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ABSTRACT

Cost control, resource availability, or difficulty in performing complete
randomizations may dictate the necessity to run response surface experiments in a
bi-randomization error control format of which the split plot design is a special
case. A bi-randomization scheme allows for certain factor levels to be applied at
random to large experimental units with the remaining factor levels randomly
applied to nested smaller units. For example, in the dual response surface
approach to robust parameter design, process mean and variance models are
formulated to aid in designing products to be “robust” to uncontrollable system
influences called noise variables. In model development, noise variables are
assumed to be controllable in the laboratory, but due to their random nature they
may be costly and/or difficult to control. This suggests the need for a bi-
randomization scheme in which the noise variables constitute the levels applied to

the larger experimental units.

For the bi-randomization situation, two types of bi-randomization designs
are explored along with their respective analyses and various error variance
estimation procedures. The efficiency of common response surface designs are also
examined in the presence of this alternative error structure to determine the
necessity of design modifications to better accommodate the error structure.
General recommendations for efficient designs and practical analysis methods are

outlined.
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CHAPTER 1

INTRODUCTION AND LITERATURE REVIEW

§1.1 Response Surface Methodology

In 1951, Box and Wilson published a landmark paper in the area of
industrial experimentation which ignited development in what has become
response surface methodology (RSM). Response surface analysis originates from
the assumption that there exists a response, y, which is a function of a set of

controllable inputs called design variables, denoted by x, i.e.
y=f(x.9). (1.1.1)

While {(x) is typically unknown and may in fact be a complex function, within a
given region of interest it is assumed that it can be adequately approximated by a

linear polynomial model in the design variables, i.e.

v ~ h(x,8). (1.1.2)

Using this model assumption in 1.1.2, statisticians and engineers developed

methods for not only response optimization of 1.1.1 with respect to x, but also for

the exploration of the response surface itself which i1s invaluable knowledge in

industrial and experimental applications. Through the years the variety of

methods, tools, and techniques used to accomplish these goals has grown. This

collection of RSM tools can be broken into three categories corresponding to the
1



three basic steps in RSM: (i) regression model building, (ii) region seeking, and

(ii1) response optimization/region exploration.

The first step revolves around the formulation of appropriate designs for
the estimation of the polynomial model, 1.1.2. Unlike regression methods where
the design matrices are observational, RSM has the unique characteristic that the
designs are controllable by the experimenter. Because of this, a multitude of
designs have been developed. Included for first order modeling are two-level full
and fractional factorials, Plackett-Burman designs [Plackett & Burman, 1946] and
orthogonal two-level designs [Box & Wilson, 1951]. In the presence of second
order models, designs such as the central composite [Box & Wilson, 1951], Box-
Behnken [Box & Behnken, 1960], small composite [Hartley, 1959], hybrid
[Roquemore, 1976], and variations on the 3% factorials [Hoke, 1974] were
introduced. The goal of these researchers was to formulate designs which provide
desirable properties for the estimation of 1.1.2. See Box & Draper [1987], Myers
[1976], Khuri & Cornell [1987], and Myers and Montgomery [1995] for further
discussion of these designs and their properties. After choosing an appropriate
design for estimating 1.1.2, the next step in the RSM procedure is region seeking

through sequential experimentation.

The concept of region seeking arose out of a need to consider alternative
regions of interest for modeling. See Box & Wilson [1951]. It allows for a
movement across the response surface to other regioﬁs which may in turn contain
the location of optimum response. This location is of primary importance in
RSM. Region seeking methods provide a “protection” against the experimenter’s
initial selection of the region of optimum response. Included in the region seeking
techniques are the steepest ascent/descent methods, simplex search method, and
method of parallel tangents. Additional information on these procedures can be
found in Davies [1954], Myers [1976], Myers & Khuri [1979], Khuri & Cornell
[1987], and Box & Draper [1987]. In addition to region movement, sequential
region seeking also incorporates design augmentation for the detection of
curvature within a given region and thus is an indicator of the necessity for second

order augmentation and alteration of 1.1.2. After the final experimental region is



determined, internal investigation can then begin within that region.

As mentioned previously, exploration within the region of optimum
accomplishes two primary goals: the obtainment of an optimum response and, in
addition, an understanding of the response surface or system. Through the use of
methods such as canonical analysis [Box & Wilson, 1951] for the determination of
the existence of an optimum and response contour plots, location of optimum can
be selected. Unfortunately, the choice is not always clear. In these situations,
ridge analysis, a constrained optimization procedure, may be used. See Hoerl
[1959], Draper [1963], and Khuri & Cornell [1987] for details and examples. While
determination of the optimal response location is important, this collection of
tools provides an even more valuable insight into the nature of the response
surface. Hill and Hunter [1966] referred to it as an “elucidation of an underlying

mechanism” (p. 571).

Recent development in RSM center around the concept of creating
“optimal” designs for use in the model building step. The origins of choosing a
“best” design with respect to a given property dates back to Kiefer [1958, 1959]
and Kiefer & Wolfowitz [1959, 1960]. Many criteria for design selection have been
created included among them D optimality which chooses the design which
minimizes the generalized variance of the estimated model coefficients, Q
optimality which addressed minimization of an “average” prediction variance
across a specified region, and G optimality which looks to minimize the maximum
prediction variance over a region. These types of criteria are appropriately called
the “alphabetic optimality” criteria. Refer to Silvey [1980] and Atkinson [1982]

surveys of the various criteria.

Improvements and new techniques are continually being added to the
collection of RSM tools in an attempt to find a useful “marriage” of regression
modeling and design of experiments. It is an area of research which finds itself
nested within many industrial applications and has proven to be beneficial in

process understanding and optimization.



§1.2 Assumptions and Analysis

The foundation of RSM, as mentioned earlier, is that there exists a
response of interest, y, which is a function of design variables, x, which may be
either discrete or continuous. Also mentioned was the fact that this function is
often unknown and complicated, but it is assumed due to Taylor series expansion
that on a region of interest, %, f(x) can be approximated by a linear polynomial

model in the design variables,
y=Xp+¢ (1.2.1)

where y is an nx1 vector of responses, X is an n*(p+1) known model matrix, g is a
(p+1)*1 vector of unknown parameters, and ¢ is an nx1 vector of unknown errors.
Any order polynomial may be used in X, but typically the restriction is to first or

second order models. In addition, we often assume
e~ N(0, o2I). (1.2.2)

Under this error assumption maximum likelihood estimation (MLE) of 1.2.1 is

obtained equivalently by using the method of ordinary least squares (OLS), i.e.

B=(XX)'Xy (1.2.3)
and

Var(8)=c*(XX). (1.2.4)

At this point, estimation of ¢% can be done and variable screening using t-tests can
be performed on 1.2.1 to obtain a final fitted model. Response surface analysis

techniques can then be employed as described in §1.1.

The model matrix, X, found in 1.2.1 is controllable through design by the
experimenter. Careful selection of that design, denoted by 9, is essential to
provide a good approximation to f(x). Based on the assumption that ¢, iid N(0,0?)

a pool of “useful” designs have been developed. A few of these were mentioned in



§1.1 for first and second order polynomial models. The 3 full factorial and central
composite design (ccd) are two second order designs which are among the more

universally used for the exploration of second order RSM models.

§1.3 3* Factorial and Central Composite Design Examples

To illustrate these specific second order RSM designs, consider two design

variables, x; and xo, i.e. y=1(x1,%5). For the 3? design

- ’1<1 1"2_
1 0
1 -1
0 1
D= 0 0
0 -1
-101
-1 0
IR

Note that the range of extreme possible values on each variable is used to
appropriately center and scale the largest value on each variable to 1 and the
lowest value to -1. This centering and scaling technique is common in RSM and
will be used throughout this dissertation. Notice the 32 RSM design provides an

attractive balanced pairing of the unique levels of each design variable.

The central composite design [Box & Wilson, 1951, however, does not

preserve this pairing relationship. It instead has the following form:



11 ] @

1 -1

-1 1
-10-1 ——

P= a
—a 0 (i1)

(6
— —_—
0 | (i)

The ccd is comprised of three unique portions: (i) a full or fractional two-level
factorial, (ii) an axial portion to introduce additional levels for second order
modeling, and finally (iii) center run(s). Within the axial portion, « is referred to
as the axial value and is chosen to obtain desirable design properties. The
number of center runs, ng, is also chosen to achieve desirable properties. Note
that the ccd requires at least one center run to prevent singularity of X in

equation 1.2.1.

In this specific example, both the 3% and ccd have a total of 9 design
points. As the number of variables grows, however, the ccd maintains a smaller
design size than that of the 3%, thus making it an attractive alternative when
design size is a concern. For example, for a four variable situation , a ccd > 27

total runs whereas the 3% has a total of 81 runs .

Much research effort has been expended in the formulation of treatment
designs such as the 3¥ and ccd which provide overall “nice” properties in RSM.
However, in the development of these designs little attention has been given to
the role of the error control structure. The assumption of a completely

randomized (CRD) (or randomized complete block (RCBD) ) error control

structure has been universally accepted in a majority of RSM research and



applications. Unfortunately, this assumption may not always be valid.

§1.4 Randomization Difficulty - Example

A situation which could complicate the use of a CRD structure arises when
one or more of the design variables, x, are difficult and/or costly to control. For
example, consider an opalescent glass manufacturing process in which variables
such as kiln temperature, percentage(%) sand content in the glass mixture, and
melting/heating time in the kiln are of interest in relation to the overall quality of
the final sheet of glass. Percentage sand and melting time are two easily
manipulated design variables in experimentation; kiln temperature, however,
although controllable, can be difficult and costly to operate in order to

accommodate a completely randomized structure.

The kiln is a room sized oven with 8-10 smaller ovens located within it.
Although there are separate ovens, all ovens must be heated to the same kiln
temperature. After running a single treatment combination of temperature, %
sand, and melting time (say from a ccd) in one of the ovens, it takes around five
days for the kiln to cool down enough to be able to scrape out the remaining glass
residue and prepare the oven for the next design run. It then takes another few
days to fire the kiln back up to temperature for the next randomly chosen
treatment combination. Even if a separate oven was utilized for each design run,
the manipulation of temperature can be a difficult and time consuming process.

Because of this, a CRD in terms of kiln temperature is not feasible.

A more realistic approach to this situation would involve heating the kiln
to a randomly chosen temperature and running all corresponding treatment
combinations of % sand and melting time in the available ovens of the kiln. Once
completed, the kiln can be cooled and prepared for the next temperature until all
desired temperatures are run. The entire experiment would remain costly and
time consuming, but considerable savings would be obtained over the use of a
CRD. This is just one of many possible situations in which a CRD is not

economical or easily implemented. For example, in the RSM field of robust

7



parameter design (RPD) this problem would arise frequently in the manipulation

of a subset of design variables called noise variables.

§1.5 Application to Robust Parameter Design

In the early 1980’s, Taguchi [Taguchi [1986], [1987]] sparked interest in the
consideration of variability in product design. His philosophy focused on the
precept that poor product quality 1s in part due to inconsistency in product
performance. The idea is to design a system or product whose inputs called
control design variables produce desired mean responses with minimal variability.
The variability to be minimized is that introduced through fluctuations in levels
of factors called noise factors which in the system or in use of the product in the
field are assumed uncontrollable. The name given to this philosophy is robust

parameter design (RPD).

The choice of optimum control inputs involves designing an experiment to
allow for the presence of noise variability. In the laboratory setting, however, for
the purpose of model building, noise variables must be assumed controllable so
they may be incorporated into the design set-up along with the control variables
and also in the modeling of the system. The controlxnoise interactions found in
the overall model provide the key to controlling process variability through
settings of the controls. Analysis of the noise/control experiment through either
signal-noise ratios [Taguchi [1986], [1987], Taguchi & Wu [1980], [1985], and
Kackar [1985]] or the dual response surface approach [Vining & Myers [1990] and
Myers, Khuri & Vining [1992]], provide operating conditions which optimize the
mean response while providing a robustness to changing noise variables. For a
general discussion of Taguchi’s RPD see the panel discussion edited by Nair

(1992].

In RPD, the assumption concerning the ability to control noise variables in
the laboratory for modeling may in some cases be a bold assumption. By the very
nature of some noise variables, they will be difficult and/or costly to control. For

example, consider environmental conditions such as humidity or pressure, velocity

8



of machine parts, or once again fluctuations in oven or kiln temperature.

Completely randomized designs in these cases may not be efficient options.

81.6 Split Plot Application in RPD

To alleviate the complications associated with running CRDs in the
presence of hard to control variables, a solution lies in using alternative error
control structures. Box and Jones [1992] recognized the natural application of the
split plot design to RPD experiments in which the noise variables are hard/costly

to control.

A split plot design is a factorial design structure with randomization
restrictions. It is characterized by two particular attributes. First, there are two
types of experimental units (EU): whole-plots and sub-plots whereas a CRD has
only one type of EU. In addition, the split plot design also involves two separate
randomization procedures corresponding to the random assignment of factor levels
to each type of EU. The first factor whose levels are randomly applied to large
EUs, the whole-plots, is referred to as the whole-plot factor. This initial
randomization generates an error component called the whole-plot error which
measures natural variability among the whole-plot EUs. After the assignment of
this factor, each whole-plot is subdivided into smaller sub-plot EUs. Within each
whole-plot, all levels of the second factor of interest, the sub-plot factor, are then
randomly assigned to sub-plots. Each whole-plot, therefore, receives all levels of
the sub-plot factor but only one level of the whole-plot factor. Randomization
within whole-plots generates a second error component which now accounts for the
variability among sub-plots within a whole-plot. For the origin of the split plot
design, see Yates [1935], [1937], Lentner and Bishop [1993], and Hinkelmann &
Kempthorne [1994].

The most natural application of the split plot design to RPD corresponds
to the use of combinations of noise variables as the levels of the whole-plot factor
with combinations of control variables constituting the levels of the sub-plot

factor. Box and Jones [1992] noted the influences of this design/error structure on

9



RPD in a treatment comparison setting. Use of the split plot design in RPD
considerably simplifies experimentation due to the minimal manipulation of noise
variable levels; however, a price is paid for this simplification in the precision of
estimation of the noise effects. Through the concept of uniformity trials, it can be
easily shown that the whole-plot effects (noise) are estimated less precisely in the
split plot arrangement than in the completely randomized format. The sub-plot
effects (controls and control*noise interactions), on the other hand, are actually
estimated more precisely in the split plot design than in the CRD. In other
words, let EMS correspond to the expected mean square, and if E,,=EMS(whole-
plot error) for a split plot design, E.,=EMS(sub-plot error) for a split plot design,
and E_4=(CRD error) for a CRD, then

Ep<Eca<Eg,. (1.6.1)

The sacrifice comes in the loss of precision in estimation of the whole-plot effects.
Box and Jones also discussed other split plot scenarios applied to RPD including

the use of the control variables for the whole-plot factor and strip block designs.

While Box and Jones saw the logical application of the split plot design in
RPD in a treatment comparison set-up, there exists a more universal need for this
type of structure in general response surface methods. This would entail using
designs such as the split plot in regression applications instead of in a treatment

comparison setting.

§1.7 Bi-Randomization Error Structure

A general class of designs will be introduced called bi-randomization
designs (BRDs), of which the split plot design is a special case. These designs can
provide useful and economical alternatives to CRDs in the presence of hard/costly
to control variables. The implications of the BR error structures must, however,
be examined.  Modification of regression model building, region seeking
procedures, and of course optimization techniques may be necessary to

accommodate the new format. In this dissertation, the implications of the bi-

10



randomization error design on model formulation and analysis will be explored
along with an investigation into design optimality under the new error control

design.

11



CHAPTER 2

BI-RANDOMIZATION ERROR STRUCTURE

§2.1 Definition and Design Set-up

The concept of the bi-randomization error structure borrows from the
randomization structure of the split plot error control design which was
introduced in §1.6. The formation of a bi-randomization design (BRD) begins
with a chosen response surface design, 9, such as the 2¥ full or fractional factorial
for first order modeling, or the ccd or 3* factorial design for second order models.
From the set of original design variables that form 9 the subset of difficult and/or
costly to control variables are then identified and are denoted by z,, z,, . . ., 2, or
z. These variables will be referred to as whole-plot variables. The remaining
design variables are then assumed to fall within the class of more easily controlled
variables called sub-plot variables and will be denoted by x;, x,, . . ., x, or x.
Using this notation, there are a total of (z+x) design variables of interest. The
response surface design is assumed to have a total of n design runs where each
combination (z,x) is an individual design run consisting of a treatment

combination of z,, z,, . . ., z, and xq, Xy, . . ., X, , respectively.

The next step in the bi-randomization procedure is to identify the “a”

unique treatment combinations of the z=(z,, z,, . . ., z,) found in the original
design and denote them as zy, zy, . . ., 2z~ These treatment combinations

constitute the “a” levels of what will be referred to as the whole-plot factor.

12



These unique levels are randomly assigned to a set of large sized experimental

units called whole-plots, 1.e.

Zy

Zy

&

This initial randomization of whole-plot variable levels to the whole-plot EUs
corresponds to the first randomization procedure in the bi-randomization structure
and produces the first variance component, o4 called the whole-plot error

variance which measures the natural variation among these large EUs.

After the initial randomization, the original treatment combinations of
(z,x) found in 9 are used to identify the x' combinations that occur with each
unique z; . These x' combinations make up the levels of the second BRD factor,
the sub-plot factor. The larger EUs are subdivided into an appropriate number of
smaller units called sub-plots. The number of sub-plots needed depends directly
upon the number of x associated with each unique z; in the original design.
Whole-plots need not have the same number of sub-plots. Let b, denote the
number of sub-plots within the i*® whole-plot. Then, within the i** whole-plot the
corresponding x' treatment combinations are randomly assigned to the sub-plot

EUs. The final BRD has the following form:

AP STy X129 SN
Zy | Xoy X2 e | Xop,
Z, Xa1 Xa2 Xab |

where
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z; corresponds to the whole-plot factor level (a specific z treatment
combination) applied to the i* whole-plot EU, i=1,2,...a
and
x;; corresponds to the sub-plot factor level (a specific x treatment
combination) applied to the j*® sub-plot EU within
the i** whole-plot EU, i=1,2,....,a j=1,2,...,b,.

The original design, D, consists of design variable treatment combinations (zy,
x11)s (21 X12), - - - (24 Xaba')- Thus, the treatment design does not get altered,
only the method in which it is run. Note that terminology similar to that used in
the split plot design is incorporated into the BRD set-up due to the relationship

between the designs.

The second randomization procedure which randomizes sub-plot factor
levels to EUs within a whole-plot introduces a dependent relationship among
responses in the same whole-plot, i.e. observations in the same whole-plot are
correlated. This stems from the fact that the whole-plot EU receives only one
application of a level of the whole-plot factor combination while receiving
independent applications of the levels of the sub-plot factor. Throughout this
dissertation it will be assumed that the covariance between two observations
within the same whole-plot remains constant across the sub-plots. This second
randomization procedure also introduces a second variance component, 062, which
will be referred to as the sub-plot error variance. It measures the variation among

the sub-plot EUs along with residual variation.

The description just given applies to a general bi-randomization design, but
this general class of designs separates into two BRD categories called crossed and
non-crossed BRDs. The classification into each category depends upon the
resulting structure of the levels of the sub-plot factor that are randomized within

each whole-plot.
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§2.2 Crossed BRD - 3* Example

For illustration of the crossed BRD, recall the 3% full factorial design given
in §1.3. For this example, assume that variable x; is a costly and/or difficult to
control variable such as temperature, humidity, etc., i.e. a whole-plot variable,
while x5 1s more easily controlled and, thus, considered a sub-plot variable. Thus,

Xy 1s our “z” variable, and Xo is our “x” variable.

In the original 3% design, z (or x;) has three unique levels identified as 1, 0,
and -1. These comprise the levels of the whole-plot factor which are randomly

applied to whole-plot EUs, 1.e.

Note that in the 3? factorial, given on pg. 5, each level of z (or xq) is crossed with
all the levels of the other variable x (or x5). For this reason, all the unique levels
of x coded as 1, 0, -1 are randomized within each whole-plot to the sub-plot

experimental units to complete the bi-randomized structure, i.e.

z X

1 -1
0 |1 -1
-1 1 -1

The overall composition of the 3? factorial is preserved, but now a dependent

relationship exists among the observations within each of the following groups:

{(1’1)5 (1’0)7 (17’1)}’ {(071)7 (030)’ (0,-1)}, {('171)7 (-1,0), ('17'1)} . Also notice
that each whole-plot has the same number of sub-plot EUs and identical
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applications of the levels of x. This example falls within the class of crossed
BRDs because of these very characteristics. A crossed BRD has each level of the

sub.-plot; factor “crossed” with each level of the whole-plot factor.

§2.3 Non-crossed BRD - CCD Example

Now recall the 2 variable central composite response surface design also
given in §1.3. Once again, for illustration purposes assume that xy is the whole-
plot factor while x4 is the sub-plot factor. In this example, the whole-plot factor
now has five unique levels: -a, -1, 0 , 1, @ which are assigned at random to the

whole-plot EUs, i.e.

