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(ABSTRACT)

Shadowing of random surfaces is accounted for by multiplying the Kirchhoff
electric current density by a shadowing function. @ The shadow-corrected
incoherent intensity is computed in the backscatter direction and is found to be
proportional to the probability of a specular point being illuminated from the
source. This probability is computed numerically using an infinite series of
integrals, developed by Ricciardi and Sato, and by Monte Carlo computer
simulations. The results obtained are compared to the analytic approximations of
Wagner and Smith, which neglect correlation between the shadowing points and
the shadowed point. Assumptions made by Wagner are explained using the
infinite series of integrals. Furthermore, comparison is made to Wagner’s results

which include correlation between the shadowed point and the shadowing point.
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1.0 INTRODUCTION AND SUMMARY

1.1 Overview

The calculation of electromagnetic and acoustic waves scattered from rough
surfaces has been a challenging problem for researchers over the last four decades
[Ishimaru and Chen, 1991; DeSanto and Brown, 1986; Eckart, 1953; Rice, 1951;
Blake, 1950]. During this time, much progress in understanding the mechanisms
responsible for the behavior of these scattered fields has been made. However,
despite the large effort, the exact solution to this problem has not been obtained.
Approximate solutions have been provided in the literature [Barrick, 1968b;
Beckmann, 1965b] that result from assumptions which are made for mathematical
convenience, and do not always represent the wide variety of surface and

operating conditions found in practice [Chan, 1990; Helmken, 1990; Moore, 1985].
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The classical methods for solving the rough surface problem include the
Kirchhoff or tangent plane approximation [Beckmann, 1965b] and the small
perturbation method [Rice, 1951]. These approaches have served as useful check
cases from which to compare other results. However, their range of validity, in
the past, has been unclear due to the lack of superior results to compare them to.
Recently, computer simulations of scattering from one dimensional surfaces has
allowed comparison of these theories with known results, for a wide range of
surface conditions [Chen and Bai, 1990; Thorsos, 1988; Tran and Celli, 1988;
Nieto-Vesperinas, 1987; Axline and Fung, 1978]. From these studies, it is clear

that there is a need to develop more accurate methods of prediction.

Although computer simulations of scattering from random surfaces in one
dimension have been performed, scattering from surfaces rough in two dimensions
is presently beyond the storage and speed capabilities of today’s computers.
Furthermore, there is not only a need to find numerical results, but also a need to
understand the physics behind the scattering process. For these reasons, a
theoretical approach may be fruitful and provides insights into the scattering

problem.

Unfortunately, the most promising theoretical methods have remained
largely formal [Brown, 1984a; Watson and Keller, 1984], mainly due to the fact
that the mathematics appear intractable in closed form. This poses its own
problems from a computational point of view, even for simple one dimensionally
rough surfaces. However, it is easier to extract the physics associated with the

problem using a theoretical approach, as opposed to computer simulations, and
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thus the results are more amenable to interpretation.

One approach used to simplify the solution process is to consider the
incident field as a high frequency plane wave [Fuks, 1969; Hagfors, 1966; Lynch
and Wagner, 1970b]. The high frequency nature allows a dramatic reduction in
computational complexity at the expense of ignoring diffraction effects, which can
become extremely important [Teokharov, 1987; McDaniel, 1986]. Despite this
limitation, a high frequency approximation can offer a possible case against which
more rigorous theories can be checked [Brown, 1990]. The technique may also be
used to solve some practical problems in optical sensing [Lements and Fuks, 1978;

Garnaker’yan and Sosunov, 1976].

A first step toward improving upon the classical methods would be to use a
high frequency approximation in conjunction with a shadow-corrected Kirchhoff
current. This has the potential of increasing the range over which the incident
angle can increase (toward grazing), and thus improve upon the range of validity
of the solution. However, doing so requires computing shadowing functions which,
in turn, correct for the fact that real rays cannot penetrate the surface, as in the
case of a perfect electric conductor (PEC), or pass through the surface without
being attenuated, as in the case of a lossy dielectric [Jin, 1988; Wagner, 1967;
Smith, 1967b; Beckmann, 1965b; Bass and Fuks, 1964].

Shadowing theory was introduced in the United States by Beckmann in 1965

[Beckmann, 1965b] and in the former Soviet Union by Bass and Fuks in 1964

[Bass and Fuks, 1964]. Although Beckmann’s paper was proven to be erroneous
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[Brockelman and Hagfors, 1966; Shaw, 1966; McCoy, 1989], the fundamental
development of the integral relationship, which expresses shadowing in terms of
the random surface structure and the angle of incoming electromagnetic radiation,
remains as the basis of shadowing theory found in the literature. A more rigorous
version of the shadowing function first suggested by Beckmann was derived by
Wagner in 1967 [Wagner, 1967] and by Smith in 1967 [Smith, 1967b]. Shadowing
functions were not defined in relation to the surface current until Sancer’s paper
in 1969 [Sancer, 1969], which incorporated these functions directly into the

diffraction integral for the scattered electric field.

One particular method used to solve for the scattered fields is the vector
potential approach. This approach is a two step process which allows for the
calculation of the scattered fields by first calculating vector potentials. These
potentials are derived from equivalent surface currents which produce the proper
fields inside and outside the scattering body. The difficulty in the approach lies in
the calculation of the surface currents. The method offers the advantage over the
direct approach in that only knowledge of the current and not derivatives of the

current are required [Brown, 1988].

In the case of a PEC surface, the electric surface current, J ., can be found
from the boundary condition on the magnetic field. J ., allows for the
discontinuous nature of the tangential component of the magnetic field across the
boundary. In general, dielectric surfaces must contain not only the equivalent
electric current, J 5 but also the equivalent magnetic current, M .~ In the case of

the PEC, however, M,=0, since the tangential component of the electric field is
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continuous across its boundary, and the result simplifies considerably.

This thesis assumes a PEC surface illuminated by a plane wave, and we
therefore replace it by the equivalent electric surface current which satisfies an
integral equation of the second kind, derived from the boundary condition for the
magnetic field, known as the magnetic field integral equation (MFIE). This
equation provides the distinct advantage over integral equations of the first kind
in that solutions may be obtained by iteration. Once a solution has been
obtained, the magnetic vector potential may be calculated and then the scattered
electric and magnetic fields. The zeroth order solution to the MFIE is the
Kirchhoff approximation and higher order iterates account for multiple scattering
and diffraction. In the high frequency limit, iterates produce mathematical rays
which can penetrate the surface (even in the case of a PEC), thus shadowing
functions must be included “ad hoc” when computing the scattered field. The
role of the shadowing function is to convert mathematical rays which can
penetrate the surface to real rays which bounce about on the surface [Brown,

1984).

Whenisingle scattered rays are considered, there are two kinds of shadowing
functions discussed in the literature: (1) incident shadowing function, and (2)
scatter shadowing function. The role of the incident shadowing function is to null
those elements of current on the surface which are not visible from the source and
do not contribute to the single scattering process. Likewise, the scatter shadowing
function nulls those current elements which produce rays that are blocked by

other points on the surface prior to reaching the observer, and are assumed not to
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contribute to single scattering. Multiple scattering further complicates matters
since shadowing functions need to be developed for rays which bounce from one

point on the surface to another [Jin, 1990; Jin, 1988, Lynch and Wagner, 1970b].

The incident shadowing function is defined as the probability that a point
with a specular slope will be illuminated by the source. This is due to the fact
that the main contribution to the scattering process in the high frequency limit
comes from specular slopes, or slopes which give rise to reflection in the direction
of the observer. Thus, the shadowing function is the ratio of illuminated
reflection points to the total number of reflection points. The scatter shadowing
function is defined in a similar manner relative to the observer. We note that the
probability of a reflection point being shadowed is equivalent to having the surface
cross the ray path between the reflection point and the source (Figure 1). Thus,
shadowing is inherently related to surface upcrossings, where an upcrossing is
defined to be the event that the surface crosses the incoming ray from below. The
probability density of the distance from the last point in which the incoming ray
intersects the surface, as one moves from the source to the surface, and the next
to last crossing of the ray by the surface is called the first passage in time function
[Blake and Linsey, 1973]. The integral of this density is the probability that a
reflection point will be shadowed. The shadowing function is defined to be one
minus this integral, and thus is the probability of a reflection point being

illuminated.
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Reflected Ray
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Figure 1: Shadowing of a Reflection Point
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There is an extensive body of literature concerning the first passage in time
problem, as it has found its way into many areas of physics and engineering
[Abrahams, 1986; Blake and Linsey, 1973; Slepian, 1962; Siegert, 1951]. A brief
review of some of the important articles is presented in Chapter 3. Closed form
solutions to this problem have only been found in a few special cases [Abrahams,
1984; Slepian, 1961]. Recently, however, a infinite series of integrals has been
derived by Ricciardi and Sato [Ricciardi and Sato, 1983], based on Rice’s work in
random noise [Rice, 1945], which allows us to express the unknown function in
terms of integrals with known kernels. The focus of this thesis is to use this series
to compute the shadowing function “exactly” using numerical integration and to
compare our results to those found in the literature and to Monte Carlo computer

simulations.

1.2 Description of Thesis

Chapter 2 provides the background for calculating the scattered fields from
a random perfect electric conducting (PEC) surface illuminated by a plane wave.
The PEC is replaced by an equivalent surface current which results from the
discontinuity of the tangential component of the magnetic field across the surface.
The MFIE is used to solve for the surface current, where the total current is
approximated by its zeroth order solution, known as the Kirchhoff approximation.
A shadow-corrected Kirchhoff surface current is developed and substituted into
the far-field integral for the scattered electric field. The second moment for the
scattered field, the scattered intensity, is formed in terms of the shadowing

function.
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Chapter 3 provides a literature review of scattering from random rough
surfaces, shadowing theory, and the first passage in time function as it applies to
shadowing theory. The primary focus of this chapter will be a review of
shadowing theory, particularly Wagner’s [Wagner, 1967] conditional shadowing

function and his assumptions and approximations.

Chapter 4 develops the theory used to calculate the shadowing functions
found in Chapter 2. The unknown shadowing functions are expressed in terms of
an infinite Rice-like series of integrals with known integrands, developed by

Ricciardi and Sato [Ricciardi and Sato, 1986].

Chapter 5 computes the shadowing function in the case when correlation
between the shadowing points and the shadowed point is ignored. This result
turns out to correspond to the one developed by Wagner [Wagner, 1967}, and thus

provides us with the physical interpretation of his assumptions.

Chapter 6 presents the derivations leading up to the numerical integration
of the first three terms in the Rice-like series. Here, correlation between all
shadowing points and shadowed point is included. Monte Carlo simulations are
performed, similar to those of Brockelman and Hagfors [Brockelman and Hagfors,
1966], so as to provide a check with our numerical results. The results are also

compared to Wagner’s [Wagner, 1967] and Smith’s work [Smith, 1967b].

Chapter 7 extends Chapter 2 to include doubly scattered rays. The final

result is expressed in terms of shadowing functions, but no attempt is made to
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evaluate these functions.

Chapter 8 presents a summary of our work and conclusions.

An extensive list of references is presented following the conclusion of this
thesis. Since the body of literature in rough surface scattering is so vast, it was
our intention to provide a list of major papers in this area, particularly as related
to shadowing theory. It was also our hope to tie together two vast bodies of
literature, that is, the literature pertaining to shadowing theory as it applies to
electromagnetic and acoustic scattering, and the literature concerning the first
passage in time problem. The reference list makes the connection between the
two areas in the hope that a much more well directed effort can take place in the

event that the issues in this thesis are pursued further.

1.3 Summary

Several significant results pertaining to shadowing are presented in this
thesis. First, we have properly defined scatter shadowing and developed the
bistatic shadowing function. Previous definitions of the scatter shadowing
function in the literature have led to the unphysical situation of surface currents
which depend on the observation angle. We have defined the function such that
the currents only depend on the incoming electromagnetic wave and the surface
structure and not on the direction of observation. Secondly, the analytical results
of Wagner [Wagner, 1967] and Smith [Smith, 1967b] have been checked using an

infinite series of integrals for incident angles greater than previously possible with
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Monte Carlo simulations. Thirdly, the approximations made by Wagner [Wagner,
1967] in developing the “uncorrelated” shadowing function have been explained
based on the physics of the problem. Wagner [Wagner, 1967] developed closed
form solutions for shadowing by making approximations. However, these
approximations were not made based on physical reasoning, rather for
mathematical convenience. The fourth main result is that an error has been
identified in Wagner’s work concerning the “correlated” shadowing function
[Wagner, 1967]. Wagner’s analytic results have been considered the authoritative
work on shadowing theory; however, we have found that this result is actually
poorer than that of Wagner’s “uncorrelated” shadowing function, which is
supposedly less accurate. Finally, we have solved the first passage in time
problem for a Gaussian process, with a Gaussian correlation function, crossing a
ramp (i.e. incoming ray of incident field). This problem has been solved by
making the approximation that the intersection points of the ramp with the
surface are uncorrelated (i.e. the shadowed point and the shadowing points are

uncorrelated) and also solved numerically making no approximations.
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2.0 MATHEMATICAL PRELIMINARIES

2.1 Introduction

In dealing with random surface scattering, the corresponding scattering field
is a random variable. Characterizing the scattered field is achieved by computing
the statistical moments. In general, the moments do not necessarily exist, and
the distribution of the scattered field is unknown. In order to solve for the
scattered field, we assume that the surface statistics are known. Thus, we are
solving the direct problem rather than the inverse scattering problem. Inverse
problems predict the statistics of the surface from the known scattered field,
which is measured, while direct problems predict the scattered field from the
known surface statistics. Direct problems provide more physical insight into the
mechanisms which affects the scattered field, while inverse problems are more
useful in remote sensing applications when the surface structure is to be

determined.
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In this chapter we motivate the development of the shadowing functions by
calculating the second moment of the scattered electric field, the scattered
intensity, in the high frequency limit (the first moment is zero in the high
frequency limit). This result was first derived by Barrick in 1968 [Barrick, 1968b;
Barrick and Bahar, 1981] using the stationary phase method and later by Sancer
in 1969 [Sancer, 1969] using the modern approach with shadowing. We present
Sancer’s results here with some modification and explanation to show the need for

further study of shadowing functions.

2.2 Approaches to Finding the Scattered Intensity

There are two approaches for computing the scattered intensity
(E,(7)- EX(7)). The first approach involves the stationary phase approximation.
A high frequency limit is taken on the surface integration used to find the
scattered field, E,(7), which is the sum of the contributions from all the specular
points. The intensity is found by multiplying E,(F) by its complex conjugate.
Then, the ensemble average of the random variables is taken. This procedure,
used by Kodis in 1966 [Kodis, 1966] and completed by Barrick and Bahar in 1981
[Barrick and Bahar, 1981] is called the classical approach. An alternate method,
proposed by Sancer in 1969 [Sancer, 1969], takes the emnsemble average of the
random variables prior to integration over the surface. After averaging, the
surface integration is performed using a high frequency asymptotic technique. His
method is called the modern approach. Both methods lead to the same high
frequency result, but Kodis’ result provides more physical insight into the
scattering process, while Sancer’s is more straightforward. We shall describe

Sancer’s approach here.
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2.2.1 Sancer’s Derivation of the Scattered Intensity in the High Frequency Limit

Let us consider the case of an infinite random perfect electric conducting
(PEC) surface, in free space, illuminated by a time harmonic high frequency plane
wave. These simplifications offer the possibility to gain some physical insight into
the problem. Our intent is to provide a known check case against which others

may compare their results and also to examine problems in the optical regime.

There are two approaches in solving for the scattered fields: (1) the direct
field approach, and (2) the vector potential approach. The direct field approach
requires knowledge of j(i",), Vv, x j(r"',), and V,p,, while the vector potential
approach requires knowledge only of Ji (7,)- The sources, the volume charge
distribution, p,, and the electric current density, J (7,), can be viewed as
equivalent charges and currents as in the case when scattering objects are replaced
using equivalence. However, the derivatives of these quantities may - not exist, as

in the case when discontinuities in the current arise [Brown, 1988].

We take the vector potential approach to solve the scattering problem and
replace the PEC surface (closed at infinity) by an equivalent electric surface
current, induced by the discontinuity of the tangential component of the magnetic
field across the boundary. This equivalent current produces the correct fields
inside and outside the body. With the scattered body replaced by the equivalent
currents, the medium is free space everywhere, including the region in which the
PEC once occupied. The original and equivalent problems are given in Figures 2

and 3, respectively.
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Figure 2: Original Problem

2.0 MATHEMATICAL PRELIMINARIES

=

15



il

ext
A

FREE SPACE

Figure 3: Equivalent Problem
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The equivalent surface currents (denoted by the subscript “s”) are as follows:
() = mx(H @+ ¢z, (2.1a)
M7 =ax(EBF)+EF)] 7 =0, (2.1b)

where M,(7,) = 0 reflects the fact that the tangential components of the electric
field are continuous across a PEC boundary. Upon computing the unknown
surface current we can calculate the magnetic vector potential using the free space
Green’s function approach. The calculation of the scattered fields then follows

from Maxwell’s equations. Thus [Brown, 1988],

A = [TF) 617 -7,1) éF, (2:2)
S

where A‘,(F ) is the scattered magnetic vector potential and

g

4 |7 -7

G(IF__F‘I)=exp{_jkolF_Fa]} (2.3)

s

is the 3-dimensional free space Green’s function. We note here that J,(7,) only
produces scattered fields and not the total fields in this region. The incident field
is defined as the field present in the absence of the object. The scattered field is
zero when j,(F,) is zero. We further note that the Green’s function is the
response of the magnetic vector potential (not the fields) to an ideal dipole. To
find the scattered electric and magnetic fields we now use one of the defining

equations for the magnetic vector potential, namely
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H(7) = Vx A7) (2.4)

From Ampere’s law
b

R =
= Juwe Vx Vx A,(r), (2.5)

where 7 is any point not in the source region.

The diffraction integral for the scattered electric field, E,(r"' ), becomes;

E () = -Lvx vx [JF)G(|F-F,|)dF, (2.6)

]w

ne——

In the far field this simplifies to [Brown, 1988]

o’'lo 47r

B (7) = jk,n i 4 G LB G Jd 7, J (7. ezp{ i - 7.}, (2.7)
5

where k, is the free space wavenumber (k,=27/),,) 7, is the characteristic
impedance, r is the magnitude of the vector ¥ which extends from the origin to

the point of observation,

Fa = xof + yog’*' C(a:o’ yo)g = FOP + C((Co, yo)g

is a vector extending from the origin to a point on the surface, d, is an elemental
area on the surface, k is the direction of observation, J o(T,) is the surface current,

and S is the illuminated surface area (Figure 4).
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Figure 4: Scattering Coordinate System
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We have taken the surface area, S, to be finite and will eventually allow it to go

to infinity so as to be consistent with our assumption of an infinite surface. In
2

deriving (2.7) we have assumed that r > D, andr > D;\"“, where D,,,, is

the maximum dimension of the illuminated surface area. We can see here that as

Ao * 0 and S + o (D,,,, * o) we must let r increase in such a way that these
relationships hold [Brown, 1983b]. The scattered electric field is now proportional
to the Fourier transform of the surface current and the field contains no vector
component in the direction of observation since kxkxJ {7s) =

~ -

k(k-J,(7.) - (7).

Introducing the incident and scatter shadowing functions into the diffraction

integral we have

o~

Ea(F) = jkonoeror} E X 7; X JdFa Si(Fa; ki)Ss(Fa; E,-;E,)j,(?,)
S

4r
* ezp{jl::. . 1"',}, (2.8)

where S, is the incident shadowing function defined as

)

Si(Fa;ki) =

{ 1 if the point at 7, is illuminated by k; (2.9)

0 if the point at 7, is shadowed from k;,

where k; is the direction of incoming electromagnetic radiation. S, is the scatter

shadowing function defined as

S,(7,; k;; k,)=1 if the ray, k,, resulting from the reflection of k;
at the point at 7, leaves the surface without inter-

secting another point on the surface.
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and

S,(F,; k;; k,)=0 if the ray, k,, resulting from the reflection of k; (2.10)
at the point at 7, intersects another point on

the surface.

We note that any multiply bouncing ray on the surface is explicitly neglected
since S,(7,; k;k,) = 0 at any point beyond the first intersection of the incident ray
with the surface. Thus, other multiple scattering effects have to also be accounted
for when this approach is taken. Both shadowing functions operate on the surface
current J S(Ts)- The incident shadowing function converts the incident
mathematical rays to real rays and by eliminating the current at those points
which are not visible from the source. In doing so, it makes the surface current
discontinuous since there are only abrupt changes from lit to dark regions and
there are no transition regions due to diffraction. The scatter shadowing function
eliminates all currents which give rise to multiply scattered rays and converts
mathematical (scattering) rays to real rays. We make an important distinction
here between our definition of the scatter shadowing function and the one
typically encountered in the literature. Qur function does not depend on
observation angle as objected to by Brown [Brown, 1984b], but only on incident
angle and surface structure. Each current element which gives rise to a ray
intersecting the surface for a second time is eliminated. Whether or not a ray
intersects the surface a second time depends only on the surface structure and
incident angle, and has nothing to do with the observation angle. Thus, we avoid
the unphysical situation of requiring the surface current to be a function of

observation angle by simply re-defining it. This definition makes more sense than
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eliminating currents which are not visible from the observer, since points which
are visible do not necessarily contribute to the scattering process and points that

are not visible are not necessarily specular points.

We now face the more difficult problem of determining the unknown surface

current, J,(F,). Substituting (2.2) and (2.4) into (2.1a), we obtain

JF)=rxHF)+7x Vx [T G(IF,-F ) d, (211
S

where V, operates on the observation coordinates. Using the vector identity
V,x(jG) = V,GxJ +G V,xJ, where V,xj = 0 (since J is a function of

source coordinates) and V,G = — VG, we get
J(F)=mx BF)+7x [TF)x VL G(I7,-7]) dFy. (2.12)
S

We see here that the Green’s function has a removable singularity at the point 7,

=

If we break the integral up into two parts, such that
[(r=" o+ [0 (2.13)
S

where A, is a small circular area of radius € centered about 7, = 7!, and then let ¢

- 0, we find that

lim J (1) == ) (2.14)

and
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lim J (.)=§(-) (2.15)
S

e-+0

where § is a Cauchy integral.
Inserting (2.13), (2.14), and (2.15) into (2.12) we end up with
J(F)=2mx HiF) +Inx $T(F)xV, G(I7,~7|) dFl.  (2.16)
3 :

This equation is called the magnetic field integral equation (MFIE). It is a
Fredholm integral equation of the second kind since the unknown current, J s(Ts)y

is both outside and inside the integral.

The first term on the right hand side of this equation is called the Kirchhoff
current or the tangent plane approximation. We see that this term results from
the doubling of the H field at the “self-point” or the point of reflection (as is the
case when a plane wave strikes an infinite planar boundary). The integral term
clearly relates to contributions from other points on the surface and thus appears

to contain information associated with multiple scattering and diffraction.

For the case in which diffraction and multiple scattering effects can be
ignored, we take the surface current to equal the Kirchhoff current, namely,

JK(FS) = 21 X ﬁi(ﬁs)

= 27 x H h,eap{ - jk.bi- 7.}, (2.17)
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where we have set the incident magnetic field to be a plane wave, i.e. H (F) =
Hoﬁoexp{— jkoi?,--f"} with amplitude H, and polarization l’z\o. n is the upward

directed unit vector normal to the surface given by

-, T -C, T +72
L R S (2.18)
| VC(zm yo) I \/go +<§o +1
where (; = (; (F,) = Q(;g;’y") is the slope of the surface at 7, in the T

is the slope at 7, in the ¥ direction.

xo
0z, y,)
=79

o

direction and (y, = (y (7,)

As suggested by Brown [Brown, 1984b], we project an elemental area on the

surface to the plane below. From elementary geometry we find that dr, =

v CZ-O+C!2,0+ 1 d7,, where d7, is the projected area of d7, on the plane below.

Substituting, these expressions into (2.8) and integrating over the plane below, S,
we have

‘E'J(F) = 2jkonoHo %;iﬂ} J dFo Si(Fo; Ei)Ss(Fo; Ei; Ea)
S

]

; (Exzx{ﬁ(f‘o) x E}) exp{ k(- 7,47 7,)} (219)

where ]V(Fo) = -(;,Z -(y§ +% and E:ko?. We have replaced 7, by 7,
(F,=z,Z + y,7) in the shadowing functions since they are a function of surface

structure which is a function of 7,,.

