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Multiparameter BC),-Kostka-Foulkes Polynomials

Ben Goodberry

(ABSTRACT)

The Kostka-Foulkes polynomials describe the change of basis between Schur polynomials
and Hall-Littlewood polynomials. In this paper, we extend this idea to the family of BC),
Macdonald spherical functions, with multiparameter Kostka-Foulkes polynomials acting as
the change of basis from the BC,, spherical functions to the type C, Schur polynomials.
We develop a Kato-Lusztig formula that describes the multiparameter BC),-Kostka-Foulkes
polynomials.



Multiparameter BC),-Kostka-Foulkes Polynomials

Ben Goodberry

(GENERAL AUDIENCE ABSTRACT)

The work done in [11] gives a formula to calculate Kostka-Foulkes polynomials that convert
between two other forms of polynomials. However, this only applies in specific instances. In
this paper, we generalize those ideas to allow for more parameters, and find that a similar
formula still holds.



Contents

1 Introduction 1

2 Root Systems & Weyl Groups 2
2.1 Root Systems . . . . . . .. 2
2.2 B, and C, Root Systems . . . . . . . . . ... .. ... ... .. 4
2.3 The BC, Root System . . . . . . . . . . ... .. ... .. 5

3 Affine Hecke Algebra 6
3.1 Affine Hecke algebra definition . . . . . . . . . ... ... L. 6
3.2 FElements in the affine Hecke algebra . . . . . . .. ... ... ... ... .. 7
3.3 Multiparameter BC),-Kostka-Foulkes polynomials . . . . . . ... ... ... 8

4 Changes of Basis 9
4.1 Lower triangular expansion . . . . . . . . .. .. . Lo 9
4.2 Upper triangular expansion . . . . . .. .. ... 17
4.3 Inner products . . . . . . . L 19

5 Kato-Lusztig Formula for K),(t,a,b) 22

6 Examples of K),(t,a,b) 25

7 Bibliography 27

v



Chapter 1

Introduction

Classically, the change of basis polynomials between Macdonald spherical functions and Schur
functions for reduced irreducible root systems are given by the Kostka-Foulkes polynomials.
In [5], Lascoux and Schiitzenberger give a combinatorial formula for the Kostka-Foulkes
polynomials in the type A, case, but no such formula has been found for other types.
And for reduced root systems of any type, the Kostka-Foulkes polynomials are known to be
positive, which was proved first in [8]. Additionally, recent work by and Lecouvey and Lenart
in [6] contains combinatorial formulas for certain type C,, Kostka-Foulkes polynomials with
equal parameters.

Here we consider a root system that is not reduced, namely the type BC,, root system, and
find a similar result to the Kato-Lusztig formula for reduced root system Kostka-Foulkes
polynomials. To reach this equation, we build the necessary structure for the type BC), root
system, an extended affine Hecke algebra, then the related Macdonald spherical functions and
multiparameter BC,-Kostka-Foulkes polynomials. We will then give several inner product
relations that allow us to construct a Kato-Lusztig formula for the polynomials. In the final
chapter, we give some examples using this equation.

In order to prove the formula for BC),-Kostka-Foulkes polynomials, we follow the work of
Nelsen and Ram in [11] closely. The structure of the proofs given here is similar to their
work, though there are some substantial technical differences caused by the non-reduced root
system. The majority of these differences are found in the proofs of Chapter 4.



Chapter 2

Root Systems & Weyl Groups

In this chapter, we will define the objects necessary to construct the affine Hecke algebra.
We will also discuss the type B, C,, and BC,, root systems which will be the systems used
in the remaining chapters. Here we follow the construction of root systems in [3].

2.1 Root Systems

Begin with a real vector space V' equipped with a symmetric, nondegenerate, bilinear form
(,). Then a reduced root system R is a subset of V', whose elements « € R are roots. For
each root «a, define a reflection s, that sends o to —a and fixes the hyperplane

H, ={p €V | (B,a) = 0}. This set is a reduced root system if it satisfies the following
axioms:

1. R is finite, 0 ¢ R, and V = R-span(R).
2. If a € R, the only multiples of a contained in R are +a.

3. If a € R, then the set R is invariant under the reflection s,,.

2
4 Ta,feR, thenﬁ—%aez
Q,

We will also consider root systems that are not reduced, which follow the above axioms
2c

(@, )

excluding 2. Additionally, we have a coroot o for each root «, defined by a’ =

This gives us the weight lattice P:

P={BeV|{(B,a’)€Zforall a € R}.
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And we also get the Weyl group:
W = (so | @ € R).

From the axioms, this means that for any root system, W is finite, and also the action of
any w € W permutes the roots in R.

We now find the positive roots R* in R, defined together with the fundamental chamber C.
Choosing one defines the other uniquely:

Rt ={a€R|{(B,a’) >0forall g €C}

C={BeV]{Ba’)>0foralaec R}

The simple roots are defined as the roots in R* that cannot be written as a sum of two other
roots in R™. These form a basis for V. We also define the set of dominant integral weights
P* given by

Pt ={B8eV |(B,a") €Zs for all « € R"}.

