let C be a nonprincipal class of k& which becomes principal in K. Since k is
imaginary, we may choose an ambiguous ideal A in C such that A is square free, that

is Nijo(A) € D.
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If : ¢ K and N(e) = —1, then it follows from Lemmas 7 and 8 that 4 = —1 and
A= (y/m)or A= (y/n) in K. Thus Ny/g(A) = m or —n'. Since d?n' = mn, these
norms represent ideals from the same class. It follows that one nonprincipal class
of k becomes principal in K if and only if m € D. If i € K and N(e) = —1, then
p==xland A= (y/m),A=(1+:),0or A= ((1+4%)/m)in K. But n = —m, so
(v/m) = (v/=m) is principal in k. Since C is nonprincipal in k, A = (1+:). Thus an
ideal of k becomes principal if and only if k¥ contains an ambiguous ideal with norm
2. If N(¢) = +1 and p = 2, then as in Lemma 9, Ni/g(A) can also be m; or m,, but
this ideal is in the principal class of k¥ by Lemma 10. Thus the only possibilities for
a nonprincipal ideal A are the same as above.

If N(¢) = +1 and p = 1, then by Lemma 10, neither principal factor of ko is
the norm of a ramified principal ideal of k. If : € K, then Lemmas 7 and 9 give the
possible values of Ny/q(A) as: m, —n',my, ma, —n/mq, —n/my, —4n/my, —4n/m,. As
above the ideals with norms m and —n' are in the same class. Likewise, the ideals with
norms m; and —n/m,, my and —n/my, m; and —4n/m,, and m, and —4n/m, are in
the same class. Thus the numbers m,m;, and m, represent all of the possible distinct
classes which become principal in K. Since the prime divisors of A are ramified over
Q, each number occurs as the norm of A if and only if it is in D. It follows that
|D N M| is the number of classes of k& which are principal in K.

If : € K, then the ideal with norm m is principal in k. Since p = 1, Lemma 10
shows 2 is not a principal factor of kg so 2,m;, and m, are distinct. The possibilities
for N(A) are: 2,m/2,2m,mq,mq1/2,2m,,my, my/2, and 2m,. The ideals of k having
norms 2, m/2, and 2m are necessarily in the same class. Also ideals of k having norms
m; and mg, or m;/2,my/2,2m,, and 2m, are in the same class. However, if they exist,
ambiguous ideals with norms, m;, 2, and 2m; must be in distinct nonprincipal classes

which become principal in K. Thus |D N M| is the number of classes of k which are
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principal in K.

The order of the subgroup of H(k;) consisting of those classes which are principal
in K will be denoted by 2™ for : = 0,1 and 2. Theorems 3 and 4 tell us that
0<r<land 0 <r; <2forz=1,2. Relations between the r;’s with be obtained
in the following corollaries. To simplify notation, we will number the imaginary

quadratic subfields so that r, < r;.

CoROLLARY 1. Suppose ry = 2. Then ro = 1 if and only if n’ = —1 or =2, hg > 1,
p =1 and 2|Ao. If ho > 1, then r, = 1 if and only if 2 is totally ramified and 2 is a

principal factor of ky. Also rog 4+ 1, < 1.

Proor: By Theorem 4, r; = 2 when there are nontrivial principal factors m; and m,
such that m;-m3|A;. By Theorem 3, 7o = 1if and only if p = 1 and n|A¢ when ¢ ¢ K
or 2|Ay when ¢ € K. Since m|Ay, if n|Ag, then n’ = —1 or n’ = —2. Conversely, the
conditions are sufficient to have ro = 1. However, when k; = Q(2) or k; = Q(v/-2),
hy =1 and r, = 0.

Suppose ry = 1, then m;|A,. However m;|A; and m,|Ay, so m; = 2 is the only

possibility. If r, = 1, then h; > 1 and n’ # —1 or —2. Thus ro + r, < 1.

CoroLLARY 2. Ifry = 1, then r, = 1 if and only if h, > 1 and one of the following
conditions is satisfied:

a) m =2 or m; =2 and 2 is totally ramified in K,

b) my|A; and my|A,,

c) m|Ay,m; = 2,24 A; but 2|A,.

Proor: Suppose hy > 1 so m # —n. Since 1, = 1, exactly one of m,m; or m,
divides A;. In order to have a class become principal from k, as well, p = 1 and
one of these numbers must divide A;. Up to renumbering the imaginary quadratic

subfields, conditions a, b and ¢ are the only way this can occur.
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CoRrOLLARY 3. If7g = 1 and n' < —2, then r; # 2. Moreover, r; = 1 if and only if
my|Ay. Alsor; = r, = 1 if and only if 2 is totally ramified in K and one of the
following conditions is satisfied:
a) my =2,
b) m; = —2n and m,; = —n'/2,
c) m; = —n/2 and mp; = —2n/,

d) m; = —n/2 and my = —n'/2.

Proor: Suppose ro = 1 and hy > 1. It follows from Theorem 3 that p = 1 and n|Ag
with n # —m; or —m,. Since n’ < —2 and mn = d*n’, m t+ A,. Hence r; # 2.
From Theorem 4 we see that r; = 1 if and only if m;|A;. Moreover, if r; = r; = 1,
then either m; = 2,2|A; and 2|A; or m;|A;,my + Ag, but my|A,. In the first case,
2 is obviously totally ramified in K. Assume m;|A; and m;|A;. Let p be an odd
prime with p|n, then p|m but p + n’ so p + m,. It follows that p|m; if and only
if p|n. Similarly, for an odd prime g, g/m, if and only if ¢|n’. Since m; # —n and
ma # —n',my = —2n or —n/2 and my = —2n' or —n'/2. In each case 2|A; for 7 = 0,1
and 2. If m; = —2n and my = —2n’/ then m = mymy/4 = nn’ = 3 (mod 4). But 2
is totally ramified in K, so n = n’ =3 (mod 4) contradicting m = 3 (mod 4). Thus
m; and m, cannot both be even, leaving conditions b,c and d.

Since p = 1, the converse follows immediately from Theorem 4.

85 Applications of Genus Theory.

In many cases Theorems 2, 3 and 4 enable us to determine whether or not an
imaginary bicyclic biquadratic field K contains sci primes. However, when the square
of every ideal in each subfield is principal in K, these theorems do not apply. For
example, we shall see that 53 is an sci prime in K = Q(v/-15, v/10) even though
ho = h;y = hy = 2. On the other hand, we shall see that K = Q(v/=22,/-35)
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does not contain sci primes even though each subfield contains a prime which splits
completely and remains nonprincipal in K. The genus structure of the quadratic
subfields will be used to obtain these results and determine which imaginary K contain
scl primes.
The genus of an ideal A of norm a in a quadratic field k = Q(+/d) is determined
by the values of Hilbert’s norm residue symbols. If /;,...,[; are the prime divisors

of the discriminant of k, then % has generic characters %ﬁ) fore=1,...,t (see

Hancock [7] for details). When [; is odd and (a,;) =1, (fl’_d) (;) is the usual

Legendre symbol. Similarly, if a is odd and [; = 2

( (‘_1> ifd=3 (mod 4),

a

(7> _ ) (%) ifd/2 =1 (mod 4),
(

"—2) ifd/2 = 3 (mod 4).

To simplify notation, define (g) = (l .

|a]

— 2 2
If li|(a, d), then (al,_d) — ( af/lg ) Also (lill’i{) = (al_,d) = +1.

a a,d\ . .
The sequence T’— ,...,| — ) is called the character system of the integer a
1 t

in k. When a is the norm of an ideal in k, then Hf.=1 (al,_d) = +1. The collection

of all 2t~ possible character systems with positive product form a group with the

obvious multiplication. This group is called the group of characters for the field &

and denoted by Gy.

When k is imaginary or when k is real and A = 1, then the character—system for

the ideal A is the character-system of a = Ni;o(A) in k. However, if k is real and
A = 0, then the character-system of A must be normalized. One way to accomplish

this is as follows: Suppose l; = 3 (mod 4). Then for each [; =3 (mod 4) we replace
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(al,,-d> with the product (%) (al,,-d) in the character-system. If d =3 or d/2 =3
(mod 4), then the character at 2 is also normalized in the same manner. Since the
normalized character at /; will be always positive, we need only consider the remaining
t — 1 characters. Again these t — 1 values must have positive product when a is the

norm of an ideal in k. The collection of all 2=% such possible normalized systems will

be called the group of normalized characters of k and denoted by G.

All ideals in a given class have the same normalized character-system and all
classes with the same character—system belong to one genus. Thus there is a one-to—
one correspondence between the genera of k and the group of (normalized) characters
of k, with the genus of an ideal determined by its character-system. The principal
class belongs to the principal genus which has a character-system consisting of only
positive units. It is worthy of note that the square of every class is in the principal
genus and every class in the principal genus is the square of some class.

In order for a rational prime p to split completely in k, the character-system of
p in each subfield must have positive product. If, in addition, the character-system
of p in each k; places a prime factor p; of p in a genus which contains no class which
becomes principal in &, then p is an sci prime. If for some Z,p; is in a genus which
only contains primes which become principal in K, then p is reducible in K.

In the first example, K = Q(+/—15, \/ﬁ), the primes above 53 belong to the
nonprincipal genus in all three quadratic subfields while Theorems 3 and 4 show that
all nonprincipal classes of each subfield remain nonprincipal in K. Thus 53 is an sci
prime.

For K = Q(v/=22,+/—35) we number the subfields so that ko = Q(\/770), k1 =
Q(v/—22) and k; = Q(+/—35). The possible character systems for ideals in each of

the subfield are listed in the chart below.
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Since ho = 4 and h; = h, = 2, each field has one class per genus. Thus K contains
sci primes if and only if in each subfield the class belonging to the genus listed on the
last line of the chart does not become principal in K. By Theorem 3 the ideals of ko
with norm 22 and 35 become principal in K. However, an easy computation shows
that these ideals are in the genus of ky which is listed on the bottom line. Thus every
prime which splits completely in K belongs to an ideal class in some subfield that is

principal in K. Hence K contains no sci primes.

