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reference area of the vehicle

constants used in arag modulatien function
constants of integration

drag coefficiant

profile drag coefficient

lift coefficient

klA
nondimensional density based OP(~—a— é
’ h,-h
non-dimensional altitude measured from initial radius = 5T .
. E°ry
ho—h

non-dimensional altitude measured from planet radius = ——

|

altitude abeve earth or planet surface = r - 1
constant in drag polar equation
profile drag coefficient zt initial conditions

reference drag coefficient of the vehicle (in this analysis,
ky = 1, for convenience)

1lift coefficient at initial conditions (in this solution,
A = 1; hence ky = CL)

Flight Mach number
Special modulation function [equation (116-d)]
mass of the vehicle

crder of magnitude eynbol
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. ~ o
non—-dimensional radius = ¥/T,

r =
E = time ~ -~
' \ . . Veot
t = nondimensional time = z
: o
v = speed of vehicle
v = nondimensional speed of vehicle = VIV,
;a = speed of sound
~ . uo
Voo = circular orbit speed =( ]?0)1/2
w = vehicle weight
X1 and X2 = composite expressions defined by equations (115-b) and (115-c)
x = nondimensional speed squared (in basic differential equations) = v2
Y = 1n cos®
Z = 1nx
Z2 = order of magnitude transformed speed function = 0(1) for
_ aerodominated flight regime
S 2
Veo . '
a = exponent for Broglio's density Law; (2'“37“ ~* 900 for earth atmosphere)
a
1/2 ;
£ = perturbation parameter (1/a) (e = 1/30 for earth atmosphere)
n = nondimensional drag modulation function [see equation (2-a) and
Chapter III]
ng = nondimensional profile drag modulation function [see equation (11)]
© = flight path angle {(measured positive downward from the horizontal)
62 = flight path angle for the aerodominated flight regime.
A = nondimensional 1ift modulation function [see equation (2-b) and
_ Chapter III]
M = universal gravity constant times the mass of the earth (or planet
considered)
5 = atmospheric density
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p = nondimensional density = -

- =
¢ = range angle (measured from the initial position).
b = special integration functions, k = 1, 2, 3. [see equations

(116-a), (116-b) and (118)]
- (1+aq) .
w =2 2TELP , see equation (116-c)
sin®
o

Subscripts:
o = identifies modulation constants, i = 1,2
i = identifies mcdulation constants, i = 1,2
3j = identifies constants of integration, j = 1,2,...
k = identifies special integration functions, k =1,2,3
¢ = identifies composite solution
s = initial conditions after drag step function

Superscripts:

(2) = identifies perturbation order, & =0, 1, 2, ...
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I. JINTRODUCTIION

During the past ten years thare have been numerous articles pub-
lished concerning approximate solutions for reentry trajectories. These
early papers have considered the nonsimilar-type of solutions for both
lifting and nonlifting vehicles assuming constant aerodynamic coeffi-
cients. 1In addition, there have been some specialized solutions devel-
oped for variable aerodynamic forces assuming conditions such as con-
stant flight path angle, constant acceleration, et cetera. Often,
however, these previous solutions could not be matched with a Keplerian
flight regime.

Mcre recently, Shenl has developed a series solution which is valid
for the initial altitude at reentry conditions but, more significantly,
.he has used aerodynamic coefficients expressed as functions of altitude
and speed. Although his solutions match with the Keplerian flight re-
gime, some other solution type must be used for the lower altitude
flight regimes; i. e., for those altitudes where the aerodynamic forces
dominate.

Just prior to that time Broglio2

developed a set of governing equa-
tions of motion which were expressed in similarity form and were written
in terms of arbitrary lift znd drog modulation functions. Unfortunately,

only a small amount of analytical work has been done using his equations.

Of significance, however, was the fact that he showed how the usual



isothermal approximaticn fcr atmospheric densitylcould be approximated
by a power functiop of altitude rather rthan the usual exponential func-
tion. Furthermore, this power functicn admits the formulation of a
similarity solution, whereas the exponential function requires a solu-
tion that depends (though weakly) on certain of the body parameters.

In a recent paper (1967), Willes, et al.3, applied the method of
matched asymptotic expansions to the reentry problem. In this solu-
tion, the investigators studied the regimes of applicability and the
limits imposed on such well-kncwn solutions as those of Eggers4,
Chapmans, Lees, et al.6, Shenl, Loh7, and others; Furthermore, they
developed a composite solution, applicable for constant aerodynamic
force cecefficients, which was uniformly valid over three distinct
flight regimes—-namely, the Keplerian, the initial, and the skip-
.trajectory. Their solution gives exceptional agreement with the num-
erically integrated solutions presented in that paper.

The original intent in this thesis was to develop the governing
equations of motion, in similarity form, for variable 1ift and drag;
and then to solve these equations by the method of‘matched asymptotic
expansions. It was found, however, that any non-trivial order of mag-
nitude transformation of the variables in these governing equations
only reproduced the same terms (and generally in a degenerate form)
that cculd be obtained by a straight-forward perturbation solution of
the initial equations. Uafortunately, the non-trivial order of magni-
tude transformations'yielded either coupled simultaneous differential

equations, which could not be solved in closed form, or solutions which



could not be matched uniformly. However, it was foundithat-by writing

“the governing equations in a different form than that used by Willes3,
that a straight—forward perturtation solution ~ from the initial con-
ditions - yielded a solution not unlike that which would be obtained
by using Picard's iteration method. In fact, the first few terms in
the assumed expansion can be shown, by inspection, to agree with

Picard's method. It is implied, therefore, that the solution which

follows approaches the exact solution for non-skip trajectories.



II. THE DYNAMIC EQUATIONS FOR PLANAR FLIGHT

The basic equations of motion for non~thrusting planar flight in a
non-rotating atmosphere, about a spherical earth, or planet, can be

written as follows (see figure 1):

5 C ~
g-‘t,.’- = - '2?% 5924 + Ly sin o, (1-a)
> do CL .27 _ n £52
- — = — A ~ 3] - = 3 -

MFT: 55 PV =7z cos 6(1 " )3 (1-b)
also, from kinematics,

%% = -% cos 0, (1-¢)

and -%% = V¥ sin 6. (1-d)
A

Let CD = kln, (2“8.)
A

and Cp, = koA, (2-b)

where k; and kp are constants to be specified later; then n is the
nondimensional drag modulation function, and A is the nondimensional
lift modulaticn function.

Now, if the following dimensionless quantities are chosen:

o o~ ~ KA 3
r = ':.L.;‘" » L = ‘Y‘S’Q‘t' s V = ’Y“""" » P = __.]_._.V_I_'_O_Q_ > (Z—C)
Yo <o Veco m
where Voo = (g_)% ,
Lo



TL.ocal Horizon :
Lift

C. G. of Moving Vehicle

Figure 1. An Inertial Coordinate System showing a particle in a
reentry situation,



then equations (1-a) through (1-d) become the following nondimensional

éxpressions:
v _ nmzfz +oing | (3-a)
- v-%% = A-%% o %E »-Egizg(l - rv2); (3-b)
with %%,z Y"E%E_Q , (3-c)
and %§-= - v sin €., (3-d)

Assuming an isothermal atmosphere, then the atmospheric density

can be expressed by Broglio's power law? as:

b =bo G, (4-a)
or P = po ({ﬂ)“ = pg (%)“ s (4-D)
since ro, = 1;
yherein a = %§"? = M..2 , (5)

and V4, is the speed of sound for the atmosphere, while M., is the
Mach number corrasponding to circular orbit speed (at ¥ = %g).

Since the time; t, appears only in the varioﬁs ordered derivatives,
it is convenient to transform to a new independent variable, p, by means
of the following relétions:

writing =dp dr & (6-a)

4
dt  dr de dp
where; from equation (3-d)

dr .
== = - v gin 6
dt ?



and from equation (4-b)

then the transformation equaticn becomes,

d - = v sin @-Q— . (6-b)
dt r dp

Next transforming equations (3), one obtains:

2 2
dav = —- g2 V7L +€22_ , (7-a)
dp sin® rp
d cos 0 Ak cosO, 1
[t = 2 — 2-——-—————_..____ . -
dp € 2kq € 0 (rvz 1) (7-b)
. 4 _ 2 _tos O
w1?h o = £ 5sine - (7-¢)

Also, from equation (6-b),

dt T ' ;
—_ = 2 — -
dp -~ f pvsino’ (7-4)

wherein e2 = 1/o.
Fquation (4-b) gives the required relation between r and p. For

convenience, set p, = 1; then, from equation (4-b),
0 q

=2
r - e €41np (8-a)

which can be expanded tc yield a series function in increasing powers

of € as follows:

e*(Inp)2 _ e5(inp)3 |
2! 3!

. (8-b)

t  =1-¢2inp +



Now, noting that v appears oaly as a squared term in equations (7-a)
and (7-b), let

2 | S
Next, using equation (8-b) to eliminate r, then equations (7-a) and

(7-b) become, respectively:

dx nx 2
Pl e? sino (- e2lnp +...)+e? E‘(l + e2Inp +...), (10-a)
and
Aky
dcos® _ 2 201 - e21np +...) - 2 088 e[-}1E (1 + €2lnp +...)-1]1, (10-b)
dp Zkl o] '

with the initial conditions being

r =1, ¢

o o =L x() =x5 = v§, 0(1) = 05, ¢(1) =0, t(1) = 0. (10-¢)

Note: Equations (7-c) and (7-d) can be sclved using results obtained

from the solutuions to equations (10-a) through (10-c).



IIT. ASSUMED AERODYNAMIC FORCE LAWS

In principle, any arbitrary general drag and ;ift laws may be em-
ployed in equations (10-a) and (10-b). For this problem, however, only
very small lift coefficients will be considered; thus, the drag may be
considered as independent of the-1lift. This will be discussed in the

following paragraphs.

3.1 Discussion of the Assumed Drag Law

The drag law used in this analysis (and often found in the litera-
ture) is a relatively simple parabolic lift-drag polar which, in co-
efficient form, can be expressed as

Cp = Cp, + K C2, (11-a)

wherein Cpo is the profile drag coefficient (taken at zero
1ift); and,
K is a constant relating the contribution of the
lift to the drag.
Using the nctation in equations (2-a) and (2-b), this lift-drag

relation can be rewritten as

kin = kony + K kp? a2, (11-b)
wherein Cpo 4 kong » (11-c)
.and where ky is the reference profile-drag coefiicient,
while no is the profile-drag modulation function.
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Also, here,
kl is the reference drag ccefficient,

and ky is the reference lift coefficient.

The modulation functions can be thought of, respectively, as:

n, an arbitrary drag modulation function depending
on n, and A;
Ng> an arbitrary function which represents the drag
changes which depend on non-lifting configuration
changes;

and A, an arbitrary function which represents the vehicle

attitude and configuration changes affecting the lift.

