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(ABSTRACT)

To study the influence of the time-dependent behavior of various materials being con-
sidered for use in orbiting precision segmented reflectors, simple sandwich beam models are
developed. The beam models included layers representing face sheets, core and adhesive.
The issue of time-dependency is essential because the expected life of a reflector is on the
order of 20 years. Using the principle of stationary potential energy, the elastic response of
three-layer and five-layer symmetric sandwich beams to mechanical and thermally-induced
loads is studied. The sensitivity of the three-layer and five-layer sandwich beams to re-
ductions of the material properties is studied. Using the correspondence principle of
viscoelasticity, these elastic models are transformed to time-dependent models. Represen-
tative cases of time-dependent material properties are used to demonstrate the application
of the correspondence principle and evaluate the time-dependent response of the reflector.
To verify the viscoelastic models, and to obtain a better idea of the amount of time-
dependency to expect from the materials, simple time-dependent experiments on candidate
materials were performed. Candidate materials include a quartz-epoxy face sheet material
and a glass-imide honeycomb core material. The percent increase in strain for a constant
stress for the quartz-epoxy in tension and the honeycomb in shear were measured. For both,
a four-parameter fluid model captured the essential characteristics of their behavior. These
four-parameter fluid models were then used in the three-layer sandwich beam model to pre-
dict the time-dependent response of the beam to three-point bending. This predicted re-
sponse was compared to experimental results of a sandwich beam subjected to three-point

bending.
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Chapter 1 - Introduction and Background

Fiber-reinforced polymer-matrix composite materials are currently used in a variety of
space applications, including communication and weather satellites, antennas and reflectors.
The use of composite materials not only provides structures lighter than possible with more
traditional engineering materials, but also provides the option of tailoring the material to meet
design requirements. This tailoring is accomplished by changing the composition and orien-
tation of fibers in the materials used.

One space application of composite materials currently under consideration is the preci-
sion segmented reflector, or PSR. The PSR is designed to be deployed in space for the pur-
pose of deep space observation. The overall diameter of such a reflector is expected to be
on the order of thirty meters. The tasks of manufacturing the reflector and of transporting it
into space are simplified by its segmented construction. Currently, each segment is expected
to be on the order of one meter in diameter and is hexagonal in planform. Once in space the
segments can be assembled to form the surface of the reflector. An artist’s rendition of a
deployed precision segmented reflector can be seen in Figure 1. The surface of the reflector
is to be protected from direct solar radiation by a sunshield, which in Figure 1 is being in-
stalled by two astronauts. As envisioned, the segments are to be constructed as symmetric

sandwiches of composite face sheets and honeycomb core joined by adhesive layers. A detail
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Figure 1. Artist’s Rendition of Precision Segmented Reflector (as traced from NASA picture
L-87-9643)

of the reflector construction is illustrated in Figure 2. Because of its intended use for deep
space observation, the PSR has strict requirements on reflector surface smoothness and
overall structural shape. Because the PSR will be protected from direct solar radiation and
the associated high temperatures and high temperature gradients that spacecraft normally
experience, the expected operating life is at least twenty years. During this time, despite the
low operating temperatures, the polymer-based composite materials in the reflector segments
may exhibit time-dependent material behavior. Because the stringent requirements on sur-

face smoothness and overall shape must be maintained throughout the entire life of the re-

Chapter 1 - Introduction and Background 2



Face Sheets

Adhesive

Honeycomb Core

Figure 2. Detail of the Construction of a Single Segment

flector, the time-dependent behavior of its constituent materials may adversely affect its
performance. Thus, the ability to quantify the amount of time-dependent behavior that a par-
ticular material exhibits, and to quantify the influence of that behavior on the reflector’s per-
formance, is a necessary design requirement. To meet this demand requires an analytical
tool which properly models the important material properties, dimensions and construction
features of a reflector segment. This tool, which can be used to predict the reflector’s re-
sponse to variances in the properties of all its constituent materials, can also be used to
screen candidate materials for potential use in the reflector. To be used as design tools, these
models should be simple and preferably would be found in closed-form rather than by nu-
merical techniques.

Presented in this thesis is the development of analytical models which can be used to
evaluate the influence of time-dependent material behavior on the performance of precision

segmented reflectors. Empirical data on the time-dependent behavior of materials represen-
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tative of reflector construction is also presented. Verification of the models is accomplished
by using this empirical data. Because surface smoothness is influenced more by microme-
chanic material issues than by the macromechanic behavior of the materials, it will not be
addressed within this thesis. The analysis and gathering of empirical data are directed more
toward understanding the factors that influence changes in the overall dimensions and the
shape of the segments. Although the analytical models do not represent the reflector seg-
ments as plates, they do incorporate the basic features of the symmetric sandwich con-
struction. Thus, the models are abie to predict the effect of time-dependent material behavior
on the overall response of the reflector segment.

Specifically, the analytical models are three-layer and five-layer symmetric sandwich
beam models. These beams represent strips of the hexagonal reflector segments. The five-
layer sandwich beam model takes into account not only the face sheets and honeycomb core,
but also the two layers of adhesive that bond them tog\ether. Although the five-layer model,
by including all three constituent materials individually, is a more accurate and complete
representation of the sandwich structure, the three-layer model is also important. The de-
velopment of the three-layer mode! provides insight into the solution techniques necessary to
develop the computationally more complicated five-layer model. Additionally, because of the
difficulty in isolating the time-dependent behavior, and for that matter, the static behavior, of
the honeycomb core from the adjacent adhesive layer, the three-layer model is a fair repre-
sentation of the sandwich construction when the combined properties of honeycomb and ad-
hesive are used as the core properties. Although in theory the reflector segments will
experience very little mechanical loads, slight loads resulting from manufacturing processes
and assembly may occur. Additionally, despite the relatiVely controlled thermal environment
of the reflector structure, there may be small temperature gradients both in the plane of the
reflector and through the thickness of the segment panels. Even though in practice the ex-
ternally applied mechanical loads and thermally-induced loads may be small, the models will
use these loads for the purpose of screening candidate materials for potential PSR use. A

simple mechanical loading case, three-point bending, is used to compare the predictions of
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the analytical models to the actual empirical data. Three-point bending of a beam is easily
performed in a laboratory and also has relatively simple boundary conditions; thus, it is an
ideal test case for the models and is potentially a good screening experiment for candidate
construction materials. To simulate any thermal lcadings, a linear temperature gradient
through the thickness of the sandwich is considered.

The chapters that follow develop the tools necessary to study the time-dependent be-
havior of sandwich beams. As with any beam analysis, many of the stresses are zero; this
simplifies the development of the models. The stresses which are zero are discussed in
Chapter 2. Additionally, the nomenclature and conventions used for both the three-layer and
five-layer beam models are introduced in Chapter 2. The steps used in developing the ana-
lytical models are also outlined in that chapter. The principle of stationary potential energy
is used for both models rather than an equilibrium approach; thus, the governing equations
and the associated boundary conditions are found for each model. The development begins
with kinematic assumptions, specifically the assumed displacement field. Because
honeycomb cores are quite soft in shear, and because the through-the-thickness shear
modulus of fiber-reinforced composites is much lower than the in-plane extensional modulus,
shear deformations are included in the displacement formulation. Once the displacement field
has been introduced, the principle of stationary potential energy is used to obtain the gov-
erning differential equations, or Euler equations, and the boundary conditions. The Euler
equations are then solved to yield the forms of the assumed displacements. The unknown
constants in the displacement functions are next found by applying the boundary conditions.
This, finally, is the static (elastic, as opposed to viscoelastic) solution. The next step in the
development of the model is to incorporate the time-dependent behavior of the materials.
This is done by using the correspondence principle of viscoelasticity. This principle is ex-
plained in greater detail later. Simple, representative cases of time-dependent behavior are
used for demonstrative purposes.

The third and fourth chapters both deal with the three-layer beam model. The develop-

ment of the three-layer model is outlined, step by step, in Chapter 3. Interesting numerical
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studies based on this model are presented in Chapter 4. For example, the effects on the
overall response of the beam due to varying material properties is shown. Comparisons of
the effects due to different material properties changing by an order of magnitude are used
to show to which material properties the model is most sensitive. This is important when
screening candidate materials. For example, if a particular candidate material has an elastic
property which is lower than in ofher candidate materials, or exhibits a high degree of time-
dependent behavior, but the response of the beam model is not very sensitive to that material
property, then the material may still be acceptable for use in the reflector structure. However,
if a candidate material has a material property that is only moderately time-dependent, but the
response of the beam is highly sensitive to that material property, then that material may not
meet the design requirements. In Chapter 4, the properties which are most important for
screening candidate materials, according to the three-layer model, are identified.

The purpose of Chapters 5 and 6 is similar to that of Chapters 3 and 4. In Chapters 5 and
6, the development of and some numerical results from the five-layer beam model are pre-
sented. The steps in the development are the same as for the three layer-model. However,
for the three-layer model the results could be found in closed-form. The five-layer model,
which is computationally more difficult, relies on a few intuitive steps to bring it to a form
which is useful. These steps are based on the work of the three-layer model and are sup-
ported by computational evidence which is presented in Appendix C. Once again, the nu-
merical results follow the development and are presented in Chapter 6. These numerical
results identify the material properties that are most important when screening candidate
materials according to the five-layer model.

Following the development of the models and their numerical results is an explanation
of the experimental procedures in Chapter 7. Here the special apparatus that were designed
for the tests are discussed. Not only were time-dependent three-point bending tests performed
on the sandwich beams, but also time-dependent tests were performed to determine the

time-dependent behavior of the independent constituent’s material properties.
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The results of the experimental work are discussed in Chapter 8. Simple time-dependent
models are fit to the experimental data acquired from testing the separate materials, and
these models are subsequently used with the three-layer analytical model to predict the
overall response of a sandwich beam subjected to three-point bending. These predictions are
compared to the experimental results of the sandwich beam in three-point bending. Finally,

observations, conclusions and recommendations for further work are discussed in Chapter 8.
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Chapter 2 - Nomenclature and Procedure for the

Development of the Models

The purpose of this chapter is two-fold. First, the nomenclature and geometry for the
three-layer and the five-layer sandwich beam models are introduced. Second, the analytical

approach used to study the time-dependent behavior of the models is outlined.

Nomenclature and Geometry of the Models

Schematics of both the three-layer and the five-layer sandwich beam models are depicted
in Figure 3. In both models, x is the coordinate coincident with the length of the beam. Also,
the coordinate through the thickness of both beams is z; in particular, the mid-thickness po-
sition of both beams is denoted by z=0. The width, or dimension in the y direction, for both
models is unity. As with all beam theories, the primary stress is the extensional stress in the
lengthwise direction, or o,. If shear deformations are considered important, as they are here,

the through-the-thickness shear stress, ., must be included in the analysis. The other four
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Figure 3. Three-Layer and Five-Layer Models

width
E Gy oyt face sheet
E; Gy o2 ! core Z
2h 2H
{
E| G a1ty face sheet
t y 2R | z?!
Three-Layer Model
unit |
width
B!
E, G a4ty face sheet
E,Gyop t, adhesive
) y
2h core -
E; G; o3 i 2H
E,Gyo; t; adhesive
E G a4t face sheet

Chapter 2 - Nomenclature and Procedure for the Development of the Models




stress components, a,, 0;, 74 and t,, are considered negligible and are set to zero. In sum-

mary,

o, #0 Ty 70 Oy =07 = Tyy =Ty, =0 . (2.1)

As a result, Hooke’s law reduces to
oy = Egy Tz = Ovyz . (2.2)

where ¢, is the extensional strain in the x direction and y. is the shear strain in the x-z plane,
or the through-the-thickness shear strain. Also, E represehts Young’s modulus in the x di-
rection and G is the shear modulus in the x-z plane. Although not explicitly shown in Equation
2.2, these material properties actually depend on z because they vary from layer to layer. If

thermal expansion effects are important, Hooke’s law becomes

T
oy = Eey — oy 2.3)
Txz = Grxg

where
oy = Ea, AT . (2.4)

In the previous equation, a, is the coefficient of thermal expansion of the material in the x di-
rection and AT is the temperature rise relative to some arbitrary reference temperature. As
before, these quantities depend on z; a, varies from layer to layer, and AT could be any func-
tion of z. For this work, a linear function of z is considered.

In both the three-layer and the five-layer beam models, the outermost layers are the face
sheets. These are, as currently envisioned, quasi-isotropic fiber-reinforced composite lami-
nates. The face sheets are modelled as single layers, rather than modelling the eight or more

layers that actually compose the face sheets.
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Three-Layer Sandwich Beam Model

As shown in Figure 3, the three-layer beam model includes only the face sheets and core, not
the adhesive layers which bond them together. The thickness of the adhesive layers can be
included in the three-layer model, but only as part of the core or face sheets. Material prop-
erties which are actually the combined properties of the adhesive and the core, or the adhe-
sive and the face sheets, can be used if the additional thickness of the adhesive layers is
added to the thickness of the core, or face sheets. For the three-layer beam model, the sub-
script “1” is used to denote material properties of the face sheets. The modulus of elasticity
in the x direction for the face sheets is E;, the shear modulus of the face sheets is G, and the
coefficient of thermal expansion is ay. {(Unlike standard notation associated with mechanics
of materials or mechanics of composite materials practice, the subscript "1” does not refer to
principal direction or fiber direction, but rather that the material property is of the face sheet.)
The thickness of each face sheet is represented by t,. The core properties are denoted by the
subscript "27; thus, the modulus of elasticity, shear modulus and the coefficient of thermal
expansion of the core are, respectively, E;, G; and «,. The total thickness of the core is 2h,
and the total thickness of the beam is 2(h + t;), or 2H. The material properties and geometries

are identified in Figure 3.

Five-Layer Sandwich Beam Model

The five-layer beam model, unlike the three-layer model, includes all three materials. Similar
to the three-layer beam model, the subscript "1” is used to represent the material properties
of the face sheets. Thus, E;, Gy and «, are the modulus of elasticity, shear modulus and co-
efficient of thermal expansion of the face sheets, respectively. The thickness of each face

sheets is t;. The properties of the adhesive layers are denoted by the subscript "2”; therefore,
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the modulus of elasticity is E;, the shear modulus is G; and «; is the coefficient of thermal ex-
pansion of the adhesive layers. The thickness of one adhesive layer is t,. The honeycomb
core has the properties E;, G; and a4, which are the modulus of elasticity, shear modulus and
coefficient of thermal expansion, respectively. The total thickness of the core is 2h, same as
for the three-layer beam model, and the total thickness of the beam is 2(h + t, + t;), or 2H.
These material properties and geometries can be seen in Figure 3. To make any meaningful
comparison between the two models, the quantity 2H must be the same for both models.
Thus, the thickness of the adhesive layers, which is modelled separately in the five-layer
model, should be included in the thickness of the face‘ sheets (1;) or in the thickness of the core

(2h) in the three-layer model.

Procedure for Development of Models

Now that the nomenclature and geometry for the two models have been introduced, the
procedure for the development of the models is outlined. The procedure for both models is
the same; only certain details vary. These details are covered in depth in Chapters 3 and 5.
Generally, the Euler equations and boundary conditions that govern the beam’s response to
mechanical and thermal loads are found by using the principle of stationary potential energy.
Then, these equations are solved and the boundary conditions applied to find the elastic sol-
ution. Finally, the correspondence principle of viscoelasticity is used to find the time-
dependent response of the beam. Because the correspondence principle of viscoelasticity is
so vital to the analytical models, it is discussed before the developmental procedure is out-

lined.

Chapter 2 - Nomenclature and Procedure for the Development of the Models 12



The Correspondence Principle of Viscoelasticity

Concisely stated, the correspondence principle of viscoelasticity is:

To find the stresses in and the deformation of a viscoelastic structure, replace E by
Q(s)

Ps)
viscoelastic function.[1]

and the ensuing functions are the Laplace transforms of the solution of the

Pés)) is the time-dependent modulus in Laplace domain. Although this state-
ment considers only the case where the modulus of elasticity is time dependent, any of the

The function

elastic material properties can be time dependent. For example, the shear modulus may vary
with time; the behavior of a fiber-reinforced polymer material in shear is polymer-dominated
and therefore more expected to exhibit time-dependence than the fiber-dominated extensional
behavior.

In general, to apply the correspondence principle, the solution to the elastic problem
must first be known. Next, any time-dependent material properties in the elastic solution must

Q(s)

be replaced by

P(s)
domain. (A load that is applied initially and kept constant, or even eventually removed, is

and any time-dependent loads must be replaced by the load in Laplace

considered to be time-dependent and has the form of a step function.) The result is the sol-
ution to the viscoelastic problem in the Laplace domain. Performing the inverse transform
function will yield the viscoelastic solution in the time domain. Because inversion must be
performed, it is important to have the material properties appear explicitly in the elastic sol-
ution. If the material properties do not appear explicitly, or appear in a complicated fashion,
performing the inverse transform may be prohibitively difficult. For example, consider the
case where a displacement is given by the function

- PL

AE (2.5)

where P is a load applied at time zero, L is a characteristic length, A is a characteristic area

and E is the modulus of the material. For simplicity, assume that the load P is applied at time
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zero and remains constant at magnitude P,; thus, its Laplace transform is P,/s.[2] If E is a

time-dependent quantity, then the time-dependent form of § is

e PoL
5t) = & {—A as) } . (2.6)
2 Bs)

which may in fact be relatively simple to find. However, if E is embedded deeply, as in the

function

Fec—P @2.7)

3
(VE + k)2

where ¢ and k are constants pertaining to the particular probiem, then finding an explicit ex-

pression for the time dependent form F{t),

F(t) = ft’"{ P } . (2.8)
Q(s)

s( Ps) + k)

Q(s
can be difficult, if not impossible, even if [P((s))

of the models, the elastic solution was developed with an eye towards the application of the

e

is a very simple function. In the formulation

correspondence principle without having to resort to numerical inversion techniques or nu-
merically integrating time-dependent equations. |

A common method of modelling the time dependent behavior of a material is to use dif-
ferent combinations of springs and dashpots to represent that behavior. Four simple
viscoelastic models are shown in Figure 4. A spring alone, shown in part a of Figure 4, re-
presents a perfectly elastic material. The strain of this spring is directly proportional to the
stress applied, and a perfect spring returns to its original undeformed position when the load

is removed. The behavior of a material symbolized by a spring can be written as

c = Ee . 2.9
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Figure 4. Simple Viscoelastic Models

where o is the stress, ¢ is the strain and E is the extensional modulus of the material. If the

stress and strain in question are shear stress and strain,

T = Gy (2.10)

where 7 is the shear stress, y is the shear strain and G is the shear modulus of the material.
For the remainder of the discussion of basic viscoelasticity, ¢ will represent either normal or
shear stress and ¢ will represent the corresponding strain.

A dashpot alone, shown in part b of Figure 4, represents a viscous liquid. For a dashpot
alone, the time derivative of the strain is directly proportional to the stress applied. The

constitutive behavior of a material symbolized by a dashpot is
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o= ne . (2.11)

However, a dashpot by itself is a poor representation of a solid; a dashpot can not respond
instantaneously to an applied load. A more realistic model of a solid material is shown in part
c of Figure 4. The spring and dashpot in series shown is sdmetimes called a Maxwell element
or a Maxwell fluid. In this case, the word "fluid” refers to its viscoelastic behavior and not its
elastic behavior. A Maxwell fluid is used to represent a material which responds instantane-
ously to an applied stress, like a solid, but then behaves like a quuid over time if the stress
is not removed because it is unable to resist deformation caused by that stress. The

constitutive equation for a material that behaves as a Maxwell fluid is
n . .
o + o= . (2.12)

The Maxwell fluid is one of the simplest time-dependent models that can be used to represent
a material. The spring in the Maxwell fluid model responds instantaneously to an applied
stress, and the dashpot ailows the strain of a Maxwell fluid to increase indefinitely as long as
the stress is present. This is characteristic of any viscoelastic fluid; the strain continues to
increase in the presence of a load. By contrast, the strain of a viscoelastic solid will, for a
stress which is applied for a sufficient length of time, eventually stop increasing and reach
some upper limit.

A spring and dashpot in parallel with each other is often referred to as a Kelvin element
or a Kelvin solid; however, because it does not respond instantaneously to an applied stress,
it is an unrealistic model of the behavior of a real solid material. The simplest realistic
viscoelastic solid (except for a free spring, which has no time-dependent behavior) is the
three-parameter solid. A three-parameter solid consists of a spring and dashpot in parallel,
i.e. a Kelvin solid, in series with another spring. This model is shown in part d of Figure 4.
The constitutive behavior of a three-parameter solid is governed by the following differential

equation:
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Eoc+Ey  Eg+Ey4 Eo + E;

i (2.13)

where E, is the modulus of the free spring, E; is the modulus of the spring in the Kelvin ele-
ment and », is the dashpot, or viscous, constant.

For the four models shown in Figure 4, the creep and recovery of each model is shown
in Figure 5. To each model a stress is applied at time zero. The stress is held constant for
a period of time and then removed. The time history of this stress is illustrated at the top right
of Figure 5. Below that, the resulting strains as a function of time are shown for each of the
four viscoelastic models represented. The free spring, shown in part a, has only a constant
strain in response to the constant stress. This strain is completely recovered when the stress
is removed. The free dashpot is shown in part b of Figure 5. It has no initial elastic response
to the stress and no recovery when the stress is removed. The Maxwell fluid of part ¢ com-
bines the instantaneous elastic response of the spring with the linear creep of a dashpot.
Additionally, the amount of recovery is only the initial elastic strain of the spring, ¢. The creep
and recovery behavior of a three-parameter solid, as shown in part d of Figure 5, is even more
complicated. Once again, there is an initial elastic response to the applied stress, but now the
transient, or time-dependent, strain is not linear with time. Once the load is removed, the in-
itial elastic strain, ¢, is recovered immediately, followed by a recovery period during which the
model recovers completely.