THEOREM 5. If each quadratic subfield of K contains primes that split completely in
K, but do not become principal in K and if, for some j, there is a class in the principal

genus of k; that does not become principal in K, then K contains sci primes.

Proor: Since K/k is unramified for at most one subfield, we may assume that K /k

and K/k, are ramified extensions.

If j =0 or 2, then the class group of this field has a cyclic factor of odd order or
it contains an element of order 4 whose square is the element of the principal genus
which does not become principal in K. Since K/k; is ramified, every class contains
primes which split in K. Thus Theorem 2 may be applied to show that K has sci
primes.

Assume now that every class in the principal genus of ko and of k; is principal
in K. Thus j = 1. If K/k, is ramified, the result follows as above. Hence we may

assume that K/k; is unramified. This occurs only when Go and G, have no common
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characters so Gy x G, C (3. Moreover, the elements of Gy X G correspond to the
genera of k; which contain primes that split completely in K. Here ky and k, must
each have a genus which contains no ideals that become principal in K. There exists
an element a in Gy X G, which corresponds to this genus in both kg and k;. Since
the principal genus of k; contains a class that does not become principal in K, every
other genus of k; contains such a class. Let p be a rational prime whose divisors in
k; belong to a class in @ which does not become principal in k;, then p must be an

sci prime.

CoROLLARY 1. Assume h; > 2™ for i = 0,1,2 and that for some j there is a class in
the principal genus of k; which does not become principal in K. Then K contains sci
primes Iif and only if one of the following holds:

a) K/k, is ramified,

b) hi/|Gy| > 2 R,

! /
c) r1 =2 and (l) + (l) <2,
my ma
d) rm =2, (l> (f—) —1 and hy > 8,
my

ma
nl

3
~——

e) r1 =1 and = -1,

nl

f) =1, (;) =41 and h; > 4.

Proor: Suppose a) holds. Since K/k; is ramified for : = 0,1 and 2, every class in
each subfield contains primes which split completely in K. There is a class in the
principal genus of k; which is not principal in K. Thus Theorem 5 applies to show
that K contains sci primes.

Next suppose that b) holds. Since kh;/|G;| is the number of classes in each genus
of k; and 27—t is the number of classes in the principal genus which are principal in
K, not all classes in the principal genus of k; can be principal in K. Thus k; contains

primes which split completely in K and are not principal. Theorem 5 applies to show
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that K contains sci primes.

Assume for the remainder of the proof that h;/|G;| = 2"*~%: and that K/k, is
unramified. This implies that ho/|Gj| > 20~ F0 or hy/|Gy| > 27272 and it follows
from Theorem 4 that r; > 0. In order to use Theorem 5, we must show that each
of conditions c), d), e), and f) implies the existence of classes in k; which do not

become principal in K, but contain primes that split completely in K. If r; = 2 and

(TZ—’I) + (;—;) < 2, then only half of the classes of k; which become principal in K
contain primes which split completely in K. Since h;/2 > 2 "1, k; contains classes
which do not become principal yet split completely in K. If (:l—l) = (:1—,) = +1,
then all the classes which become principal in K, split completel; in K. Tilus when

hi = 8, all the classes which split in K become principal in K. It follows that K
contains sci primes if and only if h; > 8.

!

If ; =1 and (%) = —1, the nonprincipal class of k; which becomes principal

in K does not split in K. Thus h; > 2™ implies that K contains sci primes. On the

nl

other hand, if ( m) = +1, then the nonprincipal class which becomes principal in K
splits completely in K. Here k; contains primes which do not become principal in K
and do split completely in K, if and only if h; > 4.

Since K contains sci primes only if, in each subfield there are primes which split
completely in K and are not principal in K, it is necessary that one of the condition
a), b), ¢), d), e), or f) holds.

Let G be a subgroup of G; x G, such that a € G if:

1) For each odd prime [ dividing A; and A,, the values of the common character at

[ are equal.

2) For | = 2 dividing A; and A; but not Ao, the values of the common character at

2 are equal.

If 2 is totally ramified in K(§ = 1), then an element of G will contain two distinct
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characters at 2 and they are not considered to be a corﬁmon character. Thus |G| =
Qtitt2=2-s+ where s — § is the number of common characters.

If I is a prime divisor of Ag such that ! ¥ (A, Az), then there is exactly one
coordinate of a € GG corresponding to the prime .

Define a function f; : G — Go by fi(a) = B where the coordinate at [ in 3 is the
coordinate at [ in a. If 2 is totally ramified, then the character value at 2 in 3 in the
product of the values for the characters at 2 in G; and G,. Now, 3 is an element of
Gy if the product of the character values is +1. Since each element in G; and G, must
satisfy the product condition, o has an even number of negative coordinates. The
common coordinates are required to have the same sign, so the number of negative
values in the non—-common coordinates of « is also even. These are precisely the
coordinates which determine the sign of the product in 3.

Since we are interested in Gj not Gy, we will define fo : Go — G} to be the
normalization map and f = fy0 fo : G — Gj. Notice that f; and f, are both
homomorphisms in each coordinate. Thus f;, fo and f are homomorphisms. While

f1 may not be onto, fy is clearly onto and we will show that f is onto as well.
Lemma 11. If (A4, Ay) # 1, then f; is onto.

Proor: Let B € Gy, then B has an even number of coordinates with negative values.
If 2 is not totally ramified or if 8 has a positive 2-coordinate, then the negative
coordinates of 8 may be partitioned into two subsets, those coordinates which occur
in G; and those which occur in G;. These sets have the same parity. If each has an
even number of elements, then choose a; € G, and a; € G, such that all common
characters, and the character at 2, if 2 is totally ramified, are positive. For all other
coordinates set them equal to the values in 8. If the parity is odd, then choose o and

a5 such that the values at one common character or the characters at 2 are negative
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and all other common characters have positive values. Again set all other coordinates

equal to the values in A. In this way we obtain a = (&, a;) such that fi(a) = 5.

If 2 is totally ramified and the 2-coordinate of 3 is negative, then the 2—coordinate
of a; must be the negative of the 2—-coordinate of a; and the partitioning as above of
all the negative coordinates except that at 2 gives sets with opposite parity. Choose
an a; € Gy so that all common coordinates have positive value, the value of the
2-coordinate is the product of the values of the other coordinates of 3 from G, and
the remaining coordinates have values identical to their values in 3. Choose a, € G,

in a similar manner. This gives an a € G which maps to 3.
LemMma 12. The function f is always onto.

Proor: If (A;,A;) > 1, then the result follows from Lemma 11 and the remarks

proceeding it.

Suppose (A;,A;) = 1. Then either A; or A; is odd. Assume A, is odd. Then
|n] =3 (mod 4) and there is a prime I; = 3 (mod 4) such that [;]A;. Also [;|A, and
the character-system for ky must be normalized. Let u be the number of characters of
ko which are normalized and note that u is even. Let [, ..., [, be the prime divisors of
Ag corresponding to these characters and use {; to normalize. Since |n| =3 (mod 4),
an odd number of these /; must divide A;, and hence, an odd number must divide A,.
For ' € Gy, choose 8 € Gy such that fo(B) = B'. Partition the coordinates of 3 into
two sets, one corresponding to the prime divisors of A;, the other corresponding to
the prime divisors of A,. If each set has an even number of negative coordinates, then
there is an a € G, with fi(a) = B so f(a) = B'. If both sets have an odd number
of negative coordinates, then form a new 8 by changing the signs of the coordinates
at ly,...,1,. We now have a # with an even number of negatives in each set and

fo(B) = B'. As above choose a € G with fi(a) = .
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Lemma 13. The kernel, Ky, of f has order 2°2.

ProOF: |G| = 21'71,|Gy| = 227! and |G)| = 2%~ 2+*. Using the definition of s and §

we can write tg = t; +t, —2s+ 6. From above, |G| = 21 —1+02—1=(s=6) = ptit+tz=2-s4
|G|
|Gol

We will use f to determine if there is a rational prime p and a genus in each

200+s=2 50 |Ky| = =272,

subfield containing a prime ideal p; above p which does not become principal in K.
To this end we will call a genus of k; bad or good depending on whether or not it
contains a class of k; which is principal in K. Let B; be the set of bad genera of k;.
An element of G will be called bad if the restriction to GG; or G3 induces a bad genus;
otherwise, it will be called good. The function f will be called good if there exists at
least one good element of G which is mapped to a good element of Gj,. Obviously, if
f is good, infinitely many sci primes exist.

Let 2 denote the number of bad genera in k; for i = 0,1,2. Since each class
is contained in a genus and the bad classes form a subgroup of the class group, B;
is a subgroup of the genus group and R; < r; for z = 0,1,2. Thus the Corollaries
to Theorem 4 can be used to determine the maximum values for Ry, R; and R; and
under what conditions these values can occur. Since f is good only if each k; contains
a good genus, we may assume R; < t; — 1 forz =1 and 2, Ry < to — 2+ A, and
that each discriminant has an odd prime divisor. We will also assume that R, > R,,

renumbering the imaginary fields if necessary.

LEmMA 14. The number of bad elements of G is at most b where

) 26—-3 (2R1+t2—1 + 2R2+t1_1) -1 Iftl 74 s—16 ~_7é ta.
- 96—s (231+t2 + Qtl—l) -1 ifty=s5—6.