The corresponding levels of x5 for each level of x; found in the ccd are then

randomly applied to the respective sub-plot EU to give the resulting BRD:

Xl X2

111 -1
-1 )1 -1

a |0
- | 0

0la |-« 0

Once again, the overall structure of the design remains. Unlike in the previous 3
factorial example, however, this BRD no longer has the same number of sub-plots
within each whole-plot, nor are the same levels of Xg found within each whole-plot
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unit. The bi-randomization ccd no longer has the crossing of both factor levels.
This type of BRD will be called a non-crossed BRD because each level of the sub-
plot factor is no longer “crossed” with the all the levels of the whole-plot factor.
Even in the presence of this non-crossed structure and varying number of sub-
plots within a whole-plot, the assumption of constant covariance between any two

observations within the same whole-plot will be maintained.

§2.4 Model and Estimation

After having introduced informally through example the two types of bi-
randomization designs, attention must now return to the general class of BRDs
and how the presence of the new error control scheme and the dependent
relationship among observations within whole-plots affect standard response
surface modeling and estimation. Under the bi-randomization error structure
(either crossed or non-crossed), the general RSM model 1.2.1 can be rewritten as

follows:

Y=0l +Zy+ Xa+ZAX + 8§+ ¢ (2.4.1)
where
v is an n*1 vector of observed responses, y;;
Z is nxk model matrix for the whole-plot variables
X is nx] model matrix for the sub-plot variables
8y 1s unknown intercept parameter
v 1s a kxl ‘vector of unknown whole-plot variable parameters including
whole-plot interactions and higher order polynomials
a 1s a 1x1 vector of unknown sub-plot parameter including sub-plot
interactions and higher order polynomials
A isa kx] matrix of unknown whole-plot*sub-plot interaction
parameters
§={6} i=1.2,..,a
e={g;} 1=1,2,.5a; j=12,....b;
6 iid N(0, 042) ; ¢; iid N(0, 0%); Cov(;, ;) =0 ¥ i,j.

The error term & corresponds to the error generated from being in the i*" whole-
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plot EU, while ¢; is the error associated with the i*h sub-plot unit within the ith

whole-plot.

Model 2.4.1 is similar to 1.2.1 in its linear form, but 2.4.1 breaks up the general
model matrix into portions attributed to both the whole-plot and sub-plot design
variables and their interactions. The set of y parameters will be referred to as
the whole-plot parameters whereas o and A together will be collectively termed

the sub-plot parameters.

Model 2.4.1 also has restrictions imposed upon it by the bi-randomization
structure. Since combinations of whole-plot variables constitute levels of the
whole-plot factor, the model in the whole-plot terms, 7z,9, must have less than
(a-1) terms. The restriction comes from the “a” whole-plots only providing (a-1)
degrees of freedom for the modeling of whole-plot effects. The remaining (n-a)
degrees of freedom are then available for the modeling of sub-plot effects

consisting of all sub-plot terms and whole-plot*sub-plot interactions.

Since the y;’s are no longer iid under the bi-randomization error scheme,

the vector of responses, y, now has the following distribution:

Yy~ N(E’V)

where p = Bl + Zy + Xae + ZAX

T, ©0 0
and
0 T, 0
V= .
0 0 T,
where

2 2 , .
Ti:af I(bi*bi) +0'6 l(bi*l) l(l*bi) 121,2,...,3..
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T, corresponds directly to the i*h whole-plot EU. The matrix V is block diagonal
due to the independence of observations between whole-plots. Within a whole-
plot, however, unlike in the CRD the observations are no longer independent, i.e.

if y;; is the j*h observation within the i*" whole-plot then

Cov(yij, vp)=0 Vi#]j
Cov(yy, Yik):"52 Vi

The non-diagonal structure of V (and each T; respectively) alters the
maximum likelihood equation for the estimation of model 2.4.1 from the OLS
expression that was used in Chapter 1 for a CRD to the generalized least squares

(GLS) equation. If model 2.4.1 is rewritten as
y=X"8+8+¢ (2.4.2)

where X"8 = 8,1l + Zy + Xa + Z7AX
then
3= (X*VIxs)~Ix=v-ly (2.4.3)
and

Var(8) = (X*V~Ix=)—1, (2.4.4)

§2.5 Efficiency/Power Comparison for CRD vs BRD"

As was mentioned previously in §1.6 the convenience and economic
advantages associated with using a BRD in certain experimental situations in
place of a CRD does not come without a price. The price is paid in the precision
of estimating the whole-plot parameters in model 2.4.1. For a specific design with
the experiment conducted as a BRD, the whole-plot parameters are estimated
with less precision than if the same design were run as a CRD. This is due to the
fewer number of independent whole-plot EUs found in a BRD as compared to a
CRD’s “n” independent units. However, the sub-plot parameter estimates

actually increase in precision in the presence of a BRD structure (as compared to
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a CRD) due to the application of the x;;’s within the same whole-plot units . The
contrasting precisions illustrate the same relationship expressed in equation 1.6.1.
Thus, the benefits obtained in experimentation by using the BRD are hindered by

a sacrifice in the precision of whole-plot parameter estimation.

To illustrate this precision trade-off in the BRD, consider a five variable
experiment consisting of three whole-plot variables, 21,29,23, each at two levels
(-1,1) and two sub-plot variables, x; and x5, where x; has levels (-1,1) and x4
(-1,0,1). The response surface design is a 2°x2x3 full factorial. Now assume that
this same design is run under two different error control procedures, completely

randomized and bi-randomization.

For the CRD, experimental data for all 48 treatment combinations was

generated from the following known response model:

v=10.13 + 1162 - 0.91z + 1.9724 + 2.05x; + 0.79xy + 0.98x,x5 (2.5.1)
+ 083){22 + 12321)(1 - 099)(122 + 046X1Z3 - 092}(221 + 0.78)(222
+ 086X223 + 067 X2222 + gi
i=1,2,... 48
where 6, iid N(0, 092=13).

Under the bi-randomization scheme, the eight level combinations of the
whole-plot variables, 21,2923, make up the levels of the whole-plot factor while
the six level combinations of x; and x4 constitute the levels of the sub-plot factor.
Due to the factorial structure of the design, this example falls within the class of
the crossed BRDs. The true model for generating experimental data for this error
control design remains the same as 2.5.1 above except that an additional error

term must be incorporated into the model to accommodate the BR structure:

y;§=10.13 + 1.1621 - 0.91z¢ + 1.97z9 + 2.05x; + 0.79x9 + 0.98x;x5 (2.5.2)
+ 0.83x9% + 1.23z7%; - 0.99xy29 + 0.46xy25 - 0.92x92 + 0.78x9zq
+ 0.86x929 + 0.67 x9%29 + & + ¢
i=1,2,....8; j=1.2,....6
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where ¢; 1id N(0,8) and ¢; iid N(0.5).

In both error schemes, the variance of a single observation is held equal to 13: 092

for CRD, o;*+c 2 for BRD.

Assuming that all of the respective variance parameters are known for each
error situation, the standard errors for the estimated model parameters for each

error design can be calculated using the following formulae:

CRD (OLS estimation): Var(g)=(X*X*)"1 02
BRD (GLS estimation): Var(8)=(X"V~IX*)~! where V=f(s,?, +.2).

The resulting standard errors of the estimated coefficients for each error design are
given in Table 2.5.1.

Table 2.5.1 Standard Errors of CRD and BRD Estimated Model Coefficients

Coefficient CRD BRD
Intercept .90 1.15
zq .52 1.05
2 .90 1.15
zg .52 1.05
Xq .52 .32
Xo .64 : .40
X1Xg .64 40
Xo? 1.10 .68
Xq2y .92 .32
X129 .52 .32
X123 .52 .32
X921 .64 40
XoZg .64 .40
X9Zg .64 .40
X929 1.10 .68
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Table 2.5.1 clearly displays the precision trade-off referred to earlier in this
section. For the whole-plot model terms 21, 29, 23, there is a significant loss of
precision in parameter estimation in the BRD. In estimating the coefficients of zy
and z3, the use of the BRD almost doubles from the CRD standard error whereas
there are only moderate increases for the other whole-plot coefficients. The
remaining model parameters, the sub-plot parameters, illustrate the gain in
precision found in the use of the BRD. In the BRD, observations within a given
whole-plot can be viewed as subsampling on that whole-plot EU. With this idea,
it can be more easily seen why the sub-plot estimation increases in precision for
the BRD. This example illustrates that if an experimenter chooses to utilize the
BRD error structure for whatever purpose, he must be willing to relinquish some
precision in estimating the whole-plot parameters. If the whole-plot parameters
are of primary interest in the response surface analysis, a BRD may not be a
suitable alternative. A note must be made that this variation in precision in not
unique to the BRD and CRD comparison. Any two different error control
structures for the same design will produce different degrees of precision. In this

dissertation, however, the BRD vs CRD comparison will be the only focus.

The variations in precision between the two error control designs has a
direct impact on the power of each design to detect non-zero model parameters,

1.e. the power associated with rejecting H,

Hy: 8,=0
Hy: 6,#0

given H; i1s true.

For both the CRD and BRD, power is calculated for any model coefficient, g;, by

the formula

B; B;
P =P[Z>Z, & - -——| + P[Z<-Z, 2 - ——]. 2.5.3
owerPIZ>0g: e + <Ly Tl (259)
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Differences in powers for the two error designs are linked to the Var(ﬁj) found in
expression 2.5.3. Assuming a=.05, comparison of powers for the BRD and CRD

are given in Table 2.5.2.

Table 2.5.2 Power for Coefficient Detection for CRD and BRD

Coetficient CRD BRD

Intercept 1 1
zq .61 .20
Z9 17 12
zg 97 47
Xq .98 1
Xo .24 .52
X1X9 .34 .70
x22 12 .23
X121 .66 97
X129 .48 87
X123 14 .30
X921 .30 .64
X9Zg .23 .01
XoZg 27 .99
xzzzz 10 17

These powers provide additional insight into the implications of using a BRD as
an alternative to the CRD. For the BRD, the power of detection for whole-plot
parameters is reduced by the dual randomization scheme indicating that only
more significantly sized whole-plot coefficients will be detected. The CRD has
greater power for the detection of each whole-plot parameter. On the other hand,
the BRD has'a greater sensitivity to find differences from zero for the sub-plot

parameters than the CRD.

Because of the imbalance in power found in the BRD, an experimenter
must be aware that by implementing the BRD error structure in the experiment
23



he is sacrificing his ability for detection of significant whole-plot effects. The
consequences include possible elimination of non-zero whole-plot terms from the

fitted response surface model.

§2.6 Implications of Improper BRD Analysis

The impact of the bi-randomization scheme on power of coefficient
detection provides the first indication of the consequences of incorrectly analyzing
BRD experimental results as if they were obtained from a CRD. Unfortunately,
when proper analysis tools are unavailable, some experimenters may resort to
using CRD techniques (OLS methods described in Chapter 1) to estimate and edit
a response surface model even though the data were obtained from a BRD.
Ignoring the dependent relationship among observations within a whole-plot for
the BRD (thus, viewing it as a CRD) can have drastic effects on the final fitted
RSM model. The implications include an incorrectly fitted model which in turn
can lead to the wrong choice of optimum location and provide misleading
information about the nature of the response surface. One must keep in mind that
up to this point there is no obvious procedure for the estimation of response
surface coefficients and standard errors under the BRD scheme when V is not

known.

For example, consider the five variable BRD experiment discussed in §2.5
and assume that the experiment was run in a bi-randomization error format. The
experimental results, y, are simulated using a random error mechanism from
model 2.5.2 under the error assumptions of §; iid N(0,8) and ¢; iid N(0,5). Using
the MLE equation 2.4.3 and y, the fitted model is

§,=8.53 + 2.13z) - 0.9925 + 1.6225 + 2.03x; + L.10xy + 0.48x;x5 (2.6.1)
+ 196X22 + 09921){1 - 063X1Z2 + 099)(123 - 094X2Z1 + 033){222
+ 1.09x9z5 + 0.97 x22z2

with standard errors of estimated coefficients as given in Table 2.5.1.
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Now, suppose that the experimenter erroneously ignores the dependency
among responses in a whole-plot and analyzes the BRD experimental results as
CRD results. This would likely be due to his lack of knowledge of V and, thus, an
unavailability of proper analysis tools. In this situation, the fitted model is
identical to that of 2.6.1. This equivalency of OLS and GLS for BRDs will be
explored more fully in Chapter 3. Thus, estimating the model with the incorrect
MLE equation does not alter the fitted model, but it does generate incorrect
standard errors calculations. Consider the CRD column of standard errors in
Table 2.5.1. Note these standard errors are correct only if the design were truly

run as a CRD, but in this case it was not.

The ramifications of analyzing the data as a CRD lies , in this example,
not in the estimated model, but becomes evident during the model editing stage.
Using the standard errors given in Table 2.5.1, the following p-values were

obtained for the proper BRD analysis and the improper CRD approach:

Table 2.6.1 P-values on Estimated Coefficients for CRD and BRD Analyses

Coefficient CRD BRD

Intercept 0.0000x 0.0000=
7 0.0000x 0.021x
Z9 0.1359 0.194
2 0.0009x 0.062
X1 0.0000x 0.0000x
Xo 0.418 0.0027x
X1X9 0.2236 0.1112
Xo® 0.038x 0.002x
X121 0.029x 0.001%
X129 0.113 0.025%
X12g 0.028x 0.001x
X921 0.071 0.009x
X9Zg 0.302 0.202
XoZg 0.044x 0.002x
x2222 0.192 0.079
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xindicates term to be left in final model for the respective analysis.
The final fitted model for each analysis is:

CRD:
§,=8.53 + 2.132] + 1.6224 + 2.03x; + L.10xy + 1.96x,? (2.6.2)

BRD:
$,=8.53 + 2.132) + 2.03x + 1.10xy + 1.96x,? + 0.997,%; (2.6.3)
- 0-63X122 + 0.99X123 - 0.94X2Z1 + 1.09X2Z3

The OLS analysis of the BRD data incorrectly finds xz5 and x9z; to be
insignificant whereas it erroneously keeps zg as significant in the fitted model.

These discrepancies are based entirely on the use of incorrect standard errors.

In terms of selection of optimum location for the RSM model, using fitted
model 2.6.2 can lead to the less than optimal location due to the
elimination/inclusion  of  significant/insignificant ~ parameter  estimates.
Considerable variation from optimal location can occur especially if
significant /insignificant second order terms are incorrectly deleted/included in the

model.

This example illustrates as with all error control designs, the proper
accommodation of the randomization structure is essential to insure accurate
results for the given experimental data. The BRD error structure is certainly no

exception.
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CHAPTER 3

CROSSED BI-RANDOMIZATION DESIGNS

Response surface analysis with the use of bi-randomization designs requires
that many changes be made in traditional response surface analyses. In the
previous chapter, the general bi-randomization design set-up and analysis using
GLS was outlined. In this chapter, a more thorough investigation will be done
into the analysis of the crossed bi-randomization design. Estimation techniques
for both model coefficients and error variances will be derived along with the
development of correct model screening procedures. Note that this chapter will
deal only with the crossed BRD. The next chapter will explore the non-crossed
design with alternative analyses developed to accommodate the non-crossed BRD

structure.

§3.1 Definition and Design Set-up

In §2.2 the general structure of a crossed BRD was illustrated using a 3?
full factorial response surface design. Formally, experimentation under a crossed
BRD structure begins as was described in Chapter 2 with the identification of the
classes of whole-plot and sub-plot variables of interest in the chosen response
surface design. The level combinations of the whole-plot variables found in the
treatment design constitute the “a” levels of the whole-plot factor and once again
will be denoted z,, zy, . . ., z,. These levels are randomized to whole-plot EUs as

described in the general BRD situation, i.e.
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Similarly, the “b” unique level combinations of the sub-plot variables in the
design form the levels of the BRD sub-plot factor. These levels are denoted x;,
Xy, - . -, Xy Unlike in the general BRD, however, the same “b” levels are
associated with each level combination z; (i=1,...,a) in the original response
surface design. There is a “crossing” of whole-plot and sub-plot factor levels.
Thus, each whole-plot EU is subdivided into “b” sub-plots, and each of the “b”
levels of the sub-plot factor are randomly applied to these units within a given

whole-plot. The final crossed BRD has the following treatment and error control

structure:

Z Xy Xy Xp'
Zg Xy X9 Xp
Z, X Xy Xb

Recall that the general BRD definition given in Chapter 2 did not require the

same sub-plot factor levels to be randomized within each whole-plot.

By examining the crossed structure above, one may recognize this design to
be familiar. It has the same treatment and randomization structure as the split
plot treatment comparison design. The major difference between the split plot
and crossed bi-randomization designs lies in the model and analysis application.
The bi-randomization design discussed here is intended for use in regression model
building techniques found in RSM whereas the split plot design has its roots
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primarily in treatment comparisons. Because of this, the crossed BRD has no
requirement of replication whereas the split plot design requires replication in
order to compute estimates of the error variances for testing purposes. The split
plot design typically involves replication of the entire structure given above

although each replication need not be identical.

In bi-randomization experimentation certain classes of traditional response
surface designs fall naturally into the crossed BRD definition. Any full factorial
design including the more utilized two and three-level designs are always classified
as crossed under a bi-randomization error structure. This 1s due directly to the
“crossing” of levels which is used to generate these designs in the first place.
Fractional factorials, however, do not always fit the crossed BRD criteria. Certain
fractions are indeed “crossed” BRDs, while others are actually classified as “non-

crossed” bi-randomization designs.

Model 2.4.1 remains essentially unchanged under the crossed treatment
structure. However, x;;" can no longer be defined as the x treatment combination
applied to the j** sub-plot within the i*" whole-plot but instead is the j*! unique x
combination applied within the i*" whole-plot where i=1,2,...a and j=1,2,....b not

b;, as before.. The nx*1 vector of responses, y, has the distribution:
X~ N(E’V)

where y = Bl + Zy + Xa + ZAX

_ oo _
and
0
V= _
0 0 T
where

2 2 ,
T=0"Tbuw) T5 Lipm) L1ub)-
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§3.2 Coefficient Estimation and Equivalency of Ordinary and
Generalized Least Squares

As was mentioned in §2.4, if model 2.4.1 is rewritten as
yv=X"B+8+c¢ (3.2.1)

where X*8 = 8,1 + Zy + Xa + ZAX
then the maximum likelihood estimator (MLE) of g with V known is given by

3= X~v-Ixo-Ix=v-ly (3.2.2)
and
Var(3) = (X*V~1x=)~L (3.2.3)

Hence, estimation of coefficients is complicated by the unknown error variances,
‘762 and 062, which are components of the V matrix. Thus, for discussion of the
analysis, estimators for these variances must be derived and calculated.
Fortunately, however, due to the special treatment structure of the crossed BRD
model matrix and the structure of V, this estimation task is greatly simplified
through the equivalence of ordinary and generalized least squares estimating

equations.

Theorem 3.2.1: Let 9 be a design with a crossed treatment structure,

Zr| Xy Xy Xy’
zy | X | X | o | Xy (3.2.4)
Zy | X Xy | X

which is run under a bi-randomization experimental format. Here z; is a

combination of whole-plot variables and x; a combination of sub-plot variables.
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Let y=X"3 + ¢* where ¢*=¢+¢; ¢ ~N(0, V) where

0

0 T

V= _
0 0 T

and

T=0 Lput) +05 Lipnr) Laeny
Then for a polynomial model of any order,
(X*’V_lx*)_IX*’V—I}[:(X*’X*)—IX*’X
(OLS=GLS) provided the following hold:

1. the intercept is included in the model (or all sub-plot variable model terms

sum to zero over each whole-plot)

2. for each whole-plotxsub-plot variable interaction term included in the model,
the respective whole-plot term is also found in the model (or the sum over each
whole-plot of the levels of sub-plot variable term found in the interaction equals

zero).

Proof: The proof of this theorem will utilize the following theorem and corollary
which may be found in Graybill [1976]:

Theorem: Consider the general linear model y=X8 + ¢, ¢ ~ N(0, £). The
UMVU estimator of 3 is given by (X'X)~!Xy if and only if there exists a

p*p nonsingular matrix F such that

YX=XF

or equivalently,
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X2~ 1=GX" where G=F~L.

Corollary: Consider the general linear model y=Xg8 + ¢, ¢ ~ N(0Q, ) where
X includes the intercept. If 2:02(1-p)1+02pJ where J=1 1" and $<p<1
then

(X IX) " IX S ly=(XX)"1Xy .

The BRD model matrix in the original theorem can be partitioned as
X*=[X,]X,]...|X,] where X, is a (p+1)*b matrix that corresponds directly to the

i** whole-plot. In addition,

Using these expressions, (X*V™1X*)71X*V~1 can then be written as

{% [xi'T—lxi]}*[x;T—l | X, T X, T (3.2.5)

1=

Each T found in V can be reexpressed as

2 2
c (o8
T=(0s 40 D) [1-——]I + (062+U€2)[—26 51,
(Tf +0'6 0'6 +0'6

Thus, using the above corollary, expression 3.2.5 becomes

[, %1 [GiXiXi]}“l[GIX{ 1 GXy | e |G, (3.2.6)
1=

where X, T~1=G,X; where G; is a (p+1)x(p+1) matrix.