We now form the intensity, E,(7)- E¥(7), bringing the k xk x operator,

which is independent of the surface coordinate system, inside the integration;
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2
B,)-Br) = (Pelle) [ [ ar, vl S.7iR)SoFiRiR)

S, 8,

* S E)Ss(FL ks R (k x Ex{N(F,) xk, })

*(Exz {]V xh })exp{]k( k A)'(F,—i’:)}a (2.20)

where
Ty = 2,2+ YoF + ((Tor¥o)Z (2.21a)
7y = 2,% + Yo7 + ((26,0)7, (2.21b)
and N({F) = (T -Cy 0 +% (2.22a)
NFE) = (% -(y9 +%. (2.22b)

¢, = {(,,y,) and ¢! = ((a!, y) are the heights of the surface in the unprimed and
primed coordinate system, respectively, and ( z, Sy, C:vf, , and (x,o are the
respective slopes. As k, - oo, the major contributions to each of these integrals is
in the neighborhoods around the specular points or the points of stationary phase

which satisfy the following equations

+7) .;3} =0 (2.23a)
V{jko(-F;+7) -7} = 0, (2.23b)

where V operates on the unprimed coordinates and V' operates on the primed
coordinates. Thus, the only portions of the surface which contribute to the
scattering process occur when 7, and 7 are in a neighborhood of the stationary

phase points. If 7, and 7! are located at different stationary phase points, one can
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show that in the high frequency limit (or for sufficiently fough surfaces away from

grazing incidence) the interference term goes to zero (this is more obvious in the

work of Kodis [Kodis, 1966]). Therefore, we can now expand the height {,(z,,y,)

about the point (z,y]) to get

((2059,) =

where

Then,

C(‘z:ny’o) + Czo(z:”yz) (-’Eo-—:l?:,) + Cyo(z:)’y::) (yo-y:)) +

3 Can (@hoth) (Zo=hl + 3 Cyy (Thith) (o-ub) +

(o, (Zodh) (Zo-20) (¥o-¥,) + H.O.T.,

Cz (zhyh) = M
o axo (-'Eo, yo)=(.’B:” y:,)
Cy (‘T, y’) — aC(xw yo)
o dy, (z, yo)=(xf,, yz)
8% (z,,
Czoro(mf,,y:,) = __%
e @ yo)=(av0)
0% (x4, Y,
Cy,p,(Tor¥o) = %y_)
R CRACERY
8% (z,,y,
Czoyo(ﬂf:,,y:)) = % |
AR
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C(xo,yo) - C(m:nyrz) = C:co(x::ny{)) (.'Eo-:L':,) + Cyo(mzay:z) (yo—y:r) +

1 Coo (ahth) (ma-ah) + 5 Cyy (2hh) (Wo-vh)* +

(z,y, (To¥o) (Zo-20) (¥o-ys) + H.O.T.
If we let qd= —E;+?= OZ + 47 + g%

(similar to Sancer’s notation [Sancer, 1969]) so that

= _ki:r+%
9= -kiy+¥
93 = 'kiz+%s

we have

ewp{jko( _ki+7)(F,- F;)} -
exp{ ik q1(To-20) +@ (Yo-10) +0s (o (hyl) (z,-20) +
Q3Cyo($:ny:)) (Yo-95) + % Cxozo(:vf,,yz,) (z,-zb)® +
%3 Cyu, (To¥h) (Yo-¥6) +d3Ca,y, (Th:¥h) (Zo-20) (Yo-¥b) +
H.0.T.]}.

If we let u=k,(z,-z!) and v=k,(y,-y,), the exponential becomes
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exp{ ko(- ki +F) - (F,-7))} = ezp{ jqru+ ja:v + j85Cz b +aaly,v+
B¢ u G, v (o v Y +OfL
2%k, T2 Wolok, T INTHE, (kﬁ)
= ewp{j(ql+qscxo)u +(g2+ 43y v +0(7c‘—)}- (2.30)

We now have, with -- dudv = dr!,

k2

2 ko(zo - Sozmaz) ko(yo - Soyma::)
B B = (%e) [z, [ ay, [ aw [ v
Soz Soy ko(zo - Soa:min) ko(yo - Soymin)

* Si(Fo; Ei)Ss(Fo; Ei; 7‘;s) Si(zo-kﬁ'a yo"kl; E.‘)S,(-’Bo-—ll'—, yo"l‘g" E')
o o o

*(Exﬁx{ﬁ(Fo)xfzo})(ﬁxﬁx{ﬁ(Fo)xﬁo})

* exp{j(ql +430z Ju +(ga+qaly v + O(kl)} (2.31)

o

We now take the integration to be over a rectangular region with dimensions
S ozmaz a0d Syyma, (Figure 5) denoting the largest value for z/, and yz, ie, z/ <

S oemaz a0d ¥, < S,umar and Soppi, and S, denoting the smallest values for

!
]

z}, and g}, ie., 2, > S,pmin and ¥y, > S,ymin. The geometry of the integration
region is immaterial although the variables will not be independent (as shown)
unless the region is rectangular. Nevertheless, as the frequency approaches
infinity, the limits of the integrals approach = co regardless of the integration

geometry.
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Figure 5: Domain of Surface Integration
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Sancer [Sancer, 1969] gives the case when the incident beam is circular and hence

the integration region over the surface is elliptical.

We note that the normal vector to the surface at 7, N (71), is equal to the
normal vector to the surface at 7, i.e. N (71)= N (7,), and is not effected by the
change of variables since it depends only on the specular slopes and not their
location. As k,—oo O(El;) — 0, and the shadowing functions in the primed and
unprimed coordinate systems become approximately the same due to the rapid
decorrelation of the electromagnetic field as ¥, and 7/ move apart. Likewise, the

slopes in the neighborhood around the specular points, where the integral is non-

zero, are also approximately the same. The limits on the u and v become

ko(To=Sozmaz) — —00
ko(To - Sogmin) — 00
ko(Yo— Soymaz) — —00
ko(To - Soymin) — 0,

where we have allowed the area in the unprimed coordinate system to be slightly
less than the area in the primed coordinate system so that these relationships hold
everywhere, including the outermost edges of the source region. Therefore, we

have
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2 o ¢] o0
tim (E,(7)- B F)):(’gTI?)j dz, [ dy, [ du | dv

- 00 - 00
oz Soy

* SHFB)SAF 5 k5 E,) (k xEx{N(F,)xk })

* CIEP{j(‘Il + %Czo)u +3(gz2+ %Cyo)v },

2
i (B,7)-B1(7)) = (%) [ doy | dy, SUF4RISHFAFAR)

° S S

ox oy

* (E X k x {N(Fo) X ﬁo})z J du emP{i(‘h +q3(z Ju }

o0
. j dv exp{ (g, +asCy, 0} (2.32)

But since

oo

J du emp{j(ql + %Cazo)u} = 276(qy + ‘I3Ca:o) (2.33a)
and -

o0

I dv ezp{j(qz +q3Cyo)v} = 2m8(q; + 43y ), (2.33b)

where we have taken the Fourier transform and inverse Fourier transform to be

H(w) =S{h(z)} = J h(z)ezp{jwz} dz (2.34a)
h(z) = S~ YHH()} =§11? J H(w)ezp{-jwz}dw, (2.34b)

respectively, we have
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Jim (E@)-EX®) =] do, | dy, SHFRISHFEE)

—00
° S
or oy

- - N 2
(ExBx{E)xR,}) o0 +auto)olarrasty,)  (2:35)

Now taking the ensemble average to form the second moment and dropping the

limit, we obtain

By B = () [ e, [ dn, S1GROSEESESE

S, S

oy

*(E Ex{N(F, Xh}) 8(q1 +93Cz,)0(a2 + a5y )>. (2.36)

Taking the ensemble average inside the surface integrals yields
g\
(B B2 = () [ a, | v, (sH7aR)SiraRak)
So:r: Soy

* (E xk ><{ V(7o) x ’70}) 6(q1 +95Cz,)8(az + q34y0)>- (2.37)

Now, the only random variables are S;, S,, ¢ z, and ¢ y, SO

[e.¢) oo} e} 00

(Y=[ dsi] ds, [ de, [ dey, ()P (SuSutepty,) (238)

- 00 - 00 -0 -0

where p(S;,S,,( xo,Cyo) is a fourth order joint probability density function (PDF).
This PDF can be written as

P(Sis Sz, Cy,) = PRk, (o, Cy) 8(5:-1) 8(5,-1), (2.39)
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since the integrand is only non-zero when S;=1 and S, =1 and P(R-, k,¢ z,) (yo)

is the probability at that point in the density p(S;,S,,¢ z,) (yo). In other words

P(Aia E»Czo,c_yo) =J Ip(siasn Czoa Cyo)dsidss.

P(E,-, k, (z,» Cyo) can also be written as

P(kik,Ca ) Cy) =Pk |Co, Cy) P(Ca,y Cy)s (2.40)

using Baye’s theorem, where P(E,-,E [¢ zy) (yo) is the conditional probability that a
point on the surface will be illuminated from E,- and scatter in the direction of
observation, k, given the specular slopes at that point. p((zo, (yo) is the joint

PDF of the slopes evaluated at the specular slopes.

If we make a change of variables, and let a = ¢, +¢3(s_ , da=g;3 d( z, and

B =a+q3(y, , dB = gzd(y , we get

2
BBy =% (o) [ az, | ay,
So:r Soy
o0 00 o0 o0
of dasi[ as, | da | dp -SHFRNSHFSEE,):

-0 -0 -0 - 00

* {Ex k x N(";—;’l,ﬂ;j?) X Eo} - 5(a)8(B) 6(S;-1) 6(S,-1)-

-~ ~ - - o - -
« P(k,F | 270 0oty p @ s Poto) (2.41)

This reduces to
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2
**.*“—l(ﬂg)'[ N T U
(B Br®) = 5 \"re) [ doo [ dyo (BxEx B -f)xE,

« Pk, k |-31 -3y P(-1,-01).  (242)
Note that the scatter shadowing function S,(7; E,-; E,) which depends on the slopes
at each point on the surface reduces to S,(F,; k; E), where k is the observation
vector. This of due to the fact that E, depends on ( z, and (yo and hence on a and
B, so as the frequency increases only the slopes which give rise to scattering in the

direction of observation become important.

Since the integrand is independent of location, we have

2 2
E) By = L (2efe) (BxExR(-8,-txF,)
Fok |- g5 -2 P(-L - D) Aty (243)

where A;jjum = S,.S,, is the projected area of illumination.

We are also interested in the radar cross section (RCS) per unit area of the
surface, since the scattered intensity goes to infinity as A;;,m—o0. Therefore, we
compute the normalized radar cross section, o°, given as:

4mr(E,(7)- EY(7)

—00 T¥00 AittumE2

(2.44)

Here we have let the illuminated area go to infinity to be consistent with our

assumption of an infinite surface. The normalized RCS becomes
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q 93’ 43
« P(kuk |- &, -2) P(-&, - D, (2.45)

where P(k;, k [-g‘- ‘T) is the bistatic shadowing function. Using Baye’s theorem,

this function can be written more conveniently as

~ ~ P(EisA1 & )
Pk |-41, -1y = .

q3’ g 91 942
> P(—‘h’ ‘13)
= PRI R-8 -2 PE|-L, D), (246)

where P(k; |—ql ) is the incident shadowing function and P(k Ik,,-ﬁ -—) is
the scatter shadowmg function. Specifically, P(k, |-ﬁ q—s) is the probability
that a point on the surface will be illuminated by the incident ray given the
specular slopes at that point. P(k |k,,-— -—) is the probability that given the
incident ray illuminates a given point on the surface and that its slope is specula;
that the scattered ray will leave the surface without being blocked by another

point on the surface.

The scatter shadowing function defined before the integration and averaging
processes (eq. (2.10)) is only a function of surface structure and incident angle. It
is only after the integration and averaging process that the dependence on the
observation angle becomes apparent. This is due to the fact that the only
contribution to the diffraction integral will come from those points whose slopes
are specular, and not merely arbitrary slopes. Hence, the joint probability of a

ray incident on the surface reaching the observer is conditioned on the specular
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slopes (and hence, the direction of observation), as we expect. The same
reasoning follows for the dependence of the incident shadowing function on ¢, g,,
and ¢3. This generalizes and clarifies the work of Sancer [Sancer, 1969] who
modified the surface current using bistatic shadowing, in which it appeared the
surface current became of function of observation angle, a property objected to by

Brown [Brown, 1984b)].

When k = —E,-, as in the case for backscatter, P(l? IE,-,—g—l-, -22) = 1, since
we are guaranteed that a ray traveling in the k direction will exit, given it was
illuminated by a ray traveling in the 75,- direction, which takes the same path but

travels in the opposite direction (Figure 6). So, this leads to

P(Eh’? I‘g‘l‘a "%) = P(Ez "'3_;1 —g—:) (2'47)

3

for backscatter. If we consider the case where the incident ray and the scattered
ray both lie in a vertical plane, we have for E,- and k well separated [Sancer, 1969]
(Figure 7),

P(kk |-4, -3 = P(k |-2, -2) Pk, |- 4L, - 22). (2.48)

Also, for the case when k is below Ei in the plane of incidence (and E,- is below the

normal to the z=0 plane, Figure 8), we can write

P(RF -8, -2) = Pk | E,-8, -2 P(E |-L, - L) (2.49)
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Figure 6: Backscattering
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Figure 7: Forward Scattering
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Figure 8: Scattering with the Scattered Ray Below the Incident Ray
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The first probability on the right-hand side equals 1, since we are gua,rantee}d

illumination under this condition. Thus:

EE|-D _ A 1
P(E,E |-%,-2) = P(F-L, -, (2.50)
Likewise, for the case when k; is below k (and k is below the normal to the z=0

plane. Figure 9):
P(kok -3, -2 = Pk |-2, -2, (2.51)

since
219 _49
P(k l_‘I:z 93) 1

This concludes the modern approach proposed by Sancer [Sancer, 1969].
This formalism provides us with the motivation for calculating the incident
shadowing function (since we will be assuming backscatter), which this thesis
focuses on. Before a more detailed development of shadowing theory is discussed,
it is important to discuss the results of others presented in the literature. This is

done in the next chapter.
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Figure 9: Scattering with the Incident Ray Below the Scattered Ray
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3.0 LITERATURE REVIEW
3.1 Introduction

Over the past four decades a large amount of literature has accumulated
pertaining to scattering of acoustic and electromagnetic waves from random
surfaces. Understandably, most literature reviews are broad based and thus, are
not very useful for one wishing to explore a topic in more detail. It is therefore
our purpose here to give a complete review of the articles pertaining directly to

shadowing theory and present a brief discussion of the major research in this area.

Shadowing theory has been studied for the past three decades, since
Beckmann published the first paper (in the United States) in 1965. Shadowing
functions have been corrected [Wagner, 1967] and extended [Jin, 1988] to account
for the blockage of rays on the surface (propagation shadowing) when multiple

scattering effects are considered [Jin, 1990]. The main articles on shadowing are
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given in the following references [Jin, 1990; McCoy, 1989; Brown, 1984b, 1980a;
Welton, 1973; Hardin, 1972; Fuks, 1969; Wagner, 1967; Smith, 1967b; Brockelman
and Hagfors, 1966; Shaw, 1966; Beckmann, 1965b, 1966; Hamilton, 1966; Bass and
Fuks, 1964].

The mechanisms behind “shadowing theory” have been investigated for
almost a century. The relationship of shadowing theory to random surfaces was
first introduced by Beckmann in 1965 [Beckmann, 1965b]. It became clear in
Beckmann’s paper that the solution to the shadowing problem and the solution fo
what is called the “first passage in time” (FPIT) problem were really the same.
In fact, the shadowing function was shown to be simply the integral of the first
passage function over all space. It was not until Wagner’s paper in 1967
[Wagner, 1967] , however, that the name “first passage” first appeared in a
footnote in a scattering paper. It is interesting to note that, besides this footnote,
no other references were made in other articles, prior to 1988. The enormous

body of literature related to the first passage problem was apparently overlooked.

We make no attempt here to provide a complete list of relevant references
on the FPIT problem, as this would take many months. However, we believe that
we have accumulated some of the major references in this area and are as follows:
[Rainal, 1990, 1988, 1987, 1968; Perez, 1987, Abrahams, 1986, 1984; Ricciardi and
Sato, 1986, 1983; Durbin, 1985; Ricciardi, 1977; Blake and Linsey, 1973; Mehr and
McFadden, 1965; Slepian, 1962; 1961; Siegert, 1951; Rice, 1945]. We shall
concentrate here on shadowing theory as it is known in the electromagnetic and
acoustic literature with some references to the FPIT problem. This thesis uses

and extends the results of Ricciardi and Sato [Ricciardi and Sato, 1986], whose
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work was based on Rice’s celebrated paper on random noise [Rice, 1945] published

in 1945, 20 years before Beckmann’s paper on shadowing theory in 1965.

A description of the main work on shadowing theory such as Beckmann’s

paper, as well as other major contributions, is provided here.

3.2 Shadowing Due to Beckmann

Shadowing of random rough surfaces was first introduced in the United
States by Beckmann 1965 [Beckmann, 1965b] and in the Soviet Union in 1964 by
Bass and Fuks [Bass and Fuks, 1964]. The impetus at the time was the study of
the moon’s surface using radar returns [Fuks, 1984; Smith, 1967a; Hagfors, 1966;
Beckmann, 1965a; Hagfors, 1964]. While shadowing had been predicted for some

time, no one had accounted for this affect until Beckmann.

To this end, Beckmann proposed a correction factor to the coherent and
incoherent intensity. According to Beckmann, the incoherent intensity is
proportional to the illuminated area (2.43), and the coherent intensity is
proportional to the illuminated area squared. Shadowing then can be taken into
account, to a first approximation, by simply multiplying the uncorrected
incoherent intensity by S(;) and the uncorrected coherent part by S%(8;). The
shadowing function, S(6;), is the ratio of the illuminated to total area projected on
a plane below the surface with 8; defined as the grazing angle relative to the mean

surface height (taken to be the z=0 plane). Thus,

(Ea(F))gorr = 52(9i)(Ea(F))incorr (3'1)
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is the shadow corrected coherent intensity, and

(EE(F))corr = 5(9,-) (EE(F»uncorr (3-2)

is the shadow corrected scattered intensity. Beckmann stated that a function,
S(z,y), equal to 1 on the illuminated parts of the surface and equal to zero
otherwise, would multiply the kernel of the diffraction integral. Integration would
take place over S(z,y)XY rather than XY, where X and Y are the lengths of the
surface in the 7 and ¥ directions. The end result could then be approximated by

equations (3.1) and (3.2), with 5(6,) = (S(z,y)).

Beckmann’s analysis was met with criticism from various authors, notably
from Brockelman and Hagfors [Brockelman and Hagfors, 1966], Shaw [Shaw,
1966], and more recently by McCoy [McCoy, 1989]. Experimental evidence by
Hamilton [Hamilton, 1966], one of Beckmann’s students, also showed discrepancies
between Brockelman and Hagfors results and the theoretically predicted

shadowing function proposed by Beckmann.

The criticism centered around two major points in Beckmann’s derivation.
The first, pointed out by Brockellman and Hagfors, was that the major
contribution to scattering will be from specular points on the surface, that is,
those points whose slopes allow the incoming ray to be reflected in the direction of
the observer (for backscatter, this would be points whose slopes are perpendicular
to the incoming ray). Thus, “the effect of shadowing would not be a question of
the fraction of illuminated area, but a question of the fraction of illuminated,

»

favorably oriented, surface elements.” While Beckmann’s shadowing function,

5(6;), is the ratio of illuminated points to the total number of points, Brockelman
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and Hagfors function, which they defined to be R(8;), is the ratio of illuminated

specular points to the total number of specular points.

Brockelman and Hagfors performed an experiment using correlated receiver
noise and calculated S(6;) and R(6,) using a digital computer. A comparison was
made between S(8;) obtained theoretically by Beckmann, and S(6;) obtained
“experimentally.”  They found that Beckmann’s theory agreed, at best,
“qualitatively” to their experiments, and the “experimental” shadowing function,
based on Beckmann’s definition, overestimated the effects of shadowing for all
tested values of surface statistics and incident angles when compared with R(6;).
This focused attention on a mathematical error made in Beckmann’s paper and on
his original definition for the shadowing function and its role in scattering theory.
Brockelman and Hagfors results are generally accepted as proof that Beckmann’s

function is incorrect.

The next issue concerning Beckmann’s result was formally addressed some
years later in 1989 by McCoy [McCoy, 1989]. McCoy challenged Beckmann’s
assumption that shadowing affects could be taken into account by a simple

multiplication of S(6;). According to Beckmann

(Es(F))corr = (S(xiy»(és(i:))uncorr

= S(Oi)(Es(F))uncorr' (3'3)

McCoy explained that in order for an ensemble average of the product of the

unaveraged shadowing function and the uncorrected component of the field to
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equal the product of the averages the shadowing function, S(z,y), and the
uncorrected scattered field must be uncorrelated. However, both the shadowing
function (which is a function of location) and the scattered field depend on the
same stochastic process. Hence, the only way to justify the use of Beckmann’s

S(8;) is to assume statistical decorrelation which cannot be true.

It should be noted that Beckmann’s shadowing theory does not conserve
energy. This is due to the fact that the coherent and incoherent power are both
attenuated by the introduction of the shadowing function. Clearly energy must be
conserved as we move from normal incidence closer to grazing angles. We
recognize this to be a failure of the Kirchhoff approximation to account for

multiply scattered rays.

Despite the shortcomings of Beckmann’s paper, it remains fundamental to
most theories which incorporate shadowing into their analysis. More importantly,
he made the connection of the shadowing function to the first passage in time
function. For further discussions of Beckmann’s paper, we refer the reader to two
noteworthy comments in reference [Shaw, 1966] and the private communication

by J. P. M. Thomas [Beckmann, 1966].

As pointed out by Brockelman and Hagfors, in the high frequency limit
where shadowing plays a major role, contributions from specular points play a
major role to the scattering process. It is logical, therefore, at this point to

present a brief discussion on specular point theory.
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3.3 Specular Point Theory

An attempt to compute the shadow-corrected scattered field from a perfect
electric conducting (PEC) random rough surface was made by Kodis [Kodis, 1966]
and Barrick [Barrick, 1968b]. In Kodis’ work, an infinite PEC is illuminated by a

plane wave and the equivalent surface current is the Kirchhoff current, i.e.

27 x H {F,) in the illuminated regions

J(7,) = { 0 in the shadowed regions. (34)

All multiple scattering effects are ignored as well as effects due to diffraction.
The method of stationary phase is applied to the far-field equation for the
scattered electric field to produce a result which depends on the specular slopes as
well as the curvature at each specular point. The stationary phase (specular)
points are simply those points whose ’slopes give rise to reflection in the direction
of observation. These slopes are perpendicular to the incident ray. The ensemble
average of E,- Ef is taken by first summing the contributions from all specular
points and then taking the average. A expression for the radar cross section
results which is proportional to the product of the average of the number of
specular points per unit area and the average of the product of the principle radii

of curvature at the specular points.

The correct analysis, provided by Barrick and Bahar [Barrick and Babhar,
1981)] involves computing the average of the product of the number of specular
points and the principal radii of curvature and not the product of the average of
these two quantities. This result was contrary to that previously published by

Barrick [Barrick, 1968b], whose result was based on Kodis’ work [Kodis, 1966].
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Barrick obtained
U(E:” Z;.s) =7 Sec‘l’y P(hxspa hysp) R2 P2(Eia Ea Ihxspvhysp)a (35)

where a(ic}, E,) is the radar cross section in the k, direction when the surface is
illuminated by a plane wave traveling in the E,' direction, < is the angle between
the normal to the mean surface height and the normal to the specular
points, hys, and hyg, are the specular slopes in the X and ¥ directions, R is the
reflection coefficient, and P,(k;, k, | hysps hysp) is what is commonly referred to as
the bistatic shadowing function. Pz(ic\i, k, | hysp,hysp) is equal to the joint
probability that a point on the surface will be illuminated by the incident ray, E,-,
and the reflected ray, E,, will leave the surface without striking the surface a
second time, given the point has a specular slope. Barrick made no attempt at
computing the joint probability function P,(k;, &, |hxsp, hysp).- An attempt at
computing this joint probability function was made by Wagner in 1967 [Wagner,
1967], ironically before the work of Barrick, who later justified its incorporation
into the scattering model. Wagner’s result is probably the most used and quoted
work concerning shadowing in the literature and thus warrants a brief discussion.

His work along with that of Smith [Smith, 1967b] and Hardin [Hardin, 1972] will

be discussed next.
3.4 Shadowing Due to Wagner, Smith, and Hardin

A year after the work of Kodis [Kodis, 1966], another investigator, R.J.
Wagner [Wagner, 1967], developed what is now the accepted version of the

shadowing function. @ Wagner’s shadowing function differed from that of
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Beckmann’s in that it is a conditional shadowing function. It was defined such

that

5(8|¢;,¢4) = Probability that a point, ((;,(}), on the surface is illuminated by a
ray at 8 (grazing) given the height, (;, and slope, ¢}, at that
point. (3.6)

Wagner developed a differential equation for the shadowing function, similar to

Beckmann’s, and was able to solve it to give

S(61¢1,¢h) = u(no~ ) erb{— | q(r)dr}, a7
0

where 7, is the slope of the incident ray, u(n,—(}) is the Heaviside step function,

defined as

1 7,>(
u Pl ! = { ° 1 3.8
(17 1) 0 N, < Cll ( )
and ¢(r)dr = Pr[the surface crosses the incident ray in (7,7 +d7) | the surface does
not cross in (0,7); ¢;,(1]. u(n, —¢}) accounts for the so called “self-shadowing” of a
point by itself, since any point greater than the slope of the incoming ray will be

shadowed.

The function ¢(7) deserves some special attention. ¢(7) is related to the first
passage in time problem to which much time and energy has been devoted.
Unfortunately, despite numerous attempts by various authors, no solution has

been found except for a very few special cases, and approximations have to be
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made to obtain closed form solutions.

Wagner went on to make approximations in order to evaluate the shadowing
function; however, it is difficult to see under what conditions these
approximations are valid. Additionally, Wagner considered the case in which the
shadowed point and the shadowing point are independent, an assumption which
becomes valid as the two points move sufficiently far away from each other. In
doing so, he was able to obtain a closed form solution to S(8|(,,(}). His result
seems to compare well with Brockelman and Hagfors for the range of data which
they provided (above 20 deg. grazing). Wagner then attempted to remove this
restriction by calculating ¢(7) as 7—0 and as 7—o0 and adding the two asymptotic
expressions together. Since the height and slope at the shadowing point and the
shadowed point (the origin) are uncorrelated, an analytic expression was possible
in the limit as 7—oo. As 7—0, the integral was obtained by expanding the
autocorrelation function in a Taylor series around the point 7,, which supposedly
maximizes the function ¢(7), and performing term by term integration. The
calculations were straightforward but very tedious, and he was forced to expand to

the seventh term in the series in order to get a leading order result.

