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Abstract

The research presented in this dissertation is carried out in two parts; the first,
which is the main work of this dissertation, involves development of continuous
differentiability of the solution with respect to the unknown parameters. For linear
parabolic partial differential equations, only mild conditions are assumed on the
admissible parameter space. The nonlinear partial differential equation we consider
is a generalized Burgers’ equation, for which we establish the well-posedness and
the smoothness properties of the solution with respect to the parameters.

In the second part, we consider parameter identification problems for these two
parameter dependent systems. The identification scheme which we use here is the
quasilinearization method. Based on the results in the first part of this \'vork, we
obtain existence and local convergence of the algorithm. We also present some

numerical examples which demonstrate the performance of the quasilinearization

scheme.
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Chapter 1

Introduction

During recent years considerable effort has been devoted to the problem of estimating
unknown parameters in distributed parameter systems. Many parameter estimation
problems are best formulated in an infinite dimensional state space where one must
determine the parameter from some admissible parameter set that minimizes an
appropriate cost function.

There are two basic classes of approach for optimization based parameter es-
timation. The first, an indirect approach proceeds by initially approximating the
dynamic equations and then using optimization a,lgorithms’ on the finite dimensional
problem. This type of approach, which is typified by the papers [8] - [11], is usually
easy to implement and successful. A disadvantage of this approach is that only sub-
sequential convergence of the sequence of generated parameter estimates has been
established.

The second more direct approach is based on direct application of an optimiza-

tion algorithm and employs numerical approximations at each step of the algorithm



to compute the necessary solutions of the dynamic equations. This approach is used
in [7], [15], [26], [27] and [31]. Direct methods are often limited by the fact that
the dependence on unknown parameters of the solution to the infinite dimensional
dynamical equations may not be smooth enough to establish convergence of the algo-
rithm. Indeed, some algorithms may not be properly defined without this necessary
smoothness. When the direct methods can be applied, however, it is sometimes
possible to establish not only sequential convergence but also rates of convergence.

The work presented in this thesis is motivated by the use of a direct method
such as quasilinearization to solve parameter estimation problems involving differ-
ent types of partial differential equations. The crucial part in the proof of the
convergence of the algorithm is to establish the smoothness properties with respect
to the parameters. In our work, we discuss two kinds of parameter dependent sys-
tems. The first one is a linear parabolic system with variable coefficients. This
study is presented in Chapter 2. The second one is a generalized Burgers’ equation
with variable coefficients; it is presented in Chapter 3.

There is a considerable body of research on the problem of estimating coefficients
in parabolic equations. In 1985, H. T. Banks and P. D. Lamm ([10]) developed an in-
direct approach for estimating coefficients in parabolic distributed systems. In 1990,
P. W. Hammer ([26]) developed a quasilinearization algorithm for a parameter es-

timation problem involving a parabolic partial differential equation. Both of these



papers assumed strong smoothness assumptions on the admissible parameter space.
In 1988, H. T. Banks and K. Ito ([8]) presented a general convergence/stability
framework for using indirect methods to treat parameter identification problems
involving distributed parameter systems. This framework permits one to give con-
vergence and stability arguments in inverse problems under extremely weak com-
pactness assumptions on the admissible parameter spaces. In Chapter 2, we use this
idea in a direct approach. Actually, by modifying the framework, we successfully
prove that the quasilinearization method is convergent under mild assumptions on
the admissible parameter space.

The next problem we consider is the application of quasilinearization to param-
eter identification in nonlinear partial differential equations. In [26], P. W. Hammer
presented some numerical results for Burgers’ equation with constant parameters.
In [4], M. G. Armentano presented some numerical results for Burgers’ equation
with spatially varying parameters. The numerical results presented in these papers
were successful. However, neither of these papers contain a convergence proof for
the nonlinear equations. The nonlinear partial differential equation we consider in
this work is a generalized Burgers’ equation on a finite interval. In Chapter 3, we
establish the well-posedness and the smoothness properties of the solution with re-
spect to the parameters. These properties are necessary to establish the convergence

of the quasilinearization algorithm.



In Chapter 4, we formulate the parameter estimation problems as optimal control
problems and prove the existence of solutions to the problems in the first section.
In the second section, we prove that with the smoothness properties established in
Chapter 2 and Chapter 3, the quasilinearization algorithm converges.

Finally, in Chapter 5, we present numerical examples which demonstrate the

performance of the quasilinearization scheme.



Chapter 2

Parameter Dependence in
Parabolic Partial Differential
Equations

In this chapter, we consider the dependence on an unknown parameter of the solution
of parabolic partial differential equations. We prove the smoothness properties under

weak assumptions on the parameter space.
2.1 The General Setting

We consider a separable real Hilbert space H and another separable Hilbert space
V', which is continuously and densely imbedded in H. We identify H with its own
dual space; the dual of V is denoted by V*. Thus we have V C H C V* with
continuous and dense imbeddings. We shall use the same notation (-, ) for the inner

product in H and for the pairing between V* and V.



Let T be a positive integer. The space C([0,T], H) has the norm

lul| = supiejo,ryl|ult)| &,

and the space W} (0,T;V,H) = {u € Ly(0,T; V) : v’ € Ly(0,T;V*)} has the norm

Jull = (@302 + ([ @)

Notice that, in some books W}(0,T;V, H) is also denoted by W(0,T) (see [43]) or
L*((0,T),V)n HY((0,T),V*) (see [39]). Here we use the notation in [44].

We consider the following first order system dependent on a parameter ¢. Sup-
pose f € L*((0,T),V*) and ug € H. We investigate a function v € W}(0,T;V, H)

with

{ ) — Ag)u(t) + f(1), (2.1)

u(0) = ug,
where A(q) € L(V, V™) for each q.
The parameter ¢ belongs to the space ), which is assumed to be a subset of a
separable Hilbert space with norm || - ||g. We assume that observations y; for the
solution u(t;,¢*) of (2.1) at discrete times ¢;, 2 = 1,2,---,m are given. The goal is

to find ¢ € @ from this data. In particular, we solve the following inverse problem:



Find ¢ € @ that minimizes the functional

J(q) =3 ICulti;q) — willy,

where C is a bounded linear mapping from the state space H to the observation
space Y. Clearly, if y; = Cu(t;; ¢*), then § = ¢* is the solution to the problem.

With A(q), we can associate the sesquilinear forms

o(g)(¢,9) = (A(9)8, ),

which is defined from V x V to R. We assume that o(q)(-,-) has the following

properties:

(Al) Boundedness: there exists a positive number M; such that for all ¢ € Q) and

for ¢, € V, the following holds

10(9)(8,2)| < Mi||8llvellv-

(A2) Coercivity: there exists a positive number « and a real number Ag such that

for g € Q, ¢ € V we have

a(q)(¢. @) + Aol dl3 > allolly-

The following two results are well-known, see [39], [43], [44].



Proposition 2.1 Suppose (A1) and (A2) hold. Then for each q € Q, the equation

(2.1) has ezactly one solution v € W}(0,T;V, H).

Proposition 2.2 The space W}(0,T;V,H) is continuously embedded in

C([0,T],H).

