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Abstract

As exploration in space increases through the use of larger telescopes, more sophisticated

structures, and physical exploration, the use of autonomous robots will become instrumental

to build and maintain the infrastructures required for this exploration. These systems must

be autonomous to deal with the infeasibility of teleoperation due signal delay and task

complexity. The reality of using robots in the real world without direct human input will

require the autonomous systems to have the capability of responding to errors that occur

in an assembly scenario on their own. As such, a system must be in place to allow for the

sequencing and allocation of tasks to the robotic workforce autonomously, giving the ability

to re-plan in real world stochastic environments. This work presents four contributions

towards a system allowing for the autonomous sequencing and allocation of tasks for in-space

assembly problems. The first contribution is the development of the Stochastic Assembly

Problem Definition (SAPD) to articulate all of the features in an assembly problem that are

applicable to the task sequencing and allocation. The second contribution is the formulation

of a mixed integer program to solve for assembly schedules that are optimal or a quantifiable

measurement from optimal. This contribution is expanded through the development of a

genetic algorithm formulation to utilize the stochastic information present in the assembly

problem. This formulation extends the state-of-the-art techniques in genetic algorithms to

allow for the inclusion of new constraints required for the in-space assembly domain. The

third contribution addresses how to estimate a robot’s ability to complete a task if the robot



must be assigned to a task it was previously not expected to work on. This is accomplished

through the development of four metrics and analyzed through the use of screw theory

kinematics. The final contribution focuses on a set of metrics to guide the selection of a

good scheduling method for different assembly situations.

The experiments in this work demonstrate how the developed theory can be utilized and

shows the scheduling systems producing the best or close to the best schedules for assemblies.

It also shows how the metrics used to quantify and estimate robot ability are applied. The

theory developed in this work provides another step towards autonomous systems that are

capable of assembling structures in-space without the need for human input.
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General Audience Abstract

As space exploration continues, autonomous robots are needed to allow for the necessary

structures to be built in-space, on Mars, and on the Lunar surface. Since it is not possible

to plan for every possible thing that could go wrong or break, the robots must be able to

figure out how to build and repair structures without human input.

The work presented here develops a framework that allows the this in-space assembly problem

to be framed in a way the robots can process. It then provides a method for generating

assembly schedules that describe very good, if not the best way to complete the assembly

quickly while still taking into account randomness that may be present. Additionally, this

work develops a way to quantify and estimate how good robots will be at a task they have

not attempted before. Finally, a set of considerations are proposed to aid in determining

what scheduling method will work best for different assembly scenarios.

The experiments in this work demonstrate how the developed theory can be used and shows

the scheduling systems producing the best or close to the best schedules for assemblies. It also

shows how the methods used to define robot ability are applied. The work developed here

provides another step towards autonomous systems that are capable of assembling structures

in-space without the need for human input.
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Chapter 1

Background and Motivation

As the human race seeks to understand the universe and grow in our understanding of

celestial objects, there is a need for building bigger and better telescopes, more capable of

providing insight into what is around us [72, 102, 126]. In the pursuit of this understanding,

exploration will also be undertaken with future goals that include sending humans off of

the earth and onto the Moon and eventually onto Mars [128] for long term operations. A

frontier of this space exploration has utilized robotic technology to manipulate objects and

aid in the preparation of scientific experiments [38, 77]. As this front of in-space research

and exploration expands, autonomous robots are going to be vital in the process. From

building telescopes and space structures too large to launch from Earth [3, 21, 73] to building

structures for human habitation on Mars or the Lunar surface [131], the use of robotic

workforces will be instrumental in achieving the next step in this domain. A core capability

of these systems will need to be autonomous assembly, robotic systems that are capable of

constructing, maintaining, and repairing infrastructures [9, 102, 140].

1.1 In-Space Assembly

These in-space autonomous assembly problems will require a suite of autonomous subsystems

to be successful. One such subsystem is the sensor network where cameras, encoders, and

other sensors will be required to provide the necessary feedback for autonomy in the in-
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space environment. In addition to the sensor network hardware, robots that are capable

of completing the tasks present in this domain will also be required [56, 142] along with

local robotic autonomy capable moving the robots around their environments. Modeling the

kinematics and dynamics of the robot units as well as path planning capabilities for each

unit will be necessary for the robots to maneuver and manipulate objects. These are active

areas of research: developing methods to model the physical hardware and its degrees of

freedom [8, 50, 56] alongside algorithms to plan the navigation of a robotic unit about a

workspace [37, 116].

Task sequencing and allocation is also a vital requirement. In unstructured environments,

robotic systems must be able to respond to new information or situations where tasks may

not go as planned. The current state-of-the-art for in-space robot assembly operations are

primarily done through teleoperation [118]. In the few cases where there is autonomy for as-

sembly, it is limited and requires human supervision and interaction [21, 85]. This paradigm

of requiring teleoperation or even human supervised autonomy is not viable for longer dis-

tance missions [121] due to high latency communications [80] nor for missions with increased

complexity [118].

The task allocation problem is complex and becomes even more so when applied to a het-

erogeneous system of robots with a range of capabilities and constraints. While there are

some existing techniques for task allocation, there is no clearly preferred architecture for

in-space assembly [104]. Existing planners for space flight operations include systems such

as ASPEN (Automated Scheduling and Planning Environment) which focuses on generating

a sequence of low-level spacecraft commands from a set of high-level science and engineering

goals [35]. Additional systems include CASPER (Continuous Activity Scheduling, Planning,

Execution, and Replanning) which is a planning software system that seeks to repair existing

space flight schedules [80] and EUROPA (Extensible Universal Remote Operations Planning
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Architecture) which is a tool set for building and analyzing planners [16, 114]. GRAMMPS

(Generalized Mobile Mission Planner System) is yet another planner used to solve a traveling

salesman problem of sending robots to certain jobs [25].

Some research for autonomous assembly has been done for particular assembly scenarios

such as Ikea furniture assembly [79], manufacturing cells [11], and construction [65] applica-

tions. However, the formulations utilized in these applications deal with simple assemblies,

predetermined sequences, brute force computation, or combined task allocation and robot

motion planning which do not scale well [65]. As a result, many of the assembly applications

for in-space are not able to be fully autonomous and use manually defined task sequences

[73]. A very recent work by [117] begins to address this with a proposed system that uses a

state space that tracks the state of each module in a global context and utilizes a planning

architecture that uses graph search algorithms to evaluate proposed assembly sequences.

In its current state, the task scheduling knowledge base is still missing important elements

necessary for robotic assembly in the absence of human input. One such element is the

modeling of robotic ability with chance of failure and how that impacts state transitions.

For some scenarios, it is possible for a robot to seem appropriate from a proximity or speed

standpoint. However, it is possible that the chance of failure for something like a precise

motion is high even though the robot can get to the job faster. In this case, considering only

the assignment time, the robot may seem like a good choice when in actuality, a slower robot

would be a better choice from a chance of success standpoint. Since probability information

could be important for some assembly scenarios, the problem definition should be able to

articulate it.

In autonomous assembly in real world environments, it is likely something will not go as

planned - whether it be due to an error in the robot autonomy, manufacturing defects in

components, or even environmentally caused complications. This leads to a second element
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that factors into the state representation formulation; the ability of the state formulation

to accommodate state changes that occur as a result of repairs or undoing previously com-

pleted assembly steps [66]. It is foreseeable that these repair steps may not be as simple

as completing the applicable assembly steps in reverse. An example of this would be if a

truss component has a manufacturing defect that causes it to yield under an unexpectedly

low load. To repair the structure, in addition to unfastening the damaged parts, additional

tasks, such as supporting the structure, would be required that were not present in the orig-

inal assembly. This is because original assembly process was such that the assembly could

bear its own load, resting on the part that is now damaged and needs to be removed. A

state transition formulation should be able to articulate this type of scenario for the in-space

assembly problem where robots are not going to have human input.

An additional element not present in the current literature is a formulation for the narrowing

of the set of valid robots for a task based on previously allocated tasks. For instance, to

fix a strut component in place, the component must first be moved into position, aligning

the ends with rest of the structure. The ends must then be fastened to the structure. One

possible solution to this is to make the aligning process and the affixing process one task,

with a requirement that the robot completing the task must be able to position the part and

connect it into place. For a specialized robot, designed for this particular task, this framing

would make sense. However, in a scenario such as in-space assembly where a team of robots

are building or maintaining a structure, the number of task types will be greatly increased.

Such a scenario lends itself to having multiple robots in a team equipped to do different types

of tasks rather then a robot that can handle every type of task. Using the aligning and fixing

tasks as an example, a grasping robot may be needed to complete the aligning and a robot

with an attachment tool would be needed for the affixing task. In this framing, an optimal

solution would require the grasping robot be assigned to both tasks (aligning and affixing)
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since the part can not be moved after alignment until it is fixed in place. However, the robot

with the connecting tool is only required for the second task. Scenarios such as this would

require a special type of constraint that required the same robot for the same operation

(grasping the part) between the two jobs. Designated here as the continuity constraint, the

grasp operation in the two tasks must be fulfilled by the same robot even if multiple robots

are capable of grasping. Such a constraint should be introduced into a problem formulation

for autonomous assembly.

In addition to the above, more traditional elements must also be described. Precedence

constraints dictating the ordering of assembly tasks and workspace travel considerations to

account for robots travel between jobs are also necessary. The formulation must also be able

to discretize the different tasks at hand into different job and robot contributions across

those tasks. In its current state, the literature for this field does not present a framework or

system capable of handling all of these considerations.

1.2 Thesis Statement

For an in-space assembly problem with constraints that describe the tasks and steps within

the assembly and that articulate robot capability, there exist methods that discover optimal

/ near-optimal task sequences and allocations that enable heterogeneous teams of robots to

complete the assembly.

1.3 Research Questions

The work of this dissertation will be focused on addressing the task sequencing and allocation

assembly problem for in-space robotic autonomous assembly. It will first address the need of
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a problem formulation capable of articulating elements applicable to this assembly problem

domain. It will address the question of generating assembly schedules that are optimal or

near optimal using the problem formulation. Since this dissertation is focused on the task

sequencing and allocation side of the in-space autonomous assembly problem, it will not

prescribe the optimal way to implement all of the features that would go into a deployable

system such as autonomy architectures and the most computationally efficient formulation

for kinematic and dynamic considerations, path planning, and sensing technologies. That

being said, part of the task allocation problem includes the capability of robotic systems.

In addressing how these may be modeled, a kinematic formulation for how to model robotic

units will be discussed in the context of approximating autonomous robot ability. Finally,

this dissertation will discuss considerations for choosing a scheduling system to utilize the

problem formulation, providing some metrics to articulate the goodness of a scheduling

system as it applies to the developed formulation and the in-space assembly problem. These

contributions can be articulated as research questions to be addressed.

1.3.1 Research Question 1: Formulating a Definition

Research Question 1: How can the features and characteristics in the au-

tonomous robotic assembly problem be formally described such that the infor-

mation necessary for task sequencing and allocation can be defined and utilized

in a schedule generation method?

This research question focuses on the development of a problem formulation that can ar-

ticulate all of the elements in the in-space autonomous assembly problem needed for task
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sequencing and allocation. The contribution of such a problem formulation will need to

include descriptions of the different features present in the assembly problem, such as the

robotic workforce and the components being assembled.

Additionally, this formulation will need to be able to describe the process necessary to

complete the assembly. This will need to include a method for describing individual tasks

to be completed and provide some way to discretize robot contributions for these tasks. As

part of describing the assembly process, constraining features need to be accounted for that

can articulate what robots can work on different parts as well as the ordering of different

steps in the assembly.

Finally, assembly state articulation must be covered in the problem definition. A method

needs to be developed that can represent the transition between states and provide a way to

model the stochastic contributions that could impact successful transitions between states. It

should also be able to accommodate the change that may occur in assembly state sequences

due to the disassembly needed for repair that could arise in the in-space autonomous assembly

problem.

1.3.2 Research Question 2: Solving for Optimal Solutions

Question 2: What is an optimal or near optimal way to sequence the tasks in

an assembly problem given an objective function?

This research question focuses on the generation of an assembly schedule that sequences the

tasks and allocates them to robots such that the assembly will be completed in an efficient
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manner. It is desirable to be able to generate schedules that are as near to optimal as possible

for a given object.

To answer this research question, a method should be developed to solve for the optimal

solution given an objective or, if that is not feasible due to the complexity, seek to solve for

a schedule solution that can give some measure or approximation of how close to optimal

it may be. The resulting solution should be valid in that it does not violate any of the

constraints in the assembly problem.

1.3.3 Research Question 3: Defining Robot Ability

Question 3: Can the robotic ability to complete tasks in an assembly problem

be approximated if the robotic hardware can not experimentally be tested for

the specific operations to generate processing time information?

In an autonomous in-space assembly scenario, there is the possibility a robot will be required

to preform a task that it was not expected to complete (for example, a non-specialist robot

may be required to complete a task if the specialist robot for that task was damaged un-

expectedly). In such cases, it is not always possible to experimentally run through specific

operations or tasks with a robot to determine if a robot can complete a task and, if it can,

how long it will take to complete the task. To address this, an approximation of how long it

might take the robot to complete a type of task is an important component of an autonomous

task allocation system.

To answer this research question, a criteria of what defines robot ability in the context of
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autonomous assembly should be developed. This will allow for methods to be defined that

analytically approximate how well robots meet the criteria.

1.3.4 Research Question 4: Comparing Scheduling Methods

Question 4: Given the complexity present in the task sequencing and allocation

autonomous assembly problem, what metrics can defined to determine what

scheduling methods should be chosen for a given assembly scenario?

Scheduling and allocating problems can take on a large range of solution generation methods

[93]. As such, it is beneficial to have a metric set to articulate how good a scheduling method

is at solving the defined problem. Additionally, such a set should allow for some insight into

what scheduling methods should be used under different conditions.

To answer this question, a set of metrics should be developed to describe how well the

scheduling method solves the assembly problem and provide points to compare against other

scheduling methods.

1.4 Dissertation Roadmap

To address these four research questions, this dissertation will take the following form: Chap-

ter 2 will address research question 1. It will present a novel problem definition formula-

tion that articulates the different elements present in the assembly. It will also develop a job

shop scheduling problem (JSSP) formulation to describe the tasks and robot contributions.
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Following this, a constraint set will be explained that articulates how the assembly must be

completed. A Markov decision process (MDP) formulation will then be presented to describe

the states in the assembly.

Chapter 3 will address research question 2. It will present a mixed integer programming

formulation (MIP) that uses the problem definition formulation developed above and provide

a set of constraints that can be solved. This will allow for the optimal solution to be found

or some measure of optimality based on the gap found using branch and bound.

The following chapter, Chapter 4, also addresses research question 2. It provides a genetic

algorithm formulation to solve the scheduling problem using the developed problem defini-

tion. This formulation will allow for better use of the stochastic information in the problem

formulation and has the potential to provide solutions faster (at the cost of optimality) than

the MIP for larger problems.

Chapter 5 will address research question 3 by presenting a set of criteria to classify and

implement robotic ability using a kinematic formulation to approximate the ability of a robot

to complete a task.

The last chapter of developed content, Chapter 6, will answer research question 4 by

presenting a set of criteria that can be used to describe how good a scheduling method is at

solving an assembly problem presented in the developed problem formulation. It will also

discuss how these criteria can be used to choose a scheduling method for different applications

where the autonomous task allocation problem is present.

Chapter 7, the final chapter, will walk through areas of future work that can extend the

different areas of research presented here and summarize how the thesis statement was ad-

dressed through answering the research questions in this dissertation.



Chapter 2

Stochastic Assembly Problem

Definition

As discussed in Chapter 1, a requirement to generating efficient solutions to the task sequenc-

ing and allocation problem is a problem definition that successfully articulates the elements

involved in the assembly. First, there are the physical features present in the problem. One

such feature set covers the components that need to be assembled. Pertinent assembly infor-

mation about the components may include: where the component starts out in an assembly,

where it needs to be placed, how much it weighs, if it is damaged, etc. A problem formulation

must provide a framework for this information to be encoded. Tangential to the component

feature set is the connection method set, or joint information. In the context of an assembly,

this feature set will include information such as: what type of connection, information about

if the connection is completed or if it is damaged, and what components are being joined in

the connection. Thirdly, the assembly space is another physical feature set in an assembly

problem. Location information directly impacts the assembly, requiring some way to note

spaces that are important in the assembly. Finally, in addition to the information about

what is being assembled, the way the assembly comes together, and where it will take place,

the operators completing the assembly must be defined. In the context of robotic assembly,

this must define the robotic agents. This includes information such as a robot’s ability to

complete the tasks in the assembly, where the robot is located, how much energy it may

11
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have left, etc. A general problem formulation for this type of assembly should provide a

framework that is capable of articulating these features.

Just knowing what physical components are present in an assembly is not sufficient to define

an assembly problem. As implied in the name, an assembly requires a pair or more of

elements to be arranged in a certain manner differently then how they started, often to

create a new element. In many assemblies, the way this is done is constrained. One such

constraint often present is a limitation or requirement in order of how tasks are completed,

requiring some tasks to occur before or after others. Additionally, limitations may exist for

which robot can work on certain steps, either due to capability limitations or by design.

Modeling how an assembly can take place must also be included in the problem definition if

a system is going to autonomously sequence and allocate the tasks in the assembly.

Knowing the physical features of an assembly and all the constraints regarding how an

assembly must take place is still not enough information to fully articulate the sequencing

and allocation problem for some real world situations in a manner for an optimal schedule

to be found. The remaining information is the state of an assembly. The current state of

an assembly and modeling how the states may change should also be part of a problem

description. In a real world situation, there is the potential that something will not go as

planned. A fully autonomous system must have the information at hand describing the

current state, what paths there are to change it, and how good or likely those paths are to

succeed.

If a problem formulation can articulate all of the features described above it can provide the

necessary information to articulate an assembly problem that an autonomous robotic system

may encounter. In this chapter, the Stochastic Assembly Problem Definition (SAPD) has

been developed for this purpose. It will provide the framework necessary to fully describe the

information needed for this problem type in a format that can easily be utilized by schedule
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generating methods.

2.1 Research Gap

Several different planners have been utilized in space. One such framework is ASPEN, an

object-oriented system that allows users to define constraints applicable to their domain,

designed to interface with AI scheduling algorithms [55]. GRAMMPS is another system

which uses a grammar to increment robotics, jobs, precedence, and moving a robot to a goal

location. It can note two robots with an AND or OR operator. The planning component

takes a mission statement embedded in the grammar and seeks to solve the traveling salesman

problem (TSP), using randomized searches as necessary [25]. CASPER [80] is a system that

focuses on repairing existing schedules, correcting errors using an integrative repair approach.

Inheriting from ASPEN, it takes high level goals and seeks to generate a plan utilizing a

finite-enumeration state set, fuel information, task hierarchy, and action time constraints

(how long something takes).

A common description framework present for planning tasks for robotic systems not specifi-

cally designed for space is the Planning Domain Definition Language (PDDL) [5, 14, 53, 54].

PDDL uses a set of object types to provide a framework for describing elements of a plan-

ning problem such as actions that need to be taken during the planned process [6]. There

have been different variants, adding elements such as time duration considerations [52] and

a framework to interface with constraint engines [16]. Such frameworks seek to standardise

automated planning languages [26] and have been utilized in commonplace robotic systems

such as the Robot Operating System (ROS) [28]. However, they do not contain the formal

structure or completeness necessary for a rigorous standalone problem formulation for the

autonomous robotic assembly problem.
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Other assembly description frameworks such as SysML [68, 69] seek to provide a taxonomy

for assembly actions for robots. In this framework, assembly actions seen in manufacturing

scenarios such as transport and insert are classified. Constraints such as speed and degree

of freedom are also discussed. [27] focuses on a list of robot capabilities, linking processing

times to different abilities for different sets of robots.

Still other frameworks, such as PPRS [111] provide a skill definition framework to distinguish

different types of tasks such as basic tasks, those with well defined durations, and compound

tasks, those requiring multiple sets of skills such as grasping and movement. In the context of

assembly line design, assembly sequences are based on semantic descriptors of a product and

require a taxonomy of assembly operations [24, 86]. These taxonomies have entry locations

for elements such as task parts and a task database. [143] focuses on defining a task in

planning scenarios, providing a framework for actions it will require, the goals of the task,

any sub-tasks, etc.

Frameworks such as the one in [99] use Petri Net based approaches on the autonomous control

side of task planning to model the states and transitions with a focus on the agent itself. [31]

focuses on the state transition side of planning using MDPs and Partially Observable MDPs

as a generic state modeling system. Still other formulations for assembly focus primarily

on a very fine resolution level, such as describing how components must go together and

describing valid orientations and positions [97].

These frameworks consider one or a few of the features present in the autonomous assembly

problem. However, a complete formulation system, capable of formally defining each ele-

ment and constraint type, feeding into a state representation that can model the ability of

replanning or job insertion is not present in the literature. The following sections will discuss

the problem formulation developed in this work to fill this gap in the literature.



2.2. FORMULATION 15

2.2 Formulation

To provide a problem formulation capable of adequately defining the autonomous robotic

assembly problem for the purpose of task sequencing and allocation, the following SAPD

has been develop. This formulation, published in [101], takes the form of three main groups:

Elements, the physical and functional characteristics; Constraints, to articulate a valid as-

sembly sequence; and State Representation, a flexible mathematical model to represent the

overall state of the assembly in the context of a stochastic paradigm.

2.2.1 Elements

The Elements portion of the problem formulation describes the “physical” portions of as-

sembly agents, tasks, and environment features present in the assembly problem. This is

done through four different classes: Poses, the important locations and orientations in the

assembly space, Components, the structural parts in the assembly, Joints, the structural

connection information, and Robots, the autonomous operators forming the workforce in the

assembly problem. Each of these types will contain a property category that will be used as a

bookkeeping / information storage area containing the information that does not contribute

to the current state of the assembly. This can include information such as the element’s

name, type, starting location at the beginning of the assembly, etc. The classes that contain

the information that do affect the state of the assembly will have a second category, states.

These stateful information entries will include information such as the current location of

the element at a specific time in the assembly, if the element is in position or not, if it is

damaged, etc. The following sections expand on the formulation structure for each of these

element classes.



16 CHAPTER 2. STOCHASTIC ASSEMBLY PROBLEM DEFINITION

Poses: To describe poses of interest in the workspace a pose class will be defined. This

class is primarily used to describe locations of interest through the assembly environment

though it can be used to highlight other types of poses as needed. Denoted by the set

W = {W1, . . . , Wi, . . . W|W |}, each pose can be thought of as a description of a specific

location, position, or position and orientation. Since these designations do not typically

change as the assembly progresses, this class will be stateless in most cases. Each pose

will contain at least two property features: type and location (containing both position

and orientation when applicable). The type feature allows for different categories of poses

to be distinguished between and in most cases, at least a reference type will be present

to note the different locations. The location feature provides the coordinate of the poses

in the workspace. It can also be a location relative to a different frame of reference. An

example of this would be referencing a pose on a component. The position would be with

respect to the component frame so that it did not change every time the component moved

and unnecessarily increase the number of states required to describe the system (the state

definition of the assembly will be discussed in more detail later in this chapter). The overall

formulation does not restrict the type of coordinate frame (Cartesian, cylindrical, etc.) or

specifically require orientation information to be included, leaving it open to what best fits

the assembly problem environment and application. Additional property information can be

added if required in the context of the assembly.

Components: The next class is the component class. This class, represented in the set

C = {C1, . . . , Ci, . . . C|C|}, is any physical part that is included in the autonomous

assembly problem and is not an autonomous operator. This set contains all of the elements

that will need to be manipulated for the assembly. Like the pose class, each Ci has a set

of properties describing the type of component and other information that may pertain

to the assembly. The components directly affect the state of the assembly. Therefore, each
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component is stateful and will contain a set of state information features. There are generally

three different state features present in assemblies: in position / not in position, broken /

not broken, and current location. The first state, in position / not in position, reflects if

the component is in the correct installation location. If it is not, additional actions will be

required to move it into position. The broken / not broken state describes if a component

is going to need to be replaced or if it can remain. Noting both of these states together

allows for the description of a condition where a component might be in place but installed

wrong or the condition where a component has been broken after installation and needs to

be removed. This is an important distinction for cases where replanning may be required.