Without loss of generality, it is convenient to set kl = 1;
thus equation (11-b) becomes
= kong + K k222 (12-a)
n = kgng 5A° - a

ﬁow if the reference condition for the aesrodynamic force coefficients
is chosen to coincide with the initial conditions at an altitude
prior to the appearance of a significant density; i.e., p = 0(e2), and
if tke modulation functions for small density are chosen such that

n(e?) = ng(e?) = A(e?) = 1, ‘ (12-b)
the relationship between the vehicle parameters is fixed and from

equation (12—a) is found to be

1=kp + Kk . (12-c)
Equations (11) and (12) represent a rather general parabolic drag law
in a form corresponding to that which is usually found in the litera-

ture. However, if very small lift coefficients are considerad, it is
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apparent that the contribution of the 1ift to the drag will be quite
smali. In fact it will be sﬁown, in the solution which follows, that
in order to generate a solution for non-skip trajectories one must
assume the 1lift ccefficient is of 0(e?), or at most of 0O(e). From
equation (12-c), then, the contribution of the 1lift to the drag for
this case is small, and, at most,

kg = 1-0(e?2) . (13-a)
It is reasonable, therefore, to neglect the contribution of lift to
drag and set

kg = 13 : (13-b)
thus, from equation (12-a),

n = ng. (13-c)

3.2 Assumed Modulation Functions

In general the modulation functiouvs can be arbitrary in that they
may include the effects of velocity, flight path, and altitude changes.
As one might expect, however, the inclusion of anything other than the
simplest terms greatly complicaﬁes the overall analysis. Furthermore,
if the contribution of 1lift to drag is included, prgducts of these modu-
lation terms will appear in the lift component of the drag term.
Because of the rather severe algebraic complications imposed by in-
cluding numerous terms in a general solution, this analysis will be re-
stricted to a relatively simple but bounded function of altitude only.
Several other possible terms are discussed which, along with other ex-
pressions that the reéder may wish to consider, can - in principle - be

handled in the same way as the terms used in this thesis.
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'The following expression{ choesen for this work, it bounded and
yieids a smoothly varying lif; or drag modulation law which should be
satisfactory for preliminary design studies.

The basic modulation function, written as the profile-drag modu-
lation function, is
€aip

— 3 14
a, + €p 14

n =1+
o

wherein the constants a; and a,, both or order unity, may be arbi-

trarily chosen.

A graphical representation of equation (14) is given in Figure 2.

3.3 Other Possible Modulation Functions

Numerous other modulation functicns which could be applied in this
analysis may be visualized. It is felt, however, that due to the com-
plexity brought about through the addition of terms to equation (14),
any added quantities would be warranted only in the case of a special
design study. Even though these terms are not included in this solu-
tion, several of them are noted in the follewing paragraphs:

In the event that slender bodies are to be studied, then the aero-
dynamic force coefficients can be modified using‘the unified hypersonic-
supersonic similarity law as noted below. Mach number dependency can be
included through a multiplication of the modulation terms, in equation
(14), by the factor

N
Mo

o2 - i/
This can be written in terms of the nondimensional variables of this

analysis as



Modulation Function, ng(or A).

13

Mapping of

€ajp
a) + €p

n=1++

] | |

0.10

1.0 10.0 100.0
Nondimensional Density, p

Figure 2. Schematic Depicting Modulation Law.

1000.0
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As a consequence the modulaticn funct£on would become:

Tlo (x,0) = E{'{%—/z no(o)s ‘ (15-b)
where Ny (p) is the modulation function given-by equation (14).

Other wvelocity dependent terms can be considered also; for

example, suppose that one assumes

np(x) = ap + €a;x + ezazx + oo, (15-c)

where the coefficients may be chosen to fit a given velocity-~dependent
drag—-law. :
Another possibility would be to consider a drag law which would be

dependent on dynamic pressure. Tor example:

a
let n, = . (15-e)
82 + [0D.4

this is a bounded function which yields a decrease in the drag co-
efficient at maximum dynamic pressure (this coincides approximately

with the maximum deceleration).



IV. GENERAL SOLUTION

Originally, the basic technique that was to be used for this
solution consisted of a straight-forward perturbation scheme which was
to yield asymptotic solutions for any given flight regime. In this
sense a regime would be defined wherein all of the variables in the
governing equations, and/or the resulting equaéions obtained by order
of magnitude transformations, would be considered as being of order
unity. Thus, the resulting asymptotic expansions would be formed iﬁto
a composite expansion which should be uniformly valid over several
regimes. In the course of this study it was found that no nontrivial
order of magnitude transformed equations could be (both) solved and
uniformly matched to an original regime. It was found, however, that
if equations (10) were rearranged into a higher order function of the'
dependent variables, then a straight-forward perturbation solution
would yield (at least for the first few terms) the same results as
could be obtained by Picard's iteration method. This implied that the
nth order solution in this analysis is equivalent'to the significant
terms of the ntP solution that could be obtained by Picard's method.
Furthermore, this implied that in this case the perturbation éolution
approaches the exact solution for all fiight regimes. As will be
discussed in the following sections, however, many terms of the assumed
expansions are required in order to obtain all of the significant terms

when the density, p , becomes large.

15
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4.1

Simplification of Differential Equations

The basic differential équations
Section II. In these expressions the
retained; however, in order to reduce
variable the radius was expanded into

see equation (8-b). Clearly, for the

of motion have been developed in
nondimensional ?adius has been
the problem to one independent
a power series in e<lnp; e.g.,

values of p expected over the

range of reentry it would be possible to write

r = 1+0(?) 3 (16)
since it is expected that | -

0(e?) < o < 0(1/e?); (17)
and for this range,

Inp = 0(1) , (18-a)
and hence

ezlnp << 1

Thus without any significant loss in accuracy, equations (10-a) and

(10-b) become (approximately)

dx

- - g2 X 4
dp sin®
and
dcos® _ .2 kot - 2 cos® 1
dp 2 0 ( x

e2 2 (19-a)
P
-1), (19-b)
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In addition, equations (7-c¢) znd (7-d) becone

d¢ - 2 cosf

- = g —— (19-(.‘.

dp p sin® ‘ )
and

.a—t._ = 82 .__._l__ ’ (19—d)

dp pv sin0®

with the initial conditions being, now,

p0 = 1 ’
x(1) = vg y .
. (19-e)
0(1) = 0, »
and (1) = t(1) =0 .

4.2 General Technique

In general, if the governing diffcrential equations can be written
in terms of a small parameter, €, then a solution can be generated

by assuming a form, which for this case can be written as,

x(03e) = B x@ @ + 5@ ® x@P +... (20-a)
and, in addition,
cosO(pie) = E(s)(0>'cos®(p)(0) + E(e)(l) cos@(p)(l) +oo. 3 (20-b)

wherein the superscripts represent the corder of magnitude solutions
obtained by substituting the asspmed expansions into the differential
equations and equating coefficients of like terms in E(e)(n). In this
generalized notation the proper values of E(e)(n) are determined by

requiring that the ordered differential equations, which are obtained
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by the procedure above, are in the least degenerate form for each
order of magnitude of the perturbation. One of fhe disadvantages
(and probably'the nost signifiéant one) of this technique is that
often the higher order terms appear to be more significant for large
changes in the independent vériable than those of lower order. One
method for correcting this disadvantage, as given by Van Dyke,8 is
to transform the variables by an order of magnitudé transformations
to one or more of the other regimes, and then to generate ésymptotic
solutions within these new regimes. If these several asymptotic
solutions are matched in their limits, then these solutions can be
used to form a comp;;ite expansion. This last result is generally
more accurate, over.all regimes, than the individual expansions are -
over their own respective regimes. Furthermore, this technique
geﬁerates a composite solution which is uniformly valid over the
several regimes, with only a few terms of the expaﬁsion being required
in any one regime.

This is the basic technique which was used by Willes, et al.3
However, in their formulation of the governiqg equations the authors
obtained a singular soiution, in the initial variables, which yielded
the Keplerian solution but which could not be used to indicate
aerodynamic éffects. Thus, they were forced to use order of magnitude
transformations to obtain these latter effects. In contrast, the
present formulation is non-singular in the original variables and,
consequently, it can be used to generate a uniformly valid solution

in the initial altitude regime; one which yields the Keplerian terms
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also.
| Assuming that a solutioﬁl in the form of equations (é0~a) and

(20-b), has been obtained (this result is straightforward); it is
desirable now to transform the variables in the governing equations
in such a manner that they emphasize some of the other aspect of the
problem. For example, Willes3 transformed the independent variable
in a manner which emphasized the effect of the aerodynamic 1lift.
In terms of the variables used in this thesis, this same effect can
be accomplished by settiang p = 0(1/52). Therefgre let

p = p,/e%, : (21-a)
wherein

Py = 0(1) . (21-b)

Now, holding all other variables unchanged equations (19-a) and

(19-b) become

& . X4 22 (21-c)
dpy sin® Py
and
dco.se k2>‘ 2 cos0O 1
= - e == (% - 1) . (21-d)
dpz 2 92

The zeroth order solution for these equations was obtained;
it was fecund to yield a result similar to that obtained by Willes
and correspond to the solution which he called a "skip-trajectory". It

was found, however, that the zeroth order solution in this analysis



20

(when expanded) generated the same lift-terms as those obtained for
the iﬁitial regime; i.e., the teris containingAkz. However, Willes'
sclution‘does not properly yield the effect of velocitf decay; and
therefore, is restricted to skip~trajectories in which a pull-up
occurs before there is a significant velocity decay:i.e., while
x = 0(1) remains satisfied. It follows, then, that this skip-
solution is trivial in that nothing new is obtained.

The proper scheme to employ in this density regime would be
to transform both the density, p, and the dimensicnless speed
ratio, x. That is, define the situation so that as the density
approaches 0(1/e2), the speed ratio decays and approaches 0(e?).

Thus one should properly write

p= pyle? (22-a)
and
x = &2x, . (22-b)
Using this description the governing equations (19-a) and (19-b)
become
dx nx 2
-2 _ . 2 4 - R (23-a)
dp2 sin® ey
and
kA ]
deos® _ 27 _ cos9 g2 £0s0 , (23-b)
dey 2 PoX) Py

For this case the zeroth order equations are coupled and cannot be
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solvgd by elementary methods.

Had it been aséumed that x is of 0(e) rather than-0(e2) the
zeroth order‘équatioﬂs could have been solved analytically; however,
the next order of magnitude solutien could nof be matched uniformly
to the solution expressed in terms of the initial variables.

Similar results were found for all other order of magnitude
transformations of the initial variables. That is, the transformed

equations either duplicated the initial solution, or led to a

degenerate form of the initial solution; or the zeroth order differential

equations were found to be coupled and could not be solved directly..

“

As a result of the rather extensive investigation outlined
above, it has become apparent that a straightforward perturbation
solution, in terms of the original variables, would yield the best
solution possible by this method. Also, it was found, that for best
results the original equations should bte rewritten in a form which
would generate a less degenerate solution. For example, it was
found that the perturbation solution of the governing expressions -

the form of equation (19-a) and (19-b) - generated the expanded form

of expeonential functions. Fortunately a less degenerate solution can be

indicated for the problem by means of the following considerations:
If it is assumed that the sine function in equation (19-a) can

be written in terms of the density, p, i.e., as

sin® = Gl(p); (24-a)

and, similarly, the speed term in equation (19-b) can be written as

o~
R

2

- 1) = G (p) ; ‘ (24-b)
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then a solution to equations {15-a) and (15-b) can be written as

P 2 .
X exp fE_.ﬂ__. dp = ‘/‘"—2 exp F T‘\d do + v2 , (25-a)
sin® L sin® o

1
and
cosO exp jez( - -1) o = f2 —— exp ?( = “‘1) £ dp + cosG 3
1 1 1
(25-b)
or,
0
2 ‘ , [Te2n dp ndp
= + 92¢2 2 = =) - o2 _
Inx = 1n v, 2¢ exp € “/ Sin0 0 € sin0 ° (26-3)
1 1 1
and
p p
k 1 dp 01 dp
2 =P ) T <o
Incos® = In qcosO_ + e2 =5 \/‘X exp [Ezf G -1) p] do - E2f G-D 5
1 1 1
(26-b)

Actually not much can be done with these equations cther than to
employ some iterative means for an evaluation of the integrals. The
form of equations (26-a) and (26-b) suggests, however, that fewer
terms of a perturbative solution will be required if the dependent

variables in the original governing equations are rewritten in terms
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of logarithmic functions. This is easily accomplished and yields, from

equations (19-a) and (19—b),'.