In order to solve the parameter estimation problem, using direct methods, we
require some knowledge on the derivative of the state with respect to the unknown

parameter. To obtain differentiability, we need the following additional assumptions:

(A3) F-differentiable of o(q) : For ¢ € @ and for ¢, € V, there exists a linear

functional d,0(¢)(¢, ) defined from @ — R such that for any ~ € @
|o(q+ h)(6:9) — o(q)($,0) — 8,0 (9) (¢, ) - k| < o(l|Rll@)l8]lv llsplv-

(A4) Boundedness of 0,0(q)(#,¢) : For an element q in @, there exists Mz > 0

such that for any A in @ and ¢, in V
|0,0(q)(¢, ) - k| < M| hllqll¢llviielv-

Remark 2.1 From (A3) and (A4), we see that o has the continuity property. That

is, there exists 6 = 6(q) > 0 such that if ||h|g < é, then there is M3 > 0 so that the



following holds

lo(q + R)(¢, ) — o(q)(d,0)|| < Ms||hl|gll8llv]ellv-

2.2 Parameter Dependence

In this section we deduce smoothness properties for the solution u(q) of (2.1) with

respect to the parameter g. First, let us recall the definition of the Fréchet derivative

([39))-

Definition 2.1 Let X and Y be Banach spaces and let x4 be a point in X. Let F' be
a mapping from a neighborhood of ¢ into Y. Then F is called Fréchet differentiable

at x¢ if there exists a bounded linear operator A € L(X,Y) such that

iy 1 (20 + 7) — F'(2o) — Az]ly

= 0.
z=0 <]l x

If such an A ezists, we call it the Fréchet derivative of F' at xo, denoted by DF (zo).

Theorem 2.1 Suppose (Al) — (A4) hold. Let u(t;q) € C([0,T], H) be the solution
of (2.1). Then for each t € [0,T], u(t;q) is Fréchet differentiable with respect to g
at every q € (). Moreover, for each h € @), v(t) = Dyu(t; §)h is the unique solution
of the weak sensitivity equation

{ (v, 0) + (@) (v, ) + 9o (§)(u(g),0) - h =0,  for VYpeV

v(0) = 0.



Proof. By Proposition 2.1 and Proposition 2.2, it is clear that both (2.1) and
(2.2) have unique solutions in C([0,T], H) for each ¢,h € Q). For the proof of the
remaining part, as in [43] and [44], it suffices to prove the result for the case that
Ao = 0 in condition (A2).

Let h € Q, ||h]lo < é, where § is defined as in Remark 2.1. Let v(¢) denote the
solution of (2.2) corresponding to h. It is clear that for each fixed t € [0,7], the
mapping from h € Q to v(t) € H is linear and continuous. From Definition 2.1, we

only need to show that for each ¢t € [0, 7],

[ut; g+ h) —u(t;§) —v(t)lln
I7lle

— 0,

as ||k|lg — 0.

Let I(t) = u(t; ¢+ h) — u(t;q). Then [(t) satisfies

{ (le, ) + (g + h)(ulg + k), ) —a(g)(u(g),p) =0, for VpeV,

1(0) = 0.

Thus,

(L) + a(qg+ h)(L, @) + olqg+ h)(u(q), ¢) — o(q)(u(q),») = 0.

Select ¢ = [(t), then we have

() +o(g+R)(L1) = —o(q+ h)(u(g), 1) + a(g)(u(g), 1)

10



< Ms|hllollw(g)llvIldlv

1 «
< - MglRlgllu(a)lly + S,

here we have used Remark 2.1. Integrating in time and compute the left hand side,

we obtain

T 1 T
Lt +otg+mt 0t = ZIUDIG =0+ [ olg+ .t

T
> [ alulpd.
0
Therefore, we have

T T
|zt < el [ o)l (23)

Now, set w(t) = u(t; ¢+ h) — u(t; §) — v(t), where ||h||g < §. Then w(t) satisfies
the following equation:

{ (wi,9) +0(§+ h)(u(§ + h), ) = o(§)(u(§), ») — 0(§)(v,¢) — g0 (§)(u(§), ) - h =0

w(0) =0

for each ¢ in V.

Therefore, we have

(wi, ) + o(§)(w, )

+ oG+ h)(w(g +h),0) — o(d)(ul§+ h),¢) = 0,0 () (u(d + ), @) - h]

11



+ [6,0(D(u(@+ k), p) - b — 0y0(g)(u(g), ) - h] = 0.

Since o(g)(+,-) is sesquilinear, 3,0(§)(®, ¢) is linear with respect to ¢. This implies

(wi,0) + o(@(w, )
+ oG+ h)(w(§+h),0) — a()(u(d + 1), @) — 8,0(§)(u(d + h), ¢) - ]
b 0,0(@)(u(d+h) — u(d).g) h=0. (2.4
If we select p = w(t), then (2.4) reduces to

1 d

5 el = (w,w)
< o[[hlle) - lu(g + R)llvliwllv + Malkllollu(g + h) — u(g)|lv|lwllv
— o(g)(w,w )
< olllblle) - lu(@llvliwllv + éllklloliu(d + k) = w(@)v]lwlly — allwlf
< o([RlIZ) - (DI + éllu(d + h) — w(@IT IRl

Integrating from 0 to ¢ and using the initial condition w(0) = 0, we obtain from

(2.3)

lwll?r < éllkllg + olIR]Ig).

12



Thus, it follows that
lw/l|hllollz — 0 as |kl — 0,

and this completes the proof. O

Theorem 2.2 Suppose (Al) — (A4) hold. In addition, assume that

(A5) Lipschitz continuous of 9,0(¢)(¢,p) with respect to ¢: For any ¢, ¢ in

V, there exists My > 0 such that

1050(q + Aq)(6, ) — 940 (q) (¢, @)l < Mal|Aqlloli¢llvIIellv-

Then for each t € [0,T], Dyu(t;q) is locally Lipschitz continuous with respect to q.

Proof. As in the proof of the previous theorem, we only need to consider the case
Ao = 0 in condition (A2). Pick a point & in @ so that ||k||¢o = 1. Suppose v(g) and
v(gq + Agq) are the solutions of (2.2) with § = ¢ and § = ¢ + Agq, respectively. For

small Ag, let 7(t) = v(q + Ag) — v(q). Then r(t) satisfies

(re,0) — a(g)(v(g), ¥) + o(g + Ag)(v(g + Aq), ) — 9y0(q)(u(g), ) - h
+0,0(q+ Aq)(u(g+ Aq),p)-h=0 for VpeV

r(0) = 0.

Select ¢ = r(t). Since o(q + Aq)(r,r) > al|r||?, it follows that
v

d
el = (o)

| =

13



= [o(g)(v(g),r) — o(g+ Ag)(v(q),7)]
+ [0,0(q)(u(g),7) - h — By0(q + Aq)(u(g),T) - A]

+ 0,0(q+ Aq)(u(q) — u(g + Aq),r) - h — a|7||},

VAN

Ms||Agllellv(Dlviirlly + MallAgllel[w(llviirllviiklie

+ Ma|hllollu(e) — ulg + Ag)llviirllv — eIy

IN

ClAdligUlv@Ily + lu(@)ll}) + Cllu(g) — ulq + Ag)|ly;

here we have used Remark 2.1, assumptions (A5) and (A4). Integrating from 0 to

t, noting that 7(0) = 0 and employing (2.3), we conclude that

Irl% < CO)llAql?.

2.3 An Example

To conclude this chapter, we give an example which shows that the usual parabolic
systems, which include the equations discussed in [26], can be treated with the theory
we have just discussed. Notice that our assumption on the admissible parameter
space is very weak. For other applications, the readers may consult [8].

Consider the following Dirichlet boundary value problem for a one-dimensional

14



parabolic problem:

{ d_ud?)' = (qluz)w + (‘hu)x + gsu + f(t)> on (Oa 1),
(2.5)

U(U) = Up,
where ¢ = (q1,92,43) is the parameter. Let the state spaces H = L%(0,1), V =

H}(0,1). The weak form of the equation is given by

(L o)t o@ne) = (fg), veV,

where the sesquilinear form is defined as

o(9)(d,¢) = (0102, ¥c) + (020, ¢2) — (430, ©). (2.6)

Proposition 2.3 Let Q = {(q1,92,43) € C[0,1] X C[0,1] x C[0,1]]0 <m < g1} for

some constant m. Then if ¢ € Q), o(q)(-,-) as defined by (2.6) satisfies (Al) — (A5).

