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I. INTRODUCTICH

An investigation of guided missile performance will eventually
lead to the.consideration of flight at extremely large Hach nuwbers
(of the order of 20 or larger). At these high Mach nuvbers the
wing 1ift and drag may be satisfactorily obtained from two-~
dinensional gas dynamics since the opening angle of the Mach cone
at the wing leading edge will be small, However, this is not the
case for three-dimensional flow such as that over a body of
revolution at angles of attacke Here body lift and drag constitute
an appreciable portion of the total 1ift and drag of a winged
missile at moderate angles of attack and high Mach numberse Thus
the determination of the aercdynamic 1ift and drag on axially
symaetric bodies of revolution at hypersonic speeds is of
increasing importances

In this thesis an attempt has been made to analyze the 1ift
and drag of a hemisphere in hypersonic flow throuzh the application
of Newton's corpuscular theorye. The hemisphere has been chosen as
the body type to be studied due te its inereasing importance as a
missile nose configuration.

The minirmum drag shape is the Lewbonian bodye. TruittA points
out that a cone frustum is a close approximation to the Newtonian
body for small fineness ratiose Through the use of the calculus
of variations the semivertex angle of the cone frustum was

determined in terms of the semivertex angle of the cone inscribed



in the body under considerations In this thesis the cone frustum
having the same fineness ratioc as the hemisphere is investigated
and the results compared to those for the henmisrhere.

The static and dynamic stability of the hemisphere, cone
frustun and the cone inscribed in the hemisphere have been
studied and compared.

At the high Mach numbers considered here the fluid pressure
forces on the hemispherical body mway be approxinmated in a
relatively simple manmer through the application of MNewton's
corpuscular theory. DNewbton's theory states that the fluid stream
maintains its speed and direction unchanged until it comes into
contact with a bodye At the point of contact with a body the
fluid stream gives up its component of momentum normal to the
body surface and then moves along the surface of the bedy without
loss of the tangential component of momentume Those portions of
the body surface which do not face, or '!see!! the flow, are
considered to have no differential pressure forces acting on them.
That is, the pressure coefficient is zero over these rortionse.

It should be pointed out that, for a given Mach number and angle

of attack, better results are obtained for a three-dimensional

body than a two-dimensional body through the application of Newton's
corpuscular theory.

The 1lift and drag coefficients have been obtained for a

hemispherical nose configuration through the application of



Newton!s impact theory for each angle of attack from zero to 90
degrees. Here, expressions for the 1ift and drag coefficients
have been developed; first, neglecting the relieving effects of
centrifugal forces acting on the fluid particles, i.ees considering
only the Newtonian impact forces; and second, considering the
interaction of the ceﬁtrifhgal and impact forcess The 1ift and
drag coefficients obtained by neglecting the centrifugal force
effects have been denoted as the Newtonian 1ift and drag co-
efficientss The expressions obtained yield only a first approxi-
mation to the true values. Therefore, in order to obtain what
is felt to be a closer approximation to the true lift and drag
coefficients for a hemisphere in hypersonic flow, the second
expressions have been develored and are denoted as the Newtonian-
plus~centrifugal 1ift and drag coefficientse.

Centrifugal forces acting cn a particle of air passing over
a body surface arise due to the curvature of the surface. For
example, consider a particle of air striking the hemisphere at
some arbitrary pointe According to Newbtonian impact theory the
particle instantly gives up its momentum normal to the surface at
the point of impacts Actually, this is not the case since the
particle is acted upron by centrifugal forces which to some extent
counteract, or relieve, the impact forces. A method by which the
centrifugal force effect can be determined has been studied by

Ivey, Klunker and Boweins Here, a relation for the pressure



coefficient has been developed which includes these aforementioned
centrifugal forces. From this relation the points on the body at
which the pressure coefficient vanishes can be obtained thus
defining the limits of integration for determining the aerodynamic
parameters.

The aerodynamic characteristics and stability derivatives
for cones have been studied quite thoroughly by Tobsk and
wehrendz. Grimminger, Williams and Ybung3 have also obtained
solutions for the aerodynamic characteristics of a cone. Their
results have been applied to the case of the cone frustum and the
cone inscrited in the hemisphere., No attempt has been made to
correct these expressions for centrifugal force effects since at
small angles of attack there is negligible curvature of these two
bodies in the flow direction. At higher angles of attack the
path followed by a particle passing over the surface of either
body would vary with angle of attacke. This path could be
elliptic, parabolic, hyperbolie, or circular in nature. But due
to the difficulty in properly defining this path the effect of
centrifugal forces would be excesdingly difficult to analyze.

In this investigation four stability parameters have been

considered. They ares

1. CNa -~ The change in the normal force coefficient with

respect to the angle of attack.



2e CN ~ The change in the normal force coefficient with
q

respect to the pitching velocitye.

3+ Cp - The change in the pitching moment coefficient with
a

respect to the angle of attacke.

Le C, - The change in pitching moment coefficient with
: respect to the pitching velocity.

General expressions for these parameters are given in reference 2.
These expressions have been applied to the three bodies under
investigation in this thesis. Using these parameters the static
and dynanmic stability of each of these has been studied for the
following physical conditionss a solid homogeneous body; a thin
shell body without a base plate; and a thin shell body with a base
rlates In addition, the effect of varying the cone frustum radii
for a given fineness ratio has been investigated to ascertain the

influence of this parameter on stabilitye.



~10~

II. LIFT AND DRAG COEFFICIENTS FOR THE HEMISPHERE

The Newtonian Drag Coefficient

To obtain relations by which the Newtonian pressure forces
acting on a hemisphere at angles of attack may be determined,
consider the hemisphere of radius ''a'!, shown in Figure 1. This
figure shows the hemisphere at an angle of attack, a, where o is

the angle between the free stream velocity vector, V_, and the

o
Y-axise The angle © denotes a local surface point. Figure 2 is
a front view of the hemisphere where the shaded area is that
portion of the hemisphere which does not '!seet! the flows The
angle ¢ denotes the length of a differential element of surface
area on the tthidden!! hemispherical area. [Note that the surface
area of that portion of the hemisphere which does not '!see'! the
flow will be equal to the surface area of the '!missing'!! area of
the hemisphere. This !'missing!! area is the surface area from
an angle of 90-a degrees to an angle of 90 degrees in Figure 1
which, in the case of a sphere, '!sees!! the flow but which is
nonexistent for the special case of a sphere, namely the
hemisphere,

It shall now be the purpose of the present investigation to
determine a relation for the Newtonian drag coefficient for the
hemisphere at angle of attack.s It is well known that a sphere
under the application of Newton's corpuscular theory yields a drag

coefficient of ones Thus the Newtonian drag coefficient for the



hemisphere at angle of attack may be obtained by subtracting the
drag coefficient acting on the !!misgsing!! area from the drag
coefficient for the hemisphere at zero degrees angle of attack,
which corresponds to the drag coefficient for a sphere.
Therefore, the Newtonian drag coefficient may be written in

the general forms

Cp =1-C . 1
Dy Dy (1)

Now, in order to obtain the term CDM in equation (1) consider
a differential element of surface area, ds, at an arbitrary point,
denoted by the angle 8, on the hemisphere surface between values
of 8 of 32-‘ - « and g « The differential element has a width, adé,
and a length, 27 a sin €. The component of this area normal to

the drag direction is,
dsp = 2¢ a® sin © cos 6 48 (2)
The drag force acting on the differential surface element is

then
’ dD = (PL - Po)(2¢ a® sin © cos 6) A8 . (3)

Integrating this expression between the limits g ~ a and g
yields the total drag force acting on the 'haissing!! areas.
That is, g

D= f (B, - P,)(2f a° sin © cos €) a6 o (4)

-«

ISR ]



-] 2w

Defining the drag coefficient as

D
n q a?

=

(5)

Cp

the drag coefficient for the !'missing'! hemispherical area may

be written in the form
n

2 -
CDM = f u (2¢ sin 6 cos 6) d@ (6)

T q
-«

ST E )

Py - Py,
is the pressure coefficient acting on the

where the term

hemisphere. However, from Newton's impact theory, the pressure

coefficient may be written for the present coordinate system asg

Cp =2cos?8 . (7)

Therefore, equation (6) becomes, upon substitution of equation (7),

n
2
Cp,, = A # sin © cos® 8 d6 (8)
Dy %
n
> a

The angle @ may now be obtained in terms of the angles © and
g ~ a from consideration of Figure 2, From this figure it may be

seen that$

E-Z-
cos ¢ S (9)
wheres z = a tan (g - a)

(10)

a tan 6

19}
]



~13-

From equations (9) and (10) the angle ¢ may be written as
-1 .
@ = cos [cot 6 tan (é - a)] . (11)

Substitution of equation (11) in equation (8) yields the drag
coefficient for the 'imissing!'! hemispherical area in its final

forme That is$

NS

Cn =% cos’ € sin & cos_a'[cot ¢ tan (% - a)] de
Dy =% - 2
2~ ¢ (12)
Now, from the previous discussion of the total drag coefficient
for the hemisphere at angle of attack, the substitution of
equation (12) in equation (1) will yield the Newtonian drag

coefficient for th% hemisphere. That is,

~

2
Cpy=1-32 f cos’ © sin © cos’l[cot & tan (5 - a)] . .
;T e (13)
Equation (13) may not be integrated exactly; therefore, a
graphical integration process was used in the solution of this
equation for the drag coefficient. This process is presented

briefly belowe.