A similar analysis to Wagner’s uncorrelated shadowing function (we will call
the shadowing function uncorrelated if it neglects correlation between the
shadowing point and the shadowed point) was undertaken by Smith a short time
later in 1967 [Smith, 1967b]. The same integral equation which defined
S(6]¢4,¢}) in Wagner’s paper was used here, only the manner in which ¢(7) was
evaluated changed. Smith, like Wagner, neglected correlation between the

shadowed point and the shadowing point in order to get closed form results.
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Smith carried out his results for Gaussian statistics, an assumption later removed
by Brown [Brown, 1980a], and which agree with the numerical simulations of

Brockelman and Hagfors.

Along the same lines as Wagner, Hardin [Hardin, 1972] considered the case
of a point source fixed at a finite height, h, above a point, r,, on the surface. Two
important points are worth noting for this case. The first is that for increasingly
shorter distances between the shadowed point and the shadowing point, surface
correlation plays a greater role, and neglect of this correlation, according to
Hardin, leads to a “significant overestimation of the probability of illumination.”

In terms of Wagner’s work

5(0 l Cl?(i) =hlim 5(0(7'0, h) I CI’C;)’ (39)
h—eo
where S(6(r,,h)|(y,¢) is the probability that a point on the surface will be
illuminated by a ray at a grazing angle of 8(r,,h) given the height, {,, and slope,

(7 at that point.

Hardin claimed he obtained a slightly better agreement with Brockelman
and Hagfors results, under the no correlation case, than Wagner since he retained
more information about the shadowed point. However, as he points out, when
Wagner then attempted to remove the no correlation restriction, by the methods

mentioned above, he obtained excellent results.

We end this section on the theoretically predicted shadowing functions by a

discussion of a more detailed analysis of shadowing theory developed by Bass and
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Fuks [Bass and Fuks, 1979]. General expressions before and after the no
correlation assumption are given in order to more clearly understand the problem.
Calculations are performed in order to try to understand when the no correlation

assumption breaksdown.
3.5 Distribution of lluminated Heights and Slopes

A detailed analysis and generalization of shadowing functions was provided
by Bass and Fuks in 1979 [Bass and Fuks, 1979]. An integral for the density of
the heights and slopes of the illuminated part of the surface at a given angle of

incidence was given to be

W ((,v9) = W((,7) u(tany) — ) e:vp{ - JPT(A | B)dT}, (3.10)
0

where W((,7) is the joint PDF for the heights, {, and slopes, 7; tani is the slope
of the incoming ray, and P,(A| B) = Pr[at a distance 7 away, the incoming ray
intersects the surface given there are no intersections in (0,7)]. We note again
that P,(A|B) is related to the first passage of time problem to be discussed in
detail later in this thesis. Notice the similarly between equations (3.7) and (3.10).

P.(A]| B) is then rewritten as

P.(A,B)

P.(A|B)=

using Baye’s theorem, where P.(B) can be expressed as
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Won +2G7¢15715-Cn YN)s
(3.12)

P.(B) =£Zn0 H anJ dyy,

N—oo n=1 - -

N = T/AT (C+nArtamp 00 )

where Wy o o(¢,73¢ 15715 - - i¢n»7n) is the joint probability density function of

heights ({,{,. - -
,NAr. P.(A,B)is given as

,( ) and slopes (7,77,. - . ,7y) at the points 7 =0,Ar,2A7,. .

N ¢ +nArtany 0o
P(AB)= lim ][] [ de] dm
Nooo =1 — —
00
x| dy"'(y" — tany)W (€7 ¢15715 € "=+ tanp ")
T 2N + 4 s Y5 1:71a WSANSTND Y )
tany

(3.13)

where (" and 4" are the height and slope at a distance T from the shadowed point.

Substituting these two quantities into the relation for W (¢, ;) we obtain

We((a Y3 I/)) = W(C, "/) u(tan¢ — 7)

( N ¢ + nArtany 0o 0o
g (T o) T oty
0 N = T/AT (+nAttany oo
Jim 1 anJ dyn |Wan 19
L Nooo m=1 - -0

(3.14)

3\

NV

which is the general form for the PDF of illuminated heights and slopes for a

given angle of incidence.
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Bass and Fuks go on to evaluate these integrals for the cases of intense
surface shadowing (tany) < 7v,) and weak shadowing (tany) > «,), where +,
denotes the RMS slope of the surface. Here they assume, like Smith [Smith,
1967b] and Wagner [Wagner, 1967], that the correlation between the heights and
slopes at the shadowed and shadowing point is weak and thus can be neglected.

An extremely simplified form results

(o ol o]

WG 75%) = = W(G,) ultanp— ) eap] ~ [dr [ dy W(¢" =+ tamsp,2")
0 tany

(3.15)

Interestingly, Bass and Fuks perform an area defect calculation, which
measures the projected area of the surface which is illuminated, to determine the
range of validity of this assumption. They computed the difference between the
projection of the area illuminated by the incident beam on a plane below,
calculated by simple geometry (i.e. S,siny, S, = the projection of the beam width
on the plane below), and by using W_({,v;%). They found that at both intense
and weak shadowing the two agreed well, but as the angle of incidence approached
intermediate angles (i.e. tany =~ 7,) the area defect rose to as much as 0.3. Thus,
about 30% of the surface that was considered to be illuminated was in fact located

in shadow [Bass and Fuks, 1979].

This is perhaps explained by the fact that as the angle of incidence
approaches grazing angles, the average distances between the shadowed points and
the shadowing points increases, thus they become decorrelated. If the angle of

incidence is very high, there is a high degree of correlation between these two
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points, but the shadowing is so weak as to not make a difference. Thus,
intuitively, it appears that in the range of intermediate angles is where we see the
no correlation assumption break down. We note that Bass and Fuks compare the
illuminated area computed from the distribution of illuminated heights and slopes
to a known result easily obtained from geometry and not the illuminated specular
points. Thus, we still have no analytic expression which compares Wagner’s
conditional shadowing function to a known result. Bass and Fuks have basically

disproven Beckmann’s result for intermediate shadowing.

In addition to the numerous theoretical derivations for computing
shadowing, we have encountered one paper in which shadowing measurements
based on a true experiment (as opposed to a computer simulation) were
performed. The single paper is perhaps testimony to the difficulty in carrying out

the necessary experiments.
3.6 Experimental Shadowing Measurements

Experimental evidence by Welton, et al., [Welton, 1973] using a high
contrast photographic technique shows qualitative agreement with the
theoretically derived unconditional shadowing function, S(6), given by Wagner.
Welton illuminated various rough surfaces at relatively low grazing angles and
measured the ratio of illuminated to total area using a camera with high contrast
film and a planimeter. We note that although qualitative agreement was obtained
here, Welton’s result and Wagner’s shadowing function are strictly not the same.
Wagner’s shadowing function is a ratio of the illuminated number of specular

points to the total number of specular points and Welton’s results were simply the
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ratio of illuminated to total area (as Beckmann’s function was). Thus, the
conclusions here can only be taken to mean that Wagner’s function generally
agrees with the experiment. To our knowledge no experiment has ever been

performed to experimentally calculate Wagner’s function exactly.

We now turn toward the work of Sancer [Sancer, 1969] which was given in

the previous chapter.

3.7 Sancer’s Approach to Calculating the Scattered Fields from Random Surfaces

The method of Kodis [Kodis, 1966] involved computing the single scatter
(bounce) incoherent power by first using the stationary phase approximation on
the far-field integral equation for the scattered field, summing the contribution
from all specular points, forming the product of the summation with its complex
conjugate and then computing the ensemble average. While this approach lead to
physical insight into the scattering mechanism it is cumbersome and difficult to

evaluate, particularly if one is considering doubly scattered rays.

Another approach to this problem was proposed by Sancer in 1969 (see
Chapter 2 for a complete derivation along the same lines). Sancer reversed the
order of the ensemble average with the integration over the surface. He
considered the more general case of a bounded plane wave scattering from a
dielectric/air interface. The Kirchhoff approximation for the current was modified
by the shadowing functions and thus the joint probability density function in the
ensemble average necessarily includes them. A high frequency approximation is

then made which allows him to evaluate the joint PDF at the specular slopes. We
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note that the PDF contains only the slopes and the shadowing functions as
random variables, whereas Kodis’ work necessarily involves surface curvature
terms as well. Sancer’s result is equivalent to the work of Barrick and Bahar
[Barrick and Bahar, 1981] but extends his work to include the case of bistatic
shadowing for the cases of (1) backscatter, and (2) forward scaﬁtering, when the

angle of incident and angle of observation are well separated.

We note here that the shadowing function Sancer used is conditional, unlike
that of Beckmann’s [Beckmann, 1965b], and unlike the S(6) used by Wagner
[Wagner, 1967], but like that of S(#|(!) developed by Wagner as an intermediate
step toward computing S(f). Sancer proceeds to calculate p(—ﬁ,—gg) and
P(E,-, k,| —g—;,—g—:) , where —g—; a.nd—% are the specular slopes (see eq. 2.27),
assuming that the PDF of slopes is Gaussian and relying on the results due to
Smith [Smith, 1967b], who neglects correlation between the shadowing point and
the shadowed point. p( -4 —@) is the joint PDF of the slopes evaluated at the

9’ 9

specular slopes and P(k k | - 21- _Qz) is the joint probability that a point on the

UE
surface will be illuminated by a ray, E,-, and the subsequent reflecting ray, E,, will
reach the observer without intersecting the surface again given that the point is a

specular point.

Sancer’s work is the first to directly and correctly incorporate the shadowing
functions into the diffraction integral for the scattered field. An extension of
Sancer’s paper which includes scattering up to a double bouncing ray was carried

out by Jin in 1988 [Jin, 1988].
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3.8 Correlation Between the Incident and Scatter Shadowing Function

We stated in the preceding paragraphs that Sancer’s bistatic shadowing
function was only valid when (1) we were in the backscatter direction or (2) the
incident and reflected rays are not too close together. This is due to the fact that
we do not know, at this point, how the incident shadowing function and the
scatter shadowing function are correlated. We simply know that S(4,|¢}) = 1 in
the backscatter direction, and presumably, although still unclear, that
5(8,,0,]¢)=5(0;1¢1)S(8,]¢}) if the probability of the scattered ray leaving the
surface conditioned on the probability of the incident ray illuminating that point
with a specular slope is equal to the probability that a point is visible from the

observer, along k,, given the point is specular, i.e. S(8,| 6;, ¢) = S(8,|¢}).

The scatter shadowing function is equal to unity in the backscatter direction
since we are given that the point is illuminated by the incident ray and the slope
is specular. Therefore, we are guaranteed, with probability equal to one, that the
reflected ray will leave the surface in the opposite direction from which it came.
We use this fact to simplify the results, since S(6,,0, | ¢})=S(8;|¢}) in this case.
Furthermore, we know that we can write

5(6,8,1¢1) =&;,("C)—C)

_ 5(6.] 6, ¢}) S(6:11) P(Ch)
P(Ch)

= S(6,] 6;, ¢1) S(6;1¢1)- (3.16)
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Thus, not only does the scatter shadowing function depend on the specular slope,
as does the incident shadowing function, we also see a dependence on the incident
shadowing event. This effect is seen in Sancer’s paper [Sancer, 1969] in equations
(54), (55), and (56). Fuks [Fuks, 1976] concludes, after analyzing this effect, that
the incident and scattered shadowing functions become independent rapidly as the
incident and observation angles move apart. Fuks further states that the
scattering cross-section can increase by as much as a factor of two in the
backscatter direction and terms this effect backscattering reinforcement, not to be

confused with backscatter enhancement caused by multiple scattering effects.

To attempt to explain this more clearly, as Fuks’ paper is difficult to follow,
consider first the backscatter case. It is clear that S(4,,8,|¢})=S(8;|¢}) since
S(6,] 6;, ¢1)=1. Thus, knowing that a point on the surface is illuminated by a ray
traveling with an incident angle §; provides us with a great deal of information
when assessing the probability of that same ray reflecting off the surface in the
direction of observation. We say in this case that the incident shadowing function
and the scatter shadowing function are perfectly correlated. It is important to
mention here that since we are only interested in the case in which the slopes are
specular, that is, we are given a point on the surface that has a specular slope,
that S(6,,6,|(}) is equivalent to the joint probability that a point will be
illuminated from both the source direction and the observation direction given it
has a specular slope. It is clear that S(8,| 6;, ¢}) # S(8,| ¢}) since S(8,| 6;, {})=1
and S(8,|¢}) # 1, where S(8,|¢}) is the probability that a point is visible from the
observer given it has a specular slope. Thus, we see for the backscatter case, at

least, that the shadowings are not independent. However, as the incident and

scattering angles move farther apart the dependence, or lack thereof, changes.
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The question of correlation between shadowings boils down to the difference
between S(6, |9;, ¢}) and S(6, |¢}), and we must now ask ourselves what additional
information is provided to S(8, |6;, ¢}) by knowing that a point is visible from the
source? It is also important to note what we are not saying. It is clear that the
angle of incidence affects S(8,| (1) since it also directly affects the specular slopes
upon which this function is conditioned. However, it is not a question of
dependence between the incident and scattered rays, as they are perfectly
correlated, but a question of dependence between shadowings. S(8, |(}) is still
affected by the incident angle through the specular slopes, and its affect will be
felt regardless of the dependence of incident shadowing. Another way to look at
this is to ask what effect does knowing that a point is illuminated by some angle,
6;, have on the probability of visibility from the observer? In the backscatter
case, it is clear that knowing the point was illuminated by the source has a
profound affect upon our prediction of whether this ray will also be visible from
the observer. However, it is unclear what effects incident shadowing will have on
scatter shadowing when the incident and scattering angles grow farther apart.
We can see when §; approaches 90 deg. S(8, |6;,(}) = S(6, |¢}) since knowing a
point was illuminated from above provides no additional information in
determining S(6,| 6;, ¢!) (because all points are visible from above). Thus, the
shadowings are said to be independent. Sancer states that as the incident and
observer angles move farther apart the shadowings become independent.
However, there appear to be certain transition regions in which we move from
dependent shadowings to independent shadowings, and it does not seem, as Fuks
states, that the incident and scattered shadowing functions become independent
rapidly as the incident and observation angles move apart. This is easily proven

by examining the case in which the incident angle is near grazing and the
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observation angle is at away from grazing but less than 90 degrees in the same
plane. Thus, we conclude that Sancer is probably correct in his assumption about
dependence on shadowing relying on the separation distance between incident and
observation angles but clearly more work needs to be done, as this is only an
intuitive hypothesis yet to be proven. We still are uncertain how far apart the
incident and observation angles need to be before the independence assumption

can be made.
3.9 The Validity of the Shadowing Functions

Before any discussion of shadowing functions takes place, one must, out of
necessity, justify the incorporation of those functions into the analysis for
calculating the currents induced on the surface and the fields resulting from those
currents. One common method of calculating the scattered fields from a surface is
to use the vector potential approach. This technique replaces the surface by
equivalent currents which satisfy the boundary conditions for the fields. These
currents are located in free space, and once known, the scattered field can, in
principle, be calculated using the standard diffraction integral. The difficulty, of
course, is in computing the surface currents. For a PEC surface, the equivalent
magnetic current is zero, due to the requirement of the continuity of the
tangential component of the electric field across the interface. Thus, we are left

with the electric current density, J s, which is defined by the following equation

Jo(F) = 26(F) x Hi(7) +2A(F) x §L(Fo) xV,G(|7-7,|)dS,. (3.17)
S

o

This equation is called the magnetic field integral equation (MFIE). We note
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that this equation has the benefit of being able to be iterated, to successively
improve upon the leading term in the series usually taken to be 2A(F)x H(F).
The first term [27(7) x H(7)] leads to what is called the Kirchhoff approximation,
which neglects shadowing and multiple scattering effects, and becomes valid
when each and every point on the surface has a curvature which is large compared
to a electromagnetic wavelength (tangential plane approximation), and hence is
often called “gently undulating.” The second term, an integral over the surface, is
recognized to be associated which multiple scattering and effects due to

diffraction.

Our purpose here is to review the papers which justify both the incident and
scatter shadowing functions associated with correcting the Kirchhoff
approximation. The shadowing function, as previously mentioned, converts a
single mathematical ray which can penetrate the surface to a real ray which

bounces on the surface.

The Kirchhoff approximation is often used as a starting point to iterate the
MFIE, where the equation is then solved using the stationary phase
approximation (k,—oo). This analysis was carried out for incident shadowiﬁg
originally by Liska and McCoy [Liska and McCoy, 1982] for the one dimensional
surfaces and later by Brown [Brown, 1984b] for the two dimensional case. They
successfully showed that the current located in shadow from the direct incident
field was equal to zero, thus validating the use of the incident shadowing function.
It is interesting to note a remark made by Liska and McCoy regarding a reflected
ray off the surface. “ ... if a reflected signal intersects a surface once in passing

from the reflection point to the field point ; . . . the reflected signal; will be
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canceled by a contribution from a second iteration; i.e. a reflection followed by a

”»

shadowing.” However, in a detailed analysis performed by Brown [Brown, 1984b],
it was found that this simple iterating process, using the stationary phase method,
did not automatically produce the correct currents on the surface and likewise the
scattered field was not zero in the specular direction of a scattered ray when that

ray was blocked by some other portion of the surface. Thus, it appeared that the

scatter shadowing function could not be rigorously derived from the MFIE.

3.10 The First Passage in Time Density Function

The first passage in time density function is closely related to the shadowing
of a random rough surface, and thus, it is important that we recognize the great
body of literature surrounding this function and methods to compute it. Its
relationship was first provided by Beckmann in 1965 with his paper on shadowing
theory, although the name first passage did not appear in the engineering

literature until Wagner’s paper in 1967.

According to Siegert [Siegert, 1951], the first passage in time problem has
been studied for many years, dating back as far as 1915 with the work of
Schrodinger and Smoluchowski.  “Schrédinger and Smoluchowski found the
probability that a free particle in Brownian Motion [Wang, 1945] in a medium of
high viscosity reaches a marker at a for the first time in (¢,f 4+ dt) after starting
from y, at ¢ = 0.” Other applications include Rice’s work on signals corrupted by
random noise and Rainal’s paper, based on Rice’s work, which computes the first
and second passage times of a sine wave plus noise crossing a constant level

[Rainal, 1988; Rice, 1945] . “This random process is of interest since it serves as a
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realistic model for the output of the IF amplifier of a typical radio or radar
receiver during the reception of a sinusoidal signal immersed in Gaussian noise”
[Rainal, 1968]. “The first passage problem in random vibration is concerned with
the determination of the probability that a random process will exceed some
critical level within a specified time interval. In practical situations the random
process might represent the stress in some critical component of a structure which
is subjected to random environmental forces, while the critical level might be
yield stress or buckling load” [Langley, 1988]. The first passage problem also

occurs in biology with the modeling of neuron activity [Kostyukov, 1981].

We begin by reviewing some important papers and provided the terminology
used in this area. No attempt will be made at providing a comprehensive list,
although, we believe we have cited some of the more well known articles and also

some of the more useful articles pertaining to the shadowing problem.

Two literature surveys are worth mentioning. The first, by Blake and
Linsey, published in 1973 [Blake and Linsey, 1973], and more fecently Abrahams
published in 1986 [Abrahams, 1986]. Much attention is given to Markov
[Tuchwell, 1984; Lindenburg, 1975; Mehr and McFadden, 1965; Darling and
Siegert, 1953] and Wiener [Shepp and Slepian, 1976] processes and various
statistics surrounding the level crossing problem [Sato and Tanabe, 1979; Longuet-
Higgins, 1956]. Since we are concerned with non-Markov processes (i.e. a
Gaussian PDF with a Gaussian autocorrelation function) a detailed look at these
papers will not be given. It is informative, however, at this point to classify the
different types of level crossing problems to facilitate researchers starting out in

this area who face a vast compilation of literature.
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The three broad areas include (1) the one-sided barrier problem [Slepian,
1962], which involves the probability that process “x(t) first crosses a constant
level, a, or a curve a(t), during an interval of length 7; the probability that x(t)
does not cross the fixed level during an interval of length 7, and; the probability
distribution of the maximum of x(t) over an interval of length 77 [Abrahams,
1986] (2) The two-sided barrier problem, which “concerns the probability that x(t)
first exits a region (a,b) during an interval (r,7+4d7) , and; the probability
distribution of the difference between the maximum of x(t) over an interval and
its global minimum” [Abrahams, 1986]. (3) The zero-crossing problem, which
“concerns the probability distribution of the time between zero crossings and the
number of zero crossings in an interval” [Abrahams, 1986] Our interest lies in
the one-sided barrier problem since we are concerned with the probability that

surface x(t) crosses a ray, a(t), in an interval (0,7).

Our problem can be though of as Gaussian noise crossing a ramp, where the
noise may be the surface of the sea, and the ramp the incident or exit ray. To
our knowledge, this problem has never been completely solved. In fact, in only a
few special cases has a closed form result been obtained to the FPIT problem
[Abrahams, 1984; Slepian, 1961], and usually some sort of approximation is
necessary to get an answer [Rainal, 1990, 1968; Ricciardi and Sato, 1983].
Unfortunately, the approximations have to do with mathematical simplicity or

necessity and cannot be made based on physical reasoning.

One paper, by Ricciardi and Sato [Ricciardi and Sato, 1983], based on Rice’s
work [Rice, 1945], examines the case of Gaussian noise crossing a time varying

boundary. The first passage density is expressed as an infinite series of integrals
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with known integrands. The integrands themselves, however, are integrals of a
conditional PDF of heights and slopes over a constrained domain. Thus, only the
first term in the series can be obtained in closed form and one must resort to
numerical methods to obtain results. The terms in the series provided improved
lower and upper bounds to the first passage density and under certain conditions
the first term in the series may provide an accurate approximation to the FPIT
density function. To the best of our knowledge there is no other way to compare
the approximations proposed by Wagner [Wagner, 1967 without making other
approximations to the exact FPIT density function which are also unjustifiable.
It is regrettable that this is the case, since computation of higher order terms in
the series requires multidimensional integration, and thus we are limited by the
speed of our computer as to how many terms we can carry out. But it is unclear
at this point what effect these higher order terms have on the result and so we are

not left with much choice.

Ricciardi and Sato [Ricciardi and Sato, 1986] compute the second term in
the infinite series for the case in which a Gaussian process with Butterworth
covariance crosses a constant level. It is important to note that their densities are
conditioned on the height (amplitude) and thus they are forced to assume that the
process begins either above or below the constant level at t=0. This is necessary
since they concern themselves with computing the density of the upcrossing (Qr
downcrossing) times. Since they have no knowledge of the slope at the initial
time, at t=0, as with random noise, this must be the case. Fortunately for us, we
do have knowledge of the slope, that is, we know the initial slope is specular, and
so we are able to extend their work to include the important case in which the

surface (or noise) intersects the ray (ramp) at the initial point (t=0). It follows
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then that our conditional densities will depend not only on the initial height but
also on the initial slope. Furthermore, we include the case in which the
correlation function is Gaussian and are able to compute three terms in the series.

This, to our knowledge, has never been done before.

An extensive examination and derivation of the infinite series, similar to
that given by Ricciardi and Sato [Ricciardi and Sato, 1986], will be presented in
Chapter 4. Despite its extensive use, we were unable to find a clear and complete
derivation of Rice’s result (the closest being given in [Bass an Fuks, 1979)]) from

which Ricciardi and Sato based their work. This is the topic of our next chapter.
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4.0 SHADOWING THEORY

4.1 Introduction

In this chapter we provide a mechanism for calculating the shadowing
functions discussed in Chapter 2. We specialize the result here to backscatter and
calculate the incident shadowing function. As previously mentioned, the scatter
shadowing function is equal to one (1) in the backscatter direction. The analysis
extends to bistatic shadowing when the two shadowings are independent of each
other (2.48). Simply substituting the incident angle with the observation angle

allows us to obtain the scatter shadowing function.
We are interested in computing the probability that a point on the surface

will be directly illuminated by the source, given that the point has a specular

slope. This need is a direct result of equations (2.43) and (2.45). We assume
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that a high frequency plane wave is incident on a conducting surface. We have
made no mention so far of the distribution of the surface, correlation, or surface
statistics, except to say that the surface is isotropic and stationary. “A rough
surface is isotropic if the statistics of the surface are independent of direction
along the surface” [Ogilvy, 1991]. Thus, the correlation on the surface is
independent of direction, and is a function only of the distance between two
points. Stationarity implies “that the probability of a surface point being at
height h(r) is independent of r. Similarly, any statistical properties dependent on
two or more surface points, such as height correlations, depend only on the vector
joining these points and not their absolute positions” [Ogilvy, 1991]. The
stationarity assumption has already been made in going from equation (2.42) to
(2.43), where we assumed that the bistatic shadowing function, as well as the
distribution of the slopes, is independent of location. As a result of these
assumptions, shadowing becomes independent of the direction of illumination and

the analysis simplifies considerably.

For the special case of backscatter, the specular points are those points
whose slopes are perpendicular to the direction of the incident ray. It is well
known that in the high frequency limit (k,—oco) the major contribution to the
scattering process comes from neighborhoods around the specular points (i.e. those
points which satisfy Snell’s law of reflection). This helps us, not only in
simplifying the result to (2.43), but also in computing the shadowing. As we
mentioned, in this chapter we will extend the results of Ricciardi and Sato
[Ricciardi and Sato, 1986] to include the case of a random process (surface)

crossing a level (ray) when the process and the level intersect at the origin.
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Previously, work in this area [Ricciardi and Sato, 1986] specialized the level
crossing problem to the case in which the process would be either above or below
the level at the origin (Figure 10). Since we know that the last point which
intersects the incoming ray, as one moves along the ray toward the surface, is
given to be specular, the slope of the random process must be perpendicular to the
ray and hence heading downward as one moves in the direction of the source
(Figure 11). This fact can be utilized to extend Ricciardi and Sato’s work to help

us solve our problem.