There is one dominant integral weight which will appear often in later computations, namely
1
DI
a€RTt
We can now define a partial order on the weight lattice P, called the dominance order, where
A< p if ,u:)\—i-Zozi for some «; € RT.
i=1
The Weyl group elements can also be given lengths in the following way. Define
R ={-alae€ R"}.

Then from this, if there is a Weyl group element w € W, we can define the inversion set of
w and its length respectively to be:

Inv(w) ={a € R" |wa € R™} l(w) = [Inv(w)].

Finally, we can distinguish between the lengths of roots. The length of a root is simply its
length as a vector in the underlying vector space V. In root systems of type B, or C,, as we
will discuss later, there are two root lengths, so we will distinguish roots as either “short”
or “long” roots.

In the remainder of the paper, we will focus on the type B,, C,, and BC, root systems,
which will be used to define our affine Hecke algebra.
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2.2 B, and C,, Root Systems

We begin by defining the type B, system. Begin with the vector space V = R". If the
standard basis vectors for V are written as {e;}! ;, then if we let 4,5 € {1,...,n}, the root
system R in type B, is given by

R={%e;,xe;|i<j}U{xe}.
Then the canonical choice for the positive roots is
Rt ={e;+e;li<j}U{el.
The roots in this case are of length 1 and v/2 in R™, which gives us that
{xe;} are short roots, and {*e; £ e; | i < j} are long roots.
Our weight lattice and dominant integral weights are then:

P:Z—Span{zkjeﬂ1§k<n}u{%zei}

i=1 =1

3

k n

1
Pt :Zzo—span{Zei | 1 §k<n}U{§Zei}.

=1 i=1

Now we define the type C,, system, which has a very similar structure to type B,. Taking
the same vector space R", and again for ¢,j € {1,...,n}, we obtain a root system for C,:

R = {:]:61 + €; | 1< ]} U {:]:261}
The choice for the positive roots is again similar,
Rt = {62‘ :I:ej | 1< j} U {261}

This gives that the roots are of lengths v/2 and 2 respectively in the above union, separating
our roots into lengths,

{%e; te; | i < j} are short roots, and{+2e;} are long roots.

Notice that the long roots in type B, are exactly the short roots in type C),, and that the
long roots in C,, are twice the short roots in type B,,. The weight lattice in type C,, is simply
7", and finally, we get the set of dominant integral weights:

k
P+:Zzo—span{26i |1 Sk:gn}.

i=1



Ben Goodberry Chapter 2. Root Systems & Weyl Groups )

2.3 The B(C),, Root System

The primary root system of interest in this paper is the type BC,, root system. It is defined
as:
R={xe;te;|i<j}U{fe;} U{x2e} fori,je{1,...,n}

So R is the union of the root systems of types B,, and C,,. This is not a reduced root system,
but still satisfies axioms 1, 3, and 4. The positive roots are:

R+ = {62‘ + €; | 1< j} U {62} U {261}

For clarity, we will write this as RT(BC,,) to distinguish from the positive type B, or C,
roots. The weight lattice and set of dominant integral weights coincide with the type B,
case. Here we will take p = (n,n —1,...,1), the type C,, value for p.

The Weyl group is the same in types B,, C,, and BC,. For an element w € W, and for
positive type B,, roots R', the inversions of w can be written as a disjoint union as follows:

Inv,(w) = {a € Rt | wa = —«a and « is a short root}
Invy(w) = {a € R" | wa = —a and « is a long root}

Additionally, the weight lattice of the BC,, root system is the same as the type C, weight
lattice. The same is true of the dominant integral weights. We will denote the weight lattice
and dominant integral weights as P(BC,,) and PT(BC,,) respectively.

There is a dominance partial order on weights in the type BC), weight lattice, which is the
same as the order on type B, weights. The relation < will refer to the BC,, dominance
partial order unless otherwise noted.



Chapter 3

Affine Hecke Algebra

We now construct the affine Hecke algebra that contains the polynomials which form the
basis for the remainder of the paper.

3.1 Affine Hecke algebra definition

Let the ring K be defined by K = Q[vfl,vfl,vfl] for some variable v;,vg,vs. For roots
a;, 0 in a given root system, let m;; be the integer such that m/m;; is the angle between
the hyperplanes H,, and H,,. Then we define the extended affine Hecke algebra of type
BC,, H, as the algebra over K with generators T, i € {1,...,n}, and 2* for A € P, whose
relations are given by:

TTT; - =T;TT; ... where each side has m;; elements,

x’\x“ — x“x)‘ — x’\+”,

the quadratic relations,
(T, —v)(Ti +v;) =0 if 1<i<n,
(Tn — vs)(Tn + Us_l) =0,

and the Bernstein relations,
A SiA
M = Tyt A .
2T = Ta*" + (v, — v, )1_3:_%_ if 1<i<n,
_ —1\ .~
(vs —v7h) + (va —vg )"
1 —x—2an

where «,, = e, the simple root of type B,,. Then from H we define parameters ¢, a, and b:

snA)

2, = T, + (2t — 2

Y

t=vf a = V4Ug b= —vs/uvg.

6
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3.2 Elements in the affine Hecke algebra

There are many elements in the affine Hecke algebra that are necessary to define the multi-
parameter BC,-Kostka-Foulkes polynomials and prove their formula.