ProoF: Suppose t; # s — 6. Then 2!1~1~(*=%) elements of G induce a single element of

G,, and 2%z (2“‘1‘(3“6)) elements of G induce elements of B,. Similarly, if t; # s —9,
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then 2f1 (2’2'1“("5)) elements of G induce elements of B;. Since the principal element
of G induces the principal element of G; and G,, 1 is subtracted from the count and
line 1 follows. However, if ¢, = s — §, then an element of GG; is induced by at most one
element of G and only half the elements of G; are induced by elements of G. Since
the bad genera of k; form a subgroup of Gy, either all or half of the elements of B,
are induced by elements of G. Thus, at most, 2 elements of G induce elements of
B,. Since t; = s — 6, (Ao, Az) = 1. It follows from Theorem 4 that no nonprincipal

—1-(s-6) elements of G induce

ideal of k; becomes principal in K, i.e. R, = 0. Thus 21
the bad element in G,. Since this includes the principal element of G, 1 must be
subtracted and line 2 follows.

Define a function

_ 2t1+t2—-2 _ 2t2—l+R1 _ 2t1—1+Rz + 2.!—5 _ 223+Ro—(5+)\) if tl ?é s ;é t2 or 6 =1
I7  gntta=2 _gutRi _ g1 4 gt _ 92tatRe=(54)) ift=sand 6§ =0.

THEOREM 6. For a given field K, if ¢ > 0, then f is good.

Proor: The number of good elements of G is at least |G| — b. Also f maps 27| K/|
elements of G to bad elements of Gj. By Lemma 13, | K| = 2°=*. Since the principal
element of G is counted in both b and |Kj|, g = 2°%(|G| — b — 2F°|K,|) > 0 implies
that there are more good elements in G than can be mapped to elements of By; thus
f is good.

CororLary 1. If s — 6§ = 0, then f is good when g > 1 — 2F1+Rz,

Proor: Since s—§ = 0, B; x B, C G and 2F1+%2 elements of G induce bad elements in
both G; and G,. Thus the estimate for b in Lemma 14 can be improved by 2f1+f2 —1

elements.
CoroLLARY 2. If s — 6 = 1, then f is good when g > 2(1 — 2fs+R—1),

Proor: Since s — § = 1, k; and k, have one common character X. Because X : B; —
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{#£1} for ¢ = 1,2 is a group homomorphism, either all or exactly half the elements of
B; will have value +1 at X. Thus |B; x BoNG| > 1/2|B; x By| = 2f1+R2=1_ Again the
estimate for b can be improved and f is always good when g > 2°7%(1 — 2F1+R2—1) —

2(1 — 2RtRe-1y,

Cororrary 3. If |Ky| > |G| and R, =1 or if |[K¢| > |G,| and R, > 1, then f is good

when g > —2°7%.

Proor: Suppose |K| > |G;|. By looking at the inducement map to G, restricted to
Ky, we see that either every element of G, is induced by an element in Ky or the
principal element of G is induced by two or more elements in K. Since R; = 1, at
least one nonprincipal element of K induces an element in B,. Thus f is good when
g > —28,

The proof is identical for |Ky| > |G|

COROLLARY 4. Ift; =2 and R, = 0, then f is good when g > —2R1, If s —§ = t, = 2,

then g > —2f1+! js sufficient. If t, = 2 and Ry = 1, then g > —22*75-2 is sufficient.

Proor: Let B! be the subgroup of G containing those elements which induce bad
elements of G; for : = 1 or 2. Since t;, = 2, B} consists of those elements with positive
values at both coordinates in G;. Hence the product of any 2 elements of G — B} is
in B). In particular, [B) : B, N B}] < 2. Thus f is good when g > —2*7%~1|Bj|. It
follows from Lemma 14 that

B!| = 2Ritta=1-(s=8) if ¢, £ 5 — 6.
17| 2Ritta=(s-9) ift,=5—24.

Similarly, [K; : K; N Bj] < 2. Thus f is good when g > —2:=9"1+Ro|K | =

_223—6—1+Ro—)\ — _223-—5—)‘ when RO =1.
CoroLLARY 5. Ifto+ A =3 and R, = 2, then f is good when g > —2".

Proor: When R; = 2, Theorem 4 requires that m|A;. Since o + A = 3, there exists
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either a prime p; = 1 (mod 4) or two primes p; = p3 = 3 (mod 4) which divide m.
In the first case, an element is in K if and only if its character value at p; is +1.
Thus any two elements of B] which are not in Ky, have a product which is in Kj.
In the second case, p; normalizes the character at p3, so an element of G is in K;
if and only if the character value at p; equals the character value at p;. Again, the
product of two elements not in Ky is in K. Thus [B : BN K] < 2. It follows that
|B; N Kp| > 1/2|Bj|. Thus f is good when g > —2°=% (2!%2=(s=9),

COROLLARY 6. Ift; = 2,to+ A =3 and Ry = 2, then f is good when g > —8 4 2°7%+1,

Proor: Corollary 4 estimates |B; N B;| and Corollary 5 estimates |B; N K|. Since
Lemma 14 assumed that only the principal element was in By N B, N Ky, we may

improve our estimate by |B; N B3| + |B; N K| — 2.
CoROLLARY 7. If s =5, then f is good when g > —2°7% (21+F2=> _ 1),

Proor: If 6 = 0, then G ~ Gy x G3. If § = 1, then G = G§ x G2 where the 2-
coordinate of Gj is the 2—-coordinate of G; and the other coordinates of Gy are the
remaining coordinates of Gy. Note that the 2-coordinate of Gy is the product of the
2-coordinates of G, and G. Let o € G,. If § = 0, then there exists 8 € G such
that B has positive values for all coordinates of Gy and the coordinates of G, have
the same values as a. If § = 1, then there exists a § € G such that 3 induces «,
the 2-coordinate of G} equals the 2—coordinate of G, and all other coordinates have
positive values. Since f belongs to Ky, the inducement map to G; is still surjective
when restricted to Kjy.

Since s = t5, |Ky| = 2°7* = 2°71.217* = |G,| - 2'~*. Thus the inducement map
restricted to K; has kernel of order 2!=*. It follows that |B, N K| = 2!*%2~*_ Since

the principal element of G is included in B, N K, we may improve the estimate by

21Re=r
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CoRroLLARY 8. Ift, = s, to+A = 3 and R, = 2, then f is good when g > —2°~°% (21"\+R2).

Proor: Since s = 7, an element of (; is induced by at most one element of G and
either half or all the elements of G; are induced by elements of G. Thus either 2 or
4 elements of G induce elements of B;. If 2 elements of B; are not induced, then
we may improve the estimate of b by 2. If 4 elements of B; are induced, then as in

Corollary 5, at least 2 of these are in Kj.

From the proof of Corollary 7, we see that every element of G5 is induced by
21-X elements of K;. Thus 21-2FR2 elements of K induce elements of B,. Since the

principal element was included in both improved estimates, b may be reduced by only

(21—1\+R2 ) .

CoroLLARY 9. Ift; =1, =3, to=4, s—A=1, Ro=R,=1and R, =0, then f is

good.

Proor: Here t; +t; =ty + 2s — § implies 6 = 0,5 = 1, = 0,|G| = 8,|K;| = 2 and
|G1| = |G2| = |G| = 4. Hence each element of G, (respectively G2) is induced by
exactly 2 elements of G. If B = B U B), then |B| < 4+2 —1 =5 where the —1 is
necessary because the principal element of G induces a bad element in both G; and G,.
If either | B| < 5 or [BNK | > 1, then there are at least |G|—|B|—2|K;|+|BNK;| > 1
good elements of G mapped to good elements of Gy and f is good. Thus we may
assume |B| =5 and |BN K;| = 1. Now |G| — |B| — |K| + |BN K| = 2, so there are
exactly two good elements a; and a; of G — K. If f(a;) # f(az2), then either f(a,)
or f(a;) is good. Thus we may assume f(oy) = f(az) or equivalently oy, € Kjy.
Since a; # az and |BN K¢| =1, a1 - a2 € B. Let C be the subgroup of G generated
by o; and ay. Then |C| = 4. Also Bj is a subgroup of G of order 4. Since G is an
elementary 2-group of order 8, |[B; N C| = 2 or 4, contradicting the assumption that

oy, 09 and aja, are good. Thus f(ay) # f(az).
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CoroLLARY 10. If R = R1 =1,s =A=1,6§ =0,t0 > 3,t; > 3 and t, = 2, then f is

good.

Proor: Since Rp = 1 and s — § = 1,2 is ramified in k; and k; and m = nn/. Thus
(%1) is the common character of &k, and k,. Since R; = 1, (G; contains a nonprin-
cipal bad element which is determined by m; or m,. Since A = 1,m; = m; =1
(mod 4), so (;—i) = (r_n_i) = +1 and all elements of B have positive value for this
character. Since t; = 2, all elements of Bj also have positive value for this common

character. Thus |G| — |B; U Bj| > 2. However, Gy has only one nonprincipal bad

element and |K;| = 1, so f is good.

THEOREM 7. If Ry = 0, %0 >3 — X and t; > R; + 2 for : = 1 and 2, then f is good

except possibly for the values listed below:

R] Rg to tl tz S 0 A
a) | 2 | 1 | 243311
B) | 2 |03 [ 5| 2 200
) | 210342210
d | 2 10 ]2 42201
e | 1 |12 33 ]2 ]0]1
) [ 1 (1 [ 333210
g) | 1102 42201
h) 1 0 2 3 2 2 1 1
D 110332 100

Proor: Let z = 297! and y = 2%~ ! then

zy — 2Rep — 2Ry 4 2070 _ 920+ if ¢, L sFtor =1,
ry — x — 2Rty 4 9y — 22722 ifty =38, =0.

g=ﬁaw={
Here the values of z,y, and 2°~% are related by ¢; +t, = to + 25 — 6.

