DETERMINISTIC IKVENTCRY MODELS
WITH

MULTIPLE CONSTRAINTS

by

Balkisan Punamchand Kacholiya

Thesis Submitted to the Graduate Faculty cf the
Virginla Polytechnic Institute

in candidacy for the degree of

HMASTEER OF SCIENCE
in
INDUSTRIAL EHQGINEERING

APPROVED:

Thalrmgn, We Je/PEDTFCKY

.
T T Are

Y. E. Hanning

August, 1966
Blacksburg, Virginia



TABLE OF CONTENTS

Chagter gggg

I 1“TRODUCTIC‘NOQOQ..OCQ.0.'5'.00"0.Q..'I.C‘O..il.' 13
SURVEY 0? WE LIWRATGR&:DOCOI.i.iQO‘O'.ﬁll...‘.‘. 5

I1 THE GENERAL MODELssesssscescosvsssccacsssssnsssne 8
GENERAL SYNBOLIGieewssnsssscassncseesosssasves O

MODEL PORMULATIONceossvossossoossascnsssscscece I

Item COBLiscvesvnsssvsonsencvesvosevonsssnsll
Procuremant COBCesssssssncsssosscesvesscsoell

Holding. COBLyosnevssesnvsnsnssrsvavesessnoeelld

Shortags COELsssovesosensssnnsssnasassssnsnsld

Total system cest.oOl'0.00'0.’.0.'0'..0'0"1n
OPTIMIZATIONGesesessasssusssecsnsvsvossnssnsvedd

III THE \CONSTRAINED GENERAL MODELesesseoscsvoavrosssoed?
DIMENSIONAL ANALYSIS OF CONSTRAINTSeevesssvessl?
Warehouse restrictioONuissccvecsccessscssssveld
Restriction on number of ordeérs.cseescssescseld

Capital restrictionesececscsesvessssscceseely

Set up time restrictioncissssscscsscooveeeel

THE GENERAL MODEL WITH TWO CONSTRAINTS.eesesesll
INTERPRETATION OF THE LAGRANGIAN MULTIPLIERS, .26
TLLUSTRATIVE EXANPLEwessescsessvecscacocccenseac?

Iv THE MODELS WITH MOEE THAN TWO CONSTRAINTS seevesssl3
THE SPECIAL MODELssessoossvsccvecsvsscssnsesseld
OPTIHIZ'ATIQH."..O.tb.ﬂ"‘..‘l‘.OC.....‘O.....SH
THCOMPATIBLE CONSTEATNTSeeseseessecenescsonssel?

The special modeliseesssvsovevovsssvocsscnell
The general mode@lesesssossssscsseossssosoes3?
OPERATING POLICY UNDFR INCOMPATIBILITYweessees3B
The special madel.....-......-...a....o....ﬂg
The general FOd€lesssssosensssssessosssseoseld
CENERAL PROCEDURE UNDER INCOMPATIBILITY
WITH THE GENERAL wOnELococovooon.oo;auvﬁ:--.ctng

v SUMKARY ANI} CON‘:LUSBIONS’..."...'......0..'..‘....46
General model with tWwo CONSLraintS.ececcesesselb
General model with more than two constraints, i7
Special model with more than two constralnts..d7

ACKNQWLEDGE%ENT«S.oaonooootoooo‘bo'.touaoo!ocoo.otng
gsgxglgaﬁﬁPHY...'.’..“'....'....'...."..‘......’SQ

=il".'ill!i!Il.i.0tt'li.l‘..l6.00'0‘0......'.51



LIST OF ILLUSTRATTONR

Figure Page
1 The General Modeliscecssssvsssssssscscessscssses 10
4 The 0966181 MOd@lessnvssssscosssossovssascsnsssr 33
3 Selection of Proper Constraints under

Iﬂcom?ﬂtibilityoot.a.uoasao.uao.atoaaaoﬁcocoooa. 4o



-l -

CHAPTEE T
INTRODUCTION

Although unconstrained inventory medels have recelved
muech attentlion, the importance of constralned inventory
nodels cannot he overemphizsized., Few firms are blessed
with infinite resources,

The constraints in inventory system deal with resources
that in some way place limitations on the theoretical
optimal policy.l When determining the policy, a straighte
forward application of the theoretical coptimal formula may
lead to impractical results, These may arise from a
viclation of the restrictions on avallable resources, which
the theoretical optimal policy does not consider.

This research is directed towards lmproved management
by recognizing a real world situation. The problem 1is to
minimize the total cost of the ilnventory system in the Tace
of multiple constraints. "his suggests techniques of
optimigation such as dynamic programming, direct enumeration,
or Legrangian multipliers, The Lagrangian multiplier method

is selected for its convenience,

1chapter IT deals with the derlvation of theoretical optimal
policy., It 1s abstracted from Feference 3, Section 10.7.