Either case of being in the broken state will require a task or task set to be inserted into the

assembly sequence to correct the problematic component. Finally, the current location state

provides the location information as the component transitions around the environment.

Similar to the pose class, the components class contains a property feature set for each

component which will contain information such as component type, locations, and weight

(if applicable). The location property feature can contain poses that are important to the

component. Two primary examples are the start location at the beginning of the assembly

and the goal location. An additional example includes poses on the component necessary for

joining (this ties into the second use case of the pose class described in the previous section).

As previously noted, including these locations in the component and defined with respect

to the component, their positions and orientations can be with respect to the component’s

location rather than the global reference frame. This removes the need for them to be

in the state feature category and thereby reduces complexity in the overall assembly state

representation.

Joints: A joint, represented in the set K = {K1, . . . , Ki, . . . K|K|}, can be thought of as

an element of the assembly problem that is physical but is not in the form of a component
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or a location. It represents the connection between components in an assembly - taking

the form of welds, bolt joints, etc. If needed, and with a slight abuse of some terminology,

this can be used to describe painting or spreading a sealant on components as well. Similar

to the component type, this element contains states and properties in its definition. For a

joint, joined / not joined or completion percent of being joined are the two most common

state features. If there is a process to completing a joining method, the percentage state

representation may be necessary. Alternatively, if the connection is something like a snap

connection, having a simple joined / not joined state representation can be sufficient to

describe the state. Type, locations, and component list are all examples of the property

features that may be included in the joint definition.

Robots: The robot element class is the final of the four and represents the autonomous

operators used to complete the assembly project. A given robot, represented in the set

R = {R1, . . . , Ri, . . . R|R|}, will have the following state features: idle / busy, current

location, current task, and energy level (if applicable). The idle / busy state is used to denote

if a robot is available for assignment. The current location, as implied, gives the updating

location of the robot and current task represents what the robot is currently working on. This

state does not remove the need for the idle / busy state since there are many applications

where a robot may not be tasked but is still not available for a task allocation. Energy

level, if the information is applicable, can be thought of as a projection of how much longer

the robot can operate before it needs to be retired for charging or replacement. In addition

to the states, each robot will generally have five property features: robot type, locations,

mobility, workspace, and abilities. Mobility and workspace, when present, provide enough

information to articulate the reach of a robot (the local workspace) without moving the base,

and if a robot is mobile, that is, if the origin of the local workspace can be moved to a new

location in the environment. The combination of these two properties allows for a schedule
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generator to determine if a task is reachable by a specific robot.

To define the abilities feature, a set of operation types in the project needs to be defined.

These are based on the types of components, joints, and robots in the assembly project and

represents the discretized contribution of a robot in a given task. These operations, defined

as the set O = {O1, . . . , Oi, . . . O|O|}, will be described in more depth in Section 2.2.2. For

now, it is enough to say that each robot will have an entry for each Oi ∈ O in its abilities

property describing its capability or limitations in completing that operation. In its simplest

form, this can be thought of as a processing time, describing how long the robot will take

to complete the operation. In higher fidelity formulations this entry will include stochastic

information in the form of distributions. The processing time, approximated as a normal

distribution, will describe the variation present in completing the specific operation by the

robot. This can include variation introduced from a need to adjust the robot’s grip on a

component or correcting for an overshot location. Additionally, probabilistic information

for minor and major failures can also be included at this point. Minor failures, defined

as failures in completing an operation that do not break the component or portions of the

assembly, can be separated out of the processing time and modeled as a separate normal

distribution paired with a geometric distribution to model the number of times the robot

might need to attempt aligning a component and how long each occurrence may take. The

chance of a major failure, one that damages other elements in the assembly triggering a need

for new tasks to be inserted to undo, replace, or repair the damaged components can also be

modeled with a Bernoulli distribution. All of these distributions can be replaced to fit the

characteristics for the specific robots and scenarios in a given assembly without changing

the architecture of the SAPD.
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2.2.2 Constraints

The constraints portion of the SAPD frames the requirements describing the criteria for a

valid assembly. This will includes a job shop type formulation to discretize and articulate the

steps needed to complete an assembly, precedence constraints to ensure tasks are completed

in the required order, continuity constraints and machine validity constraints to ensure that

the correct machines are used on tasks, and finally, distance constraints to encapsulate the

impact of robots traveling between tasks in the assembly.

Job Shop Scheduling Problem Formulation: Variants of the job shop scheduling prob-

lem (JSSP) formulation have been used throughout literature as a way to describe a project

in terms of the tasks that need to be completed, represented as jobs, and the individual

machine contributions in each of those tasks, represented by operations [33, 151]. The in-

space robotic assembly problem falls into the category of flexible job shop problems (FJSP).

This is an extension of the NP-hard classical job shop scheduling problem noting that a

task can be processed by any machine from a list of machines. This category of the JSSP

has two subproblems in it: the routing subproblem to select a suitable machine to process

the task and the scheduling subproblem to sequence the tasks [32]. The problem classifica-

tion is further extended with the additional complexity of there being multiple ways that

jobs could be completed. This leads to the categorization of the problem being a flexible

job shop scheduling problem with process plan flexibility (FJSP-PPF) [150] also referred to

as the FJSP with integrated process planning (FJSP-IPP) [88] or alternative process plans

(FJSP-APP)[113]. In addition to the complicating factors, this particular formulation has

yet another complicating element where some pairs of jobs require the same robot unit to

work on this. These continuity considerations add a new complexity. The following sections

will develop these different elements further.
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In this paradigm of the JSSP, the jobs, represented by the set J = {J1, . . . , Ji, . . . J|J |},

make up the tasks that must to be assigned and processed to complete an assembly problem.

Each type of job will have a set of operations (Oj) as sub-elements representing different

robot contributions in completing a job. Therefore, if a job can be completed by one robot

alone, it will contain one operation. However, if a method of completing a job requires two

robots, that will be represented by two different operations. In some cases, there may be

more than one way to complete a job. This is represented by a set of process plans (Pj)

where each process plan is a set of operations describing how job j can be completed.

Precedence: Many assemblies require specific task sequences to successfully reach the

completed state. This is reflected in scenarios such as a component can not be connected until

it has been moved into position. To represent this constraint set, a Directed Acyclic Graph

(DAG), Gp(Vp, αp), is used to embed the precedence constraints. Each vertex, Vp, represents

a job in the assembly project and each arc, αp, represents a precedence constraint, thereby

encoding the project precedence constraints in the structure of the graph. Representing

precedence in this way allows for ordering constraints to be described only in terms of the

jobs that must immediately proceed or follow it to provide a sequence framework that the

overall assembly must follow to reach a valid completion state.

Continuity: In an assembly project, there may be occasions where a robot needs to con-

tinue the same operation between two jobs. An example of this is illustrated by a robot

tasked with aligning a part before it is fixed into position. The same robot must also be

tasked with holding that part during the actual affixing job since the use of a different robot

would result in the loss of alignment. By using the precedence DAG to require the two jobs

to come in direct sequence and the continuity constraint requiring the robot to be constant

across the two jobs, the resulting assignment will reflect the requirement of using the same
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robot for the two tasks without being assigned something in-between. For this formulation,

the continuity constraint, represented by the set H = {(αp, O)}, is framed as arcs from the

precedence DAG and operation type parings. The arcs describe which jobs these constraints

apply to and the operation type represents which operations needs to be assigned to the

same robot across the arcs.

Valid Robot Section: In an assembly problem, there are instances in which a specific

robot must be used for a job even if other robots are technically capable of completing it.

This constraint can be used to force certain robots to work on a specific job. It can also be

used to reduce the number of job types. For example, if the robots each have a specific job

reflecting how they are stored at the end of an assembly, only one storage job type needs

to be defined. This constraint can then be used to require individual robots to complete

the storage job that is applicable to them. To formulate this constraint, a set of pairs,

V = {(J,R)}, is defined that represents what robots can complete what jobs.

Distance: Finally, spatial information, part of the environment consideration, must be in-

cluded for many assembly problems. This consideration is modeled using a fully connected

graph (FCG), Gd(Vd, Ed). There are two different ways that this constraint can be imple-

mented. The vertices, Vd, can either represent specific jobs or the locations of poses in the

assembly space. In both cases the edges, Ed, represent the distances between the features

modeled by the vertices. Depending on what other autonomous capabilities are present or

what additional information is known about the environment, these edge values can represent

direct pose to pose distance, such as a Cartesian distance, or they can represent the distance

of a path that must be taken to move between the vertices. In either case, the functionality

of the FCG remains the same and provides information to the schedule generator allowing

it to determine the time commitment and requirement of moving between specific jobs or
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locations for a given robot.

2.2.3 State Representation

The definitions above provide a description method for each element in the assembly project

and their individual states, when applicable. The aggregated states of all these elements

form the basis for a description of the overall state of the assembly. For the purpose of task

assignment, it is necessary to model how the state of an assembly will change for a partic-

ular robot to task (job / operation) assignment. As noted earlier, a realistic autonomous

assembly problem will often contain stochastic elements that factor into the state transition

of the assembly. To accommodate this, the SAPD models the autonomous assembly as a

MDP, represented as the tuple (S,A, P (s′|s, a), R(s′, s)), containing the state set, action

set, transition probability, and transition reward respectively.

State Space: In the MDP formulation, S is the set of all possible states the assembly

can take, S = {Sc, SJ , SR}. Each unique state, s ∈ S, is a different combination of the

stateful elements present in the assembly. Many of these are naturally discretized as in the

case of a component being in position or not. Other states, such as location and percent

completion, must be approximated by a discretized unit. The level of discretization will be

a function of the schedule generator’s sensitivity to state space size. Regardless of the level

of discretization, the following formulation is still valid.

Action Space: The action space, A, is the space representing all of the possible actions,

a, in the assembly problem. These actions take the form of assigning different robots to

different job / operation pairs: a : r → (j, p, o) where r ⊆ R, j ⊆ J , p ∈ Pj , o ⊆ Ojp.

In an autonomous assembly scenario, the schedule generator will assign these actions during
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the task allocation process.

Transition Probability: The transition probabilities, P (s′|s, a), can be thought of as a

measurement of how likely a certain state transition is (s→ s′) given an action assignment

(a). These transition probabilities are a key feature of this problem formulation, allowing

it to encapsulate much of the stochastic nature present in the assembly problem. These

probabilities are sourced from the abilities in the SAPD formulation for the robot class

described earlier. The model functionality is demonstrated in the simple MDP graph in

Figure 2.1 Panel A where a simple assembly requires a block to be moved into position and

connected to the ground. Letting J1 represent moving the block and J2 connecting it in

place, state s1 represents the state where the block has been moved into position but has

yet to be connected. The other three states are shown in Figure 2.1 Panel B and represent

the block fastened in the correct location (s2), fastened in the incorrect location (s3), and

finally, not fastened and not in the correct location (s4). Based on the action assignment

a, a robot (R1) is assigned to connect the block into position. If there is a 25% chance

of the robot failing to complete the connection task (PR1(J
7
2 ) = 0.25), a 50% chance that

the failure will dislodge the block from its correct location PR1(J
7
1 |J7

2 ) = 0.50), and a 0.1%

chance a successful connection will dislodge the block (PR1(J
7
1 |J3

2 ) = 0.001), the transition

probabilities of ending up in the four different states are:

Pa(α) = PR1(J
3
1 |J7

2 )PR1(J
7
2 ) = 0.125

Pa(β) = PR1(J
3
1 |J3

2 )PR1(J
3
2 ) = 0.7425

Pa(γ) = PR1(J
7
1 |J3

2 )PR1(J
3
2 ) = 0.0075

Pa(δ) = PR1(J
7
1 |J7

2 )PR1(J
7
2 ) = 0.125

(2.1)

By structuring the state representation with this MDP structure, the possibility of failures,
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Figure 2.1: Panel A: Example Markov decision process state transition graph, Panel B:
States in example Markov decision process.

restarts, and a need for backtracking to repair in an assembly project can be quantified

and taken into account by the autonomy. This form also allows for impossible paths to be

blocked by asserting zero probability for the impossible transitions. In this general form,

job insertions are not an issue since they would simply represent a different action option

at states. Unknown states are not a concern since this type of formulation describes every

possible state by design. This is an important element when it comes to replanning since

the required transitions for replanning are already embedded in this formulation. It should be

acknowledged here that while this is possible in the theoretical case, in practice, extremely

large state spaces are not practical for many schedule generator methods to handle. There-

fore, some schedule generation formulations will use a reduced set of states in the MDP

model to approximate the entire assembly. However, the formulation itself is capable of

scaling as required for the specific assembly problem and schedule generation method being

utilized.

Transition Reward: The final element of the MDP formulation is the state transition

reward, Ra(s
′, s). This represents how beneficial a state transition (s → s′) is with respect
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to completing the assembly. This might take the form of the inverse cost of transition, a

value rewarding specific job completions, a measure of how close the new state is to project

completion, or focusing on elements such as penalizing the entering of broken states (states

where something in the assembly is broken). The general formulation does not constrain

how this reward is generated, leaving a framework in place to be utilized by the different

schedule generation methods. Some examples of the reward might be a time cost, or some

penalty value utilized in a schedule generator’s solver.

2.3 Summary of Contribution

The SAPD presented in this chapter addresses the first research question inquiring how the

task sequencing and allocation problem for autonomous robotic assembly can be modeled.

First, the different types of features are categorized as physical elements, constraints, and

state representation. A formulation was presented for the physical elements that provided

a framework capable of articulating both stateful and non-stateful characteristics. Next, a

constraint set was developed, utilizing existing concepts from different domains such as job

shop scheduling and developing the constraint type of continuity constraints, a requirement

for collaborative assembly work by a heterogeneous robotic systems.

Additionally, a new way to think about the state representation for this type of problem

was developed using a MDP where the transition probabilities structure is informed by the

earlier formulation components and can easily be expanded as more statistical information is

known for the assembly problem. The formulation naturally incorporates the difficulties that

would come from replanning such as state insertion. Simultaneously, it was demonstrated

how this formulation can also be used to articulate non-possible state transitions through

the probabilities.
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This work contributes to the literature field by providing a formulation that is scalable

and adjustable to accommodate different scheduling methods that may be developed to take

advantage of different features present in a range of assembly scenarios. Two such scheduling

methods have been developed in this dissertation and will be discussed in Chapters 3 & 4

respectively.



Chapter 3

Task Assignment: Solving for the

Optimal Solution

Now that a framework has been developed to describe the in space autonomous assembly

problem, different solution methodologies can be developed and implemented to produce

assignment schedules to describe task sequences and robot to task allocations that lead to

a valid assembled state. To address the second research question, a mixed integer program-

ming solution (MIP) was chosen for its ability to solve computationally complex allocation

problems such as the traveling salesman problem [19, 75, 112, 145], the vehicle routing prob-

lem [29, 58, 138], and other scheduling problems such as medical staff scheduling [7, 107]

while providing some measure of how close to optimality a solution is through the branch and

bound solution framework. Using linear relaxations of the MIP formulation and by varying

the MIP problem, a search tree can be formed and solutions can be found that satisfy the

original MIP. Once a feasible solution is found, that solution can be thought of as the upper

bound of a range within which the optimal solution must fall (assuming the problem is a

minimization problem). The lower bound is defined as the minimum optimal objective value

of the sub-problems in the solution tree. The difference of these two bounds provides a gap

within which the optimal solution must be located. Once this gap converges to zero it is

known that the optimal solution has been found.

28
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3.1 Research Gap

Current mixed integer programming formulations for robot task assignment include consid-

erations for distance [23], job sequence considerations [57, 108], and cross robot dependencies

[82]. Other applications for robot task allocation modeled with a MIP include human and

robot collaboration (HRC) [91] and dual-arm task assignment [130]. Still others attempt

to solve the scheduling problem with additional considerations such as building ad hoc net-

works [51]. The formulation presented below, published in [101], expands the concepts in

these formulation to include considerations for robotic task assignment by framing the con-

straint set to account for sequence dependent operation requirements and local workspace

considerations with respect to the robots.

3.2 Formulation

The developed MIP formulation can be thought of in four main sections: parameters, vari-

ables, objective function, and constraints. The parameters articulate elements in the problem

that will remain constant throughout the process. The variables describe the binary and

continuous elements being modified by the MIP solver as it seeks, in this case, to minimize

the objective function within the limitations of what makes a valid assembly sequence and

task allocation described by the constraints. First, a mathematical representations of the

SAPD elements must be mapped for use in the MIP formulation.

3.2.1 Sets

The sets of robots, jobs, process plans, and operations sets from the SAPD are all used

directly in the MIP formulation. Additionally, a set of arcs from the precedence DAG must



30 CHAPTER 3. TASK ASSIGNMENT: SOLVING FOR THE OPTIMAL SOLUTION

be defined to include the precedence information into the MIP formulation domain. Using

these arcs, the continuity constraint information is also included. In the MIP formulation,

all of these sets are defined as:

R Set of all robots

J Set of all jobs

Pj Set of all process plans for job j

Ojp Set of all operations for a given process plan Pj

A Set of all precedence arcs

Oa Set of all operations that require continuity for a given a ∈ A

3.2.2 Parameters

In addition to the sets, several parameters (values that will not change within the model

during solving) must be defined. The first is the processing time, a representative value

pulled from the robot ability information. This value is used by the scheduler to model how

long it will take a given robot to complete a certain operation. In addition to the process

time, a time for traversing distance must be defined. This value, noted as the setup time

since it is the time a given robot will take to move from one job to another, is derived from

the distance between two jobs, pulled from the FCG in the SAPD and the given robot’s

ability to move around the environment. Additionally, parameters describing if a robot is

mobile, if a job begins within a robot’s local workspace, and if a specific job can be allocated

to a specific robot are also defined from the SAPD. Finally, a very large constant number

must be established for use in the MIP constraint definition to allow for certain constraints

to be “turned off” under certain conditions. This will be explained further in Section 3.2.5.
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The definition of these parameters take the form:

Tjpor The processing time of operation o in the process plan p for job j by robot r

Sjj′r Setup time of robot r moving from job j to job j′

mr 1 if robot r is mobile and 0 if it is not

gjr 1 if job j is within the local workspace (grasping range) of robot r and 0 if it is not

vjr 1 if robot r can work on job j and a 0 if it can not

L A very large number used to help toggle constraint equations
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3.2.3 Variables

Binary: The binary variables represent decisions and can be thought of as a 1 or 0 switch,

a 1 if the decision was a yes and a 0 if the decision was a no. These decisions include if a

robot is assigned to a specific job, if a specific process plan is chosen for a given job, and what

operation a robot is assigned to for a given job, process plan, and operation configuration.

They also include what job a robot starts working on, what jobs it transitions between, and

what job it ends on. The definition for each of these binary variables take the form:

xjr 1 if job j was assigned to robot r, 0 otherwise

xjp 1 if process plan p is chosen for job j, 0 otherwise

xjpor 1 if robot r is assigned to operation o in process plan p for job j, 0 otherwise

xstartjr 1 if robot r starts project with job j, 0 otherwise

xjj′r 1 if robot r moves from job j to j′, 0 otherwise

xendjr 1 if job j is the last job that robot r works on in the project, 0 otherwise
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Continuous: In addition to the binary variables, there is a set of continuous variables

used to note important time quantities that the model must set. These include when a

job is started, when it is completed, when a specific operation is completed within a job,

and when a robot completes its work on a job. Additionally, the times when a robot starts

traveling between two jobs and finishes traveling between two jobs are also modeled. Finally,

the overall project duration (the project makespan in job shop terms) is defined. In this

formulation, these take the form:

sj The start time of job j

cj The completion time of job j

cjpo The completion time of operation o in process plan p for job j

cjr The time robot r completes job j

sjj′r The start time for robot r moving from job j to job j′ for j ̸= j′

cjj′r The completion time for robot r moving from job j to job j′ for j ̸= j′

cmax The upper bound on completion time (the project makespan)

3.2.4 Objective

For this formulation the objective is to minimize the overall time it takes to complete the

assembly project. This will drive the model to minimize the amount of time a robot is idle

and it will encourage the solver to choose robot assignments that pick the best robot for a

given job / operation while taking into account how long it will take the robot to move to

the job it has been assigned. The objective function is defined as:

min cmax (3.1)
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3.2.5 Constraints

To enforce all of the constraints present in the problem formulation a series of linear con-

straints must be defined. These can be broken into five different groups: assignment con-

straints, continuity constraints, robot flow constraints, mobility and workspace constraints,

and finally, timing constraints.

Assignment Constraints: In the first set of constraints, the fact that a job can only be

performed one way across the whole assembly is enforced. This means only one process plan

can be used per job in the assembly (3.2). When a robot is assigned to a job it must also be

assigned to one and only one operation in that job (3.3) & (3.4), which must be included in

the list of operations in the process plan the scheduler selected (3.5) & (3.6). If the robot is

not assigned to a job it can not work on any operations in that job (3.7). These principles

are enforced by the following constraints:

∑
p∈Pj

xjp = 1 ∀j ∈ J (3.2)

∑
p∈Pj

∑
o∈Ojp

xjpor ≤ 1 ∀j ∈ J, r ∈ R (3.3)

xjp =
∑
r∈R

xjpor ∀j ∈ J, p ∈ Pj, o ∈ Ojp (3.4)

xjpor ≤ xjp ∀j ∈ J, p ∈ Pj, o ∈ Ojp, r ∈ R (3.5)

xjpor ≤ xjr ∀j ∈ J, p ∈ Pj, o ∈ Ojp, r ∈ R (3.6)

xjr =
∑
p∈Pj

∑
o∈Ojp

xjpor ∀j ∈ J, r ∈ R (3.7)
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Continuity Constraint: If there is a continuity requirement, that is, if the same robot

must work the same operation between two jobs, that is enforced with the constraints:

xj′p′or ≤ xjpor ∀p′ ∈ Pj′ , p ∈ Pj, o ∈ O(j′,j), (j
′, j) ∈ A, r ∈ R (3.8)

xjj′r ≥ xjr ∀(j′, j) ∈ A, r ∈ R (3.9)

Robot Workflow Constraints: In addition to the assignment considerations above, the

manner in which robots work on jobs must also be enforced. In a robot’s workflow, there

must only be one start and one end node (3.10) & (3.11). A robot must only start and stop

working on a given job once in its workflow before moving on to the next job (3.12) & (3.13),

and it must not loop back to the same job after completing it (3.14):

∑
j∈J

xstartjr = 1 ∀r ∈ R (3.10)

∑
j∈J

xendjr = 1 ∀r ∈ R (3.11)

xj′r = xstartj′r +
∑
j∈J

xjj′r ∀j′ ∈ J, r ∈ R (3.12)

xjr = xendjr +
∑
j′∈J

xjj′r ∀j ∈ J, r ∈ R (3.13)

xjjr = 0 ∀j ∈ J, r ∈ R (3.14)

Mobility and Workspace Constraints: A robot cannot be assigned to a job unless the

robot is a valid machine for that job (3.15). It must also have access to the job, either having
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it within its local reach or having the ability to move around the assembly environment (3.16):

xjr ≤ vjr ∀j ∈ J, r ∈ R (3.15)

xjr ≤ gjr +mr ∀j ∈ J, r ∈ R (3.16)

Timing Constraints: Finally, timing constraints are necessary to ensure that the jobs

are started and completed in a valid manner adhering to the limitations for the assembly.

Jobs can not be completed until after all of the operations in the job are completed (3.17)

and the completion time of a job must equal the start time plus the time it takes to process

the job (based on the assigned robots) (3.18). The start time of a job can not be less than

the completion time of the previous job worked on by that robot plus the amount of time it

took the robot to get to the current job (3.19). Additionally, a job can not be started until

all the jobs prior to it in the precedence DAG are completed (3.20). A robot can not finish

working on a job until its operation is completed (3.21), the time a robot starts moving

to a new job can not be before it finishes the job it is working on (3.22), and it can not

complete the travel time until the amount of time to move between jobs has passed (3.23).

Finally, the overall project completion time (the makespan) can not be less than the largest

job completion time (3.24). As noted in Section 3.2.2, a very large constant (L) can be used

to turn off constraints when applicable. This is common practice for MIP models since it

shifts the value of one side of the constraint based on the configuration of a binary variable.

