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Approximation of Parametric Dynamical Systems

Andrea Carracedo Rodriguez

(ABSTRACT)

Dynamical systems are widely used to model physical phenomena and, in many cases, these

physical phenomena are parameter dependent. In this thesis we investigate three prominent

problems related to the simulation of parametric dynamical systems and develop the analysis

and computational framework to solve each of them.

In many cases we have access to data resulting from simulations of a parametric dynamical

system for which an explicit description may not be available. We introduce the parametric

AAA (p-AAA) algorithm that builds a rational approximation of the underlying parametric

dynamical system from its input/output measurements, in the form of transfer function

evaluations. Our algorithm generalizes the AAA algorithm, a popular method for the rational

approximation of nonparametric systems, to the parametric case. We develop p-AAA for both

scalar and matrix-valued data and study the impact of parameter scaling. Even though we

present p-AAA with parametric dynamical systems in mind, the ideas can be applied to

parametric stationary problems as well, and we include such examples.

The solution of a dynamical system can often be expressed in terms of an eigenvalue problem

(EVP). In many cases, the resulting EVP is nonlinear and depends on a parameter. A

common approach to solving (nonparametric) nonlinear EVPs is to approximate them with

a rational EVP and then to linearize this approximation. An existing algorithm can then be

applied to find the eigenvalues of this linearization. The AAA algorithm has been successfully

applied to this scheme for the nonparametric case. We generalize this approach by using our



p-AAA algorithm to find a rational approximation of parametric nonlinear EVPs. We define

a corresponding linearization that fits the format of the compact rational Krylov (CORK)

algorithm for the approximation of eigenvalues.

The simulation of dynamical systems may be costly, since the need for accuracy may yield a

system of very large dimension. This cost is magnified in the case of parametric dynamical

systems, since one may be interested in simulations for many parameter values. Interpola-

tory model order reduction (MOR) tackles this problem by creating a surrogate model that

interpolates the original, is of much smaller dimension, and captures the dynamics of the

quantities of interest well. We generalize interpolatory projection MOR methods from para-

metric linear to parametric bilinear systems. We provide necessary subspace conditions to

guarantee interpolation of the subsystems and their first and second derivatives, including

the parameter gradients and Hessians.

Throughout the dissertation, the analysis is illustrated via various benchmark numerical

examples.
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Andrea Carracedo Rodriguez

(GENERAL AUDIENCE ABSTRACT)

Simulation of mathematical models plays an important role in the development of science.

There is a wide range of models and approaches that depend on the information available

and the goal of the problem. In this dissertation we focus on three problems whose solution

depends on parameters and for which we have either data resulting from simulations of the

model or a explicit structure that describes the model. First, for the case when only data are

available, we develop an algorithm that builds a data-driven approximation that is then easy

to reevaluate. Second, we embed our algorithm in an already developed framework for the

solution of a specific kind of model structure: nonlinear eigenvalue problems. Third, given

a model with a specific nonlinear structure, we develop a method to build a model with the

same structure, smaller dimension (for faster computation), and that provides an accurate

approximation of the original model.
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Chapter 1

Introduction

Physical phenomena are often described by a partial differential equation (PDE) that relates

a quantity of interest (position, temperature, pressure, etc.), its partial derivatives with

respect to time and space, and input forces. The most common approach to finding the so-

lution of a PDE is to find a spatial discretization (via, e.g., finite elements, finite differences,

or finite volumes), resulting in a system of ordinary differential equations (ODEs) that we

call a dynamical system. Hence simulation of dynamical systems is an essential tool in the

development of science and engineering. However, the need for high accuracy results in sys-

tems with such a large number of degrees of freedom that numerical simulations become too

costly. Model order reduction (MOR) tackles this issue by constructing a substantially lower

dimensional representation of the full-order dynamical system, which is cheap to simulate,

yet provides high-fidelity, i.e., it provides an accurate approximation of the original quan-

tities of interest. In many applications such as optimization, design, control, uncertainty

quantification, and inverse problems, the dynamics of these systems are defined by a set of

parameters that describe initial and boundary conditions, material and medium properties,

etc. Since carrying out model reduction for every parameter value is not computationally

feasible, the goal in the parameterized setting is to construct a parametric reduced model

that can approximate one or more quantities of interest well for the whole parameter range

of interest. This leads to the parametric model reduction (PMOR) framework.

1



2 Chapter 1. Introduction

As an example, consider the following input-output dynamical system

Eẋ(t, p) = A(p)x(t, p) + bu(t), y(t, p) = c⊤x(t, p), (1.1)

where p ∈ P ⊂ R represents the parametric variation in A(p) ∈ Rnst×nst ; b, c ∈ Rnst are

constant; f(t) ∈ R is the input (forcing term); y(t, p) ∈ R is the output (quantity of interest);

and x(t, p) ∈ Rnst is the state (internal degrees of freedom). Assuming invertible E and zero

initial conditions, i.e., x(0) = 0, the output y(t, p) can be expressed using the convolution

integral

y(t, p) =

∫ t

0

c⊤e(t−τ)E−1A(p)E−1bu(τ) dτ. (1.2)

When the system dimension nst is large, evaluating the quantity of interest y(t, p) repeatedly

for different parameter values becomes computationally demanding. The goal of PMOR is

to find a dynamical system of dimension ñst ≪ nst so that re-evaluations of the system are

significantly cheaper, yet accurately capture y(t, p).

For specific details on both parametric and nonparametric model reduction, we refer the

reader to [6, 8, 17, 26, 27, 77] and the references therein. We will include some of these

details in later chapters. Projection-based PMOR methods have been successfully developed

for systems with known internal description as in (1.1), i.e., the full-order operators A(p),b

and c are available; see, e.g., the recent survey papers and books [13, 27, 77, 115] for a

detailed analysis of projection-based approaches to PMOR.

In many cases internal description of a system is not accessible and only input/output mea-

surements are available. In our setting, for parametric dynamical systems such as (1.1),

input/output measurements/data will correspond to the samples of the transfer function of

(1.1), i.e., the samples of

H(s, p) = c⊤(sE−A(p))−1b, (1.3)
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where H(s, p) is the Laplace transform of the convolution kernel h(t) = c⊤etE
−1A(p)E−1b in

(1.2). Then, given the samples

hij = H(si, pj) ∈ C for i = 1, . . . , N and j = 1, . . . ,M, (1.4)

our goal is to build a two-variable rational function with barycentric representation

H̃(s, p) =
k∑

i=1

q∑
j=1

βij

(s− σi)(p− πj)

/ k∑
i=1

q∑
j=1

αij

(s− σi)(p− πj)
,

that approximates the data in (1.4) in an appropriate measure. In Chapter 2 we will introduce

our method to tackle this problem. Since our method approximates a function from data, it

may be applied to any circumstance in which such data are available. Note that if access to

the state-space representation is not available but data from black-box simulations is, then

data-driven PMOR may not be an option but a necessity. In such cases there is no order

reduction, since we are creating a dynamical system from measurements.

Even though our motivation comes from approximating parametric dynamical systems, sim-

ilar approximation problems may arise under different circumstances. For example, consider

modeling a stationary PDE, such as

wxx + pwyy + zw = f(x, y) on Ω = [a, b]× [c, d],

with appropriately defined initial and boundary conditions. A spatial discretization on Ω

yields

A(p, z)w = b.

Then, the samples of H(p, z) = A(p, z)−1b can be used to build an approximation to the

solution w(x, y). We study two such problems in Section 2.3.2.
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Another example of rational approximation that does not necessarily lie in the MOR field is

the parametric nonlinear eigenvalue problem (PNLEVP):

Given the nonlinear function T : C× R→ Cn×n

find λ ∈ C, x,y ∈ Cn \ {0} such that

T(λ, p)x = 0 and y∗T(λ, p) = 0

for some p ∈ R,

which we will discuss in Chapter 3. As an example consider the following problem, which

we will revisit in Section 3.3.3:

T(λ, p) = K− λ2M +
G0 +G∞(ιλp)α

1 + (ιλp)α︸ ︷︷ ︸
g(λ,p)

C,

where K,M,C ∈ R168×168 and G0, G∞, α ∈ R are constant. This PNLEVP is the result

of a finite element discretization of a clamped sandwich beam. The nonlinearity g(λ, p)

describes the shear modulus of the beam in terms of the static shear modulus G0 = 350.4kPa,

the asymptotic shear modulus G∞ = 3.062MPa, the fractional parameter α = 0.675, the

relaxation time p, and the angular frequency λ. Note that we focus on problems that, for

fixed parameter value p = π ∈ R, find the eigentriples (λ,x,y) corresponding to p = π.

Hence (λ,x,y) depend on p. This is not to be confused with multi-parameter eigenvalue

problems (see, for example, [36])

A1x = λB1x + pC1x,

A2y = λB2y + pC2y,

where Ai,Bi,Ci ∈ Cn×n for i = 1, 2 and the pair (λ, p) is an eigenvalue for nonzero x



5

and y. Eigenvalue problems hardly need any introduction due to their extensive research

and history. In particular, the study of nonlinear eigenvalue problems (NLEVP) has seen

many recent developments, e.g., see [70, 73, 98]. A collection of NLEVP commonly used for

testing can be found in [34], and a library of algorithms is available in SLEPC [72]. These

algorithms can be classified in three groups based on their approach: Newton methods,

contour integration, and polynomial/rational approximation. In this thesis, we will make

use of an algorithm in the latter class: the CORK [125] implementation of the rational Krylov

method.

A plethora of work exists on model reduction of parametrized linear dynamical systems such

as (1.1); see, for example, [4, 15, 22, 26, 39, 45, 46, 68, 107] and the references therein.

However, in many applications the systems arising from modeling the underlying dynamics

are nonlinear. In this thesis we will focus on a specific type of nonlinearity, namely bilinear

dynamical systems. The nonlinearity results from adding a multiplication of the state and

input to the linear model in (1.1), leading to the form

Eẋ(t, p) = A(p)x(t, p) + N(p)x(t, p)u(t) + bu(t); y(t, p) = c⊤x(t, p), (1.5)

where N(p) ∈ Cnst×nst and N(p)x(t, p)u(t) is the bilinear term linking the input and state

variables. Such systems may arise naturally from the problem they describe (see for exam-

ple the references in [30] for population and economical dynamics, electrical circuits, plasma

devices, and medical models [2, 99, 100, 106, 114, 118]) or they may be the result of approx-

imating a general nonlinear system via Carleman bilinearization [40, 84]. We want to find a

reduced bilinear system of the form

Ẽ ˙̃x(t, p) = Ã(p)x̃(t, p) + Ñ(p)x̃(t, p)u(t) + b̃u(t); ỹ(t, p) = c̃⊤x̃(t, p),
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where Ẽ, Ã(p), Ñ(p) ∈ Cñst×ñst , b̃ ∈ Cñst with ñst ≪ nst, and such that ỹ(t, p) approximates

y(t, p) in (1.5) well. We are interested in input-independent (transfer-function-based) model

reduction of parametric bilinear systems, where only the state-space matrices enter into the

model reduction process and there is no need to choose a specific input u(t) nor to simulate

the full order model (1.5). As opposed to treating the dynamics as a general nonlinear system,

we take advantage of the special bilinear nonlinearity. More specifically, we are focused on

parametric model reduction that uses the concept of (parametric) rational interpolation. For

details on interpolatory model reduction, see the recent book [13].

Main contributions and organization of the thesis. Our main contributions are

threefold:

• Develop an algorithm for the rational approximation of multivariable functions from

data. Our algorithm applies to both scalar and matrix-valued functions and the only

choice the user needs to make is the stopping tolerance.

• Develop a new method for PNLEVP. We apply our algorithm to define a linearization

of PNLEVP. Eigenvalues of our linearization can then be found using existing methods.

• Add to the field of PMOR via projection by stating and proving necessary conditions

for interpolation of bilinear dynamical systems.

The rest of this dissertation is organized as follows:

• Chapter 2: We first review the AAA algorithm for data-driven rational approximation

of one-variable scalar functions. We present our interpretation of AAA as a hybrid

approach combining two frameworks. Then, we develop the first main contribution

of this thesis, namely the p-AAA algorithm for data-driven modeling of two-variable
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scalar functions. We discuss further generalization to more than two variables and

matrix valued functions, and the impact of variable scaling.

• Chapter 3: This chapter presents the second major contribution of this dissertation.

We combine our p-AAA algorithm with the CORK algorithm (for NLEVP) to solve

PNLEVP. We define a new CORK linearization that includes the parameter dependency

and the p-AAA approximation.

• Chapter 4: We extend interpolatory PMOR to bilinear systems, the third major con-

tribution of this dissertation. We review the definition of the (infinitely many) transfer

functions of a multi-input/multi-output bilinear dynamical system and what it means

to interpolate them tangentially. We provide necessary conditions for tangential in-

terpolation of the subsystems’ transfer function and their derivatives.



Chapter 2

The p-AAA Algorithm

Consider a scalar-valued function H(s, p) of two scalar variables s and p, and assume we

only have access to its samples:

H(si, pj) ∈ C for i = 1, . . . , N and j = 1, . . . ,M.

Our goal is, then, to find a rational function H̃(s, p) that is a good approximation of H(s, p).

We will specify later how we measure goodness. As mentioned in Chapter 1, even though our

motivation is that H(s, p) represents the transfer function of a parametric dynamical system

and we consider the variable s as frequency and p as the parameter, this is not restrictive

and the approach can be considered as rational approximation of a multivariate function

from its samples. In order to make the derivations clear, we first review, in Section 2.1, three

of the existing algorithms for data-driven rational approximation in the single variable case:

the Loewner framework [5, 7], the vector fitting method [69], and the AAA algorithm [105].

We highlight the similarities and differences among these three approaches. In Section 2.2,

we present the proposed method, the parametric AAA (p-AAA) algorithm for data-driven

modeling of parametric dynamical systems, which extends the AAA algorithm [105] to the

multivariate case. In Section 2.3 we show how to apply the proposed methodology to matrix-

valued functions. Throughout Sections 2.2 and 2.3, we use various examples to illustrate the

success of the new methodology.

8
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Much of the material in this chapter has already appeared in the submitted manuscript [41].

2.1 Revisiting the Single Variable Problem

In this section, we briefly revisit three approaches for the single variable case that are perti-

nent to our work. The single variable function to be approximated can be considered as the

transfer function of a non-parametric dynamical system, for example.

Consider a single variable scalar-valued function H(s) and assume access to its samples

hi = H(si), si ∈ C, for i = 1, . . . , N. (2.1)

Assume we do not have repeated samples, i.e., si ̸= sj for i ̸= j. The three methods we

discuss will build a rational function H̃(s) that approximates the given data by means of

interpolation, least squares (LS) minimization, or a combination of both. A key component

in each case is the barycentric representation [33] of a rational function, given by

H̃(s) =
n(s)

d(s)
=

k∑
i=1

βi

s− σi

k∑
i=1

αi

s− σi

, (2.2)

where σi ∈ C are the support (interpolation) points, a subset of the sampling points

{s1, . . . , sN}, and βi, αi ∈ C are the weights to be determined. The algorithms we de-

scribe will differ from each other in how they choose σi’s, αi’s, and βi’s. Note that H̃(s) is

a proper rational function of order k − 1.
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2.1.1 The barycentric rational interpolant via Loewner matrices

Given the data (samples) in (2.1), the Loewner approach [5, 7] builds the rational approx-

imant H̃(s) in (2.2) that interpolates the data (assuming a rational interpolant of degree

k − 1 exists). Partition the sampling points and the corresponding function values:

{s1, . . . , sN} = {σ1, . . . , σk} ∪ {σ̂1, . . . , σ̂N−k} and

{h1, . . . , hN} = {g1, . . . , gk} ∪ {ĝ1, . . . , ĝN−k}.

Interpolation at {σ1, σ2, . . . , σk} is attained by choosing

βi = giαi, (2.3)

provided the αi’s are nonzero. For interpolation at σ̂i, for i = 1, 2, . . . , N − k, we set

H(σ̂i)− H̃(σ̂i) = ĝi −
n(σ̂i)

d(σ̂i)
= ĝi −

k∑
j=1

gjαj

σ̂i − σj

/
k∑

j=1

αj

σ̂i − σj

= 0.

Multiplying out with the denominator, we obtain

ĝi

k∑
j=1

αj

σ̂i − σj

−
k∑

j=1

gjαj

σ̂i − σj

=
k∑

j=1

(ĝi − gj)αj

σ̂i − σj

= e⊤
i La = 0,

where ei ∈ RN−k denotes the ith unit vector, a⊤ = [α1 · · ·αk], and L ∈ C(N−k)×k is the

Loewner matrix given by

L =


ĝ1−g1
σ̂1−σ1

· · · ĝ1−gk
σ̂1−σk

... . . . ...
ĝN−k−g1
σ̂N−k−σ1

· · · ĝN−k−gk
σ̂N−k−σk

 . (2.4)
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Hence to enforce interpolation at {σ̂1, σ̂2, . . . , σ̂N−k}, the unknown coefficient vector

a =


α1

...

αk


is obtained by solving the linear system

La = 0. (2.5)

Here, we skip the details for the conditions on L and its null space to guarantee the existence

and uniqueness of a degree k−1 rational interpolant of the form (2.2) and refer the reader to

[7, 13] for details. A simple case to consider is when N = 2k − 1. In this case, the Loewner

matrix is L ∈ C(k−1)×k, with, at least, a one-dimensional nullspace. Considering the fact that

a proper rational function of degree k−1 has 2k−1 degrees of freedom (after normalization of

the highest coefficient in the denominator), choosing N = 2k− 1 will yield a unique rational

interpolant (under certain conditions [7, 13]). By introducing the notion of the shifted

Loewner matrix, in [96] the Loewner approach has been extended to a state-formulation,

where the rational interpolant can be directly written in a state-space form, as in (1.3),

without forming the barycentric form. However, for the parametric problems, the barycentric

formulation is the key and we refer the reader to [12, 13, 96] and the references therein for

the state-space based Loewner construction for modeling nonparametric dynamical systems.

Remark 2.1. The Loewner framework described above applies to linear approximations

such as (1.3). Similar Loewner and shifted Loewner matrices can be built from measure-

ments of subsystems’ transfer functions to construct a bilinear system that interpolates the

given measurements [11]. The Loewner framework has been further generalized to quadratic-

bilinear systems [60]. We note that the data-driven frameworks we discuss here, both for



12 Chapter 2. The p-AAA Algorithm

linear and nonlinear dynamical systems, only use input-output measurements in the form of

transfer function measurements and do not require access to state measurement. See, for ex-

ample, [19, 29, 38, 49, 86, 109, 128], and the references therein for some data-driven methods

for nonlinear systems that work with the measurements of the internal state variable.

2.1.2 VF for rational LS approximation

Instead of constructing a rational approximation that interpolates the data, one can also

consider fitting the data in a least-squares (LS) sense. Thus, given the samples (2.1), the

goal is now to construct a rational function H̃(s) that minimizes the LS error

N∑
i=1

|H̃(si)− hi|2.

There are various approaches to solving rational LS approximation problems with measured

data; see, e.g., [32, 48, 58, 59, 69, 78, 79, 91, 117] and the references therein. Due to its close

connection to the barycentric form we consider here, we briefly review the vector fitting (VF)

method of [69].

VF starts with a slightly revised version of H̃(s) with the form

H̃(s) =
n(s)

d(s)
=

k∑
i=1

βi

s− σi

1 +
k∑

i=1

αi

s− σi

+ d1 + se1. (2.6)

A fundamental difference from the interpolation framework of Section 2.1 is that {σi} in

(2.6) are not a subset of sampling points; they are chosen independently, and in VF are

updated at every step. The choice of {σi} in (2.6) will be clarified later. The additional
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“1” in the denominator guarantees that the first term in H̃(s) is strictly proper. The term

d1 + se1, if needed, allows polynomial growth around s = ∞, which could be necessary in

approximating transfer functions corresponding to differential algebraic equations [24, 67, 97].

These details are not fundamental to the focus of this chapter; therefore we skip those and

assume d1 = e1 = 0. For details, we refer the reader to [65, 69].

Using (2.6), the LS error can be written as

N∑
i=1

|H̃(si)− hi|2 =
N∑
i=1

1

|d(si)|2
|n(si)− d(si)hi|2.

This is a nonlinear LS problem. Starting with an initial guess d(0)(s), Sanathanan and Ko-

erner [117] convert this nonlinear LS problem into a sequence of weighted linear LS problems,

which we will call the SK iteration:

min
n(j+1),d(j+1)

N∑
i=1

∣∣∣∣n(j+1)(si)− d(j+1)(si)hi

d(j)(si)

∣∣∣∣2 , j = 0, 1, 2, . . . .

Note that the problem is now linear in the unknowns n(j+1)(s) and d(j+1)(s). The SK iteration

uses the monomial basis for n(s) and d(s). VF, instead, uses the barycentric form (2.6), which

proves to be the crucial step, since it allows for updating {σi} in each step. VF updates {σi}

as the zeros of the denominator d(j)(s) from the previous iteration, i.e., d(j)(σ
(j+1)
i ) = 0.

After a proper rescaling, this results in a sequence of unweighted linear LS minimization

problems of the form

min
a(j+1)

∥∥A(j)a(j+1) − h
∥∥
2
,
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where h = [h1 · · · hN ]
⊤, a = [β1 · · · βk α1 · · · αk]

⊤, and A(j) is given by

A(j) =



1

s1−σ
(j)
1

1

s1−σ
(j)
2

· · · 1

s1−σ
(j)
k

−h1

s1−σ
(j)
1

−h1

s1−σ
(j)
2

· · · −h1

s1−σ
(j)
k

1

s2−σ
(j)
1

1

s2−σ
(j)
2

· · · 1

s2−σ
(j)
k

−h2

s2−σ
(j)
1

−h2

s2−σ
(j)
2

· · · −h2

s2−σ
(j)
k

... ... ... ... ... ... ... ...
1

sN−σ
(j)
1

1

sN−σ
(j)
2

· · · 1

sN−σ
(j)
k

−hN

sN−σ
(j)
1

−hN

sN−σ
(j)
2

· · · −hN

sN−σ
(j)
k


∈ CN×2k.

Note that the Loewner matrix L appearing in the interpolation setting of Section 2.1.1 is

now replaced with A(j), which consists of a Cauchy and a diagonally-scaled Cauchy matrix.

Despite dependence on the barycentric form, there is a fundamental difference from the

Loewner framework of Section 2.1.1: The coefficients {αi} and {βi} in the barycentric form

are chosen independently to minimize the LS error. This is in contrast to the Loewner setting

where one sets βi = hiαi to enforce interpolation. Moreover, the points {σi} are updated at

every step.

Convergence of VF is an open question. Even though one can construct examples where the

iteration does not converge [90], its behavior in practice is more robust. When the initial

set {σi} is chosen appropriately, the algorithm usually converges quickly. As VF converges,

due to the updating scheme of {σi}, the denominator d(k)(s) converges to 1 and one obtains

a pole-residue formulation for H̃(s). However, this is not needed. The algorithm can be

terminated early with H̃(s) having the barycentric form, as in (2.6).

2.1.3 The AAA algorithm

Given the samples {H(si)}Ni=1, we have seen two frameworks for constructing a rational

approximant: the barycentric rational interpolation via Loewner matrices (Section 2.1.1)

and the rational LS approximation via VF (Section 2.1.2). Both methods depend on the
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barycentric form and differ in how they choose the variables in this representation. The

Adaptive Anderson-Antoulas (AAA) algorithm developed by Nakatsukasa et al. [105] is an

iterative algorithm that elegantly integrates these two frameworks (interpolation and LS),

combining their strengths, leading to a powerful framework for rational approximation.

As in Section 2.1.1, we partition the sampling points {si} and the samples {hi} into two

disjoint data sets:

sampling points: {s1, . . . , sN}={ σ1, . . . , σk }∪{ σ̂1, . . . , σ̂N−k }
def=== σ ∪ σ̂ and

sampled values:{h1, . . . , hN}={ g1, . . . , gk }∪{ ĝ1, . . . , ĝN−k }
def=== g ∪ ĝ .

(2.7)

This partitioning will be clarified later. Assume the barycentric form for H̃(s) as in (2.2),

which we repeat here:

H̃(s) =
n(s)

d(s)
=

k∑
i=1

βi

s− σi

/
k∑

i=1

αi

s− σi

. (2.2)

Now assume that we want to enforce interpolation at the points in σ. Therefore, in (2.2) we

set βi = giαi for i = 1, 2, . . . , k, as we did in Section 2.1.1. However, as opposed to enforcing

interpolation on σ̂ as well, AAA chooses the coefficients {αi} to minimize the LS error over

the remaining sampling points σ̂.