4.2 Derivation of the Incident Shadowing Function in terms of the First Passage

in Time Density Function.

Our goal in this section is to compute the probability that a point on the
surface is illuminated by an incoming ray, ]:c\,-, given that the point has a specular
slope [Sancer, 1969, Smith, 1967). We will denote the specular slope as (4, and
the height at that point as (o5p. The subscript “o” denotes the fact that the
height and slope are at the origin and the subscript “sp” the fact that the point
has a specular slope. We do not break the slope up into partial derivatives of the
height in the Z and ¥ directions at this point, as in (2.36), rather we imply by C{,sp
a derivative with respect to the variable t. Of course, this derivative can be
expressed in terms of the slope in the T and ¥ directions by applying the chain
rule. We define a coordinate system such that our axis, t, is the projection of the
incoming ray on the plane below (z=0 plane). The origin of the t axis is at the
last intersection of the incoming ray with the surface as one moves from the

source to the surface.
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Figure 10: A Random Process Crossing a Constant Level Starting from Below

the Level at t=0.
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Figure 11: A Random Process Crossing a Ray (Ramp)
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Although we desire the probability of illumination for a point on the surface,
given that the point has a specular slope, in carrying out the actual calculations
we must first compute the intermediate step of computing this probability
conditioned not only on the slope but on the height as well. This point then,
defined to be at the origin, uniquely defines this point as the last one which
intersects the incident ray. After this probability is computed, the height then
takes on values commensurate with its distribution and we arrive at

k ICosp = d(:osp P(Ei |Cosp’cgsp) p(COSp)a (4.1)

g—8

where p((osp) is the PDF the the specular heights. The integrand can then be

written as [Wagner, 1967]

P(k ICospv osp) = _l_",%"é P(Ei |Cosp’a)sp; ) (4.2)

where P(k; lCosp*Casp; +) is equal to the probability that {(t) does not cross the
ray l?,- in (0,7). This is understood to be a local shadowing function valid in (0,7),
where 7 is an arbitrary point on the t-axis. Equivalently, P(l?,- |Cosp,C:,sp) can be

written as
P(k, |CosprCosp) = Sim [1-Probability ((t) does cross the ray, k, in (0,7)], (4.3)
using the law of total probability. In order to derive this probability in terms of

the first passage density function we now segment the interval, (0,7) [Bass and

Fuks, 1979] into n equally spaced sections such that
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(0,7) = (0,7) U(71,Ta) U(T3,m3) U . . U(Tp1Th)

n-1

=0,7) U (To> Tig1) (4.4)

1=

where 7,-7; ,=A7; and 7,= 7. As we divide the fixed interval into an increasingly
large number of equally spaced subdivisions (the points do not have to be equally
spaced but it makes the explanation easier to follow) we see that as n—oo
AT;=AT=T7;T; ,— d7, an infinitesimal length on the t-axis, and we move from a

discretized interval to a continuous one.

Since the surface crosses the ray from above at the specular point at t=0, as
we move from left to right on the t axis, we are assured that next time the
random surface crosses the ray, if it does, it will be from below (i.e. an
upcrossing). If we denote the event that the surface crosses the ray from above in
AT at T, as 6;=1, and as 6;=0 if no upcrossing occurs (an example is given in
Figure 12) [Bass and Fuks, 1979], then the probability of a point at t=0 being

shadowed can be expressed as:
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Figure 12: The Event (6=0, . . ., 8§6=0, §;=1, 8z=0, . . ., $,=0)
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1’P(Ei |Cosp’ C:)sp) = ,-ll,'"go nlﬂg'o[ P(6,=0, 6,=0,...,6,,=0,6,=1 ICOSD* :)sp)
+ P(61=0, 62=07- R 6n-2=03 6n-1=1’6n=0 Kosp» C:')sp)

+ P(6;=0, 6,=0,. .., 6,,=0, 6, ,=1,6,=1 ICosp’ C:)sp)

+ P(6,=1, 6,=1,. . . ;6,1=1,6,=1 |Cosp’ C:)sp)] (4.5)

We note that the probability of a downcrossing is an assured event if an
upcrossing occurs, and therefore it is sufficient to consider only the probability of
of having an upcrossing in each of the intervals. We have also assumed that only
one upcrossing can occur in each of the n intervals, but since we can make the

interval spacing as small as we like, this poses no problem in the analysis.

The limit as n—oo allows us to pass from a discretized interval to a
continuous one. We choose the method of segmenting the interval to more clearly
demonstrate the role of the first passage density in shadowing theory. To put this

into more compact form, we let,

-~

Ar. = the event that the surface crosses the ray, k;, in (75, Ti+ AT), and

~

B,.', = the event that the surface does not cross the ray, k;, in (0, 7;).

We can express (4.5) as
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t:T’n

—~ -1
1-P(k; Kosp’ d)sp) = ,liZgo ,,ll"_,"& Z: P(AtnBt |Cosp: C:)Sp)’ (4.6)

t=1,

where we have used the law of total probability. To be more explicit,

P(A‘rn_2 n Brﬂ,z ICosp’ C:)sp) = P(61=0a 52=0a---a 611-2:0’ 5n-l=17 5,,:0 ICospv C:)sp)
+ P(61=0, 62=0,. . . ,6,-3=0, 6,-,=1,6,=1 lCosp: C:)sp)v

for example.

Taking the limit as n—oo and A 7;—0, where we have 7,—0 (t=0) , and

T,—T, We arrive at

1-P(K; [Cosps Chep) = im_ I g[S(t), t ICosp: Cosp)] dt (4.7)
and
P(K; [Cosp Chep) = 1—10 g[S(t), t [Cosps Cosp)] dt, (4.8)
and finally

P(Ei K:)sp) =1 - J dCosp{ J g[S(t), t ICosp’ :Jsp)] dt} p((osp)a (4.9)
-5 0

where g[S(t), t| (osps Cosp)] dt equals P(A;NBy [{osps Cosp) a8 At — dt and is the

probability that the surface crosses the ray, k;, in dt and that no crossing has

occurred prior (i.e. from 0 to t) given the point at the origin is specular with
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height (qsp and slope (osp.  S(t)=Cosp+ 7ot is the equation of the height of the

-~

ray, k, , where 5, is the slope of the ray.

The function g[S(t), t| (ospsC’osp)] is called the first passage in time (FPIT)
density function, and has been studied for many years by various authors
[Abrahams, 1986; Blake and Linsey, 1973]. We note the distinction between this
function and the one used by Wagner. His conditional first passage density
function is defined to be the probability density of an upcrossing occurring in dt
given that no crossings occurred prior and the point at the origin has a specular

slope and height. We further note that

L= P(K; [Cosp Chap) + [ BIS(E)s t [Cosps Chapll 6 (4:10)
0

and, in general, for a non zero probability of illumination

g[S(t), t| Cosps C:)sp)] dt # 1. (4.11)

G_.8

This point is noted since we use the term “density” in discussing the FPIT
problem, when it is clear that this “density” is not a true probability density
function whose total area equals one. The reason for this is simple; the outcome
in which an arbitrary point on the surface is illuminated is not included upon
integration. It is only when the probability of every possible outcome is summed
does the integral of a density sum to 1. Of course, this is intentional, because the
whole point of the derivation is to compute either the probability of a point being

shadowed or the probability of a point being illuminated and not to compute the
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probability of a point being shadowed or illuminated (which is equal to 1).

While much effort has been put forth in attempting to find this density
function, in only a few cases have closed form solutions been found. The most
interesting and practical cases (at least to us) have been given little attention.
Generally, one must make assumptions which cannot be justified, such as the

process is Markov, in order to use the results presented in the literature.

In 1945, Steven O. Rice developed in his “Mathematical Theory of Random
Noise” an infinite series which expresses an unknown function, similar to g[S(t), t
|Cosps Cosp)]» in terms of known functions. His expression is now well known in the
literature and of fundamental importance in the study of the first passage density.
We will depart here from Wagner’s approximations to the conditional density
function, which he makes to get closed form results, in order to test their validity.
In chapters 5 and 6, we will attempt to compare Wagner’s theory with our theory
using an infinite series similar to that of Rice, Ricciardi and Sato. We will further
attempt to investigate when the approximations made by Wagner become invalid,

what they mean, and when we must look for a more exact solution.
4.3 First Passage Density Expressed as a Infinite Series

The first passage of time density function is expressed in terms of an infinite
series of integrals, similar to that of Rice [Rice, 1945] and Ricciardi and Sato

[Ricciardi and Sato, 1986, 1983]. The integrals are of known functions which

provide us, for the first time, the ability to compute g[S(t), t [(osp) Cospl- The
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method is based upon the ‘inclusion-exclusion’ principle, and the series is
developed in such a way as to give us improving upper and lower bounds to the
desired function [Ricciardi and Sato, 1986]. The first term gives the very crudest
approximation, while the second and third terms provide a lower and upper limit
to the first passage density function, respectively. We will find that in the case of
no correlation between the shadowing points and the shadowed point, the infinite
series appears to reduce to the same shadowing function given by Wagner.
However, when correlation is included we are left with complicated expressions
which cannot be solved in closed form and therefore must be completed using

numerical integration procedures.

We begin by returning to the segmented interval (0,7) for which we can

write
t=r1, t=r1,
Z P AtnBt |Cospa Cosp) - E P At Kospa Cosp)
t=1, =T,

t=71,, tHi=t-Ar
- Z E P(At n At ICosp, Cosp)
t= T tl =T,

+ Y. P(AN Atl n At2 |€osps Casp)

t=r, =7y ty=t+ AT

— (4.12)

As we will see, in doing this we have now expressed an unknown result in terms of
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probabilities which can be computed. P(A.,.', |Cosps ({,sp) is the probability of an
upcrossing occurring in an interval A 7; at a distance t=7;. One notices that the
probabilities within the first summation on the right-hand side contain one entry
for those events which have one upcrossing, two entries for those that contain two
upcrossings, etc. This is due to the fact that during the summation process over
the entire interval for P(A; |{osps Cosp)> the counting of one event does not exclude
that event from being counted again, if the surface crosses the ray again. For
example, the event that an upcrossing occurs in A 7, included in P(A,.1|Cosp,
Cf)sp), does not exclude that event from being counted again, if the surface crosses
the ray again, say in A 7,, which is also included in P(A,.4| Cospr (f,sp). Clearly,
both P(A.,1 |Cosps f,sp) and P(A,.4 |Cosps Cf,sp) contain the probability of the event
(6,=0, 8,=1, 65=0, 6,=0, é5=1, 6c=0, . . ., §,=0 |Cosp: (osp)- The key point is
that P(A;, |Cosps Cgsp) is only concerned with the probability of having an
upcrossing in A 7; at a distance 7; and it does not care what occurs elsewhere in
the interval. Thus, we imply by P(A,,... |Cosps C{,sp) a summation of probabilities.
This summation is the sum of probabilities of each event which has an upcrossing

in A 7; (and possibly elsewhere), and not just a single event.

This logic continues to the double summation where we have multiple
entries for probabilities which contain three or more upcrossings. It is easy to see,
for example, that P(A; , Az |Cosp :)Sp), P(Ar, Ar, [Cosps C:,sp), and P(ATs’ Ar,
[Cosp» Cosp)s all contain the event (6,=0, é,=1, §;=0, §,=1, é5=1, &, ..., 6,=0|
Cosps Cf,sp). So when these probabilities are summed P(6,=0, §,=1, 63=0, é,=1,

65=1, 6¢=0, ..., 6,=0 |{osp; Cosp) is counted three times.
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Likewise, the triple summation contains multiple entries for probabilities
with four or more upcrossings, and so on. Thus, where P(6,=0, é,=1, §;=0, §,=1,
65=1, 66=0, ..., 65=0 |Cosp, C{)sp) was counted three times in the first summation,
it was subtracted off three times in the second summation, and will be re-added
back once in the third summation. This process is known as the ’inclusion-
exclusion’ principle. It is important to note that each event is counted only once

when the entire infinite series is considered, as it should.

One can now see when the higher order terms in the series might play a role
and contribute significantly in determining P(A;NB; [(osp t’:)sp) If the
probability of having multiple crossings is reduced then we would expect that the
higher order terms, which sum these probabilities, to become less important. To
relate this back to the shadowing problem, one would thus expect that as the
grazing angle increases the probability of multiple crossings would diminish and
the first summation might become a good approximation to the shadowing

function.

If we now take the limit as n—oo, A7,—dr, T4—0, 7,0, T,—0, etc., and
T,—T, the summations become integrals, where
t=r7,

T
,l,'f'_"_,noo ; E P(At nBt Kosp’ Qsp) = J g[S(t), t ICosp, C:)sp] dt’ (4'13)
= To 0

and where
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T T
J g[S(t), t| Cosp: C:)sp] dt = |dt W](t ICospv C:)sp)
0 0
T t
- dtjdtl W(t, t, ICosps C:)sp)
0 0
T t t
+ dtJdtIJdtz W3(t, ty tg ICOSp’ C:)sp)
0 0 ¢

- ... (4.14)

The W,’s are the P(A,, Agper Ay [ospr Cosp)’s divided by A, Aty, ... Aty
where we have let t,=0, ¢, =t (to conform to Ricciardi and Sato’s notation), n—oo,
and At;,—dt;, The W,, ’s are known functions to be derived in the next section.
This series is very similar to that of Ricciardi and Sato based on Rice’s work,

except that ours is conditioned on the slope as well as the height at the origin.

In the limit as r—oco we have

8

I
o—8 =8 o—
[l

|| BIS(8), t [CospiChopl dt = [ dt Wa(t [Cospy Chep)
0

t

dtl W2(t7 tl |Cosp’ C:)sp)

0

t ot

dty [dt Wilt, tasts [Cosps Chop)
b

+
&

0

_ (4.15)

In words, W,(t ICOSp,(asp)dt is the probability of a single upcrossing occurring in
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dt at a distance t given the height and slope of the specular point at the origin;
Wo(t, t1 [Cosps (:,Sp)dtdt1 is the joint probability of a single upcrossing occurring in
dt at a distance t and another in dt; at a distance t, given the height and slope of

the specular point, etc.

We are now in a position to derive the W’s in terms of the probability
density function of the heights and slopes on the surface. For simplicity of
notation (and to be consistent with Ricciardi and Sato’s notation), at this point

let us make a change of variables such that

Vvl(t lCosp’ C:)sp) dt — Wl(tl ICospy C:)sp) dtl (4.16&)
W2(ta tl lCosp’ (:)sp) dt dtl_) W2(t21 tl ICOSp’ z)sp) dt2 dt"1 (416b)

Wa( t, tla t2 Kospv Casp) dt dtldt2_’ Wa(ts, tlst2 I(ospa Casp) dt3 dtl dt2 (4'16C)

where after the W’s are calculated, t;— t in W, t;— t in W,, t;— t in Wj, etc.
The convenience of doing this will become obvious in a moment. We begin by
considering W,(t; |(osp:Cosp)dts- From Wagner [Wagner, 1967] we see that there
are two restrictions for an upcrossing to occur in dt, at a distance t;. One is on
the slope and the other on the height. Clearly, for an upcrossing to occur in dt, at

t, [Wagner, 1967)
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Cl(tl) > oy

-

(4.17)

where 7, is the slope of the incident ray, k;, along the t axis. This is illustrated in

Figure 13. The second condition is on the height at t,. At the crossing point, 7,

we have [Wagner, 1967]
Cosp + MoTc = ((t1) + C'(t1)(Te—t),
since dt, is assumed infinitesimally small. We also have
ty <7, <ty +dt;.
Solving for 7, we have
[(t:) = Cosp =C'(t1) t]

Te = y

TIo—C’(tl)

and substituting (4.20) into (4.19) we get

[C(t1) =Cosp =C'(t1) ta]

fi< 10— C'(t1)

< ty +dt,.

This reduces to

t170 +Cosp>C(t1)>Cosp + noty — (C'(t1) — mo) dt;.
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A

Figure 13: ('(t,) > 5, at the Shadowing Point
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Therefore, the probability of an upcrossing occurring in dt, is

0o Cosp * ot1
Wilts [CospChsp)dti= | d¢’ [ 4 PC(t1):<"(4) [CosprChep),
o Cosp +1541-(C(t1)- M) dty (4.23)

where p(((t,),{'(t1) [CospiCosp) is the joint probability density function for the
height and slope at t, conditioned on the height and slope of the specular point at

t =0.

For a small dt,, we can approximate the integral to produce the probability

of an upcrossing occurring in dt,,
oo
Wi (t, |Cospa C:)sp)dtlz dtlJ d¢’ (C'(tl)'no) P(Cosp+’70t1a C'(tl) ICosp,Cn,asp)'
o
Thus,
o0
Wity ICospv ::)sp) = J d¢’ (C’(tl)'no) p(Cosp+7iot1a C’(tl) ICospv :)sp)' (4.24)
o
Likewise, the joint probability of having an upcrossing in dt, and dt, is
00 00
Walta, s [Cospr Chap)dtadty = dadty [ dh [ dch (¢'(81)-n0) (¢'(82)-1o)
To o

* P(Cosp+7]0t1’ C’(tl)a Cosp+770t2a C’(t2) ICosp’ C:)sp)' (4.25)

Thus,
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Walta, ta [CospiChep) = [ €4 [ 44 (¢'(t1)-m0) (¢'(t2)-n0)
o

o

*P(Cosp"'notla Cl(tl)v Cosp+770t2, C’(tz) |Cosp’ :)sp)- (4.26)

Continuing in this manner, we see that

Woalts, b2, o b CospChap) = [ d€h [ €. . [dc TT (¢'(t)n0)
Mo Mo o t=1

* P(Cosp""’?otl’ C,(tl)» Cosp"'notm (l(tz)’ c ey Cosp"")otm C'(tn) Kospd)sp)' (4.27)

For convenience we define S5;=5(t;)=(osp + Mot ¢'(t;), and Ci=('(t;), for i=1, ... ,n.

This gives us

o0 oo o0 n
Wats, tasees b [Cosps Chep) = [dC1 [dh .. [dch TT (¢Hno)
To o P i=1

* P(S(t1), (1, S(t2)s €2y - - - S(tn), Cn |Cosp’ C(I)sp)’ (4.28)

which is similar to equation A.6 of Ricciardi and Sato [Ricciardi and Sato, 1986].

Our next task is to actually compute the W,’s for a given joint probability
density function with known surface statistics, correlation function, and a known
angle of incidence. Up until this point our results hold for any statistically
isotropic stationary surface. Analytic results based on these probabilities are

presented in the next chapter.

4.0 SHADOWING THEORY 89



5.0 ANALYTICAL RESULTS

5.1 Introduction

A theoretical approach to calculating the incident shadowing function was
presented in Chapter 4. The shadowing function was expressed in terms of an
infinite series of integrals [Ricciardi and Sato, 1986]. One disadvantage with this
approach is that multiple integrations are necessary to obtain a result, and the
dimensionality of the integrations increase with higher order terms in the series.
One possible solution to this problem is to carry out the integrations analytically,
as far as possible, and then use numerical techniques to complete the analysis.
Another possibility is to make an approximation that will result in some

simplification of the infinite series.

From a physical point of view, one can imagine that if the surface is rough
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enough and/or the grazing angle low enough in such a way that the shadowed
points and the shadowing points become separated by several correlation lengths,
they become decorrelated of one another. If we make use of this assumption,
great simplicity is achieved, and it provides us with a case in which to compared

“exact” numerical results.

We begin this chapter by neglecting the correlation between the shadowed
points and shadowing points. We also neglect the correlation between the
shadowing points. It is important to note that although we refer to this
assumption as the “no correlation” assumption, we are not assuming the surface
has no correlation (i.e. a delta function correlation); rather, we are assuming that
the shadowing points and the shadowed point are so far away from each other
that they become uncorrelated (likewise, as the shadowing points become
separated they become uncorrelated). We further assume that any contribution
to shadowing when these points are close together is negligible. Thus, we are
using the no correlation assumption where it is clearly not valid in the hope that
this portion of the integrals does not contribute much to the overall shadowing

function.

5.2 Calculation of the W,,’s

In the previous chapter the incident shadowing function was expressed in
terms of the integral of the first passage in time density function. This unknown
density function was further expressed as an infinite series of integrals whose

integrands could be expressed in terms of known functions.
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To restate the problem mathematically, we found in Chapter 4 that

P(; IChop) =1 = [ dCos {jg[su t [Cosps Chep)] dt}p(cosp), (5.1)

0
where
IR 00
J g[S(t), t |Cospa d)sp)] dt = Jdt W, (t Kosp: C:)sp)
0 0
oo t
— JdtJdtl W,(t, t, |Cosps C:)sp)
0o 0
oo t
+ J’dtJdtljdtz Wi(t, ty,t, ICospi Casp)
0 o ty
_— (5.2)
and

i=1

Wa(ts, tares tn [Conps Chup) = | 4G4 [dh .. [dch T (¢i-0)
T Mo o
* p(S(tl), C{a S(tz)a C;, R S(tn)a Gl Kosp’ G)sp)‘ (5'3)

To reiterate the physical meaning of each of these terms, we have that P(f; |C£,Sp)
is the probability that a point on the surface will be illuminated by a ray, F,—,
given that the point has a specular slope (oep; 8[S(t), t [{osp: C(’,sp)] dt is the
probability that the surface will cross the ray, k; (with equation S(t)=Cosp+not),
from below and that no crossing has occurred prior, given the specular slope and

height at the origin. We saw that the probability of a point being shadowed was
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simply the total area under this first passage density, where we then averaged
over the specular heights on the surface (5.1). This unknown density, we found,
could be formulated in terms of an infinite series of integrals (5.2) with known
integrands (meaning they are integrals of known functions) (5.3). These
integrands, written as Wp(t;, t3, ..., tn [osps Cosp)> are the probability densities of

having upcrossings at t;, t,,..., t given (o5 and C{,sp_

At this point we must now specify the problem in more detail to obtain

results. We assume the following:

e Gaussian statistics for the heights and slopes (each with zero mean).
e Gaussian height correlation for the surface.

e variances of height and slopes are known.

From Chapter 2, we assumed that the random process is both stationary and
isotropic. Thus, the shadowing function is independent of the direction in which
the source illuminated the surface. The stationarity assumption allows us to
obtain a result which is independent of location on the surface. Both of these

assumptions simplify matters considerably.

The justification for using Gaussian statistics is that many physical
processes can be approximated by this process, particularly when the central limit
theorem can be used. For example, under certain conditions, the ocean may be
approximated by a Gaussian process [Longuet-Higgins, 1956]. The correlation

function is assumed to be Gaussian in order to facilitate comparison with other
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results on shadowing theory, particularly Wagner’s [Wagner’s, 1967]. The actual
correlation function for many realistic surfaces, such as the ocean, is Gaussian
only about the origin, but this limitation does not defeat our approach since one
could substitute any correlation function in place of the Gaussian and proceed in a

similar manner, with a few additional constraints.

We begin by attempting to compute W,(t |(osps (osp) in (5.3) where we have
set t; = t in anticipation of (5.2). We will first make the aforementioned
approximation that the height and slope at the shadowing point (at a distance t)
and the height and slope at the shadowed point (t=0) are uncorrelated. We
expect that this approximation will be valid when the two points are sufficiently
far away, in terms of correlation lengths, and will breakdown when the two points
come closer together. In terms of rough surface scattering, this appears to happen
when the specular points are low relative to the mean of the heights on the surface

[Hardin, 1972].

5.3 Calculation of W(t [(osps (:,sp) Assuming No Correlation Between the
Shadowing Point and the Shadowed Point.

As a first order approximation to g[S(t), t |[Cosp Cospls We compute the first
term W(t |{osp, Cf,sp). We know that W, will become a better approximation to
g[S(t), t |Cosps Cosp) for the case in which multiple crossings are minimized. As
previously mentioned, there is much less probability of having multiple crossings

for higher grazing angles, thus reducing the affect of the higher order terms in
(5.2).
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In order to obtain closed form solutions for W,, and hence obtain a first
approximation to g[S(t), t |Cosps C'Osp], we further assume no correlation between
the height and slope ({osp, Casp) at the origin (shadowed point) and the height and
slope ({(t), ¢'(t)) at t (shadowing point). We then have from (5.3) that

oo

W, (t |Cosps (gsp) = J d¢' (¢'(t) - mo) P(S(t), {'(t) ICosp’ asp)a (54)

Mo

where t; was set equal to t and S(t) = (osp +7ot- Since the heights and slopes at t
and at the origin are assumed to be uncorrelated (and hence statistically
independent, since the density function is Gaussian), we can break the density

function up such that

p(5(t), C’(t) ICosp’a)sp) = p(S(t), C’(t)) (5.5)

Further simplification results by considering the Gaussian autocorrelation function

2

R(r) = o} c:r,p{— 11'7}, (5.6)
where o? is the variance of the heights, ! is the correlation length (defined to be

the 1/e point of the autocorrelation function), and 7 is the horizontal distance

between two points on the surface. We can see that because

R(r) = E[{(t+7)C(t)],

where E[-] is the expected value operator, R(0) = E[¢?(t)] = 0. We also know
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2
that the variance for the slopes is defined to be o2 = E[Cf)sp] where

2 R" 2
o2 = E[¢hsp] = - d(TT)L—o = 2.%, (5.7)

202
1= 110—31, (5.8)

where we have expressed the correlation length in terms of the height and slope

thus we have

second moments. The joint expected value for a height and a slope at a particular
point is zero, which implies that they are uncorrelated. This is due to the fact

that the correlation function has zero slope at the origin, i.e.