For the crossed bi-randomization structure of 3.2.4,
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1ch ;0 0 0 |
Q0 L (1)l 0 : 0
G= ' f f (3.2.7)
“CSy : :
0 : L, : 0
-CSl . :
Q K 0 Ip—k—l _J
where c= 5
b¢75 +a€

b=number of sub-plots within a whole-plot

S = hZ} o Xm where x_, is m'® sub-plot model term
whole-plo

K=matrix which weights the appropriate whole-plot term found in the
respective whole-plot*xsub-plot interaction by a constant,

~C3 X OT (-csy,) where x_, is the sub-plot term found in the interaction.

Under the crossed structure of 3.2.4, each s remains constant across whole-plots.

Thus, G;=G V i, and 3.2.5 is now equal to

[.% G[Xixi]}—lc[xl' Xy | e X,

1=1
= (X~xX"~lc-lex
= (X~X*)~Ix~.

Therefore, for any order model under crossed BR structure, the OLS estimation
equations for the model coefficients, 3 = (X*’ *)—IX*'X are equivalent to the GLS
equations,

= (XvIXo~Ix=v-ly . o
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The importance of the above result lies in the fact that knowledge of the
error variances, o 62 and 052, 1s no longer essential for model estimation. However,
even though V does not influence model estimation in the crossed BRDs, the

following equality still holds for the model of 3.2.1:
Var(3) = (X*V7Ix")~!

This implies the necessity of either knowing V or properly estimating V for
variable screening and model editing of the response surface model. Since it is
uncommon to actually know V, estimation techniques must be developed.
Estimation of V is obtained through derivations of estimators of each individual
error variance, "62 and ‘752- These can then be substituted into V to form V.

§3.3 Estimation of Error Variances, 062 and o 62

Two methods will be presented to accomplish the estimation of the error
variances in the crossed BRD. In the end each method produces identical
estimators for both variance components, but each incorporates a different
approach to the bi-randomization design and can provide some additional insight
into the bi-randomization structure. The first method will be called the two

model approach, while the second will be referred to as the lack of fit approach.

§3.3.1 Method 1-Two Model Approach

The first method for deriving estimators of the error variances focuses on
the basic structure of the bi-randomization design and uses two models to reflect

the different randomization schemes.

Model 1:

The first model originates from the consideration of whole-plots as the
primary experimental units. Recall that the whole-plot error variance, o 62’ arises

from the natural variability among these units. In this setting, the observations
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taken on sub-plots within each whole-plot may be viewed as “subsampling” and
thus, observations within each whole-plot are averaged to create an overall whole-
plot response. The crossed bi-randomization response surface model now takes the
form:

V=8 + 25l + X+ Az + 6 + 7, (3.3.1)

1. 1.

where ¥, is average response on i* whole-plot, z? is the model power vector
[Myers, 1976] associated with the i** whole-plot combination, and x;4 is the power
vector associated with the j*P sub-plot variable combination. Here d reflects the
order of the model. Recall, by the structure of the crossed BRD identical levels of
the sub-plot factor are found within each whole-plot, thus making the average of
the zjd’s within each whole-plot, X 9, a constant. As a result, 3.3.1 can be written

N V=8 + (T + 2D )z + 6 + 7 (3.3:2)
where 8,* = fy+eX ¢
or equivalently,

Vi=x"zt + 6 +7 (3.3.3)
where 1= [f," v + 29 A7 and zt = [1, 2] .

Based upon 3.3.3, the distribution of the ax1 vector of ¥, is given by

be 2 +o 2
¥ ~ N2ty, L5 1).
Y1
where y= and Z7% is the model matrix associated with z;+9, i=1,...,a.
Va
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The crossed BRD response surface model has been transformed into a model with
iid normal errors. Based upon this error and model assumption, the MLE for 1~
can be found using OLS equations, Graybill [1976]. Model 3.3.2 was not
developed with the intention for use in model estimation of 3.2.1. See equation
3.2.2 for its estimation. Under these assumptions, an unbiased estimator for the

error variance of 3.3.3,
bO'éQ + 062
b b

is given by

T2 (2792 3
a-(k+1)

= MSE1 (3.3.4)

where a=number of whole-plots and k=number of whole-plot terms modeled not
including the intercept. Because of the normality of errors in 3.3.3, expression

3.3.4 is a maximum likelihood estimator adjusted to achieve unbiasedness.

Model 2:

The second model is formulated by viewing the sub-plots as the primary
experimental units in the design. In this particular setting, the whole-plots are
blocks used to account for the error introduced by whole-plot differences. The

model 1s now

’

Vi = B0t 8, Wi +8,Wo it By Warite x5 Axd 4 ¢ (3.3.5)
i=1,2,...,a; j=1,2,...,b

lif y;in i whole-plot
where w,= ) r=1,2,...,a-1.

0 otherwise
The w,; component represents the indicator variable associated with the i'" whole-
plot or “block”. The inclusion of the blocks is necessary to model the appropriate
sum of squares and degrees of freedom associated with the modeled whole-plot

terms and error found in the original response surface model, 3.2.1. This ensures
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the proper remaining degrees of freedom and sum of squares for estimation of the

sub-plot error variance. A simplified form of 3.3.5 is
y=X""0 + ¢ (3.3.6)

where ¢ is an (a+(p-k))*1 vector of unknown coefficients and X** is an
(n=(a+(p-k))) model matrix of 0’s and 1’s for blocks, x;%’s, and z9’s. Based upon

3.3.6, an unbiased estimator for o2 is

yLX (XX 7IX]

- = MSE2 (3.3.7)
n-p

where p*=a+(p-k). Finally, an unbiased estimator for ¢ 52 can be found by taking
a linear combination of the two previous estimators and creating a synthesized

mean square:

5 (bMSE1-MSE2)

55t = . . (3.3.8)

§3.3.2 Properties of Estimated Error Variances

Now that estimators have been derived for the respective error variances,
properties for these estimators can be investigated. —The first property of
unbiasedness of the estimators has already been discussed. In addition to
unbiasedness, variance properties can also be examined. The variances can be

derived by invoking distributional properties of the mean squares. For MSE1 in
(3.3.4),

(a-(k+1))*MSE1
0'62 + b062
b

X (a-(kt1)) -

Consequently,

| = . (3.3.9)

0'62 + bo’52:| _ 2[062 + b062]2
b?x(a-(k+1))

Var[MSEl] = VarI:
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Similarly, for the estimator of ¢ 2,

(n-p*)xMSE2
2 ™ X mp¥)
and 7¢

Var[MSE2]= Var[5,2]= 2 (3.3.10)

The estimator for 052, unlike the other two estimators, is a linear combination of

MSE1l and MSE2 and, thus, a linear combination of two independent chi-square

random variables. That is,

7" =—% 3 ) b(a-p*
+b (n-p*)
a(k+1) %

o

o +bos [a-(k+1)*MSE1] o2 [(n—p*)MSEQ}

= (a(er) T 02X (opm) -

An approximate distribution for the estimator of 062 can be found using

Satterthwaite’s procedure [Satterthwaite , 1946].

As a result,
2
[0’62 + b052 0€2i|
55" . ) ~ b b
v—5 ~ approximately x ) where v= 5 =
76 2 bo 2 2
o¢ +Dbog |:a6 }
b b
a-(k+1) + n-p*
Using this approximate distribution,
2 ["52]2
Var[7°]=2 *—— . (3.3.11)

38



§3.3.3 Method 2-Lack of Fit Approach

Throughout this discussion of bi-randomization designs, it is assumed that,
unlike the split plot designs, there is no replication of whole-plot factor levels.
Recall, the primary purpose of the bi-randomization design is to prevent the
application and reapplication of the same levels of the difficult/costly to control
factor combinations. Because of this, the whole-plot error variance must be
derived exclusively from lack of fit contributed by whole-plot variable terms not
included in the model. For estimation of the sub-plot variance component, both
lack of fit sum of squares from sub-plot variables and whole-plot*xsub-plot
interactions and any available replication sum of squares will be pooled. To
determine the appropriate sum of squares for each respective error, a model
slightly altered from.the response surface model 2.4.1 must be considered. The
new model is composed of the original model terms but is augmented with higher
order whole-plot variable terms that account for the remaining (a-(k+1)) degrees

of freedom available for whole-plots. The model becomes

Vi = Botazd 4oz ok 4z A xd + ¢ (3.3.12)
1=1,2...,a; j=1,2,...,b

where ¢; iid N(0. ‘752) and z*¢ is an (a-(k+1))*1 vector of whole-plot terms not
originally modeled. thus saturating the available whole-plot degrees of freedom.
The term p%zd can be viewed as a model of 6. The saturation of whole-plot
degrees of freedom in the model accomplishes the same goal as the modeling of
blocks earlier in Method 1. It removes the degrees of freedom and sum of squares
necessary to leave a correct lack of fit/replication remainder for the calculation of

the sub-plot error.

The first error variance combination, a€2+baé2, 1s estimated by summing
the type 1 lack of fit sum of squares for the augmented whole-plot terms and
dividing by the respective a-(k+1) degrees of freedom. Based on model 3.3.12 the

lack of fit sum of squares can be written as

39



SS(p|7)=5S(2,2)-SS(x)
=y[T[T'T]" Ty - ¥[Z[ZZ]71Z]y (3.3.13)

where Z* is the model matrix associated with p’z*d and T=[Z|Z*].
Since every design point within a whole-plot has the same z; and z* values,

expression 3.3.13 is equivalent to
b¥ (T[T, T T, - by [Z[2,2,)7'Z % (3.3.14)

where T, and Z, are reduced versions of T and R with the replicated whole-plot
combinations having been removed, leaving only “a” unique whole-plot factor
levels. The second term in expression 3.3.14 is equivalent to b*SS(Modell) found
in Method 1 above. In addition, the first term simplifies to b¥'Y or bx(SSTotal)
from Model 1 in Method 1 since [T [T, T,]~1T,] = I. Therefore, equation 3.3.14 is

equivalent to bx(SSE1) from Method 1 and consequently,

p{35(eb)

= ‘762+b062 .

Similarly, 7“ is found by dividing the remaining lack of fit sum of squares of non
modeled sub-plot and whole-plot by sub-plot terms from 3.3.12 and any
replication sum of squares by the remaining n-p* df. This corresponds directly to
the derivation of Model 2 in Method 1 since 8,4+7z9 + £z*d models the same sum
of squares as the wys. A synthesized mean square then appropriately produces an
estimator of the whole-plot error variance, ‘762' This method provides identical
estimators to those described in the two model approach with the same variances
as derived earlier.

2 2

are calculated from the experimental data, these

Once &.° and &y

estimators can be substituted into V to create an appropriate estimator, V. The

matrix V can then in turn be used to estimate Var(3), 3.2.3, i.e.

Var(g)=(X"V-1x")~L (3.3.15)
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§3.4 Variable Screening

Methods have been given for both the estimation of model parameters and
the bi-randomization error variances in the crossed BRD. The next step in RSM
analysis is model editing. Ratios of estimated model coefficients and their
respective standard errors obtained from (X*V—1X*)~! generate appropriate t-
tests. Omne must be careful, however, in the degrees of freedom associated with
these tests because of the presence of two error variance components. Expressions
for the variances of the estimated model coefficients as found below indicate the

degrees of freedom necessary for proper testing.

§3.4.1 Variances of Estimated Regression Coefficients

Assuming V is known, individual variance and covariance expressions can
be derived from (X*V!X*)?! for both whole-plot and sub-plot coefficients. Based
upon these, proper tests can be developed. We begin with variances of estimated

whole-plot coefficients.

For a given estimated whole-plot coefficient, %, its variance can be

expressed as

Var[]=c i o +bog?] + Zlckum(os] Sxml)] (3.4.1)

where x,, = m*" sub-plot model term which interacts with k' whole-plot
model term
k= k™ diagonal element of [X*X*]~! corresponding to 7,
¢} xm= Off-diagonal element of [X*X*]~! corresponding to the
the k'® whole-plot term and the interaction of the k' whole-plot
term and the m*'" sub-plot term.
Note: the intercept is considered a whole-plot coefficient and pure
sub-plot terms are viewed as interactions with the intercept
for calculation purposes of 3.4.1.
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Now consider an estimated sub-plot term coefficient, &,,. Its respective variance
is given by
Var[ay,|=cpnmo 2 (3.4.2)

€

-1

where ¢, , = m' diagonal element of [X*X*]™" corresponding to .

§3.4.2 Covariances Between Estimated Regression Coefficients

Let 7, and % correspond to the k'™ and 1" whole-plot term’s estimated

coefficients. The covariance between these two estimates is

Cov[fic, = cualoe +bog”] + Elcipm(@s [ S¥m))] (3.4.3)

1** whole-plot

where x_, = m*® sub-plot model term which interacts with
model term
¢y = off-diagonal element of [X*X*]~! corresponding to 1y, and v,
¢y 1m= off-diagonal element of [X*X*]~! corresponding to the
the k** whole-plot term and the interaction of the 1** whole-plot

term and the m*® sub-plot term.

Similarly, let @, and &, correspond to the m'" and n** sub-plot term’s

estimated coefficients. The covariance between these two estimates is given by
Cov[ay, , 8al= Cmnloc] (3.4.4)

where c_, , = off-diagonal element of [X’“X’“]_1 corresponding to o, and a.

Finally, let 9, and &_ correspond to the k" whole-plot term’s estimated
coefficient and the m*® sub-plot term’s estimated coefficient, respectively. The

covariance between these two estimators is

CovlAy , Bnl= cmaledd (3.4.4)
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where ¢, , = off-diagonal element of [X*X*]~! corresponding to o, and .

Notice, the expression for the variance of an estimated whole-plot parameter is
not a function of purely (a€2+b052) unless interacting sub-plot terms sum to zero
within each whole-plot, 1.e. v%])xm:O. If the sub-plot terms which interact with the
k" whole-plot term are not orthogonal to that whole-plot term within a whole-
plot, then a synthesized mean square must be used in the denominator of the t-
test on the whole-plot parameter, Satterthwaite’s procedure employed, and

degrees of freedom altered.

§3.4.3 Testing on Regression Coefficients

Based upon the variances of the derived estimators of the error variances
given in §3.3.2 and the expressions for the variances of the estimated coefficients,
appropriate t-tests can be formulated for model editing. We first consider tests

for whole-plot coefficients.

An appropriate test of hypothesis for significance of a whole-plot model

coefficient,
HO: 7k = 0 Vs. Hl: ’)’k # 0’

is derived from the ratio of a standard normal random variable and an

independent x2. Using 3.4.1,

2,0
Yk — ~ N(0,1). (3.4.6)

2
[culoc? +bog?] + Blowin(os] S]]

Now let s? = ¢, [bMSE1] + oy jn(PMSELMSEZ [ 2 1)

43



= (r+t)bMSE1-tMSE2
where r=cy ) and t= % % [ck,km[%xm]]. It follows that
E[52]=Ck,k[‘752+b”52] + g[ck,km("&Q[prxm])]'

Using the x? distributions developed for MSE1 and MSE2 in §3.3, Satterthwaite’s

approximation defines

2
pS . 2
~ X (3.4.7)
Ck,k["e2 + b<752] + ,zn)[ck,km(%Q[ wszm])] ®)

2
[(r+t)(0 2 + bog) to 2]
where v= >

2 |52
[(r4+t) (o2 +bog?)] if}
a-(k+1) n-p*

Finally, an appropriate t-test can be formulated from expressions 3.4.6 and 3.4.7.

Under the assumption of H true
T o t(,) where s=V/s. ) (3.4.8)

An estimate of v may be found be replacing unknown error variances with their

respective estimates.

To test the hypothesis Hy: o, = 0 vs. H;: a, # 0 where o, corresponds

to a sub-plot coefficient, we take advantage of the fact that under H,

Om
1 [ t(n-p*)' (349)

[MSE2 ¢, ]
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Note, Satterthwaite’s approximation 1is unnecessary for testing sub-plot

coefficients because the corresponding variances are functions of only "52-

To maintain the validity of these t-tests the numerator and denominator
must be independent. First consider the testing of a sub-plot coefficient, i.e.
3..4.9. Instead of comsidering just one parameter, consider the entire vector of
sub-plot coefficients, a. If the model matrix X* is partitioned into [X,|X,] where
X, is the model matrix associated with the whole-plot variables and X, is the

matrix associated with the sub-plot variables then
a=Cy (3.4.10)
where C=
[ X,) 1, X (X0 X)X K (X X)Xy X X5 XX X (X X )X X X ] X
Similarly, the denominator, can be written as y'Ay with
A= [[-X**(X*X**)1X*] (3.4.11)

where c is a constant and X** is the model matrix X* augmented with nonmodeled

whole-plot terms to saturate whole-plot degrees of freedom.
In order for 3.4.10 and 3.4.11 to be independent,

CVA=0
where V=var(y).

For X**,
X**'[X**(X**’X**)'IX**’] _:X:ux'
and thus,
XX (X=X ) 1X**]=0. (3.4.12)

Now partition X** into [X*|Z,] where Z, is the matrix of whole-plot terms
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saturating the whole-plot degrees of freedom. From 3.4.12,

XX (X=X ) 1X*]=0. (3.4.13)
Thus,
CVA=0 since X*V=G*X~

and independence holds. A similar argument may be used to verify the

independence for the whole-plot t-tests.

Based on the variable screening results, a final response surface model for
the crossed BRD may be fit, and the other various RSM techniques may then be

used to achieve the final goals of region exploration and optimization.
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CHAPTER 4

NON-CROSSED BI-RANDOMIZATION DESIGNS

In the previous chapter, the first class of bi-randomization designs, the
crossed BRDs, was defined and estimation procedures were outlined for both the
model coefficients and the error variances. Based upon these estimators,
techniques were developed for proper variable screening tests. In this chapter, the
second class of bi-randomization designs, the non-crossed BRDs, will be defined
along with respective estimation methods and analysis techniques. Unfortunately,
for this class of designs, the equivalence of OLS and GLS which simplified the
crossed BRD analysis in Chapter 3 does not universally hold for the non-crossed
designs. Thus, the investigation into estimation and analysis will not be as

straightforward as that described in Chapter 3.

§4.1 Definition and Design Set-up

In Chapter 2, the example of a two variable central composite design
illustrated the concept of a non-crossed bi-randomization design. The design is
created by randomizing the sub-plot factor levels associated with each whole-plot
factor level in the given response surface design within the respective whole-plots

giving the following BRD form:
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' Xy | Ziw | o | faiwy)
2| %) X | | oy
Za | Xaqay ‘ Xa2) | | Za,)

where
z; corresponds to the whole-plot factor level (z treatment combination)
applied to the ih whole-plot EU, i=1,2,...a.
and
Xy corresponds to the j*® sub-plot factor level nested within
the i*® whole-plot EU, i=1,2,....a j=1,2,...,b..

The nesting notation reflects that in the non-crossed BRD, there is the possibility
of a nesting of certain sub-plot factor levels within a single whole-plot. Typically,
for standard response surface designs, there is at least partial nesting of sub-plot
factor levels within whole-plots. This characteristic distinguishes the non-crossed
BRD from the crossed BRD. Recall, the crossed BRD had the requirement that
every level of the sub-plot factor must be randomized within each whole-plot.
The non-crossed design does not have this “crossing” treatment restriction, thus,

giving rise to the terminology non-crossed.

If an experiment is run under a bi-randomization format, and the design
has a non-crossed treatment structure, the standard response surface model 2.4.1

takes the following form:

= Botrzd a4z Axipd + 6 + (4.1.1)
i=1,2,...,a and ]—1,2,...,bi.

The distribution of the vector of responses remains
Yy~ N(H,V)

with gy = Bl + Zy + Xa + ZAX
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and

T, 0 0 |
0 T 0
V= N .
0 0 T,

where
Ti=0L ub) +05 Lipar) 1 i=1,2,...,a
i€ “(b;xb) 6 =(byx1) =(1xb;) , 25,8,

The only difference between models 4.1.1 and 2.4.1 is the reflection of nesting of
sub-plot factor levels within a whole-plot. The assumptions on the errors remain
the same including the independence of observations across whole-plots. In
Chapter 2 the universal assumption of constant covariance between two
observations within the same whole-plot was made. For the non-crossed BRD this
assumption will still be maintained even though each whole-plot may no longer be

subdivided into the same number of sub-plot units.

For the non-crossed BRDs, maximum likelihood estimation is still achieved

through the use of the GLS equations. If model 4.1.1 is rewritten as
y=X"8+8+¢ (4.1.2)
where X"8 = 8,1 + 72y + Xa + Z7AX
then the MLE of 3 is
3= (X*v7Ixs-Ix=v-ly (4.1.3)

and
Var(g) = (X*V~1x*)~1, (4.1.4)

Under bi-randomization experimentation, classes of workable standard
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response surface designs fall naturally into the categories of crossed and non-
crossed BRDs. Full factorial designs, as was mentioned earlier, are always crossed
BRDs whereas only certain fractional factorials are “crossed”. The choice of the
fraction can determine into which class of BRD the design falls. For those that
are crossed BRDs, the estimation and analysis techniques necessary are described

in Chapter 3.