As in Section 2.1.2, the LS problem over the sampling points σ̂ is nonlinear due to dependence

on the denominator d(s). The VF algorithm used the SK-iteration to convert this nonlinear

LS problem to a sequence of linearized LS problems. AAA uses a different linearization. More
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precisely, for the point σ̂i ∈ σ̂, AAA uses the linearization

H(σ̂i)− H̃(σ̂i) = ĝi −
n(σ̂i)

d(σ̂i)
=

1

d(σ̂i)
(ĝid(σ̂i)− n(σ̂i)) (2.8)

⇝ ĝid(σ̂i)− n(σ̂i) =
k∑

j=1

(ĝi − gj)αj

σ̂i − σj

= e⊤
i La, (2.9)

where L is the Loewner matrix defined as in (2.4) and a = [α1 · · · αk]
⊤. Then, the linearized

LS problem (over σ̂) to compute the coefficient vector a becomes

min
∥a∥2=1

∥La∥2 . (2.10)

Before elaborating on how AAA partitions the data set for interpolation and LS, we point out

the difference between (2.5) and (2.10) in determining a. In the interpolation case, assuming

that there exists an underlying degree k − 1 rational interpolant, the Loewner matrix has

a null space and thus we solve La = 0. On the other hand, in the case of the linearized

LS problem in AAA, such a rational interpolant does not generally exist (consider it as too

many data points and not enough degrees of freedom), and one solves the minimization

problem (2.10) by choosing a as the right singular vector corresponding to the smallest

singular value of L.

AAA iteratively partitions the data using a greedy search at each step. Let H̃(s) denote

the AAA approximant at step k corresponding to the interpolation/LS data partitioning in

(2.7). The next sampling point, σk+1, to be added to the interpolation set σ, is determined

by finding σ̂i for which the current error is maximal, i.e.,

σk+1 = arg max
i=1,...,N−k

∣∣∣H(σ̂i)− H̃(σ̂i)
∣∣∣ .

Then, the algorithm proceeds by updating the interpolation and LS data partition (2.13),
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setting βk+1 = gk+1αk+1, and by solving (2.10) for the updated coefficient vector. AAA is

terminated when either a pre-specified error tolerance or an order is achieved. We refer the

reader to the original source [105] for details. We also note that a similar greedy search for

computing interpolation points was proposed in [50, 54, 55] in projection-based interpolatory

model reduction and in [89] in Loewner-based interpolatory modeling. As AAA proceeds,

a new column is added to L at every step. Therefore, assuming a large number of data

points N , the matrix L in AAA is tall and skinny, and thus generically does not have a

null space. However, if L happens to have a nullspace after a certain iteration index, the

AAA approximant will interpolate the full data set and coincide with the rational interpolant

of Section 2.1.1, assuming a unique solution.

The AAA algorithm has proven very successful and has been employed in many applica-

tions, including nonlinear eigenvalue problems [92], linear dynamical systems with quadratic

output [61], rational minimax approximation [56], and rational approximations over discon-

nected domains [105]. Our goal in the following sections is to extend AAA to approximating

parametric (dynamical) systems from their samples.

2.1.4 AAA modifications

Since VF treats the LS problem differently than AAA, we analyze how incorporating tools from

VF would impact the AAA algorithm. In particular, we study the following two modifications.

Enforcing strict properness. In the original AAA paper [105], the authors discuss var-

ious adaptations of the core AAA algorithm, among which is included the case where the

degree of the numerator and denominator are not equal. Details can be found in [33] and

[56] for the polynomial case and for the general rational case, respectively. Motivated by

our dynamical systems background, we focus here on an option to guarantee that the ap-
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proximation vanishes as s→∞. Consider the representation in (2.6) with the interpolation

condition (2.3), to obtain an approximation of the form

H̃(s) =

k∑
i=1

giαi

s− σi

1 +
k∑

i=1

αi

s− σi

,

and consider the simplification (2.9). Then the LS problem (2.10) becomes

min
∥a∥2=1

∥La− ĝ∥2 ,

where

ĝ =


ĝ1
...

ĝN−k

 ,

corresponding to the partition (2.7) resulting from the greedy search.

Adding 1/d(s) as a weight. It was pointed out in [105, §10] that one can introduce

weighted norms in the LS problem in every step of AAA by scaling the rows of the Loewner

matrix. Inspired by the SK iteration and VF, another type of weighting can be introduced

by modifying the linearization step (2.9) in AAA as

H(σ̂i)− H̃(σ̂i) =
1

d(σ̂i)
(ĝid(σ̂i)− n(σ̂i))⇝

1

d−(σ̂i)
(ĝid(σ̂i)− n(σ̂i)) ,

where d−(s) denotes the denominator of the AAA approximation from the previous step,

thus keeping the error still linear in the variables n(s) and d(s) to be computed. Then the
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coefficient vector a can be found by solving the weighted linear LS problem

min
∥a∥2=1

∥∆La∥2 ,

where ∆ is a (N − k)× (N − k) diagonal matrix with the diagonal elements

∆ii = 1/d−(σ̂i).

Note that this weighting strategy by 1/d(s) focuses on adding weighting during the AAA it-

eration. In two recent works [56, 104] in the setting of rational minimax approximation,

AAA is followed by the Lawson algorithm [88], an iteratively weighed LS iteration, yielding

the AAA-Lawson method. The weighting in AAA-Lawson appears in the Lawson step, not

in AAA.

In our numerical experiments, this revised implementation applied to various examples did

not result in a significant advantage. The only improvement we observed, and only in some

cases, was a reduction by one unit in the order of the rational approximation corresponding

to the same error tolerance. As an illustrative representation, we show in Figure 2.1 the

results of applying the AAA algorithm and these modifications to the Penzl example in

Section 2.2.2.3 with p = 10, N = 100 logarithmically spaced samples, and stopping tolerance

1e-4. Note that the modification that affects the approximation the most is enforcing strict

properness. This results in an approximation of order k = 7 instead of k = 8 for the original

AAA method, and an approximation that does not stagnate for large frequency values. Even

though our weighted AAA method does not seem to have an impact, it does reduce the order

of the approximation in some cases, when paired with our first modification. Due to these

numerical observations, we do not investigate this further here or in the multivariate case

below.
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Figure 2.1: AAA modifications for the Penzl model

2.2 p-AAA: AAA for Parametric Dynamical Systems

In this section, we introduce the parametric AAA (p-AAA) algorithm, which extends AAA to

multivariable problems appearing in the modeling of (the transfer function of) parametric

dynamical systems. We start in Section 2.2.1 with the two-variable case first, illustrate its

performance on various examples in Section 2.2.2, and discuss the effect of variable scaling

in Section 2.2.3. Then, we briefly discuss how p-AAA can be applied to functions with more

than two variables in Section 2.2.4, followed by an application to such an example. In this

section, to simplify the initial discussion, we only focus on scalar-valued functions. The

p-AAA method for matrix valued functions is discussed in Section 2.3.

2.2.1 p-AAA for the two-parameter case

We consider the problem of rational approximation of a multivariate function H(s, p) from

data. We assume only access to samples of H(s, p), i.e., we have

hij = H(si, pj) ∈ C for i = 1, . . . , N and j = 1, . . . ,M. (2.11)
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Analogously to the single-variable case, we express the rational approximant H̃(s, p) in its

two-variable barycentric form

H̃(s, p) =
n(s, p)

d(s, p)
=

k∑
i=1

q∑
j=1

βij

(s− σi)(p− πj)

k∑
i=1

q∑
j=1

αij

(s− σi)(p− πj)

, (2.12)

where {σi} and {πj} are to-be-determined points, subsets of {si} and {pj}, respectively; and

βij and αij are scalar coefficients to be chosen based on the interpolation and LS conditions

to be enforced on the data (2.11). The number of points, k in the variable s, and q in the

variable p, will be automatically determined by the algorithm.

We start by partitioning the data (2.11):

{s1, . . . , sN} = {σ1, . . . , σk} ∪ {σ̂1, . . . , σ̂N−k}
def=== σ ∪ σ̂,

{p1, . . . , pM} = {π1, . . . , πq} ∪ {π̂1, . . . , π̂M−q}
def=== π ∪ π̂, and [H(σi, πj)] [H(σi, π̂j)]

[H(σ̂i, πj)] [H(σ̂i, π̂j)]

 def===

 Dσπ Dσπ̂

Dσ̂π Dσ̂π̂

 ,

(2.13)

where [H(σi, πj)] = Dσπ denotes the k × q matrix whose (i, j)th entry is H(σi, πj), and

similarly for other quantities such as [H(σi, π̂j)] = Dσπ̂. We use Dσπ to denote the sampled

data corresponding to the sampling points (σ,π) (and similarly for other samples) instead of

Hσπ, since H(s, p) will be used in Section 2.3 to denote matrix-valued (transfer) functions.

How data is partitioned as in (2.13) will be clarified later. For a visual representation of

partition (2.13) see Figure 2.2, where the outside labels refer to the variables’ partitions and

the colored rectangles symbolize the corresponding data partition matrices Dσπ, Dσπ̂, Dσ̂π,

and Dσ̂π̂. Also in this figure we color code the two approaches that we will apply to our
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σ

σ̂

π π̂

Figure 2.2: Illustration of the p-AAA data partition matrix for [H(si, pj)] corresponding to
(2.13). In blue, the data to interpolate; In orange, the data to perform LS minimization.

data: we color in blue the part of the data that we will interpolate, and we color in orange

the parts of the data that we approximate via LS. We discuss this in detail in the following

paragraphs.

Interpolation of the sampled data Dσπ

In accordance with the partitioning of the data in (2.13), first we enforce interpolation at

(σ,π), i.e., on the (1,1) block Dσπ, of the sampled data. This is achieved by setting, in

(2.12),

βij = H(σi, πj)αij, (2.14)

assuming αij ̸= 0. This follows from the fact that, as in the single variable case, the

barycentric form H̃(s, p) in (2.12) has a removable singularity at (σi, πj) with

H̃(σi, πj) =
βij

αij

,

and the choice (2.14) leads to interpolation of the data in Dσπ. This determines βij, and

what remains to fully specify H̃(s, p) is the choice of αij.
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LS fit for the uninterpolated data

The rational approximant H̃(s, p) in (2.12), with the choice (2.14), interpolates the data Dσπ.

Next, we show how to choose αij so that H̃(s, p) minimizes the LS error in the remaining

sampled data set in Dσπ̂, Dσ̂π, and Dσ̂π̂, i.e., to minimize

∥ε∥2 =

∥∥∥∥∥∥∥∥∥∥


ε1

ε2

ε3


∥∥∥∥∥∥∥∥∥∥
2

def===

∥∥∥∥∥∥∥∥∥∥


vec(Dσπ̂)

vec(Dσ̂π)

vec(Dσ̂π̂)

−


vec(H̃(σ, π̂))

vec(H̃(σ̂,π))

vec(H̃(σ̂, π̂))


∥∥∥∥∥∥∥∥∥∥
2

. (2.15)

As in the single variable case, the resulting LS problem is nonlinear, and we will linearize it

similarly. To illustrate this more clearly, we rewrite the error for a sample (σ̂, π̂) in the set

(σ̂, π̂) corresponding to a component in ε3 in (2.15) as

H(σ̂, π̂)− H̃(σ̂, π̂) = H(σ̂, π̂)− n(σ̂, π̂)

d(σ̂, π̂)

=
1

d(σ̂, π̂)
(H(σ̂, π̂)d(σ̂, π̂)− n(σ̂, π̂))

⇝ H(σ̂, π̂)d(σ̂, π̂)− n(σ̂, π̂) (linearization)

= H(σ̂, π̂)
k∑

i=1

q∑
j=1

αij

(σ̂ − σi)(π̂ − πj)
−

k∑
i=1

q∑
j=1

H(σi, πj)αij

(σ̂ − σi)(π̂ − πj)

=
k∑

i=1

q∑
j=1

(H(σ̂, π̂)−H(σi, πj))αij

(σ̂ − σi)(π̂ − πj)

= e⊤
σ̂π̂ Lσ̂π̂ a,

where

a⊤ = [α11 · · ·α1q | · · · | αk1 · · ·αkq] ∈ Ckq, (2.16)
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Lσ̂π̂ ∈ C(N−k)(M−q)×(kq) is the 2D Loewner matrix1 defined by

Lσ̂π̂ =


H(σ̂1,π̂1)−H(σ1,π1)
(σ̂1−σ1)(π̂1−π1)

· · · H(σ̂1,π̂1)−H(σ1,πq)

(σ̂1−σ1)(π̂1−πq)
· · ·

...
H(σ̂N−k,π̂M−q)−H(σ1,π1)

(σ̂N−k−σ1)(π̂M−q−π1)
· · · H(σ̂N−k,π̂M−q)−H(σ1,πq)

(σ̂N−k−σ1)(π̂M−q−πq)
· · ·

· · · H(σ̂1,π̂1)−H(σk,π1)
(σ̂1−σk)(π̂1−π1)

· · · H(σ̂1,π̂1)−H(σk,πq)

(σ̂1−σk)(π̂1−πq)

...

· · · H(σ̂N−k,π̂M−q)−H(σk,π1)

(σ̂N−k−σk)(π̂M−q−π1)
· · · H(σ̂N−k,π̂M−q)−H(σk,πq)

(σ̂N−k−σk)(π̂M−q−πq)

 ,

(2.17)

and eσ̂π̂ ∈ R(N−k)(M−q) is the unit vector with 1 in the entry corresponding to the sample

(σ̂, π̂). Therefore, the linearized error ε3 is given by Lσ̂π̂ a.

The procedure follows similarly for the other blocks in (2.15). We rewrite the error corre-

sponding to a sample (σi, π̂ℓ) in ε1 in (2.15) as

H(σi, π̂ℓ)− H̃(σi, π̂ℓ) =

(
q∑

j=1

H(σi, π̂ℓ)−H(σi, πj)

π̂ℓ − πj

αij

)/
q∑

j=1

αij

π̂ℓ − πj

⇝
q∑

j=1

H(σi, π̂ℓ)−H(σi, πj)

π̂ℓ − πj

αij (linearization)

= e⊤
ℓ Lσi

ai,

where a⊤
i = [αi1 · · · αiq] ∈ Cq is the ith row block of a, eℓ ∈ CM−q is the ℓth unit vector,

and Lσi
∈ C(M−q)×q is the regular (1D) Loewner matrix corresponding to the data in the ith

row of [Dσπ Dσπ̂], i.e.,

(Lσi
)ℓ,j =

H(σi, π̂ℓ)−H(σi, πj)

π̂ℓ − πj

for ℓ = 1, 2, . . . ,M − q and j = 1, 2, . . . , q. (2.18)

1Similar to the single-variable case, the Loewner matrices appearing in p-AAA here also appear in the
parametric Loewner framework [10, 80] where one aims to interpolate the full data set. We revisit these
connections in Remark 2.4.
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Similar to [80], define

Lσπ̂ = diag(Lσ1 , . . . ,Lσk
) ∈ C(k(M−q))×(kq). (2.19)

Then, the linearized error corresponding to ε1 in (2.15) is given by Lσπ̂a. Similarly, we can

linearize and rewrite the error for the ε2-block in (2.15) as Lσ̂πa where Lσ̂π is an assembly of

all 1D Loewner matrices Lπj
corresponding to the data in each column of

 Dσπ

Dσ̂π

. Putting

all three together, after linearization, minimizing the LS error (2.15) in p-AAA becomes

min
∥a∥2=1

∥L2a∥2 where L2 =
[
L⊤

σπ̂ L⊤
σ̂π L⊤

σ̂π̂

]⊤ ∈ C(MN−kq)×kq. (2.20)

We summarize this analysis in a corollary.

Corollary 2.2. Consider the data (2.13) and let the corresponding barycentric rational

approximant H̃(s, p) have the form in (2.12).

(a) If (2.14) holds, then

H̃(σi, πj) = H(σi, πj), i = 1, . . . , k, j = 1, . . . , q.

(b) Assume (2.14) holds. Choose the indices αij using

[α11 · · ·α1q | · · · | αk1 · · ·αkq] = a⋆, where a⋆ = arg min
∥a∥2=1

∥L2a∥2, (2.21)

where L2 is as defined in (2.20), with Lσ̂π̂ as given by (2.17), Lσπ̂ by (2.19) and (2.18),
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and Lσ̂π as defined by

Lσ̂π =


Lπ1e1 Lπ1ek

. . . · · · . . .

Lπqe1 Lπqek

∈ C(q(N−k))×(kq),

where

Lπj
(̂ı, i) =

H(σ̂ı̂, πj)−H(σi, πj)

σ̂ı̂ − σi

, ı̂ = 1, . . . , N − k, i = 1, . . . , k,

and ei ∈ Ck is the ith unit vector. Then, the two-variable barycentric approximant

minimizes the linearized LS error

H̃ = arg min
Ĥ=n/d

∑
i,j

|H(si, pj)d(si, pj)− n(si, pj)|2,

with n and d as in (2.12), for the samples (si, pj) corresponding to the error ε in (2.15),

i.e., for the data in {Dσπ̂,Dσ̂π,Dσ̂π̂}.

Choosing the interpolated vs LS-fitted data

The last component of p-AAA is determining how to choose the data to be interpolated and

the data to be fitted in the LS sense. Let H̃(s, p) in (2.12) be the current p-AAA approximant

corresponding to the interpolation/LS partitioning in (2.13). Note that the order of the

current approximation is (k − 1, q − 1) and these orders need not be equal. Then, we select

the next frequency-parameter tuple (σk+1, πq+1) by means of the greedy search

(sı̂, pȷ̂) = arg max
(si,pj)

|H(si, pj)− H̃(si, pj)|. (2.22)
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iteration 1 iteration 2 iteration 3

Figure 2.3: Evolution of the p-AAA partition over iterations. In blue, the samples where
interpolation is guaranteed by (2.14). A blue cross represents the sample selected by the
greedy search in that iteration. The hollow circles correspond to the samples for which LS is
performed.

We do not simply set (σk+1, πq+1) = (sı̂, pȷ̂) since one of the entries might already be in the

previous interpolation data. In other words, sı̂ might already be in the set σ or pȷ̂ might

already be in the set π in (2.13). (This cannot occur for sı̂ and pȷ̂ simultaneously, since we

impose interpolation on the selected tuples. In other words, if the tuple (sı̂, pȷ̂) was already

in the interpolated data, we would have had H(σı̂, πȷ̂) − H̃(σı̂, πȷ̂) = 0, which means the

whole data set is interpolated.) If the point πȷ̂ is already in the set π in (2.13), then the

order in the variable p remains unchanged, as q − 1 and the set π is not altered. On the

other hand, the point sı̂ is added to the set σ in (2.13) and the order in the variable s is

increased to k. The operation is reversed if the point σı̂ is already in the set σ instead. This

allows updating the orders in each variable independently, giving the algorithm flexibility to

make the decision automatically. We show an example of how the partition may evolve over

iterations in Figure 2.3. In the first iteration, the first selection occurs, hence both (s1, p1)

are added to the σ,π parts of the partition, making (k, q) = (1, 1). In the second iteration,

a completely different tuple is selected by the greedy search, hence making (k, q) = (2, 2).

Note that interpolation is not only attained at the tuples selected by the greedy search, but

also at all the combination tuples. In the third iteration, one of the selected tuple values

was already in the second iteration, and therefore only one variables’ partition is updated,
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making (k, q) = (3, 2). Once the data partitioning (2.13) (and the orders) are updated,

p-AAA computes the new coefficients βij as in (2.14), and then solves the LS problem (2.20)

for the updated coefficient vector a. The process is repeated until either a pre-specified

error tolerance or desired orders in (s, p) are achieved. We give a brief sketch of p-AAA in

Algorithm 2.3. We use the notation [xij] to denote a matrix whose (i, j)th entry is xij and

vec(·) to denote the vectorization of a matrix.
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Algorithm 2.3. The p-AAA algorithm.

Given: {si}, {pj}, and {hij} = {H(si, pj)} for

i = 1, . . . , N and j = 1, . . . ,M

Initialize: k = 0 and q = 0

Define H̃ = average(hij) and set error ← ∥vec(hij)−vec(H̃(si,pj))∥∞
∥vec(hij)∥∞

while error > desired tolerance do

Select (sı̂, pȷ̂) by the greedy search (2.22)

Update the data partitioning (2.13):

if sı̂ was not selected at a previous iteration then

k ← k + 1

σk ← sı̂

end if

if pȷ̂ was not selected at a previous iteration then

q ← q + 1

πq ← pȷ̂

end if

Build L2 as in (2.20)

Solve min ∥L2a∥2 s.t. ∥a∥2 = 1

Use a to update the rational approximant H̃(s, p) with (2.12)–(2.14)

error ← ∥vec(hij)−vec(H̃(si,pj))∥∞
∥vec(hij)∥∞

end while

return H̃

Remark 2.4. Parametric Loewner framework. As in the single-variable case discussed in

Section 2.1.1, one can choose to construct an approximation that interpolates the full-data

(2.11), as done in [10, 80]. In this case, based on the ranks of Loewner matrices, the orders k
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and q are chosen large enough so that, unlike in p-AAA, the matrix L2 has a null space, and

thus one chooses the coefficient vector a by solving the linear system L2a = 0. Therefore, the

parametric Loewner framework [10, 80] interpolates the full data, in contrast to p-AAA, which

greedily chooses a subset of data to interpolate and performs LS fit on the rest. When the

orders k and q are not chosen large enough, the parametric Loewner framework no longer

yields an interpolant, and instead an approximate interpolant is obtained. For details we

refer the reader to [10, 12, 13, 80]. Even though this situation is more similar to the case of

p-AAA, the major difference lies in the fact that p-AAA is an iterative algorithm and chooses

the interpolation data with a greedy search while performing an LS fit on the rest. In other

words, p-AAA decides the data-partitioning (2.13) automatically using a greedy search with

an appropriately defined criterion. On the other hand, the parametric Loewner framework is

a one-step algorithm, and how to partition the data is not yet fully understood. Even though

there have been recent efforts in this direction for the single-variable case [53, 82, 83], this is

still an open question, especially in the multivariate case. It will be worthwhile to investigate

how the final data partitioning from p-AAA affects the parametric Loewner construction and

whether it improves the conditioning-issues, appearing, at times, in the (one-step) Loewner

framework.

2.2.2 Numerical examples

Next, we illustrate the performance of p-AAA on three numerical examples.
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2.2.2.1 Synthetic transfer function

We use a simple model from [80], which is a low-order rational function in two variables.

Consider

H(s, p) =
1

1 + 25(s+ p)2
+

0.5

1 + 25(s− 0.5)2
+

0.1

p+ 25
.

We sample this transfer function at H(si, pj) for N = M = 21 frequency and parameter

points linearly spaced, si ∈ [−1, 1] and pj ∈ [0, 1]. This is a rational function with order

(4, 3). p-AAA, with tolerance 10−3, terminates after 7 iterations. Table 2.1 shows the greedy

search selection in each iteration step.

Table 2.1: Example 2.2.2.1: p-AAA samples selected in each iteration

p-AAA partition evolution
iter. greedy selection update size
# (si, pj) σk πq (k, q)

1 (0, 0) 0 0 (1, 1)
2 (−1, 0) −1 (2, 1)
3 (0.1, 0) 0.1 (3, 1)
4 (0, 1) 1 (3, 2)
5 (−1, 0.6) 0.6 (3, 3)
6 (−0.6, 0.1) −0.6 0.1 (4, 4)
7 (0.6, 0.55) 0.6 0.55 (5, 5)

Note that the p-AAA approximation H̃ has order (k− 1, q− 1) = (4, 4), as opposed to (4, 3)

of the original model. This is due to the greedy search selecting frequencies and parameters

to interpolate as tuples, hence allowing for repetition. In Table 2.1 we see exactly how

this happened for this example. During iterations 2 and 3, no parameters are added for

interpolation, while during iterations 4 and 5, no frequencies are added for interpolation.

Upon convergence, for this simple example where the underlying function is a low-order

rational function itself, p-AAA exactly recovers it. In other words, after step 7, all the

data is interpolated. This shows another flexibility of p-AAA: If the underlying order is



32 Chapter 2. The p-AAA Algorithm

low enough, the LS component is automatically converted to full interpolation, thus, in this

special example, giving the same approximant as the parametric Loewner approach [80].