2 -Z
dz e, .2 2e
D s 27~
dp 1-¢2Y o) (27-2)
and
Kk Ae ¥ 2 z
A B S A D (27-b)
do "2 p
where
Z = Inx (27-¢)
and
Y = 1In cosO ; (27-4)
with the initial conditions being
po=1
2
zZ(1) = 1n(vo) (27-e)
Y(1) = coso .

The expressions for the equations for range angle, ¢, and the time, t,

obtained from equations (19-c) and (19-d), become

Y
_(_ii = ————eze —_— (28"3)
dp p 1-e2Y
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and
Z
i 2 2
'd—t = 'e——'—e".:::.::.- ’ (29-b)
dp P VE;e Y
respectively; with the corresponding initial conditions ‘being
$(1) = t(1) =0 . (29-c)

It will be assumed now that a uniformly valid solution of these

equations can be obtained by means of the following series expansions:

Z(p;e) = Z(o)(o) + e2 Z(p)(l) + et Z(p)(z) + ... , (30-a)
Y(pie) = Y(p)(o) + €2 Y(p)(l) + et Y(p)(z) + . s (30-b)
5o36) = 6 @ + 2 o@D 4 et 9P+ ., (30-c)
and
t(p;e) = t(p)(o) + €? t(o)(l) + et t(p)(2> + e (30-d)
where, from the initial counditions,
2

21)® - 1 v, ™ o

Y(l)(o) = 1n cos@o R Y(l)(n) =0 R

¢(1)(0) =0 , ¢(1)(“) =0 n>1 (30-e)
and

£(1) () =0 , LA
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The general technique is to substitute the assumed expansions into
the governing equatiocns and generate a sequence of ordered differential
equations by equating coefficients of powers of €. Clearly, then,

in this case, the zeroth order equations and the initial conditions

yield
0 _ 4. 2
Z(p) = 1n Vo s
Y(p)(o) = 1ln cosO, ,
¢(p) (0) =0 ’ (31)
and
t)® =0 .

Before proceeding with the expansion of the governing equations, the
reciprocal of the sine function which appears in equation (27-a),
will be considered as follows:

The function of interest here is:

1

1
sin® Vl—eZY

Now, using the zeroth term, equation (31), and equation (30-b), then

(32-a)

¥ = lncosd + e2y(D) 4wy (2 o (32-b)

Next, substituting this expansion into equation (32-a) gives

I (33-a)
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wherein

v = 202D 4 e“'Y(?‘) +...71. (33-b)
For real values of this radical it is clear that

|cos@oewl < 1 (33-c)

For this restriction (non-skip trajectories) the radical can be expanded

(by the binomial theorem) to yield

c0569 e3¢ + ...
o

= 1 2,V 3 by 27
= 1 + 'E cos @oe + '2—2"— cos OOE +

2! 33!

(34)

This form of the expansion is not amenable to expressing the series
in terms of the perturbation parameter, however. Therefore, it is

more convenient to rewrite equation (34) as

1 _ 14l e’ -1 +1]+ cos?e (1 + (e¥-1)12 +
sin0® 2 o 222! o
3.5 cos6O [1+ (ew~l)]3 + ... , (35)
2331 °

where each of the bracketed terms can be expanded (by the binomial
theorem) into a form
. Jg Y 1
1+ - D=1+ P+ 2ED)  Pany? e s
2!

(e¥-1)1 (e¥-1)", (36)
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Using equation (36) in equation (35), collecting coefficients of the

poweré of (ew—l), and rearranging, yields

1 - 1 [;4+1 25 (¥ 3 by oV 142
sind  sind [l tg cor9g (e-) & T, cotBple-1)T 4
o . R
3.5 \
22 otbo (e‘p--l)3 + ... . (37)
233! 0

Interestingly, if the exponential functions in equation (34) are
expanded and the coefficients of like powers of pare collected,
etc., the ultimate result also yields equétion (37). It appears
that even though the form of equation (34) converges for all values
of ¥ (which correspond to 0 < © < 90°9), the collective series which
will allow the reciprocal sine function to be written in terms of

the perturbation parameter, €, is convergent only if

|cot2®0(ew—1)! < 1. (38)
The effect of this restriction can be determined by noting that

equation (33-a) can be rewritten as

1 1 1 , (39)
sind sing Ji—cotzeo(ew—l)

which is valid for 0 < O < 90°; but, can be expanded to yield equation
(37) only for the restriction given by equation (38). Hence, as is
readily seen from equatioa (39), the range of permissible flight

path angles is

0 < sind < 1.414 sind, . : (40)
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Actually this limitation on the golution is not too severe if small
iniﬁial angles, Ob, are avoideg. Should the case arise where very
small initial angles must be analyzed, then scme other expansion
will have to be utilized.

Within the limits specified by equation (40), equations (33-b)

and (37) yield

1 1 2 , )

sin® sinO0

[ 1 + cot?0,[e2 Y(1) + &* (¥

2

(1) (1)

3 (:ot:l"(ﬂ0 [52 Y + et (Y(z) +Y

2

) + ... ]2 + ]

which can be written easily in ascending powers of the perturbation
parameter, €.

Using this last result, equation (41), and substituting the
assumed expansions, equations (30-a, -b, -c, -d) into equations
(27—a, -b) and (28-a, -b) and arranging the results in powers of

¢ yields the following expressions:

(0) (1) (2) 2
dz_° + €2 dz + et dz +oa.= =20 14 g2 cot200 Y

dp dp dp sin@O

) )
cot”@oY(l) ] + ... +

(1)2

et [cotzOO (Y(z) + Y ) +

N W

2

1- ezz(l) - e”(Z(z) -

2
E —
p

(1)

(41)

+
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2
1)
4 Z
SE (Z(Z) ————— ) + cce s
Yot 2
0 )
d¢( ) 5 d¢(l' d¢(2) cot0p
+ € et + ... = gé T
dp dp dp D
. Y(z) Y(l) cotzeo 2
€ + (3cot™©g + lﬁ + .. R
sin%0 2 : :
and
0) (1) (2)
d 2
LR + ¢ dt € de *° + ... = —— - g2 [
dp dp dp pv,sindg
l— Z(Z) Z(l)z COtZOO
et —— -
- 2 8 z

ed

2

(42-c)

- cotZOoY(lj] -

z(1)y (1) _ cotZGOY(z) - é.cot”eoY(l)z] +...5 .
2

(42-4d)

These expressions are the expanded form of the governing differential

equations and they can be solved, in principle, after equation coefficients

of the powers of e.

obtained and have been given previously as equation (31).

Note that the zeroth solutions have already been

Before proceeding with the solution, however, it is instructive to

compare these expansions with Picard's iteration method.

4.3 Comparison with Picard's Method

As previously discussed, the advantage of considering matched

asymptotic expansions is that the first few terms of assumed expansions

can be obtained for several flight regimes.

A composite of these

several results usually yields a more accurate resultant than any

one of the individual expansions.

Unfortunately, as was discussed
>
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at the beginning of this chapter, no significant transformations . °
could be solved fbr in this éarticular problem. It behpoveé us,;
then, to consider the validity of the higher order terms which are
obtained by solving the order of magnitude equations — represented
by equation (42). These appear to become more significant than the
lower order expressions as p - 0(1/e2). With this intent in mind,
one can consider Picard's iteration method.? .Given an initial value

problem of the form

Y = F(x,y), Y(xo) =Y,
then the existence and uniqueness theorems can be stated as follows:

Existence Theorem - If F(x,y) is continuous at all points (x,y) in

some rectangle

R: |x - xo! < a, |y - yol < b

and is bounded in R by, say,

IF(x,y)l < k, for all (x,y) in R,
then the initial value problem'has at least one solution, y(x), which
is defined for at least all values of x in the interval |x - xol < o
where o is the smaller of the two numbers a and b/K.

Uniqueness Theorem - If F(x,y) and 8F/3Y are continuous for all

(x,y) in that rectangle R and bounded by, say,

(a Irl < x, (b) |8¥/sY| < M for all (x,y) in R,
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then the initial value problem has only one solution, Y(x), which
is defined for at least all Qalues of x in that interval |x - xof <o .
This solution can be obtained by Picard's iteration method, that is

by the sequence: Yo’ Yl, Y2, cees Y ..+, wWherein

n’
X

Yn(x) =Y, +vf‘ F(t, Yn_l(t))dt, n=1,2, ...,
X

o
and which converges to that solution, Y(x).

It is assumed that these theorems are extendible to the simultaneous

initial value problem,

I
<
L)

Y' o= Fx,y,2(x)), Y(x,,2,) = (a)

and

z' = G(x,z,y(x)), Z(x4,¥,) = Z4 - (b)
This is a logical extension,since, under this assumption, equations

(a) and (b) can be expressed as

Y'

F(x,y) - Y{x) =Y , ()
and

z' (d)

i
N

G(x,z) , Z(x))
Equations (c) and (d), now, independently satisfy the existence and

uniqueness theorems.

It follows that equations (27) and (28) can be solved by Picard's
method pfovided o > 0.

The solution of equatioms (27) by Picard's iteration method now
can be written and comnared with the perturbation solution in the

following manner:
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The first terms in the Picard sequences are

_ 2
Zl = 1n Vo (43-a)
and
Yl = 1n cos@0 ; (43-b)
which, by a comparison with equations (37), yield
Zl = Z(O) ’ (43”(:)
and
v, =0, (43-d)
Next, the second terms in the Picard sequences becoﬁe
P 2 P d
Zy, = In Ve o4 Ezf--~ndp + E% f — 3 (44-a)
° 1 sin0, Vo 1 e
and
’ 2
ek p . i P dp
Y, = In coso_ + ——=— [ Ao - c2( =5 -1 [ o (44-b)
2 o 2cos0, vy .
1 1
Comparing this result with equations (32-a) and (32-b) ome finds éhat
1
z, =20 + ¢2 A (44-c)
and
v, =1y 2 y@® (44-d)

2

Continuiig, the third terms in the Picard sequences can be written as
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2 - ( 2
Z,=1nv_ + €2 A - ezcotzeonl) + ety (D) (cot2®0 + é-cotL’G) )
3 ° sin@ 2 0
0 :

2 P 1 ' (1)2 |
+ .. pdp +E— “/” 1- 222(*) +et 2T 4L de R (45-a)
Vo 1
and
e’k P W |, ty?
Y, = In cos9, + ——2- AQ1 - g2y BT 4+ L. dp -
2cos9yp 1 2 ’
: 2
P : (1)
Czjf (L 1y -2z Lo 2707 L de (45-b)
1 vo2 2 P

Once again, compariﬁé these results with equations (42-a) and (42-b)
yields

(
7. =200 4 2 () 4 4y (2 0(c®) , (45-c)

and

0)

v. =y 4 e2 v(1) o cuy(2) 4 0(e). (45-d)

By a continuation of this process it is readily shown that the two
methods yield the same solution, in the limit. That is, the nth

terms in the Picard sequences become

Z, = 20 1 2 (1) 4 4 2 Dp(=1) g comy

(46-a)
and

v =y o e2y@ 4y c2(@-Dy(n-1) | 0(e2™),

(46-b)
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which are exactly the assumed perturbation expansions. Theréfore, it
follows thét since ficard's iteration method conferges to a solution
and since,in the limiL, the perturbation expansion yields Picard's
solution, then this perturbation expansion must be uniformly vaiid
in the limit as n becomes large.