If R, = 2, then it follows from Theorem 4 that either s = ¢, or § = 0 and
s = t; — 1. The latter can occur only if (Ag,Az) = 4. If, in addition, R; = 1, then
it follows from Corollary 1 to Theorem 4 that s = t5,6 = 1 and m; = 2. In this case

g =zy—2z—3y—2"*y? and t; = ty+to—1. Thus?; > t,+2—X and = > 2?2*y. Since
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g is an increasing function of £ on our domain, g > 227%y? — 23~y — 3y — 217%y? =
y(2'7 2y — 2372 —3). If A =0, £ > 4y > 16. Thus g > 0 except when z = 16
and y = 4. However, f is good at this point by Corollary 7 to Theorem 6. When
A=1,z >2y >8. Thus A =1,z = 8 and y = 4 is the only case where f may be
bad, yielding line (a) of the chart.

Next, suppose B; =2 and R; =0. If s — 6§ = t,, then § =0 and z > 23~*y. Thus
g=zy—2T — 8y + 2y _ 22—)\y2 2 23—/\y2 _ (23—/\ + 6) y — 22—)\y Z 0

when y > 4 + A. However, when A = 1,2 = 16 and y = 2 or 4, then ¢ = —4 or —8
and f is good by Corollaries 4 and 8 to Theorem 6, respectively. Also, g > 0 when
z > 16. Thus y = 2 and = = 2%~ are the only cases where f may be bad, yielding
lines b) and d) of the chart.

If s—8§=1t;—1,then g = zy —z — 3y — 2" *¢y%. Hence z > 2!**~*y and ¢ > 0
except when 6 — A =1,z =8y=20ré6— A =0,z =8,y =2 or 4. However, when
6 = X Corollaries 2 and 5 to Theorem 6 show f is good. When § = 1,A = 0,z = 8,
and y = 2, line (c) is obtained.

Since Ry = 2, n/|A,. Thus s — § > ¢, — 1.

Next, consider the case Ry = R; = 1. By Theorem 4 and its first two Corollaries,
s—6#ty Thusif s=ty, thend=1,and t; =tg—6+t2>2—- A+t f XA =0,
then z > 4y, and g > y(2y — 9) > 0 except when 2 = 16,y = 4. Here g = —4 and
f is good by Corollary 3 to Theorem 6. When A = 1,z > 2y, so g > 0 except when
z = 8,y = 4. By Corollary 7 to Theorem 6, f is good in these circumstances.

Ifs=ty—1,thent; > 1—(6+))+t;. Thuswhen A\ =6 =0, g =zy—2z—y—y?
z > 2y and g > 0 except when z = 8,y = 4. Here ¢ = —4 and f is good by Corollary
3 to Theorem 6. If 6 + A =1, theanysogZy(l/?y—4+2‘5) > 0 when y > 8.

Ify=4,theng=2a:-—16+22"520f0r$28. Hencet; =t3 =3,t0 =3 — X and



51
6+ A =1, yields lines e) and f) of the chart. Let § + A = 2 and by renumbering k;
and k, if necessary, assume z > y. Thus g > 0 except when z = y = 4. Here g = -2
and f is good by Corollary 2 to Theorem 6.
Let s=%t;—2and t; > ¢,. If 6+ A =0 then g > 0 except when ¢ = y = 4. Here

again ¢ = —2 and Corollary 2 to Theorem 6 tells us that f is good. If § + A > 1, then
g>zy—2x—2y+1/4y —1/8y* > 7/8y* —15/4y > 0

wheny >4. fz =y=4,6 =1and A =0, then g = —1, but s —6 = 0 and Corollary
1 to Theorem 6 shows that f is good. If A = 1, then g > 0 on our domain. Since g is
a decreasing function of s, ¢ > 0 for z,y > 4 and s < t; — 2.

Finally, let Ry = 1, R; = 0. Here the numbering of k; and k, is fixed, so we must
consider the cases t; > ¢, and ¢; < t, separately. First let ¢t; > ¢, and s = ¢5. As
above, t; > t+3—(§+)X). If 6+ A =0, thenz > 8y so g = zy—x — 4y + 2y — 4y* >
2y(2y — 5) > 0 except when y = 2 and z = 16. In this case ¢ = —4 and f is good by
Corollary 7 to Theorem 6. If § =1 and A = 0, then g > 0 except when z = 8,y = 2.
Here f is good by Corollary 7 to Theorem 6. If A = 1, then ¢ > 0 except when
§=0, z=8andy=2o0r 8§ =1,z — 4 and y = 2. This yields lines g) and h) of the
chart.

When s =t,—1,2 > 21"y and g = xy —z — 2y + 2~ 8y — 2=+ N2 If 2 > 2y,
then ¢ > 0 unless z = 4 and y = 2. If 6+ )\ = 0 this yields line (i) of the chart. When
§=1and A =0, then s — 8§ =0 and g = —1 so Corollary 1 to Theorem 6 shows f is
good. If A =1, then g > 0 on our domain. Suppose now z =y, so 6 + A > 0. Thus
g > 0 except when A = 0,6 = 1 and z = y = 4. Here g = —2. Since |G| = |Ky/,
Corollary 3 to Theorem 6 shows that f is good.

fs<t,—2andz >y, theng>ay—z—2y+2"1 ¥y —2"2"242 > 0forz > 4

and y > 2.
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Assume now t3 > t; > 3. Then y > 2z and ¢ > 22? — 5z +2°~% — 225-(6+}) Hence
g 2 0 for s <ty — 1. Thus we may assume s = t;. Since R; = 1, 2 is totally ramified

in K,soé=1. Hencety =tg+25s— 8§ —t; > t; +2 — A, so y > 22~*z. Therefore,
G222t g — B4z — 202 = o (21"’\:16 - 23")‘) >0

for z > 4.

If Ry = Ry =0, then ¢ > 0 on our domain.

CoroLLARY 1. Lines a), b), c¢), d), ) and g) of Theorem 7 are always good. (The proof
for lines a), c) and d) assumes the list of imaginary quadratic fields with one class

per genus is complete.)

Proor: In line (a) R; = 2 and R, = 1, thus by Theorem 4 and Corollary 1 to it, m
and n’ must divide A; and 2 is a principal factor in ko. Since A =6 =1, to = 2 and
t; = 4,m = 2p; with p; =1 (mod 4), and n = —2°p;p,p3 with p;psp3 =1 (mod 4)
and ¢ = 0 or 1. Here R, = r; and R, = r, so each of k; and k, must have at most
one bad class in a given genus. Thus if either k; or k; has more than one class per
genus, then there exists a good class in the principal genus of that field. Since K/k,
is ramified, Corollary 1 to Theorem 5 shows that K contains sci primes. Thus we
may assume that both k; and k; have only one class per genus. From the list of such

fields the only possible exampleis m =2-17,n = —3-7-17 and n’ = —2-3- 7. Since

2 -1 17 17 .
(ﬁ) = (-17) = +1 and (—3—) = (7) = —1, it follows that the elements of G

corresponding to 2, 17 and 34 are distinct elements of the kernel of f. Since |G| =8
and |Ky| = 4, there are three elements of G — Ky which induce nonprincipal elements
in GG,. Since only one of these is bad, K must contain sci primes.

In line (b), to = 3,¢; = 5,2 = s =2 and A = § = 0. Thus there are five distinct
primes with p;paps|Ao, p1p2papsps|A1 and pyps|A;. In order to have A = 6 = 0 the

following congruences must hold: p; = p, = ps =3 (mod 4),ps = ps =1 (mod 4) or
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any p; may be 2. Here G = Gy X G C G; as shown in the chart below:

Go G, Gy
2! P2 P3 y 2 Ps P1P2 P3
1 <+ —+ -+ + + + +
2 - — + -+ + + +
3 + + + — — + +
4 - — + — — -+ +
5] + — — + + — —
6 — + — + + — -
7 + — — — — — —
8 — + — — - —_ —

Thus only lines 7 and 8 of G— K are possibly good. Hence, if K has no sci primes,
then lines 7 and 8 of G must correspond to classes of k; which become principal in K.
Since the elements which become principal in K form a group, line 2 must contain
the third nonprincipal class that becomes principal. Thus we assume that these three
lines must be the character system in k; for the principal factors m,, m, and myms,.

Since no nonprincipal classes of kg or k2 can become principal in K, Theorem 5
applies to show K has sci primes whenever any quadratic subfield has more than one
class per genus. Thus we may assume that all three quadratic subfields have one class

per genus. Since p; and p; are symmetric, we may number these primes so that p; is

not a principal factor of ky. Thus, (P_4) = (E) = —1.

Ps D3
First, assume that m; = p; and m, = p;p,. Then (51 = (p_2> = —1 and since
3 P3
ps # 3 (mod 4) (&) = (&> = —1. Hence neither m; nor my can be on lines 7 or
41 P2

8, so K must contain sci primes in this case.

3
that p; is on line 2. Let us assume for the moment that all p; are odd. Thus p; = ps =

3 (mod 4) so (M> =— (p—l) (21-> = —1. Since m;m, and p4ps are on the same
P P4 Ps

line, they must be on line 8, so my = p,p3 is on line 7. Thus (p;ps) = (p;pg) =
3 4

Next, assume that m; = p; and m, = p,ps, so (&> = +1. Thus we may assume
p
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Ps P4pPs
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genus. If P23 _
Ps

) = —1, which implies that (
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Ps

n) = (

3

P2
P4

P3
P4

P2
Ps

)+@)-@)»

= +1 then p3 and p,4 are in the same genus of k; so psps is in the principal

—1, then p; and p4 are in the same genus so pyp4 is in the principal

genus. This contradicts k; having only one class per genus.

Now assume ps = 2. If n is even, then the character at ps is (

so the above computations are still valid, and either psps or p;ps will be in the prin-

cipal genus of k;. Similar results are obtained with p; = 2 for 7 = 1,2,3 or 4 and n

even. Assume now n is odd. If ps = 2, then the character at ps is (—1/z). Since

1

)<

"

P1

my = D, (
Y%

3

) = —1, so p; is not on any of lines 2, 7 or 8.

