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Time-Varying Coefficient Models for Recurrent Events

Yi Liu

Abstract

I have developed time-varying coefficient models for recurrent event data to evaluate the tem-

poral profiles for recurrence rate and covariate effects. There are three major parts in this

dissertation. The first two parts propose a mixed Poisson process model with gamma frailties

for single type recurrent events. The third part proposes a Bayesian joint model based on

multivariate log-normal frailties for multi-type recurrent events. In the first part, I propose

an approach based on penalized B-splines to obtain smooth estimation for both time-varying

coefficients and the log baseline intensity. An EM algorithm is developed for parameter es-

timation. One issue with this approach is that the estimating procedure is conditional on

smoothing parameters, which have to be selected by cross-validation or optimizing certain

performance criterion. The procedure can be computationally demanding with a large num-

ber of time-varying coefficients. To achieve objective estimation of smoothing parameters,

I propose a mixed-model representation approach for penalized splines. Spline coefficients

are treated as random effects and smoothing parameters are to be estimated as variance

components. An EM algorithm embedded with penalized quasi-likelihood approximation

is developed to estimate the model parameters. The third part proposes a Bayesian joint

model with time-varying coefficients for multi-type recurrent events. Bayesian penalized

splines are used to estimate time-varying coefficients and the log baseline intensity. One

challenge in Bayesian penalized splines is that the smoothness of a spline fit is considerably

sensitive to the subjective choice of hyperparameters. I establish a procedure to objectively

determine the hyperparameters through a robust prior specification. A Markov chain Monte

Carlo procedure based on Metropolis-adjusted Langevin algorithms is developed to sample

from the high-dimensional distribution of spline coefficients. The procedure includes a joint

sampling scheme to achieve better convergence and mixing properties. Simulation studies



in the second and third part have confirmed satisfactory model performance in estimating

time-varying coefficients under different curvature and event rate conditions. The models in

the second and third part were applied to data from a commercial truck driver naturalistic

driving study. The application results reveal that drivers with 7-hours-or-less sleep prior to

a shift have a significantly higher intensity after 8 hours of on-duty driving and that their

intensity remains higher after taking a break. In addition, the results also show drivers’

self-selection on sleep time, total driving hours in a shift, and breaks. These applications

provide crucial insight into the impact of sleep time on driving performance for commercial

truck drivers and highlights the on-road safety implications of insufficient sleep and breaks

while driving. This dissertation provides flexible and robust tools to evaluate the temporal

profile of intensity for recurrent events.

Keywords: Multivariate Frailty, Penalized Likelihood, Variance Component, Laplace Ap-

proximation, Markov Chain Monte Carlo, Metropolis-Adjusted Langevin Algorithm, Truck

Driving Safety.
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Abstract

(General Audience)

The overall objective of this dissertation is to develop models to evaluate the time-varying

profiles for event occurrences and the time-varying effects of risk factors upon event occur-

rences. There are three major parts in this dissertation. The first two parts are designed

for single event type. They are based on approaches such that the whole model is condi-

tional on a certain kind of tuning parameter. The value of this tuning parameter has to

be pre-specified by users and is influential to the model results. Instead of pre-specifying

the value, I develop an approach to achieve an objective estimate for the optimal value of

tuning parameter and obtain model results simultaneously. The third part proposes a model

for multi-type events. One challenge is that the model results are considerably sensitive to

the subjective choice of hyperparameters. I establish a procedure to objectively determine

the hyperparameters. Simulation studies have confirmed satisfactory model performance

in estimating the temporal profiles for both event occurrences and effects of risk factors.

The models were applied to data from a commercial truck driver naturalistic driving study.

The results reveal that drivers with 7-hours-or-less sleep prior to a shift have a significantly

higher intensity after 8 hours of on-duty driving and that their driving risk remains higher

after taking a break. In addition, the results also show drivers’ self-selection on sleep time,

total driving hours in a shift, and breaks. These applications provide crucial insight into the

impact of sleep time on driving performance for commercial truck drivers and highlights the

on-road safety implications of insufficient sleep and breaks while driving. This dissertation

provides flexible and robust tools to evaluate the temporal profile of both event occurrences

and effects of risk factors.
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Chapter 1 Introduction

This chapter introduces the background of the dissertation in Section 1.1. Sections 1.2 to

1.4 review the recurrent events models, varying coefficient models, and spline smoothing

methodology. The Commercial Truck Driver Naturalistic Driving Study (NDS) is used as

case studies and the study is described in Section 1.5. The structure of the dissertation is

introduced in Section 1.6.

1.1 Background

Recurrent events are commonly observed in clinical trials and epidemiological studies in

which individuals can experience repeated events of interest over the observation period.

Examples include multiple occurrences of bladder tumors for patients in bladder cancer tri-

als (Byar et al., 1977), multiple mammary tumors for animals in carcinogenicity experiments

(Gail et al., 1980), and recurrent pulmonary exacerbations for patients with cystic fibrosis

(Therneau, Hamilton, 1997). One typical feature of recurrent event data is that event times

within the same subject are correlated. Approaches for recurrent event data analysis include

marginal methods based on estimating functions (e.g., Pepe, Cai, 1993; Lawless, Nadeau,

1995; Lin et al., 2000) and conditional methods based on frailty distributions (e.g., Lawless,

1987; Nielsen et al., 1992; Vaida, Xu, 2000). Methods using estimating functions directly

model marginal means and treat the correlation of event times as a nuisance parameter.

On the contrary, conditional models use frailty distributions to characterize the heterogene-

ity and correlation among events, allowing both marginal and conditional inferences. One

challenge in recurrent event modeling is to quantify how recurrences vary over time and to

compare the temporal profile of recurrences across different covariate values while accounting

1



for the correlation structure between events. Yet limited research has been conducted on

developing approaches that can be directly implemented to address these issues. General

and flexible methods are in need for characterizing the time-varying patterns of recurrent

event data.

The effect of a covariate can vary over time for recurrent events and it could be of primary

interest. For example, total sleep time the night before driving is a critical risk factor

affecting driver fatigue, and its impact on driving performance is likely to vary over a long

course of driving due to fatigue (Hanowski et al., 2007). In the Commercial Truck Driver

NDS (see Section 1.5 for details), interests lie in evaluating how sleep time impacts on the

temporal profile of driving performance. Varying coefficient models for longitudinal data

include kernel-based methods (e.g., Carroll et al., 1998; Cai et al., 2000) and spline-based

methods (e.g., Hastie, Tibshirani, 1993; Huang et al., 2002). Kernel-based estimators are

constructed through a weighted mean of the nearby observations and therefore obtain great

intuitive appeal. However, the kernel weights are asymmetric at boundaries of the predictor

space and could cause substantial bias for the estimate (Hastie, Loader, 1993). Spline-

based estimators are based on linear combinations of piecewise polynomial functions and

have a straightforward extension of linear regression models. In addition, the computation

is relatively fast and can be easily implemented (Eilers, Marx, 1996). Varying coefficient

models have also been studied in the recurrent event data setting (Amorim et al., 2008; Sun

et al., 2011; Yu et al., 2013). However, these approaches are based on the partial likelihood

approach (Cox, 1975), in which the baseline intensity is considered as a nuisance parameter

and not explicitly estimated. In the Commercial Truck Driver NDS, driving performance

could change over a long shift due to fatigue and other factors, and its temporal profile is also

of interest. Therefore, smooth estimation of the baseline intensity needs to be incorporated

for characterizing the time-varying pattern of driving performance.

The methodologies of this dissertation is motivated by interests in evaluating driving safety

and the related risk factors for commercial truck driving. Traffic crashes are a major safety

hazard for commercial truck drivers and are also a general public health concern. In the
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United States, the operational hours for commercial truck drivers are regulated by the Fed-

eral Motor Carrier Safety Administration (FMCSA). Referred to as the hours-of-service

(HOS) regulations, truck drivers can work 14 hours, 11 hours of which can be driving, be-

fore taking a 10-hour off-duty break (Federal Register, 2011). Though not all drivers work

the fully 14 hours, or drive the 11 hours as HOS allowed, for drivers that do push the

work/driving limits (e.g., long-haul truck drivers), fatigue is a major risk factor (National

Academies of Sciences, Engineering, and Medicine, 2016). Fatigue issues associated with

time-on-task and deterioration of driving performance over the course of a long work day or

drive are of particular concern for this cohort. Though the importance of being well-rested

for optimal performance has been documented (e.g., Banks, Dinges, 2007), there has been

limited research to evaluate the change in driving performance and safety risk over time as

a function of pre-shift sleep time.

Many factors can affect driver fatigue, including total sleep time, sleep debt, circadian

rhythm, breaks during long shifts, and caffeine consumption. Among these factors, sleep

time the night before driving has been noted as a critical risk factor (Hanowski et al., 2007).

Being well rested prior to a long shift has a direct impact on driver fatigue and driving

performance (Banks, Dinges, 2007; Lim, Dinges, 2008, 2010). Insufficient sleep is typically

defined as sleep less than 7 hours per day (Van Dongen et al., 2003a,b; Ford et al., 2015;

Watson et al., 2015a,b). Sleep debt, the cumulative lack of sleep for a period of time, also

negatively affects driver fatigue (Abe et al., 2012; Scott et al., 2007). Furthermore, it has

also been shown that breaks during a long shift reduce the number of on-road safety-critical

events for truck drivers (Soccolich et al., 2013).

Chapter 2 develops a mixed Poisson process model with time-varying coefficients for recur-

rent event data. The correlation among event times is incorporated via gamma frailties.

The approach of penalized B-splines (Eilers, Marx, 1996) is adopted for modeling both the

log baseline intensity and time-varying coefficients. The cumulative intensity in the penal-

ized likelihood is approximated by numerical integration based on the trapezoid method

(Kauermann, 2005). An EM algorithm is used for parameter estimation. One issue with
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the penalized likelihood approach is that the spline fit is conditional on the smoothing pa-

rameter, whose value has to be selected by cross-validation or optimizing some performance

criterion. As the number of time-varying coefficients increases, these procedures could be

computationally demanding.

Chapter 3 proposes the same mixed Poisson process model with time-varying coefficients as

in Chapter 2, but with a mixed-model representation approach based on the connection be-

tween penalized likelihood and random effect models (Brumback, Rice, 1998; Wang, 1998a,b;

Brumback et al., 1999). By the mixed-model representation approach, spline coefficients are

treated as random effects and smoothing parameters are estimated as variance components.

The EM algorithm developed in Chapter 2 is embedded with the penalized quasi-likelihood

(PQL) approach (Breslow, Clayton, 1993) for likelihood approximation.

Chapter 4 develops a Bayesian joint model with time-varying coefficients for multi-type recur-

rent event data. The joint model is based on multivariate log-normal frailties to characterize

the heterogeneity and correlation among different event types. I use Bayesian penalized

splines (Lang, Brezger, 2004) to achieve smooth estimates for both time-varying coefficients

and the baseline intensity. In Bayesian penalized splines, the smoothness of a spline fit

depends substantially on the subjective choice of hyperparameters (Brezger, Lang, 2006).

However, re-fitting the model with a number of choices can be computationally demanding.

I adopt a robust prior specification (Jullion, Lambert, 2007) to achieve an objective fitting

procedure. One challenge in using Markov chain Monte Carlo (MCMC) methods for pos-

terior inference is to sample from the high-dimensional distribution of spline parameters. I

use Metropolis-adjusted Langevin (MALA, Roberts, Tweedie, 1996) algorithms, a class of

Metropolis-Hastings algorithms whose proposals are based on the gradient of the target den-

sity. Another concern in sampling spline parameters is that their MALA proposal strongly

depends on a roughness penalty parameter introduced by Bayesian penalized splines. Sep-

arately updating these two parameters could lead to convergence issues. I integrate MALA

algorithms into a joint sampling scheme (Knorr-Held, Rue, 2002) for better convergence and

mixing properties.
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This dissertation uses data from the Commercial Truck Driver NDS (Blanco et al., 2011) as

an example for application. The study was sponsored by the FMCSA to collect large-scale

naturalistic driving data and to evaluate issues on commercial motor vehicles. Repeated

on-road safety-critical events were identified for the recruited drivers, including crashes,

near-crashes, crash-relevant conflicts and unintentional lane deviations. The application is

to evaluate how driving performance changes over time and to compare this temporal profile

across sleep time before driving.

1.2 Recurrent Events

This section introduces notations and frameworks for modeling recurrent event data. For a

single recurrent event process starting for at t = 0, let 0 ≤ T1 < T2 < · · · denote the event

times, where Ti is the time of the ith event. The associated counting process {N(t), t ≥ 0}

records the cumulative number of events generated by the process. N(t) =
∑∞

i=1 I(Ti ≤ t)

indicates the number of occurrences over the time interval [0, t]. For s < t, N(t) − N(s)

represents the number of events that have occurred in the interval (s, t]. In addition, t−

and t+ are used to indicate times infinitesimally smaller or larger than t. Consider a small

interval [t, t + h), where h > 0. Let H(t) = {N(s), 0 ≤ s < t} denote the history of the

process at time t. The intensity function for the process {N(t), t ≥ 0} associated with H(t)

is defined as

λ(t|H(t)) = lim
h↓0

P
{
N(t+ h−)−N(t−) = 1

∣∣H(t)
}

h
, (1.1)

where N(t + h−) − N(t−) equals the increment of events over the interval [t, t + h). The

intensity function λ(t|H(t)) indicates the instantaneous probability of an event occurring at

time t, conditional on the process history. The intensity is a fundamental concept in that it

mathematically defines an event process, and all process characteristics can be derived from

it.

5



Consider an event process with the intensity function (1.1) observed over a time interval

[c0, c]. Conditional on H(c0), the probability density function of observing n events at times

t1 < t2 < · · · < tn, where n ≥ 0, is

n∏
i=1

λ(ti|H(ti)) exp

{
−
∫ c

c0

λ(s|H(s)) ds

}
. (1.2)

The Poisson process is one commonly used framework for modeling recurrent event data.

It has been discussed with extensive details in books on stochastic processes (e.g., Karlin,

Taylor, 1975; Ross, 1996). One way to define a Poisson process is via the intensity function:

a Poisson process is one for which the intensity function follows the form

λ(t|H(t)) = ρ(t), t > 0, (1.3)

where ρ(t) is a non-negative integrable function. If ρ(t) is time constant, the process is called

homogeneous; otherwise, it is called non-homogeneous.

1.3 Varying Coefficient Models

The varying coefficient model is an important extension of the linear regression model with

constant coefficients. It was orignally introduced by Cleveland et al. (1991). Later Hastie,

Tibshirani (1993) gave a detailed description on the estimating procedures for the class of

models.

Consider a random variable Y whose distribution depends on a parameter η, and the asso-

ciated predictors X1, X2, . . . , Xp and R1, R2, . . . , Rp. The varying coefficient model is of the

form

η = β0 + β1(R1)X1 + · · ·+ βp(Rp)Xp . (1.4)

6



Rj, often known as the “effect modifier”, changes the coefficient of Xj through the unspecified

function βj(·). The dependence of βj(·) on Rj indicates a special kind of interaction between

each pair of Xj and Rj. One special case of the varying coefficient models is to let Rj be the

time variable. The time-varying coefficient model naturally arises when one is interested in

exploring how the regression coefficient affects the response over time.

1.4 Spline Smoothing

Let the data be n pairs (xi, yi), where for simplicity xi is univariate. Consider the model of

the form

yi = f(xi) + εi,

where f is an unknown function representing the nonlinear relationship between y and x,

and εi’s are independent and identically distributed random errors, with mean zero and a

finite variance. The objective is to obtain a smooth estimate of the unknown function f

using the methods of spline smoothing.