The constitutive behavior of a general viscoelastic model is governed by an equation of

the following form:

O+ P16 + Pgi + o + Pmo™ = Qoe + Qyi + QpE + . + Qe (2.14)

where o™ and ™ represent the m-th and n-th time-derivatives of ¢ and ¢, respectively. There
are certain physical limitations which restrict this equation. For example, the highest time-
derivative of strain must always be of either the same order or one higher than time-derivative

of the stress, that is,
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Figure 5. Creep and Recovery of Four Simple Viscoelastic Models
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n=m or n=m+1 . (2.15)

Also, information about the model can be gained by inspection of the constitutive equation.
As an example, for the viscoelastic model to have instantaneous response to an applied

stress, the highest derivatives of stress and strain must be of the same order, or

n=m — instantaneous response . (2.16)

if the coefficient of the strain, q,, is zero, the model is a viscoelastic fluid; if q, is nonzero, the

model is a viscoelastic solid:

go = 0 —  fluid

Qo#0 — solid (2.17)

The general constitutive equation of a viscoelastic model, Equation 2.14, can be trans-

formed to the Laplace domain. In Laplace form, Equation 2.14 is
(1+pys+ p252 + ..+ pmsm)E(s) = (o +a4S+ ... + qﬂs”)E(s) (2.18)

where &(s) is the Laplace transformation of the stress as a function of time and z(s) is the
Laplace transformation of the strain as a function of time. The polynomials which are the
coefficients of these terms can be replaced by the notation Q(s) and P(s), respectively. These

quantities are defined by the following:

P(s) = Zpis' . (2.19)

where p, is 1, and

Chapter 2 - Nomenclature and Procedure for the Development of the Models 19



n

Q(s) = Zqis‘ . (2.20)

=0

The ratio of these polynomials appeared in the quotation of the correspondence principle of

Q(s
—P((s; , is the viscoelastic modulus of a material in Laplace domain. Similarly,
is the viscoelastic compliance of a material in the Lapiace domain.

viscoelasticity;

the ratio Q)

The Development of the Models

The first step in the development of the three-layer and five-layer beam models is to as-
sume an allowable displacement field for each model. The displacement fields must properly
account fbr the deformation of each layer. Here each layer is assumed to have both exten-
sional and shear deformations, and to shear independently of the other layers. To account for
these deformations, lines in each layer that, when unloaded, are straight and normal to the
midsurface of each layer remain straight within the layer upon loading. However, for the dif-
ferent layers these lines rotate through different angles. The nomenclature for the angles is
different for the two models; thus, this is discussed in greater detail in the appropriate chap-
ters. Also, each layer displaces uniformly downward in the z direction by the same amount,
w. Specification of the displacement in the y direction, v, is not needed.

The second step in the development of the models is obtaining the strain fields. Once the
important components of the displacement fields are known, finding the strain fields is a

simple task. The pertinent strain-displacement relations are

e = QU
7 ax

= Ou | ow @21
Ta = 5 ox

Chapter 2 - Nomenclature and Procedure for the Development of the Models 20



Inspection of the previous equations reveals that, indeed, it was not necessary to make any
assumptions about the y direction displacement v as it does not appear in any of the needed
strains. Again, because the strain field for the three-layer model is different than that of the
five-layer model, each is presented in its appropriate chapter.

Third in the developmental procedure is to write the total potential energy, I, of the beam
for each model. For these models the total potential energy can be divided into two portions:
1, the internal strain energy; and I1", the potential energy caused by a load P* which is ap-
plied at a point x* along the length of the beam. Because of the interest in the three-point
bending response, only point loads will be considered. The first of these, the internal strain

energy, can be written as

1 T T T
I, = > J.J.J-v[(ox —oy)ex + (0y —ay)ey + (07 = 07)e; + Tya¥uz + Tuy¥xy + Tyz)’yz] dv

(2.22)

where V is the total volume of the beam.[2] This expression is simplified by the stress state,
given in Equation 2.1, which exists in the beam. Also, because the width of the beam is as-

sumed to be unity, the expression becomes

+H
n = —;— f j [(6x = oX)ex + TxgvagJdz dx (2.23)
L*Y—=H

where L* refers to the total length of the beam, 2H is the total thickness of the beam and o}
is given in Equation 2.4. If Hooke’s law, Equation 2.3, is used and it is recognized that the
material properties depend on z due to the layered nature of the beam, then Equation 2.23

becomes

1 +H
m = ?U_H [E@ex + G2 — E@a(@)AT@)eyJdzdx . (2.29)
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The second portion of the total potential energy of the beam is that caused by an ex-

ternally applied point load P*,or simply

n = —-pPwl, _ (2.25)

x*

where x” is the point of application of P* and w is the z-direction displacement at x".
Finally, the total potential energy of the beam, II, can be written as the sum of its com-

ponents, or
Mm=1II +II". (2.26)

The final form for the total potential energy in the beam, as employed in Chapters 3 and 5, is

n= %J'L fHH[E(z)si + G@)ye — E(2)a(2)AT@)e, Jdzdx — P'wl, _ .. (227

The next step in the development of the models is to apply the principle of stationary
potential energy. Because the final forms for the potential energy for the two models are quite
different, a general statement about the principle is made here and the details of application
are left to the appropriate chapters. In general, if the first variation of the total potential en-
ergy, oI1, exists, then setting 611 equal to zero is sufficient to ensure equilibrium. This step
yields the Euler equations and boundary conditions which govern static equilibrium of the
system.

Once the Euler equations have been found, the fifth step in the development of the models
is to solve the Euler equations. Solution of the equations for the unknown displacement
functions is covered in greater detail in Chapters 3 and 5. As an overview, the displacement
functions are assumed to have the form e’*; the eigenvalues J; are determined; and certain
relations betweevn the displacement functions are found which reduce the number of unknown

constants to the number of available boundary conditions.
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Figure 6. Equivalence of Simply Supported Beam In Three-Point Bending and Tip-Loaded
Cantilever Beam

The sixth step is to apply the boundary conditions. As mentioned previously, a three-
point bend test is considered a good candidate for a screening tool. Itis simple to understand
and can be performed in a laboratory. However, actually using the boundary conditions for
three-point bending for the analytical model complicates the solution more than necessary.
To represent three-point bending of a beam of length L which is loaded in the center by a point
load P and simply supported at both ends, the boundary conditions used are actually those
of a tip-loaded cantilever of length L/2 with load P/2. The equivalence of these two conditions
are shown in Figure 6. The similarities between the two situations are evident upon inspection

and henceforth, discussion will focus on the cantilever beam representation.
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Once the boundary conditions are applied, all of the unknown constants in the displace-
ment functions can be found. Some intuitive steps that are not needed in the
computationally-simpler three-layer model are necessary in the five-layer model to make the
form of the solution useful; these steps are supported by numerical evidence, and the need
for the simpler form, to effect the inversion of the Laplace transform, was previously explained
in the discussion of the correspondence principle of viscoelasticity. At this point, the elastic
problem is completely solved. The next and final step is to incorporate the time-dependent
material behavior into the response of the beam as predicted by the models. This final step
is accomplished by applying the correspondence principle of viscoelasticity. Recall the earlier
discussion of this principle; >it was stated that the material properties must appear explicitly
in the elastic solution to apply the correspondence principle in a simple fashion. As a result,
simple functions for the time-dependence of the material properties are chosen in Chapters
4 and 6 to demonstrate the use of the correspondence principle and to provide information
regarding the time-dependent behavior of the reflector segments. In Chapter 8, an attempt is
made to select time functions which closely match the material behavior as found by the ex-
periments.

In review, the steps for developing the three-layer and five-layer models are the same.
First, a displacement field is assumed. Next, the strain field is found by applying the strain-
displacement relations. Third, the total potential energy is written using these strains. Ap-
plication of the principle of stationary potential energy is the fourth step; it yields the Euler
equations and boundary conditions which govern the problem. Then, the fifth and sixth steps
are to solve the Euler equations for the form of the displacement functions and to find the
unknown constants in these functions by applying the boundary conditions. Finally, the cor-
respondence principle of viscoelasticity is used to reveal the time-dependent solution.

The next chapter focuses on these steps for the three-layer beam model.
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Chapter 3 - Development of the Three-Layer

Sandwich Beam Model

Before the more complicated five-layer beam model was attempted, a three-layer beam
model was studied. The computationally simpler three-layer model yielded insight into the
solution and the solution techniques for the five-layer model. Also, because the adhesive
layers on the actual structure are quite thin, the three layer model can be considered some-
what representative of the sandwich reflector segments. Additionally, because of the difficulty
of measuring the material properties of only the honeycomb core, an argument can be made
for using the effective or combined material properties of the honeycomb material and the

adhesive as the material properties of the core.

Displacement Field

The displacement field for the three-layer model must properly account for the contrib-

ution that the face sheets and the honeycomb core make toward the overall response of the
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Figure 7. Displacement Field of the Three-Layer Sandwich Beam Model

sandwich beam. As explained iﬁ Chapter 2, each layer is assumed to have both extensional
and shear deformations, and to shear independently of the other layers. Thus, each point in
each layer displaces an amount u°(x) in the x direction due to the midsurface displacement
u°(x) and an amount which depends on the rotation angle, either ¢(x) for the core or y(x) for
the face sheets. Also, each layer displaces uniformly downward in the z direction an amount
w°(x). Because the model is a beam, the displacements in the x and z directions are not de-
pendent on y. The x-direction displacements, along with the geometry and material properties

for each layer, are shown in Figure 7. Thus, the displacement field in the x-z plane is

u’(x) + hé(x) — Z+hW(x) (-H<z<-h)
u(x,2) = ul(x) — z$(x) (—h<z<+h)
W00 = hé() — @=N(x) (+h<zZ<+H) &1

w(x,2) =w(x),all z.
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Because the z displacement, w, is only a function of x, the notation we°(x) will be replaced by

w(x) hereafter. Additionally, u(x) will replace u°(x).

Strain Field

Applying the strain-displacement relations as given in Equation 2.21 to the assumed dis- '

placement field to find the strain components ¢, and y. yields

du d¢ dy dw
ax TP g — @5 —y+- (-Hs<z=-h)

= du ﬂ _ dw_

%= ax % 7ax ve=< — ¢+ - (-hsz<+h) (2
ax " Nax T -V +4 (+h<z<+H) .

These strains are needed in the total potential energy expression.

Principle of Stationary Potential Energy

In general, to apply the principle of stationary potential energy, the first variation of the
total potential energy is set equal to zero. The resulting equation or equations, called the
Euler equations, and boundary conditions ensure equilibrium and govern the response of the
system. For the three-layer beam model, there are four degrees of freedom: the displace-
ments u, w, ¢ and . Therefore, four equations and four sets of boundary conditions resuit
from applying the principle. Specifically, for the three-layer beam model, the total potential

energy must first be written as a functional of the functions u(x), ¥(x), ¢(x) and w(x). The first
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variation of the total potential energy is taken and integration by parts is used. The governing
conditions then follow.
The expression for the total potential energy of the beam is given by Equation 2.27, and

is repeated here for convenience:

+H
1 2 2 .
In= —Z—IL..[ . [E(z)ex + G(2)yxz — E(z)a(z)AT(z)sx]dzdx - P wlx - X (3.3)
The integral over the limits z = -H to z = +H, through the thickness of the beam, can be

logically separated into three integrals, one for each layer. Doing this, the material properties
E, G and « become constant within each integral. Also, a thermal gradient which is linear in

z will be considered; the gradient is assumed {o have the form
AT = a + bz , (3.4)

where a and b are constants. With this formulation, the temperature of the geometric
midplane of the beam is denoted by the constant a. The total potential energy can be rewrit-

ten, and is

-n
= lf J [5155 + Gy, — Eyaq(a+ bz)sx]dz
2 L' _H

+h
+ .[ [E262 + GpvZ; — Ejay(a + b2)e, Joz (3.5)
-h
+H
2 2 -
+ j [Ere2 + Giy%p — Exay(a+ bz)ex]dz}dx -Pwl _ ..
+h

By substituting the appropriate expressions for the strains ¢, and y. from Equation 3.2 and

performing the z integration, the following expression for the total potential energy is obtained:
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= fﬁ{(%‘j—)z(sm + Eh) + (%)2[#(541 + %Em)]
() (40 (oo () (2 e

+ 4G + ¥EGt) + ¥ (D )(-26,t) + 6( L2 )(—26,)
+ —-a(%;‘:—)(E,a1t1 + Ejaph) + b(%)[aa,(%htf + %t?)]
+ b(%:—)l:E1a1(h2t1 + %mf) + E2a2<—%—h3>]}dx -Pwl, _ .

(3.6)

This expression for the total potential energy is in the functional form necessary for applying
the principle of stationary potential energy.

To simplify the previous expression for potential energy, allow u’ to represent the first

du

derivative of u with respect to x, or ax '

¢’ to represent the first derivative of ¢ with respect

to x and so on. The expression for the total potential energy can be rewritten as

= L[cg(u')2 @) + )W) + ) + (e + W)’

+ %cnbz + %Cmﬁz — ¥ (W) — Cob(W')

+ NJ(U) + ML) + M;(¢')] dx

3.7)

'_P.WIX=x. v

where the constants ¢, i=0,1,3,6,7,9, and N, M] and M] are as follows:
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Co = E1t1 + E2h

¢y = h2(E1t1 +—;—E2h)

¢y = Eqht?
A 3
CG = —3_5111
C7 = 2G1t1
(3.8)
Cg = 2G,h
NI = —a(E1(11t'1 + E2’12h)
ML = b Ejart,(h? + —hty) + Eyaph( —h?
6= 1344 7 M )+ Eaxh| 3
The first variation of the total potential energy I is of the form
_an ., adn , , oIl ,, aIl ., ol aIl oIl
oIl = 3’ ou’ + 36’ o’ + o oy +—6w’ ow' + 36 o + e oy + ow ow .
(3.9)
Applying this form to the last expression for the total potential energy yields
ST = J' { [2c0(u) + NjJou’
Lt
+ [cr(W' — ¥) + cgW' — ¢)]ow’
’ , T ’
+ [264(") + c3(¥") + M )69 (3.10)

+ [ca(d) + 2c6(¥") + M6y
+ [cr(y — w)18y + [co(¢ — W)16¢}dx

- P’éwlx -

Portions of the integrand in this expression can be integrated by parts. Integration by parts

has the general form
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B 8 B
f udv = uvl, —J- vdu . (3.11)
A A

As an example of the application of integration by parts, consider a portion of the previous

integral,

J.'[%o(g—:) + NI]&‘;—‘; dx . (3.12)

Applying Equation 3.11 to this integral, where

= du T
U= 2c0( dx ) + Ny
2
du = 2co<-—‘2’)dx
dx (3.13)
V = éu
and
_ sdu
dv = 4 ax dx ,

yields

x=0

J"[zc"(%) * NI:I‘S%:— dx = {[2%(3—:) + Nﬁ:lau}

2
- 2c0<-d—g— éudx .
L dx

The first term on the right side of the previous equation reflects the fact that a cantilever beam

(3.14)

with its root at x=0 and its free end at x = L/2 is being considered. This procedure can be
repeated on the portions of the integrand that are products invoiving é¢’, 6y’ and éw’. Doing

this, the previous expression for the first variation of potential energy becomes
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Because the variation of each kinematic variable is independent of the others, for the entire

expression SI1 to be zero, the individual coefficients of du, 6¢, dy and dw within the integral

must each be equal to zero. These individual coefficients are the Euler equations for the

three-layer beam model. They are:

(3.16)

Also, each of the other expressions must be zero on an individual basis. These expressions

are the boundary conditions for the three-layer beam model.
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cantilever beam boundary conditions, the load P* will be assumed to be applied at the free
end of the beam. Thus P* appears in the boundary conditions. For this situation, x* is L/2.

From this, the boundary conditions are

du
dx
d d
L201(%) + cg(?;é-) + M;:léqs =0
- 347
" @.17)
“dx

c3<%(:;> + 2c6( ) + MZ,,-Jéd/ =0

F(C7 + Cg)(‘gi) - C7',b - Cg(f) - P'](SW =0

X

-

at both ends of the beam, except that in the last equation, it is understood that P* is applied
at the appropriate end of the beam and not both.

Notice that each boundary condition can be satisfied when either the first variation of the
kinematic variables is zero (in other words, the value of the kinematic variable at the end in
consideration is kﬁown or given), or the coefficient of the first variation of the kinematic
variable (the bracketed term) is zero. Therefore, another way of expressing the boundary

conditions is to say that at both ends of the beam,

either

ZCO(%) +NI=0 or u=u'

and either
d¢ dy T .
2C1<F)+C3(—d—x')+M¢—0 or. ¢ =9

and either

cg(%%->+2cs(—dd%)+Ml=0 or Y =y"

and either

(c; + cg)(%\;(—v-) —CYy —Cgp =P or w=w

(3.18)

The quantities u*, ¢", y* and w" are the known values of the displacement variables.

Chapter 3 - Development of the Three-Layer Sandwich Beam Model 33



Solution of Euler Equations for Displacement Functions

To review briefly before proceeding, an assumed displacement field was used to find the
strain field for the three-layer model. These strains, along with an externally applied load and
linear thermal gradient, were used to find the total potential energy, Il, of the beam. The
principle of stationary potential energy, when applied to I, yielded four Euler equations and
four boundary conditions for the model. Now, the four Euler equations, which are simply four
coupled ordinary differential equations, will be solved for the displacement functions. These
functions will still contain unknown constants which will later be determined by applying spe-
cific boundary conditions to the problem. First, the solution of the Euler equations will be

presented.

Solution for u(x)

First, notice that the function u(x) is decoupled from the rest of the problem because it -
appears alone in only one Euler equation and one boundary condition. The solution for u(x)

from its equation,

dzu
2| — ] = 0 , (3.19)
°( dx2>

must necessarily be a linear function of x, specifically,
U(X) = U1X + UU , (320)

where u, and u, are constants of integration. Because the interest here will focus on studying
the time-dependent out-of-plane response of the sandwich beams, w{x), the solution to u(x)

will not be discussed further.
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Solution for w(x), ¥(x) and ¢(x)

Referring to Equation 3.16, the solution for the remaining functions w(x), ¢(x) and {x) can
be seen to involve only the last three equations, which are coupled. To find this portion of the

beam’s response, assume a solution of the form

w(x) = we™
$(x) = fe™ (3.21)
b(x) = se™

where Z is unknown and f, s and w are constants which are yet to be determined. These as-

sumed functions can be substituted into the three remaining Euler equations. Doing so yields

(20442 = cg) (c34?) (CoA) (o’ 0
(c32?) (2c522 —¢;) (€1 se™d = {0} . (3.22)
(co?) (c;4) — 22(c; + o) | | we™ 0

This set of equations has a non-trivial solution only when the determinant of the matrix has

been forced to be zero, or

(2c1}.2 - Cg) (c3}.2) (cgl)
() (2ept®—c) (Y =0. (3.23)
(co?) (1) — 2%(c7 + ¢)

Finding the conditions under which the determinant is zero can be accomplished by finding

the roots of the sixth order polynomial

/16(4c1c5 - cg)(c7 + Cg) — 14(2C7Cg)(c1 + ¢c3 + ¢cg) =0 . (3.24)

Equation 3.24 is satisfied when four of the roots are zero, or 1, = 4, = /3, = 2, = 0, and the

remaining roots are
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2c,C4(Cy +Ca+C
s = _,16=\/ 7Co(Cs + G 63 . (3.25)
(c7 + cg)(dcycq — C3)

Henceforth, the symbol 1 will represent

2C+Cq(Cy + Ca3 + €
,1=\/ 1C(C1 + 5 52 . (3.26)
(c7 + cg)(4cqcq — C3)

With six roots to Equation 3.24, the solution, previously shown in Equation 3.21, can be written

as

W(X) = W + WX° + WiX + wy + wse™ + wge ™

¢(X) = f3X3 + f2X2 + f1x + fo + fse).x + fae_;.x (327)
y(x) = s3x3 + s2><2 + 54X + 59 + sse)"‘ + sse"l" .

Because the determinant of Equation 3.23 is zero, a relationship exists among the eighteen
constants w;, s; and fi. In particular, any two of the last three equations in Equation 3.16 can

be used to find fs and fs, and ss and ss, in terms of ws and ws. Using the second and third

portions of Equation 3.16, and defining

fs = A5W5 Sg = BsWs

fs = ASWG 55 = BGWG ! (328)
the constants As, As, Bs and Bg can be found. They are
A(cy + 2¢c6)(c; + Cg)
AS = "'AB =
[cr(2cy + €53) — co(c5 + 2c4)] (3.29)
— A(2cy + c3)(c7 + Co) '
Bs = - Bs =

[c(2cy + c3) — cg(c3 + 2cq)]

For each repeated zero root, 4, =1, = 4; = A(=0, a different approach must be used to find
relationships between the f, s, and w, terms. That approach is detailed next.
Consider the portion of the solution which contains only the four repeated roots of zero.

This portion of the solution can be expressed as
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w(x) = w:;x3 + w2x2 + wWyX + Wy
$(x) = B + (X + fix + fy (3.30)

Y(x) = s3x3 + szxz + s4X + sg .

When these functions are substituted into the three Euler equations under consideration, given

in Equation 3.16, the relationships between w,, f, and s, can be found. Substitution leads to

2¢4(6f3x + 2f;) + C5(6sy%x + 25,) + cg(3w3x2 + 2WoX + Wy — f3x3 - r2x2 —fix— fo) =0

Ca(Bfax + 26;) + 2cg(6s5% + 25,) + c7(3wax’ + 2wyx + wy)

(3.31)
—c7(s5° + 57 + 5y +59) = 0
c7(353 + 25,% +51) + g(3fpx% + 20x + y) — (C7 + Co)(BWX + 2Wy) = O .
The first of these equations can be rewritten as
x3(—f3) + x°cg(Bwa — fp) + X'[12¢4fy + 6Cy55 + Co(2Wy — ;)] 632
+ X0[4C1 f2 + 2C352 + CQ(W1 - fo)] =0 \
the second as
X3( -_— 53) + X2C7(3W3 — 52) + )(1 [6C3f3 + 12C653 + C7(2W2 - 51)] (3 33)
+ xo[2C3f2 + 4C6$2 + C7(W1 - So)] =0 -
and the third as
2 1
x“[3(c753 + Cof3)] + x'{2[Cys; + Cofy — 3(C7 + Co)W3]} (3.34)

+ XO[C7S1 + Cgf1 - 2W2(C7 + Cg)] =0 .

