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LIBRATIONAL DISPLACEMENTS OF SILICATE TETRAHEDRA
IN RESPONSE TO TEMPERATURE AND PRESSURE
by
Robert T. Downs
(Abstract)

Recently it has been concluded that the SiO, silicate tetrahedra in crystals
behave as rigid bodies. This conclusion is based on analyses of the atomic dis-
placement factors of Si and O atoms obtained from single crystal diffraction exper-
iments wherein the amplitudes of atomic vibrations are ascribed to translational,
librational and screw—corréla,ted modes of motion for the entire SiO4 group. If
the displacement ellipsoids are considered to represent time averaged quadratic
surfaces of equal configurational potential energy about the mean position of an
atom, then an analysis of the these displacements should provide detailed infor-
mation about the SiO4 group and the crystal.

The apparent SiO bond lengths recorded for silicates over a range of tem-
peratures are typically either invariant or exhibit a contraction with increasing
temperature. A rigid-body thermal analysis was completed for the tetrahedra in
nine silicates whose structures have been determined over a range of tempera-
tures from 15 K to 1250 K and whose tetrahedra seem to behave as rigid units.
The coordinates provided by the analysis yield bond lengths and polyhedral vol-
umes corrected for the librational motion of each silicate tetrahedron. The bond
lengths and volumes estimated for tetrahedra with four bridging oxygens seem
to increase with temperature at a faster rate than those with four nonbridging
oxygen atoms. Those for tetrahedra with two or three nonbridging oxygen atoms
tend to increase at an intermediate rate. An analysis of the rigid-body motion of

coordinated polyhedra yields a simple but accurate expression for correcting bond



lengths for thermal vibrations.

Observed anisotropic displacement parameters for Si and O atoms indicate
that the SiO, tetrahedra in quartz behave as rigid bodies. A configurational
potential energy curve, constructed from the librational components of the rigid
body motion of the tetrahedra, shows a double well for @ quartz and a single
well for B quartz when plotted as a function of the displacement of the O atom
with temperature. The configurational energetics of a and 3 quartz are examined
with a theoretical potential energy function based on parameters obtained from
molecular orbital calculations. The calculations indicate that the temperature
behavior of a quartz is governed by the energetics of the SiOSi angle, in contrast
to B quartz which is governed by the energetics of the SiO bond. The mechanism
of the a = [ transition is examined in terms of the experimental and modeled
configurational potential energy curves. Evidence for the proposal that = bonding
is the driving mechanism for the transition is lacking.

Structural and volume compressibility data for a—cristobalite were determined
by single crystal X-ray diffraction methods for pressures up to ~1.6 GPa, where
cristobalite undergoes a reversible phase transition. The bulk modulus was de-
termined to be 11.5(7) GPa with a pressure derivative of 9(2). The SiOSi angle
shows a greater decrease than observed for quartz and coesite while the SiO bond
lengths and the OSiO angles remain essentially unchanged. The responses of
V/V, and SiOSi angle to pressure for the silica polymorphs are compared and
it is found that the percentage decrease in the volume is linearly correlated with
the percentage decrease in the SiOSi angle, regardless of the framework structure
type. A mathematical modeling of the energies of the structural changes that are
induced by pressure suggests that the contribution to the total energy ascribed to

SiOSi angle bending terms is the same in quartz and cristobalite.
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Chapter 1
Variations of Bond Lengths and Volumes
of Silicate Tetrahedra with Temperature
Introduction

The atoms of a crystal are never at rest but are in perpetual oscillatory mo-
tion about their equilibrium positions with their mean square displacement am-
plitudes, MSDAs, increasing with temperature. A structural analysis of a crystal
by diffraction methods can yield a set of precisely determined mean positional
coordinates for each of its nonequivalent atoms, but, because of the oscillatory
motions of the atoms, the separations calculated from these coordinates, referred
to as the apparent interatomic separations, R, are always less than the mean in-
teratomic separations, R, (Cruickshank, 1956, 1961; Busing and Levy, 1964). It
is these latter quantities that have chemical significance as they are the bonded
and nonbonded mean interatomic separations that obtain between atoms at their
equilibrium positions.

As observed by Busing and Levy (1964), before an estimate can be made of
the mean interatomic separation between a pair of atoms, a knowledge is required
of the correlations that obtain among the respective motions of these atoms. Un-
fortunately, of the possible correlated motions, only a few are sufficiently well
understood so that a mean interatomic separation can be accurately estimated.
One such motion is the rigid-body motion often exhibited by the atoms of a
molecule that are strongly linked together and that exhibit both translational
and librational (rotatory) modes of oscillations (Cruickshank, 1957; Willis and
Pryor, 1975). Accurate estimates of the mean interatomic separations for such a
rigid molecule can be obtained from a TLS (Translational, Librational and Screw

modes of motion) modeling of the thermal motion (Cruickshank, 1957; Schomaker
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and Trueblood, 1968). Not only do the separations calculated from the atomic
coordinates determined for molecular crystals provided by the analysis tend to be
in better agreement with those obtained by spectroscopic methods (Dunitz et al.
1988), but also the lengths of bonds that have similar strengths tend to show a
relatively narrow range of values.

In recent studies of the MSDAs observed for the Si and O atoms in a number
of ordered framework silicate minerals, Biirgi (1989), Downs (1989), Downs et al.
(1990) and Armbruster et al. (1990) claim that the coordinated silicate tetrahedra
in these minerals seem to behave as rigid bodies. These studies indicate that the
Si and O atoms move in tandem along each SiO bond so that the MSDA of Si
toward O, z,, tends to equal that of O toward Si, z35;. Downs et al. (1990)
inferred from this result that the SiO bonds in these structures are oscillating
back and forth as rigid units. Similar results seem to hold for the nonbonded
OO separations that define the edges of each SiO4 group. Furthermore, as one
might expect, the MSDAs along the line of separation between a given pair of
oxygens in adjacent silicate tetrahedra are not, in general, equal. Based on these
observations, the tetrahedra in ordered framework silicates seem to behave as
rigid bodies (with fixed interatomic separations) librating and translating back
and forth about their equilibrium positions.

In this study, a TLS rigid-body thermal motion modeling is completed for
the Si0, silicate tetrahedra in nine selected ordered silicates whose diffraction
data were recorded over a relatively wide range of temperatures. Estimates of the
mean interatomic SiO separations, Rrps(SiO), calculated from the coordinates
obtained in the TLS analysis yield separations for room temperature structure
determinations that are typically about 0.005A longer than R(SiO), the observed
apparent SiO bond length. In addition, Rrps(SiO) calculated for data recorded
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at temperatures up to 1250K are considerably greater, as much as 0.03A, than
R(Si0). In fact, Rrps(SiO) increases or is unchanged with temperature while
R(Si0) typically decreases or remains unchanged with increasing temperature.
As a TLS analysis involves a tedious calculation, a simple expression, referred to
as the simple rigid bond correction, was derived to estimate the mean interatomic
separations for rigid coordinated polyhedra. Application of this correction to the
nine selected silicates yields bond lengths that match those obtained in a TLS
analysis with an esd of 0.002A.
A Review of Bond Length Correction Expressions

In a careful study of bond length errors ascribed to the libration of a molecule
in a molecular crystal, Cruickshank (1956) showed that the positional error of an
atom, Ar, in a radial direction can be estimated by

1 s? t?

= — 1-1
T 2r(1+82/q2+1+t2/q2)’ (1-1)

where 7 is the distance between the libration center of the molecule and the atom,
s? and t? represent the librational MSDAs of the atom perpendicular to the radial
direction, and where g? represents a spherical Gaussian breadth parameter fit to
the electron density peak of the atom that measures translational motion only.

Inasmuch as ¢?, s?

and t? are difficult to obtain, this equation has not found
wide application. In the derivation of Equation 1-1, it was assumed that only the
librations perpendicular to the radial direction are relevant, an assumption that
is known to hold for molecules with 1, 3, 6 or 43m point symmetry (Johnson,
1969a). By relaxing this assumption, Cruickshank was able to express the rigid-
body motion of a molecule in a more general way in terms of two symmetric
tensors, one representing the librational component, L, of the rigid-body motion

and the other, T, the translational component. Since translational motion does
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not affect bond lengths, the librational component can be isolated and used in the

expression

(Avle = %[(traceL)Is _ L], (1-2)

to correct the Cartesian coordinates, [v]¢, of the atoms. This expression is based
on the assumption that the librational oscillations are not too large (< 10 — 15°).
However, Cruickshank’s model did not take into account any correlation between
translational and librational modes of motion, which subsequently was denoted
the screw mode of motion by Schomaker and Trueblood, (1968). When the rigid-
body parameters of a molecule are obtained in a refinement involving translational,
librational and screw motion, the elements of the resulting L matrix can be used, as
defined by Equation 1-2, to provide thermally corrected positional coordinates for
atoms in rigid molecules. Bond lengths, Ry, calculated from these coordinates
have proven to be accurate estimates of the mean separations among the atoms
in molecular crystals (Dunitz et al. 1988). To our knowledge, this procedure is
the most accurate method known to date for estimating R,, in rigid molecules.
Perhaps the most widely used expression for correcting bond length is provided
by the Busing and Levy, (1964) ‘riding model’ where one of the atoms, Y, is
assumed to be strongly linked to one much heavier atom, X, upon which it appears
to ‘ride’. This model is based on the assumption “that atom Y has all of the
translational motion of atom X plus an additional motion uncorrelated with the
instantaneous position of atom X” (Johnson, 1969b). An estimate of R,, for a
pair of atoms exhibiting riding motion is given by
2

— —32
P Wy — Wx
R‘rld_R+ 2R )

(1-3)
where w% and W% are the average MSDAs of atoms X and Y in the plane perpen-

dicular to the XY bond. The widespread use of the riding model may be ascribed

4



to the relative ease with which the w?-values can be obtained and to its success
in obtaining reasonable OH bond length corrections.
Thermal Expansion of Silicate Tetrahedra

The apparent SiO bond lengths, R(SiO), recorded for a number of silicate
minerals over a variety of temperatures, typically are either invariant or show a
slight contraction with increasing temperature. As an illustration of this point, the
thermal expansion rates of R(Si0O), as defined by the slopes of the regression lines
fit to R(SiO) as a function of T, are presented in Table 1-1 for low albite, acmite,
diopside, jadeite, and spodumene, Na fluor-richterite and K fluor-richterite, an-
dalusite and kyanite (Smith et al. 1986; Harlow and Brown, 1980; Armbruster
et al. 1990; Winter et al. 1977; Clark et al. 1969; Cameron et al. 1973; Levien
and Prewitt, 1981; Cameron et al. 1983; Winter and Ghose, 1979). These min-
erals were chosen because the z34; and 22,, values of their their SiO bonds are
highly correlated with 23, ~ z%,,, satisfying the criteria set forth by Downs et
al. (1990). Also, the MSDA’s of the O atoms, calculated along the edges of the
tetrahedra, tend to be equal except at the highest temperatures. Taken together,
these results indicate that the SiO,4 tetrahedra in these structures behave as rigid
bodies, except at the high temperatures, where the rigid model may be expected
to fail.