B@C] = -2 = 250t enf 1]

T=0

=0. (5.9)

T=0

We can use this fact to further break up the density function in (5.5) (since
decorrelation implies statistical independence for Gaussian random variables)

such that

p(S(t), ¢'(t))=p(S(t)) p({'(t)). (5.10)

Since S(t) is independent of slope, we can bring p(S(t)) outside the integral in
(5.4). Substituting (5.10) and (5.5) into (5.4) we get

o0

W, (t Kospv C:)sp) = P(S(t))J dC’ (C’(t) - o) P((:'(t))a (5.11)

Mo
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where

ezp{ _ [S(t)]"‘} |
20
p(5(t)) = e (5.12)

is the probability density function of the heights at t, S(t)=(osp+not, and

p{ _ [C’(t)]"'}
202
p({'(t)) = \/271_0_2 (5.13)

is the probability density function of the slope at t. To perform the integration in

(5.11), we can break the integrand into two parts, writing p(¢’(t)) explicitly, to

get
Wit ICospr Conp)= 220 {j a¢' ¢'(t) e:zp{ —[‘;(;3]2} -
703 | 1, 2
UOJ d¢’ czp{ 4G )]2}} (5.14)
o

If we make a change of variables in the first integral such that g =
I
15 £®)

2

Td(’ ¢'(t) emp{_%}= o2 Td B exp{ - B} = o2 ezp{ 2”02}. (5.15)

Mo

[¢'(t)12
202 and

d¢ we get

2
0

203

=

!
If in the second integral we let u = \C/% and du =
02

1 - d¢! we get

T2
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dp ezp{ -’}

[ af -0} - o

o

S—8

203

= V2L erpele)f252), (5.16)

\|

where we have used the following definition of the complementary error function

erfe(x) = % de ezp{ — y*}. (5.17)

Finally, we end up with

rp{ [Cosp + ﬂotlz}
P~ 20?2
W, (t lCospa Cgsp) = !

2mo,04

P Y oy T

= gV[S(t), t [Cosps Chepls (5.19)

where g!)[S(t), t |Cosps c;,sp] is a first order (no correlation) approximation to

g[S(t), t Kosp, Ci)sp]'

A first order (no correlation) approximation to the shadowing function P(l?,-

ICospa Casp) is given as

oo

P(l)(Ei ICosps C:)sp) =1- J g(l) [S(t)a t |Cosp’ C(I)sp)] dt. (5'20)
0
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Integrating over the heights (see 5.1), we get

oo

PO, [Chep) = | dCasp POXK; [Copr Chop) P(Cosp)y  (5:21)
o0
2
o -3
where p({osp) = ——— 17 is the pdf of the specular heights at the origin.
\/2mol

Since we wish to generalize the problem as much as possible, we perform the
final integration in (5.2) over t from 0 to 7, and then let 7—oo. This facilitates

comparison with Hardin [Hardin, 1972]. Carrying out the appropriate integration

of W, in (5.2) using (5.18), we find

ol ew{—%} i/ @ erfc (Wo/\/éa—g)}

2ro,0,

'[ dt W,(t |Cosp’C(,)sp) = {
0

* %‘/g{erfC(Cosp/\ﬂ?l) - crfc((Cosp+1707')/\/271)}. (5.22)

Now taking the limit as 7—co and using the fact that erfc(({osp +107)/v201) —

erfc(oo) = 0 as 7 —oo (g > 0), we arrive at

2 o
ot el - 2l —nu 15 rfe (o2}
2

2V 2moyn,

J dt W,(t lCosp’C:)sp) = {
0

* erfe( Cosp/ v20,)
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Lz we get

Substituting v =
203

J dt Wy (t [CospiChep) = K—}—E;{ezp{ A} = /v erfolv)} erfe(Cosp/v/21)-  (5.23)
0

In summary, we have approximated g[S(t), t [Cosps Cosp)] bY Wi(t |Cosps (:)sp) =
gV[S(t), t |Cosp Cosp)] after truncating the infinite series after the first term and
we have assumed no correlation between the shadowing point and the shadowed

point. Therefore,

P(K; [Cosps Coop) = 1= [ 8IS(t), t Casps Chsp)] dt

0

~ 1= [ gV [S(t), t] Coopr Chop)]

0

=1 [ dt Wyt [ConpiChep) (5:24)
0

or

PO, Conps Gosp) = 1 = gy eopl =12} = /v erfelw)} erfelompl v/290),
(5.25)

where the second term on the right-hand side is like Wagner’s result [Wagner,

1967] in the exponential (eq. 17 of [Wagner, 1967]). We can see here that
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eon{ ~ = eapl - ) = VA enfe)} enfelConp! 2|

~1- ﬁ{exp{ - — Vv e’"fc(V)} f3""fc(¢osp/\/ﬂl)

1 2 . .
when 1 ﬁy{ezp{ Y erfc(u)} erfc(Cosp/v/201) is small or when v is large.
This implies that our results should agree when the shadowing is weak, i.e. when

7o, the slope of the incoming ray, is large or o, is small.

Before we proceed to calculate higher order terms in the series, we shall
finish the derivation by calculating the actual shadowing function that will go into

our analysis, namely PO)(k; |Cosp)- To do this we substitute (5.25) into (5.21) to

get
Pk, [Chsp) = 1 —-ﬁ;‘;{ezp{ v} —/rv erfc(u)}, (5.26)
with v = % and 7, >0. This is a first order approximation to the shadowing
03
function.

We note that for small 7, (low grazing angles) or large o, the probability of
a point on the surface being shadowed appears to become large and greater than 1.
This is to be expected for the following reasons. It is understood by the very
nature of how g[S(t), t| (osp: Cgsp)]' is computed, that the terms

o0 00
Jdt Wit |Cosp’ C:)sp)a Jdt dt; Wy(t, t, Kospy d)sp)v .. . etc.
0 0

Oty
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can become greater than one. We can see this most clearly by examining the
integral of W,(t [Cosps Cosp)- The sum of probabilities which make up this integral
are not the probabilities of mutually exclusive events. One can have an
upcrossing occur in more than one location within the interval (0,7). We can see
that as the grazing angle becomes small (or the variance of the slopes becomes
large) we increase the probability of those events which have more than one
upcrossing occurring. But these are precisely the events which are counted more
than once in the integral. Hence, there is no reason to expect that their sum is
less than one. So, the individual terms in the series should only be viewed as
approximations to the actual probabilities desired. Clearly, one cannot have
probabilities greater than one, however, we must keep in mind that we are
effectively approximating a density function, whose integral is less than one, by a
series of functions whose integrals can be greater than one. We can see that under
certain conditions, the functions which correct the first term in the series will
have a minimal effect, such as at large grazing angles. Of course, as we move
down in grazing angle, more and more terms in the series must be kept in order to

get a good approximation to the actual shadowing function.

We will now proceed to calculate the second term in the series under the
same assumption of no correlation between the shadowing points and the
shadowed point. Here we neglect, not only the correlation between the shadowed
point and each of the shadowing points, but also the correlation between the
shadowing points as well. The idea is again to use the property of Gaussian
random variables, i.e. that decorrelation implies statistical independence, to

simplify matters in (5.3).
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5.4 Calculation of Wy(t, t; |(osp, (hsp) Assuming No Correlation Between the
Shadowed Point and the Shadowing Points.

If we consider the next term in the integral series, in anticipation that this

will correct the first approximation, we have from (5.3)

Walt, t [Cosps Chop) = [ €} [ dC" (¢'(t2) = m0) (C'(8) = m0)
o "o

* P(Cosp‘*"’)otl, ¢'(t1), Cosp + Mot ¢'(t) |Cospv :)sp)' (5.27)

Assuming that the points at (Cosps Cc';osp)a (Cosp'*"lotla C,(tl))’ and (Cosp‘*’"ot, C'(t))

are uncorrelated, we have

o0

W2(t1 t"1 |Cosp» d)sp) =I ng p(Cosp"’ﬂOtla C’(tl))(cl(tl) _”0)
Mo

« [ ¢ plCasp+net, )W) - o). (5.28)
Mo

Since the height and slope at a given point are uncorrelated, from (5.9) and (5.10)

we have

P(Cosp +not1, ('(41)) = P(Cosp +70t1) P(C' (1)), (5.29a)
P(Cosp + 70t C,(t)) = P(Cosp + ﬂot)P(C’(t))' (5.29b)

This simplifies W, to
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0

Walt, t1 [CospsCosp) = P(Cosp +Tot1) J d¢h (¢'(t1) = mo)p(¢'(t1))
o ,

 B(Casp+10t) [ €' (¢'() = m)P(C'(H))- (5.30)
o

Each of these integrals are in the same form as W,(t |{osp, Cosp) (5-11). Therefore,

we have, using (5.18),

COS t2 COS + t 2
ea:p{-[ 1)2:';]0]} emp{—[ pQJgo 1]}

(270,0,)°

Wo(t, ty Kosp’ C:)sp) =

{a tp{--2”7} o[22 erfc(no/\/@)}. (5.31)

We now proceed to calculate the second order approximation to the first
passage in time density function and consequently the second order approximation
to the overall shadowing function. We will start to notice a pattern in the terrﬁs
of the series in (5.2). In the sections to follow, we sum the series, after convincing
ourselves that a pattern, in fact, does exist, indicated by the third order term

containing Wj.

Calculating the first of the double integrals in (5.2) (which integrate W,) we

obtain
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t € P{ 20.2
[dtl Wo(t, t lCospv Cgsp) = :
0

8

t

where the integral is

t 2
- + 7ot
J'dtl ez [Cosp Moty

0

_ [Cosp + ﬂotlz}

(2m040,)°

2 wo 2
ot cnf - B} 1o [ et a5
2

*Idtl emp{ -[C"SPTJ;Z"t‘]_?} (5.32)

0

T TEL o Gl VI - erflComp 1)/ V)

using (5.22). We are then left with

t
Jdtl W,(t, t, ICospv Cc{)sp) =
0

where g® [S(t), t |Cosps

1
osp

P{ [Cosp + "70t]2}
eTpy — ————
203

(27""’1‘72)2

\ 2
* {ag ezp{—-é%%} — 1o \/@ C"fc(ﬂo/\/ﬁ)} .

2

B erfelCaspl v/257) - erfel(Cosp +Tot)/v/207) }
() [S(t), t ICosp, C:)sp)]’ (5.33)

)] is the second order approximation to g[S(t), t |Cosp

C:,Sp)]. To obtain the probability of a point on the surface being shadowed we

must perform another integration over the t variable (see 5.2). We obtain:
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T t
Jdt-[dtl Wo( t, t, |<osp= C'osp) =
0 0

* (27"7110_2)2 {a% emp{—%} /[ \/2 erfe( 7]0/\/27)}
« 7t B erfelCosp/ /20D /5 {enfe(Coup/ \/203) — enfel(Cosp+107)/1/20D)} +

‘/anT‘ YT {enfe(Cosp + 107)/y/25%) = e1fCospl 2T} (5.34)

If we now take the limit as 7—o0 and obtain

oo t
JdtJdtl W,(t, t, lCospa (asp) =
0 0
0'3 . 1)(2, /7I’0’22 2 :
167> {02 mp{ _27%} Ty ek (%/\/2_02)}

* erfc2(Cosp/ \/ZT%) (5.35)

If we now let v = —2— as before we get
V203

t

Oodt dty; Wy(t, t1 [Cosps Cosp) = 2 ezpl —v — Vv erfe(v) 2
1 v o) =3 (a5) | }
* er Cz((osp/\/Q?l)' (5.36)

(o]
But this is exactly Jdt Wi(t [Cosp Cosp) Squared over 2 (see 5.23).
0

Performing a final integration over the heights yields
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g—8

oo t
dCasp [ dt [dts Wilt, tr [Cosps Chep) P(Cosp) =
0 0

% ( 41%)2{ ezpl — 2} — /mv erfc(u)}z, (5.37)

so that, thus far, we have:

8

J g[S(t), t |Cosp, C:)sp)] dt =~ . g(l)[s(t)’ t |Cosp, (:)sp)] dt +
0

g o

[ £[S(t), t [Cosps Chep)] dt

o

0
0
F dt Wl(t Kospv C:)sp)
0
0

o t
— [t dts Wlt, by Caspy Chap), (5.39)
0 0

and so

[ S0, t Icosp: Coop] dt » T eapl —12} = v enfe)} enfelCosp/ v25)
0

L S ) gy )
(5.39)

We also have, from (5.1), that
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k ICosp)N 1- T{ezp 2}— \/7-1'1/ erfc(u)} +
%(T){CZP{ v — /v erfc(u)} (5.40)

(e, ¢}
At this point one might wonder whether the form for J g[S(t), t |Cosps Cosp)] dt
0

might continue in a Taylor series such that

J g[S(t), t [Cosps osp)] dt = )2(—|2 +‘§_!3 —) (5.41)
0
where X = i \/_ {ezp —/mv erfc(u)} erfc(Cosp//20,). We try to convince

ourselves of this by computing yet another term in the series.

5.5 Calculation of Wj(t, t;, t3 |(ogp, (:,sp) Assuming No Correlation Between the
Shadowed Point and the Shadowing Points.

We proceed in the same manner as before starting with
o0 o0 oo
Walt, b, ta [Caspy Chap) = [ € [ dt [ dCh (€'8) o) (¢'(t0) = mo)(¢'(82) ~ o)
o o Mo

* P(Cosp+770ta Cl(t)a Cosp+770tls C’(tl)v Cosp""]otz, C'(tz) |Cosps C:Jsp)-
(5.42)

Assuming the points (Cosp’ C:)sp)y (Cosp'*"]ota C'(t))’ (Cosp+7lot1, C’(tl)), and
(Cosp +Mota, C'(tz)) are uncorrelated, and setting S(t) = C(osp+7m0ot, S(t;) =

Cosp + Mot1, and S(t;) = (osp + Not2, Where t3— t for (5.2), we have
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p(S(t), Cl(t)’ S(tl)a Cl(t1)$ S(t2)a C’(tZ) |<ospaa)sp)=
p(S(t), ¢'(t)) P(S(t1), C'(t1)) P(S(t2),C(t2))-

Using (5.9) and (5.10) we further simplify matters such that

p(S(t), ¢'(t)) P(S(t1), ¢'(t1)) P(S(t2),((ts))=

P(S(£))p(¢"())P(S(t1))P(C'(t1))P(S(t2))P(C'(£2))-

So, W3 now becomes, substituting (5.44) and (5.43) into (5.42)

o0

Wi(t, t4, t, [Cosp7 a)sp) = p(S(t)) J'dC ((l(t) — 7o) P(C'(t))
7o

x

< p(S(82)) [ A€ (¢'(t1) - m0)p(Ch(t1))
Mo

o0

* B(S(t)) | 5 (¢'(82) = n0) B(C'E)).

Mo

(5.43)

(5.44)

(5.45)

Each of the integrals are in the same form as W, (5.11). Therefore, we have,

using (5.18)

Wj(t, ty, t lCosp, d)sp) =

e:z:p{ _ [Cosp + Wot]z} o [Cosp + not1]2} ez — [Cosp + ”Ot2]2

2 2 2
201 20} 207

(270,0,)®
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We proceed next to calculate the third order approximation of the first
passage density and also the third order term to the shadowing function. This
will give us a clear pattern, concerning the behavior of the first passage density

under the no correlation assumption.

We define

t ot
g(a)[s(t)’ t ICospv C:)sp)] = Jdtljdt2 W3(t’ tla tz Kospv C:)sp) (5'47)

from (5.2) and perform the inner integral to find that

) ta]?
. ez : _[Cosp2 :2770 ] } er _[C_Ospz':ZO 1] }
Jdtz Ws(t, 1, t2 [Cosps Cosp) = 1 (27010,)° 1
tl 1¥2

* {ag ezp{ -2777‘?%} — o @ erfc(no/‘/zTg)}
e V5 {erfel(Cosp+m0t1)/ /267 1 - enfel(Cosp +mot)/ /208 1}

(5.48)
We then have
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t t _ [Cosp + not]2}
202

Jd Idtz Wi(t, t1, t2 |Cosps OSP) = (2woy0 1)3

1l 192

3
* {03 e:cp{ —51-7:.—2} — o \/E erfc(no/\/ZT",)}
t 2
o 7{ | dtlezp{ _“—P;,—"t—]} erfel(Cosp + ot )/ y/20% ] -

0

t 2
erfe[(Cosp + not)/\/ZTf ] .[dtl ezp{ _M }}
0

p
207

Both of these integrals are known, and are:

t - 2
Jdtl ezp{ ”%} erfc[(Cosp"' notl)/\/ZT%] =
0

_01V2m
o 4

{erfcz((Cosp+not)/\/70—1) - erfcz(Cosp/\/E)}

and

dtl p{ [Cosp2 :lnotll } %\/g{CTfC(Cosp/\/Q?l) - erfe((Cosp +10t)/v/207) } -

So finally, we have
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t

t
gVIS(E), ¢ ICosps Coop)] = [ dta [ty W(t, ta, b [Cospy Chep)
0 t

1

P{ [Cosp+not]2}
eTP) —— o5 —
201 0’1 \/z
2

(2wo,0 2)3 o
2 712 oY °
fotenf - ) B i)
2

* {‘;;3 fw{"fcz((Coswnot)/\/z?l) _

erfc(Cospl v/25)} ) = erfel(Cosp+1ot)/y/201]

B oGl VD) = rfel(Compt 10/ VB
(5.49)

T
Performing the final integral Jdt g®[S(t), t |osp> Cosp)] we end up with
0
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J dt g(a)[s(t)’ t lCosp Cosp)] (27,-01—0-)3 %_; \/?2‘._-
! . 1¥2

2 3
* {a’% ezp{ —%} — Mo V% CTfC(TIo/\/—ZE)}

L7 R L erfe(Cosp+ 107/ VIFR) = er(Cospl VI

{ o1V 2T
*1 " 7o 4

0

JIQ

1
3

3

= et/ (Cosp/ V2T) Th B eIl Cosp/ VET) = erfel (Gosp+ 107/ V/ED)} ) -

Z—;Jg{erfc(fosp/m)( 01\/2—7;{erfc ((Cosp +m07)//20,) - erfcz((osp/\/Q_)})
+3 nﬂf{erfc Cosp+’707')/\/2_) - erfc (Cosp/\/ﬁ)}}} (5.50)

Taking the limit as 7—oco we have

[ at €90)  Konp Cal) = { eo{ - L] 32 /3 erfc(,,o/\/az)}

0

(2;3,0)3\/; 15 €rfc*(Cosp/ v/201)- (5.51)

Now, letting v = To_ we get
\/ 203

[ e £1(8), ¢ Koaps Copll = 1 (g3 ) (el =12} = v/ enfets)}

0

* erfc® (Cosp/ \/271) (5.52)
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o0
But this is just J'dt Wi(t [Cospr Cosp) cubed divided by 3 ! (see 5.23).

This gives us, soofar,
® X2 3
[ €l5(t), tl Conps Chpll dt =X - X£ + X2 — HOLT, (5.53)
0
where X = Wl—ﬁz{ezp{ -2} - /7 erfc(u)} erfe(Cosp/ V201)-
Assuming the series continues is this form, we’ll have
T 2 3 y4
[ €I5(6), t ICosp Chepl) dt =X - Xr + X2-X2 (5.54)
0
Using the Taylor series expansion for the exponential

2 3 4
ezp{ - X} =1 —X+%—%+% —

gives us
—exp{-X} = -1 +X—)2(—!2 +—)%J: —%ﬁ +.. .
and so
1 - ezp{—X}:X—)g—!2 +)§—?-—-‘%§ +...,
hence
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I g[S(t), tl Cosp C:)sp)] dt =1 - ezp{ - X}
0

=1~ empf — = {eal ~ 1%} = Vv erfolv)} erfeCospl VER) |
(5.55)

Thus, the shadowing function, conditional on the specular height and slope,

appears to equal

P(k; [CospiChep) = 1 — | &IS(£), t [Cosps Chep)] dt

o—8

= con{ ~ qpmcarl — 12} = Vv erfe)} erfelConpl v/257) |
(5.56)

We recognize this to be eq. (17) of Wagner [Wagner, 1967]. Wagner arrives
at the same answer by making two assumptions. The first is that the probability
that the surface crosses the ray in dr given that it does not cross prior to t=7 may
be approximated by the probability that the surface crosses the ray in dr (both
probabilities are also conditioned on the height and slope of the specular point at
t=0). In order words, as his first assumption, the conditional first passage of time
density function may be approximated by our W, (with correlation included). His

second assumption is to neglect correlation in W,, as we have done.

Thus, we conclude that the neglect of correlation between all shadowing

points and between the shadowing points and the shadowed point is equivalent to
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Wagner’s assumptions stated above. We note here that the function is

independent of the specular slope, which is an apparent result of the no correlation

assumption.

In the same manner as Wagner, we can compute the shadowing function

conditional only on the specular slope, by integrating over the heights. Using

jo o]

P(K; ICoop) = | € P(Ki: ICosps Coop) P(Cosp)y

/ C?)sp}
ezp{_ ;
(Cosp) = '_—z:_l

2moq

where p , we get

o0

P(Ei ldasp) = ﬁ J dCosp
2
* ca:p{ - %ﬁ{ezp{ -2 — /A erfc(u)} erfe(Cosp/ v201) } ez”{ osp}

202

Using Wagner’s notation, we let B = m{ ezp{ Y - VT erfc(u)} SO

P(Ei Icasp) \/27J' dCosp ea:p{ B erfc Cosp/\/g_)} ea:p{ Cosp}

2
Letting & = B erfe((osp/v/20;) and dk/d(os, = - B, /U—gﬂ_ ezp{ —é‘jg}, we get
1 1
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2B
P(k; |Cosp) = %J dk ezp( — K)= %[1 - exp{ - 2B}, (5.57)
0

— 1 21 : ’ :
where B = m{ezp{ ~v¥ - /av erfc(u)}, following Wagner’s notation.

We notice that the shadowing function is independent of surface height as
well as specular slope. We expect that the independence of height is due to the
high frequency assumption and the independence of specular slope due to the no

correlation assumption.

A plot of this function (5.57), which is the same as Wagner’s uncorrelated
shadowing function [Wagner, 1967], is given in Figure 14 for incident angles
varying from 0 to 90 degrees with o3 (S2)= 0.05, 0.1, 0.3, 0.5 and 2.0. We can see
that for a given angle of incidence, as the variance of the slopes increase, the
shadowing increases and the shadowing function (which is a probability of
illumination) decreases. Also, as we expected, for a given o3, as the incident angle
goes to 90 degrees the shadowing function also goes to zero; and as the incident

angle goes to 0 degrees (illumination from directly overhead) the shadowing

function goes to 1.

Before we proceed to investigate the affects of the no correlation
assumption, we would like to compute the normalized radar cross section (NRCS)
(2.45) derived in Chapter 2. We will consider the case in which the electric field
is perpendicular to the plane of incidence (defined by the Z and Z axis), were the

incident ray, E,-, has no component in the ¥ direction.
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This case, called TE for transverse electric, turns out to produce the same result
as when the magnetic field is perpendicular to the plane of incidence (TM)

because we are dealing with backscatter.

Restated for convenience, the radar cross section from Chapter 2 is

~ o~ - ~ 32 ~
o = F{ExExN(-gf, ~g)xho} p(-g, ~gIPE:| -, ~ D)

93’ Qg3 qs
(5.58)

for k=-k; (backscatter) and for TE polarization

hy = —cos(8,)F +sin(6;)z. (5.59)
From (2.27) we find

ql = 2 Sin(ot), (5-608‘)

q =0, (5.60b)

qs = 2 cos(8;). (5.60c)
Using (5.60), we find

N(-g, - @) = tan(8)z + 2 (5.61)
and since k; = —sin(6,)Z - cos(8,)z and k= -k, we find
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[ExExN(-&, -3)x %} = [sin(6)) tan(6;) + cos(6)] (5.62)

and

) 5

4 % -
ezp 202

p("qsa q3)_21r_0_g

Substituting (5.59)-(5.63) into (5.58) we find

o = #(9.‘) [sin(6,) tan(6;) + cos(8;)[P(k;| -, -%)

L ez (%)2. (5.64)

2r0? “P| T 202

*

A plot of (5.64) vs incident angle, with and without the above shadowing function
is given in Figure 15-19. We note three major points about these graphs. The
first is that as the variance of the slopes increase the peak radar cross section
shifts away from 0° incidence. This is apparently due to the fact that the
Kirchhoff approximation is breaking down as the slopes become large, since we
expect the greatest return to always be at normal incidence. We also notice that
the plots are symmetric about 0° since the radar cross section and shadowing are
the same regardless of which direction the source illuminates the surface (isotropic

assumption).
The second major point is that when shadowing is included we see a

reduction in the radar cross section for slopes with a variance, o3 (52), equal to

0.5 and greater.
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Notice the shadowing begins to take affect around an incident angle of 40°. As the
variance of slope increases to 2.0, we see a profound difference between the two
results (Figure 19). The radar cross section suffers a drop of approximately 36%
at its highest point. However, it is doubtful that shadow- corrected Kirchhoff

theory is valid for these large slopes due to multiple scattering effects.

The third point to notice is that as the slope variance increases from 0.05 to 2.0
the peak level of the radar cross section decreases and then increases. As
shadowing is introduced this effect diminishes but is still apparent. We see from
Figure 19 that even when the variance of the slopes is 2.0 (a very rough surface),
the peak of the radar cross section without shadowing is still 2.76, a relatively
large increase from 1.47 at a variance of slope equal to 0.5. However, for the
shadow-corrected Kirchhoff result, the peak NRCS increases from 1.45 to only
1.76, a improvement of about 2 dB for 02=2.0. Thus, we are apparently noticing
the breakdown of the Kirchhoff approximation as correlation length of the surface

becomes smaller.
As the incident angle becomes close to 90° the discrepancy between the

radar cross section with and without shadowing becomes pronounced. This is

shown in Figure 20.
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For incident angles greater than 70° and a variance of the slopes greater than 0.5,

the percent difference, defined to be

RCS w/o Shadowing - RCS w/Shadowing 100

% Diff = RCS w/Shadowing

(5.65)

approaches 100% very rapidly, and the inclusion of shadowing affects becomes
mandatory. We see a dramatic increase in the percent (%) difference as the
incident angle further increases. One can easily see that since the NRCS with
shadowing equals the RCS without shadowing multiplied by the shadowing

function S5(4;) that the

. 1-S(6;
% Diff = Tﬁ()_) x 100, (5.66)

as 5(6;)—0, approaches infinity.