Furthermore, if all of the terms in the perturbation expansion
can be generated, which are significant for any given flight regime,
this solution should be at least as good as Picard's solution taken
to the same degree of accuracy. In addition, this technique also

yields an order of magnitude estimate of the next term in the ordered

~
.

expansions.

4.4 Discussion of Ordered Terms

The governing equations of motion have been rewritten in what
appears to be a less degenerate form of the dependent variables in
section 4 .2; and these are presented as equations (27) and (28).
Subsequently, it was presumed that a uniformly valid solution could
be obtained by assuming the series expansions given in equatibns
(30-a, -b, -c, -d). The resulting order of magnitude terms have been
shown to generate in the limit the nth term in the sequeﬁces produced
by Picard's iteration method (see section 4.3). Furthermore, if the
problem is restricted tc mon-skip trajectories, specifically of 0> 0,
then the governing equations must satisfy Piczrd's existeace and
uniqueness theorems. Thus, it follows that if a sufficient number

of terms in the assumed expansions can be determined, the expansions
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will converge to Picard's solution and, therefore, to a unidue solution.

On the other hénd, if one proceeds to evaluate the ordered terms
in the assumed expan;ions it soon becomes apparent that it is not
practical to consider more than a first few ferms. Because of this
one usually considers solutiéns (by series expansions) for several
flight regimes. As previously noted, a general technique for this
type of analysis can be found in Reference 8.

Specifically, by properly transforming the initial va?iables
(by order of magnitude transformations), asymptotic expansions for
several flight regimes can be obtained. If these several expansions.
can be matched in their limits, then they can be used to form a
composite expansion which is generally more accurate over all flight
regimes than the individual asymptotic expansions for each specific
région. In addition, this technique allows one to generate the
asymptotic expansions to any given order of magnitude of accuracy
for each flight regime of interest.

For the particular problem investigated here, the initial expansion
yields an "exact solution" to within a reasonable order of accuracy
by means of only a few terms, provided the density, p, does not
become too large. This affect (of p large) is readily apparent,
however, from a simple examination of the solved expansions for the
affect of a large density (p). More specifically, only a first few
terms of the expansicn are needed to obtain good accuracy through
the flight regime where p = 0(1/e). However, when p = 0(1/e2) there

are terms appearing which are of the form,
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. o s :
Z AETED N s @I, ete;
s S -
these become significant and must be generated for this flight régime.
Fortunately, the significant terms for the case of o large can ﬁe
obtained by properly transforming the governing equatioﬁs and matching
the new (assumed) expansions to the original expansions.

Before proceeding, ho&ever, it is informative to reexamine the
expansion that has been generated for the reciprocal sine function,

equation (41); this is repeated here for convenience:

.

L — 1+ ¢2 cot2@0 (e 4 g2 (v(2) 4 Y(l)z) +.0.] +

sin® sinBg

el cot“OO[Y(l) + g2 (Y(z) + Y(l) ) + ...]2+ .o . (41)

N jw

This series will converge quite rapidly fér flight conditions where .
the sine of the flight path angle does not change by more than a few
percent from its initial value. On the other hand, for conditions |
which require a large chgnge in path angle many terms in the series
are required.. Since it is not practical to consider more than a few
terms it seems necessary to restrict the solution to those flight con-
ditions in which the change in flight path angle is small. Specifically,

. if even the simplest aerodynamic modulation functicn is considered
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(as will become evident from the following solution) it does not
: séem bractical to carry more than the‘first significant term in.
.equation‘(él). | |

The relative importance of these terms in equation (41),
compared with the unexpanded form, equation (39), is presented on
Figure 3. As is noted on this figﬁre, the first order expansion is
within 6% of the actual value for changes as large as 20% of the
initial value. Noting that the integration of this function—in the
ensuing solution- suppresses this error, ﬁhen it is reasonable to
expect good accuracy in the solution for changes in the sine of the
flight path angle as large as 207 of its initial wvalue.

The restriction imposed on the solution of considering only the
first order expansion (and possible the second order) requires that
the lift force must be quite small. Actually, as will be illustrated
later, the solution for non-skip trajectocries requires that the 1lift
coefficient, k2’ be of 0(e?), or at most of 0(e), anyway. The effect
of velocity decay on the flight path angle, on the other hand, is
generally quite small except for very small initial entry angles;
thus this condition will not impose any significant additional
restrictions on the solution.

Since the 1lift coefficient, k., must be restricted to rather small

2
values, the contribution of 1lift to the drag will be considered as
negligible. Therefore, the drag modulation function, neglecting

the 1ift term is obtained from equations (13-c) and (14) as:
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caqp .
n = 1+ —— ‘ (47)
: a, + €p
Also, because of the relatively small allowable changes in the flight
path angle, the effects of lift modulation become trivial, at least

when compared to the added algebraic complexity which they would

introduce. Hence, the lift modulation term will be set at unity; i.e.,
A o= 1. : (48)

4.5 Solution for the Initial Flight Regime

The zeroth terms of the assumed expansions have been given previously

.

by equations (31); these are repeated here for convenience:

2 (0 2

= 1n Vo , (49-a)
v -1, cosOy , (49-b)
3@ -0 , (49-c)
e £ <o ., | (49-d)
The higher order terms can be solved for now in the following
fashion:

From equations (42-a) through (42-d) the first order governing

differential equations are:

(1)
e - . _n o, 2z (50-a)
de sin@g vgp
dY(l) koA 1

1
- - (e - 1) (50-b)
dp 2 cose0 vg
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1)
de ¢ 1
——— = cotOp — -
dp : 0 o ’ (50 C)
and
ac® 1
= — = (50-d)
dp vosineo o

Next, using equations (47) and (48) for the modulation functions,

integrating, and using the initial conditions given by equation (30-e)

yieid:
1 aja a,tep 2
Z(l) = - — [(l+a)(p-—l)—- 172 ln(z )]"" —2—' lnp ,
sin@o 1 € a, +¢ v ‘
2 ° (51-a)
k2 1
(1) - — (-1) + (1 - — ) lmp (51-b)
: 2cos0 v2
0 o
¢(1) = cotO; lno , (51-c)
and
1
e o —— g . (51-d)
vosinOO

Equations (51-a) through (51-d) are the required first order terms of the

assumed expansions.

The second order equations are obtained by equating the coefficients
of e from equations (32-a) through (32-d); this procedure leads

directly to:



(2) Q1

dp "sin0 -Vo2 p
ay(2) Ko z(L)

L A2 € NN — (52-b)

dp 2cos@,, Vo P

. (2) (1) :
dé = cotd, L | (52-¢)
do p

and

(2) (1) (1)
SO L
dp . VosinGO 2p p

The solution to these equations is, for the most part, straightforward,
though algebraically it can be complicated. Because of the number of
terms involved in this solution, it is now convenient to consider this

integration termwise. Hence, one may consider, first, the integral

P
I, = fny(l) do (53)

1

where the limits of integration are consistent with the initial conditions
given by equation (30-e).
Substituting equations (47) and (51-b) into this integral leads

to the expanded form,

= fp 1+ e )[—1-(—2—— (pb-1) + (1 —j—é-) lnp] dp . (54)
1

I
agtep 2cos0g v0

Completing the prcduct and integrating, term by term,and then after

rearranging, one finds that



k (p«l)2 a.a _ antep
1= —2 1+ ap) - L2 [ec.n 1) - (ay + €) 1n(_2__—)] +
1 2cos0p 2 € ag + ¢
1 : ) ‘ajay [ €D
(1 - —~72) (1 + ay) [plnp - (p~-1] = —= |Inp In (1 +—=] - Ihlp
v, e L a
(55)
wherein
° £p dp
I, = + =) =2
9 In (1 az)p (5»6)
1
The integral, I,, can be integrated successively by parts to
yield
. = 1 1n? (L +E2) - L 1In2(1 + &) +
25 2 ap 2 ay "
>e[(=) - (o) ] “
el n a2+sp agy +e

Next, consider the integral

. =[° L) o | (58)
3 Y

Using equation (51-a) for Z(l) and integrating, one obtains

1 ajar €
I, = - (1L + a -1-1np] - —= [I, - 1npln(l + — DI+
3 sindy 1) (o ] c 2 ay
1
2 lnzp s (59)
VO

where I, 1s again given as equation (57).
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The solution for Z(z) » from equation (52-a), can be expressed

now as
2 k ~1)2 aja
,(2) o _ S0 2 d@+ap Lo 2%
sin®, 2cos0, 2 €
3.2+F:_O 1 1
e(p-1) - (a?+s) ln( ‘f-+ {1 - - ) (1 + al) X
i a,te v
2 0
lolnp ~ (-DIpp + ——2—— & (1 +a)) [p-1-Inp] +
v~ sin® :
o
1 3
— lnzp - alaz [—%- + cotZOO(l - —1—2 )] 'é' lnz(l + a_; ) -
V04 esind, Vo Vo
1,2 € i r -£p_\" € )| - 1npln(l + =)
5 @+~ )+ 2 i \ajte B + a2
2 2 - n¢ - VayTEP ayte
(60)
Similarly, the solution for Y(z) can be expressed as
2 o
k., k 1
(2 - £ J/‘ (p = L)dp - 5_—20 1-— )
' 2cos0,, 1 CosY, Vo
Pl 42 11 (61)
Inp — + .
Jret
1 o
Completing this integration and using equation (59) for 13 yield
2 2
k - k
v - (__....2 ) =B o8 -l pim-Ge-D)] -
QCOSOG 2 2005@0 Vo
172 )L €0 1 £
1 (1 + a)) [p-1-1np] - 77" Y2 ln2(1+ -) - E‘lnz(l + ) +
1 € a, a,

2
Vo sinOo



n
Z %[ (—a—f——) - ( £ ) J - Inpln(l + — ln Do
n=1 n“ . 2+5.° ‘2”‘5 ;

(62)

In a similar manner, the solutions for ¢(2) and t(z) are easily shown

to be
o ) = cote0 —t [p~1-1ng] + (1 - ;”f ) 2 s (63)
Ifcoseo o) :
and
. aja .
t(?‘) - 1 (1+a1) [p-1-1np] - 12 )1 lnz(l + %—9—) -
2v sin260 € 2 )
o
: 1 £p n £ )1
1 lnz(l +E_) + 5 {7 lvpln(l +
2 as =1 N aytep _J
k 1n
2cos0 cotd 2 [p-1-1np] + (1 - '"'—r)') (64)
0 ZCOSGO

~

The second order solution of the governing differential equations,
expressed as equations (42-a-b-c-d), can now be written by substituting
the appropriate ordered terms above into the assumed expansions,

equations (30). Thus, a value for the dependent variable Z becomes

aja a,tep 2
2 142 2. 5.___2_ _
Z = lnv 2 _ = [@+apkp-1) - /-~ In (’a"":g—)] + 2 Inp
sinQy 2 Vo
-2 ky (o-1)° 13y
y €ot<90 1+ a)) : - =(p-1) - (a,te) x
sind 2cosG)o 2 g2
a,+
In (‘32 ep)] + (1 - 1y a+ al) [plnp - (p = 1)] +
a2+e v 2

o
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N . 1 a.4a .
vosing, - Vo $in0, | v,
f | . o .
- £

cot?9 (1 - _%“_) ] %-lnz(l + iﬁ_) - %-lnz(l + ¥+ E?[(—EE“— -

° v 1_ 2 2 a,te

o n=1 2
€ n € 6

—E£.) - lnpln (1 + )P+ 0(eB) , (65)
az+s )

where Z is the logarithm of the nondimensional speed ratio.

