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(ABSTRACT)

Let K be a compact subset of complex N-dimensional space, where N > 1. Let
H(K) denote the functions analytic in a neighborhood of K. Let R(K) denote the
closure of H(K) in C(K). We study the problem: What is R(K)?

The study of R(K) is contained in the field of rational approximation. In a set
of lecture notes, T. Gamelin [6] has shown a certain operator to be essential to the
study of rational approximation. We study properties of this operator.

Now let K be a compact subset of real N-dimensional space, where N > 2. Let
harmK denote those functions harmonic in a neighborhood of K. Let h( K) denote
the closure of harmK in C(K). We also study the problem: What is h(K)?

The study of h(K) is contained in the field of harmonic approximation. As well
as obtaining harmonic analogues to our results in rational approximation, we also

produce a harmonic analogue to the operator studied in Gamelin’s notes.
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Preface

In this section, we outline the format of the text.

We begin with an introduction: We will discuss the types of problems which we
will study (in the main body of the text). The Introduction is not an outline of the
results which we will obtain. Instead, we present a few known facts concerning our
subject. We attempt (in the introduction) only to interest the reader.

The Introduction will be followed by a “Preliminaries” section. Although the
reader should be familiar with distributions, we list a few (indispensable) facts con-
cerning them. In this section, we also set down (some of) the basic notation we will
use. More advanced notation will be given when necessary. Certain abbreviations
will occur frequently throughout the text; the convention we follow (concerning
these abbreviations) will be discussed in this section.

The main body (8 chapters) of the text follows. We will not discuss the content
of these chapters here: An outline can be found in the Introduction.

Each chapter is preceded by a short abstract. This abstract is not meant as a
chapter summary. Instead, we discuss the goal of the chapter. These abstracts are
included so that the reader can - in one short paragraph - determine whether the
current chapter is of interest. It should be mentioned that chapter abstracts are
terse. They are devoid of definitions, for example. The main body of each chapter
will have the necessary details and explanations.

We will use the symbol B to denote the end of a proof. We will also use B to
denote the end of any complete idea, be it a remark, definition, example, or section.

We will use the symbol 4 to denote the end of a portion of a larger whole. For
example, if the hypotheses of a theorem get “out of hand,” then we will separate

the hypotheses and the conclusion with a g . If we break the proof of a theorem
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into steps, then the steps will be separated by a .
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Introduction

In this introductory chapter, we shall discuss the problems to be studied in the
main body of the text. We will try to keep the discussion as simple as possible,
leaving the necessary difficulties and technicalities for later.

Let K be a compact Hausdorff space and let C(K) denote the continuous
complex-values functions on .K. For f € C(K), set | f| = max{|f(z)|: z € K}.
Under this norm, C(K) is a C*- algebra.

Let M be a subspace of C(K). Let M denote the closure of M with respect to
the above norm.

What is M?

(1) Given f € C(K), find conditions which insure that f € M. Optimally, these

conditions should be easy to describe and easy to check. O

(2) Conversely, given f € M, what properties does the function f posess? Again

it is hoped that these properties are basic and easily understood. O

Finally, can we get the conditions (in (1)) and the properties (in (2)) to coin-
cide? If so, then we will have achieved our goal, which is to answer the original
question “What is M 7"

Such questions will occupy us for the first four chapters. In addition, a certain
operator is shown (in [6]) to be essential to answering such questions. It is the
usefulness of this operator which has inspired the remaining four chapters.

That is, directly or indirectly, the question “What is M?” will occupy us the
entire text. [ |

We begin our discussion with Chapter I.



Let K denote an arbitrary compact subset of the complex plane €. Let RatK
denote the rational functions all of whose poles lie in € \ K. Let R(K) denote the
closure of RatK in C(K).

(3) Let 2 C € be open, with K C Q. By Runge’s Theorem (Theorem 13.6
[12]), if f is analytic in 2, then f € R(K). O

[We will let H(Q2) denote those functions analytic in Q.]

How satisfying is the result (3)? As we refer back to (1), we note some good and
some bad. On the positive side, the condition of analyticity is easy to understand
and to check. Or is it? Note we are given f € C(K) and we are asked if f has an
analytic extension to an open set containing K. What if K has no interior? What
if the boundary of K has positive area?

Unfortunately, one aspect of the result (3) will be typical in our results: We

need to know about continuous extensions of f to a neighborhood of K.

(4) LetQ C C beopen. If f € H(Q), then §f = 0in Q, where d = i (5% + ig%).

O

Note that if f is as in (3), then (4) shows that 8f =0 in K.

Let f € R(K). At the expense of revealing the plot (too soon), we state our
goal: Show that 6f =0in K.

We must be careful: From a regularity standpoint, all we know is that
f € C(K). That is, we must make sense of the expression Jf.

Since f € R(K), there exists a sequence (7,) in RatK with r, — fin K. (We

write __, to denote uniform convergence.) It follows (Theorem 10.28 [12]) that



f € H(intK) and hence, 8f = 0 in intK. (We let intK denote the interior of the
set K.) We record this result:

(5) I f € R(K), then 8f =0 in intK. O

What can we say about the result (5)?7 Is it satisfying? If K is a “nice” set,
then the above result may suffice. (For the moment, let us pretend that “nice”
means that int K is nonempty and that K has a boundary consisting of finitely
many smooth Jordan curves.) The problem with such nice sets is that the analysis
is too easy and hence, uninteresting.

What if K has empty interior? What if the boundary of K has positive area?
The analysis becomes much more difficult on such sets K. (More interesting, too!)

We return to the problem of making sense of the expression 6f = 0 in K.
(Recall: we are assuming f € R(K).) By Tietze's Extension Theorem, we may
extend f to be continuous in the entire plane. This extended function f is a
distribution in the plane. (We will not discuss the Theory of Distributions at this
time. For a few facts concerning distributions, see the “Preliminaries” section. For a
proper introduction to distributions, see Chapter 6 [11].) Distributions are infinitely
differentiable; hence, we may consider 3f. Unfortunately, 8f is not necessarily a
function (defined) in the plane. In general, all we can say is that 8f is itself a
distribution (in the plane). In this general setting it is difficult to say much. The
phrase “consider 0f on K” has no meaning. (We will, however, not allow such
difficulty to deter us: See Theorem 150.)

Assume that §f may be identified with a function (defined) in the plane. Call
this function g. If g is nice enough, then there is a lot we can say. (Here “nice”

means: For 2 < p < oo and any bounded Borel set B C €, we have



I |9/ dA < 00.) Our goal will be to conclude that g = 0 almost everywhere in K
(Bwith respect to Lebesgue area measure dm; = dA).

We now state one of the goals of Chapter I.

Let K be a collection of compact subsets in the plane. Let F be a subspace of
C(C). (We let C(C) denote the complex-valued functions which are continuous on
all of C.)

() Let K€ Kand f € F. Then f € R(K) iff 8f =0 a.e. [m;]in K. 0

The result (8) is satisfying in that we get a property (of the function f) equiva-
lent to the condition that f € R(K). This property is both easy to check and easy
to state. (Of course, we hope to “maximize” X and F in (8).)

In Chapter I, we will also present a generalization of (8). Along the way, we
will also generalize and extend results which fall under the category of rational
approximation.

Many of the results we obtain (in Chapter I) are extensions of those of Khavinson
([8]). As we progress through Chapter I, we will mention exactly what Khavinson
did prove. Some of our results are proved in the same manner (as Khavinson'’s). B

In Chapter IV, we will attempt to extend the results from Chapter I to the
setting of N-dimensional complex space CN, where N > 1. As we shall discuss in
the abstract to Chapter IV, the results in Chapter IV will appear weaker than their
Chapter I analogues.

In Chapter IV, we will meet a certain p.d.e., called the the d-equation. The
J-equation concerns N equations in one unknown. If N = 1, as is the case in
Chapter I, the equation is easy to solve and our results appear strong. In Chapter

IV, when N > 1, the equation is not always solvable.



Throughout the text, we will extend definitions of transforms to distributions.
We will generate many formulas which these distributions satisfy. These will be in
the form of solutions of p.d.e.s. All will involve transforms.

In Chapter IV, we will introduce new transforms in an attempt to cope with
the problems inherent to several complex variables. Our goal is to overcome these
problems, as we attempt to obtain results analogous to our Chapter I results. W

In Chapter II, we obtain results in harmonic approximation. These results are

(somewhat) analogous to our (Chapter I) results in rational approximation.

(7) LetQ ‘g C be open and let f : Q—C. We say f is harmonicin Qif Af =0
in 2, where A = £+8v’

We immediately notice a problem: What (exactly) is meant by Af? If f is
continuous, then f is a distribution in 2, asis A f. The statement that “Af is the
zero distribution in " makes perfect sense. We will return (in Chapter II) to the
idea of considering A f as a distribution in 2. For now, in order to avoid confusion,
we will clarify the above definition by changing (7) to read: Af =0 in Q. By this,
we mean: For each zo € 2, the quantity (A f)(zo) exists (in the usual sense) and
equals zero.

Let K C @ be compact. We denote by harmK those functions which are
harmonic in a neighborhood of K. That is, g € harm K if there exists an open set
2 C @ containing K with Ag=0in Q. |

Note the relationship between the space harmK and the differential operator
A is analogous to that between RatK and O: If r € RatK, then r = 0 in a
neighborhood of K.

We let h(K) denote the closure of harmK in C(K). Note h(K) is the harmonic
analogue of R(K).



If we look back at (8) and match analogies, we arrive at the following conjecture:
(8) Let KeKand f€F. Then feh(K)iff Af =0a.e. [mo]in K. O

Unfortunately, conjecture (8) is not valid: The property “Af = 0 a.e. [m;] in
K™ is much stronger than the property “f € h(K).”

In Chapter II, we find the proper equivalence to “Af = 0 a.e. [m,] in K"
(see Theorem 220). We also further generalize this result (Theorem 218 and The-
orem 224). The key to our results is an integral formula (Theorem 208). This
integral formula will allow us to guess the correct equivalence to “Af = 0 a.e. [m,)]
in K.”

In Chapter II, we are not extending previous results. Instead, we will be obtain-
ing analogues of our Chapter I results. The proofs are more difficult in Chapter II,
but are all easily manageable.

We will experience difficulties as we extend our results from “C” to “CN” (as
we make the transition from Chapter I to Chapter IV). We will not have similar
problems when we extend our Chapter II results from €, which may be identified
with IR?, to RN, where N > 3.

We attempt now to outline the main factor behind this ease of extension. This
factor will be familiar to those who have studied harmonic analysis or p.d.e.s.

The function log |z| plays a large role in harmonic approximation (in the plane).

Which properties of log |z| are most essential (to the results of Chapter II)?

(9) The function log |z| is harmonic in € \ {0}, is locally integrable, and ap-

pears prominently (as a convolution kernel) in the essential integral formula

(Theorem 208). O



By locally integrable, we mean: [f |log|z|| dA < oo for all bounded Borel sets
B

B C (.
N
Let N > 3 and set A = 3 %. The following is the analogue of (9) in higher
j=1 J

dimensions.

(10) The function mﬁ_—, is harmonic in IRN \ {0}, is locally integrable, and
appears prominently (as a convolution kernel) in the (]RN—) integral formula

Theorem 305, the analogue of Theorem 208. O

Here locally integrable means g ;—l';',”_% < oo for all bounded Borel sets B C RN,
where my denotes N-dimensional Lebesgue measure on IRN.

As we shall see, our Chapter II results become Chapter III results as we replace
log |z| by m;l.,_—, ]

The Cauchy transform plays an important role in Chapters I and II. (We will
also define generalizations of the Cauchy transform in Chapters III and IV.)

For f: € —(C, define its Cauchy transform f(zo) = {]3'-}_‘% dA(z).

Even before the dust settles, many questions arise. Is the integral absolutely
convergent? What sort of regularity (of f) is required to insure that the integral
converge for a fixed zo € C? For a.e. [m3] zo € C?

What is needed to insure that f has certain regularity properties (integrability,
continuity, differentiability, etc.)? What properties does the map f — f possess?
Is it bounded? Is it compact?

A major question with transforms involves the “removal” of the transform. Is
the Cauchy transform left-invertible? Invertible? In what sense?

After reading through Chapters I and II, where Cauchy transforms play a major
role, we find that such questions should be answered. We answer these questions

in Chapter V.



Without giving the definition here, we should mention that it will be necessary
to extend the definition of the Cauchy transform (given above) to distributions (in
the plane). We will also prove results concerning these transformed distributions
(in Chapter V). [

In Chapter VI, we shall discuss properties of the T, operator. This operator
plays an essential role in rational approximation (see [6]).

Let ¢ € CH(C). By this, we mean: ¢,§f, and %3 are continuous in € and
{z € C : ¢(z) # 0} is a bounded subset of C. We write supp¢ to denote the clo-
sure of the above set, the support of ¢. (The subscript ¢ above denotes compact
support.)

Let f : €©—C. Define Tyf = ¢f + 1 (£39)".

This formula generates another long list of questipns (as was the case with the
Cauchy transform definition). We will not repeat that list here. It will suffice to
say the questions are similar.

If we look back at the definition (of Ty ), we notice Ty is the sum of two operators.
The first is a multiplication (by ¢) operator. The second is the composition of a
multiplication (by 8f) operator followed by the Cauchy transform operator.

Such multiplication operators are well understood. We spend Chapter V study-
ing the Cauchy transform operator. Is this the proper way to view the operator
Ty?

Yes and no.

We must, of course, try to extract as much knowledge as possible by viewing T
as the sum of two operators, as above. But viewing T in this manner alone would
ignore essential properties of this operator.

The following result is from [6].



(11) Let Q C € be open and bounded. Let f : @—C be bounded and analytic.
Then Ty f : — C is bounded and analytic. 0

The separate terms (decomposed as above) do not necessarily give analytic
functions (where f is as in (11)). Using the product rule and (2), we know ¢f is
rarely analytic. Corollary 520 shows ( f5¢)A is rarely analytic, as well. But the
sum is always analytic! '

See [6] for many applications involving the property (11).

Consider the following question:

(12) How large are certain quantities involving Ty f (in terms of properties of f)?

a

In (12), “large” means whatever is relevant, be it an L!'-norm of T4 f or an
L®-bound on J(Tsf). The “best” answers to (12) cannot be proved by viewing T}
as the sum of two operators and to then find bounds on each term separately. To
view Ty in this manner ignores cancellations which lead to the best answers to (12).
(Combining the product rule with (2) and Corollary 121 shows how cancellation
between terms gives (11).) For the “answers” to (12), see [6].

Once (12) is “answered,” the following questions (when answered) lead to many
applications in rational approximation (see [6]).

Let K C @ be compact and let f : K—C. Let U = {U;:1<j <n} and
W = {W,: 1< j < n} be open covers (in €) of K. Assume each U; C W;. For
each j, let ¢; € C}(C) satisfy :¢; = 1 in U; and supp ¢; is a compact subset of W;.

Consider g = j‘; Ty, f.

(13) How does g behave (compared to f)? 0

9



For example, how does sup |g(z)| compare with sup |f(z)|? If § > 0 is fixed,
zeC zeK
how does

sup {|g(z1) — g(22)| : |21 — 22| < 6 and 2,2, € C }

compare with
sup {|f(z1) — f(z2)| : |21 — 22| <6 and 2,2, €T }?

How does sup |f(z) — g(2)| compare with the sizes of the elements of &/ and W?
The ab:fve questions are considered in [6]. O
Suppose for each § > 0, we let Us and W; be open and covers of K (as above)

depending on §. (For example, suppose each element of U5 and Ws has diameter

less than é and 26, respectively.) Form g = g(§) as above.

(14) How does g(8) behave as § \, 07 How does g(§) approximate f as § \, 07

a

For example, does there exist C > 0 such that sup ‘ [59(6)] (z)’ < £ for all small
enough §7 (Here we are assuming Jg is defined poiiletwise throughout €.) How does
sup |f(2) — g(8)(z)| compare with §7
* The answers to (14) appear in [6]. We do not wish to repeat the answers and
the applications here (from [6]). Instead, we mention that the applications in [6]
all involve the sup-norm. In Chapter VI, we concentrate on properties of the T
operator with respect to LP-norms, where 1 < p < oo. |

In Chapter VII, we generalize the T, operator. We now discuss the motivation
behind Chapter VII.

Look at the definition of Ty. Is it necessary that ¢ € C}(C)? Multiplication

by bounded functions is well-understood. Would it be enough to assume that ¢

10



and 8¢ are bounded functions? (Here we think of 8¢ as a distribution and we
assume O¢ can be identified with a function in the plane.) If we write M, to denote
multiplication by the function g and if we write * to denote the Cauchy transform
operator (the map f — f ), then we may write Ty = My + i [" o M5¢].

As long as we are multiplying by bounded function, why don’t we just let g and
h be arbitrary bounded functions and consider the operator M, + 1 [* o M;]?

We will consider such questions in Chapter VII. |

In Chapter VIII, we introduce a new operator, hy. We hope the operator hy

will be the harmonic analogue of Ty. We have the following result.

(15) Let @ C € be open and bounded. Let f: — @ be a bounded harmonic

function. Then hyf : @— € is harmonic. O

This is the harmonic analogue of (11). Note that unlike (11), however, we
cannot conclude that hy is bounded. If the first partials of f are bounded in (2,
then hy is bounded. (We can do better than this, actually: See Theorem 805.) We
should mention that ¢ € C?(C) in (15).

11



Notation, Conventions, and Preliminaries

We assume the reader is familiar with the basics of real, complex, and functional
analysis (as found in [12] and [11]).

WLOG means that a reduction has taken place; such reductions will be easily
justified. The following are equivalent will be abbreviated TFAE.

If 1 < p< oo and if ¢ “appears” without notice, then 3; + f; =1.

The following theorems will be used often, but we will rarely mention their
usage: Holder’s Inequality, Fubini’s Theorem, the Riesz Representation Theorems,
and the Hahn-Banach Theorem. Their usage will always be clear.

Throughout the text, we will define many sets. If the description of a particular
set is extremely technical and if this set is only used for a short period, then we
will denote this set by the letter A. Although there will be different sets called A
throughout the text, this will cause no confusion as these sets will be “spaced far
apart.” =)

We will write IN = {1,2,3,---} and IN* = INUU{0}. We will also write
Z ={0,+1,42, -}

Let a = (an),., denote an arbitrary sequence of complex numbers. For
0<p< oo, weset {#(IN*) = {a : i—o:o lanl? < oo}. We also set
() = {a s suplan <00}

Let X be any set. Let (f,) be a net of complex-valued functions defined on X.
Let f : X— €. We will write f,__, f in X to denote uniform convergence. O

Let X and Y be topological vector spaces. We let L(X,Y) denote the contin-
uous linear maps from X to Y. We write L(X) to denote L(X, X).

ForT e L(X,Y),weset ker T = {z € X : Tz = 0}.

12



| If M is a closed subspace of X, then we will abbreviate this (fact) by writing

M<X.

We denote the dual of X by X*. By definition, X* = L(X,C). For ¢ € X*
and z € X, we let ¢(z) denote the complex number obtained when ¢ acts on z.

See Theorem 6.16 and Theorem 6.19 of [12] for two standard dual space (Riesz)
representations, which we abbreviate here by (L?)" = L? and (Co)* = M

We let w — * denote the weak-star topology on a dual space X* (see
Section 3.14 [11]). 0O

Let X be a topological space. We let C(X) denote the complex-valued functions
which are continuous in X. If § C X, then intS and S denote its interior an
closure, respectively. We let 3S denote the boundary of S. We let X \ S denote
the complement of S (in X). O

Let X be a locally compact Hausdorff space. We let M(X) denote the Banach
space of complex Borel measures on X. For p € M(X), we set g = [p|(X). O

Except in Chapters III and IV, we will be working in the complex plane, denoted
C. We will let dm; = dA denote Lebesgue area measure on €. Let S be any m,-
measurable subset of €. For 1 < p < oo, we let LP(S) denote those (complex-
valued, measurable) functions f satisfying: [[|f|PdA < co. We let L*=(S) denote
the essentially bounded functions (on S). If tshe set S is (clearly) understood, then
we write || ||, to denote the norm in LP(S). For 1 < p < oo, we let LY (S) denote
those f for which f € LP(K) for all compact sets K C S.