The theory of spline functions is briefly described as follows. A spline function is defined as

a piecewise polynomial of degree p. Let [a, b] be a finite closed interval and let a = κ0 < κ1 <

· · · < κk < κk+1 = b. The set {κi}k+1
i=0 partitions the interval [a, b] into k + 1 subintervals:

Ii = [κi, κi+1), i = 0, 1, . . . , k − 1, and Ik = [κk, κk+1]. Let

Sp,κ = Sp(κ1, . . . , κk) =
{
f ∈ Cp−1[a, b] : f(x ∈ Ii) ∈ Pp, for i = 0, 1, . . . , k

}
,

where Cp−1[a, b] is the space of functions having continuous (p− 1)th derivative in [a, b], and

Pp is the space of polynomials with degree p. Then Sp,κ is called the space of polynomial

splines of degree p with knots κ1, . . . , κk. The spline space Sp,κ is a finite dimensional linear

space. Particularly, p+k+1 basis functions are needed to span the space. Every continuous
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function on the interval [a, b] can be approximated arbitrarily well by polynomial splines of

degree p, given a sufficient number of knots.

Assume f ∈ Sp,κ and let {B1(x), . . . , Bp+k+1(x)} be the set of basis function for Sp,κ. Then

f can be approximated in terms of a linear combination of the basis functions:

f(x) =

p+k+1∑
j=1

βjBj(x). (1.5)

The smoothing problem is simply reduced to the regression of n pairs of data points (xi, yi)

on a set of basis functions Bj(·). The objective function to minimize is

n∑
i=1

{
yi −

p+k+1∑
j=1

βjBj(xi)

}2

. (1.6)

Unfortunately the spline smoothing problem is complicated by choosing the knots and the

degree of splines. Especially knot selection has a strong influence upon the spline fit.

Two main approaches to knot selection have been proposed in the literature. The first

approach, known as the free-knot approach, is to treat the knots as free parameters that

need to estimate. Computational methods, such as adaptive regression splines, treat the

free knot problem as a predictor subset selection problem. The knots are selected from a

set of pre-specified candidate points by a technique similar to stepwise regression. Given the

selected knots, the coefficients are estimated by ordinary least squares. Related literature

includes Friedman, Silverman (1989), Friedman (1991), Breiman (1993), and Stone et al.

(1997).

The second approach is called the roughness penalty approach which uses a large number of

knots and a penalty to control the smoothness of the fit. The method of smoothing splines

(Wahba, 1990; Eubank, 1999; Green, Silverman, 1994) has a knot placed at each unique data

point of x with a penalty on the integral of the square of a specified derivative. Compared

to smoothing splines, the method of penalized splines is similar but with fewer knots and
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a somewhat more general penalty term. In particular, Eilers, Marx (1996) proposed to

regression on a basis of B-splines and use a difference penalty on the regression coefficients;

Ruppert, Carroll (2000) proposed to smooth based on truncated power functions and use a

ridge penalty.

1.5 The Commercial Truck Driver Naturalistic Driving Study

The application examples in the dissertation use data collected from the Commercial Truck

Driver NDS (Blanco et al., 2011), a large-scale data collection study conducted from Novem-

ber 2005 to March 2007 at four for-hire trucking companies in the United States. The study

was directed at investigating issues on the commercial motor vehicle (CMV) hours-of-service

regulations.

The study recruited a total of 100 CMV drivers. However, 3 drivers were removed from

the analyses due to missing data. 96 of the rest drivers provided demographic information.

Among these 96 drivers, 91 were male and 5 were female; 75 were long-haul (on the road

for an extended period of time) and 21 were line-haul (out for one day/night); the average

age was 44 years old (range: 21 to 73 years old); the average years of experience in driving

CMVs was 9.13 (range: 4 weeks to 54 years).

The study used a naturalistic-data-collection approach to collect the driving data. Each par-

ticipant was to drive an instrumented company truck during the normal revenue-producing

runs for approximately four weeks. The trucks were installed with unobtrusive data-collection

equipment, including a data acquisition system, sensors to measure driver performance, and

video cameras to record the driver’s face, the steering wheel, and three views outside of the

truck. Figure 1.1 shows the views from the installed video camera. The time-stamped video

and sensor data were collected continuously when the vehicle was on and in motion. The

final project data set had approximately 735,000 miles of driving data.

To collect data on drivers’ activities, the study asked each participant to report on- and

9



Figure 1.1: The Commercial Truck Driver NDS: Photo for five views from the installed video

cameras (Blanco et al., 2011).

Figure 1.2: The Commercial Truck Driver NDS: A sample page of the daily activity register

(Blanco et al., 2011).
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off-duty activities using an activity register shown in Figure 1.2. A daily activity register

included a 24-hour time line scaled with 15-minute increments. As the participants went

about their days, they were to record their activities using the 15 activity codes (listed in

Figure 1.2) and to mark the duration for each activity on the time line.

To establish a comprehensive time line of the drivers’ activities, the driving data and the

activity data were combined into a single data set. This hybrid activity data included both

driving and non-driving activities for both on-duty and off-duty periods, and was used for

all analyses of the 8-Truck study.

The study identified safety critical events (SCEs) to assess driver performance and risk.

Computer softwares were used to filter the collected driving data by identifying driving

episodes that potentially contained SCEs. These video episodes were then inspected by data

reductionists to determine whether any valid events occurred. The study identified four types

of SCEs: crashes, near-crashes, crash-relevant conflicts and unintentional lane deviations.

1.6 Overview

The remainder of this dissertation is described as follows. Chapter 2 proposes a mixed Pois-

son process model with time-varying coefficients for single-type recurrent event data and de-

velops the penalized likelihood approach conditional the pre-specified smoothing parameters.

Chapter 3 proposes the same model as in Chapter 2 but develops a mixed-model represen-

tation approach to estimate the smoothing parameters as variance components. Chapter 4

develops a Bayesian joint model with time-varying coefficients for multi-type recurrent event

data and designs MCMC algorithms for posterior inference. Chapter 5 provides summary

and discussion.
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Chapter 2 A Time-Varying Coefficient Model Based

on the Penalized Likelihood Approach

2.1 Introduction

Recurrent event data are commonly observed in clinical trials and epidemiological studies

in which individuals can experience repeated events of interest over the study period. Ex-

amples include multiple occurrences of bladder tumors for patients in bladder cancer trials

(Byar et al., 1977), multiple mammary tumors for animals in carcinogenicity experiments

(Gail et al., 1980), and recurrent pulmonary exacerbations for patients with cystic fibrosis

(Therneau, Hamilton, 1997). One typical feature of recurrent events is that event times

within the same subject are correlated. Common approaches for recurrent event data anal-

ysis include marginal models based on estimating functions (e.g., Pepe, Cai, 1993; Lawless,

Nadeau, 1995; Lin et al., 2000) and conditional models based on frailty distributions (e.g.,

Lawless, 1987; Nielsen et al., 1992; Vaida, Xu, 2000). Methods using estimating functions

are to directly model marginal means and treat the dependence structure of events as nui-

sance parameters. In contrast, conditional models use frailty distributions to characterize

the heterogeneity and correlation among events, and allow both marginal and conditional

inferences.

The effect of a covariate in recurrent event modeling may not be constant over time and could

be of interest. For the Commercial Truck Driver Naturalistic Driving Study (see Section 1.5

for details), the temporal profile of pre-shift sleep time affecting subsequent driving perfor-

mance is of key interest for fatigue management and hours-of-service regulations. Varying

coefficient models for longitudinal data include kernel-based approaches (e.g., Carroll et al.,

1998; Cai et al., 2000) and spline-based approaches (e.g., Hastie, Tibshirani, 1993). Kernel
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estimators are constructed through a weighted mean of the nearby observations and have

great intuitive appeal. However, the kernel weights are asymmetric at boundaries of the pre-

dictor space and could cause substantial bias for the estimate (Hastie, Loader, 1993). Spline

estimators are based on linear combinations of piecewise polynomial functions and have a

straightforward extension of linear regression models. The computations are relatively fast

and can be easily implemented (Eilers, Marx, 1996). Varying coefficient models have also

been studied in the recurrent event data setting (Amorim et al., 2008; Sun et al., 2011; Yu

et al., 2013). However, they are based on the partial likelihood approach (Cox, 1975), in

which the baseline intensity is considered as a nuisance parameter and not explicitly esti-

mated. For the Commercial Truck Driver Naturalistic Driving Study, driving performance

is likely to change over a long shift due to fatigue and other factors. Therefore, smooth esti-

mation of the baseline intensity needs to be incorporated to characterize the time-changing

pattern of driving performance.

This chapter develops a mixed Poisson process model with time-varying coefficients for re-

current event data. The correlation among event times is characterized by using gamma

frailties. The approach of penalized B-splines (Eilers, Marx, 1996) is used for modeling both

the log baseline intensity and time-varying coefficients. The trapezoid method (Kauermann,

2005) is adopted for numerical integration in the likelihood function. An EM algorithm is

developed for parameter estimation.

The rest of this chapter is arranged as follows. In Section 2.2, a mixed Poisson process

model with time-varying coefficients is introduced and the approach of penalized B-splines

is described. The EM algorithm is developed in Section 2.3. The asymptotic distribution

for the estimator is derived in Section 2.4. Summary and discussion are presented in Section

2.5.
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2.2 Model

Suppose there are m event processes observed in the data. For the ith process {Ni(t), t ≥ 0},

ni events (ni ≥ 0) are observed at times 0 < ti1 < · · · < ti,ni before being censored at time

ci. The independent censoring scheme is assumed here. Let x′i = (xi1, . . . , xip) denote a

p-dimensional covariate vector with constant coefficients, and z′i = (zi0, zi1, . . . , ziq) denote

a (q + 1)-dimensional covariate vector with time-varying coefficients, where zi0 = 1 for all i.

The intensity function of the ith event process is formulated as

λi(t |xi, zi, ui) = ui exp
{
x′iα+ z′i β(t)

}
. (2.1)

β(t) = (β0(t), β1(t), . . . , βq(t))
′ is a vector of unknown smooth functions of time t. Particu-

larly, the baseline intensity is expressed as exp β0(t). The ui’s are independent and identically

distributed gamma variables with density

p(u;φ) =
u1/φ−1 exp{−u/φ}

Γ(1/φ)φ1/φ
, φ > 0. (2.2)

With such distribution for the frailty, the mean of ui is 1 and the variance is φ. Large values

of φ indicate great variation between processes and strong association of event times within

a process. Conditional on ui and covariates, (2.1) characterizes a non-homogeneous Poisson

process. This model extends the Cox proportional hazards model (Cox, 1972) in two ways:

covariate effects are allowed to change with time by assuming time-varying coefficients; intra-

process correlation and inter-process variation that cannot be accounted for by covariates

are included in the frailty.

Let ti = [tij]1≤j≤ni+1 denote a vector of the time to event observed in the ith process, where

ti,ni+1 = ci, and let δi = [δij]1≤j≤ni+1 denote the censoring indicator for ti. Conditional on
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ui, the log density function of the observed data Di,obs = (ti, δi) would be

log f(Di,obs|ui) =

ni∑
j=1

[
log ui + x′iα+ z′iβ(tij)

]
− ui

∫ ci

0

exp
{
x′iα+ z′iβ(t)

}
dt. (2.3)

Therefore the log likelihood given the complete data {(Di,obs, ui), i = 1, . . . ,m} is written as

lc =
m∑
i=1

log f(Di,obs|ui) +
m∑
i=1

log p(ui). (2.4)

By integrating the ui’s out, the log marginal likelihood is obtained as

lm =
m∑
i=1

ni∑
j=1

[
x′iα+ z′iβ(tij)

]
−

m∑
i=1

(
ni +

1

φ

)
log

[
1 + φ

∫ ci

0

exp
{
x′iα+ z′iβ(t)

}
dt

]

+
m∑
i=1

n∗
i∑

j=0

log(1 + jφ), (2.5)

where n∗i = max(0, ni − 1).

Smooth estimation of time-varying coefficients is achieved by using penalized B-splines (Eil-

ers, Marx, 1996). The approach assumes that for l = 0, 1, . . . , q, βl(t) can be approximated

by a polynomial spline of degree v with equally spaced knots

tmin = ζl0 < ζl1 < · · · < ζl,kl−1 < ζlkl = tmax (2.6)

chosen within the domain of time t. The spline can be written in terms of a linear combination

of Kl = kl + v B-spline basis functions B′l(t) = (Bl1(t), . . . , BlKl(t)), that is,

βl(t) =

Kl∑
k=1

βlkBlk(t) = B′l(t)βl, (2.7)

with βl = (βl1, . . . , βlKl)
′ as a vector of spline coefficients for modeling βl(t). The grid of
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knots should be relatively dense to allow for detailed structure in βl(t) to be estimated. Let

β′ = (β′0, . . . ,β
′
q) denote all the spline coefficients for modeling unknown functions in β(t),

and w′i(t) = (zi0B
′
0(t), . . . , ziqB

′
q(t)), (2.1) can be rewritten as

λi(t |xi, zi, ui) = ui exp
{
x′iα+w′i(t)β

}
,

and the set of unknown parameters in the model becomes (α,β, φ).

If βl is treated as ordinary parameter and estimated via maximizing the likelihood function,

the resulting estimate of βl(t) would be a somewhat wiggly piecewise polynomial function.

The approach of penalized splines uses a penalty to restrict the flexibility of the fit. O’Sullivan

(1986) introduced a penalty on the second derivative of the fitted curve. Eilers, Marx (1996)

proposed a more generalized and simpler penalty based on finite differences of adjacent spline

coefficients. Let ∆r denote the rth difference operator. For instance, ∆βlj = βlj−βl,j−1, and

∆2βlj = ∆(∆βlj) = βlj − 2βl,j−1 + βl,j−2. The rth difference penalty for modeling βl(t) is

1

2
λl

K∑
j=r+1

(∆rβlj)
2 =

1

2
λl β

′
l(D

′
lDl)βl, (2.8)

where λl, often known as the smoothing parameter, is a non-negative constant which can be

adjusted to control the smoothness of the fit. For λl = 0, it reduces to ordinary likelihood

maximization, resulting in a overfitted βl(t). By increasing λl, the smoothness can be tuned.

In the limit of a large λl, a polynomial fit of degree r− 1 will be obtained. Dl is a difference

matrix of (Kl − r)×Kl, such that Dlβl = ∆rβl constructs the vector of the rth differences

of βl. For instance, when r = 2, Dl is a second-order difference matrix, that is,

Dl =


1 −2 1 0 · · · 0

0 1 −2 1 · · · 0
...

...
. . . . . . . . .

...

0 0 · · · 1 −2 1

 .
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The penalties are to be subtracted from the log marginal likelihood (2.5) to form the penal-

ized likelihood function

plm = lm −
1

2

q∑
l=0

λl β
′
l(D

′
lDl)βl. (2.9)

Conditional on the λl’s, the parameter can be estimated by maximizing (2.9).

2.2.1 Numerical Integration

The likelihood functions (2.4) and (2.5) involve integrals based on the intensity function.

Since there’s no analytic solution, numerical integration is implemented. A computationally

efficient technique is to approximate the integrals by the trapezoid rule.

Let ρi(t) = exp
{
x′iα + z′iβ(t)

}
and µi(ci) =

∫ ci
0
ρi(t) dt. To approximate µi(ci) for i =

1, . . . ,m, consider a grid of equally spaced points spanning the range of the ci’s:

0 = s0 < s1 < · · · < sR = max{ci, i = 1, . . . ,m}.

Define index Ri such that sRi−1 < ci ≤ sRi . The integral µi(ci) is approximated by a polygon

going through the points (sr, ρi(sr)) for r = 0, 1, . . . , Ri − 1, that is,

µi(ci) ≈ (ci − sRi−1)
ρi(sRi) + ρi(sRi−1)

2
+ I(Ri > 1)

Ri−1∑
r=1

(sr − sr−1)
ρi(sr) + ρi(sr−1)

2

= min(ci, s1) ρi(s0)/2 +

Ri∑
r=1

[min(ci, sr+1)−min(ci, sr−1)] ρi(sr)/2, (2.10)

with I(·) denoting the indicator function.
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Consider the following notations

sa =



s1

s2

s3

...

sR

sR


, sb =



s0

s0

s1

...

sR−2

sR−1


, ρi =



ρi(s0)

ρi(s1)

ρi(s2)
...

ρi(sR−1)

ρi(sR)


.