In a like manner the solutions for Y, ¢ and t become, respectively,

2
2 ky \2 (p-1)°
ek 1 2 p
Y = Incos®, + 2 (p - 1) +e2(1 - Ty ) 1np - et ( )
2cos(—)0 v 2cos0 2
o o
€l+k2 - l el"
(1 -==5) [elno = (o - D] - =5 (1+ap) [p-1-1np] -
2cosOo Ve v031n00
| e VL fe ¥
aa 1 2 Ep, 1,02 £yt [(—-———)-(a )‘]—
2172 .2_1n(1+a)-21n(1+32) 2;23+€p .
€ 2 2 2
n=1
£ +-“:‘i n2p + 0(eb) , (66)
Inpln(l + 3 Vg .

el“co_t_(-_) [- ko

‘ 1 :
_[p—l—lnp]+(1—"%*) ;p+0(e’5)

2

¢ = €“cotO® Inp +
° 5111260 2COSOO Yo
(67)
g2 et

t = —— lap + —— 5 (1+al) [0 -~ 1= 1np] -

v sin® 2v _sin“d ’

0 fo) (o] [e}

, . — cp n > n
8122 J1 1n2(2 + =B ~% n?(1 - =)+ >__ “5[( ~+ | - (-::) —] )
e )2 ay 82 a1t T2 "2



46

k
Inpln(l + %+ 2cos0gcotdy 2 [0 -1-1np] + (@ L ) X
o 2, " |2cos0, V2
2
In“p - .
) + 0(66) 3 (68)

where Y is the logarithm of cos®, ¢ is the range angle and t is the
nondimensional flight time.
The solution generated thus far should yield good results up
to the order of magnitude indicated, provided the conditions are
chosen so that the sine of the flight path angle does not change
by more than (about) 202 from its initial value and also provided
the density, p, is not too large. For example, és p > 0(~£§ ), the
principal 0(e") terms become as significant as the 0(e2) tZrms.
In.principle, all higher order terms can be generated until the
resulting expansion converges for the case of a large demsity. This
.procedure is not very practical, however, due to the large number
of terms which would be required. The significant terms for large
density, p, can be generated in a more orderly manner, however, as

will be demonstrated in the next section.

4.6 Aerodominated Flight Regime

In the previous section a straightforward perturbation technique
was appiied to the governing differential equations to account for
terms through the second order. It was noted, however, that as the
density became large, i.e., as p » 0(1/e?), the higher order solution
contained terms which were as significant as these obtained in the

first order solution. Fortunately, all of these quantities can be
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acquired by transforming the variables in the governing equations
in.a ﬁanner which will admit a solution including the significant
terms in fhis flight regime. |
Before proceeding with this analysis it is informative to consider
the solution obtained by Willes, et a13. In that paper, the authors
transformed their equations by assuming p was of 0(1/52). The resulting
zeroth solution gave their so-called skip-trajectory which provided
good agreement with computer solutions whenever the pull-up or skip
occured before a significant velocity decay developed. Unfortunately,
the more significant transformation, which would include the assumption
that the velocity was small, i.e., x = 0(e2?), led to coupled zeroth
order equations which could not be successfully manipulated analytically.
Contrary to this work, when non-skip trajectories are considered,
it is necessary to use a transformation which reflects the relative
importance of both the 1lift force and the centrifugal term. The
most obvious transformation to use here would assume that p was'of
0(1/e2) and x was of 0(e?); however this has already been ruled out
since it gives the coupled equations which cannot be solved by this
technique. An alternate transformation, which reflects the proper
relationship between the 1lift and the effect of velocity.decay; is
obtained by assuming p of 0(1/e2) and kz of 0(e2); however, this
is a more degenerate form. Nevertheless this transformation can be
matched uniquely with the original solution and can be used to

generate the significant terms in this flight regime.
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Therefore, let

p= pyle*
ky = €%k, ,
z =z, ,
Y = Y2 s : (69)
o = 6y
and
t o=ty ;

where these new variables are considered to be of order one. The .

governing equations; (27-a) and (27-b), become

dZy -n £220722
= + (70-a)
do, 1 -e?¥2 Py
and
de k;)\ V' €2 7 .
dp2 2 Py

The equations for the range angle and the time, (28-a) and (28-b),

written in terms of the transformed variables, are

Y
d¢2 e2e 2
= (70"‘C)

)
dpz pz/lmeZYZ
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and

Z2

_ €2 e 2
Yy 2

dt
2 (70-d)

dp2

The constants of integration for these expressions will be determined
by matching the ordered solutions (here) with the corresponding
ordered solutions from the initial flight regime.

The modulation functions for this flight regime, obtained from

equation (69) used in (47), become

a;p
n=1 + 172 H (71-a)
€a2+p2
and from equation (48),
A= 1. (71-b)

For the solution in this flight regime it is convenient to expand
the modulation function by means of the binomial theorem. This
leads directly to the expansion

2 .
€313 |, .2 2172 . . (72)
) 03

n=(+ al) -

In this regime it will be essumed that the sclution can be expressed
as a power series in the parameter e. Recall that this was the procedure

followed in the initial flight regime. Before expanding equations



(70-a) through (70-d), howecver, it is expedient to note the form

of equation (70-b); it is such that the zeroth order equation is

- (0)
dY,
— = 03 (73)
dp2
thus,
0) _
Y = C6. (74)

Comparing this zeroth expansion with the corresponding zeroth expansion

for the initial regime, equation (31), it is clear that
Cg = 1ncos@ . (75)

Taking this into account, aloang with the expanded form of the modulation

function, the proper series expansions become

Zylp,yse) = 22(02)(0) +e 2,00 +¢2 Zz(pz)(z) +...
¥5(py3e) = lncosO, + g2 Y2(p2)(1) + ¢3 Yz(pz)(Z) ..
¢9(py3e) = ¢2(p2)(0) + g2 ¢2(p2)(1) + et ¢2(p2)(2) + ... (76)
and '
‘ ' 2)
typgse) = tz(oz)(o) + g2 tz(pz)(l) + g3 t3(p2)( F

Substituting equations (59), (71-b), (72) and (76) into (70-a)

through (70-d) and rearranging yield
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0)
de( de(l) _ dzz(z) 1 : €a;a,
- € o+ g2 ———— 4, = - @A +a) -
d°2 de dp2 sin®, 1 Py
2
aja :
ezl: 172 + (1 + ap) cotze0 Yz(l)] + ... +
922 _
_7€0) (1)
2 2. e 2 1-¢2 + ... , (77-a)
P2 2
and
(0) (1) (2) ' '
dy dy, . dy k.
2 2 2 2
+ g2 - 4+ €3 + ... = g2 [} - 52Y§1) + .] +
dp2 dp2 dpy 2cos0,,
(0)
2 %2 (1)
EZ - g2 & — [1-ez +...13 (77-b)
Po Py 2
(0)

where the zeroth term, Y2 has already been accounted for previously

and is given by equation (74). Also, one obtains here:

(0) 1 1
déo d¢2( ) d¢2(l) cotOp Y2
+ €2 + et + ... = €? P.+ €2 .J
o} sinzeo
de, dpz dpz 9 (77-c)
and g
© g, "
- — 1
e @ ) ag (1 ae(2) e2e 2 €Z,
€4 —— + ¢ 4 = [} - + ] .
dpz dp2 dp2 pzsineo 2
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The zeroth ordered equations, obtained by equating the coefficients of

o ’ :

€ , are found to be
(0)

dz,

dp2

0
d¢2( )

dp2

and

(0)
dtz

dpy

(1 + al)

sin@o

0 , respectively .

Solutions to equations (78-b) and (78-c) when compared with the

corresponding zeroth results for the intermediate regime yield

(0)
b, = 0
and
(0)
t2 =0

where the constant, C7 is determined by matching this zeroth order

expansion with the corresponding expansion in the initial regime.

(78-a)

(78-b)

(78-c)

(79-a)

(79-b)-

(80)

Substituting this resultant inco the assumed expansion, expressing

it in terms of the initial variables, and then after passing to the

limit of 0(1l), one finds that



The corresponding zeroth order expansion for the initial regime
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2(ps k) = G

was then found to be

thus

Z = 1nv2
o

2

C7 = lnvo

.
’

.
s

and now, in the aerodominated regime,

and

(0)

2

Z = 1nv

2

sin®

The first order equations are now

(D
de } aa, .i_
’
dp2 sinQg pz
(1) . (1+ay)p
de k2 N 1 e sinOg
dp2 2cos0y Py v, p2
(1
d¢2 L cotOg
b
(1) (l+al)p2
dtz, 1 e sin0o
dp2 v,sindg Py

(1+ag)py

0

(81)

(82)

(83)

(84)

(85-a)

(85-b)

(85-c)

(85-d)
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where the necessary zeroth order terms have been inserted.
~ Integrating equation (85-a) yields
(1

Z = .alaz Inp, + C
2 . 2
51n00

g (86)

When this result is employed in equation (84), the first order expansion

is found to be

2 (1+a;)o., gaqa
Z2 = 1nv0 - 1772 + 172

Inp, +eCg . 87
sinQg sinQg

Expressing this in terms of the initial variables and passing to the

limit 0(e2), it is found that

2 (1+ag)p c€a;a
Z,(0, ko) =1nv_ - €2 —— 4 Az 1In(e2p) + € C . (88)
2 2 o . . 8
sin0Og sinOg
The corresponding first order expansion in the initial regime from
equation (65) has been obtained as
2 (1+ay) : €aja 52+ep 2

Z, = 1lnv - €2 — (p-1) + - 172 1n ( ) + g2 -~ Inp .

1 sinBg sinOg aste v0

Now, if this expression if written in terms of the aerodominated
variables and expanded, then on passing to the limit of 0(g),

one finds that



' 2 (1+aj)p, caya, :
Z(,, k, ) = 1lnv* - + [1np, - 1n(ea,)] . (89)
T2 T2 ) ~ . 2 2
sing sin0g

Before these expressions can be matched to the initial regime, it
is necessary to write both expressions in terms of the same variables.

Thus, after rewriting equation (89) one finds

2 e2(1+ay)p

Z(p, k2) = lnvd - £2132 [1n(e2p) - In(eay)] . (90)

sin@ sin®

Equating equations (88) and (90) determines Cg as:

a1a2

Cq = . In(eca : ‘ (91)
8 sin@o . 2)
thus,
(1) ala pz
~22 = 2 In (‘“‘“) (92)
sinoo' ea,

Integrating equaticns (85-b), (85-c), and (85-d) and matching in a
similar manner yield

(1) k, po 1 Py Z;L 1 (1+al)02 "

vy = 272 4 - =) In(5D) - ¢ , , (93)
2 2cos0 Vo - n=1 nn. sinO0 .
(1 , '

¢2 = cot0 ln(pz/e2 ), (94)

and
o0 n

(1) T (1+agdo '

t2 = ml - 1l’1(p2/€2) + > [—2'-—(; . (95)

v031n90 5:1 s1nly(y
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It should be noted that the first order expansions for 1/2, $o
and t, are all ofVO(ez); see'equation (76).

The second order expressions, from equations (77-a) through (77-d),

are
(2) 2
dzZ 1 a,a ’ :
2
s [ 2 + @+ 21) cotzeoY(l) ] +
dp, sinoy Y p,2 2
2 (1+ajdpeg
e sin0g . ' (96-a)
VoP2 ‘
(2) (l+al)pz (1) :
dY, - e ;1n@o Z, s (96-b)
dpz VO pz
(2) (1)
d¢ cotOp Y .
2 - i , (96-c)
dp2 p2 sin Op
and (l+a1)p2
(2) (1) Tein0
dt2 Z2 e 5109,
= - H (96-d)
dp2 ?_vosineop2

where the zeroth terms have been inserted previously, and the first

order terms are given by equaticns (92) and (93).