Because these three equations must be satisfied anywhere along the length of the beam, the
choice of x is arbitrary. Thus, to ensure that each equation is identically equal to zero ev-
erywhere, the coefficient of each power of x in each equation must be zero. Inspection of the

coefficients of the cubic terms in Equations 3.32 and 3.33 reveals that
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fa =853=0 . 3.35
3 3

Inspection of the coefficients of the x? terms in the same equations reveals that
1 1
W3 = ? f2 = "3— 32 . (335)

Substitution of these relationships into the coefficient of the linear x term in Equation 3.34 is
sufficient to verify these relationships; this coefficient is identically equal to zero when these
relationships are true. The same is true for the coefficient of x? in Equation 3.34; it is identically
zero if both f; and s; are zero. Inspection of the coefficients of the linear x terms in Equations

3.32 and 3.33 reveal relationships similar to those given by Equation 3.35, namely
1 1
W2 = ?ﬁ = ?SA‘ . (337)

Once again, these can be verified by substituting the relationships of Equation 3.37 into the
constant (x° term in Equation 3.34; the result is simply zero. By substituting the relationships
of Equation 3.36 for the terms in Equations 3.32 and 3.33 and by algebraically manipulating the

results, the following relations can be found:

6(2cy + C3)
+ c—g

Ws (3.38)

and

6(cqy + 2¢
w, + Segt2c) |,
1 c7

, (3.39)

Using the results given by Equations 3.35-39, the portion of the solution from the four repeated

eigenvalues of zero, originally shown in Equation 3.30, can be rewritten as
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w(x) = w3x3 + w2x2 + WX+ wy

2 6(2cy + Ca)
d)(X) = 3W3X + 2W2X + [W1 + —cg—'Wa] (340)
6(c, + 2C
Y(x) = 3w3x2 + 2wox + [wy + —(3—07—slw3]

Thus, the entire solution for w(x), ¢(x) and (x) can be written as a function of six unknown

constants and is

Wx) = wax® + wox? + wax + Wg + wse™ + wge ™
6(2¢4 + ¢y) . -

d)()() S 3W3X2 + 2W2X + [W«‘ + ——Lg 3 W3] + WsAse)‘x + WBAGe Ax (341)
6(cy + 2C _

1,0()() = 3W3X2 + 2W2X + [W1 + M‘W3] + WsBseAx + WsBse X

C7

Notice that the e‘* and e~* terms in this solution can be combined to form hyperbolic sine and

hyperbolic cosine terms using the following identities:

Ax -Ax
sinh(Jx) = = —-2e
(3.42)
e)x + e—).x
cosh(ix) = 2
Thus, the solution as shown in Equation 3.41 can be rewritten as
w(x) = w3x3 + w2x2 + WyX + Wy + Ws sinh(ix) + wgcosh(ix)
2 6(2cy +cy) )
P(x) = 3wax® + 2wox + [wy + Twﬂ + wsgAg cosh(2x) + wgAg sinh(1x)
2 6(C3 + 2C6) .
Y(x) = 3wax® + 2wox + [wy + c—7w3] + wsBg cosh(Ax) + wgBg sinh(ix)
(3.43)

where ws and wg now represent different unknown quantities than they did in Equation 3.41.
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Application of Boundary Conditions

All that remains is to find these six unknown constants by applying the boundary condi-
tions. As previously discussed, a cantilever beam with its root at x=0 and its free end tip-
loaded at x=1L/2 is being considered. The load on the free end, previously denoted by P*, is

P/2. Thus, the boundary conditions for this beam are

atx =0: atx = -%—:
w=0 2c,(%)+c3(%)+M;=o
4 " (3.44)
$=0 Ca(‘T)+2Cs(‘&‘)+M$=0
y =0 (C7+C9)(%—¥) — G — Cgp = ';;

When the solution shown in Equation 3.43 is substituted into these boundary conditions,
the result is a system of six equations and six unknowns. By examining the first and last
boundary conditions independently, these can be reduced to a system of four equations and

four unknowns. First, examine the last of the boundary conditions, or

atx= = (c,+cg)(‘;—“:)-c,¢—cg¢= = (3.45)

After substitution of Equation 3.43, this becomes

[A(c; + cg) — Agcg — Bscﬂ(ws cosh —';L + wg sinh -)—2L—) —12(cy +Cc3 + Cglwy =

P
> -

(3.46)

When the expressions for Ay and Bs as given in Equation 3.29 are substituted into Equation

3.46, it reduces to
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— 12(C1 + Cy + CG)W3 = %

The constant w; is therefore given by

- P

Wq =
37 24(cy + ¢y + Cp)

By examining the first boundary condition, or

atx=0: w=20.

(3.47)

(3.48)

(3.49)

and substituting the expression for w(x) from Equation 3.43, the identity

WO = _WG

(3.50)

becomes apparent. These results can be used in the remaining four boundary conditions to

reduce the number of unknowns to four. Once the appropriate substitutions are made, those

boundary conditions result in these four equations:

+ A P(2C1 + C3)

w w =

L 576 4C9(C1 + Ca + Ce)
P(c, + 2¢

Wy + W586 = ( 3 6)

4C7(C1 + Ca + CG)

25(20, + Cg) + A(Ws Sinh 2=+ wg cosh 2= )(20,Ag + CaBlg) = -

2

2w, (c3 + 2¢g) + A(ws sinh AL + wg cosh )—‘,,_L— J(CaAg + 2CgBg) = —

2

PL(2cy + C
M; + (2cq +c3)
8(01 + Cq + CG)

PL(cy + 2¢
ML*‘ (c3 6)
8(C1 + Cy+ CG)

(3.51)

These four equations can then be solved simultaneously to find the solutions to w,, w,, ws and

ws. At this point, two more expressions are introduced to simplify the solution. They are

R1 = 201 + C3
Rz = C3 + 2C6

Chapter 3 - Development of the Three-Layer Sandwich Beam Model

(3.52)

41



Using these expressions, once the four equations in Equation 3.51 are solved, the constants

Wg, Wi, Wz, W3, Ws and wg can be written as

_p
Y3 = 2R, + Ry

T T

_ pL Mg + M)

2 8(Ry + Ry) 2(Ry + Ry)

: 2 2
P RY R2
Wo= "3\ T
2Ry + Ry? \ © 7

) (3.53)
5= -
2c;¢94(C7 + Co)(Ry + F22)2
T T
(MyR1 = MZR;)(c/R; — coRy)

WS = "'Ws - .

C;Cq Sinh%(R1 + R2)2
WO = "'We

Thus, the response of a three-layer shear-deformable sandwich beam to a mechanical load
and through-the-thickness thermal gradient can be written as a third-order polynomial with
additional hyperbolic sinusoidal terms.

A comparison of this model to the strength of materials solution for a tip-loaded cantilever
is enlightening. Examine only the portion of the solution to the mechanical load P/2; in other

words, let the thermal gradient be zero, or

T T
Mg = My =0 . (3.54)

Of particular interest are the cubic and quadratic terms in the model’s expression for w(x) as
given by Equation 3.41. The strength of materials solution, w,.m(x), for a tip-loaded cantilever

beam of length L/2 and load P/2 is

_ =P (3 _ 3,2
Wsom(X) = 12E] (x 2 Lx> . (3.55)

In strength of materials model for a sandwich beam, the quantity El that appears in the pre-

vious equation is replaced by the effective El for a sandwich beam. Using the same material
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property and geometry nomenclature being used in the three-layer sandwich beam model, the

effective EI for the sandwich beam is

2t} 2 2h?
Ele" = E1t1 —3_ + 2ht1 + 2h + Ezh '3— . (356)

Thus, the strength of materials solution for the deflection becomes

—Px>

t? 2 h?

2

Wsom(X) =

(3.57)
PLx

5 2 h?

Now examine the cubic and quadratic terms of the three-layer model developed in this chap-

ter. The cubic and quadratic portion of the solution is

3 2

—Px PLx
Woat®) = R, 4Ry T BR, + Ry

(3.58)

By substituting the expressions that Ry and R; represent in terms of the material properties

{see Equations 3.8 and 3.52 for details), this partial solution becomes

-

tj 2 h?

PLx?
3 2
16[E,t1(—31— + hty + h2) + Egh(-bs—):|

This is identical to the strength of materials solution. Recall from Equation 3.8 that the shear

Wpart(X) =

(3.59)

moduli Gy and G; only appear in the constants ¢; and c,. Notice that these constants do not

appear in the cubic or quadratic terms, but do appear in all of the remaining terms, or
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Wo, Wy, Ws and wg. Thus, the model developed in this chapter is the same as the strength of
materials solution with additional terms which account for the shear deformations of the indi-

.vidual layers. Thus defining

Wshear(X) = WX + wg + Wsgsinh ix + wgcosh ix |, (3.60)
the three-layer sandwich beam model can be written as
Wmodel(X) = Wsom(X) + Wsnear(X) . (3.61)

Although the application of the correspondence principle of viscoelasticity was included
in Chapter 2 as one of the steps in the development of the model, and should therefore be
addressed here in Chapter 3, it is not be addressed until Chapter 4. In Chapter 4, values
representative of actual candidate materials properties and geometries are used in the
three-layer beam model. It is shown later that some terms in the solution (as given by
Equations 3.43 and 3.53) are small enough in comparison to the other terms in the solution that
they can be excluded. This makes the application of the correspondence principle more
straightforward, which is a stated goal of this work.

The development of the three-layer model is now complete. The next chapter focuses

on numerical results based on the model.
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Chapter 4 - The Three-Layer Sandwich Beam

Model: Numerical Results

Before using the three-layer beam model with the correspondence principle to obtain a
time-dependent beam model, the elastic beam model can be used to determine the sensitivity
of the beam response to the different material properties. These sensitivity studies are used
to determine how the reduction of the elastic moduli (both extensional and shear) of the face
sheet and core influence increases in beam deflection. These results can be used then to
estimate how sensitive the time-dependent behavior of the beam is to the time-dependent
behavior of the constituents. Reducing the elastic moduli in the static elastic model should
give a reasonable estimate of the magnitude of the effect of the time-dependent moduli re-
duction in the viscoelastic model. Substituting reduced material properties into the elastic
model and claiming the result represents the viscoelastic response is wrong; however, the
sensitivity of the response of the beam 1o various material properties is expected to be similar
for the viscoelastic case and the elastic case. Material properties and geometries represen-
tative of candidate materials will be substituted into the model and the elastic sensitivity

studies performed. First, an introduction to the candidate materials is in order.
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Materials and Material Properties

Two different material systems are used for the representative material properties. First,
a composite material system is considered. This consists of fiber-reinforced quasi-isotropic
face sheets and composite honeycomb material for the core. Specifically, the face sheets are
Astroquartz-155 (a fiber-reinforced polymer composite made by Hexcel) unidirectional laminae
-in a quasi-isotropic stacking sequence and the core is a glass-imide honeycomb produced by
Hexcel, specifically HRH 327. The second system under consideration is an aluminum beam
with the same thicknesses as the composite. The face sheets are aluminum and the core is
an aluminum honeycomb. The purpose of using an aluminum beam is to give "baseline”
values for comparison; aluminum is a fairly common engineering material and thus the nu-
merical results may have greater intuitive meaning. The thickness of the aluminum face
sheets and the honeycomb core are restricted to be the same thicknesses as the composite
face sheets and the honeycomb core respectively. The material properties for both systems
are presented in Table 1. The material properties of aluminum are widely available in
standard engineering references. The extensional moduli of the aluminum and composite
honeycomb cores is estimated based on the behavior of unreinforced honeycomb. The shear
modulus of the aluminum honeycomb core is taken from published values, as is the shear
modulus of the composite honeycomb.[3] The determination of the coefficient of thermal ex-
pansion of the aluminum honeycomb core is shown in Appendix A. The extensional modulus
of the composite face sheet material is an average of experimentally determined and pub-
lished values; the shear modulus is estimated by using the formula for calculating shear
modulus of an isotropic material using 0.3 as Poisson’s ratio. The coefficient of thermal ex-
pansion of the quasi-isotropic quartz-epoxy face sheets is determined experimentally and the
coefficient of thermal expansion of the composite honeycomb is an estimate. The thickness
t, of both models is the thickness of the composite face sheet, and the thickness h for both

models is the half-thickness of the glass-imide honeycomb plus one layer of film adhesive.
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{This allows direct comparison of the three-layer beam model to the five-layer beam model,

which is to be developed in Chapter 5 and studied in Chapter 6.)

Table 1. Nominal Material Properties and Geometries for Three-Layer Model

Aluminum Beam

Face Sheets Honeycomb Core

E; = 10EB psi E; = 1E3 psi
G, = 3.85E6 psi G, = 68E3 psi
t =004 in h = 0.255 in
a = 1366 o x = 13E-6

Composite Beam

Face Sheets : Honeycomb Core
E, = 2.5E6 psi E; = 1E3 psi
G, = 0.96E6 psi G; = 29E3 psi
t =004 in h = 0.255in
1 1
oy = SE-SO—F' a; = 1.5E-6 oF

Sensitivity Studies

In order to more completely understand which material properties have the greatest ef-
fect on the response of the three-layer beam model, the response to the mechanical load and
the response to the thermal gradient are studied individually. The responses of both the alu-

minum material system and the composite material system beams are studied for both cases.
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To study the sensitivity, a particular material property is decreased by a factor of ten relative
to its nominal value. Thus, to study the sensitivity of the aluminum beam to the shear modulus
of its face sheet, the value 3.85E5 (psi) is used for G, rather than the nominal value 3.85E6 (psi)
as given in Table 1. Also, the sensitivity to reduced layer thicknesses is studied. Like the
material property, the thickness of a given material is reduced by a factor of ten to determine
the sensitivity of the response to that thickness.

The sensitivity of the response of the beam model to a particular material property being
changed is normalized with respect to the response of a beam with the nominal material
properties as given in Table 1. Specifically, tip-deflection is used to study the response of the
beam. Thus, the sensitivity is

Sensitivity = 4.1)
For example, a number "two” reported for the sensitivity of the beam to a reduction in a given

material property would signify that the tip deflection of a beam with the reduced material

property is twice that of the tip deflection of a beam with the nominal material properties.

Mechanical Load

The response of the three-layer beam model to a mechanical load only can be extracted

from Equations 3.43 and 3.53, and is
w(x) = w:,,x3 + w2x2 + WX + Wp + wgsinh Ax + wgcosh x| (4.2)

where
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-P

Y3 = 2R, + Ry
PL
Y2 = 3R, + Ry
2 2
" = ;( R, Ez_)
. =
2R, + R2)2 Cq Cs (4.3)
We = —P(c7Ry = CgRy)?
5 =
2C7C9}.(C7 + Cg)(R1 + R2)2
Wo = Ws

The constants R, and ¢; are defined in Equation 3.52 and 3.8 respectively. To find the tip de-

flection, x = % can be substituted into Equation 4.2. The tip deflection is

2 2
L ) pL3 PL R1 R
Wy = Wl = ) = + — + =
tip ( 2 48(R1 + Rz) 4(R1 + R2)2 ( Cg C7
_ P(c7Ry — CgRy)? (1 _ e——‘;L)

2c,cgl(c; + Cg)(Ry + R2)2

(4.4)

The numerical results of the sensitivity studies for the mechanical load are reported in
Table 2 and Table 3 for the aluminum beam and the composite beam respectively. The left
column of each two-column table indicates which material property or thickness value is re-
duced by a factor of ten. The right column is the value of Equation 4.1 for that particular case.
The greatest sensitivity to a single reduction is, for both cases, when h, the half-thickness
of the core, is reduced. This could be expected because of the nature of a sandwich beam;
when the face sheets are close to each other, the sandwich beam is not as stiff as it would
be were the face sheets further apart. Thus, there is a great sensitivity to the thickness h.
The next two greatest sensitivities to individual reductions for both cases are to the
thickness of the face sheets, t, and the modulus of elasticity, E;, of the face sheets. This also
is expected due to the nature of a sandwich beam; the face sheets provide the greatest re-
sistance to bending. Reduce the stiffness or thickness of the face sheets and consequently

the resistance to bending is reduced.
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Table 2. Sensitivity of Three-Layer Aluminum Beam - Mechanical Load

Reduced Variable Sensitivity
NONE ' 1.000
Ei 8.033
G, 1.003
t 9.213
E, 1.000
G 2.892
h 27.614
ALL 7848.78

The response of the beam is also sensitive to a reduction in the shear modulus of the
core, G,. Like the web of an I-beam, the core of a sandwich beam should provide the primary
resistance to shear loads. Thus, a reduction in the shear modulus would be expected to cause
a substantial increase in deflection.

The response of the three-layer beam model seems virtually unaffected by reductions of
the shear modulus of the face sheets, G,, and the modulus of elasticity of the core, E;. Thus,
when the viscoelastic response of the beam is developed, the emphasis is on the response

of the beam to the time-dependency of E; and G,.

Thermal Gradient

The response of the three-layer beam model to the thermal gradient in the absence of

an applied mechanical load, i.e. P=0, can be extracted from Equations 3.43 and 3.53 and is
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Table 3. Sensitivity of Three-Layer Composite Beam - Mechanical Load

Reduced Variable Sensitivity
NONE 1.000
E, 8.680
G, 1.002
t 9.946
E. 1.001
G, 2.232
h 30.027
ALL 8603.04
w(x) = w2x2 + wgp + wgcosh ix , (4.5)
where
T T
My, + M)
2= T 3R, + Ry
T T
(MyRy = M4R,)(c7Ry — cgRy) (4.6)
Ws = -

C;Cg Sinh L'2L—(R1 + R2)2
Wop = —Wg

The effective thermal moments M} and M} are defined in Equation 3.8. The tip deflection is

found by substituting % for x in Equation 4.5, and is

T T\ 2 T T
(Mg + ML (MJRs = MgR,)(c7Ry — coRy) ( AL

Wip = W(5-) = — . T
2 8(Ry + Ryp) C7C9 sinh%(& + R2)2 :

(4.7)
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Although Equation 4.7 is an explicit expression for the tip deflection, substituting the values
of the material properties, thicknesses and length into it may now present a problem. For both

the aluminum and the composite beams, the value of the expression )2—L is large enough that

the value of cosh AL and sinh 2L may exceed the ability of some computer systems. How-

2 2
ever, when the hyperbolic cosine and sine functions have large enough arguments, they can

be replaced by the approximately equivalent exponential function, or

oX
cosh X == sinh X = - - (4.8)

Thus, the tip deflection as given in Equation 4.7 can be rewritten as

T T T
My + M2 (MGRy = MZRy)(C/Ry — CoRy)
Wiip =
e

8R1 + Ro) crCe(Ry + Ry)?

- 1) . (4.9)

~IN
ol

i, . .
However, because e is very large for both cases, the approximation

~0 (4.10)
can be applied to further simplify the expression for the tip deflection. Therefore, a simpler
expression for the tip deflection is

T Ty 2 T T
(Mg + ML (MyRy = MZR,)(c;Ry — cgRy)
3Ry + Ro) crco(Ry + Rp)?

The second term on the right hand side of Equation 4.11 is shown in Appendix B to be nu-
merically much smaller than the first term, and so, to keep the expression for the tip deflection

as simple as possible, the approximation

(Mg + ML

3R TRy (4.12)

Wyp =
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is used to calculate the tip deflection for the thermal sensitivity study. When this approxi-
mation is used, the shear moduli Gy and G, are no longer included in the expression for tip
deflection. Therefore, the response of the beam should be insensitive to reductions in these
material properties, as indeed it is. The numerical results of the sensitivity studies for the
thermal gradients for the aluminum beam and the composite beam are reported in Table 4
and Table 5, respectively. Once again, the left column of these tables indicates which mate-
rial property of thickness variable is reduced by an order of magnitude; the right column
shows the value of Equation 4.1 for the case under consideration.

For both material systems, the response of the beam is almost totally insensitive to re-
ductions of all the material properties with the single exception of the coefficient of thermal
expansion of the face sheets, ay. When «, is reduced by a factor of ten, the deflection of the
beam (for both material systems) is also reduced by approximately a factor of ten. Thus, the
coefficient of thermal expansion of the face sheets controls the response of the three-layer
sandwich beam to thermal gradients. However, this material property is not expected to be- '
have viscoelastically. Therefore, as it is relatively insensitive to changes in material proper-
ties which may be viscoelastic, the response of the beam to thermal gradients will not be

considered in the discussion of the influence of viscoelastic effects.

The Time-Dependent Three-Layer Tip-Loaded Cantilever

Beam Model

Because the three-layer beam model is sensitive to reductions in the extensional
modulus of the face sheets E; and the shear modulus of the core G;, these properties will now
be allowed to vary with time, and the time-dependent response of the beam studied. Addi-

tionally, to verify that if the beam response is insensitive elastically to large reductions in a
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Table 4. Sensitivity of Three-Layer Aluminum Beam - Thermal Gradient

Reduced Variable Sensitivity
NONE 1.0000
E: 0.9988
Gy 1.0000
ty 0.9986
o 0.1000
E. 1.0001
G 1.0000
h 1.0001
o2 1.0000
ALL 0.1000

particular material property, then the response of the beam to time-dependent behavior of that
material property is also small, another material property will be allowed to be time-
dependent. Therefore, the shear modulus of the face sheets, G,, will be allowed to vary with
time.