Then the approximation in (2.10) can be rewritten as

µi(ci) ≈ [min(ci, sa)−min(ci, sb)]
′ρi/2, (2.11)

where min(c, s), with c as a number and s as a vector, is a vector where each element is the

minimum between c and the corresponding element in s.

2.3 EM Algorithm

Since direct maximization of the penalized marginal likelihood is difficult, the estimation

procedure proceeds by using a EM algorithm (Dempster et al., 1977; Klein, 1992).

Consider the following notations:

δ = [δi]1≤i≤m,

Xi = [x′i]1≤j≤ni+1, X =
[
Xi

]
1≤i≤m,

Wi = [w′i(tij)]1≤j≤ni+1, W =
[
Wi

]
1≤i≤m.

The penalized log likelihood given the complete data {(Di,obs, ui), i = 1, . . . ,m} is, up to a
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term free of the parameter values,

plc = lc −
1

2

q∑
l=0

λl β
′
l(D

′
lDl)βl = l1(α,β) + l2(φ),

where

l1(α,β) = δ′(Xα+Wβ)−
m∑
i=1

uiµi(ci)−
1

2
β′Pβ, (2.12)

and

l2(φ) =
1

φ

m∑
i=1

(
log ui − ui

)
+m

[
1

φ
log

(
1

φ

)
− log Γ

(
1

φ

)]
. (2.13)

By inheriting the notations in Section 2.2.1,
∑m

i=1 uiµi(ci) is the sum of the cumulative

intensities evaluated at the ci’s. P is a block diagonal matrix with blocks λl(D
′
lDl) in the

terms corresponding to the βl and 0’s elsewhere.

The estimating algorithm proceeds by first making an initial guess at the parameter values.

To apply the E-step of the algorithm, notice that, conditional on the observed data Di,obs,

the ui’s are independent gamma variables with shape parameters Ai = ni + 1/φ and rate

parameters Bi = µi(ci) + 1/φ. The resulting expectation of plc given the observed data and

the current estimates of Ai and Bi can be written as

E(plc) = Q1(α,β) +Q2(φ),

where

Q1(α,β) = δ′(Xα+Wβ)−
m∑
i=1

(
Ai
Bi

)
µi(ci)−

1

2
β′Pβ, (2.14)
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and

Q2(φ) =
1

φ

m∑
i=1

(
ψ(Ai)− log(Bi)− Ai/Bi

)
+m

[
1

φ
log

(
1

φ

)
− log Γ

(
1

φ

)]
, (2.15)

with ψ(·) as the digamma function.

The M-step of the algorithm requires separate maximization of (2.14) and (2.15). The

updated estimate of φ involves maximizing (2.15) numerically. To update the estimate of

(α,β), the score equation for Q1 is

X ′
W ′

 δ − SΛ−

 0

Pβ

 = 0, (2.16)

where Λ(α,β) =
∑m

i=1(Ai/Bi)µi(ci) and SΛ is the first derivative of Λ(α,β), that is,

SΛ =
m∑
i=1

(
Ai
Bi

)∫ ci

0

 xi

wi(t)

 exp
{
x′iα+w′i(t)β

}
dt. (2.17)

The Newton-Raphson method is implemented to find the solution to (2.16). The Hessian

matrix of Q1 is

−
(
HΛ +

O O

O P

), (2.18)

where HΛ is the Hessian matrix of Λ(α,β), that is,

HΛ =
m∑
i=1

(
Ai
Bi

)∫ ci

0

 xi

wi(t)

[x′i w′i(t)
]

exp
{
x′iα+w′i(t)β

}
dt. (2.19)

The iteration between the E-step and M-step continues until the difference in estimates at

successive iterations drops below a desired tolerance.
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2.4 Asymptotic Distribution

To approximate the distribution of maximum penalized likelihood estimator (α̂, β̂, φ̂), the

knot locations and the number of parameters are assumed to be fixed as the sample size m

increases, and that the family of models incorporates the true distribution. Writing θ for

the full set of α, β, and φ parameters, the penalized log marginal likelihood in (2.9) can be

rewritten as

plm(θ) = lm(θ)− 1

2
θ′P̃ θ, (2.20)

where lm(θ) is the log marginal likelihood defined in (2.5), and P̃ is a block diagonal matrix

with blocks λl(D
′
lDl) in the terms corresponding to the βl parameters and 0’s elsewhere.

With the sample size m increasing while D′lDl fixed, the magnitude of lm’s contribution to

(2.20) also increases. To maintain the same amount of smoothing in the fit of βl(t), λl needs

to be increased at a rate of O(m) as well (see Gray, 1992).

Consider the following notations

Sp(θ) = ∂plm(θ)/∂θ, S(θ) = ∂lm(θ)/∂θ,

Ip(θ) = −∂2plm(θ)/∂θ2, I(θ) = −∂2lm(θ)/∂θ2.

Notice that Sp(θ) = S(θ)− P̃ θ, and Ip(θ) = I(θ) + P̃ . Let θ0 denote the true parameter

values. Using standard arguments based on first-order Taylor expansion and the fact that θ̂

is defined through Sp(θ̂) = 0,

θ̂ − θ0 = I−1
p (θ0)Sp(θ0) = I−1

p (θ0)
[
S(θ0)− P̃ θ0

]
.
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Therefore the bias and variance of θ̂ are:

bias(θ̂) = −I−1
p (θ0) P̃ θ0,

Var(θ̂) = I−1
p (θ0) Var[S(θ0)] I−1

p (θ0).

Gray (1992) discussed two special cases where the bias is negligible. The first case is when

P̃ θ0 = 0, that is, the penalty does not induce bias in the estimates. The second is when P̃ θ0

is not necessarily 0 but the amount of smoothing decreases as m→∞. Since λ
(m)
l must be

O(m) to maintain the same degree of smoothing, any smaller power will result in a decrease.

Let λ
(m)
l = O(ma) with 0 < a < 1, then bias(θ̂) goes to 0 at a rate of O(ma−1). Under

either case, it can be shown that if λ
(m)
l is replaced by the estimate λ̂l such that λ̂l/λ

(m)
l → 1

in probability,
√
m(θ̂ − θ0) follows asymptotically a normal distribution with mean 0 and

covariance matrix limmVar(θ̂), where Var(θ̂) can be estimated by

V (θ̂) =
[
I(θ̂) + P̃

]−1
I(θ̂)

[
I(θ̂) + P̃

]−1
. (2.21)

To obtain confidence intervals for the estimated intensity function with covariates xi and zi,

λ̂(t|xi, zi) = exp
{
x′i α̂+w′i(t) β̂

}
,

the variance of log λ̂(t|xi, zi) is estimated based on (2.21):

V̂ar
[

log λ̂(t|xi, zi)
]

=
[
x′i w′i(t)

]
V

α̂
β̂

 xi

wi(t)

 .
It is important to note that the asymptotic distribution relies on the assumption that the

time-varying coefficients are approximated well with keeping θ at a fixed dimension. Since

the B-spline basis is taken to be high-dimensional, one can argue heuristically that the

approximation bias should be negligible. Therefore the asymptotic results will be used here.
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2.4.1 Test Statistics

This section considers a general linear null hypothesis of the form: Cη = 0, where η′ =

(α′,β′), and C is a matrix of full row rank. Gray (1992) suggested a Wald version test with

the test statistic

(C η̂)′
(
C
[
I−1
p (θ̂)

]
η
C ′
)−1
C η̂, (2.22)

where [I−1
p (θ̂)]η is the block in I−1

p (θ̂) corresponding to the (α,β) parameter. Under the

null hypothesis, (2.22) asymptotically follows the distribution of a linear combination of

independent Chi-squared random variables with one degree of freedom, that is,

∑
ei χ

2(1),

where the ei’s are the eigenvalues of

(
C
[
I−1
p (θ̂)

]
η
C ′
)−1

C
[
V (θ̂)

]
η
C ′,

with
[
V (θ̂)

]
η

being the block in V (θ̂) corresponding to the (α,β) parameter.

Three types of hypothesis are of interest. The first one is the test of no effect in the lth

covariate of z, that is, H0 : βl(t) = 0. Since βl(t) is modeled by B-splines as βl(t) = B′l(t)βl,

the null and the alternative hypothesis are equivalently

H0 : βl = 0 vs H1 : βl 6= 0.

The second one is the test of no time-varying effect in the lth covariate of z, that is, H0 :

dβl(t)/dt = 0. For any B-spline basis of degree v, {Blk(t; v), k = 1, . . . , Kl}, De Boor (1978)
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gives a simple formula for derivatives of B-splines:

h
d

dt

Kl∑
k=1

βlkBlk(t; v) = −
Kl−1∑
k=1

∆βl,k+1Blk(t; v − 1), (2.23)

where h denotes the distance between knots. Therefore in the test of no time-varying effect,

the null and the alternative hypothesis are equivalently

H0 : Clβl = 0 vs H1 : Clβl 6= 0,

where Cl is a first-order difference matrix of (Kl − 1) ×Kl. The third one is the test of a

linear time-varying effect in the lth covariate of z, that is, H0 : d2βl(t)/dt
2 = 0. According

to (2.23), the null and the alternative hypothesis can be written as

H0 : Clβl = 0 vs H1 : Clβl 6= 0,

where Cl is a second-order difference matrix of (Kl − 2)×Kl.

2.5 Summary and Discussion

This chapter develops a mixed Poisson process model with time-varying coefficients for re-

current event data. I use gamma frailties to account for the correlation among event times.

The approach of penalized B-splines is adopted for modeling both the log baseline intensity

and time-varying coefficients. The trapezoid method is adopted for numerical integration in

the likelihood function. An EM algorithm is developed for parameter estimation.

It is important to note that the estimating procedure is conditional on the values of smooth-

ing parameters. Typically for estimating the smoothing parameter , one first needs to de-

termine a grid of potential values. After obtaining parameter estimates at each grid value,

the “optimal” smoothing parameter is found by optimizing a performance criterion, such
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as cross-validation or an information criterion. The whole process becomes computationally

demanding when the number of time-varying coefficients grows, as it yields a high dimen-

sional grid from which the combination of smoothing parameters are to be selected. In

addition, these procedures often fail in practice because no optimal solution can be found

(Lang, Brezger, 2004). To address the issue, the next chapter develops a mixed-model repre-

sentation approach based on the connection between penalized likelihood and random effect

models (Brumback, Rice, 1998; Wang, 1998a,b; Brumback et al., 1999). Spline coefficients

could be treated as random effects and smoothing parameters are estimated as variance

components.
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Chapter 3 A Time-Varying Coefficient Model Based

on the Mixed-Model Representation Approach

3.1 Introduction

Traffic crashes are a major safety hazard for commercial truck drivers and are also a general

public health concern. In 2015, heavy trucks were involved in 3,598 fatal crashes in the

United States (U.S.), which led to 667 truck driver fatalities and 4,067 total fatalities (Federal

Motor Carrier Safety Administration, 2016). In addition, 116,000 persons were injured due

to heavy vehicle crashes. In the U.S., the operational hours for commercial truck drivers are

regulated by the Federal Motor Carrier Safety Administration (FMCSA). Referred to as the

hours-of-service (HOS) regulations, truck drivers can work 14 hours, 11 hours of which can

be driving, before taking a 10-hour off-duty break (Federal Register, 2011). Though not all

drivers may work the fully allocated 14 hours, or drive the allocated 11 hours, for drivers

that do push the work/driving limits (e.g., long-haul truck drivers), fatigue is a major risk

factor (National Academies of Sciences, Engineering, and Medicine, 2016). Fatigue issues

associated with time-on-task and deterioration of driving performance over the course of a

long work day or drive are of particular concern for this cohort. Though the importance of

being well-rested for optimal performance has been documented (e.g., Banks, Dinges, 2007),

there has been limited research to evaluate the change in driving performance and safety

risk over time as a function of pre-shift sleep time.

Many factors can affect driver fatigue, including total sleep time, sleep debt, circadian

rhythm, breaks during long shifts, and caffeine consumption. Among these factors, sleep

time the night before driving has been noted as a critical risk factor (Hanowski et al., 2007).

Being well rested prior to a long shift has a direct impact on driver fatigue and driving
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performance (Banks, Dinges, 2007; Lim, Dinges, 2008, 2010). Insufficient sleep is typically

defined as sleep less than 7 hours per day (Van Dongen et al., 2003a,b; Ford et al., 2015;

Watson et al., 2015a,b). Sleep debt, the cumulative lack of sleep for a period of time, also

negatively affects driver fatigue (Abe et al., 2012; Scott et al., 2007). Furthermore, it has

also been shown that breaks during a long shift reduce the number of on-road safety-critical

events for truck drivers (Soccolich et al., 2013).

Recurrent event data are commonly observed in clinical trials and epidemiological studies

in which individuals can experience repeated events of interest over the study period. Ex-

amples include multiple occurrences of bladder tumors for patients in bladder cancer trials

(Byar et al., 1977), multiple mammary tumors for animals in carcinogenicity experiments

(Gail et al., 1980), and recurrent pulmonary exacerbations for patients with cystic fibrosis

(Therneau, Hamilton, 1997). One typical feature of recurrent events is that event times

within the same subject are correlated. Common approaches for recurrent event data anal-

ysis include marginal models based on estimating functions (e.g., Pepe, Cai, 1993; Lawless,

Nadeau, 1995; Lin et al., 2000) and conditional models based on frailty distributions (e.g.,

Lawless, 1987; Nielsen et al., 1992; Vaida, Xu, 2000). Methods using estimating functions

are to directly model marginal means and treat the dependence structure of events as nui-

sance parameters. In contrast, conditional models use frailty distributions to characterize

the heterogeneity and correlation among events, and allow both marginal and conditional

inferences.

The effect of a covariate in recurrent event data analysis may not be constant over time. For

this study, the temporal profile of pre-shift sleep time affecting subsequent driving perfor-

mance is of key interest for fatigue management and HOS regulations. Varying coefficient

models for longitudinal data include kernel-based approaches (e.g., Carroll et al., 1998; Cai

et al., 2000) and spline-based approaches (e.g., Hastie, Tibshirani, 1993). Kernel estimators

are constructed through a weighted mean of the nearby observations and have great intuitive

appeal. However, the kernel weights are asymmetric at boundaries of the predictor space

and could cause substantial bias for the estimate (Hastie, Loader, 1993). Spline estimators
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are based on linear combinations of piecewise polynomial functions and have a straightfor-

ward extension of linear regression models. The computations are relatively fast and can

be easily implemented (Eilers, Marx, 1996). Varying coefficient models have also been stud-

ied in the recurrent event data setting (Amorim et al., 2008; Sun et al., 2011; Yu et al.,

2013). However, they are based on the partial likelihood approach (Cox, 1975), in which the

baseline intensity is considered as a nuisance parameter and not explicitly estimated. For

this study, driving performance is likely to change over a long shift due to fatigue and other

factors. Therefore, smooth estimation of the baseline intensity needs to be incorporated to

characterize the time-changing pattern of driving performance.

This chapter develops a mixed Poisson process model with time-varying coefficients for recur-

rent event data. The correlation among event times is characterized by using gamma frailties.

The approach of penalized B-splines (Eilers, Marx, 1996) is used for modeling both the log

baseline intensity and time-varying coefficients. For penalized splines, the fit is conditional

on the smoothing parameter, which has to be selected by cross-validation or optimizing some

performance criterion. These procedures could be computationally demanding as the number

of time-varying coefficients increases. To address the issue, I adopt a mixed-model repre-

sentation approach based on the connection between penalized likelihood and random effect

models (Brumback, Rice, 1998; Wang, 1998a,b; Brumback et al., 1999). Spline coefficients

are treated as random effects and smoothing parameters are estimated as variance compo-

nents. An EM algorithm is used to fit the model, in which the penalized quasi-likelihood

(PQL) approach (Breslow, Clayton, 1993) is adopted for likelihood approximation.

The rest of this chapter is arranged as follows. In Section 3.2, I describe the Commercial

Truck Driver Naturalistic Driving Study (NDS) that is used for evaluating the temporal

profile of pre-shift sleep time affecting subsequent driving performance. In Section 3.3, a

mixed Poisson process model with time-varying coefficients is firstly introduced. Then the

mixed-model representation of penalized splines is described. The model performance is

evaluated by a simulation study presented in Section 3.4. The results from the model’s

application to the Commercial Truck Driver NDS data are shown in Section 3.5. Summary
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and discussion are presented in Section 3.6.

