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I. INTRODUCTION AND SUMMARY

This thesis is concerned with the estimation of the
strength of a radiocactive source when decay is rapid so that
the usual assumption of a Poisson distribution of counts is
not applicable. We distinguish two main cases according as
the background radiation is small or large.

In the former case the common procedure of simply sub-
tracting off a constant background radiation is adequate.

If the background radiation is neglected altogether the
method of maximum likelihood may be used to estimate both
source strength and decay-constant for counts taken at any
arbitrary times. The large-sample variances and covariances
of these estimates are obtained and the procedure is illus~
trated on an actual set of experimental results. Some
comparisons are made with simpler estimates.

When the background radiation is large it is clearly not
altogether appropriate to apply a simple constant subtractive
correction to the observed counts. The random fluctuations
in the background radiation should be taken into account.

It is not difficult to determine the exact distribution of
counts as a sum of two independent variates, one a binomial
and one a Poisson variate. However, this distribution is
difficult to handle and a normal approximation with the same
mean and variance will often suffice. Problems of estimation

are nevertheless difficult in this case. We draw attention
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to a procedure due to Tandberg L6] who considered the problem
of obtaining a single optimum countj; that is to say, he
determined the time interval which would give best results
if only a single count is taken. Such an optimal time exists
because if counting is delayed too long the background radia-
tion will swamp the results. The method of maximum likelihood
applied in conjunction with the assumption of normality of
total counts is compared with the Tandberg procedure in a
numerical example, where the difference turns out to be
unimportant. The possibility of taking two counts is also
considered and the source strength is estimated by a least
squares approach. |

Attention has been concentrated in this thesis on prob-
lems caused by the rapid decay of the radioactive source.
Other commonly encountered complications, such as the geometry
of the counter and corrections for the dead period of the

counter, have been ignored in the present study.



IT. ESTIMATION WHEN BACKGROUND RADIATION IS NEGLIGIBLE

2.1 The Law of Radiocactive Decay

The number of radiocactive atoms of a given isolated
species which is not simultaneously regenerated by any pro-
cess decreases exponentially with time.

The disintegration law common to all radioactive

processes is normally written

.__..gii = AN, (.1.1)

~where N is the number of radioactive atoms present at time t ,
and A is the disintegration constant characteristic of the
radio-isotope considered: A is expressed in reciprocal time
units, e.g., if t is in seconds, N is in units of sec.”t N

and if t is in minutes A is in min.” % .

Equation (2.1.1) may be integrated to give

- ~At
Nt Noe »

where NO is the number of atoms present at any arbitrary
zero time and Nt is the number remaining after the lapse of

a further time interval t.

2.2 Estimation for a Rapidly Decaying Substance
From the law of radiocactive decay it follows that in a
time-interval t, a radiocactive atom will decay with probability

Thus the distribution of the number of emissions is binomial
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(p, NO). If the decay is slow p will be small and a Poisson
approximation to the binomial can be used. Here we will
retain the exact binomial distribution.

Suppose now that zZy (i=1,2,...,k) particles are counted
at times t;. Let Py denote the probability that a particle
radiocactive at time ti 1 will decay in the time-interval

(ti—l’ tvi)c Then

-}\-(to"t- )
- i Vil
Py l1-e .
We have, writing q for l--pi ’
N.-z Z, N -z -z,
= 0 "1 2 0 "1 "2
f(zzlzl) ( z, Jp, £ q, ’
L * [ ] [ ] L] [ ] » L ] * L L [ ] L ] - [ ] L ] L ] » L] L] ’
f(zk'zl’ZZ’ZB"'.’zkol) = (2.2.1)
N- 3
- L z,
R R S
% P Y *
k
k r
Putting Z = X 3z, and Z. = L 3, (r=1,2,¢405k), we have on
i=1 i=1

multiplying together equations (2.2.1), that the joint density

funetion of ZysByseesrlyy is

NA! k P Qs
- 0 i i
R P ilg Z. 1 ’ (2.2.2)




“AMt.-t. )
=1 - i “i-1 =1 -
where Py 1l -ce and q; 1 p; -
Hence
k ~Mtg-ts )
log L = ¢ + log N ! = log(N.-Z)! + £ z, logll-e ]
k
k
where ¢ = - L log z.! .
i=1 -