For zo € € and u,v : C—C, we write
(u*v)(20) = / u(zo — z)v(2) dA(z2).
For 2o € € and r > 0, we set D (zo;7) = {z € C : |z — 2| < r}.

13



We write D =D (0;1) and T = {z € € : |z| = 1}. For r > 0, we write
rID=D(0;r) and T ={z € C : |z| =r}.

For the next few paragraphs, fix an open set  C C.

We let H(2) denote those functions which are analytic in (2.

We let D(Q2) denote those f € C(f2) having compact support in 2. We let
D'(Q2) denote the distributions in 2. For A € D'(Q?) and ¢ € D(R2), we let A (or
A(¢)) denote the complex number obtained when A acts on ¢. We will state a few
facts concerning distributions; for more detail, see Chapter 6 [11].

The space of distributions is the set of all continuous linear operators from D({2)
into €. For a definition of the topology of D(2), see Chapter 6 [11].

The following two examples (of distributions) will be used throughout this book.

Let f € L},.(R). We may think of f € D'(Q): For ¢ € D(R), set
f(¢) = I fodA. At times, to avoid confusion, we will write A; to denote the above
distributf;on.

If p € M() or if u is a positive measure (on 2) under which each compact
subset of (2 has finite measure, then we may think of 4 as an element of D'(Q2): For
¢ € D(Q), set u(¢) = [ pdp. Occasionally we will write A, to denote this above

distribution.

Let A € D'(2) and set D = 82;;:4. We define the distribution DA as follows:
For ¢ € D(Q), we set (DA) ¢ = (=1)+A(D¢).
Note that DA is defined by the action of A on D¢, where ¢ € D(§2). Since D¢

1s independent of the order of differentiation, we see DA is also.

Let f € L},.(Q) and think of f € D’(2). Write A; to denote this distribution.

Set D = 82';;; . Then DAy exists (as a distribution). If g € L} (Q) and if A, = DAy

in D'(Q), then we call g the D-derivative of f. [Note DA; always exists as a

14



distribution; it is a special case when DAy can be represented as a function.| We
should also note: If Df exists in the “usual” sense and if f € CI*{(Q2), then
Aps = DAg in D'(R2).

For f € L., .(R2) and D as above, we will write Df to denote DA;. As noted in
the last sentence of the above paragraph, this will cause no confusion.

Let A € D'(Q). Define the support of A by
suppA = Q\ [U{U C 2 : U is open and A =0 in D' (U)}|.

For f € L}.(R) and p € M(R), we may think of f and x as elements of D'(Q2)
and define each of their supports as in the above paragraph.

Although distributions cannot (in general) be multiplied, 7'(f2) does form a
module over C*(Q): Let ¢ € C*(Q) and A € D'(). Define yA : D(Q)—C by
(YA) ¢ = A(p¥). The resulting product YA is a distribution. With respect to this
multiplication, the product rule (for differentiation) holds: For example,
if D = £, then D (yA) = ¢y DA + (Dy) A.

Set £'(2) = {A € D'(Q) : suppA C Q is compact}. Every element of £'(Q2) has
a continuous extension to C*®({2). [See Section 1.46 [11] for a definition of the
topology of C*®°(R).] In fact, £'(2) s the space of continuous linear functionals on
C>=(Q).

The subscript ¢ will denote compact support. So L?(f2) and M.(Q2) will denote
those elements of LP(Q2) and 4 € M(Q), respectively, having compact support in
2. We let C*(Q2) denote those elements of

aj+lf )
cr(Q) = {f e C(Q): 9270y¢ € C(2) whenever j+ ¢ < n}

having compact support in Q.
Let A € D'(Q) and n € IN*. We say A has order n if given any compact
K C Q, there exists C > 0 satisfying: If ¢ € D(Q2) and if supp ¢ C K,

15



then |[A¢| < C max {azlayl( )| j+€<n and zEK} We will let D (S2) de-

note those distributions having order n.

Place the following topology on C™(2) : ¢o—0 in C™(§2) iff there exists a
compact set K C  containing each supp ¢, and Dp, ;0 in § for each
D—%w,where1+£<n
Let A € D, (2). Then A has a continuous extension to C2(2). In fact,

(@) = [CQ)]"

We note that D/, (Q2) is a module over C*(2): Let ¥ € C*(2) and A € D, ().
Define yA : C*(Q)—C by (YA) ¢ = A(¢¢). Note A € [CHQ)]".

Note L} .(Q)UM(Q) C Dy(R). For easy examples of elements of D}(2), choose
A € D)(R) and consider both 24 and %‘:. ]

Except in Chapters III and IV, the underlying measure space will be Lebesgue
area measure dm; = dA on €. If we write “a.e.,” it is understood we mean

[ma] in €.” We will abbreviate L? (T, dA),C(C),D(C),D'(T), and &'(T)
by L?,C,D,T’, and &', respectively.

Unless mentioned otherwise, S will denote an m,-measurable subset of €. We
let LP(S) denote L? (S, dA). We abbreviate “a.e. [mj] in S” by writing “a.e. in
S.» O

In Chapter III, we fix N > 2. The underlying measure space is N-dimensional
Lebesgue measure my on IRN. Otherwise, we use the above convention with (€, m;)
replaced by (]RN ,mN). For example, 7' denotes the distributions in IRN and we
write D = C® (IRN) The (basic) Theory of Distributions is independent of N: We
will not repeat all the above definitions and facts. In this (Chapter III) setting, 7'
is the space of continuous linear functionals on D. O

In Chapter IV, we fix N > 1. The underlying measure space is (2N )-dimensional

16



Lebesgue measure myy on CN. We use the convention (above) with (T, m;,) replaced

by ((DN’m2N)- ]
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Chapter 1
Rational Approximation on F.P.A. Sets

Abstract

We wish to extend results in rational approximation found in [8].
Let2<p< ooand f € C.(C), with3f € LP(C). Let S C C be bounded
and my-measurable. Consider the following conditions:

(i) f € R(S).
(ii) 8f =0 a.e. [mp] in S. 0
Our goal is to find the largest class of sets for which (i) and (ii) are

equivalent. Our best result is the following: If S is an inner f.p.a. set, then

(i) and (ii) are equivalent. n
Important: Except for Chapters III and IV, the (unmentioned) measure space is
(C, dA), where dm, = dA denotes Lebesgue area measure. S C € will always
denote an my— measurable set. We write L? = LP(C, dA) and LP(S) = LP(S, dA);

“a.e.” means “a.e. [m,]in €” and “a.e. in S” means “a.e. [my] in S.”

Definition: For p € M = M(CT), define the Cauchy transform g of x as follows:
For those z9 € € for which f%’_ﬂfﬁ < 00, set ji(zo) = f%_‘-(;‘;l.

Remark: For f € L! = L(C), we let f denote the Cauchy transform of the

measure f dA.

Proposition 100 Let u € M and 1< p < 2. Define f: C—[0, 0] by
f(¢) = [ UL Then f € L}, = LL(C). It follows that ji is defined a.e. and that

loc loc

f}‘ € Lfoc'
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Proof. Let R > 0.

Jl fdA=/(g) l—‘“i(—g) dul(2)

</ (/ / %) d4l(2) = 57— (2R)* ]

D(z;2R)
n

Definition: Let v : [0,1]— @ be continuous. We call vy a rectifiable Jordan path
if
(i) 7 ljpq)is 1 -1 and

(ii) there exist 0 =tg < ¢; < ... < t, = 1 satisfying: v € C'(¢;-1,¢;) and
n ¢ ,
(vy=Y [ h(s)lds <oo. O
J=1 tj,

v is a closed, rectifiable Jordan path if also 4(0) = v(1).

Section 101 For a closed, rectifiable Jordan path v, we give 4 the positive ori-
entation: Let U and V denote the bounded and unbounded components of € \ v,
respectively. [Note we write 4 to (also) denote the image of the function v.] By

positive orientation, we mean

L/ dz _ 1 ionEU,
271 10 ifzeV.

zZ—2
5
We call U and V the interior and exterior of v, respectively. We write U = int
and V = ext¥.

We write —v to denote the negative orientation of v:

L/ dz _ -1 ionEU,
i) z2—2z9 0 fzelV.
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Definition: [8] Let S C T be (m;—) measurable. We call S a set of finite
perimeter (f.p.) if there exists u € M satisfying: 4 = xs a.e..

Theorem 102 Let (7,)3%, be a sequence of closed, rectifiable Jordan paths. Set
Un = intq,. Assume the following:

(i) Un CUs (neN).

(il) U;NU. = ¢ whenever j#n and j,m € IN.

(iii) 5 ) < oo. o

Set K = U, \ ( tl U,). Then K is a compact set having finite perimeter.
n=1

Proof. Set p = 3 (dz |l + § dz |_,Y'_). Fix 1 < p < 2. Let ¢ satisfy:
’l,+ ﬁ =1. Set E, = {zo eC: f P m,, oo}, E, = nL=JO'y,‘, and
E = E, U E;. By Proposition 100, we note maF = 0.

If z € €\ K, then zi(z) = 0.

So fix zg € K \ E. For each N, Cauchy’s Theorem shows

- ([

and hence,
1
N dz °° d P
a(z0) — 1] = 2 s( ( n>) (/ PR ,,,) —o0.
U{vn:n>N+1} 0 n=N+1
We just showed: 4 = xx in C \ E. u

Definition: [8] Let S C € be measurable and let zo € €. We say S has an

exterior normal at 2o if there exists a unit vector n = n(zo) satisfying :
my(SN D4 (20:6) _

N0 mz(D+(Zo; 6))
o ma(SN D_(zo;9))

N0 mz(D_(Zo; 6))

= 0 and

= 1, where
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D,(20;8) = {z € D(20;68):(z— z0)-n >0},

D_(20;8) = {z € D(20;6) :(z— z0) - n < 0},

and where we think of z — zp and n as being vectors in IR2.

Set Bs = {z € € : S possesses an exterior normal at z } , the reduced boundary

of S.

Remark: Bg is the “nice” portion of the (topologica.l) boundary of S. u

Example 103 (i) Set S =[0,1] x [0, 1].
Note Bs = (8S5)\ {(0,0),(1,0),(0,1),(1,1)}, the boundary of S “minus” the

corners.

Note S has finite perimeter: Set dp = 32~ dz |55, where we think of 85 as a
closed, rectifiable Jordan path (positively oriented). Note i = Xims in C \ 85

and hence, 4 = xs a.e..

(ii) Set S =ID\(0,1), the open unit “slit” disc. Set du = ;> dz |p. Note Bs = T

and 4 = xpin € \T. So i = xs a.e. and hence, S has f.p..

(iii) We simplify the underlying set of Theorem 102: Assume each v, is a circle.
By Theorem 102, we note K has f.p.. By Theorem 104 (below),
H! (Bxk A [U7n]) = 0. [Here H! denotes one-dimensional Hausdorff measure
and S1AS; = (S1\ S2)U (Sz2 \ S1). For a precise definintion of Hausdorff

measure, see [9, p. 403].] u

Terminology: Let  C € be open, bounded, and connected. Assume 952 consists
of finitely many pairwise disjoint C!, closed, rectifiable Jordan paths. We shall call

such a set Q a finitely connected C' Jordan domain.
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Remark: Let  be as above. Let (v,)Y_, be the components of 9.
Assume v, C inty9 (1 <n < N). We define the measure dz on 9f:

N
dz |gq = dz |, + 'El dz |_. . That is, we orient the paths v, so that

n

_1_/ dz |1 fzef,
21rianz—zo— 0 ifz0€ C\9.

|
Part (a) of the following theorem relates the measure associated with a set of
finite perimeter with its reduced boundary; part (b) shows how such a set can be

approximated by “nice” open sets.

Theorem 104 [8] Let S have finite perimeter. By definition, there exists

p €M with i =xs ae..

(a) (i) H'(Bs) = 2x|lu.

(ii) If B C @ is a Borel set, then u(B) = u(BNBs) = & [ n(z)dH'(2).

NBgs

(i1i) There exists a set E; C Bg satisfying:

H'(By) = 0 and lim 7 (Bs0D(z0i6)) _

N 26 1 (Zo (S Bs \ El)

(iv) There exists a set E;, C Bs and a sequence of rectifiable Jordan paths

(7Yn) satisfying :
1
H'(E2) =0, Bs\E; C|J, and dp = 77 9% |Bs -

(b) There exists a sequence (£2,) satisfying:

i) Each Q, is a finite union of pairwise disjoint finitely connected C! Jordan
P ] y

domains.
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(i) mq(SAR,)—0.
(iii) xa,—Xxs pointwise a.e..

(iv) lldp — 5 d |gq, [ —0. -
We assume the following standard fact (7, page 26]):

Lemma 105 (Cauchy-Green Formula) Let f € C' = C}(C) and Q@ C € be a

finitely connected C! Jordan domain. Then

1 1 _J f(20) fzoeQ
27”:80 //z—zodA—{ 0 ifzeC)\q,
where 9 denotes £ = 1(Z + i;%). [

Khavinson extends the Cauchy-Green formula to a wider class of sets:

Lemma 108 [8, Theorem 2.1] Let f € C! and K C € be a compact set having

finite perimeter. Then there ezists E C K satisfying: moE = 0 and

1 f(z0) ifzo€ K\ E,
-= d .
21rz/z—zo z //z—zo A= { 0 ifzeC\K
Bk
Proof. Let (Q2,) be as in Theorem 104 (with S replaced by K).
Step 1: Set Fi = {z0 € € \ K : x5, (20)—0} and E; = (€ \ K) \ F,. By

Theorem 104, we see m,E, = 0.

Let zg € Fy. Set § = ‘.l;dist(zo,K) and K% = U D(z;$6). By
z€eK

Theorem 104 (b)(iv), £, C K?° whenever n > n,, say. By Lemma 105, for

nana

1
: dz — = // 2 ga=o.
27rzn z— 2 z— 2

n
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By Theorem 104, again for n > n,,

f f [[£lleo
L/z_zodz—an/ z—zodz 5 | dz | — dzloq, -

dA — dA I f”wmg(KAQn).
// zZ— 2z // z— 2 )

(A

IN

Hence,

{z—zo z——/./z—zodA=0°
dz

1
2m2
Set g(z0) = —l—f—f; 1ﬂ'—-t-dA Note g € H(C \ K) and g =0 in F;.

2=t

Since mqyFE, = 0, we note F) hasa hmt point in each component of C\K. Sog =0
in € \ K.
Step 2: Set F = {20 € KIXn,.(Zo)——*]-,Bf I,—d%ﬁ < 00, and ;- f f; =1} and

E = K \ F. By Proposition 100, Theorem 104, and Lemma 105, we see mE = 0.

Let zo € F. Set C = cz # zo}. For n large enough,

1
f(zo)=2m:8" z—zod __.[/z——zodA'

”

By Theorem 104,

)// et P il <1581
KAQn
and
21- { _fzo dz — 271”00" 2 —fzo dz

Lo f=fa), L [ f=fa)

2m1 zZ— 2z 2m z— 2z
Bk My
C

< 2—7;“612 |BK - lean“ ”a
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we see

£(z0) =2L{z—zodz—_//z—zo dA.

Definition: Let F C C be closed. Define Lip,(F) = { f : F—(C | there exists
C > 0 satisfying: |f(z)| < C and |f(21) — f(22)| < Clz1 — z| (2, 21,22, € F) }.

Remark: [14] Lip,(F) is a Banach space with norm

f(z1) - f(z2)

21— 22

Il = max ¢ sup |f(z)|, sup
Lip,(F) (:€F) ("';Zep),
n#zn

Khavinson extends the Cauchy-Green formula to a wider class of functions.

Theorem 107 [8, Theorem 2.1] Let f € Lip,(C) and K C T be a compact f.p.
set. Then there ezists E C K satisfying: maE = 0 and

1 1 f(z0) fzo€ K\ E,
21rz/z—zod //z——zodA { 0 ifzeC\K.

Remark: Here 0f is the distributional partial derivative of f with respect to Z.

Khavinson shows 8f € L. See [8] for the proof. ]

Definition: Let @ C € be open and 1 < p < co. Set W'?(Q) = { f € L?(Q) :
fz, [y € LP(R) }, where f, and f, denote distributional partial derivatives. Such

spaces are Sobolev spaces. See [1] for more on Sobolev spaces.

Remark: [1, Theorem 3.1] If we set

i .
(I1Z2a) + 1 fellZoea) + 1 fullZoa))T if 1 <p<oo,
| fllwre@) =
max {||fllz=), fellz=@), fllz=@ } if p = oo,
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then W'?(Q) is a Banach space. |
In order to extend (Khavinson’s) Theorem 107 to a wider class of functions,

we will need the following two results. Lemma 109 is an example of a Sobolev

embedding theorem.

Notation: For an open set  C €, we let D(2) denote the (complex-valued)

infinitely differentiable functions having compact support in Q.

Lemma 108 [1, Theorem 3.18] Let 1 < p < co. Then D = D(CT) is dense in
Wie = Whe(CQ). =
Lemma 109 [1, Theorem 5.4] Let 2 < p < oco. Then WP — C N L*™.

Explanation: The conclusion of Lemma 109 means the following: There exists

A > 0 with the property that if f € W'? then f € C = C(C) and

Iflleo = sup [ f(2)] < Allfllwe.s- m
We now extend Khavinson’s result (Theorem 107) to W'».

Theorem 110 Let 2 < p < oco. Let f € W'? and let K have f.p.. Then

there ezists E C K satisfying: maE = 0 and
_ = f(zo) ioneK\E,
2#1/z—zo z //z—zodA { 0 ifzoeC\K.
By

Proof. By Lemma 108, there exists a sequence (¢,) in D with ¢,— f in WP

By Lemma 109, we note ||f — ¢n||eo —0.

Set

< oo and for each n,

o= g e L] Pl

Fz{zoeK:-




and £ = K \ F. By Proposition 100 and Lemma 106, we get m,E = 0.
Let zo € € \ E. Then

¢n(Zo)—’f(Zo)y
f=¢n _ _dlz|
Lx [2eg) < 1 ¢nnst{ ol
O(f — én = ' ia \?
wi [ 0] < s gl (// |z_z|q) .
K 0 K 0
By Lemma 106, we are done. [ |

Remark: Theorem 110 holds also for f € W'*°: Choose ¥ € D, with ¥ =1 in a
nhd of K. Then ¥ f € W'? and f = ¢ f in Q. ]

We now proceed toward showing : Theorem 110 is an extension of Theorem 107.

Definition [11, p. 157] Let h € D satisfy: A > 0 and fhAdA = 1. For n € IN, set
c

ha(z) = n?h(nz). We call (h,) an approximate identity on C. [
The following results are standard and will be cited for reference purposes only.

Proposition 111 [I, Lemma 2.18 and Lemma 3.15] Let 1 <p < oo and ) C C
be open. Let K C @ be compact, with K C Q. Let f : Q— €. Eztend the domain
of f to all of € by setting f =0 in C \ K.

(a) If f € L}, then each h, * f € C*™. If also supp (f) is bounded,
then each h, x f € D.

(b) If f € LP(R), then h, * f—f in LP(Q).
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(¢) If f € W'?(Q), then h, *x f— f in W!P(intK).
(d) If feC(Q), then hp,*x f_fin K. ]

Lemma 112 Let U C € be open and F C € be compact, with U C intF. Then
Lip,(F) — Whe(U).

Proof. Let (h,) be an approximate identity on €. Let f € Lip;(F). Set f =0 1in
C \ F and set f, = h, * f. By Proposition 111, we note f, € D and f,_—f in U.
Let ¢ € T. There exists no € IN satisfying: If a € {z eC:0<|z|]< i} and

n > ng, then zo + af — -'l;z and zo — ,1—‘2 belong to F for all zo € U. Hence, for such

Z9,a, and n,
fn(z0 + af) — fa(z0)| _
I%I J[ B(nlzo+at - 2)) £(z)dA(z) = [[ h(nlz — 21) £(2) dA(2)

< ;—|[/ h(w) ’f(zo +at = 2) = fz - %)} dA(w) < || flluips()-

Therefore there exists a subsequence ( f,;) and g € L*(U) satisfying:

D¢ fa;—9g w — x, where D denotes the appropriate directional differential

operator. a
We show: g = D¢f in D'(U).
Let ¢ € D(U).