First we define the stabilizer of u € P, denoted W, by
W, ={weW |wu=pu},
and the orbit of u, written Wy, is
Wp={wu|weW}.
Next, we define the term W,(t,a,b),
W,(t,a,b) = Z tlove()l(—gp)tnvs(w)l,
weW,,

We can now define the monomial symmetric polynomials m, and alternating polynomials

ay:
" my = Z z ay = Z(_l)f(w)xw/\‘

YEWA weW
And from a, we construct the Schur polynomials of type C,,, sy,

Ax-p
S\ = )
Qp

1
where p = 3 Z « as defined before. It should be noted that the denominator a, can also

a€ERT
be found via the Weyl denominator formula (see, e.g., [11]), which will be used in later

substitutions:
a, = H (1 —x79).
a€ERT
From [11], we also take the following straightening law for Schur functions. If we take p € P
and w € W, then:
(_1)6(10)% = Qw(p)-
For the elements z# in the affine Hecke algebra, we will generally write o* = z{"25* ... 2}*
with to indicate the element z# where u = (g, o, ..., ux) € Z". Specifically, then, the
values {x“} where « are the positive roots in C,, would be written as

{wx; ' i <jyu{a?}, where i,je{l,...,n}.

Additionally, if there is a sum or product of some roots, a power written as +1 indicates the
product should be taken twice, once where the term is positive, and once where the term is
negative. For example:

H(l - t:cixjﬂ) = H(l — taia;) (1 — taz; ).

1<j 1<j
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3.3 Multiparameter BC,-Kostka-Foulkes polynomials

We first define a family of polynomials Py (z;t, a,b), the BC,, Macdonald spherical functions,
which will be central to the remainder of the paper. Taking W to be the Weyl group for a
type C,, root system, for any weight A € P(BC,,), define Py(z;t,a,b) as:

1, .+1

—tx; x; (1—axi_1)(1—bxi_l)
P\(z;t,a,b) = W)\taqu;(/\H 1i1H —— .

1<)

Then for the Schur function s and Macdonald spherical function P,(x;t,a,b), for dominant
integral weights P*(BC,,), define a change of basis K),(t, a, b) satisfying:

s,\—ZK,\“tab (T3 t,a,b).

nepP+

We call these K),(t, a,b) the multiparameter BC,,-Kostka-Foulkes polynomials. For certain
relations between t, a, and b, we can use the above formulas to recover equal and unequal
parameter Macdonald spherical functions and Kostka-Foulkes polynomials in types B, and
C,,, which will be discussed in detail in chapter 6.

Where it is possible, we will write K, and P, in place of K,(t,a,b) and Py(z;t,a,b)
respectively.



Chapter 4

Changes of Basis

4.1 Lower triangular expansion

We begin with four lemmas that will be used to show that the expansion of Py(z;t,a,b)
into s, is a lower triangular matrix with diagonal entries 1 and each entry in the matrix
contained in Z[t, a, b].

Lemma 4.1. If A € PT andv € W , then A —v~1(\) > 0.

Proof. See Lemma 1.7 in [12]. |

Lemma 4.2. For any v € W, there exists a bijection ¢ : Inv(v) — Inv(v™!) given by the
map ¢(a) = —v(a).

Proof. Let v € W, and let o € Inv(v). By definition, « € R" and v(a) € R~. Thus
—v(a) € RT. Then we get that

v (=v(a)) = —v (v(@) = —a € R,

which means —v(a) € Inv(v™!). The inverse of this map is given by p(a) = —v~!(a), which
satisfies the same arguments as above by considering v~! as the original element in W. W

Lemma 4.3. For a root system R and any v € W, we have the equality:

p—vp)= >

a€lnv(v)
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Proof. Applying the bijection from Lemma 4.2, we have the following equalities:

pmv () =5 3 a—v (%Za>

a€RT a€ERT
1 1 _
=52 a—5 ) v
a€R* a€RT
1 1 1 1
25204—5 Z v (a) + v (a) |,
a€ERT a€RT\Inv(v—1) a€lnv(v=1)

and since v~! permutes the positive roots in R™\Inv(v™!),

:%Za—% Z a+ Z v Ha)

a€Rt a€RT\Inv(v—1) a€lnv(v—1)
1 1 B
Ay e d{Te T oar ¥ oo
a€ERT a€ERT a€lnv(v=1) a€lnv(v—1)

N | —

= Z o — Z v Ha)

a€lnv(v=1) a€lnv(v=1)

1

| —
]
z
®
|
]
i
B

a€lnv(v—1) a€lnv(v=1)
= Z —v_l(oz)
a€lnv(v—1)
Y -
a€lnv(v)

Lemma 4.4. For a subset E C RT(BC,), if E contains at most one of B and 3/2 for each
long type C,, root B, and Za = Z a, then E = Inv(v) where Inv(v) is a subset of

ack a€lnv(v)
positive type C,, roots.