An examination of the expansion rates for the bonds in low albite and in Na
and K fluor-richterite indicates that they contract for the most part with increas-
ing temperature. The rates recorded for the remaining silicates are marginally
positive or zero. In a discussion of the implications of these results, Winter et
al. (1977) noted that the invariant behavior of the SiO bond length with in-
creasing temperature requires that the potential well for the bond be quadratic

in nature. They also observed that the contraction of the bond with increasing
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temperature requires that the cubic term characterizing the anharmonicity of the
well be positive in sign. This implies that the curvature of the well increases more
slowly at shorter bond lengths than it does at longer bond lengths, relative to the
equilibrium bond length. Winter et al. (1977) considered both interpretations of
the shape of the potential well to be unreasonable. In an attempt to resolve this
problem, they corrected R(SiO) and R(AIlO) in low albite for thermal motion,
using the four equations presented by Busing and Levy, (1964). These equations
yield four sets of corrected bond lengths that show a range of values that differ by
as much as 0.03A. Inasmuch as the correlated motions of the atoms in low albite
were unknown, they were unable to decide which set of corrected bond lengths
provides an accurate estimate of the mean bond lengths in the mineral.

As discussed earlier, recent studies of the temperature factors for the Si, Al
and O atoms of the framework silicates, including low albite, indicate that their
tetrahedra behave as rigid bodies. Using the strategies employed by Downs et
al. (1990) for the framework silicates, similar calculations were completed for
the silicates in Table 1-1. As the trends between the MSDAs for the SiO bonds
and OO separations are the same as those recorded for ordered frameworks , it
1s concluded that the tetrahedra in these silicates also behave as rigid bodies.
Therefore, a TLS analysis was completed for each silicate group to obtain an L-
tensor, using a FORTRANT77 program written for this purpose. With Equation
1-2, the thermally corrected coordinates of the atoms for each tetrahedron were
estimated and Rzrs(SiO) was calculated for each bond.

Using these estimates of the mean SiO bond lengths, expansion rates for
Rr1s(Si0) were calculated and are presented in Table 1-1 where it is seen that
almost all of the bonds expand with increasing temperature. Figure 1-1 compares

the variation with temperature of the apparent Si;,, O, bond length in low albite
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with that of the TLS estimate of the mean bond length. This plot shows that
the TLS corrected bond length is appreciably longer, ~ 0.03A, than the apparent
length of the bond at 1200 K. As the expansion rates of all the TLS corrected SiO
bond lengths in low albite are similar to that of the Si;,, O, bond, it is concluded
that the SiO bond lengths in low albite expand, as expected, with increasing

temperature.

1.63

1.59|rlllll|||||x||ﬁ—r||.||....|r1r|.|

40 800 1200
Temperature (K)
Figure 1-1. A scatter diagram of the variation of the SiO bond length with
temperature for the Sij,,Op,, bond in low albite. The uncorrected, apparent
bond lengths, R(SiO), are plotted as asterisks, while the TLS bond lengths,
Rr15(510), corrected for rigid-body libration, are plotted as open circles. Note

that the uncorrected bond lengths appear to shorten with increasing tempera-
ture, however, when corrected, the bonds increase in length.

In a study of the high temperature crystal chemistry of single chain silicates,
Cameron et al. (1973) suggested that the bridging SiO bond lengths, R(SiOs,),
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in these minerals tend to expand at a faster rate than the nonbridging ones,
R(SiOntr). The data in Table 1-1 seem to support this claim. For example,
the average expansion rate of the bridging SiOs, bonds, < 8Rr1s(SiOs,)/0T >,
for the single chain silicates, 10.5x107%A /K, is significantly larger than that,
7.8x107%A/K, calculated for Rrps(SiOnsr). In addition, < ORrrs(SiOs)/0T >
calculated for low albite, which only contains Oy, is larger, 12.6x107%A /K, than
< ORrps(SiOp,)/8T >, 6.0x107%A /K, calculated for andalusite and kyanite
which only contain Op.. There appears to be two families of expansion rates
with R71s(Si0s,) expanding at nearly twice the rate of Rrrs(SiOpner ).

With the coordinates obtained from the 7LS modeling, volumes were calcu-
lated for each of the silicate tetrahedra in the nine silicates. In an examination of
the variation of these volumes, Vrys, with temperature, linear regression analyses
were completed for Vrps as a function of T. The resulting expansion rates for these
tetrahedra are given in Table 1-1. The correlations between Vrrs and T were
found to be better developed than those between Ryps(SiO) and T. The over-
all average expansion rate of Vs is 35 x 1078A3%/K, a value that is significantly
larger than the zero value reported by Hazen and Finger (1982), and corroborated
with our nine silicates, for the silicate tetrahedra uncorrected for thermal motion.
As observed above, Rrps(SiOy,) increases, in general, at a faster rate with tem-
perature than does Rrrs(SiOn, ). Therefore, it is not surprising that the silicate
tetrahedra in low albite, where each tetrahedron consists of four O,,, expand at
about twice the rate as they do in kyanite and andalusite, where each tetrahedron
consists of four O,;,. The tetrahedral volumes for the single and double chain sil-
icates, where the tetrahedra contain two or three O,, expand at an intermediate
rate. Like Cameron et al. (1973), no explanation is currently offered as to why

SiO bridging bonds expand at a faster rate than nonbridging ones.
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Figure 1-2. A scatter diagram of the slope versus intercept for Ryrs(SiO),
indicating that the expansion rates of mean SiO bonds do not seem to depend
on bond length. The low albite tetrahedral data, with four O, are plotted
as squares, the chain silicates, with three and two Oy, are plotted as triangles
and diamonds, respectively, and the orthosilicates, with no O,,, are plotted
as circles. The open symbols indicate bridging bonds while the closed ones
indicate nonbridging bonds. Note that the bridging bonds tend to have larger
expansion rates than the nonbridging ones.

In a study of the thermal expansion and high temperature crystal chemistry
of the Al,5iO5 polymorphs, Winter and Ghose, (1979) argue that longer bonds
should show a greater increase in length with increasing temperature than shorter
ones because the latter are usually stronger (See also Megaw, 1971; Hazen and
Prewitt, 1977). This argument not only seems to hold for the values of R(SiO)
recorded for these aluminosilicates, but it also seems to hold for silicates in general
(Hazen and Finger, 1982). However, Figure 1-2 shows for the nine silicate studied
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that the expansion rate of SiO seems to be independent of Rr1s(Si0). It also
shows that the expansion rate of an SiO bond seems to be related to whether the
bond involves a bridging or nonbridging O atom with bridging bonds tending to
expand at faster rates than nonbridging ones. On the other hand, the expansion
rates of the tetrahedral volumes seem to depend on Vrpg, with the volumes of
the smaller tetrahedra in low albite increasing at a faster rate than those of the
larger tetrahedra in the remaining eight silicates (Figure 1-3). As the linkages of
the tetrahedra in low albite are different from those in chain and orthosilicates,
it appears that the expansion rates also depend on the tetrahedral linkage, with
expansion rates increasing with the number of bridging O atoms. This is contrary
to the suggestion of Hazen and Finger (1982) that each coordinated polyhedron
has a unique volume expansion coefficient.
A Simple Rigid Bond Model Correction

It is an extensive undertaking to calculate the L-matrix that is required to
correct the SiO bond length for thermal motion effects, using Equation 1-2. Con-
sequently, a simpler expression for correcting rigid bond lengths in coordinated
polyhedra will be derived that uses the isotropic rather than the anisotropic tem-
perature factors of the atoms that comprise the polyhedra. The necessary and
sufficient conditions that must hold for this simple rigid bond (SRB) correction
are as follows: (1) The bonds must be appear to be rigid and (2) the coordinated
cation only exhibits translational motion with little or no librational motion.

If the bonds of a coordinated polyhedron, XY, appear to be rigid, then the
interatomic separation between the central cation, X, and each of its coordinated
anions, Y, will tend to remain fixed. This implies that the MSDAs of the X
and Y atoms will tend to be equal along an XY bond, z%y = 2} x, (Hirshfeld,
1976; Dunitz et al. 1988). In particular, Downs et al. (1990) have shown that
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Figure 1-3. A scatter diagram of the slope versus intercept for Vrs(SiO4).
The low albite tetrahedral data, with four Oy, are plotted as squares, the
chain silicates, with three and two Oy, are plotted as triangles and diamonds,
respectively, and the orthosilicates, with no O,,, are plotted as circles. The
distribution of these data suggests that expansion rate of V15 depends on the
magnitude of Vs, which represents the mean volume of the tetrahedra, at 0
K.

this condition seems to hold for the SiO bonds in a large number of ordered
framework silicates. More than 400 other silicate structures have been examined
and this condition seems to hold for the SiO bonds in the great majority of these
structures.

If the second condition is satisfied, then the axes of libration of the coordinated
polyhedron lie near the central cation. When this is the case, the T matrix,
obtained from the TLS fit, should match the temperature factor matrix of the
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cation within its experimental errors. All the framework structures examined
by Downs et al. (1990) and all the silicates examined in this paper, including
the great majority of the other 400 silicate structures mentioned above, exhibit
this property. This condition is demonstrated in Figure 1-4 where the isotropic
equivalent of the translational motion of a silicate group, T.,(SiO4), is seen to be
highly correlated with the isotropic equivalent temperature factor of the central
Si atom, B.y(Si). In this case, T.,(SiO,) is calculated using the same formalism
that is used to calculate B.y(Si). Interestingly, the six-coordinated polyhedra in
many of these silicates conform with this condition as well.

Suppose that: (1) the center of libration of the XY, coordinated polyhedron is
located at the central X atom, and (2) suppose that L? and L2 are the MSDAs of
the Y-atom, ascribed to its libration, projected onto the axes X; and X,. Figure
1-5 shows a set of Cartesian coordinate axes, {X;, X;, X3}, where Xj is chosen
to parallel one of the XY bonds in the polyhedron and X; and X, are chosen
to be perpendicular to the bond. The MSDA of libration projected onto a plane

perpendicular to the bond is given by L2 + L2 and so by the Pythagorean rule
Ripp=R*+ L} + L2
If assumption (2) is satisfied, then

2, 72 _ 2 2 2 2
Li+L; =07y —0yx + 03y — 03 x,

where o7y and o7y are the MSDAs of atoms X and Y projected onto the Xf*

axis. If condition (1) is satisfied, i.e., 22y = z%y, then

Ripp = R* + (255 + ory +o3y) —(2%y +0ix +03x)
3
= R* + 872 (Beq(Y) - Beq(X)), (1-4)

12
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Figure 1-4. A scatter diagram of the equivalent isotropic temperature factor

for the Si atom, B.,(Si), against the derived equivalent isotropic translational

motion parameter, T,q(SiO4). The Pearson correlation coefficient is 0.997. This

plot indicates that the thermal motion of the Si atom can be considered to be

translational only and that there is essentially no librational component to its

motion.
where B., is the isotropic equivalent temperature factor. It is noteworthy that
when the two conditions hold, w? — W% must equal L? + L2. This implies that
the ‘riding model’ defined by Equation 1-3 provides a good estimate of the mean
bond lengths for rigid coordinated polyhedra.

Boisen et al. (1990) found that R(SiO) correlates well with B(O)-B(Si). This
correlation is given a theoretical basis by Equation 1-4. In fact, it can be shown
that the regression coefficient for R(SiO) vs. B(O) should be ~ 3/(32R#?) =
0.0059 if it is assumed that B(Si)~ 1/2B(0). The regression coefficient obtained

13



Atom Y—» X3

Figure 1-5. Librational motion of an XY bond in a XY, rigid coordinated
polyhedron, modified after Willis and Pryor (1975). Rsgrp denotes an XY
bond corrected for simple rigid bond motion, R is the apparent XY bond
length, L; and L, denote the rms displacement amplitude of atom Y ascribed
to the librational motion of the XY, coordinated polyhedron projected on a
plane perpendicular to R.

by Boisen et al. (1990) for the silica polymorphs and the clathrasils is ~ 0.006,
matching the theoretical value given above.