We present in Figure 2.4 the evolution of the p-AAA approximant at various iterations: first,

third, and last (seventh). As Figure 2.4 shows, upon convergence, the proposed algorithm

captures the full model exactly.
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Figure 2.4: Example 2.2.2.1: p-AAA approximation at various iterations

2.2.2.2 A beam model with a string attached

In this example, we consider the finite element model of a one-dimensional Euler-Bernoulli

beam with a string attached near its left boundary and an input force applied at its right

boundary, as shown in Figure 2.5. As the output y(t), we measure the displacement at the

right boundary where the forcing is applied. We take the stiffness coefficient of the spring

as the parameter and obtain the parametric dynamical system

Mẍ(t, p) + Gẋ(t, p) + K(p)x(t, p) = bu(t), y(t, p) = c⊤x(t, p),

with the corresponding transfer function

H(s, p) = c⊤(s2M + sG + K(p))−1b,
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• ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ 

u(t)

Figure 2.5: Example 2.2.2.2

where M and G are, respectively, the mass and damping matrices; K(p) is the parametric

stiffness matrix; and b and c are, respectively, the input-to-state and the state-to-output

mappings. We measure the transfer function at H(si, pj) for N = 3000 frequency points

{si} in the interval [0, 2π × 103]ı, where ı2 = −1 and for M = 3 parameter values p1 = 0.2,

p2 = 0.4, and p3 = 1. p-AAA yields an approximant with orders (k, q) = (12, 2). Out of three

parameter samples, p-AAA chooses p1 = 0.2 and p2 = 0.4 for interpolation. Using the same

parameter and frequency samples, we also construct the parametric Loewner approximant

[80]. Figure 2.6 shows the amplitude frequency responses of the original transfer function

H(s, p), and the p-AAA and parametric Loewner approximants for various parameter values,

including values that did not enter into the p-AAA or parametric Loewner construction

(second row in Figure 2.6). Both p-AAA and parametric Loewner yield highly accurate

approximations, capturing the peaks in the frequency response accurately. We note that

p = 0 and p = 15 are outside the parameter range that was sampled. To check the accuracy of

the p-AAA and parametric Loewner approximants further, we perform an exhaustive search

over the parameter domain by computing, for every p̂ ∈ [0, 1], the worst-case frequency

domain error, i.e., max
ω∈[0,2π×103]

∣∣∣H(ιω, p̂)− H̃(ιω, p̂)
∣∣∣. The results in Figure 2.7 show that

p-AAA is accurate throughout the full parameter domain and, for this example, outperforms

the parametric Loewner approach.
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Figure 2.6: Example 2.2.2.2. p-AAA approximation for various parameter values and Loewner
approximation with the same order as p-AAA.
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Figure 2.7: Example 2.2.2.2. Absolute infinite error in the s-interval sampled.
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(b) First 20 values in Figure 2.8a.

Figure 2.8: Example 2.2.2.2: Singular value decay for the parametric Loewner method.

As a reference for the reader, we include in Figure 2.8 the first step of the Loewner method:

using the decay of the singular values of the 1D Loewner matrices to pick the size of the

Loewner partition. Figure 2.8a shows the singular value decay of the 1D Loewner matrices

corresponding to the data when fixing each of the three parameter values sampled. Fig-

ure 2.8b shows the first 20 singular values in Figure 2.8a and highlights the order k − 1 in s

that our p-AAA algorithm selected automatically (without looking at these singular values).

Note that we do not show the corresponding Loewner analysis to determine the order q in

p. This is because there is not really a choice to be made in this particular example:

• The minimum order to have a rational approximation that depends on p is q − 1 = 1.

This is, q ≥ 2.

• Since we only have M = 3 parameter samples and q must be less than M in order to

have a partition, then q < 3.

Putting the two together only leaves one option: q = 2. Note that this is indeed the order

that the p-AAA algorithm picked automatically.
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2.2.2.3 Penzl model

Consider the linear dynamical system

ẋ(t, p) = A(p)x(t, p) + bf(t), y(t, p) = c⊤x(t, p),

where b = c = [

6︷ ︸︸ ︷
10 · · · 10

1000︷ ︸︸ ︷
1 · · · 1 ]⊤ and

A(p) = diag (A1(p),A2,A3,A4)

with

A1(p) =

 −1 p

−p −1

 , A2 =

 −1 200

−200 −1

 , A3 =

 −1 400

−400 −1

 ,

and

A4 = −diag(1, 2, . . . , 1000).

The transfer function corresponding to this model is

H(s, p) = c⊤ (sI−A(p))−1 b,

where the variable p affects the location of the transfer function’s left peak in the frequency

domain. The model, taken from [80], is a modification of the nonparametric Penzl model

[112].

We sample this transfer function at H(si, pj) for N = 100 frequency points {si} logarithmi-

cally spaced in [0.1, 1000]ı and M = 30 parameter points {pj} linearly spaced in [10, 100],

and run p-AAA with a stopping tolerance of 10−3. After 9 iterations, we obtain the p-AAA ap-

proximation with (k, q) = (9, 9); thus out of 3000 sampling pairs (si, pj), p-AAA chooses to
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enforce interpolation in 81 pairs and an LS fit in the rest. We show in Figure 2.9 the ap-

proximation quality for four representative parameter values: p = 5 , p = 10, p = 11.5, and

p = 110. Note that two of these parameter points are outside the sampled interval and, as in

the previous example, p-AAA provides a high-fidelity approximation even at those parameter

values.
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Figure 2.9: Example 2.2.2.3: p-AAA approximation for various parameter values

2.2.3 Variable scaling in p-AAA

In this section we discuss how variable scaling may affect our method. Depending on the

application, dynamical systems representing the same phenomenon may be expressed in

different ways by, for example, choosing different units of measurement. Ideally, this choice
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should not affect the accuracy of the models used to approximate that system. In that

case, the sampling of such systems could be made unit-independent, and a global sampling

strategy could be applied to all cases. We will show that this is not the case for the p-

AAA algorithm, and one should take advantage of the intuitive knowledge of the variable

spaces to choose good samples.

Consider a scaling in the frequencies and parameters

snew = f(s) and pnew = g(p).

The corresponding system Hnew(snew, pnew) models the same phenomenon, hence function

values do not depend on scaling, i.e.,

Hnew(snew, pnew) = H(s, p) for (snew, pnew) = (f(s), g(p)). (2.23)

Therefore the choice βij = H(σi, πj)αij for the interpolation condition on our p-AAA algo-

rithm is not affected by scaling. However, scaling may affect the Loewner matrix L2 that

defines the LS problem in p-AAA. The nonzero entries of L2 have one of the following forms:

H(σ, π̂)−H(σ, π)

π̂ − π
,

H(σ̂, π)−H(σ, π)

σ̂ − σ
, and H(σ̂, π̂)−H(σ, π)

(σ̂ − σ)(π̂ − π)
.

Note that the numerators remain constant under scaling due to (2.23). If scaling preserves

distances, then

σ̂new − σnew = f(σ̂)− f(σ) = σ̂ − σ,

π̂new − πnew = g(π̂)− g(π) = π̂ − π,

and so L2 is unaltered. In general, if scaling does not preserve distances, each L2 entry can
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be rewritten as

Hnew(σnew, π̂new)−Hnew(σnew, πnew)

π̂new − πnew
=

H(σ, π̂)−H(σ, π)

π̂ − π
· π̂ − π

g(π̂)− g(π)
,

Hnew(σ̂new, πnew)−Hnew(σnew, πnew)

σ̂new − σnew
=

H(σ̂, π)−H(σ, π)

σ̂ − σ
· σ̂ − σ

f(σ̂)− f(σ)
, and

Hnew(σ̂new, π̂new)−Hnew(σnew, πnew)

(σ̂new − σnew)(π̂new − πnew)
=

H(σ̂, π̂)−H(σ, π)

(σ̂ − σ)(π̂ − π)
· (σ̂ − σ)(π̂ − π)

(f(σ̂)− f(σ))(g(π̂)− g(π))
.

With compact notation, this means

Lnew
2 =


Lnew

σπ̂

Lnew
σ̂π

Lnew
σ̂π̂

 =


(Ik ⊗G)⊙ Lσπ̂

[Iq ⊗ Fe1 | · · · | Iq ⊗ Fek]⊙ Lσ̂π(
F ⊗ 1(M−q)×q

)
⊙
(
1(N−k)×k ⊗G

)
⊙ Lσ̂π̂

 ,

where ⊗ denotes the Kronecker product, ⊙ denotes the Hadamard product, 1m×n denotes

the matrix of dimension m × n with all entries equal to one, and the matrices F and G

contain all the weights corresponding to the variables scaling, f(s) and g(p):

F =


σ̂1−σ1

f(σ̂1)−f(σ1)
· · · σ̂1−σk

f(σ̂1)−f(σk)

... . . . ...
σ̂N−k−σ1

f(σ̂N−k)−f(σ1)
· · · σ̂N−k−σk

f(σ̂N−k)−f(σk)

 ∈ C(N−k)×k and

G =


π̂1−π1

g(π̂1)−g(π1)
· · · π̂1−πq

g(π̂1)−g(πq)

... . . . ...
π̂M−q−π1

g(π̂M−q)−g(π1)
· · · π̂M−q−πq

g(π̂M−q)−g(πq)

 ∈ C(M−q)×q.

Note that these matrices are 1D Loewner matrices for the inverse scaling, i.e., for f−1(s) and

g−1(p). To summarize, we present the following lemma.
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Lemma 2.5. Consider the partitioned data (2.13)

{s1, . . . , sN} = {σ1, . . . , σk} ∪ {σ̂1, . . . , σ̂N−k}
def=== σ ∪ σ̂,

{p1, . . . , pM} = {π1, . . . , πq} ∪ {π̂1, . . . , π̂M−q}
def=== π ∪ π̂, and [H(σi, πj)] [H(σi, π̂j)]

[H(σ̂i, πj)] [H(σ̂i, π̂j)]

 def===

 Dσπ Dσπ̂

Dσ̂π Dσ̂π̂

 ,

and the Loewner matrix L2 that defines the LS problem (2.20). Let f(s) and g(p) be two

invertible scalings of the frequency and parameter variables, respectively. Let σnew
i = f(σi),

σ̂new
ı̂ = f(σ̂ı̂), πnew

j = g(πj), and π̂new
ȷ̂ = g(π̂ȷ̂) for any i, ı̂, j, and ȷ̂. Then, for the scaled

data

{σnew
1 , . . . , σnew

k } ∪ {σ̂new
1 , . . . , σ̂new

N−k}, and

{πnew
1 , . . . , πnew

q } ∪ {π̂new
1 , . . . , π̂new

M−q},

the Loewner matrix Lnew
2 for the corresponding LS problem can be written as

Lnew
2 =


Ik ⊗G

[Iq ⊗ Fe1 | · · · | Iq ⊗ Fek](
F ⊗ 1(M−q)×q

)
⊙
(
1(N−k)×k ⊗G

)
⊙ L2. (2.24)

In general, the singular vectors of Lnew
2 are not the same as those of L2, hence the p-AAA ap-

proximation for the scaled problem may differ from the p-AAA approximation for the original

problem. We illustrate this for a simple example with linear scaling.
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2.2.3.1 Linear scaling

Consider the case where variables are linearly scaled. Then

snew = f(s) = as+ b =⇒ σ̂new − σnew = f(σ̂)− f(σ) = aσ̂ + b− (aσ + b) = a(σ̂ − σ),

pnew = g(p) = cp+ d =⇒ π̂new − πnew = g(π̂)− g(π) = cπ̂ + d− (cπ + d) = c(π̂ − π),

and thus the entries in the matrices F and G are constant:

σ̂ − σ

f(σ̂)− f(σ)
=

σ̂ − σ

a(σ̂ − σ)
=

1

a
and

π̂ − π

g(π̂)− g(π)
=

π̂ − π

c(π̂ − π)
=

1

c
.

Therefore the LS problem for the scaled model can be written as

min
∥anew∥2=1

∥Lnew
2 anew∥2 ,

where

Lnew
2 =



1

c
Lσπ̂

1

a
Lσ̂π

1

ac
Lσ̂π̂


=



1

c
1k(M−q)×(kq)

1

a
1q(N−k)×(kq)

1

ac
1(N−k)(M−q)×(kq)


⊙ L2.

In order to illustrate our analysis, we implement three p-AAA approximations of the Penzl

model from Section 2.2.2.3 with N = 50 frequency samples in si ∈ [0.1, 1000]ι and M = 10

parameter samples in pj ∈ [10, 100], both linearly spaced. We scale each variable so that
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both sets of samples lie in the interval [0, 1]:

snewi = f(si) =
1

999.9
(si − 0.1) and pnewj = g(pj) =

1

90
(pj − 10).

The three approximations are built as follows:

(a) (thick dashed orange line in Figure 2.10) p-AAA with samples (si, pj), which yields an

approximation H̃(s, p).

(b) (dashed yellow line in Figure 2.10) p-AAA with samples (snewi , pnewj ), which yields an

approximation H̃new(snew, pnew).

(c) (dotted purple line in Figure 2.10) p-AAA with samples (si, pj) and Lnew
2 , which yields

an approximation H̃newL(s, p).

Note that the function values are the same for all three cases (a)-(c): hij = H(si, pj). Also

note that even though (b) and (c) may seem like different cases, they are not. They yield

the same approximation, i.e.,

H̃new(snew, pnew) = H̃newL(s, p), for (snew, pnew) = (f(s), g(p)).

The difference is that in (b) we incorporate the scaling in the sample values directly hence we

are able to run our p-AAA algorithm unaltered, while (c) works with the original samples and

needs the algorithm to incorporate the scaling into the Loewner matrices. We see that the

approximations are indeed the same in Figure 2.10a. We also see that the scaling does affect

the approximation: the scaled approximation misses the first peak of the transfer function

and selects different orders: while for the non-scaled data (k, q) = (8, 7), for the scaled data

we obtain (k, q) = (7, 9). We also observe that considering more samples N = 100 and



2.2. p-AAA: AAA for Parametric Dynamical Systems 43

10
-1

10
0

10
1

10
2

10
3

frequency

10
1

10
2

fu
n

c
ti
o

n

p = 5

F(s)

R(s)

Rs(ss)

Rs(s)

(a) N = 50 and M = 10.

10
-1

10
0

10
1

10
2

10
3

frequency

10
1

10
2

fu
n

c
ti
o

n

p = 5

F(s)

R(s)

Rs(ss)

Rs(s)

(b) N = 100 and M = 30.

Figure 2.10: Comparing p-AAA approximations for the (scaled) Penzl model.

M = 30 results in a match for the scaled data as well, as shown in Figure 2.10b, where the

orders are (k, q) = (9, 6) and (k, q) = (9, 25) for the non-scaled data and for the scaled data,

respectively.

2.2.3.2 1D case

Our analysis follows analogously for AAA. We include our summary for the one-variable

algorithm since notation is simpler and we are able to draw further conclusions in the Loewner

case. The choice for interpolation remains invariant

βi = Hnew(σnew
i ) = Hnew(f(σi))αi = H(σi)αi,

while the LS problem is scaled as follows:

Lnew
ij =

Hnew(σ̂new
i )−Hnew(σnew

j )

σ̂new
i − σnew

j

=
H(σ̂i)−H(σj)

σ̂i − σj

σ̂i − σj

f(σ̂i)− f(σj)
,

=⇒ Lnew = F ⊙ L.
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In particular, for linear scaling, we have Lnew =
1

a
L. Therefore in the Loewner framework,

where the data partition is chosen so that L has a non-trivial null space, a linear scaling

does not affect the approximation:

Lnewanew = 0 =⇒ 1

a
Lanew = 0 =⇒ Lanew = 0 =⇒ anew = a,

assuming a unique solution.

2.2.4 p-AAA for more than two parameters

The p-AAA algorithm extends analogously to the cases with more than two variables. To

keep the discussion concise, we briefly highlight the three-variable case.

In this case, the underlying (transfer) function to approximate, H(s, p, z), is a function of

three variables, s, p, and z, where z is another parameter in the model, and we assume access

to the sampling data

hijℓ = H(si, pj, zℓ) ∈ C for i = 1, . . . , N, j = 1, . . . ,M, and ℓ = 1, . . . , O. (2.25)

The approximant H̃(s, p, z) is represented in the barycentric form given by

H̃(s, p, z) =
k∑

i=1

q∑
j=1

o∑
ℓ=1

βijℓ

(s− σi)(p− πj)(z − ζℓ)

/ k∑
i=1

q∑
j=1

o∑
ℓ=1

αijℓ

(s− σi)(p− πj)(z − ζℓ)
,

(2.26)

where {σi}, {πj}, and {ζℓ} are to-be-determined sampling points, subsets of {si}, {pj}, and

{zℓ}, respectively. As in the two-variable case, βijℓ will be chosen to enforce interpolation in

a subset of the data and αijℓ to minimize a linearized LS error in the remaining data.

In accordance with the data (2.25) and the approximant H̃(s, p, z), partition the sampling
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points:

[s1, . . . , sN ] = [σ1, . . . , σk] ∪ [σ̂1, . . . , σ̂N−k] = [σ | σ̂],

[p1, . . . , pM ] = [π1, . . . , πq] ∪ [π̂1, . . . , π̂M−q] = [π | π̂], and

[z1, . . . , zO] = [ζ1, . . . , ζo] ∪ [ζ̂1, . . . , ζ̂O−o] = [ζ | ζ̂].

(2.27)

Then, p-AAA imposes interpolation on the samples {σ,π, ζ} by setting

βijℓ = H(σi, πj, ζℓ)αijℓ, for i = 1, . . . , k, j = 1, . . . , q, and, ℓ = 1, . . . , o. (2.28)

Based on the partitioning (2.27), consider the data as a three-dimensional tensor. Figure 2.11

shows a visualization of this tensor paired with the separation of the data into the part that

will be interpolated and the part that LS will be applied to. We enforce interpolation in

σ

σ̂

π π̂

ζ
ζ̂

Figure 2.11: Illustration of the p-AAA data partition tensor for H(si, pj, zk) corresponding
to (2.27). In blue, data to interpolate. In orange, data to perform LS minimization.

the (1, 1, 1) block of this tensor (blue block in Figure 2.11) with the choice in (2.28). Then,

p-AAA minimizes the linearized LS error in the rest of the data (orange blocks in Figure 2.11)

by choosing the remaining coefficients

a = [α111 · · ·α11o|α121 · · ·α12o| · · · |αkq1 · · ·αkqo]
⊤.
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These coefficients should solve the linear LS problem

min
∥a∥2=1

∥L3a∥2,

where L3 is the 3D Loewner matrix, which plays the same role the 2D Loewner matrix L2

played in Section 2.2.1. The partitioning of the data in (2.27) is automatically established

via the greedy search in every step.

Regarding variable scaling, we will only mention that Lnew
3 would have an analogous expres-

sion to Lnew
2 in (2.24), with the scaling of each variable affecting the corresponding blocks

in L3.

Generalization to functions of more than three variables follows analogously. We skip those

details due to cumbersome notation. However the potential computational difficulties with

the increasing number of variables is worth elaborating. Assume that at the current step of

p-AAA, we have the approximant H̃(s, p, z) as in (2.26). Given the sampling data in (2.25),

this will result in L3 having NMO − kqo rows and kqo columns. Therefore computing the

coefficient vector a becomes more expensive as the number of variables (and the orders in

each variable) increase. For functions with many variables, if the coefficient matrix becomes

prohibitively large to compute a via direct methods, one might revert to well-established

iterative approaches. For the numerical examples we considered in this chapter, these com-

putational complications did not arise and direct methods were suitable.
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2.2.4.1 A three-variable example

We reconsider the parametric system in Section 2.2.2.3 and include one more parameter in

defining A2 and A3:

A2(z) =

 −1 z

−z −1

 and A3(z) =

 −1 2z

−2z −1

 .

This leads to the three-variable (transfer) function H(s, p, z) = c⊤(sI − A(p, z))−1b to

approximate. With the addition of the new variable, now all three peaks in the frequency

response move as p and z vary, making it a harder system to approximate. We sample the

transfer function at N = 100 logarithmically spaced frequencies {si} in [1, 2000]ı, and M =

O = 10 linearly spaced parameter samples {pj} in [10, 100] and {zℓ} in [150, 250]. Applying

the three-variable p-AAA with relative error tolerance 10−3 yields a rational approximation

with orders (k, q, o) = (12, 2, 4). We plot H(s, p, z) and H̃(s, p, z) for two representative p and

z samples in Figure 2.12. Note that all the peaks in the frequency response plot have moved

and H̃(s, p, z) accurately captures this behavior. To further show the approximation quality

of p-AAA, we perform a search for the worst-case relative error over the full frequency interval

and parameter domain of interest and obtain the worst case error of 3.8× 10−3, illustrating

the success of p-AAA for this three-variable example.

2.3 p-AAA for Matrix-valued Functions

So far, we have considered approximating scalar-valued functions H(s, p). In this section,

we discuss p-AAA for approximating matrix-valued functions. This is a common situation,

especially arising in the case of dynamical systems where the underlying system has multiple
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Figure 2.12: p-AAA for 2 parameters (and 1 frequency)

inputs and multiple outputs (MIMO), leading to matrix-valued transfer functions. Motivated

by our interest in approximating dynamical systems, we will call the resulting method MIMO

p-AAA. To keep the notation concise, we will present the discussion for the two-variable

case. But as in Section 2.2.4, the results similarly extend to higher-dimensional parametric

problems.

Let H(s, p) denote the underlying MIMO (transfer) function with nin inputs and nout outputs.

Therefore, for the sampling points {si}Ni=1 and {pj}Mj=1, we have access to matrix-valued

sampling data:

Hij = H(si, pj) ∈ Cnin×nout for i = 1, . . . , N and j = 1, . . . ,M. (2.29)

From the data (2.29), the goal is to construct a high-fidelity, matrix-valued approximant

H̃(s, p) to H(s, p). The method we describe below consists of three main steps: transform

the data from matrix to scalar values; apply p-AAA; and transform the p-AAA approxima-

tion from scalar- to matrix-valued. However recent work in the nonparametric case has

been done to tackle this MIMO problem by using matrix-valued weights in the barycentric
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representation; see block-AAA [62] for details. This could potentially lead to a different

implementation of MIMO p-AAA.

2.3.1 Transformation to scalar-valued data

For the single-variable (nonparametric) case, one solution to handle the matrix-valued data

in AAA is to vectorize every sample and replace the scalar data forming the Loewner matrix

L with the vectorized data. This is closely related to the approach proposed in Lietaert

et al. [92] for using AAA in nonlinear eigenvalue problems. It is also analogous to how

VF handles MIMO problems. One potential disadvantage of this approach is that, in the

case of many inputs and outputs, the resulting Loewner matrix will have large dimensions,

leading to a computationally expensive LS step. Exploiting the fact that only certain rows

and columns of the underlying Loewner matrix change in every step, [92] partially alleviates

this computational complexity. However, for the parametric problems we consider here,

dimension growth due to vectorization is more prominent and we will adopt another approach

introduced by [52] for the nonparametric case, which transforms the MIMO data to a scalar

one and applies AAA to this scalar-valued data. We will extend this approach to parametric

problems and establish what it means, for MIMO p-AAA, in terms of interpolation and

LS minimization.
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As in the scalar case, assume the partitioning of the data in (2.29) as follows:

{s1, . . . , sN} = {σ1, . . . , σk} ∪ {σ̂1, . . . , σ̂N−k}
def=== σ ∪ σ̂,

{p1, . . . , pM} = {π1, . . . , πq} ∪ {π̂1, . . . , π̂M−q}
def=== π ∪ π̂, and [H(σi, πj)] [H(σi, π̂j)]

[H(σ̂i, πj)] [H(σ̂i, π̂j)]

 def===

 Dσπ Dσπ̂

Dσ̂π Dσ̂π̂

 .

(2.30)

This partitioning will be determined by applying p-AAA to a scalar data set described below.

In accordance with this partitioning, we want to construct H̃(s, p) with the matrix-valued

barycentric form

H̃(s, p) =
N(s, p)

d(s, p)
=

k∑
i=1

q∑
j=1

Bij

(s− σi)(p− πj)

/ k∑
i=1

q∑
j=1

α̃ij

(s− σi)(p− πj)
, (2.31)

where Bij ∈ Cnin×nout and α̃ij ∈ C are to be determined.

Motivated by [52] for the nonparametric case, we convert the matrix-valued data (2.29) to

scalar data by picking two random unit vectors w ∈ Cnout and v ∈ Cnin , and computing

hij = w⊤H(si, pj)v for i = 1, . . . , N and j = 1, . . . ,M. (2.32)

We apply p-AAA to the scalar data (2.32) to obtain the scalar-valued rational approximation,

as in (2.12):

H̃(s, p) =
n(s, p)

d(s, p)
=

k∑
i=1

q∑
j=1

(
w⊤H(σi, πj)v

)
αij

(s− σi)(p− πj)

/ k∑
i=1

q∑
j=1

αij

(s− σi)(p− πj)
. (2.33)

Note that βij = w⊤H(σi, πj)vαij. Then, the final matrix-valued approximant H̃(s, p) is
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obtained by setting α̃ij = αij and Bij = αijH(σi, πj) in (2.31), resulting in

H̃(s, p) =
N(s, p)

d(s, p)
=

k∑
i=1

q∑
j=1

Hijαij

(s− σi)(p− πj)

/ k∑
i=1

q∑
j=1

αij

(s− σi)(p− πj)
. (2.34)

As in the scalar p-AAA case, by construction, our choice of Bij guarantees interpolation

of the data for the samples {σ,π} in (2.30). However, the (linearized) LS minimization is

different. We summarize these results next.