Using equation (93) for Yz(l) , then equation (96-a) can be integrated
to yield
2 ' 2
(2) 1 aia k o
Z, = - S K-22 4 (1tapcot?o 2 2+
sing 0 Y 2
o ‘ cos@p P2
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e}
—

(1 - _15 )92[1n(p2/€2) - 1] - ng : 1 [(l+al)ng] n .
Vo . Voo Lh=1 n(atl)! sin@y
2 = - (1+aq)p n
— (lnp, + :E: U 1__3 + Can . (97)
2 2 ' ind 12
VO n=1 nn. s1in 0

This resultant is used along with equations (84) and (92) to form
this second order expansion. This new resultant then is matched with
the corresponding second order expansion for the initial flight regime,
equation (65), to yield A

= (1ta;) - 2 1n(e?) . _(98)

sinOy v 2

€12
[o]

In a similar manner, equations (96-b), (96-c) and (96-d) can be
integrated and matched with the corresponding expansions for the

initial flight regime to yield

Y2 = ) 4- X
v s1n®0 | n=1 nn! sinQg
[ln —— } (99)
Eaz
: /e?)
¢(2) = COtOO + (1 - L ) '13“(‘)2 - -
2 sin? 2cosOo v 2 2
w o

1 Z 3 [ia_l._)_p_% ]n , (100)
2 2, sin@ :
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and
- _ 2 ' ® '
a.a 1n“(p,/ca,) (1+a{)p n
(2 = - 122 2'%%27 1',[ a1 2] "
2 2vosin200 2 ey e sin@,
1

The asymptotic expansion for this flight regime can now be written
after substituting the ordered solutions into equations (76); the

results are

2 (1+aq) , €a;a, ezala2 1
22 = lnvo - (p2—€ ) + 1n(p2/ea2) - — -
sin0 sinOO sin0Og Py
1 2
(l+al)cot260 k, P, 1
2 + (1 = — ) pylln(p,/e?) ~ 11 -
sin0, 2cos0y 2 vo2

(-]

2
P 1 (1+ap)e n £<2
_2 :E: [ 2 ] + — 1n(p2/€2) +
vi n=l n(nt+l)! sinfg V2

o

©
n

Z 1 [ (tapley ] +0(ed) , (102)
n=1 D0! l_ sin00 ) ‘
2 ]
e“k,p 1 2 -
Y, = lncos®, + 22 4 g2 (1 - "5”') In(p,/e%) -
2co0s0g vs

+

. - . )
e2 :E: 1 [(l+al)02 ] . e3alaz In (02/52)
vzsinOO 2

sindg o
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2 n
1 (1+aq)o, r
:E: ; [ _l £ ] t ln(pzfsaz) -1 + 0™ . (103) -
n=1 D0. sinQg n
' € TcotBy k 1n €
¢2 = ezcoteoln(pzlez) + - i 2 P2 + (1 - 1 ) (DZ _
sinzeo 2co0s0g vg 2
© n

9 .
v, n=1 nn! sin@, -
and

2 (1+aq)po ™
€
t2 = —-—-—————-—-—. ln(pz/EZ) + Z l' [ 1 2] -
v051n60 ne1 nn. ZSinGO
2

3 o]

B S [ i L (001 ity eag -
) o Pa/e3
2vosin290 2 — nn. L2sinO
l] + 0(e) . (105)
n

As indicated above, the next order of magnitude terms in this flight
regime are 0(e3), 0(e"), 0(e5) and 0(e"), respectively, as noted from
equations (102) through (105). 1In spite of this indicated accuracy,
however, it should be noted that neither equation (103) - for thé
fiight path angle - nor equation (105) - for the flight time-reflect
an effect from a change in the flight path angle. Although this effect
is somewhat suppressed in'the integration, a large percentage change

in flight path angle has a significant affect on the velocity decay;
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this, in turn, affects the centrifugal acceleration term in.the equation
for the flight path.angle. |

The significancé of changes in the flight path angle can be
deduced, somewhat, by noting that only the first significant temrm
of the expanded sine function, equation (41), has been qbtained
in the solution for the speed. It can be noted, quite easily, from a
numerical investigation that at least two significant terms, from
equation (41), are required if angular changes of more thaﬁ approxi-
mately 20% are to be allowed. It follows, then, that this solution
will not be valid wh?n changes in the flight path angle of more than
20% are to be expectéd. As a consequence, this restricts the solution
to small 1lift cases, k, < 0(e?), and to initial flight path angles

2

which are not too smallj i.e., to where sin® > 0(e) .



V. COMPOSITE EXPANSION

In Chapter IV the matched asymptotic e%pansions were obtained for
the initial and the aerodominated flight regimes. For this problem
in particular, the expansion for the initial regime was shown to match,
in the limit, Picard's iterative solution, which would be a unique
solution. However, it was apparent, as is usually the casé, that the
algebraic complexity;after obtaining the first few terms - becomes
prohibitive. Hence only the first three terms(of zeroth, first,
and second order) were generated. The basic differential equations
were then appropriately transformed - by order of magnitude transformations -
and a new second order expansion was generated which matched uniquely

to the initial expansion. In this chapter, these two matched asymptotic

expansions will be used to form a uniformly valid composite expansion.

5.1 Definition of A Composite Expansion

A composite expansion is defined as any series which reduces to a
first expansion, when expanded asymptotically for small € in the
first variables, and to a second expansion when expanded asymptotically

for small € in the second variables.

5.2 The Additive Composition

The additive composition for matched asymptotic expansions, as

61
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. 8 _
given by Van Dyke ,can be exprecsed as

m (@) (2 (m)

F + -
(@.m i v [F, 14
3
F = H (106)
c (n) (m) (m) (n)
F_ + -
o Fi [Fi ]o
(m,n)
where F is the composite expansion correct
c
to e in the first variables and correct
n
to € in the second; .
(m) o
F is the first expansion to € ;
t) ~ n
F, is the second expansion to € ;
(n) (m) a
[Fo ] i is the second expansion to e ,
expanded in the first variables to e 5
(m) (n)
[Fi ] is the first expansion to €™ ,
o)

expanded in the second variables to e" .

The two expressions obtained from equation (106) are equivalent.

5.3 - A Composite Expansion for the Velocity

A composite expansion for the velocity can be formed by using

equations (65) and (102) in the additive technique as indicated above.

It should be noted that the solution in the initial f£flight regime

contains all of the significant terms for p --small; thus, this

expansion is valid up to 0(e") for the Keplerian flight regime.

Therefore, it follews that the forming of a composite expansion,

using the result for the initial and the aercdominated regimes, will

yield an expansion which is valid from the Keplerian flight regime
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down through the aerodeminated regime.

In the notation of equation (i06), the composite expansion becomes

(4,3) (4) (3) (3) (4
z, o=z, 47, - (2, 1, (107)
(4)
where Z1 is given by equation (65), and
(3 '
Z, 1is given by equation (102) .

Substituting the appropriate expressions into equation (107) only

serves to eliminate the common terms and, in the original variables,

yields
(4’3) 2 2 alaz . a2+80
Z = lnv. - —S—— a+ al)(p -1) - —= 1n ( ) -
c 0 sinQg 2 a2+e
u cot20g k2 (p—l)2 ajas
2 P+a) ——— - [s(p -1 -
sinod 2cos0g 2 €
' aste p
(ay + €) 1n ( 2 p)] + (1 - -1—2-) 1+ a)) [plnp - (p-1] - 5 X
a2+e vo vO
- 2(1+ S :
:E: 1 [ E_f__flzf. ] + g2 —25 lnp + zgj. 1 x
1
n=1 n(n+l)! sindg Yo n=1 (O0-
2 n (1+aq) a;a 2 2 1
£ _'(_l+_a_1_)f’_:] - €2 1 (1 + Inoyp - €3 z [ 5 oot - v 2
sin@o s]_n@o sn_noo V0 o

ﬂ ;



Elnz(l'i'ep)— 1 ll‘).2 1+ EE—)“{- } AN €p . € !
ay 2 23 o o ) g
n=1 a2+ep a2+e
y
Inp 1n(1l + L )y o+ E- 1n2p (108)
a2 v 4 .
)

5.4 A Composite Expansion for the Flight Path Angle

The composite expansion for the flight path angle can be formed

now, using the results for the initial and aerodominated regimes. In
the notation of equation (106) this becomes
(4,3) (4) (3) (3) (4) _
Y =Y, +Y, -y, ]1 , (109)
A (4)
where Y is given as equation (66), and
(3
Y2 is given as equation (103) .

Substituting the appropriate expansions into equation (109) and

rearranging in terms of the original variables yield

2
(4,3) . k,(o-1) 1 ;e%k, (p-1)
Ye = lncosOy + g2 2 —-(——-il———— ) + 22(1— —lz Ylnp -
’ 2cos0, 2 2cos®0 Vo
0 2
4 e“(1+a{)p 4 n
ek 2 1
2— (1- 12 ) [plnp-(p-1] - 52-— Z L [——.——————-] +

2cos0g v, Vs 1 an! sinBg
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(14+a,) (1+1np) e3a.a .
e 1 S 1 2, I 20 +22) - %'lnz(l +=)
> ino 2 . 2 a, 2 a, :
v0 sinQg VoSln@OV
(o]
n
:E: 1 £pD _ € n €
S\ T - Inpln (L + — ) +
n=1 n a2+ep az+e as
. .
1 [e2(1+a,)p €p 4
z;- [ ( 1>pJ [In(l + ) - 11y, & 1n2p; (110-a)
n=1 nn! sing, a n V04

where, in order to preserve the proper sense of the higher order modulation
term for the case of small density, the logarithmic term in equation (103)

is modified. That is, this term is altered to read
1n(p2/€a2) =~ In(l + pz/eaz) . 4 (110-b)

This approximation was not required in order to satisfy the matching
technique used in the previous section. On the other hand, the argument
of this logarithmic term was generated as a result of having expanded
the drag modulation function in the solution for the aerodominated
flight regime; see equation (72). Thus, this tefm-when compared witﬁ
the other expressions that arise from the modulation function appears
to be over emphasized where the nondimensional density is small;

i.e., when 0, + 0(e?). The approximation given as equation (110-b)
is used to correct this apparent error for g small. It is easily

shown, however, that the error that arises from this approximation is
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at most of 0(e) in the aerodominated flight regimwe and is, therefore,

within the accuracy of this term.

5.5 Composite Expansions for the Range Angle

and the Flight Time

The composite expansion for the range angle, obtained by using

equation (106), can be expressed as

(4,4) (4) (4) (4) (4)

¢c = ¢l + ¢2 - [¢2. ]l H (111)
(4) (4)
wherein ¢ and ¢ . are obtained from equations (67) and (104),

1 2
respectively. Using the appropriate expressions, this composite

expansion becomes

(4,4) c“cotd k
¢ = ezcoteolnp + "**7——2- ——wg—f- [p -1- Inp] +
c sin 60 2cos0
0
1 1 ® 1 62(l+al)p .
1a- - )lnzp -7 [ ) “"] . (112)
2 vg Vo = aln! 51n00

The composite expansion for the flight time, again obtained by
using equation (106), can be expressed as
(4,3) (4) (3) 3)

t + ¢t - t2 ] H
c 1 2 1

t (113)
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(4) (3)

where tl and tz are given by egquations (68) and (105), respectively.