In order to consider the worst possible case, the material properties which are allowed
to vary with time are assumed to behave as viscoelastic fluids. To maintain simplicity, the
Maxwell fluid model is used in the analysis. Also, bracketing the actual behavior of the ma-
terial in question is attempted by using two models, one which exhibits more time-dependent
behavior than expected, and one which exhibits less. Because a linear theory of
viscoelasticity is being used, it is possible to consider only one time-dependent material
property at a time and then combine the viscoelastic effects by superposition. The influence

of time-dependent material behavior is evaluated by studying the tip deflection. Here the tip
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Table 5. Sensitivity of Three-Layer Composite Beam - Thermal Gradient
Reduced Variable Sensitivity
NONE 1.0000
E4 0.9940
G, 1.0000
t 0.9930
o 0.1001
E. 1.0006
G, 1.0000
h 1.0008
o2 0.9999
ALL 0.1000

deflection that exceeds the static elastic tip deflection is considered a measure of the time-

dependent response. Specifically, the percent increase in tip deflection is computed:

Percent Increase in Wiip(t) — Wyp

— )
Tip Deflection = Wap x100% . (4.13)

In the previous equation, wy, is the static elastic response.
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Influence of Time-Dependent Face Sheet Shear Modulus (G, ) on Beam

Response

Recall that the operational life of the precision segmented reflector is expected to be
approximately 20 years. The two Maxwell fluid models used to bracket the expected behavior
of the real face sheet material are one that under a cbnstant shear stress allows the shear
strain to double in 20 years and one that allows the shear strain to increase ten-fold in 20
years. The constitutive behavior of a Maxwell fluid is governed by Equation 2.12. This equation

can be rewritten for shiear and in its more general form (as in Equation 2.14) as
T + p"t = q1y . (414)

where p, and q, are material constants given by

n
Py = 3 and q, =19 . (4.15)

If the stress is applied at time zero, i.e. t=0, and remains constant,
t(t) = TH(Y) (4.16)
where t is the amplitude of the stress and H(t) is a step function, which is

H(t) = {? :;g . (4.17)

The stress time history of Equation 4.16 can be transformed to the Laplace domain and is
T
(s) = s - (4.18)
Also, Equation 4.14 can be transformed to Laplace domain. That transformation leads to

Chapter 4 - The Three-Layer Sandwich Beam Model: Numerical Resuits 56



(1 + pys)(s) = ays¥(s) . (4.19)
which is in the form of Equation 2.18. From this it can be deduced that

P(s) = 1 + pys

Q) = 0y (4.20)

These expressions are fundamental to the application of the correspondence principle. From

Equation 4.19, ¥(s) can be found as

_ _ (1 4+ pys)
Ws) =) —3gs - (4.21)
After substituting the Laplace transform of the applied stress, Equation 4.18, into Equation 4.21,

the time-dependent strain can be found by performing the inverse Laplace transform; namely

Y SL N
yt) =7 a; + q1) . (4.22)

From this expression for the material response, it is clear that the elastic shear modulus is

—g%, while g, is associated with the time-dependent behavior. That is

=20 _ 2 (4.23)
Y - q1 - G1 ! ’

SO
< = — . (4.24)

To differentiate between the two Maxwell fluid models, a prime is now introduced for the
model whose strain increases ten-fold in twenty years. However, both models have the same

initial elastic response. This fact can be written as

Chapter 4 - The Three-Layer Sandwich Beam Model: Numerical Results ‘ 57



y(0) = y'(0) , (4.25)

or,

P _ P _ 2 (4.26)

The first model, which exhibits less time-dependent behavior, allows the strain to double in

20 years, or

¥(20) = ?(é— + g-?) = 2;(0) = 2 . (4.27)

As a result,
q; = 20Gy and py = 20 . (4.28)

For the other model, which allows the strain o increase ten-fold in twenty years,

1 20 T
20=$—+——,)=10-0=10 . 4.29
y(20) (61 7 y(0) G, (4.29)
From this
¢y = 26 and py = & (4.30)

Once the constants for the models have been found (Equations 4.28 and 4.30), the shear

Q(s)
P(s)

However, before that is done, the tip deflection can be further simplified by noting that one

modulus G; can be replaced by in the expression for the tip deflection, Equation 4.4.

portion of the expression is always smaller than the others by several orders of magnitude,

specifically,
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2
P(c;Ry — cgRy) ( ;ZL) ——w
tip

- (4.31)
2C7Cg/;.(c7 + Cg)(R1 + Rz)

The numerical proof for this is presented in Appendix B. Thus, a simplified expression for the

elastic tip deflection,

2 2
pL® PL R} R3
Wiin = + —_— + = 4.32

tlp 48(R1 + R2) 4(R1 + R2)2 ( CQ C7 ( )

is used to find the time-dependent behavior of the beam. The expression for the tip deflection
in Equation 4.32 is rewritten, using Equation 3.8, to reveal the dependence on G:,. That re-

written expression is

pL> PL R} R
Wyp = + — 4+ = 4.33
T 48Ry +R) | 4R, +Rp:\ G0 | 26t (4.33)

Assuming P is a step function of the form shown in Equation 4.17, the Laplace transform of the

time-dependent behavior of the tip deflection is given by

— Po 3 L R} RS
Wiip(s) = —5 [48(R1+R2) + R\ G + ) Q(S)t , (4.34)
1

P(s)

where P, is the magnitude of the load. By substituting the expressions for P(s) and Q(s)

shown in Equation 4.20, the following expression is found:

2 2
= Po L2 L R; Ry (1 P
o Po SACEAH (N LA S (43
Wil = |:48(R1+R2) TR\ T (7)) o

This can be rearranged to yield
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2 2
_ Ps .3 L R} R?
Wtrp(s) = -3 I: 48(R, + Ry) + AR, + R2)2 T + <,

)
> | 8(Ry + Rpasty

The inverse Laplace transform is used to convert the previous expression, which is in Laplace

(4.36)

domain, to a function in time domain:

P,LR2 t

0 = T R R W
1 2

(4.37)
where the first term to the right of the equal sign is the static elastic tip deflection as given
by Equation 4.32. Notice that there is a linear dependence of the tip deflection on time.

For the case of less time-dependent behavior, q, is given in Equation 4.28. Using this, the

time history of the tip deflection is

P,LR?
80(R + R,)°G,

wnp(t) = Wtip + (4.38)

For the case of more time-dependent behavior as given in Equation 4.30, the time history is

9P,LR3
80(R, + Ry)*G,

After 20 years, for the case of less and more time-dependent behavior respectively, the tip

deflection is

2
Wip(20) = wyp + e 2 (%> (4.40)
4Ry +Ry) !

and
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2
Wip(20) = wy, + _ Wt > (%) . (4.41)
4(Ry + Ry) 7

The percent increases of the tip deflection for the two cases of viscoelastic behavior are il-
lustrated in Figure 8 as a function of time. The linear dependence of time is evident in this
figure. After 20 years, due to the time-dependent behavior of the shear modulus of the face
sheet, the tip deflection is predicted to increase by approximately 0.02% for the low level of
time-dependent behavior and 0.16% for the higher level. These are small increases in tip
deflection considering the long period of time. As will be shown later, these increases are

small in comparison to the increases caused by other time-dependent material properties.

Influence of Time-Dependent Core Shear Modulus (G, ) on Beam

Response

Like the shear modulus of the face sheets, the time-dependent behavior of the core in
shear will be bracketed by a two-fold and ten-fold increase in strain for a 20 year period.
Maxwell fluid models are again used to represent these cases. Thus, the polynomials
P(s) and Q(s) are the same as before, as shown in Equation 4.20. Like before, the time-

dependent shear strain of the core material is

y(t) = ’%(2—: + %) . (4.41)

Again, the elastic shear modulus G, can be found by examining Equation 4.41 at time zero,

or

(4.42)

P _ 7
Y(O)—‘rq1 - G2
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Figure 8. Percent Increase in Tip Deflection of Three-Layer Beam Model for Gy (1)

The elastic shear modulus is

As before, a prime is used to indicate the Maxwell fluid model whose strain increases ten-fold

in 20 years. For the other model, the strain in 20 years is
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b2 = 2 2= + 20) _ 90 = 22 (4.44)
Gz Q‘l G2 ! ’

SO
q, = 20G, and py = 20 . (4.45)

For the Maxwell model which exhibits more time-dependent behavior, the shear strain in 20

years is
1 20 T
(20 =%(—— +-—,-—)=10y0 =10— , 4.46
(20) 5 o © = 105 (4.46)
SO
’ 20 ! 20
qQ'y = —9—G2 and py = T . (447)

Now, the tip deflection as shown in Equation 4.32 can be rewritten using the definition of ¢, in

Equation 3.8 to reveal the dependence on G;:

pL3 PL Ri RS
o= - . 44
Wi = WBR,+Rp) 4R, + Ry? \ 2G2h TG (4.49)

Again, P is a step function with a magnitude of P,. In Equation 4.48, G; is replaced by the ratio

of the polynomials g((:))
= _ P K L Ri RS
Wupl®) = 75 [48(R1+R2) * 4R, +Rp? \ , 80 T - (449
P(s)

Using the Maxwell fluid model form of Q(s) and P(s) given in Equation 4.20 and rearranging,

the following expression is obtained:
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3 2 2
- ) ' L L Ri 2 l
WiinlS) = — + -+
tip(S) S 48(Rq + Ry) 4Ry R2)2 ( Co C7 )

. Py |- R2L
s?2 | 8(Ry + Ry’qsh

Performing the inverse Laplace transform of this expression yields the time-dependent tip

(4.50)

deflection:

2
PoLR} t

L (4.51)
4Ry +Ry? N

Wiip(t) = wyp +

As before, the tip deflection is a linear function of time. Using the value of g, given in
Equations 4.45 and 4.47, the tip deflection is, for the cases of less and more time-dependent

behavior, respectively,

2
P,LR3

wio() = wyp + (4.52)
® P 80(R, + Ry)%G,
and
9P, LR3
80(Ry + Ry)°G,
The tip deflections in 20 years are, respectively,
2
Wyip(20) = Wy, + i; % , (4.54)
. 4Ry + Ry 9
and
2
Wip(20) = wyp + LU(%) : (4.55)
4Ry + Ry) 9
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Figure 9. Percent Increase in Tip Deflection of Three-Layer Beam Model for G, (t)

p—

The percent increase of the tip deflection for these two cases of viscoelastic behavior is
illustrated in Figure 9. In 20 years, the tip deflection increases approximately 14% for the
case of less time-dependence and 127% for the case of more. Comparison of Figure 9 to
Figure 8 reaffirms the sensitivity study of Table 3 on page 51. The static elastic response of

the beam is much more sensitive to a reduction of the shear modulus of the core than to a

reduction of the shear modulus of the face sheets; the viscoelastic response of the beam is
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also much more sensitive to the time-dependent shear response of the core than the time-
dependent shear response of the face sheets. In fact, the tip deflection of the beam more than
doubles in twenty years when the shear response of the core is viscoelastic and corresponds
to the higher of the two levels studied. This could lead to a serious problem in spacecraft,

and should be considered in material selection.

Influence of Time-Dependent Face Sheet Modulus of Elasticity (E, ) on

Beam Response

Elastically, the response of the beam is also quite sensitive to a reduction in the exten-
sional modulus of the face sheets E,. Therefore, the time-dependent response of the beam to
viscoelastic extensional behavior of the face sheets is expected to be important and is there-
fore studied. Unlike the shear behavior previously considered, this behavior is fiber-
dominated. Therefore, it might be more realistic to bracket the expected behavior of the real
material with a one percent and ten percent increase in strain, rather than the two- and ten-
fold increases used for the shear behavior. A Maxwell fluid is again used to represent the
behavior. The general form for the time-dependent behavior of a Maxwell fluid model was
shown, for shear, in Equation 4.22. This form is repeated here for convenience using normal

stress and normal strain:
Ia)
et) = o( o + a; ) . (4.56)
Therefore, for the same initial elastic response,
Af P1 Al P
¢(0) = o( a ) = a( 7, ) . (4.57)

it is apparent that the elastic extensional modulus is given by % or
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—_ = = . (4.58)

For the model which exhibits less viscoelastic behavior, the strain increases in 20 years by

one percent, or
£(20) = 1.01¢(0) = 3(—-1— + 10—) (4.59)
E1 q1

from which p, and q; are found:
py = 2000 and g, = 2000E; . (4.60)

The other model, which has a greater increase in strain, has a strain increase of ten percent

in 20 years:

£(20) = 1.10¢(0) = 3(—1— + @-) , (4.61)
E, 9’4
which leads to
P’y = 200 and gy = 200E, . (4.62)

Q(s)
P(s)

for Es into the transformed form of Equation 4.29. However, this poses a problem for the ex-

As before, the next step in obtaining the time-dependent tip deflection is to substitute

tensional modulus which was not present for the shear moduli: the resulting expression is
much more complicated and therefore it may be more difficult to perform the inverse Laplace
transform in closed form. First, the tip deflection must be written to show the dependence on

Eq:
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Wi =
up 2 1.2 1,2

{ [E"1(2h2+ ty) + En( 5 "2)]2 [Em(rm +%t3)]2 }
)

(4.63)

+
Cq C7

PL
+(15

2
[E1t1(h2 #hty+ 1) + En(F hz)]

As before, the Laplace transform of the tip deflection can be performed and E, replaced by

Q(s) .
P(s)
p,L3
B 96
Wiip =
Q(s
[ pé )) ty(h + hty + -8 + Ezh(—;—hz)]

2 2
o (ent+ hty) + Egh( & )] [ (( L (ht, + tf)] (469

[P() ,LPO -
+(POL){ o o }

16

Q(s) 1 2
l: ) ty(h? + ht, + t'z‘) + Egh(?hz)]
When E, is modelled as a Maxwell fluid, this is
p,L3
_ g6
Wiip =
i _9 \a.m
1+ pys
Q48 2 qQ.s 2 (4.65)
1 1 :
{[(1+p1s)c+0] l:(1+qu)F:| }

Cq + ¢z
q48 2
1

[( 20 Ya+ s}
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where

A= 4(h + bty + 1)

B = E2h(%h2)

C = t,(2h% + ht,)
D = E,n( % h?) (4.66)
F = ty(hty + 28

G = Aqy + Bp,
H = CC“ + Dp1

Performing the inverse Laplace transform yields the time-dependent tip deflection, which is

P.L3 / Aqg, =8t
Wiip(t) = wyp + 5 \ BG (1 —eG )
Pt [ 1 (2 B\ 1 ( BFdi Bt
e I L R el (R B E
Pl | 1 BH \? | 1 [ B%qf || =8t
* 168G ['CZ(D” G ) TalTe J|¢°

For the two levels of time-dependence given by Equations 4.60 and 4.62, the percent increases

in tip deflection are shown in Figure 10 as a function of time. Despite the exponential form
of Equation 4.67, the function is approximately linear in shape.

Although for a simple Maxwell fluid model it is possible to perform the inverse Laplace
transform, the time-dependent tip deflection may be prohibitively difficult to find for more
complicated functions. Thus, an approximate tip deflection will be used to find an approximate
time-dependent tip deflection, and this will be compared to the exact time-dependent tip de-
flection just developed. The expression for the tip deflection given in Equation 4.63 can be

rearranged as
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Figure 10. Percent Increase in Tip Deflection of Three-Layer Beam Model for E, (t)
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p.3
96E,

2 1, B0 .02
[t,(h +hty + 1) + E. h(3h)jl

Wiip =

2
E 4.68
2 By 2 2 2 (4.68)
2 h(-X 2 2 2
[t1(2h + hty) + E, h( 3 h )] £(ht, +?t1)
[ + C
9 7
+ ( PL )
6 1,2 Ea 1.2 ?
2 — —— —
[t,(h + hty + 3 13) + E, h( 3 h )jl
This expression can be approximated by noting that E, is much smaller than E,, or
E;
—-— << 1. (4.69)
E;
Thus, an approximation can be used for the ratio E:
1
s 0 4.70
Using this approximation, Equation 4.68 simplifies to
3 2 2 (sl
PL PL (2h” + hty) 1T 3
Wiip = 2 1.2 + 1 52 Cg + c7 :
86E4t4(h” + ht, +?t1) 15(h2 + ht, +?t$)
(4.71)

This expression is shown in Appendix B to be approximately equal to the expression for the

Q(s
tip deflection in Equation 4.32. In Equation 4.71, E, is replaced by [P:s)) and the load P, a step

Po
function, is replaced by its Laplace transform -
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3

T (8 PoL
MRl = Q)
) w2 1
9 gy tlh” + hty + 1)
9 52 (4.72)
Polk @n®+hty)? (W +t)
+ + :
2 1.2 2 Cgq C;
165(h? + hty + o 1)

Next, Q(s) and P(s) are replaced by the polynomials specific to a Maxwell fluid as shown in

Equation 4.20:

= Po L2
Wiip(S) = — > 2
s> L 98asty(h? + hty + - )

2 2.2

Y psL° N L @ +ht)? (Mt

| 96gyty(h? + hty + 2 2 1 22 Co c;
Aty(h"+hty +=-1)  qg(h +hty + = 13)

(4.73)

The inverse Laplace transform of Equation 4.73 is the time history of the tip deflection, or

p,L3 t
Wiip(t) = wyp + > T (—q1 ) . (4.74)

where wy, is the approximate elastic tip deflection of Equation 4.71. Thus, by using an ap-
proximation for the tip deflection which is based on the relatively small size of the extensional
modulus of the core, a linear dependence on time is obtained for a Maxwell fluid represen-
tation of the viscoelastic extensional behavior of the face sheets. Thus, for the model whose
strain increases one percent in 20 years, the tip deflection of the beam in 20 years can be

found by using Equations 4.60 and 4.74;

3
PoL
9600Et,(” + ht; + 1)

Wyp(20) = wyip + (4.75)
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For the model with a ten percent increase in strain in 20 years, the tip deflection in 20 years

is

p.L3

Wtip(20) = wtip + (476)

960t (” + hty + = £

The percent increases in tip deflection as a function of time for the two bracketing time-
dependent behaviors are shown in Figure 11. Also, the percent increases in tip deflection for
the two exact cases are shown in this figure for comparison. The approximation is close to
the exact solution for both cases. Both the approximate and exact iime-dependent responses
of the beam caused by the viscoelastic extensional behavior of the face sheet material are
much less than the response caused by the viscoelastic behavior of the core in shear. This
is not entirely unexpected because the bracketing conditions for the extensional behavior al-
low much less time-dependent response than the bracketing conditions for the shear behavior
(e.g., a ten percent increase in strain as compared to a ten-fold increase). However, the tip
deflection has a time-dependent increase of nearly one percent and ten percent in twenty
years for both the approximate and exact cases, nearly the same amount of strain increase
in the face sheets themselves. Thus, there is an almost one-to-one relationship between the
time-dependent tip deflection and the time-dependent strain of the face sheets. As seen in
Table 2 and Table 3, the elastic sensitivity of the tip defiection is much greater for reductions
of Ey than for the same reductions of G;. Therefore, the elastic sensitivity studies provide good
indications of how sensitive the beam is to viscoelastic behavior of its constituents. Actually,
the elastic sensitivity studies are similar in nature to the so-called quasi-elastic approach to

studying viscoelastic effects.
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Figure 11. Percent Increase In Tip Deflection of Three-Layer Beam Model for EJ (t) - Approximate

Quasi-Elastic Approach

A quasi-elastic approach can be used to estimate the viscoelastic response of a structure

to the time-dependent behavior of its constituent material properties. With the quasi-elastic

Chapter 4 - The Three-Layer Sandwich Beam Model: Numerical Results 74



approach, the compliance of a particular constituent is replaced by the compliance of the
constituent evaluated at the time of interest, and an elastic analysis is performed. In partic-
ular, for the problem being considered here, the tip deflection of the tip-loaded cantilever
beam in 20 years is found by increasing a specific compliance by a given factor. For example,
for the case where the shear modulus of the face sheets, G;, is time-dependent, the compli-
ance (—é%) is replaced by %?_ . This has exactly the same effect as replacing G, by —%— as
was done in the elastic sensitivity studies. To allow for direct comparison between the
quasi-elastic and viscoelastic results, the compliances which correspond to the shear moduli
(Gy and G,) are increased by a factor of ten and the compliance which corresponds to the
modulus of elasticity of the face sheets (E;) is increased by a factor of 1.1. Thus, the results
of using the quasi-elastic approach which appear in Table 6 can be correlated with the results
of the last three figures. In Table 6, the first column indicates the material property that is
assumed to have a compliance increase and the second column presents the factor by which
it is increased. The third column is the percent increase in tip deflection at twenty-years as
computed by the quasi-elastic approach and normalized with respect to the elastic tip de-

flection, or

quasi-elastic
tp = Wiip

wtlp

x100% . (4.77)

The increase in tip deflection at 20 years as computed by the viscoelastic approach and nor-

malized with respect to the elastic tip deflection, or

visceelastic
Wiip (20) — wyjp

- x100% (4.78)

is presented in the fourth column for comparison. The results from the quasi-elastic approach
are nearly identical to the results from the viscoelastic approach for the three cases shown.

There is only a minor difference in the two values for the case of the compliance corre-
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sponding to G,, the shear modulus of the core. In this case, the quasi-elastic value is slightly

less than the viscoelastic one.

Table 6. Quasi-Elastic Tip Deflection of the Three-Layer Composite Tip-Loaded Cantilever Beam

Material Quasi-Elastic Viscoelastic

Property Factor Result Result

E, 1.1 8.6 % 86 %

G, 100 0.2 % 0.2 %

G: 100 123.2 % 126.8 %
Summary

This completes the numerical results based on the three-layer beam model. The results
provide a glimpse of the effects of time-dependent behavior of various constituents on the
overall response of the beam to both mechanical loads and a temperature gradient. The re-
suits are based on what might be considered simple representations of time-dependent ma-
terial behavior. Nonetheless, the results are quite valuable. Additionally, if more complicated
time-dependent material behavior models are to be considered, the equations and steps
necessary to include these models are available in this chapter. The focus now shifts to the
five-layer beam model. With this model, the importance of the adhesive layer to the overall

response of the beam can be evaluated.
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Chapter 5 - Development of the Five-Layer

Sandwich Beam Model

Although the three-layer model is a véluable tool, the five-layer model accounts for sep-
arate adhesive layers. Because adhesives are generally polymer-based materials, the time-
dependent behavior of the adhesive layers could be important to the response of the reflector
segments. Thus, the analysis is not complete without studying the five-layer sandwich beam
model. However, the importance of the three-layer model as a tool for simplifying the five-

layer beam model will be revealed in the development of the five-layer model.

Displacement Field

Like that of the three-layer model, the displacement field of the five-layer sandwich beam
model must account for the contribution that each layer makes toward the overall response
of the beam. As was done in the three-layer model, each layer is assumed to have both ex-

tensional and shear deformations, and to shear independently of the other layers. The quan-
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Figure 12. Displacement Field of the Five-Layer Sandwich Beam Model

tity u° again represents the midsurface x-direction displacement. An additional x-direction
displacement is caused by the rotations of the different layers; the core has a rotational angle
a(x), the adhesive layers f(x) and the face sheets y(x). The displacement in the z direction is
constant through the thickness. Because this is a beam model, the displacements are not
dependent on the position through the width of the beam, y. Thus, the z-direction displace-
ment is only a function of the position along the length of the beam, x. The y-direction dis-
placement is not needed for the model; therefore, no assumptions are made about it. The

displacement field for the five-layer beam model is
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W) + ha(x) + t,B(X) — (Z + h + L)y(x) —H<z< —H +,

u%(x) + ha(x) — (z + h)B(X) —H+1t<z<—h
ux,z) = { u®x) — za(x) — h<z<h
u0(x) — ha(x) — (2 = NB(X) h<z<H —t, (5.1)

u’(x) — ha(x) = t,B(x) = (2 —h —t)y(x) H—1t,<z<H

w(x,z) = wo(x)

The displacement field in the x direction and the geometry and nomenclature for the five-layer

model are shown in Figure 12.

Strain Field

The strain-displacement relationships given in Equation 2.21 are applied to the displace-

ment field to yield the strain field, which is
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%—+h%§—+12%€-—(z+h+t2)g—z —H<z€ —H+ Y
—gz—-;-hg—z—(z-*-h)%% —H+t<z< —h
6y = %%_Z%% — h<z<h
%—h%ﬁi——(z-h)% h<z<H —t,
g—i—h%)“(——tz%ﬁ——(z—h—tz)% H -t <z<H
_y+‘c’j_‘;” —H<z< —H + t,
—/}+—?j—‘:- —-H+t<z<—h
Yxz = —a+% —h<z<h | (5.2)
—ﬂ+z—": h<z<H -t
—y+—dd—":— H — t,<z<H

where the superscript "0” has been dropped from u°(x) and we(x).