For the angle of attack under consideration numerous

T
2 [ ]
Equation (12) was then solved for values of Cpy at local points on

values of 6 were chosen between the limits, g - a to

the surface. These local values of CDM were then plotted

versus 6 and the area under this curve was the total CDM
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for the angle of attack under consideration.
Although this method of integration is most laborious, it is felt
that greater accuracy may be obtained by the present method than
by other available methods.

The Newtonian drag coefficient is presented graphically in
Figure 6 as a function of angle of attacke Also, the Newtonian
drag coefficient is presented in Table 1 for each angle of attack

from zero to 90 degrees.

The Newtonian Lift Coefficient.

Newton'!s corpuscular theory predicts that the lift coefficient
will be zero for a sphere. This is apparent from consideration
of the pressure forces acting on a sphere. Since the lift
coefficient for the hemisphere is zero at zero degrees angle of
attack, the Newtonian 1ift coefficient may be determined from
consideration of the rressure forces acting on the ''missing!!
hemispherical area in the 1lift direction. Thus the Newtonian

1ift coefficient may be written in the form,

CLN = - CI‘M P) (14)

where the negative sign enters the equation due to the fact that
the actual 1lift forces acting on the hemisphere will be in the
opposite direction from the lift forces acting on the 'Imissing!?

aredes
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Again considering the previously defined differential element
of area where it is now desired to use the component of differential

area normal to the 1ift direction,

26 sing de .. (15)

dsy = 2 a2 sin
The 1ift force acting on this element of area is,

dL = (P, - P,) (2 a2 sin® @ sin g ) a8 , (16)

and the total 1ift force acting on the !'missing!!'! area may be

obtained by the integration of equation (16) over the interval

of © from g - a to g o Thus,
T
2 2 .9 .
L = f (P - P_)(2 a* sin® © sin §) d& . 7)
Ioa
2

Defining the 1lift coefficient in a manner similar to the drag

coefficient,

(18)

the 1lift coefficient acting on the ''missing!! area may be written
T

asg 2 (PL - Po) o
CLM = f e — (2sin*8sin@)dae . (19)
T

2—(!

Equation (19) becomes, .upon substitution of equation (7), the

Newtonian pressure coefficient.?
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o] ]

== 1—‘-’ 2 in? i
CLM 2 f cos* 8 sin“ @ sin P d 6 . (20)

-

NIA

The quantity sin ¢ may be obtained in terms of the angles © and

g - ae Tt has been shown previously that,

. (21)

Thus the side opposite the angle ¢ is,

Y =/tan29 - tan? (- o) (22)

and therefore the sine of the angle @ may be written ass

tan? 8 ~ tan? g - a)
sin ¢ = (23)
tan 6

Substituting equation (23) in equation (20) and simplifying the

1ift coefficient becomes?

T

2 _
= :‘-—: f cos® © sin 9/1 - [l + tan? (-72-‘ - ai cos? 6 de

- a (24)

Equation (24) may be integrated by parts with the aid of a
transformation of variables to obtain, before the substitution

of the limitse
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01T-= 3%; [cos 8 (1 - K cos? 9)3/2 _.22§_§ (5 - 2K cos® 9)1/{ - X cos®®
i UL

A

(25)

~ 8—% sin™" /T cos e)]

R

wheres K =1+ tan® (g - a)
This equation reduces (upon substitution of the limits) tos
Oy, = 1/4 cos? (5 - o) (26)

The Newtonian lift coefficient acting on the hemisphere at angle

of attack may now be obtained from equations (14) and (26),

Oy = = 1/k 008> (5 - @) (27)

Note that in equation (27) the Newtonian 1lift coefficient will be
negative for positive angles of attack as is to be expected.
Equation (27) is presented graphically as a function of angle of
attack in Figure 7 and is also presented in Table 1.

At this point the 1ift and drag coefficients have been
obtained fer the restrictions of pure Newtonian flow. However,
it is well known that centrifugal forces act on the air particles
passing over a curved surface. These centrifugal forces cause the
air particles to leave the surface of the hemisphere earlier than
predicted by Newtonian theory. Therefore, it has also been the

purpose of this thesis to determine a centrifugal force correction
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to the previously defined Newtonian 1ift and drag coefficients to
obtain a closer approximation to the true values of 1lift and drag

coefficient for the hemisphere at angles of atbtack.

Newtonian-Plus-—Centrifugal Drag Coefficient

Ivey, Klunker, and Bowent have developed a relation for the
pressure coefficient which includes the effects of centrifugal
forces,s The principal assumption involved in the development of
this relation is that the shock wave lies on the boundary layer
and has the same radius of curvature at any point as the body at
the corresponding point on its surfaces. The effect of this
assumption is to coverpredict the relieving effect of the cen-
trifugal forces.

The pressure coefficientt may be written in terms of the

present coordinate system as?

C, = 2 cos® 8 - 2/3 sin” @ (28)

IEquation (28) may now be used to determine the Newtonian-plus-
centrifugal 1lift and drag coefficientss
Recalling the previous definition of the drag coefficient

acting on the Ytmissing'!! area,

CDM=721 f Cpgésinecosede s (29)

and applying the general trigonometric traansformation to equation

(28) to obtain the pressure coeffidient as a function of cos & only,
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then
C,=2/3 (hcos®®-1) , (30)

so that the Vimissing!! area drag coefficient becomes, upon

substitution of equation (30) into equation (29),
Cp. = — (L cos? 8 ~ 1) ¢ sin © cos 6 d& , (31)
DH 31{ ’

which may be separated into two integrals

_ 16 3 NN L .
CDM—-ﬁf¢cos esdee-ﬁ f¢51necosed6.

(32)
Now define the two components of this equation ast
CDMI= -]é'-q f # cos® © sin © d® (33)
n
and
Cpyr =4 f @ sin © cos © A8 (34)
1‘12 In

Note that equation (33) is of the same form as the previously
obtained Newtonian drag coefficient on the '!missing!! area.
Therefore, a similar graphical integration process must be applied
to equation (33) to obtain a solution to this equation.

At this point the limits of integration must be determined.
Since the Newtonian-plus—-centrifugsel drag coefficient will be
determined in the same manner as the MNewltonian drag coefficient;
that iss the drag coefficient acting on the ''missing!!' area will

be subtracted from the drag coefficient for the herdsphere at zero
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angle of attack; the limits will be those of the !¥missing'! area.
The lower limit will again be g - o+ However, the upper limit
will be the angle, 8;, at which the pressure coefficient first
goes to zero on the hemispherical nesee This angle may be obtained
by setting equation (28) equal to zero and solving for Si. This
value of € will be the upper limit since from the point on the
hemispherical surface defined by the angle ei to an angle of 90
degrees the pressure coefficient (and hence the dras coefficient)

will be zero. Or,
Cpy =0=2 cos? 85 - 2/3 sin? 65 (35)

wihich may be readily solved to yield a value of Si of 60 degrees.
Thus the limits of integration of equations (33) and (34)
will be from g - a to g. Note that for an angle of attack equal
to or less than 30 degrees the ''missing!! area will be a portion
of the hemisphere over which the pressure coefficient is gero
(see Figure 3) and hence the Newbtonian-plus-centrifugal drag
coefficient will be a constant for this range of angle of attacks

Thus equations (33) and (34) become, upon substitution of equation

(11) for the term ¢,

7
3
Coy = 10 f ” cos? B sin & cos-l[ cot © tan (& - a)] de
L 3m 2
1
37 ¢

(36)
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and n
3 -
Cpyy, = A sin © cos € cos 1 cot 6 tan (£ - «) [de
B 3n 2
5- (37)

Equation (36) must be solved by the graphical integration
process previously discusseds The integration of equation (37),
by the method of integration by parts and a transformation of

variable, yields upon substitution of the limitss

L 3 [ ten (g - a)
CDI’ = w=—=4 = cos +
2o Jnls V3

tan (5 - o) a5 o« (38)
[ 1))
2V’K 2 2

The value of the Newtonian-plus-centrifugal drag coefficient
for zero degrees angle of attack must now be determined. This

value can be obtained from the following equation,
T

3
‘/o (Lcos® ® -1) sin G cos ®de , (39)
C

C =
Da =0

wiss

where?d
$=mn, for a=0

The integration of equation (39) yields a value for Cp, . ( of
Chg = o = 0s75 (40)
Therefore the Newtonlian-plus centrifugal drag coefficient is¢

Cpy 4 o 075 = Cp, > (11)



which, upon substitution of equations (36) and (38) for the second

term of this equation, becomes

1'(
16 2
C = 0075 - o— . -1 n
DN +C 3n n acos:s € sin © cos [cot 8 tan (5 - a) ]de
2
A -1 tan (g - 01) tan ('g - (X) -—1\/_15 14
+ 5; % cos [ - + [gsin — - .
v'3 2v a 2 2
(42)
where$ a = tan® (g -a) and K=1+a .