2.2.1 Estimation of NO for known A.
Differentiating (2.2.3) with respect to Ny we obtain

d log Ny! d log (Ny-2)! d (Nj-Z)

d log L _ o'
r'p runiaierw d (N,-Z) I N

0 0

- At

0 k

Thus the maximum likelihood estimate ﬁo is the solution of

the equation
PR - p(R-2) = rep (2.2.4)

where J(x) = d log x!/dx is tabulated by Davis [2] for

x < 450. For large x one can use the asymptotic formula

B B B
1 2 L 2r
(x) = log X = = =« —=5 - - e = —F— - .
f 2x 2x2 hxh (2x%)r ’

where the B's are the Bernoulli numbers Bz=l/6, B,= -1/30,
B6=l/h2, etc.

A simpler estimate NO* is obtained from the faet that

-\t
z is binomial with probability parameter 1 - e k y Vize,
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N R o= Z ° (20206)

This estimate is clearly unbiased and follows also directly

from the law of radioactivity

-\t
k
N, =N, e s
Ty 0
since Nt = NO - Ze NO* may be used as a first estimate of
k
No to facilitate the solution of (2.2.4).

Actually Z is sufficient for NO, since the likelihood

function L of (2.2.2) factors into

Z. -2
N1 kK N kK p. - q, °
- 9 0. 1 1
L = 1 q. ” =
(N = 20Ty M i=1 z;1 ’

the first factor being a function of NO and Z only, while the
second factor is a function of the observations only. Con-
sequently there is no point in finding the m.l. estimate in
this case since Ny* is optimal, being that function of Z
which is unbiased for NO' There are, in general, no suffi-

cient statistics in the following two cases.

2.2.2 Estimation of A for known NO.
On differentiating (2.2.3) with respect to A we have

k z.dp:, k
d log L _ gy i o2 (N.=Z. ) (t.=t. ,)
d A i=]1 pi d A i=]1 071 1 i-1



“At.=t. -)
k oz (6=t )e + i1
= Alamd - Ngt
i=l g _ MR 0%k
k
+iil Zl(ti—ti l)
k -~
ANt =t. -] - Yovk
k
+ ) Lo . y . .
iil Z,(t,~t, 7) (2.2.7)

This equation may be solved numerically for A. A first
approximation to A is minus the slope of the regression line
of log (NO - Zi) on t,.

If counts are made at equal intervals we may take

t;, = it when (2.2.7) simplifies to

d A Mol ’
k
where A = kN, - L Z,. Setting d log L/dN equal to zero we
i=1
obtain
Mo _z A

¢ ~TIr >
or A = % [log (2+A) - log AJ], is the maximum likelihood esti-

mate of A.

2.2.3 Simultaneous estimation of A and NO.

We now have to solve simultaneously the equations



2log L., 2logl.,
> N, 5 A ’

that is, equations (R2.2.4) and (2.2.7).

Those equations can be solved by Newton's iterated method
for two variables or by the Gauss~Seidel method. A first
approximation to A is minus the slope of the regression line

. is the average count

of log Z; on ¢, - %(ti'ti-l)’ where z;

during the time interval (ti—ti_l). This approximation comes
directly from the law of radiocactive decay. If we draw a
histogram against time, we will have an exponential curve.
The midpoint of each time interval will be t; - 3(t;~t, ;)
and points on the curve represent the average count.
If counts are made at equal time-intervals the equations
reduce to
A A , _ A
P(Ny) = P(Ng-2) = kAo
and A== [log (Z+kfl .- 5 ) - log (kN .- 5z )]
t 98 0.2, 44 g \X8g=. 2 44 .
i=1 i=1
The numerical solution is illustrated by an example in

Section 2.3.

2.2.) Large-sample variances and covariances of the maximum
likelihood estimators.
The second partial derivatives of log L with respeet to
the parameters NO and A are

22 log L
"3~ﬁ§§“' =y (Ny) - ¥ (g - 2),



22 log L o _
SR

0 k!
AMt.-t. o)
- - 2 i Ti-1
"""“"’é—"‘bz 10 L = lg Zi(ti ti-l) ° . (20208)
o M 1=1 (emti"’i-lr

- 1)2

Hence the elements of the information matrix can be found
on taking expectations.