Principle of Stationary Potential Energy

For the five-layer beam model, five degrees of freedom have been assumed: the dis-
placements u, w, a, § and y. Therefore, application of the principle of stationary potential
energy results in five Euler equations and five sets of boundary conditions.

First, the total potential energy of the beam must be written as a functional of the dis-

placement functions. The total potential energy is given by Equation 2.27 and is

H
q= .;_ J‘L‘ J'_ H[E(z)ei + G2y — E@a@)AT@)e]dzdx — P'wl _ . . (53)
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The thermal gradient considered is the same as for the three-layer case: a linear gradient

through the thickness of the beam,
AT = a + bz . (5.4)

If the integral over the thickness of the beam in Equation 5.3 is separated into five integrals,
one for each layer, within each integral the material properties are no longer functions of z.

Thus, the total potential energy is

—H+‘1
m= %J' { j [Eqe2 + Gyl — Eqay(a +b2)e,] dz
L -H

-h
+ I [Ezﬂi + G2y)2<2 - E2a2(a + bZ)Cx] dz
-H+t

h
—h (5.5)

H—t
+ .[ [Exe2 + Gyy2, — Ejan(a+ bz)e,] dz
h

H
+ J [E1.-;,2( + Gﬂ’iz — Eqa4(a + b2)e, ] dz  dx
- p.wlx = x*

where the nomenclature for the material properties and geometry are shown in Figure 12.
A set of constants similar to those used in Chapter 3 to represent combinations of material
properties and geometry constants is introduced to simplify the development. These con-

stants are
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CO = E1t1 -+ E2t2 + E3h
¢ = h’(Eqty + Egty + = Eh)

Cy = ht2(2E1t1 + Eztz)
c3 = hty(Esty)

2 1
s = B(Esly + FEly)
Cs = tita(Esty)

2,1
e = (5 Eqtv)

C; = 26111 (56)
Ca = 26212
NI = - a(E1£X1t1 + 52a2t2 + E3t23h)

T 1 1, .1
Mp = bt2[E1a1t1(h + t2 + 3‘ t1) + E2d2t2( ? h + ‘é" t2)]
1

T 1 1
M = bt1[E1d1t1('§"h +‘—2't2+—3‘t1)] .

By substituting the appropriate expressions for the strains, as given by Equation 5.2, into
Equation 5.5 and performing the integrations through the thickness of the layers, the following

expression for the total potential energy is obtained:

n= (c7 + cg + C9)

(Cou’ + NDU’ + (C4a” + Mo’ + o'’ + Caa’y’ + (Caf’ + Mp)B’ + (Cer’ + M)y’
[+Cﬁ"+c (l—w')+cﬂ(£—w')+ (2 —w)+——— (w")? :]dx
LUt P T ey 87072 ) 2

- P'wlx = x* ' (5'7)
where the prime indicates a differentiation with respect to x; for example, «’ represents %

The next step in the application of the principle of stationary potential energy is to find the first

variation of the total potential energy and equate it to zero. The previous expression for po-
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tential energy is in the functional form necessary for this operation. The first variation of the

total potential energy is found by using the following equation:

orl oIl oIl

6n=a,5u+a—é +T‘5 +_6765+a/3 B 58
on 2) 8| o an_ . ., '
+ayéy+ay,é+a 6+aw,éw

When Equation 5.8 is applied to the functional form of the potential energy in Equation 5.7, the

result is

S = J' {[2c0u’ +NJI6U + [cgla —w")]da + [2c1a’ + Cof’ + Cay’ + M1 ]S
L‘

+ [cg(B — w6 + [cra’ +2c4B" + Csy’ + M}]é[i' + [c7(y — w')16y
+ [c3a’ +cgB’ + 2cqy’ + M:]éy' + [e7(W' — y) + cg(W' — B) + cg(w' — a)]owW’ } dx
—Pwl _ ...

(5.9)

As in the three-layer model, integration by parts {(Equation 3.11) is used to change the this form

of the first variation of total potential energy to a more useful one. That form is:
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oI = f { = [2c5u""J6u — [2C4a” + C,B"" + Cay”’ + Co(W’ — )]6a
L'

= [0 +2¢,f"" + Csy”" + cg(W' — f)]58
— [caa” +csB" + 2cey” + c7(W' — y)]6y
— [c7(W” —y’) + cg(W"’ — B’) + cg(W”’ — a’)]éw} dx

L
2
0

+ {[2c0u’ + NI]cSu} |:

X

+ {[2c1a" + ¢y +cqp" + Mlléfz}l (5.10)

x
[l

+ {[cpa’ + 2c,p" + csy’ + Mp16p} |:

1}

3
[]

+ {[Cga' + Csf’ + 2cgy’ + Mz]éy}‘

o N'r’ o Ml,— o er

X

° m|

X =
+ (Lerw' =) + calw’ = ) + cow’ = a)Jow} |
P
- —ow .
7o L
The second set of terms in Equation 5.10 are the boundary conditions. Again they reflect a
tip-loaded cantilever beam with its fixed end at x=0 and its tip at x=L/2. The load on the tip
is P/2. Because the variations éw, du, da, 88 and dy are independent of one another, each
of their coefficients must be zero in order for the first variation of the total potential energy to

be identically zero. Equating to zero the expressions inside the integral over the iength of the

beam leads to the Euler equations for the five-layer beam model. They are
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Equating to zero the remaining portions of Equation 5.10 lead to the boundary conditions. On

both ends of the beam,

[2cou’ + NI}éu =0
[2cia’ + Cof’ + Cay’ + M]]6a = 0
[Cza' + 2(:4ﬁ' + Cs}" + M;]éﬁ =0 (512)

I
o

[cax” + Csf’ + 2cqy" + M, 1oy

[(c;+cg+cg)W' — c7y — Cgff — Cga — %]6w =0,

where in the last equation it is implied that the load P/2 applies only at x=L/2 and not x=0.
The boundary conditions in Equation 5.12 are satisfied when, for each of the five expressions
and on both ends of the beam, either the term in brackets is zero, or the kinematic variable

is specified. The boundary conditions can be written as, at each end of the beam,
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either

ZCO%L-'-+N 0 or u=u"

and either

da dg dy T _ e
2C1d +C2dx+C3dx+Ma—0 or a = a
and either

da dg dy T _ _ pe (5.13)
Czdx+2c“dx+c5dx+Mﬁ—o or =20
and either

da dg dy T e
C3dx+c5dx+2c6dx+M>’_0 or y =y
and either
(C7+C8+Cg)'%\:(v——C7y—CBB—Cga=% or w=w"

Therefore, for the tip-loaded cantilever beam under consideration which was shown in

Figure 6 on page 23, the boundary conditions are

dy . (5.14)
> {2) o

dw

n-l
p
|
(o
~
~
|
O
[~.]
=
|
O
©
R
|
n

w=0 (°7+Ca+°9)(
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Solution of Euler Equations for Displacement Functions

Solution for u(x)

The displacement function u(x) is, as it was in the three-layer sandwich beam model,
completely decoupled from the rest of the displacement functions in the Euler equations. The

Euler equation that governs u(x) is .

2
2co(-d——“-> =0 . (5.15)

dx2

This is identical to Equation 3.19, the corresponding Euler equation 'for the three-layer beam
model, except that the definition of ¢, now includes the extensional modulus and thickness of
the adhesive. Therefore, the displacement function u(x) must be the same as for the three-

layer model, namely a linear function of x. Thus,
U(X) = U4X + UO . (518)

Again, the focus of this work is the out-of-plane response of sandwich beams. No further

discussion of u(x) is necessary.

Solution for w(x), a(x), f(x) and y(x)

The Euler equations for the remaining displacement functions are coupled ordinary dif-

ferential equations. A solution of the form
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Ax

w(x) = we
_ Ax
af(X) = ae’J (5.47)
B(x) = be™
y(x) = me’™

is assumed, where 4 is unknown and w, a, b and m are unknown constants. This assumed

solution can be substituted into the four remaining Euler equations in Equation 5.11 to yield

(2C1 /{2 bl Cg) Cz/’.2 C32.2 Cgl ae).x 0

c 4’ (2c42% = cg) csA° Ca e\ /o (5.18)
cai? csi? (2cg4% = ¢) cr4 , me™* 8

gl [ ;2 — A%(c7 + cg + Cg) we™

For the previous set of equations to have a non-trivial solution, the determinant of the matrix

must be zero, or

(2c, a2 - Cg) c:,/l2 ::3).2 Col
c i’ (2c44% = cg) cgi? Cg/
, , , ¢ = 0 . (5.19)
Cal Cs/ (2cgi” —c7) )
Col ca’ c72 — 2%(c7 + cg + C)

The conditions under which the determinant is zero can be found by obtaining the roots of the

eighth-order polynomial:

- 1°(c7 + Cg + Cg)(8C1C4Cq + 2C5C4C5 — 2c1c§ - 2c§c6 - 2c§c4)
16{c7c3[4c1(c4 + €5+ Cg) — (co + c3)2] + cgCg[4cg(Cy + Cy + €3) — (C3 + c5)2] (5.20)
+ c;Cg[4c4(cy + €3 + Cg) — (C, + c5)2] '

- /14[2c7c8cg(c1 +Cy+C3+Ccs+C5+¢Cg)] = 0 .

As an interesting aside, the coefficient of i? is actually a multiple of the determinant of

another matrix, or
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2c, C2 C3
8CqC4Cq + 2C5C5C5 — 201c§ - 2c§c6 -~ 2c§c4 = | C 2¢4 C5| . (5.21)
€3 Cg 2cq

The analogous term in the three-layer beam model is the coefficient of 18 in Equation 3.24:

2C1 c3

2
4 - =
€1 — C3 cs 2¢g

(5.22)

Thus, the coefficients of the highest power of 1 for both models are similar in form; both are
determinants of a matrix whose entries are the constants c;, i =1-6, {which are functions of the
extensional moduli) multiplied by the sum of the remaining ¢, (which are functions of the shear
moduli). Also analogous are the coefficients of i*. For both models, that coefficient is minus
'twice the sum of the constants which contain the extensional moduli (¢ through ¢g) multiplied
by the constants which contain the shear moduli (c; through cg), or for the three-layer model,

that coefficient is
2C;Cq(cqy + €4 + Cg) (5.23)
while the same coefficient in the five-layer model is
2C;CgCo(Cqy + C5 + C3 + C4 + C5 + Cg) . (5.24)

The c; of the three-layer model are defined in Equation 3.8 so that these similarities would be
obvious under casual inspection. This explains why the constants ¢;, c,, ¢s and ¢; are not de-
fined for the three-layer beam model.

Returning to the development of the five-layer beam model, the roots of Equation 5.20 are
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; ; — Fg + +/F3 — 4FgF,
—
— £y — JRa— 4,

where the vconstants F.. Fs and F, are the coefficients of A4, 1% and A%, respectively, in Equation

5.20, or

Fg = —(C; + Cg + Cg)(8C1C4Cq + 2C5C3C5 — 2c1c§ - 2c§c5 - 2c§c4)

2 2
F6 07C8[4C1(C4 + Cs + Cs) - (C2 + C3) ] + C8C9[4CS(C1 + Co + C3) - (C3 + Cs) ]

; (5.26)
+ €7Cq[4C4(Cy + €3 + Cg) — (C2 + C5)°]
F4 = — 2C7C8C9(C1 + C2 + C3 + C4 + C5 + CG) .

As was done in the development of the three-layer beam model, the terms which contain
e‘* and e-%* can be combined and replaced by cosh Aix and sinh Ax. Thus, the solution which

was assumed in Equation 5.17 can be written as

w(x) = w3x3 + w2x2 + WyX + wg + Wscosh Agx + wgsinh Agx
+ w; cosh 2;x + wgsinh A;x
a(x) = a3x3 + az,x2 + a4x + ag + agsinh Asx + agcosh Agx
+ a7 sinh 2;x + ag cosh A;x
\ 7 27 8 7 . (5.27)
B(X) = b3X + bzx + b1X + bo + bs sinh /15)( + bG cosh }.5)(
+ bz sinh 4;x + bg cosh 4;x
y(x) = m3><3 + m2x2 + myx + Mg + Mgsinh Asx + mgcosh Asx
+ mysinh 4;x + mgcosh A;x .

Because the determinant in Equation 5.19 is zero, relationships exist between the 32 constants
in Equation 5.27 that will reduce the number of unknowns to eight.
For the terms which contain nonzero values of ;, in other words w;, a;, b, and m; where

i=5,6,7,8, these relationships can be expressed as
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as=AsWs  bsg=Bgws  m5=Msw;s
3 =AgWg  bg=Bgwg  mg=Mgwg
87 = A7W7 b7 = B7W7 m7 = M7W7
38 = AaWa ba = 88W5 mB = MBWB

(5.28)

The expressions A, B; and M; where i=5,6,7,8 can be found by examining the second, third

and fourth Euler equations from Equation 5.11. They are

AsDs

A;D7

BsDs

B;D;

MsDs

M;D,

where

).g( —4C4CgCg — CoC5C7 — C3C5Cq + 2C4C4C7 + cgcg + 2C,C4Cq)
+ A§[2c4c7cg + 2cgCgCgq — (€5 + C3)C7C5] — €7CgCq

l;( —4C4CgCq — CoC5C7 — C3C5Cg + 2C3C4C7 + cgcg + 2C,CgCq)
+ )3[2c4c7c9 + 2cCgCq — (€5 + C3)C7Cs] — C7C4Cq

).é( —4C4CgCg — C3C5Cg — CoC3C7 + 2C4CsC7 + cgca + 2¢,CgCg)
+ l§[2c1c7c3 + 2CgCgCq — (€5 + C5)C7Cg] — C€7CgCq

A‘;( —4¢,CgCg — C3C5Cg — CoCaC7 + 2C4C5C7 + cgca + 2C,CgCq)
+ ).?[2c1c7c8 + 2CCCq — (€5 + C5)C7Cg] — C€7CgCq

).g( —4C4C4C7 — C5C3Cg — CoCsCqg + 2C3C4Cg + c§c7 + 2C4Cs5Cq)
+ l§[2c1c7c5 + 2c4C;Cq — (€3 + C5)CaCq] — €7C3Cq

l;( —4C4C4C7 — CxC3C — CoC5Cq + 2C3C4Cq + c§c7 + 2c4C5Cq)

+ A$[2c1c7ca + 2¢4C7Cg — (€3 + C5)CaCq] — C;7CgCq

Ag = —As
Ag = — Ay
Bg = — Bs
By = —B,
Mg = — Ms
Mg = — M,
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Ds = 2§(8c1c4c6 + 2c,C4C5 — 2c§c4 - 2c1c§ - 2c§c6)
+ ).;[—4(c4c6cg + C4CqCg + €4C4C7) + cgca + cgcg + c§c7]
+ 22[2(c,c7c3 + €4C;Cg + €gCgCg)] — C€7CgCq (5.30)
D; = ).?(8c1c4c5 + 2c,C3C5 — 2c:§c4 - 2c1c§ - ZCgcs) '
+,l;[—-4(c4cscg + C4CgCq + C4C4C7) + cgca + cgcg + c%c,]

+).§[2(c,c7ca + €4C;Cg + €gCaCg)] — C€7C4Cqg
For simplicity, the A;, B, and M, where i=5,6,7,8, will be replaced by the following:

A1=A5=—‘A6 A2=A7=—A5

_86 82 = B? = —BB (531)
My =Ms = —Mg My =M; = — Mg

o
H
o)

(%]

I

Next, consider only the portion of the solution that contains the four repeated zero roots,

or

w(x) = w3x3 + w2x2 + WX + Wy
a(x)
B(X) = bax® + byx® + byx + by

Il

3 2
asx” + a,x° + a;x + a
3 2 1 0 (5.32)

P(X) = m3x3 + m2x2 + myx + mg .

When these functions are substituted into the last four Euler equations (Equation 5.11}, re-
lationships between the constants can be found. Three more constants which are functions

of the material properties are introduced first:

R1=2C1+C2+C3

C; + 2C4 + Cg (5.33)
Ca + Cs + 2Cs .

0 2
w N
o

The details of finding the relationships between the unknown constants are omitted for brevity.
The approach is identical as in the three-layer model; the powers of x are balanced in each

of the four equations. For the five-layer beam model,
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a; =0 a; = 2w,

by = 0 by = 2w,

m3 = 0 m1 = 2W2
bR,

32 = 3W3 ao = W1 + Tg'Wa . (5‘34)
6R,

b2=3W3 bo—W1 + TB"Wa
6R,

my = 3w, mg = wy + <, W3

The assumed solution in Equation 5.27 was written as a function of 32 unknowns. That number

has now been reduced to eight. The solution is

w(x) = w:,x3 + w2x2 + WyX + W + wgcosh igx + wgsinh Agx + wy cosh 2;x
+ wg sinh A;x

6R
a(x) = 3w3x2 + 2wox + (wy +—Egiw3) + wsA, sinh Agx — wgA, cosh /gx
+ W;A; sinh A;x — wgA, cosh J;x
2 6R, , .
B(x) = 3wax® + 2wox + (w, +C—aw3) + wsB,4 sinh Asx — wgB4 cosh Jgx
+ w;B, sinh J;x — wgB, cosh 4;x
2 ER3 . .
y(X) = 3Wax" + 2wox + (wy +T7_W3) + wsM, sinh igx — wgM, cosh jgx

+ w;Mj; sinh ;x — wgM, cosh 4;x .
(5.35)

The eight boundary conditions of Equation 5.14 which apply to these displacement functions

can now be used to completely solve the static elastic problem.
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Application of Boundary Conditions

To simplify the solution procedure, the boundary conditions for the beam’s response to

a mechanical load is considered separately from the response to a thermal gradient.

Mechanical Load

For no thermal gradient through-the-thickness of the beam, the constant b in Equation 5.4
is zero. Therefore, the constants M], M} and M, which are defined in Equation 5.6, are also
zero. Thus, the boundary conditions in Equation 5.14 which contain these constants can be

L

written as, at x = ?:

2c;, G2 Camca 0
l:cg 2c, Csil{ﬂ} = {0} : (5.36)
Ca Cs 2C6 y' 0

For these equations to have a non-trivial solution, the determinant of the matrix must be

identically equal to zero. Substitution of the definitions of the ¢; from Equation 5.6 shows that

d d
the determinant is not identically zero; therefore the quantities %::— —Eii and —d% each must
be zero at x = % The boundary conditions for the mechanical load are rewritten to reflect

this fact:
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— 0 - L.
atx = 0: atx—2.

- da _
=0 dx =0
dp
=0 ax =0 (5.37)
dy
=0 ax =0
dw P
=0 (07+C5+C9)(F)-C7y-—C3ﬂ—C9a= -5

When these boundary conditions are applied to the solution in Equation 5.35, a system of eight

equations and eight unknowns results. These equations can be solved simultaneously to find

the unknowns, which are

Wsg

Wy

where

—P
12(Rq + R, + Ry)
PL
8(Ry + Ry + Ry)
R,BM Ro;MA R;AB
P( Co + Cs 7

2(Ry + R, + Ry)(AB + BM + MA)

My — Ay By — A
Pl —oeg  J(RaCa—RiCe) — | —g55 J(RaCo—Ricy) (5.38)

2(R, + R, + Ry)(AB + BM + MA)

81 b A1 M1 - A1
Pl | —cg  JRaCo—Ricr) — | —cg )(RaCo = RiCy)

2(Ry + R, + Ry)(AB + BM + MA)

= "W7
W =

W5+WB y

AB = A,B, — BJA,
BM = B;M, — M,B, (5.39)
MA = M1A2 - A1M2 .
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The expression for w, is much more complicated than in the three-layer sandwich beam
model. Now, the three-layer solution is used to simplify the five-layer sandwich beam model.
The expression for w, in the three-layer beam model is shown in Equation 3.53 and is repeated

here for convenience:

R? R2
W = P__ (C_1 . c_2> | (5.40)
2(Ry + Ry) 9 7

Assume a similar form for the five-layer model:

2 2 2

R R R

w® = P - (—Q + ==+ —63) . (5.41)
2(Ry + Ry + Ry) 9 8 7

Although the algebra to prove that the previous expression is identical to w, in Equation 5.38
is prohibitively difficult, it has been proven computationally in Appendix C. Thus, the solution
of the three-layer model is used to simplify the five-layer beam model when standard algebra
techniques fail. The form .of wy in Equation 5.41 is used hereafter.

Also presented in Appendix C is the proof that wg and wg are small compared to the tip

deflection. Because of their relatively small size, they are approximately zero, or

w0
wg =0
w; =0 (5.42)
wgx0
wox0

A comparison of the five-layer sandwich beam model solution to a strength of materials
solution for a five-layer tip-loaded cantilever sandwich beam again shows that the strength

of materials solution is exactly

Weom(X) = w3x3 + w2x2 . (5.43)
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Thus, the five-layer sandwich beam model is the sum of the strength of materials solution and

additional terms which account for the shear deformation, just like the three-layer model.

Thermal Gradient

For a beam with no mechanical load, i.e. P = 0, the boundary conditions are

(5.44)

When the boundary conditions are applied to the solution in Equation 5.35, a system of eight

equations and eight unknowns again is the result. Solved simultaneously, they yield

Chapter § - Development of the Five-Layer Sandwich Beam Model

97



W7 cC ,],_YL >~
cosh o

MI[AB(C,Cs — 2€sC4) + BM(dcCq — €2) + MA(CaCs ~ 2€5Cq)]
2(8c4C4Cq + 2€5C4C5 — 2c1c§ - 2c§c4 - 2c§cs)(AB + BM + MA)

W2=

M;[AB(c2c3 —2c4Cs5) + BM(cac — 2¢,66) + MA(4cqcq — c%)}

+

2(BC4C4Cq + 2CoC4C5 — 2C4CA — 2¢3C, — 2C5CE)(AB + BM + MA)

T 2
M, [AB(4cqcy — €3) + BM(cyc5 — 2¢53¢4) + MA(C,C3 — 2€4Cs)]

2(8C4C4Cq + 2C5C4C5 — 2C4C2 — 2C3C, — 2€5C5)(AB + BM + MA)

(5.45)

The solution is similar to that of the three-layer beam subjected to a thermal gradient, the

solution for which can be extracted from Equation 3.53. The actual expressions for ws and w,

are incredibly complicated and, because they are inversely proportional to hyperbolic cosines

of very large numbers, they are approximately zero anyway.