Proof. Let g € Q and ¢, € H}. Then by using Holder’s inequality and Poincaré’s

inequality, we have

0(g)(: )] < lq1¢z,92)| + (928, 2)| + [(g3¢, )]
1 1
< MNaille | 1ézllealda + lgalle [ [8llvlds
1
+ lasle [ 16llplda

< Millqllellellaliela (2.7)

15



and

o(q)(¢,8) = (q1¢z,¢:) + (920, 8z) + (g39, B)

1 1
> min{g)} [ [¢:léxlda — lgalle [ I8ll6.lde
1
= laslle | I¢ll6da
1 1
> sm [ |6:ll6slde = Cllglhe
> all¢llin — doll¢lie (23)

where M, a are positive constants and C, A are real numbers. From (2.7) and (2.8),
we can see that (Al) and (A2) hold.
For (A3) - (A5), notice that o(g)(-,-) is linear with respect to ¢, which implies

that

9,0(q)(¢, ) - b = a(h)(¢, ), (2.9)

for each h € Q). Combining (2.7), (2.8) and (2.9), we obtain (A3) - (A5). O

The theoretical framework presented in [8], where they used an indirect approach
to identify unknown coefficient functions, can be used to treat many types of systems
including the problems in which the underlying semigroup is not analytic or the
problems involving functional partial differential equations ([6]). With appropriate

modifications, the framework we present here should also be able to treat some other

16



types of problems.
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Chapter 3

A Generalized Burgers’ Equation

3.1 Preliminary

Consider the initial value problem

{ w(t) + Ault) = f(t,u(t)), t>0
(3.1)

u(0) = up
on a Hilbert space X, here we assume A is a sectorial operator (i.e. —A generates
an analytic semigroup) and that the spectrum of A lies entirely in the (open) right
half-plane. In-this case, the fractional powers of A are well defined, and the space
Xo = D(A%) with the graph norm ||ul|, = ||A%u|| is defined for each a > 0.
For our assumption concerning the function f in (3.1), we will use the following

definition:

Definition 3.1 Let U be an open subset of R x X%, where a is between 0 < o < 1.
We say that f is locally Holder continuous in t and locally Lipschitz in x on U if for

every (t.u) € U, there exists a neighborhood V of (t,u) so that for (t1,uy), (t2,uz) €

18



V, there are L > 0 and 6 > 0 such taht

[ £(t1,w1) — ft2,u2)||x < L([t = ta]® + [lur — ualla).

The following local existence theorem for the solution of equation (3.1) can be

found in [37], [28] and [18].

Theorem 3.1 Let A be as before and let f be locally Holder continuous in t and
locally Lipschitz continuous in x in an open set U C R x X*. Then for every initial
data (to,uo) € U, there exists T = T(tg,ug) > 0 such that the initial value problem

(8.1) has a unique local solution u(t) on (to,to + T') with initial value u(to) = uo.

In this chapter, the equation we consider is a special case of (3.1). In Section 3.2,
we will show that the equation satisfies the conditions in Theorem 3.1 and we will
establish regularity properties. In Section 3.3 we establish a Maximum Principle for
the equation; and in Section 3.4 we prove the global existence and differentiability

of the solution with respect to the parameters.

19



3.2 Local Existence and Regularity Properties

We consider a generalized Burgers’ equation which has the Dirichlet boundary con-
dition and is defined on a finite interval [0, 1] by
U = €Ugy — q(T)uug, 0<z<l, t>0,
u(t,0) = u(t,1) =0, t>0, (3.2)
u(0,z) = wo(z), 0<z<l,
where € > 0. We assume ¢(z) € C|[0,1], and uo(z) € Hj(0,1).

Let X = L%(0,1), define an operator A in X by Au = —eu,, with D(4) =
H*(0,1)N H}(0,1). Tt is well-known that —A generates an analytic semigroup, and
the spectrum o(A) of A consists of all eigenvalues en?r%,n = 1,2,---. Thus we
have Re(o(A)) > 0. Therefore, we can define fractional powers of A and D(A'/?) is
H}(0,1). Let X'/2 = D(AY?) = H}(0,1).

The function f(u) = —q(z)uu, is defined from X/? to X, and (3.2) can be
written as the initial-value problem

up + Au= f(u), t>0
{ u(0) = uo.
Lemma 3.1 f : XY? — X is locally Lipschitz. In particular, if u € X%, then

there erists a neighborhood V' of u and a constant C' > 0 such that for v,w € V,

[ f(v) = f(w)|lx < Cllv—w|xs2.

20



Proof. For any v,w € H}(0,1), since H'(0,1) is continuously embedded in C[0, 1],

it follows from Poincaré’s inequality that

1f(v) = f(w)llzz = || = g(z)vve + g(2)wwe| 2
< lg(@)lleyllvve — wwel| 12
< lg(@)lley(l[v(vz = we)lize + lwz(v — w)lz2)

< lg@)lleullvlle, - [lve = wellze + fwzllzz - [0 = wllc, )

< llg@lle, - Clivllar - lve = wellze + llwellz2 - [lo — wlia1)
< Clg@)lle, - (ol + lwllg) - llv = wllm
Hence, f is locally Lipschitz. O

The following theorem establishs the existence and smoothness properties of local
solutions to (3.2). This result is based on Lemma 1, Definition 3.3.1, Theorem 3.3.3
and Theorem 3.5.2 from Chapter 3 of [28]. Part of the result can also be derived

from [37].

Theorem 3.2 Suppose ¢ > 0 and g(z) € C[0,1]. Then for every uq € XV/? =
HJj(0,1), there exists T > 0 such that (3.2) has a unique solution u(t) on [0,T),
where u(t) € C([0,T), H}(0,1)) N CY((0.7), Hy(0,1)), and u(t) € D(A) for each

te(0,T).



For our system (3.2), this solution possess, the following regularity property.

Theorem 3.3 If u(t) = u(t,z) is the local solution given in Theorem 3.2, then
u(t,z) is continuous on [0,T) x [0,1]. Moreover, u(t,z) is a classical solution of

(3.2) on [0,T) x [0,1].

Proof. First, from Theorem 3.2 we know that
u(t) € C([0,T); Hy(0,1)) n C'((0,T); Hy (0, 1)).

Also, since Hj(0,1) is continuously imbedded in C[0, 1], we see that u(t,z) is con-
tinuous on [0,T) x [0,1] and is continuously differentiable in ¢ € (0,7") for each
z € (0,1). Since u(t) € D(A) = H*(0,1) N H}(0,1), it follows that u(t,z) is contin-
uously differentiable for each ¢t € (0,T). Clearly, u,, belongs to L%(0,1).

Notice that every term, except €u,., in the equation is continuous. Thus, u,, is
also continuous. Consequently, we see that, for ¢ € (0,T) and z € (0,1), u(t, ) is
continuously differentiable in ¢ and twice continuously differentiable in . Hence it

is a classical solution, completing the proof. O

3.3 The Maximum Principle

Theorem 3.4 Let u(t,z) be the solution of (3.2) on [0,T) x [0,1]. Under our

assumptions, the mazimum absolute value of u(t,z) is reached on {0} x [0,1]. That

22



18,
[ut, 2)| < max [u(0,2)]

fort € [0,T), z € [0,1] and ||u(t,-)||c = maxo<z<1 |[u(t,z)| is decreasing on t €

[0,T).