84.2 Two-level Fractional Factorial Designs

Two-level fractional factorials which do fall into the class of non-crossed
BRDs compose a broad class of the standard first order non-crossed BRDs. Model
estimation and analysis techniques for these non-crossed BRDs will be considered
separately from the second order non-crossed BRDs due to a simplification

invoked by the first order structure.

First consider the class of two-level orthogonal fractional factorial designs.
In reference to both crossed and non-crossed fractions, care should be taken in the
choice of fraction in order to prevent the inflation of the naturally smaller
variances associated with estimation of sub-plot model parameters in a BRD. To
prevent unnecessary inflation in variances, fractions must be chosen to ensure that
important sub-plot effects including pure sub-plot terms and sub-plotxwhole-plot
interactions do not become aliased with less important, but yet poorly estimated,

whole-plot term parameters. The following theorem addresses this issue.

Theorem 4.2.1:

To minimize the variance of estimated sub-plot model parameters in the
class of bi-randomization designs, two-level fractional factorials with levels coded
to -1 and 1 should be chosen such that within each whole-plot, the sub-plot effect

contrasts sum to zero.
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Proof:

bi-randomization format with

Consider any fraction of a 2% full factorial design arranged to be run in a
whole-plots and b; sub-plots within the i

W

a

whole-plot. The contrast of any sub-plot effect can be written as

Chx1=

where ¢, is the bjx1 vector corresponding to the portion of the sub-plot effect

found within the i** whole-plot.

as

The vector of responses, y, can also be expressed

Yy
Yo

anl:

-

where y; is a b;x1 vector of responses for the i*® whole-plot unit.

The coefficient for any sub-plot term is then estimated by

Lev=leaw+. . +avl.

Thus,
Var[g €] =$[ aTigt -+ e Tac
S (L TR P (IS ESRT-N OO PRREEAS PG VAt
T2l \Te S(byxby) TTS 2(byx1) 2 (1xby)/ &1+ +TLa\%¢ Lb xb ) TT§ (b x1) = (1xb,)/%a
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b

a

bl
:#[(052b1+062(j§101j)2)—{-. . .+(U€2ba+0.52( §1Caj)2)]~ (4:21)

i

b.
To minimize expression 4.2.1 with respect to design, set ( X ¢;;)?=0 for all i which

b.
is equivalent to setting X (c;;)=0 for all i. Thus, choose the fractional factorial
j=i

design such that each portion of a sub-plot contrast sums to zero within each

respective whole-plot. 0O

For example, consider the following % fraction of a 2* factorial written in

the form of a BRD:

whole-plot 2z, 2z, xX; X, Xy Xo
1 1 1 11 -1 -1
2 1 -1 1 -1 -1001
3 -1 1 1 -1 -1 1
4 -1 -1 11 -1 -1

This is a non-crossed BRD due to differing (x;, x;) combinations within whole-
plots 1,4 and 2,3. Also notice that within each whole-plot, ¥ zx; = 0. This holds
true for any sub-plot model term and sub-plotxwhole-plot model term
combination. Since these conditions hold, Theorem 4.2.1 applies, and this
fractional factorial provides minimal variance for estimation of sub-plot model

coefficients.

In addition to minimizing variances, choosing the fraction according to the
theorem above also has an impact on estimation of model 4.1.2. Just as in all
crossed bi-randomization designs, non-crossed fractional factorial designs chosen
such that sub-plot contrast portions within a whole-plot sum to zero maintain an
equality between the OLS and GLS model estimating equations. Recall in the

proof of theorem 3.2.1 for the crossed BRDs, equality was maintained as long as

52



G,=G for all i. For a two-level fractional factorial chosen as described above, each
whole-plot has the same number of sub-plots so T;=T for all i and within each
whole-plot the sum over the sub-plot contrasts remains constant, i.e. s, = k (s,=
0 if levels are coded to -1 and 1). Thus, using this information and by examining
the G; matrix found in 3.2.7, it is evident that G;=G for two-level fractional
factorials as described here. This implies by the proof of theorem 3.2.1 that
OLS=GLS for these non-crossed fractional factorial BRDs.

Other first order non-crossed bi-randomization designs besides the two-level
regular fractional factorial designs also appear to maintain the same equivalency
of OLS and GLS. Altered fractions were examined along with designs in which
treatment combinations were arbitrarily deleted. In each case, the design had a
non-crossed treatment structure, but yet OLS=GLS. Investigations of these
results were conducted, and an attempt was made to adapt the proof of theorem
3.2.1 to these situations. Unfortunately, a direct adaptation was not found nor
has any other explanation for the estimation equivalency for the first order non-
crossed altered fractional factorial BRDs. The key, however, must lie in the first
order nature of the model. Further research must be done on these designs before
a universal statement can be made about these equalities for first order non-
crossed BRDs.

Based upon this equivalency of OLS and GLS, estimation and analysis of
first order non-crossed BRDs and models is now simplified. The MLE of Model
4.1.2 is given by

3 =(xX"vIx" X vly=(x"x")"1X*y
and
Var(g) =(X*V~1x*)~L (4.2.2)

Information of V, or ‘762 and .2, is not essential for model estimation, but is

necessary for estimation of 4.2.2.
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The methods described in Chapter 3 (the lack of fit method and the two
model method) must be adapted to reflect the non-crossed structure of the first
order designs. Due to the lack of identical sub-plot factor levels within each

whole-plot, the lack of fit method will be used for the theoretical development.

4.3 Estimation of V/Analysis for First Order Non-crossed BRDs

As described in §3.3, estimators for the whole-plot and sub-plot error
variances in first order non-crossed BRDs will be primarily functions of lack of fit
sum of squares. To produce the appropriate sum of squares and degrees of

freedom, Model 4.1.2 is rewritten as

Yij = ﬁ0+1’-z-id+2’-z-i*d+2'zi(j)d+Zi’d A x5 + 6 (4.3.1)
i=1,2...,a; j=1,2,....b;

where ¢; iid N(0, o¢?) and z* is an (a-(k+1))*1 vector of nonmodeled whole-plot

terms saturating the available whole-plot degrees of freedom. Recall, p'z,*d can be

viewed as a model of 6. The whole-plot lack of fit sum of squares is given by

SS(e|x)=55(2,2)-SS(2) (4.3.2)

as in the crossed case.

Using 4.3.2,

SS
E{a-(fﬂll))} =E[MSE,;.0le-plot 1of]

Lglbi-trace[Z(Z'Z)—lZ'B*]}J(SQ
2062+[ iy (4.3.3)

where Z is the model matrix associated with the modeled whole-plot parameters,

7, and
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b,Iv))

B*: b2I(b2) .

Once whole-plot lack of fit is computed, sub-plot lack of fit/replication sum of

squares can then be calculated for model 4.3.1 and

E ,: SSEsub-plot lof

a = E[MSEsub—plot lof ]=0€2 (434)
.§1bi' P

where é)lbi = total design size and p* corresponds to the total number of

parameters found in model 4.3.1.

Combining the expected mean squares of 4.3.3 and 4.3.4 the following

estimators are derived:

562 = MSEsub—plot lof (435)

and

2 — [MSEwhole-plot lof'MSEsub-plot lof] *(a‘- (k+ 1 ))

3 I . (4.3.6)
‘i?lbi-trace[Z(Z'Z)_ Z'B*

s

For first order non-crossed designs in which bj=b Vv 1, the denominator in

expression 4.3.6 simplifies to bx(a-(k+1)) which in turn reduces 4.3.6 to

MSE MSE
562 — [ whole-plot l:t))f- sub-plot lof] ) ( 4. 37)

Note this estimator is identical to that found in Chapter 3 for the crossed bi-
randomization design. If b;=b holds, model editing for the first order designs may
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be performed using the same tests outlined previously in Chapter 3. Refer to
Appendix A for distributions which may be used for the formulation of t-tests
when the number of sub-plots within each whole-plot is not the same. The
development of these distributions utilize Cholesky’s decomposition which is

formally given in §4.4.

Using the estimators from 4.3.5 and 4.3.6, an estimator for V may be

formed and substituted into 4.2.2 to obtain the respective estimator for Var(3).

§4.4 Second Order Non-crossed Bi-Randomization Designs

While first order non-crossed BRDs maintain equivalency between the OLS
and GLS model estimation equations, this same equivalency does not universally
hold for second order non-crossed BRDs such as the ccd. For model 4.1.2 in these
cases, the MLE of § remains

B = (X*vIxs-lx~v-ly (4.4.1)
and

Var(3) = (X*V~1x9)~1L. (4.4.2)

Unlike the first order case, both the model parameter estimates and their
respective variances are functions of the unknown error variances, 062 and ‘7(2-
Thus, before model estimation can be done using 4.4.1 a reasonable estimator for

V must be determined.

An interesting and useful reparametrization of both 4.4.1 and 4.4.2 which
may simplify this task and others that follow may be found using Cholesky’s
decomposition. See Graybill [1976]. Cholesky’s decomposition makes use of the
square root of a positive definite matrix such as V found in 4.4.1. Using this

theorem and the assumption of a positive definite V, V! can be rewritten as

-1
2

o

VI=VIy (4.4.3)

It follows that
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-1
X*VIAX* =X"V2V 2 X*=X “X,* (4.4.4)
Consequently, using 4.4.4
8= (Xt*’xtx)-lxt*,x* (4.4.5)
-1 -1
where y*=V 2y and X*=V 2X".

As a result,
Var(§) = (X,*X)~ L. (4.4.6)
-1
The matrix X,* can be viewed as the new model matrix. For the derlvatlon of V2
for a specific example and to obtain an idea of the structure of V T refer to

Appendix B. The matrix V 7 1s a function of
o
d=—%5 and o .

Thus, this reparametrization is still a function of the two unknown variance

parameters.

By either parametrization, 4.4.1 or 4.4.5, estimators of the error variances,
and thus V, are essential to proceed with the desired response surface analysis.
Estimators given for the first order non-crossed BRDs in §4.3, however, must be
modified to reflect the dependence on V of the estimated parameter coefficients.
A more complex approach must be taken for estimation. Four methods are

presented for estimation in second order non-crossed BRDs.

84.5 Estimation of V for Second Order Non-crossed BRDs

As indicated in the previous section, the estimation procedures for V in
first order cases and in crossed situations were derived using the estimators for g8
given by the MLE=GLS=O0LS expression. In the second order non-crossed case,
however, the MLE of 8 is no longer equal to OLS and is a function of V. Thus in
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order to estimate the parameters and their variances, initial estimators must be
found for the error variances and updated through an iterative scheme. This
approach is the basis for a majority of the error variance estimation procedures

presented.

§4.5.1 Method 1: Ordinary Least Squares

The first method proposed can be thought of as the “ignorance” approach.
The name is appropriate due to the fact that this method chooses to ignore the
non-independent relationship among observations within a given whole-plot in bi-
randomization designs and makes the assumption of universal independence.
Thus, the analysis for the second order non-crossed designs reduces to using OLS

for estimation. i.e., for model 4.1.2

B=(X*X""1x"y. (4.5.1)

At first glance, “ignorance” in this procedure may appear to have dual
meanings. Primarily, “ignorance” refers to the ignoring of the dependent nature
of the observations, but, in addition, ignorance can also have the negative
connotation of a simplified analysis that may produce less than “optimal” results.
Even in the presence of a bi-randomization error structure, the estimating
equations in 4.5.1 (OLS) produce unbiased estimators for 8. The sacrifice in using
the OLS estimators comes from the increased variation associated with these
estimators. However, recall that in the presence of a BRD structure, a majority
of error variance estimation is based upon lack of fit sum of squares. In addition,
recall that this discussion involves standard second order response surface designs
in which there are in most cases minimal degrees of freedom for lack of fit. As a
result, there may not be sufficient information available to provide “good”
estimates for V. In other words, the researcher may in some situations be better
served by not trying to estimate V for use in model estimation than using poor
estimates and inducing more variability into the methodology. The OLS method,
thus, does have a valid basis for consideration as a bi-randomization estimation

procedure.
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§4.5.2 Method 2: 1 Step Iterated Re-weighted Least Squares (1IRLS)

The second estimation procedure incorporates OLS estimators into the
GLS expressions. In 1 step IRLS, 8 is initially estimated using expression 4.5.1

2 are then

(OLS). From these estimated coefficients, estimators for ”62 and o,
calculated using expressions 4.3.5 and 4.3.6, 1.e. from OLS expected mean square
formulae. Using these estimators for the error variances, V can be created and

the model fitted by

3= (X*V-IX)~lx=v-ly, (4.5.2)

§4.5.3 Method 3: Iterated Re-weighted Least Squares (IRLS)

The first step in the IRLS procedure is to use the OLS E(MS) to provide
an initial estimator for V for use in the GLS expressions just as described in
Method 2. Method 3 then extends this idea. Consider the V created in Method 2

as the initial estimator of V and call it \70. Thus, 4.5.2 becomes
B, = (X*Vy~1x7)~Ix=V, 1y . (4.5.3)

By using 4.5.3 and E(MS) formulae derived from the GLS expressions, estimators
of ”(52 and 052 can be updated with the estimators that follow. Consider a second
order model in the form of 4.3.1. The same assumptions hold including the

modeling of § by pz*? to saturate the whole-plot portion of the model with

SS
MSEwhole-plot lof = [ﬁ}

and

y'[I_X*x(X**'X**)— IXsuxf]y
n-p” )

MS Esub—plot lof =
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Here X** 1s the model matrix for 4.3.1 including saturated whole-plot terms.

The updated estimators are then given by

§ 2 [NISEsub-plot lof] [H-p*]

Ty Vg X (XY, X)X, ]

(4.5.4)

552 = (4.5.5)

[MSEWP lof]*(3'(k+1))'[§52]tr[\70-1[Z**(Z**’\?O_lz**)_lz**,~Z(Z’\70_12)_12/]\70_1]
tr[V, 22"V~ 12~ 1z2=-2(2V ,~12)~12V ;10]

where J;= l(bi*bi)l’(bi*bi)’ Z™ 1s the saturated whole-plot model matrix, and

J1

Using the new estimates from 4.5.4 and 4.5.5, \70 can be updated to \71 and Bo to

El, where

B, = (X*V, 71X~ Ix~V ~ly. (4.5.6)

The vector ﬁl is then used to update and create \72, and this cyclic procedure

continues until convergence is reached in 8. Once convergence is reached, the

final \7i is used in the GLS equations to estimate the model.

§4.5.4 Method 4: Restricted Maximum Likelihood

The final procedure presented for error variance estimation is based on the
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concept of maximum likelihood estimation (MLE). In the bi-randomization
situation presented, the assumption is made that errors are normally distributed
with Var(é+¢)=V which is a function of 052 and "52 . Thus, for a BRD there are
a total of three parameters of interest to be estimated, g, 052, and 052- For now,
the primary focus is on the variance components and for this reason, instead of
the traditional maximum likelihood methods, restricted maximum likelihood
(REML) methods will be used. REML is similar to ML in concept with the
distinction being that REML uses the likelihood of a transformation of y. This
transformation is based on the vector of residuals and eliminates g from the
likelihood expression, thus, leaving only the variance components for estimation.
In addition, REML corrects for the wrong degrees of freedom usually associated
with ML estimators for treatment comparison analyses such as ANOVA. REML
was first developed by Anderson and Bancroft [1952] and Russell and Bradley
[1958]. Extensions and further developments are given by W.A. Thompson [1962]
and Patterson and R. Thompson [1971,1974]. For further reference on REML and
its relationship to MLE, consult Searle, Casella, and McCulloch [1992].

For determination of REML estimators in a bi-randomization experiment,
consider a second order response surface design (conducted as a bi-randomization

experiment) and the response model given by 4.1.2,
v=X"8+ 6+ ¢
where y ~ N(X*3, V).

Let the n*n matrix K=[I-X*(X*X*)~1X*] and Ky be the nx1 transformed response

vector. The new responses have the following distribution:
Ky ~ N(0, K'VK). (4.5.7)

Note the distribution in 4.5.7 is not a function of 3. Based on 4.5.7,
-2(log likelihood) of Ky (the objective function for REML) can be rewritten as

-2logL= C+log|V|+ rV~Ir + log|X*V~1X*| (4.5.8)
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where C is a constant and ;:y—X"[X*’V_lx*]"IX*’V—lx.

See Appendix C for the development of 4.5.8. Note that the log-likelihood
expression given in 4.5.8 is a function of only V=f(<752, 7;2). Derivatives of 4.5.8
are then taken with respect to the parameters to produce the REML equations.
The derivatives are outlined in Appendix D along with the comparative MLE

2 2 5o an iterative

derivatives. These equations are non-linear in o and o,
procedure such as Newton-Raphson algorithm along with a stopping criterion

must be used to find solutions.

The computational aspect of determining REML estimators for the
respective error variances in a bi-randomization experiment was accomplished
through the use of the PROC MIXED procedure in SAS. PROC MIXED was
developed to fit mixed linear models, i.e. with fixed and random effects, and
provide appropriate testing procedures, etc. by allowing more than one source of
variation. This is a useful extension of the PROC GLM procedure in SAS which
allows for only one source of variation, and thus, testing statements are required
to conduct proper tests in mixed model situations. The PROC MIXED procedure
may be found in Chapter 16 of SAS Technical Report P-229, SAS/STAT
Software: Changes and Enhancements, Release 6.07, [1992].

The PROC MIXED procedure was not developed for direct application to
situations such as the response surface bi-randomization experiment described in
this dissertation. = The discrepancy arises from the fact that in the bi-
randomization design a portion (k+1 degrees of freedom) of the a degrees of
freedom associated with random effects must be modeled as fixed. A few
modifications, therefore, were necessary to accommodate the additional fixed

model terms. See Appendix E for the specific details and modified program code.

Once the REML estimates are found, V can be formed along with

B = (X*V-Ix*)~Ix=v-ly, (4.5.9)
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Example:

To illustrate these estimation methods, consider a four variable (z; z, x;
X;) ccd run under a bi-randomization experimental format with ‘762:16 and
‘752:4- The response model of interest involves the following terms: intercept, z,,
Zo, 2129, 212, X1, Xgy X1Xg, X12, X%, X424, X;25. The response data was simulated for
Based on the

and ¢, were calculated using the

this bi-randomization situation assuming normality of errors.

simulated data the following estimators for o

2

presented methods. The results are given in Table 4.5.1.

Table 4.5.1 Estimators for Error Variances-Example

1IRLS IRLS REML
05 61.1 95.5 29.8
o2 4.6 4.6 4.6

The effect of the differing estimates on coefficient estimates are given in Table

4.5.2.

Table 4.5.2 Coetficient Estimates-Example

1IRLS IRLS REML OLS
By 31.94 31.94 31.95 32.76
z, 8.06 8.08 8.00 6.56
Z 5.17 5.19 5.13 3.90
x 6.26 6.26 6.25 5.64
%, 11.01 11.00 11.04 11.41
%’ -1.93 -1.94 1.9 1.5
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The estimation of the whole-plot error variance varies widely with respect to these
methods while the sub-plot error variance has greater estimation consistency.

2 the 8 estimates for each

Interestingly, even in the presence of the diverse o,
method are similar indicating a robustness to the estimated value of 052. This

will become more evident in the comparison of error variance estimators in §4.6.

Four methods have now been presented for the purpose of providing
estimators for o 62 and 062 and, consequently, V in bi-randomization experimental
designs. Interest centers on which of these methods provides “better” variance
estimators. This decision can be based on the properties of the various estimators.
Due to the iterative nature of these estimators and specifically the complexion of
the IRLS estimators, however, direct properties of these estimators are unable to
be easily derived. Simulation, therefore, must be utilized for discrimination

purposes.

§4.6 Comparison of Estimators

The comparison of the error variance estimation methods through
simulation has a dual purpose. The first is to provide information concerning the
performance of the estimators in various design/model situations. The central
composite and hvbrid designs will be used along with two different models. The
first model will involve only sub-plot quadratic terms and maintain a first order
model in the whole-plot terms. The second model will then incorporate second
order whole-plot model terms. The differing models were considered because the
bi-randomization structure primarily affects the estimation of quadratic terms in
the model. The influence of adding quadratic terms to the model on the
estimation procedures can then be explored. The second purpose of the study is
to investigate the small sample properties of these estimators. It was already
mentioned that due to the iterative nature of the estimation the distributions of
these error variance estimators are unknown, and thus, so is Var(8). Through
simulation, an approximation to this small sample unknown Var(Z) can be
compared to the asymptotic result to assess whether if in future investigations the

asymptotic result may be used for simplification.
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For a bi-randomization response surface experiment, if V were known the

MLE of the model parameters, 8, would be given by
3= X~v-ixo-lx=v-ly (4.6.1)
and

Var(@) — (X*V—lx*)_l. (462)

If Vis a “good” estimator of V, then

B = (X*V-1x)-lx=v-ly (4.6.3)

should be a very close approximation to 4.6.1, and in turn the variance of the
estimator in 4.6.3 should be close to 4.6.2. An exact expression for this variance is
unknown due to unknown distributions of the error variance estimators. One way
to quantify the “closeness” of this approximation is to compare the resulting
variance-covariance matrix of 4.6.3 to that of 4.6.2 through their respective traces
and determinants. Note that the Var(3) given in 4.6.2 is also the asymptotic
variance-covariance matrix of the estimator in 4.6.3. This will discussed in more
detail later.  Also note that simulation was necessary to obtain small sample

numerical values for the variance of 4.6.3.