ERREICE S o R HCIE NUSE

We have

it ol

= E

j=0 (Ng-3)
Ng (NO)( ~ktk)z ktk)NO-Z -1

= I l-~e e z T——-3Tg .
g=1 & Jj=0 NO—

Setting l+r = e k we obtain (ef. Fisher, 1940, [3])

-N N.(N.=1)
L 0 1 Nolly
i (1+r) {Nbr +

V.2 ) rzfﬁ;? + TE;LITZJ
0 0 0~
N (N.~1)(N.~2)
0'™o 0 3 1 1
6 No? ~ (Np=1I17 ~ TNy=2]
+ o.-nuo} |
2 3
=¥ty b * e
No 5 (3-1)1 (N=j)1
-y 2 Q™ .

Also



Since
B(z;) = E(Z;) - E(Z,_4)
«-AL . -AL .
=Nyle oo 1),
we have
= 22 log L
i2 = El - S5
~At .
k (t.-t, l)2 e 1-1
=Ny I R
i=1 [e i "i-17 _ 1]

The large-sample variances and covariances follow an

inversion of the information matrix

being the elements of I“l. To estimate them the m.l. esti~
mates of NO and A are substituted for the unknown parameters.
This procedure is also illustrated in the example of the fol-

lowing section.

2.3 Numerical Example

2.3.1 Estimation of NO and A for Indium.
The data of counts were taken in tﬁe VPI Physics Depart-
ment by John Rogers in 1957. Assume that subtracting off a
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constant background radiation is adequate.
The first estimate for N is nminus the slope of the
regression line Y on X, by the Table I.

S = 3,892,17L.07

SP,, = =720.8264

SP
§—§1 = «,000185 |,
XX
giving A = .000185.

Now we have two equations (2.2.4) and (2.2.7) and two
unknowns to solve for. In this example we used the Gauss~
Seidel method.

A first estimate of A is KO = ,000185, and from Table II,

k
we obtain t, = 1670, Z = 648,573 and i Z (t ,-t, ,)=616,722,570.
k j=1 104 i-1

Equation (2.2.6) now gives a first estimate Nog ©oF N, as

Ny = Ng* = —% . (2.3.1)

1-e"

From equation (2.2.7) we have

27 z.(t.-t._4)
d log L . °; %(tl_tl—l) - N 1670 + 616,722,570 ,
i=1 ATl

and similarly 22 log L/d AN® from (2.2.8).
Using Newton's iterative method for one variable we can
sclve for A from
£(N)
Mg = AN = e
T+l r = FT(A)

r
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Table I

B X
Time Count Count -~ Bge. Y ti-
in sec. per 10 sec. per 10 sec. log Be t,~t, ; 3(t.~t; ;)

10 5102 5052 845275 10 5

30 4736 4,686 8.4523 20 20

50 LLT2 LL22 843943 20 go

70 L612 L,562 844255 20 0

90 L,369 4319 8.3708 20 80
110 4368 L3138 3.3705 20 100
130 4,363 4313 843691 20 120
150 4323 4273 8.3601 20 120
170 4334 L2831 $.3626 20 160
190 L1450 42,00 843891 20 180
210 4223 4173 8.336 20 200
230 4270 4220 3.347 20 220
260 4135 1,085 8.3151 30 245
290 4217 L1614, 843342 30 275
320 4360 4,310 8.3687 30 305
350 L347 4297 843657 30 335
380 L219 4169 8.3354 30 365
410 4258 4208 83447 30 395
470 4311 4261 843573 60 LL0O
530 K211 L161 8.3335 60 500
590 4216 1,166 8.3347 60 560
710 4129 LO79 8.3136 120 650
830 LOR6 3976 842880 120 770
950 3826 3776 3.2364 120 890
1070 3851 3801 842430 120 1010
1370 3638 3533 8.1851 300 1220
1670 35421 3371 8.1230 300 1520

L 225.1851 10805
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Table II
£37F51 23 %3
10 5052 5052
20 9372 1442
20 3814 2326
20 9121 32392
20 8633 41030
20 8636 L9666
20 8626 582902
20 85L6 66838
20 3568 75406
20 8800 81,206
20 83,6 92552
20 8440 100992
30 12255 113247
30 12492 125739
30 12930 138669
30 12391 151560
30 12507 164,067
30 12621 176691
60 25566 202257
60 214,966 227223
60 24,996 252219
120 LBILS 301167
120 L7712 348879
120 L5312 394191
120 L5612 439803
300 107640 S5LT4h43
300 101130 64,8573