Note that for a = 30 degrees the Newtonian-plus-centrifugal drag

coefficient will have a value of

CDN. +C = G475 (143)

Equation (42) has been plotted as a function of angle of attack
in Figure 6. BEquation (13), the Newtonian drag coefficient, is
also included in this figure. The results of equation (42)

and'equation (13), as presented in Figure 6, will be discussed
and compared in a later section of this thesiss The quantity
CDN +C has also been presented in Table 1 for each angle of

attack from zero to GO degrees.

Newtonian~Plus~-Centrifugal Lift Coefficient

Making use of the previously defined pressure coefficient,
whnich includes the relieving effect of the centrifugal forces,

the Newtonian-plus-centrifugal 1lift coefficient will now be
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obtainede Recall that the lift coefficient for the !'missing'!

area of the hemisphere at angles of attack has been defined as

ER RS

= iR i .
CLM ’/. CP sin“ € sin f d& . (44)

Substituting equation (28) for the pressure coefficient and
making use of the previously determined expression for the sine

of the angle ¢, equation (44) becomes$

CLX«’::%; f (4 cos® € - 1) sinel/l-Kcoszede.
(45)
Recalling that the limits of integration for the 1lift
coefficient on the '!'missing'! area are from 2 o xto X

2 3
changing the sign of equation (45) to obtain the correct sign

s and

for the lift coefficient acting on the hemisphere, equation (45)

beconess I

-
Ly+¢ 3=

(4 cos? & - 1) sin 61//i - Kcos? O d& .
- (46)

A

Equation (46) may be integrated directly to obtain a closed form
solution for the Newtonian-plus-centrifugal 1ift coefficient for -

the hemisphere at angle of attacke Such an integration givess$

+——l—[l—-lsin-l ‘-/-;-Ii ~ (1-%)]} (47)
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wheres
K =1+ tan? (g -a) .

The Newtonian and Newtonian-plus—-centrifugal 1ift and drag
coefficients have now been obtained for the hemisphere at angle
of attacke Equations (25) and (47) are compared for the range
of angles of attack in Figure 7 and Table 1.

It is felt that in order to obtain a better picture of the
hemisphere, aerodynamically, it should be compared with its
inscribed cone and also the minimum-~drag cone frustum of the same
fineness ratioe In the following sections the aerodynamic
characteristics of the inscribed cone and minimum-drag cone

frustum are determined.

Inscribed Cone (&6 = 45°)

From geometrical considerations the inscribed cone will
necessarily have a semivertex angle, &, of 45 degreess Two
specific physical cases must be considered, when determining the
force coefficients acting on these bodies, in accord with the

assumptions of Newton's impact theory. These ared

1. Angles of attack less than or equal to the semivertex
angle of the cone.

2e¢ Angles of attack greater than the semivertex angle of
the cone.

For case 1, the entire surface of the cone '"!seest! the flow and



T
§ ]
the second case a portion of the cone surface does not !'tsee!!

the term ( ,» defined in Figure 4, takes on the value of For
the flow. Here, the term W, is a function of the semivertex
angle of the cone and the angle of attacke

Grimminger, Williams and Young3 have developed general
expressions by which the normal and chordwise force coefficients
for a cone may be defined for each of the above caseseo These

expressions may be written, in terms of the coordinate system used

here, as?
Case 18 a < 3
Cy = sin 2 « sin & cos & (48)
and Co =tan & 2 sin® & + sin® o (1 ~ 3 sin® )
n
where W, = = «
<

Case 20 o > &
+ X

Cy=cos® 8 sin2a (Lu_2)+
i

1
+ = cos W, (tan & cot a + 2 cot & tan a)
3n

T
and w ‘!".5
Og = (——=—=) 2 sin? 6 + sin® a (1 - 3 sin® o)
14
+-§cos W, sin 2 6 sin 2 a (49)
bn u
wheres$
.=l i tan &
wu"‘Sln (-—-——

tan «
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The Newtonian 1ift and drag coefficients are obtained from
equations (48) and (49) by simply transforming the normal and
chordwise force coefficients into the 1ift and drag coefficients,

The transformations lead immediately to the relations

CL = Cy cos a - CC sin o
and (50)
Cp = Cy sin e + Cg cos &«

For the specific cone considered here (& = 45 degrees)
equations (48) and (49) are substituted into equations (50).
After simplification, the 1ift and drag coefficients (for the
cone) becomes

Case 13 a < 45°

s:'m3 o
2

(51)

2
sin™ a
)

CD=cosa(l+ >

Case 28 a > 45°

cos aVl-cot?a simd a
2 n

6 n -

B

CL

(sin—]' (cot a) + g

and

. 2
- Ccos a sin”™ « G T
Cp — (1 + - ) [31n (cot o) + -2-]

+ 81“;‘1/1 - cot? a (11 -7 sin? o) . (52)

The Hewtcnian 1ift and drag coefficients, as obtained from equations
(51) and (52) are presented as a function of angle of attack in Figures

8 and 9 .
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It is now desirable to define the minimwm-drag cone frustum
for a fineness ratio of one-half in order to compare its aerodyhamic
characteristics with those of the hemisphere and the inscribed

conee This will be done in the next sectione

Minirum~Drag Cone Frustun

Tmittl‘ pointed out that the minimu~drag or Newtonian body,
for Mach rnumbers very ruch greater than unity and for small
fineness ratio, may be approximated by a cone frustume In this
thesis the minimum-drag cone frustum is determined for a fineness
ratio of one-half, corresponding to that of the hemisphere. It
has been shovml*, by means of the minimizing process of the
calculus of variations, that the semivertex angle of the minjmumn-
drag cone frustum is related to the semivertex angle of the cone
inseribed in the body whose drag coefficient is being minimiged.

These angles are related by the expression,

tan 28, . = 2 tan &g (53)

whered &n p, = semivertex angle of the winimn-drag cone
frustum. (See Figure 5a)e

and b¢ = semivertex angle of the inscribed cone.

For the present case, the inscribed cone has a semivertex angle of
45 degreess Thus the semivertex angle of the minimum-drag cone

frustum is found to be
8a,F, = 3Lle7 degrees .
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The radius of the forward face of the cone frustum, R,, is

readily determined to bes

R, = 0.3824 Rp ,

sinces Rm - R
tan bg p, = —=—=
Rp

Having now determined the pertinent dimensions of the
minimw-drag cone frustum, the Newtonian 1ift and drag coefficients

nay be obtained as a function of angle cf attacke This is

carried out in the next sectione

Force Coefficients for the Cone Frustum

The Newtonian lift and drag coefficients for the cone
frustum may be obtained in the same manner as for the cone. The
general solutions for the normal and chordwise force coefficients
obtained in reference 3, and presented as equations (48) and (4%)

in the previous section, may be utilized with a slight modification.

3

Since equations (48) and (49) were written’, before integration,in
the form Ql £
CNa""“‘" x dx
d & °
c, £
B 0
wheres

J! is the body length

and Cy and Gy are functions of &, Wy, and a,
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the normal. and chordwise force ccefficients for the cone frustum
rnay be defined by changing the limits of integration on these

equationse Thus the equations for the minimum-drag oone frustum

becomnes ,Z
Cy
c g T pe— X dx
W Ry ,
and 1 l (55 )
) :
oo [ i

wheres ,Z -~ the length of a cone having the same semivertex
angle a8 the cone frustum (see Figure 5a).
and ,Zl - the length of that portion of the cone which is

removed to form the cone frustum (see Figure 5a)e

The two conditions, ¢ < & and « > &, must also be
considered in defining the cone frustum force coefficientse. Now,
by comparing equations (54) and (55) it may be seen, from equations

(48) and (49), that for the cone frustum
Case 13 « < &

2 2
Cy = sin & cos & sin 2 « - 4" (56)
Ry L

and 2.
Cg = tan & [2 sin® & + sin? a (L - 3 sin? 6)] é_ﬁ...z‘l.
B



Case 22 a > o

T
+ -
1
Cyy = cos? & sin 2 a{gl‘l;—-z—- +§;cos W, (tan & cot «
2
(1 - 112)
+ 2 cot & tan a) (57)
Rp £
n
and + =
Ce = {wu 2 [2sin26+sin2a(l-33in26)]
n
(57)
PR W Oy /%)
im CO° y Sin sin 2 « oy

Now substituting equations (56) and (57) into equations (50),

the following equations for the cone frustum 1ift and drag co-~

efficients are obtained?