The two constraints using this technique along with the other timing constraints take the
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form:

cj ≥ cjpo ∀j ∈ J, p ∈ Pj, o ∈ Ojp (3.17)

cj ≥ sj + (Tjpor)xjpor ∀j ∈ J, p ∈ Pj, o ∈ Ojp, r ∈ R (3.18)

sj′ ≥ cj + Sjj′rxjj′r − L(1− xjj′r) ∀j ∈ J, j ′ ∈ J\{j}, r ∈ R (3.19)

sj′ ≥ cj ∀(j′, j) ∈ A (3.20)

cjr = cj ∀j ∈ J, r ∈ R (3.21)

sjj′r = cj − L(1− xjj′r) ∀j ∈ J, j ′ ∈ J\{j}, r ∈ R (3.22)

cjj′r = cj + Sjj′rxjj′r − L(1− xjj′r) ∀j ∈ J, j ′ ∈ J\{j}, r ∈ R (3.23)

cmax ≥ cj ∀j ∈ J (3.24)

3.3 Experimental Validation

As a validation for the SAPD and the MIP schedule generation method, a multi-robot

assembly problem to build an arch structure was developed. This validation included a three

part experiment set to evaluate three different factors. The first experiment takes the optimal

schedule that was generated by the MIP and compares it to a hardware implementation

following the optimal schedule to evaluate how well the scheduler models the assembly and

to provide insight for improvement in the MIP formulation. The second experiment compares

the hardware implementation of the optimal schedule against an alternative allocation policy

that might be used in an in-space autonomous assembly problem where an autonomous

scheduler has not been developed. Finally, the third experiment attempts a reschedule in

the middle of the assembly to replicate a realistic condition where something may go wrong

and the scheduler will need to be rerun to determine a new set of robot to task allocations
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to finish the assembly.

3.3.1 Assembly Problem

The assembly project used in this work consists of taking seven blocks from a storage area,

bringing them to a staging area where three subassemblies are made into two columns and

the arch crossmember. Next, the three subassemblies are moved to the final assembly loca-

tion where they are assembled into the finished arch. The workforce of these experiments

consisted of two teleoperated robots. It should be noted that, while this system has been

developed with full autonomy in mind, the scope of this experiment set is the evaluation

of the optimization process. In this scope, teleoperated units are more than adequate to

validate the optimization formulation. The following sections will fully describe the different

elements in the assembly and the three experiments.

Workspace: The assembly workspace for this experiment took place in a 200in × 110in

rectangular space. As pictured in Figure 3.1 Panel A, there are two storage bays where

the parts for the columns and horizontal crossmember are stored respectively. Both types

of subassemblies (column and crossmember) have their own staging areas where they are

assembled before they are brought to the final assembly area to be combined into the com-

pleted arch. In addition to these five locations, each of the robots have a starting location

defined in the workspace. Table A.1 in Appendix A.1 provides the SAPD formulation for

each of the seven reference locations.

Components: The components in this project consist of the seven blocks that make up

the arch structure. There are two large blocks (lb1 and lb2) that will be combined with two

medium blocks (mb1 and mb2) to construct the two column subassemblies. The final three
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Figure 3.1: Panel A: Arch assembly workspace with location, component, and robot labels,
Panel B: One side of the androgynous connector, Panel C: Both sides of the androgynous
connector about to be connected, Panel D: Androgynous connector in the connected state.
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blocks, two small corner blocks (sbc1 and sbc2) will be combined with one small middle

block (sbm1) to make the horizontal crossmember. The SAPD representation for each of

these components is given in Table A.2 in Appendix A.2.

Joints: In this assembly project, all of the joints are of a snap connector type. Pictured in

Figure 3.1 Panels B-D, these clips are androgynous and include self-aligning posts that help

fine tune the alignment after a course alignment takes place. After the course alignment,

force along the clip face axis will snap two clips together. There are six of these joints in the

entire assembly, each of which is defined in Table A.3 in Appendix A.3.

Robot Workforce: The robot workface consists of two Mobile Assembly Robotic Col-

laborator (MARC) units designed custom in the Field and Space Experimental Robotics

(FASER) laboratory. For the experimental work reported here, the teleoperators for each

MARC remained constant to reduce the chance of processing time variation that might be

introduced due to different skill levels or a difference in control interface familiarity. To

model the processing time for different tasks, each task type was repeated thirty six times

by each operator / robot to form a distribution. The expected value of each distribution was

used to inform the MIP processing time and setup time information in the model. The dis-

tributions for each of these processing times will be discussed in Section 3.3.3. The expected

values, along with the rest of the robot formulation description are shown in Table A.4 in

Appendix A.4.

Assembly Constraint Formulation: To ensure a valid assembly, components could not

be assembled into subassemblies unless they were in their designated staging areas. In a

similar fashion, the subassemblies could not be assembled into the final structure until they

were in the final assembly area. The only robot to job restrictions were those applying to
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the two start jobs. These start jobs were used to insure that the robots started in the right

positions. Additionally, there were no continuity constraints in this assembly problem. Four

different job types were used in this assembly: idle start (S), move part (M), connect part

and connect assembly (C). To complete these jobs, eight different operations were defined:

idle, locomote, connect component, co-op connect component, connect subassembly, co-op

connect subassembly, pick & place, and finally place. These operations are defined as:

• idle: is a very short waiting time for a robot. This is only used to initialize the robot

at the correct starting location.

• locomote: is the motion contribution a robot can make. This is the only operation

that is a velocity and is utilized anytime a robot has to move locations.

• connect component: is the action of picking up a component and connecting it to

another component.

• connect subassembly: is the action of connecting both sides of the crossmember

to the columns.

• co-op connect component: is the action of connecting one component to another

with the help of a second robot.

• co-op connect subassembly: is the action of connecting one side of the crossmem-

ber to one column (each robot connects one of the two sides).

• pick & place: is the action of picking up and setting down a component. This is

often used in conjunction with the locomotion velocity to describe the time it takes a

robot to complete a move job type.

• place: is the place portion of the pick & place operation. This is used during the

reschedule experiment when the damaged crossmember needs to be set down for repair.
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The first of the four types of jobs, idle start, was a first job for each robot to insure they

began in the right position. This job is analogous to the robots coming out of storage and

for this experiment, it took negligible time to complete this job type. The move job type,

as the name implies, was used when a component needed to be moved from one location

to another. The move job type is unique in that the scheduler calculated the processing

time for a move job as the time it took to complete the robot operation contribution (pick

& place) plus the time it took the robot to traverse the distance between the starting and

ending points in the job. The connect job type reflected components or subassemblies be-

ing connected, with sub-elements of connect component or connect subassembly. Connect

component represented the time it took a robot to place and engage the clips between two

components. Connect subassembly, like connect component, involved the robot connecting

the clips between blocks. However, in the subassembly type, the time includes the robot

having to connect both sides of the crossmember. Tables A.5 and A.6 in Appendix A.5 pro-

vide a list and description of the different jobs that make up the assembly project and how

each one could be completed, respectively. The DAG describing the precedence constraints,

the initial state of the assembly, and the final state of the assembly are all shown in Figure

3.2.

3.3.2 Experiment Implementation

As noted above, the processing time information for each of the operations in the assembly

project was generated through thirty six instances of each robot completing each type of

operation. Each set of thirty six contained slight variations likely to be seen in the actual

assembly project. For example, to evaluate the connect component processing time, com-

binations of the three different block sizes (small, medium, and large) and three different

spacings between pre-connected blocks were used. Thus experimentally generating the pro-
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Figure 3.2: Panel A: Precedence DAG for arch assembly project, Panel B: Initial assembly
state, Panel C: Final assembly state.
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cessing times to inform the SAPD provided the stochastic variation information present due

to operator control and slight changes present due to different grips required for the three

block types to be modeled. Each robot was controlled by the same operator through all of

the experiments to preserve the distributions acquired for the SAPD. The MIP scheduler

was implemented using the Gurobi Python API [61] on a Windows 10 computer with 16 GB

of RAM and a 2.20 GHz i7 CPU. The solution generated by the MIP was used as the opti-

mal schedule in all three experiments. The optimal schedule was solved for in 9.58 seconds.

Figure 3.3 provides a picture of the optimal schedule. The bottom two rows in the graph

show which robot worked on what job at what time in the assembly project. The black

lines between jobs show when a robot would need to travel between jobs and the blank gaps

represent when a robot is waiting to start its next task. The upper portion of the graph

shows when each job was processed in the assembly project. The jobs times in the upper and

lower portions of the graph are color synced to clarify task allocation when two robots are

working at the same time. The projected completion time for the assembly was 679 seconds.

Figure 3.3: Optimal schedule generated by the mixed integer program. The bottom portion
of the graph shows the robot to task allocation and the upper portion of the graph shows
the task sequencing. The jobs times between the two portions are color coded and spatially
synced.
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Full Assembly: The full assembly experiment consisted of two complete runs of the as-

sembly project following the task sequence and allocation in the optimal schedule. During

the assembly runs, there were a few instances of unexpected errors. In a deployed scenario,

these errors would lead to a reschedule and reallocation of the robots. Since the third exper-

iment tests this ability, the other experiments focused on other evaluations. For the first two

experiments, if an unexpected error occurred, such as a battery running low or a connection

clip breaking, all of the operators were immediately notified and the experiment was paused

while the issue was resolved. Once resolved, everything continued from the point where the

error occurred, allowing for the down time due to the error to be factored out of the process-

ing times making the comparison between the schedule and the hardware implementation

valid. It should be noted that failures in the experiment, such as a gripper needing to be

readjusted or a second attempt at making a clip connect, were left in the experiment since

they are realistic elements in the assembly problem.

Alternative Policy Task Allocation: To evaluate how the completion time of a hard-

ware implementation of the optimal schedule compares to an assignment method that did

not have the task sequencing and allocation analysis capability, an alternative assignment

policy was chosen that reflects a realistic strategy to complete a new assembly project. This

alternative policy allocated tasks based on their type to a specific robot. MARC 1 was faster

at completing the connect component operations than MARC 2 so all of the connection type

jobs were given to MARC 1. Similarly, MARC 2 was given all of the move job types. To

give this policy the best chance against the optimal policy, the jobs were completed in a

way that would minimized the amount of time one robot was waiting on the other. While

this changed the task sequencing slightly in the alternative policy hardware implementation,

it allowed for the best comparison between the optimal task allocation and the alternative

policy allocation.
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Replanning Error Correction: To test the ability of this scheduler to reschedule, one of

the motivations in the development of the task assignment framework, a failure was forced

near the end of the assembly. Once the crossmember arrived at the assembly location,

the end of the crossmember was removed from the other two components. This required a

reassignment with a new starting configuration reflecting the current state of the assembly.

Jobs were inserted to set the crossmember down, repair it, and then finish the assembly.

3.3.3 Results
Full Assembly: Two full assembly runs following the optimal schedule were completed.

In the first, part way through the assembly, one of the connection clips broke requiring

the experiment to be paused and the component replaced. In the second assembly, an

electronics issue occurred also requiring the experiment to be paused. The presence of these

errors further highlight the necessity of a system capable of articulating the states needed

for repair and reallocating robots autonomously. As described above, both of these pauses

were removed from the data in post-processing and the resulting data was verified against

the footage.

First Full Assembly Run: In Figure 3.4 Panel A the comparison between the first full

assembly run and the optimal MIP schedule is shown. This assembly took 801 seconds to

complete, an 18.14% error in overall completion time of the project. A job by job break

down of the differences and percent errors between the optimal projected schedule and this

hardware trial is shown in Figure 3.4 Panel B. The largest two errors occurred when dealing

with the horizontal crossmember. As shown, all of the jobs moving components from the

storage to the staging area took a few second less than the predicted time, on average.

Alternatively, all of the jobs dealing with the subassemblies took longer than predicted aside

from the final job where the two robots connected the horizontal crossmember to the two

columns.
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Figure 3.4: Panel A: Hardware vs MIP optimal schedule for the first full assembly run, Panel
B: Job by job breakdown with error for the first full assembly run. The job key is as follows:
J1 : Mlb2, J2 : Mlb1, J3 : Mmb2, J4 : Msbm1, J5 : Mmb1, J6 : Msbc2, J7 :
Msbc1, J8 : Cmb1lb1, J9 : Csbm1sbc1, J10 : Cmb2lb2, J11 : Mmb1lb1, J12 :
Csbc2sbm1, J13 :Mmb2lb2, J14 :Msbc1sbm1sbc2, J15 : Csbc1sbm1sbc2.
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Second Full Assembly Run: Similar to the first full assembly run, the second assembly

took 814 seconds to complete, a 20.06% error from the optimal schedule. Like the first

assembly, the schedule comparison shown in Figure 3.5 shows similar error trends where the

moving of parts between the storage and staging areas were slightly faster than predicted and

the jobs dealing with the subassemblies took longer than projected. In the second assembly

run, the largest difference between actual and projected comes from moving the crossmember

into place.
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Figure 3.5: Panel A: Hardware vs MIP optimal schedule for the second full assembly run,
Panel B: Job by job breakdown with error for the second full assembly run. The job key
is as follows: J1 : Mlb2, J2 : Mlb1, J3 : Mmb2, J4 : Msbm1, J5 : Mmb1, J6 :
Msbc2, J7 : Msbc1, J8 : Cmb1lb1, J9 : Csbm1sbc1, J10 : Cmb2lb2, J11 :
Mmb1lb1, J12 : Csbc2sbm1, J13 : Mmb2lb2, J14 : Msbc1sbm1sbc2, J15 :
Csbc1sbm1sbc2.



50 CHAPTER 3. TASK ASSIGNMENT: SOLVING FOR THE OPTIMAL SOLUTION

Alternative Policy: As stated in Section 3.3, the alternative assignment policy where

MARC 1 completed only the connecting type jobs and MARC 2 completed all of the move

type jobs, was used to evaluate the benefit of using the optimal schedule against an alterna-

tive, realistic assignment policy in an autonomous scenario. The job completion time results

for this hardware trial are compared against the optimal schedule and the first hardware

implementation of the optimal schedule in Figure 3.6 Panel A and Panel B respectively.

Even with the reordering of task sequencing to complete the alternative policy in the op-

timal way, the alternative policy makespan was 901 seconds, yielding an error of 32.89 %

from the optimal schedule projection and a 12.48 % error longer from the first hardware run

implementing the optimal schedule.
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Figure 3.6: Panel A: Hardware experiment following alternative policy compared against the
optimal MIP scheduled, Panel B: Hardware experiment following alternative policy compared
against hardware experiment following the optimal schedule. The job key is as follows:
J1 : Mlb2, J2 : Mlb1, J3 : Mmb2, J4 : Msbm1, J5 : Mmb1, J6 : Msbc2, J7 :
Msbc1, J8 : Cmb1lb1, J9 : Csbm1sbc1, J10 : Cmb2lb2, J11 : Mmb1lb1, J12 :
Csbc2sbm1, J13 :Mmb2lb2, J14 :Msbc1sbm1sbc2, J15 : Csbc1sbm1sbc2.
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Replanning: Using the same computer that generated the original schedule, the reschedule

was solved in 0.066 seconds (negligible) time and the assembly proceeded with MARC 1 being

retasked (since it was the closest to the damaged part) to set the partial crossmember down,

repair the broken joint, and finish the assembly. After the repair portion of the jobs, the

new schedule matched the original task allocation, completing final job with both MARCs

to attach the crossmember to the two columns.

Processing Times: When applicable, the processing times measured during the hardware

experiments were plotted over the distributions of the data used to generate the expected

values in the scheduler’s processing time entries. Figure 3.7 contains the processing time

distributions for the connect component, connect subassemblies, co-op connect component,

and co-op connect subassemblies operations for both of the robots. The hardware processing

times for MARC 1’s connect component appear to be in the upper range of those seen in

the data taken for ability property. As shown in Panel A, it took about thirty five seconds

longer, on average, than the value used in the scheduler. This longer time corresponds to the

higher error in the connect component job types shown in the schedule. In contrast, MARC

2, which only had a few instances of connecting a component throughout the hardware trials,

had a processing time very close to the expected value of the input data when completing

Csbm1sbc1. Panels C and D show only one and no hardware data points for MARC 1 and

2, respectively, since the optimal scheduler used both robots to connect the subassemblies

together. The one entry for MARC 1 reflects the alternative policy requiring MARC 1 to

handle all of the connection job types on its own. Similarly, the only co-op operation utilized

was connecting the subassembly shown in Panel F. The final three operations, locomote,

pick & place, and place, show similar results in Figure 3.8. The locomote instances for both

robots, shown in Panels A and B, are similar to those used by the scheduler. The hardware

processing times have not been corrected for the extra distance the robots had to travel
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to avoid colliding (since path planning was not part of this experiment set). The similar

distributions between the hardware trials and abilities data indicates that this was not a

large contributor to the error seen between the optimal schedule and the results. The pick

& place operations, Panels C and D, show that the distribution ranges are about the same

but with instances 20 to 30 seconds faster and slower than the expected value of the input

data.
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Figure 3.7: Panel A: MARC 1 connect component processing times for scheduler and hard-
ware instances, Panel B: MARC 2 connect component processing times for scheduler and
hardware instances, Panel C: MARC 1 connect subassembly processing times for scheduler
and hardware instances, Panel D: MARC 2 connect subassembly processing times for sched-
uler (there were no hardware instances), Panel E: Co-op connect component processing times
for scheduler (there were no hardware instances), Panel F: Co-op connect subassembly pro-
cessing times for scheduler and hardware instances.
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Figure 3.8: Panel A: MARC 1 locomote velocity for scheduler and hardware instances, Panel
B: MARC 2 locomote velocity for scheduler and hardware instances, Panel C: MARC 1 pick
& place processing times for scheduler and hardware instances, Panel D: MARC 2 pick
& place processing times for scheduler and hardware instances, Panel E: MARC 1 place
processing times for scheduler and hardware instances, Panel F: MARC 2 place processing
times for scheduler (there were no hardware instances).
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3.3.4 Discussion

The developed SAPD was able to successfully articulate all of the elements present in the

assembly problem that were important to task assignment and successfully encode the con-

straints in a way that could be passed to a schedule generator to generate task sequences and

allocations. The MIP schedule generator was then able to take these elements and constraints

to solve for an optimal schedule, which proved to be more optimal to follow than an alter-

native, less informed, viable scheduling policy. The below sections will discuss advantages

and limitations present in the formulations and will end with future work suggestions.

Advantages: The SAPD is capable of describing the elements present in an assembly

problem. It has a flexible formulation that allows it to adapt between simple, small scale,

assembly projects, up to large, stochastic projects. The ability to record both state and

property information allows it contain information that may be needed by other elements

of an autonomy suite used in in-space assembly scenarios. The MIP formulation proved to

be capable of modeling distance considerations, continuity constraints, and the other core

constraint requirements to ensure a valid assembly schedule. By the nature of the branch

and bound solving method, used for MIP formulations, it was able to guarantee an optimal

schedule based on the input data and contained the ability to give a measure of how far from

the optimal solution the generated schedule might be. At the experimental scale presented in

this work, schedule generation was very fast, making it usable for rescheduling, an important

consideration for in-space applications where the delay or lack of communication can make

teleoperated rescheduling impractical or impossible.

Limitations: Using the MDP formulation in the SAPD may reach intractable state num-

bers for very large assemblies. While this is not a direct limitation to the formulation,
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additional work may need to be done to determine the best way to approximate the states

or downsample to the a smaller, important state set. This is additional work that would

need to feed the problem definition, adding another capability requirement in the overall

autonomy system. The MIP formulation, in its current form, does not take into account the

spatial footprint of the robots. While it did not greatly impact the overall assembly runs

above, it did cause some of the robot interactions to go unaccounted for in the model. One

possible mitigation is to factor in path routing in the MIP. This, however, leads to the second

limitation. The MIP treats the whole assembly problem all at once, instead of solving it

temporally from beginning to end. If a change is made, the overall assembly changes and the

solving process needs to start over. While this can be mitigated by feeding in the previous

solution to “warm start” the solver, it could cause limitations if the solving time is too large.

This is a potential concern for large projects since the addition of jobs or robots will increase

the problem space significantly thereby increasing the computation time required to produce

a schedule. Future experiments need to be done to determine the scale limitations of the

MIP formulation.

3.4 Summary of Contribution

The mixed integer programming formulation presented in this chapter addresses the second

research question inquiring about a scheduling formulation that can provide the optimal

schedule or one that is some quantifiable measure from optimal.

The mathematical formulation presented here takes the information from the SAPD and

describes it in a form that state of the art solvers can use. By using the branch and bound

solver method, an optimal schedule can be proven or the gap between a linearly relaxed

solution, one that generates a completion time faster then a valid solution, and a known
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valid solution. This method provides a bounding within which the optimal solution must

fall and can be used to quantify a worst case measure on how far the generated schedule is

from the optimal schedule.

The experiment included in this chapter demonstrate this scheduling methods use in an

assembly problem to generate the initial schedule and to provide a rescheduling to correct

an error that occurred.



Chapter 4

Task Assignment: Stochastic

Formulation

To address some of the limitations present in the mixed integer programming approach

in Chapter 3, a heuristic search method is needed to allow for continual sampling from

processing time distributions. A formulation with this capability will better utilize the

stochastic information if it is known in an assembly scenario. This type of solution method

formulation also has the potential to handle larger scale projects by providing solutions that

have been optimized to the scheduling and allocation problem relatively quickly. However,

this may come at a cost of the solution not being optimal (or at least not provably so without

also using the MIP formulation developed in Chapter 3).

4.1 Research Gap

Different methods have been developed and applied to the FJSP problem. These include

linguistic based approaches [17], tabu search methods [18, 120, 122], simulated annealing

[41, 43], and evolutionary algorithms such as genetic algorithms [34, 110] to name a few.

Of the large variety applied to this problem set, genetic algorithms work well due their

robustness to handle discrete and noisy objective functions [62].

Many of the genetic algorithms used in scheduling complex planning problems such as robotic

59
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path planning [105], road intersection planning [42], trainer scheduling [64], and network sen-

sor scheduling [62] require the use of variable length chromosomes. However, this variability

in dimensionality adds difficulty and requires specialized genetic operators to propagate the

optimization [64, 84].

For the FJSP-IPP problem specifically, there have been several proposed GA solutions [78,

123, 149]. However, many of these can encode infeasible or illegal solutions which hinders

the efficiency of the search [67]. As such, additional operators often have to be added to

try and repair infeasible solutions raising the complexity of the process and increasing the

computation time for each generation [10].

The presence of continuity constraints in the autonomous robotic assembly problem is not

present in the current literature and only furthers the complexities of possible infeasible

solutions due to the vast number of ways tasks can be allocated in a way that violates

this particular constraint type. To address this, a novel formulation expanding on existing

state-of-the-art techniques such as dynamic decoding [67] and constraint preserving genetic

operations [92] is proposed. This formulation provides an encoding that minimizes the

possible rise of infeasible solutions to a single decision component and provides a framework

capable of modeling the continuity constraint in addition to already existing constraints such

as precedent constraints and process plan considerations.

4.2 Genetic Algorithm

A genetic algorithm is an optimization method first developed by John Holland and his

collaborators [144] based on the concepts of genetics and natural selection. The algorithm

functions by first generating an initial population of chromosomes that represent a sam-

pling of different instances of the problem being optimized. This population is propagated
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Figure 4.1: The general architecture of a genetic algorithm.

through multiple generations using processes such as crossover and mutation to seek the best

individual. Throughout this process, a fitness criteria is used to evaluate how well a chro-

mosome will survive. Based on this information, a selection process is made and the cyclical

generation propagation continues [136]. This basic anatomy is pictured in Figure 4.1. The

explanation and implementation of each step are discussed in the following sections.
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4.3 Formulation

The formulation described here presents a novel encoding and decoding method to account

for continuity constraints present in a JFSP-IPP problem. This architecture encodes the

problem using methods from recently published papers extended to encapsulate this new

constraint type while preserving the previous constraint types. To aide in the understanding

of this formulation (decoding in particular) an example problem will be utilized.

4.3.1 Example Problem

The example project focuses on assembling a stack of blocks. They must be moved from a

storage area to an assembly area, stacked, and then fastened into place. Pictured in Figure

4.2, this assembly project utilizes three robots (two of the gripper type and one with a welder

type) to complete the project.