Similarly, if p, = 2, then (—1/z) is the character at p,. Also m = p;ps, so m, = ps.

Ps3 -1

—) = +1 while (_

But (
D1 P3

(—=1/z) is the character at p,. Since

pPs

lines 2. Since pop3 = p4ps

1
) = +1, so p3 is not on line 2, 7 or 8. If p; = 2, then

P3

= 41, we may assume that p; belongs on

3 (mod 4), we may assume both p,ps and psps belong
P4

Ps n\__(m

on line 8. Thus (p4

DPs

P4

P2

)=

that (

D2

)=(

D2

-

D2
p3
P4

) (
)=

D3

Ps

P3

-

p3

o

). Also, (’2

then we have the following character values:

D3
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P4

Ps

P4

)

-

Ds

) . It follows

P4

)--4(

P2

)=+

(

-1

T

T
Ps

(

)

P2
P4

+

OO

i)
P4
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+

Thus pyp4 is on line 2, so 2p,py4 is on line 1, contradicting that there is only one class

per genus in k;. Similarly,

if

Pa

1 we have the following character values:

(

T

)

P3
P4

-1
xr
+
+
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so psp4 is on line 1, contradicting that there is only one class per genus in k;.

Suppose now m; = 2p, and my; = 2p;. Here both m and n must be odd and p; = 2.

2 — —
Since (ﬂ> = 41, 2p, can not be on line 7 or 8. Also, (—1) = ( ! ) = —1.
Ps3 P2P3 P4Ps

Thus if K contains no sci primes, 2p, is on line 2 and p,p; and p,ps are on line 8. It

follows that the character systems for p,, p3, ps and ps will be as above.
In line (¢) there are three distinct odd primes p;, p; and p3 with 2p; pa| Ao, 2p1 p2ps| Ay

and 2p3|A, where p, =3 (mod 4). We have the following character tables:

Gl Gg Go, P= 1 (mod 4) Go, P = 3 (mod 4)
2 p1 P2 p3 2 P3 2p2 P1 P1P2 2
+ 4 + + |+ + + + + +
-+ -+ |+ 4+ + + - -
+ o+ - - - - + + - ~
-+ + - - - + + + +
+ - -+ |+ 4 - - + +
- - + 4+ |+ o+ - —~ —~ -
+ - + - | - - - - - -
- - e - - + +

If py = 1 (mod 4), then K will contain no sci primes only if lines 2, 7 and 8
of G, are bad and k¢ and k; have only one class per genus. If 2 is not a principal

factor of ko, then (—-—) = —1. Here we assume k, has one class per genus, hence
P

2
(p_> = —1. Thus, 2 is on line 7 or 8 and f is good. If 2 is a principal factor of ko,
3

then (2) = (1) = +1 and 2 is on line 2. However, k; = Q(1/—357) is the only

P pP3
known imaginary quadratic field where this occurs. Here p; = 17, p, =3 and p3 =7
-1 .
SO (—) = -1, (P_a) = +1. Thus ps3 is not on line 7 or 8 and f is good.
2 P2

If p, = 3 (mod 4), then f is good only if line 3 or 7 is good in G. If 2 is not a
2 ) = —1so (—?—) # (3) Since k; has one class
P1p2 h P2

per genus, 2 = —1. Thus 2 is on line 3 or 7 and f is good. If 2 is a principal
3

principal factor of ko, then (

2 2
factor of kg, then since p; and p, are not principal factors of ky, (;) = (p_> = —1.
1 2
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2 . . .
Also (—) = +1, so 2 is on line 5. However, there is no known imaginary quadratic
P3

field with one class per genus meeting these conditions.
In line (d) there are four distinct primes such that p;ps|Qo, p1p2psps|A; and
P3ps|Aq. Since A = 1,p; # 3 # p, (mod 4). Also R; = 2 implies N(¢) = +1,

my = p; and my = p;. The following chart shows the genus structure:

Go Go
P P2 P3 P4
+ + + +
+ + — -
- - -+ +

If the last line is good, then K will contain sci primes. Since m; = p;, (p—l) = +1.
D2
This implies that neither p; nor p, is on line 4. However, the product p;p, will be on

line 4 exactly when (;D_1> = (&) # (1—)1—) = (&) Note that either line 3 or 4
D3 D4 P4 Ps3

of G; is good, so Theorem 5 applies to show sci primes exist whenever any quadratic

subfield has more than one class per genus. Since p; = p; =3 (mod 4) is not possible,

assuming the list of imaginary quadratic fields with one class per genus is complete,

no such fields exist.
In line (f) there exist three odd primes such that 2p; p;|Qg, 2p1p3|A1 and 2p;p3|A,
where p; = 3 (mod 4). Since r; # 2, if any quadratic subfield has more than one

class per genus, then Theorem 5 applies. We consider the cases p; = 1 (mod 4) and

p1 = 3 (mod 4) separately.
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G, G, o case I Gy case 11
2 n p3 2 p2  p3 2-pp p P1 P2 2
+ + o+ +  + + + 4+ + +
+ + o+ - - + + 4+ - -
- + - - 4+ - + 4+ + +
- 4+ - + - - + 4+ - -
- - + +  + o+ - - - -
- -+ - - + - - + +
+ - - -+ - - - - -
+ — — + - - - - + +

Case I: py =1 (mod 4). Here m = p;p, or 2p,p;. In order for f to be bad, lines 7 and

8 must be bad in G; and line 6 bad in G5. If my; = 2, then (3) = +1, so 2 is not on
D

2 2
lines 7 and 8 in G;. If 2 is not a principal factor of kg, then (—) = —1. If (;—) = -1,
D1 3
then 2 is on lines 7 and 8 in G, making them good. Otherwise, (3) = +1 implies 2
ps3

is on line 6 in G, making it good.

Case II: p; =3 (mod 4). Here m = 2p;p,, p3 =3 (mod 4) and the character of 2 in
ko is (%) Without loss of generality, n = —p;ps and n’ = —2p,p;. Here f will be bad
if and only if lines 4 and 7 of G are bad. Suppose m; = 2 and my = p;p,, then the

2 2
primes above p; and p, are not in the principal genus of ky, so (—) =(—)=-1. If
P

K contains no sci primes, then 2 must be on lines 7 and 8 in G}, yielding (p—) =—1.
3
—2 2
Since (—) = —(—) = +1, p3 is either on line 1 or 4 of G,. Thus k; has more than
P3 P3

one class per genus.

If m; # 2, then (2) # (z) Suppose (3) = +1, then since 2 is not the norm of
h p2 n
a principal ideal of &, (3) = —1. Thus 2 is on line 4 of G, making that line good.
D3
2 . .
Similarly, if (3) = —1 and (3) = +1, then from G2, (—) = —1. Thus 2 is on line 7
D P2 p3

of G, making it good.
In line (g) there exist four primes with p;p; | Ao, p1p2psps | A1 and psps | A,
Since A = 1, m = pyp; with p; # 3, p; Z 3 (mod 4). Moreover, p3s # ps (mod 4).

The structure of G = Gy X G; is given below:



Go G2
P P2 P3 P4
+ + + +
+ + — —
- - + +

Here f is good if line 4 of G is good. If N(€) = +1, then m; = p; and my = p;

with (1’%) = +1. Since r;, = 2 and R, = 1, k; has a nonprincipal bad class in the
2

principal genus. Hence m, m; or m, is on line 1 of GG. Since neither m; nor m, can

be on line 4, it is good.
Assume now that N(¢) = —1, so R; = r; = 1. Whenever any quadratic subfield

has more than one class per genus, Theorem 5 applies to show that K contains sci

primes. Thus we may assume (]—)l) = ([2) = —1. If n’ = —p3p4 is one line 4, then
2

Pa

(E) = (p_1) # (12) = (P_a) If (&) = +1, then the primes above p; and p; are in
P2 P4 P4 h D1

distinct classes of k; but are in the same genus. If (P_a)

= —1, then p; and p3 have

the same character system in k;, contrary to one class per genus. If n’ = —p4 and

- ~1
ps = 2, then the character at p; is (—). Since (—) = +1, line 4 is good and K
z P4

contains sci primes.

THEOREM 8. Ift; > R; +2 fori = 1,2 and tyg > 4 — A with Ry = 1, then f is good

except possibly for the values listed below:

R] Rz to tl t2 S ) A
@ | 1 10| 43 ]2 110
) |o|o|4]|2]|2]0]0]0
)| oo |3 ]2]2]|1|1]1
(d ool 4 ]3] 2]1]1]0

Proor: Since Ry = 1, Theorem 3 shows that n | Ag. Thus§ < s<land s—6=1if
and only if 2 is ramified in k; and k2 but n and n’ are odd. If A = 1, then every prime
dividing A is congruent to 1 or 2 (mod 4) so n # 1 (mod 4), n’ # 1 (mod 4), and

2 is ramified in k; and ky. Thus A = 1 implies s = 1.
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Suppose s = 1 and § = 0. Here R; = R, = 1 is impossible by Corollary 3 to
Theorem 4; hence, we may assume R; = 0. Each element of G, is induced by 2272

elements of G. Hence, G has at least

(Gl — |B)| — |Bj| + | B, 1 Byl > 2s+0=3 _gRivz _gn=2 41 _ g,

good elements. If g; is at least 2| K| = 227, then f is good. By hypothesis, t; +t;, =
to+2s—62>6— X t; > Ry +2 and t; > 2. By direct computation it is seen that
g1 > 227* when t; +t, = 6 + R; — \. Since g, is an increasing function of t; + 5, we
need only consider the case t; + ¢, = 6 — XA and Ry = 1. If A = 0, then Corollary 9
to Theorem 6 applies when ¢t; = t, = 3 and Corollary 4 to Theorem 6 applies when
t; =4, t; =2 to show f is good. If A =1, then t; = ¢, = 3, t, = 2 and Corollary 10
to Theorem 6 applies to show f is good.