3.2 Commercial Truck Driver Naturalistic Driving Study

The chapter uses data from the Commercial Truck Driver NDS (Blanco et al., 2011), a large-

scale data collection study sponsored by the FMCSA to evaluate issues related to commercial

motor vehicles. The study recruited 100 drivers from four for-hire trucking companies. A

naturalistic-data-collection approach was used to collect the driving data. Each driver drove

an instrumented truck for approximately four weeks. The trucks were fitted with unobtrusive

data-collection equipment, including four video cameras, radar, a global positioning system

device, and kinematic sensors. Driving data were continuously recorded from ignition-on to

ignition-off at high frequency, for example, 10 Hz for video, radar, and three-dimensional

accelerometers. The study also collected drivers’ on-duty and off-duty activities through

a daily activity register. The activity register requested data such as the beginning and

ending times of sleep, break, driving and other activities. The NDS driving data and the

activity register data were combined to provide a complete time-line of participants’ driving

and non-driving activities. The detailed driving data allow various driving behavior to be

examined. For this study, unintentional lane deviation (ULD) is selected to measure driving

performance. ULD is defined as “any circumstance where the subject vehicle crosses over

a solid lane line (e.g., on to the shoulder) where there is not a hazard (guardrail, ditch,

vehicle, etc.) present. In these cases, the driver does not signal or intentionally make a lane

change maneuver” (reg, 2017, pp. 145). ULD has been shown to be a measure of driving

performance decrement and sensitive to driving fatigue (Hanowski et al., 2008; Van Dongen

et al., 2010).

To evaluate the impact of off-duty sleep time on drivers’ subsequent on-duty driving perfor-

mance, the data need to be organized into pairs of an off-duty period followed by an on-duty

one. The daily schedules of commercial truck drivers are highly irregular. For example,

some drivers opt to drive late at night to avoid traffic congestion. For the purpose of this
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off-duty period

sleep task

on-duty period

driving task 1 driving task 2

0 ti1 ti2 ti3

driving period of shift i

Figure 3.1: Illustration of data processing. Black dots represent ULD events, and tij, where

j = 1, 2, 3, represents the driving time to event j in shift i.

study, the off-duty duration has to be reasonably long so that the beginning of a succeeding

on-duty period is a “fresh start” for the driver. Another complication from data processing

is that some participants failed to distinguish between on-duty and off-duty activity codes.

For example, on-duty tasks were coded as off-duty and vice versa. To address these issues,

the data were processed based on the following three criteria.

• Driving the truck, light work, and heavy work were considered on-duty tasks. Other

tasks were considered off-duty.

• An off-duty period consisted of off-duty tasks only and met either of the two following

criteria: (1) its total duration was 10 hours or longer (to be consistent with the HOS

regulations that require at least 10 consecutive hours off duty for truck drivers to start

a new on-duty shift); (2) it included at least 7 hours of sleep.

• An on-duty period, which followed immediately after an off-duty one, consisted of

on-duty tasks and potentially short off-duty tasks. An on-duty period longer than

14 hours was truncated (to be consistent with the 14-hour on-duty limit in the HOS

regulations).

The procedure extracted 2,056 on-duty periods, of which 2,004 involved driving tasks. In

each of these 2,004 periods, episodes of driving tasks were connected in time to form the

driving period of a shift (see Figure 3.1). The episodes between successive driving tasks were
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either breaks (e.g., eat, rest, sleep) or on-duty work (e.g., loading, unloading). Due to the

HOS regulations that require drivers to drive no more than 11 hours on-duty, driving longer

than 11 hours in a shift was truncated. For each ULD event, the driving time to event from

the beginning of the shift was calculated. Total sleep time from the preceding off-duty period

was calculated. Since some off-duty periods involved multiple days or even weeks, sleep time

within the 12-hour window right before an on-duty period was used. A total of 1,880 shifts

from 96 drivers contain valid sleep data and are included in the analysis.

3.3 Methodology

I propose a mixed Poisson process model with time-varying coefficients in a recurrent event

data setting. Both the log baseline intensity and time-varying coefficients are modeled by pe-

nalized B-splines. A mixed-model representation of penalized splines is adopted to estimate

the amount of smoothness for the spline fit.

3.3.1 Model

Consider a sample of I shifts. Let {Ni(t), t ≥ 0} be a right-continuous counting process that

records the number of events over driving time [0, t] in shift i. Let xi = (xi1, . . . , xip)
′ denote

a covariate vector with constant coefficients, and zi = (zi1, . . . , ziq)
′ denote a covariate vector

with time-varying coefficients. Given a random effect ui, {Ni(t), t ≥ 0}|xi, zi, ui is assumed

to be an independent Poisson process with conditional intensity function as

λi(t|xi, zi, ui) = ui exp{x′iα+ β0(t) + zi1β1(t) + · · ·+ ziqβq(t)}. (3.1)

α is a vector of unknown regression coefficients and x′iα represents the linear component

of the log intensity. β0(t), β1(t), . . . , βq(t) are unknown smooth functions: β0(t) is the log

baseline intensity and the rest are time-varying coefficients of the covariates in zi. McCulloch,

Neuhaus (2011) showed that statistical inferences are robust to the distribution assumptions
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for random effects. The chapter assumes that ui follows an independent and identical gamma

distribution with density p(ui;φ), where E(ui) = 1 and var(ui) = φ. Large values of φ

indicate greater heterogeneity between shifts and stronger association among event times.

Let tij denote the driving time to the jth event that occurred in shift i. Suppose ni(≥ 0)

events are observed in shift i at driving times 0 < ti1 < . . . < ti,ni before the censoring time

ci. Let Dobs
i denote the observed data for shift i, including event times, censoring time, and

covariate values. The log likelihood given the complete data {Dobs
i , ui, 1 ≤ i ≤ I} is

lc =
I∑
i=1

{
ni∑
j=1

[
log ui + log ρi(tij)

]
− uiµi(ci)

}
+

I∑
i=1

log p(ui;φ), (3.2)

with ρi(t) = exp{x′iα+β0(t)+zi1β1(t)+· · ·+ziqβq(t)} and µi(ci) =
∫ ci

0
ρi(t) dt. By integrating

ui’s from the complete-data likelihood, I obtain the log marginal likelihood as

lm =
I∑
i=1

ni∑
j=1

log ρi(tij)−
I∑
i=1

(
ni +

1

φ

)
log
(

1 + φµi(ci)
)

+
I∑
i=1

n∗
i∑

j=0

log(1 + jφ), (3.3)

with n∗i = max(0, ni − 1). The integral µi(ci) in likelihood functions (3.2) and (3.3) is based

on β0(t), β1(t), . . . , βq(t). Since there is no analytic solution, I use the trapezoid method to

approximate the integral. Consider a grid of points 0 = s0 < s1 < · · · < sm = tmax over

the domain of time. For shift i, define index mi = min{k : sk ≥ ci}. Then µi(ci) can be

approximated by a polygon going through the points (sk, ρi(sk)), for 0 ≤ k ≤ mi − 1. The

approximation yields

µi(ci) ≈ (ci − smi−1)
ρi(smi) + ρi(smi−1)

2
+ I(mi ≥ 2)

mi−1∑
k=1

(sk − sk−1)
ρi(sk) + ρi(sk−1)

2

=
1

2
min(ci, s1)ρi(s0) +

1

2

mi∑
k=1

[
min(ci, sk+1)−min(ci, sk−1)

]
ρi(sk),

where I(·) denotes the indicator function.

To model the baseline intensity and time-varying coefficients, I assume that βl(t), 0 ≤ l ≤ q,
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can be approximated by polynomial splines of degree v with equally spaced knots 0 = ζl0 <

ζl1 < · · · < ζl,kl = tmax over the domain of time. Let Blk(t) denote the value at t of the kth

B-spline, and Bl(t) = (Bl1(t), . . . , Bl,Kl(t))
′ denote Kl = kl + v B-spline basis functions. The

parameterization used for the splines is

βl(t) =

Kl∑
k=1

βlkBlk(t) = B′l(t)βl. (3.4)

βl = (βl1, . . . , βl,Kl)
′ is a vector of unknown regression coefficients for the splines. To ensure

sufficient flexibility for the spline fit, a moderately large number of knots should be chosen.

However, this could lead to severe overfitting. Eilers, Marx (1996) proposed a penalized

approach to prevent overfitting by incorporating a difference penalty on the coefficients of

adjacent splines. Let ∆ denote the difference operator so that the first order difference of βlk

is ∆βlk = βlk−βl,k−1, the second order difference is ∆2βlk = ∆(∆βlk) = βlk−2βl,k−1 +βl,k−2,

and so on. In general, a difference penalty based on the rth order difference is subtracted

from the log likelihood; parameters are estimated by maximizing the resulting penalized

likelihood function, that is,

lc −
q∑
l=0

{
λl
2

Kl∑
k=r+1

(∆rβlk)
2

}
. (3.5)

λl, often known as the smoothing parameter, is a non-negative constant which can be ad-

justed to control the smoothness of the fit. For λl = 0, (3.5) reduces to ordinary likelihood

function, yielding a overfitted βl(t). By increasing λl, the amount of penalty increases and

the smoothness can be tuned. In the limit of a large λl, a linear (r = 2) or quadratic (r = 3)

fit can be obtained. The value of λl has to be selected by cross-validation or optimizing some

information criterion. However, these procedures can be computationally demanding in our

setting: as the number of time-varying coefficients increases, it yields a high dimensional

grid from which the combination of smoothing parameters are to be selected.

To estimate the smoothing parameter, I adopt a mixed-model representation of penalized
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splines based on the connection between penalized likelihood and random effects models

(Brumback, Rice, 1998; Wang, 1998a,b; Brumback et al., 1999). Cai et al. (2002) and Cai,

Betensky (2003) employed such connection in baseline hazard estimation and treated the

coefficients of truncated power splines as independent Gaussian random effects. For B-

splines used in the chapter, I assume that the rth order difference ∆rβlk, r + 1 ≤ k ≤ Kl, is

a random effect following an independent and identical normal distribution N(0, 1/τl). Let

Dl be a matrix such that Dlβl = (∆rβl,r+1, . . . ,∆
rβl,Kl)

′. The probability density of βl can

be written as

p(βl; τl) ∝ τ
(Kl−r)/2
l exp

{
−τl

2
β′l(D

′
lDl)βl

}
. (3.6)

The smoothness of the fit is now controlled by the inverse variance τl, which corresponds

to λl in the penalized likelihood approach. It should be noted that formulation (3.6) is

originally proposed as a prior in the Bayesian approach to penalized splines (Berry et al.,

2002; Lang, Brezger, 2004). Yet in the frequentist setting by assuming spline coefficients

to be random, smoothing parameter selection turns into inverse variance estimation. In the

following section I show that, with the PQL method (Breslow, Clayton, 1993), the estimate

is approximately equivalent to a penalized spline fit under a certain amount of difference

penalty.

3.3.2 Estimation

The model is fitted by an EM algorithm with the PQL approach embedded for likelihood

approximation. Let l̃ denote the likelihood functions in which βl is random with density

(3.6). The log likelihood given the complete data {Dobs
i , ui, 1 ≤ i ≤ I,βl, 0 ≤ l ≤ q} is

l̃c =
I∑
i=1

{
ni∑
j=1

[
log ui + log ρi(tij)

]
− uiµi(ci)

}
+

I∑
i=1

log p(ui;φ) +

q∑
l=0

log p(βl; τl)

= l̃1(α, τ ) + l̃2(φ),
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where τ = (τ0, τ1, . . . , τq)
′,

l̃1(α, τ ) =
1

2

q∑
l=0

(Kl − r) log τl +
I∑
i=1

ni∑
j=1

log ρi(tij)−
I∑
i=1

uiµi(ci)−
1

2
β′P (τ )β,

and

l̃2(φ) =
1

φ

I∑
i=1

(log ui − ui) + I

[
1

φ
log

(
1

φ

)
− log Γ

(
1

φ

)]
.

β′ = (β′0,β
′
1, . . . ,β

′
q), and P (τ ) is a block diagonal matrix with block τl(D

′
lDl) in the term

corresponding to βl and 0’s elsewhere.

In the E-step of the algorithm, conditional on the observed data, ui independently follows

a gamma distribution, with shape parameter Ai = ni + 1/φ and rate parameter Bi =

µi(ci) + 1/φ. Given the data and the current values of Ai and Bi, the expectation of l̃c with

respect to ui is Q̃1(α, τ ) + Q̃2(φ), where

Q̃1(α, τ ) =
1

2

q∑
l=0

(Kl − r) log τl +
I∑
i=1

ni∑
j=1

log ρi(tij)−
I∑
i=1

(
Ai
Bi

)
µi(ci)−

1

2
β′P (τ )β,

and

Q̃2(φ) =
1

φ

I∑
i=1

(
ψ(Ai)− log(Bi)−

Ai
Bi

)
+ I

[
1

φ
log

(
1

φ

)
− log Γ

(
1

φ

)]
.

ψ(·) denotes the digamma function.

In the M-step of the algorithm, I can update the value of φ by maximizing Q̃2. To update

the estimates of (α, τ ), it is important to notice that Q̃1 is conditional on the random effects

βl’s. Therefore βl’s need to be integrated out. The integrated Q̃1 is

log

∫
exp Q̃1 dβ =

1

2

q∑
l=0

(Kl − r) log τl + log

∫
exp{−κ(β)} dβ, (3.7)
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where,

−κ(β) =
I∑
i=1

ni∑
j=1

log ρi(tij)−
I∑
i=1

(
Ai
Bi

)
µi(ci)−

1

2
β′P (τ )β. (3.8)

Since there is no closed form for the integral in (3.7), I apply Laplace’s method (Tierney,

Kadane, 1986) for approximation. Let κ′ and κ′′ denote the first and second partial derivative

of κ with respect to β. The approximation yields

log

∫
exp Q̃1 dβ ≈ 1

2

q∑
l=0

(Kl − r) log τl −
1

2
log
∣∣∣κ′′(β̃)

∣∣∣− κ(β̃), (3.9)

where β̃ = β̃(α, τ ) is the solution to κ′(β) = 0 that maximizes −κ(β). I follow Breslow,

Clayton (1993) in their PQL approach for generalized linear mixed models. That is, I ignore

the first two terms in (3.9) and choose α to maximize −κ(β̃). Consequently, (α̂(τ ), β̂(τ )),

where β̂(τ ) = β̃(α̂(τ )), jointly maximizes −κ(β). If τ were known and βl’s were fixed

effects, −κ(β) would be the penalized likelihood with−(1/2)β′P (τ )β being equivalent to the

difference penalty term in (3.5). The PQL approximation implies that, given τ , maximizing

the integrated Q̃1 is approximately equivalent to maximizing the penalized likelihood. The

estimation procedure is then reduced to solving the score equation of −κ(β) for (α,β), and

the Newton-Raphson algorithm can be applied.

By assigning the maximized values (α̂(τ ), β̂(τ )) back into (3.9), I obtain an approximate

profile likelihood of τ as

1

2

q∑
l=0

(Kl − r) log τl −
1

2
log
∣∣∣κ′′(β̂)

∣∣∣− 1

2
β̂′P (τ )β̂. (3.10)

Differentiation of (3.10) with respect to τl gives the following estimating equation

1

2

[
Kl − r
τl

− tr
(
κ′′(β̂)−lD′lDl

)
− β̂′l(D

′
lDl)β̂l

]
= 0,
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where tr(·) is the trace operation of a matrix, and κ′′(β̂)−l is the diagonal block corresponding

to βl in κ′′(β̂)−1. The solution is of the simple form:

τ̂l =
Kl − r

tr
(
κ′′(β̂)−lD′lDl

)
+ β̂′l(D

′
lDl)β̂l

. (3.11)

The estimation procedure can be conducted in two steps. Firstly, a set of random initial

values were assigned to (α,β, τ , φ). Conditional on the current values, I update φ by maxi-

mizing Q̃2 and update (α,β) by solving the score equation of −κ(β). Secondly, through the

updated values of α and β, I obtain a new value for τl using (3.11). These two steps are

iterated until convergence.