The assumptions underlying this treatise are:

1) the models are deterministic in that both demand
and procurement lead time are fixed,

2) only the single-item, single-source system 1o
discussed in that only one item is to be procured from a

predetermined source, 1

SURVEY OF THE LITERATURE

The purpose of this survey was to review the llterature
avallable on the application of the Lagranglan multiplier
technique to the inventory models, The findings are
abstracted in the paragraphs which follow,

Hadley and Whitin (Ref, 5-Page 433)° give the mathe=
matical development of the Lagrangian multiplier technigue
and discuss the interpretation of the Lagranglan multipliers.
They also discuss Newton's method of iteration,

Banks (Ref, 1) illustrates the general mcdel3 subject
to only & warehouse constraint, The inventory syatem under

study 1is the multiple-item, single-source and the method of

¥other systems are the single-item, multiple-source, the
multiple~iten, single source, and multiple~item, multiple-
source presented in Reference U,

2The sources are referred to 2s (Ref, X-Page Y) where X
represents reference number as listed in bidliography and
Y represents page number wherever applicable,

3See Flgure number one,
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cetermining the Lagranglsn nultiplier is by lteration.
Parsons (Re”, B-Page 360) discusses a set up time constraint,
& capit:l constralnt, a nurber of orders constraint ané a
warehouse constraint with each acting separately., lle
concludes that the Lagranglon multiplier technique can also
be used when several compatible restrictions are simultae
neously active., He, hewever, concludes that an explicit
solution for the Lagrangian multinliers very often becomes
impossible to find and some search technique must be used,

Churchraon, Ackoff and Arnoff (Ref. 2-Page 255) discuss
the specigl modell under sgingle linear and non-linear
constraints for the multiple~item, single~source system,
They also discuss the same model with twe constraints. The
method of determining the values for the Lagrangian pultie
pliers is by trial and error. They point out that there
need not always be a soluticn to the problem of inventory
model under multiple constraints, Also, given the existence
of a solution thay feel the need of an efficient method of
determining the Lagranglian multipllers,

The literature survey indicated & need to,

1} use the general model for analysis with multiple
constraints,

2) determine the Lagrangian multipliers explicitly,

lgsee Figure number two.
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3) clearly indiecate the combinations of compatible
and incompatible constraints,
The suthor believes that the research pressnted in this
treatise overcomes these difficulties for the single~item,

single~source inventory system,



CHAPTER IT
THE GEMERAL MCDEL

The main purpose for helding inventory is to make demand
independent of supply. This treatlise concerns itself with
the single~item, single-source procurement and inventory
process which may be described as follows, A stock of certain
item i3 maintained to meet demand, When the number of items
on hand and on order falls to & predetermined level, actlion
is initiated to procure a replenishment quantity fro@ the
single predetermined socurce, The obJective of this chapter
is to present a general model which may be used to determine
the procurement level and the procurement quantity so that
the total cost assocliated with the procurement and inventory

system will be minimized,
GENERAL 3SYMBOLISH

The effectiveness function for the system described

above may be expressed as follows:
F = £f(x,y)

Where I = measure of effectiveness sought (minimize total
system cost).
x = policy variables under direct control of the
decision maker of when to procure and how much

to procure,



y = the parameters not directly under contrecl of
the decision maker of procurement lead time,
replenishment rate, itenm cost, procurement cost,

demand, helding cost, and shortage cost,
The following symbolism will be adopted:

TC = total system cost per period
I. = procurement level
= procurement guantity
= demand rate in unlts per period
lead time in periods

= number of periods per cycle

moow o= O D
]

= replenishment rate in units per periocd
C1 = item cost per unit

C_ = procurement cost per procurement

Cy, = holding cost per unit per period

Cg = shortage cost per unit short per period.
MODEL PORMULATICH

If it 1s essumed that demand for the item 1s determine
istic, that replenishment rate is finite (R > D), that
shortage cost is finite, and that unsatisfied demand iz not
lost; the inventory process may be graphically represented

a8 in Pigure 1l.
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The total system cost per perliod will be the sum of the
item cost per period (IC), the procurement cost per pericd
(PC), the holding cost per period (HC), and the shortage

cost per period (SC)j
T = IC + PC + HEC + 5C,

The mathematical expressions will be developed for each
component of the total cost and added together to get the
total system cost per period.

Ttem cost. Item cost per period will be the item cost

per unit times the demsnd in units per period,
IC = C,D (2.1)

Procurement cost. The procurement cost for the period
will be cost per procurement divided by the number of

periods per cycle,
PC = Cp/p - (202)
From Figure 1,

slope D = /P,
P = 0/D , (2.3)

Substituting Equation (2.3) into Fquation (2.2) gives

C.D
PC = = (2.4)

b



Holding cogt. Holding cost for the period will be the
holding cost per unit per pericd times the average number
of units in stock (%J for the period,

CypI
e = h (2.5)
The expression for I c¢sn be derived a3 follows: the
net rate of accumulation during time (t, + tz) is (F - D).
The maximum accumulation is designated as Imax in Pigure 1.

The following algebraic expressions are evident:

(tl + to)(F=D) = (t3 + tu)ﬁ (2.6)
(tl + tz) = O/H (207)

- xmax + ET-ﬂL
B3 ¢ty 5 y (2.8)

From Equation (2.6), Fquaticn (2.7), and Equation (2.8)

0
Imax + DTl = ” (R~13)

o
Inax ® F (R=D) # L-DT

= Q(l“%) + L-DT (ghg)

The total number of unit periods of stock on hand during

the inventory cycle is

I
7 = B8K ¢

t, + 1:3)



Inax Imax , Tmax
== gt )
2

1 mRax

- 3 iyt

Substituting Fquation (2.9) for Ima gives

X

Q(1=-D/F) + L-DT12 . 1 1
1 - L8 ) J"[m‘*ﬁl . (2.10)

Substituting Equation (2.,10) in Fquation (2.5) gives

Cnbh N —
h [gggl - 9/.&)54, L=~DT} (7_1_.? . %)3 .