In this project, four different job types are used. The start job type (S) is used to represent

the starting job for each robot. This can be thought of as the robots coming out of storage

and preparing to operate. As such, these jobs most be completed before any other job can

occur. The next three job types apply to the blocks in the assembly and correspond to

the tasks of moving (M), aligning (A), and fastening (F ) the blocks together. Naturally,

there is a precedence constraint set that must be followed for these jobs to succeed. Once

an alignment takes place, the same block that was aligned must be held in place while it is

being attached. This leads to the new type of constraint, the continuity constraint. This

constraint spans across the aligning and fastening jobs, requiring the same robot to complete

the grasping operation in both cases without working on any tasks in-between. Figure 4.3

contains a representation of these jobs, their process plans, operations, and the constraints

using the formulation defined in Chapter 2.
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Figure 4.2: Workspace consisting of three robots and three blocks.

Figure 4.3: Each job in the project has a set of process plans, operations, and valid machines.
The project also contains precedence and continuity constraints.
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4.3.2 Encoding Strategy

In this type of problem there are several different types of decisions being made. The first is

a selection for how each job will be completed, the selection of a process plan for each job.

This selection affects the third decision type, the machine assignment, in that the number

of machines required to complete a job will change depending on how long each machine’s

contribution will take. An example of this would be if the operation required when two

robots work together only takes half as long as an operation that would require a robot to

complete the job alone. This type of collaboration requirement consideration is not present

in the literature. Rather, each machine’s task is considered independent and the robots can

come and go between their contributions. The complexities of the allocation decision will be

addressed in a future section. The second decision type, the sequencing decisions, will affect

the machine assignment decisions. Depending on the job sequencing, certain robots may no

longer be free to work on jobs that they typically would be valid candidates as a result of

the continuity constraints. The interconnected nature of these elements are addressed using

dynamic decoding, which will be described in the following sections.

Three Part Chromosome: The three different decision types present in this problem are

encoded using three different chromosome parts. Pictured in Figure 4.4, the first chromosome

portion encodes the process plan selection. In this formulation, there is a gene for each job

and the value of that gene will represent which process plan is being used. The second

chromosome portion encodes the job sequencing. Each gene position represents the priority

given to the job in that location, identified by the value of the gene. The job in the left most

gene will be given priority over those to the right, moving sequentially down the chromosome

portion. The final chromosome portion encodes the machine allocation where each gene

location represents an operation in a job and the value within the gene represents the machine
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Figure 4.4: A full chromosome consists of three parts: the process plan selection, the job
sequencing, and the machine allocation.

the operation is being allocated to.

The presence of varying numbers of process plans, each potentially containing different num-

bers of operations plus the continuity constraints ruling out certain machines based on pre-

vious assignments complicates the encoding process. A standard encoding approach would

represent each operation as a gene in the chromosome for task allocation. However, since

the operations can change, this would lead to complications when selecting and breeding

chromosomes, requiring complex methods to deal with the variable size to still provide the

desired exploration of the solution space. As stated above, this is dealt with using dynamic

decoding. To start, a system of value mapping must be used in the process plan and machine

allocation chromosome portions. This will be described in the next section.

The encoding of the job sequencing is done by mapping each job to an ID number. Since each

job can only be processed once, the job sequencing chromosome portion can only contain

one entry of each ID for all of the jobs. This chromosome portion, unlike the processing

plan and machine allocation portions, can more easily be inspected for infeasible solutions.

This occurs from the ID values (jobs) being placed in a sequence that violates the precedence

constraints. A method dealing with this chromosome portion in the population initialization,

crossover, and mutation steps are designed to take this into account. The details of which
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will be explained in depth in Sections 4.3.4 - 4.3.7 respectively.

Max Value Mapping: To address the issue where different genes may need to represent

a different number of options within the same chromosome part, a max value mapping is

used. Similar to [67], a max possible value is found for all of the genes in that chromosome

portion. The genes’ values can then take any number between 1 and that max value. When

decoding, that number range can then be remapped to the valid range for that gene. This will

be discussed in more depth below. The two chromosome portions that require this method

are the process plan selection, since each job (and therefore gene) may have a different

number of process plans, and the machine allocation, since the possible machines that can

be assigned to an operation may change. The max value that a processing plan gene can

take is defined as:

maxP = max(|Pj|) ∀j ∈ J (4.1)

Where |Pj| is the number of process plans for job j. Therefore, the processing plan section

of the chromosome is a made up of |J | genes where each gene with a value from the range

[1,maxP ]. The machine allocation portion of the chromosome is defined in a similar fashion.

The value each gene can take has an upper bound of the most machines that can be assigned

to a job, that is the most valid machines that can be present (Vj) for job j. This results in

a gene range of [1,maxM ] where maxM is defined as:

maxM = max(|Vj|) ∀j ∈ J (4.2)

This feature of the encoding is important since it allows all of the genes in a particular

chromosome subsection to use the same number ranges for the genes present in that section.

As will be discussed in a following sections, the crossover and mutation methods are done
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by chromosome subsection. This mapping allows for easy interaction between all of the

chromosomes portions of the same type.

4.3.3 Decoding Strategy

Due to the interconnected nature of the three chromosome parts to create a valid solution,

a dynamic decoding process is used which utilizes the value remapping capability described

above. Figure 4.5 contains an example chromosome of a solution to the example problem

given above. The processing plan portion of the chromosome is decoded by solving for what

value contained in the gene represents for that particular job. This decoding is done using

Equation 4.3 where p′i is the value present in gene i representing the process plan for the job

represented in that gene. Using the max possible value in the chromosome portion, maxP ,

and the highest number of process plans that exist for gene i’s job, |Pi|, the process plan pi

is decoded and assigned for that job.

pi =

⌈
p′i

maxP
× |Pi|

⌉
i = 1, . . . , |J | (4.3)

Decoding the sequencing chromosome is done by sweeping from left to right through the

chromosome, referencing the job represented by the ID value present in the gene. It is

important to note that the sequencing is the preference in assignment. This can be thought

of as a required ordering for the jobs in a given machines assignment. It does not explicitly

require that a job represented by a previous gene is completed before a gene later in the

chromosome. This is implied in that the job sequencing will follow precedence constraints

defined in the problem and it will be enforced when calculating the fitness (makespan) of

the solution.

Decoding the machine allocation portion of the chromosome is the most complex portion of
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Figure 4.5: The decoding process first deciphers the process plan and job sequencing portions
of the chromosome. The decoded result is used to inform the dynamic portion of the machine
allocation decoding resulting in a fully decoded solution.

the decoding process. As indicted in Figure 4.5, both the processing plan and job sequencing

inform the decoding of the machine allocation. First, based on the process plan selected for

a job, the genes representing operations that will not be used are removed (represented as

a red strikethrough in Figure 4.5). Using the order defined in the job sequence chromosome

portion, each valid operation is mapped to a machine using a method similar to the process

plan mapping:

mi =

⌈
m′

i

maxM
× |V ′

i |
⌉
i = 1, . . . , |J | (4.4)

where m′
i is the gene value, V ′

i is the set of valid machines for the job represented in gene i,

and mi is the correct machine being assigned. The functionality of V ′
i is very important in the

context of dynamic decoding. As part of the continuity constraints, when a robot is assigned

to the first operation in a continuity it can not be used on any other operations until it has

been assigned to the second operation in the constraint. To account for this, V ′
i dynamically
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varies between the original set of machines that were viable, Vi, and the amount of machines

that are valid taking into account how the previous machines are allocated based on the

earlier genes in the chromosome. It is this feature that adds the functionality of continuity

constraints into the formulation providing a capability not yet seen in the literature. Using

this process, the chromosome can be fully decoded into the solution and evaluated for fitness.

4.3.4 Initial Population

Since a genetic algorithm optimizes by crossing and mutating chromosomes, the optimiza-

tion process must begin with an initial population. For complex systems where there is a

possibility of infeasible solutions, this initialization process can be difficult. As discussed

above, the encoding process developed for this work was designed to minimize the ability

to produce infeasible solutions. However, some of the methods used in this optimization

process prevent infeasible solutions by preserving viable solutions (this is the case for the

sequencing chromosome portion). After the three portions of a chromosome are initialized,

they are combined and decoded to make sure they are valid. If they are not, the chromosome

is rejected and the initialization process starts over for that chromosome. The below sections

will discuss the initialization process for the three different portions of the chromosome.

Process Plan: Initializing the process plan chromosome portion is the simplest initializa-

tion of the three parts. To initialize, a chromosome of the length |J | is generated where each

gene value is assigned a random number between 1 and maxP from 4.1.

Job Sequencing: The second portion of the chromosome to be initialized is the precedence

preference that determines the job order. The initialization of this portion of the chromosome

is particularly complex due to how it interacts with the continuity constraint in the dynamic
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decoding. As discussed earlier, to handle the continuity constraint, a machine must be

reserved after it has been assigned to the first job in a continuity pair. It can not be assigned

to anything else until it is assigned to the second job in the constraint. If there is a situation

where the number of jobs with the continuity constraints is larger than the number of robots

in the workforce and the jobs all fall within a similar window of the project, it is possible

for all the robots to be reserved for different portions of different jobs, making it impossible

for jobs in-between the constrained pairs to be completed. This leads to job precedence

chromosome configurations that are semi-infeasible. They are not strictly infeasible since

the precedence constraints are not violated, however, the probability of the machines being

allocated in such away that they they will get stuck in a reserved state, preventing the project

from proceeding, is very high.

To resolve this, the initialization has two different methods. The first method, represented

in pseudocode in Algorithm 1, takes in the list of jobs and the precedence information. It

places all the jobs into a not assigned array (NA) and then shuffles them. Then, as long as

NA is not empty, all of the jobs remaining have their precedence constraints checked (line

7). If they are met, they are placed in an array (A) to be added to the chromosome (line

10). Completing this for loop (line 6 - 12) extracts all the jobs that currently have their

precedence constraints met. They are shuffled, removed from NA, and have their IDs added

to the chromosome (lines 13 - 16). This is repeated until all of the jobs have been added to

the chromosome, at which time the precedence chromosome has been generated.

This algorithm allows for randomness in job ordering between each level of precedence.

However, as described above, it can lead to the semi-infeasible condition at the point of

dynamic decoding. To address this, Algorithm 2 was developed to include the additional

continuity information C. It initializes the same as the previous algorithm. However, starting

at line 10, the job is checked to see if it is present in the continuity constraints. If it is, the
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Algorithm 1 Precedence chromosome initialization method 1
Require: J, prec

1: chromosome← [ ]
2: NA← J
3: shuffle(NA)
4: while |NA| > 0 do
5: A← [ ]
6: for j ∈ NA do
7: if prec(j) = False then
8: continue
9: else

10: A← j
11: end if
12: end for
13: shuffle(A)
14: for j ∈ A do
15: del NA[j]
16: chromosome← ID(j)
17: end for
18: end while
19: return chromosome
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array for adding, A, is shuffled and added to the chromosome like before (lines 11-14). Then

the job and its continuity pair (j, j ′) are added to the chromosome (lines 16 - 24). The rest

of the algorithm proceeds the same as the previous one.

This addition places the two jobs in a precedence constraint right next to each other, meaning

that right after the machines are put on hold for the first job the next job they will be assigned

to through the dynamic decoding is the second job in the constraint, fulfilling the reservation.

This second method, while it does resolve the precedence problem, it does not allow any

jobs to be assigned between the two jobs (by design) which may not reflect what the optimal

solution could look like. To preserve the ability to insert jobs between continuity constrained

jobs when possible and increase the diversity in the initial population as much as possible,

the algorithms are called based on some probability. The method in Algorithm 1 is called

with 90% chance and Algorithm 2 is called the other 10% of the time. This ensures that, if

the project is highly complex, an initial precedence sequence chromosome portion can still

be found.

Machine Allocation: Similar to the initialization of the processing plan chromosome

portion, the machine allocation chromosome is initialized to be the max possible number of

operations that could occur in the project:
∑

j∈J |Oj|. The value for each gene can take any

number between 1 and maxM found from 4.2.

4.3.5 Parent Selection

After the initial population has been generated, the population needs to propagate into

future generations through crossover and mutation. Before this can be done, parents have to

be selected and paired. Parent selection is a crucial process in the genetic algorithm since it
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Algorithm 2 Precedence chromosome initialization method 2
Require: J, prec, C

1: chromosome← [ ]
2: NA← J
3: shuffle(NA)
4: while |NA| > 0 do
5: A← [ ]
6: for j ∈ NA do
7: if prec(j) = False then
8: continue
9: else

10: if j ∈ C then
11: shuffle(A)
12: for k ∈ A do
13: del NA[k]
14: chromosome← ID(k)
15: end for
16: A← [ ]
17: (j, j ′) ∈ C
18: A← [j, j ′]
19: for k ∈ A do
20: del NA[k]
21: chromosome← ID(k)
22: end for
23: A← [ ]
24: else
25: A← j
26: end if
27: end if
28: end for
29: shuffle(A)
30: for j ∈ A do
31: del NA[j]
32: chromosome← ID(j)
33: end for
34: end while
35: return chromosome
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is necessary to maintain the diversity to converge to a good solution [60, 98]. Two possible

different selection types are random selection and fitness based selection. While random

selection is self-explanatory, fitness based selection methods can take several different forms.

These include Roulette Wheel, Stochastic Universal Sampling, and Tournament Selection

[36, 71, 74, 124]. As the name suggests, Roulette Wheel selection divides a wheel into n

number of portions where n is the number of chromosomes that can be parents. Each portion

is weighted by its fitness value, giving the higher fitness chromosomes a higher chance of

being selected. Stochastic Universal Sampling is very similar to the Roulette Wheel method.

However, it has the added feature that both parents are selected using two different points

around the wheel, meaning they are both chosen at once, making it more likely that at least

one high fitness parent will be chosen within a pair. The Tournament Selection process

functions a little differently. A subset of chromosomes are pulled from the population. The

highest fitness parent out of the subset is selected as a parent. This process is repeated until

enough parents have been selected.

The method used in this work closely resembles the Tournament method. For each pair of

parents, a small subset of chromosomes are chosen. The elite chromosome out of the set for

a given parent is chosen with some probability Pelitism. This process is repeated for each

parent selection within a pair until all the required pairs have been selected.

4.3.6 Crossover

The crossover portion of the genetic algorithm is what allows the two parents to produce

children to help populate the next generation. There are several different methods to accom-

plish the crossover that include multiple crossover points such as partially mapped crossover

[127], crossover methods based on the order such as ordered crossover [109], single point
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Figure 4.6: The chromosome portions for the process plans and machine allocation both
have single point crossover operations. The precedence chromosome portion has a double
crossover point to preserve precedence.

crossover methods that rearrange the order [133], and cyclic based crossover [70] to name a

few. Each of these have different characteristics as a broad group that are modified to fit

specific problem instances.

Since each of the three chromosome portions encode information differently, they are treated

separately in the crossover process. Once the parents have been selected, a crossover will

occur with some high probability Pcrossover. This allows for some instances where the parents

are passed on as the children instead of producing two new child chromosomes from the

parents. The crossover method for each of the chromosome parts is represented in Figure

4.6 and explained in the following sections.

Process Plans: The process plan chromosome portion uses a single point crossover. Pic-

tured in Figure 4.6, this method splits how the parent chromosomes go into the children

chromosomes based on a randomly chosen point. The blue represent the contributions from

the first parent and the green represent the contributions from the second parent. In this

example, offspring 1’s first portion comes from parent 1 and the second half comes from
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parent 2. The reverse is true for offspring 2.

Precedence: Unlike the process plan portion, the precedence chromosome portion requires

a double crossover point to preserve the precedence ordering present in the parent chromo-

somes. The example in Figure 4.6 highlights how this process works. For each offspring, the

outside portions of two randomly selected crossover points are copied into the chromosomes.

In this case, parent 1 populates offspring 1 and parent 2 populates offspring 2. Next, the

parent that did not contribute to the offspring already is read from left to right. If a given

value for that chromosome is already accounted for (since no jobs can be repeated in the

precedence chromosome) it is passed over. If a value not yet present is found it is placed in

the portion between the two crossover points, filling from left to right.

Machine Allocation: The machine allocation chromosome portion utilizes a single point

crossover point. Like the process described for the process plan portion, each parent con-

tributes the genes from a different side of the crossover point. This ensures that each offspring

contains part of each parent.

4.3.7 Mutation

The mutation portion of the genetic algorithm can be thought of similar to a local area

search. It will slightly modify existing chromosomes rather than changing a large portion

of the chromosome like the crossover method does. There are several different methods for

mutation in the literature that include bit flipping [90] and swapping gene entries [103].

Both swapping and a form of bit flipping are used in this work. Like the crossover steps,

the mutation process is also broken into the different chromosome parts. The probability of

a chromosome mutating is given by Pmutate. How each chromosome is mutated is shown in



4.3. FORMULATION 77

Figure 4.7: Both the process plan and machine allocation are mutated with a form of bit
flipping. The precedence portion uses a constrained variant of bit swapping.

Figure 4.7.

Process Plan: To mutate the process plan chromosome, a bit is selected at random. That

bit is then randomly assigned a value between 1 and maxP . Each value is given a uniform

chance of being assigned.

Precedence: Since there can only be one of each value in the precedence chromosome, a

swapping method has to be used instead of a bit flip method. One option for this procedure

is to allow two randomly selected jobs to be swapped. However, this will lead to an infeasible

solution a large percentage of the time for some projects with tight precedence constraints. To

address this, a method modeled after a mutation process in [92] is used where the valid range

of each selected gene is evaluated. To accomplish this, two genes are selected at random. For

each of these genes the predecessor (the last job that must come before it in the precedence

constraint) and the successor (the first job that depends on it as a precedence constraint)

are found and the range between the two are marked. The swap can only take place if both

the genes selected are inside both of the ranges given by the predecessors and successors.
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Figure 4.7 demonstrates this with the diagonal and vertical lines color coded (green and

blue respectively) according to two randomly selected genes. If this range constraint is met

precedence will not be violated and the two positions are swapped. If not, the chromosomes

are left alone and passed through unchanged.

Machine Allocation: Since the machine allocation does not have any limitation with

repeat values (a result of the dynamic decoding), it can also be mutated with a bit flip

mutation. A gene is selected at random with uniform chance and given a value between 1

and maxM .

4.3.8 Survivor Selection

In this work, a new set of children (through crossover and mutation as the probabilities

allow) are generated until they number the population count of the previous generation. At

this point, a survivor selection process has to take place to determine which individuals will

be preserved to make up the current (new) generation. There are several ways that this can

be done. One process is to use fitness based selection through something like tournament

selection described previously. A second possible method is age based selection where the

oldest members of the generation are replaced.

The method used in this work uses a form of fitness base selection that also includes a

percent elitism feature (Es%). The top Es% of the population (rounded up) with the highest

fitness from the older generation are preserved. This allows for the best solutions from the

previous generation to remain even if all the new chromosomes are better to help improve

the diversity. After this step, the child chromosomes are randomly paired with chromosomes

from the previous generation. The chromosome with the highest fitness value in each pair

is retained for the next generation. The random pairing allows for some of the lower fitness
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valued chromosomes to remain as long as they are paired with a worse new chromosome.

4.3.9 Fitness Evaluation

Adequately modeling the fitness value can be one of the more complex elements to model in

a genetic algorithm since it must adequately provide a way for the chromosomes to be ranked

against each other. For this particular problem type, the criteria is the makespan. Since the

objective of the optimization process is to find a solution that completes the project as close

to optimal in the temporal domain as possible, this results in minimizing the makespan. The

smaller the makespan, the better the fitness.

The process of solving for the makespan from the decoded solution can be broken down into

solving for how long each robot takes to travel between jobs and how long it takes each

robot to complete each job. A pseudocode representation of the process used to generate

these values is presented in Algorithm 3. The inputs to the fitness calculation requires six

inputs. The first is the job order, Jorder, from the decoded precedence chromosome portion.

The next input is the precedence information for each job, Prec. Following this is the robot

work lists, RW , decoded from the machine allocation information. Next are the processing

times, how long it takes a robot to complete each operation, pt, (this comes from the machine

ability information). The final two inputs are the distances between all the points, d, taken

from the problem definition, and the velocity of each robot, vel, which are also based on the

machine ability information.

For each job in the job order (line 2) an evaluation needs to be done to determine the job

start and finish times (JT s and JT f respectively), the robot travel start time (RT Ts), travel

finish time (RT Tf ), work start time (RTWs), and work finish time (RTWf ). These will be

recorded for each job and are counted as running tallies to place when in the project time
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Algorithm 3 Fitness Evaluation
Require: Jorder, P rec, RW, pt, d, vel

1: Initialize: JT ← [s, f ], RT ← [Ts, Tf,Ws,Wf ]

2: for j ∈ Jorder do
3: for r ∈ RWj do
4: RTW∆

j ← ptr,oj +
dw
velr

5: if RW [j] = 1st then
6: RT Ts

j ← 0

7: RT Tf
j ← RT Ts

j + dt
velr

8: else
9: RT Ts

j ← RTWf
j−1

10: RT Tf
j ← RT Ts

j + dt
velr

11: end if
12: end for
13: if Precj > 0 then
14: mJT f ←max(JTf

j ∈ Prec)
15: end if
16: if Precj > 0 && max(RTTf

j ) < mJTf then
17: JT s

j ← mJT f

18: JT f
j ← JT s

j + max(RTW�
j )

19: for r ∈ RWj do
20: RTWs

j ← mJT f

21: RTWf
j ← RTWs

j + max(RTW�
j )

22: end for
23: else
24: JT s

j ←max(RTTf
j )

25: JT f
j ← JT s

j + max(RTW�
j )

26: for r ∈ RWj do
27: RTWs

j ←max(RTTf
j )

28: RTWf
j ← RTWs

j + max(RTW�
j )

29: end for
30: end if
31: end for
32: makespan← JT f

last

33: return makespan,RT, JT
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span jobs were completed and which robots were working on them. First, the amount of

work time is solved for based on the processing time for that robot on the operation it has

been assigned (ptr,oj) and the distance it has to travel during the operation divided by the

robot’s velocity capability ( dw
velr

). A check is done to see if the job is the first for that robot

(lines 5-11). If it is, the travel time RT Ts
j is set to 0 and the finishing time of travel is set

to the start time plus the amount of distance it has to travel to get to the job divided by

the robots velocity ( dt
velr

). If it is not the first job the travel start time is based off when

the robot finished the last job it was working on (RTWf
j−1 ). The ending time of travel is once

again when it started plus the time it took to travel the required distance.

After work time has been calculated for each robot for job j, a check is done to see if job

has any precedence constraints (lines 13-15). This check is necessary since a job can not be

started until its precedence constraints are met. This means that if there are precedence

constraints and if the last robot working on the job has arrived before the precedence jobs

were completed (line 16), the start time of the job will occur when the last precedence job

was completed (mJT f ). This also affects when that job was completed, JT f
j , (this is shown

on lines 17-18). The start (RTWs
j ) and finish (RTWf

j ) work times of the robots on that job

are also based on this information (lines 19-21). It is important to note that the start and

finish work times are the same for each robot, based on the longest work time / the slowest

robot on the job, (max(RTW�
j )). This is due to the fact that the operations represent a

robot contribution and if there are multiple operations they are dependent on the other

robots contribution, otherwise they would be two different jobs.

If the job j does not have any precedence requirements or if they are all completed before the

last robot arrives, a similar process takes place (lines 23-30). However, the start time of the

job is just based on when the last robot arrives, max(RTTf
j ). After these steps have been

completed for every job, the makespan can be defined as the completion time of the last job
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(line 32). The makespan along with the robot times RT and job times JT are returned out

of the fitness algorithm.

4.4 Experiments

To evaluate the genetic algorithm formulation developed here, a set of experiments have been

designed to test how the current formulation responds to different parameter configures. In

addition to this sensitivity test, the resulting schedules from these trials will be compared

to the optimization process preformed by the MIP presented in Chapter 3.

4.4.1 Parameter Sensitivity

The first set of experiments seek to evaluate this formulation’s sensitivity to the parameters.

It is a common practice to compare a new genetic algorithm formulation against other

formulations with known problems to see if the new formulation improves the solving time

or the optimized result. However, as discussed earlier in this chapter, this formulation

was developed because no formulations could be found that could handle all the constraints

present in this problem, specifically the continuity constraints. As such, the evaluation of

this formulation will take the form of running on a few different types of assembly problems

seen in this work.