After obtaining estimates for θ = (α,β, φ), I follow the similar method by Gray (1992) and

obtain the covariance matrix of θ̂ − θ given τ approximately as

cov




α̂

β̂ − β

φ̂


∣∣∣∣∣∣∣∣∣ τ
 = [I(θ) + P (τ )]−1I(θ)[I(θ) + P (τ )]−1, (3.12)

where I(θ) = −∂2lm(θ)/∂θ2 and lm is the log marginal likelihood defined in (3.3). To

obtain the confidence interval for β̂l(t), I estimate the variance of β̂l(t) as v̂ar
[
β̂l(t)

]
=

B′l(t) ĉov(β̂ − β|τ )Bl(t). It should be noted that, as the uncertainty in estimating τ is

ignored in (3.12), these estimates tend to underestimate the true variances; however, the

source of variation due to the estimation of τ is negligible for large samples (Cai, Betensky,

2003). The potential influence is evaluated in the simulation study in Section 3.4.

3.4 Simulation

I conducted a simulation study to evaluate the model performance. Two major factors could

affect the fitting results are the curvature of time-varying coefficients and the magnitude of
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event rate. I generated data from low and high event rates with time-varying coefficients of

different curvatures.

Simulated data were generated from a Poisson process with conditional intensity function

λi(t|ui) = ui exp{xi1α1 + β0(t) + zi1β1(t) + zi2β2(t)}, 0 < t ≤ 10.

I considered I = 500 shifts. The censoring time ci was generated from a gamma distribution

independent of the shift. shifts were censored at the maximum follow-up time, 10, if not

censored before. ui’s were generated from a gamma distribution with mean of 1 and variance

φ = 5. The covariate xi1 was generated from a uniform distribution on [−1, 1], and its

coefficient was α1 = 0.5. The covariates zi1 and zi2 were binary with probability distribution

p(zi1, zi2) = (1 − p1 − p2)1−zi1−zi2pzi11 pzi22 , where 0 ≤ zi1 + zi2 ≤ 1 and p1 = p2 = 1/3. There

were two settings for the time-varying coefficients. Setting 1 considered functions of low

curvature (shown in Figure 3.2):

β1(t) =
10

1 + e−0.4(t−3)
+

10

1 + e0.4(t−6)
− 12.5,

β2(t) = sin(0.2πt).

Setting 2 considered functions of high curvature (shown in Figure 3.3):

β1(t) =
8

1 + e−(t−4.5)
+

8

1 + e(t−5.5)
− 9,

β2(t) =
15

1 + e−(t−4)
+

15

1 + e(t−4.5)
+

15

1 + e(t−5.5)
+

15

1 + e−(t−6)
− 30.

There were two settings for the log baseline intensity: a low event rate setting with β0(t) =

0.1t− 2.75 and a high event rate setting with β0(t) = 0.1t− 1.5.

I generated 500 data sets under each setting. The average number of events per shift (shown

in Table 3.1) was 0.8 for the low event rate setting and 3 for the high event rate setting.

βl(t)’s were approximated using cubic B-splines with the number of knots kl = 10 and the
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(a) Low event rate.
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(b) High event rate.

Figure 3.2: Estimates, 95% confidence intervals (CIs) and coverage probability for the low-

curvature time-varying coefficients simulation setting.
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(a) Low event rate.
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(b) High event rate.

Figure 3.3: Estimates, 95% confidence intervals (CIs) and coverage probability for the high-

curvature time-varying coefficients simulation setting.
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difference penalty order r = 3. Each data set was fitted in two approaches: (1) using splines

for both βl(t)’s and α1; and (2) using splines for βl(t)’s only.

Simulation results for the spline fit are shown in Figure 3.2 and 3.3. For time-varying

coefficients of low curvature, the mean of spline estimate shows very little bias, and the

pointwise coverage probability is close to 95% over most of the follow-up period. For time-

varying coefficients of high curvature, the mean estimates of β1(t) and β2(t) show larger

bias under the low event rate setting. The corresponding coverage probabilities also display

greater variation. However, in the high event rate setting, the mean estimates show negligible

bias with the coverage probabilities more stable and close to the 95% nominal value.

Simulation results for the parametric coefficients are shown in Table 3.1. The φ̂ is approx-

imate 2% smaller than the true value in the low event rate setting and 0.6% smaller than

the true value in the high event rate setting. I assess the standard error estimation by com-

paring the mean of standard error (SEM, the average of estimated standard error) and the

empirical standard error of the estimates (SE), which should be equal ideally. The SEM for

φ̂ is 4% smaller than the SE under the setting of low-curvature time-varying coefficients and

low event rate. For the rest of settings the SEM and SE are similar.

The bias of φ̂ and the underestimation of standard error are consistent with the results

of Ripatti, Palmgren (2000), who used the PQL approximation in the inference procedure

for multivariate frailty models. Since the uncertainty in the estimation of τ is ignored

when estimating the variances, the estimates tend to underestimate the true variances (see

Equation (3.12) and the related discussion).

The mean estimate of α1 has similar bias (2% smaller) in the low event rate setting, yet

such bias is negligible in the high event rate setting. The bias in α̂1 is connected to the bias

in φ̂. The SEM for α̂1 is very close to its SE, showing no underestimation. The coverage

probability of the 95% confidence intervals for α̂1 is close to or even slightly higher than the

nominal level.

In summary, the simulation study shows the model provide satisfactory estimation for the

41



Table 3.1: Simulation: parametric coefficient estimates.

Curvature Number of events
per shift

Fit True Mean Bias SEc SEMd CPe(%)

low 0.83 1a φ 5 4.91 −0.09 0.68 0.65

(low event rate) 2b α1 0.5 0.49 −0.01 0.19 0.20 96.2

φ 5 4.91 −0.09 0.68 0.65

2.93 1 φ 5 4.97 −0.03 0.46 0.46

(high event rate) 2 α1 0.5 0.50 0.00 0.18 0.18 95.6

φ 5 4.97 −0.03 0.46 0.46

high 0.86 1 φ 5 4.90 −0.10 0.65 0.64

(low event rate) 2 α1 0.5 0.49 −0.01 0.20 0.20 94.4

φ 5 4.90 −0.10 0.65 0.64

2.99 1 φ 5 4.97 −0.03 0.47 0.46

(high event rate) 2 α1 0.5 0.50 −0.00 0.18 0.18 95.6

φ 5 4.97 −0.03 0.46 0.46

a Fit 1, use splines to estimate both βl(t)’s and α1.
b Fit 2, use splines to estimate βl(t)’s only.
c SE, empirical standard error;
d SEM, average of estimated standard error;
e CP, coverage probability.

true parameters in various settings. The biases of spline estimates and parametric coefficient

estimates are small under both low and high event rates. The confidence intervals have close

to nominal coverage probabilities. Although the frailty variance tends to be underestimated,

the magnitude of the bias is limited.
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3.5 Application

I apply the proposed model to the Commercial Truck Driver NDS data. The objective is

to evaluate the temporal profile of driving performance over long driving hours in a shift by

the total sleep duration prior to the shift. The driving performance was measured by the

unintentional lane deviation.

3.5.1 Characteristics of Driving Duration, Unintentional Lane Deviations, and

Breaks

The data contain 1,880 off-duty and on-duty pairs from 96 drivers. Each pair includes an

off-duty period followed by an on-duty one as introduced in Section 3.2. Studies show that

sleep time is generally considered insufficient if the total off-duty sleep duration is less than

7 hours (Van Dongen et al., 2003a,b; Ford et al., 2015; Watson et al., 2015a,b). The off-duty

sleep time is considered as normal if it is between 7 and 9 hours, and abundant if the duration

is more than 9 hours. Among the 1,880 shifts, 20.6% (388) are in the insufficient sleep time

group, 58.2% (1,095) in the normal sleep time group, and 21.1% (397) in the abundant sleep

time group.

Table 3.2 compares the rate of ULD events by driving hour since a shift starts among the

three sleep time groups. For each driving hour since the beginning of a shift, I calculated the

the number of ULDs occurred in the specific hour and the exposure, i.e., total driving time

for all shifts that occurred in the specific hour. The event rate for a specific driving hour is

a ratio of the ULD count over the driving exposure. As can be seen, the event rate for the

insufficient sleep time group increases substantially after 8 hours of driving and reaches a

peak of 0.26 in the 10th driving hour. The normal sleep time group, i.e., sleep time between

7 and 9 hours, observes no substantial increase at later hours of driving. The event rate of

the abundant group increased considerably in the 10th hour of driving. These results suggest

that temporal profile of the ULD event rates vary substantially by sleep time groups. The
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Table 3.2: ULDs and driving exposure (time in hours) in the 1st–11th driving hours by sleep

time group.

Driving
time since a
shift starts

Sleep hours ≤ 7 7 < Sleep hours ≤ 9 Sleep hours > 9

ULDs Exposurea Rateb ULDs Exposure Rate ULDs Exposure Rate

1st hour 21 384.11 0.055 52 1092.16 0.048 31 395.48 0.078

2nd hour 38 374.18 0.102 52 1078.64 0.048 31 392.78 0.079

3rd hour 13 371.50 0.035 60 1055.97 0.057 31 386.98 0.080

4th hour 14 360.58 0.039 106 1016.10 0.104 24 374.35 0.064

5th hour 33 333.32 0.099 83 970.26 0.086 20 358.31 0.056

6th hour 11 304.90 0.036 94 898.70 0.105 40 334.00 0.120

7th hour 24 251.49 0.095 96 781.78 0.123 36 301.14 0.120

8th hour 26 182.29 0.143 32 665.80 0.048 19 265.40 0.072

9th hour 19 130.99 0.145 40 547.23 0.073 14 228.44 0.061

10th hour 26 99.04 0.263 18 393.08 0.046 22 181.31 0.121

11th hour 10 61.60 0.162 8 267.69 0.030 22 130.49 0.169

a Exposure in the ith hour, where i = 1, . . . , 11, is the total driving time for all shifts that
occurred in the ith hour.

b Rate is the ratio of ULDs to exposure.

group with insufficient sleep time (< 7 hours) tend to have a higher ULD rate in the later

driving part of a shift.

Analysis shows that the sleep time prior to a shift is related to the driving length of a shift.

The mean driving length for shifts with insufficient sleep time is 7.36 hours, for normal sleep

time group is 8.01 hours and for abundant sleep time group is 8.43 hours. A statistically

significant correlation can be found between total driving length and sleep time. Figure 3.4

shows the percent of shifts driving into the 1st–11th driving hour for each sleep time group.

The shifts with abundant sleep time has the highest percentage of driving in each of the 11

hours, followed by the normal sleep time group, and the insufficient group has the lowest
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Figure 3.4: The percent of shifts driving into the 1st-11th driving hour by sleep time group.

percentage. The abundant group has 38% of shifts driving into the 11th driving hour, the

normal group has 29% while the insufficient group has only 20%. This implies drivers’ self-

selection in terms of taking sufficient sleep prior to a long shift or shortening driving time

with insufficient sleep.

Studies have shown that breaks during long driving periods could also affect the subsequent

driving performance (Soccolich et al., 2013). Figure 3.5 compares the ratios of break length

to driving exposure among the three sleep time groups. For the ith hour since a shift starts,

where i = 1, . . . , 11, the break duration is the sum of break duration from all shifts in the ith

hour of driving. The ratio of the break duration over the driving exposure for the ith hour

represents the average length of breaks for every hour of driving. As shown in Figure 3.5,

in the first 8 driving hours, the ratios for all three groups are stably below 0.2. Starting

from the 8th driving hour, the difference becomes substantial: the ratio for insufficient sleep

time climbs rapidly and reaches the maximum of 0.8 in the 11th driving hour; the ratio for

normal sleep time has a slower increasing trend and reaches its maximum of 0.4 at the end;
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Figure 3.5: The ratio of break length (in hours) to driving exposure (in hours) in the 1st–11th

driving hours by sleep time group.

the abundant group stays constantly low around 0.1. This result indicates that drivers who

slept less tended to take longer breaks in the later driving part of a shift.

3.5.2 Assessing Driving Performance Profile over Time Using the Time-Varying

Coefficient Model

I applied the proposed time-varying coefficient model to the Commercial Truck Driver NDS

data. Two dummy variables were created to represent the three sleep time groups. The

coefficients for these two dummy variables were assumed to be time-varying. The log baseline

(normal sleep time) intensity and the time-varying coefficients were modeled by cubic B-

splines with the number of knots kl = 10 and the order of difference penalty r = 3. The

results show that the estimate of the frailty variance is φ̂ = 7.68 and its standard error is

0.59.
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Figure 3.6 shows the estimates for time-varying coefficients. The time-varying coefficient

of the insufficient indicator variable gives a temporal profile of the difference betIen the

insufficient and normal sleep time groups. Starting from the 8th driving hour, the coefficient

function is above zero and keeps increasing as driving time increases. This indicates that

the intensity of ULD for the insufficient and normal sleep time groups are similar for the

first 8 hours of driving. After 8 hours, shifts with insufficient sleep time have a higher

intensity than those with normal sleep time. The difference keeps increasing with driving

hours. Similar pattern was observed for the difference between the abundant and normal

sleep time groups. The shifts with abundant sleep time show a significant higher intensity

after 8 hours of driving hour.

Figure 3.7 displays the estimated intensities for the three sleep time groups. The intensity

for insufficient sleep time stays low in the first 6 driving hours and then starts to increase.

The intensity for normal sleep time slowly climbs up and reaches the peak around the 5th

driving hour, after that the function declines as time goes on. The intensity for abundant

sleep time remains constant over the whole driving time.
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Figure 3.7: The intensity by sleep time group: spline estimate (in solid line) and 95%

pointwise confidence interval (in shaded area).

The results indicate that shifts with normal sleep time show a lower intensity compared

to both insufficient and abundant sleep time. While the higher intensity for shifts with

insufficient is expected, it is counter-intuitive that the abundant sleep group also shows a

higher intensity. As many factors could affect driving performance, this result could be

results of other factors, for example, the characteristics of breaks described in Section 3.5.1.

As shown in Figure 3.5, the ratio of break length to driving exposure for normal sleep time

starts to increase from the 8th hour of driving. On the contrary, the abundant group has a

low break ratio over the entire driving time. The shorter break length at later part of a shift

for the abundant sleep time group could be a potential reason for the high ULD intensity.

The difference between insufficient and normal sleep time is most pronounced. From the 8th

driving hour, drivers with insufficient sleep time have the highest break ratio, taking breaks

of more than half a hour for every hour of driving. However, in the same time range, the

associated coefficient function rises above zero and increases rapidly (see Figure 3.6). This
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implies that, compared to normal sleep time, drivers with insufficient sleep time tend to take

considerably longer breaks after 8 hour of driving, yet these substantial amount of breaks

could not prevent a higher intensity; their gap is even wider as the driving continues. The

result implies that longer break in later part of a shift is not sufficient to compensate lack

of sleep prior to the shift.

3.6 Discussion

Fatigue is a major issue associated with commercial truck drivers, especially long-haul truck

drivers who may work 14 hours, and drive 11 hours in a single shift. A recent report by the

National Academies acknowledges the hazard of fatigue and suggests that research needs

to be conducted to understand the impact of fatigue on the safety and health of truck

drivers (National Academies of Sciences, Engineering, and Medicine, 2016). However, there

is limited research on how fatigue affects drivers’ performance using high-resolution in situ

collected driving data. This study advances the research in understanding driving fatigue

by evaluating the time-varying effects of total sleep time prior to a shift using the proposed

model.

I propose a mixed Poisson process model with time-varying coefficients for recurrent event

data. Gamma frailties are incorporated to accommodate the dependence among event times.

A mixed-model representation of penalized splines is adopted for modeling both the log

baseline intensity and time-varying coefficients. An EM algorithm is used to fit the model, in

which the PQL approach is adopted for likelihood approximation. The simulation study has

confirmed that the model performs well for time-varying coefficients with different degrees of

curvature under both low and high event rate scenarios. There are several possible extensions

of the model. This chapter uses one frailty term for shift-level heterogeneity in the data.