HC = == oy
But since
D (e + &y = 1
AWT "D Ty -o/Ty (2.11)
Ch b 2
HC = swrr—-T77Y {Q(t - g) + L=DT}" , (2.12)

Shortage cost. Shortage cost for the period will be

shortage cost per unit per period times the average number

of units short for the pericd (3),
CgS

5 = 7
The total number cof unit periods of shortage during the cycle

is

. |
5 = BEE (t) + t)



i -

< o =
- . BAX t”max + 02X
‘2-. m. -‘B-. .

Put since 3m&x = [T,

2
S = iEEgkln (pdy + 31 & (2.14)

Substituting Fguation (2.14) in Equation (2.13) gives

c_D 2
5(::_%.{@5}4)_(’%5{-%)}.

Using Equation (2.11)

2
_ Cg(DT-L)

s¢ 70(1L = o/ny ! (2,15)

Total system cost. The total system cost per period
for the manufacturing model will be a summation of the four
cost components developed in Equation (2.1), Fquation (2.4),

Equation (2.12), and Equation (2.15). Thus,

C.D & y

s s (o1-1)° (2.16)
EFTT'"-§7TT

Equation (2.16) may be modified as follows:

D ChQ(l-E/P)

TC = C4D + agu +
* umg_;;;_a , 2am

- €, (DT-L)



OPTIMIZATION

The total system cost is a function of twe independent
variables, L and 7, Taking the partial derivatives of TC
with respect to & and with respect to (DT-L) and setting

the results equal to zero pives

C,D  Cp(l=D/R)  (Cp + ¢s)(nT.L)2 i}

aTc
2 LW e + 0 (2.18)
T *gf 2 2@2(1 - D/R)
J7C C (CT=L)  Cg(DT=-L)
1055097 Bl R 1 ¢ 7= 772:) B T ¢ 7 74 B (2.19)
From Equation (2.,19)
- “EQ"?‘E;"“ . (2.,20)

Substituting Equation (2.,20) in Fquation (2.,18) gives

c,b  Cp(1~D/R) Cha(l-ﬁlﬁ) cach2(1~n/s)

--Ez+ rd = 0,
@ 2(c, + C)°  2(c, + Cp)
CpD- CpCq(1-D/F)
Q 2(Cy, + C,)
i.e,
/. 2t D 2CD
/ / .
@ o “Bﬁ" * “Eg’ * (2.21)

The minimum cost procurerment level may be derived from

Equation (2.,20) as



(1 - D/R) 2
*"c—r-c*"m'vﬁ-*-c""

8

L= DT -

2C..D

» HT - l"D/R .‘;/ ﬂrﬁw_r P
x_~- y g 8 h ( 2 L] 22)

¥

Equation (2.21) and Equation {(2.22) may now be substituted
back inte the total cost eqguation to give an expression for

minimum total system cost, The result is

/ 2C_C,C_D

TCoyp ™ C1D + m e =l (2.23)
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CHAPTER III
THY CONSTRAINED GENERAL MODEL

In this chapter followlng constralnts will be discussed

in relation with the general model:

Constraint one There is a llmitation on the maximum
warehouse space avallable,

Constraint two: An upper limit exists on the wmaximum
nunber of orders that can be placed
per period.

Constraint threet The maximum amount of capital
invested in the inventory is limited,

Constraint four: There 1s & limitation on the number

of set ups that c¢an be made per period,
DIMENSYIONAL ANALYSIS COF COHSTRAINTS

In this section the nature of each constraint 1s
examlined in order to make sure that the expression developed
for each constraint is correct. £ dimensional analysis 1s
carrled out using the following fundamental guantities in

the analysis:

1) Time in perlods 1s denoted by [r]
Time in hours is denoted by [t]
2) Unit of inventory is denoted by [l

3) Unit of money is denoted by (%]
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4) Unit of length is denoted by (L]
and 5) Dimensionless quantities are denoted by [1] .

Warehouse restriction. Each item that is inventoried

consumes scarce warehouse space. The fact that acquiring
warehouse space reduces working capital of the firm puts

limitations on the maximum warehouse space available. Let,

Imax = maximum units of inventory during the cycle
= Q(1 - §) + L-DT
K = fraction of I .4 in storage (for average
inventory this will be 0.5)
W = space consumed by each unit in square
feet per unit per period
and S = total warehouse space available in square

feet per period.

Therefore, total space consumed < total space available,
or KwIp.x < S. (3.1)
Writing in dimensional form

] _LL21 yg L L2
[NJ[T] < [T]

[L°] 12]
Lonlil vonlt

Restriction on number of orders. Placing the order

(1

involves secretarial and accounting activities, follow up,
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and recelving, Iince these activities consume scarce
management resources of the firm, many firms put a re-
striction on the maximum amount of orders that can be
placed per period. Let,

D = demand in units per period

Q = procurement quantity in units

A = maximun number of orders per period,
Therefore, the maximum number of orders placed < maximunm
rumber of orders svalleble, or

D
E:.A' * (3.2)

Writing in dimensional form

t et -

Capital restriction. Inventory consumes scarce capital

and hence an upper limit is normally placed on the capital
that can be invested in the inventory, Let,

Inax ® maximum units in inventory during the cycle

Cq = item cost in dollars per unit

c = maximum eapital avallable in dollars,
Therefofe. the maximum investment in inventory < maximum
capital available for inventory, or

TmaxCy £ € (3.3)



Writing in dimenslonal form

[$] <[¢1.

Set time restriction. Manufacturing usually starts
with the activity of set ups, This includes setting up
tools, chengling Jigs and fixtures, and other similsar
operations to start production. Since a& limited number of
set up men are avaeilable on each shop floor the total set .up
time on the floor should not exceed their eapacity., Let,

L = demand in unlts per period

Q = precurement guantity in units

t = time required per set up in hours

T = total time available in hours per period.