Arch Assembly: The first project set used in the sensitivity analysis is the arch assembly

developed in Chapter 3. To evaluate scalability, the arch assembly is solved with a single

arch, as done in Chapter 3, as well as a two arch and a three arch case. For each of these

cases, each arch has the same internal constraints and there are no precedence constraints
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Figure 4.8: Workspace for truss block project for the three base block by two rows instance.

between arches. That is to say, the workforce can start work on all the arches at the same

time or choose to complete one fully before going on to the next arch.

Truss Wall Assembly: The second type of assembly is a truss wall assembly. In this

project, two teams of robots are tasked with building a truss block wall. Pictured in Figure

4.8, this project has more complexity in the constraints as shown in Figures B.1 and B.2 in

Appendix B. Like the arch project, the truss wall was scaled to several different levels to give

a range of complexity and to evaluate how well the genetic algorithm handles the different

size projects. The SAPD for this assembly is given in Appendix B.

Parameter Ranges: Three of the parameters expected to have the most impact on the

solution convergence time and optimality were varied for the sensitivity analysis. The first is

the crossover probability, Pcrossover. This probability directly affected the search capability

of the genetic algorithm since it represents the chance of parent chromosomes producing two
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offspring. If this probability is low, there is a lower rate of search through combinations of

working schedules. In this analysis, the the crossover probability was evaluated over the set:

Pcrossover ∈ {0.3, 0.6, 0.9}

The second parameter that was varied in the sensitivity analysis was the mutation probabil-

ity, Pmutate. Like the first parameter, this probability also impacted the exploration of the

solution space since it directly affected how solutions were perturbed to search the local area

around the solutions. In this analysis, the mutation probability was varied across the set:

Pmutate = {0.4, 0.6, 0.8, 1.0}.

In addition to the crossover and mutation probabilities, the initial population was also varied

in this sensitivity analysis. While the other two parameters control how the formulation

navigates through the search space, the initial population impacts the number of solutions

that are searched each generation. The larger the starting population, the wider the search

begins in the case of this particular formulation. However, this has a trade off. Since this

formulation preserves the number of the population through the generations, the larger the

initial population, the longer it will take each generation cycle. For this analysis, the initial

population was varied across the set: IP ∈ {50, 150, 250, 500}.

The remaining parameters that were held constant were the elite keep percentage at 5%, the

probability that a pair would successfully breed (95%), and the probability that the more elite

parent would be chosen out of the two pairs of two for each breeding (90%). Additionally,

each run was set to a max of 500 generations with the ability for early stopping. If the

best generations did not have a change in fitness value over 20 generations, the model would

consider the solution converged and move on to the next combination in the sensitivity

analysis. A combination would also be cut off it the run took longer than 12 hours. Due

to the stochastic nature of the genetic algorithm combined with the stochastic nature of the

projects, each combination was run 10 times to find the average makespan and the average



4.4. EXPERIMENTS 85

solving time of each combination.

4.4.2 Results

The results presented here were run on a Ubuntu 20.04 server with 128 GB of RAM and a

3.7 GHz 32 core CPU. The genetic algorithm analysis did not run in parallel and the mixed

integer program results in this work were limited to 40 threads. The mixed integer program

was also limited to 12 hours per run due to other tasks that required the server.

Sensitivity Analysis: The best performing parameter configuration was selected for each

project by first selecting the best makespan (averaged across the 10 runs). If there were

multiple configurations that tied for a given project, the one with the faster convergence

time was selected. The results from this analysis are given in Table 4.1. In addition to the

parameters, the table shows the statistical information concerning the makespan, solving

time, and the number of generations needed to find the best solution (recall that if the

makespan did not improve for 20 runs the simulation considered that run converged). The

results indicated that the ideal crossover and mutation probabilities vary depending on the

project. In contrast, the largest initial population was also preferred to generate the best

results. This can be attributed to an increased exploration capability of the GA due to a

larger population each iteration.

As the projects scale in size, here measured by the number of jobs, the solving time also

increased. Figure 4.9 shows another representation of the best performing parameter con-

figurations, picturing the magnitude of change across the two projects as they scale. The

error noted on the graphs is the standard deviation of that value across the samples for the

project and parameter configuration. In Panel A of Figure 4.9, the makespan increases in

an approximately linear manner for each of the two project types which is to be expected.
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Figure 4.9: Panel A: The average makespan vs. the number of jobs for the best parameter
configuration per project. Panel B: The average solving time vs. the number of jobs for the
best parameter configuration per project.

The solving time, given in Panel B, begins to take on an exponential shape as the projects

scale, increasing in both the solving time and variation in how long it takes to solve.

Comparison to MIP: Running the MIP formulation on the same projects resulted in

information shown in Table 4.2. It is important to note that, with the 12 hrs limit, the two

largest project did not have an initial solution found. Here, the single arch assembly was

able to converge to an optimal solution (a gap of 0%). The remaining arch projects and

the smaller wall projects were not able to converge, resulting in gaps ranging between 17%

to 76%. The two largest truss wall assemblies were not able to solve for a valid solution in

the allotted time. This is represented by a -1 value in the makespan column and a gap of

infinite.

Using these results from the MIP, a quantifiable estimated for how close the GA solutions

are to an optimal solution can be found. In the case where the MIP converged to a provable

optimal (a gap of 0%), the MIP makespan was used as a reference. In the case where the

MIP did not converge, the lower bound of the MIP was used. While this makespan does
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Table 4.2: MIP results for the arch and truss wall projects.

Project Makespan Lower Bound Gap Time Optimizing (min)
Arch Assembly 6.79E+02 7.30E+02 0.00E+00 5.85E-02

2 Arch Assembly 1.22E+03 6.01E+02 5.71E-01 7.20E+02
3 Arch Assembly 1.83E+03 5.46E+02 7.56E-01 7.20E+02
Scaling wall 5 x 2 2.05E+02 2.01E+02 1.67E-01 7.20E+02
Scaling wall 5 x 3 2.90E+02 2.19E+02 3.96E-01 7.20E+02
Scaling wall 10 x 2 4.15E+02 3.20E+02 4.16E-01 7.20E+02
Scaling wall 10 x 3 -1.00E+00 3.85E+02 INF 7.20E+02
Scaling wall 20 x 3 -1.00E+00 9.58E+02 INF 7.20E+02

not come from a viable solution to the entire MIP, it provides a worse case measurement

since the optimal solution makespan is somewhere between it and the current GA solution.

This measurement, in seconds, is given in the “Dist. Opt.” column of Table 4.3. The “%

Diff. Makespan” gives the percent difference between the best MIP solution and the best

GA solution. The final three columns provide the solving times for both models and the

percent difference between them.

A graphical comparison between the makespan that the mixed integer program returned

and the average makespan found by the genetic algorithm are shown in Figure 4.10. As

mentioned before, the two largest projects could not solve for a valid makespan. These are

the two -1 entries on Panel B.

To further evaluate the two scheduling methods, 10,000 processing time samples were taken

for each robot / operation pair utilized in each of the projects (Appendix C.2 includes

examples of these distributions for the single arch and 5x2 truss wall projects). Using these

sampled times, a makespan distribution was generated using a best parameter configuration

schedule from the GA and the best MIP schedule. Figure 4.11 shows a comparison of the

distributions for the three truss wall projects both methods solved. The remaining two truss

wall projects that only the GA could solve in the time limit are shown in Figure C.1 in
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Figure 4.10: Panel A: Plot of makespan vs. project scale for genetic algorithm. Panel B:
Plot of makespan vs. project scale for mixed integer programming.

Appendix E.

In contrast to the truss wall assembly projects, the arch assembly projects did not have

clean distributions. Due to the nature of how the processing times stacks for the outliers

sample from the processing times, the makespan distributions contain some extreme outliers.

This is a result of the stochastic information for this project set being generated from the

teleoperation information as discussed in Chapter 3. Figure 4.12 shows the results for the

single arch case where Panel A contains the full distribution with the vast majority grouped

into a single bin with the outliers pushing the mean much higher. To provide a clearer

picture of this distribution it is broken into the majority distribution, shown in Panel B, and

the outlier distribution, shown in Panel C. Similar distributions for the double and triple

arch problems are shown in Figure C.2 in Appendix E. A summary of the different means

for the arch assembly case are given in Table 4.4.

As a final comparison used the mean values of the processing times distributions. The results

from this can be seen in Figure 4.13.
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Figure 4.11: Panel A: The 5 x 2 truss wall makespan distributions generated from 10,000
processing time instances. Panel B: The 5 x 3 truss wall makespan distributions generated
from 10,000 processing time instances. Panel C: The 10 x 2 truss wall makespan distributions
generated from 10,000 processing time instances.

Figure 4.12: Panel A: Single arch full makespan distributions generated from 10,000 process-
ing time instances. Panel B: Single arch majority makespan distributions generated from
10,000 processing time instances. Panel C: Single arch outlier makespan distributions gen-
erated from 10,000 processing time instances.

Table 4.4: Arch assembly project makespan distribution means and adjusted means (means
of non-outlier points).

Project Scheduler Mean (sec) Adj. Mean (sec)

Single Arch Assembly GA 3914.13 781.36
MIP 3174.72 779.28

Double Arch Assembly GA 7249.48 1627.06
MIP 8270.56 2410.76

Triple Arch Assembly GA 8270.56 2410.76
MIP 10139.40 2056.61
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Figure 4.13: The makespan (calculated using mean processing times) vs. number of jobs for
each scheduling method and assembly project.
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4.4.3 Discussion

The sensitivity analysis for the genetic algorithm indicates that, for this formulation, maxi-

mizing the search capability by increasing the solution variation and increasing the number

of times this occurs through each generation (the population number) provided the best re-

sults. This makes intuitive sense given that the goal is to find the best makespan as quickly

as possible. If computation concerns are a consideration, a different minimization can be

done to find the parameters that produced the best results with the least amount of com-

putation (or up to an allowable limit). This would primarily impact the initial population

parameter.

When comparing with the MIP results, it can be seen that not all of the MIP formulations

converged to an optimal. Looking the percent difference in the makespan between the two

methods, the genetic algorithm was able to get within a 2% to 21% difference from the

optimal worst case (the lower bound of the MIP) depending on the project. Ideally, the

MIP would be allowed to run until it converged or until it could close the gap for some

of the larger projects, allowing for a better estimate for the worst case measurement from

optimality for the GA. Additionally, future work can look at adding to the MIP constraint

set to help the solver carve up the solution space.

4.5 Summary of Contribution

The work in this chapter adds to the work in this dissertation that addresses the second

research question inquiring about solving for an optimal or near optimal solution to the task

allocation and sequencing problem. The formulation developed here extends the concepts

present in existing literature to handle the dynamic nature of the constraints necessary for
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the in-space robotic assembly problem.

While the work in Chapter 3 provides a method for generating an optimized schedule that can

be quantitatively described in terms of how close to the optimal it is, this genetic algorithm

formulation provides a method that utilizes the stochastic information in a greater capacity.

By repetitively sampling from the processing time distributions, this formulation is more

capable of handling more complex distribution shapes since it is not reliant on the mean of

the distribution.



Chapter 5

Ability Analysis

In the context of task sequencing and allocation, an important element to consider is how

well a robot can complete a given task. Robot capability will have large impact on the

allocation process in the search for an optimal assembly schedule. As such, it is helpful

to develop a criteria of capabilities that should be checked or approximated to inform the

scheduling problem when the robot can not experimentally complete a task type before the

assembly.

If a robot can not reach each point (pose) required in a task or if it can not bear the loads

seen in the task it is not a machine that can be assigned to that task and still retain a feasible

solution. Similarly, how well a machine can complete a task can impact both the allocation

and sequencing. All else being equal, the scheduler may need to change the sequence of the

tasks to find an optimal solution, allowing for certain machines to work on certain tasks based

on how long it will take the machines to complete the tasks. As such, having an estimate of

if a robot can reach the required poses in a task, if it can handle the load requirements, and

how long it will take to complete the tasks are necessary information.

It is also helpful to have some estimate of chance of failure if that information is going

to be including in the scheduling process. For in-space assembly specifically, there may

be situations when failure estimation ability will be important. Situations may occur in

which ability information is needed for a robot and can not be experimentally estimated (an

example of this would be if a robot unexpectedly broke when deployed and a different robot

95
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had to be tasked with the first robots work).

5.1 Research Gap

In the literature, [115] provides three criteria consisting of processing time, additional invest-

ment, and process quality. Other proposed metrics, like those in [89, 132], include criteria

such as reachability and weight as metrics to quantify ability. Other scheduling research

such as [106] categorize the criteria as repeatability, efficiency, accuracy, and load bearing.

[83] frames the capabilities as dexterity (focused on reachability) and fatigue, focused on

torque / motor capability. In addition to payload and reach, speed and gripper type have

also been suggested for the criteria [96].

Reachability is often categorized as workspace analysis in the literature. Defining the

workspace will often take the form of kinematically checking the workspace, sampling it for

valid poses [12, 45, 49, 135]. When trying to define the whole workspace as a pre-calculated

map, the analysis is commonly referred to as a capability map, where each position has

many orientations sampled from it [46, 95, 147]. The ratio of reachable orientations out of

the total evaluated at a specific position can give a score quantifying how dexterous the robot

is at that point in the workspace [146]. Searching this workspace is very computationally

expensive. As such, methods such as Monte Carlo sampling have been used to mitigate this

[59, 87]. To provide a measure for how close to a singularity a specific pose is, an analysis

of the manipulability ellipsoid can be completed to estimate how close the Jacobian is to a

singularity for a given configuration [134]. From a processing time perspective for the pur-

pose of autonomous assembly the estimation of how long it will take a robot to do something

does not have a lot of literature representation. In [76] robot speed for certain tasks was

estimated based on how long it will take a robot to traverse a distance. Along this line
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of thought, estimations for how long it would take a robot end effector to traverse a path

(moving between points) which can be calculated using kinematics [94, 125]. Estimating the

load bearing capability of a robot can be done through a kinematic static [13, 48] or dynamic

analysis [47, 139, 148]. To analyze the loads along a path the inverse models can be used

[81].

5.2 Ability Categories

One method for gathering ability information is through experimental trial as seen in the

hardware experiments in Chapter 3. However, as stated earlier, in the context of a deployed

autonomous assembly team, it is possible tasks will arise that can not be experimentally

tested ahead of time. As such, having an analytical way to approximate the ability of a robot

to complete specific tasks is an important capability that directly ties into the allocation and

sequencing process. This chapter will propose four criteria to be used to analyze a robot’s

ability to complete a task for this allocation paradigm. In addition to the criteria, an example

of how the criteria might be approximated will be developed and discussed.

For the purpose of quantifying the ability of a robot to complete a task in the context

of autonomous assembly, four different categories are defined. The first is reachability.

This category will cover if a robot is capable of reaching all of the necessary points in the

workspace to complete the task. The analysis for this category should be able to determine

if a robot has a valid pose to each of the points in the task and if a path is defined, the

points along that path would also need to be analyzed. The second category is processing

time. This category will include an analysis to quantify an estimate for how long the robot

will take to complete a given task. This will include the time it takes the robot to complete

all of the steps to move across all of the required points and the use of whatever tool or
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end effector is in use. The third category will be a capability analysis. In this portion, a

method for approximating torques applied to the motors on an arm will be discussed. This

type of analysis will target determining if any of the motors will not be able to support the

load applied to the end effector during the completion of a task. Finally, the probability

of failure category will be developed. This category will provide a framework to factor in

uncertainties that are present in the task process to approximate how likely a robot is to

fail.

In this work, a formulation will be proposed to demonstrate the base use of these criteria

and provide an estimation for a system with limited modeling requirements (i.e. a lack

of the full inertia information, dynamic models of the system, and project specific failure

considerations). While including additional considerations in the implementation of the

metrics is outside the scope of what is presented here, it will be clear how more complex

modeling methods can be brought in to provide better estimates for the proposed criteria.

5.3 Kinematic Formulation

To approximate if a robot is capable of reaching a task, estimating how long it will take

to move, or if it can bear a load, a model must be used to approximate how the robot

moves. This is a primary goal of a kinematic representation of a robot. It is able to model

where points of robot (such as the end effector) are in space, what their orientation is, and

how these points can be moved using the joints of the robot as inputs. Since this model is

important in the context of ability analysis, this section will provide some of the background

theory in the kinematics using sources such as [30, 94, 125, 137]. As this chapter develops, it

will become apparent how this kinematic formulation is used to inform the proposed criteria.
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5.3.1 Spatial Transformation

A spatial point can be broken down into two main elements: orientation and position. As

pictured in Figure 5.1, orientation can be thought of as a description of how the basis vectors

of one coordinate frame are expressed in terms of the basis vectors of a reference frame. This

can be thought of as a dot product between basis vectors in the two coordinate frames since

the dot product of two until vectors is the cosine of the angle between them. Using this

definition, a matrix can be defined representing this difference in orientation, the rotation:

Rsb =


x̂b· x̂s ŷb· x̂s ẑb· x̂s

x̂b· ŷs ŷb· ŷs ẑb· ŷs

x̂b· ẑs ŷb· ẑs ẑb· ẑs

 (5.1)

where Rsb represents the coordinate frame defined by x̂b, ŷb, ẑb in terms of the frame defined

by x̂s, ŷs, ẑs.

To represent an orientation in R3, the rotation matrix can be split into three rotational

steps representing how a coordinate frame is represented with respect to a reference by the

amount of rotation around the z, y, and x axes respectively. This is the Euler Angle [94]

representation of orientation where (ϕ, ψ, θ) represent the rotations about (z, y, x). Using

the rotation of these angles to solve for their respective rotation matrices, 5.1 can then be

defined as the combination of all three rotations:

R = Rz(ϕ)Rx(θ)Ry(ψ). (5.2)

To describe the translation difference between two points or reference frames a simple vector

can be used. The spatial displacement vector between the two frames can be defined as:
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Figure 5.1: Example of the dot product representation of the rotation between two sets of
unit basis vectors representing two coordinate frames.

p = [x,y, z]T (5.3)

Using both the rotational matrix solved for in 5.2 and the position vector in 5.3, a 4x4 spatial

transform can then be defined to fully describe a coordinate frame in R3:

T =

R p

0 1

 (5.4)

A point of interested in the assembly problem, point a, can be defined with respect to the

workspace reference frame, s. The position and orientation of point a is then defined by Tsa.

If a description is needed to map the spatial frame with respect to the point, the transform

can be inverted, solving for the position and orientation of s with respect to a: Tsa = T−1
as .
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5.3.2 Screw Theory

While the Euler Angle representation of orientation combined with a spatial displacement

vector is an effective way to describe points of interest within the workspace, an alternative

way of representing this information is preferred for the kinematic representation of the

robots. This work uses the screw theory formulation over the Danavit-Hartenberg parameter

[40] configuration for the global description of the rigid body motion [141] of the robots in

the assembly workforce.

Exponential Coordinates of Rotation: For the purpose of screw theory, a rotation

is framed in terms of a rotation axis, ŵ, by some amount of rotation, θ. This framing of

rotation is placed into the exponential form using Rodrigues’ formula derived with a Taylor

series expansion [94]:

R = e[ŵ]θ = I + sinθ[ŵ] + (1− cosθ)[ŵ]2 (5.5)

where [·] is the skew-symmetric matrix used to represent a cross product in matrix multipli-

cation [94]. Given a = [a1, a2, a3]
T the skew is defined as [94]:

[a] =


0 −a3 a2

a3 0 −a1

−a2 a1 0

 (5.6)

For the purpose of screw theory, a rotational motion around the axes of rotation can be

thought of as an angular rotation around the unit vector: w = ŵ θ̇. The rate of rotation for

each axis in the reference frame can then be expressed in matrix form as: Ṙ = w ×R or,
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using the skew representation:

Ṙ = [w]R (5.7)

In a similar way, the change in the transformation (rotation and position) can be thought of

as Ṫ = [ν ]T where ν , defined as the twist, represents the angular and tangential velocities:

ν =

w
v

 (5.8)

With a stretch of notation, ν can be presented in a “skew” matrix form:

[ν ] =

[w] v

0 0

 (5.9)

This twist can be defined in terms of the workspace spatial frame {s} by post-multiplying

the change in the transform by the inverse of the transform: [νs] = Ṫ T−1 or in terms of

the body frame (the frame of the object moving) by pre-multiplying: [ν b] = T−1Ṫ . The

body frame representation provides the most straightforward understanding of the twist. In

ν b = [wb vb]
T , wb is the angular velocity of the object in the body frame {b} and vb is the

linear velocity of the object described with respect to the body frame. In the space frame

{s} variant of the twist, ws is the angular velocity of the object in terms of {s} and vs

mathematically works out to be the instantaneous velocity of a point on the body of the

object at the origin of {s} if the object is imagined to be stretched such that is spans the

origin of {s}.

To convert the twist between the two frames, an adjoint mapping is used [94] to map based
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on transform T :

[AdT ] =

 R 0

[p]R R

 (5.10)

where R is Rsb and p is the position of {b} with respect to {s}. This mapping allows for easy

conversion between the two reference frames: νs = AdT (ν b). This adjoint mapping will be

important later on in the ability analysis.

Figure 5.2: A screw axis S represented by a point defined by the vector q from the reference
frame in the unit direction ŝ with a pitch h.

Recall that the angular velocity can be presented as a rate of rotation θ̇ about some axis ŵ.

In a similar way, the ν can be thought of as some rate of rotation θ̇ about a screw axis

S. As the name indicates, this can be thought of in terms of a screw. Pictured in Figure
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5.2, ν represents the motion along the threads of a screw meaning that as it rotates about

the axis it also translates along the axis in a manner determined by the thread pitch. The

angular portion of velocity is just the rotation about the axis: w = ŝθ̇. The linear velocity

is a combination of the translational components: hŝθ̇ where h is the thread pitch, and the

linear motion at the origin of the reference frame: −ŝθ̇ × q where q is the vector from the

reference frame to the screw axis. As such, the ν can be formally defined as:

ν =

w
v

 =

 ŝθ̇

−ŝθ̇ × q + hŝθ̇

 (5.11)

noting that the screw axis, S, is defined by some set {q, ŝ, h}. To simplify what is required

to define the screw, two cases can be considered:

1. If there is no angular velocity present (w = 0) then the pitch of the screw is infinite.

In this case, ŝ is chosen as v/||v|| to capture the motion due only to the linear velocity.

In this case ν = S θ̇ with θ̇ representing the magnitude of the linear velocity: θ̇ = ||v||.

2. If there is an angular velocity present (w ̸= 0), the screw axis is defined such that

ŝ = w/||w|| with θ̇ = ||w||, h = ŵTv/θ̇, and q is chosen such that linear motion is

orthogonal to ŝ. This leads to: ν = S θ̇ with θ̇ = ||w||.

Keeping these two cases in mind, the normalized screw axis is defined as:

S =

w
v

 (5.12)

where either (i) w = ||1|| and v = −w× q+hw or (ii) w = 0 and ||v|| = 1. Condition (i) can

be used to model purely rotational motion by setting the pitch to zero (h = 0). Conversely,

condition (ii) can be used to model purely translational motion. Many robotic joints can
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be broken down into producing either rotational or translational motion, which will be built

upon shortly.

Remembering the exponential representation of rotation about an axis, a similar form can

be derived with Taylor series expansion utilizing S as the axis. This results in the form [94]:

T = e[S]θ =

e[w]θ (Iθ + (1− cosθ)[w] + (θ − sinθ)[w]2)v

0 1

 (5.13)

where e[w]θ is defined in Equation 5.5. This exponential representation of an orientation and

position in space is instrumental in the kinematic modeling of a robotic arm. A kinematic

formulation for a robotic arm often consists of a product of homogeneous transformation

matrices that describe points of interest on the robot. For the exponential form, this is

accomplished using the product of exponentials formula. In this formulation, the position

and orientation of the end effector frame on the robot is defined when each joint is in its

zero position noted by M . This is considered the “home” position of the robot. Each joint of

relevance, those leading up to the point of interested are defined by a screw. If the joint is a

revolute joint, the screw axis is defined according to condition (i). If it is prismatic the screw

axis is defined according to condition (ii). Using this definition philosophy, a transformation

chain can be defined using the product of exponentials to describe how M will be modified

based on each joint’s motion:

T (θ) = e[S1]θ1 . . . e[Sn−1]θn−1e[Sn]θnM (5.14)

where (θ1 . . . θn) and (S1 . . .Sn) are the joint orientations and screw axes for each joint leading

up to M , respectively. Using the example pictured in Figure 5.3, M would be defined as:
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Figure 5.3: Schematic of a three degrees of freedom robotic arm.