However, there may be heterogeneity existing at the driver level. A nested frailty model

with random effects for both levels is worth pursuing yet requires a larger sample size.
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The application results reveal that lack of sleep primarily affects driving performance, as

measured by unintentional lane deviations, after 8 hours of driving in a given shift. That is,

the negative impacts of insufficient sleep are most apparent in terms of performance decre-

ment well into the driver’s shift. The results also implies a complex relationship among total

sleep time, the driver’s choice to take breaks while on duty, and driving performance. Com-

pared to normal sleep time, drivers with insufficient sleep tend to take markedly more breaks

after 8 hours of driving, yet these extra breaks could not prevent a higher risk; their gap is

even wider as the driving continues. This highlights the importance of drivers beginning their

shift well-rested and having sufficient sleep the night before driving. Furthermore, a driver’s

fitness-to-drive, in terms of increased safety risk while on the road, can be assessed, in part,

by measuring how much sleep the driver received prior to beginning the shift. The finding

that a performance decrement appears after 8 hours into the shift also provides important

information for technology developers aimed at fatigue detection, and for those interested in

determining the role that fatigue may play in a road crash.
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Chapter 4 A Bayesian Time-Varying Coefficient Model

for Multi-Type Recurrent Events

4.1 Introduction

Recurrent events can be observed in medical and epidemiological studies in which individuals

experience events of interest repeatedly over a period of time. It is common for individuals

to be at risk for more than one type of event. For example, patients in skin cancer trials

are at risk of recurrence of both basal cell epithelioma and squamous cell carcinoma tumors

(Abu-Libdeh et al., 1990), and recurrent asthma exacerbations for respiratory studies can

be classified by sputum cell counts as eosinophilic or non-eosinophilic (Jayaram et al., 2006).

One interest aspect of multi-type recurrent event modeling is to evaluate how the intensity

vary over a period of time as well as how the profile is affected by factors. Limited research

has been conducted to address this issue and the purpose of this study is to develop a general

and flexible method for characterizing the temporal patterns of multi-type recurrent events.

Multi-type recurrent event analysis typically includes marginal models based on estimating

functions (e.g., Ng, Cook, 1999; Cai, Schaubel, 2004) and joint models based on multivariate

frailties (e.g., Abu-Libdeh et al., 1990; Chen et al., 2005). Methods using estimating functions

are constructed to directly describe marginal means and treat the dependence structure

of events as nuisance parameters. In contrast, joint models use multivariate frailties to

characterize the heterogeneity and correlation among events, and allow both marginal and

conditional inferences.

The temporal profile of the baseline intensity could be of interest in many studies. One com-

mon approach for baseline modeling is to use a piecewise-constant intensity form (e.g., Chen
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et al., 2005; Chen, Cook, 2009). Li et al. (2017) and Li et al. (2018) used change-point mod-

els based on piecewise-constant intensity functions to detect the time of change in driving

risks for novice teenage drivers. However, baseline modeling that relies on piecewise-constant

forms requires accurate specification of the number and locations of pieces (Friedman, 1982).

An alternative approach is based on nonparametric baseline assumptions and yields an es-

timator similar to the Nelson-Aalen estimator (Aalen, 1978) from survival analysis. The

estimator is robust with respect to assumptions but might be unstable in regions of sparse

data (Cai, Betensky, 2003).

There are situations where a smooth intensity form is desired. For example, it is beneficial

to estimate covariate effects for interval-censored data (Cai et al., 2002). Nielsen, Dean

(2005) employed regression splines to model recurrent events, though there is no guarantee

of monotonicity for the cumulative intensity estimate in small samples. The development of

a more general and flexible method is required for smooth estimation of baseline intensity.

The effect of a covariate can vary over time for recurrent events and could be of primary

interest. For example, total sleep time the night before driving is a critical risk factor

affecting driver fatigue, and its impact on driving performance is likely to change over a

long shift due to increasing fatigue over time (Hanowski et al., 2007). In the Commercial

Truck Driver Naturalistic Driving Study (see Section 4.5 for details), the investigators were

interested in assessing how driving performance varies over time and the impact of sleep

time on its temporal profile. Varying coefficient models for longitudinal data include kernel-

based methods (e.g., Carroll et al., 1998; Fan, Zhang, 1999; Cai et al., 2000) and spline-

based methods (e.g., Hastie, Tibshirani, 1993; Huang et al., 2002). Kernel estimators are

constructed through a weighted mean of the nearby observations and have great intuitive

appeal. However, the kernel weights are asymmetric at boundaries of the predictor space and

could cause substantial bias for the estimate (Hastie, Loader, 1993). Spline estimators are

based on linear combinations of piecewise polynomial functions and are a straightforward

extension of linear regression models. The computations are relatively fast and can be

easily implemented (Eilers, Marx, 1996). Although research has been conducted on varying
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coefficients for recurrent event data (Amorim et al., 2008; Sun et al., 2011; Yu et al., 2013;

Lin et al., 2015), there is limited work for multi-type recurrent events that simultaneously

incorporates baseline modeling, time-varying coefficient estimation while also accounting for

the dependence structure between event types.

To assess the time-varying patterns for multi-type recurrent events, this chapter proposes

a Bayesian joint model with time-varying coefficients. The joint model is based on multi-

variate log-normal frailties to characterize the heterogeneity and correlation among different

event types. The proposed model uses Bayesian penalized splines (Lang, Brezger, 2004) to

achieve smooth estimates for both time-varying coefficients and the baseline intensity. The

cumulative intensity in the posterior is then approximated by numerical integration based

on the trapezoid method (Kauermann, 2005). In Bayesian penalized splines, the smoothness

of a spline fit depends substantially on the subjective choice of hyperparameters (Brezger,

Lang, 2006). However, re-fitting the model with a number of choices can be computationally

demanding. To address this, I employ a robust prior specification (Jullion, Lambert, 2007)

to achieve an objective fitting procedure. One challenge in using Markov chain Monte Carlo

methods for posterior inference is sampling from the high-dimensional distribution of spline

parameters. This work uses Metropolis-adjusted Langevin algorithms (MALA; Roberts,

Tweedie, 1996), a class of Metropolis-Hastings algorithms whose proposals are based on the

gradient of the target density. Another concern in sampling spline parameters is that their

MALA proposal strongly depends on a roughness penalty parameter introduced by Bayesian

penalized splines. Separately updating these two parameters could lead to convergence is-

sues. Thus, I integrate MALA algorithms into a joint sampling scheme (Knorr-Held, Rue,

2002) for better convergence and mixing properties. This chapter provides a general ap-

proach that can be directly implemented while still providing smooth estimates for features

of multi-type recurrent event data.

The chapter uses data from the Commercial Truck Driver Naturalistic Driving Study (Blanco

et al., 2011) as an example for application. The study collected large-scale naturalistic driving

data to evaluate issues related to commercial motor vehicles. Repeated on-road safety-critical
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events were identified for the recruited drivers, including crashes, near-crashes, crash-relevant

conflicts and unintentional lane deviations. The proposed approach was applied to evaluate

how driving performance changes over time and to compare this temporal profile across total

sleep time before driving.

The remainder of our chapter is organized as follows. Section 4.2 introduces a Bayesian

joint model with time-varying coefficients. Section 4.3 describes the joint posterior sampling

scheme, in which the MALA algorithm is integrated for sampling from the high-dimensional

distribution of spline parameters. A simulation study is presented in Section 4.4. Section

4.5 applies the proposed method to data from the Commercial Truck Driver Naturalistic

Driving Study. Section 4.6 provides a summary and discussion.

4.2 Model

The proposed approach is a joint model based on multivariate log-normal frailties with

time-varying coefficients. Bayesian penalized splines are used to model both time-varying

coefficients and the baseline intensity. To address the issue that subjective choices of hyper-

parameters control the smoothness of a spline fit, a robust prior specification approach is

adopted to achieve an objective fitting procedure.

Let 1 ≤ i ≤ I be the index of event processes and 1 ≤ j ≤ J be the index of event types. Let

Nij(t) denote the number of type j events that occurred over [0, t] for process i. The multi-

variate event process is {Ni(t), t ≥ 0}, where Ni(t) = (Ni1(t), . . . , NiJ(t))′. Let xi denote a

vector of covariates with constant coefficients, and zi = (zi1, . . . , ziq)
′ denote covariates with

time-varying coefficients. I use Hi(t) = {Ni(s), 0 ≤ s < t,xi, zi} to represent the process

history at time t, which includes the times and types of events that occurred over [0, t) as

well as their covariate values. Let ∆Nij(t) denote the number of type j events in [t, t+ ∆t).

Conditional on a random effect bij, the intensity function for type j events is (Cook, Lawless,
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2007)

λij(t|Hi(t), bij) = lim
∆t↓0

P (∆Nij(t) = 1|Hi(t), bij)

∆t
. (4.1)

I assume that {Nij(t), t ≥ 0}|xi, zi, bij is an independent Poisson process with the conditional

intensity formulated as

λij(t|xi, zi, bij) = exp{x′iαj + β0j(t) + zi1β1j(t) + · · ·+ ziqβqj(t) + bij}. (4.2)

αj is a vector of unknown regression coefficients and x′iαj represents the linear component

of the log intensity. β0j(t), β1j(t) . . . , βqj(t) are unknown smooth functions: β0j(t) is the

log baseline intensity and the rest are time-varying coefficients of the covariates in zi. I

assume that bi = (bi1, . . . , biJ)′ is an independent and identical normal variate with density

p(bi|Σ) = NJ(0,Σ). The variances in Σ characterize extra-Poisson variation and association

of event counts from each process, and the covariances characterize association between

different event types. This frailty distribution allows separate parameters for variances and

covariances, thus providing flexibility for the dependence structure among event types.

To model the baseline intensity and time-varying coefficients, I assume that βlj(t), 0 ≤ l ≤ q,

can be approximated by polynomial splines of degree v with equally spaced knots tmin = ζl0 <

ζl1 < · · · < ζl,kl = tmax over the domain of time t. Let Blk(t) denote the value at t of the

kth B-spline, and Bl(t) = (Bl1(t), . . . , Bl,Kl(t))
′ denote Kl = kl + v B-spline basis functions.

The parameterization used for splines is

βlj(t) =

Kl∑
k=1

Blk(t)βklj = B′l(t)βlj . (4.3)

βlj = (β1lj, . . . , βKl,lj)
′ is a vector of unknown regression coefficients for splines. To ensure

enough flexibility for the fit, a moderately large number of knots should be chosen. However,

this commonly leads to severe overfitting. Eilers, Marx (1996) proposed a frequentist solution

based on a roughness penalty. Let ∆ denote the difference operator such that the first
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order difference of βklj is ∆βklj = βklj − βk−1,lj, the second order difference is ∆2βklj =

βklj−2βk−1,lj +βk−2,lj, etc. In general, a roughness penalty based on the rth order difference

pen(λij) =
λlj
2

Kl∑
k=r+1

(∆rβklj)
2 (4.4)

is subtracted from the log likelihood and parameters are estimated via maximizing the re-

sulting penalized function. The smoothness of a spline fit is controlled by the smoothing

parameter λlj: by increasing λlj, the amount of roughness penalty increases and the smooth-

ness is tuned accordingly. The smoothing parameter has to be selected by cross-validation

or optimizing some information criterion. In our setting, the computational cost grows as

the number of time-varying coefficients increases. Sometimes the procedure fails in practice

since no optimal solution for λlj can be found (Lang, Brezger, 2004). Another drawback is

that the frequentist approach assumes λlj to be a known fixed quantity, and therefore un-

derestimates the variances for spline parameters in βlj , yielding narrow confidence intervals

for βlj(t).

The model described in this chapter uses a Bayesian approach for penalized splines by

replacing the roughness penalty in (4.4) with a random walk of the same order. For example,

the first order difference ∆βklj corresponds to a first order random walk βklj = βk−1,lj + εklj

with εklj ∼ N(0, 1/τlj). In general, I assume that, for r + 1 ≤ k ≤ Kl, ∆rβklj follows an

independent and identical normal distribution N(0, 1/τlj). Let Dl be a matrix such that

Dlβlj = (∆rβr+1,lj, . . . ,∆
rβKl,lj)

′, then the prior for βlj can be equivalently written as

p(βlj |τlj) ∝ τ
ρ(Dl)/2
lj exp

{
−τlj

2
β′lj(D

′
lDl)βlj

}
. (4.5)

The prior is a multivariate normal distribution with mean 0 and precision matrix τlj(D
′
lDl),

where D′lDl is rank deficient with rank ρ(Dl) = Kl − r. The unknown τlj, often called the

roughness penalty parameter, plays the role of λlj as in the frequentist approach. I assign
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to τlj a conjugate Gamma prior Ga(a, b); i.e.,

p(τlj) =
ba

Γ(a)
τa−1
lj exp(−bτlj). (4.6)

The hyperparameters a and b need to be small to yield a non-informative prior: for example,

a = 1 and b = 0.005, or a = b = 0.001.

It should be noted that the smoothness of a spline fit depends considerably on the choice of a

and b (Brezger, Lang, 2006). Their connection can be demonstrated by integrating τlj from

the joint posterior. Let Ω denote all the parameters in the model, and Ω−lj denote all the

parameters excluding (βlj , τlj). Let L(Ω) be the likelihood and p(Ω−lj) be the joint prior for

parameters in Ω−lj, then the joint posterior is L(Ω) p(Ω−lj) p(βlj |τlj) p(τlj). By integrating

τlj out, I obtain the log marginal posterior

log

∫
L(Ω)p(Ω−lj)p(βlj |τlj)p(τlj) dτlj = logL(Ω) + log p(Ω−lj)− pen(a, b), (4.7)

where

pen(a, b) = [a+ ρ(Dl)/2] log
[
1 +

1

2b
β′lj(D

′
lDl)βlj

]
. (4.8)

The marginal posterior corresponds to a frequentist penalized function with a roughness

penalty, which differs from that defined in (4.4). The role of b is therefore crucial: as b nears

0, the penalty (4.8) becomes extremely severe, which eventually forces a linear fit (for r = 2)

or a quadratic fit (for r = 3). The influence of a is otherwise limited; Jullion, Lambert

(2007) also noted that in practice, no relevant information about a could be obtained from

the posterior. To address the control of b over the fit, I adopt a robust specification by

assigning hyperpriors in a further stage of the hierarchy. The hyperparameter b is instead
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reparameterized as b = aδlj, while δlj is assigned to a Gamma hyperprior Ga(aδ, bδ), that is,

p(τlj|δlj) ∝ δalj τ
a−1
lj exp(−aδljτlj), (4.9)

p(δlj) ∝ δaδ−1
lj exp(−bδδlj). (4.10)

I choose small values (e.g., 0.001) for aδ and bδ to yield a non-informative hyperprior.

4.3 Posterior Inference Using MALA Algorithms

This section first describes the joint posterior. MALA algorithms are next introduced for

sampling high-dimensional spline parameters in βlj . Since βlj and τlj have a strong depen-

dence in the posterior sampling, updating them separately could cause convergence issues. I

therefore integrate MALA algorithms in a joint sampling scheme for block updating (βlj , τlj).

4.3.1 The posterior

Let tijk denote the time to the kth type j event for process i. Suppose nij(≥ 0) events of

type j are observed at times 0 < tij1 < . . . < tij,nij before censoring time ci. Let Dobs
i denote

the observed data for process i, which includes the times and types of events, the censoring

time, and the covariate values. The conditional likelihood for process i is

L(αj ,βlj , 1 ≤ j ≤ J, 0 ≤ l ≤ q; bi,D
obs
i ) =

J∏
j=1

{
nij∏
k=1

λij(tijk|xi, zi, bij)Λij(ci)

}
, (4.11)

where Λij(ci) =
∫ ci

0
λij(t|xi, zi, bij) dt. Since there is no analytic solution to Λij(ci), I use

the trapezoid method for numerical integration (Kauermann, 2005). Consider a grid of

points 0 = s0 < s1 < · · · < sm = tmax over the domain of time. For process i, define

mi = min{k : sk ≥ ci}. I approximate Λij(ci) by a polygon going through points (sk, λij(sk)),
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where 0 ≤ k ≤ mi − 1, and λij(sk) = λij(sk|xi, zi, bij). The approximation yields

Λij(ci) ≈ (ci − smi−1)
λij(smi) + λij(smi−1)

2
+ I(mi ≥ 2)

mi−1∑
k=1

(sk − sk−1)
λij(sk) + λij(sk−1)

2

=
1

2
min(ci, s1)λij(s0) +

1

2

mi∑
k=1

[
min(ci, sk+1)−min(ci, sk−1)

]
λij(sk), (4.12)

where I(·) is the indicator function.