Proof. Let v(t,z) = e‘%tu(t, z) for some A > 0 and let T be any number between 0
and T. From Theorem 3.2, we know that u(, z) is continuous on [0, 7] x [0, 1], hence
v3(t,z) is also continuous on [0,7] x [0,1] and thus v2(,z) reaches its maximum
value on [0, 7] x [0, 1]. Suppose the maximum value of v*(t, z) is reached at (t;,z;) €
(0,7] x (0,1). Without loss of generality, we may assume that v2(¢;,z;) > 0. By
Theorem 3.2, we see that for each = € [0, 1], v*(¢,z) is continuous differentiable in
t € (0,T) 2 (0,7), and for each ¢ € [0, 7], v2(t, z) is twice continuous differentiable

in z € (0,1). So the first derivative of v? in x vanishs at the point (¢;,;); that is,
(v} (t1,21) = 0. (3.3)

The first derivative of v? in ¢ vanishs at the point (t;, ;) where t; € (0,T); and

when t; =T, it is greater than or equal to 0, hence we have

(v")e(ts, 21) > 0. (3.4)
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The second derivative of v? in z is less than or equal to 0,
(v?)zz(t1,21) < 0. (3.5)
Since (v?)(t1,x1) = 2v(t1, 1)vz(t1,21) = 0 and v(ty,21) # 0, we have
vz(ty,21) = 0. (3.6)

Now lets go back to look at the equation (3.2) and we will get a contradiction.

Multiply both sides of the first equation of (3.2) by u(t, z), we get
1 2
5(u )t — €ugpu + quiugy =0,

Since (u?)zz = 2uug, + 2u2, it follows that

—(u?); — E(uQ) + eu? + gu(u?) =0

2 t 2 T T 2 r — Y.

Replace u by e2'v one obtains

(v?3); + M? — €(v?)r + 2eeMv? + qe%tv(v2)x =0. (3.7)

It follows from (3.3), (3.4), (3.5). and (3.6) that at the point (t;,z,) we have

('02)1 >0, Av? > 0, —6(7)2).1:9: > 07
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and the last two terms of (3.7) are zero. This means that the equation (3.2) can not
hold at (¢1,z;). Thus, v%(¢,z) does not achieve its maximum value at (¢1,z;), which
is an arbitrary point in (0,77 x (0,1). Therefore, the maximum value of v(t,z) is

achieved on {0} x [0,1], that is

2 2
lv(t, )| < o2 [v*(0,z)| for t€[0,T), z € [0,1],

or equivalently,
le= Mul(t, z)| < Jnax luo(z)] for t€[0,T), = €[0,1].
Hence, for all A > 0, it follows that

A
[u(t, 2)] < € max [uo(e)].

Now letting A — 0, we obtain
lu(t,z)| < Joax luo(z)| for t€[0,T), z€]0,1],

and this completes the proof. O

3.4 Global Existence and Differentiable Depen-
dence Properties

Theorem 3.5 Assume ¢, b(z) and uo(z) satisfy the hypotheses of Theorem 3.4.
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Then the system has a unique global classic solution.

Proof. For the function f(u) = —q(z)uu,, we have
1 (@)llzz = || = g()unellrz < llglle,llullc,llusl 2.

Since u € H}(0,1), it follows from the fact that H'(0, 1) is continuously embedded

in C[0,1] and Poincaré ’s inequality that
1f()llzz < Cllullz

for some C > 0, where C depends only on g(z).

This shows that f maps bounded sets in X/? = H}(0,1) to bounded sets in
X = L*(0,1). Thus if u(¢) is a solution of (3.2) on [0,7) and T is maximal, then
either 7' = oo or there exists a sequence t,, — T as n — oo such that ||u(t,)||x1/2 —
00. (See Theorem 3.3.4. in Chapter 3 of [28].)

Next we prove ||u(t)||x1/2 is bounded on any finite interval.

Let u(t) be a solution of (3.2) on [0,7) with T' < co. Taking the L?(0,1) inner

product of both sides of the first equation of (3.2) with —u,,, we have

1
= | = —elfuaa] 22 + /O ¢()uputiyede. (3.8)
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For the last integral on the right side of (3.8), we have the estimate

IN

luollcllglle, el r2ll ez 22

1
l/o q(z)uzuu . dz|

||u0”2Cb||q“éb ||u$||%2

e

Here, we used Theorem 3.3 and Hoélder’s inequality on the first step and the inequal-
ity
ab < éa® + Ly
- 46
on the second step. If we select § = ¢/2, then (3.8) yields

u 2 q 2
ol ol o

EZH“Z”%? +6||uxx“i'-’- < .

= @||Uz||%2a

where C is a fixed constant for €, g(x), up(z) are given.

Now let us consider the following inequality (which is the previous one without

the second term on the left):
d 2 ~ 2
Slluzllze < Cllus|[z.. (3.9)

From Theorem 3.1, we know that u(t) € C*((0,T), Hy(0,1)). Thus, for small p €
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(0,T), it follows from (3.9) that

lua()][2 < e=llza)=Co . (O (3.10)

From (3.10), it is clear that |Ju.(t)||z2 is bounded on [0,7"). So the Poincaré’s
inequality implies that [|u(¢)||g: is bounded on [0,7"). Now it is clear from the

argument at the beginning of the proof that (3.2) has a global solution. O

By Theorem 3.4.4. and Corollary 3.4.5. in [28], we have the following theorem

which establishes differentiability of the solution u(t) of (3.2) w.r.t. the parameters.

Theorem 3.6 Let u(t) be the solution of (3.2) on [0,00). Then the mapping
(e,q,u,) — u(t; e, q,u,) is infinitely often differentiable from R* x Cy[0,1] x H(0,1)
into H}(0,1) for t € (0,00). Moreover, the derivatives w(t) = D.u(t), v(t) =

Dyyu(t), z(t) = Dy,u(t) are the solutions of the following equations

d

dv

dt = €Ugz — q(l')uvz‘ - (Z(‘T-)UZ-U — UlUg, 1)(0) = 0’
d

d_j = ezp — q(z)uzs — q(z)usz, 2(0) = 1.
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Chapter 4

Parameter Estimation by
Quasilinearization

In this chapter we formulate the parameter estimation problems as an optimal con-
trol problem in which the parameters are the control variables. We discuss two
issues, the first one is the existence of a solution to the resulting optimal control

problem, the second one is the convergence result of the quasilinearization method.

4.1 Formulation of the Parameter Estimation
Problem

The parameter estimation problem for (2.1) or (3.2) can be formulate as follows.
We assume we are given observations or data y; € Y at discrete times t;, 1 =
1,2,---,m, where the observation space Y is a Hilbert space. The state space H
is a Hilbert space, and we assume the admissible parameter set () is a subset of a
Hilbert space. We wish to determine ¢ so that some observed part, C'u(t;; ¢q), of the

state u depending on g best approximates y;. In other words, we seek to identify
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¢*(z) in @, that minimizes
J(q) = 3 [ICu(ts 9) — willy + Bllglln, (4.1)

where C is a bounded linear mapping from the state space H to Y and # > 0. When
B > 0, the second term is a ‘cost term’ and serves as a regularization.
To establish the existence of a solution to our inverse problem, we need the

following definition:

Definition 4.1 Let X andY be Banach spaces. We say that a mapping F': X — 'Y

is sequentially weakly continuous if whenever
z, — T weakly in X,

we have
F(z,) — F(z) inY.

We have the following two solution existence theorems; the first one is for 5 > 0

and the second one for 8 > 0.

Theorem 4.1 Suppose g — Cu(t; q) is sequentially weakly continuous in Q) for each

t. Then there exists a solution ¢*(z) € Q for the inverse problem with 8 > 0.
Proof. 1t is clear that {J(q): ¢ € Q} is bounded below by zero, so it has a biggest
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lower bound. Let y be the biggest lower bound for {J(¢ : ¢ € Q}. That is,
y=1nf{J(g:q€Q}
Then there is a minimizing sequence {qx} such that
J(gi(z)) =y, as k— oo

Since

IMbSlﬂw, (4.2)

»

{gx} is bounded in Q. Hence, the sequence ¢; has a weakly convergent subsequence

{gx,}. Let ¢~ be such that

gk, — ¢~ weakly in Q.

Then, it follows by our hypothesis that

Cu(gy,) = Cu(¢”) in Y.