Assume now that s —§ = 0, so G = G; x G,. Here there are exactly g, =
(20171 — 2R1)(2%2-1 — 2R2) go0d elements of G. Since at most 2'+*~* —1 good elements
of G can map to bad elements of G, f will be good whenever g, > 2**=* By
hypothesis, t; +t3 =tg+2s —8§ >4 — A +sand t; > R, + 2 for 1 = 1,2. By direct
computation, g, > 2'**~* whenever t; + ¢, = 5 — A + s. Since ¢, is an increasing
function of t; + t;, we need only consider the cases where t; + {3 =4 — A + s. Since
4—A+s=3,40r 5and t; +1, > 4+ R; + R,, equality can only occur when R; = 1,
Ry, =0and t;+t;, =5, 0or Ri = R, =0 and t; +t, = 4 or 5. These values where

equality holds are exactly those listed in the statement of the Theorem.
CororLary 1. Line (d) of Theorem 8 is always good.

Proor: Here s = § = 1, A = 0 and three odd primes divide the discriminant of K.

Let 2p;ps | Ay and 2p3 | Az. The structure of G is given below:



(=23
o

G

G
2 41 P2 2 P3
+ + + + +
+ — - + +
- + — + +
- - + + +
+ + + — -
+ — i — —_
— + . -— —
— _— + — —

Since R; = R, = 0, the last three lines of G are good. Hence f is good if it
maps one of these lines to a good element of G. Thus it is sufficient to show that
f maps two of these lines to distinct nonprincipal elements of Gf,. Since A = 0,
pi =3 (mod 4) for some ¢ = 1,2 or 3. Also |K;| =2°"*=2. If p3 =1 (mod 4), or
p1 = p2 = 1 (mod 4), then no good element of G is in Ky, thus f is good. If p; =3
(mod 4), then n’ = —2p3 and either n = 3 or m = 3 (mod 4). Either way, p; = p,
(mod 4). Thus the only remaining case to consider is p; = p; = p3 = 3 (mod 4).
There line 6 corresponds to an element of Ky, but lines 7 and 8 give distinct elements

of Gj. Thus f is good.

THEOREM 9. Assume that K /k; is ramified and that h; > 2 for : = 0,1,2. Then K
contains sci primes unless all classes in the principal genus of each k; (: = 0,1,2) are

principal in K and one of the following conditions holds:

7.e,1. m = pips, n = —p1paps, 0’ = —papaps with py # 3, ps = 1, po # p3 (mod 4),
Py b, By =, By =By 2 B)=B), and ry =, = 1.
p3 D2 P4 y 2 D3

P4
2 2
7,h,1. m = 2p,, n = —2°pypy, n' = —21"°p,, with p; = p, =1 (mod 4), (p—) = (;—) =
1 2

+1, By = =1, N() =+1, 11 =2, and r, = 1.
P2
7,1. m = pipaps, n = —p1pap3, n' = —p3ps withpy # 1 # pa, p2 # 3, p3 Z ps4 (mod 4),

P4 D1 P4 P1 P2
—N=(—=)=(—)=+41,(—)=(— = -1, andry =1y = 1.
) =C)=0C) G =0 1=y

P3
. . p
71,2. m = paps, n = —pap3, n' = —p3py withp, =ps =1, ps =3 (mod 4), (p_j)



7,i,3.

8,a,1.

8,a,2.

8,a,3.

8,b,1.

8,¢c,1.
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P4 D2

—)=+41,(=)=-1,andr; =r, = 1.

() =41, (2 i=r ,,
1

m = pip3, N = —p1pap3, ' = —ps with py =3, p, = p3 =1 (mod 4), (p—) = +1,
3
P2 2 2, . P 2 2!
—)=-1,(—) = (—), either (—) = +1 and (—) = =1 or (—) = -1, and
(Ps) (Pz) (Ps) (Pz) (P2) (Pz)
™ + T9 S 2
m = 2°p1papa, n = —=2pipy, n' = —2'7°ps, with py = 3, p» = p3 = 1 (mod 4),
P3 2 2 2 P P3
(_)=(_)= —)=+1,(—)=(=)=(—)=-l,andro=r, =ry; = 1.
" - (Ps) (pl) (m) (pz) 0 =T1 =13 :
m = 2ppp3, n = —p1p2, B’ — 2p3 with p; = p; =3, p3 =1 (mod 4), (I—)‘) = +1,
3
2 2
—=—=—]_,a,ndr =7ri=7r,=1.
(Pl) (Pz) ° ! 2
m = 2°pipap3, n = —2'"°pypy, n' = —2p3 with p; = p; = p3 = 3 (mod 4),
2 P3 p3 2\ 2 2
=+, (B ) =)=, B = (D) £ (), ro=r =1y = 1.
=41 B =B =, B) = () £ (D) ro=ri =1

m = p1p2p3ps’, 0 = —p1p2, ' = —p3ps withpy =3, p, =1, ps £ 3, ps # 1

P1 P4 P3 141 P4
mod 4), = =4+, (—=)=-1,,(—)+(—)<2,ro=1,and ry +r, < 2.
( ) (Ps) (Pz) (P2) (Pz) (Pa) 0 1

. 2 2
m = 2p1py, n = —2py, n' = —p,, with p; = p, =1 (mod 4), (;) = (p—) = +1,
1 2
(&) =-l,andrg=r,=r, = 1.
D2
Here ¢ = 0 or 1 and ¢ = 0 can only occur as an exponent of the prime 2. Also

the number of each condition signifies the line of Theorem 7 or 8 that yielded it. For

example, the quadratic fields given on line 8,c,1 have the R;, t;, s, 6 and \ values

listed on line (c) of Theorem 8.

Proor: Since K/k; is ramified, we may apply Theorem 5 to show that if for some

J, k; has a good class in the principal genus, then K contains sci primes. Thus we

may assume that for each k;, 27"~F is the number of classes per genus. Under this

assumption, h; > 2 is equivalent to each k; containing a good genus, i.e., t; > 24+ R;

for i =1 and 2 and {5 > 3 — XA + Ry. Thus Theorems 7 and 8 and their Corollaries

list all possible cases where K does not contain sci primes.

First, assume that line (e) of Theorem 7 holds. Since to =2 and A =1, m = p;ps
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with py # 3 and ps = 1 (mod 4). Since t; = t; = 3 and s = 2, n = —pyp; with
p1 = p2 =1 (mod 4) or n = —pypop3 with p, # p3 (mod 4). The fields have the

genus structure shown below:

Gy G Go
D1 D2 P3 P2 P3 P4 D1 P4
+ + + + + + + +
+ - - - - + + +

On line (e) we have Ry = R; = 1, so we must have N(¢) = +1. Hence m; = p,,
mq = py and (%) = +1. Thus K contains no sci primes if and only if p, belongs to
line 3 or 4 in G: and p4 belongs to line 4 or 3 in G,.

If n = —pp,, then p3 = 2 and the character at p; is (:xl) Since p; =py =1
(mod 4), neither p; nor p4s can be on line 3. In this case, K must contain sci primes.

Thus we may assume n = —p;p,p3. If (&) = (&) # (&) = (&), then p, is on line
p2 P4 Ps3

P4
3 or 4 in G, and py4 is on the other in G,. Since k; has one class per genus, p;, p2 and
p3 are on distinct nonprincipal lines of G;. Thus (& = —1. This is consistent with
P3

k2 containing one class per genus.

Next assume that line (h) of Theorem 7 holds. Since é = A =1 and t{, = 2,
m = 2p, with p, =1 (mod 4). In addition, ¢; = 3 and ¢, = s = 2 so n = —2°p; p, and
n’ = —2'"¢p; with ¢ =0or 1 and p; =1 (mod 4). This leads to the genus structure

shown below:

(n Ga Go
2 1 P2 2 P1 2 P2
+ + + + + + +
- - + - - + +
- + - + + - -
+ —_— —_ —_ —_ —_— —

If N(¢) = —1, then r; = 1 and ro = r, = 0. Thus ko, k;, and k; have one class
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per genus. It follows that (z) = (—2—) = —1. Hence, 2 is one line 4 of G;. But the

prime divisors of 2 in k; doplllot beféme principal in K, so line 4 is good. Thus we
may assume N(e) = +1. Since m; = 2, the prime divisor of 2 in k; becomes principal
in K and must be in the principal genus of k;. Since (%) = (p%) = +1, the prime
divisors of 2 belong to the principal genus in k. Thus p, determines the bad element
of G;. Thus K contains no sci primes when (I;—:) = —1. Part 7,h,1 of the Theorem
follows.

Assume line (i) of Theorem 7 holds. Since to = ¢, = 3, ¢, = 2, s = 1 and
6 = A = 0, there are exactly four primes dividing the discriminant of K/Q. We may
number these primes so that p;psps | Ao, P1p2p3 | A1 and pspy | Ay with ps # py
(mod 4).

The genus structure is given below:

G, G, G, [
p1 Z1# ps (mod 4) p1 1% ps (mod 4)
D1 P2 P3 P3 P4 P1P2 P4 P1D4 P2
+ -+ + + + + + + +
- - + + + + + - -
- + - - - - - + +
+ — —_ i —_ —_ — —_ —_

If p1 1 # p, (mod 4) and py Z 3 (mod 4), then the character at p; normalizes
the character at p,. Since k; has only one bad nonprincipal genus and ky and &, have
none, f will always be good.

Now assume that the character at py in Gy is normalized. This occurs when
p1 Z1 # py and p, # 3 (mod 4). Here f will be good only if line 4 of G, is good.
Since ro = 0, we may assume that ko has one class per genus. Also R, = 0 implies
(&) = 41 if and only if p4 is a principal factor in ko.