Using a simulation based on 2000 iterations, Var(3) was generated for each
of the estimation procedures outlined for a given design/model combination. The
trace and determinant of each simulated matrix were then able to be calculated.
These values were then compared to the trace(X*V'X*)! and det(X*V!X*)! |

the asymptotic values.

Four types of bi-randomization experimental designs were investigated: (i)
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a modified four variable ccd with o=2, (ii) a modified four variable hybrid 416a,
(ii1) standard four variable ccd with o=2, and (iv) standard hybrid 416a. Designs
(1) and (i1) were used for modeling a second order model in which the whole-plot
terms were first order and the sub-plot terms second order. Modified versions of
standard second order designs were used to reflect a first order nature in the
whole-plot terms. Designs (iii) and (iv) were then used to model a second order
response surface model in which both whole-plot and sub-plot terms involved

second order terms. The standard RS designs were used in this situation.

§4.6.1 Model 1: First Order Whole-plot/Second Order Sub-plot

The first design\model combination investigated involves four variables:
two whole-plot variables, z; and z,, and two sub-plot variables, x; and x,. The

response surface model used to simulate the data (and to be fit) is

y3;=34.45+7.242,45.912,+4.89%,-1.34x,+11.06x,2+6.66x,?

-5.91x,2,+11.07x,2,+ 6, +€;5. (4.6.5)
o 2
In addition, the assumption is made that the var(yij):062 + a€2=12, but % =d
o

€

is allowed to vary. The value d measures variation among whole-plots as
compared to variation within whole-plots. A value of d=0 implies that
observations within a whole-plot are independent, i.e. as if a CRD were
implemented. As d—oo, the strength of the dependent relationship among
observations within a whole-plot grows in relation to the sub-plot error variance,
i.e. the covariance increases while the variance remains constant. As d rises, the
differences between the completely randomized and bi-randomization design

situations become more severe.

The following modified standard ccd and hybrid 416a designs were used for

generation of data and analysis:
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|o
o

o9
=
o
.
o

1111 1 1 1 .6444
111-1 1 1 -1 .6444
11-11 ;111 .6444
11-1-1 ;101 -1 .6444
1-111 1 -1 1 .6444
1-11-1 1 -1 -1 .6444
1-1-11 -10-1 01 .6444
1-1-1-1 -1 -1 -1 .6444
;1111 0 0 1.6853-.9075
-111-1 0 0 -1.6853-.9075
-1 1-11 0 0 O -.9075
-1 1-1-1 0 0 0 -.9075
-1-111 0 0 O -.9075
-1-11-1 0 0 O 1.7844
-1-1-11 0 0 0 -1.4945
-1-1-1-1
0020
00-20
0002
0 00-2
0000
00600
000°¢O0

The modifications of these designs better accommodate the first order nature of
the whole-plot variables and allow for the presence of fewer whole-plot EUs.
While fewer whole-plot EUs may be beneficial, at the same time this modification
may be impairing the designs. The following results were obtained from the

simulation.

The first table displays the determinant of the asymptotic Var(g) along
with the simulated determinants for various combinations of ¢ 62 and ‘752 for each

estimation method.
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Table 4.6.1 Asymptotic/Simulated Det[Var(3)] for CCD/Modell for

Various Estimation Methods

d ASYM OLS IIRLS IRLS REML ASY(Sim)
2 | 0.0165 0.0147 2.9892 | 0.6111 | 0.0145 | 0.0144 |
5 | 0.0105 0.0111 0.2559 | 0.0436 | 0.0107 | 0.0105

11 0.0037 0.0042 0.0114 | 0.0139 | 0.0038 | 0.0038

2 | 0.00057 | 0.00067 | 0.01139 | 0.00428 |0.00054 | 0.00057
3 | 0.00013 | 0.00015 | 0.00098 | 0.00037 |0.00011 | 0.00011
5 | 0.000014 | 0.000022 | 0.000059 |0.000040|0.000015 | 0.000015

Table 4.6.2 Asymptotic/Simulated Det[Var(3)] for Hybrid 416A/Modell for
Various Estimation Methods

d ASYM OLS 1IRLS IRLS REML ASY(Sim)
21 596 | 521 | 11.27 | 10.44 | 8.66 4.98
5| 4.51 | 4.45 | 6.06 5.72 5.21 3.53
1 1.29 | 1.80 @ 1.77 1.70 1.69 1.84
2020 041 | 0.27 0.26 0.27 0.19
3] 0.054 | 0.156  0.075 | 0.073 | 0.073 | 0.054

| 5 ,‘0.0053 0.020  0.0070 |0.0068 | 0.0066 | 0.0051

Note: Asy(Sim) corresponds to a simulation of Var(3) using the known V. This
If

the simulation is indeed large enough, Asy(Sim) values should be close to the

1s primarily a check to ensure a large enough simulation is being conducted.

asymptotic values.

Tables 4.6.1 and 4.6.2 show interesting results. The most obvious is the
performance of the OLS estimators for small to moderate values of d. In the ccd,
the OLS estimation procedure even performs well for the larger d values. This is
primarily due to the fact that for these specific designs and this model, few model
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coefficient estimates are being affected by the presence of V. The OLS procedure
will not fare as well for the second model in which more terms are influenced by
V. For the ccd, it appears that over all values of d the REML estimators appear
to be the “best” in terms of closeness to |[(X*V'X*)!|. IRLS also appears to do
well for larger values of d while 1IRLS is only competitive for the even larger
values of d. In the case of the hybrid design, however, all three methods (1IRLS,
IRLS, and REML) appear to be acceptable and very similar alternatives except
for very small values of d. More discrimination between these methods for the

determinant criterion will be found in Model 2.

The second discriminatory value for the methods was the trace of
simulated Var(3). Instead of using a table form as above, these results are
displayed graphically in Figures 4.6.1 and 4.6.2. Results similar to those displayed

for the determinant are found.

Figure 4.6.1 shows the simulated trace values for the ccd. Like the case of
the determinant, the OLS estimator provides a very competitive procedure for all
values of d. REML estimators also give results close to their asymptotic values.
The iterative estimators, 1IRLS and IRLS, however, require larger values of d
(close to 3) before approaching their asymptotic trace. IRLS requires moderate
d’s whereas 1IRLS requires even larger values of d to “settle” down. It appears so

far that 1IRLS may not be a satisfactory estimation method.

Figure 4.6.2 illustrates the simulated traces for the hybrid design. Unlike
Figure 4.6.1, this graph shows the OLS method for estimation to be very
unsatisfactory for moderate to large values of d. The OLS trace quickly diverges
from the set of other estimators as d grows. Once again, this may differ from the
results of the ccd due to the fact that the hybrid has more terms affected by the
bi-randomization experimental set-up. The indication 1s that as more terms
become affected by V, the worse the OLS estimation procedure will perform. The
other variance estimation procedures all generate criterion values close to the

asymptotic trace with REML and IRLS being the best of the set.
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Figure 4.6.1 Asymptotic/Simulated Trace[Var(3)] for CCD/Modell for
Various Estimation Methods
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Trace of Simulated Var(b)
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Figure 4.6.2 Asymptotic/Simulated Trace[Var(g)] for Hybrid 416A/Modell

for Various Estimation Methods
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In terms of determining the “best” method among those presented for
estimating V, the plots do not point to an overall winner. For the ccd, OLS and
REML both proved to be excellent choices across all levels of d with IRLS
entering the picture at moderate levels of d. Estimation through OLS should
clearly not be ruled out for the ccd with limited second order terms. For the case
of the smaller hybrid design, all methods apart from OLS were very close to each
other in terms of their determinant and trace values. Discrimination among

methods for this model/design situation would be difficult.

The choice of the “best” estimation procedure is clearly a function of
design, but with respect to an overall winner, this author would be forced to
select the REML estimation method for this model situation. For both designs,
the asymptotic results provided close approximations to the simulated REML
trace and determinant values. This will be further supported later in the chapter
through the standard errors associated with the simulation. For large values of d,

however, the IRLS procedure can also be considered as an alternative.

§4.6.2 Model 2: Second Order Whole-plot/Second Order Sub-plot

Now consider an alternative situation in which the response surface model
used to generate the data and to be fit involves an additional second order term in

the whole-plot variables and has a larger error variance sum. The model is

yi;=34.4547.242,45.912,44.922,2,44.672,%44.89x,-1.34x,+4.95x;x,

+11.06x,2-2.10%,%-5.91%,2,-2.91x,2,+ 6, +¢;. (4.6.5)
var(y;)=0s> +0,2=20 and 76 —d
le)—O'é +U€ = an 5 —C.
o

€

The larger sum for the error variances will provide additional information on the

influence of the actual variances and d on the estimation methods.
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The standard versions of the ccd and the hybrid design were used:

ced hybrid

1111 1 1 1 .6444
111-1 1 1 -1 .6444
11-11 -11 1 .6444
11-1-1 -1 1 -1 .6444
1-1 11 1 -1 1 .6444
1-1 1-1 1 -1 -1 .6444
1-1-11 -1 -1 1 .6444
1-1-1-1 -1-1 -1 6444
-1 111 1.6853 00 -.9075

-111-1 -1.6853 00 -.9075

-1 1-11 0 1.6853 0 -.9075

-1 1-1-1 0-1.6853 0 -.9075

-1-111 0 0 1.6853-.9075

-1-1 1-1 0 0 -1.6853-.9075

-1-1-11 0 0 O -1.4945

-1-1-1-1 0 0 0 1.7844
2000 0 0 O 0

2000

0200

0-200

0020

00-20

0002

000-2

0000

Three center runs were included in each design.

The simulation results are given in Tables 4.6.3 and 4.6.4 for the determinant

criterion and Figures 4.6.3 and 4.6.4 for the trace criterion.

73



Table 4.6.3 Asymptotic/Simulated Det[Var(3)] for CCD/Model2 for
Various Estimation Methods

d ASYM  OLS 1IRLS IRLS REML ASY(Sim)
A1) 0.549 0.510 0.942 2.535 0.626 | 0.487 |
43| 0.344 0.450 0.483 0.445 0.370 | 0.305

1 0.077 0.154 0.078 0.082 0.079 | 0.067

2.3 | 0.00407 | 0.01490 |0.00378 |0.00385 |0.00391 |0.00355

4 | 0.000311 0.00181 |0.000305 [0.000307 0.000318 |0.000311

Table 4.6.4 Asymptotic/Simulated Det[Var(3)] for Hybrid 416A /Model2 for

Various Estimation Methods

d ASYM OLS 1IRLS IRLS REML ASY(Sim)
A1 674.8 722.8 3515.5 1704.8 906.6 669.9
43| 292.5 412.8 53051 589.3 418.6 296.5
1 57.0 95.1 66.6 70.3 65.2 47.8
2.3 3.0 9.9 3.8 3.8 3.8 2.8
4 0.24 1.32 0.26 0.26 0.31 0.21

Results similar to those of the first model are found for this situation. The OLS
method of estimation, however, does not perform as well with the addition of the
whole-plot quadratic term.
competitive with the other methods for small values of d in which V more closely
resembles the CRD variance-covariance matrix. As d rises, it quickly becomes an
unsatisfactory option while according to the determinants the methods of REML
and IRLS both prove to be more promising. The 1IRLS estimation method is also
competitive for the ccd, but in the case of the hybrid design it has trouble with

unstable determinant values due to outliers or “wild” results that occasionally

In fact, even in the case of the ccd, it is only

occur. It requires much larger values of d before it becomes stable.
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Figure 4.6.3 Asymptotic/Simulated Trace[Var(3)] for CCD/Model2 for

Various Estimation Methods
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Figure 4.6.4 Asymptotic/Simulated Trace[Var(3)] for Hybrid 416A /Model2

for Various Estimation Methods
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Examination of the trace plots (with the outlier in the case of the hybrid design
for d=.43 for 1IRLS deleted) given in Figures 4.6.3 and 4.6.4 shows some contrasts
to the conclusions drawn for Model 1. Recall for Model 1, the OLS method of
estimation of V proved, especially for the ccd, to be competitive with the other
methods and also competitive for the hybrid for d<1. For Model 2, however, as
was also illustrated by the determinant criterion, OLS estimation can only be
considered competitive for very small d and definitely should be considered
inefficient for the larger d values. As was conjectured earlier, the performance of
OLS can be most likely attributed to the fact that more terms in Model 2 are
affected by V. The other estimation methods provide values that are close to the
trace of the asymptotic Var(8), especially for large d. Since all the 1IRLS, IRLS,
and REML methods are very competitive for the larger d, the choice of an overall
winner for this model situation must rely on the performance at the smaller values
of d. The REML method gives results that are closest to the asymptotic trace in
both designs for the smaller d values, and hence is the preferable procedure for
this model situation. Once again, this will become more evident through the
examination of the simulation errors. One note of caution, however, concerning
the REML estimators. Through this simulation, the REML on occasion would
produce “wild” estimators for 052. The experimenter must be aware of the

possibility of such estimates when using this method.

An additional investigation was conducted on the same Model 2 scenario as
given above with the exception that now ‘752‘*"752:50- Similar results to those
found using the sum=20 were obtained indicating that the magnitude of the
variance of a single observation does not influence the characteristics of the
variance estimating procedures. The only real observable difference came in the
trace of Var(3) plots. For the larger sum of the error variances, it took longer for
the simulated traces for all the methods to converge to the asymptotic trace,
especially the 1IRLS traces. For larger errors, 1IRLS should not be considered as

a good alternative for the hybrid variance component estimation.

One of the primary goals of this study was to determine the relationship

between the simulated trace and determinant of Var(8) for the various estimation
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procedures and small designs to the respective asymptotic values. Throughout
this discussion, the relationship has been described in terms of “closeness” to the
asymptotic results. The simulation standard errors given for various combinations
of model, designs, d, and variance sum for each estimation method can help

quantify the meanings of “close”.

Table 4.6.5 Simulation Standard Errors

d 1IRLS IRLS REML OLS ASYM

Modell-hybrid
ot =12 2.0

Trace avg 12.23 12.15 12.09 13.42 11.64
se 0.144 0.143 0.157 0.191 -
Det avg 0.265 0.256 0.252 0.406 0.204
se 0.015 0.014 0.014 0.014 -
Model2-ccd
o5 tol=12:  0.43
Trace avg 15.19 15.63 14.97 15.35 14.71
se 0.154 1.04 .099 .084 -
Det avg 0.469 0.591 0.452 0.478 0.549
se 0.022 0.25 0.098 0.029 -

Model2-hybrid
ol tol=12: 043

Trace avg 132.4 24.60 23.86 24.04 23.34
se 145.66 0.31 0.275 0.24 -

Det avg 20433.8 525.46 367.32 370.0 292.54
se 27060.9 76.47 43.7 42.48 -

78



Model2-hybrid
662+0€2:12: 2.3

Trace avg 19.91 19.94 20.00 22.75 19.55
se 0.182 0.187 0.188 0.267 -

Det avg 3.75 3.87 3.99 10.62 3.00
se 0.295 0.305 0.321 1.119 -

Model2-ccd
062+062:50: 4.0

Trace avg 35.15 34.79 34.76 41.80 34.65
se 0.78 0.35 0.35 0.72 -

Det avg 21.15 20.37 20.02 107.6 18.51
se 2.75 1.77 1.54 15.10 -

L
Model2-hybrid
o+ 2=50: 4.0

Trace avg 47.3 46.74 47.10 56.22 46.01
se 0.88 0.62 0.67 0.50 -

Det avg 18553.2 16836 19155.9 83497.3 14140.6
se 2653.4 979.05 1493.6 4429.6 -

The magnitude of the standard errors first of all clearly suggests that a set
of 2000 iterations is sufficient in size. In fact, in some cases, 2000 iterations may
perhaps be too many. The table helps illustrate the closeness of asymptotic
values to the resulting simulated trace and determinant values. For the smaller
values of d, the asymptotic values, on the most part, consistently fall within two
standard errors of the OLS average criteria indicating a “closeness” of values. As
d rises, however, this is no longer true. Similarly, the asymptotic criteria also
consistently fall within approximately two standard errors for the REML
estimators when one uses the ccd. Even in the case of the hybrid when the
REML (or even IRLS) does not always fall within + two standard errors of the
asymptotic result for the trace, the asymptotic result is truly a close
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approximation, and the “small” standard errors may suggest misleading
conclusions. This “closeness” of values also holds for 1IRLS and IRLS for the

larger d values.

From this investigation into the variance estimating procedures for the
specific cases of the central composite and hybrid designs and the given second
order models, some recommendations may be made with respect to the “best”
estimating procedure for V. The OLS procedure remarkably proved to be a useful
alternative for second order models with limited quadratic terms and for designs
such as the ccd whose model terms are minimally influenced by the bi-
randomization structure. For complete or near complete second order models and
designs such as the hybrid which are more sensitive to the bi-randomization
structure, the OLS procedure only performs well for values of d<1 as expected due

to the closer resemblance to a completely randomized scenario.

With respect to the other methods and more importantly, for “stronger”
bi-randomization situations (d>1), the REML and IRLS estimating procedures are
quite competitive and give results that are close to the asymptotic values for both
design/model combinations. The method of REML, however, is better able to
handle estimation in cases with small d values, making it the “best” method over
all considered designs, models, and d. If the experimenter should have some prior

€

information on the relationship of the error variances, 062 and acz, and believes
that the ratio is small, the REML or even the OLS methods are the useful
estimation alternatives. If on the other hand, the belief is that the ratio is large,
he/she would be best served using either the REML or IRLS estimating
procedures. For more extreme values of d, the 1IRLS cannot be ruled out for

certain designs.

This investigation is by no means an exhaustive study. It only provides
the experimenter with some reference from which to make a decision. Before a
general recommendation can be made for the pool of response surface designs and

models, a more extensive and complete simulation study must be performed.
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In addition to studying competitive estimation procedures for V, a useful
relationship between the traces and determinants of the simulated Var(g) for
these small response surface designs and the asymptotic trace and determinant
was discovered. For moderate to large values of d (sometimes even for smaller d),
the trace and determinant criteria for Var(3) for both the ccd and hybrid designs
were remarkably consistent with the asymptotic Var(8). As a result, it is safe to
make the assumption that for designs such as the ccd and hybrid,
Var(8) ~ (X*V1X*)1.  This closeness of small design and asymptotic results is
quite useful due to the fact that for small designs such as these investigated the
Var(8) is unknown due the iterative nature of the estimators of V. Thus, the
asymptotic Var(3) may be used as a close approximation to Var(3) for the

standard response surface designs.

§4.7 Asymptotic Properties of Estimators of Coefficients

Under the normality assumption and known variance-covariance matrix V,
the MLE for 3 is given by (X*V1X*)!X*V'ly. The matrix V, however, is rarely
known and thus, must be estimated using one of the procedures described. Once

estimated, V is substituted into the MLE expression to give
3 =(X*VIX*)y1X*Vly. (4.7.1)

The REML estimators for 062 and ¢,% are consistent estimators as are all MLEs.
Similarly, estimators for 052 and ‘752 using the 1IRLS or IRLS methods are also
consistent assuming the sample size grows in both whole-plots units and sub-plot
units alike. As the sample size grows for both units, more degrees of freedom
become available for lack of fit and/or replication sum of squares. Assuming lack
of fit accurately measures whole-plot and sub-plot error, as the sample size grows
large, the estimators converge in probability to the parameters, i.e.

362 3 052
and

0'6 —0

~ 2% 2
€ -
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Based on the consistency of V, the asymptotic variance-covariance matrix

for the estimator discussed is given by
Var(8) = (X*V1X*)L (4.7.2)

From the earlier exploration in §4.6, Var(3) for small designs such as the central
composite and hybrid is close (at least in terms of trace and determinant) to that
of the the asymptotic result. Thus, for model editing purposes the estimated
asymptotic variance-covariance matrix may be used as a good approximation to

the true by unknown matrix, 1.e.
Var(g) = (X*V1X*)L. (4.7.3)

The diagonal elements of 4.7.3 can then be used as denominators values in

coefficient testing procedures.

The close approximation of Var(3) to the asymptotic variance for small
designs will be utilized extensively in the next chapter which addresses the
efficiency of standard second order response surface designs under bi-
randomization error structures. The asymptotic variance of the model estimators
will be used in the optimality criteria expressions to circumvent the necessity for

extensive simulation for comparison of the small designs.
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CHAPTER 5

DESIGN OPTIMALITY

A unique characteristic of RSM is that the experimenter actually has the
ability to choose the design he or she wishes for experimentation. As was
mentioned in Chapter 1, this characteristic spawned an area of research called
design optimality. Design optimality aids the experimenter in his choice of design
by selecting a collection of design points that provides an “overall” best design
with respect to a prespecified criterion. Common criteria used in optimal design
selection include D and Q. This letter notation has given rise to the reference of
alphabetic optimality criteria, and note that D and Q) are just two out of many

available criteria.