By the continuity property of our Hilbert space norm, we conclude that

lim ;oo (41,) = J(q°).
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Consequently, we have J(¢*) = y. Hence, ¢* is a solution of the inverse problem. O

Theorem 4.2 Suppose ¢ — Cult; q) is sequentially weakly continuous in Q) for each
t. Moreover, assume Q is a bounded. Then there exists a solution g*(x) € Q) for the

inverse problem.

Proof. The result can be got in the same way as in the proof of Theorem 4.1 except
using the hypotheses instead of (4.2) to get {¢x} is bounded. O
As an example, we apply Theorem 4.1 and Theorem 4.2 to a parameter estima-
tion problem governed by the generalized Burgers’ equation, which was presented
in previous chapter.
The parameter dependent system we are considering is the following
Lu(t) = euss — q(z)uus, 0<zr<1,t>0,
u(t,0) = u(t,1) = 0, t>0, (4.3)
u(0,z) = uo(z), 0<z<l.
Let the state space H be H}(0,1). When we consider the regularity term (i.e.
B > 0), we let Q be H(0,1), otherwise let Q € H'(0,1) and bounded in C[0,1].
Let Y be any Hilbert space and C be a bounded linear operator from Hj(0,1) to
Y. In the next Chapter, we will use Y = R' x R™, I,m € Z*, and C to be the
projection from H}(0,1) to R' x R™ in our numerical examples. Combining the

results in Chapter 3 with Theorem 4.1, we have the following result.
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Corollary 4.1 There ezists a solution g*(x) of the parameter estimation problem

governed by (4.3).

Proof. From Theorem 4.1 and Theorem 4.2, we only need to prove that the mapping
q — Cu(t; q), from H'(0,1) to Y, is sequentially weakly continuous for each t.

Let ¢ — ¢ weakly in H'(0,1). Since H'(0, 1) is compactly embedded in Cy(0, 1),
it follows that gy converges to ¢ in Cy(0,1). It follows from Theorem 3.6 that for
each t € [0,T) u(t; ge(x)) — u(t;q) in HL(0,1).

Finally, since C is a continuous mapping from H}(0,1) to Y, we have that
Cu(t; qx) converges to Cu(t;q) in Y for each ¢t. Hence, Cu(t;¢q) is sequentially

weakly continuous with respect to ¢ and the proof is complete. a
4.2 The Quasilinearization Algorithm

In this section we discuss the convergence property of the quasilinearization algo-
rithm for the parameter estimation problem. We consider the parameter estimation
problem formulated as in the previous section. For the sake of convenience, we
rewrite (4.1) in a simpler form as follows: Let ¥ = Y™ (with the product norm),
y = (y1,92, - ,ym) and U(q) = (Culty; q), Cults; q, -+, Cultnm;q)). Also, we let

Z =Y x Q (with the product norm) and set
Ulg) -y )
F(q)= .
(4) < Vg
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With this setting, (4.1) becomes

J(q) = I1F(a)Z- (4.4)

The method we use to solve this parameter identification problem in this section
is quasilinearization. The concept of quasilinearization was introduced in [12]. Since
then, there have been various extensions and variations (see [7], [15], [16], [26], [4]).
Quasilinearization is a recursive Newton’s method type of algorithm, which can be
defined as follows:

Given an initial guess ¢ € ), define

' = ¢ = D(qx)"M~(qx)F(gx),

= G(qk) k= Oa 1’273’ Ty (45)

where
M(q) = D F(q),
D(q) = M*(q)M(q),
and M*(q) is the adjoint operator of M(q).

The following results are straightforward and can be found in [26]:

Lemma 4.1 Suppose u(t; q) is Fréchet differentiable with respect to q and the map-
ping ¢ — Dqu(t; q) is locally Lipschitz continuous in Q) for each t. Then both M(q)
and M*(q) are locally Lipschitz continuous in @), D(q) is continuous in Q.
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Under some assumptions, we can obtain superlinear convergence when there is
an exact fit to data and linear convergence when there is ’small’ error in data. These
results are typical in the quasilinearization methods, and the proofs given here are

in the same idea as those in [7], [15], and [26].

Theorem 4.3 Suppose the hypotheses of Lemma 4.1 are satisfied. Assume J(qg*) =

0 and D(q*)~! exists. Then for every € > 0, there exists a constant § > 0 such that

IG(q) — q7|| < C’Hq — q’“”2 +¢llg — ¢ whenever |l¢ — ¢|| <6,

where C' is a constant which depends on ¢*. In particular, ¢* is a point of attraction

of the iterative scheme ¢**t! = G(¢¥).

Proof. First, we observe that

Glq)—q" = D(q)7'[D(q)(g — ¢") — M"(q)F(q)]
= D(q)7'[M"(q)[M(q)(g~q") — F(q)]
= D(q)7' [M*(q)[M(q) — M(¢")l(q — ¢")]
— D(q)"' M (9)[F(q) — F(q7) — M(q")(g — ¢")]]

— D(q)7[M*(q)F(q7)]. (4.6)

The last term on the right hand side of (4.6) is equal to zero since, by assumption,
J(¢*) = 0. From Lemma 4.1, we know D(q) is continuous at ¢*. Since by assumption
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D(g*)™! exists, there exists constants §; and K so that for ||g — ¢*|| < o, D(q)™!
exists and ||D(q)"!|| < K. By Lemma 4.1 M*(gq) is continuous at ¢*, so there exist

constants §; and B, such that if ||g — ¢|| < é1, then ||M*(¢)|| < B. Therefore, we

have

1G(¢) — ¢l < KBJ|[M(q)— M(q")(q— ¢l

+ KB|F(q)—F(q") — M(q")(q¢ — ¢")|. (4.7)

Since M(q) is locally Lipschitz continuous at each point ¢ in ), there exists a

constant L such that

11M(q) = M(¢)(q — ¢ < Lllg — ¢7[1*- (4.8)

For the second term of (4.7), by the definition of the Fréchet derivative, for any

€ > 0, there exists a constant 6; > 0 so that if ||g — ¢*|| < d2, then

|F(q)— F(qg") — M(q") (g — ¢")ll < ellg—q7]|- (4.9)

Combining (4.8) and (4.9) with the inequality (4.7), we see that

IG(q) = ¢’ll < KBm[Lllq — q"[I" + ellg — q”l] (4.10)

whenever |l¢ — ¢*|| < é = min{éo, 61,62}. This completes the proof. o
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The next theorem does not require an exact fit to data, but it does require the
data ‘error’ is small. Note that if M*(q) is locally Lipschitz continuous at ¢*, then
there exists §* > 0 such that for 0 < § < &* there exists a Lipschitz constant L(§)
if l¢— ¢"|| < 8. Let K = liminfs_o L(6) and let K be defined as in the proof of

Theorem 4.3. Then we have the following.

Theorem 4.4 Suppose the hypotheses of Lemma 4.1 are satisfied. Assume D(g*)™!

exists and g~ is the fized point of G. Let K and K be the constants as above. If

1

< —=, (4.11)
3KK

I1E (g™l
then q* is a point of attraction of the iterative scheme ¢**! = G(q*), where G is
defined as in (4.5).