The number of pericds per cycle was given by Equation (2.3)
as P = Q/D, Thus, the number of cycles per period is D/Q.
Therefore, the total set up time required < svallable set up
time, or

D me
grae o (3.4)

Writing in dimenslonal form
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bt < bt

The dimensional analysis proves that Equation (3.1),
Equation (3.2), Fquation (3.3) and Equation (3.4) are

dimensionally balanced.,
THE GENEERAL MODEL WITH TWO CONSTRAINTS

Consider first the case where there is an upper limit
S on the square feet of warehouse space, and an upper limit
A on the maximum number of orders that c¢an be pléced per
period. Both of these constraints are assumed to act
simultaneously. The Lagranglan multiplier technique can be
used to determine an optimuia on the boundary for this

situation., The problem requires the optimization of

¢,b . C,Q(1-D/R
TC(Q,L) = C4D + f + hQ(g il

, (Cn + Cg)(DT-L)?

- (Y

» from Equation (2.17)

subject to the following constraint conditions:

K“Imax £ & from Equation (3.1)

D/Q < A, from Equation (3.2)
Let,

A, be such that Ay < 0 for (S = lemax = 0), and

Ay = 0 for (5 = KwI .. > 0), Then,



Ay (S ~ KwImax) = 0
or Ay [5 = Kw {Q(1 = $) = (DT=L)}] = 0 , (3.5)

Similarly let,
32 be such that i, » ¢ for (4 = é'u 0), and 2, = O for
(A~ 8> 0). Then,

D
12 (A - E} = 0, (306)

Equation (2,17), Eguation (3;5). and Equation (3.60)

may be added to give the total cost function as:

Cob €1 - D/R)
TC = C,D + “%“ T E - C, (DT=L)

(Cp + € )(DT=L)?

.Q-W'Fll [S « Kw {Q(l"?‘)

- (DT-L)}] + 25 (A = R} . (3.7)

In Equation (3.7) there are four unknowns; Q, L, A3,
and 1,. Four independent equations must be obtained tec get
the explicit values of these quantities, This c¢can be done
by differentiating Fquation (3.7) with respect to each of
these unknown quantities end equating the resulting expres-
sions to zero. These four equations then c¢an be solved
simultaneously to zet explieit values of ¢, L, A3 8né Ao,

Differentiating Equation (3.7) with respect to Q gives



~ 2
3TC . CpD + €, (1=D/R) - (¢, + C,)(DT=L)
T z 202 (1=D/F)

¥

A

%C
L]
<
.

—hfeeag (3.8)

Differentiating Equation (3.7) with respect to (DT-L) gives
2(Cpy + C4)(DT=L)

%%gf:ﬂT = -G ¥ ““QQTI:5§RT——-—- + Ay («Kw)(=1) = O.

(3.9)
Differentiating Equation (3.7) with respect to Ay glves

%%(ll 2 8 « Kw {Q(l - g) - (E‘T~L)} = 0, (3'10)

And differentiating Equation (3.7) with respect to A, gives

aTc . , _ L.
- hmEtoe (3.11)

From Equation (3.11)
D

D ,
A=z or ¢=g%. (3.12)
Substituting for Q in Equation (3.10) from Equation (3.12),

S = Ku ‘% (1 - %) - (0T=L))

e F Q-3 - (Ur-L)

(1) =R (1 -F) - g (3.13)



D D, . .8
L=ll-gQ-y +97. (3.14)

From Fquation (3.9)

17 % Rwl(1=D/R) .
Substituting for 0 and (UT-L), Equation (3,12) and Fquation

(3.13) respectively, in the above expreasion gives

i e Cn _ (Cph ¢ c,)@% a- §0 - gé'} .
L K D e
% (1 - D/F)

Simplifying further,

A - Ch _ (¢, + C,) . SA(C, + C,)
* W
R K K°w"D(1=D/F)

', *
c SA(C, Cs)

T KW D(1=D/K)
From Fquatior (3.8)
» 2
D €D | Cp(1=D/R)  (Cp + Co)(DT=L) D
2 55 '%2‘ ? 2Q§(1-D/H) ! R

Multiplyine both sides by (-09/D) gives

\2 -/ ’ P 2
= - Cp, 0" (1=D/F) . (cbgf Cg) (DT-L) §i
P oD 20°(1-D/F)

+ 13Ku(1 - ) g.g. .



Substituting for ¢ and (DT=-L) from Fquation (3.12) and
Fquation (3.13) respectively, A, reduces to

ne o
c 'Q? {1-D/3) (C, + C )
c, - Bk + Q- - g~}
2 P 20 §3TI'E7FT“ v

2,52 . C SA(Cy, + C.)
» D gﬁ ¥ 8 h -]
# R K“w“D(1-D/R)

CD(1-D/R)  (Cp + C) ;2
i TP *mr'ﬁm'{-rﬂ*r)

SA(C,, + C
+‘5-(7t}-—-——§i-)-}0
K°w“D(1=D/R)
Simplifying further,

C,b(1-D/B)  (Cp + CID(1=D/R) (€ + Cg)8

A = ¢ s - + -
2 p v " X
(C, + ¢ )q CgD(1-D/%) o (Cp + C.)5
*‘*ﬂ51r“‘ - 3 - S Sy <77 3
2R w D(1=D/F) A

. -C,D(1=D/7) + (cg + C.)D(1-D/R) -2C_D(1-D/R)

24
. =Ch * Cg)S + (Cp + Cg)S  (Cp + c,)s?
KR 2K74eD(1-D/F)