The D and Q criteria are direct functions of the Var(3). Thus, in the
presence of a completely randomized structure they are functions of (X'X)?!
which is a function purely of design. Under a bi-randomization error control
format, however, these criteria are functions of (X'V'X)™ assuming V is known.

2 and 0,2, are nested within the criteria. While many

The nuisance parameters, o
efficient designs have been developed for the completely randomized error
structure, the natural question is whether these designs perform well under a bi-
randomization structure. In other words, standard response surface designs may
require, for each criterion, modification to better accommodate the dependent

relationship among observations within a whole-plot found in a BRD.
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The investigation into design efficiency under bi-randomization error
structures will focus on altering standard completely randomized response surface
designs. Under the bi-randomization structure, the overall composition of the
standard CR design in terms of sample size and other properties will remain
unchanged, but based on the resulting V matrix, the levels of the design variables
will be chosen to gain efficiency. These resulting levels can then be compared to
the standard levels used in the CRDs. Both crossed and non-crossed BRDs will be

considered.

§5.1 Design Optimality for Crossed BRD

Design optimality will be first explored for crossed BRDs. Both the D and

Q criteria will be considered.

85.1.1 D Optimality

The D optimality criterion for design selection is the most widely used and
accepted (most likely due to its simplicity) from the alphabetic collection. It
originated with Kiefer and Wolfowitz in 1959 and continues to be a popular
choice among experimenters for design selection. This criterion concentrates on
choosing the design, denoted 9@, that minimizes the generalized variance associated
with estimating model coefficients. For standard RSM, D optimality solves the

criterion

min|(X"X")"| (5.1.1)

where X* is the model matrix for the CRD. Equation 5.1.1 is derived from
Var(B8)=0 2 [X*X"] .

For a BRD, the D optimality criterion must reflect the dependent

covariance structure of the observations and thus, becomes

m%nl(X*'V‘lX*)'lL (5.1.2)
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Expression 5.1.2 can also be written as
mcﬁx|(X*'V'1X*)[. (5.1.3)

The variations in precision of coefficient estimation in a BRD suggests intuitively
that their D optimal designs may differ from D optimal CRDs to compensate for

the unequal variances and nonzero covariances.

Recall from Chapter 3 that for a crossed BRD with a model of any order,
the ordinary least squares and generalized least squares equations were proven to

be equal based upon the existence of a G matrix such that
X*V1=GX".
Using this equality, 5.1.3 becomes
mO%X|GX*X*":mO%X|G| | X*X*|. (5.1.4)
The matrix G is a (p+1)*(p+1) lower triangular matrix and therefore,
(1-cb) T’“_

p+1
|G’:I_—[1 ="

O¢

Since c= and b are both constants, 5.1.4 is equivalent to choosing 9 to

a€2+b052

mc.sxx\ (XX

Consequently, the D optimal BRD is equal to the D optimal CRD. No

modifications are necessary.

§5.1.2 D, Optimality for Robust Parameter Design

Often the entire vector of parameters is not of primary interest in an

analysis; instead, only a subset of parameters may be the focus. For this
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situation, a design should be chosen to concentrate on the estimation of this
subgroup. Kiefer [1961] and then Karlin and Studden [1965] modified the D
optimality criterion found in §5.1.1 to reflect this change of focus. This criterion
is called D, optimality, and it chooses the design, 9, that minimizes the
determinant of the respective submatrix of Var(3) corresponding to the subset of
desired model terms. Suppose the model matrix X* is partitioned into [X;| X,]
where X, contains the subset of model terms of interest. The D, optimality

criterion for a CRD is given by

min | [X;X, Xy X (Xy Xy X0 Xl (5.1.5)

This particular criterion has a natural application in robust parameter
design. Recall, the driving force behind controllable process variability through
design are the modeled controlxnoise interactions. Designs should, thus, be chosen
for experimentation which provide precise information about these model terms.
This can be accomplished using D, optimality on the subset of control*noise
interactions. Alteration of 5.1.5 to incorporate the covariance structure of a
crossed BRD 1is based on the variance-covariance expressions derived for estimated
coefficients in §3.4.1. Assuming the noise variables form the levels of the whole-
plot variable and the control variables are the sub-plot variables, the D,

optimality criterion for the noisexcontrol interactions (sub-plot terms) becomes

- _
Cm.mcm,m-H' o Cm,t
C e el C
. m+1,m m+1,t
min| R (5.1.6)
) . . . €
Cmt " Cet1 Co

where ¢;; is the i*® row and j* column entry of [X*X*]?. This determinant is
proportional to the respective noisexcontrol interaction submatrix of (7(92[)("')(“]'l
from the CRD analysis. Thus, if sub-plot terms are of primary interest, the D,

optimal design is invariant to the error control structure.
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When a subset combination of whole-plot and sub-plot model terms are of
interest in a BRD, the D, optimality criterion does not easily transform into a
function of [X*X*| as it did in 5.1.6. Intuitively, however, by examining the
different components of the submatrix determinant, it appears, at least in the first
order situation, to have the same goals as the minimization of the same criterion
for a CRD. The goals are to push variable levels out to extremes and to make

model term contrasts orthogonal. See Myers [1976] and Box and Draper [1987].

£§5.1.3 Q Optimality

The Q optimality criterion is another useful tool for choosing a “good”
design to implement. Unlike D optimality, QQ optimality focuses on choosing the
design, 9, which provides an “overall” minimum prediction variance throughout
the researcher’s region of interest. “Overall” typically refers to a type of average
prediction variance. For a CRD with model y=Xg+6 where ¢ ~ N(O,0'92I), the

prediction variance at the point x, is given by
Var[§]=x,9[XX] x4 002 (5.1.7)

where x,9 is the model vector for the given point. The Q criterion does not
attempt to minimize the prediction variance at each x, but instead minimize the
prediction variance average over all x, in the region of interest. Formally, the Q

criterion is given by the expression

min %Jg’d[XX]'lzd dx (5.1.8)
K.
where N is the total sample size, % is the region of interest, and k is the volume of

that region.

Now consider a crossed bi-randomization design with model y=X"g+¢*
where ¢*=§+¢ ~ N(0,V). The prediction variance at a given point X, is now given
by
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Var[§]=x,9[X*V1X*] x4 (5.1.9)
and consequently, the Q) criterion becomes

min %Jg’d[xw-lx*}-lf dx (5.1.10)
R

or equivalently,

; 1
mc-ll)n trace { kJ"
R

x¢ gdd;} [NV (5.1.11)
Notice that 5.1.8 for the CRD is not a function of the error variance. For the

BRD, however, the error variances are nested within the criterion given by 5.1.10

and 5.1.11.

Since the Q criterion is model driven, in order to see the influence of V on
design choice a specific model must be selected. Consider a two variable, one
whole-plot, z, and one sub-plot variable, x, crossed BRD with a first order model
involving the intercept, z, x, xz. Assuming the region is symmetric and using the
variance and covariance expressions derived in Chapter 3 for the crossed BRD

coefficient estimates, 5.1.11 becomes

I 2 2 2 2 1 2 2
Nlcp byloe +bogs ] +cy klog ]g};x +Chy el ]:L;XZ + 5 Calo +bos]

+30nlos 1 5% + § Cnlo] 1 Craeled] (5.1.12)
3 ! wp 3 ’ 9 !
where
c;; = diagonal element of [X*X*]"! associated with i model term
¢, 1. = diagonal element of [X*X*]! associated with intercept
oo
c;; = off-diagonal element of [X*X*]"! associated with ij interaction model

term.

To minimize 5.1.12 with respect to design, the diagonal and off-diagonal elements
of [X*X*]' should be minimized. In addition, the sub-plot terms should be
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orthogonal to whole-plots. These two goals can be achieved simultaneously by
spreading the levels of each variable to its extremes and making model term
contrasts orthogonal. These are the same goals used to create first order Q
optimal designs under a completely randomized structure. Thus, the presence of

V has no influence on first order crossed BRDs optimal design levels.

For first order crossed BRDs, all three alphabetic criteria failed to be
influenced by the BRD’s dependent covariance structure. In addition, D
optimality was not influenced for a crossed BRD of any order. Because of the
preservation of the equality of the OLS and GLS equations in the two-level non-
crossed fractional factorial BRDs, they too are unaffected in terms of optimality
by the presence of the V matrix. Second order crossed and non-crossed BRDs will

be considered in the next section.

§5.2 Design Optimality for Second Order Response Surface Designs

Exploration into design optimality for second order crossed and non-crossed
BRDs is more complex than that presented in the previous section for first order
designs. Recall for second order non-crossed BRDs, the equivalency of the OLS
and GLS estimating equations does not universally hold. This implies that X*V!
cannot be rewritten as GX* which was the basis of the design optimality
investigation in §5.1. Because this equivalency does not always hold a different
approach to design optimality for second order BRDs must be taken. Instead of
arbitrarily trying to “improve” the efficiency of standard second order response
surface designs run under a bi-randomization error structure, the design
optimality investigation will begin with a comparison of efficiencies among both
crossed and non-crossed second order standard RS designs. The efficiencies of the
second order designs will be compared for varying strengths of the dependency
among observations within a whole-plot. This investigation will provide an
insight into desirable design characteristics for second order bi-randomization

experimentation.

A collection of twelve standard second order response surface designs run
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under a bi-randomization experimental structure will be compared. Included in
the collection are Box-Behnken, hybrid, 3% full factorial, and central composite

designs. Variations on each design constitute the twelve total designs.

Two efficiency measures will be used for comparison. Each is based upon
the variance of the estimated vector of model coefficients, but recall, in Chapter 4
that this variance, although unknown, is well approximated by the asymptotic
var(B) expression. The measures will therefore be functions of (X*V'X*)'. The
first measure is based upon the D optimality criterion. For each of the twelve
BRDs,
‘(X*’V'IX*) p_.lpf
N

(5.2.1)

will be calculated for various combinations of ‘762 and ‘752- The Var(yij)=062 + o2
will be held fixed to one, but the values of the error variances will individually be
varied to reflect different “strengths” for the bi-randomization structure. The
value of 5.2.1 provides a per observation measure of the D optimality criterion.
The overall goal is to maximize this expression. In addition, comparisons will be
made in terms of an approximate () optimality criterion. Recall that the Q
optimality criterion involves an integrated prediction variance over a region of

interest. An approximation utilizing the asymptotic var(3) is given by

Z Kod’(X*'V-IX*)-IX_dQ
in %

= (5.2.2)

where x, is a point in the design region of interest, x,9 is the respective model

vector for that design point, and K is the total number of x, combinations used in

the sum. Once again, the error variances will be held to a fixed sum, but their

ratio, d, will be allowed to vary. A sizable grid search over % is used to calculate

5.2.2.  Unlike expression 5.2.1, the goal is to minimize the 5.2.2 values. For
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evaluation purposes of both criteria, V is known.

To be able to fairly compare the twelve designs with respect to these
measures, each design will be scaled to the same region of interest. This was done
by scaling each design such that the outermost design point for each design is on
the same radius. Note that when the designs are presented they will be in the
unscaled, but more familiar notation. All calculations, however, are based on the

scaled versions.

Comparisons among the set of second order BRDs will be performed for
four different variable combinations. The variable combinations included are: (i)
one whole-plot variable/two sub-plot variables, (ii) one whole-plot variable/three
sub-plot variables, (iii) two whole-plot variables/one sub-plot variable, and (iv)
two whole-plot variables/two sub-plot variables. Later results will indicate that
the number of whole-plot variables influences the resulting efficient designs. For
this dissertation, situations with only one and two whole-plot variables will be
examined for three and four variable designs. For each variable combination, a
second order model including all first order interactions and quadratic terms will

be used.

§5.2.1 One Whole-plot Variable/Two Sub-plot Variables

The first variable combination has one whole-plot variable, z;, and two
sub-plot variables denoted x; and x,. The second order model under investigation

is
E[Yij]:ﬁo"f'ﬂlzl"'522124‘33"1+54X2+ﬁ5X1X2+56X12+ﬁ7X22+ﬂsX121+59x221-

As previously mentioned, twelve standard RS designs run under a bi-
randomization error structure will be examined with respect to these variables and
this model. The designs include a 3% full factorial; 3 variable standard (full
factorial portion) ccds and a=1, 1.682, and 2; 3 variable small composites (a ccd

with a half fraction in the factorial portion) and a=1, 1.682, and 2; 3 variable
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Box-Behnken designs with 1 and 3 center runs; hybrid 310 designs with 0 and 1
center runs; and finally, a hybrid 311b design. The respective design matrices are
given in Appendix F. For each design, the D and Q criterion measures were
evaluated at ten levels of d=<762/0'€2 ranging from d=0 to d=30. The results for
the D criterion comparison are given in Figures 5.2.1 and 5.2.2 while the Q
criterion results are found in Figures 5.2.3 and 5.2.4. In each pair of figures, the
first plot shows a range on d from 0 to 1 whereas the second plot displays the
entire range of d. Also note that the side axis corresponds to the D criterion in

Figures 5.2.1 and 5.2.2 whereas the bottom axis displays the d___062/a€2 values.

While examining Figures 5.2.1 and 5.2.2 one must remember that the goal
is to maximize the D criterion value. Beginning with Figure 5.2.1, for d=0, (a
CRD), the standard designs cluster together with competitive D values except for
the small composite design with o=1 which is known not to be an efficient
completely randomized design. The full factorial design ranks low for d=0 due to
its larger sample size. As d begins to slowly grow, the efficiency ranking of the
designs begin to change. Efficiency ranking refers to how the given design’s
criterion values compare to the those of other designs. The D value for the 32 full
factorial initially declines as d grows from 0 to 0.25 indicating an initial loss in
efficiency as compared to the other designs under the stronger bi-randomization
structure. After the initial drop, the full factorial design does slowly rise in D
value but never regains a competitive efficiency ranking. On the contrary, over
the same range the Box-Behnken design with 3 center runs, the standard ccd with
a=1.682, the standard ccd with o«=2, and the hybrid 310 with 1 center run all
appear to be improving in terms of their efficiency rankings as d gets larger.
Figure 5.2.2 illustrates the continuation of that trend. As d becomes larger
indicating a stronger dependency within each whole-plot, the most efficient class
of designs for the bi-randomization structures contains the ccds with «=1.682 and
2, with the Box-Behnken designs with 1 and 3 center running close behind.
According to the per observation D criterion, these designs are the most efficient
under a fairly strong bi-randomization error structure. The hybrid designs, even
though they are competitive for small d, become inefficient alternatives as d
increases. The small composite designs and the full factorial design also proved
themselves to be inefficient over a broad range of d.
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D-OPTIMALITY CRITERION VALUES
Mcdel: 80,.21,211,X1,X2,X1X2,X11,X22,X121,X2Z2
Scaled so variances sum to 1
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Legend
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bb3-boxbehnken with 3 center runs
n310-hybnd 310

h3101-hyorid 310 with 1 center run
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ccd3v-3 vanable stancard ccd with alpha=1.682

Figure 5.2.1 D Criterion Values for One Whole-plot/Two Sub-plot Variables

d=0to1

ccd3vi-3 variable standard ccd with alpha=1
ccd3v2-3 vanable standard ccd with alpha=2
sc3v-3 vaniable smail composite with aipha=1.682
sc3v1-3 vanable smail composite with aipha=1
sc3v2-3 variable small compasite with aipha=2
full-full 3*3 factonal
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C-OPTIMALITY CRITERION VALUES
Model: B0,Z1,Z11,X1,X2,X11,X22,X1X2,X1Z21,X2Z1

Scaled so variances sum to 1
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bb1-baxoennken with 1 center run
bb3-boxbehnken with 3 center runs
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h311b-hybnd 311b

ccd3v-3 vanable standard cod with alpha=1.682

Legend

ccd3v1-3 vanable standard ccd with alpha=1
ccd3v2-3 vanable standard ced with alpha=2
sc3v-3 variabie small composite with aipha=1.682
sc3v1-3 variable small composite with alpha=1
sc3v2-3 variable small composite with alpha=2
fuil-full 3+3 factorial

Figure 5.2.2 D Criterion Values for One Whole-plot /Two Sub-plot Variables
d=0 to 30
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Q-OPTIMALITY CRITERION VALUES
Model: B0.Z1,Z211,X1.X2.X1X2.X11,X22.X121,X2Z1

Q value (Approximated by averaging over region -1.732 to 1.732 on each variable)

264 Scaled so variances sum to 1
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Figure 5.2.3 Q Criterion Values for One Whole-plot/Two Sub-plot Variables
d=0to 1
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Q-OPTIMALITY CRITERION VALUES
Model: B0.21,211.X1,X2,X1X2,X11,X22,X121,X2Z1

Q value (Approximated by averaging over region -1.732 to 1.732 on each variable)
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Figure 5.2.4 Q Criterion Values for One Whole-plot/Two Sub-plot Variables
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An alternative ranking of efficient designs according to the Q criterion is
found in Figures 5.2.3 and 5.2.4. For these plots, recall the goal is to minimize
the @ value. Once again, for d=0 the designs cluster together except for the
inefficient ccd and small composite design with a=1. As d rises, the 3% full
factorial design’s Q value quickly begins to rise. At a small d=0.1 value, it can no
longer be considered among the competitors of efficient designs. According to the
Q criterion, the 3% full factorial is very inefficient under most degrees of bi-
randomization structure. Even if design size were not a consideration, it would
still not be an acceptable option from an efficiency standpoint. The other designs
appear to have fairly stable () values across d=0 to 1 except for both Box-
Behnken designs which like the 32 also lose efficiency and continue to lose until
about d=10. Note that the hybrid designs fare much better in efficiency with
respect to the @ criterion than the D criterion. As d continues to rise, the
standard ccds with «=1.682 and 2 again prove themselves to be the most efficient
under these error control structures along with selected hybrid and small
composite designs. When examining these plots, remember that the var(y;) has
been scaled to be equal to one. If a different scaling were used, the differences in

Q values would be more exaggerated.

From this collection of plots, based on both criteria, the standard ccds with
a=1.682 and 2 provide the most efficient alternatives for this model under the bi-
randomization structure for various levels of d. In addition, this investigation
shows for small to large d the 3% full factorial design can quickly be eliminated
from possible design choices, even if sample size is not a concern. It is simply not
efficient under the bi-randomization error scheme. Before continuing with another
variable combination, note that for the QQ criterion at d=1 the most efficient ccd
changes. From d=0 to 1, the standard ccd with an «=1.682 is the most efficient,
but for d=1-30 the other standard ccd with a=2 is the most efficient. Under a
CRD structure, a=1.732 is optimal. This fluctuation in the most efficient axial

value for ccds will be explored later.
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§5.2.2 One Whole-plot Variable/Three Sub-plot Variables

The example explored in the previous section will now be extended to

incorporate one more sub-plot variable, x5. The second order model becomes

E[Yij] =Bo+612: + 8521 %+ B3Xy 84X+ B5X3+BeX1Xo+ BrX X3+ BgXoX3+
ﬁ9x12+510x22+ﬁnx32+[312x1z1+ﬂ13x2zl+ﬁl4x221_

For this scenario a similar set of designs will be compared, just now in terms of
four variables. Included are once again a 3* full factorial design, standard ccds
with «=1,2, and 3, small composite designs with a=1,2, and 3, 4-variable Box-
Behnken designs with 1 and 3 center runs, hybrid 416A designs with 0 and 1
center runs, and a hybrid 416C design. The designs may be found in Appendix G.
The same analysis as outlined in §5.1.1 for the three variable combination was

performed. The resulting D and Q) plots are given in Figures 5.2.5-5.2.8.

The set of plots for the D criterion illustrate the same results found for the
previous three variable example. The 3* full factorial design D values initially
decrease as d rises from 0 to 0.25 quickly pushing it out and keeping it out of the
category of D efficient designs. The other competitive designs show increases in
their criterion values over the same range of d. As d continues to grow, the
standard ccd with «=2 and the set of Box-Behnken designs (even after an initial
decline in efficiency) are once again the most D efficient designs with respect to
the bi-randomization error structure. Note that a large portion of the designs
appear to have consistent increases in D values across d=0 to 1. Only the Box-
Behnken designs, one hybrid design, and of course, the full factorial design seem
to be influenced by the dependency among observations. This can be seen by
their non-constant increases/decreases in D. For most designs this influence
improves the D efficiency as d grows, but for the full factorial, however, the initial

loss is never recovered.