We now wish to investigate further the assumption of no correlation
between points which intersect the mathematical ray impinging on the surface.
We will proceed analytically as far as possible, but we find that the terms become
too complicated when correlation is included to obtain closed form results and we
are forced to resort to numerical integration techniques to carry through to a

result.
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6.0 NUMERICAL RESULTS

6.1 Introduction

Calculation of the shadowing function in Chapter 5 was simplified
considerably by neglecting correlation between the shadowing points and the
shadowed point. The physical meaning of the assumptions made by Wagner
[Wagner, 1967] in developing his shadowing functions have been interpreted by
calculating the infinite series (5.2) in this limit. However, inclusion of correlation
in our analysis and its effect remains to be completed. In an attempt to resolve
this matter we now proceed to determine the shadowing function, with the
inclusion of correlation, by numerical integration of the first three terms in (5.2)
and compare these results to those obtained in Chapter 5 (which correspond to
Wagner’s shadowing function in which correlation was neglected), and also to
Wagner’s correlated shadowing function [Wagner, 1967] and Smith’s work [Smith,
1967b].
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An alternative to calculating the integrals numerically is to expand the
autocorrelation function in a Taylor series around those points in which
correlation becomes important, such as near the shadowed point. Along these
lines, an analysis was performed by Wagner [Wagner, 1967] for a one dimensional
integral related to the shadowing function. In that paper, Wagner was forced to
compute the Taylor series out to the seventh term in order to get a leading order
result for this integral. This was due to cancellation of terms in the determinant
of the covariance matrix located in the kernel. Our case is much more
complicated than that of Wagner’s due to the multi-dimensional integration
procedure and the order of the covariance matrix in the third term in the series
(5.2) containing W;. Given the length of derivations necessary when Wagner’s
result was repeated by us, we have decided that this approach would not be

fruitful, and numerical techniques would be less error prone.

The solution to the first passage in time function has in only a few special
cases been found in closed form. Unfortunately, our problem does not fall into
any of these categories and we must calculate the first passage function and the
shadowing function numerically to obtain an exact result. We begin this chapter
by re-introducing the series in (5.2). Our approach is to carry through the
analysis analytically until we cannot proceed any further, at which point we will
use numerical integration in order to obtain a result. We proceed in a similar
manner as in Chapter 5; the first three terms in the series (5.2) are computed.
The first term provides us with a leading order approximation to the overall
shadowing function while the second and third terms provide us with a upper and
lower bound to the shadowing function, respectively, provided that the terms

decrease in magnitude. Each term in (5.2) was computed individually to the level
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of the shadowing function so that the effects of the higher order terms on

shadowing could be easily seen. The results were then summed according to (5.2).

6.2 Calculation of W;(t |[osp, (osp) With Correlation Between the Shadowing
Point and the Shadowed Point.

The first term in (5.2) will provide the lowest order approximation to the
first passage function and hence the shadowing function. We expect that this
approximation will provide a good result for gently sloping surfaces away from
grazing angles where multiple ray crossings by the surface have a low probability.
We wish to perform as many integrations analytically as possible prior to

numerical computation. We begin from (5.3) with

o0
Wit [Cosps Chap) = [ dC" (¢'(6) =70) P(S(), C'(4) ICaspy Chop)y  (6.1)
Mo
were we have let the equation of the incoming ray (oep + 7ot = S(t). In order to

isolate the variable of integration, ('(t), we use Baye’s theorem to write the

conditional probability density function in the integrand of (6.1) such that

P(S(t), C'(t), Cosp, C:)sp)
p(Cospv Casp) '

P(S(t), C’(t) lCosp’ Cz)sp) = (6.2)

From this point we can see more easily that

P(5(t), C’(t) ICospa C:Jsp) = P(Cl(t) S(t), Cosp’ C:)sp) p(S(t) |Cospv C:)sp)s (6.3)

where we have twice applied Baye’s theorem to the numerator of (6.2) and
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canceled p({osp, Cosp) in the denominator with the same term in the numerator.

Therefore, we have that

oo

W, (t Kospv C:)sp) = p(5(t) |<ospv Casp)JdC' (Cl(t) —'Io)P(C'(t) 1S(t), (ospa C:)sp)a
o
(6.4)

where p(5(t)| Cosps Cosp)> independent of ¢'(t), is brought outside the integral. To

perform this integration we break the integrand into two parts so that

(o9}

Wa(t [Cosps Chep)= P(S(1) [Cosps Chep) [ 4C” C'(IP(C'(H) IS(£), Caspy Chop)

o

(o¢]

=0 PS(t) [Cospy Chep) [ A" PIC(H) IS(4), Coups Chop)-  (6:5)

%o

For notational simplicity we note that

P(C'(t) IS(t), Cosps Cosp)=N(my, ki) (6.6)

and

P(S(t) ICospa Cc’.)sp)=N(m2’ k,), (6.7)

where N(m,, k,;) and N(m,, k,) signify Normal (Gaussian) random probability
density functions with conditional means m, and m,, and condition variances k;
and k,. We note that m,, m,, k,, and k, are all scalars and are equal to (see

Appendix A)
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m, = — 1 {S(t)(a 114P24 = 03p23P24) + Cosplpaa(oios — p3a) -

V)
o1p3s - oios + 03p5s

P14P23P24] +¢ ésp[p23p§4 — pra(ot - Pga)]} (6.8)
CospP2s  CospP
m, = OS;)% 23 + osa]-)g 24 (6.9)
k, = ol P24(°'102) P14P23P24 P14P23P34 + P14(01 — P33) (6.10)
o1p34 + (p3s — 01)o3 :
2
ky = ol Po _fas (6.11)
gy 02
where
t2
prs = EIS(t)osp] = ElGospS(8)] = R(®) = oF eap{ -1}, (6:122)
Pas = E[S(t)casp] =E[C:)sps(t)]= - E[Cl(t)gosp]= - E[Cospcl(t)] (6.12b)
= —%ﬁt) = tol ezp{—?—i},
and
. d*R(t o4 2
pia = Bl hep] = - T = (o3 -2 %) eapf - 5} (6.12¢)

Writing p({'(t) [S(t), Cosps Cosp) explicitly we have

D(C(8) IS(t), Cospr Chep) = rp{ (€t) - my )2} (6.13)
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Substituting this into the first integral in (6.5) we find

T r oAt / k, (o —m1)2 m Mo —1M,y
¢’ {'(t) p({'(t) IS(t)s Cospy Cosp) = {5y €2 ———}+——1 erfe :
Tf([ P P 2 2k, 2 ( V2 'k )
(6.14)

The second integral in (6.5) is easily evaluated by making a change of variables;

doing so we find

(o @)

' ' ' _1 o —14
UJ(; d¢’ p(¢'(t) [S(t), cosps Cosp) =35 erfc( V2 K ) (6.15) |

Combining these two results, we obtain

W, (t ICOSpa Cosp) = p(S(t) ICOSP’ COSP {\/_ czp{ 2_kI:11 }

m, Tlo —Imy 7o Mo — 14
T CT'fC (—:/—H-T)— T erfc (W)}, (6.16)
2
where D(S(t) [Cosp Cop) = e ezp{— (S_(t)zl‘(z—mﬂ)} is the PDF of the heights

at a distance t.

Finally, for completeness we now relate this function to the shadowing

function. Following (5.1), we have
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POE; | ¢hop) = 1 | dChop P(Chop) [ dt Walt [Cospy Chep)
0

= 1- | dCbop P(Cosp) [ 4t P(S(Y) ICosps Cosp)
00 0
*{ é{—vlr ez _(7)02—k1111)2}+

%l erfe (n:)/z—jrz_rlxl)_ ’7% erfe (’72/;(1111)}, (6.17)

where PU(E; | (osp) is a first order approximation to P(k; | Cosp).- Here we must
keep in mind that m, and k, are functions of the autocorrelation function, which

is a function of distance t and that m, is also a function of the slope ({,sp.

Following an unsuccessful effort to integrate this function analytically, we
were forced to resort to numerical teéhniques to obtain results. These results are
presented at the end of this chapter. We now continue in a similar manner on the

second term in (5.2).

6.3 Calculation of W,(t,, t; [esp, (osp) With Correlation Between the Shadowing
Point and the Shadowed Point.

The second term in (5.2) involves integration over W,, as defined in (5.3).
This is the first correction term to the first passage in time density function and
forms the lower bound for this function (since, for the cases we consider, the terms
in the series decrease in magnitude). Hence, it is also the first order correction
term to the shadowing function and forms its upper bound. Restated for

convenience, we have
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0

Wo(ts, t '(ospa Casp) = .[ dd J'dC!z (C’(t2)_7lo)(<’(tl)""70)
Mo Mo

* p(S(t2), {'(t2), S(t1), C'(t1) [Cosps Cosp)s (6.18)

where we have set S(t;) = (osp + otz and S(t;) = (osp + 7o t1 for simplicity. Thus,

the first correction term to the shadowing function, defined as C{!), becomes

o) o e] t
c) = J dCosp P(Cosp)Jdt Idtlwz(t, t Kospa C:)sp)’ (6.19)
— 00 0 0

where we have set t,=t.

We can see here that this term is actually a five-fold integration and we
must attempt to reduce the result analytically as much as possible before
attempting numerical solution. An additional integration in (6.18) and (6.19) can
be performed if the last integral, the integration over of heights, (qgp, is calculated

first; to do this we formally reverse the order of integration to give

c) = Tdt 'trdt]Tdd TdC’ ((’(t)‘ﬂo)(C'(tl)—ﬂo) T dCosp P(Cosp)
0 0 MM M -

* P(S(t)a (l(t)v S(tl)’ (i(tl) ICosp: a)sp)- (6'20)

From Baye’s theorem, we have

P(Cosp) p(S(t), C’(t)’ S(tl)a Cl(tl) |Cosp’ CIOSP) =

P(S(t1), S(t), Cosp 1¢'(t1), {'(t), Cosp) P(C'(E1), C'(E) Cosp)s (6.21)
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where we have used the fact that p({osp, Cosp) = P(Cosp) P(Cosp)- We end up with

oo t oo 00
C® = [de [dt [ dch [de’ (€'(6)=m0)(C'(t) =m0) PC'(t2), C'(1) IChop)
0 0 7 Mo
|| dCosp B(S(t), (&), Cosp I¢'(t2), ¢'(8), Coop)- (6:22)

We are now left with the task of computing the conditional means and conditional
covariance matrix for p(S(t;), S(ts), Cosp I¢"(t1), {'(t2), Cosp) 50 as to perform the

inner integral. We find that (see Appendix B)

P(S(t1), S(t), Cosp 1¢'(t1), C'(ba), Chap) = —5——— *
(27)? [det(c)]?

e:l:pJ —%{ (Cosp+7]ot1—1ﬁl) (Cosp""?ot"ﬁz) (Cosp—fﬁs) ] Cn € Cy3

(Cosp + Moty "'iﬁl)
(Cosp+7l0t:rﬁ2) . (6.23)
(Cosp — M)

where
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I
1
51» ..,9” §>>

Su=| EISt)S(t)] E[S*(t)]  ElCospS(t)]

E[S(t1)Cosp] ElCospS(t)]

2= | E[)C ()] E[L)C(E)]

E[Cospc’(tl)] E[Cospcl(t)]

6.0 NUMERICAL RESULTS

Au Au A13
= A2l Azz A23

¢(ty)
(t)
Ay Ay Ag | [0

E[S*(t.)]  E[S(t)S(t)] E[S(t:1)Cosp]

E[(Gep]

=

E[S(t,)¢"(t)]  E[S(t.)C"(+)]  E[S(t1)Cosp]

E{¢(t)osp]

E[¢ospCospl

=2

(6.24)

(6.25a)

(6.25b)

(6.25¢)
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E[¢"(t)]  E[C'(t)C'(®)]  E[C'(t:1)Cosp]

.I‘:’?»
Il

and

E['(t)'(t)]  EC"(®)]  E[('(t)Cosp] | (6.25d)

E{Cosp¢(t1)]  E{Cosp('(t)] E[¢Gep

We note that E[Clz(tl)] = E[Clz(t)] = E[G)Zsp = U%s E[Cospd)sp] = E[C:)spCosp] =
E[S(t,)¢'(t,)]= E[¢'(t,)S(t,)] = 0, and we define

gt = €y Cyy Co3 | (6.26)

After much algebraic manipulation we find

fo%e) t 00

cV = Jdt JdtlJ dc ijS (¢'(t) = mo)(¢"(t1) = m0) P(C'(t1), C'(t) IChop)

0 0 ™o o

* 3 L — 1 exp{—%{(notl—rﬁl)zEll+(not—n212)2522+x§§233+
(2m)? [det(c)]?

2(7oty — 0, ) (Mot — M) 1 — 2 Mg(noty — ;)€ 13— 2 Mg(7ot — 1, 23]}

*_T dCosp exP{ —% [acgsp + bCosp]} (6.27)

where

3 3
a= Z Z ¢ (6.28)
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and
b= 2{(’70t1 - ﬁ’:ll)(E 11+ € 12+€3) + (ot - Iﬁz)(z 21 +C22+Cg3) -
Bs(E 51+ T3+ T 50) ) (6.29)

Making a change of variables we find

(o 0]

J dCosp emp{ -1 [acgsp+bcosp]} =V e 8%} (6.30)

— o0

and so we have

00 t 00 00
c® = [at [dt, [ det [de’ (¢(6)=no)(¢(82) = m0) PC'(t2)s C(H) [Chep)
0 0 To 0

3 1 1
(2)? [det(2)]?

*

2 \2 ~ 2 \2 ~ 20
ea:p{—%— (moty —10,;)" €11+ (ot —M,)° T gy +m3 g3 +

2(moty — 8y )(7ot — )8 12 — 2 Mg(mgty — 8 )E 13— 2 Mgt — Hg)e 23]}
2 e -8’22} (6.31)
To further reduce this term we use Baye’s theorem and express
P(¢'(t1): €'(t) 1osp) = P(C'(t) [¢'(t1), Cosp) P(S'(t1)] Cosp)s (6.32)

where

6.0 NUMERICAL RESULTS 140



C,t _ 2
B(C'(8) €, Chep) = e eap L) (6.33)
is a Gaussian density, with mean
p= ﬁ [ - Rio3 - RYRY)+ Chep - RYRY - RYo3)] (6.34)

and variance

, GH-RE R —2R! B} R

k= o} R (6.35)
where

Rl = dilit(;l—) - - (ag_% ) etp{ -;_3} (6.362)

RY = (iiz(it(i;_;;_) = - (a%—j—% (t-1,)%) ea:p{ —(—t—l2t—1)2}, (6.36Db)
and RV = diﬁgt) = —(ag—g—% 2) ea:p{ -%} (6.36¢)
with [ = 2;‘;. Also,

g2

B¢t Chp) = A eap{ - LY (6.37)

where m = _2112 and d = 03 —%gi

After much algebraic manipulation we are able to reduce the integrals in (6.31) by
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one yielding

oo t o
e = [t [dt, [ dcy £ (k) ~ro)eap{a + BiC'(t) +erd™(tr)}
0

0 "

x ezp{fi}{ﬂlal ezp{ Ial 770+2a]2} {-2\/|ﬂa]a—\/7f;l}§
* erfc(\/m[no-i-% )}, (6.38)

where
f=-1 __IA I (6.39)
2 2
a= _g_k '8_1 —% "%{ € nln 8 —27)0t1A13<osp + A, Cosp

+¢ 22("5’52 - 2770tA23Cgsp + A3 osp) +€ 3343 Cosp} c lz(not t - 770t1A23<osp
- ﬂotAl:sCosp + Ay3Ax(e osp ™~ — 7ot Agg) + € 13A33(:>sp(770t1 - A13d)sp) +

¢ 23A33§£>sp('70t - AyC gsp) (6.40)
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C1=

= _Lala2 +3 —% E'11("2710131An"‘2Aui‘113a>sp) +

[ 22( =200t Agy +2A5,Ags( :)sp) +¢ 332A31A33<:)sp} — € 12( —not1 Az —

Mot Ay + AqusC:)sp + AlaAnCésp) +€ 13[Aa1(n0t1 — Alsd)sp)

— AzaAy1] +€ 23[Agi(not — AxsCosp) — AazAnCospl (6.41)
g‘% -2Ld —%'5 nAf - %'5 245 -%E 3343 —€ 12414y - € 1345141 -

€ yada1 Agy (6.42)
%‘\" gla( —2ay05 +20505((t1)) - %E (= 2ngt1 A1z +2411 415" (8) +

2A12A15Chsp) — 5 22 — 200t Az + 240 App((tr) +2A42A2Chep) —
32 53(2051 Aga('(t1) + 2As2 AgaClsp) — 0]~ 2Moty Agy Mot Ar +
Ag(Anl'(t:) + A1alosp) + Ar2(A2('(t1) + Agsosp)] +

€ 1a[Azz(moty — AnnC'(t1) — Ar3Cosp) — Ara(AziC(t1) + AssC’osp)] +

€ 23 A (0t = A21C"(t1) = A23Cosp) — A22(As1C'(t1) + AssCosp)] (6.43)
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ol A%Le A2 ALz ~ o
a= —2—1’5 +—§-— 122 o 222 2 _ 322 B T 1pA1An —C 134541 -
€ 334324 (6.44)

oy = 2 [noty (€1 +C1a+C13) +7M0t(C 21 +C 5 +Cp3)] -2 [Alsa)sp(zu +€12+Cp3)
+ AzaC:)sp(E 21+Ca2+Ca3) + Asad)sp(z s1+C3 +€ 33)] (6.45)

a; = 2[A}1(C1 +€ 3 +C3) +Ay(C o1 +C2+Cg3) +A3(Ca; +€35 +C33)]

(6.46)

s = 2[A}5(C11 +C13+C13) +Ag(C o +C 2 +Cg3) +A3(Ca1 +C3; +Cyas)]

(6.47)

This completes the derivation. Adding the first order correction term consistent

with (5.2) we get
PO, | Cosp) = PU(E: | Coup) +C, (6.48)
where PA)(k;, | Cosp) 18 a upper bound for the shadowing function.

We next proceed to calculate the third term in the series. This term
provides the upper bound for the first passage in time density function, and thus
gives us an lower bound on the shadowing function. In this case we are able to
reduce the dimensionality of the integrations from seven to five, which is about

the maximum number of numerical integrations possible on our 486 33MHz
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computer.

6.4 Calculation of Wj(ts, tz, t; [Cosps (osp) With Correlation Between the

Shadowing Point and the Shadowed Point.

The third term in the infinite series in (5.2) provides us with with a lower
bound for the shadowing function (since, for the cases we consider, the terms in
the series decrease in magnitude). It becomes important at this point to reduce
the dimensionality of the integration in order to be able to use a numerical
procedure such as Romberg integration. We are faced with a seven fold
integration at this point, due to the fact that two additional integrations are
needed for each additional term in the series. This third term is probably the last
term which can feasibly be calculated without resorting to more efficient special
purpose integration procedures such as Monte Carlo integration. We restate the

expression for W3 again here for convenience:

Walts, b tal Casp Chop) = | dCh [ [ G5 (Clts) =m0 )(C'(t2) =70 (' (1) =0 )
Mo 7o "o

* P(Cosp“"not:h Cl(ta), Cosp‘*"'?otz, C'(t2)a Cosp'l'notls C'(tl) I(ospa C:)sp) (6.49)

The second correction term to the shadowing function becomes, using (5.1),

o0

Cc? = J dCosp P(COSP Tdt J’
0 0

-0

t
dt, [ dty Wylt, ta,ta [Cosps Coap)y (6.50)
t

1

where we have set t;=t. If we bring the integration over the heights, (ogp, inside

the seven-fold integration as before we get
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cH = TdtjdtljdtZT ¢} T dC’zT d¢’ (C’(t) =To )(C'(tz)—ﬂo )(C,(tl) —17o )
0 0 Tlo o

t, Tlo
*J dCosp P(Cosp)P(Cosp'*‘ﬂota C'(t)’ Cosp""]otza C’(t2), (osp+’70t17C’(tI)ICospa Ci)Sp)‘

(6.51)

Using Baye’s theorem

P(Cosp) P(Cosp‘*"?ot, C’(t), (osp‘*"?otm (’(t2): Cosp""?otla C'(tl) |Cosp7 Casp)

can be written more conveniently as

P(C'(2):C"(£2),¢(8) [Cosp) P(S(£1),8(t2),S(8)Cosp 1€'(t1):C (82),C(8):Cosp)s  (6-52)

where we have let 5(t;) = Cosp + oty S(t2) = Cosp + Mot2, and S(t) = Cosp + ot to

simplify notation. (6.51) can now be written as

c? = Tdt.‘t[dtlidtzT d(} T dC’zT d¢s (¢"(t) =m0 )(¢'(t2) =10 )
0 0 t; "o Mo 7o

* (¢'(t1) = m0)P(C(81),¢"(62),C"(t)ICosp)

o0

* [ dCOSp p(S(tl),S(tg),S(t),Cosp |C'(t1),('('02),C'(t),€:>sp),

-0

(6.53)

where P(C'(tl),C'(tz),C'(t)ICSsp) and P(S(tl),s(tz)’s(t),Cosp |C’(t1),Cl(t2)7cl(t)7casp) are
conditional probability density functions of Gaussian random variables, and hence

are also Gaussian density functions. Performing the inner two integrals, similar to
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what was done if the previous section we find (see Appendix C)

Cc® = Tdtj'dtxjdtzT d¢} T d¢y (¢'(t2) —mo )
0 0 t; 7o Tlo

g
W N

« (C'(t,) = 7o 1 (t,),C'(8,)|Chs 1 2—7rrp{—~-—9-£2-}
(€)= PLp(C )~y VE e -2 -G+

B N REM I P I

where
_ 1 _R, F? _MmM3 p 9EF
7"[‘2‘? E?]wdﬂ‘ga 2 *78c (6.55)
[ 1 b
A - |1
E=[111 1|&h+ & . (6.57)
1]
=
" - |1
F=[111 1]'d+d%"! X (6.58)
1
P= [dTE b +bTE - d] (6.59)
R=dT¢'d (6.60)
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€11 €12 €13 C4
- ~ ~ o~ [P3 %22 %23 :524
¢ =g -Cufn'tn= - (6.61)
C31 C3z C33 C3y4
Cy4 Cyp Cy3 Cyy
Not1 — My
. otz — Mo
b+d('(t) = (6.62)
Nt —mg
_ 17;,4
my
5
o= |=E +Cnfn (E2-u), (6.63)
mg
My
¢'(ty)
)
Zo= , b (664)
¢'(t)
C(l)sp
ci R, R, R,
~ R, U? Ry Ry
Ell': » (665&)
2
R, R; o7 Rs
R, R; Rg ‘73
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0 R, R, _-R|
-R2 0 R, -R}

212 = , ; y (6.65b)
_R\-R.L 0 -R,
R, Ry Ry 0
En=25 (6.65¢)
o3 -R -R{ -R{
| -Ry 2 -RI-R!
€y = ) (6.65d)
-R{ -R{ o} -R{
-RY -RY -RY of |
- W_1
23 —R! _R!
s =[ _R! _R! _Rg] _R! o} -R! (6.66)
-R{ -RY o}
- . -
o -RI _R'| | -RY
¥,=ob+ | -RY-RY-RY||-RY @ -RY| |-RY| (66D)
-R{ -Rj o} R{
where
t2
R, = E[(osp S(t1)] = o} C‘W{ "l—%}a (6.68a)
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R, = E[S(t,) S(t,)]= 0'% exp{ —(—{;2;2_*’1)},

2

R; = E[Cosp S(ty)]= ‘7% ezp{ "%’},

R, = BiS() S(= of es - 50T

By = BiS(e) S)- o3 enrf -2
Rg = E[Cosp S(t)}= 0'3 exp{ —%}y

dR,(t t2

dRy(ty—t,) _
d(t,-t)

d Ryt t3
R} = ——dt 2 _ ty02 ezp{ —-I—%},

! dR‘l(t—tl) 2 t"—tl 2
R, = at=t) - - (t-ty)o3 ezP{-( Iz )},

R; = ~ (tz=t1)o3 expy -

(ta—tl)"’}
CLC1

)
m\
I

|~
=
w
~—~
[
—
Il
|
-
Q
[ N
1)
S
s
W
S——r’
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(6.68b)

(6.68¢)

(6.68d)

(6.68¢)

(6.68f)

(6.68¢g)

(6.68h)

(6.68i)

(6.68))

(6.68k)

(6.681)

(6.68m)

(6.68n)
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2 4 2
Rgl _ d’R(t,) - _ (a%—-a—% tg) czp{ _t_2}’ (6.680)

dt? o’ 2
e e (L —“;,”—} (6.68p)
Ry = SR (o1 2 o) e -, (6.689)
R! = % . (a%—%% £2) ezp{ _%} (6.68r)
and i, =%,=0
The shadowing function now becomes
PO (E; | Cosp) = PO (K | Cosp) + C —C. (6.69)

The second correction term provides us not only with an upper bound on the
exact shadowing function, but it also gives us an indication as to how accurate we
are with the second term. Since the W functions in (5.3) contain information
about the number of upcrossings a surface makes with a ray, we expect that the
(44+1)** term in (5.2) will decrease in magnitude from the i** term provided there
is a decrease from the (i—1)"* to the i** term. Thus, if the second correction term
is small, we expect that shadowing can adequately be accounted for by using the

first two terms in the infinite series.