Case 18 «a < &

L?-43
Cp = L tan 6{si.n a (2 ~3 sin® a) +
Rp £
sin® & (5 sind a - 4 sin cz)}
and
£L* - 22 ) ) ,
Cp = tan 6{3 sin® o cos a + sin® & cos a (2 - 5 sin® a)
Rp y2

(58)

Case 2% a » &

L2 - 2,5 ((wy+3)
CL="T; .2 {

simd a (5 sin? & - 3)] +

[2 sin a (1 - 2 sin? &) +

cos W 2
- u[;coszésinacosza(tanécotcc*-

7

2 cot & tan a) - % sin 2 & sin® a cos a]}
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2 2 s
L2-LD (g + D[, S
Cp = | sin® « cos a (3 - sin~ &)
RB’é T
w
+S:ii_£[ %sin263inacos?“a+

2 0032 & sin2 a cos a (tan & cot a + 2 cot & tan uﬂ}-.
3 (59)

Note that the above expressions, for the lift and drag co-
efficients, do not include the contribution of the flat nose of
the cone frustum. The aerodynamic characteristics of a flat
disk are relatively simple in form and will merely be stated here.
Thus, for the case of a flat circular disk, initially normal to

the flow direction, the 1lift and drag coefficients arel

CL =~ 2 gin a c032 a

(60)
and Cp=2 cos> @ o
The above coefficients are, however, based on the area of the
flat disk itself. To obtain the contribution of this flat plate
to the total 1lift and drag coefficients for the cone frustum, it
is necessary to write equations (60) in terms of the cone frustum

base area, ore

Roy 2
=) | e ]
CL, (RB) sin a cos a
61
and R,y 2 (6r)
] o 3
Cp =2 (-—-) cos” a
Ry

where R, is the radius of the nose piece (see Figure 5a).
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The total Kewtonian 1lift and drag coefficients for the cone
frustum are obtained by simply adding the effect of the flat
plate nose to that of the frustum shell. That is, the total

aerodynamic force coefficients for the cone frustum ares

Case 132 o < 6

(L% -2
C = l tan 6{sin a (2 - 3 sin® a) + sin® 6 (5 sin® «
Ry L
Ryy 2
- 4 sin cz)} - 2(—-9-) sin ¢ cos® a
Rp
and
2
(L~ -
Cp = = R tan 6{3 sin® « cos @ + sin® & cos « (2 - 5 sin cx)}
B
Ro
+ 2 (-R—) cos3 a (62)

Case 28 o > &

2 + -
u’—-eﬁ{ wuz[ , 26)
= - - 2 sin<6) +
RB,e . 2 sin a (1 2 sin
cos W. o
+ sin3 a (5 sin2 & - 3)] + ~ u[; cos® & sin a cos<« (tan & cota +
2
R 2
2 cot & tan a) - -32~ sin 2 & sin2 o cos a]} - 2(;2-9-) sin o cos< a
B
" and
2 2 1‘
(,2 -2.°) fw
Cp = l { u? 2 [sz‘m2 a cos a (3 - sin? 6)]
cosu) 3 2 2 2 2
+ po EsinZGSinacos oz+-3-cos 6 sin“a cos a (tan & cot «

2
+ 2 cot & tan a)]} + 2( g;) cos3 a . (63)
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The above equations are solved for the specific case of the
minimum-drag cone frustum (& = 31.7° and Ry, = 0.3824 Rp) and
plotted as a function of angle of attack in Figures 8 and Je.

Having now obtained the aerodynamic force coefficients for
the bodies under investigation, the next development will entail
a study of the stability derivatives for eachs The stability
derivatives, defined in the next section, are associated with

stability about the transverse, or pitch, axis of a body.

Stability Parameters for Small Angle of Attack

At small angles of attack it may be assumed that the angle
W, is a constant of magnitude g. Applying this assumption
Toback and Wehrend® have developed general expressions for the

stability derivatives associated with pitch stability. These ares

2 4
Chg = e f R(x) sin 2y dx (64a)
0
L
2 R(x)
CNq = ? fo R(x) [% sin 2 + 7 sinzxy]dx - ng CNoz (64b)

%o

Y ]
CMa = V) fo [x R(x) + tan ¥ R2(x)J sin 2y dx +£ CNa (64c)

C =”2?t fo(Y)+tan\! R?(x)rx sin 2 +
Mg s £ ’ / /.

0

.2 o) Xo
2 Y] sin \!r]dx-*zcl\gqo—zcn ~(:Z-) CNQ
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wheres S = body base area, = RBZ
R(x) = radius of the body in the y-z plane (see Figure 4).

¥ = slope of the bedy meridian curve, and is positive in

sign (see Figure 4).
L= body length

Xo = body center of gravity location measured from the

origin of the coordinate system. (see Figure 4).

CNqo, CMao = values of CNq and CM“ for which x, is taken
to be zero.

The stability derivatives for each of the bodies under

investigation will now be defined from equations (64).

Hemisphere

Bquations (64) may be rewritten, for the special case of the
hemisphere, by employing a change of variable. Utilizing the
following relations which exist between the terms in these

equations and the hemispherical coordinate systems

R(x) = Rp sin € ,

x=Ry-Rpcos® , (65)
‘V:g"e:

and

LN
[}

=
3



Noting that the range of integration, for 6, must be changed to

T .
zero to 55 then equations (64) becomes
7
2 . 3
CNQ = sin® © cos 6 d& , (66a)
0
h
2
. %o
CNq =/, f sin® 6 cos 6 d6 — T ° (66Db)
0
n
2
Cy =-4 sin3 8 cos & dé + -XB R (&éc)
,La RB
0
and n
2 X, %,
CM=-1+f SinBQcosedG+§-—CN -I-I—CU -
q C B T q R C!O
66d
( %, )2 C (66d)
RB Na

Upon carrying out the indicated integration, the above stability

derivatives are obtained as functions of -x-g onlye That is,

Rp
CNC! = 1.0 »
Cy =1-—=—
N s
a e (67)

and Cyg =_____9__1_("_o_) .
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Cone
For the special case of a cone, equations (64) may be

simplified by substituting the following quantitiess

¥ = & = L5 degrees ,
R(x) = x tan & = x , (68)

l=RBo

With these substitutions the stability derivatives simplify to,

By
2
Cy = 52 x dx , (69a)
8 0
L "B %,
= ¥ dx - == ¢ 69b
Rp
i 2 X9 ‘
CMQ = RB3 f x5 dx + -—1; CNa » (69c)
0
and Rp

R
-_(I}l;oé) CN(X . (694)

i
.ll
=~
'\o
o
&
+
I

X0
Cik ==¢C
Nqo R 3 Mao

No]
CUFJ
S
(@}
=5}
ws]

Integration of the above equations yields the following results

for the stability derivatives, in terms of ;% H

Ciy, = 140 5 (70a)
L %
Oy =3~ Eg s (70p)



¥o 4 .
f T e e ¢
Ciua RB 3 ] (7 C)
and g x x 2
C. = =2+ = 2 (=2 . (70d)
fq 3 Rp (RB)

Cone Frustum

The stability derivatives for the cone frustum may be obtained
in rmch the same manner as for the cone. Treating the cone
frustum as a cone, but changing the lower limit of integration
to properly describe the frustum, equations (64) are simplified

by substituting the following quantitiess

¥y = & = 31,7 degrees,

1 = RQ tan 6,
J (71)
’(l = Fo/ tan &,
Ry, = 0«3824 RB .
Thus, equations (64) may be written in the following forms,
L sin® & £
Cy = x dx , (72a)
a Rp? £
1
tan? v
CN = = ail 2 f x? dx = '}'(2 Cy. s (72v)
q Ry~ yi L o

1
- 4 A ‘!2 *o
Gy =—5 tan” & y X ax 4 2 Oy (72¢)
1
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and JZ
- 2 x
Cy = 2"‘“25 f x3dx+:—Z-CN ..x..".cM -
q RB cos? & 4!1 P L R
3)°

Upon carrying out the indicated integrations, and after substituting

the limits, equations (72) reduce to,

Cy, = 1.2361 , (73a)
Cy = 1.2588 - 0.7634 =, (730)
q kg
1ay O
Oy, = = 1.2588 + o.7o3a§]-3- s (73c)
and 2
_ . X Xo
Gy, = = 13146 + 1.6878 £ - 0ul7L3 ( f{-};) . (734)

The stability derivatives have now been determined for small
angles of attack. Numerical values of these quantities are
presented in Table 3 for each of three physical body conditions
described in the following section. These values will be applied
later in determining the static and dynamic stability of the body
types under investigation.

For large angles of attack the pitching velocity must be
considereds. Alsoc, the angle, Uﬂu, can no longer be assumed 2

constant, as is demonstrated irn the following sectione
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Stability Parameters for an Angle of Attack of 45 Degrees

General expressions for the stability derivatives have been
obtained for the high angle of attack conditionz. In this thesis
the specific angle of attack of 45 degrees has been chosen since
a closed form solution for CNq and Gy is not obtainable for the
hemisphere at angles of attack other than zero degrees, 45
degrees, and 90 degrees. An angle of attack of 90 degrees will
not be studied, however, due to the appearance of singularities
in the stability parameters which lead to asymptotic solutions
not sufficiently general for application to the present investigation.
The stability derivatives as given in reference 2, for high

angles of attack ares

5 xu
CN(! = - g f R(X) H (xs ay Q) ax , (71&3)
0]
2 %
CNq = - "s' f R(X) d (X, a, Q) dx , ('H&b)
o
2 [
Ciy = 5 (x - x,) R(x) + tan ¥ Rz(x)] H(x, o, q) dx,
0 (74c)
and %,
2 _
Gy = 5 f L(x - x.) R(x) + tany Rz(x)} J(x, a, q) dx,
d 0 (744)
wheres
w, sin2W, 37 5B
H(":“:Q):[E‘u“ L u+Z]GAa—

aG
3 A ?