The simple rigid bond model, as observed above, indicates that the isotropic
temperature factors of the anions comprising a rigid coordinated polyhedron
should be significantly larger than that of the coordinated cation, regardless of
the masses of the atoms, because the temperature factors of the anions embody
all of the translational motion of the cation plus the librational motion of the co-
ordinated polyhedron. This observation is supported, for example, by a structural

14



analysis of 5iS; (Prewitt and Young, 1965) Whi(;l{ shows that the isotropic temper-
ature factors of the S atoms comprising the rigid SiS, tetrahedra are significantly
larger, B;.O(S)::l.BAz, than that observed for Si, ]éiso(Si)=0.7A2, despite the fact
that the mass of a S atom is about 15% larger than that of Si. A similar observa-
tion can be made for the rigid SiSe, tetrahedra in SiSe,: the By,—value for Se is
observed to be significantly larger (2.7A?) than the Bj,,—value observed (2.142)
for Si (Peters and Krebs, 1982), despite the larger mass of Se. If the temperature
factors of these anions were smaller than that of Si, then Equation 1-4 would
predict that the corrected bond length would be shorter than observed which
contradicts Busing and Levy’s assertion that thermally corrected bond lengths
must always be longer than uncorrected ones. If the predictions of this model are
correct, then a refined structure may be viewed as suspect and unsuitable for a
crystal chemical study of bond length and angle variations (Boisen et al. 1990)
when the B—values of a cation in a rigid coordinated polyhedron are significantly
larger than the B—values of the coordinating anions.

As shown in Figure 1-6, Rsgp(SiO) is highly correlated with Rz1s(Si0) with
a Pearson correlation of 0.996 and a slope and intercept of 1.0 and 0.0, respectively.
More than 210 of the 244 SRB corrected bonds lengths agree to within 0.002A
of the TLS corrected values. The ones that depart from the regression line were
recorded in high temperature structural analyses, where the rigid model may
be breaking down and OSiO angle bending modes may be activated (Megaw,
1973). Figure 1-6 demonstrates that the simple rigid bond correction is a good
estimator of the mean bond lengths for a coordinated polyhedron exhibiting rigid
bond motion. The expansion rates of both the bond lengths and the tetrahedral
volumes provided by the SRB corrections are statistically identical with those

provided by a TLS correction.
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Figure 1-6. A scatter diagram of Rsrp(SiO) vs. Rrps(SiO). The Pearson
correlation coefficient is 99.6%, with 86% of the SRB corrected bond lengths
being within 0.002A of the TLS corrected bond lengths. Open triangles repre-
sent bond length data recorded at low temperature, solid circles represent data
recorded at room temperature and open circles represent data recorded at high
temperatures.

Conclusions

A TLS analysis was completed in this study on the silicate tetrahedra in nine
silicates whose structures were determined over a range of temperatures from 15K
to 1250 K. The analysis yields bond lengths for the silicate structures determined
at room temperature that are slightly longer (~0.005A) than the uncorrected
ones. On the other hand, the analysis yields bond length data for the structures
determined at high temperatures that exceed the uncorrected bond lengths by
as much as 0.03A. The libration angles calculated for the silicates examined in

16



this study were all less than 12° . Our analysis of the systematic errors due to
the correction of bond lengths by the TLS method indicates that the maximum
error in the resulting bond lengths is no more than ~0.001A which is well within
the estimated error. Furthermore, it is found that corrected bond lengths almost

always increase in a regular way with increasing temperature.
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Table 1-1. Linear Regression Slopes (x1076) for R(SiO), Rrs(SiO),

V(SiO4) and Vr5(SiO4) as a Function of Temperature (K)

R(SI0)  Rrps(Si0)  V(SiOs)  Vrrs(SiOs)
(A/K) (A/K) (A%/K) (A3/K)

albite
Si1mOa1 -5(1) 13(1) -17(2) 55(3)
S11m Obm —6(1) 15(1)
SiimOcm -3(1) 12(1)
Si1m Odm —2(1) 15(1)
Si20042 -7(2) 6(2) —14(2) 44(1)
Si20080 —10(2) 6(2)
Si200cm 6(1) 21(1)
$12,04m -3(1) 12(1)
Sizm 042 2(1) 16(1) —-10(1) 51(2)
Sizm Obm -2(1) 15(2)
Sizm 040 —-8(1) 7(1)
acmite
Si01 5(2) 10(1) 10(2) 38(3)
Si02 0(1) 9(1)
Si03a 5(4) 12(4)
Si03b 2(2) 9(2)
diopside
5101 0(2) 5(2) 7(4) 37(4)
Si02 -2(2) 7(2)
§i03a 5(3) 13(3)
S5i03b 3(1) 10(1)
jadeite
5i01 2(1) 6(2) 7(2) 30(3)
5102 2(2) 8(2)
Si03a 1(1) 7(1)
SiO3b 5(2) 10(3)
spodumene
5101 6(2) 11(2) 5(4) 41(3)
Si02 —4(1) 7(1)
Si03a 1(1) 11(1)
SiO3b 2(1) 12(1)
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Table 1-1.(cont.) Linear Regression Slopes (x10~%) for R(SiO), Ry rs(SiO),

V(8i04) and VL s(SiO4) as a Function of Temperature (K)

R(Si0)  Rrps(Si0)  V(SiOs)  Vrrs(SiOs)
(A/K) (A/K) (A%/K) (A3/K)

Na Fluor-Richterite

§i101 —4(2) 0(1) —11(5) 23(3)
Si105 —6(1) 4(2)

Si106 -0(3) 9(3)

Si107 -2(2) 9(1)

Si202 2(4) 7(4) 9(10) 40(9)
Si204 —8(4) 2(3)

Si205 9(2) 17(2)

Si206 5(2) 14(2)

K Fluor-Richterite

Si101 -1(2) 3(1) 3(1) 33(3)
Si105 —4(3) 5(4)
Si106 7.9(2) 15.6(8)
Sil07 -2(2) 7(1)
Si202 -7(9) 0(1) —4(9) 30(9)
Si204 —6(2) 5(2)
$i205 9(5) 18(5)
Si206 -1.3(1) 6.8(2)
andalusite
Si02 1(1) 3(1) 5(4) 26(3)
§i03 1(2) 9(2)
Si04 0.2(4) 6.1(5)
kyanite
Si104 1(5) 5(5) 10(1) 26(1)
Si105 5(6) 8(6)
Si108 0(1) 4(1)
Si1010 3(1) 8(1)
Si201 5(1) 8(2) 16(5) 29(5)
Si203 4(1) 7(2)
Si207 4(2) 7(2)
Si209 1(5) 5(6)
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Chapter 2
An Interpretation of the Role of Temperature
on the Structural and Dynamic Properties of Quartz
Introduction

Downs et al. (1990) analyzed the mean square displacement amplitudes, MS-
DAs, for bonded Si and O atoms in a variety of framework silicates and concluded
that the SiO bonds in these minerals appear to be rigid (see also Ghose et al.
1986; Biirgi, 1989; Armbruster et al. 1990). Their analysis was based on the
‘rigid body hypothesis’ (Hirshfeld, 1976) from which they assert that if A and
B are atoms in a rigid polyhedron, then the MSDA, 2%5, of A calculated in the
direction of B should tend to equal the MSDA of B calculated in the direction
of A, z,, ie., 245 ~ 2z},. They suggest that (Ago), defined as the average
Agsio = 235 — 2% for a given silicate tetrahedron, should satisfy the criteria,
—0.00125A? < (Agio) < 0.002A2, indicating that the tetrahedron contains rigid
Si0 bonds. In order to complete the criteria for rigid silicate tetrahedra, the rel-
ative motions of the pairs of O atoms must also be considered. If the criteria for
rigid SiO bonds is applied to each of the individual bonds, then a corresponding
criterion for (Aoo), the average of |z(2)',0,. _z?),o;| for the four oxygens of the silicate
group, can reasonably be defined as (Ago) < 0.002 — (—0.00125) = 0.00325A2. If
the criteria on (Agio) and (Ago) are both satisfied for a given SiO, tetrahedron
in a framework silicate like quartz, then it may be assumed that the tetrahedron
behaves as if it were a rigid body.
Analysis of the Rigid Body Motion of the SiO, Tetrahedra in Quartz

Kihara (1990) has undertaken careful structural analyses of quartz over the
temperature range between 298 K and 1126 K and has obtained precise anisotropic

displacement parameters for the Si and O atoms in both a (low) and 8 (high)
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quartz from which (As;o) and (Aoo) values were calculated (Table 2-1). In S
quartz, the space group symmetry, P6,22, assumed in the refinement, constrains
the displacement of the O atoms to be equal along all the OO vectors and so their
(Aoo) values must be equal to zero. An examination of Table 2-1 shows that the
(A) values for both o and B quartz satisfy the criteria stated above, suggesting
that the SiO, tetrahedra in both of these polymorphs are rigid and that the
displacement parameters provide good estimates of the true thermal motion of
both Si and O.

The (Aoo) values for a quartz increase with increasing temperature, with the
exception of the one measured at 838 K. An increase of (Ago) with increasing tem-
perature has also been observed for other silicates, (Downs et al. 1992) and may
indicate a gradual onset of OSiO angle bending modes at elevated temperatures.
A calculation of the frequencies for the monosilicic acid molecule, H,SiO,, using
a 6-31G** basis set, suggests that OSiO modes become active at temperatures in
excess of 700 K.

If, as suggested by Buerger (1972) and Boysen et al. (1980), 8 quartz con-
sists of a disordered array of Dauphiné twinned domains in equal amounts, then
the magnitude of the (Ag;o) values should be comparable (~ 0.007 A2) to those
observed for twinned tridymite (Downs et al. 1992). The small (Ag;o) values
recorded in Table 2-1 indicate that 8 quartz is essentially free of such twins, as
suggested by Young (1962) in a careful monitoring of the intensities of selected
peaks in the diffraction pattern of quartz as a function of temperature.

If the silicate tetrahedron in quartz behaves as a rigid body, then the mo-
tion of its constituent atoms can be separated into translational, librational and
screw—correlated components of motion by undertaking a T'LS analysis of the dis-

placement parameters of the five atoms in the group, using the strategies described
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Table 2-1. Rigid body parameters for SiO bond stretching, (Ag;o), and for OSiO
angle bending, (Aoo), the displacement of the O atom from the 3 position, D,g,
and the root-mean square displacement amplitude due to libration, z,g, calculated
at a variety of temperatures, using Kihara’s data (1990). The errors on D,g and

zqp are estimated to be 0.0024A.

T (Asio) (Aoo) Dag  2ap
(K) (A%) (A%) (A) (A)
a quartz

298 0.00038 0.00062 0.394 0.083
398 0.00059 0.00065 0.381 0.099
498 0.00034 0.00087 0.365 0.109
597 0.00056 0.00092 0.345 0.128
697 0.00051 0.00132 0.315 0.148
773 0.00045 0.00148 0.282 0.165
813 0.00091 0.00174 0.254 0.180
838 0.00110 0.00145 0.204 0.204

B quartz

848 0.00021 0.00000 0.000 0.272
854 0.00091 0.00000 0.000 0.269
859 0.00069 0.00000 0.000 0.267
869 0.00068 0.00000 0.000 0.269
891 0.00079 0.00000 0.000 0.267
920 0.00115 0.00000 0.000 0.265
972 0.00073 0.00000 0.000 0.265
1012 0.00167 0.00000 0.000 0.265
1078 0.00069 0.00000 0.000 0.266

by Schomaker and Trueblood (1968). The results of such an analysis imply that
the motion of the Si atom in quartz is almost entirely translational, with little or
no librational component. If true, then the thermal motion of the O atoms must
embody all of the motion of the Si atom plus that ascribed to the libration of the
SiO4 group. Downs et al. (1992) have also obtained results that seem to imply
that the motion of the Si atom in a variety of high temperature silicate structures
is almost entirely translational.
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Translational motion in a crystal manifests itself as low frequency, long wave-
length acoustical waves. As such a motion is characterized by a large number
of unit cells being displaced in tandem, this motion cannot be considered as a
major factor in the @ = B transition when examined at the level of the unit cell.
Consequently, the behavior of quartz with temperature should correlate with the
librational component of motion. Therefore, the displacement amplitudes of the
O atoms, ascribed to the librational component of motion of the silicate group,
may be used to characterize the transition.