Proposition 2.6. Given the sampling data (2.29), let H̃(s, p) in (2.34) be the resulting

approximant obtained via MIMO p-AAA with αij ̸= 0 and with the corresponding data par-

titioning (2.30). Then, H̃(s, p) interpolates the data in Dσπ corresponding to the samples

{σ,π}, i.e.,

H̃(σi, πj) = H(σi, πj) for i = 1, . . . , k and j = 1, . . . , q. (2.35)

Furthermore, H̃(s, p) minimizes an input/output weighted linearized LS measure, namely

H̃ = arg min
Ĥ=N/d

∑
i,j

∣∣w⊤(H(si, pj)d(si, pj)−N(si, pj)
)
v
∣∣2 (2.36)

for the data in {Dσπ̂,Dσ̂π,Dσ̂π̂}, not selected by the greedy search, i.e., corresponding to

the sampling pairs (si, pj) ∈ {σ̂ × π} ∪ {σ × π̂} ∪ {σ̂ × π̂}.

Proof. The interpolation property (2.35) follows analogously to the scalar case, by observing

that for αij ̸= 0, H̃(s, p) has a removable pole at each (σi, πj) with

H̃(σi, πj) =
Bij

αij

.

Then, the choice Bij = αijHij proves (2.35).

To prove (2.36), first recall that H̃(s, p) in (2.32) is obtained by applying (scalar-valued)
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p-AAA to the data (2.32). Therefore, by Corollary 2.2,

H̃ = arg min
Ĥ=d/n

∑
i,j

| w⊤H(si, pj)vd(si, pj)− n(si, pj) |2 . (2.37)

Using (2.33) and (2.34), we have

H̃(s, p) =
n(s, p)

d(s, p)
= w⊤H̃(s, p)v =

w⊤N(s, p)v
d(s, p)

.

Therefore,

w⊤H(si, pj)vd(si, pj)− n(si, pj) = w⊤(H(si, pj)d(si, pj)−N(si, pj)
)
v.

Inserting this last equality into (2.37) proves (2.36).

Remark 2.7. Proposition 2.6 states that for MIMO p-AAA, interpolation holds analogously

to the scalar case. However, the LS minimization differs from the scalar case in that what

is minimized is a weighted LS measure. More precisely, in terms of the LS aspect of MIMO

p-AAA, the linearization is performed on the weighted error w⊤(H(s, p)− H̃(s, p))v.

Remark 2.8. When the internal description of the underlying (transfer) function is avail-

able, as in (1.1) and (1.3), projection-based approaches are commonly used to construct

interpolatory parametric approximants [13, 16, 26]. In this setting, for MIMO systems, one

usually does not enforce full matrix interpolation. Instead, interpolation is enforced along se-

lected tangential directions. In other words, one picks vectors wi ∈ Cnout and vi ∈ Cnin such

that H(σi, πj)vi = H̃(σi, πj)vi and/or w⊤
i H(σi, πj) = w⊤

i H̃(σi, πj). This is called tangential

interpolation. Tangential vectors usually vary with the sampling points. At this point, it is

not clear, at least to us, how to achieve tangential interpolation using the barycentric form

(2.31). However, inspired by this concept, instead of choosing two fixed vectors w and v,
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one could pick different vectors wi, and vi for each sample σi, for example and apply MIMO

p-AAA to the data w⊤
i Hijvi to build the MIMO approximation (2.34) as above. The resulting

model H̃(s, p) would still interpolate the data Dσπ and minimize the LS error along varying

weighted directions. In our experiments (see Section 2.3.2), fixed vectors w and v provided

accurate approximations and therefore we do not pursue the idea of choosing different vectors

here. The interpolatory parametric-Loewner approach [80] handles vector-valued problems,

i.e., H(si, pj) ∈ Cnout×1, in a similar manner by choosing w as vector of ones (and v = 1

since nin = 1). Recent work [62] bypasses this by choosing matrix-valued weights in the

barycentric form.

Remark 2.9. The choice of random directions v and w allows MIMO p-AAA to use the in-

formation relating all inputs with all outputs. As in tangential interpolation, if, for example,

one were to use the canonical vectors ei and ej as directions, then the algorithm would only

have access to information on the relation between the ith input and jth output.

2.3.2 Numerical examples: two stationary PDEs

We consider two examples from [44]. The first is the stationary PDE

wxx + pwyy + zw = 10 sin(8x(y − 1)) on Ω = [−1, 1]× [−1, 1],

with homogeneous Dirichlet boundary conditions. The solution w(x, y) depends on the two

parameters (p, z) and is independent of time. Therefore, the model is not a dynamical

system, unlike our previous examples, yet this does not matter for our formulation, since

we simply view the solution as a function of two-variables. The truth model is the spectral

Chebyshev collocation with 50 nodes in each direction from [44]. We choose to approximate

w(x, y) on the whole domain Ω; thus the output is the full solution, leading to a two-variable
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vector-valued function to sample H(p, z) ∈ R2401×1. In our MIMO p-AAA terminology, we

interpret this as a model with nin = 1 and nout = 2401. We take N = M = 10 linearly spaced

measurements of H(p, z) in the parameter space [0.1, 4]× [0, 2]. The usual projection-based

approaches to PMOR would form a global basis from these samples and project the truth

model into a low-dimensional space. However, we do not assume access to the truth model,

but only its samples via black-box simulation; we construct our approximation directly from

these samples. MIMO p-AAA leads to an approximation with orders q = 3 in p and o = 3

in z. To judge the quality of the approximation, we perform a parameter sweep in the full

parameter domain and find the worst case scenario in terms of the maximum error between

the truth model and the MIMO p-AAA approximation over Ω. The worst-case approximation

occurs for p = 1.7545 and z = 2, with an error of 3.11 × 10−2, showing that the MIMO p-

AAA approximant is accurate even in the worst-case. This worst case scenario is depicted in

the left pane of Figure 2.13, where the top plot shows the truth model, the middle one the

MIMO p-AAA approximation, and the bottom one the error plot. As the figure illustrates,

MIMO p-AAA is able to recover the solution on the whole domain accurately.

We also apply MIMO p-AAA to a slightly revised PDE from [44]:

(1 + px)wxx + (1 + zy)wyy = e4xy on Ω = [−1, 1]× [−1, 1].

The set-up is the same as above: we impose Dirichlet boundary conditions, and obtain the

truth model via Chebyshev collocation, with 49 nodes in each direction, leading to a two-

variable vector-valued function to sample H(p, z) ∈ R2401×1. We sample H(p, z) at N = M =

10 linearly spaced points in the parameter domain (p, z) ∈ [−0.99, 0.99]× [−0.99, 0.99] and

apply MIMO p-AAA. As stated in [44], this problem is harder to approximate than the first

one due to near singularities at the corners of the parameter domain. This is automatically

reflected in the approximation orders MIMO p-AAA chooses: q = 5 in p and o = 6 in z.
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As for the first PDE, we perform a parameter sweep in the full parameter domain to find

the worst-case performance. In this case, the worst approximation occurs for p = 0.95 and

z = 0.99, with an error of 7.28 × 10−2, an accurate approximation even in the worst case.

We show the results from this worst case in the right pane of Figure 2.13, where the top plot

shows the truth model, the middle one the MIMO p-AAA approximation, and the bottom one

the error plot. As in the previous case, MIMO p-AAA accurately captures the full solution.

2.4 Summary

We have presented a data-driven modeling framework for approximating parametric (dynam-

ical) systems by extending the AAA algorithm to multivariate problems. The method does

not require access to an internal state-space description, and works with function evalua-

tions. We have discussed the scalar-valued problem as well as the matrix-valued case. Seven

numerical examples have been used to illustrate the effectiveness of the proposed approach.
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Figure 2.13: Example Section 2.3.2. MIMO p-AAA approximations for two two-variable PDEs



Chapter 3

p-AAA for Nonlinear Parametric

Eigenvalue Problems

In this chapter, we first review a method from [92] that employs the AAA algorithm to

solve nonlinear eigenvalue problems (NLEVP). We then extend this approach by applying

p-AAA from Chapter 2 to approximate parametric nonlinear eigenvalue problems (PNLEVP).

We illustrate our method with three examples.

A common example where NLEVPs arise is in the stability analysis of delay differential

equations [70], such as

v̇(t) + Av(t) + Bv(t− 1) = 0,

where v(t) ∈ Cn is known for t ∈ [−1, 0]. Then solutions have the form

v(t) = eλtx,

where x ̸= 0 is a solution to the NLEVP

T(λ)x = (λI + A + Be−λ)x = 0.

Here x is the eigenvector corresponding to the eigenvalue λ. For this example, the delay is

set to be 1. However one may only have a rough estimate of the delay. Then parametrizing

57
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the delay

v̇(t) + Av(t) + Bv(t− p) = 0

and studying the corresponding PNLEVP

T(λ, p)x = (λI + A + Be−λp)x = 0

will give insight on how the delay affects stability.

Our approach consists of three steps: finding a rational approximation to the NLEVP, lin-

earizing this rational EVP, and finding the eigenvalues for a specific parameter value. The

method in [92] consists on the same three steps for standard NLEVPs. Hence one could apply

it to PNLEVP for each parameter value of interest. This means creating a linearization for

each parameter. Our method creates a parametric linearization once, hence saving compu-

tational effort when reevaluating new parameters. This may not be a significant advantage

if one is only interested on few parameter values, but it certainly will be if many parame-

ter values are of interest, e.g., when studying how the eigenvalues change for a continuous

range of parameters or when studying the sensitivity of the eigenvalues to changes in the

parameter.

3.1 Reviewing the nonparametric case

We start this section by providing the definition of the generalized linear eigenvalue problem.

Definition 3.1. Given A,B ∈ Cn×n, a (linear) eigenvalue problem (EVP) consists of finding

scalars λ ∈ C and nonzero vectors x,y ∈ Cn such that

(A− λB)x = 0 and y∗(A− λB) = 0.
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The scalar λ and the vectors x and y are called an eigenvalue, a right eigenvector, and a left

eigenvector, respectively.

EVPs arise in countless theoretical and applied problems, and hence are thoroughly studied.

Here we focus on a generalization of this problem to include nonlinearities.

Definition 3.2. Let T : C → Cn×n be a nonlinear matrix valued function. A nonlinear

eigenvalue problem (NLEVP) consists of finding scalars λ ∈ C and nonzero vectors x,y ∈ Cn

such that

T(λ)x = 0 and y∗T(λ) = 0.

The field of NLEVP has seen much development in recent years: see [98] for a review of

NLEVP applications and [70] for a general review of NLEVP methods. For specific meth-

ods exploiting specific nonlinear structures, such as quadratic, see [124]; and for the general

polynomial case, see [94, 95] and the references therein. Common approaches for the general

nonlinear case are: applying Newton-like iterations for the approximation of a single eigen-

value [85, 87]; expressing the eigenvalues in a region of interest as the poles of a resolvent and

evaluating them with contour integration methods [35, 51]; approximating the NLEVP with

a polynomial or rational function and then finding the eigenvalues of a linearization of the

approximation by Krylov methods. Some popular methods for rational approximation are:

NLEIGS [71], infinite Arnoldi [81], Padé approximation [123], and CORK [125].

We describe below the approach in [92] for NLEVPs, which combines the AAA algorithm [105]

with the CORK algorithm [125]. It considers a representation that separates the polynomial

and rational parts of T(λ) from general nonlinearities. Then it replaces the nonlinear part

with a rational approximation and approximates the eigenvalues of the resulting polynomial-

rational approximation. We do not include any proofs here, since the original source [92]

provides those details and we will prove our generalizations in the next section.
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Rational EVPs can be solved exactly by linearizing the equation into a generalized EVP of

larger dimension. The general philosophy behind CORK is to separate the rational and

nonlinear parts

T(λ) = P(λ) + G(λ), (3.1)

where the rational part P(λ) can be linearized and the nonlinear part G(λ) will be replaced

by a AAA rational approximation, then linearized. Specifically, assume T(λ) has the form

as in (3.1) where

P(λ) =
d−1∑
ℓ=0

(Aℓ − λBℓ)fℓ(λ), (3.2)

and

G(λ) =
L∑

ℓ=1

(Cℓ − λDℓ)gℓ(λ), (3.3)

where Aℓ,Bℓ,Cℓ,Dℓ ∈ Cn×n are constant matrices, gℓ : C→ C are nonlinear functions, and

fℓ : C→ C are polynomial or rational functions that satisfy

(M− λN)f(λ) = 0,

for f(λ) = [f0(λ) f1(λ) · · · fd−1(λ)]
⊤ and for some M,N ∈ C(d−1)×d with

rank(M− λN) = d− 1 ∀λ ∈ C.
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If L = 0, then T(λ) = P(λ) and its eigenvalues are the same as those of the matrix pencil

LP(λ) =

 A0 − λB0 · · · Ad−1 − λBd−1

(M− λN)⊗ In

 .

The eigenvalues of LP(λ) ∈ Cdn×dn are computed efficiently via the compact rational Krylov

(CORK) method described in [125]. Hence LP(λ) is called the CORK linearization of P(λ).

In [92], the authors present a CORK-like linearization for the case L ̸= 0. First, [92] applies

AAA to gℓ(λ) to obtain the rational approximant

gℓ(λ) ≈ rℓ(λ) =
k∑

i=1

gℓ(σi)αi

(λ− σi)

/ k∑
i=1

αi

(λ− σi)
. (3.4)

Using the AAA approximation (3.4), define

aℓ =


gℓ(σ1)α1

...

gℓ(σk)αk

 , b =



1

0

...

0


∈ Rk,

E =



α1 α2 · · · αk−1 αk

−σ1 σ2

−σ2
. . .
. . . σk−1

−σk−1 σk


, and F =



0 0 · · · 0 0

−1 1

−1 . . .
. . . 1

−1 1


.
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With these, G(λ) in (3.3) is approximated by

G(λ) ≈
L∑

ℓ=1

(Cℓ − λDℓ)rℓ(λ) (3.5)

=
L∑

ℓ=1

(Cℓ − λDℓ)a⊤
ℓ (E− λF)−1b. (3.6)

Using this rational approximation for G(λ) in (3.6), we approximate the NLEVP with

T(λ) ≈ R(λ) = P(λ) +
L∑

ℓ=1

(Cℓ − λDℓ)rℓ(λ) (3.7)

= P(λ) +
L∑

ℓ=1

(Cℓ − λDℓ)a⊤
ℓ (E− λF)−1b. (3.8)

Then the CORK linearization for R(λ) is

LR(λ) =


A0 − λB0 · · · Ad−1 − λBd−1

∑L
ℓ=1 a⊤

ℓ ⊗ (Cℓ − λDℓ) M− λN 0

−b 0 E− λF

⊗ In

 , (3.9)

which is of size (d+k)n×(d+k)n. The eigenvalues of LR(λ) and R(λ) are the same. Hence,

if R(λ) is a good approximation to T(λ), then the eigenvalues of LR are a good approxi-

mation of the eigenvalues of T(λ). Note that T(λ) might have infinitely many eigenvalues

while LR(λ) has only finitely many. The eigenvalues of LR(λ) are used to approximate the

eigenvalues of T(λ) that are not poles of R(λ) and are inside the region sampled for the

AAA approximation. The authors in [92] apply the CORK algorithm to this linearization of

various NLEVPs to illustrate its accuracy. The compact rational Krylov (CORK) algorithm

[125] is a generalization of Arnoldi decomposition and takes advantage of the Kronecker

structure in (3.9) to save memory and orthogonalization cost.



3.2. Parametric case 63

To summarize the method in [92]:

• Step 1: Approximate the nonlinear T(λ) with the rational R(λ) via AAA.

• Step 2: Approximate the eigenvalues of R(λ) via CORK.

In the next section, we generalize this method to problems that depend on a parameter.

3.2 Parametric case

Consider now a PNLEVP.

Definition 3.3. A parametric nonlinear eigenvalue problem (PNLEVP) consists of finding

scalars λ ∈ C and nonzero vectors x,y ∈ Cn such that

T(λ, p)x = 0 and y∗T(λ, p) = 0,

for some p ∈ P ⊂ R where T : C× P → Cn×n is a nonlinear matrix function.

We present here analogous steps to those in Section 3.1 to approximate the solution of

a PNLEVP. We first separate the polynomial/rational parts that do not depend on the

parameter p from the nonlinearities and the p dependencies. This is, we assume T(λ, p) has

the form

T(λ, p) = P(λ) + G(λ, p), (3.10)

with P(λ) as in (3.2) and

G(λ, p) =
L∑

ℓ=1

(Cℓ − λDℓ)gℓ(λ, p)
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where gℓ : C × P → C is a multivariate nonlinear function, for ℓ = 1, . . . , L. For example,

consider the Hadeler problem from Section 3.3.2:

T(λ, p) = (epλ − 1)A2 + λ2A1 − αA0,

where A0,A1,A2 ∈ Rn×n and α ∈ R. This problem has the form in (3.10) with

P(λ) = λ2A1 − αA0 and

G(λ) = (epλ − 1)A2.

The key steps in defining the CORK linearization LR(λ) (3.9) for the non-parametric problem

are (3.7), which approximates the nonlinearities gℓ(λ) with AAA,

gℓ(λ) ≈ rℓ(λ),

and (3.8), which rewrites the AAA approximation as

rℓ(λ) = a⊤
ℓ (E− λF)−1b.

Inspired by this, for the PNLEVP

T(λ, p) = P(λ) +
L∑

ℓ=1

(Cℓ − λDℓ)gℓ(λ, p),

we apply the p-AAA algorithm from Chapter 2 to approximate the nonlinearities gℓ(λ, p)

viewing the variable λ here as the frequency variable s from Chapter 2. Then we obtain the
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rational approximation

gℓ(λ, p) ≈ rℓ(λ, p) =

k∑
i=1

q∑
j=1

αijgℓ(σi, πj)

(λ− σi)(p− πj)

k∑
i=1

q∑
j=1

αij

(λ− σi)(p− πj)

and we use it to define

b = [1 0 · · · 0]⊤ ∈ Rkq,

a⊤
ℓ = [gℓ(σ1, π1)α11 · · · gℓ(σ1, πq)α1,q | · · · | gℓ(σk, π1)αk,1 · · · gℓ(σk, πq)αk,q] ,

E(p) = diag (σ1f1(p), σ2f2(p), . . . , σkf2(p)) +

 α11 · · · α1q | · · · | αk1 · · · αkq

diag (σ1f2(p), . . . , σk−1f2(p), σkf3(p))

 , and

F(p) = diag

f1(p), f2(p), . . . , f2(p)︸ ︷︷ ︸
k−1 times

+


0 · · · 0

diag

−f2(p), . . . ,−f2(p)︸ ︷︷ ︸
k−1 times

,−f3(p)


 ,

where

f1(p) = [0 p− π2 · · · p− πq] ,

f2(p) = [p− π1 · · · p− πq] , and

f3(p) = [p− π1 · · · p− πq−1] .

Then we can rewrite the p-AAA rational approximation rℓ(λ, p) analogously to (3.8):

rℓ(λ, p) = a⊤
ℓ (E(p)− λF(p))−1b. (3.11)
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We prove (3.11) in two steps: Lemma 3.4 and Proposition 3.5. We pick specific small orders

k = q = 2 for simplicity of the presentation. The proof is analogous for higher orders.

Lemma 3.4. Let rℓ(λ, p) be a two-variable rational function with barycentric representation

rℓ(λ, p) =
n(λ, p)

d(λ, p)
=

k∑
i=1

q∑
j=1

αijgℓ(σi, πj)

(λ− σi)(p− πj)

k∑
i=1

q∑
j=1

αij

(λ− σi)(p− πj)

,

where k = q = 2. Consider E(p), F(p), and b as in (3.11). Then

(E(p)− λF(p))
1

d(λ, p)



(λ− σ1)
−1(p− π1)

−1

(λ− σ1)
−1(p− π2)

−1

(λ− σ2)
−1(p− π1)

−1

(λ− σ2)
−1(p− π2)

−1


= b. (3.12)

Proof. First note that for k = q = 2, E(p) and F(p) are as follows:

E(p) =



α11 α12 α21 α22

−σ1(p− π1) σ1(p− π2)

−σ1(p− π2) σ2(p− π1)

−σ2(p− π1) σ2(p− π2)


and

F(p) =



0 0 0 0

−(p− π1) (p− π2)

−(p− π2) (p− π1)

−(p− π1) (p− π2)


.
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Then

E(p)− λF(p) =



α11 α12 α21 α22

(λ− σ1)(p− π1) −(λ− σ1)(p− π2)

(λ− σ1)(p− π2) −(λ− σ2)(p− π1)

(λ− σ2)(p− π1) −(λ− σ2)(p− π2)


and we have (3.12):

(E(p)− λF(p))
1

d(λ, p)



(λ− σ1)
−1(p− π1)

−1

(λ− σ1)
−1(p− π2)

−1

(λ− σ2)
−1(p− π1)

−1

(λ− σ2)
−1(p− π2)

−1



=
1

d(λ, p)

 α11 α12 α21 α22

(λ − σ1)(p − π1) −(λ − σ1)(p − π2)

(λ − σ1)(p − π2) −(λ − σ2)(p − π1)

(λ − σ2)(p − π1) −(λ − σ2)(p − π2)

 (λ − σ1)
−1(p − π1)

−1

(λ − σ1)
−1(p − π2)

−1

(λ − σ2)
−1(p − π1)

−1

(λ − σ2)
−1(p − π2)

−1



=
1

d(λ, p)

 α11(λ − σ1)
−1(p − π1)

−1 + α12(λ − σ1)
−1(p − π2)

−1 + α21(λ − σ2)
−1(p − π1)

−1 + α22(λ − σ2)
−1(p − π2)

−1

1 − 1 + 0 + 0

0 + 1 − 1 + 0

0 + 0 + 1 − 1



=
1

d(λ, p)



d(λ, p)

0

0

0


= b.

Proposition 3.5. Let rℓ(λ, p) be as in Lemma 3.4. Then (3.11) is satisfied.
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Proof. From Lemma 3.4, we know (3.12) holds:

(E(p)− λF(p))
1

d(λ, p)



(λ− σ1)
−1(p− π1)

−1

(λ− σ1)
−1(p− π2)

−1

(λ− σ2)
−1(p− π1)

−1

(λ− σ2)
−1(p− π2)

−1


= b.

Recall that, for k = q = 2,

rℓ(λ, p) =
n(λ, p)

d(λ, p)
=

2∑
i=1

2∑
j=1

αijgℓ(σi, πj)

(λ− σi)(p− πj)

2∑
i=1

2∑
j=1

αij

(λ− σi)(p− πj)

.

Then

a⊤
ℓ (E(p)− λF(p))−1b

= a⊤
ℓ

1

d(λ, p)



(λ− σ1)
−1(p− π1)

−1

(λ− σ1)
−1(p− π2)

−1

(λ− σ2)
−1(p− π1)

−1

(λ− σ2)
−1(p− π2)

−1



=
1

d(λ, p)

[
gℓ(σ1, π1)α11 gℓ(σ1, π2)α12 gℓ(σ2, π1)α21 gℓ(σ2, π2)α22

]


(λ− σ1)
−1(p− π1)

−1

(λ− σ1)
−1(p− π2)

−1

(λ− σ2)
−1(p− π1)

−1

(λ− σ2)
−1(p− π2)

−1


=

1

d(λ, p)
n(λ, p)

= rℓ(λ, p).
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Then the linearization LR(λ) in (3.9) for the parametric NLEVP in (3.1) becomes

LR(λ, p) =


A0 − λB0 · · · Ad−1 − λBd−1

∑L
ℓ=1 a⊤

ℓ ⊗ (Cℓ − λDℓ) M− λN 0

−b 0 E(p)− λF(p)

⊗ In

 . (3.13)

To summarize:

T(λ, p) = P(λ) + G(λ, p)

=
d−1∑
ℓ=0

(Aℓ − λBℓ)fℓ(λ) +
L∑

ℓ=0

(Cℓ − λDℓ)gℓ(λ, p)

≈
d−1∑
ℓ=0

(Aℓ − λBℓ)fℓ(λ) +
L∑

ℓ=0

(Cℓ − λDℓ)rℓ(λ, p) (via p-AAA on gℓ)

=: R(λ, p). (3.14)

The eigenvalues of LR(λ, p) in (3.13) are the same as the eigenvalues of R(λ, p) in (3.14)

and hence approximate the eigenvalues of the PNLEVP T(λ, p)x = 0. We prove this for

the simple case where there is only one polynomial term and one nonlinear term. This will

simplify derivations significantly. More general cases follow analogously to our derivation

below and the derivation for the nonparametric case in [92]. Consider then

T(λ, p) = A− λB + (C− λD)g(λ, p)

with A,B,C,D ∈ Cn×n and g : C × P → C is nonlinear. Then the corresponding R(λ, p)
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in (3.14) becomes

R(λ, p) = A− λB + (C− λD)r(λ, p)

and the linearization (3.13) becomes

LR(λ, p) =

 A− λB | a⊤ ⊗ (C− λD)

[−b E(p)− λF(p)]⊗ In

 . (3.15)

Now we will rewrite R(λ, p) with a Kronecker structure that will simplify the proofs of

Propositions 3.6 and 3.7. First, by (3.11) we have

R(λ, p) = A− λB + (C− λD)a⊤(E(p)− λF(p))−1b.