T 1670 648573
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= (0 log L
where f(hr) (-5~§—~) ’

A=A,
r
0% log L
and fr{n_) = (~——~x§——) .
r 0 A=A

To start with, NOO was substituted for NO in these formulae.
The iterations for A were done on an IBM 650 computer until
the difference between successive A's was less than 5 x 10-7 .
With this value of A a new estinate NOl was obtained from
equation (2.3.1). The procedure was repeated until suffi-
cient accuracy for both A and NO was attained. The final
values, which are the required maximum likelihood estimates,

came out to be

N, = 2,388,887 A = .000189673 .

These may be compared with the first estimates

Nog = 2,439,178 A = .000185 .

2+3.2 Variance-covariance matrix.
We have estimates
A = .000189678

o0 = 2,388,387 .

The information matrix is

We obtain



2 3
. r r Lr
1 ="""+ + + [ X + ovee
11 NO ZNO(NO~1) 6NO(NO—1)(NO-2)
== L4 2 2 > 2 2 2 + [} .
2 ""';3: Lg’g‘z’ 3'57 + 2"('2"' """, 3"22 bzg%'%—'m’: 7 2 R > ""-gm owe F opeae

A~ 15585657 x 1070

At
where r = e X - 1 = 31676220 _ ) _ 35545,

112
“At.
(L (665902 e 71
i, =N, (LE

(e 1)

= (2.388887)(7.545457) x 100° .

The variance-covariance matrix is the inverse of the
information matrix. We obtain,

N 8.812261 x 10°  -.816437 x 1072

I =
-.816437 x 1072 7.619585 x 10~12
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III. ESTIMATION WHEN BACKGROUND RADIATION IS NOT NEGLIGIBLE

3.1 Exact Distribution of Counts

So far we have ignored the presence of background radia-
tion. If this is small there is little harm in merely
adjusting each count for the background radiation, assumed
constant throughout the experiment and determined separately.
Such a procedure was used in the example of Section 2.3. In
this chapter we will attempt to take into account the random
fluctuations of the background radiation.

If x is the number of particles emitted by the source,
then the distribution f(x) of x is binomial, and if y is the
nunber of particles in the background radiation, then y has
a Poisson distribution g(y), say. Thus the distribution
which we are dealing with will be h(z), where z=xty.

The exact distribution of z is

2z z
n(z) = & flx)glz-x) = = f£(z-y)gly) ,
x=0 y=0
sinece f(x) and g(y) are independent of each other.

The distribution of x is binomial with
E(x) = Ny(1 - &™)

Var (x) = NO(l - e'ht)e'ht

’

N N,=x
and f(x) = (x?)(l - e'kt)x(e'km) 0 x=0,1,2,000,N5



The distribution of y is Poisson
- Yy
g(y) = @ bt "'%;%—L—“ ’ y“O,l,Z,...

Thus h{z) can be written as

min(z,Ngy) N No-x  _ Z=X
h(z) = 2 ((O)p™(1-p) O &7PF 1%5%277
X=

Z=O’l,2’... ’

where p“(l-e"ht)

-Kt)e-ht

Also E(z) = NO(l-e'kt)%bt and Var(z) = Ny(l-e + bt .

3.2 Estimation of Source Strength

3.2.1 The problem of measuring the intensity of a radiocactive
source in the presence of background radiation was discussed
by J. Tandberg [6].

With his method of estimating NO’ supposing we have an
unknown number Nb of impulses, the decay-constant A and the
background of b impulses per minute being known, we shall get

during t minutes x impulses from the source with

- ~AL
IJ-X No(l - e ) L

]

g

L= N1 = e™ME)e™MoE

and y impulses from the background with

k= bt
v ’

[+

fne 15
y (33 1 L

i
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Thus we have during t minutes a total number of impulses,
with
-\t

- - i
o = [Ny(l-e My Mype 12
An unbiased estimate of Nb is therefore given by

Z - bt
N * 5D m—— . (3.2'1)
0 1. e M

3.2.2 Estimate from normalization of exact distribution.
Sinece f(x) and g(y) are binomial and Poisson distribu-
tions, we will now assume that h(z) is approximately normally
distributed with E(z) = Nj(l-e™¥)+bt and
Var(z) = NO(lm-»z-'s")"t)e"'?\"t £ bt .
Then the distribution of z will be