Table 5.1: Screw definitions for robot in Figure 5.3.

i wi vi

1 (0, 0, 1) (0, 0, 0)
2 (0,−1, 0) (L1, 0,−L2)
3 (1, 0, 0) (0, L1, 0)

M =



0 0 1 L2 + L3

0 1 0 0

−1 0 0 L1

0 0 0 1


and the screws would be defined as shown in Table 5.1 resulting in the following skew screw

representations:
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[S1] =



0 −1 0 0

1 0 0 0

0 0 0 0

0 0 0 0



[S2] =



0 0 −1 L1

0 0 0 0

1 0 0 −L2

0 0 0 0



[S3] =



0 0 0 0

0 0 −1 L1

0 1 0 0

0 0 0 0



Putting this together, the forward kinematic representation of the arm can be represented

with the product of exponential form:

T (θ) = e[S1]θ1e[S2]θ2e[S3]θ3M

5.3.3 Inverse Kinematics

The forward kinematic formulation, presented in 5.14, provides a way to solve for the end

effector location and orientation given each of the joint angles. The inverse kinematic for-
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mulation provides a way to reverse this process. Given a desired end effector location and

orientation, the inverse kinematics seeks to solve for a valid joint configuration that will

place the end effector in the desired spatial position and orientation. Inverse kinematics

be can be solved analytically or numerically. The analytical solution is often difficult to

solve (for serial robot arms) and may need to be done piecewise with geometrically defined

equations. In addition to solving for a valid joint configuration, it will also provide a way

for the hardware joint bounds of the robot to be considered in the solution analysis.

The process of solving for the joint angles starts with the development of the Jacobian,

J , for a given robot. The Jacobian used in this work is the geometric Jacobian, which

can be thought of as a mapping between the joint velocities, θ̇, and the end effector, ν .

In contrast to the geometric Jacobian, the analytical Jacobian (not used here) provides a

mapping between the joint velocities and time derivative of the end effector coordinates in

the spatial frame {s}. Since the inverse kinematic method used here will be based around

the twist, the Jacobian will be of the geometric type.

As discussed in 5.3.2, Ṫ = [ν ]T , which can be rearranged to solve for the twist of the

end effector with respect to the spatial coordinate frame s: [νs] = Ṫ T−1. This can be

manipulated into the form:

νs = Js(θ)θ̇ (5.15)

where Js is the spatial Jacobian matrix: [Js1, Js2(θ), . . . , Jsn(θ)] where Jsi(θ) is the adjoint

mapping (Equation 5.10) of the transformation leading up to screw i. As an example, for

i = 3, Js3(θ) = Ade[S1]θ1e[S2]θ2 (S3).

To test if a point has a valid inverse kinematic solution, a twist can be solved for that will

encapsulate the required motion to move the robot end effector from its home position M
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into the correct location and orientation. First, a transform, Ttransfer, is defined as the

difference between the point transform Tp and the home end effector location M :

Ttransfer = TpM
−1 (5.16)

This comes from the fact that M is the transform of the end effector with respect to the

spatial frame and Tp is the transform of where the end effector needs to go with respect to

the spatial frame.

This transform is then used to solve for the twist required to move the end effector to that

location using the matrix log form [94]:

νs = [S]θ =

[w]θ vθ

0 0

 (5.17)

Having found νs, Equation 5.15 can be rearranged using the inverse (or the Moore-Penrose

inverse as a pseudoinverse to approximate the inverse of the Jacobian for non-square or

singularity cases [125]) to solve for the required change in the joints:

θ̇ = J†
sνs (5.18)

Using this formulation directly will weight each joint identically based on the two norm.

This is not ideal in that, in this form, the kinematics does not know the physical bounds

of each joint. For example, if an elbow joint of a robot is limited between [30o, 100o] the

kinematics may still solve for a solution that will require the elbow to be 120o. As such,

the joints need to be weighted according to how close the current solution is to a bound.

This is accomplished by adding in the null space of the Jacobian. Since the Jacobian is the
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mapping between the joints and the end effector, this null space contribution to the solution

will not impact the end effector location, just the configuration of the arm as it attempts

to reach that desired location. This method, based on the Geometric Projection Method

(GPM) [30, 125, 137] takes the form:

θ̇ = J†
sνs + (I − J†

sJs)w (5.19)

Where w is the weighting for each joint. As discussed, for this workspace criteria check, the

weights need to be based on how close the joints are to their respective joint bounds. To

accomplish this, the cost function:

H(θ) =
1

2

N∑
i=1

(
θi − θi,mid

θi,max − θi,min

)2

(5.20)

is defined [125] where the minimum and maximum bounds for joint i are defined as [θi,min, θi,max]

and the midpoint in the range is: θi,mid =
θi,max−θi,min

2
+ θi,min. The gradient of this cost

function provides a weighting for each joint:

∇H(θ) =
∂H(θ)

∂θi
=

θi − θi,mid

(θi,max − θi,min)2
(5.21)

Combining these equations, the form to solve for the joint velocities based on the desired

twist and weight in the Jacobian null space according to a joint position gradient becomes:

θ̇ = J†
sνs − k(I − J†

sJs)∇H(θ) (5.22)

where θ is the current configuration of the robot and k is a scalar value to weight the impact

of the null space solution. To numerically solve for a joint configuration, the joint velocity
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is split across a unit time step: θ̇ = θt+1 − θt to solve with an Euler integration:

θt+1 = θt + J†
sνs − k(I − J†

sJs)∇H(θt) (5.23)

As shown in Algorithm 4, the process of solving for the joint values θ takes the initial position

(or a guess) set of joint values, solves for transformation describing the motion and then the

twist (lines 4 and 5 respectively). Until the bounds are met and the iterative ν is small

enough to indicate the required motion is within the error tolerance or the max number of

iterations has reached the algorithm keeps updating θ (lines 10 and 11).

Algorithm 4 Inverse Kinematics Algorithm
Require: S, Tgoal,M, θg, bounds, k, err, iter

1: good = false
2: for i = 1, i++, i < iter do
3: Tg = e[S1]θg1 . . . e[Sn−1]θgn−1e[Sn]θgnM
4: Ttf = TgoalT

−1
g

5: νs = TMtoTwist(Ttf)
6: if νs ≤ err && checkbounds(θg) then
7: good = true
8: break
9: end if

10: Js = [Jscrews(θg)]
11: θg = θg + J†

sνs − k(I − J†
sJs)∇H(θg)

12: end for
13: return θg, good

5.3.4 Wrench

The Jacobian mapping capability also has a use in the static analysis of load bearing ca-

pabilities of a robot. This work will look a static analysis method through the kinematics

previously defined. To begin this analysis, the load at the end of a robot must be defined.
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This is done by defining a six element representation of the moment and force, the wrench:

F =

m
f

 ∈ R6 (5.24)

Where m the three element moment and f is the three element load force. As long as these

can be calculated for the end effector at a given point (for example, the weight of an object

being held by the robot) and the robot is not in motion, a static analysis can be considered.

Since this is a static analysis, the principle of conservation of power can be applied to note

that the power at the joints equals the power to move the robot plus the power required for

the load at the end effector. Here, the power to move the robot is zero allowing the power

at the joints to be equated to just the power required for the load on the end effector. This

leads to the equation:

τ = JT (θ)F (5.25)

where τ is the vector of the joint torques. If the load is being applied with some offset from

the last frame of reference, it can be transformed to a new reference frame using the adjoint

of the transform describing the difference between the reference frames:

Fb = [AdTab
]TFa (5.26)

Using these formulations, the torques required to hold an object at a pose can be calculated.

When the masses of the robot links are not small with respect to the load being carried, it is

desirable to include them (as weights in this case) for the robot links in the load estimation.

To accomplish this, the torques resulting from each link, being treated as a payload for the
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remaining portion of the arm, can be calculated separately and then linearly combined with

each other and the torques due to the object being carried.

5.4 Ability Categories Developed

The kinematic formulation provides the base theory that will be used as examples on how

to analyze a robot with respect to the four ability analysis categories.

5.4.1 Reachability

As discussed earlier, the reachability category of the ability analysis quantifies if portions

of the points within a task are reachable for the different robots on the workforce. In this

work, this analysis consists of using inverse kinematic to determine if each point contains

valid inverse kinematic solution.

If we let Ptask represent the set of points required for a given task, each point is evaluated

for a given robot’s kinematics. If each point in the set has a valid inverse kinematic solution,

then that task passes the reachability criteria of the ability analysis for that robot. This

process takes the following form show in Algorithm 5:

Algorithm 5 Inverse Kinematics Algorithm
Require: S,M, bounds, Ptask

1: for p ∈ Ptask do
2: Tp ← p
3: θ, status = IKalg(S,Tp,M, . . . )
4: if status = false then
5: return false
6: end if
7: end for
8: return true
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The inputs to the function are the robot parameters such as the screws, the home frame, joint

bounds, and the set of points required for the task. For each point, the inverse kinematics

algorithm described in Algorithm 4 seeks a valid configuration (line 2). If any of the points

return as invalid, the reachability is returned as false. If all of the points are reachable, the

analysis returns true noting that the reachability metric has passed.

5.4.2 Processing Time

The amount of time a robot will take to complete a task can also be estimated using the

kinematics discussed above. For each point i in the list of points in a task ∀p ∈ Ptask\{p1}

(where p1 is the starting point), the processing time can be thought of in two parts. The

first is the amount of time it takes to move from the previous point to the current point: ti∆p

with ∆p = pi ← pi−1. The second is the amount of time that must be spent at that point:

tip. The total estimate for a task can then be estimated as:

PTtask =

|Ptask|∑
i=2

ti∆p + tip (5.27)

where p is the ith point in the set Ptask. The travel time between the current and previous

point can be estimated using the inverse kinematic equation, 5.23, with a slight variation.

As a consequence of how the twist is defined, the path a twist will naturally follow is an arc

or helical path vs. a straight line. For the purpose of following desired paths with the end

effector, it is desireable to be able to calculate a twist that will cause the end effector to

move in a straight path with respect to the spatial reference frame {s} (see Figure 5.4 for a

comparison). To accomplish this, a decoupled twist needs to be generated. This decoupling

separates out the rotation from the translation.



5.4. ABILITY CATEGORIES DEVELOPED 115

Figure 5.4: The path following constant screw motion verses a path defined by the decoupled
representation.

Considering an example where the end effector of a robot needs to be moved from a to b

where there is a translation and rotational difference between the two point frames. The

decoupled twist, νd can be defined as:

νd =

 wtr

pb − pa

 (5.28)

where wtr is the angular rotation of the twist solved for using Equations 5.16 & 5.17 and pb

and pa are the translational vectors to points b and a with respect to frame {s}. While this

successfully decouples the translational and rotation motion in the twist, νd is with respect

to the frame at the starting point of the motion. As such, it needs to be converted to the

space frame using the transform:
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Tpsa =

I pa

0 1

 (5.29)

This transform is used through the adjoint (Equation 5.10) to convert the twist to the proper

reference frame: νs = Ad(Tpa)νd. It should be noted that this twist must continually be

solved for as the robot end effector moves since it will continually change with the end

effector’s position.

To approximate ti∆p for pi and pi−1 two different parts are considered. First is the path that

will be traversed and the second is how a controller will required the robot to move along

that trajectory. Depending on the formulation of the controller and trajectory generator,

this can be estimated different ways. For the work presented here an s-path representation

of a trajectory is going to be used that separates out the geometric description of the path

θ(s) from the temporal aspect s(t). An Euler integration is used to generate θ(s) (it should

be noted that this can be changed to a more accurate variant of numerical integration if

needed).

To generate the time independent path, an s-path algorithm is defined in Algorithm 6:

Algorithm 6 S-path Generation
Require: θ0,S,M, θmin,max, Tgoal, Nsteps

1: δ = 1
Nsteps

2: θpath = [θ0]
3: for i = 2 : Nsteps + 1 do
4: Tee = FK(θpath[i− 1],S,M)
5: J = CalcJ(θpath[i− 1],S)
6: k = Nsteps

Nsteps−i+2

7: νd = k ×DecoupledVels(Tee, Tgoal)
8: θ̇ = J†Ad(Tpee) ∗ νd − k(I − J†J)∇H(θ, θmin,max)
9: θpath ← θpath[i− 1] + δ ∗ θ̇

10: end for
11: return θpath
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Figure 5.5: Example demonstrating how the points along a path within a task can be
discretized to find the processing time.

The input to this algorithm consists of the current joint configuration, θ0, the screws, home

pose, and joint bounds for the robot being evaluated (S, M , and θmin,max), as well as the

transform of the desired position and orientation (Tgoal), and the number of steps to divide

the path into, Nsteps (pictured in Figure 5.5). The decoupled twist is solved for (lines 4-7)

based on the decoupling approach discussed above. It is important to note that, due to this

being based on a unit time step, a scaling factor needs to be placed to scale the ν (line 7).

The returned θpath is θ(s) where s[0, . . . , i, . . . , 1] with i incriminating by 1
Nsteps

.

To map from the s-space to time, a function needs to be defined to map the s parameter

to time a point in time: s : [0, T ] → [0, 1]. Where T is the time to complete the whole

trajectory. There are several ways to develop this mapping depending on the controller and

velocity profiles. In most cases, where the trajectory is defined between the p and p − 1,

ti∆p = T for the estimate. If the trajectory is used to cross through multiple sets of points

then the mapping can be used to pull of the time spent for a given transition between the two

positions along the trajectory s, s′ corresponding to the points p−1 and p on the trajectory.

Next, the time it takes the tool to complete its task at the point needs to be estimated.

This value is not as simple to develop a standard estimation method for since it is very

dependent on the point in the task and the task itself. For many of the points along a path

of motion, this value will simply be zero since the robot’s tool does not have a specific process
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to complete during the robot motion. For the purpose of formal definition, this time can be

defined as:

tip =


ProcTime(tool, pi), Operation at pi

0, No operation at pi
(5.30)

where ProcTime() changes depending on the type of tool and the operation at pi in the

task. If the tool is something like a gripper that needs to open and close, this can be modeling

using the kinematics method describe earlier in this chapter. If it is something like a riveting

tool, then it would be a function of how long it takes the tool to place a rivet.

Using this formulation, an estimate can be calculated for how long a task will take for a

robot. From a stochastic standpoint, this estimate can be thought of as a mean. If there is

variability due to uncertainty, an estimate can be taken for the conditions that would lead to

both a faster and longer task time, providing an estimated variance. This variance may take

the form of a tool operating slower or adding another point set to the point list to model to

account for the robot needing another attempt to successfully arrive at a location.

5.4.3 Capability

In this implementation, the capability being evaluated is the load carrying ability of the

robot. There are several different methods that can be used to approximate a robot’s ability

to carry a load. A coarse approximation along the lines of a static analysis can be completed

for the points of interest in the task [94]. Alternatively, a more complex method can include

modeling the dynamics of the robot to take into account the dynamic forces due to the

masses in motion [125]. This work will consider the simpler analysis for the approximation,

defined in Algorithm 7:
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Algorithm 7 Estimating Load Bearing Capability
Require: P,S, τmax,M, θP , Object

1: for p ∈ P do
2: Tee = FK(θP,S,M)
3: F = CalcEELoad(Tee,Object)
4: τ = JT (θP )F
5: if τ > τmax then
6: return false
7: end if
8: end for
9: return true

To evaluate load bearing capability, some subset of points (for example, those that will put

the robot at an extreme pose) can be defined out of the set of points in a task if the whole set

is not going to be analyzed: P ⊆ Ptask. This set of points will then be stepped through using

the joint thetas that define the arm configuration at each point θp∈P , to find the orientation

of end effector (Tee). This, along with the properties of the object, can be used to estimate

the wrench, F , at the end of the arm. If F causes the joint torques (τ) to exceed the allowed

limits (τmax) the algorithm returns that this criteria has not been met.

5.4.4 Probability of Failure

The final criteria in the ability analysis is the chance of failure. As discussed elsewhere, there

are many different factors that can contribute to a robot’s chance of failure. These include:

the tolerances required in a task vs. the resolution of the sensors and motor control, the

grip or hold a robot has on objects it is grasping, how well the robot can maneuver around a

workspace, how fragile the objects that the robot is working with are, etc. The scope of this

section is not to model each condition but rather to provide a framework for the probabilities

to factor into. Generally speaking, the probabilities of failure can be broken down into two

general categories: the probability of minor failure, Pminor, and the probability of major
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failure, Pmajor. Having two different probability categories allows for a distinction between a

chance of the robot needing to repeat some portion of the task and the robot causing damage

to itself or something it is working on or with. This is an important distinction for a system

that will be operating away from human input.

What specifically falls into each category is very project specific. For example, if a robot is

carrying a truss object and tries to place it at a specific location on the ground and fails,

it may just have to pick back up the object and shift it slightly. In this case, the chance of

failure only impacts the processing time. If the chance of failure is high, the processing time

can simply include a second (or n number) of attempts in the estimation. However, if this is

taking place in a zero gravity environment, it is possible that this slight misplacement can

cause the truss object to not be received by retaining clips and result in the object being

lost to space. Just by this change of conditions, the failure would fall into the category of a

major failure and the allocation system would not want to choose a robot for this task even

if there is a relatively small chance of failure.

As an example, this work will look at the probability that the robot end effector will be in

a valid location with respect to the goal position given the resolution of the joint inputs. If

we let Σθ be the diagonal matrix representing the variance of each joint, a covariance matrix

for the end effector location can be defined as: Σee = JΣθJ
T . For the sake of this example,

only the position will be considered since it is more important than the orientation for the

following experiments. The geometric Jacobian, a 6 × 7 matrix for a 7 degree of freedom

arm, can be broken into the components that map to the angular velocity (Jw) and the parts

that map to the tangential velocity (Jv):

J =

Jw
Jv

 (5.31)
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For the positional consideration, only the tangential component needs to be used: Σee =

JvΣθJ
T
v . This Σee can then be used to define a multivariate normal distribution that describes

the possible end effector locations given the uncertainty in the joint input:

ϕ(x) =

(
1

2π

)3/2

|Σee|−1/2e−
1
2
(x−µ)TΣ−1

ee (x−µ) (5.32)

where µ is the goal position for the robot end effector. To utilize the distribution to find

the probability that a component will be placed in a correct location, an acceptable volume

Vtolerance needs to be defined that represents the spatial tolerance for success. Typically, this

will be a function of the assembly problem. Integrating over the overlap of the distribution

with the tolerance volume provides the probability that the end effector will end up in a

valid location:

Psuccess =

∫
V

ϕ(x)dV (5.33)

where V is ϕ ∩ Vtolerance. The probably of failure is then: Pfailure = 1 − Psuccess. In the

experiment section a Monte Carlo method will be utilized to estimate this integral.

5.5 Experiments

To demonstrate the use of the ability analysis, an experiment set was performed using an

autonomous robot currently being developed in the FASER lab [2]. The experiments below

will evaluate reachability, estimate processing time to place a component, provided a static

analysis with the heaviest of the payloads, and estimate the probability of the end effector

ending up in a valid region.
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Figure 5.6: Degrees of freedom for the MARC robot.

5.5.1 Hardware

The robot used in this experiment was the Mobile Assembly Robotic Collaborator (MARC)

[100]. It consists of an omnidirectional platform (through the use of Mecanum wheels) upon

which a robotic arm is mounted. In the following experiments, this system was used as a

seven degree of freedom robot where the screws are defined as pictured in Figure 5.6 Panel

B. The end effector for this robot is a controllable electro-permanent magnet (EPM) [1] tool

that can grab objects with a passive alignment feature.

5.5.2 Autonomy

The autonomy to control the MARC utilizes an OptiTrack [4] camera system to provide

positional feedback based on marker sets defined on the robot end effector and platform

base. To handle the state estimation an Ensemble Kalman Filter (EnKF) is used where

the measurement is the location of the markers on the robot, the states are the joint value

estimates, and the control values are the velocities sent out to the joints. The EnKF is a
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Bayesian filter derived from the linear Kalman Filter [119] and functions by generating a

normally distributed set of points in a Monte Carlo-esque fashion and reporting the mean

value and cumulative covariance to aide in state estimation. The formulation of the EnKF

used in this work given in Appendix D.

Combined with the metrology system and state estimation is the controller portion of the

autonomy. It should be noted that, in the work presented here, the development of a well

tuned controller is outside the scope of this dissertation and is still under development for

the system. As such, the controller in this work scales according to the joint limits for the

hardware (keeping a consistent ratio to preserve the twist path) and will scale down the

velocities proportional to the distance remaining after a specified threshold from a goal. The

impact of such a controller will be discussed in the experiment results and discussion.

5.5.3 Ability Implementation

For these experiments, the reachability analysis will be completed following Algorithm 5

where each point of interest will be tested for a reachable pose. In a similar manner, the

processing time will be approximated using Algorithm 6. Due to the nature of the controller,

as discussed above, the robot will operating near the velocity limit for at least one of the

joints during the majority of the trajectory. As such, T can be estimated by solving for

the joint velocities, θ̇, based on the decoupled twist required to traverse each pair of points.

Since th twist is evaluated for a unit measurement of time (seconds in this case), it must

then be scaled according to the ratio of the largest difference between the solved velocities in

unit time and the max velocities: T ≈ max
{∣∣∣θ̇unit time ⊘ θ̇max

∣∣∣} where none of the θ̇max are

zero. This is the equivalent of using ∆t = T
N

for each time step in the s-path. As discussed

in Section 5.4.2, this formulation is specific to the hardware and autonomy at hand. For
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Figure 5.7: This is the point set that will be used in the reachability experiment. Points 1-4
are within the robot’s reach and point 5 is not.

the end effector usage, the EPM has a variable cycle time depending on the charging and

communication. In these experiments, an estimate will be used from the data.

5.5.4 Experiment Details

The following experiments will focus on the four different ability analysis points and give an

example of how they can be implemented.

Reachability Experiment: To evaluate the reachability analysis, five different points

were chosen. Pictured in the workspace graphic in Figure 5.7, four of the five points,

{P1, P2, P3, P4} are ones that should be reachable within the joint limit bounds. The fifth

point, P5, will require the arm to go out of its bounds to reach it.
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Process Time Experiment: To evaluate the processing time modeling, the four valid

points, defined above, were used in an operation set to deliver a component to a designated

area. The process, pictured in Figure 5.8 Panel A consisted of 5 steps defined as follows:

1. Move the robot to a known position for consistent analysis (the starting point).

2. Move the component to a goal position over the target area.

3. Move the component to the a goal position just over the target area, the drop off point.

4. Trigger the EMP end effector to release the component into the target area.

5. Move the arm out of the way into a neutral position.

These operations were completed for a large and small component, each fitted with an EPM

connection point. Figure 5.8 Panels B - F provide a picture of what each step in the process

looked like carrying the larger component.

Load Bearing Experiment: To evaluate the load bearing, the joint torques applied to

the arm portion of the MARC (joints 4-7) were evaluated carrying the heaviest component

in the experiment set. To include weights of the arm links and the end effector, the masses

were estimated to values given in Table 5.2. The masses were applied according to Figure

5.9.

Table 5.2: Mass estimations for MARC arm.

Link Mass (g)
2 1505
3 1505
4 775
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Figure 5.8: Panel A: Steps required to complete task. Panel B: At the completion point of
step 1 (the beginning point of the experiment). Panel C: At the completion point of step 2
(component above deliver point). Panel D: At completion point of step 3 (component moved
down to release point). Panel E: At the completion point of step 4 (the EPM was triggered
to release the component). Panel F: At the completion point of step 5 (the arm moved to
the finishing point of the task).
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Figure 5.9: Mass locations for static load analysis for MARC arm.
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Probability of Failure Experiment: In this section, an estimate was found for the

probability that the robot end effector would not be within the desired tolerance to deliver

the component. The delivery area for this experiment set is a 48cm× 54cm region centered

under the position of goal point 3. Two different tolerance volumes will be considered for

the sake of this analysis. Both will be defined as rectangular cuboids centered about P3.