§ cos wu (sin® wu + 2)
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wu Sin 2 (lJu 1‘_: aB
Moo w ) = | T Y T Aag
e
2 .. 2 aG
S cos W, (sin W,, + 2) ———————
3 u u , Dar’
v
oB 2

and wheres =~ 2 sin 2 { sec” a ,

3 A«

o = qvl secgaz[}}-E sin2wjr+2-(—}s-;-§—)cos2 W]

3 A AL A
+2tanasec2acos2\'/,

(x - x)
..__2.1%.__..=_2[2?§sin24y+-—-—-—9—-sin2\1r],
. Az L AL

Vv
and
aG R - 2
NV %[fsin"’*ix‘zﬁ“”’]
v R X - X,)
+tana[—fsin2\}f+2 lxo cosz\v] .

In the above expressions the following parameters arel

1]

w the angle in the y-z plane at which the pressure coefficient

u
goes to zero for a given value of X
X; = the maximum value of x on that portion of the body
which '!seest!! the flow.
q = pitching velocitye.
V = velocity in the axial direction of the body



q= = dimensionless pitching velocity.

-4
v

The above equations will be solved, for each body under

investigation here, in the following sections.

Hewisphere

For the case of the. hemisphere the same transformations will
be applied to the general equations (74) as were applied in the
previous sections lowever, the term wu is no longer a constant
since the entire surface of the hemisphere is not covered by the
flowe For an angle of attack of L5 degrees, ), has a constant
value of = 3 for a range of 8 from zero degrees to 45 degrees. For
values of & between 45 degrees and 90 degrees W, assumes the
value sin™t (cot €)s Therefore the integration of the stability
derivatives must be separated into two integrals with limits on
6 of zero to ;—: and Z—-t to g respectively. Applying the previously

discussed transformations to equations (74), and separating into

two integrals, the following equations are obtained.
n

L;
CNQ”G‘/‘ s:m3€co=>6d€+- fis:m (cot &) -
0

cote'a/l—cot29+-]s.m Gcosé+§1/l~cot§8(2+-

cot? @) 8in“® [s:‘m2 6+ qgcos & (L -sing)+qsiné (1 - %{2)]}‘16

(752)
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n

4
CNa =) f {s:‘m2 6 cos® & (1L - sin 6) + sir? 6 cos 6 (1 - ﬁx%)}de
: 0

T
2 -1

+ -ﬁ-: f {[sin (cot 6) - cot ©8v'1 - cot? + ;][sinz 6 cos® & (1 -
. 2
L

X
sin ©) + sim> € cos 6 (1 'EO')] +§ sin® 6v/1 - cot? 6 (2 +
B

cot2 e) [sin 8 cos & (1 -~ sin 6) + sin® © (1 - %Q) +q (cos 6 [l -
B

2
sin e] + sin © [1 - ff'i-] ) ]}de (75b)
Ry
X0 ~ Bp
O, = Ry Cy, ° (75¢)
and .
Xo = HpB
;= = . (75a)
%" TRy Mg

Carrying out the indicated integrations, the above equations

reduce, upon substitution of the limits, to

%o

Chig = 243918 +{q) 0.9131 - 0.8488 el (762)
= iy - KO /
ch = 0.6983 + 0.5224 q - (0.8236 + 0.4829 q) iy (76b)

- X, - X, —
Cl,Ia=—009131 g - 203918 + 'ﬁ—é (203918 + 1.761 q - 00811-88 ‘i{; q),

(76¢)
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and
cyq--o 05224 q - 046983 + == (1.5219 + 1.0053q)
Rp

2
- (%é) (0.8236 + 0.4829 3 ) . (76d)
B

Cone

In the case of the cone the term W, is a constant and is
found to be sin™t (tan &)« Since the cone under investigation
here has a semi-angle of 45 degrees, the entire surface is
covered by the flow and UJu_has a value of g « Thus equations

(74) -reduce to a relatively simple form when the previously

discussed transformations are appliede That is,

B

L
CN(I = ‘EB? f o x dx , (773)
CNq="-2 f X+'—-&'-)dX’ (77b)

-4
Cma 553 ) (2 %= - X, X) dx , (77¢)
and ., RB . 3x y
Cpy = == 2 1+5) - 1+——£] .
fa B Jo [ <0 )t x QR &

(77d)
After integrating and substituting the limits, the above equations

reduce to

Oy, = 240 (78a)
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5 _ %
Nq 3 RB ] (7 )
- 8 xo
CI‘Ia = e— 2 'ﬁ‘}; ’ (78C)
and
. — 5 2
Cy =243 () (), (784)
Qq 3 RB RB

Cone Frustum

Again the cone frustum may be treated in a manner similar
to the ccne. Upon substitution of the appropriate transformations

for the cone frustum, equations (7!;) reduce to?

= /; X tan 6{[0056(‘”“ sin 2 wu+-) sin &
o TtRB 2 L 4

Cy =

Al - R
+ 2 + tan” 8 cos wu cos 6]+gcos wu[j sin &
3 3 L
X - X5)
+—'~———( ,(0 cos 6] cos & } ax (792)

Cy

L ,
8 Wy sin 2 W, 7y (x - %)
= x tan 8 {sin & cos & + d o | cm——
a4 nRp° ,[{ { [( 2 4 h) 3

2 + tan? §) R in 2 W R
+( o ) B cos 0.)]+(wu+s u+_7f)__P;
3 u Ll-

+'3]:(2+tan2 5y %)

+ tan® <‘.»)[%§ tan & + -(jc—;?l cos wu]2 }dx s (79b)
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yA
Cw = -8 fjl [(x - X,)x tan & + X2 tan 6]{(.‘:.‘/_2_

2

7
T +Z)S:Ln96+—[cosw (2 +
- 2(x -
ten? 6)] [q (%B- sin 206 + (J{’(xo) cos? 6) + 2 cos? 6]} dx
and £ (79¢)

Gy = "":—i—— f x tan 8(x - x5 + x tan® z,){(w -
q s RBZI Il u

) R (x - %)
sn.n§w13+_§) (zﬁsin26+-——;z—‘{9—sin6cos 6)—-

1 + . 2 )2"" E_P_)_”. &+
-3-00300u (2 + sin” w q (-7 sin

dx

(x - xo) e 20x - xo) cos'?' 6]
(79a)

2 .
Z T2 Z

where: W, = sin~* (tan &)

Note that a value of wu has not been substituted into the

above equations since this parameter will be varied later to
ascertain the effect of the ratio of the radii of the front and
rear faces of the cone frustum on the stability. For the case of
the previously discussed minimum-drag cone frustum, equations (79)

become, upon integrating and substituting of limits,

Gy = 2.9686 + 9 241562 - 0.9835 if.% , (80a)



Gy, = 1066 + 14267 q - % (0,917 - 046891 3 ) , (80b)
Oy, = ;-‘; [1.833 + 243336 q - 046073 g %%] - 04835 - 1147 q ,

; (80c)
and

X - X, 2 —
Gy, = i 0e4h29 + 13713 q] "'('ﬁ"B‘) (042831 + Ce3569 q) -

- 0882 q - 1787 (80q)

Equations (80) complete the investigation of the stability
derivatives. DMNote that these equations are written in terms of
X
;% onlye. MNumerical values of the stability derivatives, for each

of three physical conditions described in the next section are

listed in Table 3.

Al

Center of Gravity Location and Radius of Gyratione

Before the static and dynamic stability is studied it will
be necessary to determine both the location of the center of
gravity and radius of gyration for the three bodies under con-
siderations For each body type three physical conditions, or

mass distributions, will be assumed; these aret

le A solid, homogeneous body.

2« A body shell with an open base.

3. A body shell with a flat disk closing the bases

The general procedure followed is to apply the integral

calculus to elementzl mass segments to obtain the center of
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gravity location and radius of gyration for each body. For

convenience, the method employed will be defined for the general
case and the actual values tzbulated. (See Table 2).
The location of the center of gravity is determined in the

following marmere. The definition of the center of gravity is,
L

Xy M = f x dM (81)
0

wheres
X, = the distance from the coordinate origin to the

center of gravity (see Figure 5b)e

¥ = the total mass of the body.
In the above equation the elemental mass may be written ass
all = p m r? dx f82)
wheres
r = the radius of the body of revolution for a given

value of %o (See Figure 5b).

p = the mass density of the body (here assumed constant).

For the bodies considered it is a relatively simple matter
to relate the variables r and xe The integration, indicated in
equation (81), has been performed and the values of %% are listed
in Table 2.

In order to obtain the radius of gyration for these bodies

it is necessary to define the mass moment of inertia, which is

related to the radius of gyralion of a body, by the expression



k=" I (83)

The mass moment of inertia, I, may be expressed about a general

transverse axis as

I= f ¥ oM . (84)

From consideration of the elemental mass segment depicted in
Figure 5b, it is seen that a triple integration process must be
followed in defining the mess moment of inertiae. Thus, the radius
of gyration for a general body of revolution about the transverse
axis through the body center of gravity (the pitch axis) can

be written as?