D3
First assume that m = p;p,ps. Here n = —p,pyps, m; = p1, p2 or p;p; and
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mo t Ay, If m; = p,, then (&) = +1, so p; is not on line 4. If p, is not a

P2
principal factor of kg, then (p—l) = —1. Thus p; cannot be on line 4. However, when

P2
my, = p1p; and my = py, m; can be on line 4. This occurs when (&) = (&) = +1

D2 P3
and (22) = (B4y = _1.
P3 P2

Next let m = paps, n = —p2ps, p1 = 2 and the character at p; be (—). Since
T

m 1 A1, k; has one class per genus and p, cannot be on line 1 of G;. Thus (-_—) =41
D2
implies p, belongs on line 4 of G;. Thus K contains no sci primes if and only if p,

is a principal factor of ko. This occurs when (Iﬁ) = +1. As above (&) = +1 and
(&) _ . P4 Ds
D3
Finally let m = p;p,, n = —pypap3, n’ = —p3 = 3 (mod 4) and the character at p,

-1
be (?) If my = p; and m, = p,, then r; = 2, so k; has two classes per genus. Since

(Q-l-) = +1, line 4 is bad only if p, is on it. Hence (p—2) = —1. Also R; = 1 implies
2 P3

(—1) = +1. Since the prime divisors of 2 in ky and k, are not in the principal genus,

D3
(3) = (E) = —1. If m; # p,, then (&) = —1. Also m; 1 A, so line 4 of G is bad

P2 p3 P2
if and only if m and p; belong on line 4. Hence (&) = +1 and (&) = (%) = —1.
41 P2 2
Since R, = 0, k, has two classes per genus exactly when 2 is a principal factor of k.

2 2
Thus (—) = (—). Line 7,i,3 follows.
P2 P3
Assume now that line (a) of Theorem 8 holds. Since to = 4, t; = 3, t2 = 2,
s =06 =1 and X = 0, there exist exactly three odd primes dividing the discriminant
of K/Q. These primes can be numbered so that 2p;pap3 | Ao, 2p1p2 | A1 and 2p3 | A,
Note, at least one p; = 3 (mod 4) and we have four cases depending on which primes

satisfy this congruence.

The following genus structures result:
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G, G, Gy, case 1 Gy, case II Gj, case III o, case IV
2 p p2 2 p3 2p, _p2 p3 pPiP2 P32 2p1 _pip2 _p1P3 2p3 p1 P2
+ + + + + + + + + + + + + + + + +
+ - - + + - - + + + + - + - + - -
- + - + + - - + - + - - - + -+ =
- - + + + + + + -+ - + - - - - +
+ + + - = - + - + - - - + - + + +
+ - - - - + - - + - - + + + + - -
- + - - - + - - - - + + - - - + -
- -+ | = = - + - — - + — - + - = +

Here py =3, p=p3 =1 (mod 4) in case I; p = p, = 3, p3 =1 (mod 4) in case II;
P1 = p2 = ps =3 (mod 4) in case III; and py = p2 =1, p3 =3 (mod 4) in case IV.
First consider Case 1. Since p;p;, = 3 (mod 4), n = —2p;p, and m = 2°p;p,ps.
In order for K to have no sci primes, the character system for m; must be line 8 of
G: and lines 6 and 7 must be bad in Gj. If m; = 2, then (p%) = (p%) = +1. Thus
K contains no sci primes if and only if (p%) = (g%) = —1 and (g—j) = +1. Since the
primes above p; in k; do not become principal in K, (%—12-) = —1 yielding line 8,a,1.
Suppose my = p3 # —n’, then the prime above 2 in k; becomes principal in K. Thus
2 determines a bad class in each k;. Since R; = 0, (p%) = +1. Thus 2 cannot be

on line 6 and 7 of Gj, so K has sci primes. Hence we may assume that the prime

2
divisors of 2 in each k; are not principal in K. From G; we see that (—) = —1. If
Ps

(—2—) = +1, then 2 is on line 8 of G; showing that it is good. On the other hand, if
P2
2

(—) = —1, then 2 is on lines 6 and 7 in Gy, so these lines are good.
P2

Next consider case II. Here m = 2p;p,ps and if K contains no sci primes, then

line 6 must be bad in G; and lines 7 and 8 be bad in Gj,.

If m; =2, then (i) = (3) = +1. Since 2 is not the norm of a principal ideal
9 9 P1P2 Ps3
of ki, (—) = (=) = —1, placing 2 on line 6 of G;. If n = —2p;p,, then the character
51 p
. ., =2 -2 -2 . 2! P2y . X
t2in G —) and (—) = (—) = +1. Since (=) = —(=), either p, or p; is
at 2 in 1ls(w)a (Pl) (pz) (Pz) (Pl) D1 2

on line 1 of G,. Therefore, one class per genus in k; implies n = —p;p,. Thus p;p,



66

: - . 2 . .
determines the nonprincipal bad element of Gj. Since (——) = +1, p1p; is on lines 7
P1p2

and 8 of Gy, yielding line 8,a,2.

Assume now that 2 is not a principal factor of ky. If 2 determines a bad element
in the genus group of each k;, then 2 must be on line 1 of Gy, i.e., (st) = +1. Since
2 can not be on lines 7 and 8 of G, they are good. If the primes above 2 in the
quadratic subfields do not become principal in K, then any line corresponding to 2
is good. From G, we see that (l—’z;) = —1. Thus 2 is either on line 6 of G; or it is on
lines 7 and 8 of G,

Next consider case III. Here n’ = —2ps;, m = 2°p; pop3 and the character at 2 in

o —1 - : o . . .
Gy is either (—) or (—). K contains sci primes if line 7 or 8 is good in both G; and
T T

2 2
Gp. if mqy = 2, then (—) = (—) = (3), so 2 is not on line 7 or 8 of G;. However,

4 P2 ps3
if my = p3, the prime above 2 is each k; becomes principal in K. Since (—) = +1,
D3

2 2
f is bad when (p—) # (;)—) In order to have neither p; nor p, on the same line as 2
1 2
2 2
in Gy, (B1) # (=). Since my = p3 and (=) = +1, it follows that (22) = (B2) = -1,
D2 P2 P3 P D2

yielding line 8,a,3.

For the remaining possible principal factors of ko, we need to consider the cases

where n is odd and even separately. First let n = —p;p;. Here the character at 2 in
.1 . o =2 -2 .
G, is (—) and in Gp it is (—). In order to have m; = p;, (—) = (Bl—) = (p—l) is
z T P2 b3

2 -2
necessary. If p; is on line 7 in Gy, then (%) = —1. Thus (;—) = —(7) = +1, so 2
2 1 1

is on line 1 or 7 of G;. Either way, k; has two classes per genus and K contains sci
primes. If p; is on line 8 in G;, then f is bad if and only if p; (and 2p3) are on line
. =2, P2 P 2 2 .
7 of Gi. Since (—)(—=)=+41and (—)=+1, (—)=+1 and (—) = —1. Thus 2 is
0 (p2 )(pl) (pz) (pz) (pl)
also on line 8 in G;. Again k; contains a good class in each genus.

-1
If m; = 2p, and f is bad, then 2p; must be on line 7 or 8 of G;. Since (?) = -1,
1
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2 2
p1 is on the other. This puts 2 on line 6, so (—) = (—) = —1. Also, k; has one
D1 D2
2
class per genus, so (—) = —1. Thus the prime above 2 in kg is in the principal genus

ps3
contradicting one class per genus.

Now let n = —2p;p; and m = p,p,p3. Here the characters at 2 in Gy and G, are

(——1) and (_—2), respectively. If m; = p;, then (ﬂ) (p1) = (—) = —1,s0p; is
z z P2
(pl) +1, s0 p; is

%2
P2

on line 1 or 7 of G;. Either way, k; has a good class in each genus.

not on line 8 of G;. Suppose p; is on line 7 of G;. Then (

If m; = 2p, and m, = 2p,p3, then 2 is not the norm of an ideal in any k; which

becomes principal in K. Thus we may assume that (3) = —1 and 2 is not on
Ps
line 1 in G; or Gi. If f is bad then 2p, and p; are on line 7 or 8 in GG;. Thus
2 -2
(=)= —(p—) = +1 placing 2 on line 8 in G;. This yields (3) = —1, s0 2 is on line
2 D

8 of Gy also. Hence K contains sci primes.
Finally assume that p; = p, = 1 and p; = 3 (mod 4). Since Ry = R; = 1, there
is always at least one good line of G' that maps to a good line of Gj, so f is good.
Next we assume line (b) of Theorem 8 holds. Since to =4, t; =t =2, and s =
6 = 0, there exist four primes dividing the discriminant of K/Q with p;p,psps | Ao,
p1p2 | A1, and p3ps | Az. Note that neither p; = p; nor p3 = ps (mod 4) is possible.
Thus we may assume p; = 3, p, = 1, p3 Z 3 and ps # 1 (mod 4). The following

chart shows the genus structure:

G Gs Gg
P1 P2 P3 P4 P1P4 D2 P3
+ + + + -+ + +
+ + - - — + -
— - + + - - +
— — —_ - + — —

If K contains no sci primes, then —n and —n’ must be on line 4 of Gj. Since

every bad class of k; must be in the principal genus, p; or p; is a principal factor of
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ko if and only if (— l) +1. Similarly, p; or p4 is a principal factor of kg if and only
P2

f(z:) +1. Ths( ) (2—3)<2

Suppose first that n’ = —p3 and py = 2. Then K contains no sci primes exactly

when p; is on line 4 of Gj. Thus (?) = +1 and (Ip)—s) = —1. If my = 2, then
1 2

. .y 2 . . .
(—) = +1. If 2 is not a principal factor of kg, then (—) = —1. Since 2 is not on line
b2 P3

2
4 of Gy, (p—) = +1. Line 8,b,1 with ¢ = 0 follows.
2

Suppose now that n’ = —p3py. Then n and n' are on line 4 of G if and only if
PiP2\ _ ,P3P4
( 7 )=(=— », ) =