Let Ω = (Σ,αj ,βlj , τlj, δlj, 1 ≤ j ≤ J, 0 ≤ l ≤ q), then the joint posterior is given by

p(Ω|Dobs
i , 1 ≤ i ≤ I)

∝
I∏
i=1

L(αj ,βlj , 1 ≤ j ≤ J, 0 ≤ l ≤ q; bi,D
obs
i ) p(bi|Σ)

J∏
j=1

q∏
l=0

p(βlj |τlj) p(τlj|δlj) p(δlj) ·
J∏
j=1

p(αj) · p(Σ), (4.13)

where p(bi|Σ) = NJ(0,Σ), p(βlj |τlj), p(τlj|δlj), and p(δlj) are given in (4.5), (4.9) and (4.10).

Since there is no restriction on αj , I assign normal priors N(0, 103) to parameters in αj .

A standard choice for prior p(Σ) is the conjugate inverse-Wishart distribution. However,

the prior is restrictive since a single degrees of freedom parameter controls dependences

between all the elements in Σ. The work described in this chapter uses a flexible approach

based on Cholesky decompositions. Decomposition has been studied extensively for modeling

the covariance matrix of longitudinal data (e.g., Pourahmadi, 1999; Chen, Dunson, 2003),

and has been used for recurrent event data as well (Chen et al., 2005; Lin et al., 2015).

Using decomposition, I are able to achieve an unconstrained reparameterization of Σ while

retaining its positive-definiteness property. Given that Σ is real-valued, symmetric, and

positive definite, the Cholesky decomposition of Σ is unique, having the form Σ = ΦΦ′,

where Φ is a real-valued lower triangular matrix with positive diagonal entries (e.g., Golub,

Van Loan, 1983, p. 88). For computational convenience, I use a reparameterization: bi =

Φui, with ui ∼ NJ(0, I). Normal priors N(0, 103) are then assigned to the below-diagonal
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entries in Φ, while truncated priors N(0, 103) with a positive truncation range are assigned

to the diagonal entries.

4.3.2 Sampling spline parameters

Sampling from the high-dimensional distribution of spline parameters is not trivial. In nor-

mal regression models, Lang, Brezger (2004) used a sampling technique based on numerical

decompositions for band matrices (Rue, 2001). In generalized additive models, Brezger,

Lang (2006) developed sampling schemes based on iteratively weighted least squares origi-

nally used for estimating generalized linear models (Fahrmeir, Lang, 2001). In the recurrent

event setting discussed here, I sample spline parameters using MALA algorithms, a class

of Metropolis-Hastings algorithms whose proposals exploit local properties of the target

density. Compared to random-walk Metropolis algorithms, MALA provides faster conver-

gence speed and better mixing chains while remaining simple to implement. Lambert et al.

(2005) used the algorithm in a discrete life-table approach for survival analysis. However, as

demonstrated later, MALA proposals depend considerably on the value of roughness penalty

parameters. Separately updating spline and roughness penalty parameters could cause con-

vergence issues. To remedy the issue, I integrate MALA proposals in a joint sampling scheme

for block updating spline and roughness penalty parameters.

Let π(βlj) denote the full conditional for βlj , that is, π(βlj) ∝ L(βlj)p(βlj|τlj), where L(βlj)

is a product of likelihoods in (4.11) concerning βlj only. Let ∇ denote the gradient operator,

and βtlj denote the state of the chain at iteration t. The candidate β∗lj for the next state is

obtained by a random generation from a multivariate normal proposal

q(βtlj ,β
∗
lj) ∼ NKl

(
βtlj +

h

2
M∇ log π(βtlj), hM

)
, (4.14)
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and the candidate is accepted with probability

α(βtlj ,β
∗
lj) =

L(β∗lj) p(β
∗
lj |τ tlj)

L(βtlj) p(β
t
lj |τ tlj)

·
q(β∗lj ,β

t
lj)

q(βtlj ,β
∗
lj)
. (4.15)

The proposal contains two unspecified tuning parameters: a positive real h that controls

the length of proposed jumps and a symmetric positive definite matrix M that controls the

direction of jumps. Roberts, Rosenthal (2001) have shown that the value of h that yields

optimal asymptotic efficiency has an acceptance rate equal to 0.574. In practice, an algorithm

with an acceptance rate between 0.31 and 0.81 is at least 80% efficient. MALA typically uses

the identity matrix for M . Yet in our setting, spline parameters associated to close knots are

strongly correlated. This is due to the band structure D′lDl in the precision matrix of prior

p(βlj |τlj). Using the identity matrix limits the mixing of a chain and slows the convergence.

Lambert et al. (2005) also noted that, under the identity matrix, the close-knots spline

parameters are forced to take similar values, which causes large cross-correlations in a chain.

I therefore suggest M = Ĥ−1
lj , where Hlj is the Hessian matrix of the negative log π(βlj)

and can be estimated using a “pilot” chain.

Updating spline parameters block-wise is essential to reach convergence for the whole chain.

However, separately updating βlj and the associated roughness penalty parameter τlj has

yet to provide satisfactory convergence and mixing results (Knorr-Held, Rue, 2002; Brezger,

Lang, 2006). The reason is that the prior for βlj depends on τlj through its precision matrix

τlj(D
′
lDl). The dependence reflects on the MALA proposal (4.14) via the gradient of π(βtlj);

i.e.,

∇ log π(βtlj) = ∇ logL(βtlj)− τ tlj(D′lDl)β
t
lj . (4.16)

It should be also noted that the posterior for τlj is right-skewed with a long tail towards

extremely large values. Once the current state τ tlj gets into the tail, causing too large a jump

proposed for βt+1
lj , the chain quickly becomes stuck in the tail.
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To achieve better convergence and mixing properties, this chapter uses a joint proposal

(Knorr-Held, Rue, 2002) for updating spline and roughness penalty parameters in one block.

I first sample the candidate τ ∗lj from a proposal which may depend on the current state τ tlj

but not on βtlj . A specific proposal q(τ tlj, τ
∗
lj) can be constructed by setting τ ∗lj = τ tlj ·z, where

z ∈ [1/f, f ] is random with density p(z) ∝ 1 + 1/z, and f > 1 is a tuning parameter. One

advantage of this proposal is that the ratio q(τ ∗lj, τ
t
lj)/q(τ

t
lj, τ

∗
lj) = 1. Conditional on τ ∗lj, I

sample the candidate β∗lj from the MALA proposal. This “conditional” MALA proposal is

different from that given by (4.14) in terms of the gradient term; i.e.,

∇ log π(βtlj) = ∇ logL(βtlj)− τ ∗lj(D′lDl)β
t
lj . (4.17)

The block of candidates (β∗lj , τ
∗
lj) is accepted with probability

α(βtlj , τ
t
lj,β

∗
lj , τ

∗
lj) =

L(β∗lj) p(β
∗
lj |τ ∗lj) p(τ ∗lj|δtlj)

L(βtlj) p(β
t
lj |τ tlj) p(τ tlj|δtlj)

·
q(β∗lj ,β

t
lj)

q(βtlj ,β
∗
lj)
, (4.18)

with p(τlj|δlj) give in (4.9), q(βtlj ,β
∗
lj) conditional on τ ∗lj, and q(β∗lj ,β

t
lj) on τ tlj.

4.4 Simulation

I conducted a simulation study with a focus on evaluating the model performance for time-

varying coefficients with different curvatures in both low and high event rate data settings.

Simulated data were generated from a Poisson process with conditional intensity:

λij(t|xi, zi, bij) = exp{xi1α1j + β0j(t) + zi1β1j(t) + zi2β2j(t) + bij}, 0 ≤ t ≤ 10.

I considered I = 500 processes and J = 2 event types. The censoring time was generated

from a gamma distribution independent of the process. Each process was censored at the

maximum follow-up time of 10, if not censored before. The covariate xi1 was generated from
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a uniform distribution on [−1, 1]. Its coefficient was α11 = 0.5 for event type j = 1 and

α12 = −0.5 for event type j = 2. The covariates zi1 and zi2 were binary with probability

density p(zi1, zi2) = (1− p1 − p2)1−zi1−zi2pzi11 pzi22 , where 0 ≤ zi1 + zi2 ≤ 1 and p1 = p2 = 1/3.

The time-varying coefficients for event type j = 1 were functions of low curvature (shown in

Figure 4.1a): a quadratic function β11(t) = −0.1(t− 4.75)2 + 1.5, and a sinusoidal function

β21(t) = sin(0.2πt). The time-varying coefficients for event type j = 2 were functions of high

curvature (shown in Figure 4.1b):

β12(t) =
8

1 + e−1.05(t−3.5)
+

8

1 + e(t−4.5)
+

8

1 + e(t−5.5)
+

8

1 + e−1.05(t−6.5)
− 16,

β22(t) = cos(1/3π(t+ 1)) + 0.01t2.

There were two settings for the log baseline intensities β0j(t):

(1) a low event rate setting: β01(t) = 0.1t− 3.35 and β02(t) = 0.01(t− 4)2 − 2.75;

(2) a high event rate setting: β0j(t) was increased by one unit from the low event rate

setting, j = 1, 2.

The random effect bi = (bi1, bi2)′ was generated from a multivariate normal distribution with

mean 0 and covariance matrix Σ. The diagonal entries of Σ were σ11 = σ22 = 1. There

were three settings for the off-diagonal entry, σ12 = 0.2, 0.5, and 0.8, corresponding to a low,

moderate and high correlation between event types.

I simulated 500 replications under each parameter setting. In the low event rate setting, the

average number of events per process was one for each type; in the high event rate setting,

the average number of events per process was three for each type. The unknown functions

were approximated by 10 cubic B-splines; the order in the prior for spline parameters was

r = 2. I fitted each replicate data set in two ways: (1) using splines for βlj(t) only; (2) using

splines for βlj(t) and α1j. For each data set, a final chain of length 8,000 was generated after

tuning of parameters to ensure an satisfactory acceptance rate.
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Figure 4.1 and 4.2 display the simulation results of using splines to approximate βlj(t) and

α1j under parameter setting σ12 = 0.2. Figure 4.1 corresponds to low event rate data with

one event per process on average, and Figure 4.2 corresponds to high event rate data with

three events per process on average. For low-curvature time-varying coefficients, the bias

of spline fit is typically negligible for low event rate data, except that the posterior mean

(shown in Figure 4.1a) for sinusoidal function β21(t) does deviate slightly at the end of the

follow-up time. Similar bias for β21(t) also occurs for low event rate data with σ12 = 0.5 and

0.8. However, as shown in Figure 4.2a, such bias is no longer noticeable for high event rate

data. The simulation results for high-curvature time-varying coefficients are similar: small

bias occurs around the bumps of β12(t) and β22(t) for low event rate data, and is greatly

diminished for high event rate data. The spline fits for the log baseline intensities are overall

close to the true value, though there is some bias in β02(t) at the boundaries. For constant

coefficients α1j, event rate does not affect the spline fit—no noticeable bias for α1j exists

under either event rate setting.

Tables 4.1 and 4.2 show the simulation results for Σ and α1j. The relative bias (RB; %) was

obtained from the bias divided by the true parameter value. Its absolute value is below 2%

for low event rate data (except for σ12 = 0.2) and even smaller for high event rate data. The

mean of standard error (SEM; the mean of posterior standard deviations) is extremely close

to the empirical standard error (SE; the standard error of posterior means). The coverage

probability (CP; %) for 95% credible interval is roughly at the nominal level.

In summary, the proposed model performs well under various settings. The bias is small

for time-varying coefficients of low and high curvature as well as for parametric coefficients.

The credible intervals have appropriate coverage probabilities.
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Table 4.1: Simulation results for α1j and Σ. Splines were used to approximate βlj(t).

Low Event Rate High Event Rate

True Mean RBa SEb SEMc CPd Mean RB SE SEM CP

α11 0.5 0.504 0.8 0.124 0.124 94.4 0.500 0.1 0.095 0.101 97.2

α12 −0.5 −0.507 1.4 0.125 0.122 94.4 −0.502 0.4 0.103 0.101 94.6

σ11 1.0 1.010 1.0 0.077 0.076 96.0 1.007 0.7 0.053 0.055 94.8

σ12 0.2 0.189 −5.4 0.101 0.103 95.0 0.201 0.3 0.069 0.070 95.6

σ22 1.0 1.016 1.6 0.076 0.076 93.6 1.012 1.2 0.051 0.054 96.8

α11 0.5 0.492 −1.7 0.115 0.124 96.0 0.505 0.9 0.101 0.103 95.0

α12 −0.5 −0.505 1.0 0.123 0.123 94.8 −0.509 1.8 0.107 0.101 92.6

σ11 1.0 1.007 0.7 0.077 0.075 93.0 1.012 1.2 0.056 0.055 92.8

σ12 0.5 0.494 −1.2 0.091 0.090 96.0 0.500 0.0 0.060 0.059 93.6

σ22 1.0 1.019 1.9 0.076 0.076 94.0 1.006 0.6 0.053 0.054 95.2

α11 0.5 0.510 1.9 0.124 0.124 94.2 0.503 0.5 0.101 0.101 93.8

α12 −0.5 −0.510 1.9 0.119 0.122 95.0 −0.501 0.2 0.102 0.101 93.8

σ11 1.0 1.011 1.1 0.076 0.074 93.4 1.000 −0.0 0.084 0.053 94.0

σ12 0.8 0.796 −0.4 0.071 0.068 93.8 0.789 −1.4 0.116 0.039 92.2

σ22 1.0 1.007 0.7 0.074 0.073 95.2 1.007 0.7 0.053 0.053 94.4

a Relative bias (%), obtained from the bias divided by the true value.

b Empirical standard error; i.e., the standard error of posterior means.

c Mean standard error; i.e., the mean of posterior standard deviations.

d Coverage probability (%) for 95% credible intervals.
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Table 4.2: Simulation results for Σ. Splines were used to approximate βlj(t) and α1j.

Low Event Rate High Event Rate

True Mean RBa SEb SEMc CPd Mean RB SE SEM CP

σ11 1.0 1.010 1.0 0.077 0.076 94.2 1.008 0.7 0.054 0.055 94.2

σ12 0.2 0.188 −6.1 0.102 0.103 94.6 0.201 0.4 0.069 0.070 95.6

σ22 1.0 1.016 1.6 0.076 0.076 94.2 1.013 1.3 0.051 0.054 95.8

σ11 1.0 1.008 0.8 0.076 0.076 93.4 1.010 1.0 0.072 0.054 93.4

σ12 0.5 0.492 −1.5 0.090 0.091 95.2 0.497 −0.6 0.088 0.059 93.6

σ22 1.0 1.019 1.9 0.077 0.076 94.6 1.006 0.6 0.052 0.054 95.0

σ11 1.0 1.012 1.2 0.076 0.074 93.6 1.004 0.4 0.056 0.053 93.8

σ12 0.8 0.796 −0.5 0.070 0.067 94.8 0.796 −0.5 0.041 0.039 94.6

σ22 1.0 1.009 0.9 0.074 0.073 94.2 1.007 0.7 0.053 0.053 94.0

a Relative bias (%), obtained from the bias divided by the true value.

b Empirical standard error; i.e., the standard error of posterior means.

c Mean standard error; i.e., the mean of posterior standard deviations.

d Coverage probability (%) for 95% credible intervals.
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(a) Event type j = 1: time-varying coefficients of low curvature.
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(b) Event type j = 2: time-varying coefficients of high curvature.