Note that a⊤(E(p)−λF(p))−1b is a scalar. Then, applying the Kronecker product property

(M1 ⊗M2)(M3 ⊗M4) = (M1M3)⊗ (M2M4) (3.16)

for M1, M2, M3, and M4 matrices of conforming dimension, we obtain

R(λ, p) = A− λB + (a⊤ ⊗ (C− λD))(((E(p)− λF(p))−1b)⊗ In).
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To make the identity above clear, we rework it backwards:

(a⊤ ⊗ (C− λD))(((E(p)− λF(p))−1b)⊗ In)

= (a⊤(E(p)− λF(p))−1b)⊗ ((C− λD)In) by (3.16)

= (a⊤(E(p)− λF(p))−1b)⊗ (C− λD)

= (a⊤(E(p)− λF(p))−1b)(C− λD)

= (C− λD)a⊤(E(p)− λF(p))−1b.

Hence we have

R(λ, p) = A− λB + (a⊤ ⊗ (C− λD))(((E(p)− λF(p))−1b)⊗ In)

and, by block matrix multiplication

R(λ, p) = [A− λB | a⊤ ⊗ (C− λD)]

 In

(E(p)− λF(p))−1b⊗ In

 .

Finally, defining

Ψ(λ, p) :=

 In

(E(p)− λF(p))−1b⊗ In

 , (3.17)

we obtain

R(λ, p) = [A− λB | a⊤ ⊗ (C− λD)]Ψ(λ, p). (3.18)

Note that the first factor of R(λ, p) in (3.18) is the first row block of LR(λ, p) in (3.15) and
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that Ψ(λ, p) can also be written as

Ψ(λ, p) =

 1

(E(p)− λF(p))−1b

⊗ In. (3.19)

Proposition 3.6. Fix p = π. If λ∗ is an eigenvalue of R(λ, π), then λ∗ is an eigenvalue of

LR(λ, π).

Proof. Suppose λ∗ is an eigenvalue of R(λ, π). Then there exists a nonzero x ∈ Cn such that

R(λ∗, π)x = 0. (3.20)

Let

z = Ψ(λ∗, π)x, (3.21)

with Ψ(λ, p) in (3.17). Then

z =

 x

((E(π)− λ∗F(π))−1b⊗ In)x


and z ̸= 0 since x ̸= 0. Furthermore (λ∗, z) is an eigenpair of LR(λ, π), i.e.,

LR(λ
∗, π)z = 0
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or, equivalently by (3.15),

 A− λ∗B | a⊤ ⊗ (C− λ∗D)

[−b E(π)− λ∗F(π)]⊗ In

 z = 0.

We will show this in two steps by showing

[A− λ∗B | a⊤ ⊗ (C− λ∗D)]z = 0 and (3.22)

([−b E(π)− λ∗F(π)]⊗ In)z = 0. (3.23)

First, we show (3.22) holds:

[A− λ∗B | a⊤ ⊗ (C− λ∗D)]z

= [A− λ∗B | a⊤ ⊗ (C− λ∗D)]Ψ(λ∗, π)x (by (3.21))

= R(λ∗, π)x (by (3.18))

= 0. (by (3.20))

Finally, we show (3.23):

([−b E(π)− λ∗F(π)]⊗ In)z

= ([−b E(π)− λ∗F(π)]⊗ In)Ψ(λ∗, π)x (by (3.21))

= ([−b E(π)− λ∗F(π)]⊗ In)


 1

(E(π)− λ∗F(π))−1b

⊗ In

x (by (3.19))

=


[−b E(π)− λ∗F(π)]

 1

(E(π)− λ∗F(π))−1b


⊗ In

x (by ⊗ property)

= 0,
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since

[−b E(π)− λ∗F(π)]

 1

(E(π)− λ∗F(π))−1b

 = −b + (E(π)− λ∗F(π))(E(π)− λ∗F(π))−1b

= −b + b

= 0.

Proposition 3.7. Fix p = π. If λ∗ is an eigenvalue of LR(λ, π), then λ∗ is an eigenvalue

of R(λ, π).

Proof. Suppose λ∗ is an eigenvalue of LR(λ, π). Let z ∈ Cn+kqn \ {0} denote an eigenvector

corresponding to λ∗ and let z = [zAB zCD]
⊤, where zAB ∈ Cn and zCD ∈ Ckqn. Then

0 = LR(λ
∗, π)z

=

 A− λ∗B | a⊤ ⊗ (C− λ∗D)

[−b E(π)− λ∗F(π)]⊗ In


 zAB

zCD

 . (3.24)

From the second line in (3.24), we have

([E(π)− λ∗F(π)]⊗ In)zCD = (b⊗ In)zAB.

Hence

zCD = (E(π)− λ∗F(π)⊗ In)−1(b⊗ In)zAB

= ([E(π)− λ∗F(π)]−1b⊗ In)zAB,
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and so

z =

 In

[E(π)− λ∗F(π)]−1 b⊗ In

 = Ψ(λ∗, π)zAB.

Note that zAB ̸= 0 since z ̸= 0 and z = Ψ(λ∗, π)zAB. To conclude, we need to show

(λ∗, zAB) is an eigenpair of R(λ, π): From the first line in (3.24), we have

0 = [A− λ∗B | a⊤ ⊗ (C− λ∗D)]Ψ(λ∗, π)zAB = R(λ, π)zAB.

We have now all the ingredients (the rational approximation of the NLEVP via p-AAA, and

its linearization, which has the same eigenvalues and a CORK-like structure) to describe our

method:

• Step 1: Approximate the nonlinear T(λ, p) in (3.10) with the rational R(λ, p) in (3.14)

via p-AAA.

• Step 2: For a parameter value of interest p = π, find the eigenvalues of R(λ, π) via

CORK.

3.3 Examples

In this section we present three examples to show the performance of our method. The

examples in Sections 3.3.1 and 3.3.2 are of small dimension and hence do not require large-

scale eigenvalue solvers. Therefore we build (3.13) and use eig in matlab. The example

in Section 3.3.3 is of high dimension, making (3.13) also large and hence we apply the

CORK algorithm.
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3.3.1 Loaded String

We parametrize a rational eigenvalue problem from the NLEVP collection [34] to use as a

toy example since the nonlinearity g(λ, p) is already rational. The problem is the result of a

finite element discretization of a string with a load attached to one end, and is defined by

R(λ, p) = A− λB +
λ

λ− p/m
C

where the parameter p represents the stiffness of the string, m = 1 is the mass of the load,

and the n× n matrices A,B,C are given by

A =
1

h



2 −1

−1 . . . . . .
. . . 2 −1

−1 1


, B =

h

6



4 1

1
. . . . . .
. . . 4 1

1 2


, and C = pene⊤

n ,

with h = 1/n. We choose n = 100. We run our p-AAA algorithm to build an approximation of

the nonlinear part of R(λ, p): g(λ, p) := λ

λ− p/m
. We sampled for λ in [3, 300] with N = 100

linearly spaced samples and for the parameter p at 0.1, 0.5, 1.5, and 2. For a tolerance of

1e-3, p-AAA builds an approximant with (k, q) = (2, 2). We build the CORK linearization

(3.13), evaluated at p = 1 and find its eigenvalues using eig in matlab. The five smallest

eigenvalues for p = 1 are given in Table 3.1. In Figure 3.1 we show these eigenvalues in blue

Table 3.1: Values (from [120]) of the five smallest eigenvalues for p = 1.

λ1 λ2 λ3 λ4 λ5

4.482176546 24.223572113 63.723821142 123.031221068 202.200899143

circles and our approximation to these eigenvalues in orange dots. This figure shows that
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Figure 3.1: Example 3.3.1: Five smallest eigenvalues.

the CORK linearization that we propose for the parametric problem does indeed capture the

eigenvalues accurately. We corroborate this accuracy further in Table 3.2, where we provide

the absolute and relative error in the approximation of each eigenvalue. All the error values

in Table 3.2 are at least in the order of 10−7. Note that the values of interest (λ, p) for

Table 3.2: Accuracy of the approximation of the eigenvalues for p = 1 in Example 3.3.1.

Eigenvalue Absolute Error Relative Error
λ1 5.5298e-10 1.2337e-10
λ2 9.9956e-07 4.1264e-08
λ3 5.6104e-11 8.8043e-13
λ4 3.8774e-10 3.1516e-12
λ5 5.5616e-10 2.7505e-12

p = 1 and λ = λ1, λ2, λ3, λ4, λ5 are not part of the p-AAA samples but they do fall inside the

intervals sampled. This is crucial for the performance of this method. This method does not

aim to find all (potentially infinitely many) eigenvalues. Instead our method aims to find the

eigenvalues in a certain region (the same way as the nonparametric method in [92]). Hence

the samples used to build the p-AAA approximation need to be in the intervals of interest

where one wants to find eigenvalues. This will be our sampling approach in the following

examples as well where the nonlinearities g(λ, p) are not rational.
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3.3.2 Hadeler model

Consider the following problem from the NLEVP collection [34, 74]:

T(λ, p) =
(
epλ − 1

)
A2 + λ2A1 − αA0,

where A2,A1,A0 ∈ Rn×n are symmetric, n = 100, α = 100 is a scalar, and we introduce the

parameter p (whose original value is p = 1). We apply p-AAA to approximate g(λ, p) = epλ−1

using N = 100 linearly spaced samples in λ ∈ [−4, 4] and M = 6 linearly spaced samples

in p ∈ [0.1, 2], with tolerance 1e-5. The result is an approximation of order (k, q) = (6, 3).

For the eigenvalue approximation, we evaluate the p-AAA approximation at p = 1 and apply

the CORK method from [92] for the corresponding linearization (3.9). In Figure 3.2a, we

compare our approximation (in orange dots) with the standard CORK method [92] for the

nonparametric problem with p = 1 in the interval λ ∈ [−8, 4]. We see that the approximation

is accurate even for the values slightly outside [−8,−4] of the interval sampled [−4, 4]. Both

the maximum absolute and relative error is in hte order of 10−3.

0 5 10 15 20

k

-8

-6

-4

-2

0

2

4

k

Hadeler

true

pAAA CORK

(a) p-AAA with CORK.
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pAAA

(b) p-AAA.

Figure 3.2: Eigenvalues for the Hadeler model.

Note that one could apply our p-AAA algorithm to solve the PNLEVP in a way different
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from the method we have discussed so far. Since the eigenvalues of T(λ, p) are the poles of

T(λ, p)−1, consider approximating T(λ, p)−1 via our MIMO p-AAA in Section 2.3

T(λ, p)−1 ≈ H̃(λ, p).

Then one might expect that, for a specific p = π, the poles of H̃(λ, π) are a good approxima-

tion of the eigenvalues of T(λ, p). We show that this may not be the case. In Figure 3.2b,

we see that some of the eigenvalues are captured. However there are also poles that do not

correspond to any eigenvalues, hence it would be a mistake to consider them as approxima-

tions to eigenvalues. Note also that this PNLEVP has infinitely many eigenvalues, while any

rational approximation such as p-AAA has finitely many poles that depend greatly on where

the samples are taken.

3.3.3 Sandwich beam

We parametrize an example from [92] that models a beam with a damping layer between

two steel layers. The model has the form

T(λ, p) = K− λ2M +
G0 +G∞(ιλp)α

1 + (ιλp)α︸ ︷︷ ︸
g(λ,p)

C,

where K,M,C ∈ R168×168, G0 = 3.504 × 105, G∞ = 3.062 × 109, and α = 0.675. We

approximate g(λ, p) with p-AAA using N = 10000 and M = 3 linearly spaced samples

in λ ∈ [200, 30000] and p ∈ [7, 9] × 10−9, and stopping tolerance 10−12. The result is an

approximation of order (k, q) = (12, 2). We evaluate the approximation at p = 8.23 × 10−9

and apply the CORK algorithm. Figure 3.3 shows our approximations (orange dots) of the

eigenvalues to the approximation in [92] (blue circles). The maximum absolute error is
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4.5174× 10−1 and the maximum relative error is 7.2826× 10−5. Note that for this example

2.5 3 3.5 4 4.5
1.5

2

2.5

3

3.5

4
Sandwich Beam

true

pAAA CORK

Figure 3.3: Eigenvalues of Example 3.3.3

the parameter interval sampled is very small. This is indeed necessary, since the parameter

p is the relaxation time measured in nano-seconds, and hence its values are of order 10−9.

When this is overlooked, our method does not provide good eigenvalue approximations. We

check that our approach provides good eigenvalue approximation for other parameter values.

For the same p-AAA approximation described above and shown in Figure 3.3, we find the

eigenvalues in the same region for various parameter values, and we check the condition

number of the corresponding T(λ, p). For p = 6× 10−9, 7.5× 10−9, 8.5× 10−9, 10× 10−9, the

condition number is in the order of 1011, meaning T(λ, p) is close to being rank deficient, as

desired, and the residual norms (using the definition in [92])

∥T(λ, p)x∥2
∥T(λ, p)∥1∥x∥2

are in the order of 10−11.
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3.4 Summary

We have extended the method in [92] from NLEVP to PNLEVP. We have defined an anal-

ogous CORK linearization to include the p-AAA approximation of the nonlinearities in the

eigenvalue problem. We have shown the accuracy of this linearization in three numerical

examples. Our method adds to the efficiency of [92]: instead of running AAA for each pa-

rameter of interest, we find a parametric approximation with p-AAA and only repeat the

CORK approximation for parameter reevaluations.



Chapter 4

Parametric Bilinear Interpolatory

Model Reduction

In this chapter, we present the final contribution of this dissertation: the extension of inter-

polatory model reduction to parametric bilinear dynamical systems. For the nonparametric

case, interpolatory projection methods have been already extended from linear dynamical

systems to bilinear dynamical systems. We develop here the analysis and methodology for

the parametric case. We introduce necessary conditions that the projection subspaces must

satisfy to obtain parametric tangential interpolation of each subsystem transfer function,

their parameter sensitivities (Jacobian), and their parameter Hessian. As in the parametric

linear case, the basis construction does not require computing the Jacobian or the Hessian.

The chapter is organized as follows. In Section 4.1, we define parametric bilinear dynamical

systems and introduce the problem description. In Section 4.2, we present our main theoret-

ical results. Section 4.3 illustrates the theory using three numerical examples. This chapter

follows very closely our published work [42]. Recent work [23] has extended these results to

the more general case of polynomial parametric systems.

82
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4.1 Problem Description

In this chapter, we will focus on large-scale bilinear systems parametrized with the parameter

vector p ∈ P ⊆ Rnpar and represented in the state-space form


E(p)ẋ(t;p) = A(p)x(t;p) +

nin∑
j=1

Nj(p)x(t;p)uj(t) + B(p)u(t),

y(t;p) = C(p)x(t;p),
(4.1)

where x(t;p) ∈ Rnst , y(t;p) ∈ Rnout , and u(t) = [u1(t), u2(t), . . . , um(t)]
⊤ ∈ Rnin denote

the states, outputs (measurements/quantities of interest), and inputs (excitation/forcing) of

the bilinear dynamical system, respectively. Thus the corresponding state-space matrices

have the dimensions E(p),A(p),Nj(p) ∈ Rnst×nst for j = 1, . . . , nin, B(p) ∈ Rnst×nin , and

C(p) ∈ Rnout×nst . We assume that the matrix E(p) is nonsingular for every parameter value

p ∈ P . Bilinear systems of the form (4.1) appear in a variety of applications, such as the

study of biological species and nuclear fission, are used in the context of stochastic control

problems, and frequently appear in modeling nonlinear phenomena of small magnitude; see,

for instance, [21, 28, 75, 99, 101, 116, 127]. We are interested in large-scale settings where

simulating/solving (4.1) for a wide variety of inputs u(t) and parameters p solely to determine

the output y(t;p) is too expensive. Therefore, our goal is to construct a reduced parametric

bilinear system of order ñst ≪ nst in state-space form


Ẽ(p) ˙̃x(t;p) = Ã(p)x̃(t;p) +

nin∑
j=1

Ñj(p)x̃(t;p)uj(t) + B̃(p)u(t),

ỹ(t;p) = C̃(p)x̃(t;p),
(4.2)

where Ẽ(p), Ã(p), Ñj(p) ∈ Rñst×ñst , for j = 1, . . . , nin, B̃(p) ∈ Rñst×nin , and C̃(p) ∈

Rnout×ñst such that the reduced output ỹ(t;p) provides a good approximation to the original
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output y(t;p) for a variety of inputs u(t) and a range of parameters p.

Non-parametric bilinear systems (4.1) where the state-space matrices E, A, {Nj}nin
j=1, B,

and C are constant, have been studied thoroughly, and input-independent optimal model

reduction techniques from the linear case (Nj = 0 for j = 1, . . . , nin) have been success-

fully generalized to non-parametric bilinear systems. For example, [1, 14, 25, 37, 113] have

extended model reduction via rational interpolation [9, 18] from linear to non-parametric

bilinear systems. The optimal model reduction of linear dynamical systems in the H2 norm1

via the iterative rational Krylov algorithm (IRKA) [66] has been generalized to bilinear sys-

tems via bilinear IRKA (B-IRKA) [20]. Later, [57] showed that, as with IRKA and H2 model

reduction in the linear case, the reduced model via B-IRKA also satisfies Hermite interpola-

tion in this case, but in the sense of Volterra series interpolation. Similarly, gramians and

balanced truncation2 (BT) for linear dynamical systems [102, 103] have also been general-

ized to nonparametric bilinear systems [3, 21, 63, 75]. Structure-preserving interpolatory

MOR has also been extended to (nonparametric) bilinear systems [30]. Moreover, [11] has

applied the Loewner framework [96] to bilinear systems. Unlike the extensions of interpo-

lation theory and IRKA to non-parametric bilinear systems, interpolatory methods had not

yet been generalized to parametric bilinear systems until our work [42], which forms the

foundation of this chapter.

In the remainder of this section, we introduce the ingredients of the model reduction prob-

1The H2 error norm is an input-independent least-squares error measure in time or frequency domain.
For linear systems (4.5), the H2 norm is given by

(
1
2π

∫∞
−∞ ∥H(ıω)∥2F dω

)1/2
where H(s) = C(sE−A)−1B

is the transfer function and ∥ · ∥F denotes the Frobenius norm. It has been shown that optimality in the H2

error measure requires Hermite interpolation of the transfer function H(s). For details, we refer the reader
to [66].

2For linear dynamical systems, the symmetric positive semidefinite matrices GR and GO that solve the
generalized Lyapunov equations AGRE⊤ + EGRA⊤ + BB⊤ = 0 and A⊤GOE + E⊤GOA + C⊤C = 0
are called the reachability and observability gramians, respectively. Balanced truncation corresponds to
performing a truncation in a basis where GR = GO are diagonal, with nonnegative diagonal entries called
the Hankel singular values. For details, we refer the reader to [102, 103].
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lem for parametric bilinear systems, such as projection, subsystem transfer functions, and

tangential interpolation.

4.1.1 Projection-based model reduction of parametric bilinear sys-

tems via global basis

We construct the reduced parametric bilinear system (4.2) via projection. We follow the

global basis approach (as opposed to using a local basis and performing extrapolation [76, 130]

or interpolation [4, 46, 129]). Thus we construct two constant global model reduction bases,

namely V ∈ Cnst×ñst and W ∈ Cnst×ñst , that capture the parametric dependence of the

underlying system using the information from various sampling points. We refer the reader

to [26] for detailed explanations regarding global and local bases, and different sampling

options. The matrices V and W are computed to enforce specific interpolation conditions

as we will discuss in Section 4.2.

Once the model reduction matrices V and W are constructed, the reduced model quantities

in (4.2) are obtained via Petrov-Galerkin projection:

Ẽ(p) = W⊤E(p)V, Ñj(p) = W⊤Nj(p)V for j = 1, . . . , nin,

Ã(p) = W⊤A(p)V, B̃(p) = W⊤B(p), and C̃(p) = C(p)V.

(4.3)

Now consider reevaluating reduced model quantities in (4.3) for a new parameter value

π̂ ∈ P3. Consider the case of Ẽ(π̂). This will require reevaluating Ẽ(π̂) = W⊤E(π̂)V where

the operations depend on the original system dimension nst. In practice, many problems

exhibit an affine parametric structure, which makes the projection step numerically efficient.

3In general we will consider the following notation: p (s) denotes the parameter (frequency) variable; π
(σ) denotes the parameter (frequency) values where interpolation is enforced; and π̂ (σ̂) denotes parameter
(frequency) values at which the model is tested or evaluated.
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For simplicity, continue to consider the matrix E(p) only. Assume that E(p) has the affine

parametric form

E(p) = E0 +
K∑
k=1

fk(p)Ek, (4.4)

where fk : Rnpar → R are scalar (nonlinear) functions reflecting parametric dependency and

Ek ∈ Rnst×nst for k = 1, . . . , K are constant matrices. Then, the reduced matrix Ẽ(p) in

(4.3) is given by

Ẽ(p) = W⊤E(p)V = W⊤E0V +
K∑
k=1

fk(p)W⊤EkV,

where W⊤EiV, for i = 0, . . . , K, have to be computed once in the offline phase, and then

can be recombined for efficient computation of Ẽ(π̂) in the online phase. The same discus-

sion applies to other matrices in (4.3) as well. When E(p) does not admit such an affine

parametrization as in (4.4), one usually performs an affine approximation of E(p) first, usu-

ally via a matrix version of the discrete empirical interpolation method DEIM [43, 64]. We

discuss details in Section 4.1.2 next and will revisit this issue in the second numerical example

in Section 4.3.2.

4.1.2 Projection of non-affine matrices

We present here the DEIM method that we will implement in Section 4.3.2. In order to

match the situation that will arise in Section 4.3.2, we consider the projection (4.3) of the

input matrix of a SISO system, i.e., consider computing

b̃(p) = W⊤b(p),
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where b(p) ∈ Cnst is an arbitrary column vector that depends on a parameter p ∈ Rnpar and

W ∈ Cnst×ñst is a basis matrix with ñst ≪ nst, hence making b̃(p) ∈ Cñst . This operation

should allow for an efficient re-evaluation of b̃(p) for any parameter values of interest, since

the dimension of b̃(p) is much smaller than the dimension of b(p). However, if there is no

structure in b(p) to take advantage of (such as the affine structure discussed above) then

computing b̃(p) may be as costly, since b(p) would need to be computed first for every p at

O(nst) floating point operations. In order to mitigate this, we employ the Q-DEIM algorithm

[47], which is a revised implementation of the discrete empirical interpolation method (DEIM)

[43].

In this case, since b(p) is a vector, there is no need for a matrix-version and the original

DEIM formulation suffices. To apply DEIM, we want to find a basis U ∈ Rnst×M where

M ≪ nst and a row selector S so that

b(p) ≈ U(S⊤U)−1S⊤b(p)

is a good approximation, and hence so is

b̃(p) ≈W⊤U(S⊤U)−1S⊤b(p).

In this way W⊤U(S⊤U)−1 can be precomputed offline, while the online computation of

S⊤b(p) will now only require us to compute the M entries in b(p) indicated by S. Clearly

the accuracy of this approximation depends on U and S.

We first find U via proper orthogonal decomposition (POD) [31, 93] 4. That is, we generate

4POD is a widely used technique to build the basis V for projection MOR. In particular, it has become the
preferred MOR technique for modeling turbulent flows [126]. In a nutshell, the POD basis V = W captures as
much of the system’s energy, for a specific input, as possible for any basis with its same dimension nst× ñst.
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a matrix of snapshots of the vector b(p)

B = [b(p1) b(p2) · · · b(pN)] ,

we compute its SVD

B = UΣV∗,

and select the leading M left singular vectors to be the columns of U, which using matlab

notation means

U = U(:, 1 : M).

By taking enough snapshots and singular vectors, we expect the range of our basis U to

represent the values of b(p) over the parameter domain. This is justified by the fact that U

is the LS optimal M -dimensional subspace to approximate the snapshots.

Now, to choose the interpolation indices (row selector) in S, we use the Q-DEIM algorithm

[47], which determines S using a pivoted QR factorization of U∗. The original DEIM method

chooses the row selection matrix S so that ∥(S⊤U)−1∥2 is small via pivoted LU factorization

of U. This is motivated by the following theoretical upper bound on the approximation

error:

∥∥b(p)−U(S⊤U)−1S⊤b(p)
∥∥
2
≤
∥∥(S⊤U)−1

∥∥
2
∥(I−UU∗)b(p)∥2 .