Proof. We proceed as in the proof of Theorem 4.2. First, observe that in (4.6) the
last term on the right hand is no longer equal to zero. So, for ||g — ¢*|| < 6, (4.10)

becomes

1G(q) —¢*| < KBm[L|g—q"||* + €llg — ¢7]]

+ [D(g)7 M (9) F(g)]II (4.12)
By our assumption, ¢* = G(¢*) and it follows that

M*(q")F(q") = 0. (4.13)

37



From how we define K, there exists a constant é such that for llg —q*|| £ 6
1M7(q) = M™(q")|| < 2Kllg = ¢°||- (4.14)
Now, combining (4.13) and (4.13) with (4.12), we have

|G(q) — ¢*|| < KBm[L|lq—q*||* + €llg — ¢7|]]
+ K|[M~(q) — M~ (¢")]F(q")l
< KBm[L|lqg— ¢"||* + €|lg — ¢7|]

+ K-2K|q =g lIF(g)].
Hence, it follows by (4.11) that
* x| 2 * 2 *
1G(a) = &7l < Cillg = ¢"II° + Coellg = ¢l + Sllg =

whenever ||g — ¢*[| < min{é,8}, where C; and C, are constants. Therefore, ¢* is a

point of attraction of the iterative scheme ¢¥*! = G(¢*). O
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Chapter 5

Numerical Results

In this chapter we present numerical results based on the quasilinearization algo-
rithm established in [15], [26] and [4]. In [15], J. A. Burns, E. M. Cliff and D. W.
Brewer developed the algorithm for delay differential equation where the unknown
parameters include constant coefficients and the delay. In [26], P. W. Hammer de-
veloped the algorithm for a parabolic partial differential equation with a spatially
varying parameter. P. W. Hammer also presented some numerical examples for a
nonlinear parabolic equation (Burgers’ equation) with a constant parameter. In [4],
M. G. Armentano presented some results for a nonlinear parabolic equation with
spatially varying parameter.

The goal of our numerical effort was to present some concrete numerical solu-
tions which demonstrate the problems we discussed. Since many numerical examples
have been done for the parameter estimation problems governed by linear parabolic

problems (see [10] and [26]), we only consider for the nonlinear equation case. In the
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first example, we give some numerical solutions for the type of nonlinear equations
we discussed in Chapter 3 by using the finite element method. In Examples 2 - 6, we
consider parameter estimation problem with spatially varying parameter in a non-
linear parabolic partial differential equation. However, we use linear splines instead
of the polynomials used in [4] to approximate the parameters. Finally, in Examples
7 - 9, we present numerical solutions for parameter estimation in another nonlinear
partial differential equation. The computer codes are written in Matlab and carried
out on either a DEC 3000 machine, housed at ICAM, or a Sun SPARCstation 2
(with a Weitek 80 MHz CPU upgrade) at mathematics department.

In each of the examples we use linear splines to approximate the parameter
q(z) € Q. Specifically, we choose

A~ Nq
Q = {Z aigi(x)|(ao,a1, e aaNq)T € RNq+1}
=0

to approximate the parameter space @, where g;(z) denotes the standard hat func-

tion on the interval [%3—, %] for i =0,1,2,---, N,. The functions are defined by

-Naz2z+1, ze€l0, ﬁq]

go(z) =
0, elsewhere
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Naz—(i-1), ze[ %]
gi(z) = =Nz + (i +1), z €[5, %]
0, elsewhere
fore=1,2,---,N, — 1 and
Nz — (N, —1), =z €[%1]

gn,(T) =
0, elsewhere.

The finite element method is used to solve the partial differential equations.
Linear splines are used to discretize the equation in space. For the state equation,
a linearized backward Euler method and a linearized Crank-Nicolson method ([40])
are used to discretize the equation in time. For the sensitive equation, we use
a backward Fuler method to discretize the equation in time. A 3-point Guassina
quadrature formula is used for the calculation of the the integrals.

Suppose we have the following variational formulation of our problem: Find

u(t) € V.= Hj(0,1), t € [0,T], such that

(ut,0) + (a(w)ug, v) = (f(u),v)) Vv eV,

(5.1)
u(0) = uo.

Let Vj be a finite-dimensional subspace of V' with basis {h;, hs,---,hn,}, where

hi(z) are the standard linear spline functions on the interval [0,1] satisfying zero
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boundary conditions. The functions are defined by

(Nt De— (-1, 7€ (2 wi]

hi(z) = —(No+ Dz + (@ +1), €[y vl
0, elsewhere
for 2 =1,2,---, N.. Replacing V by the finite-dimensional subspace V), we get the

following semi-discrete analogue of (5.1): Find ux(t) € Vi, t € [0,7T], such that

{ (une,v) + (a(up)un,, v) = (f(un,),v) Vv € Vi,
(5.2)

(ur(0),v) = (uo, v) Vv € V.
In order to solve this initial value problem for a system of ordinary differential equa-
tions, we will implement a two-step method, a linearized Crank-Nicolson method,
supplying by a single-step method, a linearized backward Fuler method, with fixed
step size h; ([40]). These two methods are carefully discussed and used to solve
linear and nonlinear parabolic problems in [30] and [40]. In the linearized backward
Euler method for the semi-discrete problem (5.2) we seek approximations uj, € Vj

of u(-,t,), n =0,1,- -+, Ny, satisfying

(257 0) + (a(u ™, va)+ = (f(uf"),v)
(5.3)
(u?n v) = (uov 'U)

for Vv € Vi, n = 1,2,-- -, N;. In the linearized Crank-Nicolson method for (5.2) we
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seek up € V, n =0,1,---, N; such that

n_,n—1 _ : n oy n—1 _ B
(EE= 0) + (aGui™ = Jui™) B ) = (F(Gui™ — Juf™).v)

& (5.4)
(uf, v) = (o, v)
for Vo € V4, n =1,2,---, N;. In our examples we generate u} from u) by (5.3) and

then revert to (5.4) for the computation of the subsequent steps.
Example 5.1 In this example, we consider the equation
U = €Ugy — (T ULy, 0<z<l1, t>0,
u(t,0) = u(t,1) =0, t >0,
u(0,z) = uo(x), 0<z<l.

Figure 5.1(a) and Figure 5.1(b) show the solution in case for € = 5, ¢(z) =1
and ue(z) = sin(wz). This numerical solution has also been computed by Kang in
[32] and we notice that the result here is the same as the one in [32] (Figure 4.3.19.).
Figure 5.1(c) and Figure 5.1(d) show the solution for € = &, ¢(z) = zsin(3z) and

ug(z) = sin(2xz). In each case, we draw a 2D graph and a 3D graph.
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0.7 0.8

Figure 5.1(a) Solution of the Equation (5.5), € = L, g(z) = 1
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u(t,x)

Figure 5.1(b)

Solution of the Equation (5.5), € = 155, ¢(z) =1
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Figure 5.1(c) Solution of the Equation (5.5), €= g5, 9(7) = z sin(3z)
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Figure 5.1(d) Solution of the Equation (5.5), € = &, q(z) = zsin(3z)
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We next consider the following parameter estimation problems:
Given observations y;; € R'xR™,1 < i < m,1 < j <[, determine the parameter

g* in the admissible space ) that minimizes the functional
1 2
1YJ

where u(t; q) is the solution to equation (5.1).

For all of the examples considered here, we choose a true parameter and use
the finite element method to solve for ‘true’ solution u*(¢,z). We then add random
noise to obtain the noisy observation data y;;,¢ =1,2,---,m, 3 = 1,2,---,1 (or no
errors for exact data). In the next four examples, we consider the following state
space model discussed in Chapter 3:

Ut = €Uy — q(T)uuy,, 0<z<l, t>0,

u(t,0) = u(t,1) =0, t>0,

u(0,z) = uo(zx), 0<z<1l,
where € = 1/10 and uo(z) = sin(nz). The parameter to be estimated is the spatially
varying parameter ¢(x) and the tolarence is 0.001.

Example 5.2 Here ¢*(z) = zsin(3z). The data y;; = u*(¢;,z;) is given for
t; = 0.25,0.5,0.75,1 and z; = 0.25,0.4,0.5,0.6,0.75,1. The iterative scheme is
started with an initial estimate ¢°(z) = 0. The iterative results for ¢*(z), J(¢*) and

|u¥ — u*||12 are given in Table 5.2 and Figure 5.2(a). Typical fit to data curves are
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presented in Figure 5.2(b). We use N, = 9, N; = 10 and N, = 4 in this example.

Since we use exact data, we get pretty accurate results.