1 1
h(z) = ——=p— exp [~ 5=z (2-p)2] .
(27r)% © <0
Using the method of maximum likelihood to estimate NO, we have

Log h(z) = ¢ - % 1n 0% - 5%2 (z=p)? s
L] L - 2 - -
%—%8 = - 3%2 (1-e~M)e™™ + 1§—%l— (1-e~M)e™M
o

+ (2~u)é‘33-e'7‘ft)

Set this equal to zero and obtain

e A LZ—U-%-L e A + 2(z-p) )



- 22 -

*kt) “kt

At _ [z-Ny(1-e -bt Je

. -\t
+ 2[z-Ny(1-e7"") - bt] .
No(l_e-kt)e-Kt 0

e
+. bt

At

For simplification let us call, e~ = w, (l—e'ht) =a ,

and bt = d. Let us solve for Ny, and obtain the following

equation.

N = ={wPtw-2wztewd+2d)+ [(wAtw-2wz+2wd+RdP~L (2w d~wz -2dz+2d22;[%

o Lwa
(3.2.2)
To show how close h(z) is to a normal distribution, let

us find the coefficients Yy and Yoo
k k,

where 'f‘l = (k ) P s YZ = -H{A?. .
2 2

Clearly ka = Nopq, and kyz = bt. From Kendall and
Stuart [4] we obtain also

ke3 = Nopala-p) ky), = Nopall-6pq)

ky} = bt , kyh = bt .
Since f(x) and g(y) are independent of each other we can get

k22 = k(X+Y)2 = kXZ + kyz = Nopq + bt ,
k,3 = Ngpalq-p) + bt ,
kg, = Nopall-6pq) + bt .

Thus,
Nopalg-p) + bt
1= 372
(Nypq + bt)
Nypal1l-6pq) + Dbt
'an .

(ngq + bt)2

Clearly 11 and Yo tend to zero if at least one of No and t

tends to infinity.
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3.3 The Tandberg Procedure for Obtaining a Single Optimal

Count

A problem in measuring the intensity of a radioactive
source by means of a Geiger-Muller tube arises in determining
the optimum period of counting time. This determination will
dépend of course, on the average life of the radioactive
source and the intensity of the background interference. If
the counting were carried on for a long period of time, the
background fluctuations would certainly cause confusion.

For a very short series, on the other hand, the fluctuations
of the source itself may easily predominate and the result
will accordingly be uncertain.

In order to obtain the least erroneous value of NO we
will set out to find the time t* for whiech the mean relative
fluctuation

[Ny (1-e™ )6 + bt J2
Ny(1 - &™)

is a minimum. Let us denote the square of this expression by

G(t), and differentiate G(t) with respect to t.

PJO(l---e"y\"ﬁt)e."'?\‘t + bt

G(t) =
) Ny (1 - e~M)2

_-7\.1';)2] )



[Ll_e-?\.t )e-7\.t( “A) - kt(e-ht A

G! =
(t) o (1oo~%)2

(1-e~t)2p - th(l-e'kt)h(efkt)]

i
-+

Set this equal to zero, and transforming the equation we get,

Ny (1me™M¥)2 [(1-e™ M) oM (0] (e7M¥) (7MF )]

“ALX ~he¥) AEE o

+(1l-e ) 2b=2bAt*( l-e

’

Nok(l—e"kt$)3 [(1me™M¥) o™ NF | (omN¥) (o=NF) 3

= pL2AtH(1me MF)e M | (1 o=MF) 2]

ot | (1-eMF) [onare™ - (1.67MF) ]

E - *
b (1-e~™¥)2(e~M¥)
- 2hm*e‘“t: - (L1-e~MF)
- A\t 5K
(1l-e At ) (e At )
R NG
- .
l ~-e

By inspection of the second derivative of G(t), t* cor-

responds to a minimum of G(t).

3.4 Comparison of Two Methods of Estimation for Optimal

Counting Time
If following Tandberg we denote At* by 6 we may regard

© as the optimum time of counting, expressed in terms of the
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average life (1/A) of the radioactive substance.