A Configurational Potential for the o = @ Transition

The heat content of quartz, as determined by Mosesman and Pitzer (1941),
was found by Young (1962) to correlate with the vibrational amplitude, and thus
the vibrational energy, of the bridging oxygen. Accordingly, the variation in the
shape and the magnitude of the ellipsoid of the oxygen atom should also reflect
the character of the potential energy in the vicinity of the atom. An analysis of
the thermal displacements of the oxygen atom as a function of temperature was
undertaken to test this assertion, using Kihara’s (1990) data. This analysis yields
a configurational potential for quartz.

In this analysis, the librational contribution to the rms displacement amplitude
of the O atom, denoted z,g, was calculated in the direction of the vector connecting
the position of the O atom in & quartz to that in B quartz. This vector is defined
to radiate from the «; position in the direction of the a, position such that its
magnitude, D,g, is one half the distance between the two. A comparison of the
resulting z,g values with D,g is given in Table 2-1 for the data recorded between
298 K and 1078 K by Kihara (1990). In particular, just as the phase transition
is about to occur, at 838 K, D,g is observed to equal z,g. This supports both

Young’s (1962) and Megaw’s (1973) assertion that the transition occurs when z,g
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equals D,g.

The data in Table 2-1 was used to construct a configurational potential energy
diagram for the & = f quartz transition (Figure 2-1). In this diagram, both the
@, (left-handed quartz) and o, (right-handed quartz) displacements are plotted,
assuming that their values are equal but opposite in sign, consistent with the
space group symmetries of left— and right-handed quartz. The vertical centerline
in the figure locates the position of the O atom in B quartz, and the points plotted
as plus signs, (+), locate the mean displacements of the O atom in a quartz from
their position in 8 quartz, D,g, at the given temperatures. Asterisks, (*), plotted
on either side of the plus signs, define the librational rms displacement amplitudes
of the O atoms, z,5. These points are joined to form the configurational potential
energy curve displayed in the figure. At a given temperature, the O atoms are
considered to be oscillating back and forth between the sides of the curve with
their mean positions located at the plus signs. The figure shows a potential well
with a double minimum for a quartz and a potential well with a single minimum
for B quartz superimposed above.

The outer limits of the double well are more or less vertical until about 700 K
where they curve inward. This change in the curve can be ascribed to either the
effects of incipient tunneling from one o domain to the other or to the effect of a
thermal distribution of vibrational states in which some of the energies are above
the a = f transition energy. There seems to be no apparent way to distinguish
between these effects using the atomic displacement parameters. Nevertheless,
it is clear that the magnitudes of the displacement parameters are influenced by
more than the thermal motion starting at temperatures about 150° below the
a = f transformation temperature, Tc. The single well for the 8 phase curves

slightly inwards for the first 75° above T¢, consistent with observations by Kihara
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Figure 2-1. A configurational potential energy diagram constructed from the
librational displacements of the rigid body motion of the silicate tetrahedra in
quartz with temperature. The curve shows a double well for a quartz and a
single well for 8 quarts. See the text for a full discussion.

(1990) that the temperature factor of the oxygen atom decreases in magnitude
over the same temperature interval. If a thermal distribution of vibrational states
1s assumed in which some energies are below T, then the displacement param-
eters should be elongated toward the atoms still in a positions. However, using
Equation 1-2 , the values in Table 2-1 indicate that only ~0.2% of the crystal
would still be in the a phase at 848 K.
The Interatomic Forces

The vertical nature of the outer portions of the double well suggests the pres-

ence of interatomic forces that limit the oscillatory motion of the SiO4 group in
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the direction away from the B position. Therefore, as the temperature of the
crystal is increased and the amplitude of oscillation of the SiO4 group increases,
the O atom is indicated to vibrate more toward the 8 position than away from
it. This implies that the mean position of the O atom moves progressively toward
the B position and that the value of D,z decreases with increasing temperature.
The double well for quartz is traditionally pictured as the superposition of two
harmonic wells. This picture is inconsistent with Figure 2-1 in that the outer
portions of the well are much too steep for a pure harmonic model.

To improve the understanding of the @ == B transformation in terms of struc-
tural changes in quartz, it would be useful to know the extent to which the forces
that govern the SiO bond length and the SiOSi and OSiO angle variations are
responsible for the shape of the double well. Assuming that the structure consists
of rigid SiO, tetrahedra, Megaw (1973) has argued, on the basis of the work by
Young (1962), that the barrier in this well results from an increase in energy that
accompanies the relatively large change in the SiOSi angle from 144° at room
temperature to 153° at the transformation temperature. A potential energy curve
calculated in this study as a function of the SiOSi angle supports her arguments.

Using the SQLOO potential energy function developed by Boisen and Gibbs
(submitted) to describe the pressure behavior of a quartz, cristobalite and co-
esite, a calculation was undertaken with the software MADMAX, to model the
configurational potential displayed in the figure. The SQLOO energy function,
used in the calculation, employs regressor values set to the SiO bond lengths and
the OSiO and SiOSi angles that were calculated for the molecule HgSi;O7, using
a robust 6-31G* basis set. In addition, each of the regressor values was weighted
with force constant data calculated for the molecule. Since compression is not

involved in this study, the nonbonded OO repulsion term in the SQLOO model,
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designed to maintain reasonable non—codimer OO separations at high pressures,
was found to make a negligible contribution to the results and hence its effects
will be ignored.

In the calculations, even though only P1 symmetry was assumed for the model,
the atoms arranged themselves with the P3,21 symmetry observed for a quartz
when the structural parameters were allowed to vary until a minimum energy
was calculated. In a subsequent series of calculations, the unit cell volume was
systematically constrained to larger and larger volumes. For each volume, the
structural parameters were varied, subject to P3,21 symmetry, until they arrived
at a lowest energy configuration. At some volume all of the positional parameters
simultaneously adopted the higher P6,22 symmetry arrangement. This volume is
assumed to correspond to the energy at which the phase transition occurs.

In an analysis of those calculations associated with the a phase, the cell di-
mensions and the positional parameters of the atoms were found to vary in a
uniform way except that for the z—coordinate of the O atom which shows a small
but distinct discontinuity at an estimated temperature of 800 K. An examination
of the structures generated on both sides of this discontinuity shows that they
are identical except for the switching of the long and short SiO bonds. Kihara’s
(1990) data shows the same phenomenon with SiO(1) increasing from 1.596A to
1.600A and with SiO(2) decreasing from 1.604A to 1.594A as the temperature
increases from 773 K to 813 K. The 800 K estimate of the temperature for the
modeled discontinuity was made by matching the calculated value for D,g with
that observed for quartz (Kihara, 1990) at a given temperature. It may be per-
tinent that the high temperature data recorded for cristobalite by Peacor (1973)
show a similar result with the two nonequivalent SiO bonds switching in length

at a temperature near 450 K.
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Three additional SQLOO calculations were made to ascertain the structural
changes that are responsible for the shape of the double well. In the first, the
force constants of all of the regressor values were set equal to zero except that for
the SiOSi angle, in the second, all of the force constants were set equal to zero
except those for the individual SiO bonds and their cross terms, and in the third,
all force constants were set equal to zero except for those of the OSiO angles. The
displacements of the O atom from the 8 position was calculated for each of the
minimum energy configurations and are plotted against the energies obtained in
these four calculations in Figure 2-2a.

The curve calculated with the full SQLOO model shows a double well that
conforms very nicely with that displayed in Figure 2-1, except for the failure to
reproduce the same degree of steepness in the outer portions. This is not too
surprising in that the SQLOO model is almost entirely harmonic (Boisen and
Gibbs, submitted). The curve calculated with only the SiOSi contribution to the
energy matches that calculated with the full model except that the barrier is lower
and the sides of the well are less steep. The curve calculated with only the SiO
contribution shows a much smaller barrier. The barrier is absent in the calculation
when only the OSiO angles are considered. These results indicate that the forces
associated with the bridging angle play a dominant role (~75%) in governing
the a = B phase transformation of quartz while those for the SiO bonds play a
minor role (~15%). Just below T, the calculations indicate that the bridging O
atom is librating about its equilibrium position with a concomitant change in the
SiOSi angle of +10°. This is more than twice the value, +4°, calculated for the
room temperature structure. As the temperature is raised, extra thermal energy
1s required to promote the increase in oscillation of the bridging O. Therefore, the

specific heat should increase sharply as the temperature approaches T¢, providing
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Figure 2-2a. The calculated potential double well for a quarts is outlined with

the solid line while the dotted curve is the contribution to the total energy from

SiOSi angle bending, the long dashed curve is the contribution from SiO bond

stretching and the short dashed curve is from OSiO angle bending forces. The

SiOSi angle bending forces contribute the greatest amount (75%) to the total

energy of this potential.
an explanation for the lambda point observed in the heat capacity curve for quartz
(Mosesman and Pitzer, 1941).

A SQLOO model of the potential well for 3 quartz was generated in a series

of calculations in which the position of the O atom was moved along the a — 8
vector, using the cell dimensions observed at 848 K by Kihara (1990). Three
additional calculations were completed in which all of the force constants were set
equal to zero except that for the SiO bond, the SiOSi angle and the OSiO angle,
-as described above. The results of these calculations are plotted in Figure 2-2b
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as a function of the displacement of the O atom from its 8 position. Unlike the
data plotted in Figure 2-2a, a single well is generated in the full calculation. The
plots generated with all of the force constants set to zero except for SiO and for
0SiO show that the potentials for these parameters parallel that obtained in the
full calculation. On the other hand, that generated for the SiOSi curve shows a
maximum at the S—position, as found for a quartz. This causes the bottom of
the well, calculated with all of the parameters included, to be flattened. Such
a result was anticipated by Young (1962) who predicted, assuming anharmonic
coupling of vibrational modes, a single well for B quartz with a somewhat flattened
bottom. Such a coupling has since been confirmed by Scott (1968) in a study of the
temperature dependent Raman spectrum of quartz and by Boysen et al. (1980)
from inelastic neutron scattering studies of interacting modes.

An important question raised by Young (1962) is whether the double mini-
mum potential well for the & phase persists into the stability field of the 8 phase or
whether it is replaced by a single minimum well. Insight into this question is pro-
vided by the model, by an analysis of Kihara’s (1990) data and by the Yamamoto
et al. (1988) observation that sharp triangular microdomains of Dauphiné twins
disappear at temperatures above 7.