Proof. Macdonald proves in Lemma 2.14 of [9] that the statement is true if F only contains
type C,, roots. So it is sufficient to show that if the sums are equal, ¥ cannot contain any
short type B, roots. We follow a similar process to that in [9] and proceed by induction on

0(v).
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Assume E C RT(BC,,) with Za = Z a. If {(v) =0, then v =1 and so F = Inv(v) =
ack a€lnv(v)

(). So assume ¢(v) > 0 and that the result holds for all w € W where ¢(w) = ¢(v) — 1. Let

B C RY(BC,) be the set of simple type C, roots. We can then write v = v'sz for some

p € B, where £(v') = {(v) — 1. Note that § ¢ Inv(v') since otherwise we would not have

(V") < L(v).

Since Macdonald’s proof applies when 5 € E and when neither $ nor /2 is in F for a long
type C, root 3, we are left to prove the induction holds when /2 € E. So assume /2 € E,
and then by assumption, we have that 5 ¢ E. We also know that:

Inv(v) = sgInv(v") U {S}.
So if we define a set E' = {/2} U sg(E\{f/2}), this is a subset of RT(BC,). Denote
|E|= Z a for any set £ C RT(BC,,). Then the following holds:

s (121-5)
s (r-2)

o™

B =

N ™

— g + s (|35 Inv(v") U {,6}|—§)
= 5+ on (saltv(e 18- 5
=D ()5

= |Inv(v')].

Because ((v') = {(v) — 1, the inductive hypothesis gives us that £’ = Inv(v'). However,
/2 € E' but /2 ¢ Inv(v'), and thus we’ve reached a contradiction. Hence §/2 ¢ E, so E
contains only type C), roots, and the result follows. [ |

Define commuting variables tci.;, ae;, and b., indexed by the associated positive roots of
type B,,. Then if A € PT(BC,,), define the following;:

F1 -1 -1
- elie 3 33 (1 — Qe; T; )(1 - b6i$i )
it ) - 3 o (AT S T O )

1 — 1
weWw i<j L

We will write this simply as Ry. And for Invs(w) and Invy(w) as defined in chapter 2.2,

define:
Walta, ag,bg) = Y IT t I (—asbs)

weWy \a€lnvy(w)  pelnvs(w)
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Theorem 4.1. With Ry as defined above, and for A\ € P*(BC,),

(a) Ry = Z Un Sy With wy, € Llte,+e;, e, be,], un, = 0 except when p < A, and
uEP+(BCy)
U\ = W)\<ta, ag, blg)

b f))\ == ChyS where Chy € Z 15,a,b , Caxy = 0 except when 1% < )\, and Ca\\ — 1.
YAy M M —
pel (Bcn)

Proof. (a) First for any E C RT(BC,,), we define ag = Z a. Recall that p is the weight

acl
from type C,. Then we manipulate Rjy:

1 —tepe, ;' wf yp (1= aez; ) (1 — e,z )
R — w fI/‘)\ 15571 J €iq €;1

weWw 1<j
1 1 —tepex; ol (1 —aez; ") (1 — be,z;t)
— Ap — iL€571 7 e;q e;vq
1 w _ _ _
= — Z (1)@ :(:’\“H(l —teyte; T; lx;ﬂ) H(l — ae,7; V)(1 = be,; 1))
P wew i<j i
1 w _ _ _
== S (=D [ T = e, 2T T = (ae, + be)w " + ae,be,z;7?)
P wew i<j i
1
= Z (=1) @)y | 2 Z fparoE
Lo wew ECR*(BCy)

Here fr € Z[ta, ap, bs] is a constant we will calculate explicitly later. Note that in this sum,
for any subset E C RT(BC,), in the roots of type e; and 2e;, at most one of e; and 2e; can
be in E for any particular ¢, since only one of the terms in the product,

H(l - (aei + bei)aji_l + aeibeixi_z)>

%
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can be chosen for any given i. We rewrite R, further:

1
R)\ _ = Z (_1)Z(w)w .CE)‘—H) Z fEx—aE

a
P wew ECR+(BCy)

= ai Z I Z (— 1))y (M ror)

P ECR+(BC,)  weWw

- i Z fEa)\—l-p—aE

ap
ECR+(BCy)

So by the straightening law for ay as proved in [11], either ayip—a, = 0 OF arip_a, =
(=1)*@a,,,, for some v € W and pu € P*, which satisfy p+ p = v1(A + p — ag). We now
use this fact to show that the only case where a term is nonzero is when g < X in the type
BC,, dominance order.

We find that the following inequalities are equivalent to p < A:

A=v" A) +p—v (p) +v 7 (ag) >0
At p—v ' A+p—ag)>0
(A+p)—(n+p)=0

Atp>p+p

Using this equivalence, we will show that A—v~1(\) > 0 and p—v~(p)+v ! (ag) > 0, which
is sufficient to prove that x4 < A. From Lemma 4.1, we have already that A —v=1(\) > 0, so
it remains to show that for any F C RT(BC,,), the second inequality holds.

Fix a set £ C RY(BC,). We wish to show for any 3 € FE, where 3 is either a type C,
root or some root of the form e;, that if v=1(8) < 0, then there is an associated term in
p — v 1(p) that will cancel the negative v=1(3). Note again that at most one of e; and 2e¢; is
contained in F/, and since v permutes the roots of type C,,, we can consider the nonnegativity
of p—v~1(p)+v~1(B) separately for each element in RT(BC,,). We then split into two cases.