As was done in the solution for mechanical loads, the solution for the temperature-

gradient problem can be simplified by using the three-layer model to make intuitive steps in

the algebra that are substantiated by numerical computations. For the three-layer model, the

coefficient w, resuiting from the thermal gradient alone is (see Equation 3.53)

T T
W@ o —Me ¥ M)
2 2(Ry + Ry)

The w, term in the five-layer model is assumed to have the same form, namely

T T T
o _ =M, + Mg + M)
2 2(Ry + Ry + Ry)
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Although the algebra necessary to move from the expression for w, in Equation 5.45 to w; in
Equation 5.47 is prohibitively difficult, these expressions have been proven computationally to
be equivalent in Appendix C. Thus, the three-layer model is used again to simplify the five-

layer model.

Combined Mechanical Load and Thermal Gradient

The solution for the response of a tip-loaded cantilever beam with a through-the-thickness

gradient is simply the sum of the two solutions, or, for the solution in Equation 5.35, the con-

stants are
_ —P
W3 = T2(R, + Ry + Ry
T T T
o PL _ M, + Mg + M)
27 8(Ry+ Ry +Ry) 2(R; + Ry + Ry)
. = P (ﬁ+§+ﬁ)
=
2(Ry + Ry + Ry)? \ ©9 Cs <7 (5.48)
ws~0
Ws ~0
wy, >0
WB ~0
Wo ~0
Summary

The development of the five-layer beam model, a model considerably more complex than
the three-layer beam model, is now complete. The three-layer beam model provided consid-

erabie guidance in the development of the five-layer model. It provided the motivation for
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some of the simplifying approximations of the algebra and made it possible to see explicitly
where the inclusion of the adhesive layer effected the model. The next chapter is devoted to

numerical results obtained using the five-layer beam model.
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Chapter 6 - The Five-Layer Sandwich Beam Model:

Numerical Results

Because the sensitivity studies using the static elastic solution did provide insight into the
importance of the material properties for the three-layer model, the sensitivity calculations
will be repeated for the five-layer model. Thus, the static elastic response of the five-layer
beam is studied before the viscoelastic response is studied. Because the adhesive is a sep-

arate constituent in the five-layer model, its material properties must now be considered.

Materials and Material Properties

As with the three-layer beam model, the five-layer beam model is studied for two different
material systems. The composite material system of the three-layer model is one of these.
for the five-layer model, the thickness of the honeycomb (HRH 327) is now the value 2h and
the thickness of the adhesive layers, t;, is a separate quantity. The elastic moduli of the

honeycomb are the same as in the three-layer model. The adhesive under consideration is
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FM73, a film adhesive produced by American Cyanimide. The extensional modulus E; is a
typical value for adhesives, and G, was found by assuming that the adhesive is isotropic and
has a Poisson’s ratio of 0.3. The nominal thickness of FM73 is 0.005". The face sheets are the
quasi-isotropic quartz-epoxy material used for the three-layer model composite beam. Also,
the aluminum beam studied in Chapter 4 is considered. This aluminum beam is now assumed
to have FM73 adhesive joining the aluminum face sheets of the three-layer model to the alu-
minum honeycomb core of the three-layer model. The material properties for both systems

are presented in Table 7.

Sensitivity Studies

The sensitivities of the static elastic five-layer beam model to reductions in material
properties and layer thicknesses are found separately for the mechanical load and the thermal
gradient, as they were in the three-layer model. To study the sensitivity, a particular material
property or layer thickness is reduced by an order of magnitude and the tip deflection is found
using this reduced value. This tip deflection is normalized with respect to the tip deflection
that is found when the nominal material properties are used, or

Wiip

Sensitivity = (6.1)

nominal
tip

This is identical to the approach used in Chapter 4 to study the elastic sensitivity of the

three-layer model to the various material properties and thicknesses.
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Table 7. Nominal Material Properties and Geometries for Five-Layer Beam Model

Aluminum Beam

Face Sheets Adhesive Honeycomb Core
E: = 10.0EB psi E. = 0.5E6 psi Es = 1.0E3 psi
Gy = 3.85E6 psi G, = 0.179E6 psi G, = 68E3 psi
ty = 0.040 in t, = 0.005 in h = 0.250 in
ar=13E-6 = oy = 25E-6 —- o= 13E-6 =

F °F F

Composite Beam

Face Sheets Adhesive Honeycomb Core
E, = 2.5E6 psi E, = 0.5EB psi E; = 1.0E3 psi
G, = 0.96E6 psi G; = 0.179E6 psi G; = 29E3 psi

ty = 0.040 in t, = 0.005 in h = 0.250 in

a1 =5E-6 2= 25E-6 - x5 =1.56-6 o

Mechanical Load

The bending response of the five-layer beam model to a mechanical load is shown in

Equations 5.35, 5.38, 5.41 and 5.42. To find the tip deflection, x = % is used:

3 R? R2 R2

PL PL 1 2 3

Wiip = > + > (—cg + ot —c7> . (82)
48(Ry + Ry, + Ry) 4Ry + Ry + Ry)

The numerical results of the sensitivity studies for the mechanical load are reported in

Table 8 and Table 9 for the aluminum beam and composite beam respectively. For both ta-
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bles, the left column indicates which material property or thickness is reduced by a factor of
ten. The right column is the value of Equation 6.1 for that case.

Inspection of these tables reveals little information that was not already determined from
the sensitivity studies of the three-layer model. The sensitivities of the two material systems
are similar. The beam response is most sensitive to a reduction of the thickness h. Ré-
ductions of the modulus of elasticity and thickness of the face sheet cause the next greatest
increase in tip deflection. Also, the five-layer model is sensitive to a reduction of the shear
modulus of the core, G;. Like the three-layer model, the five-layer model is insensitive to re-
ductions of the shear modulus of the face sheets, G,;, and the modulus of elasticity of the core,
Es. |

The major difference between the three- and five-layer models is the inclusion of sepa-
rate adhesive layers in the five-layer model. However, it is apparent from Table 8 and
Table 9 that the five-layer beam model is relatively insensitive to reductions of the elastic

properties or thickness of the adhesive.

Thermal Gradient

The tip deflection for a five-layer beam subjected to a through-the-thickness thermal

gradient with no mechanical loads is

- L3(M; + Mg + M)
8(Ry + R, + Ry

Wiip = (6.3)
Like the tip deflection of the three-layer beam subjected to a thermal gradient (Equation 4.12),
this expression does not include any of the shear moduli; therefore, the tip deflection shouid
be completely insensitive to reductions of the shear moduli.

The numerical results of these sensitivity studies are shown in Table 10 and Table 41 for

the aluminum and composite beams, respectively. Again, the left column of these tables in-
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Tabie 8. Sensitivity of Five-Layer Aluminum Beam - Mechanical Load

Reduced Variable Sensitivity
NONE 1.000
E, 7.694
G ' 1.002
ty 8.759
E; 1.004
G, 1.014
t; 1.036
Es 1.000
G, 2.8689
h 23.260
ALL 7859.10

dicates which material property or thickness value was reduced by a factor of ten, and the
right column is the value of Equation 6.1 for the case under consideration.

As was discovered for the mechanical load sensitivity study, the sensitivities of the five-
layer beam differ little frcm those of the three-layer beam. Both material systems have similar
sensitivities. The five-layer model, like the three-layer model, is relatively insensitive to re-
ductions of nearly all the elastic properties and layer thickness values of the face sheets and
core. The five-layer beam model is relatively insensitive to reductions of the elastic properties
and thickness of the adhesive layers as well. One exception is the sensitivity to the coefficient
of thermal expansion of the face sheets, «,; however, the three-layer beam model was sensi-
tive to a4 too.

There is one unusual sensitivity that can only be found using the five-layer beam model.

The five-layer composite beam subjected to a thermal gradient is more sensitive to reductions
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Table 9. Sensitivity of Five-Layer Composite Beam - Mechanical Load

Reduced Variable Sensitivity
NONE 1.000
E, 7.353
G, 1.002
ty 8.219
E. 1.016
G; 1.004
t. 1.048
Es 1.001
G, 2.235
h | 25.460
ALL 8600.03

in the modulus of elasticity of the face sheets than the three-layer beam model (see Table 5
on page 55). Reducing E, by a factor of ten increases the thermally-induced deflection of the
beam by 56% for the five-layer beam; however, it barely influences the deflection of the
three-layer beam. The difference must be a result of the presence of the adhesive layer, but
it also is only an issue for the composite beam. For both the aluminum and composite five-
layer beams, the coefficient of thermal expansion of the face sheets, a4, has a strong influence
on the thermally induced deflection. When the modulus of elasticity of the aluminum face
sheets is reduced, it is still numerically larger than the modulus of elasticity of the adhesive.
Therefore, control of the thermally-induced deflection still lies with the face sheets for the
aluminum beam. However, when the modulus of elasticity of the composite face sheets is
reduced, it is nearly one-half the modulus of elasticity of the adhesive layer. Thus, control of

the thermally-influenced deflection of the five-layer composite beam with reduced E, lies with
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the stiffer adhesive layer. Because the adhesive layer has a higher coefficient of thermal ex-

pansion than the composite face sheet, the thermally-influenced deflection is greater.

The Time-Dependent Five-Layer Beam Model

The sensitivity studies are a useful tool for determining which material properties influ-
ence the elastic response of the beam. They are not a substitute for a viscoelastic solution;
rather, the elastic sensitivity studies complement the viscoelastic model. First, material
properties which have a significant effect on the elastic tip deflection are determined from the
sensitivity studies. Then, the viscoeiastic tip deflection can be found by assuming these ma-
terial properties are time-dependent. As was done in the three-layer viscoelastic model,
Maxwell fluids are used to represent the behavior of the materials. Also, the cases of more
and less time-dependent behavior are considered. The former case allows the shear strain
in the material to increase by a factor of ten in 20 years, as it did previously, and the latter
case allows it to double in 20 years. For the extensional material behavior, the higher level
of time-dependent behavior allows a ten percent increase in normal strain in 20 years, and the
lower level allows one percent. The material properties of the composite beam are used in
the following studies. To measure the magnitude of the effect that time-dependent material
behavior has on the beam response, the percent increase in tip deflection is again computed

as

Percent Increase Wiip(t) — Wyip

in Tip Deflection — Wiip x100% . (6.4)
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Table 10. Sensitivity of Five-Layer Aluminum Beam - Thermal Gradient

Reduced Variable Sensitivity
NONE 1.0000
E 1.0410
G, 1.0000
t 1.0474
a 0.1092
E. 0.9957
G, 1.0000
t. 0.9957
a2 1.0000
Es ) 1.0000
G, 1.0000
h 0.9968
o3 0.9998
ALL 0.1000

Mechanical Load

The five-layer model sensitivity studies reveal that, for the mechanically loaded case, the
response of the beam is most sensitive to reductions in the extensional modulus of the face
sheets, Ey, and the shear modulus of the core, G;. The deflection is less sensitive to the re-
ductions of the shear modulus of the face sheet, G,. This is identical to the information ob-

tained from the sensitivity studies of the three-layer model.
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Table 11. Sensitivity of Five-Layer Composite Beam - Thermal Gradient

Reduced Variable Sensitivity
NONE ‘ 1.0000
E, 1.5597
G, 1.0000
t 1.6344
oty 0.1858
E. 0.9316
G, 1.0000
t: 0.9317
a2 0.9143
Es 1.0004
G, - 1.0000
h 0.9507
a3 0.9998
ALL 0.1000

One goal of this work is to maintain simplicity and closed-form solutions. In the three-
layer model, an approximation of the tip deflection based on the relative values of the exten-
sional moduli of the core and face sheets (E; and E, respectively) is used to simplify the
time-dependent model when E, is time dependent. Without this simplification, it has been
shown that the time-dependent solution can be found but is not in a practical form. This
simplification is not possible in the five-layer model. Therefore, because both the three-layer
and five-layer models have similar sensitivities to elastic reductions of the modulus of
elasticity of the face sheets, and because the five-layer time-dependent model for E,(t) is

prohibitively complicated, a time-dependent E, is not considered here. Two material proper-
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ties to which the five-layer model is not sensitive elastically are allowed to be time-dependent
for this discussion. The shear modulus of the adhesive layers, G;, does not appear separately
in the three-layer model; therefore, the effect of any possible time-dependence of G; has not
previously been discussed. Also, the shear modulus of the face sheets, G,, is allowed to vary
with time in order to compare the three-layer and five-layer viscoelastic models.

To study the influence of the shear moduli on the problem, the elastic tip deflection of the
five-layer beam can be written to reveal the dependence on the three shear moduli using

Equations 5.6 and 6.2:

pL? PL R} R? ;
Wyip = + + + . (6.5

For the time-dependent tip deflection, the load P is a step function whose magnitude is P,.

Influence of Time-Dependent Core Shear Modulus (G, ) on Beam Response
In Chapter 4, the constitutive equation which governs the behavior of a Maxwell fluid model
appeared in Equation 4.14 and is repeated here for convenience:

T+ Pt =0y . (6.6)

The strain as a function of time can be found for the case where the stress is a step function

of magnitude T :

Af P
yt) = % ﬁ + —q-‘1—) . 6.7)

For time zero, the elastic case, it is apparent from

4(0) = %(Z—:) - ?(G%) . (6.8)
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that the elastic shear modulus of the core is %:— or

Gy = — . (6.9)

For the case where the shear strain of the core doubles in 20 years,

=5 L 20y _ = ot 1
y(20) = r( G, + a; ) = 2y(0) = 27 G (6.10)
and the constants py and q, are

For the case of greater time-dependent behavior, the strain increases by a factor of ten in 20

years, or

1 20 A1 \
20) = 7{ — + =— ) = 10y(0) = 107 — , 6.12
7(20) T(G3 q1) 7(0) G, (6.12)
which leads to
’ 20 ? 20
p4 = —g' and q4 = —g—G3 . (5.13)

To find the time-dependent tip deflection, the Laplace transform of the elastic tip de-

Q(s)

flection, Equation 6.5, is performed and G; is replaced by W :

- Po L2
Wup(®) = 5| TR, + Ry + Ry)

2 2 2
+ Po L R + R + R3 (8.14)
S L 4Ry + Ry + Ry)? oh Q(s) 2G,t, 2Gqt

P(s)

Q(s)
P(s)

For a Maxwell fluid, the ratio is
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Q) ass
P(s) ~ 1+ pgs

(6.15)

Therefore, the tip deflection in Laplace domain is

— Po 2
Wupl®) = 57| ZaR, + Ry + Ry)
' 6.16
Po L R3 ( 14 pys ) R3 R3 (616
+ = | — ) + + :
S L 4Ry + Ry + Ry)? 2h Q1S 26yt 2Gqt

The inverse Laplace transform converts this to the time-dependent tip deflection, which is

o N PoL ( R? )( t ) (6.17)
W = W -_— . .
v 4Ry +Ry+ Ry \ 20\ O

Thus, for the model which allows for less time-dependent behavior, the tip deflection in 20

years is found using Equations 6.11 and 6.17. Itis

o PolL R? 5.18)
W, = Wy . .
tip tip + 4R, + R, + Ry \ 265N

For the greater strain case, q’y is found in Equation 6.13. The tip deflection in 20 years is

2
Wip(t) = Wyp + 3Pt > Ri . (6.19)
4Ry + Ry + Ry? \ 2CGsh

These results are shown as a function of time in Figure 13 and can be directly compared to
Figure 9. The three-layer and five-layer models have almost identical increases in tip de-
flection for time-dependent shear behavior of the core. Likewise, from Table 3 on page 51
and Table 9, the elastic sensitivities for both models are also nearly identical for reductions

. of the shear modulus of the core.
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Figure 13. Percent Increase in Tip Deflection of Five-Layer Beam Model for G, (t)

Influence of Time-Dependent Adhesive Shear Modulus (G, ) on Beam

Response

Like the shear modulus of the core, the time-dependent behavior of the adhesive shear

modulus G; is modelled by a Maxwell fluid and is bracketed by the cases where the strain
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increases by a factor of two and a factor of ten in 20 years In the previous work, the relation-
ship between the shear modulus and p, and q, was found. That relationship is the same for

this case and is, like Equation 6.9,
G, = — . (6.20)
Also, for the case where the strain doubles in 20 years, p, and q, are
gy = 20G2 and p1 =20 . (621)

For the other case, that of the strain increasing ten-fold in 20 years,

, , _ 20
0y = 26 and py = 2 (6.22)

S .
P((s)) replaces the shear modulus in the Laplace-transformed form of Equation 6.5:

As before,

= Po 2
Wip(®) = 5T TB(R, + Ry + R)

2 2 2
+ To L /LR R (6.23)
S L 4Ry +R, +Ry? J\ 2Gah ot Q05 26,1,

2 P(s)

In particular, the tip deflection in Laplace domain when G; is modelled as a Maxwell fluid is

— Po L3
Wil®) = 57| TR, + R, + Ry
6.24
Py L R? R? ( 14 pgs ) R? (6.24)
+ = + + :
S| 4R, + R, + Ry? || 263 2, qs 2G4t

and the tip deflection as a function of time is

2
Wep(t) = wyp + Pot > R (—‘—) . (6.25)
4Ry +Ry+Ry? \ M SN
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Thus, for the model whose strain doubles in 20 years, the tip deflecticn in 20 years is

® + Pol Rz (6.26)
Wy = Wy, . 0.
' P 4Ry + Ry + Ry \ 262t

For the other case, the tip deflection in 20 years is

2

B = 9pP,L R 6.27

wtip() - wtip + 2 2G.t . ( . )
4Ry + Ry + Ry) 2t

The tip deflection as a function of time is shown in Figure 14. The elastic sensitivity studies
indicate that a reduction of G; has little effect on the tip deflection; the response of the beam
changes only slightly for time-dependent shear behavior of the adhesive layers for both levels

of time-dependence. The significance of the elastic sensitivity studies is again reaffirmed.

Influence of Time-Dependent Face Sheet Shear Modulus (G, ) on Beam

Response

Again, two Maxwell fluid models are used to represent the time-dependent shear be-
havior of the face sheets. The relationship between p, and q, and the shear modulus is the

same as in Equations 6.9 and 6.20:
G = — . (6.28)

As before, the behavior is bracketed by a two-fold and ten-fold increase in strain in 20 years.

For the first case, a two-fold increase,
qq = 20G, and py = 20 . (6.29)
For the ten-fold increase in strain,
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Figure 14. Percent Increase in Tip Deflection of Five-Layer Beam Model for G, (1)

¢y = 26, and p, = & (6.30)
g 9
o . . < Q(s)
To apply the correspondence principle to the tip deflection, G, is replaced by P(s) in the

transformed form of Equation 6.5:
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— Po L3
Wip(s) = —5 48(R, + R, + Ry)

2 2 2
+ Po L Rj + R3 + R3 (6:31)
® L 4Ry + Ry +Ry? J\ 2Gah 2t , Q) !

P(s)

For the Maxwell fluid model, this is

— Po 3
Wipl®) = 57| R, + R, T Ry
(6.32
P, L R? R2 R§(1+p1s) (6.5
+ = + + .
S L 4Ry +Ry+Ry? || 2Gah 26yt 2, G418

Therefore, the time-dependent tip deflection is the inverse Laplace transform of Equation 6.32:

2
Wyp(t) = wyp + Pol Rs (—t—) . (6.33)
4(Ry + Ry + Ry)? \ 2 41

For the Maxwell fluid model which allows less time-dependent behavior, the tip deflection in

20 years is

2
Wiip(t) = wyp + Pt 2 Ra . (6.34)
4(Ry + Ry + Ry)? \ 2City

and for the Maxwell fluid model which allows for more time-dependent behavior, it is

2
Wyp() = wyp + 9ol - Ra : (6.35)
4Ry + Ry + Ry)® \ 2Gity

Again, the tip deflection is linearly dependent on time and is shown as a function of time in
Figure 15. As the elastic sensitivities imply, a time-dependent reduction of G; has even less

effect on the tip deflection, than a time-dependent G,, Figure 14.
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Figure 15. Percent Increase in Tip Deflection of Five-Layer Beam Model for G, (t)

Through-the-Thickness Linear Thermal Gradient

The elastic sensitivity studies for the five-layer beam model subjected to a thermal gra-

dient revealed that only a reduction of the modulus of elasticity of the composite face sheet
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significantly increases the tip deflection. Therefore, the viscoelastic response of the beam to

time-dependent extensional behavior of the face sheets is studied.

Influence of Time-Dependent Face Sheet Modulus of Elasticity (E, ) on Beam

Response

Two Maxwell fluid models are used to bracket the expected behavior of the face sheets.
One model allows the strain to increase by one percent in 20 years; the other allows a ten
percent increase in 20 years. Because these models are identical to those used in Chapter
4, the constants p; and q, as found in Chapter 4 are used here. For the model which allows

a one percent increase in strain, from Equation 4.60,

q; = 2000E; and p; = 2000 . (6.36)
For the model which allows a ten percent increase in strain, from Equation 4.61,

q’y = 200E, and p’y = 200 . (6.37)

The definitions in Equations 5.6 and 5.33 are substituted into the elastic tip deflection of a
cantilever beam subjected to a linear through-the-thickness thermal gradient to reveal the

dependence on E;:

—bL?
wt‘p = —16 X
2 2 2 2
4 4 t t h?
E1d1t1 h + 12 + —2—' + W + E2d2t2 h + T + '1_2_ + E3a3h T
2 2 2 2 2
t t t t 2

{5111[(h+t2+71) + —1—’2—:l + Eztz[(rw--;—) + %] + Eah[(%) + :‘—2]}

(6.38)
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New constants are now introduced to simplify the previous eguation. They are

>
]
By
N
-
+
Ny
+
ml;‘
N~
S|
[

2
ty t h h?

it

o
]

2
2 2 2
t 1 h h
E2t?[(h+T) MY jl + E3h[( 2 ) 12

Using these, Equation 6.38 becomes

Wep = K<—E‘A + B ) . (6.40)
E«C + D
. . s) ,
To apply the correspondence principle, the ratio P(s) replaces E, in the transformed form of

Equation 6.40. Like the mechanical load, the thermal gradient is considered to be a step
function of time. (Transient heat conduction difficulties are being ignored.) Therefore, the

general expression for the tip deflection in Laplace domain is

Q(s) i
( o )A +8

_ K L _
Wypls) = 5 o = (6.41)
( s )c +D

For a Maxwell fluid model, this becomes

(6.42)

s
{(—1 A )A+Bj| :
K + P B l(_[s(Aq1+Bp1)+B:]
s

Wiip(S) = 5~ s(Cqq + Dpy) + D

)
q48
() o)
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Once the Inverse Laplace transform has been performed, the previous expression becomes

the time-dependent tip deflection. This is

_ K AD — BC =0t
wtlp(t) = D [B + Q1( Cq1 + Dp1 )e( Cq1+Dp1 )} . (643)

Unlike most of the previous viscoelastic studies, the tip deflection of a beam subjected to a
thermal gradient is not a linear function of time. The time-dependent tip deflections for the two
cases under consideration are shown in Figure 16. Upon inspection of this figure, it is ap-
parent that, even though the tip deflection is actually an inverse exponential function of time,
it appears to be an approximately linear function of time. The influence of time-dependent
behavior of the face sheets on the tip deflection is slight; the percent increase of tip deflection

in 20 years for the case of more time-dependent behavior is less than one percent.