The experimental data in Figure 2-1 and the model data in Figure 2-2 both
show a double well dominated by SiOSi interactions for the a phase and a single
well dominated by SiO interactions for the 8 phase. Based on these figures the
temperature induced behavior of quartz will be interpreted. Since the double well
does not persist into the stability field of 8 quartz, it is concluded that the a = 3
transformation is not a second order transition but rather a first order one. In
addition, the inward curving of the outer limits of the double well indicates that

there is another type of transition taking place at temperatures below T that
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Figure 2-2b. A plot of the modeled configurational potential energy curve for

B quartz. The total energy is represented by the solid curve, the SiO bond

stretching contribution to the energy is represented by the long dashed curve,

the OSiO angle bending contribution is represented by the short dashed curve

and the SiOSi bending contribution is represented by the dotted curve. In con-

trast with Figure 2-2a, it is apparent that forces associated with the stretching

of the SiO bonds make the greatest contribution to the total energy of this

potential.
involves the transformation of a quartz into its enantiomorph, i.e., a; = a,. This
transformation appears to be a second order transition that involves positional
disorder of the oxygen atom about the [210] zone of the structure.

As the temperature is raised, the amplitude of oscillation of the O atom in-

creases (Figures 2-1 and 2-2). Associated with this increased amplitude, there is
an increased flexing of the SiOSi angle, the angle decreasing as the libration of

the tetrahedron takes the O atom away from the B position and increasing as the
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O atom is taken toward the B position. It is important, however, to keep in mind
that the potential energy curve for the SiOSi angle is asymmetric, as illustrated
by a series of MP2 calculations on the molecule HgSi,O7 completed with a robust
6-31G** basis set (Figure 2-3). Consequently, when the O atom oscillates in the
direction away from the B position, the potential energy increases rapidly. On
the other hand, when it oscillates toward the 8 position, the potential energy still
increases, but less rapidly. Thus, the mean position of the O atom is expected, as
observed, to gradually move toward the @ position as the amplitude of oscillation
increases, with a concommitant increase in the SiOSi angle and decrease in the tilt
angle of the silicate group. As the mean position of the O atom moves toward the
B position, both the width and the height of the barrier decrease (Figures 2-1 and
2-2). This implies that both tunneling and positional disorder should take place
among the a; and o, phases, consistent with the second order phase transition.
Furthermore, as the temperature of the crystal is raised, the separation in energy
between vibrational modes for the a and the 3 phases decreases with a concomi-
tant conversion of small parts of the crystal into the B phase. It is suggested
that at temperatures approaching the top of the barrier (Figures 2-1 and 2-2),
just below T, the second order transformation is completed and there are equal
amounts of triangular microdomains of @; and a; quartz. It also appears on the
basis of the dark field images recorded for quartz near T¢ (Yamamoto et al. 1988),
that these domains form an ordered periodic pattern of alternating o; and o, tri-
angles which are in perpetual migration. The existence of this array of migrating
microdomains, referred to as the incommensurate phase, was first observed by
Van Tendeloo et al. (1976) in their study of the triangular Dauphiné twin do-
mains exhibited by quartz. At T¢, Figure 2-1 indicates that the mean position

of the O atom is suddenly displaced to the B position. Above this temperature,
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Figure 2-3. This figure shows a plot of the anharmonic potential energy curve
calculated as a function of the SiOSi angle for the molecule HgSizO7. In the
calculation, the molecular geometry was first optimized assuming Cs, point
symmetry with the OSiO angles fixed at cos(—1/3), using 2 MP2 6-31G** basis
set. The optimized parameters are: R(SiOs) = 1.609A, R(SiOpsr) = 1.6384,
£ SiOSi = 147.43°. The SiOSi angle was then clamped at the values given in
the figure and the SiOy, was optimized yielding the following bond lengths for
each of the angles: 180°, 1.595A; 170°, 1.596A; 160°, 1.6014; 150°, 1.6074;
140°, 1.6144; 130°, 1.6244; 120°, 1.6384; 110°, 1.664A.

the O atom vibrates in a symmetric but anharmonic well with the 3 phase re-
placing the triangular microdomains associated with the incommensurate phase.
It is noteworthy that at temperatures above T¢, the mean SiOSi angle remains

essentially constant, a fact that can be explained by the symmetrical nature of
the well displayed in Figure 2-2b.
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Configurational Equi—Potential Energy Contours

Around the Oxygen Atom

2

“-0.5 -0.4 -0.3 -0.2 -a.1 0.0 0.1 0.2 0.3 0.4

Figure 2—4a. A 142 energy contour diagram in the y — z plane, centered about
the modelled position of the O atom in the « phase. The energy is in atomic
units. The two plus signs indicate the positions of the atom in the « and the B8
phases. The two SiO bond vectors are projected onto the plane to demonstrate
the influence of the SiO bond stretching forces on the orientation of the well.
For comparison, the observed thermal displacement ellipsoid of the O atom at
597 K is also projected onto the plane as the stipled region. Note that its
center is displaced toward the 3 position and that it is oriented in a manner
conforming with the energy contours.

The configurational energy in the vicinity of the O atom in quartz was cal-
culated with the SQLOO energy function to gain insight into the potential about
the atom (Figure 2-4), assuming a fixed position for the Si atom. A calculation
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Figure 2-4b. A 1A? energy contour diagram in the y — z plane, centered about
the position of the O atom in the 8 phase. The observed thermal ellipsoid
of the O atom at 891 K is projected onto the plane. Note that the center of
the thermal ellipsoid and the energy contours is fixed and does not vary with
temperature in the S phase.

was completed for the plane
P = {0.4133,y,2|0.1653 < y < 0.3687,0.0265 < z < 0.2115}

which defines a 1A x 1A plot containing the a — 8 path for a quartz (Figure
2-4a). A similar 1A x 1A plot for B quartz is presented in Figure 2—-4b.‘ The plus
signs in both figures define model determined positions for the O atom in the a
and 3 phases. Figure 2-4a shows an asymmetric well, with its minimum at the o
position, elongated toward the 3 position. An examination of the model indicates
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that the direction of the elongation of the well is governed almost entirely by the
SiO stretching force constant as illustrated by the projection of the two SiO bond
vectors onto the plane. The shape of this well provides an explanation for the
observed displacements of the O atom in a quartz as a function of temperature.
Assuming that the O atom oscillates within the confines of an energy contour,
then the mean position of the atom will be at the geometric mean of that contour.
The close correspondence that obtains between the orientation of the displacement
ellipsoid observed for quartz at 597 K and the energy contours is also depicted
in the figure. With increasing oscillation, the mean position of the O atom will
be progressively and linearly displaced in the direction of the 8 position. This
displacement continues until T¢ where it adopts the position observed in 8 quartz.
The contours in the map calculated for 8 quartz, unlike those calculated for
a quartz, are centered about the 8 position. This provides an explanation of why
the position of the O atom is independent of temperature in B quartz. Again, as
displayed in Figure 2-4b, the orientation of the observed displacement ellipsoid
conforms very nicely with the energy contours. However, the orientation of the
ellipsoid does not parallel the a — 3 line as it does for a quartz. Young (1962)
was the first to observe this change in orientation. However, he considered this
change to be an artifact of the refinement model rather than a natural result of
the energetics of the system.
The role of 7 bonding as a driving mechanism for the a = 8 transition
In 1961, Cruickshank asserted that the 3d,2 and 3d.2_,2 orbitals on the Si
atom in a SiO4 group overlap with selected p—orbitals on the O atoms, forming
a (d — p)r bond, in which the order of the bond was indicated to increase with
increasing SiOSi angle. Grimm and Dorner (1975) observed that the SiO bond

lengths for quartz recorded by Young (1962) over a wide range of temperatures,
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vary inversely with angle, in conformity with Cruickshank’s assertion that shorter
S5i0 bonds should involve wider SiOSi angles. This led them to suggest that the
m bond order was the driving mechanism for the a = @ transition of quartz,
with the order of the bonds increasing with temperature. Thus, with increasing
temperature, not only would the SiO bond lengths in the mineral be expected to
decrease, but the SiOSi angle would also be expected to widen. An examination
of the apparent SiO bond lengths recorded as a function of temperature (Figure
2-5) shows that while they decrease significantly with increasing temperature in
quartz, they are independent of temperature in 3 quartz (Kihara, 1990). Further
examination also shows that the SiOSi angle widens about 10° when quartz is
heated from room temperature to 7¢.

It is important to note that the SiO bond lengths used to prepare the lower
plot in Figure 2-5 were not corrected for thermal motion, and therefore repre-
sent apparent interatomic separations rather than mean interatomic separations.
Grimm and Dorner (1975) based their conclusion on such a plot. However, since
the silicate tetrahedra in quartz seem to behave as rigid groups, the mean inter-
atomic bond lengths can be estimated by correcting Kihara’s bond length data
for thermal motion effects, using the simple rigid bond model derived by Downs
et al. (1992). The corrected bond lengths, plotted as a function of temperature
(upper part of Figure 2-5), increase, rather than decrease, in a regular way in
both a and § quartz, with the rate of increase in 8 quartz being three times as
great as that in a quartz. The greater expansion rate of the bond in 8 quartz is
expected in view of Figure 2-2 where it is seen that the variation of the energy
associated with a given change in the SiO bond length in a quartz is small relative
to that in 8 quartz. As it is the mean interatomic separations that have chemical

significance, the assertion that the m bond order is the driving mechanism for
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Figure 2-5. The variation of the apparent and the thermally corrected SiO
bond lengths as functions of temperature in quartz. The apparent observed
bond lengths (Kihara, 1990), are plotted as solid circles for a quartz and solid
squares for 3 quartz. The mean SiO bond lengths, corrected for thermal motion,
are plotted as open circles for & quartz and as open squares for 8 quartz. The
two non—equivalent bond lengths in « quartz are averaged. The apparent bond
lengths decrease dramatically in a quartz as temperature increases, but remain
relatively constant in 8 quartz. On the other hand those corrected for thermal
motion increase systematically with temperature. The corrected bonds in a
quartz are found to vary as R,, = 1.6144(4) +2.3(6) x 10~T while in 8 quartz
they vary as R, = 1.612(1) + 7(1) x 10757

the phase transition in quartz is not substantiated because the SiO bond length
is seen to increase rather than decrease as the SiOSi angle and the temperature

increase.
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Chapter 3
The Pressure Behavior of a—Cristobalite
Introduction

B—cristobalite is the cubic phase of the SiO, silica polymorphs that is stable
at room pressure and at temperatures between 1743 K and the melting point
near 1900 K. The structure exists in a metastable state at temperatures between
~500 K and 1743 K. Near 500 K it undergoes a ‘first order reversible phase
transformation’ to a tetragonal form, a—cristobalite, which is also metastable.
The temperature behavior of a and B cristobalite has been studied extensively
and is reviewed by Hatch and Ghose (1991).

Recently, there has been interest in developing mathematical models that can
describe and predict the structural behavior of the silica polymorphs at pressures
(Sanders et al. 1984; Lasaga and Gibbs, 1987, 1988; Gibbs et al. 1988; Stixrude
and Bukowinski, 1988; Tsuneyuki et al. 1988; Cheilikowsky et al. 1990; van Beest
et al. 1990; Boisen and Gibbs, submitted). It is important to have experimentally
determined volume and structural data collected at pressure for a comparison and
testing of these models. Such data are available for quartz, coesite and stishovite.
Only volume compressibility has been determined for cristobalite (Tsuchida and
Yagi, 1990; Yeganeh-Haeri et al. 1990; 1992), but no structural determinations
have been reported as a function of pressure. In this paper, volume and struc-
tural data are reported at pressures up to 1.6 GPa for single crystal cristobalite,
providing a data set that can be used to test a theoretical model.