Similar to the previous cases, equation (113) leads directly to

43 . e2(1+apdp 1"
t = —5 {1np + -
c v, 81nO nn! i

=1 ZSlnGO
(1+a,) e3a €3y
2 —I @+ 1)) - ln2(1+53)—%1n2(1+5—)+
ZSinOO . 2v 51'1@0 a2 32
<) n ' n
L[(ﬂ—— \ —( £ ) ] - Inpln (1L + =) +
o= n2 a2+ep / a2+e as
0 : n o 2
t“e k
1 re?2(l+a € 1 cot Yy 2
Z [ ( P ] [ln (—p - — ] t ot - [p-1-1np] +
n=1 v Logsing a, n sin®jp | 2cos0
1 1 ?
n p
(1- - —;— . (114)
Vo

5.6 Rearranged Composite Solutions
Equations (108) and (i10) can be written now in a somewhat more
acceptable forin by comparing this result with the form of the solution
given as equations (26-2) and (26-b). With this in mind and recalling,

from equation (27-c¢), that

Z = 1lnx , (27-c)
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then by comparison, the corresponding terms in equations (108) and

(26—a)‘1ead to

XZ :
X = Xle 3 (115-a)
where
2 (l—al) alaz
X. =v 4+ 2e2[1np + ¢_(w) - €2 (1+1lnp) - e — Mll s
1 o 1 , sind, sinQy
(115-b)
and
2 aja) aqgtep
Ky = = —S— [(I+a) (o-1) - n (-2—]1 -
sin@, ayte
cotzeo k2 : (p-—l)2 ajas
Eq (l+al) - g(p - 1) -
sin® 2cos0 2 g2
az+ep 1
(a,te) 1n(——~——— *A-—==) @ +aplele - (p-1)] +
82+E VO
a
122 My - P 2, ()% - (115-c)
€ vy
In this resultant, the following quantities are defined:
o) n .
o _(wy = Z 2, : (116-a)
1 n=1 nn!

n
2,(w) = Z L, | (116-b)

n=1l n(n+l)!
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wherein
(1+aq)p
0= g2 SN
sin@o
and
€
M, = '% m?a+ £y -1 ln2(1 + =) - InpIn(l + =) +
1 a, 2 2 a9
0 n n
2 u2) () ]
n=1 n? a,tep a,te )

Similarly, recdlling that from equation (27-d).

Y = 1lncosO

then by comparing the corresvonding terms in equations (110) and

(26-b) leads to

k) B,
cos® = (cos0, +'§— Bl) e :

wherein
By = €2(p-1) + e (1l - ~%— ) [plnp -(p-1) ,
v
o
and
1 .2 caqan '
B, = e2(1 - =5 )Imp - 55 [1- — 221001+ ) ] o, () -
2 Vo v, sinOg a, 17,

(116-c)

(116-4)

(27-d)

(i17-a)

(117-b)
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3
3 ajas (1+a;) (1+1np) €’aja
€ > @B(w) + et 21 + 2 172 M1 . ©(117-¢)
vosinO0 | 'vo sinGO v0 sineo -

For this resultant Ql(w), Ml, and w are given as equations (116-a),

(116-b), and (116-c), respectively, and

wn
¢3(w) = > . (118)
n=1 n n:

The summation functions, @1, @2, and ¢3 are presented on Figure

4, TFigure 5 shows a plot of the modulation term Mi.

Equation (117-a), however, is not fully amenable to a numerical
solution for small flight path angles. It is convenient, therefore,
to rearrange equation (117-a); that is, after squaring and expanding,
it, can be shown that

2

sin%0 = sin290 - kycos0yB; - (Efﬁl ) -

2

k,B
2 2 _ (21)]
(282 + 82 + ...) [Fos OO + kzcosOOB1 + 5 R (119)

In keeping with the original solution, the 1lift coefficient, k2’ when
multiplied by the function Bl, and the function BZ must be small. Thus
the higher order terms here may be neglected; i.e., when considering
'maximum changes in sin® of about 207%. Hence, for this situation

equation (119) becomes.
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s 2 2 = 1 2- - ald 3 - 02\- M4
sin“0 = sin“0g kzcooooﬁl 2cos 0052 H (120)

where the funétions él and 82 have been given by equations (117-b)
and (117-c), respectively.

Equations for the rangé angle and the flight time cannot be
rearranged iﬁto a more convenient form, but they can be rewritten in

terms which are similar to those used above. 1In this regard equations

(112) and (114) are rewritten as

cotOg k

) ,
b = azcoteolnp + et [p-1-1np] +
. sinzeo ZCosOO
1 2 1
1a-—=)Hrm%- = o ), | (121)
o o
and
2 (1+a,)
t = ———<qInp + 0 (%) - e2 —— L (@ + 1np) -
vosinO0 1 2sin0

32.a w

%2 v o+ ma+ e (- o ([
1 a, 12 32
2v sinBy
e“cotzeo k 1 1 2
2 [e-1-lmp] +5 (1 - —5 ) In'e s 3 (122)
v, sind 2cos0g Yo
where the functions @1, ®3, and Ml are given as equations (116-a),

(118), and (116-d), respectively.
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‘The rearranged composite solutions obtained in this section,
in general, can not.be considered more significant than the original
composite solutions Ehat were generated previously. The resultant
expressions are somewhat more convient, however, for numerical
computation and fof further analysis - such as follows in Chapter

VII, "Analysis for the Region of Validity."



VI. ANALYSIS OF RESULTS

In this section the solution obtainéd in this thesis is compared
with computer generated numerical results. In order to retain con-
sistence with other published materials, the density is converted
into a corresponding nondimensional altitude. Finally, the
numerical results from this analysis are plotted versus this altitude.

parameter for presentation purposes.

6.1 Nondimensional Altitude

Al

2 has been found to yield essentially

Broglio's power éensity law
the same result as that obtained by means of the usual exponential
density law, but as was shown by Broglio, it is more adaptable to
the writing of the differential governing equations in similarity
form. In order to present the generated data in a form consistent
with that of previous investigators it is more convenient to convert
the power-law to the usual exponential form, as demonstrated by the

following manipulation.

From equation (8-b) one can write

2
r=1-¢€2lnp + " in% + iee + (8-b)
: 2
or
lnzp
r-1=- ¢2lnp + &t '—;“— + ... . (123)

75
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Over the range of nondimensional density, p, used for this reentry

study,

ezlnp << 1.

(124)

Thus, to a reasonable and good approximation, the higher order terms

may be neglected.

As a consequence of neglecting terms of e* and higher, equation

(123) can be written as

p = exp [1—1‘]
- ’
g2

.

and on using equatioh (2-c) this becomes

To-T
=

ETT
o

Now, writing

¢
Q

and

where h is the altitude above the pianet surface,
h, is the altitude above the planet surface
at the initial conditiomns,

~

and r, is the radius-of the planet;

(125)

(126)

(127)~

(128)
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equation (126) can be replaced by

_ hy-h :
p = exp T = exp(H) , (129)
e‘r
o
hoh
where H = > is a nondimensicnal altitude measured from the

e‘r

o

initial altitude. This result can be reduced further to a more familiar

form as follows:

Consider

=

5 (130)

H1 =
I

[ K1

+
Rl
I

H1 =
~~
H
+

o |o

which, by expanding, becomes

1 1 h ho
— = _1-2+ (=2 + ... . (131)
r r r r

o e e

E = H' [1_79 +(;—Q) +] s (132)
r To

where

HY = 0o : (133)
(—:21‘
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this is in the form of the usual nondimensional altitude function used

by Loh’/. -Note, however, that this quantity is meésured from the

initial reentry altitude towards the planet surface; whereas Loh's

value is measured upward from the planet surface.

For reasonable initial reentry altitudes,

Q

o

[ K1

e

thus H can be replaced by H', and

form usual exponential form,

the density law reverts to the

exp(H'") .

sea-level conditions yields

{

k1A

m

)

Tofsy, 3

(134)

(135)

(136)

(137)

(138)
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~

where P, can be determined for any given initial altitude. Using
the definition of the nondimehsional density and evaluating this

at the initial conditions yield

;n -~ ~
klA - ropo ? (139)
or
L 2 rp (140)
T = g rp_ . .
klA [o e} )

This resultant is presented ca Figure 6, where the ballistic parameter,

~

@/klA, is plotted as a function of the initial altitude, ho.

6.2 Comparison with Numerical Solution

Numerical solutions for the governing differential equations were
generated using a fourth—order.Runge~Kutta numerical integrator which
was programmed for use cn an IBM-7040 computer located at the Auburn
University Computer Center. These numerical solutions were used as a
basis for comparison by the analytical solutions obtained in this
thesis.

Representative results for the comparison between the numerical
solutions and these analytical solutions are presented in the next
nine figures. These graphs are explained below.

Figures 7 and 8 are comparisons for classical nonlifting bodies
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assuming a ccnstant drag coefficient; the compariscns show excellent
agreement for large initial entry angles, over a range of velocities

from the initial value down to rather small values; i.e., for vy 2

v > 0.2. For small initial angles, as had been anticipated, the
- agreement is poor for values of the non-dimensional velocity less
than about 0.6.

The next two figures, 9 and 10, show typical results pbtained for
constant 1lift and drag coefficients. 1In addition, these two figures
indicate an excellent agreement in the predicting of the Keplerian
orbital effects for an initial speed corresponding to excape speed;"
i.e., v = 1.414 (see‘Figure 10).

Figures 11, 12, and 13 are representative of the agreement
between the exact and analytical solutions for constant 1ift coefficient
with drag modulation. The first two of these figures are similar to
those shown for the previous cases, in form and in relative agreement.
The third graph, Figure 13, is a plot of the angle of descent versus-
the non-dimensional altitude. This figure shows the excellent agreement
that is obtained for flight path angles which do not change by more
than a few percent from the initial value.

Figures 14 and 15 pfesent the relative agreement for the range
and flight time during the reentry.

As had been anticipated in developing this analytical solution,
the agreement of this énalytic solution with the numerically

integrated values is excellent so long as the sine of the flight path
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angle does not change by more than 207 frem its initial value and when

smallﬂvelocities are avoided, i.e;, for
0.8 sin@g < sin® < 1.2 sindp 5 (141)

and
v > 0.2 . = (142)

The limit imposed by a small velocity, eqﬁation (142), presents no
difficulty in that it only requires that the solution should be
terminated when this condition is met. On the other hand, the limit
on the flight path angle is niore significant in that certain combi-
nations of the initial conditions and the 1lift coefficients should be
avoided. A reasonable description for these conditions can be

obtained; this is presented in the next chapter.



VII. ANALYSIS FOR THE REGION OF VALIDITY

Throughout the previous analysis it was noted that the accuracy
of this analytic solution depends, in a large part, on ones ability
to generate the effects of changes in the flight path angle.
Specifically, the expansion of the reciprocal sine function, equation
(41), was required in equation (27-3) for the velocity solution.
Although, as discussed in Section (5.5), the effects of the higher
order terms of this expansion are somewhat suppressed in the inte-
gration, they are significant for changes in flight path angle greater
than approximately 207%.

Assuming, then, that4the limiting condition on this solution

corresponds to
sin® = (1 + 0.2) sin® ;- (143)

then the required limit boundaries can be determined as follows:

Substituting equation (143) into (i20) and rearranging yield

(+ 0.2 + 0.02) tanZ0 = k2 - 144
+ 0. . an“0_ = - —- B B, s (144)
o ZCOSGO 1 2

where Bl and B8, are given by equations (117-b) and (117-c), respectively.
This resultant has been solved, by iteration, to determine the limiting
conditions on the solution. Some care must be used in evaluating

equation (144), however, since the exact solution may be double
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valued. Specifically, for lifting trajectories it is possiﬁle that

the flight path angie may change by amounts approcaching 100% of the
initial value Qithouf'skipping. That is, the flight path angle

decreases to a minimum and then increases again. Consequently, in

this case, the first time the limiting conditions are reached corresponds
to a description on the limits to the solution. Fortunately this

limit is characterized by a small velccity decay. Hence, the proper
soiution can be obtained by subordinating the terms in equétion

(117-¢) which arise as a consequence of the aerodynamic drag. .