Figures 5.2.7 and 5.2.8 for the Q) criterion also produce a similar picture to

that found in the earlier scenario. For almost the entire range of d, the full
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D-OPTIMALITY CRITERION VALUES

D value
1.2+

1.14
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Modei: B0,Z1,Z211,X1,X2,X3,X1X2,X1X3,X2X3,X11,X22.X33,X121,X2Z1,X3Z1
Scaled so variances sum to 1
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Legend

bb1-boxbehnken with 1 center run
bb3-baxpehnken with 3 center runs
h416a-hybrid 416a

h416a1-hybrid 416a with 1 center run
n416c-hybnd 416¢

ccadv-4 variable standard ccd with alpha=2

Figure 5.2.5 D Criterion Values for One Whole-plot/Three Sub-plot Variables

d=0to 1l
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ccd4vi-4 vanable standard ccd with alpha=1
ccd4v3-4 vanable standard cod with alpha=3
scdv-4 vanabile smail composite with aipha=2
scdv1-4 vanable small composite with alpha=1
scdv3-4 vanable small composite with alpha=3
full-full 3*4 factonial



D-OPTIMALITY CRITERICN VALUES

D value
10 4

Model: B0,Z1,Z11,X1,X2,X3,X1X2,X1X3,X2X3,X11,X22 X33,X1Z1,X2Z1,X321

Scaled so variances sum to 1

e ccd4v
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Legend

bb1-boxbehnken with 1 center run
bb3-boxbehnken with 3 center runs
h416a-hybrid 416a

h416a1-hybrd 416a with 1 center run
h416¢c-hybrd 416¢c

ccdd4v-4 variable standard ccd with alpha=2

Figure 5.2.6 D Criterion Values for One Whole-plot/Three Sub-plot Variables

d=0 to 30
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ccddvi-4 variable standarg ccd with aloha=1
ccddv34 variable standard cod with alpha=3
scdv-4 vanable small composite with aipha=2
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sc4v3-4 variable small compasite with alpha=3
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Q-OPTIMALITY CRITERION VALUES

Q value Model: B0,Z1,211,X1,X2.X3,X1X2,X1X3,X2X3,X11,X22,X33.X1Z1,X2Z1,X3Z1
80 (Approximated by averaging over region -2 to 2 on each variabie)
1 Scaled so variances sum to 1
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Figure 5.2.7 Q Criterion Values for One Whole-plot/Three Sub-plot Variables
d=0to 1l
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Q-OPTIMALITY CRITERION VALUES
Model: B0,Z1.Z211,X1,X2,X3,X1X2,X1X3,X2X3,X11,X22,X33,X121,X2Z1,X3Z1

(Approximated by averaging over region -2 to 2 on each variable)
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Figure 5.2.8 Q Criterion Values for One Whole-plot/Three Sub-plot Variables
d=0 to 30
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factorial design is clearly inefficient as compared to the other second order design
alternatives.  Its structure cannot adequately handle, in terms of average
prediction variance, even a weak dependent relationship among observations
within a whole-plot. The Box-Behnken designs, as was found for the D criterion,
are clearly affected by the dependent covariance structure; however, for the Q
criterion, the effect is “negative”. =~ While the Box-Behnken designs are good
competitors for a CRD or for small d BRD, as d grows they soon become
inefficient. One interesting thing to note: that of all the designs considered the
full factorial design and the Box-Behnken designs are the ones with only three
levels (-1,0.1) for each variable. The ccd with a=1 also falls in that group, but
whereas the 3* factorial and Box-Behnken designs are competitive for d=0, this
ccd is inefficient even for the CRD. Having only three unique levels for the
whole-plot variable implies only three whole-plot EUs, as opposed to five for the
standard ccd, are required for the BRD. So few units and degrees of freedom for
whole-plot estimation may account for the poor performance of these designs
under the bi-randomization structure. The full factorial design fares worse than
the others due to its larger sample size. It provides information where it is least
needed. The most efficient designs in reference to the Q) criterion are once again
the hybrid designs and the standard ccds with «=2 and 3. Also note that on
Figure 5.2.8 at d=10, the Q efficient ccd changes. From d=0 to 10, the standard
ccd with o=2 is the most efficient; from d=10 to 30, however, an a=3 ccd is more
efficient. Recall that this same fluctuation in the Q efficient ccd was seen in the
three variable example. One possible explanation may be that a most efficient
axial value exists for each value of d or, perhaps, for ranges of d. These

fluctuations in optimal axial values was not observed for the D criterion.

85.2.3 Q Optimal Axial Values for Standard CCD

While the ccd has already proven itself to be the most efficient design for
both criteria under the bi-randomization error control structure, evidence has been
found in the preceding examples for the Q criterion that the standard ccds may be
able to be modified to even better accommodate the bi-randomization scheme.
The evidence suggests that an optimal axial value (different from the standard
used in CRDs) may exist for each value of d or perhaps for ranges of d.
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Instead of selecting the optimal axial value for a ccd for various bi-
randomization situations, the axial values will be fixed to maintain a comparable
design region of interest. The factorial values in the design will instead be chosen
to minimize the Q criterion. The resulting design apart from scaling is equivalent
to what would be found by choosing the “optimal” axial value. The relationship
between the factorial and axial values 1s what is of primary importance.
Symmetric factorial levels for each type of variable are assumed. The factorial
levels on the whole-plot variables will be denoted + g, while the factorial levels on
the sub-plot variables will be given by 4+ h. The values g and h are then chosen
to minimize the Q criterion given in 5.2.2 for the two previous variable/model
combinations. The Nelder-Mead simplex program for function minimization is

used to obtain the minimizing g/h values. See Nelder and Mead [1965].

First consider the standard ccd from the example in §5.2.1 with one whole-
plot variable and two sub-plot variables. The axial value was fixed to 1.732, and

the resulting “optimal” factorial levels chosen for a range of d values are given in

Table 5.2.1.

Table 5.2.1 Optimal Factorial Values for CCD Run in Bi-randomization Format:
One Whole-plot Variable/Two Sub-plot Variables

052 . .

d-—-g—‘52 g h Efficiency
0.0 1.00 1.00 1.00
0.5 0.87 1.06 0.99
1.0 0.79 1.09 0.97
3.0 0.64 1.13 0.91
5.0 0.58 1.15 0.89
8.0 0.53 1.17 0.87
10.0 0.50 1.17 0.86
30.0 0.40 1.19 0.83
50.0 0.35 1.20 0.82
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The efficiency column in the Table 5.2.1 compares the Q criterion values for a ccd
using factorial values of £+1 for both g and h to the “optimal ccd” using the tabled
g and h values. An efficiency < 1 indicates that the traditional ccd with factorials
of +1 (used for CRDs) is not as efficient as the ccd using the alternative factorial
levels under the given bi-randomization error structure. An obvious trend appears
in the optimally chosen factorial levels. As d becomes large, the chosen whole-
plot factorial level continually decreases indicating that levels pushed to the
extremes are no longer efficient. At d=10, for example, the most efficient
factorial location is half way to the extremes. This is a sizable change in factorial
level placement. Meanwhile, the chosen sub-plot factorial values remain close to
the traditional value of one with a slight increase as d gets larger. For these bi-
randomization designs, the use of the alternative factorial values in the ccd
provides a more efficient design. For example, for a d=10 the traditional ccd is

only 86% as efficient as the alternative ccd.

Similar results are found for the example given in §5.2.2 using one whole-
plot and three sub-plot variables. In this case, o was set to 2, the traditional axial
value for a CRD. The results are given in Table 5.2.2.

Table 5.2.2 Optimal Factorial Values for CCD Run in Bi-randomization Format:
One Whole-plot Variable/Three Sub-plot Variables

. 2
d:—% g h Efficiency
O¢
0.0 1.00 1.00 1.00
0.5 0.89 1.03 0.99
1.0 0.82 1.05 0.98
3.0 0.68 1.09 0.94
5.0 0.61 1.10 0.92
8.0 0.56 1.11 0.90
10.0 0.53 1.11 0.89
30.0 0.42 1.13 0.86
50.0 0.37 1.14 0.85



Once again, the chosen factorial levels on the whole-plot variable is inversely
related to d whereas the sub-plot factorial levels remain fairly constant. Overall,
the same conclusions for one whole-plot variable can be drawn in the presence of

either two or three sub-plot variables.

While the conclusions from this investigation into efficient ccd factorial
values for the Q criterion are quite intriguing, there is no obvious intuitive
justification for these results. To help understand the necessity of altering the
factorial levels on the whole-plot variables, two variable prediction variance
surface plots will be examined for the specific case of a ccd with one whole-plot

variable and two sub-plot variables.

Recall for a given model and design, prediction variance at a given point,

X, , for a BRD is given by the expression
X (X VIX) x4, (5.2.3)

Using 5.2.3, a surface of prediction variances at design points within the region %
was generated for the standard ccd with factorial values +1 on each variable and
a=1.732.

Figure 5.2.9 displays the prediction variance surface for any combination of
two variables from the ccd run under a completely randomized error control
structure, i.e. d=0. The surface is mound shaped with the highest peak at the
center (0,0). The design points for the ccd are indicated on the surface.
According to design optimality theory, in order to improve this design with
respect to average prediction variance, additional design points must be placed at
areas of poor prediction variance. In other words, to improve the standard ccd
under a completely randomized structure, all that can be done is to possibly place
some additional points at the center of the region, (0,0). The +1 factorial levels
should remain unchanged. This holds true for any combination of variables from

the ccd. Thus, the standard ccd is indeed a “good” CRD.
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Figure 5.2.10 Prediction Variance Surface for d=10, z,*x; or z;*x,
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Figure 5.2.11 Prediction Variance Surface for d=10, x;*x,
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Now consider the same standard ccd but run as a BRD with
d:%?/a}:w. Figure 5.2.10 displays the prediction variance surface for a whole-
plot and sub-plot variable combination. Notice that the surface is no longer
mound shaped. It has a ridge of poor prediction variance running along z,=0.
The mound in the center is still visible but is dominated by the ridge. According
to design optimality theory, in this situation, points need to be placed along that
ridge of poor prediction variance. This is exactly what is achieved by literally
pushing the whole-plot factorial levels from +1 closer to the center.
Augmentation of additional smaller factorial levels to the original ccd to better
address that ridge of poor prediction variance would not be acceptable due to the
fact that adding new whole-plot variable levels introduces additional whole-plots.
In this investigation, the number of whole-plots was to remain unchanged. Thus,
pushing the factorials toward the center provided the best means for improving
the prediction capability of the design. The “optimal” ccd design points are
indicated on Figure 5.2.10. It is evident that these new factorial levels more
directly target the poor prediction variance. While the whole-plot variable
factorial levels change, recall the sub-plot levels remain close to +1. According to
Figure 5.2.10, it appears that these levels should be pushed to the outer limits of
the region to once again best target the prediction variance ridge. Figure 5.2.11,
however, provides an explanation for the constant factorial values for the x’s.
This surface shows prediction variances for the x, and x, combination. It has the
same mound shaped surface found for the completely randomized ccd indicating
that according to design optimality theory the factorial levels should remain at
+1. The benefit obtained by leaving the sub-plot factorials at one outweighs the

benefit of pushing them to the edges to better address the variance ridge.

These prediction variance surfaces provide the reasoning based on design
optimality theory behind the necessity for modification of whole-plot variable
factorial levels for bi-randomization ccds. This is also the first evidence to
support the claim that standard response surface designs may indeed require
modification for use in bi-randomization experiments. In addition to the
prediction variance surfaces, variances of estimated model coefficients for both the

traditional and the alternative “optimal” ccds can be helpful.
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For the first variable combination studied with one whole-plot and two
sub-plot variables, consider the traditional ccd with factorial values=+1 and also
the “Q optimal” ccd using with tabled factorial values for d=10 of g=0.50 and
h=1.17. For this design and model, Var(5) is calculated and an efficiency value

computed where

Var(ﬁoptimal)
Var(/ﬁ\trad)

efficiency=

When efficiency<1 the alternative ccd has smaller variance associated with its
coefficient estimator than the traditional ccd with g/h=1. Efficiencies for the

three variable design are given in Table 5.2.3.

Table 5.2.3 Efficiency of Coefficient Estimation for Traditional and Alternative

CCD for d=10
Intercept | 2z, 7,2 X, Xy | XXg | X2 | X2 | X921 | X274
71 1.25 | .76 .83 .83 | .55 1 1 3 3

The efficiencies indicate that the alternative ccd 1s sacrificing precision in
estimation the whole-plot*sub-plot interactions in order to gain needed efficiency
in whole-plot cocfficient estimation. These interactions are sub-plot terms and
recall, that sub-plot model coefficients in a BRD are estimated with greater
precision than the whole-plot coefficients. Thus, loss of precision is sub-plot
estimation can be ecasily afforded in order to combat the larger variances in whole-
plot parameter estimation. Similar efficiencies and conclusions were obtained for

the one whole-plot variable/three sub-plot variables example.

For the optimality investigations conducted thus far, both examples with
one whole-plot variable produced similar findings regardless of the number of sub-
plot variables. To investigate whether these conclusions are also invariant to the
number of whole-plot variables, two more variable combinations will be
considered: two whole-plot variables/one sub-plot variable and two whole-plot
variables/two sub-plot variables.

111



§5.2.4 Two Whole-plot Variables/One Sub-plot Variable

In the first combination the whole-plot variables will be denoted z;, z, with

the sub-plot variable denoted x;. The second order model for this investigation is
E[y|=80+ 012118920+ Bs2129+ 8421+ B522°+ BeXy + 8%, *+ BgX1 21 + BgX1 2.

The same set of twelve standard second order response surface designs will be
compared with respect to the D and () optimality criteria. Since there are a total
of three variables, the same designs as those in the one whole-plot/two sub-plot
variable situation will be used. The D plot is given in Figures 5.2.12 for d=0-30
and the Q plot in Figures 5.2.13, also for d=0-30.

The number of whole-plot variables seems to have little affect on the D
criterion plots. Figure 5.2.12 is similar to those for one whole-plot variable
examples (except for scale). The full factorial design, however, appeared to fare
better than in the previous examples. There are some differences in terms of the
influence of V on the hybrid designs, but the standard ccd with «=1.682 and both
Box-Behnken designs are still the most efficient under the bi-randomization error

structure.

The @Q criterion plot, however, does show variations from the previous
examples. The obvious differences involve the Box-Behnken and hybrid designs.
In the one whole-plot variable examples, the standard ccds with «=1.682 and 2
were the most efficient designs, while the Box-Behnken designs did not perform
well. For this example, however, the Box-Behnken designs are now among the
most efficient. The ccds are only fourth and sixth in the ranking of most efficient
designs for moderate to large values of d. The set of hybrid designs are also more
efficient than the ccds for larger d values. The switch in efficient designs from the
one-whole plot variable case are the result of simply altering the role of a variable.
Of all the designs and situations considered, until now, the ccd seemed to best

accommodate the bi-randomization error structure.
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D-OPTIMALITY CRITERION VALUES
D value Model: 80,21,22,2122.211,222,X1.X11,X1Z1,X1Z22
21 Scaled so variances sum to 1

20 e ccd3v

19-

i

18-

1.7%

bb1

Q 10 20 30
d=sigma sq delta/sigma sq epsilon
Legend

bb1-boxbehnken with 1 center run ccd3v1-3 vanable standard ccd with alpha=1
bb3-boxpehnken with 3 center runs ccd3v2-3 varniable standard ced with aipha=2
h310-hyobrid 310 sc3v-3 variable small composite with aipha=1.682
h3101-hybrid 310 with 1 center run sc3vi-3 variable small composite with aipha=1
h311-hybrid 311 sc3v2-3 vanable small compasite with alpha=2
ccd3v-3 vanable standard ccd with alpna=1.682 full-full 323 factorial

Figure 5.2.12 D Criterion Values for Two Whole-plot/One Sub-plot Variable
d=0 to 30 ‘
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Q-OPTIMALITY CRITERION VALUES
Madel: B0,21,22,2122,211,222 X1,X11,X121,X122
(Approximated by averaging over region -1.732 to 1.732 on each variable)
264 Scaled so variances sum to 1

27 T T2 sc3vl

13+ - ced3vi

i sc3v2

e scdv
‘ bb3

ccd3v
3 h3101.ccd3v2

d=sigma sq delta/sigma sq epsilon

Legend
bb1-baxbehnken with 1 center run ccd3vi-3 variable standard ced with alpha=1
bb3-boxbennken with 3 center runs ccd3v2-3 vanable standard cca with alpha=2
h310-hyond 310 sc3v-3 vanable small compaosite with alpha=1.682
h3101-hybrid 310 with 1 center run sc3v1-3 vanable small composite with alpha=1
h311-hybrid 311 sc3v2-3 variable small composite with alpha=2
ccd3v-3 vanable standard ccd with alpha=1.682 full-fuil 3*3 factonal

Figure 5.2.13 Q Criterion Values for Two Whole-plot/One Sub-plot Variable
d=0 to 30
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It is possible from the observed results in the previous investigation that
perhaps an alternative ccd may be superior to the Box-Behnken and hybrid
designs. Using the Nelder-Mead algorithm optimal factorial values were chosen
for the ccd under this bi-randomization structure. For each value of d, the most
efficient factorial levels, with respect to the Q) criterion, were close to g=1 and
h=1. The standard ccd is indeed the best that the ccd can do for average
prediction variance under this structure. To better understand why the ccd could
not be improved for the two whole-plot variables/one sub-plot variable
combination, prediction variance surface plots will again be consulted. Figure
5.2.14 displays the surface for the two whole-plot variables, z, and z,. This
surface suggests that the z’s factorial levels should remain at 41 to best address
the “hump” of poor prediction variance. The prediction variance surface for a
whole-plot variable and a sub-plot variable combination found in Figure 5.2.15,
however, indicates pushing the levels on the whole-plot variables in closer to the

center to address its ridge of poor prediction variance.

The two surfaces clearly warrant different whole-plot factorial levels. From
the Nelder-Mead results, the benefit of leaving the factorials at +1 must outweigh
the benefit found in Figure 5.2.15 of using smaller levels. This is easily
understood by considering the relationship of the variances of the types of
estimated model coefficients. Recall that variances of estimated whole-plot term
coefficients are naturally larger than those of estimated sub-plot coefficients for a
BRD and also recall that whole-plotxsub-plot interactions are considered sub-plot
terms. Figure 5.2.14 is a purely a function of estimated whole-plot coefficient
variances while 5.2.15 is a function of estimated sub-plotxwhole-plot coefficient
variances. Since the whole-plot variances are large, more benefit is found in
reducing them by leaving the factorial levels unchanged than what can be
obtained by altering them to improve sub-plot variances which are already small.
The small sacrifices in the estimation of sub-plot term coefficients by leaving
levels at +1 is overshadowed by the improvement in whole-plot coefficient

estimation.

The same concept can help us understand the better performance of the
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Figure 5.2.15 Prediction Variance Surface for d=10, z,* x,
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hybrid design over the ccd for this variable combination. Due to the larger
variance associated with whole-plot coefficient estimation, design choice in the
variables z; and z, should attempt to minimize their estimation variance. This is
best achieved by using a two variable ccd (or perhaps 3° factorial) in z, and z,.
The design choice in x;, however, has limited influence on the overall design
prediction variance due to the already inherently small variances on the estimated
sub-plot coefficients for a BRD. The three variable hybrid design is constructed
in just this manner: a two variable ccd in z, and z, augmented with an additional
column of x; levels. The standard ccd is also constructed in a similar manner, but
design size plays crucial role. The hybrid design obtains this structure with 10 or
11 design points whereas the ccd requires 15 or 16. On a per observation basis,

the hybrid design is more efficient.

Efforts were also made using the Nelder-Mead minimization algorithm to
improve in terms of the () criterion both the hybrid and Box-Behnken designs.
The same methods that were used to obtain optimal ccd factorial levels were

applied to both types of designs. No useful modifications, however, were found.

§5.2.5 Two Whole-plot Variables/Two Sub-plot Variables

The Q criterion results observed for the previous example appear to be
heavily dependent on having only one sub-plot variable. To explore the effects of
an additional sub-plot variable on the efficiency of these designs, two whole-plot
variables, z; and z,, along with two sub-plot variables, x; and x,, will be

considered. The assumed model is

E[Yij]=50+ﬂ1Z1+ﬁ222+ﬁ3zlzz+54212+55222+56X1+57X2+ﬁsxlx2+

BoX12+B10X22+B11X121 +B19X1 29+ B13X021 + 81 4Xo%.