Room Temperature Single Crystal Structure Refinement

The cristobalite crystals used in this study, collected from Ellora Caves, Hy-
derabad State in India (Van Valkenburg and Buie, 1945), were kindly supplied
by Carl Francis of the Harvard University Museum (Specimen No. 97849). They
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occur as single and spinel twinned gem quality octahedra in vesicles of Deccan
basalt, perched on fibers of mordenite in association with paramorphs of quartz af-
ter cistobalite. Untwinned crystals were found and distinguished from the quartz
paramorphs by the differences in their refractive indices. In a study of the a — 8
inversion of cristobalite, Peacor (1973) concluded that these crystals probably
formed at temperatures below ~500 K.

A single fragment from a crushed octahedron, with approximate dimensions
125 x 100 x 40 pm, was chosen for a single crystal X-ray diffraction study at
room temperature and pressure. A number of peaks in the diffraction pattern
were scanned to ensure that they were well-formed and that no peaks ascribable
to twinning were present. The crystal was found to have space group symme-
try P4,2,2 with cell dimensions a=4.9717(4)A and ¢=6.9223(3)A (Table 3-1). A
complete sphere of intensity data, I, was collected to sinf/A = 0.7A"' on a
Rigaku AFC-5 diffractometer with monochromated MoK, radiation (A = 0.7093
A) generated from a rotating anode. A total of 1958 Ij;—data were collected
and corrected for type I isotropic extinction (Becker and Coppens, 1975). No ab-
sorption correction was applied because the linear absorption coefficient was small
(pL=8.545 cm™'). An averaging of the symmetry equivalent reflections resulted in
a disagreement index on |F| of 0.018. Of the 171 nonequivalent observations, 146
had g > 20F. The structure was refined with anisotropic temperature factors
to a weighted residual of 1.0%, using a revised version of RFINE6 (Finger and
Prince, 1975). The refined structural parameters and the conditions of refinement
are given in Table 3-2. A comparison of the observed and calculated diffraction
data is given in the Appendix. Additional refinements were undertaken with one
and with two twin components, according to the twin laws suggested by Dollase

(1965). Twin components, if present at all, appear to be less than 1%.
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The structure of cristobalite consists of a framework of corner-sharing SiO,
silicate tetrahedra, each with two non-equivalent SiO bond lengths of 1.6034,
linked together with SiOSi angles of 146.49°. Despite equal bond lengths, the
Si0,4 tetrahedra are more distorted than those in either quartz or coesite, two
other well-ordered structure types of silica. The OSiO angles of the tetrahedra
vary between 108.2° and 111.4°, with a tetrahedral angle variance of 1.56°. The
tetrahedral angle variances for quartz and coesite are smaller, ranging between
0.2° and 0.8°. Since all SiO bonds are equal in length, it is not apparent why
the OSiO angles depart from cos(—1/3), given the correlations found between
fs(T) and bond length (Boisen and Gibbs, 1987; Boisen et al. 1990). Selected
interatomic angles and bond lengths (Table 3-3) are in reasonable agreement with
the values reported by Dollase (1965), Peacor (1973) and Pluth et al. (1985).

The thermal parameters for Si and O are large compared with those obtained
for quartz or coesite. This was a matter of concern because large temperature
factors are often a semsitive indicator of a twinned or disordered structure. For
example, an analysis of the magnitude of the large thermal displacements of the
O atom in high cristobalite led Nieuwenkamp (1937) to deduce its dynamically
disordered state. In a more recent study, Dollase (1965) concluded that the large
thermal parameters in low cristobalite were an artifact of the refinement, resulting
from correlations with the scale factor. However, since the correlation between
B(O) and B(Si) was observed to be smaller, he concluded that the ratio of the
thermal parameters was more meaningful than their individual magnitudes. On
the other hand, Peacor (1973) did not observe this high correlation, but he did
observe that the orientation of the thermal ellipsoids in cristobalite is consistent
with a mechanical model of oscillatory motion in which the major axis of the

O atom is oriented approximately normal to the SiOSi plane, a direction which
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minimizes SiO bond stretching.

In this study, the largest correlation found (0.46) was between the scale factor
and f;; for the Si atom. As the remaining correlations are significantly smaller
than 0.46, the problem of correlation is concluded as insignificant. An examination
of the orientations of the thermal ellipsoids shows that the major axis of the O
atom is oriented normal to the SiOSi plane to within 5°. Moreover, the differences
in the displacement parameters of the Si and O atoms indicate that the SiO,
tetrahedra behave as rigid bodies, a conclusion that obtains when the displacement
parameters represent thermal motion only, with no component of static disorder
(Dowans et al. 1990). In summary, the large displacement parameters recorded for
the Si and O atoms in cristobalite can simply be ascribed to large amplitudes of
vibration.

The thermal ellipsoids in well-ordered structures can be considered as repre-
senting time averaged quadratic surfaces of equal configurational potential energy
about the mean position of an atom. A careful analysis of the size, shape and
orientation of the ellipsoid of the O atom in quartz has, for example, provided in-
sight into the nature of its potential well (Chapter 2). As observed above, earlier
studies have shown that the thermal motion of the Si and O atoms in framework
silicates is consistent with the motion of rigid tetrahedra. Very small amplitudes
of oscillation are associated with SiO bond stretching and OSiO angle bending,
suggesting that the force constants associated with these displacements must be
relatively large. On the otherhand, since the O atom typically vibrates with the
greatest amplitude in the direction perpendicular to the SiOSi plane, the forces
associated with the librational motions of the silicate groups are expected to be
weak. Another important force present in SiO; polymorphs is the OO nonbonded

repulsion forces between tetrahedra that have no atoms in common. It follows
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Figure 3-1. This plot demonstrates that the root-mean square displacement
amplitudes of O, (up), are negatively correlated with the density of cristobalite,
quartz (Kihara, 1990), and coesite (Geisinger et al. 1987, using the average of

the 5 oxygens). A similar plot obtains for the Si atoms since the ratio of the
displacements of O and Si are relatively constant for the silica polymorphs.

that the ease with which an atom in a framework structure can oscillate about
its equilibrium position should depend, in part, on the packing density of the
silicate tetrahedra. In fact, a plot of the average root-mean square displacement
amplitudes, < up >, recorded for the O atoms in cristobalite, quartz and coesite
show, as expected, that < ug > is negatively correlated with density (Figure 3-1).
Not only may this explain the large thermal parameters reported for cristobalite,
but it also suggests that the thermal parameters for the atoms in open high silica
zeolite frameworks should also be relatively large. One may also ascribe the large
thermal parameters observed for the feldspars to the low packing densities of their

47



tetrahedra.
High Pressure Cell Refinements

The crystal for which room pressure data were recorded was transferred to
a diamond anvil cell (Merrill and Bassett, 1974) to record data at higher pres-
sures. Using a 4:1 methanol to ethanol mixture as a pressure medium, the cell
was mounted on an automated Picker four—circle diffractometer, using MoK, ra-
diation. The cell dimensions were refined with reflections (30° < 26 < 52°) that
were recorded using the eight-reflection centering technique (King and Finger,
1979). The pressure calibration was completed by fitting Lorentzian functions to
the fluorescence spectra of several small ruby chips which were included in the di-
amond anvil cell. Using least-squares estimates of the R, and R, peak positions,
the pressure of the experiment was estimated using the relationship established
by Piermarini et al. (1975). With this technique, pressure can be determined
with a precision better than 0.01 GPa. Diffraction data were recorded at seven
different pressures up to 1.60(4) GPa where the crystal transformed into a new,
higher pressure structure type. A least-squares refinement of these data gave the
cell dimensions in Table 3-1. The transformation occurred during data collection,
several hours after a pressure of 1.60 GPa was obtained. The transformation took
~20 minutes to complete, based on the rate of diminution of the intensities be-
ing collected. Unfortunately, the crystal was lost when it was transferred to the
Rigaku diffractometer for a study of its peak shapes.

A second crystal was selected and diffraction data were recorded at 18 pres-
sures according to the sequence given in Table 3-1. During this sequence of
experiments, the pressure was adjusted up and down several times. At 1.26 GPa,
the crystal transformed to the high pressure phase, but it transformed back to a

cristobalite upon lowering the pressure. Upon increasing the pressure, the crys-
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tal transformed again to the high pressure structure type but at a slightly lower
pressure (1.18 GPa). As with the first crystal, cell dimensions were refined with

the data recorded at the pressures indicated in Table 3-1.

0.96
(o]
>
N
0.94
0.92
cristobalite
Oogol'j""_f"l'T_lllllTllTll‘ﬁlllﬁl‘lrl
0.0 0.5 1.0

Pressure (GPa)

Figure 3-2. The unit cell volume of cristobalite as a function of pressure. The
solid and open circles represent data from crystal 1 and crystal 2, respectively.
The best fit Birch-Murnaghan equation of state (K, = 11.5(7) GPa, K| =
9(2)) is represented as the solid curve. For comparison, the pressure-volume
curves for quartz, coesite and stishovite are presented as dashed lines. This plot
indicates that cristobalite is the most compressible of these SiO; polymorphs.

The unweighted volume, V/Vj, and pressure data recorded for the two crys-
tals (Table 3-1) were fit to a Birch-Murnaghan equation of state according to the
strategies proposed by Bass et al. (1981). These calculations yield a zero pressure
bulk modulus of K,=11.5(7) GPa with a pressure derivative of K.=9(2). The
volume compressibility curve obtained in the analysis is displayed in Figure 3-2

along with the data recorded for the two crystals. The bulk modulus obtained in
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this analysis is slightly smaller than that (16.4 GPa) determined in a recent Bril-
louin spectroscopic study (Yeganeh—Haeri et al. 1992) and that (18 GPa) reported
by Tsuchida and Yagi (1990) obtained through an X-ray diffraction study of a
powdered sample without using a hydrostatic medium in their high pressure cell.
However, their study indicated that cristobalite transformed to a new structure
at a pressure greater than 10 GPa, somewhat less than that (16.5 GPa) predicted
by a molecular dynamics calculation (Tsuneyuki et al. 1989). On the other hand,
Yeganeh-Haeri et al. (1990) determined the transformation pressure to be consid-
erably lower, in conformity with the results obtained in this study. Perhaps, the
transformation pressure obtained by Tsuchida and Yagi (1990) defines a transition
to a different phase than the one reported here.

An examination of Figure 3-2 shows that cristobalite is much more compress-
ible than quartz (K,=41.4 GPa, K!=4; Glinnemann et al. 1992), coesite (K,=95.4
GPa, K/=8.6; Levien and Prewitt, 1981) and stishovite (K,=312.2 GPa, K!=1.8;
Ross et al. 1990). The K! values obtained for these crystals range from 1.8 for
stishovite to 9.0 for cristobalite with no apparent trends.

An examination of the cell dimensions (Table 3-1) reveals that the c—cell edge
of cristobalite decreases at a faster rate than its a—cell edge (Figure 3-3). This
shows that the cristobalite structure compresses at a faster rate along ¢ than
it does along a perpendicular direction. However, the converse is true in quartz
where the c—cell edge decreases with increasing pressure at a slower rate than along
a. These results are consistent with a modeling of the volume compressibilities
which predicts that the cell edges in these two phases are conversely related with
pressure as observed here (Boisen and Gibbs, submitted).