For variations and extensions to DEIM, see, for example, DEIM-CUR [121], adaptive DEIM [108,

122], localized DEIM [110], and [111] studying DEIM in the noisy case. The one we choose to

implement, the Q-DEIM implementation, consists of a QR factorization with column pivoting

of U∗.
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4.1.3 Interpolatory projections for parametric linear systems

A powerful framework in the case of linear dynamical systems, i.e.,

 E(p)ẋ(t;p) = A(p)x(t;p) + B(p)u(t),

y(t;p) = C(p)x(t;p),
(4.5)

is to transform the problem into the frequency domain via Laplace transform. To do so,

let Y(s;p) and U(s) denote the Laplace transforms of y(t;p) and u(t), respectively. Then,

applying the Laplace transform to (4.5) leads to

Y(s;p) = H(s;p)U(s), where H(s;p) = C(p) (sE(p) − A(p))−1 B(p)

is the transfer function of (4.5). Then, the goal is to construct a reduced parametric linear

model  Ẽ(p) ˙̃x(t;p) = Ã(p)x̃(t;p) + B̃(p)u(t),

ỹ(t;p) = C̃(p)x̃(t;p),
(4.6)

whose reduced parametric transfer function

H̃(s;p) = C̃(p)
(
s Ẽ(p) − Ã(p)

)−1

B̃(p)

approximates H(s;p) well. This would in turn imply ỹ(t;p) ≈ y(t;p), since

Y(s;p)− Ỹ(s;p) = (H(s;p)− H̃(s;p))U(s).

One way to enforce H̃(s;p) ≈ H(s;p) is via rational interpolation: Given the frequency

interpolation points {σi} ⊂ C, the right tangential directions {ri} ⊂ Cnin , the left tangential
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directions {ℓi} ⊂ Cnout , and the parameter interpolation samples {πj} ⊂ P , find a reduced

model (4.6) such that H̃(s;p) is a Hermite tangential interpolant to H(s;p) at the selected

samples, i.e.,

H(σi;πj)ri = H̃(σi;πj)ri,
∂

∂s

(
ℓ⊤i H(σi;πj)ri

)
=

∂

∂s

(
ℓ⊤i H̃(σi;πj)ri

)
,

ℓ⊤i H(σi;πj) = ℓ⊤i H̃(σi;πj), and ∇p
(
ℓ⊤i H(σi;πj)ri

)
= ∇p

(
ℓ⊤i H̃(σi;πj)ri

)
.

In other words, the reduced model tangentially matches transfer function values, in addition

to its frequency and parametric derivatives, at the sampled points. One can impose higher

order interpolation conditions at the frequency and parameter samples as well, such as the

parameter Hessian. We omit it for brevity here. The following result from [15] shows how to

construct model reduction matrices V and W that satisfy the desired interpolation conditions

for a particular frequency, directions, and parameter choice (σ, r, ℓ,π). To simplify notation

here and in the bilinear case later, we define

K(s;p) = (sE(p)−A(p))−1 and K̃(s;p) =
(
sẼ(p)− Ã(p)

)−1

. (4.7)

Then the linear transfer functions can be rewritten as

H(s;p) = C(p)K(s;p)B(p) and H̃(s;p) = C̃(p)K̃(s;p)B̃(p). (4.8)

Theorem 4.1. Given H(s;p) = C(p)K(s;p)B(p), let H̃(s;p) = C̃(p)K̃(s;p)B̃(p) be

obtained via Petrov-Galerkin projection using the matrices V and W. Let σ ∈ C, π ∈ P,

r ∈ Cnin \ {0}, and ℓ ∈ Cnout \ {0}. Assume K(σ,π) and K̃(σ;π) exist.
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(a) If K(σ,π)B(π)r ∈ Ran(V), then

H(σ;π)r = H̃(σ;π)r;

(b) If K(σ,π)⊤C(π)⊤ℓ ∈ Ran(W), then

ℓ⊤H(σ;π) = ℓ⊤H̃(σ;π);

(c) If both (a) and (b) hold simultaneously, then

∂

∂s

(
ℓ⊤H(σ;π)r

)
=

∂

∂s

(
ℓ⊤H̃(σ;π)r

)
and ∇p

(
ℓ⊤H(σ;π)r

)
= ∇p

(
ℓ⊤H̃(σ;π)r

)
.

Theorem 4.1 shows that in order to guarantee tangential interpolation of the transfer function

and its first derivatives, it suffices to choose the columns of V and W as the vectors containing

the right and left tangential information of the transfer function. See Figure 4.1 for a more

ℓ⊤H(σ,π)r = ℓ⊤C(π)K(σ;p)B(π)r
= ℓ⊤C(π)K(σ;π)︸ ︷︷ ︸

W⊤

B(π)r

= ℓ⊤C(π)K(σ;π)B(π)r︸ ︷︷ ︸
V

Figure 4.1: Visualization of the linear MOR bases in Theorem 4.1. We consider the scalar
ℓ⊤H(σ, π)r instead of each tangential direction separately for simplicity of presentation.

visual representation of this statement, where we highlight in blue the information needed

in the range of W to guarantee left interpolation, and in red the information needed in

the range of V to guarantee right interpolation. This color scheme will remain constant

throughout the figures in this chapter meant to illustrate transfer function interpolation:
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red for V and right interpolation; and blue for W and left interpolation. We do not provide

a detailed proof of Theorem 4.1 here since one is already in [15], and we will prove a more

general result in Theorems 4.2, 4.4, and 4.5. Instead, we provide a sketch of the part of

the proof in Figure 4.2 in order to build the reader’s intuition and familiarity with the

kinds of manipulations that we will use in the proofs of our parametric bilinear results in

Section 4.2. In Figure 4.2, we consider the error term between the original and the reduced

transfer functions along both left and right directions. Then the proof consists of showing

that this difference is zero. First, we use the definition (4.3) of the projected input and

output matrices (B̃(p) and C̃(p)) in order to expose common terms in both the full and

reduced parts of the error expression. If one wants to use the assumptions on V, then we

rewrite the error term by factoring out to the right (in red) the vector included in the range

of V, by assumption. This is the same vector highlighted in red in Figure 4.1. We include

the last line in Figure 4.2 to show the factorization needed in case we wanted to use the

information in W instead. Then the details that we skip here would be to show that the

null space of the expression in parenthesis in the last two lines contains the corresponding

highlighted vectors, hence making the error term zero, as desired.

ℓ⊤H(σ,π)r− ℓ⊤H̃(σ,π)r = ℓ⊤C(π)K(σ;π)B(π)r− ℓ⊤C̃(π) K̃(σ;π) B̃(π)r
= ℓ⊤C(π)K(σ;π)B(π)r− ℓ⊤C(π)VK̃(σ;π)W⊤B(π)r

= ℓ⊤C(π)
(

K(σ;π)−VK̃(σ;π)W⊤
)

B(π)r

= ℓ⊤C(π)
(

I−VK̃(σ;π)W⊤K−1(σ;π)
)

K(σ;π)B(π)r︸ ︷︷ ︸
0

= ℓ⊤C(π)K(σ;π)
(

I−K−1(σ;π)VK̃(σ;π)W⊤
)

︸ ︷︷ ︸
0

B(π)r

Figure 4.2: Sketch of the proof for Theorem 4.1. We consider the scalar ℓ⊤H(σ, π)r instead
of each tangential direction separately for simplicity of presentation.
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4.1.4 Interpolatory parametric bilinear model reduction problem

Reconsider the full-order parametric bilinear system in (4.1):


E(p)ẋ(t;p) = A(p)x(t;p) +

nin∑
j=1

Nj(p)x(t;p)uj(t) + B(p)u(t),

y(t;p) = C(p)x(t;p).
(4.1)

Even though this system is nonlinear due to the terms involving Nj(p), the concept of

transfer function can still be applied via the Volterra series representation [116].

Under some mild assumptions, the output y(t;p) of (4.1) can be represented as the Volterra

series

y(t;p) =
∞∑
k=1

∫ t1

0

∫ t2

0

· · ·
∫ tk

0

hk(t1, . . . , tk;p)
(

u
(
t−

k∑
i=1

ti

)
⊗ · · · ⊗ u (t− tk)

)
dtk · · · dt1,

where hk(t1, t2, . . . , tk;p)’s are the regular Volterra kernels, also called subsystem kernels.

Then, taking the multivariable Laplace transform of the degree k regular kernel hk leads to

the kth subsystem transfer function:

Hk(s1, . . . , sk;p) = C(p)K(sk;p)N(p)

× [Inin
⊗K(sk−1;p)N(p)] · · · [I⊗k−2

nin
⊗K(s2;p)N(p)]

× [I⊗k−1

nin
⊗K(s1;p)B(p)],

(4.9)

where ⊗ is the Kronecker product, K(s,p) is as in (4.7),

N(p) = [N1(p) N2(p) · · · Nnin
(p)], and

I⊗k

nin
= Inin

⊗ · · · ⊗ Inin︸ ︷︷ ︸
k times

.
(4.10)
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Since the notation in (4.9) is dense, to give an idea of the structure of these transfer func-

tions, see Figure 4.3 for a SISO system and Figure 4.4 for a MIMO system with 2 inputs.

You will observe that the MIMO transfer function is a row with entries corresponding to a

SISO transfer function for each bilinear matrix Nj(p). This observation justifies why we will

show visualizations of our results only for the SISO case, while the results and corresponding

proofs will apply to the general MIMO case.

SISO =⇒ N(p) = N1(p), B(p) = b(p), C(p) = c⊤(p)

c⊤(p)K(s1;p)b(p) = H1(s1;p) (linear)
c⊤(p)K(s2;p)N(p)K(s1;p)b(p) = H2(s1, s2;p)

c⊤(p)K(s3;p)N(p)K(s2;p)N(p)K(s1;p)r(p) = H3(s1, s2, s3;p)

Figure 4.3: Transfer functions for SISO PBMOR

nin = 2 =⇒ N(p) = [N1(p) N2(p)]

C(p)K(s1;p)B(p) = H1(s1;p)
C(p)K(s2;p)N(p) [I2⊗K(s1;p)B(p)] = H2(s1, s2;p)

C(p)K(s3;p)N(p) [I2⊗K(s2;p)N(p)] [I2⊗I2⊗K(s1;p)B(p)] = H3(s1, s2, s3;p)

[
C(p)K(s2;p)N1(p)K(s1;p)B(p)
C(p)K(s2;p)N2(p)K(s1;p)B(p)

]⊤
= H2(s1, s2;p)


C(p)K(s3;p)N1(p)K(s2;p)N1(p)K(s1;p)B(p)
C(p)K(s3;p)N1(p)K(s2;p)N2(p)K(s1;p)B(p)
C(p)K(s3;p)N2(p)K(s2;p)N1(p)K(s1;p)B(p)
C(p)K(s3;p)N2(p)K(s2;p)N2(p)K(s1;p)B(p)


⊤

= H3(s1, s2, s3;p)

Figure 4.4: Transfer functions for MIMO PBMOR

For details of this analysis, we refer the reader to [116, 119]. The Volterra series representa-

tion of bilinear systems has been successfully used for interpolation-based input-independent,
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optimal model reduction of non-parametric bilinear systems; see, e.g., [20, 57].

Similarly, for the reduced bilinear system (4.2), the kth subsystem transfer function is given

by

H̃k(s1, . . . , sk;p) = C̃(p)K̃(sk;p)Ñ(p)

× [Inin
⊗ K̃(sk−1;p)Ñ(p)] · · · [I⊗k−2

nin
⊗ K̃(s2;p)Ñ(p)]

× [I⊗k−1

nin
⊗ K̃(s1;p)B̃(p)],

(4.11)

where

Ñ(p) = [Ñ1(p) Ñ2(p) · · · Ñnin
(p)]. (4.12)

This allows us to formulate the parametric interpolatory model reduction problem in our

setting: Given interpolation frequencies {σ1, . . . , σq} ⊂ C, nontrivial right direction r ∈ Cnin ,

nontrivial left direction ℓ ∈ Cnout , and interpolation parameter sample π ∈ P , find V,W

such that the reduced model (4.2) constructed via projection as in (4.3) satisfies the following

interpolation conditions for any k ∈ {1, . . . , q}:

• tangential interpolation of the subsystems:

Hk(σ1, . . . , σk;π)
(

I⊗k−1

nin
⊗ r
)
= H̃k(σ1, . . . , σk;π)

(
I⊗k−1

nin
⊗ r
)
, (4.13)

ℓ⊤Hk(σ1, . . . , σk;π) = ℓ⊤H̃k(σ1, . . . , σk;π); (4.14)

• tangential interpolation of the subsystems’ partial derivatives with respect to each
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frequency variable: for each i ∈ {1, . . . , k}

∂

∂si

(
ℓ⊤Hk(σ1, . . . , σk;π)

(
I⊗k−1

nin
⊗ r
))

=
∂

∂si

(
ℓ⊤H̃k(σ1, . . . , σk;π)

(
I⊗k−1

nin
⊗ r
))

; ;

(4.15)

• tangential interpolation of the subsystems’ partial derivatives with respect to each

parameter variable entry:

Jp

(
ℓ⊤Hk(σ1, . . . , σk;π)

(
I⊗k−1

nin
⊗ r
))

= Jp

(
ℓ⊤H̃k(σ1, . . . , σk;π)

(
I⊗k−1

nin
⊗ r
))

,

(4.16)

where Jp(·) denotes the matrix of sensitivities (Jacobian) with respect to p;

• tangential interpolation of the subsystems’ second partial derivatives with respect to

each parameter variable entry:

Hp

(
ℓ⊤Hk(σ1, . . . , σk;π)

(
I⊗k−1

nin
⊗ r
))

= Hp

(
ℓ⊤H̃k(σ1, . . . , σk;π)

(
I⊗k−1

nin
⊗ r
))

,

(4.17)

where Hp(·) denotes the Hessian (tensor) with respect to p.

In other words, we would like to construct a reduced parametric bilinear system whose

leading subsystems interpolate (both in frequency and parameter space) the corresponding

leading subsystems of the full order parametric model. Note that we are not only enforcing

Lagrange interpolation. We require the reduced model to match the parameter sensitivities

and Hessians as well, which is important, especially, in the setting of reduced models in

optimization. Moreover, these conditions can then be generalized for different reordering of

the frequencies, multiple tangential directions, and several parameter values.
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For a MIMO system, the output dimension of the transfer functions remains constant for all

subsystems, while the input dimension increases with the subsystem’s order:

Hk ∈ Cnout×(nin)
k

.

This allows several choices for the right tangential interpolation. Here we chose (4.13), which

has dimension (nin)
k×(nin)

k−1, in order to tangentially interpolate each entry of the transfer

functions as in the linear case. Other choices for right tangential interpolation are possible.

For example, one might choose to multiply by (1nin
⊗ r), where 1nin

denotes the column

vector of dimension nin with all its entries 1. Then one would be looking to interpolate the

sum of the entries of the transfer function instead of each entry separately. This new choice

would decrease the dimension of the objects to interpolate to scalars instead of vectors (with

dimension increasing with subsystem order). In practice, we do not suffer from this, since

we only choose to interpolate the first two transfer functions. If one wishes to interpolate a

large number of subsystems, it may be worth considering an option like (1nin
⊗ r), so that

the reduced order model state dimension ñst is not too large. Results would be analogous

to the ones presented below.

4.2 Subspace conditions for parametric bilinear inter-

polation

In this section, we establish the subspace conditions to enforce the desired interpolation

conditions (4.13)–(4.17) for parametric bilinear systems. Note that even for the parametric

bilinear system (4.1) we consider here, some of these interpolation conditions, e.g, (4.13), do

not involve parameter gradient and/or parameter Hessian interpolation, and thus can be in-
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terpreted as regular tangential bilinear subsystem interpolation for a fixed parameter p = π,

as considered in [25]. However, even though our subspace conditions for (4.13)-(4.14) will

look similar to those in [25], we include the corresponding theorem (Theorem 4.2 below) and

its complete proof for the following reasons. Although [25] considers tangential interpolation

for non-parametric bilinear systems, the tangential interpolation conditions appear differ-

ently. In our formulation, tangential directions appear in Kronecker product form due to

the structure of Hk(s1, s2, . . . , sk;p) as defined in (4.9), illustrating that Hk(s1, s2, . . . , sk;p)

can be considered to have nin
k inputs. Our conditions result in regular tangential interpo-

lation in the subblocks of Hk(s1, s2, . . . , sk;p); details will be given below. Moreover, we

provide different proofs for (4.13) and (4.14), which we later use in the proof of Theorem

4.4. Finally, we include the E(p) term in the full model. Clearly, the subspace conditions

(4.16) for matching the parameter gradient and (4.17) for matching the parameter Hessian

are new and will be fully discussed.

Theorem 4.2 will establish the subspace conditions for enforcing Lagrange interpolation for

the subsystem transfer functions, namely (4.13) and (4.14). This will be achieved using

one-sided projections. Then, using two-sided projections, Theorem 4.4 will extend these

results to matching sensitivities (derivatives) with respect to frequencies and parameters,

thus satisfying (4.15) and (4.16). Finally, by adding further subspace conditions, Theorem

4.5 will show how to match the parameter Hessian, i.e., satisfying (4.17).

Theorem 4.2. Let q be the number of subsystems we wish to interpolate, and {σ1, . . . , σq} ⊂

C and π ∈ P be such that K(σi;π) exists for all i ∈ {1, . . . , q}. Consider also the nontrivial
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vectors r ∈ Cnin and ℓ ∈ Cnout. Define

V1 = K(σ1;π)B(π)r,

Vk = K(σk;π)N(π)(Inin
⊗Vk−1), for k = 2, . . . , q,

(4.18)

W1 = K(σq;π)
⊤C(π)⊤ℓ, and

Wk = K(σq+1−k;π)
⊤N(π)⊤(Inin

⊗Wk−1), for k = 2, . . . , q,

(4.19)

where

N(p) =



N1(p)

N2(p)
...

Nnin
(p)


.

If
q⋃

k=1

Ran(Vk) ⊆ Ran(V), (4.20)

then, for k = 1, . . . , q,

Hk(σ1, . . . , σk;π)(I⊗
k−1

nin
⊗ r) = H̃k(σ1, . . . , σk;π)(I⊗

k−1

nin
⊗ r). (4.21)

If
q⋃

k=1

Ran(Wk) ⊆ Ran(W), (4.22)

then, for k = 1, . . . , q,

ℓ⊤Hk(σq+1−k, . . . , σq;π) = ℓ⊤H̃k(σq+1−k, . . . , σq;π). (4.23)

The proof of this result follows by induction. The case k = 1 corresponds to the linear case,

which we provided insight for in Figures 4.1 and 4.2. Before jumping into the complete
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general proof below, we want to again provide a warm-up for the reader to familiarize

themselves with the tedious manipulations ahead. Hence we visualize the assumptions and

sketch the proof for the second subsystem (k = 2) in Figures 4.5 and 4.6. For simplicity,

we will assume N(p) = N1(p) in these figures, i.e., we provide intuition for only one entry

in H2, since all other entries in H2 have analogous structure in terms of Ni(p) (as seen in

Figure 4.4). Note that V1 and W1 in Figure 4.5 are the same as V and W in Figure 4.1.

H2(σ1, σ2;π)r = C(π)K(σ2;π)N1(p)K(σ1;π)B(π)r︸ ︷︷ ︸
V1︸ ︷︷ ︸

V2

ℓ⊤H2(σq−1, σq;π) = ℓ⊤C(π)K(σq;π)︸ ︷︷ ︸
W⊤

1

N1(p)K(σq−1;π)

︸ ︷︷ ︸
W⊤

2

B(π)

Figure 4.5: Visualization of the MOR basis in Theorem 4.2 for k = 2

Hence interpolation of H1 is guaranteed. Since we want to interpolate H2, we include V2

and W2, which contain the right and left information H2(σ1, σ2;p)r and ℓ⊤H2(σq−1, σq;π),

respectively. In Figure 4.6 we show the difference H2(σ1, σ2;p)r − H̃(σ1, σ2;p)r. Even

though Figure 4.6 may seem intimidating, it shows very similar steps to those in Figure 4.2:

we highlight in red the vector added to the range of V specifically to interpolate H2 from the

right; we use the definition of the reduced matrices to create common factors with the term

corresponding to the full order system; we apply the fact that we know H1 is interpolated;

and we factor out the highlighted vector from both terms. Then all is left to show, as before,

is that this expression is indeed zero. The analysis follows analogously for left interpolation

with W (in blue) at the bottom of Figure 4.6.
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H2(σ1, σ2;π)r− H̃2(σ1, σ2;π)r
= C(π)K(σ2;π)N1(π)K(σ1;π)B(π)r− C̃(π)︸ ︷︷ ︸ K̃(σ2;π) Ñ1(π)︸ ︷︷ ︸ K̃(σ1;π)B̃(π)r

C(π)V W⊤N1(π)V︸ ︷︷ ︸
K(σ1;π)B(π)r

= C(π)

I−VK̃(σ2;π)W⊤K(σ2;π)
−1︸ ︷︷ ︸

V(σ2;π)

K(σ2;π)N1(π)K(σ1;π)B(π)r︸ ︷︷ ︸
f2(σ1,σ2;π)︸ ︷︷ ︸

0

ℓ⊤H2(σq−1, σq;π)− ℓ⊤H̃2(σq−1, σq;π)

= ℓ⊤C(π)K(σq;π)N1(π)K(σq−1;π)B(π)− ℓ⊤C̃(π)K̃(σq;π) Ñ1(π)︸ ︷︷ ︸ K̃(σq−1;π) B̃(π)︸ ︷︷ ︸
W⊤︸ ︷︷ ︸N1(π)V W⊤B(π)

ℓ⊤C(π)K(σq;π)

= ℓ⊤C(π)K(σq;π)N1(π)K(σq−1;π)︸ ︷︷ ︸
g⊤
2 (σq−1,σq ;π)

I−K(σq−1;π)
−1VK̃(σq−1;π)W⊤︸ ︷︷ ︸
W(σq−1;π)


︸ ︷︷ ︸

0

B(π)

Figure 4.6: Sketch of the proof for Theorem 4.2 for k = 2 (notation from the proof in purple)
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Proof. Define

V(s;p) = VK̃(s;p)W⊤K(s;p)−1,

W(s;p) = K(s;p)−1VK̃(s;p)W⊤,

fk(s1, . . . , sk;p) = K(sk;p)N(p)

× (Inin
⊗K(sk−1;p)N(p)) · · · (I⊗k−2

nin
⊗K(s2;p)N(p))

× (I⊗k−1

nin
⊗K(s1;p)B(p)r), and

g⊤
k (s1, . . . , sk;p) = ℓ⊤C(p)K(sk;p)N(p)

× (Inin
⊗K(sk−1;p)N(p)) · · · (I⊗k−2

nin
⊗K(s2;p)N(p))

× (I⊗k−1

nin
⊗K(s1;p)). (4.24)

Note that K̃(s;p)−1 = W⊤K(s;p)−1V and

V2(s;p) = VK̃(s;p)W⊤K(s;p)−1VK̃(s;p)W⊤K(s;p)−1

= VK̃(s;p)W⊤K(s;p)−1

= V(s;p).

Thus, V(s;p) is a skew projector onto Ran(V). Similarly W(s;p) is a skew projector

along Ker(W⊤). Also note that Hk(s1, . . . , sk;p)(I⊗
k−1

nin
⊗ r) = C(p)fk(s1, . . . , sk;p) and

ℓ⊤Hk(s1, . . . , sk;p) = g⊤
k (s1, . . . , sk;p)(I⊗

k−1

nin
⊗B(p)).

First we prove (4.21). Suppose (4.20) holds. We know that (4.21) is true for k = 1 by

Theorem 4.1. Assume that the result is true for k − 1; recall k < q. Then using the
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definitions of V(s;p) and fk(s1, . . . , sk;p) from (4.24), we obtain

Hk(σ1, . . . , σk;π)(I⊗
k−1

nin
⊗ r)− H̃k(σ1, . . . , σk;π)(I⊗

k−1

nin
⊗ r)

= C(π)(Inst − V(σk;π))fk(σ1, . . . , σk;π), (4.25)

where we factor out the term fk(σ1, . . . , σk;π) using the right interpolation of

Hk−1(σ1, . . . , σk−1;π)

due to the induction assumption (see top of Figure 4.6). Then, what is left to show is that

(4.25) is zero: By the construction of V in (4.20), we obtain fk(σ1, . . . , σk;π) ∈ Ran(V).

Hence fk(σ1, . . . , σk;π) ∈ Ran(V(σk;π)), which implies

(Inst − V(σk;π))fk(σ1, . . . , σk;π) = 0, (4.26)

since V(s;p) is a skew projector onto Ran(V). The proof of (4.23) follows similarly. Note

that the order of the interpolation frequencies in (4.23) is different than the order in (4.21).

Suppose (4.22) holds. As before, the result is true for k = 1. Assume that it holds for k− 1.

Similar to (4.25), we obtain (see bottom of Figure 4.6)

ℓ⊤Hk(σq+1−k, . . . , σq;π)− ℓ⊤H̃k(σq+1−k, . . . , σq;π)

= g⊤
k (σq+1−k, . . . , σq;π)[I⊗

k−1

nin
⊗ (In −W(σq+1−k;π))B(π)]. (4.27)

Again we show that this expression is zero. Note that by the definition of gk and the

construction of W in (4.22), we have

gk(σq+1−k, . . . , σq;π) ⊥ Ker(I⊗k−1

nin
⊗W(σq+1−k;π));
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thus

g⊤
k (σq+1−k, . . . , σq;π)[I⊗

k−1

nin
⊗ (Inst −W(σq+1−k;π))] = 0. (4.28)

Theorem 4.2 provides tangential interpolation of Hk(s1, . . . , sk;p) in a specific order of the

frequencies, namely in the order {σ1, . . . , σk}. However one might also consider enforcing

interpolation at the frequency samples {σ1, . . . , σk} in any order, including repetitions, as

is considered in [25]. Indeed, as we will show in Theorem 4.4, interpolation of the transfer

function sensitivities will require this. The result as shown in Corollary 4.3 below is a direct

extension of Theorem 4.2; thus we skip the details. It simply requires the subspaces to

contain all possible combinations.