6.5 Monte Carlo Simulations

Due to the complex nature of the multi-dimensional integrals it is necessary
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to provide a check against which our results can be verified. Perhaps the most
rigorous analysis of the shadowing problem was done by Wagner [Wagner, 1967] in
1967. As previously mentioned, Wagner’s conditional shadowing function, in
which correlation between the shadowing point and the shadowed point was
neglected, corresponds to our analytic result which neglected correlation between
all shadowing points and correlation between the those points and the shadowed
point. Wagner proceeds to eliminate the no correlation assumption by including
correlation between the shadowing point and the shadowed point. This was done
be expanding the autocorrelation function around the point 7 =15, for which
Wagner claimed q(t) (the first passage in time function) was maximized.
Unfortunately, Wagner is forced to expand the autocorrelation function to the
seventh term to get a leading order result. We feel that due to the complex
nature of the derivations and the subsequent approximations that need to be
made to carry through to a final result that a further check is warranted, and, as
we will show, justified. We proceed along the same lines as Brockelman and
Hagfors [Brockelman and Hagfors, 1966] and compute the shadowing function by
generating a random surface with Gaussian statistics and a Gaussian correlation
function. The ratio of illuminated specular points to the total number of specular
points was computed for various angles and surface conditions and compared with
our numerical integration of the series solution as well as with the work of Wagner

[Wagner, 1967] and Smith [Smith, 1967b].

A simple and useful method for generating a random surface is the moving
average technique [Ogilvy, 1991]. This method computes a sequence of random
numbers by a weighted sum of independent random variables. The weights are

chosen to produce the proper correlation function.
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Following the procedure outlined in Ogilvy [Ogilvy, 1991], and consistent
with our previous work, we produce a sequence of correlated Gaussian random

heights with a Gaussian correlation function. We thus have
(i) = WG Ui-j), i=1,2,3,.., (6.70)
J

where ((i) are the heights, W(j) are the weights (to be determined), and U(i— j)
are independent zero mean, o2 variance, Gaussian random variables. We

immediately see that

E[¢(i)] = 0 6.71)

and
Var[((i)] = o? z WA(3). (6.72)
J

2

We therefore normalize the weights by ZIWZ( 3 so that Var[((i)] = 0. If we
J
J

form the function

((GE+T) = Ek: W)Wk Ui — ) UG+ 7 — k)
J

and then take the expected value, we arrive at

E[C()(+7)] = ; WG WRIE[UG - 5) Ui+ 7 — K)]. (6.73)

J

However, since the U’s are independent

6.0 NUMERICAL RESULTS 153



E(UG—-UG+7—k)] =adifk=1+) (6.74)
and = 0, otherwise.

Thus,

EC)((i+ )] = 033 W) W(r +3) (6.75)
J

We recognize this to be proportional to the convolution of the weights. To

determine the weights we take the Fourier transform (FT) of both sides to get

FTE[)(i+ )]} = o1 W), (6.76)

where W({) is the Fourier transform of the weights. Solving for W(j), we get

WG) = FT-1 \] {FnE[ca)zc(Hr)]}} 677

a3

For a Gaussian correlation function E[((i){(i+T) = o3 exp{—r"/lz}, therefore

[Ogilvy, 1991]

. ezp{-2(jAz/l)2}
W(J) - \/Z W(]) ’
J

(6.78)

where we have normalized the sum of the squares of the weights to one. Az is the
spacing between random numbers and is chosen such that the results to not
change as Az is decreased. We also wish to chose this spacing such that the

summation in (6.70) in which j varies from — oo to + oo may be bounded by some
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reasonably small number, M, to reduce computation time. Thus, we’ll have

L s e:z:p{ 2(]A:c/l}
C(i)" j=Z—M \[ZWZ

Ui-j), i=1,2,3,.. (6.79)

M should be chosen such that the weights, W(j), have decayed sufficiently at M
and are near zero (i.e. W(M) =~ 0). However, if a large surface is desired, as in our
case, the size of M greatly effects computation speed and a trade off is involved.
We have chosen to generate a sequence of 2(10)® correlated Gaussian random
heights with M=100. This provided us with about 31 points per correlation length
and a surface extent of over 64(10)* correlation lengths. This large extent was
necessary in order to pfovide results close to grazing angles where the probability

of specular points is very low.

To verify our simulation we computed the height and slope distribution
along the realization for 20000 points (we were limited to some extent in the
number of points we could plot by our plotting routine). The results are
presented in Figures 21 and 22. Both appear near Gaussian in shape, and the
distributions would no doubt improve had we used a larger number of points.
The correlation function was also computed and compared with the exact
Gaussian autocorrelation function and was found to be in excellent agreement
(Figures 23-27). The tails of the function were raised slightly since we did not

pass to the infinite summation needed in computing this function.
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Following Brockelman and Hagfors [Brockelman and Hagfors, 1966], we then

computed the number of reflection points, Ng, using the following criterion;

(tanﬁ,- —%%Xtanﬂ,— —i(;l"r;l) < 0, (6.80)

d¢;

where 8; is the angle of incidence and 7 and % are the slopes of the surface

at the points 7 and i — 1, respectively, computed by

% =(Ciy1-Ci-1)/20z ‘ (6.81a)
diiiq.-l = ((;-(i-2)/2Az. (6.81b)

We simultaneously computed the number of shadowed points, Ng. The start of

the shadow region is detected when the following formula is satisfied

(cot9,- +%Xcot0,- +d€1‘7_'1) < 0. (6.82)
If this equation holds then subsequent points which fall below the incident ray’s
path are shadowed points. Once a point is detected above the ray path then the
procedure of searching for the start of the next shadowed region, using (6.82),
begins again. The number of reflection points which are also in shadow, Npgg, is
also computed and the ratio of illuminated reflection points, Nip— Ng to total

reflection points, Np, is computed by

(6.83)
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This is the shadowing function using the same notation and procedure as
Brockelman and Hagfors [Brockelman and Hagfors, 1966] and is the same as our
shadowing function. These results were compared against our numerical results

and the work of Wagner [Wagner, 1967] and Smith [Smith, 1967b] where possible.
6.6 Discussion of Results

Plots of the shadowing function for the variance of the heights (S1) o2 = 0.1,
and the variance of the slopes (S2) o2 = 0.05, 0.1, 0.3, 0.5, and 2.0 are presented
in Figures 28-32, where L is defined to be the correlation length. We see that for
a gently sloping surface, where o = 0.05, that our numerical results differ from
both Wagner’s correlated shadowing function and Smith’s result. A closer
agreement is obtained with Wagner’s uncorrelated shadowing function (Monte
Carlo results for this graph are not presented since they produced a shadowing
function of 1 until a 50 degree angle of incidence at which point no reflection
points were detected). We see similar results in Figure 29 as the variance of the
slopes increases to 02 = 0.1. Notice the excellent agreement between our results
and Wagner’s no correlation shadowing function in both Figure 28 and Figure 29,
even near grazing angles. As we increase the slope variance still further to o2 =
0.3 we see that the region for which our results are valid is in excellent agreement
to Wagner’s uncorrelated shadowing function until about 75 . However, our
results are beginning to move closer to Wagner’s correlated function and Smith’s
work for 02=0.5 and 2.0. Notice also the excellent agreement of the Monte Carlo
simulation to our results in Figure 30 until about 61 degrees incidence at which
point the simulation starts to breakdown due to the fact that there are so few

reflection points.
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Notice the fairly large discrepancy between our work and that of Wagner’s for
which correlation is included, particularly at intermediate incident angles. For o2
= 2.0 we see a much better agreement with the work of Smith, a maximum
margin of error of only a few percent. Correspondence with Wagner’s correlated

shadowing function is also improving.

Plots of percent error in Wagner’s and Smith’s shadowing function
compared to our numerical results are given in Figures 33-37. We see that
Wagner’s uncorrelated shadowing, for 62 = 0.05 and 0.10, compares very well
with our numerical results except very near grazing. As the surface slopes are
increased to o3 = 0.3, we see the analytical results of both Wagner and Smith are
breaking down near grazing angles. Wagner’s correlated shadowing function and
Smith result both produce fairly large errors even for intermediate angles.
Wagner’s uncorrelated shadowing function, however, is producing very good
results until about 75. As the variance of slopes increases to 0.5, Wagner’s
uncorrelated shadowing function is still doing better than the other two results.
For very large slopes (02 = 2.0), however, we see that Wagner’s uncorrelated
shadowing function is completely breaking down. Smith’s result is doing a good
job for all angles. Wagner’s correlated shadowing is still doing a poor job close to

grazing incidence.

Although good comparisons were generally obtained with Wagner’s
uncorrelated shadowing function the discrepancy between our work and his more
rigorous shadowing function for which correlation was included is worth

investigating.

6.0 NUMERICAL RESULTS 170



(g0"0=sodo[S Jo "TeA ‘1°0= SIYSIGY JO "IeA) H[Suy jUIPIOU] sA sUOIOUNY SUIMOPRYS UL JOIIY JUNIdJ :g¢ omIry

(93Q) 319NV INIAIDONI

0¥ 0% 0c Ol O

HLINS e |
S0 J3LVTIHHOD MINOYM  ———
it J3LVTIYHOONN FHINOYM —— Y

(00°2=1°G0'0=ZS ‘1'0=19)

FTONY INFAIONI SA SNOILONN A ONIMOUVHS NI J0d48d INJOH3d

¢ 00—

¢ 0—

L' O—

00

170

¢0

H0dd3 INJOd3d

171

6.0 NUMERICAL RESULTS



(01 0=sodo[§ Jo "Tep ‘T'0= SIYBI2Y Jo ‘Tep ) 2[3UY JUaplU] sA suorjoun g SuIMOpeyS Ul 1011y JUNIBJ ¢ am3r g
(93Q) 319NV LNIAIDNI

d
m
A
O
m
=
|_
m
X
X
O
Pu)

: 10

.“ ” _ : m ” m 31V 134400 "dANOVMN  ———

RS ..... ..... ..... S A1V ITddHOONN " HIANIOYVMN ——

R . i o LI SRS S ST S ST S 470

(1Y 1=110=¢S‘1'0=19)
JTONY INFTIONI SA SNOILONNA ONIMOAVHS NI 40dd4 INAOH3d

172

6.0 NUMERICAL RESULTS



(0g"0=s2doig Jo "TeA ‘T'0= S)YFRY jo "TeA) opfuy juapiu] sA sUONOUN] SUIMOPEYS UT JouY YU :Gg oIty

(93Q) I3TONY INIAIDNI

06 08 0L 09 06 Ot 0¢ 0c¢ Ol 0

) I J _ H _ — v I | 1 I H
N
.......... / T e R P
LN
L NG S A
N
SN ; ;
..................... I
o N :
X TN
........................ /

......................................................................................................

HLINS e .
DA Q311300 ¥INIYM ———
b Q3LVI3YYOONN RHANOYM  ——

.......................................................................................................

(918'0=1C'0=¢S‘L'0=19)

ATONV INJAIONT SA SNOILONMA ONIMOUVHS NI 0443 INJOH4d

0¢—

0l—

Ol—

Ol

0c

J0dd4 INJOd3d

173

6.0 NUMERICAL RESULTS



(0G'0=s°do[§ Jo ‘TR A ‘T°0= SIYSIBY Jo "Tep ) IYJuy JUSPIOU] sA sTOIjoUN ] wam&m?mam Ut JOIIY JuadIdd :9¢ amIBrg
(930) 319NV LINTAION]
06 08 0/ 09 0G 0¥ 0¢ o4 01l 0

e e gz
S U O O SO SO O O

H0dd3 INJOd3d

.........................................................................................................

HLINS e 401
s 31V 134400 -4INOVM ———
RS RS SRRRE R A sl QILVIIMHOONN "HINOVM ————

i e — e — 1oz

(2¢9°0=1'G'0=¢S‘1'0=19)
FTONY INAUIONI SA SNOILONNS ONIMOUVYHS NI d0dd 3 INADH4d

174

6.0 NUMERICAL RESULTS



(00°g=s2do[§ Jo "TeA ‘1°0= s3qS1Y Jo "Tep) a[fuy juepidU] sA suolPUN] JulmopeyS Ul 101y JUad1dd :¢ amSry
(930) 319NV INIQION
06 08 0L 093 0S5 0h% 0% 0c Ol 0

J0dd3 IN30d3d

A d31V13d4400 "d3INOVM ———
o QAIVIIAGAO0ONN C I AINOYM ———

S SO TN ORI vevs P SCTIEITrT — 1 oe

(919°0=102=2S‘1'0=1S)
FTONY INJAIONI SA SNOILONNA ONIMOAVHS NI H0ddd INFOHdd

175

6.0 NUMERICAL RESULTS



To resolve this discrepancy we look at the first passage in time function of
Wagner’s work, q(t), which is conditional on both the height, 2, ({osp), and slope,
o (Cosp)- This is equivalent to our W, function. For ¢3=0.1 and 03=0.05 at a
angle of 80 degrees incidence we plotted our result, which is the exact function,
against Wagner’s uncorrelated shadowing function as well as Wagner’s correlated
shadowing function for different values of % ({osp). A comparison with Smith’s
work was also made. These plots are shown in Figures 38-40 where we have
normalized the distance t to a correlation length (L). There are several points to
note here. The first is that none of the approximations to the first passage
function, q(t), adequately describe the actual function. From these graphs
overestimation of the integral of q(t) would be expected which would result in an
over estimation of the shadowing on the surface or an underestimation of the
shadowing function. One point to notice is that both Smith’s work and Wagner’s
uncorrelated shadowing function agree very closely with our results far away from
the origin, but Wagner’s correlated function does not appear to be decaying
rapidly enough, probably due to the truncated Taylor series in Wagner’s
derivation. An important point to note also is that none of the approximations
produce the correct result as t—0%, which is that the function q(t) should decay
to zero. Our work, however, does produce the correct result in this limit.
Physically we expect the function to decay to zero as t—0* due to the fact that
the slope at the origin is perpendicular to the incident ray and we expect that the
probability of a first crossing occurring immediately after this point to be zero due

to the correlation of the surface.
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Of course we expect the results of Smith and Wagner which neglect
correlation to produce results which do not represent the actual function properly
near the origin. However, the inclusion of correlation by Wagner purportedly to
improve the solution has apparently made things worse. We have concluded there
are probably two reasons for this. The first is that Wagner’s result of expanding
the autocorrelation function in a Taylor series only produced a leading order
result, and had he been able to expand further an improvement would have been
obtained. The second reason for the discrepancy is due to what we believe to be a
error in logic in Wagner’s paper. Wagner obtains two approximations to the q(t)
function. The first is q;(t) which is valid as t—oo, and is the same as the
assumption of no correlation between the shadowing point and the shadowed
point. The second is q,(t) which is due to the Taylor’s expansion and is
supposedly valid as t—0. Wagner proceeds to approximate the actual function
q(t) by adding q,(t) and q,(t). His reasoning according to our interpretation is as
follows: Since q,(t) decays to zero as t—oo it will not contribute appreciably to
the integral in this region unless grazing angles are approached (if grazing angles
are approached then more terms in the Taylor series need to be taken). Also,
since q,(t) “explicitly neglected, for all t, the effect on the crossing probability of
the conditioning on (ogp, and (gep at t=0,” this would not contribute significantly
at the origin. Although it was not stated in Wagner’s paper that he believed q,(t)
to decay at the origin it certainly was implied and it seems to us that this must
be true if his approximation is to be a valid one. We have found, however, that
this approximation is not a good one since the actual function has decayed to zero
while the no correlation function, q,(t), is still appreciable. We believe it is this
that has caused the overestimation of surface shadowing by Wagner. Likewise,

Smith’s result is invalid at the origin due to both the no correlation assumption
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and an additional factor which amplifies the error. However, while Smith’s work
is invalid at the origin, it decay’s properly away from the origin and so it provides

a more accurate result than that of Wagner’s correlated shadowing function.

As the surface becomes extremely rough we see things start to improve
slightly. For 02=0.1 and 02=2.0 (Figures 41-44) we see that the approximations
still do a poor job in accurately representing the exact function. At this point,
however, we can see that the area under these curves, particularly Smith’s result
and our work for (osp = xo =-0.3125, become closer. So, although the exact
function (integrand) is poorly approximated, its integral, which is the shadowing,

is fairly close to the exact result.

For completeness, we have plotted the normalized radar cross section of
equation (5.64) for the various surface conditions mentioned above. These are
presented in Figures 45-49. The graphs behave similarly to those plotted in
Chapter 5. As the variance of the slopes increase the peak moves away from zero
degrees incidence. This is apparently due to the breakdown of the shadow
corrected Kirchhoff approximation. The symmetry of the graphs reflect the
isotropic nature of the surface. We see excellent agreement with our results and
Wagner’s no correlation shadowing function up until o2 = 0.5. All the results are
apparently so close as to be unnoticeable on the graphs except as the surface
becomes very rough (o3 > 0.5). We note however, this may change if an attempt
1s made to use these functions in the context of multiple scattering for rays which
bounce from one point on the surface to another. In this case, there is no telling
the effects of correlation between the shadowing point and the shadowed point on

the final result.
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7.0 FUTURE RESEARCH

This thesis studied shadowing of electromagnetic fields from randomly rough
surfaces. Due to the difficulty of the problem, several assumptions and
restrictions were made at the onset. Multiple scattering and diffraction effects
were both ignored, leading to a very crude estimate for the scattered field. The

lifting of these restrictions are currently being investigated in the literature.

This chapter formally extends Sancer’s work [Sancer, 1969] and derives an
expression for the doubly scattered electric field in the high frequency limit. We
arrive at the incoherent scattered intensity in terms of complicated shadowing
functions, but make no attempt to derive these functions explicitly. Our
approach is similar to that of Chapter 2, which follows the work of Sancer [Sancer,

1969).
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The shadow-corrected Kirchhoff approximation derived in the previous
chapters provides a good result for surfaces that are gently undulating when the
incident field is above grazing angles. This is due to the fact that for very rough
surfaces, or in the case of grazing incidence, there is a great deal of multiple
scattering on the surface which cannot be ignored. Since our goal is to determine
the radar cross section over as broad a range of angles and surface conditions as

possible, a discussion of multiple scattering effects is necessary.

7.1 Multiple Scattering Effects

In this section we consider doubly scattered rays. This is done by
performing one iteration of the magnetic field integral equation (MFIE) using
appropriately shadowed currents. The result is expected to provide an
improvement over the shadow corrected Kirchhoff approximation of the previous
chapters, particularly as the surface correlation length becomes smaller or as we

approach grazing incidence.

The far-field integral for the electric field and the MFIE are re-stated here

for convenience:

e
o
=y

)= jkono“”{T"ki} ExE x J di', J (7, exp{ jk - 7'} (7.1)

r

)
°

F2Y\_ T (= jko AT( ~ T (= U(FS—T) =
T = Tl) +32 N) x [ dft JF) xprrt eon{ ko |7, =71}
5o (7.2)
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where

To= T, + Yol +((ZTor Yo)Z
=Ty +((Z0r¥0)?7
and
7y = 2,8 +yof + (25, ¥0)Z

=7, +{(zh,yh)Z.

To compute the doubly scattered field, we set J(¥1) = J,(7!) = 2N () x
Hohocxp{ — gk F',} under the integral in (7.2) to get
hello Fir,) x [ ar () xR, x
S,

17(1’-"’ - FL)
—

IT,—’I‘,

j(Fa) = jK(Fa) +
* ezp{yk( k-7 - |7, —r'|)} (7.3)

We can write the exponential of the Green’s function as

expf - Gk, | 7= 7| } = exp{ - jk,A(F,-7) - (F,-7)} = ezp| - jk Ry - (7, - 7))},

(7.4)

where k, = a(7,-7). J(F ,) NOW becomes

-

.S S
lra—ril

jk H,
T

T(7) = Tw(w) + 572 N(F,) x [ drtlN() < Bl x

So

x exp jk,( - F;- 7 ~ &, (F,-71))}- (7.5)
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E,(F), with this current, is therefore

Ef) = jkono% ExEx j d7', T (7 eap{jF - 7.} +
So

sk PRI B B | d?{jk;ﬂ @ F(F) x [ R Rl e ?l“i |
S S

* ea:p{jka[ ko7 (F, —Fﬁ)]}}exp{jl:- 7, (-

(7.6)

)

We now modify the result by including the shadowing functions in the kernels of

the integrals. They are defined as follows:

1 if the point at 7 is illuminated by k; (.7)
0 if the point at 7, is shadowed from k;, .

S{7% E;) = {
is the incident shadowing function (2.9),

S (7 kik,) =1 if the ray k, resulting from the reflection of k; (7.8)
at the point 7 strikes the surface at the point
T, without first being blocked by another point on

the surface
=0 if the ray k, resulting from the reflection of k; at

the point 7 leaves the surface without being

blocked by another point on the surface,
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is called the propagation shadowing function, and

S,(7,; ki;k) = 1if the ray, k, resulting from the reflection of k, (7.9)
at the point at 7, leaves the surface without being

blocked by another point on the surface.
=0 if the ray, I?, resulting from the reflection of 751
at the point at 7, is blocked by another point on
the surface,
is the scatter shadowing function (2.10).
We now modify equation (7.6) to get

B = ko BB ok [ a7, .70 Fu RaR )T, )en{ 55 -7}

8,
k2 (Le52) capl - hor} B xEx [ dF, [ 7l SUFLE) S, RS, RuiF)
S, S,
N M N PP
N(7,) x{[N(r;)xhole;Tl }ezp{ak,,(kl—k.-)-r:} exp{ ik, (K- Fy)-7,}.
= EOGF) + EQ(F). (7.10)

If we form the incoherent intensity as before, we obtain
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-

(E.(7) EX7)) = (EMF)- EXOF) + (ENF)- EFOF) +
(EXO7). E&(7) + (ED(7) - EXOF)),

where (EW(F). EXV(7)) was solved in the previous chapters using Sancer’s

approach. We now examine (E®)(7)- EXO) 7 )} (ignoring the cross terms).

J dr, j ! j dF! [ Pl
5

* SR Sp(Fhikisky) SUFoiknk) SFYSED) (75 Raky) S, k)

EPR)- B30) = kt (1)

4rir

ARxEx{ B,) {17 xB,1xE T}

{kxkx{N"" x{ Y x b, x K, }}}

* IF‘EF,’I 7 -'mI ezp{]k E ic\ }e:zp{]ko(k kl) r}

» eap{ - gk ()~ F;) -7} eap{ - jk, (B - ) -7}, (7.11)

where k) = @(FY-7!"). The solution goes to zero except when 7,~ 7" and

7 ~ 7" due to the fact that the electromagnetic fields decorrelate very rapidly as
the points move away from each other as in the single bounce case (we assert this

without proof). Therefore, k, ~ k! and
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t
<}
cn
[+]
U)
[+]

*ﬁ exp{ gk, (B, - k) - (7 -7} exp{ k(R -Fy) - (F,-F1)}.  (7.12)

If we let §=Fk,—k; = ¢, +q7 + 457, i =k-ky= ¢\F+¢§+¢,7, and expand

¢(7,) about 7 and ((7!) about 7', we get
Co(Torto) = Co(z0r¥0) + (o (€5¥a) (To=25) + (o (20:¥5) (¥o-¥o) +
5 Co (@) (=2l + 5 o (280) (o) +
Co, (2095) (2o-27) (vo-95) + H.O.T. (7.13)
and
Co(@oo) = Co(@o' o) + o (20" o) (To-25") + o (25"90") (Yo-va') +

o, (308" (@o-2'V + 5 o (2 0) (Wo-")* +

D=

Co, (@0 4s") (-23") (vh-95") +H.O.T.2. (7.14)
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Letting

az = CO ( ,O”y,O’)

a, = C (xosyg

o = G, (2

&y = G, (),

o 7 {8 <RIk Y e
* e-""l’{jka{q;(xo-$3)+q'z(yo—yo)+q3[ax(a: ~zl)+al(y,-y!)+H.O.T. (1)]}}*

exp{ ko] (2 - 2") + qalvl, - ¥1") + galea(h - 27) + 0y (4, - y1") + HLO.T. D]} .

(7.15)

If we make the change of variables, and let
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u =k, (z,-z!) du' = -k dz!!