(Def)p = —f(De#) = ~ [[ fDepdA = ~lim [[ £.,DeddA
= lim [[(Defn)0dA = [[ g8dA = g(9).

a
ngdA} = suplim IﬂTDefn, dA‘ < [ fllLip: (#)-

Now || Defll=w) = sup
(reLl(Uy)

(Ilrlli=1)
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In the line above, take { = 1 (first) and then take { = i: We see f € Wh(U)

and

I flws.ow) = max {|| fll= @y | fll=@y | foll =@} < | fllLipscry.

Lemma 113 [14, Chapter VI, Theorem 3] Let F C C be closed. Then there ezists

a continuous linear extension operator E :Lip(F)— Lip,(CT). [ |

Remarks:
(i) Extension means: If f € Lip;(F'), then Ef = f in F.
(ii) Let K be as in Theorem 107. Assume K C RID. Set F = RID.

Let f € Lip1(C). For the conclusion of Theorem 107 (only the values of f in a
neighborhood of K matter), we may restrict f and think of f € Lip,(F).

Using Lemma 113, we may, in the hypotheses of Theorem 107, replace Lip,(T)
by Lipi(F). u

Lemma 114 Let zo € € and r > 0. Set Q = D(zo;7). If1 < p < o0, then
Wi=(Q) g wie(Q).

Proof. W1>(Q2) C W1?(Q) is clear.
Set f = [z—(20+7)]%, where 1 -1 < a < 1. In Q, note 8f = alz ~ (2 + )]

and 8f =0. [0=£& = {Z - iZ)]So f € W'?(Q) \ Wh=(Q). n

Lemma 115 [1, Theorem 4.26] With the notation of Lemma 11}, there ezists a

continuous linear eztension operator E : W1?(Q)— W!?(T).
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Remark: Extension means: If f € W?(Q), then Ef = f a.e. in Q. |

Notation: Let X be a locally compact Hausdorff space. Let Co(X) denote those

continuous f : X—C which “vanish at infinity” (see [12, p. 72]) and set

C(X)={f € Co(X) :supp f C X is compact }.

Recall: With the maximum norm on both the above spaces:

(i) [12, Theorem 6.19] (Co(X))* = M(X).

(ii) [12, Theorem 3.17] C.(X) is dense in Co(X). [ |
Lemma 116 Letu € M and Q C C be open. If it =0 a.e. in 2, then |p|(Q) = 0.

Proof. Recall: (iii) D(Q2) is dense in C.(2). [To see this, convolve with an
approximate identity (as in Proposition 111).]

Let f € D(f2). Assume (supp p)U (supp f) C RID. For all |z| < R, by

Lemma 105,
R N (SRS W YN 1 (4)
(z) = ZNiRTC—de W/R{; (—z 44(¢)
(@1)) )(C)
0- = R[) o A
Hence,

[ f=)duz) = = Q) (B)(C) [/ ‘Z‘%”] dA(()

= [[ @00 da).
RD
Now 8f =0in € \ Q and i = 0 a.e. in . That is, [ f(z)du(z) = 0.
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By Hahn-Banach, (i), (ii), and (iii), |#|(22) = 0. m

Notation: Let K C € be compact. Denote by Rat K those rational functions all
- of whose poles lie off K. Let R(K) denote the closure of RatK in C(K).

Lemma 117 [7, Hartogs-Rosenthal, Chapter II, Corollary 8.4] Let K C C be
compact with m;K = 0. Then R(K) = C(K).

Proof. Let p € [R(K)]* C M(K). Then i =0in €\ K. Thatis, 2 =0a.e. in C.
By Lemma 116, we see 4 = 0. Now use Hahn-Banach and the Riesz representation

theorem. [ |

Section 118 Let 2 < p < coand K C € be a compact set having finite perimeter.
Assume K C R]D_——_UandsetF=mﬁ.

By Lemma 115 and Remark (ii) (following Lemma 113), we may replace W!?(()
by W'P(U) in the hypotheses of Theorem 110.

Let f € Lip;(F). By Lemma 112, we note f € W*(U) and hence,

f € W¥?(U). Hence, we see Theorem 110 is an extension of Theorem 107.

(a) Suppose intK # ¢, say D(zo;7) C K. Let f be as in the proof of Lemma 114.
By Lemma 115, we may extend f to be in W'?(C). But by Lemma 112 and
Lemma 114, f cannot even be extended to Lip; (K).

That is, if intK # ¢, then Theorem 110 applies to a strictly larger class of

functions than does Theorem 107.

(b) The underlying set K in Theorem 102 is a standard example of an infinitely
connected compact set having finite perimeter. [Infinitely connected means:

K is connected but € \ K has infinitely many components.]
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If int K # ¢, then (a) applies. So assume such a set K has empty interior.
Let 4 be as in Theorem 102. Note 4 =0in € \ K. That is, p L R(K). Since
p is not the zero measure, R(K) # C(K). By Lemma 117, we see m:K > 0.

Hence there exist zp € €, ¢ € T, and r > 0 satisfying : if 1 — -lx; < a<l,
= [z = (20 +7¢)]%, and D = D(zg;), then f € W?(D)\ W1*(D). [If not,
we would have }i{éw =0 for all z9 € C and hence m,K = 0.]

n63
We conclude: for such sets K, Theorem 110 applies to a strictly larger class

of functions than does Theorem 107. [ ]

We recall the moral of Theorem 104: finite perimeter sets are nice. We show

now, however, that the boundary of a finite perimeter set can have positive area.

Example 119 Suppose we choose (7,) in Theorem 102 so that intK = ¢. With
p as in the proof of Theorem 102, we see 4 L R(K). Hence R(K) # C(K). By
Hartogs-Rosenthal, m; K > 0. Since K = 0K, we see m(0K) > 0. .

We now extend Theorem 110.

Theorem 120 Let f € C. = C(T), with 8f € L'. Let K C € be a compact set

having finite perimeter. Then there exists E C K satisfying : myE = 0 and
= f(ZO) ifZOEK\E,
27rz./z—zodz //z—zodA { 0 ifzeC\K.
K

Proof. Let (h,) be an approximate identity on €. Assume K Jsupp f C RID.

Set ¢n = hn* f, gn = xx0bn, 9=xx0f, B(z)=—-1xerb(z), and
7(20) = 50 f Ldz - l1]'—~L<JIA

32



By Proposition 111, we see ¢, f in €. Since O¢, = h, * (gf), we have

8¢,—0f in L' = L}(Q), also by Proposition 111. By Theorem 4.30 [1],

18 * (g — gna)ll1 < |IBl1]lg — gnlli—0, where || || denotes the norm in L!. WLOG,

assume (3 * g,—B *g a.e. in C. Set E; = {20 € C : (B * ga)(2z0) 7+ (B *g)(20)}
For zo € (RID) \ E;,

f dA.
— 2o

z

7

za:p,;o dA = (B * ga)(20)—(B * 9)(20) = /
K

Set E;= {zoeK:/l Izd—|zzlzol =°°}U[ﬁ{zoel{;-
Ba(z0) # %B{ zf"zo dz-%/}[ %m}]

and E = (E; N K)U E,. By Proposition 100 and Lemma 105, we note m;E = 0.

For zo € (RID) \ E, we have

L/ Z:—f:dz

So far, we have

d|z

|
|z — zo|

<If = nllai [
By

[ f(z) € K\E
7(‘°)‘{ 0 if 2 € (RD)\ (KUE).

But v € H(C \ K). Since (RID) \ (KUE,) has a limit point in each component

of C\K,weseey=0in C\ K. ]

Remark: By Lemma 109, we see Theorem 120 is an extension of Theorem 110.

Notation: We shall abbreviate the conclusion of Theorem 120 by writing (f, K, E).

By this, we mean: f has such an integral representation with respect to the f.p. set

K, where E is the exceptional set (having measure zero). .
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Corollary 121 Let f € C., with 8f € L'. Then for a.e. zo € T,

f(z0) = - —//z - 2 dA.

If2 < p< oo and f € LP, then the above holds for all zo € T.

Proof. Assume supp f C RID and take K = RID in Theorem 120. If 8f € L?,
then (gf)/\ € C. [This will be proved later (Lemma 132).] u

Section 122 Let S C € be measurable. Assume there exists a sequence (K,) of
compact sets having f.p. satisfying: xx,—xs a.e. in €. We shall call such a set
S an fp.a. set (finite perimeter approzimable) and write “K,— S f.p.a..” If, in

addition, each K, C S, then we call S an inner f.p.a. set. O

Let K,—S f.p.a.. Let f € C = C(C), with 8f € L'. By Theorem 120, for

==

each n, we may write (f, K,, E,). Set

B={x0€ 0 xula)+ xs(n)} UUEIU]
By Theorem 120, we note m,E = 0.

Let zo € S\ E. Taking limits gives
1

f(z0) = 5_ /z—zo z- _//z-—zo

Kn

dA.

We shall write [ - —L— dz to denote lim [ - —f—— dz. This is merely notation; we do
8s -

not suggest that dz |¢ is a measure.

For 2 € (T \ S) \ E, we see (similarly)

21 I 4 ——// dA.
rzasz—zo z— 2

Note that the choice of the sequence ( K,,) determines the exceptional set E but

does not effect the value of the expression lim [ ;—_f; dz for zo € C\ E. It is in this

Bg,,
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sense that we consider the definition of [ ‘—_f; dz to be independent of the choice
s

of the sequence (K,).

We summarize:

Theorem 123 Let f € C, with 8f € L'. Let S C C be an fp.a. set. Then there

exists E C @ satisfying: maE = 0 and

1/ f dz‘;l'/sfj—fzcd"‘={f(z°) ifzeS\E

Eﬁasz_zo 0 ifze(C\S)\E.

Corollary 124 If, in additon, S is inner, then E C §S. |

Example 125 For each n, set D, = D(z,;7,). Assume Y r, < oo and that (5,,)
is a pairwise disjoint sequence in ID accumulating on a compact set J C ID, but
accumulating nowhere else. Set @ =ID \ J. Note 2 C C is open and 92 = TU J.
For each n, set K, = [(1 + %) ﬁ] \ (Q‘ D,-). Note K,—Q f.p.a..
Let f € C., with 8f € L!. Fix z € Q?—Fox' some § > 0 and ng,

|z — zg| > & whenever z € D, and n > no. Hence for n > no,

1 1 &
271 zf dz - / zjr dz = %Z / fz dz
Bx., ° (a+4HT %o J=" oD; °
< Ueg,
j=n

By Theorem 123,
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We address the following problem: Which sets are f.p.a.?

Notation: [12, Chapter 10] Let v, -, 7. be closed, rectifiable Jordan paths. Let
T’ denote their formal sum: If f € C, then f fdz = Z J fdz. We call T a cycle.

Jj=17;

Assume—fz"’m € {0, l}fora.lleE(E\I‘ We shall set intl'’ = { 20 € C\T:

fJL_l}a.ndextI‘ {ZQE(B\F sz_ﬁ__.o} [

2—%0 2—%9

Proposition 126 Every open set @ C € is inner fp.a..

Proof. We use Theorems 13.3 and 13.5 of [12]: Choose compact sets (L,) with
L, CintL,;; and @ = | L,. For each n, choose a cycle I, with L, Cintl', and
( C\intL,41 ) Cextl,. Set K, = intl',. Then K, has f.p. (B, =T,) and

K,— inner {.p.a.. u

Remarks: Note, in fact, xinix,— xn everywhere in C.
By Proposition 126, if S C € is measurable and if m; (8S) = 0, then S is inner

f.p.a.. [ |
Proposition 127 Every bounded Gs- set G is f.p.a..

Proof. WLOG, assume G =}, where each 2, C C is open and

ma(Qn \ G) < +. We will use Exercise 18, Chapter 3 [12]: By Proposition 126, for
each n, there exists a sequence (L,;) of compact f.p. sets with XLa,—*X0, €Vvery-
where, and hence converging in measure. So there exists an f.p. set K,, satisfying:
K, C Q, and my(Q2, \ K,) < -}; Since (xk,) converges to x¢ in measure, some

subsequence converges a.e.. [ |

Proposition 128 Every bounded measurable set S is f.p.a..
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Proof. Choose a Gs- set G with S C G and mz(G \ S) = 0 [12, Theorem 2.20].

Now use Proposition 127. |

Proposition 129 Let S C € be bounded and measurable and let f € C., with
8f € L'. Then [JOfdA = % [ fdz.
s 8s

Remark: Again we warn: the boundary integral has meaning only as a limit.

Proof. Assume S C RID. With G as in Proposition 127 and Proposition 128, we
may choose (in Proposition 127) each 2, C (R+1)ID. Choose 2q, with |z9| > R+1.
Set g = (z — z0)f. Then dg = (z — 2)3f in D' = D'(€). By Section 122 (zo ¢ E)

and Proposition 128,

[foran=f] Zoane k] 2oiend [ ra.

We turn now to rational approximation.

Lemma 130 [6/ Let2 <p < oo and p € M. Let f € C., with 8f € L®.
Then [ fdu =% [ 40f dA.
C

Proof. By Proposition 100, we may use Fubini; by Corollary 121,

[z = -2 f [// @Ak dA(o} du(2)
- -2 /22 @rcrancr = 3 - [ @ aa)

Theorem 131 Let 2 < p < oo and K be compact. Let f € C..
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(a) If 8f € L? and if 3f =0 a.e. in K, then f € R(K).
(b) If 8f € L', if f € R(K), and if K is inner fp.a., then 3f =0 a.e. in K.

Remark: Khavinson [8, Theorem 3.1] proves the above for f € Lip;(C) and
(in (b)) K f.p..
Proof.

(a) Let u L R(K). Since i =0in € \ K, Lemma 130 gives:

/fdy = %/{[@fdA: 0.

(b) Let (r;) be a sequence in RatK, with r; 3 f in K. Write (f, Kn, E,) and

==}

(rj, Kn, En;), where K,— K inner f.p.a.. Set E = {zo € K:

xx.(20)7~ Xx(20)}UUEAU [UEo]U {
By Theorem 120, we see m,E = 0.

Let zo € K\ E. With n fixed and 29 € K,

1 f dz.

2w z— zg
Kn BK'.

1 T;
" / Z _Jzo dZ—>f(Zo) -

0=ri(z0) - 2m

By Theorem 120, we see [ é‘f; dA = 0. Taking limits gives: [f z—?ﬁ; dA=0.
Kan K

Let zo € C \ K. With n again fixed,

0= 1,/ i dz—s 1,/ dz = — // ——dA
2m z— 2 21 z— 29 zZ— 29

Kn Bk,

and hence [f % dA =0.
K

We just showed: (xx0f)" =0 a.e. in €. By Lemma 116, we get that
8f =0 ae. in K. [ |
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Remark: The above proof follows the reasoning of (8, Theorem 3.1]. (b) can be
proved more easily: By Theorem 3.1, we see that f = 0 a.e. in each K,. The

above proof is self-contained, however, and will be referenced later.
Lemma 132 If2 <p < oo and f € L?, then f € C.

Proof. Let z,—zo in C. Assume {z,:n € IN}Usupp f C RID. For w € C, set
(rf)(2) = f(z—w). Using [12, Theorem 9.5] (which applies to IR, but whose proof

works in IRN, as well ),

[ [ L=ty

(2R)D

|F(20) = f(za)| =

IN

T 2—¢ t
N N

Remark: If f € L%, then f € C. m

We will not need the following result at this time. This seems, however, the

appropriate spot to set it down.

Theorem 133 Let Q C € be open and bounded, 2 < p < oo,
and f € (L'NLE.)RQ). Then f € C(S?\ 89).

Proof. Fix zp € 2. Choose r > 0, with D(zo;7) C . Set g = Xp(z;r)fm2 and
V = Xa\D(z;r)fM2. Note f =+ v and ¥ € H(D(zo;r)). By Lemma 132, we note
ji € C. Hence f € C(D(zo;7)). [ ]

Lemma 134 [6, Theorem 2.7] Let p € M. Then 8 = —7p in D' = D'(C).
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Proof. Let ¢ € D = D(C). By Lemma 130,

(Bi)8 = ~i(3¢) = - [[ iBpdA = - [ $du = —nu(9).
¢
|
Section 135 Let 2 < p < oo and K be inner f.p.a.. Let g € LP(K). [Weset g =0

in € \ K.] Set f = §g. By Lemma 132, we note f € C. By Lemma 134, we see
8f = —ng € L?. By Theorem 131,

fERK)iff g=0 ae in K.

Assume now ¢ = 0 in intK. Then f € A(K) = C(K)NH(intK). So if
ma(9K) > 0, then R(K) & A(K). |

Remark: Such functions f play an important role in rational approximation [6].

Proposition 136 Let X C C be compact, withm,(0K) > 0. Write C\K = U O,,
where each O, is a component of €C \ K. Assume 8K C UU30.,,.
Then K 1s not inner fp.a..

Proof. By [7, Chapter VIII, Corollary 8.4], R(K) = A(K). Section 135 now shows

that K is not inner f.p.a.. [

Definition For 2 < p < oo and a bounded (measurable) set of S C C, let R(S;p)

denote the closure in C(S) of {§|s:9€ L? and g =0 a.e. in S }.

Remark: By Lemma 132, such g € C. n
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Lemma 137 Let 2 < p < 0o. Let S be bounded and u € M(S). Then
p L R(S;p) iff a=0ace in C\S.
Proof.

“ =" Fix a bounded measurable set T C €, with SN T = ¢. Note

0= / Xr dp / ( // "A(") du(z) = - /T/ A(¢) dA(C).

By Proposition 100 and [12, Theorem 1.39], i =0 a.e. in € \ S.

“«<" Let g € L?, with g = 0 a.e. in S. Set g, = h, * §, where (h,) is an
approximate identity on ¢. By Lemma 134, we see
8Gn = hn % (8§) = —7(hn % g). By Proposition 111, we note o in S
and h, * g—g = 0 in LP(S). By Proposition 100, we have 4 € LI(S).

Hence, by Proposition 129 and Lemma 130,

/gdu =1im/§ndp= %m//ﬁg,,m: —lim//ﬁ(h,,*g)dAzO.
C S

Theorem 138 Let2 < p < 0o and S be bounded. Then R(S;p) = R(S; o).

Proof. Clearly R(S;p) 2 R(S; o). Let u € M(S), with u L R(S; ).
Let g € L?, with g =0 a.e. in S. By Lemma 137, we note g4 = 0 a.e. in C. By

Proposition 100, we may use Fubini:

[adu=[ (// — dA(c) du(z) = ~ [ 9(¢)il¢) dA(¢) =
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Proposition 139 [6, Theorem 3.3/ Let K C C be compact.
Set A={§|x:9€L® and g =0 ae. in K } and let A denote its closure
in C(K). Then A= R(K).

Proof.

“C” Let g€ L, with g =0 ae. in K. Let p € M(K), with g L R(K). Since
g=0in C\ K, wesee gt =0 a.e. in C. As in the end of the proof of
Theorem 138, we get [gdu = — [[ giidA = 0. By Hahn-Banach, § € R(K).

C

“2D” Let r € RatK. WLOG, assume r € D. [That is, extend r to be in D
while retaining the originial values of = in a neighborhood of K.] For z, € C,
Corollary 121 gives

r(z0) = —% / c/ - io dA = —%(51')"(20).

Nowb_re’D,ErEOinK,a.ndrE—-f(.a-r)"in(D. Hence r € A. n
Notation: For 2 < p < 0o and bounded S, we write R(S) to denote R(S;p).
Summary:

(a) By Theorem 138, we note R(S) is well-defined.

(b) If S is compact, then the above definition agrees with the usual one (Proposi-

tion 139).
(¢) R(S) C R(S) is always true; if my(S \ S) = 0, then R(S) = R(S). |
We prove the analogue of Theorem 131:

Theorem 140 Let 2 < p < oo and S be bounded. Let f € C..
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(a) If Of € L? and 8f =0 a.e. in S, then f € R(S).
(b) If 8f € L', if f € R(S), and if S is inner fp.a., then 8f =0 a.e. in S.
Proof.

(a) Let p € M(S), with p L R(S). By Corollary 121, we see f = —1(8f)". Since
(Bf)" € R(S), we see [ fdu = —1 [(Bf )" du = 0.

(b) Let (gn) be a sequence in L, with each g, =0 a.e. in S and §,—— f in S.