- I

iR

[(L-x)2+(rsin13)2]rd3drdx=§2

S

K

(85)
where? M is the total body mass.

The above equation hes been solved for each of the bodies
under investigation and values of radius of gyration are listed
in Table 2.

Having derived expressions for the stability derivatives and
determined the center of gravity location and radii of gyration
for the three bodies under investigation, the static and dynamic
stability can be studied. In the next section the static stability

is considered.



Static Stability

For static stability to exist, a disturbance, from
equilibrium, must create forces or moments within the system
that tend to restore the system to the equilibrium position.
The stability derivatives defined in the previcus section are
associated with motion about the transverse, or pitch, axis
through the center of gravity of the body. Since the stability
of motion about this axis is ¢f primary importance in the study
of reentry problems, it is quite logical that it be included in
this thesiss.

Allen5 has developed expressions by which the static and
dynamic stability can be defined. This was done by considering
the time differential equation of motion, about the pitch axis,
of an axially symmetric body of revolution entering the earth's

atmospheres For the case of static stability, it was found?

that if the following inequality exists,
- CM(! + (JL(I 8 sin OE > 0 (86)

a body of revolution is stable for motions about its pitch axis.
The second term in equation (86) is negligible since the quantity,
fs defined in the expression relating the air density at an

altitude y (in feet) to the air density at sea level$

P=p, e

wheres P, = sea level air density,
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must be much less than unity for altitudes of the order of

magnitude of 1000 feet or greateres Therefore, it follows that

an axially symmetric body of revolution is statically stable,

about the piteh axis, if the stability derivative CMa is negative.
With the condition of stability defined, the three specific

cases of interest to this thesis will next be studied separately.

Hemisphere

For small angles of attack the term CMa, as obtained in
equation (67c), is
Xo

Oy =-1¥ g2 (67¢)

Since g% must be less than unity for 2ll physical conditions of
the hemisphere, the hemisphere is statically stable at small
angles of attack.

At an angle of attack of 45 degrees it is necessary to set

the non-dimensional pitching velocity, EL equal to zero in order

to determine the static stabilitye. For this condition,

~

Oy, = 203916 I-é - 2.3918 (87)

The location of the center of gravity for a solid homogeneous

hemisphere, as obtained from Table 2, is at the point

& |0
|
09N AN,

For this value of %
Rp
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(¢4

and the solid, homogeneous hemisphere is therefore statically
stables

Similarly, for the hemispherical shell without a base plate

%o
‘ﬁg = 0.5 and Gy, = - 11959, (89)

a statically stable configuration.

For the hemispherical shell with a base plate

Xo 2
= 5 ad Oy =-0a7972 (50)

indicating a statically stable body type.

It is seen that for the case of the hemispherical shell
with no base plate the body exhibits the highest degree of static
stability both at small angles of attack and at an angle of

attack of 45 degrees.

Cone
At small angles of attack the stability derivative, CMa’ for

the cone can be written, from equation (70c), as

_ %o _k
Ciy =723 (7Ce)

Noting the valuss of ;2 for the cone, in Table 2, it is seen that
B -

the cone is statically stable for all cases. Also it is self = -

evident that the conical shell without a base plate exhibits the

greatest degree of stability.



At an angle of attack of 45 degrees, the value of CMa is

2 %o
Gty = Rp

Wi o

as given in equation (78c)e.
Here again the cone is statically stable for all physical
conditions investigated, and the conical shell, without a base

plate, exhibits the greatest stability.

Minimum=-Drag Cone Frustum

At small angles of attack the stability derivative, CMa’

as obtained in equation (73¢) is,

Cy. = - 1.2588 + 07634 =R . (73c)
o Rp
The cone frustum is seen to be statically stable since %%

rmust be less than unity for all practical mass distributions,
From the values of g% presented in Table 2, the cone frustum shel},
without a base plate, exhibits the greater stgbility.

In addition it is seen that varying the ratio of the cone
frustum radii results in a change in the stability index.
Specifically, this body type becomes more stable (statically) as
the radius of the forward face, R,, approaches zero (i.ee as the
frustum approaches a ccne)e

The term, CMa’ for the cone frustum, at an angle of attack of

L5 degrees, as obtained in equation (8Cc) iss



- o _
Oy, = 1833 32 = 0835

For the values of g% listed in Table 2 it is seen that the
cone frustum is statically unstable for the three physical
conditions investigated here. The least unstable configuration
is the case of the cone frustum shell without a base plate.

Also it is seen that a change in the radius of the cone
frustum nose leads to a change in stability. Explicitly, the
cone frustum becomes more stable (statically) as the radius of
the nose again approaches a value of zeroe.

The results of this investigation for static stability are
sumariged and presented in Table 4. In this tabkle a positive
sign indicates a stable configuration, and a negative sign
indicates an unstable configuration.

Next, to carry the investigation of stability one step

further the dynamic stability is studied.

Dynamic Stability

If, after disturbing a dynamical system from its equilibrium
position, the subsequent motion eventually returns the system to
the equilibrium position, the system is said to be dynamically
stables This general definition of dynamic stability indicates
that it is most desirable to have dynamic stability of a system so

that no external devices need be added to obtain stabilitye
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Allen5 presented a condition which must be sabisfied for the
dynamic stability of a systeme This condition is stipulated by

the inequality
Rp\R
B
Op = Opg * (O + Oy ) (T{') <0. (91)

In the above expression the tern Cﬁa is generally negligible
for axially symmetric bodies of revolution. The condition which
the three bodies under investigation rust satisfy, for stability,

is therefore N

) ¢ 0. (92)

Cp - Cp .

a

* CMQ(

Each of the bodies considered will now be tested to ascertain
whether this condition is satisfied and/or under what restraints

it will be satisfiede.

Hemisphere
At amall angles of attack the hemisphere exhibits the following

previously defined characteristicss

CL(Z =0 (93)
2
Oy, =~ @ '%)

Substituting these values into equation (92) the stability

condition becomes,



¥ \2 B 2
1-G-5) (g)Y<o . (94)

Considering the values of EQ and k2, obtained from Table 2, it

is seen that the hemisphereBis dynamically unstable for the three
mass distributions considereds Of these, the least unstable is
the case of the hemispherical shell without a base plate.

At an angle of attack of 45 degrees the hemisphere was found

to have the following charascteristics,

Op, = = 02652 (95)

e

‘ Xo X0 2
r = = 0e0983 + 029—-—- o8 12) —
Chq 6983 151RB 23 (RB)

which, upon substitution, reduce equation (92) to

B .2
0.6758 + [- 006983 + 1.5219 =2 — 0,8236 ( = )2 (2)<o
(96)
Applying the values of %2 and k2 from Table 2 it follows that
B
the hemisphere is again dynamically unstable, with the least
unstable configuration being that of the hemispherical shell

without a base plate.

Cone
The pertinent parsmeters for the cone at smz2ll angle of

attack are?
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O, = © (97)

—-24+8 -
Oy == 2+ 3 (2 ) (2 )

Therefore the governing stability condition becomes
8 Rp
1+[-A (R )-(’%)] (£ <o, (98)

It can be shown that the cone satisfies this relation for each
physical condition considered. Also, the greatest degree of
stability is obtained for the case of the solid, homogeneous
conee

Values of Cp» CLa’ and CMG for the cone at an angle of attack

of 45 degrees aresg

CD=008839

Cp, = = 045303 (99)
T e e - i2 °

Oy == 3+3 () -(32)

Substitution of these values in equation (92) yields

| 5
1142 + [- 5 + 3 ( §§ ) - (=2 5

)2]<_B 2<0 .
B (100)

At an angle of attack of 45 degrees the cone is dynamically

unstable to a lesser degree for the conical shell without a base
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plate than for the other cases as may be deuwonstrated by sub-

stituting values of gﬁ and k2 from Table 2 into the above equation.
5 ,

Cone Frustum

The minimum—-drag cone Irustun exhibits the following aero-

dynamic characteristics at small angles of attacks$

CD = O 07 63

Cr,, = 02585 (101)
- 13146 + 1.6878 22 _ 0.4715 ( 2 )2

CI,:lq [ ] [ ] .l.% - L ] RB [ ]

Equation (92) becomes (upon substitution of these quantities)$

x R
0,178 + [- 1a3146 + 1.6878 (R ) - 0u4715 ( = )2] (2)*<o
RB Ry k
(1c2)
The above stability condition is satisfied for each of the
physical conditions of the cone frustum as listed. This can be

XO

demonstrated by substituting the values of EE and k2 obtained
from Table 2 into equation (102).

The greatest degree of dynamic stability is obtained for
the solid, homogeneous cone frustume It can also be shown that
as the radius of the nose of a cone frustum approaches that of
its base (hence & cylinder) the degree of dynamic stability
increases.

At an angle of attack of 45 degrees the pertinent parameters

necessary to the determination of the dynamic stability of the cone

frustum have been previously found to bel
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Cp = l.1824

0L, = = 0.808 (103)

G, = Oebh29 ;-5'; ~ 042831 ( 1291; )2 - 1.187 .