The first, Vt1, has the width, depth, and height [10cm, 14cm, 2cm]. The second, Vt2, defined

by the dimensions [2.5cm, 3.5cm, 0.5cm]. These two volumes can be seen in the simulation

workspace in Figure 5.10 in Panels A and B where the larger and smaller volumes can be

seen in green and purple respectively.

The variance for each joint used in this work were found looking at the minimum response

resolution of each joint’s actuator and are defined as:

Σθ = diag([0.005m, 0.006m, 1.15o, 0.8o, 0.8o, 0.8o, 0.64o]2)

To estimate the probability described by Equations 5.32 and 5.33, a Monte Carlo approach

was used. First, 100, 000 positions were sampled from the multivariate distribution defined

in Equation 5.32:

X ∼ N (µ,Σee) (5.34)

Each sample in X was then evaluated to determine if it was inside the tolerance volume. The

number of points inside divided by the total number sampled to approximate the probability

defined in Equation 5.33:

Psuccess ≈
1

N

N∑
i=1

f(Xi)


f(Xi) = 1, if Xi ∈ Vtolerance

f(Xi) = 0, otherwise
(5.35)
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Figure 5.10: Panel A: Larger tolerance box for positional criteria of success. Panel B: Smaller
tolerance box for positional criteria of success.

where N is the number of samples and f(·) is a function that evaluates if a point is within the

tolerance volume. Since both tolerance volumes in this experiment are rectangular cuboids,

this function found the vector difference between the corner of the volume and the point Xi,

evaluating if any of the vector lengths were outside the volumes dimensions.

5.5.5 Results

The following sections contain the results for the experiments focused on the different ability

analysis metrics.

Reachability Experiment: The algorithm correctly identified that, to reach the fifth

point, the arm would have to violate the joint bounds. To visualize this, P5 was specifically

chosen such that the arm “could” reach the point in simulation but only in a way that

violated the bound limits. Algorithm 5 did return a configuration (shown in Figure 5.11)

but it also noted that the solution was non-viable with a return of false for P5.
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Figure 5.11: In the reachability experiment, P5 could not be reached without violating the
elbow joint bound.
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Processing Time Experiment: To analyze the system processing time experiment the

results are broken into two different portions, as discussed above, when it comes to estimating

the time spent following a path ti∆p. The first portion is when the arm follows the max velocity

cap for the joints as the control law. The second portion is defined by the converging control

model also described in Section 5.5.3. The latter case is going to result in a much larger error

than the first due to the nature of the unpredictability. As a result of dynamic scaling, it is

possible the robot will need to repeat the convergence step more than once. The results from

both portions will be mentioned below with the primary focus being on the pre-convergence

state. In addition to the motion time estimate, the time it took to process at a point, tip, was

the time it took for the EPM end effector to trigger OFF. This also had a large variability

and depended on the electronics and internal communication of that specific subsystem.

Since there was not a good theoretical model present for both the convergence and the EPM

times, distributions were generated from the actual processing times and the mean values

were used to predict the time spent. These distributions can be seen in Figure 5.12.

Before the different elements are analyzed separately, the full set of data can be seen in

Figure 5.13. The log-log scatter plot on the left shows how well the prediction aligns with

the true values. If the prediction is perfect, each point will fall exactly on the diagonal red

line. To the right / lower side of the line indicates that the prediction was shorter than the

actual time and to the left / upper side of the line indicates that the prediction was longer

than the actual time. The right graph shows the percent error in log form. It is clear that

there are different spreads within the data. Some data points are tightly clumped and others

have a very large percent error.

As discussed earlier, there is going to be quite a bit of error present in the convergence time.

The difference in the predictions are most apparent in step 2, shown in Figure 5.14. Panel

A shows that most of the error in the prediction is within 10% whereas the percent error
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Figure 5.12: Panel A: The distribution of converging time used for prediction. Panel B:
The distribution of EPM times used for prediction. The mean for the distributions are
represented by the red dashed lines.

Figure 5.13: The left scatter plot shows the log-log plot of the prediction vs. the true values.
The right scatter plot shows the log percent error for each of the true values.
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for the portion using the data mean as prediction (Panel B) is between the 20% and 140%

range. To walk through each of the different steps, the pre-convergence data is going to be

used since it is directly related to the kinematic model. The graphs for the convergence time

for steps 2, 3, and 5 (step 4 is the EPM and therefore not applicable) are available in Figure

E.1 in Appendix E.

While the processing time for step 2 was very tightly grouped, the prediction for step 3 was

consistently low (Figure 5.15 Panel B). This lead to a very high percent error. Part of the

reason for the high percent error is due to the small time window that it took step 3 to occur.

The actual motion only took 2 seconds. Since the prediction was right around 4 seconds the

percent error is around 100%.

Panel A in Figure 5.16 shows the data for the EPM triggering. As mentioned earlier, the

EPM has a 100 second range in the processing times. As such, the percent error is going to

be higher. Step 5, given in Panel B of the same figure, once again shows a tighter grouping

between the prediction and the actual values, hovering again around 10%.
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Figure 5.14: Panel A: The log-log prediction vs. true value plot and the percent error plot
covering the range of motion in step 2 before the robot reaches the converging point. Panel
B: The log-log prediction vs. true value plot and the percent error plot containing the data
from the converging portion of step 2.
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Figure 5.15: Panel A: Is the log-log prediction vs. true value and percent error plots for the
step 2 data before it reaches the point where the converging controller engages. Panel B: Is
the log-log prediction vs. true value and percent error plots for the step 3 data before the
arm reaches the point where the converging controller engages.
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Figure 5.16: Panel A: The log-log prediction vs. true value and the percent error plots for
step 4. Panel B: the log-log prediction vs true value and the percent error plots for step 5.
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Load Bearing Experiment: The joint torques were calculated for each of the load bear-

ing points in the experiment series. Each of the torque sets were compared against this

project’s torque limits for joints 4-7: τmax = [ |25|Nm, |25|Nm, |25|Nm, |3|Nm]. It was

found that each of the points did not violate the limits. The results are summarized in Table

5.3.

Table 5.3: Results for static torque analysis.

Point Joint 4 (Nm) Joint 5 (Nm) Joint 6 (Nm) Joint 7 (Nm) Payload Status
1 5.57 -18.39 16.83 0.19 1050 true
2 18.48 -17.94 18.12 0.19 1050 true
3 10.93 -21.17 18.13 0.12 1050 true
4 10.93 -21.17 18.13 0.12 1050 true
5 3.34 -12.49 7.13 0.0 0.0 true

In the results, the directions of the torques are defined by the directions of the screws. The

difference in the signs is a result of the screws pointing different directions as shown in

Section 5.5.1. It should also be noted that there is a slight torque on the joint 7 motor when

there is a payload. This is a result of the a slight offset in the frames for the end frame and

the final joint due to the measured numbers and variability in the hardware (as discussed

earlier, this is a hardware system in development). For each of the projected goal poses, the

torque was found to be within the project tolerance.

Probability of Failure Experiment: Using the covariance and Monte Carlo estimation

described in Sections 5.4.4 and 5.5.4 for the two different size tolerance volumes, it was

found that the end effector would be within the larger volume with 0.71 probability - a 29%

chance that a minor failure, the end effector not being within the tolerance volume, would

occur. For the smaller volume, the estimated probability of success was 0.37, a 63% chance

the robot would be out of tolerance. These results are represented in Figure 5.17 were the
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Figure 5.17: Panel A: End effector covariance and larger tolerance volume. Panel B: End
effector covariance and smaller tolerance volume.

turquoise ellipse represents Σee and the green and purple volumes are the larger and smaller

tolerance volumes in Panel A and Panel B (respectively).

5.5.6 Discussion

In the processing time prediction vs. actual times, the difference in the prediction between

step 3 and step 5 is interesting since the robot arm is traversing the same distance. The

difference in the prediction time (4 seconds for step 3 and 2 seconds for step 5) comes form

the difference in the twist. The wrist needs to be kept at a specific orientation with respect

to the spatial frame in step 3. As such, the twist vector is different since it includes wrist

change as well. In step 5, the wrist is returning to a parallel orientation for the end effector

and space frame axes. For this motion, the wrist does not need to move since the lifting of

the arm through the shoulder actuation will move the wrist into the correct orientation.

While the better predictions were within 10% of the error, the portions that did not have

a good model were farther off by a much larger percentage. If a modelable controller was
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in place for the converging portion, this error would be reduced. However, in a real world

scenario, it is not unrealistic to have portions, like the EPM and the convergence controller

portion, where the time can not be accurately predicted. Such unknown portions highlight

the need for a system that is capable of adapting through replanning and reallocating tasks

to keep an assembly schedule as optimal as possible when things stray from predicted values.

The static analysis of the goal points indicated that the estimated goal pose for each of the

points in the project set were within the project bounds for the largest payload. As discussed,

future work can focus on developing a dynamics model for the robot as the hardware becomes

more stable and the control formulation is completed. These advancements will allow for a

more accurate prediction as it will be able to include the inertial components as the robot

passes through the different points in the path.

The probability analysis estimated a failure probability based on the uncertainty in the input

resolution and found a 29% chance the end effector would be outside the larger tolerance

volume and a 63% chance the robot would be outside the smaller tolerance volume. Future

work can look at including additional factors that contribute to the chance of failure.

5.6 Summary of Contribution

The ability analysis presented in this chapter addresses the third research question inquiring

about a method for estimating robot ability when the hardware can not be experimentally

tested. In this chapter, four different ability criteria are discussed as a framework that

specific problem instances and kinematic models can use to estimate if and how a robot can

complete a task.

For the kinematic portions, a screw theory kinematic formulation is discussed to highlight
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the use of the metrics and then utilized them in an example. Additionally, this chapter

discussed how more complex modeling frameworks that were not present in the experiments

(such as a dynamics model or complex controllers) would fit in to the proposed metrics. A

framework for how to think about the probability was also proposed, with a discussion on

some considerations for classifying the severity of failure.



Chapter 6

Assignment Generation Selection

Metrics

Different types of schedule generation formulations preform differently when it comes to traits

such as schedule optimality, solving time, computational power requirement, and proof of

optimality to name a few. This range of characteristics leads to questions of how to choose a

scheduling method and what are the metrics that should be used in the processes of choosing

one scheduling method over another? This chapter will discuss and develop a metric set that

can be used to help choose a scheduling method for the in-space assembly problem.

6.1 Research Gap

In the literature, it is common to compare algorithms against one another for the purpose

of determining if one is superior over another. Recent literature surveys such as [20, 63]

list existing criteria for comparison that include efficiency (the measure of fundamental

evaluations within an algorithm or the running time). This can be estimated a number

of ways that include using the average run times [39], the median run times with quartile

information [22], or a completion time ratio [15]. Reliability is another comparison method,

focusing how well the algorithms preform over a wide range of problems through the use

of metrics such as success rate, evaluating the average objective function output [129], or

141
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the distance of solutions from a bound. The quality of the output is another consideration,

measuring how good the generated solution is based on known solutions or calculated bounds

[20].

6.2 Metrics

The metrics in the literature compare one optimization method against another when eval-

uating their capability. However, the literature does not directly provide insight into which

scheduling metrics help determine the best scheduling method for different in-space assembly

scenarios.

In the autonomous in-space assembly problem where an autonomous system is operating

without human input, there are a range of different scenarios that arise. The first is the

primary development of a schedule with known features. This scenario covers the conditions

of determining how a robotic system should attempt to assemble a structure at the beginning

of the process, the blueprint upon deployment. In this case, it is reasonable that a lot of

computational power could be put towards the scheduling problem to find a solution that

was optimal, potentially optimizing across multiple objectives.

Another such scenario would be a case where an assembly was required that was not specifi-

cally planned out but the timing is less critical. An example of this would be if a robot goes

down during a non-time-critical assembly. The optimal schedule would potentially change

due to the robotic workforce changing but there is still the potential for the assembly to be

paused, allowing for a more computationally expensive optimization method to take place.

In contrast, another plausible scenario for a fully autonomous robotic assembly workforce

to encounter is to have something go wrong in an assembly that must be repaired quickly.
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In such a scenario there may not be the time to allow for a thorough, computationally

expensive optimization process to take place. In this situation, a fast and efficient schedule

is necessary but a long optimization time can not be afforded or may result in a longer delay

in the finishing of the assembly when computation time is taken into account.

Another factor that can impact the selection of a scheduling method is the type of informa-

tion available and pertinent to the assembly. For example, if the tasks and robots are such

that some tasks have a high chance of failure if attempted by certain robots in the workforce,

a scheduling system that can handle the stochastic information would be desired. Alterna-

tively, if the stochastic information is not known for an assembly, less complex scheduling

methods may be sufficient to find an optimized solution.

This work proposes three primary metrics that utilize the problem formulation developed

in Chapter 2 and the existing literature to provide a framework for making a decision on

what scheduling method to choose. It should be noted that these are not metrics meant to

only use information calculated during deployment by the autonomous system. They are

meant to be tools to evaluate different methods to be assigned to given scenarios that may

be encountered after deployment.

6.2.1 Explanatory Power

The first metric is explanatory power. This metric is meant to evaluate how much of the

information present in the assembly problem can be incorporated into the schedule generation

process. In the SAPD, the different features will be classified into six categories:

1. Task Proximity

2. Task Precedence



144 CHAPTER 6. ASSIGNMENT GENERATION SELECTION METRICS

3. Task Continuity

4. Robot Ability

5. Stochastic Processing Time

6. Stochastic Failure

These categories break down the constraint considerations into three different groups and

the completion ability into three different groups. Task Proximity refers to the scheduling

method’s ability to incorporate the distance between tasks into the scheduling process. In

a similar way, Task Precedence and Task Continuity are describing the scheduling method’s

ability to take into account these two sets of constraints respectively. Robot Ability is the

metric that seeks to evaluate if a generation method can include a measure of how well the

robot can complete a job. This is not to be confused with the Stochastic Processing Time.

The stochastic nature is a separate metric since there is a difference between being able to

take the robot ability into account and being able to account for the stochastic nature. The

final category is Stochastic Failure which, as the name implies, is the ability of the system

to take into account the chance of failure.

These six criteria can be thought of as a vector of binary variables representing if each one of

the six are accounted for in the model (where 1 means it is taken into account and 0 means

it is not): Ep = [ep1, . . . , epn], epi ∈ {0, 1} where n = 6 in the case where all elements in the

SAPD are being considered.

Due to the wide variety of assembly problems, it is possible that all of these metrics are not

weighted equally. For example, if there is a high chance of failure it might be more important

to be able to model the stochastic elements rather than the time taken up by the distance

robots have to travel. In this case, it would not be desirable for a generation method that
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did take into account distance but was missing stochastic failure to have the same score

as a method that included the stochastic failure but left out the distance consideration.

To provide a way to tune the importance of each of the criteria, a weight vector can be

applied where each weight corresponds to how much importance a given parameter has:

Wep = [w1, . . . , wn]. If the weighted vector is divided by its magnitude, the full form of the

explanatory power metric becomes MEp ∈ [0, 1]:

MEp =
Ep ·Wep

|Wep|
(6.1)

6.2.2 Utility

The second metric when considering a scheduling method is utility. In contrast to the

previous metric which looked at how well a scheduling method covered the characteristics

of a problem, this metric is a consideration that reflects how well a scheduling method can

be used in a given scenario. This metric can be modified to account for the computational

power and how long the system can wait for a schedule to be generated.

How this metric is calculated can vary depending on the type of schedules or what criteria

are used. The general form based on processing time limitations takes the form:

Mu =


1, f(method, problem) ≤ Tmax

0, otherwise
(6.2)

where Tmax is the max allowable time for for generating a schedule and f(·) is a function

that will map the scheduling method and assembly problem to an approximate solution time.

One way to utilize f(·) is to view it as a function that returns the amount of time required to

produce the first viable solution. As long as a viable solution can be produced in a time that
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is less than Tmax, it would meet the metric requirement of being able to produce a solution

in the necessary time. Another way to interpret this is as an estimation of the complication

time based on previous runs. For example, experiments can be done similar to those in

Chapter 5 where problems with similar constraint types and job sizes are run on equivalent

hardware. This information can then be used to return an estimate of how long it will take

to generate a valid solution. Other metrics available in the literature include estimating this

using average and cumulative run times [39], or by comparing the median and quartile solver

times [22]. If there is a need to compare across different types of computational hardware,

formulations can be developed try to estimate the time based on compute cycles [63]. What

specific metric is used here is a design consideration based on the information available upon

deployment. As long as the selected method produces a measurement that will inform if a

solution can be found by the utility requirement, it can be used to satisfy this utility metric.

6.2.3 Optimality

The third metric is the optimality evaluation of the scheduling method. This metric is meant

to provide a comparison point to evaluate the difference in how good (from an objective

function perspective) the solutions are from different scheduling methods. The specific form

that this metric can take is another design parameter that can be chosen based on the

information known. This can be done using a fixed-cost method measuring against an

optimal solution, if it is known, or the best known solution as an estimate [20]. More

complex methods can also be chosen that attempt to statistically estimate what the optimal

would be as the standard to compare against [44].

For the purpose of this work, this metric is going to be based on how close the objective
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value is to the best known solution for the problem:

Mop = 1− ||x̄− x
∗||

x̄
(6.3)

where x̄ is the average objective value and x∗ is the objective value for the best known

solution for the assembly problem. Since the goal is to minimize the makespan, the more

optimal solution will be smaller. As such, the difference is normalized by the larger value.

Subtracting this value from 1 gives some score up to 1, where 1 means it found the optimal.

This difference be implemented two different ways. The first is that the average value, x̄, is

used for each solution method after a fixed time span T . If the time is not a concern then

the average can be found based on the solutions resulting from the converged state of the

schedule generation algorithms. This solution can be defined in the general form as:

Mop =


1− ||x̄T−x∗||

x̄
, Average calculated from solutions after T solving time

1− ||x̄c−x∗||
x̄

, Average calculated from solutions after optimization converges
(6.4)

6.2.4 Metric Application

The weight given to decide on a final scheduling method is a design decision made by those

deploying the system. This can be something that is determined ahead of time either by

a hard defined list of what types of assemblies and scenarios will use certain schedulers

or some algorithm that uses the metrics to evaluate scenarios as they arise and makes the

necessary decisions. The following section will give an example of these metrics being used

on the mixed integer programming method developed in Chapter 3 and the genetic algorithm
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method developed in Chapter 4 for the simplest cases (single arch and 5 x 2 truss wall). The

scheduling time limitation for this example is: Tmax = 24hr.

6.3 Metric Implementation Example

To demonstrate the metrics, the arch assembly will be uniformly weighted since there is

no stochastic information and the truss block problem will have extra weight placed on the

stochastic information. This leads to weight values shown in Table 6.1.

As noted in this table, the arch assembly does not have any stochastic information present

in it or the full set of constraints. As such, both the MIP and the GA are able to articulate

all of the elements present. However, the truss block wall assembly does have stochastic

processing time and all of the constraints. The GA formulation is able to take into account

the stochastic information since it can directly sample the ability distributions each run. In

contrast, the MIP formulation must rely on the mean of the distributions making it less

capable of taking into account the stochastic information. This is reflected in Table 6.2.

Combing the weight and the explanatory power vector, the GA has a MEp score of 1 for

both projects and the MIP has a MEp score of 1 for the arch project and 0.77 for the truss

project. Since the single arch and small wall project are being used in this example and both

were able to find a solution in the allowed time, they both have a value of 1 for Mu. For the

arch problem, the MIP found the optimal giving it an Mop score of 1. The GA also found

Project Weights
- w1 w2 w3 w4 w5 w6

Arch 1 1 0 1 0 0
Truss 1 1 1 1 1.2 0

Table 6.1: Weights indicating the importance of the different features for the arch and truss
projects.
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Table 6.2: Weights indicating the importance of the different features for the arch and truss
projects.

Method Project Explanatory Power
- - ep1 ep2 ep3 ep4 ep5 ep6

GA Arch 1 1 0 1 0 0
MIP Arch 1 1 0 1 0 0
GA Truss 1 1 1 1 1 0
MIP Truss 1 1 1 1 0 0

Table 6.3: The metric values for for the single arch and 5 x 2 truss wall projects.

Project Method MEp Mu Mop

Arch GA 1 1 1
Arch MIP 1 1 1
Truss GA 1 1 0.85
Truss MIP 0.77 1 1

the optimal giving it the same score. For the small wall problem, the MIP was not able to

prove convergence. However, in this case, it did provide the best known solution (between

the two solvers) so it will also have a score of 1. The GA did not find as good of a solution.

Using the numbers from Table 4.3, it can be seen that the GA has a Mop score of 0.85.

The three metric scores are summed below in Table 6.3. For the arch assembly, both the

MIP and GA are equivalent but for the truss wall, there is a difference. The GA is not

as good at returning an optimal solution and the MIP is not as good at covering the full

problem scope. If the truss wall is being assembled when the resources are low or there are

many other projects that the robots need to also complete, it will be more advantageous

to use the MIP scheduler (if the stochastic information will not greatly impact the time).

However, if the stochastic information contains important implications such as the chance

of great delays once the project is started, the GA will be a better choice.

It can be seen that, if there were different considerations such as a much shorter solving time

allowed, the metrics would be different. For example, if Tmax = 20min the MIP might not



150 CHAPTER 6. ASSIGNMENT GENERATION SELECTION METRICS

score well in the utility metric if it could not find a viable solution in that time frame. If it

did find a solution but it was not very good compared to the solution it could find running

for 12hr, then it would score less in the optimality metric.

6.4 Summary of Contribution

This chapter addresses the fourth research question inquiring into a method to compare

different optimization methods for the in-space assembly problem. To answer this question,

this work develops the explanatory power metric (MEp) to quantify how much of the assembly

problem is being taken into account by a given scheduling method. In addition to this novel

metric, it also frames two other metric types seen in the literature. The first evaluates how

usable a scheduling method is (Mu), which relates to the solving time in this work, and a

measure of how good the average solution generated by the method is (Mop) based on how

close to the best known solution for the closest assembly problem. Using these metrics, a

scheduling method or set of scheduling methods can be chosen based on quantifiable values

for specific scenarios.



Chapter 7

Conclusion and Future Work

The work presented in this dissertation addresses the need for a system that enables a robotic

workforce to plan and re-plan an assembly through task sequencing and allocation without

the need for human input. In this work, a problem formulation was developed to model

the different elements that contributed to the assembly problem and provided a framework

for articulating the constraints present in the assembly. Additionally, a state representation

framework was developed that allowed for the inclusion of stochastic information and was

capable of expanding to include the states introduced to correct the errors that are inevitable

when autonomous operations occur in real world environments. Future work can expand

this formulation model to include additional modeling for the environmental factors that

will impact some of the state transitions. Adding this information would allow the schedule

generation methods to have a more accurate model of all the contributing factors that will

cause the stochastic characteristics present in an assembly.

To address the development of optimized schedules to complete an assembly, this work devel-

oped two different schedule generation methods. The first was a mixed integer programming

formulation that was capable of generating optimized job sequence and task allocation so-

lutions that were provably optimal or within some quantifiable range of optimality. Future

work for this formulation could include expanding it to be multi-objective, allowing the for-

mulation to consider other factors such as energy usage in the optimization process. An

additional area of future work for the formulation would be an evaluation of the constraint
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formulations to determine if additions to the formulation would aid in the solving time.

The second schedule generation method developed in this work took the form of a genetic

algorithm. The novel formulation allowed for existing and newly developed constraint types

to be modeled in a way that utilized direct sampling from the ability distributions. This

solution method allows for a better representation of the stochastic information present in the

problem, specifically if it takes a multimodal form. While it can not provide provable optimal

solutions on its own, this method does provide a way to generate an optimized solution very

quickly. Future work for this formulation can look at improving the formulation’s ability to

preserve diversity to aid in the search for the optimal solution. For both schedule generation

methods, future work can also include good heuristic methods for providing initial solutions

to the problem and thereby speed up the optimization process.