Fix n. By Lemma 134, we note 8§, = —ng, € L®. Note 83, =0 a.e. in S.
Using Theorem 120, we see that if K has f.p., then for a.e. 29 € T,

. 1
(XKgn) (ZO) = 2w

K

g
2T dz
zZ— 2

Now mimic the proof of Theorem 131. |

Remark: Note Theorem 131 is contained in Theorem 140: Take S to be compact.

That would save space, but much of the proof of Theorem 131 would need to be

included above. u

We now generalize Cauchy’s Theorem to our new settings. Note that f need

only be (defined and) continuous on S.

Theorem 141 Let S be bounded and innner f.p.a.. Let f € R(S).

Then [ fdz =0.
as

Proof. Let K,—S inner f.p.a.. Let (g;) be a sequence in L, with each g; = 0

a.e. in Sand §;——fin S.

Fixing n and noting that 5;},- = —7ng; =0 a.e. in S, we see each
= [ gidz = [ 03;dA =0, hence, [ fdz=0,andso [ fdz =0. u
BK.. Ka BK“ as
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Theorem 142 Let 2 < p < oo and f € C., with 8f € L?. Let S be bounded, with

int S = ¢. Assume [ z—_f;dz =0 for a.e. 20 € C\S. Then 3f =0 a.e. in S (and
as

hence, f € R(S)).

Remark: Khavinson [8, Theorem 3.2| proves the above for f €Lip;(C) and K f.p..
Proof. For a.e. zo € € \ S, Theorem 123 and Proposition 128 show:

51’;3‘,[; ;_f; dz — igé{? dA = 0. Using the hypothesis, we then have (xs0f)" = 0
a.e. in € \ S. Since (xs0f)" € C and intS = ¢, we see (xs0f)" =0 in € and
hence, 8f =0 a.e. in S. By Theorem 140, we get f € R(S). |

Remarks:
(a) The above proof follows the reasoning of (8, Theorem 3.2].

(b) If S is constructed as was the set K in Example 119, then m,S > 0. Essential

to the proof, therefore, is that (xsdf)" € C. |

In order to motivate Theorem 150, we will need some preliminaries concerning

distributions.

Notation: Let 2 C € be open. For ¢ € D(Q) and A € D'(Q2), we will let A¢ (or
A(#)) denote the complex number obtained when A acts on ¢.
Set £'(2) = {A € T'(Q) : A has compact support in Q }.

Proposition 143 Let ¢ € D. Then ¢ € C*.

Proof. For 25 € C,

M) = [[ E—da=—(5+9) ()

— 2o
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Let D = 82’;;;,,. Since supp ¢ C @ is compact and ! € L}, , we have

D$=-(L+Dg) eC. n

Definition: For A € 7’ and ¢ € D, define A x ¢ : C—C by
(A% @) (2) = A[#(z — )], where [¢(z — )] ({) = ¢(z — ().

Proposition 144 (Theorem 6.33[11]) Let A € D' and define I on D by ' = Axg.

Then I' : D—C is continuous (and linear). [ ]

Proposition 145 Let (¢,) be a sequence in D. If ¢,—0 in D,

then <;Sn—>0 in C*.
Proof. Note $n = -f * ¢,. Now use Proposition 144. [ |

Motivation 146 Let p € M.. Then i € L}, and we may think of p and ji as

distributions. For ¢ € D,
i8) = [fie8)246) = [f ([ 24L) o0z dace
- [ (] 2L aa2)) auto) = -wid)
This motivates the following:

Definition: For A € £, define A : D—C by Ap = —A¢. We call A the Cauchy

transform of A.

Remark: By Proposition 143 and Proposition 145, we note A € 7. By Motiva-

tion 146, both concepts of Cauchy transform agree in M.. |

Proposition 147 Let A € £'. Then (GA)* = —7A in D'
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Proof. Let ¢ € D. By Lemma 134, we have 5«;5 = —mw¢. Hence,

(OA)(8) = —(9A)¢ = A(89) = —mAs.

|
Proposition 148 Let A€ &'. ThenA=0in D iff A=0inD.
Proof. Let ¢ € D.
“ = " By Corollary 121, we have A¢ = —%A ((5(#)") = %f\ (545) =0.
“<=”Note[\¢=—A$=0. [

Section 149 Let K be compact and let f € R(K). Then 8f € D’'. We would like
to believe that Gf is, in some sense, zero in K. O

Let K have f.p.. Let f € C., with 8f € L'. By Proposition 147 and Theo-
rem 120, note

1 A 1 1 =\"
- ;(B(XKf)) =xxf= (mfdz |Bx - ;xxaf) in 7.
Using Proposition 148 and the above equality, we get
= = 1
xx3f = A(xxf)+ 5/ dz |,

a distribution equality. Even if f were merely in C(K), the right-hand side above

is a distribution.
This motivates the following:

Theorem 150 Let K have fp. and f € R(K).
Then 8f + % fdz |5, =0 in T
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Remark: As mentioned at the end of Section 149, we are trying to say:

xx0f = 0in D'. Of course, xxOf need not be an element of D'

Proof. Let ¢ € D. Let u denote the measure —xx0¢ dA + s¢dz | g, Note
— 1 = 1
(37 +5:£d= 1s, ) 6 = -/I[fa¢dA+ ZB/ fodz= [ fap.
K

We show: 4 =0in € \ K. This proves p L R(K) and hence, [ fdu = 0.
K

For z5 € €T \ K,
1. .__ 1 9¢ 1 ¢ _
w"(’°)‘_x/1[ ~—an+ / dA =0,

z 2m1 J z— 2z
By

by Lemma 105.

We give now an application to partial differential equations:

Section 151 Consider the following boundary value problem: let g € C(Bg) and

h € L'(K). Solve
{ f=g in Bk,

df =h ae inK
subject to the regularity restraints: f € C. and 8f € L.
Suppose f solves Equation 1. By Theorem 120,
(49dz |5, — Lh)" = 0in € \ K. That is, (1gdz |5, —h) L R(K).
By Section 149, we have 8 (xxf) = h — L gdz g, in D'
Set M = {3(xxf): f € C.and 3f € L' }, a subspace of &'

We state these results:

Theorem 152 (a) If (h —Xgdz |Bx) ¢ [R(K)]*, then Equation I has

no solution.
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(b) Equation 1 is solvable iff (h - 59dz |Bx) EM. ]

Definition: Let S C C be any set. We define H(S) = {f : S—C | there exist

an open set §} containing S and F € H(Q), with F | = f }.

Definition: Let S be bounded. Set (HD)(S) = D(€)N H(S)
and [(HD)(S)]* = {A € D'(C) : A = 0 whenever ¢ € (HD)(S)}.

Proposition 153 Let A € £’ and K be compact. Then
A L (HD)K) iff A=0inD'(C\K).
Proof.

“=>" Let ¢ € D(C \ K). Note 3¢ = —w¢ = 0 in a neighborhood of K, hence,
¢ € H(K), and so A¢p = —Ad = 0.

“4=" Let ¢ € D(C)NH(K). By Corollary 121, we have (94)" = —m¢. Since
3¢ € D(C \ K), we note Ap = —2A ((3¢)") = 2A(5¢) = 0. u
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Chapter II
Harmonic Approximation on F.P.A. Sets

Abstract

Let K C € be a compact set having finite perimeter and let f € C(K).
We would like to find conditions equivalent to the following:

Af =0in K (in some sense).

With minimal regularity assumptions, we characterize those f satisfying
Af = 0 a.e. in K. We then solve the same problem with K replaced by
a bounded open set. Finally, we return to the compact case and “almost”
solve the problem when f has a “bit” of regularity missing. u

Important: We use the same (abbreviated) notation as in Chapter I.

Definition: For u € M, define (log * u)(z0) = [log |z0 — z| du(z), the logarithmic
transform of u. For f € L!, we will denote the log transform of the measure f dA
by log * f. |

The following is the analogue of Proposition 100.

Proposition 200 Let p € M and 1 < p < oo. Set
f(z) = [log |¢ — z||P d|p|({). Then f € L} _ and hence, log * p € LY .

T

Proof. Fix R > 0. Assume supp ¢ C R,ID. Note [r|logr|Pdr < co forall T > 0.
0

/] f@)da@) = [ ( [/ hoglz - i dA(z>) d1ul (¢)
RD RID
< [ (/ / uog|z—<||’dA(z)) dlul(¢)

D(¢;R+Ry)
R+ R,

< orul / r|log [P dr < o.

49



Notation:

3=i=§(-a-—i-a-) ; dZ = dz — idy.

9z 8=z dy
= 88:3 + %
Remarks:
(i) 9f=2af.

(i) Of = f'if f is analytic.
(i) A=4(09).

Lemma 201 Let S be bounded and f € C., with 3f € L'. Then

//afdA = %/fdz.
S 88

Proof. By Proposition 129,

//afdA=/s/5fdA=zliaéfdn%a{fdz

S

Lemma 202 For z # 0, we have dlog |z| = - and dlog |z| = -

Proof. Writing z = = + iy, we note dlog |z| = 1 (3; — 18,)  log (z* + y?)

= —_— 1
T+ iy and Olog|z| = dlog|z| = 2

1] 2z -2y ]_l 1
4@+ z-ay)] 2

The following is an extension of [3, Lemma 3.4.3] .
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Theorem 203 Letl <p<ooandu € M. Let f € C., withdf € C and Af € L.
Then
1
/fd - 2—"/;:/(Af)(log* p)dA.

Proof. By Corollary 121,

[ £(z) du(z) = - ;lr-/ [f/%m(c)] du(z).
<

Fix z € supp p and choose R > 0 satisfying supp f C D(z;R). For € > 0, set
A ={(eC:e<|¢(—2z| <R}

// (%)(f—’cm(o =2 / / (@1)Q) 5o I - =1 4A(0)

= -2 [[(88f)(¢)tog I — 21dAQ) +i [ (BF)(Q)log ¢ - | dC,

8D(z;e)

where we have integrated by parts and used Lemma 201. Note 8f = iAf,

< 27||0f||e€log e—0, and

L [ @n¢yogic - zldd
D(z;e) _ _
(8)(€) : (8£)(9)
J[75= a0 =t /Af T AA).
Along with Proposition 200, we therefore have

dp(z)

[ dut) = - [(—2) J[ 38510816 ~ 21 dA(0)
C
= o [[[[1081¢ - zldu(=)] (A£)(¢) dacc).
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Corollary 204 Let p € M. Then A(log* u) = 2xp in D'.

Proof. For ¢ € D, Theorem 203 gives:

atogs w6 = Sl gogn wyiag)

- 2i7r//(A¢>)(1og v w)dA = [ gdu = ().
C

Theorem 205 Let p € M and 2 C € be open. Iflog* u = 0 a.e. in 2, then

ul(@) =o.

Proof. By Theorem 203, we note [ fdu = 0 for all f € C?(2). Since C*(Q) is

dense in Co(f2), we are done. |

Definition: For compact K C €, set harmK = {h : h is harmonic in a neighbor-

hood of K } and let h(K) denote the closure of harmK in C(K).

Theorem 206 [3, Lemma 3.4.5] Let K be compact and p € M(K). Then
p L h(K) iff log* p=01in C\K.

Proof.

“=" Note log|zg — z| € harmK for all zo € € \ K. Hence,
(log * p) (z0) = /log |20 — z| dp(2) = 0.
“4<=" Let h € harmK. WLOG, assume h € D. By Theorem 203,

| /hdu= %//(Ah)(log*p) dA = 0.

52



Lemma 207 Let f € C? = C*(C) and @ C € be a finitely connected C* Jordan

domain. Then

I.L f dz + 2/(5f)log|zo—z|d2}
80

2m zZ— 2z
- 0

1 | f(z) fneR,
+ %/!(Af)logpo-zuxa_{ 2 e CE\T.

Proof. Fix zo € C \ (R). For € > 0 small enough, sef Q. = 2\ D(zo;€).

I

dA = 213{1(1,//('&)3103 |20 — 2| dA
¢

2 [— /‘[(65)‘)1% |zo — z| dA + %ligl)a!‘ (8f)log |20 — z| df} .

Note A = 488. If zo € € \ 2, then 8Q, = 0. If z5 € , then

lim | [ (3)10gl%0— 2| dz =0.
8D(zg¢)

Now use Lemma 105. [ |

We prove the harmonic analogue of Theorem 120.

Theorem 208 Let f € C., with 8f € C and Af € L*. Let K have fp.. Then

there exists E C K satisfying m;E = 0 and

1 f _ )
2w LK z— 2o dz + 23{ (Bf) log |20 — 2| dz]
f(z0) ifz0€ K\ E,

1
¥ ;Z(Af)logm-zufx:{ P HckNg
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Proof. Let (h,) be an approximate identity on €. Using Lemma 207 and pro-

ceeding as in the proof of Lemma 106, we see the above formula holds for each

hx* f.
Now proceed as in the proof of Theorem 120. Note

hax f_5f in Bk,
O(hna * fY_8f in Bk,
and  A(kn* f)—Af in L.

It is important to regard the area integral as the convolution of two L!- functions
(as in the proof of Theorem 120). (The function log |z| must be “cut off ", as was
the function 1; in the proof of Theorem 120.) To finish up, recall the identity

principle holds (locally) for harmonic functions. [ ]

We prepare to motivate Theorem 218, the analogue of Theorem 150. We will

need some preliminaries.

Proposition 209 Let ¢ € D. Thenlog* ¢ € C™.

Proof. Let D = Note

a :ay-

(log * #)(z0) = /¢(z)log|zo—z|dA(z) /¢(zo+w)loglw|dA(w).

Since supp ¢ C C is compact and log |w| € L},., we have
D(log = ¢) =log* (D¢) € C. [ |
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Proposition 210 Let (¢,) be a sequence in D, with ¢,—0 in D.
Then log * ¢o,—0 in C™.

Proof. Use Propositon 144. [

Motivation 211 Let u € M.. Then log* p € L},. and we may think of both p

and log * p as distributions. For ¢ € D,
(og* w)¢ = [ (log+ u)(2)4(2) dA(2)
c

// (/log |z — C|dﬂ(C)) é(z) dA(z)
= [ (log ) (€)du(¢) = u(log » 9).

This motivates the following:
Definition: For A € &', define log* A : D—C by (log * A)¢ = A(log* ¢). We

call log * A the log transform for A.

Remark: By Proposition 209 and Proposition 210, we see log * A is a distribution.

By Motivation 211, both concepts of log transform agree on M.. [
Lemma 212 Let A€ &'. Thenlogx A=0inD iff A=0inD.
Proof.
“=—= " Let ¢ € D. Note
0= (log* A)(A¢) = Aflog * (Ad)] = A[A(log * ¢)] = 2rA,

where we have used Corollary 204. u
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Definition: Let K C € be compact. Set
D(harmK) = {¢ € D: A¢ =0 in a neighborhood of K }. For A € T/,
we write A L D(harmK) if A¢ = 0 whenever ¢ € T'(harmK).

Lemma 213 Let K be compact and A € £'.
Then A L D(harmK) iff log* A =0 in D'(C \ K).

Proof.

“=" Let ¢ € D(C \ K). Then log * ¢ € D(harmK) and hence,
(log x A)p = Alog * $) = 0.

“<=" Let ¢ € D(harmK). Now A¢ € D(C \ K), hence, by Corollary 204,
A¢ = LA [A(log * ¢)] = A [log* (Ag)] = ;- (log* A)(Ag) = 0.

Lemma 214 Let A € £'. Then A(log* A) =log* (AA) =27xA in D'.
Proof. For ¢ € D, note
[A(log x A)] ¢ = (log x A)(A¢) = Allog x (Ad)] = A [A(log * )] .

The latter quantity equals (AA)(log * ¢) = [log * (AA)] ¢.
By Corollary 204, it also equals (27A)¢.

Section 215 Let f € C., with 3f € C and Af € L. Let K have f.p..

Note

_./ f dz:[%*(fdz |3x)] (20)-
Bk

Now

-i:* (f dz IBK) = (201og |2[) * (fdz |3x) = 2log [6 (f dz 'BK)] !
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where we have convolved an element of 7’ with one of £’ (see [11, Chapter 6] .) By

Theorem 208,
tog* { = [(B£)dz |5, — 8(f d= |5,)] + 5-(xxAf)} = 0 (1)
in D(C \ K). O
By Lemma 214, we have xxf = & log* [A(xxf)]. Hence, by Theorem 208,
tog* { = [(Bf)dz |5, ~ 8 (Fdz I, )] +5= xxAf — Axxf)]} = 0

in 7. By Lemma 212, we have

AGxxf) = xxAf +2 [0 (f dz |5, ) - (Bf) 2 |, ]

in D'. a
Set N = {A(xxf): f€C.,0f € C,and Af € L' }, a subspace of &'.
Consider the following boundary value problem: let g1, g2 € C(Bk) and

g3 € L}(K). Solve
f=g¢ in Bg

8f =g, in Bg (2)

Af =g3 ae. in K,
subject to the following regularity restrictions: f € C., 8f € C, and Af € L.

This brings us to the analogue of Theorem 152:

Theorem 216 Let K have fp..

(a) If {2[g2dz |5, —(g1dz |5, )] +igs} & [ D(harmK)]*, then

Equation 2 has no solution.
(b) Egquation 2 has a solution iff {ga + 2t [3(91 dz |g, ) — g2 dZ |Bx]} EN.
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Proof. Use Equation 1 and Lemma 213 for (a). [

Definition: Let K have f.p.. Set A = { f € C. : 8f € C and there exists a
sequence (g;) in harmK satisfying: ¢g;_,f in K and [5( f- g,-)] dz |g, —0 in

D}

Section 217 Let K have f.p. and let f € h(K). We wish to believe that Af is, in

some sense, zero in K. But how should we phrase this when Af need only be in

D'? 0
Let f € C., with 8f € C and Af € L!. By Section 215,

xxAf = A(xxf) +2i [(3f)dz |5, — 0(fdz |5, )|in . (3)
Even if only Af € 7, the right-hand side of Equation 3 is a distribution.
This motivates the following:

Theorem 218 Let1 < p < oo and f € C., with 3f € C. Let K have fp. and set
A= A(xxf) +2 [(3f)d2 |5, - 8(f dz |,)].

(a) IffE A, then A=0inTD.

(b) IfAf € LP and if A =0 in T, then f € A.

Remark: In (a), we would like to write: A = xxAf (see Equation 3). But xxAf
need not be a distribution. (b) shows the hypothesis f € A is not “too” strong.

In a (very) loose sense, Theorem 218 states: the integral formula of Theorem 208

holds for f € A.
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Proof.

(a) Fix ¢ € D. Let (g;) be as in the definition of A. By Proposition 129,
Lemma 201, and the definition of A,

A$ = lim {4 J[ 9:008d4 + 2 Lf #3g;dz + [ g,-a¢dz“
K Bx

K

- u?{-4//(59,.)a¢d,4+2i/¢5g,-dz}
K Bg
= ﬁ;p//Mg,-dA:o.
K

(b) By Section 217, we note A = xxAf. By hypothesis and Theorem 205,
Af=0a.e. in K. Let g L h(K). By Theorem 203 and Theorem 206,

[ fau= o= [[(ap)iogs wyaa =o.

So f € h(K). Hence there exists a sequence (g;) in harmK satisfying: g; —, f
in K. WLOG, assume each g; € D. Equation 3 shows [5( f- gj)] dz g, —0 in
D'. [xkAg; = xkAf =0 in T’ takes care of the left-hand side of Equation 3;

the other two terms on the right-hand side “cancel” since g; ) f in K. ].

So f € A. [

The following is the analogue of Theorem 123.

Theorem 219 Let S C € be bounded (and m,-measurable). Let f € C., with
8f € C and Af € L. Then there ezists E C @ satisfying m,E =0 and

)/ TRy (R
as 0 o5

1 _ [ f(z) ifz€ S\E,
+ 2W/Z(Af)log|zo—z|dA_{ o) ¥z

0 ifze(C\S)\E.
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Proof. Using Proposition 128, let K,— S f.p.a.. Using Theorem 123, we know
the limits, lim [f (Af)log |z0 — z| dA and lim [ L-dz, exist for a.e. zo € €. By
Kn B

Kn

Theorem 208, so does im [ (8f)log |z — z| dZ, which we denote by

Kn

[ (3f)1og |20 — 2| dz. =
as

Definition: Let 1 < s < oo and 2 C € be open. Let (f,) be a sequence in
L{ (). We write f,—0in L{ () if given any compact K C Q, it follows that
lim [ [fa|*dA = 0.