2
C,D(1=D/R) (€, + C)8

= C - + --?-T—-—- ]
P géz 21w D(1=D/R) (3.16)
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Thus, by solving Fquation (3.11), Equation (3.10),
Equation (3.9) and Equation (3.8) simultaneously, expliecit
solution for policy variables § and L can be c¢cbtained as
shown 1n Fquation (3,12) and FEquation (3.14). Values for
the Lagrangisn multipliers can be obtained from ¥quation
(3415) and Equation (3.16),

INTERPRETATION OF THE LAGRANGIAN MULTIPLIERS

The above optimigation with Legrangiasn multipliers
has an interesting economic interpretation. In the above
discussion TC represents the average total cost per period
and the constraints represent limitations on the physical
resources such as warehouse space andéd number of orders,
Then by 1ts dimensions, A, and A, must be the values of the

respective resources, Intultively we see that

- R SEQ Ty = T e =3,
which means thsat Ay is the amount by which the total cost
will increase by adding one additicnal unit of warehouse
space, Thls arpguement e¢an be generalized for Ay in particular
and A, in general. The Larrangian multipliers can thus be
considered to be the imputed values or shadow prices of the

resourees,



ILLUSTRATIVE EXAMPLE

The use of the Lagrangian multiplier as an optimization
technique wlll now be illustrated with an example, The
warehouse constraint and nusber of orders constraint will
be assumed to act simultaneously, The general model willl be
used, Let,

D = § units per period

T = 10 perlods

R = 16 units per period
$ 4,50 per unit

< O
o~
# 8

$806,00 per procurement
Ch w $§ 0,20 per unit per period
C. = ¢ 0.10.per unit short per period,
Also let,

K=1

w = 10 square feet per unit per period

S = 250 square feet per period
and & = 0,04 order per perilod.

tep one - cal te policey varigbles Q and L., By
using Equation (2,21) and Fquation (2.22) respectively.

= 7 T5E00 ¥ 12800

o« T3CA00 = 196 units



L-B(lﬂ)-/ln%\/
- 80 -sz/z vfssac

= 80 « 65,3 = 15 units

Also, Iney = {196(1 = &) + 15 - (8)(10))
= {98 + 15 - 80} = 33 units

8 gggs,nezgo,zczgozzoj(ﬁ)
$.50)(8) V[I N 115V/ (0.20 + 0,10)

Tcmin

$ 36 +\/ 1/2\/ 85.4
$ 36 + 6,53 = 342,53 per period

Step two - check 1f constraints are active, The

warehocuse constraint is

K“Imax

)
w0

(1)¢30)(33) < 250
330 s 250 .,

Since the spaee required for the inventory is more than the
avallable, the constraint is sctive, The number of orders

constraint is,

A

0,04

g
ia
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0.0408 < 0.04

Since number of order placed per period is higher than the
allowed figure, the constraint 1s active.

Since both the constraints are active, previous analysis
can be applied directly. Equation (3.12), Equation (3.14),
Equation (2.9), Equation (2.17), Equation (3.15) and
Equation (3.16) will be used.

Step three - policy variables under constraints.

=D _8 _ 2
Q=% =rp5or 200 units from Equation (3.12)

= -2 .2 S
L = DT z (1 R) + o from Equation (3.14)

= - 8 8 250
(8)(10) - &7 (1 = 1)+ 157107

= 80 - 100 + 25 = +5

H
"

max = 9(1 = B) + L-DT from Equation (2.9)

= 200(1 - 8/16) + 5 - (8)(10)

= 100 + 5 - 80 =25
C,D C,Q(1-D/R)
TC, etual = C1D * ot 5 - Ch(DT-L)
(Cy + Cg)(DT-L)2
+ 5G(I=D/K) from Equation (2.17)

_ (80)(8) (0.20)(200)(1-8/16)
(4.50)(8) + 500 + 5
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2
- (0.20 + 0,10){(8)(10)=-5}
(0.20){(8)(10)=5} + Y00 (=815

36,00 + 3.20 + 10,00 - 15.00 + 8,44
h2,64

Therefore, penalty due to constraints

Tcactual - TChin
$Lu2 .64 ~ $42,53

$ 0.11 per period.

Shadow prices of these resources can be calculated as follows:

C SA(Cy, + Cg.)
. KE + ——s h S~ from Equation (3.15)
W K“w D(1-D/R)

- 0.10 + (250)(0.04)(0.,20 + 0,10)
= 8- T T (1)2(10)2(8) (1-8/16)

= $ - 0.01 + 0.0075

= $§ - 0,0025 per additional square foot.

C_D(1-D/R) (C, +¢C )52
D 5 5>
2A 2K2w2D(1-D/R)

and A2 from Equation (3.16)

480 - (0:10)(8)(1-8/16) , _(0.20 + 0.10)(250)°
(2)(0.014)2 (2)(1)%(10)2(8)(1-8/16)

$80 = 125 + 23.4

$21.6 per additional order.

Step four - analysis of results. The requirements to

satisfy the warehouse constraint and the number of orders
constraint are somewhat contradictory. The warehouse

constraint requires that Imax (which directly increases with
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@ but is not a function of Q alone) should be as small as
possible to satisfy the warehouse constraint, while the
number of orders constraint requires that 0 should be as
large as permissible by the constraint.

The procurement quantity (Q) increases from 196 in the
unconstrained condition to 200 in the constrained condition.
This apparently is undesirable because this will increase
Inax Which is given by {Q(1 - g) + L-DT}, As can be seen
from this, I ., is a function of both @ and L. In the above
example L decreases from 15 to 5 although Q increases. This
increase in @, and decrease in L, finally result in reducing
the Imax from 33 to 25 to satisfy the warehouse constraint.