Table 5.2 Estimate ¢(z), Exact Data

3.9903206e-01
4.9162250e-01
4.9957664e-01
4.9867194e-01
4.9875312e-01

6.3178694e-01
5.9223543e-01
5.8367194e-01
5.8353864e-01
5.8355549e-01

5.4593767e-01
1.2845363e-01
1.3957243e-01
1.4122597e-01
1.4111616e-01
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’ ¢*(z) = zsin(3z) J
; 70 ] = q§
0 1.8712913e-02 4.6062553e-02 | 0.0000000e+00 0.0000000e+-00
1 2.2764263e-03 2.5770944e-02 -9.1502666e-01 3.5941530e-01
2 1.0895802e-03 1.1270525e-02 -1.6995680e-01 2.1389020e-01
3 1.2286964e-06 3.5277521e-04 -4.0855091e-02 1.8009448e-01
4 1.1096643e-09 2.6446144e-05 5.0378634e-03 1.6926737e-01
5 1.2393077e-11 2.5630600e-06 -4.9815535e-04 1.7051592e-01
6 7.0249148e-14 2.1779503e-07 4.2385976e-05 1.7040128e-01
k % 4: @t
0 0.0000000e+4-00 0.0000000e+00 0.0000000e+00
1 6.2534803e-01 6.2063491e-02 2.9961586e+00
2
3
4
5
6



0.7

q(x)

0.4 0.5 0.6 0.7 0.8 0.9

Figure 5.2(a) ¢*(z) = zsin(3z), Exact Data
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Example 5.3 We choose ¢*(z) = e~*/? and generate exact data y;; = u*(¢;,z;)

for t; = 0.2,0.4,0.6 and z; = 1/10,2/10,---,9/10. We start the iterative estimate

scheme with an initial estimate ¢°(z) = 0. Again, since we use exact data we expect

accurate results. The iterative results and typical 2-dimensional fit to data curves

are presented in Table 5.3, Figure 5.3(a) Figure 5.3(b) and Figure 5.3(c).

5.3(d) shows the data and the 3-dimensional fit to data curves for the first 3 steps.

Figure

Since there are a lot of data covered by the surface graph, in Figure 5.3(e) we turn

u®(t,z) (with data) around to see how the data under the surface fits. In this

example we use N, =9, N; = 10 and N, = 4.

Table 5.3 Estimate ¢(z), Exact Data

52

B ¢ (z) = ]
k J(¢") [ 9 %
0 | 1.1330576e-01 | 9.0298462e-02 | 0.0000000e+00 | 0.0000000e+00
1 | 4.7498209e-03 | 1.7681642e-02 | -1.1414594e+00 | 1.3163610e+00
2 | 2.6762064e-04 | 4.1283736e-03 | 1.0771134e+00 | 8.3685265¢-01
3 | 3.1411724e-07 | 1.4879095e-04 | 9.9520337e-01 8.8581729¢-01
4 | 7.6939258¢-09 | 2.4862086e-05 | 1.0007309e+00 | 8.8206590e-01
5 | 1.2812167e-10 | 3.2522006e-06 |  9.9990065¢-01 8.8254883¢-01
6 | 1.9723594e-12 | 4.0697630e-07 | 1.0000134e+00 | 8.8249072e-01
k g 9 g
0 | 0.0000000e+00 | 0.0000000e+00 | 0.0000000e+00
1 | 5.3869092e-01 | 8.2116370e-02 | 2.8775978e+00
2 | 8.1969002-01 | 7.0492437e-01 | 7.7781557e-01
3 | 7.7850505e-01 | 6.8866191e-01 | 6.0760792¢-01
4 | 7787627801 | 6.8742413e-01 | 6.0621997¢-01
5 | 7.7881317e-01 | 6.8727354e-01 | 6.0656510e-01
6 | 7.7879866e-01 | 6.8729130e-01 | 6.0652626e-01
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Figure 5.3(a) ¢*(z) = e */2, Exact Data
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Figure 5.3(d) Fit to Data, (o o o - data)
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Example 5.4 In this example, we use N, = 31 to get u*(¢,z) and generate data
yi; = u*(ti, ;) + 6 for t; = 0.25,0.5,0.75,1, z; = 0.1,0.2,0.3,0.4,0.5,0.6,0.75,0.9,
where 6;; are random numbers with uniform distribution that fall in the range
[—0.005, 0.005]. Specifically, we have

6=

0.0026  0.0048 —0.0043 —0.0006 —0.0023 0.0040 0.0000 —0.0001
0.0049  0.0022 0.0013 0.0027 —0.0014 0.0041 0.0002  —0.0023

—0.0013 0.0025 0.0038 —0.0002 —0.0033 -0.0044 -0.0018 —0.0041
—0.0025 0.0015 -0.0023 —0.0026 -0.0001 0.0040 0.0049  0.0045

We choose ¢*(z) = e7%/2, ¢°(z) = 0 and when we solve the equation, we use N, = 15.
Since we choose different N, for u*(¢,z) and u*(¢, z), and add noise to the observation
data, we expect less accurate results. The computational findings for ¢* and J(g*)
are given in Table 5.4 with corresponding ¢*(z) presented in Figure 5.4(a). A typical

fit to data curve is shown in Figure 5.4(b). (N, =4 and N, = 10.)
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Table 5.4 Estimate ¢(z), Noisy Data

(z)=¢e

—z/f2

J(¢")

at

a

%

1.2440204e-01
2.4117856e-03
3.0208156e-04
1.1906665e-04
1.1845728e-04
1.1845772e-04
1.1845782e-04

0.0000000e+00
1.3660263e+-00
3.9453418e-01
3.7636845e-01
3.6727683e-01
3.6806724e-01
3.6805193e-01

0.0000000e+00
1.6486209e-01
1.0050367e+-00
9.7706711e-01
9.8335473e-01
9.8274927e-01
9.8279161e-01

0.0000000e+-00
1.6370505e+00
7.2752623e-01
7.9361691e-01
7.8651285e-01
7.8700973e-01
7.8699552e-01

a;

gs

g5

DO R W OO Utk WK — O~

0.0000000e+-00
-4.7859232¢-01
8.2225610e-01
8.4835639%¢-01
8.5241722e-01
8.5205323e-01
8.5205183e-01

0.0000000e+00
1.2422202e4-00
7.3461032e-01
6.9903955e-01
6.9886332e-01
6.9887111e-01
6.9887892e-01

0.0000000e4-00
3.3994208e-01
4.0614400e-01
4.8555917e-01
4.8388759¢-01
4.8406660e-01
4.8403862e-01
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Figure 5.4(a) ¢*(z) = e~%/2, Noisy Data
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Example 5.5 This example is the same as the last one except we choose ¢*(z) =

rsin(3z) and y;; = u*(t;, z;) + 6;5 with 6;]-

l . .
1507, where 6;; is the one in Example

5.4. Again, since we choose different N, for u*(¢,z) and u*(¢,z), and add noise to

the observation data. Since the noise is smaller than in Example 5.4, we expect to

see better parameter estimations. The computational findings for ¢* are given in

Table 5.5 with corresponding ¢*(z) presented in Figure 5.5(a). A typical fit to data

curve is shown in Figure 5.5(b). (N, =4 and N, = 10.)