Thus equation (92), with the above terms substituted for the

variables, becomes

R
2,056 + [— L7687 + 0.4429 22 = 0.2831 ( ﬁx% )2] (2)°<o.
B »

(104)
For this angle of attack condition it is seen that the cone
frustum is dynamically stable. Again, the greatest degree of
dynamic stability is produced by the solid, homogeneous cone
frustums Also, the degree of stability increases as the nose
radius approaches the value of the base radius of the tody (the
limit case being the cylinder).

The static and dynamic stability of the bodies under
investigation in this thesis have been defined. A4lso, both the
static and dynamic stability of these configurations ere presented
in Table L.

The results, obtained from this investigation, are discussed
to some extent in the following section and various ccnclusions

presented.
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III. DISCUSSION OF RESULTS

Drag Coefficient

The Newtonian and Newtonian-plus-centrifugal drag coefficients,
as obtained for the hemisphere, are presented for an angle of
attack range from zero degrees to 90 degrees in Figure 6 and Taktle
l. In Figure 6 the upper curve is a plot of equation (13) and
the lower curve is a plot of equation (42). It is of interest to
point out that the maximum and minimum values of the hemisphere

Newtonian drag coefficient arel

CD\J = 1,0 at o = 0 degrees
Pnax

CDN = 0,5 at o« = 90 degrees
min

and the maximum and minimum values of the Newtonian-plus-

centrifugal drag coefficient aret

it

0.75 at a = 0 degrees

N+C
Rax

3
]

D 0375 at a = 90 degrees

N+C .
min

Also, the Newtonian~plus-centrifugal coefficient is found to be

constant for angles of attack 1less than or equal to 3C degrees



since the pressure coefficient scting on the ''missing!! area is
zero for this range of angles of attacke

Consideration of centrifugal force effects is seen to decrease
the hemisphere drag coefficient by a maximum of 25 percent at
angles of attack of zero degrees and 90 degrees. The minimum
relieving effect of the centrifugal forces is 23 percent at an
angle of attack of 45 degrees. Therefore, the Newtonian-plus-
centrifugal drag coefficient may be reasonably approximated by,

CDN . c = 0475 CDN

The two curves presented in Figure 6 are felt to be the
upper and lower limits of the true drag coefficient for the
hemisphere at any angle of attacke For low hypersonic speeds
the true drag coefficient will approach the Newtonian value,
while at high hypersonic speeds it will approach the Newtonian-
plus-centrifugal value.

The Newtonian drag coefficients obtained for the inscribed
cone and minimum~-drag cone frustum are presented in Figure 9.
It may be seen from this figure, and also from Figure 6, that the
mininum-drag cone frustum exhibits a lesser drag coefficient than
either the cone or the hemisphere, but only for angles of attack
less than 35 degrees and for low hypersonic speedss. At high

hypersonic speeds, where the drag coefficient for the hemisphere
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approaches the Newtonian~plus-centrifugal value, the cone frustum
exhibits a larger drag coefficient than the hemisphere throughout

the entire angle cf attack range.

Lift Coefficient

The hemisphere Newtonian and Newtonian-plus~-centrifugal
lift coefficients, equations (25) and (47), are presented in
Figure 7 and Table 1, The Hewtonian-plus-centrifugal 1ift
coefficient has a value of zero for angles of attack less than or
equal to 30 degrees since the centrifugal forces exactly counteract
the effect of impact on the ''missing!! area. As the angle of
attack increases above 30 degrees, the Newtonian impact forces
overpower the centrifugal forces and a negative lift force is
produced on the hemisphere.

It may also be seen from Figure 7 that the relieving effects
of the centrifugal forces are mich greater for the 1ift coefficient
than for the drag coefficient. For instance, at an angle of
attack of 90 cdegrees the centrifugal force effects decrease the
1lift coefficient by approximately 45 percent.

The two expressions obtained in this thesis for the
hemisphere!s 1lift coefficient are felt to be (at least) the
upper and lower limits of the true lift coefficient at hypersonic
speeds and angle of attacke.

The Newtonian 1lift coefficient for the inscribed cone and

minimur~drag cone frustum are presented in Figure 8. It is seen
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that the minimum~drag cone frustum is the only configuration
considered in this thesis which has a positive 1lift coefficient
for any portion of the angle of attack range. Note however that
for angles of attack greater than 55 degrees the 1lift coefficient
for the cone frustua is more negative than that for the hemisphere.
From the preceeding discussion it may be ssen that for 2
missile at fairly low hypersonic speeds and an angle of attack
variation of less than plus or minus 35 degrees the minimum-drag
cone frustum exhibits the more favorable aerodynamic characteristicse
Thus, for these conditions, it would be desired to use this
configuration for a missile nose shape. However, for a missile
designed to fly abt very high hypersonic speeds and a very large
angle of attack variations (of the order of plus or minus 90
degrees) it would be desirable to use a hemispherical missile nose

configurations

Static Stability

The individual stability parameters are presented in Table 3.
It is Yelt that it is unnecessary to discuss these quantities here
except insofar as they affect the static and dynamic stability.

The static stability was shown to be a function of Cma onlye.
Thus the values of CMa defined in Table 3 determines the static
stability listed in Table 4 for the three body configurations

investigated in this thesise. From Table 4 it may be seen that
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all configurations are stable and that the minimum~-drag cone
frustum exhibits the greatest degree of static stability at small
angles of attacke However, for an angle of attack of 45 degrees
the inscribed cone frustum exhibits the greatest degree of static
stability. In each case the thin shell without a base plate is

the most stable body conditione

Dynamic Stability

The dynamic stability of each configuration is also presented
in Table 4+ For small angles of attack it is noted that the
nemisphere is the only unstable configuration. At an angle of
attack of 45 degrees the only stable configuration is the minimum-
drag cone frustume Also it is worthy of mention that the greatest
degree of dynamic stability is exhibited by the solid, hmmogeneous
body conditione

From this investigation of stability it appears that the
cone frustum is the more desirable missile nose shape; even
though the hemisphere was found to exhibit the more favorable
aerodynamic characteristics over the entire range of angle of
attacke Thus it would depend on which factors were the more
critical for a missile design (stability or lift and drag) as to
whether the hemisphere or the cone frustum would be the more
desirable missile nose configuration. As has been shown here the

cone im the median body both for stability and magnitude of
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force coefficientses It is felt that considerations of aerodynamic
heating and fabrication would lead to the selection of the

hemisphere as the optimum missile nose configuration.
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IV. CONCLUSIONS

The following conclusions may be drawn from this thesiss$

1.

24

3e

Le

6o

The Newtonian 1ift and drag coefficients represent the
upper limit of the actual force coefficients for the
hemisphere, the inscribed cone, and the minimum~drag

cone frustum at angles of attacke.

The Newtonian-plus-centrifugal force coefficients
represent the lower limit of the actual force coefficients

for the hemisphere at angles of attacke

The Newtonian~plus-centrifugal drag coefficient, for
the hemisphere, may be approximated by taking 75 percent

of the Newtonian drag coefficient.

The angle of attack may be changed by as much as 30
degrees without appreciable change of the hemispherets

force coefficients.

The minimum-drag ocone frustum exhibits the greatest

degree of both static and dynamic stability.

The hemisphere exhibits the more favorable aerodynamic

force coerfficientse
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The hemisphere is the more desirable missile nose
configuration from the standpoint of a missile possessing

a stabilizing afterbody and requiring a large angle of

attack variatione
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V. RECCMMENDATIONS

The results of the present thesis indicate that a study of
the centrifugal force effects should be carried out for the cone
frustum and the cone to determine their aerodynamic characteristics
at high hypersonic Mach numbers. In addition, it is felt that
experimental data would be of great aid in determining the

accuracy of the force coefficient equations developed here.
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VI, SUMMARY

In this thesis a study has been made of the aerodynamic
characteristics of a hemisphere flying at high speedse The 1lift
and drag coefficients have been obtained for the hemisphere, at
angles of attack, through the application of Newton's corpuscular
theorye. A correction has been applied to the coefficients to
account for the effect of the centrifugal forces acting on the
hemisphere due to flow curvatures The application of the above
correction then yielded the Newtonian-plus-centrifugal 1ift and
drag coefficients for the hemisphere. A study has also been made
of the Newtonian force coefficients for the cone inscribed in the
hemisphere, and the minimum-drag cone frustum having the same
fineness ratio as the hemisphere. The results of this last study
show that the cone frustum is the only body considered having a
positive 1lift coefficient over any portion of the angle of attack
range (zero to 40 degrees). In addition, the hemispherets
Newtonian drag coefficient is greater than that of the cone
frustum only for angles of attack less than 35 degrees.

A study of the stability parameters CNa’ Cqu CMa,and CMq
has also been carried out in this thesis. Having defined these
quenticies for the hemisphere, cone, and the cone frustum, the
static and dynamic stability of each body was investigated.

From this investigation it was concluded that the minimum drag cone



frustum exhibits the greatest desree of (both) static and
dynamic stability.

Three body conditions$ a solid, homogeneous body; a shell body
without a base plate; and a shell body with a base plate were
considered in the stability study for each configuration. It
was found that a shell body, without @ base plate, exhibits the
greater static stability for each case, but that a solid
homogeneous body exhibits the greater dynamic stability for all
stable configurations. However, the shell body without a base
plate, was the more stable condition for the dynamically
unstable configurationse.