K

Definition: Let K have f.p.. Let f; € C(K) and f, € C(Bk). We write
(f1, f2) € h(K;log’) if there exists a sequence (gn) in harmK satisfying:
g frin K and log * [(f2 — 8gn)dZ |5, | —0in Li, = L}, .(C).

Let f € C, with 8f € C. We write f € h(K;log*) if (f,8f) € h(K;log*).

Theorem 220 Let f € C., with 8f € C and Af € L*. Let1 < p < oo,

1<s<2, and K have fp..
(a) IfAf € L? and if Af =0 a.e. in K, then f € h(K;log’).
(b) If f € h(K;log’), then Af =0 a.e. in K.

Proof.

(a) Let p € M(K), with p L h(K). By Theorem 203 and Theorem 2086,

[ fiu= %/C/(Af)(log* by dA =0,

Hence, f € h(K) and so g, f in K for some sequence (g,) in harmK.

WLOG, assume each g, € D'. Taking limits in the integral representation of
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Theorem 208 gives:

lim/ [g(f—gn)] log |z — z|dzZ =0 for a.e. 2z € C.
B

Let R > 0. We show log* {[3(f — ga)| dZ |5, } —0 in L*(RDD).
WLOG, assume K C RID. By the integral representation of Theorem 208,
for a.e. z € RID,

2 (log + {[B(f - gn)] d215,.}) (2) = 2mie(f — gl 2) - [ L= .
Bk

Writing § + 1 = 1, we see

//L/ (f - gn(C)dC
<14 1oy I [ (E/ )“)} dlcl) 4A(2)
<14 Loy I /l(f a)(O)I° (/ / ‘“"’)) <

D((:2R)

dA(z)

< 52 QR F NG g, IF11f = gnl5,—0.

(b) WLOG, we may assume (g, ) is a sequence in harm K satisfying: g.__, f in K
and log * {[5(f - g,.)] dz IBK} —0 a.e. in €. Taking limits (in
Theorem 208, again) gives log * (xxAf) =0 a.e. in €. By Theorem 205,
Af=0a.e. in K. |

The following is the analogue of Proposition 139.

Theorem 221 Let K C € be compact. Then h(K) equals the closure of
{log* g: g€ L¥ and g =0 a.e. in K } in C(K).
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P.roof.

“C " Let h € harmK. WLOG, assume h € D. Then Ah € D,
Ak =0in K, and ;tlog* (Ah) = ;-A(log * k) = h in €, by Corollary 204.

“D” Let p L h(K) and let g € L, with g =0 a.e. in K. By Theorem 206,

[t 9)(z)du(z) = [ ( J[ s¢)iog t—¢| dA(c)) du(z)

C

=[] st¢)t0g * w)(¢) dA(¢) =0.

c
u

Definition: For bounded (m;- measurable) § C C, define A(S) to be the closure

of {(log* g)|s:9 € L® and g =0 a.e. in S } in C(S).
Remarks:

(a) If 1 < p < oo and g € L?, then log* g € C. [See Theorem 805 for a sketch of

this proof.]
(b) By Theorem 221, if S is compact, then the two definitions of hA(S) agree.
(c) By Theorem 205 and Theorem 221, k(S) = A(S) iff m,(S\ S) = 0. u

Lemma 222 Let S be bounded and p € M(S).
Then p L h(S) iff log* u =0 a.e. inC\S.

Proof.
“=" Let T C €\ S be bounded and m,-measurable. Since log * xr € h(S5),

[(log » x)(2) dA(z) = [ (flog |z = (| du(¢)) dA(z) = [ (log» xr) du = 0.
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“«=?" Let g € LP, with g =0 a.e. in S. Then

[og+ )y dutz) = [ ( J[ o081z - ¢ dA(c)) du(z)
= [[ 9(¢)t0g+ w)() dA(¢) =0.
@\S

Theorem 223 Let 1 < p < oo and S be bounded. Let h(S;p) denote the closure
{(log* g) |5:9 € L? and g =0 a.e. in S } in C(S).
Then h(S;p) = h(S).

Remark: Note this is the analogue of Theorem 138.

Proof. Clearly A(S;p) C A(S).
Let up € M(S), with 4 L h(S). Let g € L?, with g = 0 a.e. in S. By Lemma 222
and the proof of Theorem 221, we see [(log* g)du = [[ g(log * p)dA = 0. u
<

Definition: Let 1 < s < co and let @ C € be open and bounded. Let f; € C(Q)
and f; € C(Q2). We write (f1,f2) € h (Q;log;_P‘) if there exists a sequence (g,) in
L satisfying: each g, =0 a.e. in Q, log* g._— f, in Q, and, given any compact

set K C  having finite perimeter,
log * {[f2 — B(log * ga)] dZ |5, } —0 in Li(T).
Let f € C, with 3f € C. We write f € h (Q;log?,, ) if (f,3f) € h (21logf, ).

Theorem 224 Let f € C., with3f € C and Af € L'. Let 1 < p < o,

1<s<2,and Q C @ be open and bounded.
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(a) IfAf € L? and Af =0 a.e. in Q, then f € b (Q;log},, ).
(b) If f € h (Qlog}, ). then Af =0 ae. in Q.
Proof.

(a) Let p € M(R), with p L A(Q). By Lemma 222,
log* p =0 a.e. in €\ Q and hence, by Theorem 203,
[ fdp = J(APlogx w)dA =0,
So f € h(S2). Hence there exists a sequence (g;) in L satisfying:

each g; = 0 a.e. in Q and log* g;— f in Q.

Let K have f.p.. For all z, in a neighborhood of K,

[Bltog « 91)] (z0) = 5 [ T2 da
an

zZ—2
and [A(log * g;)] (z0) = 0. Hence, we may assume each log * g; satisfies the

hypotheses of Theorem 208. Now proceed as in the proof of
Theorem 220 (a).

(b) As in the proof of Theorem 220 (b), one can show that if K has f.p., then
Af=0a.e. in K. ]

Although we will not use the following result in this chapter, this seems the

appropriate place to record it.
Proposition 225 IfA € £, then O(log* A) = — 1A in D'
Proof. Let ¢ € D. For 20 € C,

Mz = [[ 44 = 2 [[ #910g |2 ~ 2| dA
[

Z— 2

= _z//(a¢)1og |20 — 2| dA = —2[log * (99)] (z0)
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and hence,

~

Ap = —Ad = 2A[log * (8¢)] = 2(log * A)(8¢) = —2[8(log * A)] ¢.
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Chapter III
Harmonic Approximation in RY

Abstract
We extend the results from Chapter II to RN, where N > 3. u

Important: We will omit any proof which does not differ from its corresponding
Chapter II proof.
Fix N > 3. Throughout Chapter III, the unmentioned measure space is

N-dimensional Lebesgue measure on IRN, denoted my.

i
N 2
For z = (z1,+-+,zn) € RN, we write |z| = (E mf) . For zo € RN and
j=1
r > 0, set B(zo;7) = {a: €RN: |x —x0| < r}. Set By = B(0;1) and
CN_1 = (N - 2) f dmN_]_. |
8By
Our first goal is to extend Theorem 120 to IRN. The following will be our

starting point.

Proposition 300 (Green’s Theorem) /5, Ezercise 7.7(b), Chapter V]
Let X C IRN be a compact N-manifold-with-boundary. Let @ C IRN be open, with
X C Q, and let f,g € C*(). Then

_ o9 _ 9f
[(tag-gaf) amy = [ (f = an) dm 1,
X X
where 34; = (V¢)- n and n is the outward unit normal. u

We will need the following easy calculation:

Proposition 301 [15, Ezample (3), page 38]

|z|>~N is harmonic in RN \ {0}. |
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Section 302 Let X be as in Proposition 300 and assume 0 € IRN \ §X. For ¢ > 0
small enough, set X, = X \ (eBy). If g € C? = C? (IRN) and if f = |z|>~", then
Proposition 300 gives

da 8 1
—on
/ o 8{ (|z|~-= gan|z|~-=) v

e

Note Alz|*~N = |,,z for z # 0. If 0 € RN \ X, then 8X, = 8X. So assume
0 € intX. On 8 (eBy), we note A|z|>N = &=% since n(¢) = I-%I is the outward
unit normal to X, (at { € 9(eBy)). Note

9¢
—On
/ IIIN—z dmN—l

(eBN)
1 N -2
and / gan [N~ A dmNo = o / gdmy_1—g(0)Cn_;.

9(eBn) 9(eBN)

< W9dle [ iy 0
&(eBn)

Replacing = by £ — zo in the above gives:

{5/ l:lc |N -2 (V!I)(C) + ( l )IEV )(( _zo)l 'n(C)dmN—l(C)

// (B9)=@) ol _ [ 9(z0) if zo € intX
|z — zo|¥-27 0 ifzoe RV\X,

where we have used the fact that I-'i_l € L] for1<s<N. .

Definition: For py,---,uxy € M = M(IRN), set u = (p1,- -+, pun) and write

p € MY . Define the Cauchy transform of g, by

o) = 3 [ ),

where (z — zo); denotes the jth component of £ — zo. We will also write

(20) = J ho(z = 20) - du(a)
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Proposition 303 Letpc MY and1<p< TVE—T Set

o(z0) = Y /(l(z :ol);) dps (2).

i=1

Then g € L} = L. (IRN) and hence, i € L},..
Proof. Use |-l-| €L forl <s<N. [ |

Definition: Let S C IRN be (my-)measurable.

(i) We let Bs, the reduced boundary of S, denotes those zo € RN at which S

has an exterior normal.

(ii) We say S has f.p. if there exists u € MV satisfying:

i = xs a.e. ([my] in RN).

Proposition 304 Let X be a compact N-manifold-with boundary.
Then X has fp..

Proof. Take g =1 and du(() = n(() dmpy_1({) |gx in the formula at the end
of Section 302.

Definition: Let S have f.p.. By definition, there exists u € MN with i = x5 a.e..
We shall call S a nice f.p. set (n.f.p.) if all of the following hold:

(a) (1) Hn-1(Bs) = —‘L‘“H,u,H where Hy_, denotes (N —1)-dimensional Hausdorff
measure.
(ii) If B C RN is a Borel set, then

W(B) = WBNBs) = &t & [ mi(¢)dMn-a(c),

where we have written n(¢) = (n1({), - -, nn(()).
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(iii) There exists a set E; C Bg satisfying Hy_1(E1) = 0 and if
zo € Bs \ E;, then

. Hn_1(Bs N B(zo;6))
i §N-10

=1, where C = / dmpy_;.

BxNn{xn=0}
(iv) There exist a set E; C Bs and a sequence of (N — 1)-manifolds (Y;)
satisfying: Hy_1(E2) =0, '
Bs\ E; C UY;, and du(¢) = 2=En() dm_1(C) |,

(b) There exists a sequence of sets (X;) satisfying:

(i) Each X; is a finite union of pairwise disjoint compact
N-manifolds-with-boundary.
(ii) mn (SAX;) —0.

(iii) xx;,—xs a.e..

(iv) || dp(¢) — £52n(¢) dma-1(¢) Loy, I—0. o
Remark: We conjecture: f.p.= n.f.p.. (See Theorem 104.) |

Theorem 305 Let f € C., with yf € C and Af € L*. Let K C IRN be a
compact n.f.p. set. Then there ezists E C K satisfying myE = 0 and

1 1 N =DFQ s
Crno1 {34 [l (V) + (¢ o)] (¢)dmy_1(¢)

¢ — zo|N-2 I — oV

_/ _Af }_{f(-%) ifzo € K\ E,
K |z — zo|N -2 N[ 0 ifzoc RN\K.

Proof. Proceed as in the proofs of Lemma 106 and Theorem 120.
Note Proposition 303 and the n.f.p. hypothesis are used in place of Proposition 100

and Theorem 104, respectively. [ |
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Definition: For u € M, define the logarithmic transform of x by

(log * p)(z0) = /I:%

Remark: This appears to be a confusing choice of notation, since there is no loga-
rithm in sight; but recall: The kernels log |z| and I_zl_’l‘—7 behave similarly on € and
IRN, respectively. Both are harmonic away from the origin; a peek at Theorem 305

shows we can (easily) obtain results analogous to Theorem 203, Theorem 205, and

Theorem 206.

Proposition 306 Let p € M and1 <p< TV-Lz Set

d|e|(=)
9(zo) = / (= — zolN—Z)p'

Then g € L}, and hence, log* p € LY . [

loc

The following is the analogue of Theorem 203:

Theorem 307 Let 12! <p<L ooand f € C., with<yf € C and Af € LP. Let
€ M. Then

[fdu=— g— [(af)iog s u)dmy.

RN
Proof. Choose R > 0, with supp f C RIBy. Take K = RIBy in Theorem 305 and

note K is n.f.p.. [ |
Corollary 308 Ifu € M, then A(log* p) = —uCn_, in D' = D'(IRN).
Proof. Use Theorem 307. L

Definition: Let K C IRN be compact. Set harmK = {h: Ah =0 in a
neighborhood of K } and let A(K) denote the closure of harmK in C(K). u

Note the following is the (higher dimension) analogue of Theorem 206.
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Theorem 309 Let K C RN be compact and p € M(K).
Then u L h(K) iff log* p =0 in RN\ K.

Proof.
“=" If o € RN\ K, then Iszcl;l”_" € harmK.

“<=" Let h € harmK. WLOG, h € D. By Theorem 307,

[hdp == == [ (Ah)(logs p)dmy = 0
CN—IRN

|
The following is the analogue of Theorem 205.
Theorem 310 Let p € M and @ C IRN be open.
Iflog* p =0 a.e. in Q, then |u|(2) = 0.
Proof. Let ¢ € D(2). Then [pdu = — C—NI— J (Ad)(log * p)dmy =0,
-1 RN
where we have used Theorem 307. n

Definition: Let 1 < s < % and f € C., with ¥f € C. Let K have f.p.. We
write f € h (K ;log’) if there exists a sequence (k;) in harmK satisfying:
hi—=f in K and log* {[Z(f - k;)] dmy_1 |5, } —0 in L.

Theorem 311 Let f € C., with \yf € C and Af € L'. Let % < p < oo,

1<s< I_V%l-; and let K be n.f.p..
(a) IfAf € LP and Af =0 a.e. in K, then f € h(K;log").

(b) If f € h(K;log®), then Af =0 a.e. in K.
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Proof.

a) By Theorem 307 and Theorem 309, we see f € h(K). This gives a sequence
g q
(h;) in harmK, with h;"—} f in K. Proceed as in the proof of Theorem 220:

Use the integral representation (Theorem 305) and use Izlﬁ € L;,.

(b) Proceed as in the proof of Theorem 220 to get: log* (xxAf) = 0 a.e.. By
Theorem 310, we get Af =0 a.e. in K. ' [ |

Lemma 312 Let % <p<Looandg€ LP. Thenlog*x g€ C.
Remark: log * g denotes the log transform of g dmy.

Proof. Proceed as in the proof of Lemma 132, noting 4= € Lf,, where 1 +1 = 1.
|

Note the follwoing is the analogue of Theorem 221.

Theorem 313 h(K) is the closure of
{logxg:g€ L= andg=0 a.e. in K} in C(K).

Proof.

“ C " For h € harmK, we may assume h € D. By Corollary 308 and Lemma 312,
=— —C’:_l log * (Ah).

“2” Fix g€ LP, with g =0 a.e. in K. Let p € M(K) with p L h(K).
By Theorem 309,

[Gog+ g)@)du(z) = [ Lf = ,dmN(y)) du(z)

(105 * u)(y)9(y) dmn(y) = 0.
RN
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Since I-cT’}'T’ € L} ., the use of Fubini is justified. u

This motivates the following definition:

Definition: Let S be bounded (and my-measurable). Let A(.S) denote the closure

of {logxg:g€ L® and g =0a.e. in S }in C(S).

Lemma 314 Let S be bounded and p € M(S).
Then p L h(S) iff log* u =0 ae inIRN\S.

Proof. Exactly as in Lemma 222. [ |

Definition: Let S be bounded. Let 1 < s < 0o and f € C., with f € C. We
write f € h(S;log’) if there exists a sequence (g;) in L% satisfying: each g; = 0

ae. in S, log*x g;—fin S, and, given B = B(zo;r) with B C intS,

9 .
log * {[a—n(f — log * 9:')] dmn_, |aB} —0in Ly,.

Theorem 315 Let f € C., with yf € C and Af € L. Let%’- <p < oo,

1<s< Tv-Lv and S be bounded.
(a) IfAfe€eLP and Af =0 a.e. in S, then f € h(S;log’).

(b) If my(S\intS) =0 and f € h(S;log’), then Af =0 a.e. in S.

Proof.

(a) Using Lemma 314, we see f € h(S). Proceed now as in the proof of
Theorem 224 (a).
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(b) As in the proof of Theorem 224 (b), we see:
Af =0a.e. in B = B(zo;r) whenever B Cint§. u
Remark: Note Theorem 224 could have been phrased in this more general manner.
n
We will finish this chapter with analogues to Theorem 218 and to Theorem 219,

respectively.

Theorem 316 Let f € C., with<yf € C and Af € L*. Let S be bounded. Assume
there erists a sequence (K;) of n.f.p. sets satisfying: xx,—Xxs a.e.. Then there

exists a set E C RN satisfying myE =0 and

{JLC L 0 + S22 ) b0

/__J;_“z f(zo) ifzo€ S\E,
[z — zo[M-2 7" 0 ifzo e (R¥\S)\E.

Remark: By f(gl + g2) dmy_;, we mean the existence of im [ (g; + g2) dmpy_;.
Bx

Note that unhke Theorem 219, we cannot imply the existence of both

im [ gidmy_; and im [ godmpy_;. Recall that in Theorem 219 we used

BK BK

Theorem 123 (which stated one of the limits already existed). u
Definition: For A € £ = £'(IRN), define log * A € D’ by (log * A)¢ = A(log * ).

Remark: We have omitted the usual preliminaries: If ¢ € D, then log* ¢ € C* ;

if ¢;—0 in D, then log * ¢;—0 in C*. u

Section 317 Let f € C., with 7f € C and Af € L'. Let K be nfp.. By
Section 302 and Theorem 305,

1 0f 1o, 1
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in 7. |
Let A€ &' For ¢ € D,

log * (AA)] ¢ = (AA)(log « §) = A[A(log * ¢)] = — Cn_1A4,

by Corollary 308. That is, log * (AA) = — Cy_1A.

Hence, xx fCn-1 = —log* [A(xkxf)] = — W’]"’T’ * [A(xxf))-
Similar to Lemma 212, we may use Corollary 308 to show: for A € &,

log*x A=0inD'iff A=0in D'
Combining all the above gives:

af 0 :
xkAf = A(xxf)+ 5 dmn1 |p, + 5 (fdmn-y|p,) in T,

where [Z(fdmy_, |5, )| ¢ = ~ J fRtdmy_s. m
K

Lemma 318 Let (f;) be a sequence in L.. If log* f;—0 in L],
then f;—0 in D'.

Proof. Let ¢ € D. By Corollary 308,

£8) = - G—fillog+ (Ad)] = — Z—(logx £;)(A9)

1
= - mﬁ{;(log* fi)A¢ dmpy—0.

Definition: Let K have f.p.. Set A = {f € C : Yf € C and there exists a
sequence (h;) in harmK satisfying: h; ", f in K and [f;(f - hj)] dmy-; |g, —0
in D}

Theorem 319 Let f € C., with \7f € C. Let 121 < p<L oo and K be n.fp.. Set
A=A(xxf)+ Zdmy_y g, +Z (fdmy_i|p, ).
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(a) IffeA thenA=0inD.

(b) IfAfeLPand A=0inD', then f € A.

Proof.

(a) Let ¢ € D. Applying the usual approximation scheme to extend

Proposition 300 to n.f.p. sets, we get

h:
A$ = lim L/ (¢%— h,-gg) dmy_y + ;[ h,-Aq&dmN]

K

= —li;p}[¢Ah,~ dmy = 0.