Table 5.5 Estimate ¢(z), Noisy Data

q*(z) = zsin(3z)

J(q%)

g5

a5

a5

2.8878106e-02
1.5488178e-03
9.2831812e-05
6.5148763e-06
6.3061199e-06
6.3058897e-06
6.3058588e-06

0.0000000e+-00
2.7066786e-01

-1.6274533e-01
-8.8031936e-02
-9.2101078e-02
-9.1890142e-02
-9.1900312e-02

0.0000000e+-00
-2.9726219e-02
1.5052944e-01
1.2146274e-01
1.2309801e-01
1.2300720e-01
1.2301205e-01

0.0000000e+-00
6.429694 5e-01
3.1909187e-01
3.6544739e-01
3.6286997e-01
3.630244 3e-01
3.6301526e-01

qi

g5

%

Sy Ot W N OO ULk W~ O

0.0000000e+-00
6.3607771e-02
7.0583765¢e-01
6.4829558e-01
6.5231982e-01
6.5203429e-01
6.5205493e-01

0.0000000e+-00
9.3402033e-01
5.2690846e-01
5.3825280e-01
5.3673258e-01
5.3685475e-01
5.3684543e-01

0.0000000e+-00
-9.5367131e-02
1.4345777e-01
1.3405970e-01
1.3635384e-01
1.3614861e-01
1.3616524e-01
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Example 5.6 In this example, we increase the range of the noise to be

[—0.05,0.05]. We choose ¢~

= zsin(3z) and generate data y;; = u*(t;,z;) + §;;

for t; = 0.2,0.4,0.6 and z; = 1/10,1/20,---,9/10 where §;; are random noise. We

start the iterative estimate scheme with initial estimate ¢°(z) = 0. Since the noise

added to the observation data is large in this example, we expect less accurate re-

sults. The iterative results and 2-dimensional fit to data curves are presented in

Table 5.6, Figure 5.6(a), Figure 5.6(b) and Figure 5.6(c).

(N, =9, N, = 4 and

N; =10.)
Table 5.6 Estimate ¢(z), Noisy Data

‘ q*(z) = zsin(3z)
k J(¢") a a g
0 5.1567995e-02 0.0000000e+00 0.0000000e+00 0.0000000e+00
1 2.9961498e-02 1.0232796e+00 -3.1943739e-01 2.3895762e+00
2 1.1812766e-02 2.5700674e+00 -7.7042121e-01 1.8359208e+00
3 8.9351825e-03 2.1263864e+00 -5.9692588e-01 1.8031708e+00
4 8.9265192e-03 2.2147449e+00 -6.2714665e-01 1.8412713e+-00
5 8.9266759e-03 2.1931268e+00 -6.1938236e-01 1.8283935e+00
6 8.9265966e-03 2.1974871e+00 -6.2095068e-01 1.8312534e+00
k ai G
0 0.0000000e+-00 0.0000000e+00
1 -3.5344787e-01 3.3322282e+00
2 6.8538232e-01 5.7157491e-01
3 5.3262591e-01 6.0790314e-01
4 5.6394563e-01 5.0665733e-01
5 5.6051397e-01 5.1449227e-01
6 5.6147943e-01 5.1184326e-01
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The last three examples are for parameter estimation problems governed by the

following equation:

U, — quu, — rulu, = eug,, t€[0,1], z €[0,1]

u(t,0) =u(t,1) =0

u(0,z) = up(x)
where ¢ > 0. We do not have any theoretical results for this type of equation.
Here we only present numerical findings. In all these examples, we generate data
yij = u(ti,z;)+6;; for t; = 0.25,0.5,0.75,1 and z; = 0.25,0.4,0.5,0.6,0.75, 1, where
{é:;} represent observation errors.

Example 5.7 In this example, we set r = 1 and ¢ = 1, estimate ¢. We choose
€* = & and start the iterative scheme with an initial estimate ¢ = 0.1. The
computational findings for exact data are given in Table 5.7(a) with corresponding
fit to data graph presented in Figure 5.7(a). We then add random noise to the
data. In this case, y;; = u*(¢;, z;) + 8;; where é;; are random numbers with uniform
distribution that fall in range [—0.01,0.01]. For exact data we expect accurate
results; for noisy data, we expect some error. The numerical findings for noisy data

are given in Table 5.7(b) with corresponding fit to data graph presented in Figure

5.7(a). (N; =31, N, = 10.)
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Table 5.7(a) Estimate ¢, Exact Data

| e =1/60
k € J(€F) Jju* — w|
0 1.0000000e-01 4.7974567e-02 1.6563412e-01
1 4.7854675e-02 2.5962191e-03 8.3804947e-02
2 2.6791189e-02 2.3161879e-04 3.3208839¢-02
3 1.6754350e-02 1.7650008e-08 3.2928204e-04
4 1.6665608e-02 2.5715208e-12 3.9798413e-06

Table 5.7(b) Estimate ¢, Noisy Data

| € =1/60
k < J(€") [l — w]
0 1.0000000e-01 4.7816859¢-02 1.6563412e-01
1 4.8101391e-02 2.8012559e-03 8.4304765e-02
2 2.7704784e-02 6.0298699e-04 3.5827992¢-02
3 1.8741741e-02 4.1417794e-04 7.5566486e-03
4 1.8366698e-02 4.1393780e-04 6.2256280e-03
5] 1.8356829e-02 4.1393984e-04 6.1904070e-03
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Figure 5.7(a) Fit to Data, Exact Data, (oo o — data)
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Figure 5.7(b) Fit to Data, Noisy Data, (x % % — noisy data)
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Example 5.8 In this example, we set ¢ = 1/10 and ¢ = 1, estimate r. We choose
r* = 2 and start the iterative scheme with an initial estimate r = 0.5. Again, since
we use exact data we expect accurate results. The computational findings for r*

are given in Table 5.8 with corresponding fit to data graph presented in Figure 5.8.

(NI == 9, Nt — 10.)

Table 5.8 Estimate r, Exact Data

L r*=2

k r¥ J (%) |[uf — w*]]

0 5.0000000e-01 4.6216406e-02 6.4954838e-02
1 2.0109018e+-00 1.5740903e-06 4.3779437e-04
2 1.9960245e+-00 2.1018210e-07 1.5979406e-04
3 2.0014358e+00 2.7376383e-08 5.7693945e-05
4 1.9994796e+-00 3.5982257e-09 2.0913252e-05
S 2.0001884e+00 4.7139010e-10 7.5699165e-06
6 1.9999318e+-00 6.1828294e-11 2.7414857e-06
7 2.0000247e4-00 8.1060212e-12 9.9265722e-07
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Example 5.9 In this example, we set ¢ = 1/10 and r = 1, estimate g. We
choose ¢* = 5 and start the iterative scheme with an initial estimate ¢° = 0. Again,
since we use exact data we expect accurate results. The computational findings for

¥ are given in Table 5.9 with corresponding fit to data graph presented in Figure

59. (N, =9, N, = 10.)

Table 5.9 Estimate g, Exact Data

B ¢ =5

k 7 @) [ =]

0 0.0000000e--00 8.3479196e-01 2.6030279e-01
1 1.8637211e4-00 1.7727140e-01 1.3697375e-01
2 4.0335507e+00 7.9322887e-03 3.6058255e-02
3 4.9720370e+00 5.0518150e-06 9.7488322e-04
4 | 5.0023797e+00 | 3.6281802¢-08 | 8.2785252¢-05
5} 4.9997889¢+00 2.8573531e-10 7.3454024e-06
6 5.0000187e+00 2.2329548e-12 6.4935210e-07
7 L4.9999983e+00 1.7462012e-14 5.7423127e-08

75




e]

oo

o
(xYin

Fit to Data, (o o o — data)

Figure 5.9

76



Chapter 6

Concluding Remarks

In this thesis, we studied parameter identification problems for linear and nonlinear
parabolic problems. The conditions are investigated under which the gradient of
the state with respect to a parameter possesses smoothness properties which lead to
local convergence of an estimation algorithm based on quasilinearization. For linear
parabolic partial differential equations, we presented a framework which provides
smoothness and convergence arguments under weak assumptions on the admissi-
ble parameter spaces. We established the maximum principle, the well-posedness
and the smoothness properties of the solutions of a generalized Burgers’ equation.
Convergence of the quasilinearization algorithm is considered.

Numerical examples based on this algorithm were used to test the method. The
numerical effort demonstrated that the method has potential, but also indicated
that much work remains to be done before a complete theory can be developed.

In particular, the algorithm seemed to work for problems with exact data and not
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for noisy data. Moreover, the numerical method was not analized for convergence.

These issues need to be addressed in future work.
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