To provide a criteria for how to define robot ability in the context of in-space robotic as-

sembly, this work developed four different metrics and discussed a kinematic formulation

to implement them to estimate a given robot’s ability. Future work for this would be to

provide probability formulations to estimate the contribution of different elements into the

chance of failure. This could include error in the position of the end effector due to the error

present in the metrology and controller. Additionally, a dynamic model can be added to

the kinematic formulation discussed to improve the resolution on the processing time and

load bearing estimations. Finally, additional capability instances can be evaluated such as

fastening task types.

A metric set was then developed to compare different schedule generation methods in the

context of in-space assembly. A formulation was created to quantify how many of the fea-

tures present in the assembly were utilized by a given scheduling method. It also proposed

considerations for solving time and optimality in the decision process. Future work can focus

on providing a computation comparison across different hardware configurations, potentially
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focusing on computation cycles. Additionally, estimations for optimality potential can also

be developed to provide a better measurement of how likely a method is to find the optimal

solution.

The methods proposed in this work can be implemented in at least two different planning

categories for autonomous in-space assembly. The first is in the planning stage before any

robots are deployed. First, a desired assembly is defined in the SAPD. Next, the robot ability

information is experimentally determined or analytically approximated. Using this informa-

tion, an optimized assembly schedule is generated that will serve as the original schedule

for assembly. Design decisions are made for the weights used in the schedule comparison

metrics and then the system can be deployed with the rest of the autonomous capabilities

that will be present for in-space assembly.

The second category of use is after deployment. Once deployed, if something goes wrong

with the assembly or one of the robots, the robot ability can be re-estimated (if needed)

and an appropriate scheduling method is chosen based on the metric weights set for the

scenario at hand (based on the design decisions). A new schedule is generated to repair and

/ or complete the assembly. This process can be repeated, as needed, until the assembly is

complete.

This dissertation demonstrates that there is a way to discover optimal or near optimal

solutions to the in-space assembly problem that include considerations related to robot abil-

ity and constraints within the assembly structure. By addressing the proposed research

questions focusing on problem formulation, schedule generation, robot ability, and schedule

generation method selection, this work provides a framework to allow autonomous robots to

plan and re-plan without the need for human input.
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Appendix A

Arch Assembly Project Definition

A.1 Pose Definitions

Table A.1: SAPD pose definitions for the arch assembly project.

Pose A (WA) Pose B (WB) Pose C (WC) Pose D (WD)

Column component
storage area

Horizontal
crossmember
components storage
area

Column component
staging area

Horizontal
crossmember
components staging
area

Properties: Properties: Properties: Properties:

• reference

• (70, 185)

• reference

• (70, 155)

• reference

• (70, 115)

• reference

• (70, 85)

Pose E (WE) Pose Sr1 (WSr1) Pose Sr2 (WSr2) —

Final Assembly area MARC 1 starting
location

MARC 2 starting
location

—

Properties: Properties: Properties:

• reference

• (70, 40)

• reference

• (20, 185)

• reference

• (20, 140)
—
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A.2 Component Definitions

Table A.2: SAPD component definitions for the arch assembly project.

Component lb1
(Clb1)

Component lb2
(Clb2)

Component mb1
(Wmb1)

Component mb2
(Wmb2)

First large block Second large block First medium block Second medium block

Properties: Properties: Properties: Properties:

• Large block

• Start: WA

• Large block

• Start: WA

• Medium block

• Start: WA

• Medium block

• Start: WA

State: State: State: State:

• Not in position

• Not broken

• current: (70,
185)

• Not in position

• Not broken

• current: (70,
185)

• Not in position

• Not broken

• current: (70,
185)

• Not in position

• Not broken

• current: (70,
185)

Component sbc1
(Csbc1)

Component sbc2
(Csbc2)

Component sbm1
(Csbm1)

—

First small corner
block

Second small corner
block Small middle block

—

Properties: Properties: Properties:

• Small corner
block

• Start: WB

• Small corner
block

• Start: WB

• Small middle
block

• Start: WB

—

State: State: State:

• Not in position

• Not broken

• current: (70,
155)

• Not in position

• Not broken

• current: (70,
155)

• Not in position

• Not broken

• current: (70,
155)

—
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A.3 Joint Definitions

Table A.3: SAPD joint definitions for the arch assembly project.

Connection 1 (K1) Connection 2 (K2) Connection 3 (K3)

Connection between
lb1 and mb1 to form
the first column

Connection between
lb2 and mb2 to form
the second column

Connection between
sbc1 and sbm1 to
form part of the
crossmember

Properties: Properties: Properties:

• Clip

• [Clb1, Cmb1]

• Clip

• [Clb2, Cmb2]

• Clip

• [Csbc1, Csbm1]

State: State: State:

• Not joined • Not joined • Not joined

Connection 4 (K4) Connection 5 (K5) Connection 6 (K6)

Connection between
sbc2 and sbm1 to
form part of the
crossmember

Connection between
sbc1 and mb1 to con-
nect the crossmember
to the first column

Connection between
sbc2 and mb2 to con-
nect the crossmember
to the second column

Properties: Properties: Properties:

• Clip

• [Csbc2, Csbm1]

• Clip

• [Csbc1, Cmb1]

• Clip

• [Csbc2, Cmb2]

State: State: State:

• Not joined • Not joined • Not joined
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A.4 Robot Definitions

Table A.4: SAPD robot definitions for the arch assembly problem.

MARC 1 (Rm1) MARC 2 (Rm2)

State: State:

• idle

• current: (20, 185)

• task: none

• idle

• current: (20, 140)

• task: none

Properties: Properties:

• Gripper

• Mobile: Yes

• Abilities:

– Idle: 0.01 (s)
– Locomote: 6.64 (in/s)
– Connect component: 94.33

(s)
– Connect subassembly: 90.1

(s)
– Co-op connect component:

165.11 (s)
– Co-op connect subassembly:

79.58 (s)
– Pick & Place: 41.67 (s)
– Place: 15.61 (s)

• Gripper

• Mobile: Yes

• Abilities:

– Idle: 0.01 (s)
– Locomote: 6.16 (in/s)
– Connect component: 106.14

(s)
– Connect subassembly: 86.14

(s)
– Co-op connect component:

165.11 (s)
– Co-op connect subassembly:

79.58 (s)
– Pick & Place: 66.72 (s)
– Place: 20.56 (s)
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A.5 Job and Process Plan Definitions

Table A.5: Jobs in the arch assembly project.

Job Type Component(s) Location(s) Description

Sr1 Start N/A Wsr1
Used to ensure MARC 1
starts at the right location

Sr2 Start N/A Wsr2
Used to ensure MARC 2
starts at the right location

Mlb1 Move lb1 WA → WC
Move the first large block
from storage to staging

Mlb2 Move lb2 WA → WC
Move the second large block
from storage to staging

Mmb1 Move mb1 WA → WC
Move the first medium block
from storage to staging

Mmb2 Move mb2 WA → WC
Move the second medium
block from storage to staging

Msbc1 Move sbc1 WB → WD
Move the first small corner
block from storage to staging

Msbc2 Move sbc2 WB → WD

Moving the second small cor-
ner block from storage to
staging

Msbm1 Move sbm1 WB → WD
Moving the small medium
block from storage to staging

Cmb1lb1 Connect C mb1 & lb1 WC

Connecting the first large
and medium blocks to make
the first column

Cmb2lb2 Connect C mb2 & lb2 WC

Connecting the second large
and medium blocks to make
the second column

Mmb1lb1 Connect C mb1 & lb1 WC → WE

Move the first column from
staging to the final assembly
location

Mmb2lb2 Move mb2 & lb2 WC → WE

Move the second column
from staging to the final as-
sembly location

Csbm1sbc1 Connect C smb1 & sbc1 WD

Connecting the small middle
block with the first small cor-
ner block to make part of the
horizontal crossmember

Csbc2sbm1 Connect C sbc2 & sbm1 WD

Connecting the small middle
block with the second small
corner block to make part of
the horizontal crossmember

Msbc1sbm1sbc2 Move sbc1 & sbm1 &
sbc2 WD → WE

Move the crossmember to the
final assembly location

Csbc1sbm1sbc2 Connect S sbc1 & sbm2 &
sbc2 WE

Connect both sides of the
crossmember to the two
columns
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Table A.6: Process plans and operations for each of the types of jobs.

Job Type Process plan(s) Operation(s)

Start p0 [Idle]

Move p0 [Pick & Place]

Connect C
p0 [Connect component]

p1 [Co-op connect component,
Co-op connect component]

Connect S
p0 [Connect subassembly]

p1
[Co-op connect subassem-
bly, Co-op connect sub-
assembly]
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Truss Block Wall Assembly Project

Definition

B.1 Pose Definitions

Table B.1: SAPD pose definitions for the three by two truss block assembly project.

Pose Srn (Wrn) Pose sb (Wsb) Pose 1 (W1) Pose 2 (W2)

Starting positing for
robot n

Storage position for
the blocks

First pose along the
wall

Second pose along the
wall

Properties: Properties: Properties: Properties:

• reference

• (0, 60, 0)

• reference

• (100, 0, 0)

• reference

• (100, 60, 0)

• reference

• (100, 70, 0)

Pose 3 (W3) Pose 4 (W4) Pose 5 (W5) Pose 6 (W6)

Third pose along the
wall

Fourth pose along the
wall

Fifth pose along the
wall

Sixth pose along the
wall

Properties: Properties: Properties: Properties:

• reference

• (100, 80, 0)

• reference

• (100, 90, 0)

• reference

• (100, 100, 0)

• reference

• (100, 110, 0)
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B.2 Component Definitions

Table B.2: SAPD component definitions for the three by two truss block assembly project.

Component B21
(CB21)

Component B22
(CB22)

Component B23
(WB23)

Component B24
(WB24)

First block in 2nd row Second block in 2nd
row

Third block in 2nd
row

Fourth block in 2nd
row

Properties: Properties: Properties: Properties:

• block

• Start: Wsb

• block

• Start: Wsb

• block

• Start: Wsb

• block

• Start: Wsb

State: State: State: State:

• Not in position

• Not broken

• current: Wsb

• Not in position

• Not broken

• current:Wsb

• Not in position

• Not broken

• current: Wsb

• Not in position

• Not broken

• current: Wsb

Component B11
(CB11)

Component B12
(CB12)

Component B13
(CB13)

—

First block in 1st row Second block in 1st
row Third block in 1st row

—

Properties: Properties: Properties:

• block

• Start: Wsb

• block

• Start: Wsb

• block

• Start: Wsb

—

State: State: State:

• Not in position

• Not broken

• current: Wsb

• Not in position

• Not broken

• current: Wsb

• Not in position

• Not broken

• current: Wsb

—
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B.3 Joint Definitions

Table B.3: SAPD joint definitions for the three by two truss assembly project.

Connection 1 (K1) Connection 2 (K2) Connection 3 (K3) Connection 4 (K4)

Connection between
B11 and the anchor
point

Connection between
B11 and B12

Connection between
B12 and B13

Connection between
B11 and B21

Properties: Properties: Properties: Properties:

• Weld

• [CB11]

• Weld

• [CB11, CB12]

• Weld

• [CB12, CB13]

• Weld

• [CB11, CB21]

State: State: State: State:

• Not joined • Not joined • Not joined • Not joined

Connection 5 (K5) Connection 6 (K6) Connection 7 (K7) —

Connection between
B21 and B22

Connection between
B22 and B23

Connection between
B23 and B24

—

Properties: Properties: Properties: —

• Weld

• [Csbc2, Csbm1]

• Weld

• [Csbc1, Cmb1]

• Weld

• [Csbc1, Cmb1]
—

State: State: State: —

• Not joined • Not joined • Not joined —
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B.4 Robot Definitions

Table B.4: SAPD robot team 1 definitions for the truss wall assembly problem.

Robot 1 (Rm1) Robot 2 (Rm2)

State: State:

• idle

• current: Wsr1

• task: none

• idle

• current: Wsr2

• task: none

Properties: Properties:

• Gripper

• Mobile: Yes

• Abilities:

– Idle: N (0.01, 0.0001) (s)
– Locomote: N (15.0, 2)

(unit/s)
– Grasp: N (10.0, 2) (s)
– Connect: N (1.0E4, 10) (s)

• Welder

• Mobile: Yes

• Abilities:

– Idle: N (0.01, 0.0001) (s)
– Locomote: N (15.0, 2) (in/s)
– Grasp: N (30.0, 2) (s)
– Connect: N (5.0, 1) (s)
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Table B.5: SAPD robot team 2 definitions for the truss wall assembly problem.

Robot 3(Rm3) Robot 4 (Rm4)

State: State:

• idle

• current: Wsr3

• task: none

• idle

• current: Wsr4

• task: none

Properties: Properties:

• Gripper

• Mobile: Yes

• Abilities:

– Idle: N (0.01, 0.0001) (s)
– Locomote: N (20.0, 2)

(unit/s)
– Grasp: N (10.0, 2) (s)
– Connect: N (1.0E4, 10) (s)

• Welder

• Mobile: Yes

• Abilities:

– Idle: N (0.01, 0.0001) (s)
– Locomote: N (20.0, 2) (in/s)
– Grasp: N (30.0, 2) (s)
– Connect: N (5.0, 1) (s)

B.5 Job and Process Plan Definitions
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Figure B.1: Precedence constraint set for the three by two truss block wall assembly problem
instance.

Figure B.2: Operations and continuity constraints for the three by two truss block wall
assembly project instance.
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Table B.6: Jobs in the three by two truss block wall assembly project.

Job Type Component(s) Location(s) Description

Sr1 Start N/A Wsr1
Used to ensure Robot 1
starts at the right location

Sr2 Start N/A Wsr2
Used to ensure Robot 2
starts at the right location

Sr3 Start N/A Wsr3
Used to ensure Robot 3
starts at the right location

Sr4 Start N/A Wsr4
Used to ensure Robot 4
starts at the right location

M11 Move B11 Wsb → W2 Move the block from storage
M12 Move B12 Wsb → W4 Move the block from storage
M13 Move B13 Wsb → W6 Move the block from storage
A11 Align B11 W2 Align the block
A12 Align B12 W4 Align the block
A13 Align B13 W6 Align the block
F11 Fasten B11 W2 Fasten the block into place
F12 Fasten B12 W4 Fasten the block into place
F13 Fasten B13 W6 Fasten the block into place
M21 Move B21 Wsb → W1 Move the block from storage
M22 Move B22 Wsb → W3 Move the block from storage
M23 Move B23 Wsb → W5 Move the block from storage
M24 Move B24 Wsb → W6 Move the block from storage
A21 Align B21 W6 Align the block
A22 Align B22 W6 Align the block
A23 Align B23 W6 Align the block
A24 Align B24 W6 Align the block
F21 Fasten B21 W1 Fasten the block into place
F22 Fasten B22 W3 Fasten the block into place
F23 Fasten B23 W5 Fasten the block into place
F24 Fasten B24 W6 Fasten the block into place



Appendix C

GA and MIP Schedule Comparison

C.1 Arch Assembly Makespan Distributions

Figure C.1: Panel A: Scaling wall 10 x 3 makespan distribution for GA (the MIP could
not find a valid solution) using 10,000 processing time samples. Panel B: Scaling wall 20
x 3 makespan distribution for GA (the MIP could not find a valid solution) using 10,000
processing time samples.
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Figure C.2: All results using from 10,000 processing time samples. Panel A: Double arch
assembly problem full distributions. Panel B: Double arch assembly problem majority dis-
tributions. Panel C: Double arch assembly problem outlier distributions. Panel D: Triple
arch assembly problem full distributions. Panel E: Triple arch assembly problem majority
distributions. Panel F: Triple arch assembly problem outlier distributions.
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C.2 Processing Time Distributions

Figure C.3: 10,000 sample processing time distributions to build arch assembly according to
GA schedule - Panel A: Robot 1 processing connect component operation. Panel B: Robot 1
processing idle operation. Panel C: Robot 1 processing locomote operation. Panel D: Robot
1 processing pick & place operation.



194 APPENDIX C. GA AND MIP SCHEDULE COMPARISON

Figure C.4: 10,000 sample processing time distributions to build arch assembly according to
GA schedule - Panel A: Robot 2 processing connect component operation. Panel B: Robot
2 processing connect subassembly operation. Panel C: Robot 2 processing idle operation.
Panel D: Robot 2 processing locomote operation. Panel E: Robot 2 processing pick & place
operation.
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Figure C.5: 10,000 sample processing time distributions to build arch assembly according
to MIP schedule - Panel A: Robot 1 processing connect component operation. Panel B:
Robot 1 processing coop-connect subassembly operation. Panel C: Robot 1 processing idle
operation. Panel D: Robot 1 processing locomote operation. Panel E: Robot 1 processing
pick & place operation
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Figure C.6: 10,000 sample processing time distributions to build arch assembly according
to MIP schedule - Panel A: Robot 2 processing connect component operation. Panel B:
Robot 2 processing coop-connect subassembly operation. Panel C: Robot 2 processing idle
operation. Panel D: Robot 2 processing locomote operation. Panel E: Robot 2 processing
pick & place operation
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Figure C.7: 10,000 sample processing time distributions to build the 5x2 truss wall according
to GA schedule - Panel A: Robot 1 processing grasp operation. Panel B: Robot 1 processing
idle operation. Panel C: Robot 1 processing locomote operation.
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Figure C.8: 10,000 sample processing time distributions to build the 5x2 truss wall according
to GA schedule - Panel A: Robot 2 processing connect operation. Panel B: Robot 2 processing
grasp operation. Panel C: Robot 2 processing idle operation. Panel D: Robot 2 processing
locomote operation.
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Figure C.9: 10,000 sample processing time distributions to build the 5x2 truss wall according
to GA schedule - Panel A: Robot 3 processing grasp operation. Panel B: Robot 3 processing
idle operation. Panel C: Robot 3 processing locomote operation.
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Figure C.10: 10,000 sample processing time distributions to build the 5x2 truss wall according
to GA schedule - Panel A: Robot 4 processing connect operation. Panel B: Robot 4 processing
grasp operation. Panel C: Robot 4 processing idle operation. Panel D: Robot 4 processing
locomote operation.
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Figure C.11: 10,000 sample processing time distributions to build the 5x2 truss wall according
to MIP schedule - Panel A: Robot 1 processing grasp operation. Panel B: Robot 1 processing
idle operation. Panel C: Robot 1 processing locomote operation.
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Figure C.12: 10,000 sample processing time distributions to build the 5x2 truss wall accord-
ing to MIP schedule - Panel A: Robot 2 processing connect operation. Panel B: Robot 2
processing grasp operation. Panel C: Robot 2 processing idle operation. Panel D: Robot 2
processing locomote operation.
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Figure C.13: 10,000 sample processing time distributions to build the 5x2 truss wall according
to MIP schedule - Panel A: Robot 3 processing grasp operation. Panel B: Robot 3 processing
idle operation. Panel C: Robot 3 processing locomote operation.
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Figure C.14: 10,000 sample processing time distributions to build the 5x2 truss wall accord-
ing to MIP schedule - Panel A: Robot 4 processing connect operation. Panel B: Robot 4
processing grasp operation. Panel C: Robot 4 processing idle operation. Panel D: Robot 4
processing locomote operation.
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Ensemble Kalman Filter Algorithm

The Ensemble Kalman filter takes the form:

Algorithm 8 Ensemble Kalman Filter Algorithm
Require: x̂

t−1|t−1
, ut, zt, N ,

1: x̂
t−1|t−1

= 1
N

∑N
i=1 x̂

i
t−1|t−1

2: ŷi
t|t−1

= h(x̂i
t−1|t−1

) +N (O,R)

3: ŷ
t|t−1

= 1
N

∑N
i=1 ŷ

i
t|t−1

4: Pxy =
1

N−1

∑N
i=1(x̂

i
t−1|t−1

− x̂
t|t−1

)(ŷi
t|t−1
− ŷ

t|t−1
)T

5: Pyy =
1

N−1

∑N
i=1(ŷ

i
t|t−1
− ŷ

t|t−1
)(ŷi

t|t−1
− ŷ

t|t−1
)T

6: Kt = PxyP
−1
yy

7: x̂i
t|t−1

= x̂i
t−1|t−1

+K(zt − ŷit|t−1)

8: x̂i
t|t

= f(x̂i
t|t−1

, ut) +N (O,Q))

9: x̂
t|t

= 1
N

∑N
i=1 x̂

i
t|t

10: return x̂
t|t
, x̂

t|t

where N describes the number of samples generated by the filter to average in a Monte Carlo

fashion. The first input is a concatenated vector of the particles produced in the previous

time step, x̂
t−1|t−1

The remaining inputs to the filter are the control commands given to the

system at the current time step, ut, the measurements taken at the current time step, zt,

and the number of particles, N generated by the filter to average in a Monte Carlo fashion.

The filter predicts a measurement, ŷi
t|t−1

, based on each of the particles, factoring in the mea-

surement noise, R. N (O,R) represents a multivariate normal distribution with zero mean

and covariance R sampled for each particle. For the robotics application, this measurement
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prediction step uses the forward kinematics to go from the joint values,θ, to the end effector

location being measured.

The filter then finds a Kalman gain, Kt, based on the covariance of the state with the

measurement, Pxy, and the measurement covariance, Pyy. This gain is used to weight the

difference between the predicted measurement, ŷ
t|t−1

, and the actual measurement, zt, to

update the particles, x̂
t|t−1

. These updated particles are then propagated using the control

input, ut and the noise the process noise, Q. N (O,Q) represents a multivariate normal

distribution with zero mean and covariance Q sampled for each particle.

These propagated particles, x̂
t|t , can then be averaged to provide the state estimate of the

system, x̂
t|t

. This estimate, along with the particles, are returned from the filter.



Appendix E

Ability Analysis Processing Time

Converging Scatter Plots
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Figure E.1: Panel A: The log log scatter plot and log percent error of the convergence
time present in step 2. Panel B: The log log scatter plot and log percent error of the
convergence time present in step 3. Panel C: the log log scatter plot and log percent error
of the convergence time present in step 5.


	Titlepage
	List of Figures
	List of Tables
	Background and Motivation
	In-Space Assembly
	Thesis Statement
	Research Questions
	Research Question 1: Formulating a Definition
	Research Question 2: Solving for Optimal Solutions
	Research Question 3: Defining Robot Ability
	Research Question 4: Comparing Scheduling Methods

	Dissertation Roadmap

	Stochastic Assembly Problem Definition
	Research Gap
	Formulation
	Elements
	Constraints
	State Representation

	Summary of Contribution

	Task Assignment: Solving for the Optimal Solution
	Research Gap
	Formulation
	Sets
	Parameters
	Variables
	Objective
	Constraints

	Experimental Validation
	Assembly Problem
	Experiment Implementation
	Results
	Discussion

	Summary of Contribution

	Task Assignment: Stochastic Formulation
	Research Gap
	Genetic Algorithm
	Formulation
	Example Problem
	Encoding Strategy
	Decoding Strategy
	Initial Population
	Parent Selection
	Crossover
	Mutation
	Survivor Selection
	Fitness Evaluation

	Experiments
	Parameter Sensitivity
	Results
	Discussion

	Summary of Contribution

	Ability Analysis
	Research Gap
	Ability Categories
	Kinematic Formulation
	Spatial Transformation
	Screw Theory
	Inverse Kinematics
	Wrench

	Ability Categories Developed
	Reachability
	Processing Time
	Capability
	Probability of Failure

	Experiments
	Hardware
	Autonomy
	Ability Implementation
	Experiment Details
	Results
	Discussion

	Summary of Contribution

	Assignment Generation Selection Metrics
	Research Gap
	Metrics
	Explanatory Power
	Utility
	Optimality
	Metric Application

	Metric Implementation Example
	Summary of Contribution

	Conclusion and Future Work
	Bibliography
	Appendices
	Appendix Arch Assembly Project Definition
	Pose Definitions
	Component Definitions
	Joint Definitions
	Robot Definitions
	Job and Process Plan Definitions

	Appendix Truss Block Wall Assembly Project Definition
	Pose Definitions
	Component Definitions
	Joint Definitions
	Robot Definitions
	Job and Process Plan Definitions

	Appendix GA and MIP Schedule Comparison
	Arch Assembly Makespan Distributions
	Processing Time Distributions

	Appendix Ensemble Kalman Filter Algorithm
	Appendix Ability Analysis Processing Time Converging Scatter Plots