A linear regression of the cell edge data in Table 3-3 shows that the a and ¢

cell edges are highly correlated with the c—cell edge compressing at a rate 2.07(2)
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Figure 3-3. The variation of the c—cell edge versus the a—cell edge for cristo-
balite with data recorded at temperature (plus signs) and pressure (solid dots).
The asterisk (*) represents the last data point for crystal 2 in Table 3—1 where
the crystal underwent a phase transition during the data collection and may
be considered to be an outlier. This plot shows that the relative effects of
compression on the a— and c—cell edges remains constant over the pressure
interval with ¢ being 2 times more compressible than a. Furthermore, thermal

expansion affects the two cell edges differently, as indicated by the change in
slope.

times that of the a—cell edge. The cell edges recorded for cristobalite at high
temperatures (Schmahl et al. 1992) are plotted on the figure for comparison.
These data show a sharp break in the slope at ambient conditions, with the
expansion rate of the c—cell edge 2.53(7) times that of the a—cell edge. This
indicates that the structure expands upon heating at a faster rate along c relative

to a than it compresses relative to a.
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High Pressure Structure Refinements

Intensity data for the first crystal were recorded for a refinement of the struc-
ture up to sinf/A = 0.7A-1! at pressures of 0.19, 0.73 and 1.05 GPa on the auto-
mated Picker four—circle diffractometer with MoK, radiation. A summary of the
intensity collection procedures and refinement results is provided in Table 3-2. In
particular, the value of the parameter, p, which is used to calculate the regression
weights (o = \/"W ), was assigned a value that constrained the calculated
errors in the diffracted intensities to be normally distributed through a probabil-
ity plot analysis according to the strategies of Abrahams and Keve (1971). All
parameters varied smoothly with pressure, except for the isotropic temperature
factor for the O atom. The structure was refined with an anisotropic temperature
factor model; however, the resulting differences in the displacement parameters of
Si and O did not indicate rigid body behavior of the silicate tetrahedra. It was
concluded that the anisotropic temperature factors obtained at pressure did not
provide a meaningful measure of the thermal motion and so the refinement was
completed with an isotropic temperature factor model. Selected bond lengths and
angles are found in Table 3-3.

Structural variations with pressure

With increasing pressure, the SiO, silicate tetrahedron in cristobalite under-
goes a slight distortion. The SiO bond lengths remain unchanged while two of the
OSiO angles show a small deviation from values observed at room pressure. The
OSiO angle which lies more or less parallel to the c-axis is found to decrease by
0.4° while the one that lies more or less in the ab plane increases by 1°.

On the other hand, the SiOSi angle decreased by 6° over the 1.05 GPa pressure
range. This is a significantly greater change than that observed for either quartz

or coesite for the same pressure range. To appreciate the relative change in angle
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Figure 3—4a. Pressure plotted against the normalized average SiOSi angle ob-
served for cristobalite, quartz (Levien et al. 1980; Glinnemann et al. 1992)
and coesite (Levien and Prewitt, 1981). This figure demonstrates the different
rates of compression for the normalized angles, with the rate equal to -0.039(1)
GPa for cristobalite, -0.0133(4) GPa~! for quartz and -0.0050(1) GPa~! for

coesite.

in the three polymorphs, ¢ =<SiOSi> / <SiOSiy > was plotted as a function of
pressure (Figure 3-4a) where <SiOSi> is the averaged SiOSi angle at pressure and
<Si08Sip > is the average angle at room pressure. The trends of ¢ for the three
polymorphs with pressure mirror that between V/V; and pressure (Figure 3-2).
When ¢ is plotted against V/V; for all three polymorphs, the data fall along a
single curve (Figure 3-4b) rather than three distinct curves as displayed in Figures
3-2 and 3-4a. The line drawn through the data in Figure 3-4b was calculated for
both quartz and cristobalite, using a modiﬁeci SQLOO energy function (Boisen

and Gibbs, submitted). The details of this function are described in the Appendix.
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Figure 3—4b. A plot of the normalized unit cell volume, V/V,, against the
normalized average SiOSi angle observed for cristobalite, quartz and coesite.
The symbols are the same as in Figure 3—4a. There are also two identical lines
which represent the modeled variation for cristobalite and for quartz.

The fact that ¢ and V/Vj are linearly correlated is not surprising in light of the
correlations presented in Figures 3-2 and 3—4a. What is surprising is that ¢ versus
V/Vy data for all three polymorphs fall along a single straight line. This result
suggests that the percentage decrease of the volume is directly proportional to
the percentage decrease of the SiOSi angle, regardless of the framework structure
type. The SQLOO calculations indicate that the total energy for a given change in
volume compressiblity is larger for quartz than for cristobalite. On the other hand,
the calculations also indicate that the contribution to the total energy ascribed
to the SiOSi bending terms is the same. This can explain why the calculated
lines for both quartz and cristobalite, superimposed in Figure 3—4b, lie upon each
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other. Since the theoretical data fall along the same trend as the observed data,
1t appears that the SQLOO model provides an explaination of the trend.
Appendix
The configurational energy, E, of the unit cell was calculated with an expres-

sion based on the SQLOO model of Boisen and Gibbs, (submitted)

Si0 $:0-Si0
E =Ky {Z kr(R— Ro)*+ Y knrr(Ry — Rio)(Rz — Rao)

Si0Si $§i0-5:08i

+ Y k(8—d)+ D kny(d— d0)(R— Ro)

0sio
+ ) ke(6~ 90)2}
00
+ Koo Z{e—cR(OO) — ¢~Ra(00)}

where the terms are summed over all the SiO bond lengths, SiOSi and OSiO angles
and the non-codimer OO separations in the unit cell. The regressor variables, Ry,
#o and , were assigned the room pressure values from this study for cristobalite,
and the values from Levien et al. (1980) for quartz. The force constant parameters
were modified from the values used by Boisen and Gibbs to give bond lengths and
angles that matched, as closely as possible, the observed values for cristobalite at
V=159.66 A2. These parameter values (Table 3-4) are very similar to quantum
mechanical force constants derived by Boisen and Gibbs (submitted) obtained for
the molecule HgSi;O7. The close agreement with the force constants obtained here

supports the assertion that molecules can serve as models for bonding in silicates

(Gibbs, 1982).
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Table 3-1. Cell parameters for cristobalite as a function of pressure.

Pressure a c Volume
(GPa) (A) (A) (A3)
crystal 1
0.0 4.9717(4 6.9223(3 171.10(1)¢
0.19(3 4.9501(6 6.8760(6 168.48(4)f
0.30(3 4.9304(8 6.8343(8 166.13(5)
0.73(3 4.9028 8; 6.7782(9 162.93(6)t
1.05(4) 4.8757(8 6.7163(8 159.66(6)t
1.30(3 4.8662(8 6.6979(7 158.61(5)
1.50(4 4.8535(8 6.6733(8 157.20(5)
1.60(4 4.834(6) 6.642(2) 155.2(4) *
crystal 2
0.0 4.975(1) 6.9259(8) 171.42(9)
0.08(3 4.9662(8 6.9087(9) 170.3955;
0.15(9 4.9608(9 6.900(1; 169.81(6
0.15(8 4.9568(9 6.890(1 169.28(6
0.25(8 4.9482(9 6.873(1) 168.27(6
0.35(8 4.9404(8 6.8557(9) 167.33(6
0.77(8 4.898(1 6.768(1 162.37(6
0.81(8 4.902(1 6.774(1 162.78(7
0.29(6 4.9384(8) 6.8567(9) 167.22(5
0.30(7 4.939(1 6.859(1 167.31(6
0.31(6 4.940 1§ 6.854(1 167.26(7
0.55(6 4.917(1 6.808(1 164.60(6
0.52(3 4.9136(9) 6.8019(9) 164.22(6
1.06§4§ 4.875(1 6.72551) 159.82(7
1.26(3 4.870(1 6.709(1) 159.12 73*
0.09(4 4.9620(8) 6.8951(9) 169.77(6
0.79(2 4.895(1 6.760(1 161.98(7)
1.18(3) 4.86557; 6.724(7 159.1(4) *

The data are presented in the order in which they were collected. The pressure

was adjusted up and down several times for crystal 2. The crystals transformed

to a new phase during the runs indicated with *. Intensity data were collected for

the runs indicated with t.



Table 3-2. Intensity collection and refinement results for cristobalite

as a function of pressure.

Pressure (GPa)  0.0001 0.19 0.73 1.05

No. obs. I > 20r 146 106 105 102

ot 0.0 0.025 0.04 0.06
Weighted R 0.010 0.040 0.055 0.074
Unweighted R 0.029 0.053 0.056 0.065

u 0.30028(9) 0.3027(4) 0.3086(4) 0.3125(5)
B(Si)* 0.765(7) 0.80(4) 0.63(5) 0.51(7)

x 0.2392(2) 0.2388(8) 0.2364(10) 0.2356(15)
y 0.1044(2) 0.1086(9) 0.1198(11) 0.1269(15)
z 0.1787(1) 0.1817(5) 0.1870(6) 0.1904(8)
B(O)* 1.48(3) 1.22(9) 1.07(9) 1.12(12)

T Weights were computed by o = /0% + p?F2.

* Values for B(Si) and B(O) at room pressure represent isotropic equivalents of the anisotropic
temperature factors given by exp{— Y} Y h;jhiBjr}, where 811 = B2z = 0.0077(1), B33 =
0.00401(9), B12 = —0.0003(2), B13 = —B23 = 0.0008(1) for Si and B11 = 0.0244(7), B2z =
0.0086(5), B33 = 0.0062(2), B12 = —0.0013(4), B13 = 0.0027(3), Bz3 = 0.0005(3) for O.

Table 3-3. Selected interatomic distances (A) and angles (°) for cristobalite.

Pressure  (GPa) 0.0001  0.19 0.73 1.05

R(SiO) x2 (A)  1.603(1) 1.598(5) 1.600(6) 1.602(8)

R(SiO) x2 1.603(1) 1.608(4) 1.609(5) 1.610(6)
SiOSi (°)  146.49(6) 145.1(2) 142.1(3) 140.4(4)
0Si0O x2 108.20(2) 108.2(1) 108.0(1) 107.8(2)
0Si0 109.03(9) 109.3(3) 109.6(4) 110.0(5)
0SiO x2 109.99(7) 109.8(3) 109.9(3) 109.8(4)
0Si0 111.42(8) 111.6(3) 111.6(4) 111.6(5)
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Table 3-4. Energy parameters (in atomic units) obtained for cristobalite.