The results of this thesis indicate that the shell hemisphere
would be the most favorable missile nose configuration of those
considerede This is concluded since the hemisphere exhibits the
more favorable force coefficients and the application of a missile

afterbody would produce a stable missile configuratione
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TABLE 1

HEMISPHERE FORCE COEFFICIENTS

* NP R Dy (- Cuy
0 C475000 060 1.0 -0
1 1.0 -0
2 1.0 - 0,00001
3 1.0 - 0400004
4 1.0 -~ 0400009
5 0.99999 - 0.,00017
6 099998 ~ 0.00029
7 099997 ~ 0.00045
8 099993 - 0.00068
9 0.99988 -~ 0.00096
10 049998 - 0.,0013
11 0.9998 - 0.,0017
12 069997 - 0.0023
13 049995 -~ 0,0029
15 0.9991 - 0.,0043
16 0.9989 - 0.0052
17 0.9986 ~ 04,0063
18 0.9982 - 0.,0074
19 0.997¢ - 0,008%
20 0.9972 - 00,0100
21 049966 - 060115
22 049960 - 0.,0131
23 049953 - 0.0149
2 0e9946 - 0.0168
25 0.9936 - 0.,0189
26 049925 - 0.0211
27 00,9913 - 0,0233
28 v V] 0,9901 - 0.0259
29 049886 ~ 00285
30 047500 - 0.0 049869 - 00313
31 047483 - 0,00007 0.9853 ~ G.0342
32 047466 - 0.,0003 Ce9835 - 0.,0372
33 047450 - 0,0005 0.9813 - C.0404
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TABLE 1
CONTINUED.

* yec Ay oy =) Cuy
35 - 0071‘-27 - 000013 009766 - 0.0h72
36 Ce7401 - 0.0018 09741 -~ 0.0508
37 007383 - 000026 009713 - 000514-5
38 047367 ~ 060036 049686 - 0.,0584
39 Ce7351 - 00049 09654 - 0,0623
41 C.7313 - 0,0078 0.9576 - 0,0706
L2 067293 - 040094 09546 - 0.,0748
43 0,7270 -~ 00112 0.9513 - 00,0793
L OeT7247 - 0,0131 0.9465 - 00839
hg 067222 -~ 00154 069409 - 00,0884
4o 047195 - 0.0178 049355 - 0,0931
&7 067166 ~ 040206 049308 - 0.0978
49 047104 - 00265 0.9201 - 0.1075
50 0.7071 ~ 04,0296 049146 - 041124
51 Ce7034 - CeO327 0.9087 - 0.1173
52 046996 - 0,0360 0.9013 - C.,1223
54 046910 - 0.0427 0.8683 - 041324
56 06811 - 0.0498 068732 - Oel42L
60 0e6548 - 0s0644, Ce8411 - 041624
61 046454 - 0.0683 08333 - 041672
62 006361 - Oo0720 008235 - 0.1721
63 0e 0267 - C.0758 0e8153 - 01768
64, 046174 - 0,079 048049 - 0e1815
66 05988 ~ 040867 C.7862 - 0.,1906
67 0e5895 - 00903 0.7758 - 041950
69 065708 - 00973 067550 - Co2034
70 0+5615 -~ 041007 047446 - 02074
71 Ce5522 - 0,1038 07343 - 02113
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TABLE 1
CONCLUDED
* oy 4 ¢ %Ly + ¢ ®py CLy

72 045428 ~ 041069 047216 - 0.2151
73 05335 ~ 041099 0.,7104 - 062186
7 005202 - 0.1127 046965 - 0.2221
75 045149 - Co1154 045852 - 042252
76 045055 - 0.1181 046729 - 0,228
77 044962 - 041207 046605 - 0.2313
78 044869 - 0.1232 o479 - 042339
79 04776 - 041256 046356 - 02365
20 0eli682 - 0.1278 046232 - 0.2368
81 044589 - 061297 046110 - 02109
82 044496 - 041314 045987 - 0,228
83 044403 - 041329 0.5861 - Ou2hlly
84 064310 - 0.1341 GCe5733 - 0e2459
85 004216 - 041352 05605 - 0a2472
86 0e1123 - 0.1362 045482 - 0.2482
87 0011-030 - 001369 005359 - 002490
88 043937 ~ 01374 045238 - 0.2495
89 043843 - 041377 045118 - 042499
90 043750 - 041378 045000 ~ 042500




TABLE 2

BODY CENTROID AND RADIUS OF GYRATION

CONFIGURATION BODY #%o/Rp K2
Hemispheve Solid 5/8 042594 RBz
Shell without Base 1/2 0a4167 Rp?
Shell with Base 2/3 0.3911 Rg?
Cone Solid 3/k 041875 Ry
Shell without Base 2/3 045556 Rg?
Shell with Base 04805 0.4561 Rg?
Cone Frustum Solid 0.6397 042328 Ry?
Shell without Base 04527 05846 Ry
Shell with Base 046977 04585 Rp*




TABLE 3

HYPERSONIC STABILITY PARAMETERS

SHMALL ANGLE OF ATTACK

Hemisphere

Cma

Cy
hq

Chige
C,
Mq
Cone Frustum

Ciiy

Cmq
Ciig

Cxe
Yq

Solid Body

Shell without Base

Shell with Base

1.0000
03750
- 03756

~ 01406

1.0000
045633
- 045833

- 0e5625

1.2361
047703
- 0.7703
- Qe4278

1.0000
Ce5CC0
- 05000

~ 0e250C

1.0C00
066667
- 006667

~ 06667

1.2361
08563
~ 0e8563
- 045560

1.0CC0
0.3333
- 03333
- 001111

1.00CC
0.5283
- 005283

- 0.5013

1.2361
047260
- 047260

- OQ3665

—8L-



TABLE 3

CONTINULED

45 DEGREE ANGLE OF

ATTACK

Hemisphere

So0lid Body

Shell

without Base

g

Oy

Cone Frustum

Shell with Base

243918 + 043826 q
01835 + G+2206 g
~ 048969 = 041434 q
- 0.0688 ~ 0.0827 q

2.00C0
09167
~ 11667

040208

2.9686 + 1.5271 q
1.0734 + 1.7078 g
043376 + 0.0973 §
- 146195 ~ 0.1206 g

243918 + 0.4887 g
Ce2865

+

0e2809 q
- 141959 = Ce2hll q
- 041433

01405 g

2.,CC00
1.0C00
- 1.3333
- 0l01111

2.9686 + 146379 q
1.1767 + 146302 g
041310 - 0.0858 q

- 146322 ~ 0.2379 g

2.3918 + 0.3472 g
0e1492 + C42005 g
- 07972 = C.1157 q

- 0.0497 - 0.0668 g

2.0000
048617
- 1.0567
01003

2.9686 + 14700 q

1.0202 + 1.7478 q

Ql

064439 + 041866

- 1.6158 - 0.,0630 q

..6L_



TABLE 4

SMALL ANGLE OF ATTACK
STABILITY
Body Hemisphere Cone Cone Frustum
Static Dynamic Static Dynamic Static Dymanic
Solid (+) (-) (+) (+)% (+) (+)%
Shell ()X ()% | (+)E (+) (+)t (+)
Shell with Base (+) (-) (+) (+) (+) (+)
45 DEGREE ANGLE OF ATTACK
STABILITY
Body Hemd sphere Cone Cone Frustum
Static Dymamic Static Dyneric Static Dynamic
Solid (+) (-) (+) (-) (-) (+)%
Shell (+)% (-)% (+)% (-)% (-t +)
Shell with Base (+) (-) (+) (-) (-) (+)

(+) indicates a stable condition

(-) indicates an unstable condition

.

indicates the most stable body condition
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Figure

Figure 2

Hemisphere Body Coordinates
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AERODYNAMIG CHARACTERISTIGS GP A HEMISPHERE
AT FYPERSGHIE SPEEDS

by
Edgar Arian Pritchard

ABSTRACT

It is the purpese of the present thesis to investigate several
missile nose configurations to determine the most efficient body
from the standpoint of both aercdynamic characteristics and stability.
‘Three configurations were chosen to be studied., These ares

(1) A hemisphere

(2) A cone inseribed in the hemisphere

(3) The minimu-drag céne frustum for the sams fineness ratio

as the henisphere.

For each of t.ﬁc above todies, Newton's impact theory was applied
to obtain the 1ift and drag ccefficients for an angle of attack renge
of sero to 90 degrees.

In addibion %o the astodynaxmie force coefficients, the astatic
~ and dynamic stability of each of these configurations were studied.
In this part of the investigation three physical mass distributions
were chosen for each btody type; namely,

(1) A e0lid, homogensous bedy

(2) A shell body with ne base

(3) A shell body with a bass.



In order to inveaticate the atstic and dynamic otai;il-ity it
was necessary to define the paramsters *4:?,.. -c'-,,g,’ C'g.. and c‘xq.
Having. defined the' above parameters the stabilily of each missile
no#e’ configiration was cbfained for each physical base distribubion,
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