Case 1: Suppose 3 is a type C, root. Then either v=(3) < 0 or v=1(3) > 0. If the latter
holds, we are done. And if v=!(3) < 0, then 3 € Inv(v™'). So by the bijection in Lemma 4.2,

—v~Y(B) € Inv(v). Recall from Lemma 4.3 that p — v '(p) = Z a. So —v~Y(B) appears

a€lnv(v)
in a term in the sum Z o, with —v=H(8) + v1(B) = 0.

a€lnv(v)
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Case 2: Suppose § = ¢;, a short type B,, root. We know already that 2e; ¢ E. So similarly
to case 1, if v™1(8) > 0, then we are done, and if v~!(e;) < 0, then 2¢; € Inv(v™!), or
equivalently, —v~1(2¢;) € Inv(v). Then the sum p — v~ !(p) contains the term —v~1(2¢;)
which causes —v1(2¢;) + v71(e;) = —v7(e;) > 0. And because 2¢; ¢ E, this positive root
is accounted for uniquely in the sum.

Because each term in the sum p — v~ 1(p) + v~ (ag) is nonnegative, their sum must also be

nonnegative. Hence we conclude that in the expansion Ry = Z UxuS,, the coefficients
REPT(BCy)
uy, = 0 unless p < A

Using the previous inequalities, we can find conditions that occur if 4 = A, which will allow
us to compute uyy explicitly. First, since A — v=1(\) > 0, equality holds exactly when
v~ (\) = ), in which case v € W,. We also need that p —v~!(p — ag) = 0, which we use to
compute the set E as follows:

p—v(p—ag)=0
p=v"(p—ag)
v(p) =p—ag
p—vl(p)=ap

E o = Of.

a€lnv(v)

The final equality holds by Lemma 4.3, where Inv(v) is a subset of type C,, roots since p is
the type C), constant. And by Lemma 4.4, we get that F = Inv(v). In particular, note that
if A = p, the set E' cannot contain any short roots of type B,, as the set Inv(v) contains
only type C,, inversions.

To compute the coefficients wuyy, we partition the set E C RT(BC,,) into disjoint sets,
E =AU BUC in the following way:
AC{a€eR"| Oz::vleﬂ,z‘ <j}
BC{a€eR"|a=ux},
CC{a€eR"|a=ua}}.

Additionally, define the following constants:

tA:Hta

acA

(a+b)p =[] (as+bs)

BeB

(ab)e = ] (ay/2by2)-

yeC
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Then using the previously defined fg, and splitting £ into disjoint pieces E = AU B U C:

Z fea™" = H(l - teiiejxflel) H(l — (e, +be,)ay !+ agbe, %)

ECR*(BCh) i<j i

= Y (“)Mta(=1)"PN(a + b)p(ab)ca "

ECR+(BChr)
fE = (—1)‘A‘tA(—1)‘BI(CL + b)B(ab)C.

Since only type C,, roots appear when A = u, we get that £ contains no roots in the set B,
in which case,

(—1)‘A|tA(ab)c
= (=), (—ab)e
(=1)" ¢ 4 (—ab)c.

fe

Thus our coefficient for sy in the expansion is the sum of the terms fr when v € W, and
E = Inv(v), so we rewrite R, once more:

1
Ri=— > [etripap

ap
ECR+(BCy)

:i Z Je(— ) alH‘P

Qp
ECR+(BCh)

= Z fE(_l)Z(v)Su'

ECR*(BCy)

And using our previous results, if A = u, the (—1)“*) in the sum cancels with the same term
in fg, and so the coefficient of sy in R, is:

Ury = Z tA(—ab)C = W)\<ta7a57 bﬁ)

veWy

(b) First we have that when A = 0, we can apply part (a) and find:

1— te,:tejx x:Fl (1 — aeixixl B beixi)
Ry, = Zw (H [ o 1 H —2i
? J %

1 — 2z
weW i<j i

= W()(ta, (15, bg)

Define W* to be the set of coset representatives of W/W)y of minimal length. Every element
w € W can be written uniquely in the form w = uv where u € W*, v € Wy, (as proved for
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example in [1]). Then define the following sets associated with the long and short roots of
type B, with R the type B, root system:

Zy(\) ={a € R" | ais a long root and (\,a") = 0},
Zy(A\) ={a € Rt | ais a long root and (), a") # 0},

Zs(\) ={a € R | a is a short root and (A, a") = 0},
Zs\)¢={a € R" | a is a short root and (\, ") # 0}.