(b) By Section 317, we see A = xxAf. Hence, Af =0 a.e. in K. By
Theorem 311, we have f € h(K;log'). Now use Lemma 318.
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Chapter IV
“Rational” Approximation on C¥

Abstract

Fix N > 1. For a compact set K C €N, we will write H(K) to denote
those functions analytic in a neighborhood of K and we will let R(K') denote
the closure of H(K) in C(K).

We will do our best to extend our Chapter I results to this new setting.
Unfortunately, the results will appear weaker. The stumbling block is the
following: If ¢ € D(C), then ¢ = — %543 in €. That is, the §-equation is

N
always solvable in €. Let f = Y f; dZ;, where each f; € D(CN). The
i=1

_ — - N
3 - equation is to find u satisfying: du = f, where fu = Y, 5% dz
. j=1
Since (5 o 5) u = 0, the 3- equation (in € V) is not solvable whenever 8 f # 0.
|

Important: We fix N > 1 and the unmentioned measure space will be normalized
(2N)-dimensional Lebesgue measure on IR?N = €N. (This normalization will be

explained below.)

Notation 400 We write z = (z;,-+-,2x) = (21 +1y1, -, zn + iyny) € CN and
2 =1(& +iZ) fQ C CVis open and f : —C, then f is analytic in Q
ifaﬁ;f;—EOianoreachISjSN.

Let gy, -, uny € M = M(CTN). Set u = (g1, -, un) and write g € MN. For

zg € CN, define the Cauchy transform of u,
N Zo)
(7o) = Z [& o (),
i=
We will also write
- _ (dﬂ» z— ZO)
fi(z0) —/ |z — zo|2N
The standard inner product on €N, being conjugate linear in the second slot,
g g

suggests such notation.]
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We will find it necessary to use differential forms (see [9, Appendices| or
[13, Chapter 16]).

Set
w(z) = dzA--- A dzn,
wij(z) = dzy A+ Adzjoy Adzjpgr A-o- A dzp,
N
n(z) = (=1 zu;(2),
=1

N
By = {ZG(BN:|Z|E Zz,-ij<1},
\jj=1

and dy = [ w(z)Au(z).
B3N

We will take ﬁ—w( ) Aw(z) as our normalized measure on €N, which we shall
abbreviate i —L—i Aw. All LP-norms, distributions, etc., will be with respect to this

measure. Note w(Z) A w(z) = (— l)mN_-l(2i)N dman. .

Proposition 401 Let 1 <p < =2 and p € MV Set

2N -1
( E I(Z J d .
) = —2)" dlsa)
i=1
Then g € L}, and hence o € LY .. ]

Theorem 402 (Bochner-Martinelli) [9, p. 16] Let f € C* = C*(CN) and let
Q C @ON be open and bounded, with 9Q € C'. Then

1 f(z) n(Z —Zo) A w(z) z) An(Z — Zo) Aw(z)
Ndy {84 |z — zo|2N n/ |z — zo|?N }

{ f(z0) ifz0€Q,
- 0 ionE(EN\ﬁ.
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Definition: Let S C €N be w A w-measurable. We say S has f.p. if there exists

p € MV satisfying 4 = xs a.e. ([0 Aw] in (IJN).

Proposition 403 Let @ C CN be open and bounded, with 09 € C*.
Then Q2 has f.p..

N .
Proof. Note 7(Z — Zo) Aw(z) = X (—1)* (Z — Zo), wj(Z) A w(z). Set
. 7=1 :
dpj(z) = Fhwi(3) /\W(Z)‘m and g = (p1, -+, pn). Taking f =1in
Theorem 402 gives: i = xq in CN \ (89Q). u

Notation: For f: ¢ N—C, write U f = (38.31—,“ Y 8—‘;%). We shall write 7 f € LP
if each 2L € L*. m
Regarding €N as IR?N, we may define the reduced boundary and n.f.p. sets as

in Chapter III. Using the usual approximation scheme on Theorem 402 gives:

Theorem 404 Let f € C., with \yf € L'. Let K C CN be a compact n.fp. set.
Then there exists E C K satisfying: (w A w) (E) =0 and

NdN{/ f(2) 7(Z = Zo) A w(z2) I[ (8f)(z) A n( Z-zo)/\w(z)}

|z—zo|2N |z — zo|2N

{ (Zo) leoEK\E,

0 ifzeCN\K.
|

Notation: Let p € M. For 1 < j < N, set fi(z) = fﬂﬁ%{,—du(z) Set

= (1, iAN).

Theorem 405 Let 2N <p< oo, p€ M, and f € C., with 7 f € LP. Then

[su= 535 [ (@) Ao nw
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where we have written (gf) B=3 g;

i=1 iH

Proof. Assuming supp f C RIB;n, we take K = RIB,y in Theorem 404:

[ 1@ aua) = - 5o [ ( QA Al ) ().
cN

Note (3f)(¢) An( — ) A w(¢) = Li’: 20 - z),] w() A w(f).

By Proposition 401, we may use Fubini:

[ #edut) = N—}": Lo (f E=5h auta)) wi@) ut)

= N_/ (VF)- #]wl\w

]
Notation: For fi, -, fxv : CN— @, set E(fl, In)= az,
Corollary 406 Let p € M. Then div i = —p in D'.
Proof. Let ¢ € D. By Theorem 405,
N ¢ a,z
W) =i (52) - - (L
= (_v i) ¢.
]

Lemma 407 [13, Theorem 16.3.4] Let f = Z f;dz;, where each f; € C!. Set
K = supp f and assume f = 0. Let Q denote the unbounded component of

CN\ K.
Then there ezists a unique u € C! satisfying Bu=fandu=0in Q. n
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Remarks:

(i) supp f = Usupp fj

(ii)
—_ N afk af. af}
=0f = —dz Adz; iff == (1<j(<N).
|
Section 408 Let 1 <p <IN a.nd u € M. Note iz € (Lloc)N, Letting :—, + % =1,

we see that if g = (91,"',gzv) € (L3)V, then }:1 Jgip;(WAw)= [(g-B)wAw
j=1¢N ¢N
converges. We will therefore think of i as being a linear functional on the vector

space (LZ)N. Recalling our notational conventions for this chapter, we will write

£(g) = F‘l‘;cf“ (¢9-E)@ Aw for g € (LI)V.

Theorem 409 Let K C CN be compact and p € M(K). Set
A={g=(g1,--,9n) : eachg; € C} (CN\K) and 36 = 2 (1< ¢<N)}.
Then p L R(K) iff k=0 in A.

Remark: We are using the notation introduced in Section 408.

Proof.

“—" Let g € A. By Lemma 407 (and the remark following it), there exists v € C!

with Vv = g. Note v € H(K). By Theorem 405, we have ji(g) = fvdu = 0.

“e=" Let f € H(K). WLOG, assume /f € A. By Theorem 405,

[ fdun=i(75) =0.
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We abbreviate the conclusion of Theorem 404.

Section 410 Let f and K be as in Theorem 404. Note

. . TN
(3) (2) Am(Z—Zo) Aw(z) = LZ (z - =0); ;(z)] w(z) A w(z).

=1

Let [xng]/\ denote the Cauchy transform of (g1, --,un), where

H = Ndy ¥ 5z,

Using the above calculation, we get

1 / (8f) (2) A0 (Z A Zo) A w(z)

NdNK

= [XK-V_f]A(Zo)-

|z — zo|2N

—1)y+?

Set du;p, = SHi— w; (Z) Aw(2) |p, and fup, = (f#1,8, ", fun,B,). Note

1 /(f(Z)n(?—?o)/\w(z)) = [fus]" (20).
By l )

NdN z — ZolZN

With the above notation, we may write the conclusion of Theorem 404 as

— 1A f(z0) ifz0€ K\ E,
[fr8, — xx V] (20) =
0 ifzeCV\K,

where FE is as in Theorem 404.

Theorem 411 Let f € C., with Vf € L'. Then f = — [Vf]" ace. If also

f € LP, where 2N < p < oo, then the above equality holds everywhere.

Proof. Use Section 410.
As in the proof of Lemma 132, we see [xng]/\ € C. Here we are using

71,\,—_—,€L",where},+§=1. |

|z
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Notation: Let A = (A;,---,Ay) € (D')V. For ¢ = (¢1,+-,6n) € DV, set
N

A-¢=3 Ajd;
j=1

Remarks:

(i) Note A -( ) is continuous from DV into C.

(ii) Note we can define A - ( ) if each A; € £’ and each ¢; € C'. In this case,
A - ( ) will be continuous from (C*=)" into C. |

Motivation 412 Let 2N < p < co and g = (g1, -, gn) € (L?)V. Since § € L},
we may think of § € D'.
Let ¢ € D. Then

§(4) = N%,N [ #2)8()(z) A w(z)

= NdN > / (NdN /(C z),lg;lgc) w(E)Aw(g)) $(z)w(Z) A w(z)

N
_ N_Z,/ (Nd /Iz CCI’)’J" o(z)w(Z )/\w(z)) 9;($)w(¢) A w(¢)

z / $:(0)g;(Ow(@) A w(¢)
=i

N J

This motivates the following definition.
Definition: Let A = (A;,--,Ay) € (£)". Define A : D—C by
X N
Agp = Z i(8)=-4-4.

Remark: If we use Proposition 144, we see <f>,,,~——+0 in C*™ whenever

ba—0in D. That is, A is a distribution. -
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Motivation 413 Let 2N < p < oo and g € L?. Since § € (LI)N, we may think of
je (D).
Let ¢ = (¢1,--,én) € DV. Then

g-¢

E [ 5(2)3(2)w(z) A w(z)

J—lcN

- NdNZ/(Nd /|¢ |z~9(C)w(C)Aw(C)) #;(z)w(Z) A w(z)

_ 1 / (NdN /(Z C)J¢J(Z)w(z)Aw(z)) g(()w(()/\‘W(C)

NdN ¢

Nd”[cﬁyw/\w-—g(fﬁ)

Definition: Let A € £'. Define A : DY — @ as follows:
For ¢ = (¢1,-+-,¢n) € DV, set K-¢= —AJ).

Remarks:
(i) Using Motivation 413, we see the above definition makes sense.

(ii) If we use Proposition 144 again, we see A - ( ) is continuous. |
Theorem 414 Let A € £'. Then (YA)" = —A in D,

Proof. Let ¢ € D. By Corollary 406,

(@a)"s = — (VA
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Theorem 415 Let f € C., with 7f € L'. Let K C CN be a compact n.fp. set.
Then
— —_ A
[fﬂBx + v (xxf) - XKVf] =0 in D.

Remark: Note we are using the notation of Section 410.

Proof. By Theorem 414, we have xxf = — [6()(1(]‘)]/\ in 7’. Now use the last

equality from Section 410. |

Remark: We would like to remove the transform in Theorem 415 and conclude
that fup, +V (xxf) = xxVf in 7. Unfortunately, we cannot (see this chapter’s

abstract).

Corollary 416 Let f and K be as in Theorem 415. Set D= {$ S 'D},
a subspace of (C=)V.

Then fup + v (xxf) = xxVf in D.

Proof. For A € (5’)N and ¢ € D, we have Ap = —AQ, by definition. Now use
Theorem 415. [ |

Section 417 A good problem is to characterize D. That is, fix
Y= (Y1, ,¥N) € (C°°)N and ask whether we can solve ¢ = 9 for ¢ € D.

This appears to be a very difficult problem. Note we are trying to invert a
transform. Another trouble spot: We have N equations for the one unknown. But
we shall overcome!

By Corollary 406, we see div 5 = — ¢. That is, = — div ¥ is a solution of
¢ = 1. Oris it? Note that for ¢ € (C=)", it does not follow that div ¢ € D.

Theorem 418 23={E¢':¢E(C°°)N andmtleD}. |
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We could, of course, restate Corollary 416 in these terms. Instead, we will
continue to use the notation D and ask the reader to keep Theorem 418 in mind

while reading these results.

Theorem 419 Let f € C., with Vf € L'. Let 2N < p < 0o and K C CN be

compact.
(a) f Uf € L? and if Vf = 0 a.e. in K, then fup, + xxVf = 0 in D.
(b) If f € R(K) and if K is n.f.p., then xxVf = 0 in D.

Remark: This theorem appears very weak compared to its Chapter I analogue

(Theorem 131). As stated in the abstract, this is the nature of studying such

problems in CN.

Proof.

(a) Use Corollary 416.

(b) Since f € R(K), there exists a sequence (f;) in H(K) with f;_f in K.
By Section 410, we see (fiup,)" = xxf; a.e.. Letting j / oo, we get
(fusx)" = xxf a.e.. By Section 410, we see (XKgf)A = 0 a.e.. Now use

the proof of Corollary 416. [ |

We will prove the analogue of Theorem 150, but first a Lemma.
Lemma 420 LetA € £ and¢ = (¢1,-++,¢n) € DV. Then (VA)-¢ = —A (div ¢).
Proof.

N N )
(TA) - $=3 ooty = —A (z —g";{) = —A (T 4).
j=1"-"3 J

i=1
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Theorem 421 Let K C €N be a compact n.fp. set and let f € R(K). Then
fupg +Vf=0inD.

Remark: From a regularity standpoint, we are only assuming f € C(K). Although
xkf is not necessarily a distribution, we know that if f € C., with v f € L!,

then by Theorem 419, we get xxVf = 0 in D. Along with Corollary 416, this

motivates the conclusion of Theorem 421.
Proof. Let ¢ € D. By Lemma 420,
(fuse + V1) 8= (fune)-¢ - f(F ) = [ fau,

where

1

N
b= { LZ(_l)mquw,-(z) Aw(z) |Bx] — (div §) T A w |K} :
N | |2
Note 4 € M(K). By Theorem 409, we need only show i =0 in A, where A is

as in Theorem 409.
So let g € A. By Lemma 407, there exists h € C! ((EN \ K) with vk = g. By

Theorem 405,

B 1 — 1
i(g) = N_dN.,N(K (g-#)wAw:—dNCN{K [(Th) - & T Aw

Since each ¢; is a convolution,

54; ¢-3), 88,
52 = 7o / T 52 (R Aw(e),
Since 7k = 0 in K, Theorem 404 shows: For a.e. (,

(xxh) () = 5o Z / = c|2~ h(2)w;(3) A w(2).
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By Theorem 411 and Fubini,

/hdp

— L -1V 1 (E_Z)j w(C)Aw z)w;(Z) A w(z
= Ny 2 1)*‘/(NdN |c—znz~¢“) @A (c)) h(z)w;(z) A w(2)

NdN/ ( NdNZ / = |,,’; 7, 22 ¢y (C)/\w(C)) h(z)w(Z) A w(z)

J—l

- -t 1 X G0
= NdN/ (NdN;z:ll (—1)* / P h(z)‘w,(z)/\w(z)) #()w(C) Aw(()

e EOLCTOINO
K
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Chapter V
The Cauchy Transform

Abstract

We return to the complex plane to discuss properties of the Cauchy trans-
form. Consider the following questions:

(i) Given f, is f differentiable? In what sense? Wha.t are its
partial derivatives?

(ii) Is f — f continuous? Is it compact? u

Important: Throughout this chapter, the underlying measure space will be
Lebesgue area measure on a measurable set S C (.

We begin by looking at the (pointwise) differentiability of f.

Lemma 500 [10, p. 155] Let r > 0. Then

Eo ‘lf'Zol < r,

/=i

Ll
z0

if |2z0| > 7.
Proof. Assume |zo| # 0, 7.

1 z r? dz
e ——
2rr J z— zg 271 A 2(z — 2q)

T r

0 if0<|zl<r,

r2 1 1
= 21riz/(z—z_;)dz= 2
o i} _

2
r P

if |Zo| >r.

The above also holds for zo = 0 (by continuity). Now use

1 / ds — _// Zo if |zo| < 7,
2nt )z -z z—zp | O if |zo] >
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Theorem 501 Fiz 0 < |z9| < R and f € L(RID).
Set g(z) = ﬁ—)—ﬂ—lxmp(z) and assume § is continuous at z = zp.
3 _ f— f(2)
Then (3f)(z0) = / ooy A
RD
and  (0f)(20) = —7f(2).

Proof. Define h(z) = f(z) + 7 f(20)z. By Lemma 500, for |zo| < |zo| + |a] < R,

Masdoble) - ) L [
— //Z_ZOdA—""f(zO [—_//z—zo]}

— f- f(zo)
- '{il/) (z — 20)(z — z0 — @) dA.

But
h(zo +a) — h(z0) f = f(20)
a / (2 — 20)? dA
=g(zo+a) — g(z0)—0 as a—0.
Hence,
(8f)(20) = (Oh)(20) = k'(z0) = / {z _f:;) dA.
RD

Since (8k)(z0) = 0, we see (8f)(z0) = —7 f(z0). [

Corollary 502 Let 0 < |20| < R and f € L}(RID). Assume there ezist r,6,C > 0
satisfying |f(z) — f(20)| < C |z — zo|° whenever |z — zo| < 7.

f f(ZO) dA

(z — z0)?

Then (8f)(z0) = /
and (8f) (z0) = —7f(z).
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ﬁ-)—ﬂ—lxnm(z)-

Proof. We will show: g is continuous at z = 2o, where g(z) =
Define a : (rID) \ 0—C by a(a) = §(zo + @) — §(z0). By the proof of

Theorem 501, we get

dA
afe) = a-{ﬁ/) (z—20)*(z — 20 — a)

Writing RID = D(2o; ) U [(RID) \ D(zo; r)] and using the Lips-condition gives

dA [L£ll: + 7 R?| f(20)|
la(a)| < |a| {C.é(/‘ ) |z — z0|2%|z — 20 — a * r2(r — |al) } .

Set Do = D(z9;7), Dy =D (zo; L;l) , Dy=D (zo + a; h;-l), and
A= {z eC: J;;.l < |z — 20| < r}. For z € Do \ (D, U D;), note that
|z —29—a| > %lz—zol. Writing Do = D, UD,;U[Do \ (D1UD;)] and using

(Do \ (D1UD,)] C A gives:

I =
5, |z — zo|?7%|z — zo — a
2 dA 1
< — —— -—
= |a] .// |z — zo|2-¢ + (|a|) // |z—-zo—a| 3/./ |z —zo|3‘

RGN e

where we have assumed (WLOG) 0 < § < 1.

Hence |a(a)| < Cla| (1 + |a|"1) —0 as a—0. Now use Theorem 501. |

We have two more results concerning the pointwise differentiability of f . We
will state both hypotheses in the manner of Theorem 501: It will be assumed that
a corresponding g is continuous at zo. Keep in mind, however, that if a Lips-
condition is satisfied (as in Corollary 502), then § is continuous at zo (as the proof

of Corollary 502 showed).
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Theorem 503 Let 0 < |z| < R and f € C.(RID), with 8f € L'(C). Set

g(z) = ﬂ—)—ﬂ—lxm(z) and assume § is continuous at z = 2.
Then (8f — 8f) (20) = 7 (3f) (20)7o.

Proof. For small enough ¢ > 0, set Q, = (RID) \ D(zo; ¢). By Lemma 500,
Lemma 201, and Theorem 501,

57(z0) + 7(3f)(z0)%0 = | / A+ (00 [—‘// _]
/’/ of - (af)(ZO)dA=]ei€(1’//[3(f f(zo)) f — f(z0) dA

z—2 z2—2zp (z — z0)?

If 2o # 0, then

f = f(z0) _ dz dz
[RE0E = e [ f(zo)Ré TR

sz(zo)/(_l___ _1._ -z—"l) dz =0,

z2 z—2zp z 22

which (clearly) holds for zg = 0 (also).

By continuity of f at z,

lie,(l) f—_-f(z"") dz = 0.
€ z —
8D(zg;¢) %o
Hence,
lim f-f (Zo) =0
e\0 z2—2
and we are done. |

Theorem 504 Let f € L;(C), with 0f € L'(C). Let zp € C and § > 0. For

¢ € D(zp;9), set g¢(z) = ﬂfﬁf'(ﬂﬂ and assume §¢(z) is continuous at z = (. Set
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h(z) = a@:—i&ﬂl and assume h is continuous at z = zo. Assume (Eaf) (20) exists.
Then (89f) (20) = 7Z0 (3f) (z0).