Close inspection of the results will reveal that both
constraints are satisfied on the boundary. Warehouse space
required for the constrained condition is

S = KwImax = (1)(10)(25) = 250 square feet.

Number of order placed for constrained condition is

These values of S and A are on the boundaries of the
constraints. The constraints result in the deviation of
actual policy from the theoretical optimal policy. A

penalty of $0.11 per period is incurred.



CHAPTER TV
THE MODELS WITH ORE THAN TWD CONSTEATNTR

In the previous chapter explicit sclutions for the
policy variables ané the Lagrsnglan multipliers were
obtalined for the general model subject to two constralnts,
In this chapter all four constraints discussec¢ previously
¥1ll be sssumed to act simultaneocusly. Yor ease of illus-
tration a special model (¥izure 2) whieh can be cbtained
by putting ¥ = @, €, = » and (DT) = L in Eguation (2.,17)

will be used to bezln the presentation,
THE SPECTIAL MCDEL

Tne total cost equation for this model becomes:

: )
TC - G0 4 o b f‘%'i . (4,1)
And the constraint conditions can be written as follows:
1) warehouse constraint, ¥ul ¢ 8 (4.2)
2) number of orders constraint, (b/0) < A (4.3)
3) capital constraint, ec, =<¢ (he8)
4) set up time constraint, (D/G)es T, (4.5)

The total cost functicr then c¢an be formulated by adding
the optimization functlion ané constraint conditions accord-

ing to the Larrangian multiplier technique as follows:
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Figure 2:

The Special Model
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TC(Q) = ¢, + _?_ + + 2y (8=KuQ)

+ A?(ﬁ - §) + 33(C~QC1) + 2,07 - g £).

OPTINIZATICH

~

(h.6)

Fxplielt solutions for 7, Ay, Ay, A5 and A, requires

that five independent equatlons

simultanecusly., The five equations are as follows:
c.b C ‘
%gg e B v+ L = ALC
n 5 - {}d + r 11 AE }:‘? 13({ "' A '7 - Q
e .? ) s
Flwsagwe =0 or5” - ke a0
1l
3T7C . D 2 De
ﬂ; LI - F = () Or s - :? = 0
aTC ap 2 e &
-a-rg"C-&-}(,i‘ﬂC Orf'-(Ci = {
3TC D 92 D L2
= T - t = G 01‘ '2' - t &= Q
Ny 4 ) ’

Tnese five equations can e solved simultaneously.

Fquation (4.7),

¢
1 - C. D S 43 . Dt) = - o Ku +
= ( po o+ ASD A, Dt) R SRLE FUH

5 (- C D+l + lhﬁt)

2

be obtained and solved

(47)

(4.8)

(449)

(4:10)

(4.11)

From



Hultiplying both numerator and denominator by (-=2) zives

ﬁa QCmD - 2)2D - glaﬁt

= Ch - Lllgw - 21361 * (3312)

Thiz value of QE may be substituted back into Ecuation
(4.,8), Enuation (4,3), ¥Fquation (4,10), and Fquation (4,11)

to obtain the following expressions:

52(Ch—zklﬁw-21361)-ﬁzw2(ECFD-EAQB~2A&Dt) = 0 (4413)
Az(chn-zxaﬁ-exust)-ng(ch-lexw-2x3ci) s G (4,14)
e 1 L E - L) - 2 » o Ty, A g
C‘(ch~211“&-313bi) Ci (prb 2k2b‘zlubt) = (u.lb)
7' 2(20,D-22 yi=22 Dt )=D262(C, =22 Fwm22,Cy) = O (4,16)

. -t

Fquations (4.13) through (4,15) may be further rearranged

as follows

=257 5ud  +2K2W DA =25 20 A 42k 2w Pnea  mas e, s2k%uPe

2 1%3 b

¢

w22y A  A2ACEA w2 C, A+ 2 ALty meDC O, 42420 D
&o i e 1 ‘ 2 4 \mi 3 o it u dh . & p

2’ 2‘ -2 2! -2 ' 2

2 2c +27'2¢ p
i

”x‘? 2 r‘g’*"?\ ,-,2 2n yop?
~20%% Kwhl +27 LAE-QU tTC, A,+27T h

N
113 wtkn‘ pet



& matrix can be formulated from these enuations as follows

2

-y - D
Fw o 2v®wtn 282 ¢, 2k8kfpt (-8° cp42r2wle,D)

1
-2p? xw 22?7 poo20? o 2% pr (<02 gpe2r® D)

B ~
P -y

2 - \ » ~ [ e 2
~2c? kw 20,° D 207 ¢y 20;° pt (=c? cpeecy® c D)
202t2vw  27'2 p 2p2¢fc. o on'? ng (-D2t2C}+EW'2 c.D)
h p

£ careful study of the nstrix shows that column one and
column three are proportionzl with a ratio of proportionality
of Kw/Ci.. Likewlse, column two and column four heave a retio
of propertionality of L/t. The proportionzl rows or col-
umns in the matrix mesgn incompstibillity if right hend side
vector is not in the same proportion. The rmatrlx having
proportional columns or rows cor having all elements of one
or more rows or cclumns ecual to zero ls & sinrular matrix,.