Corollary 4.3. Let q be the number of subsystems we wish to interpolate. Consider

{σ1, . . . , σq} ⊂ C and π ∈ P such that K(σi;π) exists for all i ∈ {1, . . . , q}. Consider

also the nontrivial vectors r ∈ Cnin and ℓ ∈ Cnout. Define, for k = 2, . . . , q:

V1 = [K(σ1;π)B(π)r, · · · , K(σq;π)B(π)r],

Vk = [K(σ1;π)N(π)(Inin
⊗Vk−1), · · · , K(σq;π)N(π)(Inin

⊗Vk−1)],

W1 = [K(σ1;π)
⊤C(π)⊤ℓ, · · · , K(σq;π)

⊤C(π)⊤ℓ], and

Wk = [K(σ1;π)
⊤N(π)⊤(Inin

⊗Wk−1), · · · , K(σq;π)
⊤N(π)⊤(Inin

⊗Wk−1)].

(4.29)

If
q⋃

k=1

Ran(Vk) ⊆ Ran(V), (4.30)

then, for k = 1, . . . , q, and for any i1, . . . , ik ∈ {1, . . . , q},

Hk(σi1 , . . . , σik ;π)(I⊗
k−1

nin
⊗ r) = H̃k(σi1 , . . . , σik ;π)(I⊗

k−1

nin
⊗ r).
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If
q⋃

k=1

Ran(Wk) ⊆ Ran(W), (4.31)

then, for k = 1, . . . , q, and for any i1, . . . , ik ∈ {1, . . . , q},

ℓ⊤Hk(σi1 , . . . , σik ;π) = ℓ⊤H̃k(σi1 , . . . , σik ;π).

So far, we proved the interpolation conditions using either only V or only W; i.e., we assumed

interpolation information only in one of the subspaces, considering one-sided projection. The

next theorem shows that when both subspaces are considered, one automatically matches

the sensitivities (derivatives) with respect to the frequencies and parameter; indeed without

computing the sensitivities to be matched.

Theorem 4.4. Assume the hypotheses of Corollary 4.3. Let Vk and Wk be constructed as

in (4.29) for k = 1, 2, . . . , q. If both

q⋃
k=1

Ran(Vk) ⊆ Ran(V) and

q⋃
k=1

Ran(Wk) ⊆ Ran(W),

then for k = 1, . . . , q and for i = 1, . . . , k:

∂

∂si

(
ℓ⊤Hk(σ1, . . . , σk;π)(I⊗

k−1

nin
⊗ r)

)
=

∂

∂si

(
ℓ⊤H̃k(σ1, . . . , σk;π)(I⊗k−1

nin
⊗ r)

)
,

and

Jp

(
ℓ⊤Hk(σ1, . . . , σk;π)(I⊗

k−1

nin
⊗ r)

)
= Jp

(
ℓ⊤H̃k(σ1, . . . , σk;π)(I⊗

k−1

nin
⊗ r)

)
,

where Jp(·) denotes the matrix of sensitivities (Jacobian) with respect to p.
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Proof. The proof will use similar ideas to the proof of Theorem 4.2. We will use appro-

priately defined projectors to eliminate the terms from the error expressions yielding the

necessary interpolation conditions. Recall the definitions V(s;p), W(s;p), fk(s1, . . . , sk;p),

and g⊤
k (s1, . . . , sk;p) from (4.24). Similarly, define

f̃k(s1, . . . , sk;p) = K̃(sk;p)Ñ(p)(Inin
⊗ K̃(sk−1;p)Ñ(p)) · · · (I⊗k−2

nin
⊗ K̃(s2;p)Ñ(p))

× (I⊗k−1

nin
⊗ K̃(s1;p)B̃(p)r), and

g̃⊤
k (s1, . . . , sk;p) = ℓ⊤C̃(p)K̃(sk;p)Ñ(p)(Inin

⊗ K̃(sk−1;p)Ñ(p)) · · · (I⊗k−2

nin
⊗ K̃(s2;p)Ñ(p))

× (I⊗k−1

nin
⊗ K̃(s1;p)).

Let k ∈ {1, . . . , q} and i ∈ {1, . . . , k}. Under the assumptions of the theorem, we know (4.26)

and (4.28) are satisfied for any choice of frequencies due to Corollary 4.3; in particular,

(Inst − V(σκ;π))fκ(σ1, . . . , σκ;π) = 0, and

g⊤
κ−ι+1(σι, . . . , σκ;π)[I⊗

κ−ι

nin
⊗ (In −W(σκ;π))] = 0,

for any κ ∈ {1, . . . , q} and ι < κ. Recalling the definitions of the full and reduced transfer

functions (4.9) and (4.11), together with (4.25) and (4.27), and our definitions in this proof,

we can rewrite these two terms as

fκ(σ1, . . . , σκ;π)−Vf̃κ(σ1, . . . , σκ;π) = 0, and

g⊤
κ−ι+1(σι, . . . , σκ;π)− g̃⊤

κ−ι+1(σι, . . . , σκ;π)(I⊗
κ−ι

nin
⊗W⊤) = 0,
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or equivalently

fκ(σ1, . . . , σκ;π) = Vf̃κ(σ1, . . . , σκ;π) and

g⊤
κ−ι+1(σι, . . . , σκ;π) = g̃⊤

κ−ι+1(σι, . . . , σκ;π)(I⊗
κ−ι

nin
⊗W⊤).

(4.32)

Now fix k ∈ {1, . . . , q} and i ∈ {1, . . . , k}, and recall that Ẽ(p) = W⊤E(p)V. Then

∂

∂si

(
ℓ⊤H̃k(σ1, . . . , σk;π)(I⊗

k−1

nin
⊗ r)

)
= g̃⊤

k−i+1(σi, . . . , σk;π)(I⊗
k−i

nin
⊗W⊤)E(π)Vf̃i(σ1, . . . , σi;π)

= g⊤
k−i+1(σi, . . . , σk;π)E(π)fi(σ1, . . . , σi;π) (by (4.32))

=
∂

∂si

(
ℓ⊤Hk(σ1, . . . , σk;π)(I⊗

k−1

nin
⊗ r)

)
.

(4.33)

To summarize this proof so far and for a break from notation, see Figure 4.7. The top

of the figure highlights that the basis again contains left and right information about the

transfer function, while the bottom provides a visualization of (4.33) for k = 2. To prove

interpolation, we only need to be careful where to split the expression of the transfer function,

so that both the right and the left side of the split are included in V and W, respectively.

Note that the split happens in the term resulting from taking the partial derivative. Once

the split is made, we simply apply the definition of the reduced matrix in the middle of the

split (Ẽ(p) in this case) and apply (4.21) to recover the full order transfer function terms.

Similarly, we can prove interpolation of the parameter gradients. Let pj refer to any entry

of the parameter vector p ∈ P and let Mpj(p) denote the partial derivative of M(p) with

respect to pj. Since the expression of the parameter gradient for a general subsystem transfer

function Hk(s1, . . . , sk;p) becomes too involved to properly present in a single page, we

provide the proof for the second subsystem (the result for the first subsystem follows from

Theorem 4.1) in Figure 4.8 and sketch the proof for a general subsystem. Figure 4.8 is even
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∂

∂s1

(
ℓ⊤H2(σ1, σ2;π)r

)
= ℓ⊤C(π)K(σ2;π)N1(π)K(σ1;π)︸ ︷︷ ︸

g⊤
2 (σ1,σ2;π)=W2(:,2)⊤

E(π)K(σ1;π)B(π)r︸ ︷︷ ︸
f1(σ1;π)=V1(:,1)

∂

∂s2

(
ℓ⊤H2(σ1, σ2;π)r

)
= ℓ⊤C(π)K(σ2;π)︸ ︷︷ ︸

g⊤
1 (σ2;π)=W1(:,2)⊤

E(π)K(σ2;π)N1(π)K(σ1;π)B(π)r︸ ︷︷ ︸
f2(σ1,σ2;π)=V2(:,q+1)

Note: We use matlab notation to refer to the columns of the basis in (4.29).

∂

∂s2

(
ℓ⊤H̃2(σ1, σ2;π)r

)
= ℓ⊤C̃(π)K̃(σ2;π)︸ ︷︷ ︸

g̃⊤
1 (σ2;π)

Ẽ(π)︸ ︷︷ ︸
W⊤E(π)V

K̃(σ2;π)Ñ1(π)K̃(σ1;π)B̃(π)r︸ ︷︷ ︸
f̃2(σ1,σ2;π)

= g⊤
1 (σ2;π) E(π) f2(σ1, σ2;π) (by (4.32))

=
∂

∂s2

(
ℓ⊤H2(σ1, σ2;π)r

)

Figure 4.7: Visualization of the interpolation of the partial derivatives with respect to fre-
quencies for k = 2 and with only one bilinear term N(p) = N1(p)
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∂

∂pj

(
ℓ⊤H̃2(σ1, σ2;π)r

)
=

∂

∂pj

(
ℓ⊤C̃(p)K̃(s2;p)Ñ(p)K̃(s1;p)B̃(p)r

)∣∣∣∣
(σ1,σ2;π)

= ℓ⊤ C̃pj(π)︸ ︷︷ ︸
Cpj (π)V

K̃(σ2;π)Ñ(π)K̃(σ1;π)B̃(π)r︸ ︷︷ ︸
f̃2(σ1,σ2;π)

− ℓ⊤C̃(π)K̃(σ2;π)︸ ︷︷ ︸
g̃⊤
1 (σ2;π)

K̃pj(σ2;π)
−1︸ ︷︷ ︸

W⊤Kpj (σ2;π)−1V

K̃(σ2;π)Ñ(π)K̃(σ1;π)B̃(π)r︸ ︷︷ ︸
f̃2(σ1,σ2;π)

+ ℓ⊤C̃(π)K̃(σ2;π)︸ ︷︷ ︸
g̃1(σ2;π)

Ñpj(π)︸ ︷︷ ︸
W⊤Npj (π)V

K̃(σ1;π)B̃(π)r︸ ︷︷ ︸
f̃1(σ1;π)

− ℓ⊤C̃(π)K̃(σ2;π)Ñ(π)K̃(σ1;π)︸ ︷︷ ︸
g̃⊤
2 (σ1,σ2;π)

K̃pj(σ1;π)
−1︸ ︷︷ ︸

W⊤Kpj (σ1;π)−1V

K̃(σ1;π)B̃(π)r︸ ︷︷ ︸
f̃1(σ1;π)

+ ℓ⊤C̃(π)K̃(σ2;π)Ñ(π)K̃(σ1;π)︸ ︷︷ ︸
g̃⊤
2 (σ1,σ2;π)

B̃pj(π)︸ ︷︷ ︸
W⊤Bp(π)

r

=
∂

∂pj

(
ℓ⊤H2(σ1, σ2;π)r

)
(by (4.32))

Figure 4.8: Visualization of the interpolation of the partial derivative with respect to a
parameter entry for k = 2 and with only one bilinear term, N(p) = N1(p)
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more involved than the last figure, but the steps will again be the same (repeated several

times). Since now the partial derivative affects all system matrices, the product rule results

in multiple additive terms for ∂
∂pj

H2. Then we repeat the steps (split, rewrite a reduced

matrix, interpolation of previous subsystem already guaranteed) for each term. Figure 4.8

shows
∂

∂pj

(
ℓ⊤H2(σ1, σ2;π)(Inin

⊗ r)
)
=

∂

∂pj

(
ℓ⊤H̃2(σ1, σ2;π)(Inin

⊗ r)
)
.

Since pj was an arbitrary entry of p, this yields

Jp
(
ℓ⊤H2(σ1, σ2;π)(Inin

⊗ r)
)
= Jp

(
ℓ⊤H̃2(σ1, σ2;π)(Inin

⊗ r)
)
,

as desired. Now, for the general case, consider

∂

∂pj

(
ℓ⊤H̃k(σ1, . . . , σk;π)(I⊗

k−1

nin
⊗ r)

)
= ℓ⊤Cpj(π)Vf̃k(σ1, . . . , σk;π) (4.34)

+ g̃⊤
1 (σk;π)W⊤Kpj(σk;π)

−1Vf̃k(σ1, . . . , σk;π) (4.35)

+ g̃⊤
1 (σk;π)W⊤Npj(π)(Inin

⊗V)̃fk−1(σ1, . . . , σk−1;π) (4.36)

+ · · ·+ g̃⊤
k (σ1, . . . , σk;π)(I⊗

k−1

nin
⊗W⊤Bpj(π)r). (4.37)

Consider the right-hand side of (4.34). Using (4.32), one can replace Vf̃k(σ1, . . . , σk;π) with

fk(σ1, . . . , σk;π). Similarly, in (4.35), using (4.32), one replaces g̃⊤
1 (σk;π)W⊤ with g⊤

1 (σk;π).
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Continuing in this fashion, we obtain

∂

∂pj

(
ℓ⊤H̃k(σ1, . . . , σk;π)(I⊗

k−1

nin
⊗ r)

)
= ℓ⊤Cpj(π)fk(σ1, . . . , σk;π)

+ g⊤
1 (σk;π)Kpj(σk;π)

−1fk(σ1, . . . , σk;π)

+ g⊤
1 (σk;π)Npj(π)fk−1(σ1, . . . , σk−1;π)

+ · · ·+ g⊤
k (σ1, . . . , σk;π)(I⊗

k−1

nin
⊗Bpj(π)r)

=
∂

∂pj

(
ℓ⊤Hk(σ1, . . . , σk;π)(I⊗

k−1

nin
⊗ r)

)
,

as desired.

We now present the final theoretical result, showing the interpolation of the parameter

Hessian. As the expressions become too involved for a general subsystem transfer function,

we write and prove the conditions for the first and second subsystems only, but the results

can be generalized similarly.

Theorem 4.5. Assume the hypotheses of Corollary 4.3 for q = 2. Define

V1(p) = [K(σ1;p)B(p)r, K(σ2;p)B(p)r] ,

V2(p) = [K(σ1;p)N(p)(Im ⊗V1(p)), K(σ2;p)N(p)(Im ⊗V1(p))] ,

W1(p) =
[
(K(σ1;p))⊤ C(p)⊤ℓ, (K(σ2;p))⊤ C(p)⊤ℓ

]
, and

W2(p) =
[
(K(σ1;p))⊤ N(p)⊤(Im ⊗W1(p)), (K(σ2;p))⊤ N(p)⊤(Im ⊗W1(p))

]
.

Assume
2⋃

k=1

Ran(Vk(π)) ⊆ Ran(V) and

2⋃
k=1

Ran(Wk(π)) ⊆ Ran(W). (4.38)
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If either

2⋃
k=1

ν⋃
j=1

Ran
(

∂

∂pj
Vk(π)

)
⊆ Ran(V) or

2⋃
k=1

ν⋃
j=1

Ran
(

∂

∂pj
Wk(π)

)
⊆ Ran(W), (4.39)

then

Hp
(
ℓ⊤H2(σ1, σ2;π)(Im ⊗ r)

)
= Hp

(
ℓ⊤H̃2(σ1, σ2;π)(Im ⊗ r)

)
,

where Hp(·) denotes the Hessian (tensor) with respect to p.

Proof. The proof will be building on the proofs of Theorems 4.2 and 4.4. We will compute

the parameter Hessians of the subsystems, leading to various additive terms, and then show

that the subspace conditions will correspond to matching them.

Assume we have the extra conditions on V. First note that we have interpolation of

Hp
(
ℓ⊤H1(σi;π)r

)
for i ∈ {1, 2} since this is the linear case (see [15] for details). Let

pi and pj refer to any entries in the parameter vector p. Recall the definition of the second

transfer function of the full and reduced model, respectively:

H2(s1, s2;p) = C(p)K(s1;p)N(p)(Im ⊗K(s1;p)B(p)) and

H̃2(s1, s2;p) = C̃(p)K̃(s1;p)Ñ(p)(Im ⊗ K̃(s1;p)B̃(p)).

We take the second partial derivative of H̃2(s1, s2;p) with respect to pj and pi, apply the

definition of the reduced order matrices, rearrange the terms and use the notation in previous
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proofs to obtain

∂2

∂pj∂pi

(
ℓ⊤H̃2(σ1, σ2;π)(Im ⊗ r)

)
= ℓ⊤Cpjpi(π)Vf̃2(σ1, σ2;π) (4.40)

+ g̃⊤
2 (σ1, σ2;π)W⊤Bpjpi(π)r (4.41)

+ g̃⊤
1 (σ2;π)W⊤Npjpi(π)(Im ⊗Vf̃1(σ1;π)) (4.42)

+ g̃⊤
1 (σ2;π)W⊤Kpjpi(σ2;π)

−1Vf̃2(σ1, σ2;π) (4.43)

+ g̃⊤
2 (σ1, σ2;π)(Im ⊗W⊤Kpjpi(σ1;π)

−1Vf̃1(σ1;π)) (4.44)

+ {g̃⊤
1 (σ2;π)W⊤Npj(π) + g̃⊤

2 (σ1, σ2;π)W⊤Kpj(σ1;π)
−1}(Im ⊗V[̃f1]pi(σ1;π)) (4.45)

+ {g̃⊤
1 (σ2;π)W⊤Npi(π) + g̃⊤

2 (σ1, σ2;π)W⊤Kpi(σ1;π)
−1}(Im ⊗V[̃f1]pj(σ1;π)) (4.46)

+ {ℓ⊤Cpj(π) + g̃⊤
1 (σ2;π)W⊤Kpj(σ2;π)

−1}V[̃f2]pi(σ1, σ2;π) (4.47)

+ {ℓ⊤Cpi(π) + g̃⊤
1 (σ2;π)W⊤Kpi(σ2;π)

−1}V[̃f2]pj(σ1, σ2;π), (4.48)

where Mpjpi(p) denotes the second partial derivative of M(p) with respect to pj and pi,

and [fk]pi denotes the partial derivative of fk with respect pi. Then, we follow the similar

manipulations used in the proof of Theorem 4.4 for (4.34)-(4.37): Equations (4.40)-(4.44)

contain the same terms, and thus we follow the same reasoning that we used for (4.34)-(4.37).

Then, even though (4.45)-(4.48) contain the new terms [f1]pj(σ1;π) and [f2]pj(σ1, σ2;π),

the same manipulations still apply here due to the construction of V in (4.38) and (4.39),

[f1]pj(σ1;π) and [f2]pj(σ1, σ2;π) are now also spanned by Ran(V) for any pj. Therefore, we

obtain

∂2

∂pj∂pi

(
ℓ⊤H̃2(σ1, σ2;π)(Im ⊗ r)

)
=

∂2

∂pj∂pi

(
ℓ⊤H2(σ1, σ2;π)(Im ⊗ r)

)
.

See Figures 4.9 and 4.10 to follow some of the steps above led by colours. The manipulations
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∂2

∂pi∂pj

(
ℓ⊤H2(σ1, σ2;π)r

)

=
∂

∂pi
(ℓ⊤Cpj(π)K(σ2;π)N(π)K(σ1;π)B(π)r︸ ︷︷ ︸

f2(σ1,σ2;π)

− ℓ⊤C(π)K(σ2;π)︸ ︷︷ ︸
g⊤
1 (σ2;π)

Kpj(σ2;π)
−1 K(σ2;π)N(π)K(σ1;π)B(π)r︸ ︷︷ ︸

f2(σ1,σ2;π)

+ ℓ⊤C(π)K(σ2;π)︸ ︷︷ ︸
g⊤
1 (σ2;π)

Npj(π)K(σ1;π)B(π)r︸ ︷︷ ︸
f1(σ1;π)

− ℓ⊤C(π)K(σ2;π)N(π)K(σ1;π)︸ ︷︷ ︸
g⊤
2 (σ1,σ2;π)

Kpj(σ1;π)
−1 K(σ1;π)B(π)r︸ ︷︷ ︸

f1(σ1;π)

+ ℓ⊤C(π)K(σ2;π)N(π)K(σ1;π)︸ ︷︷ ︸
g⊤
2 (σ1,σ2;π)

Bpj(π)r)

=
(
ℓ⊤Cpipj(π)− g⊤

1 (σ2;π)Kpipj(σ2;π)
−1
)

f2(σ1, σ2;π)

+ g⊤
1 (σ2;π)Npipj(π)f1(σ1;π)

− g⊤
2 (σ1, σ2;π)

(
Kpipj(σ1;π)

−1f1(σ1;π)−Bpipj(π)r
)

+
(
ℓ⊤Cpj(π)− g⊤

1 (σ2;π)Kpj(σ2;π)
−1
)
[f2]pi (σ1, σ2;π) (4.49)

+
(
g⊤
1 (σ2;π)Npj(π)− g⊤

2 (σ1, σ2;π)Kpj(σ1;π)
−1
)
[f1]pi (σ1;π) (4.50)

−
[
g⊤
1

]
pi
(σ2;π)

(
Kpj(σ2;π)

−1f2(σ1, σ2;π)−Npj(π)f1(σ1;π)
)

(4.51)
−
[
g⊤
2

]
pi
(σ1, σ2;π)

(
Kpj(σ1;π)

−1f1(σ1;π)−Bpj(π)r
)

(4.52)

Figure 4.9: Hessian entry for H2 with N(p) = N1(p)

To use V in (4.39), rearrange (4.49) and (4.50) as:(
ℓ⊤Cpi(π)− g⊤

1 (σ2;π)Kpi(σ2;π)
−1
)
[f2]pj (σ1, σ2;π)(

g⊤
1 (σ2;π)Npi(π)− g⊤

2 (σ1, σ2;π)Kpi(σ1;π)
−1
)
[f1]pj (σ1;π).

To use W in (4.39), rearrange (4.51) and (4.52) analogously.

Figure 4.10: Visualization of Hessian manipulations in the proof of Theorem 4.5
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in Figures 4.9 and 4.10 are analogous to those in Figure 4.8 with more terms to track, since

the double partial derivative creates more additive terms. A more careful rearrangement is

needed in Figure 4.10, since the derivative information is only assumed in either V or W.

Since pj and pi were arbitrary, we obtain the Hessian matching as desired. The proof would

be analogous if we assumed the extra conditions on W instead, only the rearrangement of

the terms would change so that the expression depends on [g1]pj(σ2;π) and [g2]pj(σ1, σ2;π)

instead.

Remark 4.6. As we stated above, one can write the conditions for matching the parameter

Hessian of the higher index subsystems. Let q be the number of subsystems we wish to

interpolate. To obtain the parameter Hessian matching for the general kth order subsystem,

i.e., to satisfy

Hp

(
ℓ⊤Hk(σ1, . . . , σk;π)(I⊗

k−1

m ⊗ r)
)
= Hp

(
ℓ⊤H̃k(σ1, . . . , σk;π)(I⊗

k−1

m ⊗ r)
)
,

for k = 1, . . . , q, we would need

V1(p) = [K(σ1;p)B(p)r, · · · , K(σq;p)B(p)r] ,

Vk(p) = [K(σ1;p)N(p)(Im ⊗Vk−1(p)), · · · , K(σq;p)N(p)(Im ⊗Vk−1(p))] , k = 1, . . . , q,

W1(p) =
[
K(σ1;p)⊤C(p)⊤ℓ, · · · , K(σq;p)⊤C(p)⊤ℓ

]
, and

Wk(p) =
[
K(σ1;p)⊤N(p)⊤(Im ⊗W1(p)), · · · , K(σq;p)⊤N(p)⊤(Im ⊗W1(p))

]
, k = 1, . . . , q,

(evaluated at π) to be contained in the ranges of the basis V and W, respectively, together

with either the partial derivatives of the Vk’s or the partial derivatives of the Wk’s with

respect to the parameter entries (evaluated at π).

Remark 4.7. In Chapter 2, we noted that our p-AAA algorithm may not be invariant to

parameter scaling. However, re-scaling the parameter does not affect our PBMOR method

here. Different applications may use the same dynamical system (4.1), but different units
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to measure the parameter p. Applying our method to both scenarios will yield the same

approximation, provided both systems are sampled at the same frequency values and at the

scale-equivalent parameter values. This will provide the same column vectors that define

the projection basis V and W, since these vectors contain the right and left information

of the transfer functions and the transfer function values remain invariant under parameter

re-scaling (the definition of the system matrices will change, but their value when evaluated

at equivalent parameter values will not). That is, if f is the parameter scaling and we use

the superscript new to denote the system’s description corresponding to this scaling, then

Anew(pnew) = Anew(f(p)) = A(p),

and similarly for any other system matrix (E(p),Nj(p),B(p),C(p)) in (4.1). Therefore

Vnew = V.