Proof. By Theorem 503, we know Bf = 5}‘ + 7Z0f in D (zo;9).
By Theorem 501,

(305) (20) = —7(f)(20) + 7 [Z0 (80F) (20) + (8f) (20)]

= WEO (53}’) (Zo).
Theorem 505 Let f € C(C). Then [|0f|° dA = -2 (3f,2f),
T
where ( , ) denotes the inner product in L*(C).
Proof. Step 1: We show: [J 0 (_faf) dA = 0.
<
Assume supp { C RoID. For |zo] > Ry, we see |f(zo)| < sz{,l'ﬁhn:-
By Corollary 502,
; _ f- f(zo)
(8F) (z0)] = | i < 20 flle [ [ p—
(1+]20|)ID RoD
rR2
< o———2—.
S Wl (= oy
By Proposition 129,
e . —_ (= 1 . = .
[[30f) o= o [ 3(7) - & . [ T
T RD RT
For R > R,
||fl|1 ™R3
/ 7|04 dizl < 2xR—t A R Rl a0 = RS
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By Step 1,

/c/]af“r aa = [[(af)3fda
_ //[ (faf) f] dA=- [[FBofda

By Theorem 504, we see 90f = nz90f = =0 (ng). Hence,
//|af|’ dA = —//?Eaf = —«/ 7o (zéf) dA
c
= = [[ |0 (7757) - (87) 3| 4

By Lemma 201, we get [J 3 f ) dA =0.
af

By Corollary 502, we have J ? = —nf. Hence,

J[105] da=-x* [[ 785 da = —=* (31, 25) .
C

Remark: By the proof of Corollary 502, we note C?(C )-functions satisfy the

hypotheses of Theorem 504. Except for one instance, we could have weakened

the hypotheses to f €Lips(C) having compact support, with 3f €Lips(CT).

(Such f satisfy the hypotheses of Theorem 504.) The one instance: We used

ddf = 9df. =
Instead of looking at derivatives evaluated at a fixed point zy, we now look at

derivatives in the sense of distributions.

Proposition 508 Let A € £'(C). Then AA = —7w (Z A A + 40A).
Proof. Let ¢ € D(C). Note
A (T9) = 490 (29) = 49 (20¢) = 4 (2009 + 8¢) = TA¢ + 40¢.
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By

No

Theorem 504,

Ahp = —(DA)$=-A(A4) = -7A(ZL9)
= —xA[D(Z9) — 40¢] = —7w (ZAA + 40A) 6.

tation: For ¢ € D(C), set L = H¢.

Remarks:

(a)
(b)

()

By Proposition 143, we note L : D(C)— C>=(C).
By Corollary 502, for zo € € and for large enough R > 0,

(5) () = [[ =220
RD

Using Theorem 505, we see | L¢||2 = — =? (543, z¢).

Motivation 507 Let f,¢ € D(T). Regard f as the distribution A;. By

Remark (a), ALy € T'(C). Assume supp f |J supp ¢ C RID.
Writing f(z) = [f(z) — f(¢)] + f(¢) gives:

sao) = [ [/ N dA(o] 4A(:)

RD

- //«»(0[/ f‘z f(‘)dA( ]dA(c)
+_//d>(z [/ f6) = z’dA 4)] dA(z
_//f(g) [//¢ C)ZC)dA l dA(¢

= Arsd+Arsd—As(L9).

That is, Asd = Ay (Lo).
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Definition: For A € £'(C), define LA € D'(C) by (LA) ¢ = A(L9).

Remarks:

(a) By Proposition 145 and Remark (a) (following Proposition 506),

LA is a distribution.

(b) By Motivation 507, for ¢ € D(CT), we see L(Ay) = ALy in D'(CT). |
Proposition 508 Let A € £'(C). Then LA = dA.
Proof. For ¢ € D(C),

(LAY ¢ = A(L¢) = A (39) = — (0A) ¢ = (8A)" ¢.

]
Proposition 509 Let A € £(C). Then A = LA + nZ0A.
Proof. Let ¢ € D(C). By Theorem 503,
(6A)¢ = —-A(0¢)=A[(99)"]
= A (04— 770¢) = A(L¢) — 7A[0(Z9)] = (LA + 7Z0A) 6.
n

Proposition 510 Let A € £(C). Then AA = —4xdA.

Proof. Let ¢ € D(C). For ¢ € D(CT), Corollary 121 shows v = — %gzz Hence,
(AA) ¢ = A(D¢) = —A (B9) = —4A (394)" = 4xA (94) = —4 (9A) 6. m

We now consider properties of f — f .
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Theorem 511 Let S C € be my-measurable, with myS < 0o. Let1l < p < o0 and
f € L7(8). Then ||fll, < 2v/7msS||fll,.

Proof. Assume first that 1 < p < 00. Forz € §,set C, = ﬂ - Choosing R > 0

2| °

so that TR? = m,S, we get C, < {!{) = 2y/rm,S. By Jensen s Inequality,
. 1 P
Iflle < // cr (5: // 'Cf(_—Oz‘ dA(c))_ dA(z)

(2\/1rm25)p— f/ ( / AP dA(()) dA(z)
< (2/mas) 171,

For the p = oo case, note || flco < ||f]|eo sup Cs- u
zZ€ES

IA

Proposition 512 Let S C € be measurable, with m;S < co. Let 1 < p < 0o and
assume rID C S. Set

1
ziz .
[2(},.’.1) ? tfl S P < w,

1 if p= oo.
Think of * : LP(S)— LP(S). Then aprr < ||| £ 2v/7™m,S.
Proof. By Theorem 511, we note ||*|| < 2/7m,S. Set f = zx,p. Note

(2"1""‘”)L if 1 <p< oo,

p+2
”f”p =
r if p = oo.
For1 <p< oo,
P
. ¢ . (wr2)ptl
P> —— dA(¢)| dA(z) = P d —
17122 J 1] 7= aa00)] dace // AG:) =5
5 rr +2
and hence, |flE > 2),, 71
For p = o, we get || fllw > [£(0)] = 7r? = 77| f||oo. u
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Section 513 By Corollary 121 and Lemma 134, the differential operator
Ly = — 13 is the algebraic inverse of *: For ¢ € D(CT),
$=—1(3¢)" and 3p=- r¢. Thatis,

("oLi)p=¢=(Lr10")¢.

Note that L, : D(C)—D(C) and L, : C°(C)—C=(CT),
while " : D(C)—C=(CT).

While the inverse of a differential operator is not necessarily compact, the above
suggests that in the correct setting, the Cauchy transform operator may be compact

(see Theorem 515 ).
Lemma 514 Let R > 0. Then there ezist C,8 > 0 satisfying:
dA
// — 22 < Clinla| if 0<|a| <6
] Tz —a]
Remark: The method of proof is that of [10].

Proof. Set D, = l—IID and D, = D (a, Lz-l) For z € (RID) \ (D, U D,),
|z — a| > 1|z| and hence [z(z —a)| > LE,L Note [(RID)\ (D, UD;)] € A and
I —4,. =2r [lnR —In (J%l)], where A = {z eC: I;J < |z| < R}. Therefore,

&Wd_fﬁ = Tl // 2] laI// e=a ¥ // 2P
= 27r{2+3[1nR zn(lg‘)]}.

Theorem 515 Let 1 < p < oo and 2 C € be open and bounded. Then
A LP(Q)— LP(2) is compact.
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Proof. Set B = {f € LP(Q):||fllp <1}. Let f € B and a € C. Assume
[QU(a + )] C RID. As usual, weset f=0in C \ Q.

J[1f G +a) - f)f da)

Q
=/n/ /n/f(c)[c_(i“)— Ciz] dA(C)

] £¢) -
=ler [f V/ € =2) - alc —2) “A©)
~ laP [ 1th= (P dAG) < (lall Bl A1 < (allbl?,

b4

dA(z)

’ dA(z)

where we have set h()) = mx(mm. By Lemma 514,

|k||s < C |in|a|| for a € © \ {0} small enough. Hence,

[[ fz+ )= i) daz) < (Clatnlally?

RD
and so
Jim s}telg/;/ ‘f(z +a)— f(z)lp dA(z) = 0.
By Theorem 2.21 [1], * is compact. |

Corollary 516 Let 2 be open and bounded. Let 1 < p < oo and g € L™(Q).
Define C, on LP(Q) by C,f = gf.
Then C, : LP(2)— L?(§2) is compact.

Proof. C, = "o M, where M, f = gf. Now use Theorem 515. u
Remark: By Theorem 511, we have ||Cy|| < 2v/7m2Q ||g]|co- |

Proposition 517 Let {8 C T be open, with m,§) < co. Let g € L>=(Q). Think of
Cy : L(Q)—L*(Q). Then C:f = —gf.
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Remark: By Theorem 511, we know C, € L(L*(2)), with
1G]l < 2v/mm2fY|g|lo. We compute its adjoint Cj.

Proof. Let f € L*(2) and ¢ € D(Q).

(6,C2f) = (Cot, )

- (99)(C) —_—
- // [/./ g_ dA(C)] f(z) dA(2)

- JJeo [// £ aac)
I // (s8F) (©)dA(0) = — (8,7 ).

Now use: D(R2) is dense in L%(Q). ]

dA(()

Proposition 518 Let 8 C @ be open, with m,Q < co. Let p € [1,2)U (2,00)
and g € L®(Q). Then C;h = gh, where we regard C; : LI()— L) and where

Lyl
Proof. Fix h € L3(Q2). For f € LP(Q),

(Csh) £ =h(Caf) = [[h(2)(Cof) (2)dA(2)
0

DE [// 5"%‘5’“(0] 4A(2)
- o[ oy

. // g£h) (Q)dA() = — (gh) £.

(¢)

Our use of Fubini’s Theorem is justified: If p > 2, then gf € LP; if p < 2, then

h € L9, where ¢ > 2. |
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Important: We now restrict our attention to the open unit disc ID. In the follow-
ing, the unmentioned measure space will be (ID, dA). So L? denotes L? (ID, dA);

C and H denote the functions which are continuous and analytic in ID, respectively.

Notation: For 1 < p < oo, set L2 = LN H. |

Theorem 519 Let g € L™ and f € L?. Then

PCgf=1l'i (fg7en+1)en:

n=0 /(n + 1)(n + 2)

where P is the orthogonal projection of L? onto L2, {e,, = /2" :ne ]N"} 18

L4

the standard orthonormal basis for L2 and ( , ) denotes the inner product in L2.

Proof. Fix n € IN*.
oty = [f ]2 dac)| 7 aace

=
")
Fix (€ID. For0<e<1—|[(],set Q({)={z€ID:|z—(|> €} and note

e - il () o

]
=

(9£)(¢) dA(S).

1
T 2n+1)i 1): e\o a0 C— z dz.
An application of the Residue Theorem yields
z "+1 / 1z" (g ) " > dz
- dz = 2} de=-3 ¢ =0

For 0 < € < 1 — (|, we note

z "l <n
/ dz = —2mi( *,
I¢—z|=e
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So

S(Cf ) = [T an A

= \/n+1 +2(gfven+l)

(Cnf’ en) =

and hence,

PC,f = Z (Caf: €n)en =7 Z (9f)€ns1) €n.

g 5 y/(n+ 1)(n +2)

It is often of interest to know if either C,f € L2 or C,f € (L%)L.
Corollary 520 Set L2, ={h € L2 :(h,e0) = 0}. Let g € L™ and f € L*. Then
Cof LL: iff gf L L2,
Proof. Use Theorem 519. .

Proposition 521 Let B : L}—L? denote the backward weighted shift having
oo
weight sequence (7("—+1)) :
nn n=1
x : >
W/ TyeThu ifn>1,

0 ifn=0.
Let g € L*™. Then PC, = BPM, in L(L? L?).

That is, Be, =

Proof. By Theorem 519, for f € L?,

BPM,f =

i (9f,ens1) €n+1]

n=-1
ad 1

y €n+1 e,,:PC'g .
a0 /(n + 1)(n +2) (91, ens1) d

= 7
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Proposition 522 Define C : L°—K(L?) and M : L>— L(L?) by
C(g) = C, and M(g) = M,, respectively. Then PC = BPM in L(L*,L(L?, L2)).

Remark: K(L?) denotes the compact (linear) operators from L? into L?
Proof. Use Proposition 521. |

Notation: Let 0 < p < oo and H be a Hilbert space. We let K?(H) denote those
compact operators K (on H) satisfying the following condition: The sequence of
(nonzero) eigenvalues of vK*K belong to . [See [4, Exercise 2(e), p. 18] for the
definition of VK*K.]

Lemma 523 Let B : 2 (IN*) —¢2 (IN*) be a backwards weighted shift having weight
sequence b = (b,)>,, with each b, > 0. Let 0 < p < oo.

Then B € K? iff be €°.

Proof. If we think of B as an infinite matrix, then v B*B = diag[0, by, b3, - -]

Hence the sequence of eigenvalues is (b,). [ ]

Theorem 524 Let g€ L™ and 1 < p < co. Think of PC,: L2—L2.
Then PC, € K?.

Proof. Use Proposition 521, Lemma 523, and the following fact:
K? is an ideal (in L (L32)). |

Recall: ([4, Chapter I] ) Let (e,) be an orthonormal basis for a (separable) Hilbert
space H. For T € L(H), define Ar : K}(H)—C by

Ar(K) =tr(TK) = X (T Ken,e,). By Chapter I, Theorem 4.5 [4], T — Ar is an
isometry from L(H) onto [KC!(H)|". Hence (with the above identification), we

may think of L(H) = [K'(H)]". [
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Notation: For a normed vector space X, let (X*,w — %) denote the weak-star

topology on its dual X~.

Lemma 525 Let H be a (separable) Hilbert space and let T,—0 w —* in L(H).
Let S € L(H). Then ST,—0 w —x in L(H).

Proof. Fix sequences (z,) and (y,) in H, with ¥ (||zal|?> + ||ya[|?) < o©. By

Chapter I, Proposition 5.5 [4],
E (ST"Z“' y") = E (Tazny S‘yn) —0
and hence, ST,—0 w —*in L(H).

Theorem 5268 Using the notation of Proposition 522, we have that

PC is continuous from (L®, w — *) into (L(L2),w — *).
Proof. Let g,—0 w — * in L. Fix sequences (f,) and (h,) satisfying :

3 (1fallZ + [1Rall2) < oo,

S (PMy fahn) = 3 (gafarhn)
= Z//gafnzn dA = //ga (Z fnﬁn) dA—0
D D
since the series is an L!-function.

So PM,,—0 w — *in L(L?). By Proposition 522 and Lemma 525,
PC,, = BPM,,—0 w— x in L(L2). =

Section 527 Fix zo € ID.
Note f +— f(z0) is a bounded linear functional on L2. Let k,, € L? represent

this functional: For f € L%, we have f(zo) = (f, k., ). Note k. (z) = -}h—_.}W
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Define 1,, : L*—C by 7,,(g9) = (PCyeo)(20). By Theorem 511,
720 (9)] = [(Cgeo, ks )| < [|Creollzllkzllz < 2|9l oo [k l2-

Hence, 7,, € (L®)", with |7, || < 27||kx, ||2-
Set X = K'(L2) and Y = L'. By Theorem 526,

PC: (Y, w — *) — (X", w — x) is continuous. Hence, there exists § € L (X,Y)

satisfying S = PC (see Exercise 6, Chapter 4 [11]). We have the following:

Kt (L) = 1!
L(L2) "= 1=

Define \,, € K (L?) by A, (f) = f(z0)eo. Let Jy : K} (L2) — [L(L2)]" and
Jz2 : L'— (L*®)" denote the respective canonical isometries (see Section 4.5 [11]).

|
Theorem 528 J,S5A,, =1, in (L™)", where S is as in Section 527.

Proof. Fix g € L™.

[(PC) J1A%] 9 = (J122) (PCy) = (PCy) Azg = tr (A;0 PCy) = 3 (A2 PCyen, €n)
=Y (PCgyen, ks ) (€0,€n) = (PCyeq, ks, ) (€0, €0) = T2, (9)-

So 1, = (PC)" 1), = §S* 1Ay = J2SA,, in (L™)". [ |

We simplify the formula of Theorem 519 by eliminating the infinite series.

Proposition 529 Let g€ L™ and f € L%. Let z9 € ID and set
L.(z) = 1%5; € H™. Then (PCyf)(20) = (9, Ls)-

.z-o z
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Proof. Note

K., (z) = E\/n+1 Zy en and

L,(z) = 20 Wenﬂ

Hence, by Theorem 519,

(PCLS) (20) = (Caf  K) = VR 3 72 (0f,ent) = (3, L)

n=0

Proposition 530 Define T on L? by (Tf)(z) = (f,L.). Then T : L*—L2? is

continuous, with ||T| = Z.

Proof. Fix f € L. Set Pf = 3 anen. Since

n=0

oo En—-l
Lz = ——=Cn,
\/77"2_—;1 n+le

we have

(Tf)(z) = (PfL)—”Z \/Ten_

which shows Tf € L.

Note
7118 = 3= el < TS o < Thpsi <
? Zam+l) - 249" 2 = 2
So [T <%
Since T'e; = J=eo, we see || T|| = 7. m

Section 531 Fix g € L™. By Proposition 529 and Proposition 530,
PC,=TM, in L(L? L?). Using the notation of Proposition 522,
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PC = TMin L(L*®, L(L?,L2)). By Proposition 530, | PC|| = | TM| < |T]| = 3.
The formula for T'f in the proof of Proposition 530 shows: T = BP in L(L?, L2).
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Chapter VI
The T, Operator

Abstract

For ¢ € C1(CT), set Tpf = ¢f + 1 (f5¢)A, where we assume f is such
that the right-hand side makes sense. Ty is an essential tool for studying
uniform algebras (see [6]).

The following (Theorem 604) is our most useful result concerning the Ty
operator: let 2 C € be open and f € L1(2). Then for all zo € C,

(Tof) (20) = 5 / 2L

Important: We will again let S C @ denote an m;-measurable set; m, is the

measure under discussion. |

Definition: For ¢ € C®(C), define Ty : D'(C)—D'(CT) by
T,A = ¢A+ 2 ((34) A)".

Remark: We have stated the above definition in only one of its possible forms.

For example:

Fixne N. lf K C € is compact and if r € D(C), then by Theorem 511,

i+t #
ma.x{‘(9 Tyt (2)

:J+¢<n-1 and zEK}

J+L

2y/mm,; K max { 9

ooyt )

:7J+€<n-1 and zEK}.

So if ¢ € C2(CT), then we may define Ty on D/, _,(f2), as Leibniz’s Rule and the

above inequality shows. [
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Proposition 8600 Let ¢ € D(C). Then Ty : D'(C)—D'(T) is continuous.

Proof. Let A,—0 in D'(C). Let ¢ € D(C). By Proposition 143,
(3¢) ¥ € D(T). Hence (TsAa)® = Aa (%) — 1Aq [(39) %] —0. -

Remark: Using the same proof, we see: If ¢ € C(C), then

Ty : E'(C)—D'(C) is continuous. . ]

Definition: For (m;)-measurable S C @, set (HD')(S) = {A :there exists an
openset @ C € with S C Q, A€ D'(Q),and A =0in D'(Q)}.

Proposition 601 Let ¢ € D(C) and K C € be compact. If A € (HD')(K), then
TsA € (HD') (K).

Remark: During the proof, we must avoid the problems apparent in the above

statement.

Proof. Assume 2 C €, K C Q, A € D'(Q), and JA = 0. Choose a bounded
open set ; C C satisfying: K C Q; C Q; C Q. Choose ¥ € D(Q), with ¢ =1
in Q;. Then A € D'(C), ¥A =Ain D'(Q), and 8(A) = 0in D' (Q;). We show
3[Ty (¥A)] = 0in D'(R,). [Note Ty (¥A) € D'(CT).]

Let 7 € D(€,). Note ¢r € D(€).

BT @A)} r = - [¢¢A+% ((38) wn)"] (3r)
= —($A) [qs‘éf— L (39) (Er)“]

T

= (¥A) [#3r + (39) ] = — (wA) [3(47)]
= [F@A)](4r) =0.
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Proposition 802 Let Dy(T) denote the distributions of order zero (see page 15 of
the “Preliminary” Section). Let ¢ € C}(T). Then Ty : Dy(C)—Dy(CT).