4 sinpulsar matrix has no solution,

For the four constraints under conslideration the matrix
will always be singular. This situation has to do with the
inequelities of the constraints themselves, The left hand
sides of Inequation (4,2) and Tnequaticn (d.,5) are propore
tional to each other, the ratlio of proporticnality being
Kw/C,s Likewise the left hand sides of Inequation (4,3)
and Ineguation (4.5) have & ratio of proportionality of D/3t,
Thua, although there are four unknowns with four equations,
explieit values cannot be oblained due to the presence of

incompatibllity,
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INCOMPATIBLE CONSTRAINTS

The special model. The procurement gquantities for

different constraints, when only one of them is active at

a time, can be determined by Equation (4.8), Equation (4.9),
Fquation (4.10), and Equation (4.11). The procurement
quantity with the warehouse constraint is S/Kw, with the
number of orders constraint is D/A, with the capital con-
straint is C/Ci’ and with the set up time constraint is
Dt/T'. If more than one constraint are acting simulta-
neously, there will never be one value of O which will
satisfy all constraints. Although explicit values of the
Lagrangian multipliers can be determined, the procurement
quantity will always come out to be indeterminate. The
only approach to such a problem will be the trial and error
method given by Churchman (Ref. 2-Page 269).

The general model. The four constraints with the

general model can be subdivided into two incompatible groups
the incompatibility being present within the group itself.
Group A: [Warehouse + Capital].
Group B: [Number of orders + Set up time].
Any other combination of constraints including either (or
both) of these groups in combination with the remaining
constraints, will also be incompatible, These incompatible

combinations are listed below.
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1) [Warehouse + Capital] + Number of orders

2) [Warehouse + Capital] + Set up time

3) [Number of orders + Set up time] + Warehouse
4) [Number of orders + Set up time] + Capital
5) [Number cf orders + Set up time] + [Capital

+ Warehouse].

OPERATING POLICY UNDER INCOMPATIBILITY

The special model. It can be shown that no explicit

solution exists for multiple constraints for this model.
Let number of orders constraint and the capital constraint
act simultaneously. Then, the optimization function can be

formed as:

C.D CnQ
= Jb” L. Zh® 4 a (A =-Dy 42 -
TC(Q) C,D + ot 2( Q) 3(0 QCi) (4.17)
Differentiating Equation (4.17) with respect to Q gives
C D C D
3TC = _ p_ 4+ _h . a2” _
30 5 T g =5 - 250 =0
Q Q
1(-CD+AD)=-E_@.+AC
7 p 2 p) 371
Q
Q2=2CPD"2A2D.
’ Ch - 2}301 (4018)

Equation (4.18) can now be substituted in Equation (4.9)

and Equation (4.10) to give



f
ta)

9 -

2 S . . g n .
ﬁ‘(ELgL - gxzb) - U°(C, - ax3ci) = 0
-” . A 2 oy ™ 1
Cef w 2A,0.) = C,7 (20,0 = 22,0) = 0
7} 307 i ! 2L
Solving these two egquatlions sirultaneocusly rives

Sybstituting these values of A? and As back into Fguation

(5,18) gives

o
f
£
vy
H

which 13 iIndeterminate,

Thug, whenever more than one constraint are zcting the
problem will tecome eilther incompatible or indeterminate
and the solution may only be obtained by the trial and error
method.

The reneral model., /v optirur sclutior cannot eazily

be obtained when incompatibility exists, However, the
fellowing scheme will be useful in obtzinine the next hest
sclution. 7Tt will be seaurmed that g1l constraints sre rizld
and cannot be viclated.,

Group: £ (warehouse constraint and capitel constraint),
The Imax caleculatad to satisfy = warehouse constraint will
be S/Kw while thut for a eapltal constraint will be (/C4,

“ince, in veneral 5/¥w 1s not egual to C/Ci, thera can never



- 40 -

TC
Select this
restriction.
A B
S/Kw C/Ci Imax
I. Group A constraints
TC
—-——/
Select this
restriction.
C D Q
(%lt) (D/4)
ITI. Group B constraints
Flgure 3: Selection of Proper Constraints

under incompatibility.
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be a single value of Ip,y which will satisfy both of these
constreints 2t their boundaries, In thls case, the alter~
native would be to satisfy the constraint requiring a lower
velue of T,., 80 that the other constraint will esutomatically
be satisfied,

Constraints for this group are sketched in the upper
half of Pigure 3 assuming that S/¥w 1s less than C/Ci. Any

attempt to increase Ima teyond point A will viclate the

x
warehouse restriction,

Rule 1 -« Select the constraint requiring the

lower T,y between C/C; and S/Kw,

Group B (number of orders constreint and set up time
constraint): The procurement guantity calculated to satisfy
the number of orders constraint will be D/A, while that for
set up time constraint will bde (D/T')(t). Since, in general,
D/A 1s not equal to (D/T')(t) the sinzle procurement quantity
can never satisfy both of these constraints on their bound-
aries, The same argument as for Thax in Group A may be
applied, except that the larpger value of Q should be chosen
because Q is in the denominator of Inequality (4,3) and
Inequality (4.5).

Constralnts for thls group are sketched in the lower
half of Figure 3, assuming D/A 1s greater than (D/T')(t),

Any attempt to move towards the left of point D will vioclate

the restriction,



Rule 2 ~ Select the constraint requiring
largzer procurement quantity between

o/A and (D/T')(t),

GENERAL PROCEDURE UNDER INCOMPATIBILITY WITH THE GENERAL
MODEL

Step one. Caleuvlate ¢, L, Imax’ and TC,,, disregarding
constralnts,
Steg two. Check for the setive constraints,

Step three, Select proper constraints from group A and

group B, _

Step four, Solve for the constraints in step 3.