Quasi-Elastic Approach

As was done for the three-layer beam model, the quasi-elastic approach can be used to
study the five-layer beam. Here both the tip-loaded cantilever beam and the cantilever beam
subjected to a linear through-the-thickness thermal gradient are considered. As before, the
quasi-elastic increase in tip deflection is found by increasing the particular compliances by a
certain factor. This increase in tip deflection is normalized with respect to the elastic tip de-
flection, as in Equation 4.77, and this ratio is reported in the third column of Table 12. As
before, the first column indicates the material property that experiences a compliance in-
crease and the second column presents the factor by which the compliance is increased. The
fourth column shows the percent increase in tip deflection as computed by the viscoelastic
approach and given by Equation 4.78. Like the quasi-elastic results for the three-layer model,

the quasi-elastic results for the five-layer beam are nearly identical to the viscoelastic results
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with only one exception; the quasi-elastic tip deflection for the case of an increased compli-

ance which corresponds to G, (the shear modulus of the core) is slightly less than the

viscoelastic tip deflection.
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Table 12. Quasi-Elastic Tip Deflection of the Five-Layer Composite Beam

Tip-Loaded Cantilever Beam
Material Quasi-Elastic Viscoelastic
Property Factor Result Result
G 10.0 0.2 % 0.2 %
G, 10.0 0.4 % 0.4 %
G, 10.0 123.5 % 127.3 %
Cantilever Beam Subjected to Thermal Gradient
E, 1.1 0.7 % 0.7 %
Summary

This comp|étes the rather comprehensive treatment of the five-layer sandwich beam
model. For the most part, the results are similar to the results found using the three-layer
sandwich beam model. 'The single exception is the sensitivity of the beam to a thermal gra-
dient when the modulus of elasticity of the composite face sheet is reduced. An explanation
for this was presented based on the presence of an adhesive layer. Without using the five-
layer model, this important physical effect would not have been revealed. As with the three-
layer model, sufficient details have been presented so that the use of more complicated
functions for the time-dependent behavior of the constituents can be considered.

The next chapter begins the discussion of the experimental aspects of this study. The
apparatus used to measure the time-dependent response of various constituents are de-
scribed, and the experimental procedure is discussed. There are inherent difficulties in
measuring the time-dependent response of materials. Strain readings from electronic devices

such as electrical strain gages can “drift” over time. Also, environmental changes such as
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temperature, humidity and vibrations effect electrical resistance and mechanical measure-
ment devices (e.g., dial gages). Even so, an attempt is made to observe the time-dependent
behavior of the quartz-epoxy material in tension and the glass-imide honeycomb in shear.
Based on the elastic sensitivity studies and the viscoelastic studies, the time-dependent be-
havior of these particular beam constituents have the most influence on the response of the
sandwich beam. Simple viscoelastic models are then fit to the observed these behaviors and
the three-layer sandwich beam model is used to predict the time-dependent response of a
sandwich beam in three-point bending. This prediction is compared to experimental meas-

urements of the response of a sandwich beam in three-point bending.
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Chapter 7 - Experimental Apparatus and Procedure

The work presented in the previous chapters indicated that the time-dependent behavior
of the sandwich beam constituents has an influence on the overall time-dependent behavior
of the beam. The degree of influence depends on the particular constituent and the level of
time-dependent behavior of that constituent. For demonstrative purposes, Maxwell fluid
models with two levels of time-dependence were considered. Although the Maxwell fluid
model might be considered an oversimplification, it does reflect one important aspect of
polymer response, namely the tendency to continuously deform under stress. Although for
purposes of demonstration a Maxwell fluid is a convenient model because of its simplicity, it
does not necessarily accurately represent the behavior of any of the constituents, nor do the
two levels of time-dependence studied accurately reflect the magnitude of time-dependence
of the constituents. In this context, several important questions can be asked. First, do the
quartz-epoxy face sheets loaded in tension or compression behave like a Maxwell fluid
model? Can the behavior of the glass-imide honeycomb in shear be modelled as a Maxwell
fluid? If so, what strain increases are observed with time? Second, if they do not behave as
Maxwell fluids, which viscoelastic model can be used to more accurately reflect their behav-
ior? Finally, once the viscoelastic behavior of the constituents is quantified and modelled, can

these models be used in the three-layer or five-layer beam model to accurately predict the
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response of an actual beam with time? These are important questions and constitute a study
in their own right. However, to begin to answer these questions, some experimental work was
conducted. The work focused on determining the time-dependent behavior of the quartz-
epoxy face sheet material in extension, the time-dependent behavior of the glass-imide
honeycomb core material in shear, and the time-dependent behavior of a sandwich beam
subjected to three-point bending. The time-dependent shear behavior of the face sheets and
the time-dependent behavior of the adhesive in both shear and extension were not studied.
If the analytical predictions in the previous chapters are correct, then using the models which
best fit the time-dependent behavior of the face sheets in extension and the core in shear in
either beam model will result in predictions that should closely match the observed time-
dependent beam deflection.

This chapter discusses the apparatus and procedure used to measure the time-
dependent response of the quartz-epoxy face sheet material in extension, the glass-imide

honeycomb in shear, and a sandwich beam in three-point bending.

Time-Dependenf Behavior of the Quasi-Isotropic

Quartz-Epoxy Face Sheets

To observe the time-dependent behavior in tension of the quasi-isotropic Astroquartz-155
as a function of time, two coupons with nominal widths of 0.5” and thicknesses of 0.04” were
cut. Two back-to-back strain gages were bonded to each specimen to measure axial strain.
One sample was placed in a standard dead-weight loading creep frame and loaded. The other
sample was in close physical proximity to the loaded specimen but remained unloaded. The
four strain gages were used to complete a Wheatstone bridge circuit. Because the experiment

was not performed in a controlled environment, the strain gages on the unloaded sample were
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used to compensate for the effects of temperature or humidity changes on gage resistance.
A load was applied in a step-wise fashion. For the first hour, the strain was recorded at in-
tervals of less than ten minutes. Then, as the need for more frequent data readings declined,
the interval increased gradually. The experiment continued for over 40 days. Compensation
for electronic drift in the strain gages was not made. However, preliminary experiments with
the same two specimens, both unloaded, indicated that drift was several orders of magnitude

smaller than the readings for the loaded specimen.

Time-Dependent Behavior of the Glass-Imide Honeycomb

Core

A special fixture to measure the time-dependent shear behavibr of all three constituent
materials (the quasi-isotropic quartz-epoxy face sheets, the film adhesive and the glass-imide
honeycomb) was designed. A schematic of the fixture is shown in Figure 17. The fixture
consists of two plates of steel, between which the material in question can be bonded. Two
more pieces, the ends of the fixture, are removable. Each of the end pieces has three holes
which allow the tensile load to be applied through the centerline of any of the three materials,
each of which has a different thickness. In other words, the centerline of the material being
tested coincides with the line of action of the applied tensile load. The relative displacement
of the two steel plates is measured using a crack-opening-displacement (COD) gage. The in-
itial opening of the COD gage can be adjusted by using a slider mechanism which is attached
to the steel plates. This slider mechanism is shown in detail in Figure 18. The mechanism
is composed of a slider which is set into a stationary block attached to one plate and con-
trolled by a screw. The slider fits into a dove tail cut in the stationary block. Turning the screw

either increases or decreases the distance between the slider and another block which is
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Figure 17. Shear Fixture

connected to the other steel plate. Both the slider and the second block have grooves into
which the COD gage is set.

Although the fixture was designed to be used for all three constituent materials, the pre-
vious work indicates that the shear behavior of only the core is important. Therefore, for the
second experiment, a sample of the glass-imide honeycomb was bonded to the fixture using
the FM73 film adhesive. Thus, the data obtained from the fixture more accurately represent
the core of the three-layer beam modei, which is a combination of the honeycomb and adhe-
sive layers. The specimen had a nominal width of 1.5” and length of 3.0". The fixture (com-
plete with specimen) was placed in the creep frame. The COD gage was set in place. The
slider mechanism was adjusted so that the initial, unloaded opening of the gage corresponded
fo a strain reading of zero. Like the previous experiment, the load was applied in a stepwise

fashion, and the strain was recorded at intervals of less than ten minutes for the first hour.
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Gradually, the intervals increased in length as the need for more frequent strain data de-

creased. This experiment was continued for about fourteen days.
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Time-Dependent Behavior of the Sandwich Beam in

Three-Point Bending

Another fixture was designed in order to examine the time-dependent behavior of a
sandwich beam in three-point bending. This fixture is basically an elevated aluminum piat-
form. Parallel grooves 8” apart in the aluminum plate constrain two dowel pins which act as
simple supports for the beam. Midway between the simple supports are four posts, two on
each side of the beam. The load is applied across the width of the beam at the midspan by
a dowel pin which slides down between the four posts. Screws connect this dowel pin to a
pan which holds weights. This apparatus is shown in Figure 19. In addition to the basic fix-
ture, two posts were added at strategic locations to support the dial gages which were used

| to measure the beam’s deflection.

A sandwich beam of Astroquartz-155 quasi-isotropic face sheets, FM 73 adhesive and
HRH 327 glass-imide honeycomb core with a nominal width of 1” was placed in the fixture.
A load was applied in a stepwise fashion by placing weights on the pan. The deflection of the
beam at two points was measured using dial gages at a point 17 from the simple support and
1" from the center. The deflection of the beam at these two points was recorded, first for small
intervals of time and then for gradually longer intervals. The experiment continued for 38
days. The measurement of the deflection at two points, as opposed to just one point, is used
to check the consistency of the readings.

The results of the three experiments and the fitting of simple viscoelastic models to the

data are presented in Chapter 8.
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Chapter 8 - Experimental Results and Viscoelastic

Models

The results of measuring the time-dependent behavior of the quartz-epoxy face sheet
material in extension and the glass-imide honeycomb material in shear are reported in this

chapter. The results are reported as percent increase in strain as a function of time, or

Percent Increase _  &(t) — £(0)

0,
in Strain - e(0) x100% - (8.1)

Additionally, the initial value of strain, ¢(0), is reported, as well as the stress level used for
testing. Viscoelastic models are then chosen to represent the time-dependent behavior of
these materials, and these models are used with the three-layer beam model to predict the
percent increase of the deflection of the sandwich beam in three-point bending. This is then
compared to the experimental results from the sandwich beam. Because the creep frame
used magnifies the load using a lever arm and fulcrum, and because of the cross-sectional
areas of the specimens, these stress levels are not "even” numbers (i.e., 50 psi), even though

the dead weight loads were.
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Time-Dependent Behavior of the Quasi-Isotropic

Quartz-Epoxy Face Sheets

With an applied stress of 9,670 psi, the initial strain of the quasi-isotropic quartz-epoxy
material was 3,650x10-%. The percent increase in strain, Equation 8.1, is shown as a function
of time in Figure 20. By definition, the percent increase in strain at time zero is zero. For the
quartz-epoxy, the strain increased rapidly for approximately 10 days, after which the strain
increased at a slower, nearly constant, rate.

One viscoelastic model which corresponds to this type of behavior is the four-parameter
fluid. A four-parameter fluid consists of a free spring, Kelvin element, and free dashpot, all in
series, as shown in Figure 21. The time-dependent percent increase in strain of a four-
parameter fluid for a constant stress is also shown in that figure. The manner in which the
parameters of a four-parameter fluid, E,, Ey, 11 and n, influence the time-dependent response
is also noted in the figure. The free spring responds instantaneously to an applied stress,
after which the Kelvin element and free dashpot contribute to the time-dependent portion of
the strain. Eventually, the Kelvin element reaches a maximum amount of strain, after which
the strain increases linearly for an indefinite period of time. The constitutive behavior of a

four-parameter fluid is given by
o + pio + Pd = Qqé + QE (8.2)
where

Eomy + Eona + Eqmp

Py = E°E1
p, = N112
2 = B, (8.3)
Qs = n2
n1n2
q; = E_1
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Figure 20. Percent Increase in Strain of Quartz-Epoxy Face Sheets

Equation 8.2 can be transformed to the Laplace domain:
3(S)(1 + Pys + Pps)) = EsNars + Qpsd) . (8.4)
For a stress that is applied as a step function, 5(s) is
5s) = & (8.5)

For this stress, the strain as a function of time can be found by substituting Equation 8.5 into

Equation 8.4, solving for &(s), and performing the inverse Laplace transform. It is
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A Eo + E1 1 —L Edt t ‘
e(t) = G(T - —E;—e Mmoo+ 7Y . (8.6)

The percent increase in strain of a four-parameter fluid can be written as a function of time

as

Percent Increase E —Et Eo .
in Strain = { E, [1 —e M ] + 2 t >x100% . (8.7)
The constant E, can be determined from the initial strain. For the quasi-isotropic quartz-

epoxy, it is

- 9670psi
° &0 3650x10~ °

= 2.65x10%psi , (8.8)

which is, in fact, quite close to the elastic value used in Chapters 4 and 6, 2.5x10° psi. Once
E. has been found, », can be determined by examining the slope of the straight line portion

of the percent increase in strain graph. The slope is

100E,
"2

m = (8.9)

For the quasi-isotropic quartz-epoxy, an hand-fit straight line through this latter portion of the

data has a slope of approximately 0.0632—1— thus

days'’
100E, 100(2.65x10°psi) o .
N, = — = 1 = 4.19x10 psi-days . (8.10)
0.0632 ———
days

To find the other two constants, E, and »,, several different approaches can be used. One
approach is a least-square error technique. For a range of E, and », values, a cumulative

error can be calculated by summing the squares of the difference between the computed
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value of percent increase in strain from Equation 8.7 and the experimental value. In other

words, for each E, and », value, the error

2

Experimental Percent Computed Percent

ERR = ) . - . . , (8.11)
Increase in Strain Increase in Strain

where i is the total number of data points, is calculated. The range of E, and », can be refined

to minimize this error. For the quasi-isotropic quartz-epoxy, the error is minimized when

3.45x10  psi
1.13x107psi-days .

Eq

(8.12)

m

To compare this four-parameter fluid model to the experimental data, the percent increase in
strain of both the model and the experiment are presented together in Figure 22. Although
the agreement is not perfect, the four-parameter fluid model does capture the essential char-
acteristics of the experimental behavior.

A different approach to finding E, and », could yield better results. In this approach, the
straight line that was used to find n; is extended to intercept the t=0 axis. This intercept is,

as shown in Figure 21 by the dashed line,

. 100E,
intercept = (8.13)
E;
Thus, for this case, E, is
c 100E, 100(2.65x10%psi) 3915107 osi 5 14
'7 intercept 8.25 = J.exavpst . (8.14)
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Figure 22. Percent Increase in Strain of Quartz-Epoxy Face Sheets - Experimental and Model
(First Approach)

The value of n, can then be chosen, either by trial and error or by a least-squares approach,

so that the four-parameter fluid model closely matches the experimental behavior. Using the

former method resulted in
wy = 5.00x10"psi-days . (8.15)

The percent increase in strain of a four-parameter fluid model described by these constants

and the ones in Equations 8.8 and 8.10 is shown in Figure 23, along with the experimental
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Figure 23. Percent Increase in Strain of Quartz-Epoxy Face Sheets - Experimental and Model
(Second Approach)

data. The agreement between this model and experiment is much better than for the first

approach and is used later.
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Time-Dependent Behavior of the Glass-Imide Honeycomb

Core

With a shear stress of 67 psi applied, the initial shear strain of the glass-imide honeycomb
material was 15,100x10-%. The percent increase in strain, Equation 8.1, is shown as a function
of time in Figure 24. Like before, the time-dependent strain of the material behaves much like
a four-parameter fluid, although the behavior is a bit more erratic. In order to avoid confusion
between the four-parameter fluid models previously defined for the quartz-epoxy material in
extension, the spring and dashpot constants are defined for this four-parameter fluid model
as shown in Figure 25. As before, the spring constant of the free spring, now G,, can be found

using the initial strain and is

6. = —T_ — 66.7psi
° " 0 15100x10~°

= 4.42x10%psi . : (8.16)

Also like before, the dashpot constant of the free dashpot can be found by examining the slope
of the straight line portion of Figure 24. An hand-fit straight line through the data has a slope

of about 0.161 ;. Therefore, y, is

days
100G, 100(4.42x10°psi) 6 .
Yo = m = 1 = 2.75x10 psi-days . (8.17)
0.161
days

The other two constants, G, and y,, can be found using the same techniques as before.
For ranges of these constants, the cumulative error is calculated using the least-squares ap-
proach in Equation 8.11. The ranges are refined until the error is minimized and the best

values are found for G, and y,. They are

5.38x10*psi
8.33x10°psi-days .

¢ (8.18)

Y1
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Figure 24. Percent Increase in Strain of Glass-Imide Honeycomb

Again, the percent increase in strain of the four-parameter fluid model which is described by
Equations 8.16, 8.17 and 8.18 is presented with the experimental percent increase in strain in
Figure 26. The time-dependent behavior of the glass-imide honeycomb in shear can be
matched quite closely with this four-parameter fluid model.

For comparison, G, and y, are also found using the second approach. As with Equation

8.10, G, is

100G, 100(4.42x10°psi)

4 .
Gy = intercepl 895 = 5.36x10 psi . (8.19)
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Figure 26. Percent Increase in Strain of Glass-Imide Honeycomb - Experimental and Model (First
Approach)

This is within one percent of the previously determined G,. Therefore, because the least-
squares approach yielded a model which so well represented the time-dependent behavior
of the material in shear, and because G, is nearly identical, the value of y, from before,

namely,
yq = 8.33x10%psi-days | (8.20)

is selected for the value of y, for the second model. The percent strain increase of this model

is presented along with the experimental data in Figure 27. As expected, the results from

Chapter 8 - Experimental Results and Viscoelastic Models 143



Percent Increase in Strain

Gy = 4.42E3 psi
. G, = 5.36E4 psi
2 7 Y, = 8.33E3 psi-days
1 - Y, = 2.75E6 psi-days
0 T T T T T T T T T T T T
0 2 4 6 8 10 12 14
Time (days)

Figure 27. Percent Increase in Strain of Glass-Imide Honeycomb - Experimental and Model (Sec-
ond Approach)

using the second approach for the reduction of the data are nearly identical to the results from

using the first approach.
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Time-Dependent Behavior of the Sandwich Beam in

Three-Point Bending

The deflection of a sandwich beam subjected to three-point bending was measured at two
points along the length of the beam over a period of about 38 days. Because the experimental
work focuses on the agreement between the time-dependent portions of the analytical model
and the experimental d‘ata, only the time-dependent portion of the data is reported here. Also,
because the shape ofthé deflected beam does not change with time, the percent increase in
deflection for the two points should, in theory, be the same. Figure 28 presents the average
of the percent increase in deflection for the two points measured. For all intents and pur-
poses, the results from measuring the deflection at the two points were identical.

As can be seen, the behavior is quite unlike what would be anticipated. The periodic
oscillations were not expected. The period of the oscillations was about six or seven days,
during which time period the deflection actually decreases as well as increases with constant
load. Both dial gages registered this periodic characteristic. Despite the oscillatory behavior,
the mean trend is for an increase in deflection. Because of this, it was felt that this trend could
be predicted successfully using the four-parameter fluid models of the face sheets and the
core in the three-layer sandwich beam model. First, the influence of the time-dependence of
the quartz-epoxy face sheets is considered. For simplicity, the approximation tip deflection
of Equation 4.71 is used. The tip deflection in Laplace domain is identical in form to Equation

4.72 and is repeated here for convenience:

pL3

Wtip(s) = Q)

P(s)

96s ty(h? + hty + - )

(8.21)

+

2 2 ht, + 2 t22
PoL (2h° + hty) (hty + 3 t)
+ .
9 22 Cg C7
- 1)
3 1

16s(h? + ht, +
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Figure 28. Percent Increase of Deflection of Sandwich Beam in Three-Point Bending

For a four-parameter fluid, the ratio of the polynomials Q(s) and P(s) is

Qs) s + q,8°

o . (8.22)

1+ P1S + p252

where qy, q2, p1 and p; are defined in Equation 8.3. When this ratio is substituted into Equation
8.18 and the inverse Laplace transform performed, the result is the time-dependent tip de-

flection. It is
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PoL3 t 1 —Et

wtip(t) = Wyp + > 1 2 -'F + '—E— 1—-—em ) . (8.23)
gBL](h +’ ht1 + "§'t1) 1

The response of the three-layer sandwich beam to the time-dependence of the

honeycomb core in shear was studied in Chapter 4 also. The tip deflection in Laplace domain,

Equation 4.49, is also repeated here:

Y B L R} Ry
Wiip(S) = =3 [48(R1+R2) + R R \ 580 + 5 . (829

P(s)

Q(s
The ratio (s) for a four-parameter fluid, Equation 8.19, is substituted into Equation 8.21. The

P(s)
time-dependent tip deflection is the inverse Laplace transform of the resulting equation, or
® 4 — ok ( Ri ) t o, (1 ——>G't> (8.25)
wt = wt - ~ - —_— - e .1 . .
ip ip 4R, + R2)2 2h Yo G,

The time-dependent response of the beam to both the time-dependent shear behavior of
the core and the time-dependent extensional behavior of the face sheets can be found by
combining the results in Equations 8.20 and 8.22. This does not mean that these equations

are simply added; rather, the time-dependent portions are added, or

P0L3 t 1 1 — Edt
wtip(t) = Wijp + 2 1 2 Y + E_1( - e M )
g6t,(h® + hty + '3—t1)

2 -Gyt
PolL R ) t 1 Gt ]
+ — — —_— 4+ — {1 —-e 7 )
4Ry + Ry’ ( 2h [ Y2 G

The percent increase in tip deflection should, as explained previously, be the same at any

(8.26)

point along the length of the beam. Therefore, the percent increase in deflection as predicted

by the three-layer beam model using the four parameter fluid models found in this chapter is
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L3

9,(h° + hty + 1)

= x100%
\ ue (8.27)
PoL R — Gt
(AL ()
4R, + R )2 2h Y2 G1
1 2 x100%
Wnp / .