Figure 4.1: Estimates, 95% credible intervals (CIs) and coverage probability for coefficients

βlj(t) and α1j under the simulation setting of σ12 = 0.2 and low event rate.

67



β01(t) β11(t) β21(t) α11

0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0

0.00

0.25

0.50

0.75

1.00

−1

0

1

−2

−1

0

1

2

−3.0

−2.5

−2.0

−1.5

−1.0

t

E
st

im
at

e

true estiamte lower bound of CI upper bound of CI

β01(t) β11(t) β21(t) α11

0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0

0.7

0.8

0.9

1.0

0.7

0.8

0.9

1.0

0.7

0.8

0.9

1.0

0.7

0.8

0.9

1.0

t

C
ov

er
ag

e 
pr

ob
ab

ili
ty

0.95 nominal level coverage probability

(a) Event type j = 1: time-varying coefficients of low curvature.
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(b) Event type j = 2: time-varying coefficients of high curvature.

Figure 4.2: Estimates, 95% credible intervals (CIs) and coverage probability for coefficients

βlj(t) and α1j under the simulation setting of σ12 = 0.2 and high event rate.
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4.5 Application

Sleep time the night before driving is noted as a critical risk factor affecting driver fatigue

(Hanowski et al., 2007). Literature also shows that whether or not a driver is well rested

prior to a long on-duty shift directly impacts driver fatigue and driving performance (Banks,

Dinges, 2007; Lim, Dinges, 2008, 2010). I used the approach developed in this chapter to

assess the time-varying pattern of driving performance and the effect of off-duty sleep time

on this temporal profile.

I applied the proposed method to data collected by the Commercial Truck Driver Naturalistic

Driving Study (Blanco et al., 2011). The study recruited 100 drivers from four for-hire

trucking companies. Each driver drove an instrumented truck for about one month. Driving

data were recorded at high frequency by unobtrusive data-collection equipment installed on

the trucks. Additionally, each driver was required to report the beginning and ending times

for on- and off-duty activities in a daily activity register form. The form included activities

such as sleep, break, driving, etc.

Studies have shown that total off-duty sleep time is considered insufficient if the total off-

duty sleep duration is less than 7 hours (Van Dongen et al., 2003b,a). In the following

analyses, I considered sleep time as normal if the off-duty sleep duration was between 7

and 9 hours, and sleep time as abundant if it was more than 9 hours. Events of interest

were safety-critical events identified in the study. Given that a very small number of crashes

and near-crashes were observed, the first event type in our analyses combined crashes, near-

crashes and crash-relevant conflicts (CRC); the second event type was unintentional lane

deviation (ULD). Driving performance was assessed in two time scales: driving time since a

shift started (see Section 4.5.1) and driving time from one break until the next break in a

shift (see Section 4.5.2).
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4.5.1 Within-shifts driving performance

To evaluate the impact of sleep time on the succeeding driving performance in a long shift,

I organized the data into pairs of an off-duty period followed by an on-duty period. The

off-duty duration was sufficiently long (at least 10 hours or including sleep time for more

than 7 hours) such that the beginning of a following on-duty period was a “fresh start” for

the driver. Since some off-duty periods spanned several days or even weeks, sleep duration

in a 12-hour time window right before an on-duty period was used in analysis. For each on-

duty period, episodes of driving tasks were connected in time, yielding a continuous driving

period in a shift. Due to the 11-hour driving limit set by the Federal Motor Carrier Safety

Administration, driving time in a shift longer than 11 hours was truncated. I refer to Liu

et al. (2017) for more details on data preparation.

There were 1,880 shifts in the analysis data: 20.6% (388) of the shifts had insufficient sleep

(< 7 hours), 58.2% (1,095) had normal sleep (7–9 hours), and 21.1% (397) had abundant

sleep (≥ 9 hours). Figure 4.3 displays the event rate in the 1st–11th driving hours from

the beginning of a shift by sleep time group. For the ith driving hour, where i = 1, . . . , 11,

the number of events was counted; the exposure (time in hours) was the sum of all shifts’

driving duration that occurred in the ith driving hour; the event rate corresponding to the

ith driving hour was obtained from the event count divided by the exposure. As shown in

Figure 4.3, for crashes, near-crashes and CRC, the difference between insufficient, normal

and abundant sleep time is not noticeable until the 10th–11th driving hours. For ULD, the

event rate of insufficient sleep is above that of normal sleep in the 8th–11th driving hours,

and the rate of abundant sleep also climbs in the last 2 driving hours.

I applied the proposed method to the data, where each continuous driving period in a shift

was treated as an event process. Two dummy variables were created for indicating insufficient

and abundant sleep time, and were assumed to have time-varying coefficients. The baseline

intensities (normal sleep) and time-varying coefficients were estimated by 10 cubic B-splines;

the order in the prior for spline parameters was r = 2. After tuning of parameters to ensure
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Figure 4.3: Within-shifts driving performance: the event rate in the 1st–11th driving hours

by sleep time group.

Table 4.3: The variations and association for event types. σ11: standard deviation of crash,

near-crash and CRC; σ22: standard deviation of ULD; ρ12: correlation between the two event

types.

Within-shifts Between-breaks
Parameter Mean SDa 2.5%b 97.5%b Mean SD 2.5% 97.5%

σ11 2.166 0.104 1.974 2.386 2.618 0.220 2.203 3.120
σ22 1.366 0.058 1.256 1.484 1.775 0.146 1.520 2.102
ρ12 0.888 0.022 0.842 0.930 0.810 0.053 0.697 0.903

a Standard deviation of posterior samples.
b 2.5% and 97.5% quantiles of posterior samples.

a satisfactory acceptance rate, a final chain of length 20,000 was generated. Table 4.3 shows

the results for the dependence structure between the two event types. It shows significant

evidence that crashes, near-crashes and CRC are positively correlated with ULD.
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(sleep time ≥ 9 hours): posterior mean (solid line), 95% pointwise credible interval (shaded

gray area).

Figure 4.4 shows the log baseline intensities and time-varying coefficients evaluated at the

posterior mean along with 95% pointwise credible intervals. The time-varying coefficient

of insufficient/abundant sleep gives a temporal profile of the difference between the insuffi-

cient/abundant and normal sleep groups. For crashes, near-crashes, and CRC, Figure 4.4

does not show significant difference between the three sleep time groups. However, for ULD

events, Figure 4.4 shows that the coefficient functions of both insufficient and abundant sleep

start to rise above zero after the 8th driving hour and keep increasing until the end of the

shift. The results indicate that, compared to normal sleep time, drivers with insufficient and

abundant sleep prior to a shift have a significantly higher ULD risk after 8 hours of driving.

Additionally, Figure 4.4 shows that, for ULD events, there is a declining trend in the log

baseline (normal sleep) intensity in the later part of a driving shift.
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Literature has shown that ULD is a measure of driving performance decrement and that it

is sensitive to driving fatigue (Hanowski et al., 2008; Van Dongen et al., 2010). However, it

should be noted that many other factors also affect driving performance in a long shift—one

important factor being drivers’ break behavior. As shown in Liu et al. (2017), drivers with

normal sleep time tended to have longer breaks after the 8th driving hour, which could cause

the baseline intensity to decline in the same time range. Compared to normal sleep time,

drivers with abundant sleep had much shorter breaks over the whole driving time, which

could be the reason for the corresponding coefficient function to climb in the later part of

a driving shift. After the 8th driving hour, drivers with insufficient sleep had the longest

break length among the three sleep time groups. However, within the same time range, their

coefficient function is above zero and keeps increasing as driving goes on. This implies that

longer breaks in the later part of a driving shift are not sufficient to compensate for lack of

sleep prior to the shift.

4.5.2 Between-breaks driving performance

The previous analysis assesses the temporal profile of driving performance in a long shift,

which is shown to have a complex relationship between sleep time and drivers’ break activi-

ties. In this section, I evaluate driving performance from one shift break until the next shift

break. I considered a break as a short-time activity (no more than 5 hours) which does not

involve driving or on-duty work. Between-breaks driving time longer than 3 hours was trun-

cated due to insufficient exposure. Of the 1,286 between-breaks driving sections extracted

from the 1,880 shifts described in Section 4.5.1, 14.3% (184) were associated with insufficient

sleep, 60.5% (778) were associated with normal sleep, and 25.2% (324) were associated with

abundant sleep.

Figure 4.5 displays the between-breaks event rate in every half an hour for these three sleep

time groups. For crashes, near-crashes, and CRC, the event rate of insufficient sleep starts

to rise above the other two groups from the second driving hour after a break; the rate of
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abundant sleep stays above the normal group in the first 2 driving hours. For ULD, the

insufficient sleep group has a substantially higher event rate than the other two groups over

the whole between-breaks driving section, while the event rates of both the normal and

abundant sleep groups remains low at around 0.1.

I applied the proposed method to the between-breaks data, where each between-breaks

driving section was treated as an event process. The fitted dependence structure between

the two event types are in Table 4.3. The event types are also positively correlated.

Figure 4.6 shows the log baseline (normal sleep) intensities and time-varying coefficients

evaluated at the posterior mean with 95% pointwise credible intervals. Due to the short

length of between-breaks driving sections, the intensities for the normal sleep group do not

contain significant time-varying patterns. However, for crashes, near-crashes and CRC, the

coefficient function of insufficient sleep starts to rise above zero after 1.5 driving hours and
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Figure 4.5: Between-breaks driving performance: the event rate in every half an hour by

sleep time group.
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keeps increasing as driving goes on; the coefficient function of abundant sleep is significantly

greater than zero in the first 2 driving hours. These results are consistent with Figure 4.5.

This indicates that, after taking a break, drivers with insufficient sleep time have a higher

risk of crashes, near-crashes and CRC after 1.5 driving hours as compared to those with

normal sleep time. Drivers with abundant sleep also have a significantly higher risk in the

first 2 driving hours after a break, though there is no sufficient evidence showing the trend of

their risk after the second driving hour. For ULD events, there is no significant result for the

coefficient of abundant sleep. However, the coefficient function of insufficient sleep remains

significantly above zero over the entire between-breaks driving section. This suggests that,

compared to normal sleep time, drivers with insufficient sleep prior to a shift have a higher

ULD risk even after taking a break. This result is consistent with that found in Section 4.5.1
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(sleep time ≥ 9 hours): posterior mean (solid line), 95% pointwise credible interval (shaded

gray area).
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for the difference in ULD risk between insufficient and normal sleep groups.

4.6 Summary and Discussion

Assessing the temporal profiles for recurrence rate and covariate effects is of common interest

in studies with multi-type recurrent events. This chapter proposes a Bayesian joint model

based on multivariate log-normal frailties for recurrent event data and incorporates time-

varying coefficients for analyzing the temporal covariate effects. The Bayesian penalized

splines approach is used to achieve smooth estimation for both time-varying coefficients and

the baseline intensity. Adopting a robust prior specification approach provides the desired

flexibility for the spline fit and achieves an objective fitting procedure without the need for

the subjective choice of hyperparameters. Furthermore, MALA algorithms integrated in a

joint sampling scheme help achieve better convergence and mixing properties and address the

issue of strong dependence between spline and roughness penalty parameters in the posterior

sampling. The simulation study demonstrates a good model performance for estimating low-

and high-curvature time-varying coefficients; the model performs consistently well for data

with low and high event rates.

I applied the proposed model to data from the Commercial Truck Driver Naturalistic Driv-

ing Study. The results show that unintentional lane deviation is positively correlated with

crashes, near-crashes and crash relevant conflicts. The results from analyzing within-shifts

data reveal that lack of sleep has a negative impact on driving performance, measured by

unintentional lane deviation, after 8 hours of driving in a shift. The results also imply a

complex relationship between sleep time, the driver’s choice to take breaks while on duty,

and driving performance. The analysis for between-breaks data shows consistent evidence

that, after taking a break, insufficient sleep still corresponds to a significantly higher inten-

sity for unintentional lane deviation and crashes, near-crashes and crash relevant conflicts.

In addition to the findings for commercial truck drivers, the results provide an illustration

and imply a wide applicability of our method to both epidemiological and clinic studies.
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Chapter 5 Summary and Discussion

Assessing temporal profiles for recurrence rate and covariate effects is of common interest

in many research. This dissertation has developed time-varying coefficient models based on

penalized splines under various recurrent event data settings.

Chapter 2 introduces a mixed Poisson process model based on gamma frailties under the

single type recurrent event setting, and incorporates time-varying coefficients for evaluating

the temporal covariate effects. The penalized B-splines approach is used to obtain smooth

estimates for both time-varying coefficients and the log baseline intensity. The trapezoid

method has been adopted to approximate the cumulative intensity in the likelihood. An EM

algorithm has been developed for parameter estimation. One issue with penalized splines is

that the fit is conditional on the smoothing parameter. Procedures such as cross-validation

or optimizing some performance criterion are commonly used to select the value for the

smoothing parameter. These procedures could be computationally demanding as the number

of time-varying coefficients increases.

Built upon the mixed Poisson process model in Chapter 2, Chapter 3 develops a mixed-

model representation approach for penalized splines to achieve objective estimation for the

smoothing parameter. By the mixed-model representation, spline coefficients are treated

as random effects and smoothing parameters are to be estimated as variance components.

I develop an EM algorithm embedded with penalized quasi-likelihood approximation for

parameter estimation. The simulation study has confirmed that the model performs well for

time-varying coefficients with different degrees of curvature under both low and high event

rate scenarios. The application to the data from the Commercial Truck Driver Naturalistic

Driving Study reveals that lack of sleep (duration < 7 hours) negatively impacts driving

performance, as measured by unintentional lane deviations, after 8 hours of driving in a
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given shift. The results also implies a complex relationship among total sleep time, the

drivers choice to take breaks while on duty, and driving performance. Compared to drivers

who have 7 to 9 hours’ sleep prior to a shift, drivers with less than 7 hours’ sleep tend to

take markedly more breaks after 8 hours of driving, yet these extra amount of breaks could

not prevent a higher risk; the gap between these two groups is even wider as the driving

continues.

Chapter 4 proposes a Bayesian joint model based on multivariate log-normal frailties for

multi-type recurrent events and incorporates time-varying coefficients for analyzing the tem-

poral covariate effects. The Bayesian penalized splines approach is used to achieve smooth

estimation for both time-varying coefficients and the baseline intensity. Adopting a robust

prior specification approach provides the desired flexibility for the spline fit and achieves

an objective fitting procedure without the need for the subjective choice of hyperparame-

ters. Furthermore, Metropolis-adjusted Langevin algorithms integrated in a joint sampling

scheme help to achieve better convergence and mixing properties and address the issue of

strong dependence between spline and roughness penalty parameters in the posterior sam-

pling. The simulation study demonstrates a good model performance for estimating low-

and high-curvature time-varying coefficients; the model performs consistently well for data

with low and high event rates. The application to the data from the Commercial Truck

Driver Naturalistic Driving Study show that unintentional lane deviation is positively cor-

related with crashes, near-crashes and crash relevant conflicts. The results from analyzing

within-shifts data is consistent with those in Chapter 3. The analysis for between-breaks

data shows that, after taking a break, less than 7 hours’ sleep still corresponds to a signifi-

cantly higher intensity for unintentional lane deviation and crashes, near-crashes and crash

relevant conflicts.

This dissertation provides crucial insight into the impact of sleep time on driving perfor-

mance for commercial truck drivers and highlights the on-road safety implications of insuf-

ficient sleep (duration < 7 hours) and breaks while driving. The finding that performance

decrements appear after 8 hours of driving into the shift provides important information for

78



technology developers aimed at fatigue detection, and for those interested in determining

the role that fatigue may play in a road crash.

The methodologies developed in this dissertation provide a tool to reveal temporal profile for

recurrent events. I’ve addressed several key methodology issues including objective selection

of smoothing parameters for time-varying coefficients, explicit estimation of the baseline

intensity, and characterization of the dependence structure among event types. Possible

extensions for this work can be made in the future by incorporating nested frailties, adapting

dependent censoring and employing machine learning techniques.
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