The above procedure will be illustrated by solving an
exanple, All data for the example of Chapter YIY will apply
to this problem, In addition, the following data will be
assumeds

t = 4§ hours per aset up
7' = 0,1615 hours per period
C = 135 dollars,

Step one - calculate Q, L, I and Tcmin without any

max

gonstraint. From the example of Chapter YIT,

Q = 166 units
L « 15 units
Imax = 33 units

TChin = $42.53 per period,



Step two - check for acgtive constraints, The warehouse

conastraint isa

lemax 2 &
(1)(10)(33) « 250

Sinee the spree required for the inventory is more than the
avalladble, the constraint s active.

The number of orders constraint ic

D/Q s A
8/196 < 0.04
‘3.0‘%93 i 0.0’1.

Since the number of order placed per period is more than the
allowed figure, the constraint is active,

The capital aonatragnt is

I

max 3 2 ¢
(33)(4.5) < 135
158.5 < 135,

Since the caplital required is more than the allowed limit,
the constraint is active,

The number of set ups constraint is
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1

(n/2)(%) £ T
(8/196)(4) < 0.1615

Since the required set up timeé is more than the available,
the constraint is active,

As discussed before, since all four constraints are
active the incompatibility will exist, To avoid this, a
soreening procedure must be spplied,

Step three - select proper constrainte. The proper
constraints will he selected from group A and group B as
fellows:

Group A. Imax a8 ctlculated from the availability of
resources for the warehouse constraint is 250/(1)(10) or 25
units and that for the copital constraint is 135/4.,5%5 or 30
unita, Since 25 13 lesc than 30, the warehouse constraint
must be selected according to "Rule one%,

Group Bs @ calculated from the avallability of rescurces
for the number of orders ennaﬁraint 18 8/0,0% or 20C and that
for the zet up time constraint (3/0,1615)(4) or 198, Since
the procurement quantity for number of ord&rs constraint is
higher, it will be selected according to "Rule two",

Step four - solve for the constraints in step 3. The

problem now reduces to the general model with the warehouse

constraint and the number of orders constraint which has
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already been solved under illustrative example of Chapter
I1II., The procurement guantity was 200 units and Imsx was
25 unlits,
It can be shown that the azbove teehnique not only
avolds incompatibility but alsoc satisfies all four constrsints,
Thus,

for warehouse constraint (1)(10)(25) <« 258
250 = 250
for number of order constraint 8/200 < 0,048
0.0% = 0,04
for capital constraint (25)(4.50) < 135
112.5 < 135

for set up time constraint (8/200)(4) < 0.1615

0.1600 < 0,1615,
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CUAPTER ¥
SUMMARY AND CONCLUSIONS

The single-item, single~-source inventory syntem was
treeted with nultiple constraints for the genersl mcdel
and the special model, The Lagranglan multiplier tech-
nigque was used for coptimlcetion. The findings can be
sumrarized as followay

Ceneral model with two constraints, The general
model under the warehouse constraint and the number of
orders constraint was discussed in Chapter IIT, The values
of the Lagrangian multipliers were determined explicitly as,

€, SA(C, + )

A - e -
warehouse ™ Rw = 77 D(1=-D/R)

é
CDUL-D/R) (€, + C)S

A =Cp - Moo 3y sprppry
number of orders P 252 2K"w " D(1«D/R)

The policy variables were alsc determined explicitly ae,

C = D/A
L = DT =« (D/A)(1~D/K) + 8/Fw,

Similar expressions can be developed when the gapital
constraint and the zet up time constraint were acting

simultsaneously.



- 47 -

General model with more than two constraints, It was
shown that incompatibility existed whenever more than two
constraints were active, The four constraints with the
general model were subdivided into two groupz of incom-
patible constraints, the inocompatibllity being present
within the group itself,

Group A. [Warehouse + Capital].

Group B. [Number of orders + Set up time].

All other incompatible combinations which can be formed
by combining either (or both) of these groups in combination
with the remaining constraints were also listed in Chapter
Iv,

Two rules were developed to help select the proper
constraints when incompatibllity existed, These rules were
successful not only in aveoiding incompatibility but also in
satisfying all the constraints simultaneously,

Por all remaining compstible constraints, it was cone
cluded that Lagranglian multipliers can be determined
explicitly,

Special model with more than two constraints., The
problem of incompatibility did exist in this case alsoc but
an additional difficulty of indeterminate Q was experienced
whenever two or more constraints acted simultanecusly, It
was concluded that the explicit solution for 9 eould bdbe

obtained only when the model was subjeet tc one eonstraint
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at a time, For all other cases it was concluded that the
procurement quantity snd the Lagrangliin multipliers could

be determined by trial and errur method only.
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DETEPMINISTIC INVENTCRY MODELS
WITH
HULTTIPLE CONSTRAINTS

by
Palkissn Punamchand Kacholliya

ABSTEACT

This research 1s directed tovwards the minimization of
the total cost of the single-item, single-source, deter=
ministic inventory system in the face of multiple constraints,
The Lagrangien multiplier technique 1s used for optimization,

Two models, the general model and the speclal model,
with multiple constraints are studied, For the special
model the solution becomes indeterminate and/or incompatible
whenever more than one constraint is active and the trial
and error method 1s sugpested for this situation, For the
general mecdel, the constraints are classified into two
baslic groups of incompatible constraints, Also, other
possible groups of incompatible constraints are listed, A
sample solutlion for one group, out of many possible groups,

of compatible constraints is presented, TIllustrative examples

are given,
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