Parameter value

Ky 0.677687
kr 0.30999
krr 0.04877
kg 0.15490
krg 0.127720
ks 1.43326
Koo 590733.0
c 4.19058
Ro(00) 15
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Observed and Calculated Structure Factors

for Cristobalite at Room Pressure
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.267
.316
.411
.241
.376
.811
.999
.299
.880
.238
.174
.205
.244
.904
.404
.157
.199
.206
.322
.348
.440
.194
.223
.279
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EXTIN
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.9999*
.0000*
.9999
.0000
.0000
.0000* **
.0000*
.0000
.0000
.0000
.0000* **
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000* =**
.0000
.0000
.0000
.0000
.0000* **
.0000
.9999*
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
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.872
.868
.966
.025
.875
.350
.704
.788
.293
.035
.882
.710
.293
.184
.676
.218
.998
.926
.082
.069
.662
.139
.078
.294
.636
.734
.592
.004
.952
.176
.043
.010
.474
.729
.120
.401
.376
.796
. 957
.647
.364
.046
.852
.439
.491
.407
.958
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.728
.543
.992
.212
.715
.204
.923
.869
.096
.084
.856
.635
.884
.548
.101
.982
.125
.778
.971
.784
.721
.166
.244
.806
.140
.702
.658
.935
.465
.028
.876
.513
.511
.666
.841
.335
.693
.656
.090
.574
.489
.033
.933
.464
.834
.338
.979
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.388
.527
.272
.299
.373
.631
.405
.166
.206
.195
.688
.324
.386
.535
.331
.200
.233
.249
.456
.360
.219
.289
.413
.570
.695
.283
.353
.353
.060
.195
.284
. 844
.306
.841
.443
.386
.219
.278
.410
.311
L2717
.317
.338
.453
.405
.374
.412
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EXTIN
.0000
.0000
.0000
.0000
.0000* *=*
.0000
.0000
.0000
.0000
.0000
.0000* *=x
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000* **
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
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.677

.230

.063
.506
.115
.765
.988
.594
.274
.832
.896
.975
.475
.530
.160
. 848
.377
.450
.358
.828
.589
.805
.191
. 841
.366
.823
.774
.269
.931
.438
.339
.653
.879
.022
.566
.331
.903
.175
.830
.206
.732
.294
.154
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.090
.636
.715
.338
.544
.754
.455
.420
.303
.294
.933
.803
.434
.561
.159
.052
.170
.709
.426
.322
.214
.724
.443
.657
.288
.896
.726
.009
.507
.429
.658
.655
.167
.085
.260
.296
.826
.408
.527
.879
.663
.973
.982
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.549
.149
.404
.287
.650
.324
.219
.435
.327
.166
.524
.316
.327
.363
.323
.183
.768
.293
.312
.137
.409
.010
.297
.390
.455
.304
.431
.414
.674
.391
.8717
.408
.395
.705
.713
.317
.822
.350
.425
.536
.395
.494
.450
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EXTIN
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000~*
.0000*
.0000
.0000
.0000
.0000
.0000*
.0000
.0000
.0000
.0000*
.0000
.0000*
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000*
.0000
.0000*
.0000
.0000*
.0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000

* %
* %

* %

* %

* %

* %

* %
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Observed and Calculated Structure Factors

for Cristobalite at 0.19 GPa

K L |Fol |Fc| oF
0 O 47.450 46.325 1.191
0 o 4.731 6.603 1.201
0 o 3.591 0.948 2.689* *x
1 0 2.098 0.144 2.466*% *x
1 0 10.997 10.782 .421
1 0 44.930 24.807 1.144%*
1 0 7.505 7.780 .784
1 0 16.402 16.089 .574
2 0 3.171 6.250 2.115
0 1 51.101 49.774 1.280
0 1 3.896 1.776 .906
0 1 28.294 28.835 .729
0 1 20.752 21.698 .576
0 1 3.372 5.263 3.064* *x
0 1 14.912 14.567 .586
1 1 19.921 20.652 .519
1 1 12.582 12.434 .392
1 1 18.143 18.652 .512
1 1 9.889 9.300 .515
1 1 10.384 9.716 .602
1 1 3.967 5.401 2.556
2 1 13.283 13.624 .443
2 1 14.774 15.868 .485
2 1 5.919 6.678 1.348
2 1 16.912 12.182 .621%
0 2 25.900 25.774 .661
0 2 17.345 16.206 .486
0 2 30.042 29.769 .774
0 2 12.258 12.599 .508
0 2 16.448 16.813 .544
0 2 5.541 1.176 2.285
1 2 14.960 16.078 .417
1 2 20.584 20.011 .548
1 2 17.307 16.650 .491
1 2 7.409 6.741 .668
1 2 3.251 3.263 3.158% **
1 2 4.483 3.755 2.296
2 2 9.395 8.820 .419
2 2 21.352 21.543 .583
2 2 12.229 12.625 .482
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.168

.839
.610
.305
771
.660
.028
.596
.275
.518
.721
.836
.278
.858
.811
.345
.755
. 724

172

.786
.438
.592

.611
.381
.801
.024
.439
.474
.813
.803
.377
.224
.165
.9717
.786
.188
.582
.811
.587
.314
.914
.509
.727
.537
.832
.276
.169
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.895
.467
.039
.323
.773
.931
.398
.124
.169
.011
.951
.207
.419
.629
.660
.803
.461
.120
.816
.959
.926
.672
.248
.998
.868
.266
.913
.654
.547
.196
.824
.246
.235
.222
.032
.182
.518
.789
.603
.414
.637
.228
.117
.309
.998
.747
.497

HENEN

w2 Ww

oF

.603
.710
.016* *x*
.606
.487
.510
.793*
.819
.724
.411
.591
.342
.776
.833
.551
.497
.514
.886
.525
.689
.422
.563
.725%
.373
.586
.087
.955
.542
.482
.555
.040
.671
.483
.546
.011%*
.854
.257%
.712
.582
.936%
.544
.660*
.228%
.535
.536
.772
.574

* %

* %

* %

* %

* %

* %
*x %
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. 045

.639
.653

.548
.926
.846
.072

.522

.694
.486

.510
.328
.070

.221
.950
.980
.162

.540

.463

.405

.942

.161
.052

.952
.832
.681

.380

.091

.073

. 045
.982
.751

.818
.898

.067
.901
.107

.799

.598
.351
.866
.487
.642
.557
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.977
.745
.028
.607
.617
.723
.567
.139
.555
.702
.538
.292
.213
.745
.929
.132

.923

.136
.488
.895
.532

.121

.438
.550
.093

.796

.153
.241
.059
.469

.470
.706

.057
.587
.306
.182

.619

.419
.513

.431
.097
.388

.083
.676

[ -

[y

oF

.637
.641
.635
.905
.126%*
.645
.521
.421%*
.567
.746
.123
.735
.557*
.800*
.607
.622
.672
.607
.676%
.603
.515
.523
.670*
.791
.560%*
.547
.715
.824
.512
.470
.904
.601
.606%*
.750
.911%
.681%*
.553
.265
.620
.957
.080
.587
.787%
.880

* %k

* %

* %
* %

* %

X %

* %

* %
% %

*x %
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Observed and Calculated Structure Factors
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.381
.569
.065
.885

.097

.972
.535

.035

.729
.874
.276
. 541
.268
.915
.919
.272
.459
.427
.674
.833
. 841
.752
.094
.697
.564
.800
.322
.033
.671
.823
.654
.621
.865
.949
.356
. 697
.880
.073
.789
.192
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.484
.043
.462
.793
.950
.577

.724
.454

.873
.119
.404
.395
.320
.904
.621

.460
.107
.335
.207

.342
.792
. 545
.224
.174
.571

.368

.112
.347
.593
.360
.422
.041
.915
.001
.384
.651
.356
.309
.236
.611

for Cristobalite at 0.73 GPa
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oF

.978
.552%
.142
.423%
.604
.874
.808
.768
.031
.375*
.072
.824
.823%
.725
.854
.584
.816
.625
717
.974
.627
.658
.933
.711
.152
.630
.348
.600
.743
.028% xx
.500
.850
.610
.041
.588
.460
.526
.952
.658
.676

*x %k

* %

* %

* %
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.241
.139
.258
.003
. 985
.589
.858
.694
.454
.863
.183
.453
.272
.618
.907
.985
.966
.120
.845
.628
.364

.509

.826
.965
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.978

.143
.961
.376
.425
.513
.899
.931
.467

.551

.110
.458
.104
.133

.906

.853
.292
.770

.273
.144

.853
.537
.089

.708
.446

.850
.319
.988

.197
.814

.655
.113

.590
.690
.774

.763

.073
.382
.973
.027

.256

.273
.488
.884
.652
.496
. 627
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.010
.633%
.965
.618
.775
.107%*
.979
.201
.538
.990
.621
.783
.803
.822
.654
.613
.190
.142%*
.286
.513
.862
.806%*
.832%*
.206%
.783
.603
.802
.625
.838
.774
.760
.651
. 641
.917%*
.569
.150
.743
.551%*
.635
.919*
.422%
771
.711
.560
.736
.633
.645

* %

* %

* %

* %
* %
* %

* %

* %

* %
* %
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.193
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.710
.961
.336
.978
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.751
.292
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.187
.483
.208
.059
.878
.344
.994
.769
.829
.404
.429
.356
.080
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.294
.259
.788
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.470
.345
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.750
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.602
.429
.636
.451
.655
.091
.950
.047
.910
.664
.088
.537
.741
.435
.960
.116
.440
.223
.167
.903
.306
.527
.384
.384
.634
.674
.157
.043
.109
.082
.408
.040
.539
.311
.566
.762
.512
.464
.022
.476
.950

(SgyS

N o
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[

oF

. 697
.774
.383
.228
.651
.159
.755
.115
.456
.880
.006%*
L7717
.664
.678
.715
.254%*
.684%
.651
.686
.052%*
.827
.337*
.658
.773
.078
.706
.807
.790
.137*
. 687
.980
.616%
.292%*
.735
.049
.866
.050
.898
.712
.740
.842

* %

* %

* %

* %

* %

* %

* %
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Observed and Calculated Structure Factors
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for Cristobalite at 1.05 GPa

49,
.162

13

19.
.369
l6.
49.
.256
.474
.618

24
18

14
21
14

11
14
12

20.
11.
.451
.150
.655
.250
23.
15.
.551

11

|[Fo|
812

.642

.071

.666
745

045
309

.872

.125
.689
.548
19.
13.
10.
.848
.287
.474
.430
29.
12.
.174
10.
l6.
.405

619
893
777

478
765

741
217

.833

534
559

808
090

.537

72

48.

14

20.

14.
46.
.331

24

19.

14.
22.

14

20.
13.

10.
15.
13.

28
11

36.
11.
18.

10.
19.
10.

11.
24.
12.
10.

[Fcl
033
.602
.306
.698
.170
993
.105
130
590

.385
312
.725
093
188
. 047
930
847
.078
513
542
698
.648
.502
.575
539
608
085
.012
200
823
150
. 680
.886
.973
651
094
128
542
.617
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oF

.989
.790
.737
.169% *x*
.843
.203
.698
.008
.960
.025% *x*
.483
.138
.695*% *x
.922
.306
.885
.189
.866
.749
.817
.882
.804
.725
.772
.788
.175
.711
.011
.024* *x*
.616
.243
. 734
.305* *x
.307
.296
.717
.439
.929
.715
.834
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.638
.758
.741
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.298
.932
.782
.632
.914
.991
.722
.147
.741
.212

.308

.184
.940
.285

.739
.571
.316
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.209

.119
.749
.500

.773

. 945
.293
.336
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.429
.094
.009
.532
.901
.592
.034
.491
.803
.085
.763
.988
.561
.851
.082
.426
.609
.972
.470
.094
.206
.020
.839
.162
.525
.978
.922
.329
.677
.963

.078
.990
.142
.744
.572
.094
.060
.020
.644
.279
.194
.492
.003
.566
.674
.738
.092
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.120%*
.425
.767
.161
.674%
.749
.787
.571
.526
.672
.714
.761
.138
.838
.722
.703%
.557%
.084
.635
.258
.054%*
.491~*
.527
.807
.659
.153
.940
.208
.830
.772
. 827
.672
.423%*
.134%*
.763
.641
.094
.761
.287
.043%*
.116
.738
.487%*
.825
.725
.770
.726

* %

* %

* %k
* %

* %
* %

* %

*x %

* %

* %
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.272
.380
.126
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.605
.461
.416
.391
.121
.306
.893
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.161
.948
.784
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.319
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.168
.400

.543

.010
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.285
.158
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.294
.193
.446
.906
.722
.308
.140
.637
.111
.932
.543
.814
.739
.080
.523
.657
.165
.907
.726
.149
.261
.443
.732
.092
.609
.251
.116
.451
.038
.287
.917
.937
.306
.536
.127
.771
.050
.356

w o =W
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oF

.789
.667
.949
.871
.725
.940
.597
.864
.734
.317%
.873*
.821
.808
.871
.196%
.667
.925
.948%*
.770
.073
.735
.760
.485
.002
.756
.788
.127*
.718
.799
.948*
.786%*
.997
.966
.370
.865
. 744
.810
.998%*

* %
* %

* %

* %

* %

* %

* %
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