The same twelve four variable second order designs that were explored in §5.2.2
will be compared with respect to the D and Q criteria. The design performances

are given in Figures 5.2.16 and 5.2.17.
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D-OPTIMALITY CRITERION VALUES
Model: B0,Z1,22,2122,Z11,222 X1,X2, X1X2,X11,X22,X121,X1Z2,X2Z1,X2Z2

D value Scaled so variances sum to 1
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Legend

bb1-boxbehnken with 1 center run
bb3-boxoennken with 3 center runs
h416a-hyorid 416a

h416a1-hybrid 416a with 1 center run
h416c-hyorid 416¢

ccadv4 vanable standard ccd with aipha=2

ccddvi-4 variable standard ced with alpha=1
ccd4v3-4 varniable standard ccd with alpha=3
sc4v4 vanable small compaosite with alpha=2
scdvi-4 vanable small composite with aloha=1
sc4v3-4 variable small composite with alpha=3
fuil-full 3*4 factonal

Figure 5.2.16 D Criterion Values for Two Whole-plot/Two Sub-plot Variables

d=0 to 30
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Q-OPTIMALITY CRITERION VALUES
Model: B0.Z1,22,2122,211,222.X1,X2,X1X2,X11,X22,X1Z1,X1Z2 X2Z1,X2Z2
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bb3-boxbennken with 3 center runs ced4v3-4 variable standard ccd with alpna=3
n416a-hybnd 416a sc4v-4 vanable small compasite with alpha=2
h4a16a1-hybrid 416a with 1 center run sc4v1-4 variable small compasite with aipha=1
h416c-hybrid 416¢ sc4v3-4 variable small compaosite with alpha=3

ccddv-4 vanabte standard ccd with alpha=2 fuli-fult 324 factorial

Figure 5.2.17 Q Criterion Values for Two Whole-plot/Two Sub-plot Variables
d=0 to 30
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Figure 5.2.16 tells the same story for the D criterion that has been told so
far. The Box-Behnken designs and the standard ccd with the traditional « value
are the most efficient with respect to generalized variance over all values of d.
The full factorial design, however, does fare better for larger d than it did in the
earlier examples. Unlike the () criterion, the D criterion appears to be robust to
the distribution and roles of the variables. Of greater interest is the more
sensitive () criterion results which can found in Figure 5.2.17. The plots
themselves do not show any discrepancies from the results in Figure 5.2.13 for
only one sub-plot variable except the expected improved performance of the
standard ccd. With the presence of two sub-plot variables, design in the sub-plot
variables now plays a more critical role in overall prediction variance due to more
sub-plot terms in the model. While the two variable ccd is still desirable in the
whole-plot variable, a two variable ccd is also desirable in the sub-plot variables.
The reduction in prediction variance gained by using a two variable ccd in the
sub-plot variables, however, is countered by the the number of additional design
points. The hybrid and Box-Behnken designs satisfactorily estimate the sub-plot
coefficients without the added design points found in the ccd. This trade-off
results in the designs being equal competitors in terms of average prediction
variance. Results such as these indicate that the use of average prediction
variance as a discriminating tool may in fact wash out important differences

among the designs under bi-randomization experimentation.

The addition of the other sub-plot variable in this example naturally led to
larger designs for comparison than the two whole-plot/one sub-plot variable case.
With larger design sizes and more design points with which to work, the Nelder-
Mead minimization algorithm was utilized in hope of finding improvements in the
ccd, hybrid, and Box-Behnken designs. The structure of the design remained
unchanged, only new design levels were “optimally” selected. No useful level

modifications were discovered.

At this point structural modifications of the designs, specifically for the
hybrid design, were now considered for this variable combination.  The

construction of a k variable hybrid design involves a ccd in k-1 variables, with the
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levels of the k' variable chosen to obtain desirable moment properties. For the
two whole-plot/two sub-plot example the design consisted of a three variable
standard ccd augmented with an additional column. Recall from previous work,
however, that to minimize overall estimation variance a ccd may only be
necessary in the whole-plot variables with the sub-plot variables augmented in an
“optimal” (according to the () criterion) way. By only considering a ccd in the

whole-plot variables a small, but yet efficient, alternative design may be found.

One such alternative hybrid as it will be called will have the following

structural shell:

1 -1 -g -h
1 -1 -h g
i 1 g h
1 1 h g
1 1 -g -h
1 1 -h g
1 -1 -g h
1 1 h g
-1 -1 g -h
-1 -1 -h g
2 0 0 0
-2 0 0 0

2 0 0

-2 0 0

0 0 0
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where + 1 are the factorial levels for the whole-plot variables, and 4+g and th
constitute the unique levels of both sub-plot variables. Values for i, g, and h can
then be selected to minimize the () criterion over a given region of interest for
various values of d:aéz/afz using the Nelder-Mead algorithm. The results are

given in Table 5.2.4.

Table 5.2.4 Optimal i/g/h Values for Two Whole-plot/Two Sub-plot Variables
Alternative Hybrid

d 1 g h Q value
0.87 0.60 1.46 11.7
0.94 0.71 1.32 12.2

10 094 0.72 1.32 12.2

20 094 0.72 1.32 12.2

The alternative 21 point hybrid design does not appear to be influenced by
fluctuations in the “strength” of the bi-randomization structure. It is robust over
varying levels of d which is a desirable attribute. In comparison to the standard
second order designs already studied, at d=10 the original hybrid 416al with 17
runs had a Q value of 12.1 while the standard ccd with 27 runs has a Q
value=13.2. The 21 run alternative hybrid is a close competitor to the original
hybrid and by far surpasses in efficiency the ccd. Traditional hybrid designs are
categorized under near saturated second order designs due to their small design
size. In some situations, too small a design size may be a concern. For these
situations, the alternative hybrid provides a useful option without committing to
the larger sized ccd. For d=0, however, the alternative hybrid is not as efficient
as the original hybrid and clearly not as efficient as the standard ccd, but it is a

good option for a bi-randomization experiment.

The variances for the estimated model coefficients under a bi-
randomization structure of d=10 for both the alternative and standard hybrid

designs are given below in Table 5.2.5.
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The comparison of variances is quite surprising. Since both designs are
essentially based on a similar concept, it would seem logical that the variances of
estimated model coefficients would be similar. Obviously, that is not the case.
The variances of the estimated quadratic whole-plot coefficients are picking up
additional precision with the alternative hybrid, but there are sacrifices in
intercept and interaction estimation. The sub-plot terms, however, show more

obvious differences.
Table 5.2.5 Var(3) for Alternative and Standard Hybrids, d=10

Model Standard Alternative
Term Hybrid Hybrid

Intercept 0.83 1.00
A 0.10 0.09
Zg 0.10 0.09

212, 0.20 0.30
7,2 0.15 0.09
Z,? 0.15 0.09
Xy 0.006 0.005
X 0.015 0.005
XX, 0.01 0.006
X, 2 0.01 0.12
X2 0.016 0.12
X12q 0.01 0.006
X2, 0.01 0.006
X924 0.14 0.006
XoZq 0.14 0.006

Variance in estimation of the sub-plot quadratic terms, for instance, is
approximately twelve times higher in the alternative hybrid than in the standard,
but notice, however, that the rest of the sub-plot terms have smaller estimation
variance, sometimes much smaller, with the alternative hybrid. The differences
in variance of estimation of the whole-plotxsub-plot interactions is drastic. The

alternative hybrid redistributes variance of estimation and targets the sub-plot
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quadratic terms. While overall these designs produce similar average prediction
variances, if only a subset of the model were of interest, a clear distinction

between the designs could be made.

For example, consider the context of robust parameter design discussed in
Chapter 1. Recall that the goal of RPD is to determine levels of design variables
called controls that are robust to fluctuations in uncontrollable variables called
noise. The determination of these levels is directly related to the modeled
controlxnoise interactions. If the noise variables are considered the whole-plot
variables and the controls the sub-plot variables, these interactions would then be
whole-plot*sub-plot interactions. To ensure precise estimates of these interactions
and proper choice of the robust control levels under a bi-randomization error
structure, the alternative hybrid would clearly be the better design for
experimentation. This suggests that if different criteria were of interest, such as
subset optimality, more efficient alternative designs to the standard response
surface designs may be found in the presence of bi-randomization error control

structures.

In this subsection, the D and @Q optimality criteria were addressed for
second order bi-randomization designs under certain variable/model restrictions.
The D optimality results appeared to be robust to the situation under
investigation. The Box-Behnken designs along with the standard ccd were the
most efficient in cach case over the values of d. More effort was spent on
investigating the Q criterion and prediction variance due to their more easily
understood interpretations than the generalized variance in the D criterion. The
Q optimal design within the class of twelve designs studied was sensitive to the
given situation. For variable combinations with only one whole-plot variable, the
ccds with optimally chosen factorial values and also the hybrid designs were the
most efficient. For the two-whole plot variable combinations, however, the ccds
no longer were the most efficient. The Box-Behnken designs and the hybrid
designs now became competitors with the ccd resurfacing in the two whole-
plot/two sub-plot example. Efficient designs for the two whole-plot variable

situations were influenced by the number of sub-plot variables present.
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This design optimality investigation was limited to special cases, special
designs, and special discriminating criteria.  These investigations, although
limited, have provided evidence to warrant more extensive investigations into
optimal designs and alternatives for bi-randomization structures. Additional
design properties including the consideration of a fixed number of whole-plots or

the need for balanced whole-plots could also be incorporated into the

investigations.
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CHAPTER 6

FUTURE RESEARCH

The research presented in this dissertation is a beginning exploration into
alternative error control structures and their implications for RSM. Two specific
types of designs, crossed and non-crossed, within the class of bi-randomization
designs were examined. Analysis techniques were developed in each case along
with methods for error variance estimation. In the case of second order non-
crossed bi-randomization designs, several methods for error variance estimation
were compared for specific RS design examples. In addition, the efficiency of a set
of standard second order response surface designs run under a bi-randomization
error structure was explored. Obvious indications existed that standard designs
are quite efficient, but modification may be used to better accommodate the
alternative error control structure. Although many topics have been addressed in
this dissertation, even more questions and problems remain unanswered and

unsolved.

§6.1 Estimation

For second order non-crossed BRDs, only a limited investigation was
conducted into the four presented estimation procedures. The REML and IRLS
methods appear to be quite promising. In addition, it appears that properties of
estimators of coefficients are well approximated by the asymptotic results even for

small designs. Before more general recommendations may be made, however, a
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more thorough investigation must be conducted into OLS, 1IRLS, IRLS, and
REML. Alternative estimation methods, including perhaps MLE, should also be

explored.

§6.2 Design Optimality

As in the case of the estimation problem, only a restricted study into
efficient designs for the alternative error structure was performed. In addition to
the design optimality criteria considered, other alternatives should be investigated
including D, optimality which was discussed briefly in reference to the alternative
hybrid design in Chapter 5.

This study also examined only specific designs and models to determine
efficiency under the bi-randomization error structure. To broaden the study away
from given models and designs, computer automation is essential. Computer
packages currently exist which aid in the selection of efficient designs but only for
completely randomized error structures. In order for the optimality programs to
accommodate the bi-randomization error structure, the program must allow for
the changing of the structure of V as additional design points are added/deleted
within various whole-plots. In addition, they must take into consideration
parameters such as sample size, number of whole-plots, and the maximum
number of sub-plot units within a whole-plot. = Once automation is achieved,
more general studies can be conducted which would lead to recommendations for
efficient designs given a model and values for the error variances. Limited
knowledge of the error variances could then, in turn, result in the development of

multistage designs incorporating Bayesian techniques.

§6.3 Non-constant Covariance and Other Error Structures

The bi-randomization error structure studied in this dissertation is only one
possible error control structure. Further research must also be conducted in the
areas of other alternative error control designs for RSM including the possibility of

nonconstant covariance among observations within a given whole-plot for a BRD.

128



APPENDIX

129



APPENDIX A: Distributions for Non-Crossed, First Order (b; # b) Designs

Consider a non-crossed, first order BRD in which b;#b V i and the response

surface model,

1) =

For calculation of appropriate sum of squares, let the whole-plot error be modeled
as fixed, i.e.
6-=z-*’d2 (A.2)

1 -1

where p is an a-(k+1)*1 vector of whole-plot terms not modeled in A.1.

Based on A.2, the whole-plot error sum of squares (lack of fit) for A.1 can be

written as a function of regression sum of squares,
YIT(TT) Ty (2221 2y (4.3)
where T=[Z, Z*].

Since whole-plot variable levels are constant within a whole-plot, A.3 can be

equivalently written as
3B T(T,B"T,)'T,B ¥ - ¥ [B*Z(Z,B"Z,)'Z,B"]y (A.4)

where T, and Z, are reduced versions of T and Z and B* is an a*a diagonal matrix

of whole-plot sizes.
Because T, is an axa full rank matrix, expression A.4 can be rewritten as
¥'[B*)z- ¥ [B*Z(Z/BZ,)"Z B3 . (A.5)

Let
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with
var(3 *)=o 4o B*=V".

The whole-plot error sum of squares in A.5 can then be expressed as
g Vg V(B V) 2V (4.6)
:—l *—l l
where ¥**=V %y *and Z*=V ?B*?Z.

Now let ) .
e ***=V*—2§1 ** and Z,**:V“?Z,* (A.7)
where

var(y *=*)=I
. Y
and V' ? is obtained through Cholesky’s decomposition on V=1

Based on the transformed model, the whole-plot residual sum of squares can then

be written as

.‘_1 ***’[I_Zr**(zr**’zrx:)-lzr*x]i >k K (AS)
or
Al

Since Al is idempotent with rank a-(k+1), the whole-plot error sum of squares in
A.8 is distributed

2
X a(k+1)"

Similarly, based on model A.1 with § modeled as fixed to account for whole-plot

error sum of squares, the sub-plot error sum of squares is distributed

2
X np*’

Using these distributions, appropriate tests may be developed.
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APPENDIX B: Example of Cholesky’s Decomposition

Consider a two variable bi-randomization central composite design composed of

one whole-plot variable, z, and one sub-plot variable, x, i.e.

Z X _

11

1 -1

11

11

D= « 0
-

0 «

0 -

0

11
By Cholesky’s decomposition, V'=V 2V 2 where

()
2d+1 * t
1
d+1
[d+1 (-_d_)
2d+1 't
/1
1 0 d+1
V2 = 1 1
O¢ d+1
1
d+1
2d+1 .d d
3d+1 (_u) (u)
d+1 .4
0 2d+1 (%)
0 0 1

2
276 4= J(d1)(2do1) . u=
and where d—a—€2, t=4/(d+1)(2d+1) , u-—\/(2d+1)(3d+1).
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APPENDIX C: Derivation of Restricted Maximum Likelihood Score Function

Let y=X"8 + é + ¢ be the response surface model for a given BRD in which the

response vector
v~ N(X*g, V).

The variance-covariance matrix can be written as
V=021 + ¢,2)"

where

J*= N such that Ji:l(biﬂ) L(l*bi); i=1,2,...,a.

Define K=[I-X*(X*X*)*X"] such that
K’y ~ N(0, K'VK).
£(V|Ky) = -2 In(27)-3In|KVK|-J yK(K'VK) 'Ky (C.1)

The matrices X*(X*X*)!'X* and K(K’K) 'K’ are both symmetric and idempotent.
In addition, since K'X*=0,

X*(X*X*)'X*K=0 and K(KK)'KX"=0. (C.2)

By C.2,
M=L-X*(X*X*)'X* - K(K'K)'K

is also a symmetric and idempotent matrix.
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Using the fact that X* is an n*(p+1) matrix of rank p+1 and

K is an n*n matrix of rank n-(p+1),
trace(MM'):tr(M):tr(I—X*(X"’X*)‘IX*' - K(KK)IK) (C.3)
:tr(I)-tr(X*(X*'X")'lx*') -tr(K(K'K)'lK')
=p(1)-p(X*(X*X*)1X*) - p(K(K'K)'K")
=n- (p-l—l) - p(K)
= 0.
The result of C.3 implies M=0 and thus,
-X*(X*X*)1X* = K(K'K)'K". (C.4)

1 L
Now define K*=V?2K and X,*=V 2X*.

Using the new variables similar identities to the above example can be formed:

1 1
X (X X)X 7=V EX(X*VIX*) 11XV 7] (C.5)
and ) .
K*(K*K*)'K* = V2ZK(K'VK)'K'V2 . (C.6)
By C.2,
K*X,*=0 and X,*K*=0.
Based upon the same argument given in C.3,
X (XX )X = K*(K¥K*)'K*
and 1 1 1 1
[V 2ZX*(X*VIX*)!1X*V?) = VZK(K'VK)K'VZ . (C.7)
1
Multiplying the left and right sides of C.7 by V2,
[VAVAX(X*VIX*)IX* V] =K(K'VK) 'K . (C.8)
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An outline of the derivation of the equality in C.8 can be found on p.452 of Searle,
Casella, and McCulloch [1992].

By exercise E9.12 on p.361 of the same reference the following equality holds
provided C.8 holds and X*K=0,

[V|=|K'VK |+ X*V1X*| . (C.9)
Substituting the equalities of C.8 and C.9 into the log likelihood for Ky, C.1,
L(VKy) = -2 1n(27r)--%1n|V|—% In|X*V1X*| -%[V“—V‘IX*(X*”\/'IX*)'lx*V'l]

The same development can be done using hierarchical models and marginal

likelihoods. See p.323-325 in Searle, Casella, and McCulloch [1992].
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APPENDIX D: REML and MLE Likelihood Equations

REML:
Assuming K’y ~ N(0, K'VK) where V:f(0'62.; o.2),

£(VIKYy) = -3 In(2r)-4In[K VK |3 yK(KVK) 'Ky, (D.1)

Writing VzaEQI + o0 62‘] *, the derivatives of the matrix V with respect to the error

variances are

ddUVQ =1 (D.2)
€
and
dv x
=J D.3
o (D.3)

The REML equations utilizing the derivatives in D.2 and D.3 are

L tr [(VEVIX(XP VX)X V)] (D.4)
os :y_’[V_l-V_IX*(X*'V'IX*)'IX”V'I]J*[V'I-V'lX*(X*'V'IX*)'IX*'V'l]X

and

i tr [(V VI XV XV ) (D.5)
O¢ ___x'[v-l_v-lX.(X.rv-lx*)-lxva-l] [V-I-V'IX*(X*’V'IX*)'IX*’V'I]X,

MLE:
Assuming v ~ N(X"3. V) where sz(aéz, 062),

£(V|y) = -3 In(2r)-dn|V]-3 (3-X"8) V' (x-X"8). (D.6)

A
2

For this likelihood, the MLE equations are

dz X*Vly = X*VIX"g (D.7)
de . tr [V1J]=3 (v X"8) VIV (x-X"8). (D.8)
i)

% : tr [V1]=3 (¢ X"8)VIVi(3-X7g). (D.9)
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APPENDIX E: Proc Mixed Code for REML Estimators for BRD
Denote the response surface model to be fit for a BRD as

y=X"B+é+e¢
where
v~ N(X*3,V).
For a BRD,
V=0 T+042]"

where J* is a block diagonal matrix of J;=1 17 i=1,...,a.

To use Proc Mixed for error variance estimation, the whole-plot error, §, must be

modeled as random effects, i.e.

6=Sp
where
Var(p)=G and Var(¢)=SGS".

In addition,

Var(¢)=R.
For a BRD,

R=U€2I,

G=¢7621,
and

1

s=| 1.
1

Thus,

Var(y)=SGS+R=0I+5,2"=V.
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The SAS code is:

Proc Mixed Method=REML;
Class wp;
Model y=fixed effects (elements of X*);

Random wp;

where
wp is a classification variable defining into which whole-plot
each observation falls;
the model statement defines the model matrix, X*;
and

the random statement defines S.

By default, G=0,%I and R=0 L.
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APPENDIX F: Designs for Three Variable Examples

Central Composite Design Small Composite Design Box-Behnken Design
1 1 1 1 1 1 1 1 0
1 1 -1 1 -1 -1 1 -1 0
1 -1 1 -1 1 -1 -1 1 0
1 -1 -1 -1 -1 1 -1 -1 0

-1 1 1 @ 0 0 1 0 1
-1 1 -1 -a 0 0 1 0 -1
-1 -1 1 0 « 0 -1 0 1
-1 -1 -1 0 -a 0 0 1 1
a 0 0 0 @ 0 1 -1
-0 0 0 0 -a 0 -1 1
0 o 0 0 0 0 0 -1 -1
0 -o 0 0 0 0
0 0 o

0 0 -a

0 g 0

Hvbrid 310 Hybrid 311b Full Factorial

0 0 1.2906 0 0 V3 33

0 0 -0.1360 0 0 -6
-1 -1 0.6386 0 0 0

1 -1 0.6386 -.7507 2.1063 1
-1 1 0.6386 2.1063 .7507 1

1 1 0.6386 .7507-2.1063 1

1.1736 0O -0.9273 -2.1063 -.7507 1

-1.1736 0 -0.9273 7507 2.1063 1

0 1.1736 -0.9273 2.1063 -.7507 1

0 -1.1736  -0.9273 -.7507 -2.1063 1

0 0 0 -2.1063 .7507 1
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APPENDIX G: Designs for Four Variable Examples

Box-Behnken Design

Central Composite Design  Small Composite Design

<l

<l

ol

<l

<l

<l

ol

<l

<l

<l

<l
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Hvbrid 416a Hvbrid 416¢ Full Factorial

1 1 1 0.6444 1 1 1 0.5675 34

1 1 -1 0.6444 1 1 -1 0.5675
1 -1 1 0.6444 I -1 1 0.5675
1 -1 -1 0.6444 1 1 0.5675
-1 1 1 0.6444 -1 1 1 0.5675
-1 1 -1 0.6444 -1 1 1 0.5675
-1 -1 1 0.6444 -1 -1 1 0.5675
-1 -1 -1 0.6444 -1 -1 A1 0.5675
1.6853 0 0 -0.9075 1.4697 0 0  -1.0509
-1.6853 0 0 -0.9075 -1.46970 0  -1.0509
0 16853 0  -0.9075 0 1.4697 0 -1.0509

0 -1.6853 0  -0.9075 0 -146970 -1.0509
0 0 1.6853 -0.9075 0 0 1.4697 -1.0509
0 0-1.6853 -0.9075 0 0 -1.4697 -1.0509
0 0 0 1.7844 0 0 0 1.7654
0 0 0 -1.4945 0 0 0 0

0 0 0 0
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