U, = ko(yo - y::’ dv, = "kodyg

_ ' — "
u = ky(z -zl du = -k,dz,
"

v= ko(yz“yg’) dv = _kodyo b

we are left with

3(2) 7% (2) noH : !
EP(F)- EYOF) = (m) [ a7, [ ar,
So 5,
ko(zo - So ) ko(zo - Soymaz) kO(Ilo - So a:::) ko(y:) - So!l""“-")
* du' J dv’ J du dv
ko(xo_so . ) ko(zo—so . ) ko(zz_so . ) ko(y:)"so . )
Tmn yrmn Fmin ymn

k) S3(F ks

« SYFLE) S3(FL R
AR Ex{ FF,) x{IF() < k] x E‘}}}zﬁ

* ernp{j{(d +azga)u’ +(qr+oggh' + 0(701:)} }

E ea:p{ j{ (01 +0.05)u +(gp+yga)v + O(kl)}} (#56)

where we have again assumed a rectangular integration area such that

Sozmin< To < Soxma::
and

199
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We have from (2.33) that

and

o0

~oc0

e )

A
- 00

o0

- 00

oo

._'oo

Therefore, we have

7.0 FUTURE RESEARCH

ko(Yo=So,,,,,) ==
ko(z,~S, ) — oo
ko(zo-S, ) —- 00
ko(To-S, . ) — oo
ko(Yo=So,,0s) ==
ko(zo-S,_ ) — o
du exp{j(g, + azqs)u} = 2m6(qy + ,q3),

dv el’P{f(‘h + aqu)v} = 278(qz + ay%)a
du' exp{j(q) + obgbiu'} = 278(g} + olgh),

dv' exp{j(gh+alghl'} = 278(gh+ygh)-
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2
BOG)- EX07) = oyt (5e) [ ar, [a,

47y
x SAFLE;) SA(F ks ky) SAF ks k)
—~ — - - —~ —~ 2
* {k x k X{ N(T‘o) X{[N(TL) Xho])(kl}}} IF—_].FW

* 5(94 + aiqé) 5(‘1!.’ + C‘LQ:';) 5(‘11 + 0393) 5(?2 + ayQ:s) (7-17)

Now taking the ensemble average inside the coordinate integrations, we have

(BOF)- EXO(F)) =(2n)* (%) Jodf'o SIOdFL_EchEdS,- _J:dsp_Eds.

oo o0 o9} (o o) . PR o
«| doo [ day [ da[ da, SHFYE) SHFLER) SHFRsR)
— 00 - 00 - 00 - 00

* {Exﬁx{ N(F,) x{[ﬁ(rf,)XEo]le}}}zélz

|F3—F:

* 6(q) +0rq3) 6(qh +algs) 8(qy +0,q3) 6(qz+aygs)

* p(Si)Sp?Sua::a a;paz’a;nCo’C:))' (7'18)

Here we note that the height at 7,, {(z,,y,), may depend on the height and slope

!

at 7, . Letting
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Ty = g1 +aLqs  dzy =g daj
Ty = gh+aygy deh = g; day,
T, = ¢ +0,9; dr, =gqzda,
Lo = q2+ay,q3 dzy = ¢ day

we arrive at

. . H 2 oo oo [o.e] o0

(B B0 =np (2he) [ar, [ar[ acy[ ds. [ ds, [ as,
oo -0 —oo —co

x| dz, | dz, J dry | dzf 5 =5

_J;o _Lo 00 _J;o 93 43

—~

SHT ki) Sp(Foikiky) STk k)

ooy

R o o )
*{kxkx{zv( S Z2ndey [N(“”l—,q‘,%)xho]xkl}}

q3 3

—L . 8(=4}) 6(z}) &(z,) 8(=)

|7,-7

S, S .S, J51"“11,-’52 92,931-‘11, Iy - ‘12,(:0’ L 719
4 g3 g ' B ) (7.19)

This results in
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oo}

(BOF) . BX)(7)) =(2n) (@)2 [ar, [ar] ac, [ as, [ as, | as,

8
‘_’8
8

» L Loa k) SAFLEE,) SAF k)
43 43

2
*{Exkx{ (-%,-q_s) x[N(_ﬁ --—)xho]xk} }

a3

#—Lo - 6(a}) 8(ah) 8(=1) 8(=,)

IFs"F£|2
! !
q Q% 9 ¢
% p(ShSp,Ss) ";]‘g; ,’E?; —q_;’—_q%’co’ 2) (7-20)

The integrand will be non-zero only if §; =S5, =§, = 1, so we write as in [Sancer,

1969]
@ &g '
p(S55p,S q—; ,-ﬁ,—qg qs’ (or(h) = 6(S;-1)6(S,-1)6(S,-1)-

PN /
P(kbklakv‘il'a‘ﬂ ql q37 Co’ ) (7'21)

¢ gy ¢
Inserting this into the above integrals we get
2 o0
(BN B =en( ) [ar, [ ] do L L
P 93 43

*{kxkx{N(-g—;,-q—s) x[N(-& q3 Z—Z)xho]xkl}}

—~ o~ o~ / /
L PRk D, L 0 o) (7.22)

IF _.'|2 [RRA SRAS qé qg!
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~ ~ ~ g /
P(k; ky, k, -% ,-%, -g; ‘13’ €5,¢%) can be written in a more convenient form
3 43

(following [Lynch and Wagner, 1970a)

P, B, -0
q3

o

o0

[ E
hQ
'—l

! !
=P(k |ky,k, -0 2 N 2 !
L Ay 2 Co’ )"P(k Ikl,kn q:,ia q;';’ g3’ " g3’ Co)Co)
* P(g‘;’ ' < CI |knk19 "‘J}' _—a Co)
3

I
* P(kl |kn __l,_Q_?, o)

‘13 g3
!

; q' 92
(k |" wzie s(o)PCo,"_l,—_ ’
A ( g3 qfo.)

(7.23)

’ I -
where P(C' .| %,2—) is the joint PDF of the height and slope at 7, and P(k;
3

'
_2'1 2 (') is the probability that given the height and slope at the point 7

a3 Q3
that it will be illuminated by k , both of which are known from our previous work.

P(i«:\1 |E~, —i,-—, ¢?) is the probability that kl will strike the surface at 7, glven
that k; illugflin::es the point at 7/ and the height and slope at /. P(k |kl, i -—}
,-%%,-g—;,- %, (., (') is the probability that % will exit the surface given that (;1)
I?,- has illuminated the point at 7/ and has reflected off that point to 7, without
being blocked by another point on the surface, and (2) the heights and slopes at 7,

and 7.

This concludes the development of the scattered intensity for doubly

scattered rays. We in no way represent this method as being the best approach to
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solving this problem, merely a logical extension of Sancer’s work provided in
Chapter 2. Certainly we have left open many questions concerning this result,
particularly the importance of the interference of the single bounce and double
bouncing rays, the neglect of the cross terms, and the validity of setting k, ~ k..
These topics would certainly need to be examined further, along with the very
difficult problem of computing the shadowing function involved in this case. It
was only our intention here to show how this method could be extended further to

include multiple scattering.
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8.0 CONCLUSIONS

8.1 Overview

This thesis investigated the effects of shadowing on randomly rough
surfaces. The shadow corrected Kirchhoff approximation was used to estimate the
surface current which was then used to calculate the scattered electric field and
the scattered intensity. The high frequency limit was used in all calculations.
These assumptions simplified matters considerably and provide us with a check

against which future, more exact results, may be compared.

The shadowing function was computed numerically using a infinite series of
integrals based on the work of Ricciardi and Sato [Ricciardi and Sato, 1986].
Several analytic expressions which approximate the shadowing function were

compared against our numerical results, specifically the work of Wagner [Wagner,
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1967] and Smith [Smith, 1967b]. Monte Carlo simulations were also performed

and compared, where possible, against the numerical and analytic results.
8.2 List of Original Contributions
The major contributions of this thesis include:

(1) Proper accounting for scatter shadowing.

(2) Rigorous extension of Sancer’s analysis [Sancer, 1969] to bistatic shadowing.

(3) Extension of the range, in incident and observation angle, in which Wagner’s
[Wagner, 1967} and Smith’s shadowing functions [Smith, 1967b] can be
verified.

(4) Defined Wagner’s approximations [Wagner, 1967] in developing the
“no correlation” shadowing function in terms of the physics of the problem.
Solved the first passage in time problem for a Gaussian process, with a
Gaussian correlation function, crossing a ray (ramp), when the shadowed
and shadowing points (intersection points of the ray with the surface) are
uncorrelated.

(5) Identified an error in Wagner’s “correlated” shadowing function [Wagner,
1967).

(6) Computed the first three terms in the series developed by Ricciardi and Sato
[Ricciardi and Sato, 1986], which approximates the exact solution to the first
passage in time problem of a Gaussian process, with a Gaussian correlation

function, crossing a ray (ramp).
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8.3 Summary of Results

(1) This work has shown that scatter shadowing can be properly accounted
for by nulling those current elements that give rise to multiply scattered rays.
Previously, scatter shadowing was accounted for by nulling only those current
elements that gave rise to scattering in the direction of the observer. This
produced the unphysical situation of having surface currents which depend on the

direction of the observer.

(2) Using the above scatter shadowing function, Sancer’s work [Sancer, 1969]
was formally extended to the case of bistatic shadowing, i.e. when the source and

receiver are not located at the same point.

(3) The range of validity, in incident and observation angle, in which the
analytical derivations of Wagner [Wagner, 1967] and Smith [Smith, 1967b] can be
checked was extended. Previously, these works were compared to Monte Carlo
computer simulations, which suffer from the limitation that it is difficult to
compute shadowing close to grazing incidence, since the number of reflection

points, in which the shadowing calculation is based, are so few.

(4) We have defined the approximations made by Wagner [Wagner, 1967] in
deriving the “no correlation” shadowing function based on the physics of the
problem. Wagner is able to develop a closed form solution to the shadowing
problem by making approximations to a function related to the first passage in

time function.  However, the assumptions were made for mathematical
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convenience, and the meaning of these assumptions were not established based on
the physics of the problem. Using the infinite series of integrals developed by
Ricciardi and Sato [Ricciardi and Sato, 1986], we have shown that these
approximations are equivalent to neglecting the correlation between the shadowed
point and the shadowing points. Thus, the first passage in time problem is solved
for a Gaussian process, with a Gaussian correlation function, crossing a ray
(ramp), in which the shadowed point and the shadowing points (intersection

points) are uncorrelated (Figure 11).

(5) In the course of comparing our results to that of Wagner [Wagner, 1967]
we have discovered an error in his result concerning the “no correlation”
shadowing function. This shadowing function has been excepted in the literature
as the authoritative work on shadowing theory, and was purported to be more
rigorous than previous works which neglected correlation between the shadowed
point and the shadowing points. However, we have found that, in fact, due to the

error, the result is less accurate that previous derivations.

(6) We have computed the first three term in the series developed by
Ricciardi and Sato [Ricciardi and Sato, 1986] using numerical integration with no
other assumptions. Thus, we have solved the first passage in time problem for a
Gaussian process, with a Gaussian correlation function, crossing a ray (ramp), in
the cases in which the exact solution can be approximated by the first three terms

in the series.
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8.4 Conclusions of Numerical Results

Our work has shown that for gently sloping surfaces the no correlation
assumption between the shadowing points and the shadowed point is adequate to
describe the effects of shadowing on the surface at grazing angles (below 85
degrees incidence). At larger angles we see some disagreement between our
results and the others, with Wagner’s no correlation shadowing function being the
closest to our work. The reason for this disagreement has been traced to the fact
that the no correlation assumption, invalid near the origin (t—0%), has been
incorporated into both Smith’s work, which explicitly neglects it, and Wagner’s
more rigorous work for which this correlation was partially accounted for, but
improperly incorporated into the derivation. We also see that the Monte Carlo
simulations agreed well with our results where the number of reflection points was
large enough to make the outcome accurate. For very rough surfaces (o2 = 2.0)
Smith’s work appears more accurate than Wagner’s, however, we were not able to
present results below 76 incidence since our series had not properly converged at
that point. We further note that our work has significantly extended the range
(except when ¢%=2.0), in which a check of Wagner’s and Smith’s work was

possible with Monte Carlo simulations.

Furthermore, we note that although we have freely altered the correlation
length of the surface to check the regions of validity of the shadowing functions,
the Kirchhoff approximation becomes invalid as multiple scattering effects become
important. Thus, as the correlation length becomes smaller we must explicitly

account for these effects, as outlined in Chapter 7. This thesis is a first step in
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in attempting to study the effects of correlation of the shadowing points and the
shadowed point as might occur on the surface when multiple scattering is

considered.

Lastly, we point out that the results presented in this thesis are valid only
for surfaces with a Gaussian height spectrum. The sensitivity of the results to
correlation function may become extremely important, particularly at low grazing
angles. Thus, the effects of correlation between the shadowing points and the
shadowed point may change in the event that the surface spectrum differs from

that of Gaussian.
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APPENDIX A

In this section we derive the conditional means and conditional variances for

the probability density functions in equations (6.6) and (6.7).

X .
If we define a vector x = , where x, and x, are vectors of Gaussian
X2
random variables, with mean

yI51
Lo

and covariance matrix

€11 C12

(g}
I

€21 €22
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(c;y = cf; since Gaussian covariance matrices are symmetric), a conditional

probability density function can be written in which the resulting distribution will

also be Gaussian. The probability density function (PDF) of x; conditioned on x,

1s

p(z;1z;) = Ny +£12£'z_21(§2 - l2) 5 C11 —legﬁlgg)v

where the resulting conditional mean is

m, = 4, + 01222-21(£2 — )

and the conditional covariance is

ki = ¢ —¢aln'ch
If we let
¢'(t)
X1 S(t)
z = frowmd
X2 Cosp
Chep|

for P(C,(t) S(t), Cosp, Casp) in (6.6), where

X= C’(t)

APPENDIX A
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and

we have

where

APPENDIX A

E[("(t)]  E[C'(t)S(t)] E[C'(t)osp] EIC(t)ospl

E[('(t)S(t)]  E[S*(t)]  E[S(t)Cosp]
E[('(t)Cosp] E[S(t)osp]  El¢Gspl

E[¢'(t)Cosp] E[S(t)Cosp] ElCospCosp]

‘= E[(n(t)]

E[S(t)Cosp]
E[¢ospCosp]

E[¢Gep

co= [ EIC(S®)] EC(E)osp] EIC'(t)Chep) ]

(A.6)

(A7)
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and

E[S*(t)]  E[S(t)Cosp] E[S(t)Cospl
Cap = E[S(t)Cosp] E[C(Z)sp] E[Cospdwp] . (A-Sd)

E[S(t)Cosp] ElCospCosp]  ElCosp

E[S%(t)] = E[¢3sp] = o and E[(2s,] = o3 are the variance of the heights and slopes,
respectively, and E[(osplosp] = E[S(t)C(t)] = 0. Also, y; =y, =0, since the

heights and slopes are a zero mean process. If we define
2
prs = E{S()osp] = ElCospS(t)] = R(t) = ot eapf -1} (A.92)

P24 = E[S(t)cgsp] =E[(gsps(t)]= - E[C’(t)Cosp]= - E[CospC'(t)] (A.9b)

dR(t 2
= —% = ta% ezp{—%}

2
pre = B OCp] =~ T = (03 -G ) emp{ - 5}, (A9

where R(t) is the autocorrelation function, ! is the correlation length, and t is the

horizontal distance between two points on the surface, we arrive at (after much

algebra),
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1
01P24 - 01‘72 + 02P23

{S(t)(” 2p14P24 — O3P23P24) + Cosp[Pu(U 203~ p3e) -

P14P23P24) +Cosp[P23P24 P14( Pza)]} (A.10)

and

k, = P24(‘7 19 2) P14P23P24 P14P23P24 + 014( st) (A.11)
P24 + (st )‘7 2

which correspond to equations (6.8) and (6.10).

Performing a similar analysis for p(S(t)| (osp, Cosp) in (6.7) we have, using

Baye’s theorem,

P(5(t), Cospa Cz)sp)

p(S(t) |Cosp7 C:)sp) = p(Cospa Casp) (A.12)
If we let
- S(t)
£= [if J = [ Cosp b (A.13)
21 | Cep
where
Xl = S(t)
and
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22 = i
(:)sp
and with mean R
a | |E&E]|
Lo E[X,)
and covariance matrix,
_ Ci1 Cr2
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€21 C22
of p(S(t), Cospv C:)sp) equal to
- _
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P24 0 g %
B[ChepS(E)] ElChepCosp]  EICEp ! J
where we have
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Ty =Y (A.15¢)

20
822 = { Ul }. (A.15d)

-~

Thus, p(S(t) [Cosps Cosp) = N(&; +C12€52" (X2 — &z), €11 — C12€5; 'C1y), Where
m, = Iy +€1585 (£, —1,) (A.16)
is the conditional mean and
k,= €7 —C12C22 C1as (A.17)

is the conditional covariance matrix. We find from this that

Cosppzs d)sppﬂ
T, = A.18
m, . (A.18)
and
—~ 2 p2
ky = o323 _Paa (A.19)
01 03

These correspond to equations (6.9) and (6.11).
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APPENDIX B

In this appendix we derive equation 6.23 in chapter 6.

As mentioned in Appendix A, a conditional PDF made up of Gaussian

random variables is also Gaussian, so we know

P(S(t1), S(t), Cosp I¢'(t1), C'(1), Cosp) = N(&, E), (B.1)

where m is the conditional mean and € is the conditional covariance matrix for

this PDF. If we define

=

(B.2)

1=))
Il
<)) %)

(]

where
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with
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we get
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Since the heights are a zero mean process B = B =0, the conditional mean,
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Here, we have used A;
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which will be used in computing subsequent integrations
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E[¢"(t)]  E['(6)C'(®)]  E{¢'(61)Cosp]

and En=| E[C'(t)'())  E[C*()] E[("(t)osp] |, (B.7d)
ElCosp¢(t1)]  E[Cosp¢'(t)] E[(oepl
where we again have E[("}(t,)] = E[("(t)] = E[(&)] = o7 and

E[Cospa)sp] = E[d)spCosp] = E[S(tl)cl(tl)]': E[C’(tl)s(tl)] = 0. If we now define

10))
i

-1 €g1 Cgp Co3 (B.8)

we end up with

P(S(t1)s S(ta)s Cosp IC'(t1), C'(ta)s Chep) = —5——— *
(2r)? [det(@))?

ez _%{ (COSP"'"Ot]"I:ﬁI) (CosP+170t—n:12) (Cosp—1i1a) ] ¥y %1 %1

(Cosp + 7oty — Ezll)
(Cosp + Uot: m,) | - (B.9)
(Cosp -fﬁ3)
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This corresponds to equation (6.23).
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APPENDIX C

In this appendix we derive equation 6.54 in chapter 6.

If we define

with

APPENDIX C

(C1)

(C.2)

246



and

where

then

where
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1224
o

|3

0Y)

1052)

_ | En E
c = _ _
§21 E
S(ty)
S(t,)
: and
S(t)
Cosp
My
My
=l .. |[TH T
mgy
iy
oi R, R,
R, 0'? Ry
- Ry, Ry o7
R, R; Rs
0 R, R,
-R2 0 R
| -R\-R. 0
R} RS RL

~ -
~ [ ~]
-

182
»
Il

(C.3)

(C.4)

(C.5)

(C.6a)

(C.6b)
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(C.6¢)

100
~
8

I
162)
o

2 " " "
o; —-R; -Ry -R;

"2 " "

and Cp = , (C.6d)
_R' -R! o} —_R!
_R' _RY _R! o}
with
Ry = El(osp S(t1)] = o? c:cp{s—g}, (C.7a)
R, = E[S(t,) S(t,)]= o? exp{(”;tlf}, (C.7b)
Ry = ElCosp S(ta)l= o? ezp{%}, (C.7¢)
R, = E[S(t,) S(t)]= o? ezp{(t “Ifl)z}, (C.7d)
R, = E[S(t,) S(t)]= o? ezp{(t ‘lf?)z}, (C.7e)
Ro = ElGosp SI= o? canfl3), (C.78)
R = d}f;t(ltl) = _t,0 ezy{—;—z}, (C.7g)
R, = % = —(t;—t,)o3 e:::p{ _(tz—;t—l-)f} (C.7h)
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dR(t t2
Ré = d::;(z 2) = - tzo'g 631?{ —T%},

"_
Ry =

"_
Ry =

" _
R3 =

"o_
Ry =

"_
Ry =

n _
Rg =

dRy(t—t) _ 2 (t—t)’
e-n) - —(t—-t,)o3 exp — },

dRs(t—t;) _ 2 (¢~ ta)*
dt—t;) = (t—ty)o3 erp{—— 2 }’

dR4(t 2
3 ==t el -2}

d*R(t,) o5 t]
Tr= - -G el -}

d’R(t,-t,) _ , 0O 2 (t2 —”tl)z}
m—- —(0'2—‘?(132 t1)°) ez, )

d*R(t o5 t3
dt2 U= - 4% ez‘"{_l_g}’

d’R(t-t;) s O3 2 (t—t1)*
e = - (o (t—t,)%) ez -——},

d’R(t-t;)
dit-t;)?

d’R(t) 2 03,2 t2
a2 (0'2-0_—¥t ) CxP{“l—z}-

Since fi; = i, =0, and
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(C.7i)

(C.73)

(C.7Kk)

(C.7)

(C.7m)

(C.7n)

(C.70)

(C.7p)

(C.7q)

(C.7r)
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Clt)| | A A Ars Ay [[C(5)
Clt) | | An Ana Ags Agg [[C1(5))
(') | | As Asr Ags Agy || C'(t)
Chop | | Aa A Ass A || Chep

182)
~

Il
0y
©
122)
8

1l

(C.8)

[3
il
(3%3)

b

~
100
31

This gives us

p(s(tl),s(tﬂ)’s(t)aCOSp |C,(tl)1cl(t2)a<’(t)’casp) =

— 1
(27)*(det? )2

* ezP{-%[(Cosp + 7oty — 2y) (Cosp+n0t2—m2) (C08p+'70t'ﬁ’3) (Cosp_m‘i)]'

— — N\

~ ST T~ b
€11 €12 €13 €y1q || Cosp +M0t1 =1
¥ % 3 % ¢
Cg1 Cgp €33 Coq || Cosp + Motz =129
~ ~ ~ ~ >’ (C'g)
~ ~ ~ ~ t A~
€31 C3p C33 Caq || Cosp + 7ot =123
~ ~ ~ ~
~ ~ ~ ~ N
Cyq1 Cy42 Cy3 Cyq Cosp - My
— - -‘
where
-~ ~ ~ ~ 7
~ ~ ~ ~
€11 €12 €13 C14
-~ S~ B~ B~
= 1 €91 Co2 C23 Co4
S Tly z 3z g (C.10)
€31 C32 C33 Ca4
~EE-~ R~ B~
C41 C4q2 C43 Cyq
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If we let

Cosp + Moty — 1y 1 a,

Cosp + oty — 7ty 1 a,
| = Cosp + (C.11)

Cosp + 1Mot — 3 1 az

Cosp - iy 1 a,

to isolate (ogp. Equation (C.9) becomes

p(s(tl)rs(t2)7s(t)7COSp 'C’(tl)aC’(t'Z)aC’(t)’a)sp) =

21 P —%C?,spc _%COSP(W"'Y) —%Z}, (C.12)
(27)*(detg )?
where
c= 3%, (C.13)
0J
a,
~ Qg
w=[111 1] , (C.14)
as
a4
R
= 1
Y=la & el | (C.15)
1
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Since we desire to isolate {/(t) also, we let

sonow W + Y = E+ F('(t), where

E=[1 11 1]2“Q+QT'Z"‘

and
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1S}

[ S S 'y

152)

Pt et

(C.16)

(C.17)

(C.18)

(C.19)
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Z=5"8 " +{/(

Q-'
loz)
I::..

So Z=Q +('(t)P+("t)R, where Q= 5T € =1, P= [dTE b +b

and R=dT & ~'d. (6.51) can now be written as

t oo 00 00
dt, [at, [ dct [ dch[ ¢’ (¢'®) -0 NC(t) o)
t 0 o T

1

C‘”detT
0 0

* (C'(tl) - nﬂ)p(cl(tl)7(,(t2)a<',(t)lC’osp)

* 1 expl —1Z T dCosp €z} — % [CEepe + (W +Y)Cos (C.21)
(271') (det? )2 )1 p{ 2 }—joo P p{ 2[ P P]}
Performing the inner integral, we have
oo t t oo 00
o® = [t [ay, [at, [ j [ dr (€)= 0 Xt =10
0 0 ¢t 7o Mo 7o
* (¢'(t1) = mo)P('(£1),¢"(t2),C"()] Cosp)
* 1 el 1z exp W+Y) (C.22)
(27r)2(detc ); p{ 2 }\/— { 8c }
Using Baye’s theorem we write

P(¢'(42):¢"(£2),¢"(8)Cosp) =P(C(t) [¢"(t1),¢"(t2),Cosp)P (' (t1),C"(£2)|Cosp) -

Stated explicitly:

APPENDIX C

(C.23)
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P(C'(E) 1¢'(62),€"(2),Chep) = \/;—~ exp) — 22

where -
( o2 -RY -RY
By=|-RI —RY -Rg] _R! o —R! (C.25)
_RY -R} o
and
1-1
A B -RI| |-R
Zy=0% + [—RQ’ ~RY! -RU|| -RY o} -RY -R!| (C.26)
-R! —-RY} o} RY
Also,
P(C'(t)(2)|Chsp) = —L—
2rdet(c)?
. . ¢'(t) -1
* €T —%[C’(tl)_ﬁll C’(tz)—ﬁiz]g—l , ~ |
('(t) —10 ,
(C.27)
where
254
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N 1 ~
mEly T " ?COSP
m, - R3[92
" 1"p
2 Ry R Ry R3
T2——7 -y ———
) g3
and c=
1 pit "
R Ry R3 2 Ry
—fy ——— o——%
g3 0y

(C.28)

(C.29)

Now, using the expressions Z =Q +('(t)P+("*(t)Rand W + Y = E+ F('(t) in

(C.22), we can write

(o o]

o = jdtfdtl [a] ac | acs] ac ©®) - )/t~
¢ 0 7o To 7o
(

'(t _53 ] ' ! 1
* (¢'(ty) "70\/)2%—%3 ezp{ —%}P(C (t1),¢ (tz)Kosp)

Mo )

g o o on B o) 0

this leads to
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o= Tdtjdtjdtff AEACES
0 0 t o

1 To
* (¢'(t1) —no) 1~ ¢'(t4),¢'(t2)|Chs z _—+E}
(€)= m)hemp(C () p)(g)(detc)zfe E
*njdca (¢'(t) =6 )v{[—;l— 844% [‘1’— b 2BF c'(t)}

Performing the inner integral we get, finally,

cmdetjdtletzT jdcz ((t2) =70
0 0 ¢ 7o

1 Mo

~ 2
% (106 - 1 (t,),¢! 1 /2T M3 Q E?
(C (tl) Uo)mp(c (tl) (tQ)Kosp) (21r)2(detg )_12_ c €7 253 5 + 86}

SO N .

where

~land p=g2- £ 2B (C.33)
3

This corresponds to equation (6.54) in chapter 6.
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