Now NO represents the initial intensity of the source,
corrected for the effect of the background. Thus the
quotient Noh/b may be considered as the relative initial
intensity of the radicactive source in terms of that of the
background. The graph in Fig. 1 gives the relation between
Nok/b and 6 for small values of ©. If we consider a numeri-
cal example with radiocactive indium, for which
AN = 0.01274 min."l, having an initial activity equal to the
background, it will be seen that it is of no use to continue
the measurement longer than 8 = 1.6 or about 2 hours. An
extended counting of impulses would give results of decreas-
ing accuracy.

As a numerical example, let us take A = 0.01274, and
At*¥ = 6 = 1.6 from Fig. 1, and take No*n = b.

Then using (3.2.1)

- *
% = Eo btk _ Z NO*ht

0 l_enktﬁ 1 - e-k&*

Let us take z = 100, and solve for NO* .

At* = 8 = 1.6 gives t* = 125.5887 ,

t¥)

¥ - = -
NO (1 ~e Z NO*Kt* »

~Ab#
At )

NO*(l - € + No*kt* = Z

No*(1 - oMy agx) = 2



20
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NoA
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Z
0 - AL *
l-e + ALX*

100
L6

1 1.6

= L1.7014 .

N ¥A = b* = (41.7014)(0.01274) = 0.531276 .

0
Let us use this b%*, put it into equation (3.2.2), and

solve for No e We find
ﬁo = ,1.5910 .

Further investigation with different values of © show
that estimating NO by Tandberg's method and maximum likeli-
hood leads to almost the same results.

Table III shows the estimation of Ny for different

values of 06 .

Table III
N *A At = 0 t No* Ry
2b 1.88 147.5667 55.9503 55.8643
3b 2.1 164.8352 63.3874 63.3111
5b 2.3 180.5338 73.5456 73.4607
15b 3.1 243.3238 86.0807 86,0605

Assumed z = 100



- 28 -

A ————————————— W———  W—

Now let us consider the case when two counts are made

at equal time-intervals, Zq for the interval (0O,t), Z, for

(t,2t).

To estimate NO, we minimize the following expression

with respect to NO

-1

S=(z - V- (z-4) ,
where
%11 %12
vV = ,
92 922
and
(o)
1o 1 22
- 4
911 %2 " %12 ~03,
Thus
1
S = .
911 %2 = 912°
where
By = E(zl) = E(x1+yl) =
My = E(zz) = E(x,+y,) =

-0

11

2
[( Zl"ul) 022“2 ( zl-“l) ( 32“'“2 )012

*lzy-ny)o21

A
Ny(1-e™%)+bt = Nop + bt

NoL(1-e72M)_(1-e7F) J+b(2t-t)

= Noe-kt(l—e‘ht) + bt

= Nopq + bt

2
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—ht)e-ht

017 = Ng(l-e + bt = Nypq + bt .

To evaluate 0,,, consider E(xlz). Let us call probability
of decay in interval ti1s P and g = l-p. Call probability of
decay in interval (t,2t) Py and qQ = l--p2 respectively.
E(x,2) = Nypq + (Ngp)? .
Then
E(xZ | xy) = EL(Ny=x;)pyq, + (Ng=x;)2p,2] .
Then
E(x,2) = (Nj=Ngp)p,a, + (Nj® = 2N 2p + Nopg + N,2p?)p,?
= Nyap,q, + Ny®q®p,? + Nopap,? .
Then
0y, = E(xzz) - Nozpzqa + bt
= Ngap,q, + Ny2q?p,2 + Nypqp,? - Ny2p2q? + bt
= Nolapaa, * pgpy?) + Ny2(q?p,? + p2g?) + bt .

But p, =1~ e~ M2t-t) _ g M Py qy = q -
o2 = Nola?p + pPa) + N 2(q?p? - p?q?) + bt

= Ngpqlq + p?) + bt

i

NOA + bt ,

where A= pg(l - pq)
Now we must find the expression for 012 in order to

differentiate S.



But

- 30 -

Var(zlt;zz) =0y *“022 *«2012 .

~2Kt) e-ZKt

Var(zl + zz) = No(l - e + 2bt .

There fore

01, = 3Ny(1 11 = %22]

e™#M) ¢ _ N opq - Nypg(l - pq)]

= 3N, (1
= #NoL(1 - q#)q® - pq - pq + p2q?]