Using these, we then define the following products:

1—t,x7 1 —agx ™) (1 —bgx™?
h= [ — abA=H< g ") (1 = bgz™")

-z« 1— 220
a€Zi(N) BEZs(N)
. 1 —taz™® . (1 —agz™P)(1 — bgx=P)
b= H -z« abi = H 1— 228 '
aEZy(N)e BEZs(N)¢

Then we can rewrite R, as:

Ry = Z u(mAZv(t,\-ti-abyabi)>.

u€Wax veEW,,

Since v € W), will permute the elements in Z;(\)¢ and the elements in Z,(\)¢, we obtain:

Ry = Z u(x)‘-ti-abi Zv(t,\-abk)>.

u€WwAx vEW,,

The terms in the second sum of this expression can be considered independently as a root
system Z(A) with Weyl group W, (see Proposition 1.10 in [4]). Hence we can apply the
equation Ry = Wy(ta,ag,bs) from above, where in this case the term corresponding to
Wo(ta, as, bg) is actually W(t,,as,bg) (since W) is the entire Weyl group), and our sum
becomes:

Ry = Z u (xA -t - abg Z v(ty - ab)\))

weWA weW)y
= 3w (a5 ab§ - Wa(tas ag, bs))
ueW?
= W/\(ta, CL,37 bﬂ) Z U (x)\ ' ti ’ CLbf\) :
ueWw

Then because earlier we found the equality:

Ry = i Z fEa/\+p—aE = Z fEs)\—aE7

a
P ECR+(BCy) ECR*(BCp)
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we see IR is the sum of symmetric polynomials and therefore is itself a symmetric polynomial
whose coefficients lie in Zl[t,, ag, bs]. If we define IF to be the field of fractions of Z[t,, ag, bg],
then there exists some Pj(x;tq,ag, bs) € F[P] such that:

}%A ::L@}(ta,aﬁ,bg)f&(x;ta,ag,bg)

Thus Py\(x;ta,as,bs) must be a symmetric function with coefficients in F[P]. And because
in its explicit form,

1-— —« 1-— (1 - —p
P)\(Ji;ta,aﬁ7b5): Z u | 2 H L{L_'a H ( agx )(_ b5$ ) :

1— 228

ueWA a€Zy(N)e BEZs(N)e

Py\(z;t4,as,bp) has terms t,, ag, and bz in the numerators, it can be considered as a sym-
metric polynomial with coefficients in Zl[t,, ag, bg]. Thus the coefficients uy,, in (a) must be
divisible by Wy(ta, ag, bs), and using the result in (a),

P)\<.T;ta,a13,bﬁ Z W)\ t

neP+t

T . L S UxauSp-
avaﬂvbﬁ)

If we write Py\(z;t4,as,b3) as

P\(z;to, ap,b5) = Z CauSps

pepPt
this means cy, = 0 except when p < A, and

1

. un =1
Wi(ta, ag,bg)

C\ =
Then by setting t, = t, ag = a, and bg = b for all « and 3, the polynomials Py (z;t4, as, bg)
become the BC,, Macdonald spherical functions, and we obtain the desired result. [ |

4.2 Upper triangular expansion

Theorem 4.2. The expansion of the series given by

+1 il +2

1 —ux;

PWu(ta.0) || —

1<J

lla=ama =

tx

into m., is given by a matriz B, indexed by P(BC,), where B, is upper triangular with
respect to the dominance order of type BC,, weights, and B,,, = |W,|.
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Proof. First we rewrite the given polynomial in explicit terms:
41, +1 +2

1—uz; T 1 —x;
PMWM(t’ a, b) H 1 txilxil H (1 a&}il)(l . bxil)

i<j ¢

18

weWw i<j i
+ 2
l"l‘ 1 — 24
_— w .:EM 1 .
U;:V ( 11:[1—15:@ illj[(l—axi)(l—bxi))

Then we can find identities for each term in the first product,

1-— a:ixjﬂ 1-— xixjd -1+ tavl-:zjjil
1-— t:r;ia;j-d N 1— txix;ﬂ
1
+1
zixy ) (t— 1) —
= ) )1 —tx; xil
= Z (z; mil Dt"(x; mil)
r>0
7">0
1—1’1 _1+Z trl :tl)r
il )
1—tx; T =

and similarly for the terms in the second product,

1—a? _1_—x?+(a+b)xi—abx?
(1 —ax;)(1 — bxy) (1 —azy)(1 — bxy)

Ny [y Lt ) (A afe) e (U a1 - bai )
_Z ( H(l xxﬂ) (1-— txilxil)lzl (1—2;?) (1-—

(1-af?) )
ar;)(1 = bait)

=zi(a+b— (ab+ 1)x;) Z(aaji)’” Z(bxi)q

>0 >0

=xz;(a+b— (ab+ 1)x;) Z Z(akbn_k)x

n>0 k=0

= (a+b—(ab+ 1)a;) Y i(akbn’k’l)x

n>0 k=0
- =1+ (a+b—(ab+1)z;) a™bo" v )l
(1= ax;)(1 — ba;) n>0 k=0

Define Q7 to be the set of all nonnegative integral linear combinations of positive roots in

B,,. Then applying these two identities gives the result:
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1— x:tlx:lzl 1 — IiQ
FulVu(?) H 1— txilxil H (1 —azh)(1 — bzt

B (s e

weW i<j r>0
H <1+(a+b— (ab+ 1)z, ZZ (a®p" 1) >>
n>0 k=0
= Z w Z eyt
weWw yeQt
= Z Cy (Z w(le-W)) )
yeQt weW

with ¢g = 1 and ¢, € Z[t,a,b] for all v € QF. From the definition of m,,, and using the fact
that c¢g = 1, we can now rewrite our original series with v a type BC,, weight,