4.3 Numerical Examples

In this section, we illustrate the theoretical discussion from Section 4.1 using three examples:

a nonlinear RC circuit, an advection-diffusion equation, and a Burgers equation. Throughout

this section, π(i) (or π(i) when the parameter is a scalar) denotes the parameter sampling

points we used in constructing the model reduction bases V and W, and π̂(i) (or π̂(i)) denotes

the parameter points (which are not sampled) at which we evaluate both reduced and full

models to investigate the accuracy of the reduced model.
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4.3.1 A nonlinear RC circuit

We begin with a modified version of a standard benchmark problem for bilinear systems,

namely a nonlinear RC circuit [14, 113]. The original benchmark problem leads to a non-

parametric bilinear system. We have revised the problem to add parametric dependence. To

clearly motivate this parametric dependence, we include the details of the model derivation.

Consider the SISO parametric nonlinear system

 v̇(t; p) = f(v(t); p) + bu(t),

y(t; p) = c⊤v(t; p),
(4.53)

where v(t; p) ∈ RN , b = c = [1 0 · · · 0]⊤ ∈ RN ,

f(v; p) =



−g(v1; p)− g(v1 − v2; p)

g(v1 − v2; p)− g(v2 − v3; p)

...

g(vk−1 − vk; p)− g(vk − vk+1; p)

...

g(vN−1 − vN ; p)


, (4.54)

and

g(v; p) = epv + v − 1. (4.55)

System (4.53) models a nonlinear RC circuit with N resistors, where the state variable v(t; p)

is the voltage at each node, u(t) is the input signal to the current source, the output y(t; p)

is the voltage between node 1 and ground, and g(ν; p) gives the current-voltage dependency
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at each resistor. We have introduced a parameter dependency p ∈ R in the exponential term

of this current-voltage dependency, which models the influence of the operating temperature

on the current.

Following [14, 113], since the nonlinearity has equilibrium f(0; p) = 0, we apply Carleman

bilinearization to f(v; p) ≈ A1(p)v + A2(p)(v ⊗ v) and a second-order approximation to

g(v; p) ≈ (p+ 1)v + 1
2
p2v2, leading to an approximation of the nonlinear dynamics (4.53) by

the following parametric bilinear system:

 Eẋ(t; p) = A(p)x(t; p) + Nx(t; p)u(t) + bu(t),

yb(t; p) = c⊤x(t; p),
(4.56)

where

x(t; p) =

 v(t; p)

v(t; p)⊗ v(t; p)

 , E = Inst , c = b =

 1

0

 , (4.57)

A(p) =

 A1(p) A2(p)

0 A1(p)⊗ I + I⊗A1(p)

 , N =

 0 0

b⊗ I + I⊗ b 0

 , (4.58)

and yb(t; p) denotes the output of the full-order parametric bilinear system. Note that the

dimension of the bilinear system is nst = N + N2 and the matrices A1(p) ∈ RN×N and

A2(p) ∈ RN×N2 are given by

A1(p) = (1 + p)



−2 1

1 −2 1

. . . . . . . . .

1 −2 1

1 −1


,
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and, for k = 2, . . . , N − 1,

[A2(p)](1,1) = −p2,

[A2(p)](1,2) = [A2(p)](1,N+1) = [A2(p)](k,(k−2)N+k−1) = [A2(p)](k,(k−1)N+k+1)

= [A2(p)](k,kN+k) = [A2(p)](N,(N−2)N+N−1) = [A2(p)](N,(N−1)N+N) =
p2

2
,

[A2(p)](1,N+2) = [A2(p)](k,(k−2)N+k) = [A2(p)](k,(k−1)N+k−1) = [A2(p)](k,kN+k+1)

= [A2(p)](N,(N−2)N+N) = [A2(p)](N,(N−1)N+N−1) = −
p2

2
,

where [A2(p)](i,j) denotes the (i, j)th entry of A2(p). Note that both A1(p) and A2(p) have

the desired affine structure (4.4) with the scalar parametric functions

f1(p) = 1 + p and f2(p) = p2.

As in the original benchmark problem, we choose N = 200, and thus obtain a parametric

bilinear system of dimension nst = 40200. We are interested in the parameter range p ∈

[0, 70], and choose two parameter sampling points, π(1) = 1 and π(2) = 50. For each sampling

point, we focus on the leading q = 2 subsystems. We choose {σ1, σ2} by running IRKA on

the linearized model (by setting N = 0); i.e, {σ1, σ2} correspond to optimal sampling points

for the linear model. With these frequencies, we construct the basis V1 and W1 (using

Theorem 4.5) that guarantees interpolation of H1(s; p), H2(s1, s2; p), and their sensitives

for p = π(1) = 1 and s = σ1, σ2. Similarly, we construct V2 and W2 for π(2) = 50. We

then construct the global bases V = [V1 V2] and W = [W1 W2] and obtain a reduced

parametric bilinear model of dimension ñst = 12 using the projection described in (4.3);

thus we are approximating a parametric bilinear system of dimension nst = 40200 by a

reduced parametric bilinear model of dimension ñst = 12. To test the accuracy of the

parametric reduced model, we simulate and compare the outputs of the original nonlinear
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Table 4.1: Example 4.3.1 (RC circuit): Relative L2 output error for various inputs u(t) and
non-sampled parameter values p = π̂(i).

Relative Error
u(t) π̂(1) π̂(2) π̂(3)

e−t 2.54× 10−3 2.91× 10−3 1.53× 10−3

1
2
(cos(5πt) + 1) 2.54× 10−3 4.33× 10−3 4.57× 10−3

model (4.53), the full bilinear model (4.56), and the reduced bilinear model for two different

inputs, u(t) = e−t and u(t) = 1
2
(cos(5πt)+1), and three different parameter values, π̂(1) = 18,

π̂(2) = 40, and π̂(3) = 62. Note that these parameter values are not the sampled values; indeed

π̂3 = 62 is even outside the sampling range [1, 50]. Moreover, note that the inputs u(t) = e−t

and u(t) = 1
2
(cos(5πt) + 1) were not used in the model reduction step, i.e., the reduced

model is not informed by these choices of excitation. As Figure 4.11 shows, the parametric

reduced bilinear system provides a very accurate approximation to the full bilinear model;

their responses are almost indistinguishable. Relative L2 errors5 in the outputs for our three

parameter values π̂(1), π̂(2), π̂(3) are listed in Table 4.1, showing a relative error on the order

of 10−3. We also emphasize that the only deviations visible in Figure 4.11 are deviations

from the original nonlinear system, due to Carleman bilinearization, and not due to the

model reduction step. We also note that even though the responses might look similar for

different parameter values, the scales of the outputs are different.

To make the numerical investigations more detailed, we performed a parameter sweep using

103 linearly sampled points in the interval [0, 70], then identified the performance of the

reduced model measured in terms of the relative L2 error in the output yb(t; p) for each

of the inputs. We found that for the first input u(t) = e−t, in the worst-case scenario,

the reduced model led to a relative L2 output error of 6.31 × 10−3. For the second input

u(t) = 1
2
(cos(5πt)+1), the worst performance yielded a relative L2 output error of 5.96×10−3.

5All relative L2 errors referred to in this example are measured in the time interval [0, 2].
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These numbers further illustrate the ability of the reduced model to accurately approximate

the full order parametric bilinear system.

4.3.2 Advection-diffusion equation

For our second example consider a model of the transport and diffusion of a passive scalar

field T (representing a chemical concentration, temperature, etc.) on the domain

Ω = [−1, 1]× [−1, 1].

The transport of T is controlled using a background velocity field described with two input

parameters u1 and u2, and two velocity fields v1 and v2. Thus the background velocity field

is v(x, y) = u1(t)v1(x, y) + u2(t)v2(x, y). The value of the passive scalar on the boundary of

Ω (∂Ω) is controlled by an input u3. We model the diffusion using the viscosity parameter

p1, and include a source term centered at (p2, p3) ∈ Ω with an area of effect described by p4

given by

f(x, y; p2, p3, p4) = exp
(
−(x− p2)

2 + (y − p3)
2

p4

)
.

The strength of the source term is controlled by an input u4.

Our passive scalar field T then satisfies

Ṫ (x, y, t) = p1∆T (x, y, t)− v · ∇T (x, y, t) + u4(t)f(x, y; p2, p3, p4),

(x, y, t) ∈ Ω× (0,∞), (4.59)

T (x, y, 0) = T0(x, y), (x, y) ∈ Ω,

T (x, y, t) = u3(t), (x, y, t) ∈ ∂Ω× (0,∞).
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Figure 4.11: Solution to (4.53) (denoted by “original”), (4.56) (denoted by “full”), and re-
duced model (denoted by “reduced”) for different inputs and parameter values. Left column:
u(t) = e−t. Right column: u(t) = 1

2
(cos(5πt) + 1).
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Thus our model depends on the parameter vector

p =



p1

p2

p3

p4


.

We will consider the following as our parameter range:

−3 ≤ ln p1 ≤ 1, (p2, p3) ∈ Ω, 1 ≤ p4 ≤ 10.

We approximate solutions to (4.59) using a finite element discretization

TN(x, y, t) =
N∑
j=1

xj(t)φj(x, y),

where the {φj}Nj=1 arise from quadratic (P2) triangular elements. For convenience, we

will split the summation above into two disjoint parts, one with indices corresponding

to boundary nodes (B) and the remainder corresponding to interior nodes (I). Thus

{1, 2, . . . , N} = B ∪ I. Upon substituting this into the weak form of (4.59) and suppressing

function arguments, we arrive at

(
∂

∂t

[
N∑
j=1

xjφj

]
, φi

)
= −

(
p1∇

[
N∑
j=1

xjφj

]
,∇φi

)
−

(
v · ∇

[
N∑
j=1

xjφj

]
, φi

)

+ (u4f, φi) , ∀i ∈ I,

where the boundary integrals vanish, since φi are zero on the boundary when i ∈ I. Inter-
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changing integration in the L2-inner products with the summation leads to

∑
j∈I

(φj, φi) ẋj = −p1
∑
j∈I

(∇φj,∇φi)xj − p1u3

∑
j∈B

(∇φj,∇φi)

− u1

∑
j∈I

(v1 · ∇φj, φi)xj − u2

∑
j∈I

(v2 · ∇φj, φi)xj + u4 (f, φi) ,

for each i ∈ I. Letting x(t) = [x1(t) x2(t) . . . x|I|(t)]
⊤ and

[E]ij = (φi, φj) , [N1]ij = − (v1 · ∇φj, φi) , [b3]i = −p1
∑
k∈B

(∇φi,∇φk) ,

[A]ij = −p1 (∇φi,∇φj) , [N2]ij = − (v2 · ∇φj, φi) , [b4]i = (f(·; p2, p3, p4), φi(·)) ,

for i, j ∈ I, we can then write our semi-discretized problem as

Eẋ(t;p) = A(p)x(t;p) + N1x(t;p)u1(t) + N2x(t;p)u2(t) + b3(p)u3(t) + b4(p)u4(t),

or

Eẋ(t;p) = A(p)x(t;p) +
4∑

i=1

Nix(t;p)ui(t) + B(p)u(t),

where

N = [N1 N2 N3 N4] = [N1 N2 0 0],

B(p) = [0 0 b3(p) b4(p)], and

u(t) = [u1(t) u2(t) u3(t) u4(t)]
⊤.

We also include an output y(t;p) = c⊤x(t;p) that represents the average of our scalar field
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over [0.5, 1]× [0.5, 1]. In summary, we have a bilinear parametric MIMO system


Eẋ(t;p) = A(p)x(t;p) +

4∑
i=1

Nix(t;p)ui(t) + B(p)u(t),

y(t;p) = c⊤x(t;p),
(4.60)

which can be reduced using the strategy presented in the previous example.

For our simulations, we chose a 21-by-21 FEM mesh (which results in a FOM of dimension

n = |I| = 361) and velocity with

v1(x, y) =

 −y
x

 and v2(x, y) =
cos(π(x− y))

2

 1

1

 .

Note that the full order matrices E,N1,N2, c are constant,

[A(p)]ij = −p1[A]ij, and [b3(p)]i = −p1[b3]i.

Hence the ROM is given by

 Ẽ ˙̃x(t;p) = Ã(p)x̃(t;p) + Ñ1x̃(t;p)u1(t) + Ñ2x̃(t;p)u2(t) + b̃3(p)u3(t) + b̃4(p)u4(t),

ỹ(t;p) = c̃⊤x̃(t;p),

(4.61)

where

Ẽ = W⊤EV, Ã(p) = −p1W⊤AV, (4.62)

Ñj = W⊤NjV, b̃3(p) = −p1W⊤b3, (4.63)

c̃⊤ = c⊤V, and b̃4(p) = W⊤b4(p). (4.64)
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Even though the dimension in (4.61) is lower, the reduction of the vector b4(p) cannot

be done offline since it does not have an affine parametric structure like the rest of the

system matrices. Hence we aim to reduce the cost of computing b4(p) by means of Q-

DEIM approximation, as we discussed in Section 4.1.2. We chose a tolerance of 10−5 to

truncate the singular values in the POD basis, resulting in a Q-DEIM approximation of order

M = 33. In Figure 4.12 we show the relative error of the Q-DEIM approximation of b4(p)
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Figure 4.12: Relative error in the Q-DEIM approximation of b4(p).

over 104 random parameter values in the entire parameter domain. Note that the maximum

relative error is on the order of 10−4, showing the accuracy of the Q-DEIM approximation.

Thus, we can confidently use b̃4(p) ≈W⊤U(S⊤U)−1S⊤b4(p) in our reduced model.

To construct our ROM, we sample at four parameter values π(i) for i = 1, 2, 3, 4 (see the

leading four rows in Table 4.2). We calculate the corresponding projection matrices V1,

V2, V3, V4, W1, W2, W3, and W4 using Theorem 4.5 that guarantee interpolation and

sensitivity matching at the frequency interpolation points (generated via IRKA once again)

and tangential directions corresponding to each parameter value sampled. To maintain

symmetry in Ẽ and Ã, we concatenate all of the projection matrices and consider a one-

sided projection, i.e., V = [V1 V2 V3 V4 W1 W2 W3 W4] and W = V. We truncate the

basis (using SVD) and obtain a ROM with dimension ñst = 20.
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To illustrate the accuracy of the reduced model, we test it for two different inputs û(i) for

i = 1, 2 (see Table 4.3) and for four different parameter samples π̂(i) for i = 1, 2, 3, 4 (see

last four rows in Table 4.2) that were not part of the sampling set. We show the results,

Table 4.2: Example 4.3.2 (AD model): Parameter values sampled p = π(i) and parameter
values tested p = π̂(i).

Parameter values
viscosity source center source reach

p p1 (p2, p3) p4

π(1) 0.1 (0.25, 0.8) 1
π(2) 1 (0, 0) 9
π(3) e−3 (1, 1) 4
π(4) e−3 (−0.5,−1) 1

π̂(1) 0.0529 (0.975, 0.9275) 1.6636
π̂(2) 0.2392 (0.6914, 0.3149) 3.6730
π̂(3) 0.1261 (−0.7224,−0.7623) 5.1100
π̂(4) 0.0754 (−0.3214, 0.4988) 2.816

Table 4.3: Example 4.3.2 (AD model): Input values tested.

Input entries
u(t) u1(t) u2(t) u3(t) u4(t)

û(1) sin t cos t -1 0.5
û(2) 0.5 0.25 1 -1

the full-order and reduced-order outputs in Figures 4.13 and 4.14 for two different inputs

(see Table 4.3). Both figures show that for each input selection (neither of which entered

into our transfer function-based model reduction process), the parametric reduced bilinear

model provides a high-quality approximation, only showing slight variations at the parameter

values that were not sampled.

As in the previous example, to ensure a fair comparison, we performed an exhaustive search

via 104 uniform random samples in our full parameter domain (except that we fixed the
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Figure 4.13: Solution of the full (FOM) and reduced-order model (ROM) corresponding to
non-sampled parameter values (see values in Table 4.2) for Input 1 with entires u1(t) = sin t,
u2(t) = cos t, u3(t) = −1, u4(t) = 0.5.
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Figure 4.14: Solution of the full (FOM) and reduced-order model (ROM) corresponding to
non-sampled parameter values (see values in Table 4.2) for Input 1 with entries u1(t) = 0.5,
u2(t) = 0.25, u3(t) = 1, u4(t) = −1.
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fourth parameter entry at p4 = 5, so that we can present the results with a 3-dimensional

plot) for both input selections from Table 4.3. Out of these 104 parameter selections, in

Figure 4.15, we display in the top-left plot the relative errors at every sampling point and in

the top-right plot, the outputs for the worst performance of the reduced model for Input 1.

Note that even for the worst parameter sample, the parametric reduced model still provides

an accurate approximation with a relative L2([0, 20]) error of 4.79 × 10−2. We repeat the

procedure for Input 2 in the bottom of Figure 4.15 and obtain similar results.
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Figure 4.15: Top: Input 1. Bottom: Input 2. Left: relative L2 output error. Right: solution
of the full-order model and the reduced-order model corresponding to the highest relative
L2 error.
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4.3.3 Burgers equation

As our final example, we consider the Burgers equation

wt(x, t) + w(x, t)wx(x, t) = pwxx(x, t) for (x, t) ∈ (0, 1)× (0, T ),

w(x, 0) = 0 for x ∈ (0, 1),

w(0, t) = u(t) for t ∈ (0, T ),

w(1, t) = 0 for t ∈ (0, T ),

where the input is the time-varying boundary condition at x = 0 and the parameter

p > 0 appears as a constant viscosity. A semi-discretization of the system, performed with

central difference approximations of the spatial derivative operators, results in a system of

300 unknowns. We use a spatial discretization and Carleman bilinearization, as in [37], to

approximate the Burgers equation as a parametric bilinear system with 90300 (300 + 3002)

states. We define the output as an approximation to the average value of the solution over

(0, 1), leading to a SISO system of the form

 Eẋ(t; p) = (A0 + pA1)x(t; p) + (N0 + pN1)x(t; p)u(t) + pbu(t),

y(t; p) = c⊤x(t; p),

where E,A0,A1,N0,N1 are constant matrices; b, c are constant vectors; and p represents

the viscosity parameter. For details on the structure of the state-space matrices, we refer the

reader to [37]. Note that the parametrization appears in the affine form; thus the projection

can be applied without the need for DEIM approximation.

Our low-dimensional model reduction bases V and W were generated by sampling the vis-
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cosity parameter at

π(1) = 0.05, π(2) = 0.1, and π(3) = 1,

and the frequencies at

σ(1) = 0, σ(2) = 1, σ(3) = 10, and σ(4) = 100.

To avoid instability in the reduced model, we used a one-sided projection. In other words,

we formed the appended matrix Z = [V W] and used an orthonormal basis for Z to apply

the one-sided projection. Hence our reduced model has dimension r = 48 and computed in

under 7.4 seconds (tic and toc in Matlab). To test the accuracy of our reduced model we

perform simulations corresponding to non-sampled parameter values

π̂(1) = 0.025, π̂(2) = 0.5, and π̂(3) = 2,

for the two most challenging input cases used in [37]:

û(2)(t) =
sin(20t) + 1

2
e−t and û(3)(t) =

sign(sin(πt)) + 1

2
.

Note that π̂(1) and π̂(3) are outside the sampling interval. We show our results in Figure 4.16.

The figure shows excellent agreement for the outputs predicted by the full-order simulation

and the reduced model, even for the extrapolated values. The relative output errors are

provided in Table 4.4. As expected, the largest discrepancy occurs for the smallest viscosity

parameter π̂(1) = 0.025. However, the output tracking is still very accurate for this extrapo-

lated value. To emphasize that we are not necessarily claiming that the reduced model will

remain accurate as we choose progressively smaller values of p and as we move further away
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from the sampling interval, we test the reduced model for the viscosity value of π̂(4) = 0.01.

In this case, we obtain relative output L2([0, 5]) error of 1.10× 10−3 for û(2)(t) and relative

output L2([0, 10]) error of 1.13 × 10−2 for û(3)(t). Thus, for this small, extrapolated value

of π̂(4) = 0.01, we see the model accuracy falls off dramatically (losing two orders of accu-

racy) though still providing a relative error of about one percent; a rather satisfactory result

considering that this value is well outside the sampling interval.

We emphasize that a full-order simulation (of the bilinear model resulting from the Carleman

bilinearization) is not required to generate the reduced model, however we carried them out

to verify the accuracy of the model reduction approach. The reduced model is created in

under 7.4 seconds and can be simulated repeatedly for a fraction of the cost of performing

even one full-order simulation. The simulation times for different parameter values and

different input functions are shown in Table 4.5.

Table 4.4: Example 4.3.3 (Burgers model): Accuracy of the ROM (relative L2 output errors)
tested for three parameter values p = π̂(i) and two inputs u(t) = û(i).

Relative error
π̂(i) û(2)(t) û(3)(t)

2 3.66× 10−5 5.24× 10−5

0.5 3.52× 10−5 6.90× 10−5

0.025 2.76× 10−4 2.60× 10−3

4.4 Summary

In this chapter, we presented conditions that ensure Hermite interpolation for parametric

bilinear systems. These conditions also ensure that parametric directional derivatives of the

reduced-order transfer functions match the full-order transfer function at given interpolation

points and directions. We demonstrate the quality of our model reduction framework using
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Figure 4.16: Computed outputs at different parameter values corresponding to inputs û(2)(t)
(left column) and û(3)(t) (right column).
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Table 4.5: Example 4.3.3 (Burgers model): Efficiency of the ROM vs. FOM. Simulation
times shown in seconds.

Simulation time
û(2)(t) û(3)(t)

π̂(i) FOM ROM FOM ROM
2 92.652718 0.150852 399.516661 0.315591

0.5 103.916925 0.100260 349.661368 0.279811
0.025 95.441945 0.071082 238.741363 0.183144
0.01 83.776454 0.067181 249.964954 0.168451

three examples: a nonlinear RC circuit; an advection-diffusion equation; and a Burgers

equation with parameter dependency in the bilinear term. The method yielded high fidelity

approximations, and we emphasize that no effort was made to select optimal sample points

in parameter space. In fact, this approach is agnostic to the parameter choices, and can

be easily embedded in well-known parameter selection schemes. The next natural steps are

to test this algorithm with different schemes and more challenging problems, and develop a

parametric sampling strategy to minimize a global error measure.
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Conclusions

In this dissertation we considered three problems related to parametric dynamical systems:

multivariate rational approximation from data, parametric nonlinear eigenvalue problems,

and interpolatory projection model order reduction of parametric bilinear systems.

As the first major contribution, we developed our p-AAA algorithm to build two-variable

rational functions from data. Our algorithm depends only on the data. The only decision

the user needs to make to use p-AAA is the relative error tolerance that they want the

approximation to satisfy, given the data provided. The algorithm automatically chooses the

order of the rational approximation, as well as the interpolation points (by greedy search)

and the weights (by LS). We discussed the influence of parameter scaling and an approach

to apply p-AAA to matrix-valued data, and showed that it provides an approximation whose

weights solve a tangential LS problem. We illustrated the success of our algorithm via various

numerical examples, including parametric dynamical systems and multivariate parametric

stationary problems.

As a second major contribution, we employed our p-AAA algorithm to build rational ap-

proximations to solve PNLEVPs. For these approximations, we defined a corresponding

CORK linearization. We proved that indeed this linearization has the same eigenvalues as

the rational approximation. Furthermore, we proved that the eigenvectors of the rational

approximation can be easily recovered from the eigenvectors of the linearization. We illus-

trated our method with two small examples and showed its performance for a large example
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where we applied the CORK algorithm.

As our final and third major contribution, we introduced our generalization of interpolatory

projection MOR for parametric bilinear dynamical systems. We proved the necessary con-

ditions to guarantee tangential interpolation of the transfer functions, their first derivatives

with respect to frequencies, and their first and second derivatives with respect to parame-

ters. We showed the performance of our method for various numerical examples, including

a multi-output example and a system with parameter dependency on the bilinear matrix.

Future directions

It would be interesting to apply our interpolatory MOR method for bilinear systems in the

field of optimization, since our construction guarantees interpolation on the sensitivities and

these are used to inform optimization steps.

The p-AAA algorithm has much potential since it can be applied to approximate any function

for which data is available or can be generated, and the approximation it builds, a rational

function, is built in a numerically efficient way for computations.

We showed an application of p-AAA to parametric nonlinear eigenvalue problems, where we

simply approximate the eigenvalues for a parameter value. It would be interesting to see

how this method performs when applied to the study of eigenvalue sensitivity to parameter

alterations. For more efficient reevaluations, one could also generalize the CORK algorithm

to the parametric case and incorporate the parameter dependency directly in the algorithm

(instead of evaluating the approximation first and then applying CORK like we did in Chap-

ter 3).

Continuing in the topic of eigenvalue approximation, p-AAA could maybe be applied to other
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eigenvalue problems such as the multi-parameter eigenvalue problem.

Generalizations of the AAA algorithm to cases such as matrix-valued data have been de-

veloped recently. One could now combine these generalizations for the p-AAA algorithm as

well.
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