Typical boundaries, showing the limiting conditions as obtained
frem equation (144), are presentad as Figures 14, 15, and 16. It is
apparent from these figures that the solution is generally not of
much value for small initial entry angles. On the other hand, for
iniﬁial angles greater than about six degrees and for small lift, this

solution should give gcod accuracy over most of the reentry trajectory;

i.e., for v > 0.2.
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VIII. ANALYSIS FOR DRAG STEP FUNCTION

The special drag modulation effects, such as those associated
with drag-chutes, can be investigated from the basic solutions
developed in this thesis. In principle, the effect of deploying a
drag device can be treated as a step function. Fortunately, the
form of the developed equations is amenable to a consideration of this

case by means of a simple transformation of the ballistic parameter,

k

—— , which appears in the nondimensional density. This will be
= :

accomplished as follows:

The nondimensional density, from equation (2-¢), is

Q

e S -
p = i rop s (2-¢)

this is set equal to unity at the initial conditions and becomes

~~ o~

klArOpo

m

1 = . (145)

Suppose that at some arbitrary altitude, during reentry, a drag
device is either deployed or released. This would correspond to an
abrupt change in the ballistic barameter; thus, using the subscript
s to represent the density at this océurrence, then equation (2-c)

can be written as
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(klA .~
ps = -—:*) r, 95 ; : (146)

and a new initial density can be defined as

klA < . .
pOS - 1-;1 ) rOS pos * (147)
s

Taking the ratio of these two expressions one obtains

m /s
Pos | T rog | Pg o (148)
(=)
m
since
pos = Pg (149)
and
-0s _
" = ro - (150)
Lo

The nondimensional position radius, Tis? from equation (8-b), can be

written as

y .
= - g2 E_ 2
roo =1 - e’lnp_ + . In“p + ... . (151)

Consequently, within the accuracy of the ordered solutions, equation

(148) becomes
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Pos = T = p_ . . (152)

Equation (152) defines a new initial density not necessarily equal to
unity but consistent with the ordered solution already developad.

The initial flight regime now will have the new initial counditions:

x(Fy) = Ve o
' (153)
O(Fo) = Og3
which correspond to the new density function,
KA\ ~ -
™ — _1;’_. .
r = ( = ) IOS o] N (154)
m
where F is the density based on the new ballistic parameter, and
F =p . (155)

(o} os

Taking into account the new initial conditions, then equations
(115-a) and (120) for the special case of nonlifting bodies with

constant drag coefficient become
% = Xl eXZ , | (156)

and

c 20 o oain2n 9 lp .
sin“0® = sin OS 2cos“04 82 H (157)



100

where

2 e2F
X, = vg +2e? [1n(F/F6) o) - — 1+ 1n(F/Fo)ﬂ ,  (158)
sin® :
s
2
g2 cot”0 4
X, = - = (F-F) - ¢t ] A
2 > 1- -
sind, 0 sn0_ ( vz ) [FlaG/Ey)
F
Vg ‘
' g2 F_ [1+1n(F/F
32 = g2(1 - 1 ) ]_n(F/FO) - & q)l(w) + et o[ n( 0)] . (160)
vs2 VSZ VS2 sindg
and
2
w= S5 (161)
sin@s

Herein, ¢1(w) and Qz(w) are the functions given as equations (116-a)
and (116-b), respectively.
The corresponding expressions for range and flight time, obtained

from equations (121) and (122), become

cotO 1 1 2
¢ = €2cot0_ In(F/F) + e* s (=~ @ --"=)1n (F/Fo) -
s o sinZ0, |2 v
s
1
Vs
and
g2 W €2Fo 5
t= ———= 4§ In(¥/F) + @lci) - —2— [1+ 1n (F/F)]p +

vgsinQg 2sin@
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4. .2
; cot 98 1 5
(1-— ) 1In (F/Fo) H
2v sin® v 2

s s

(163)

wherein @B(m) is obtained from equation (118).
The nondimensional altitude can be described as follows:

First, the general relationship between the original density, p,

and the new density, F, is acquired from equations (2-C) and (154);

that is,
(klA) -
. —m !
= - F , (164)
("1 ) . -
m /g
where the higher order terms in the nondimensional radius have been
neglected [see equation (151)].
Next, from equation (129),
H=1lnp ‘ (165)

hence, equation (164) can be rewritten as
kA /[k A .
H = In [ (—%—l//(-%-) ]-+ 1nF . (166)
m m 7 g

Now, in terms of the initial conditions for the step function, this

last result may be expressed as

H=H  + ln(F/Fo) . (167)
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Typical results obtaired from this analysis_are given as Figures
19 and 20. The first of these figures shows the nondimensional speed
versus nondimensional altitude for initial conditions corresponding
to parabolic escape speed, v = 1.414, and to a reentry angle, Oo = 8%,
At point "1" on this curve it is assumed that a drag device is released
which abruptly decreases the ballistic parameter to 1/20.1 of the
original value (this yields a new initial density of F = 1). The
corresponding new velocity curve is then plotted showing a comparison
with the constant drag curve. In order to éhow the relative effect
of this given drag device it is assumed now that the device was
released at point ”2& on the speed curve corresponding to
(Fo = 1.65). This second resulting speed curve is also showr on
Figure 19.

Figure 20 is indicative of the relative deceleration effects

brought about by the two cases discussed above.
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VIX. SUMMARY OF ANALYSIS

In this thesis the reentry equations of motion for planar flight,
written in the tangent and normal directions relative to the flight
path, were nondimensionalized and presented in a form that admits to
similarity solutions. The independent variable for these equations
was changed from the time, which appeared only in the derivatives, to
the density. This transformation yieldéd a set of equations suitable
for nonsingular perturbation solutions.

It was noted that the transformed equations could be assumed to
be in a form of linear differential equations with variable coefficients.
The solutions implied by the assumed linear equations led to a less
degenerate form of the dependent variables; that is, the speed and
the cosine function of the flight path angle were rewritten as logarithmic
functions. This transformation led, ultimately, to a perturbation
solution which generated the significant terms of the argument of an
exponential function for the speed rather than the expanded form of
the exponential.

A straightforward perturbation solution in the form of po@er
series was assumed next. Subsequently, it was shown that this
perburation solution led, in the limit, to Picard's iterative solution.

From a practical point of view, however, it was necessary to generate

105
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the significant terms for a large density by using first an order of
magniﬁude transformation.on the differential equations. This
operation yielded a new series expansion which was matcﬁed with the
original expansion at their limits. The twe expansions were then
used to form a composite expansion which was uniformly valid for both
density regimes.

It is of interest to note that in this particular problem it was
seen that the terms generated for the large density regime (except
for the initial constants) were, for the most part, the higher order
terms which would have been obtained by the second iteration of
Picard's method. The significance of the perturbation technique used
herein, over Picard's method, however, is twofold. First, in Picard's
method, all terms are carried in each successive iteration; whereas,
in the current technique only the successively higher order terms were
required. Second, the present 'technique yields an order of magnitude
estimate of successively higher order terms.

In the solution only the first significant term of the expanded
sine function, equation (41), was obtained. The effect of the higher
order terms was discussed, however, and the approximate conditions
limiting the resulting solution were obtained and are presented on
Figures 16, 17, and 18. As can be seen from these figures, this
solution is limited, in general, to initial reentry angles greater
than six degrees and to small lift coefficients; i.e., k2 < 0(0.05).
These conditions depend in part hcwever on the initial reentry

speed.
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However, it should be noted that had it been assumed that the
iﬁitiél reentry angle was such that sin@, = 0(s), then equation (41)
would imply that all terms in that expansion becoﬁe siénificant for
all values of density. On the other hand, if small flight path
angles are assumed (i.e., sin0 = 0(e)), then the zeroth order
equations become coupled as the density approaches order 1/e;
and a solution cannot be generated by this technique. On the other
hand, from a comparison with Picard's method it is iaplied that the
inclusion of higher order terms in the expanded sine function,
equation (41), would significantly extend the validity of the
solution for small initial reentry angles.

As also pointed out in the body of this thesis, the effect of
the centrifugal acceleration term in the governing equation for the
flight path angle is not prcperly accounted for as the speed becomes
small., Attempts to account for this effect by an order of magnitude
transformation led to coupled equations similar to those obtained for
small flight path angles. Basically, however, the more degenerate
solution - which was obtained - fails for small speeds because the
higher order terms in the expanded exponential function for the speed
become significant. It follows, again based on the comparison.with
Picard's method, that a higher order solution would pick up these
higher order terms along with those higher order terms of the sine
function which was discussed above. The algebraic complexity of

this becomes formidable, hcwever.
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Finally, the resulting solution was specialized to the case
of abfupt changes in the ballistic parameter -- represented by a
drag steﬁ function. This special case should yield thé same degree
of accuracy ana have the same limiting conditions as the basic solution
s0 long as the transformed initial density is of order unity. This
presents no problem, however, for those cases where a drag device is
released and thereby reduces the ballistic parameter. On the other
hand, if a drag device having a large ballistic parameter is deployed
so that the transformed density is of order 1/e?, then the summation
functions @l, ¢2, and ¢4 will be large and not properly accounted
for at the new initial conditions. In general, however, whenever
conditions are such that these functions are negligible at the
initial conditions for the step function, this analysis should yield

consistently accurate results.
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A SIMILARITY SOLUTION FOR PLANAR ATMOSPHERIC

REENTRY WITH AERODYNAMIC FORCE MODULATION

by
Fred William Martin

Abstract

The differential equations for planar motion describing reentry
into a planetary atmosphere; with arbitrary lift énd drag modulation
functions, are written in the tangential and normal direction for
the flight path. Broglio's power law approximation for the density,
in an isothermal atmosphere, is used in order to write these equations
in a nondimensional form that adwmits to self similar solutions with
respect to body parémeters. The independent variable, time, is
transformed into a nondimensional density so that the governing

>

equations can be expressed in terms of a small parameter. This operation

(e}
jse]
{0

yields a set of equations which are suitablevfcr a non-singular pertur-
baticn solution.

Next, the governing equations of motion are written in a form
which, as shown in this thesis, yields a less degenerate perturbation
solution than the criginal form. A straightforward perturbation

solution of these equations is shown to vield, in the ilimit, Picard's



iteration solution which for non-skip trajectories leads to the
uﬁiqué solution.

A second order perturbation solution, using a bouﬁded drag
modulation function and a constant lift coefficient, is generated
in terms of the original nondimensional variables (called "the
expansion in the initial flight regime'"). In order to generate the
significant terms in the solution'for large density the initial
variables are appropriately transformed by certain order of magnitude
transformations; thus, a new second order perturbation solution is
generated (called '"the expansion in the aero-dominated flight regime').

These two expansions are matched, in their limits, and used to
form a composite solution which is uniformly valid for both flight
regimes. The nondimensional density, employed in this analysis,
is correlated to the usual exponential density for isothermal
atmospheres; and a nondimensional altitude, similar to the usual
altitude number  is defined.

The solutions obtained here are compared with computer generated
numerical solutions; these results show excellent agreement for those
cases where the initial flight conditions are within the analytically-
predicted limits.

Finally, the basic solution from this thesis is applied to the

special case of a step-type drag function.
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