This is shown as a function of time in Figure 29 along with the experimentally-measured per-

cent increase in deflection for comparison.
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marginally acceptable job of predicting the response of the beam. However, after the first five
days, the experimental resuits are much higher than predicted by the model. There are se-
veral possible explanations for this. First, the time-dependent experiment on the honeycomb
in shear was only conducted for fourteen days. Perhaps its behavior had not quite levelled
off to a constant increase in strain, therefore making the four-parameter fluid a poor choice
as a model. Also, none of these experiments were performed concurrently. Changes in
weather, such as temperature and humidity, are known to effect polymer based materials, and
unexpected vibration and motion of the experimental fixtures, such as that due to construction
work in the building, may have adversely effected the results of the experiments. Because
these experiments were not performed simultaneously, they may have been influenced by
different environmental effects.

The periodic nature of the actual beam response remains an issue and certainly is a topic
for future research. The periodic response, measured for over a month, raises suspicions of
a periodically changing environment (e.g., air conditioning not run during weekends). Friction
in the experimental apparatus would not cause the deflection to decrease with time. Friction
would simply cause the deflection to remain constant for a period, then, as the friction is
overcome, the deflection would increase again. Assuming the load is constant for a period,
which in fact it should be, the only way for deflection to decrease with time is to have material
properties which change with time. Specifically, the effective elastic moduli would have to
increase with time! Another issue that can be considered is the response of quartz-epoxy
material on the compression side of the beam. Experiments were conducted on the quartz-
epoxy in tension. The time-dependent behavior was much greater than expected. This could
be due to the time-dependent behavior of the matrix material, the time-dependent behavior
of the fibers, or the time-dependent behavior of the interface between the matrix and the fi-
bers. If the interface was losing bond integrity with time in tension, then the compression
response could be quite different. Here, the time-dependent compressive response is as-
sumed to be the same as the time-dependent tensile response. The time-dependent

compressive behavior of the material is certainly a topic for further study.
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Summary

Although the experimental results are less than comprehensive, they do demonstrate the
potential of the sandwich beam models and the correspondence principle of viscoelasticity.
If further experiments were performed in controlled environments, or at least concurrently,
better agreement between the predictions for the deflection of the beam and the actual ex-
perimental data might be expected. However, the periodic nature of the actual beam re-

sponse may involve other issues.
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Chapter 9 - Observations, Conclusions and

Recommendations for Further Study

In the course of this work, analytical elastic models in which the material properties ap-
pear explicitly were successfully developed for both the three-layer and five-layer symmetric
sandwich beams. Knowledge of the form of the simpler three-layer beam model was used to
predict the form of the more complicated five-layer model, and the predictions have been
verified computationally. That the form of these models was similar supports the conclusion
that a seven-layer (or even nine-layer) beam model can be developed by the same procedure.
For a mechanical load, the response of the both models can be separated into two portions:
the response of the beam as predicted by strength of materials, and an additional amount of
response due to shear. The additional shear response is composed of several terms, many
6f which are so small as to be negiligible.

Once the elastic models were developed, sensitivity studies were performed using rep-
resentative material properties. From these sensitivity studies, several conclusions can be
drawn. First, although they cannot predict the time-dependent response of the beam to a
given loading condition, the elastic sensitivity studies are a useful tool which indicate which

material properties most influence the response of the beam in both the elastic case and the

Chapter 9 - Observations, Conclusions and Recommendations for Further Study 151



viscoelastic case. Thus, a material property which is important to the elastic response of the
beam is likewise important to the viscoelastic response of the beam. Also, the elastic sensi-
tivity studies of a beam in three-point bending yield similar results for both the three-layer and
five-layer models. The single most important material property to the response of the beam
in three-point bending is the modulus of elasticity of the face sheets. The second most im-
portant property is the shear modulus of the core. All other material properties have a smaller
role in the response of the sandwich beam to three-point bending. For the elastic sensitivity
studies of a beam subjected to a linear thermal gradient, the three-layer and five-layer models
did not yield identical results. Specifically, because the three-layer model does not include
the adhesive layers separately, the effect of these layers is overlooked. In the five-layer
model, when the face sheet modulus of elasticity is reduced to the point where it is less than
the adhesive extensional modulus, the thermal expansion properties of the adhesive, not the
face sheets, control the response of the beam. One important conclusion that can be drawn
based on this observation is that, although for most cases the ﬁ;Je-Iayer model may not yield
any unique information, it should not be overlooked. The effect of the adhesive layers are only
manifested in the five-layer beam model. Also, if the material properties of the adhesive layer
are in question (i.e., if a particular adhesive is to be chosen), the five layer model must be
used.

After the models were studied for their elastic responses, the viscoelastic three-layer and
five-layer models were developed using the correspondence principle of viscoelasticity. As
already mentioned, the material properties which most influence the beam elastically also
have the most influence on the time-dependent beam models. Specifically, time-dependence
of the core in shear is much more important than time-dependence of either the adhesive or
face sheets in shear. Also, the extensional time-dependent behavior of the face sheets has
the most influence on the overall response of the beam, nearly a one-to-one relationship.

Once the analytical work, both elastic and viscoelastic, was complete, experiments to
measure the time-dependent behavior of the constituent materials and the sandwich beam

were designed and performed. The materials tested were representative of candidate mate-
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rials for the precision segmented reflector construction. A quasi-isotropic quartz-epoxy face
sheet material was tested in tension, and a glass-imide honeycomb was tested in shear. Both
of these materials exhibited a much higher amount of time-dependent behavior than was ex-
pected, on the order of ten percent increase in strain in a matter of weeks.[4] Viscoelastic
models were used to describe the behavior of these materials. For both, four-parameter fluid
models captured the essential characteristics of their time-dependent behavior. These
viscoelastic models were used in conjunction with the three-layer beam model to predict the
time-dependent response of the beam to three-point bending. However, when this prediction
was compared to actual observed behavior, the comparison was poor. The periodic nature
of the observed response of the sandwich beam remains unexplained. In order to gain more
insight into the actual time-dependent behavior of the sandwich beam and its constituents,
further experimental work is strongly recommended. These experiments should be performed
simultaneously and in close proximity to each other so that any aberrant weather conditions
or other unexpected occurrences will similarly effect all of the experiments at the same time.
The experiments performed for this study should be repeated. Additionally, the time-
dependent behavior of the quartz-epoxy face sheet material in compression should be meas-
ured. Should it differ significantly from the time-dependent behavior in tension, serious
consideration should be given to using a model which accounts for different tensile and
compressive properties. Also, the time-dependent behavior of the adhesive in extension
should be studied experimentally, and its influence on the response of the five-layer beam
using the correspondence principle of viscoelasticity should be determined. The experimental
results should then be used in conjunction with the five-layer beam model to more accurately

reflect the behavior of the actual sandwich beam.
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Appendix A. Coefficient of Thermal Expansion of

Aluminum Honeycomb

A honeycomb material is, as the word honeycomb implies, composed of many hexagonal
cells. The coefficient of thermal expansion of unsupported honeycomb material in two
orthogonal directions can be defined. For a hexagonal cell, the increase in cell size can be
measured from the center of one wall to the center of the opposite wall, or the increase in can
be measured from one corner to the opposite corner. These two cases are depicted in
Figure A.1, the two directions being referred to as the "w” direction and the "c” direction.
With this notation, "w” denotes the wall-to-wall direction and "c” denotes the corner-to-corner
direction.

By definition, the coefficient of thermal expansion of a material is the amount of strain
caused by a one degree temperature increase. By using geometry and this basic definition
of the coefficient of thermal expansion, the thermal expansion coefficient of the honeycomb in
the "c” and "w” directions can be found.

If the lengths of each of the six walls of a cell are denoted by L, then the increase in length

of each wall is

AL = a ATL", (A1)
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"W" direction

- "C" direction — —»

Figure A.1. Two Directions for Hexagonal Honeycomb Materials

where AT is the temperature change and « is the coefficient of thermal expansion of alumi-
num. The two coefficients of thermal expansion can be defined as, for the wall-to-wall direc-

tion,

ay = ———— (A.2)

and for the corner-to-corner direction,

0 = ——— (A.3)

Appendix A. Coefficient of Thermal Expansion of Aluminum Honeycomb 155



where AW, W, AC and C are shown in Figure A.2. It is important to notice that with aluminum,
thermal expansion results in similar hexagons, i.e. the original hexagon deforms simply into
a larger hexagon. For the wall-to-wall case, using the geometry of a hexagon as shown in

Figure A.2,
W = LtanB0° and AW = Altan60° |, (A.4)

which yields

( AL tan 60° )
L tan 60°
ay = T =a . (A.5)

For the corner to corner case,
C = 2L and AC = 2AL , (A.B)

which yields

( 2AL
ac = —-——_= . (A7)

For both the "W” and”C” direction, the coefficient of thermal expansion of a honeycomb ma-
terial is the same as the coefficient of thermal expansion of the material of which the
honeycomb is composed. Thus, for the aluminum honeycomb core, the coefficient of thermal

expansion is the same as the coefficient of thermal expansion for solid aluminum.
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Figure A.2. Single Hexagonal Cell of Honeycomb - Unexpanded and Expanded
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Appendix B. Approximations: Three-Layer

Sandwich Beam Model

In Chapter 4, a few approximations were made to simplify the expression for the tip de-
flection based on the relative size of the terms of which it is composed. These approximations

are justified in this appendix.

Approximation for Equation 4.12

The first of these approximations was used to simplify the tip deflection of the beam
subjected to a linear through-the-thickness thermal gradient as it appeared in Equation 4.11.

Equation 4.11 is repeated here for convenience:

T T T
(Mg + ML (MR — MJR,)(c7R; — CgRy)
e 8(R4 + Ry) c7Co(Ry + Ry)?

(B.1)

The sensitivity studies were performed using the following approximate tip deflection:

Appendix B. Approximations: Three-Layer Sandwich Beam Model 158



T Ty 2
"p 8(Ry +Ry) ' '

Notice that the omitted portion is exactly the expression for wg in Equation 4.6 multiplied by

sinh 'JTL or

W™ = Wy, — Wesinh S= (B.3)

Another type of sensitivity study is now introduced. For this, the approximate tip de-
flection is compared to the actual tip deflection, Equation B.1, for all of the cases considered
in the thermal sensitivity studies of Chapter 4. Two tables, Table B.1 and Table B.2 present
in the left columns which material property or layer thickness is reduced from its nominal
value as given in Table 1 on page 47 by a factor of ten. The right column is the value of the

following:

(B.4)

Inspection of these tables reveals that the approximate tip deflection is at most 0.6% different

than the actual tip deflection of Equation B.1.

Approximation for Equation 4.32

Another approximation was used in Chapter 4, this time to simplify the tip deflection of
a cantilever beam in order to more easily apply the correspondence principle of

viscoelasticity. The actual tip deflection was shown in Equation 4.4 and is repeated:
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Table B.1.

Approximation for Three-Layer Aluminum Beam - Thermal Gradient

. wag™
Reduced Variable W
tp

NONE 1.000002
Eq 1.000002
G, 1.000002
t 1.000000
a4 0.99996
E. 1.000000
G, 1.000020
h 1.000000
o2 1.000003
ALL 1.000000

2 2

tip 48(R1 + Rg) 4(R, + R2)2 Cq c;

2 (8.5)
_ P(c7Ry — cgRy) (1 3 e_—)
2c;Cq4(C7 + Co)(Ry + R,‘,)2
The approximate tip deflection includes only the first two terms, or
3 R? R?
apprx _ PL PL E R2
Wiip 48(R, + Ry) + AR+ R2)2 ( % + G ) . (B.6)

Again, the relative sizes of these expressions are compared for all of the cases considered in
the Chapter 4 mechanical-load sensitivity studies. The results are presented in Table B.3 and
Table B.4 for the aluminum and composite beams respectively. In these tables, the left col-

umns indicate which material property or layer thickness is reduced by a factor of ten; the
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right columns present the value of Equation B.4 for the tip and approximate tip deflections in
Equations B.5 and B.6. It is apparent from these tables that the approximate tip deflection

differs from the actual tip deflection by at most 3.1%.

Approximation for Equation 4.71

The final approximation in the three-layer model was used to simplify the expression for
the tip deflection of a tip-loaded cantilever beam based on the relative values of the exten-

sional moduli. Specifically, the modulus of elasticity of the core is so small in comparison to

Table B.2. Approximation for Three-Layer Composite Beam - Thermal Gradient

. Wﬂ%°"
Reduced Variable Wip
NONE 1.000006
E, 1.000006
G, 1.000005
t, 1.000001
o 1.000001
E, 1.000001
G, 1.000059
h 1.000000
e 1.000006
ALL 1.000000
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Table B.3.

Approximation for Three-Layer Aluminum Beam - Mechanical Load

Reduced Variable We™
Wup
NONE 1.003
E, 1.000
Gy 1.002
ty 1.000
E. 1.003
G 1.031
h 1.001
ALL 1.000

Table B.4. Approximation for Three-Layer Composite Beam - Mechanical Load

. wis™
Reduced Variable Wip
NONE 1.001
E, 1.000
G, 1.001
t, 1.000
E, 1.001
G, 1.020
h 1.000
ALL 1.000
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that of the face sheets that it is approximated as zero. The approximate tip deflection, shown

in Equation 4.71, is repeated:

2
22
Wy = pL . PL @+ hty? (M

tip = 2 1.2 R 1 22 Co c; '

(B.7)

This is cofnpared to the value of the tip deflection as given by Equation B.6 for all of the cases
considered previously. The left columns of Table B.5 and Table B.6 indicate which material
property or layer thickness is reduced by a factor of ten. The right columns of these tables is
the value of Equation B.4. The approximate tip deflection of Equation B.7 differs from that of

Equation B.6 by less than one percent for all cases.

Table B.5S. Approximation for Three-Layer Aluminum Beam (E, = 0) - Mechanical Load

. wigP™
Reduced Variable Wap

NONE 1.0001
E, 1.0018
G, 1.0001
t, 1.0020
E, 1.0000
G 1.0000
h 1.0000
ALL 1.0002
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Table -B.6. Approximation for Three-Layer Composite Beam (E, = 0) - Machanical Load

Reduced Variable WVS%""
tip
NONE 1.0006
By 1.0072
G 1.0006
b 1.0082
E: 1.0001
G: 1.0002
h 1.0000
ALL 1.0007
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Appendix C. Approximations and Verifications:

Five-Layer Sandwich Beam Model

Verification of Equations 5.41 and 5.47

For the three-layer sandwich beam model, all of the constants w;,, i = 0,1,2,3,5,6 were
found in closed form. In the five-layer sandwich beam model, all of the constants can be found
in closed form; however, because of their complexity, not all of these constants are useful if
left in the form in which they were found. The results of the three-layer beam model are used
to simplify some of the constants of the five-layer beam model.

First, for the tip-loaded cantilever beam, the constant w, was found in closed form in

Equation 5.38 and is

R,BM R,MA R,AB
P Cg + Cs + C7

2(Ry + R, + Ry)(AB + BM + MA) (€

A form similar to that of w, for the three-layer model was assumed in Equation 5.41:
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2 2 2

R R R

w = P (——c’ + =+ —3) : (C2)
2(Ry + Ry + Ry) 9 8 7

For the expressions in Equation C.1 and C.2 to be equivalent, the following identities must be

true:
BM _ Ry
(AB + BM + MA) ~ (Ry + R, + Ry)
MA = Ry (C.3)
(AB + BM + MA) ~ (Ry + R, + Ry) '
AB _ R
(AB + BM + MA) = (R; + Ry + Ry)
or
R(AB+BM+MA) _ Ry(AB+BM+MA) _ Ry(AB+BM+MA) _ (C.4)

BM(R, + R, + Ry) MA(R, + Ry + Ry) AB(R; + R, + Ry)

Also, for the cantilever beam subjected to a thermal gradient, w, was found in closed form in

Equation 5.45. ltis

MI[AB(c2c5 — 2C5C4) + BM(4cycq — cg) + MA(cse5 — 2¢,C¢)]

2(8c4c4Cq + 2C5C5C5 — 2c1c§ - 2c§c4 - 2c§c5)(AB + BM + MA)

N MZLAB(c,c3 — 2c1C5) + BM(caCs — 26,C¢) + MA(4cycg — c3)] s
2(8c4C4Cq + 2C5C4C5 — 2c,c§ - 2c§c4 - 2c§c5)(AB +BM+MA) '

M [AB(dcc, — €3) + BM(CoCs — 265¢,) + MA(c,C5 — 2¢4C5)]

Wy =

2(BC1C4Cq + 2C,C4C5 — 2C4C2 — 2¢3¢, — 2¢2C6)(AB + BM + MA)
A form similar to that of w, for the three-layer model was assumed in Equation 5.47 and is

T T T
o _ My + Mg + M)
2 2(Ry + Ry + Ry)

(C.6)

For Equations C.5 and C.6 to be equivalent, the following must be identities:
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AB(c,C5 — 265C,) + BM(dc,Cq — 2) + MA(CyCs — 26,C5) 1

(8C4C4Cq + 2C,CaCs — 2C4C2 — 203¢, — 2¢3c6)(AB + BM + MA) (R + Ry +Ry)

AB(C2C3 — 2C1 Cs) + BM(C3C5 - 2C2C6) + MA(4C1C6 — Cg) _ -1 (C 7)
(Be1C4Cq + 2€,C5Cs — 204C2 — 2¢3c, — 262¢5)(AB + BM + MA)  (Ri+ Ry +Ry) '
AB(4cqicy — cg) + BM(c,C5 — 2c53¢4) + MA(Cyc3 — 2¢4C5) -1
(8cqC4Cq + 2C5C5C5 — 2€4 cg - 2c§c4 - 2c§c5)(AB + BM + MA) Ry +Ry+Ry)
or
— [AB(caes — 265¢4) + BM(dc,Cq — €3) + MA(c3Cs — 26,86) [(Ry + Ry + Ry) 1
(BC1C4Cq + 2C,C4C5 — 2C4C2 — 2¢3¢, — 2¢3¢6)(AB + BM + MA) -
— [AB(c,¢3 — 264C5) + BM(c5C5 — 2¢,C6) + MA(dc1Cg — €3) [(Ry + Ry + Ra) .o

(8C4C4Cq + 2C5CaC5 — 2c1c§ - 2c§c4 - 2c§c6)(AB + BM + MA)

— [AB(4cycq — 3) + BM(cyCs — 2¢5€,) + MA(c,C3 — 2¢4€5) [(Ry + Ry + Ry) 1

(8cqC4Ce + 2C5C5C5 — 2c,c§ - 2c§c4 - 2c§c6)(AB + BM + MA)

If the six expressions of Equations C.4 and C.8 can be identically found to be exactly one for
enough cases, then using the expressions for w, in Equation C.2 and w; in Equation C.6 is
justified. The twelve material properties and layer thicknesses of the composite beam in Ta-
ble 7 on page 103 are used as nominal values. Additionally, these material properties and
layer thicknesses are both increased and reduced by a factor of ten. For every possible per-
mutation of nominal, reduced and increased values, the six expressions are computed. This

results in 3,188,646 (6x3') values, all of which must be exactly one to verify the assumptions.

Out of 3,188,646 values, all but 132 fall within 10100 % of one (greater than 0.99999 but less
than 1.00001); all but three fall within 12)0 % of one {greater than 0.9999 but less than 1.0001);

and all 3,188,646 values are within one-tenth of one percent of being exactly one (greater than
0.999 but less than 1.001). Given the accuracy of real number computations on computers, it
is safe to say that, at least for all 531,441 (3'?) cases considered, the six expressions are

identically equal to one.
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Approximation for Equation 5.42

The deflection of a tip-loaded cantilever beam was found in Chapter 5 and is completely
described in Equations 5.35, 5.38 and 5.41. Like the three-layer beam, the tip deflection of the
five-layer beam can be closely approximated by omitting terms which are much smaller than

the rest. The tip deflection is given by

W3L3 W2L2 W1L
Asb , Asl
+ wscosh - + wgsinh > (C.9)

AL _ 7L
+ w; cosh - + wgsinh 5

Using Equation 5.38 and the definitions of the hyperbolic sine and cosine functions, the last five

terms can be rearf’anged:

2sb ) Asb AL . 7L
Wg + W5 cosh 5 + wg sinh o + w; cosh - + wg sinh -

P L (C.10)
=w6[1 - e'( 2 )] +wa[1 —e_( 2 )] .
sk AL , . .
Both exponents, > and > are sufficiently large for both the aluminum and composite
beams that the following is true within the capabilities of most computers:
AsL
e (T) =0
ML (C.11)
e'(T) =0

If the approximate tip deflection consists of only the first three terms in Equation C.9, or

W2L2 W1L C.12
wipPt = S 2 4 (C.12)
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then the tip deflection can be written as

apprx

Wip = Wp  + Wg + Wg . (C.13)

As was done in Appendix B, the approximate tip deflection (Equation C.12) is compared to the

actual tip deflection (Equation C.13) using the following ratio:

apprx
Wtip
Wtip

(C.14)

This ratio is found for all of the cases considered in the sensitivity studies of Chapter 6. The
left columns of Table C.1 and Table C.2 indicate which material property or layer thickness
was reduced by a factor of ten; the right columns of these tables present the value of Equation
C.14. Like the three-layer beam, the approximate tip deflection of the five-layer beam differs

from the actual tip deflection by at most 3.1%.
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Table C.1. Approximation of Five-Layer Aluminum Beam - Mechanical Load

Reduced Variable WigP™
NONE 1.0026
E, 1.0001
G, 1.0016
t 1.0000
E. 1.0026
G, 1.0028
t; 1.0026
E, 1.0026
G, 1.0306
h 1.0006
ALL : 1.0000
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Table C.2. Approximation of Five-Layer Composite Beam - Mechanical Load

Reduced Variable wWigP™
NONE 1.0013
E, 1.0001
Gy 1.0006
ty 1.0000
E: 1.0012
G, 1.0013
t 1.0012
Ea 1.0013
G, 1.0203
h 1.0003
ALL 1.0000
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