+2

-z 1 —x;
P.W,(t, a,b) H 1 _ txilxjil H (1 — azEh)(1 — batl) = [Wulmy + ZBmmv
i<j o i t Y>H
= ZBmmw
y2Zp
such that B, € Z[t,a,b| and B, = |W,|, as desired. |

4.3 Inner products

Let K = Z[t, a,b], and let P(BC,,) and P*(BC,) be the type BC,, weight lattice and set of
dominant integral weights respectively. For f € K[P(BC,)], if we can write

f= Y fatwith f €K,

XeP(BCh)

define f by

f= Z fra™

AEP(BCy)
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Then the following gives a symmetric bilinear form:

[f]1 = coefficient of 1 in f

+2

1—90 T 1—1;
<f g)tab ’W‘ ng ilH(l_aI;tl)(l_bx?j)

We find that (my,m,)11-1 coincides with the single-parameter inner product given in [11]
where ¢ = 1, and likewise (sy, s,)0,0,0 coincides with the single-parameter case when ¢ = 0.
We use this and the proofs in [11] to obtain the equalities:

1
<m>\7mu>1,1,71 = m&\u <3>\7 5u>0,0,0 = 5>\u-

1
Theorem 4.3. (P, P,); ) = m&‘“

Proof. Recall that we can write Py = Z K ;Hls“ where K ! is an upper triangular matrix
nepPt+

with K;Ml € Z[t,a,b] and K;,' = 1. Then note that

, (-2 )+
P)\(vala ’W)\|wezvvw ( g —1 :I:l 1;[ 1_1,;2 >
Z

wGW

=My,

so if we have a matrix k;; such that m) = Z k;;su, then the matrix k=1 is a specialization
peP+

of K;#l where t = 1,a = 1,b = —1. And since K;Hl has entries in Z[t,a,b] and is lower

triangular with K,| = 1, the same applies to k'

Now if we consider the matrix A = Kk~ to give a change of basis between R, and and
the monomial symmetric functions m,, given by:

P)\ = ZA)\le,.

v<A

The matrix A retains the properties of K ! and k™', namely that A, € Z[t,a,b], Ay = 1,
and A is lower triangular.

For the following computation, we assume that A and p are comparable in the dominance
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order for type BC,, weights, and that A < p without loss of generality. We then apply the
above expansion of P, into m,,, along with Theorem 4.2:

1 — :L‘:H j:l 1— xiQ
P\, P)tap = ( P\, P,
(B Putar = { By H — taof 3: H(l az:h) (1 — b
i 1,1,~1
1 1 — xilxil 1 x‘iQ
=————( P\,PW,(t,a,b .
) 2 1,1,—-1
. b <ZA/\umemev> )
YZH 1,1,-1

Then using the bilinearity of the inner product, and the fact that (mx,m,)11,-1 = ﬁéw,

<PA7 Pu>t,a,b - <m>\> |W#|m#>1,1,—1

1
Wﬂ(t’ CL, b)
I A

Wou(t, a,b) [Wi
1

S S
W)\ (tv a, b) 4

O

Note that the last equality holds since the multiplication by d,, means that A = p. [ |



Chapter 5

Kato-Lusztig Formula for K) (¢, a,b)

We have now developed the tools needed to prove a Kato-Lusztig formula that computes
the values for K),(t,a,b) explicitly. To do so, let Q* be as defined in Chapter 4.2, the set
of nonnegative integral linear combinations of type positive type B, roots. Then for a given
type BC,, weight v € P, define E(v;t,a,b) by the following:

1 1
. b =
Z E(vt.ab) H 1— t:z:ixfl 1:[ (1 —az;)(1 — bx;)

»ng-‘r 1<j

and E(v;t,a,b) =0if v ¢ Q.

Theorem 5.1. K, = Z (=D ™ E(w(X+p) — (u+ p);t,a,b).
weWw

1

Proof. First, using the fact that (Py, P,)¢ . = W

dxu, We can rewrite Ky,

Wu(tv a, b) <S/\7 Pu>t,a,b = W,u(t> a, b)( Z K/\I/PI/7 Pu>t,a,b

veEPT(BCh)
= W, (t,a,b){(Kx, Py, P t.ab
= Ky,

22
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Then we can consider the following product:

1
Bt a.b) H 1 —toFtgt! H (1 —az;")(1 — ba;)
1<J 1 7 s 7 i

1 — to; ot

: (1 —az;')(1 —bx;h) 1 1
— w mu J 1 1
Z H R H 1—a;? H 1 — toflatt H (1 — azF) (1 — bah)
weW 1<j ? J i ? i<j 4 J i % %
1 1 1 1
— p
Z “ H 1 — o ot H 1—x;? H 1 — torft H (1 —ax;)(1— b:r;l)>
weW 1<j g J ) vooi<y J i
1 1 1
= w |zt tP
H;V 2P [ Joeps (1 —279) H 1— txixfl U (1 —ax;)(1— bxl))
1 1 1
- (—1)5(“’)10 e
ap g 1-— txl-x;ﬂ 1:[ (1 —ax;)(1 — bxy)

Combining these identities, we find:

K)\u — <5>\7 Wu(ta a, b)P,u>t,a,b

1 1
- <S)‘7 Walt, a.b) By H 1 — toflof H (1 —azfH)(1 - b:cfd)>
i 0,0,0

i<j J

= coeflicient of s, in

1 L(w ktp L :
o Z (=) <x H 1 — taa! 1:[ (1 —aw;)(1 - bxz)>

weW 1<j

= coefficient of ay,, in

Y utp 1 1
Z (=) <x H 1- txix;-ﬂ 1:[ (1—az;)(1— b:cz))

weWw 1<J

= coefficient of 22 in

Z(—l)e(w)w ah TP Z E(vy;t,a,b)x”

weWw yeQt+
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The element in Q7 that gives the coefficient of 227 will be v such that w(y+p+p) = A +p,
so explicitly v = w™ (A + p) — (1 + p). Thus we conclude:

K, = coefficient of 27 in Z (—=1) Wy [ arte Z E(vy;t,a,b)x”

weWw veQt

= > (~1)™E@ ' (A +p) = (u+ p);t,a,b)

weWw
=Y (=) VB (A +p) = (n+p)it a,b)

weW
= Y (=D)™E\+p) = (u+p);t.a,b)

wleWw
= > ()™ EO\+p) = (1 + p);t,a,b). n

weW



Chapter 6

Examples of K),,(t,a,b)

To compute the polynomials K),(t, a, b), we modified the code from [2] which was originally
used to calculate the Kostka-Foulkes polynomials. To do so, we use the rational function,

1 1
H 1- twiajjﬂ 1:[ (1 —ax;)(1—bx;)

1<]
Expanding these products into geometric sums allows us to find E(v;t,a,b) for each appro-
priate v, and from there K),(t,a,b) by applying Theorem 5.1. This is then extended to
more parameters, with the result that the polynomials are invariant under permutation of
the parameters excluding ¢.

We will additionally consider reduction of the multiparameter BC),-Kostka-Foulkes poly-
nomials to the type B, and C,, Kostka-Foulkes polynomials with unequal parameter affine
Hecke algebras as defined in [7]. From there, we further reduce to the standard equal pa-
rameter cases.

It follows from Theorem 2.15 in [10] that K,,(¢,a,b) € Zso[t,a,b] for any A\ and p in
P*(BC,), so the coefficients we compute will be positive. But the unequal parameter type
C,, cases can have negative coefficients, which is demonstrated in Example 2.

Example 1: We look first at the case where there are additional parameters, so we compute
Kyu(t,a,b,c) with A = [2,0], p = [0,0]:

Kyu(t,a,b,c) =a*t* + abt® + b*t* + act® + bet® + *t* + a’t + 2abt+
b2t + 2act + 2bct + At + a® + ab + b* + ac + be + &2

Kyu(t,a,b,0) =a*t* + abt® + b*t* + a’t + 2abt + b°t + a® + ab + b°
:K)\M(t, a, b)

In this example, adding an extra parameter and specializing when ¢ = 0 reduces to the
previous case with only ¢, a, and b as parameters.

25
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By imposing relations between the parameters vg, v4, and v;, the BC,, Macdonald spherical
functions Py(z;t,a,b) can be reduced to the equal parameter spherical functions Pj(z;t)
associated with the B, and C,, root systems. Consider Py(z;t,a,b) written in the following
way, using the relations given in chapter 3:

A — vja; 1xi1 1 — (vsvg)z; " )(1 4+ (vs/v
Py(a:t,a0,b) = WAtawa< e Q0 (/e >>'

1<J %

To specify to the B, unequal parameter Macdonald spherical functions, we set v, = vq4
(equivalently b = —1). This makes the spherical functions:

+1

1 2,.—1
— vj; x; 1 —viz;
P\(z;t,a,b) = WAtawa<AH 1ﬂH1_$‘1).

1<J % ¢

This has the parameter v, associated with the short type B, roots and v, with the long
roots. However, reducing this to the B,, case and applying the Kato-Lusztig formula fails to
compute the Kostka-Foulkes polynomials, since K, (¢, a,b) is a change of basis into the type
C,, Schur polynomials.

To reach the type C,, spherical functions, we set vy = 1 (equivalently a = —b) and obtain:
—-1,.£1 2,.—2
A UK.I' 33 1— UsZy
et = ity & o (I T

Here v, is associated with the long type C), roots and v, with the short roots. Again, setting
vs = vy (equivalently a = /t) brings this to the equal parameter case.

The following example shows how a multiparameter BC),-Kostka-Foulkes polynomial reduces
in the ways described above to C),, Kostka-Foulkes polynomials. In this example, the unequal
parameter case contains negative coefficients.

Example 2: Let A = [2,2] and p = [0,0]. Then the multiparameter BC,-Kostka-Foulkes
polynomial for A and p is:

Ky, (t,a,b) = a't® + a’bt* + a®b*t* + ab*t* + bt + a’bt
+ a®b*t + ab’t + a*b® + a’t* + abt® + b*t* + abt + t*.
First we set b = —a and find:
Kyu(t,a,—a) = a't* — a't + a* + a®t* — a®t + t*.
This is the unequal parameter type C, case with negative coefficients, but if we then set

a =t
Fou(t, Vt, =Vt) = t* + 2,

which matches the type C),, Kostka-Foulkes polynomial K,(t) as expected.
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