Differentiating S with respect to NO we get

28 1 2
-

o %11%27%2" ° Yo
¥

[(Zl’ul)agzz‘z(zl'ul)(zz‘uz)glz
2 N 2
T(ay=up)%0 ]+ Lz -y )20p5-2(2) -1y ) (zy-1, )0y,

O (0440, =0,,%2)
| 2 11922"%12
+zy-0y)20,, ] 5 Ny

. 2
0 (27-uy)20,,

= - - 2F = o
S Na -2(21 M1)622p+(zl Bl) A 221P°22

0 (z,=p,)(z,-p,)0
1 2-Ha19y,
=2 A5 N, -2L=play=uy)0 5-palz;3 -8 )0),

~(zq=p1 ) (2,=p, ) p?q]
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= 22,p01,=2p0;70,,%22,10q0,,
—2ulpq012+2zlzzp2q—2zlallpaq

o 2 2
22,11 P3q+2,0, 1 P?q

- 2

_ _ o V20 = -
-2(2,=0,1)011pq"(2,-011)%pq = -22,pq0;;

3 X,
+2pqoy 3 #*+2,%pq-22,0,1pq +9,7Pq
° (gl1°22“°122)-1 1 [ +o. . A+20. p2q]
= = - o C,,pqto 20.,P%q
5 N (6110,5-01,21° %22 11°7%%2

0. 2][- : 2. 254
101199270127 1L-22. 00,4201 0,y a1 2An23 b Atiy BA+22, 00,
2
=2p0 107,221 PA0 =211 PO ;¥R2, 7,P%q
-2 07 1P%q-22,11 PAqFRU, 01 Pq-22,Pq0 )

2 2
*+3pq0y) *+2,%pe-22,0,,pq)

- » 2 2 - 1R D0
Lo, pa*o, 1 A+20, ,p2qllz,20,,-224,0,, 4070, ,-2212,0,,

+R2701107,%22,1107,=21109107,

2 . 2 34 =
t2,%0,1-22,0,,%+0,,7] = 0

The equation 0 3/0 NO = 0 reduces to the following quartic

for Nji
No*p?q*(14q)+0, 22 (bt ) P (2+qre? J+N M -2z bt pq?(2-0%p)

% 2p3qh(l-Pq)~22122phq4-232bt phqz(Z*pq)-zzzquh
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+(bt)2p3q(5+10q-3q2-3q3+hq“~q5)]

+No (=42, (08)2p2q(1-q%)-2bt pPq>(21%+2,%) -4z, (b8)*pPq(1+q)

+2(bt)3p2(l+hq+q2-2q3)]
+[-2zl(bt)3p(l-q2)~222(bt)3pq(l—q2)+2zlzz(bt)2p2q

-512(bt)qu-zzz(bt)zpq(l-pq)+(bt)hp(2+2q—q2q3)] =0

(3.5.1)
For our numerical example we have Z, = 60, Z5 = 45

At

q=-e where t = 60, A = ,0127L .

Equation (3.5.1) becomes

.0030NO“ + 2.7226N03 + 285.2945N02 - 4,721.8225N,

- 1,198,955.8,08 = 0 .
Inspection of this equation tells us that it has one positive
root and three negative roots. Solving for NO we get

NO =57 .
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ABSTRACT

This thesis is concerned with the estimation of the
strength of a radioactive source when decay is rapid so that
the usual assumption of a Poisson distribution of counts is
not applicable. We distinguish two main cases according as
the background radiation is small or large.

In the former case the common procedure of simply sub-
tracting off a constant background radiation is adequate.

If the background radiation is neglected altogether the
method of maximum likelihood may be used to estimate both
source strength and decay~constant for counts taken at any
arbitrary times. The large-sample variances and covariances
of these estimates are obtained and the procedure is
illustrated on an actual set of experimental results.

When the background radiation is large their randomness
should be taken into account. The exact distribution of
counts is the sum of two independent variates, one a
binomial and one a Poisson. However, a normal approximation
with the same mean and variance will often suffice. We draw
attention to a procedure due to Tandberg who considered the
problem of obtaining a single optimum count. The method of
maximum likelihood applied in conjunction with the assump=-
tion of normality of total counts is compared with his method
in a numerical example. The possibility of taking two counts
is also considered and the source strength is estimated by a

least squares approach.
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