2
above p; or p, is a principal factor of ko. Thus elther (P1) +lo (pz) (&) = +1.
p3 P4 P2

Assume (&) =-1. If (p—l) = —1, then (— P2 ) = +1 and (p2) = +1 implying p, is a
P2 P3 P1P4 P3

= —1 or equivalently ( ) = (p4) (53) If (gl) +1, then from

principal factor of ko, contradicting that (—1) = —1. Thus (p—l) = +1, yielding line
b2 p3
8,b,1 with ¢ = 1.
Finally, assume line (c) of Theorem 8 occurs. Since t; = t; = 2, to = 3 and

s=6=XA=1,m=2pp;, 2p: | A; and 2p; | A; with p; = p, =1 (mod 4). Without

loss of generality, n = —2p; and n’ = —p,. This gives the following genus structure:
G G, Gy
2 D1 2 P2 D1 D2
+ + | + + | + + +
+ + - - - + —
- - + + - - +
—_ —_— —_ — + — _—
Again K contains no sci primes if and only if p; is on line 4 of Gj. If N(€) = -1,
then r;y = r, = 0, so (E) = —1. Hence, p; is not on line 4 of Gj. Similarly, if
p2
2 ) .
N(€e) = +1 and 2 is not a principal factor of ko then (;) = —1, so line 4 of Gj is
2

2 .
good. However, if m; = 2 and m, = p1p2, then (p—) = (p—) = +1. Hence, p; is on
1 2

line 4 of G/ if and only if (gl) = -
2

LemMa 15. If h; > 27 for ¢+ = 0,1,2 and K/k, is unramified, then K contains sci
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primes except possibly when h, /|G| = 2% and Ry, ry, to, t1, t; have the values

listed below:

-

~

lwpd

N
QHMN[\)!\’)E
— e B0 N N[
— O Ao N Co|SH
[ SR ICRICRCRTNGTN iy
[N T R Ay

In line (b) we also require A = 0.

Proor: If hy/|Gy| > 2P or Ay > 271+1 then K has sci primes by Corollary 1 to
Theorem 5. Since K/k; is unramified, § = 0 and s = t3,s0t; =tg+ty. If g >3 — A
and ¢, > 2, then by Theorem 7 and its Corollary, K contains sci primes. Thus we
may assume h;/|G;| = 2"~f1 and by = 2+ Since |G| = 247, t, = R, + 2. If
r1 = 2, then by Theorem 4, to > 2,s0t; > 3. If r; = 1, then ¢; > 2. The values

listed in the chart follow.

LEMMaA 16. Lines (a), (b), (d) and (e) of Lemma 15 are always good assuming that the

known list of imaginary quadratic fields containing one class per genus is complete.

Proor: In each of lines (a), (b), (d) and (e), k; must contain one class per genus. In
lines (d) and (e), t; = 3. In all known cases where ¢; = 3 and k, has one class per
genus, either kg or k; has class number one.

In lines (a) and (b), t; = 4 and 7y = 2, s0 N(¢) = +1. Inline (a), t; = 1 and for all
known cases, hy = 1 except when ko = Q(v/15), ky = Q(v/—345) and k; = Q(+/—23).
In this case m; = 6 and my = 10. Since (_1—%3) = —1, Corollary 1(c) to Theorem

5 shows that K contains sci primes. For line (b) all known cases with ¢, = ¢, = 2,

A =0 and k; containing one class per genus have hy =1 for all choices of kq.

THEOREM 10. If h; > 2™ for i = 0,1,2 and K/k, is unramifed, then K contains sci
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primes except when h,/|G1| = 2"*~F and m, n and n' meet one of the following
conditions:
i) m = p1°pa, n = —pi°paps, ' = —p3 with N(¢) = 41, c =0or 1, (c = 0

only if p; = 2 and p, = 3 (mod 4)), either p; = 2 or p; = p,, p3 = 3 (mod 4)
2 P2 +ps
—)=(=)=+41,and (—) = -1, 0r
(%) = . ( 2y )
ii) m=p, n=—pip, n' = —p; withp; =1, p, =3 (mod 4) and (&) = +1.
p2
Proor: We need only consider the fields where b, /|G| = 2"~F* and the discrimants
of ko, k1 and k, have the number of prime divisors listed in lines (c) and (f) of Lemma

15.

In line (c) k; has the genus structure shown below:

|+ |+
| ++[5

G

1 P2
+

+

Moreover, m = p;°ps, n = —p:°paps and n’ = —p3 where p3 = 3 (mod 4) and
either p, = 2 or p; = p, (mod 4). Since r, = 2, N(¢) = +1 with m; = p, and
mz = p1' °p;. We may assume k; has two classes per genus. Here the first two
lines of G} correspond to the classes containing primes which split completely in K.
Thus K contains no sci primes if and only if (T—Sl) = (%) = +1. If ¢ = 0, then

P1 =2, p2 =3 (mod 4), m; = 2 and m; = 2p,. The above statement is equivalent to
2

(—) = (&) = +1. Since p, = 3 (mod 4), p, is on line 2. Thus each of the genera
p3 p3

corresponding to the top two lines of G; contains two bad classes. If ¢ = 1, then the

above condition becomes (p—l) = (%) = +1. When p; = 2 and p; = 3 (mod 4), the
P3 3
character at p; is (_—2) Since (—_—g) # (3), 2 and p, are not both on line 1. Again,
z P2 P2

each of the top two lines of G; contains two bad classes. Similarly if p; = p; = 3
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(mod 4), then (p_1) # (&) and the result follows. If p, = 1 (mod 4), then we need
(&) D2 D1

P2
genera.

= (%) = —1 to ensure that exactly two bad classes belong to each of these
1

If line (f) of Lemma 15 holds, then m = p;, n = —p;p; and n’ = —p, with
p1 = 1 and p, = 3 (mod 4). Here only the principal genus of k; contains primes
which split in K. Thus K contains no sci primes when k; has two classes per genus

D1
and (—) = +1.
(Pz)

§6 Conclusions and Numerical Results.

In this section it is our objective to determine all imaginary bicyclic biquadratic
fields K such that h; > 2™ for ¢« = 0,1,2 and K contains no sci primes, i.e. to
determine all exceptional fields. It follows from Theorems 9 and 10 that if h; > 8 or
K[k, is ramified and h, > 4, then K is not an exceptional field. A well known result
of Heilbronn [10] shows that there are only finitely many imaginary quadratic fields
with bounded class number. Therefore, there are only finitely many exceptional fields
K.

If K is an exceptional field, then Theorem 9 and 10 show r;—R; < 1forz = 1,2, i.e.
ki and k; have at most two classes per genus. Dickson [7, p. 85] listed 65 imaginary
quadratic fields containing one class per genus. It is a long standing conjecture that
this list is complete. Chowla and Briggs [6] and Grosswald [8], among others, give
results in support of this conjecture. We need to know only those imaginary quadratic
fields with two classes per genus having class number 4 or 8. In [3], Buell showed that
for imaginary quadratic fields with discriminant greater than —4 x 10°, 54 have class
number 4 and 131 have class number 8. Those fields with class number 4 are listed
in [4]. Of the fields with class number 8, 13 have one class per genus while 54 have

two classes per genus.
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The real quadratic subfield has one class per genus in all cases listed in Theorem
9. For m < 24572, the class number is given in [17]. However, for larger values of m
satisfying the hypotheses of Theorem 9, the class number of Q(/m) was computed
using Dirichlet’s class number formula, see [13, p. 440]. The value of loge was
computed using an ordinary continued fraction algorithm. The class numbers of the

real quadratic fields which were computed are listed below.

Class number of Q(y/m)

m ho ™m ho
26751 4 58174 4
33370 20 62665 4
34210 4 70737 28
43505 4 75905 20
43945 4 81838 4
44473 2 117273 12
45399 4 118105 4
45991 4 136565 2
46345 4 159505 4
49569 4 178585 4
51531 28 235705 4
52207 20 274209 4
52745 4 384865 4

Assuming that the lists in [3, 4, 7] are complete, there are no exceptional fields

with K/k; unramified and 88 with K/k; ramified.
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Exceptional fields K = Q(y/n,v/n’) with conductor f

f —n —n' f -n —n’

780 195 13 24072 177 34
2184 91 6 24648 1027 78
2220 555 37 24860 1243 )
2860 715 ) 27676 187 37
3080 35 22 27740 1387 )
3740 187 5 29784 102 73
5304 102 78 29784 102 146
5576 82 17 30140 1507 )
5576 697 82 31240 355 22
5655 435 95 37596 723 13
5772 1443 13 39372 193 51
8772 1443 37 39516 267 37
6045 403 15 39576 102 97
6216 259 6 39576 102 194
6460 323 5 40120 1003 10
6460 323 85 43068 291 37
7480 187 10 43505 1243 35
7548 51 37 43945 235 187
7752 57 34 47724 123 97
8140 2035 ) 49569 403 123
8140 2035 37 49720 1243 10
9672 403 6 52745 1507 35
10120 115 22 53960 355 190
10248 427 6 55480 1387 10
11388 219 13 58056 177 82
12920 323 10 63304 193 82
13640 155 22 63804 1227 13
13884 267 13 78744 386 102
14168 253 14 84040 955 22
14892 73 51 107004 723 37
15132 291 13 118105 1027 115
15405 1027 195 136565 955 715
15405 1027 15 136840 1555 22
16744 91 46 159505 1387 115
17112 93 46 178585 955 187
18312 763 6 181596 1227 37
19788 97 51 183964 1243 37
19880 142 70 222365 1555 715
20060 1003 5 232696 1003 58
20060 1003 85 235705 1003 235
20680 235 22 274209 1027 267
20805 1387 15 327352 1411 58
22792 259 22 384865 955 403
23560 190 155 626665 1555 403
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