Proof. Let A € Dy(C). Clearly A € Dy(CT). For ¥ € D(CT),
((38) A)" = —A [(38) #] and hence, ((38) A)" € Dy(C) by Theorem 511. =

Proposition 803 Let1 <p < oco and ¢ € C}(C). Let S C C be measurable, with
m2S < co. Then Ty : LP(S)— LP(S) is bounded.

Remark: See the remark preceding Proposition 600.

Proof. By Theorem 511,

ITsll < IMsll + 1" 0 Mzyll < N6l + 2¢/7m2S [|58]|co-

Notation: Let § C € be open and 1 < p < o0. Set LE(Q) = (LPN H) (). Such

spaces are called Bergman spaces.

Theorem 604 Let ¢ € C}(C). Let @ C C be open and f € LL(Q). Then for all

ZOEG}:

¢f ..
— 29 )

z

(Tof) () = 52 [
an

Remark: Weset f = 0in €\ Q. Again we warn: The integral must be interpreted
as a limit (see Section 122).
In many applications (see [6]), ¢ € C! (D (¢;8)) and ¢ = 1 in D (&;28), where

6 > 0 is small. The only interesting case is { € 9%2.
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Proof. By Proposition 126, let K,—Q inner interior f.p.a.. By the proof (of
Proposition 126), we may assume each K, CintK,; and xintk,—Xn everywhere.
Fix n. Note K, is a compact subset of ; with n fixed, we may extend f|j_to
be in D(§2) while retaining the (original) values of f in a neighborhood of K,. By
Lemma 106, we may write (¢f, K, E,). Since ¢f € C*(C), we see E, C 0K,.

Let zo € 2. Assume zy € intK,,. By Lemma 106,

L[ L s / WD g L | z"if dz — (¢f) (z0),

ra zZ— 2 Zme,.
hence,
1
(Tef)(20) = (#f)(20) = // ——d
0
. ;]
st B
K
= -L-hm ¢f dz = 1 ¢f dz.
2w . z— Zo 27r1.an z— 29
For zo € C \ Q,
1 1o
;/Z-Z—ZodA - h // (Z—Zo) d4
= —,]im d,f d —L, ¢f dz.
2m ‘ z— 2Zg 21”80 z— 29
Since (¢f) (z0) = 0, we are done. [

Important: We again restrict our attention to ID. So again, L?, C and H

denote L?(ID, dA), C(ID), and H(ID), respectively.

Notation: For f : ID—C and n € Z , define f(n) = ;};h}x} [ f(2)z"+ dz

"

(provided the limit exists), the n*t Fourier coefficient of f.
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Remark: It is unfortunate that f(n) could be used to denote the Cauchy transform
of the function f evaluated at zp = n. We will avoid such confusion: Forn € Z ,

f(n) will denote the n** Fourier coefficient of f.
Proposition 605 Let f € C, with 3f € L*. Letn € L . Then f(n) erists.

Proof. Fix 0 < » < 1. WLOG, we may assume f € C. = C.(ID) while retaining
the values of f on rID, where r <, < 1. So & [ f(2)z"*'dz = [/ 8 (z™1f) dA.
+T rID
Letting r * 1 gives: f(n) = [J 8 (z™*'f) dA.
D

Theorem 608 Let ¢ € C}(C) and f € L.. Then
Tof = f: d:?(n)z“, the Taylor series expansion of Tyf in ID.
n=0

Proof. Fix zo € ID. Let |z9] < » < 1. Note

1 r_¢f _ 1 of 1 8f
2r1J z— 2z dz = 21ri/z(1— a) dz = 21riz_:oz° /
+T +T z n= +T
1 & 23

= > F2(nt1) z"gf dz
n=0

2m

T

- 15 ] s vzer ez o] as

and
S |2 [zmigran <23 |12 0", 5
Z 1'2(""'1) ¢f z Z n+2 + 1) "¢f”1 +1'"+1 ” (¢f) ”1 < oo.
n=0 *T

Let » / 1. By the Lebesgue Dominated Convergence Theorem and Theo-

rem 604, we get (Tsf) (z0) = o}f: z{,‘&f(n). [
n=0

Corollary 607 Let1 <p < oo and ¢ € C(CT). Think of Ty € L*(L?). Let A € C.
Then ker (Ty— \) = {f € L2 : (($ = 2) f)"(n) = 0 (n € IN")}.
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Remark: Let f € LE. Thinking of f as being the distribution Ay, we see
A; € (HD')(K), for all compact sets K C ID. By Proposition 601, for all such K,
TsAs € (HD')(K). That is, Ty : LP— L2. By Proposition 603, we see Ty is
bounded.

That is, Ty is an element of L (L2).

Proof. Let f € L?. Choose ¢y € C}(CT) satisfying: ¢x = ¢ — A in ID. For n € IN*,

Hf(n) = lim ;;/z"ﬂmf dz
= lim - 4‘"“ (62 fdz
= (6= N 11" (n).
By Theorem 606,
To=Nf=Tof = 6 ()= 2 (4= 0 1) (),

Proposition 608 Let 1 < p < co and ¢ € CY(C). For S C L9, write
St = {f €Lr: [f fgdA=0 (g€ 5’)}. Think of Ty € L(L?). Let A € €. Then
D

Ker (Ty =) = fjl {3l (4 - M1}

Proof. Let f € L2 and n € IN*. Then

(4-N ") = lm=— [Fs- v
= = // f3[z™ (¢~ 3)] da
Now use Corollary 607. [
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Proposition 609 Let ¢ € C} and A € €. Think of T, € L(L2).
Then Ker (Ts—A)={f € L2: Po[(¢—2)f] =0 and [(¢— ) f]"(0)=0}.

Proof. Let f € L? and n € IN*.

(" 0((6- N f) = // 9 [(6- 1) ]dA
= // SCESY dA——hm/ @—N7d
- i.limr /f'"(¢—A)fdz=W((¢—A)f) - (n+1)

*T

= #[(¢-2) f]"(n+1).

Now use Corollary 607. [ ]

Theorem 610 Let ¢ € C}(C) and A € C, with ;1; € C(ID). Think of
T, € L(L2?). TFAE:

(1) Ker (T — ) # (0)

(2) There ezists g ® h € L2 ® (L2)" satisfying:
@ 0 (55) me L? and
) (5= ) @ =0

Proof. Let f € L2. If P3[(¢ — A) f] =0, then 8[(¢ — A) f] = h for some
h e (Li)l. Writing 8 (d — \) f = h, wesee (¢ — ) f = — ifrt + g for some g € L2.

(1) = (2) Use the above and Proposition 609.

(2) => (1) By Proposition 609, we see f = ;159 — -}I:z € ker (T — A). |
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Let f € L?. What is the relationship between Pf and f f(n)z"?

n=0

Proposition 611 Let f € CNL?, with 8f € L. Then

Pf=3 [~ — (3f,:™)]

n=0

Proof. Note Pf = f (f,en)en = § 2tl(f 27) z". For each n,
n=0 n=0

(f,2") = / [ fozm+144

n+1r/'1

- T [hm ) e [ @) a

= = [7rf(n) — (a1,2™)].

||
1 o . T2 2 _ en_ _
Notation: Define B : L;—L: by Be, = ﬁ, where we set e_; = 0. Set
X={feCNL*:3fcL*} and define T on X by Tf = % f(n)z".
n=0

Proposition 612 P =T — BP3 in X.

Proof. By Proposition 611, for f € X,

Pf = Tf— %i(gf,z"“)z"
= Tf—i 1 (—a_f,€n+1)€n

a=0 /(n +2)(n + 1)
= Tf-B i (Ef, e,m) ent1 = Tf — BPOS.

n=0

Proposition 613 7 : X — L2 is bounded, where we define ||f||% = ||f]12 + |0f|2

to be the norm on X.
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Proof. For f € X, Proposition 612 gives: ||T f|l2 < || fllz + || BIl||0f]|2-

As mentioned in the remark following the statement of Theorem 604,
T, is an “interesting” operator (on L?) provided both ID \supp ¢ and

DN(CT\ supﬁ @) are nonempty.

Construction 614 Fix 0 < § < §. Define 75 : R— [0, 1] by
1 if0<|z| <26

1— =220 595 < |2 < 36

263
1'(1:) = {

(=81 3135 < |o| < 45

. 0 if 46 < |z|.

Note 7 € C}(IR) and 0 < 75 < 1.
. Let

Define ¢5 : ©— [0,1] as follows: Set ¢(1) =1 and R = ’1 — et
z€ €\ {1} and set r = |z — 1|. If » > R, then set ¢5(z) =0. If »r < R,
then TNOD (1;7) = {e’,e‘“} for some 0 < 6 < 46. Set ¢s(z) = 75(9).

Note ¢s € CH(T), 0< s <1, suppgs = D(1;R), and supp 0¢s = A,
where A={z€C: B <|z-1|<R}.

Calculation 615 With ¢; as above,
) - {sin 3né + L5 [sin2n8 — 2sin 3né + sin4nd]} if n #0,
¢s(n) =
¥ ifn=0.

Note that for n # 0,

$5(n) = — L Im {esi”& + ;’2—67 [ez"'w (1 - eins)z] } .

™
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Theorem 616 Let 0 < § < 5. Let ¢ € C!(D(1;48)), with ¢ = 1 in D (1;28).
Think of Ty € L(L2). Then Ker Ty = (0).

Remark: Note such ¢ (= ¢;) were given in Construction 614.

Proof. Let f € ker Ty. Set p = Lf3¢m,, K = {z €eD:26<|z-1 < 46},
Q, =D\ D(1;44), and Q, = DND(1;26).

Note suppy C K. Now 0 = Tyf = ¢f + i, hence i = 0 in Q,. Since S?\ K is
connected, f =0in Q;. But f =¢f — iin Dz and f € H. Hence f=0inID. W

Section 817 Let ¢ € C}(C). Think of Ty € L(LZ). We compute T; in two

different manners.

(1) Using the notation of Chapter V, we have Ty = M, + 1C5,. As operators

Py

on L?, we have M; = M and (by Proposition 517) C§¢f =—f 3¢
Hence Tjf = P [J,f— 17 3¢ ]

(2) Let fe L2andge H (ﬁ) By Proposition 611 and Theorem 606, respectively,

we may write

_f=\/—z\/7T and

n=0
bg(n)
T. =
#9 VT :L; i
Letting ( , ) denote the inner product on L? ,

(T;f,g) = (f,Tsf) =wiﬂ%.

n=0

For each n € IN*,

Bn) = 5= [ o) 2

2m

= 2,”ZQ(J /¢(z 2z "“dz—zg (7)é(n — 7).

j=0
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For m € Z , we note ¢(m) = cz(—m). Since ¢ € ¢=°(Z ) and § € £}(IN*),

we may use Fubini:

(13£,9) = =3 L2 ED (Zg(w(n—z))

n=0 )=0
)

_ g[ {j:—l)(j+l)§ f(n¢(J ][\/:9(1]

Using the density of H (I—D_) in L? gives:

Gf=SG+1) |3

=0 n—o

(n)qso )} g

Notation. Set Y = {f €L:: (ﬂﬂl) € (1}.
n=0

n+1

Remark. Y is “almost” L2. That is, if f € L2 and € > 0, then by Cauchy-Schwarz,

~

= |f(n
e

1£112

Theorem 618 Let ¢ € C1(T). Think of Ty € L(L’) Let feY.
Then T} f = fo(j+ 1) (8F)" (j)#, where F = z; fn)
J= :

Proof. By Section 617,

if = S04 1) [guu] J

=0 n=0 n + 1
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=0 n+1 aon+1 271'1T
- L in [ () .
- 21ri,1[¢(z) = (§n+1z ) %
= (3F)"(3)

Section 619 Define r € (= (IN*) by 7(n) = /757 Set
2 = {a=(an)S : Ta € £?(IN*)}, where (Ta) (n) = 7(n)a,. Define an
inner product on £; by (a,b)s = (ra,7d)¢mv).
Define U : L2—£2 as follows: Let f € L? and write
f= 'go \/:%Tf(n)e,.. Set Uf = f, where we write f = (f(n))::o [We will only
use this notation in this section and in Proposition 620.] Note U is linear, 1 — 1,

and onto. Note U also preserves inner products: For f,g € L? |

> 7

(Uf.U9)g = (£.9), = (7£.78) pneey = f(n)3(m) = (£,9)z3

a —n+l
Let ¢ € C!(C). As in Section 617, for f € H (ﬁ),

T
n+1

Ty = 3 | = (m)en = 3 ($+ £) (em,

n=0 n=0
where ($ f) () = L #(n 1) f(5).
Define t4 : £ (IN*) —& by tya = ¢ * a, where we think of £! (IN*) as sitting
inside £2.

Set Z = {sza"z“:Z|an| < oo} and
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note that U* (£! (IN*)) = Z and that ty = UT,U" in £! (IN*). Now UT,U* is defined
on all of £2. Since Z is dense in L2, we see {! (IN*) is dense in LZ. Hence we may

extend ¢4 to all of €2 by t, = UT,U™. |
Proposition 620 Let ¢ € C1(C) and b€ £2. Then t3b=% [;* ('rzb)].
Proof. For a € £! (IN*),

(a.t38), = (toa,b)g

= (és*a,b)ngn:l(&*a)(n)zn
3 oo r o . E —eo o =— T E
- ”=on+l J§o¢(n_])a’1 "—J';oaj '§)¢(]_n) n+1 n

> = [ LS -]
= (‘ra,;l_- [:;* (TZb)Dp(N-)
= (a,-}; [;S* (rzb)])g .
Now use the density of £! (IN*) in ¢2. [ |

Section 621 Let 1 < p < oo and ¢ € C}(C). Let S C C be bounded. In the

next few sections, we consider the following questions:

(a) By Theorem 511, we know: M,T, — TyM, € L(L?(S)). What else can we
say about M,Ty — TyM,?

(b) How close is Ty to a multiplication operator?

(c) Let N<LP(S).Is M,N C N?Is TyN C N? m
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Theorem 622 Let 1 < p < oo and ¢ € CHC). Let S C € be bounded (and
measurable). Then M,Ty — T,M, : LP(S)—C, where we identify C with the
constant functions (in LP(S)). In fact, for f € LP(S),

1 —
(M.Ty - ToM.) f = - — /S/ f3pdA.
So if N < L?(S), then M,Ty = TyM, in N iff 3¢ L N, by which we mean
//f5¢dA= 0 (feN).
S
Proof. Let f € L?(S) and z € S. Note

(M.Ty - ToM.) f](2) =

[(qsf)( // 2D a0 - [¢( 1)+ ] ”B"’)“)dA(o]

Writing z = (z — () + (, we get
(M.Ts ~ TuM) £1(2) = = — [[ (£38) (
s

Lemma 623 1 < p < oo and ¢ € C}(C). Let S be bounded and N < LP(S). If
¢ ¢ N+, then 1 € (M,Ty — TyM,) N, where 1 denotes the corresponding constant

function.
Proof. By Theorem 622, for f € L?(S5),

(MTy - ToM,) f =~ = [[ f5paa
S
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Theorem 624 Let 1 < p < oo and ¢ € C}(T). Let S be bounded and N < L?(S).
Assume 9¢ ¢ N, M,N C N,and TyN C N. Then P C N, where P denotes

the polynomials (in z).
Proof. By Lemma 623, we note 1 € N. [ |

Corollary 625 Let1 < p < oo and ¢ € C}(C). Let S be bounded and N < L?(S).
Assume M;N C N and TyN C N. Then either

(i) PC N or
(ii) M,T¢ = T¢M, in N.

Proof. Assume (i) does not hold. By Theorem 624, we get 3¢ L. N. Hence, by

Theorem 622, (ii) holds. [

Notation: For zo € € and f analytic in a neighborhood of 2o, let n( f; zo) denote

the order of the zero of f at z,.

Proposition 626 Let 1 < p < oo and ¢ € CHCT). Let @ C C be open and
bounded. Let N < L2(Q), with N # L?(Q), M.N C N, and T,N C N.
Let f € N and z9 € Q. Then n(Tyf;20) > n(f;20)-

Proof. Set m = n(f;z). Write f = (z — z9)™ g, where g € L2(£2) and g(zo) # 0.
By Corollary 625,

Tof =To(M; — 20)" g = (M. — 20)" Tog = (2 — 20)™ Tyg.

So  n(Tef;20) = n(f; 20) + n(Tpg; o). [ ]

Theorem 627 Let ¢ € C}(CT).
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(a) Let 1 <p< oo, K C C be compact, and g € L*(K).
If Ty = M, in LP(K), then xx (8¢) mz L R(K).

(b) Let 1 < p < o0 and @ C C be open and bounded. If 3¢ L LB(Q), then
Ty = M, in L2 () for some g € H*(Q).

Proof.

(a) Set %(z) = — 2/ BEGA(). For f € LP(K) and z € K, Corollary 121
AO\K

shows:

(f9)(z) = (Myf)(z) =(Tsf)(2)

iC) // )+1// (f5¢>)(6)dA(C)
= () // f“’ 1) (38) (¢ a40).

Setting f = 1 in the above gives: g =9 in L®(K). So for f € LP(K),

/“C) f (38) (¢)dA() =0 forae z€K.

Fix zo € € \ K. Setting f = 1~ gives:

0 = /,[ ﬁc'_—f-%(%)(c)m(o

= - 1 / (04)(¢) dA(¢() forae. =z€K.

z—z20/7 ¢ — zo

(b) Set g(z)=— 1 [ ‘%‘{)ﬁﬂdA((;). Note g € H®(Q). Let f € L?(Q) and z € Q.
an
Then

(Tof) () (5)+ = //f —) (35) (¢)aa0)
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= (f9)(2) = (M,f)(2),

since h({) = f((’) f(z) € L2(Q).
|

Remark: The proof of (a) shows: Let 1 < p < o0 and € C C be open and
bounded. If g € L=(Q) and if Ty = M, in L?(Q), then in fact g € H=(RQ). n

Theorem 628 Let 1 < p < oo and ¢ € CL(T). Let S C T be measurable, with

m2S < 0o. Set
= {fEL’(S):fz__—fizoo)J.Eqﬂ for a.e. zg € S}.
Then Ty = M, in N, where g = — * (xes94) .
Proof. As in the proof of Theorem 627, for f € N and a.e. z € S,

T (@) = (9)(2) + 1 [ LIE (38) (00440 = (9) () + (1) ).

]
Remark: Note g € H* (int S ). |
Theorem 629 Let 1 < p < oo and S be measurable, with m,S < oo.
Let N < LP(S) satisfy:
(i) =L € N whenever f € N and for a.e. zo € (supp 8¢) \ S and
(i) £45) € N whenever f € N and for a.e. 2 € S. O

Then Ty : N—N.
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Proof. Fix f € N and g L N. [Here we think of g € (L?(S))": So g € L(S) and
JghdA=0 (h€ N).] As in the proof of Theorem 627,
s

9(Tuf) = [[9Tsfaa

Syi {—f(Z) [ G 4y
5 Qs

v [[ =12 (3 (c)dA(o} 9() dA(2)

S
_ %{ [l ( //%M(Z)) (36) (0)4A()
Q\s s

+ff (//%g(z)dfl(ﬂ) (38) () dA(0)}
= 040

by (i) and (ii), respectively.

The use of Fubini's Theorem is justified for the following reason:

[ 1tfa) 2 ( /]9 dA(o) dA(z) < o0

since fg € L1(S) and the inner integral is a bounded (continuous) function (of z);

i

since 1 * |xsf3¢| € L?(S). m

(e dA(c)) 9(3)] dA(2) < o0

Theorem 630 Let1 < p < oo and ¢ € C}(C). Let S be bounded and let
N, < LP(S). Let N, denote the closure of TyN, in LP(S). If M,N, C N;
and 8¢ L Ny, then M,N, C N,.
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Proof. Fix f € N; and g L N,. Now M, f € Ny, hence, TyM,f € N, and so
g(TyM.f) = 0. By Theorem 622,

g(M.Tyf) = g (TeM. f) - % (// f5¢dA) g9(1) = 0.
‘ )

Section 631 Let 1 < p < co and ¢ € C}(C). Let S be bounded, let Ny < L?(S),
and let N, denote the closure of TyN; in LP(S). Assume M,N; C N;.
The proof of Theorem 630 shows the following: For f € N; and g L N,

1 —
9(M.Tyf) = - — (//fa¢dA) (//gdA) .
s s
So if we