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(ABSTRACT)

Commodity options add a new dimension to grain farmers’ marketing alternatives. Producers
of grain can now effectively ensure themselves a floor price without the risk of production shortfalls

resulting in losses due to overhedged positions.

The purpose of this study was to determine optimum hedge levels using both commodity
options and futures contracts and then compare the hedging tools given various location, crop mix,
and levels of financial leverage. " The study used portfolio theory where hedging strategies were
simulated over time and minimum-variance hedge levels determined. Crop diversification and
financial leverage were addressed using Quadratic Programming techniques. Selected strategies were

tested over a new data set.

Commodity options are superior to futures contracts as a hedging tool for early season
hedges. This was particularly true for crops with highly variable yields. The results also indicate
that commodity options are a viable alternative for reducing long-run income variation and that

crop diversification reduced income variation but did not reduce the overall need to hedge.

The study presented here is unique in a number of ways. Initially, very little if any published
work is available on hedging grain with commodity options contracts. Secondly, the study
addresses hedging strategies under the realm of production uncertainty. Finally, the study

demonstrates there are E-V efficient alternatives to strict cash sales.
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Chapter 1. Introduction

Product marketing is now viewed by many farmers as their number one problem. This is
evidenced by the considerable number of hedging studies whose purpose was to develop strategies
to reduce price risk (Kenyon, 1984a). Marketing strategy research indicates that marketing is a
complex discipline with no simple set of solutions. A farmers” approach to marketing depends on
a multitude of factors which include crop mix, location, storage availability, cash flow needs,
financial strength, risk preference and overall level of interest in marketing. Most producers,
however, become frustrated with the complexity of marketing their product and subject themselves
to volatile swings in market prices. This problem can only be solved through extensive market

research and farmer education programs.

Grain producers have relied primarily on two alternative markets for pricing their products.
They use the cash markets with its assortment of spot pricing, forward cash contracts, delayed
pricing, price later contracts, basis contracts, and etc.; or, they hedge their products in the futures
market. The cash markets have been the primary markets used by grain producers to price their
products. A Commodity Futures Trading Commission survey by Helmuth indicated that only
11.9% of the grain producers surveyed had hedged their crop with futures during the period 1972
to 1976.
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Futures markets have lacked support from farmers due to lack of understanding of the
markets, lack of operating capital and/or adequate financial credit needed to maintain margin
requirements (HarriS and Baker), or lack of need due solely to the producer’s price-yield relationship
(Rolfo, McKinnon). Futures contracts, however, can provide producers with a flexible alternative
to strict cash sales. Futures act as a forward pricing mechanism independent of local cash
conditions (Carlton). Cash markets force producers to accept a spot price or a deferred price at a
stated basis. A hedge allows the producer to set the general price level of the commodity without
commitment to a basis level. In adfiitiop to possible basis appreciation, futures markets are liquid
and allow producers to lift hedges in anticipation of a future price increase. The flexibility, of
pricing in futures, however, is not gained without risk of losses. Producers stand to lose substantial
amounts of equity while attempting to lift and replace hedges during volatile market conditions.
Once hedges have been lifted, farmers subject themselves to price variability. There is evidence,
however, which indicates that above normal profits can be obtained through selective hedging using
technical analysis (Franzmann, Brown and Purcell; Shafer, Kenyon and Cooper; Irwin). A more
detailed discussion of Mh contrary to the “Efficient Market Hypothesis” is presented later in
the study.

The problems associated with lack of price flexibility in the cash market along with margin
requirements and extreme volatility of the futures markets can be overcome with the use of
commodity options (Kenyon, 1984b; Futures Magazine). Options offer a new addition to the
producer’s marketing alternatives. As described by Gardner, options can be viewed as insurance
against a price decline. Producers can forward price with commodity options and effectively set a
floor price for the commodity hedged. ‘

The advantage of a commodity option as a potential hedging tool is the absence of margin
calls, price flexibility and known price risks. The major concern with options is the relatively high

cost of the option premium which must be paid to the option writer to assume price risks.

Commodity options can also be viewed as a source of additional income for those producers

willing to write options on grain in storage or grain yet to be harvested. The very structure of the
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options market with its numerous strike prices, settlement dates, and corresponding put and call
positions provide virtually an unlimited assortment of marketing strategies when combined with

futures and cash market alternatives.

Neither of the three markets, cash, futures, or options can be adequately discussed unless the
combination of price and production risk is incorporat\ed into the analysis. Kenyon (1984b) and
Gardner in separate studies both demonstrated income levels for different price-yield scenarios for
hedges in these three markets. For instance, if a grain producer knew future production with
certainty and expected a price increase, the cash marl;et would lend the least expensive means of
capturing the higher price. A certain price decline could best be avoided by an offsetting position
in the futures markets. If, however, the producer feels the present price is sufficient and would like
to insure against a price decline and not restrict upside price potential, then a put option should
be purchased. Production uncertainty places the producer in the dilemma of an overhedged or an
underhedged position. An overhedged futures position in the face of a declining futures’ price
brings great financial rewards to the producer; whereas, an overhedged futures position with
increased futures prices can be financially devastating. The level of expected production to hedge

and the hedging tool to use is a complex decision for a producer.

The problem faced by an individual farmer is that to achieve maximum income stability from
hedging he/she needs to know the relationship between cash price received, production, futures
price, and the resultant changes in income. For example, prices may rise in years when individual’s
yields are reduced; but, the decision on whether to hedge depends on whether total revenues are
reduced or increased. Income stability would be greater with a strict cash position should revenues

increase when quantity is reduced.

An approach to analyzing hedging strategies when price and output are stochastic is portfolio
theory (Markowitz, 1952). Numerous studies have used the portfolio approach, (McKinnon; Peck;
Johnson; Stein; Black; Berck; Ward and Fletcher; and Heifner). Portfolio theory has been used to

analyze various areas of the futures markets from simultaneous pricing of futures, options, and

L]
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forward contracts to individual producer hedging decisions. Studies related to optimum' hedging

strategies when prices and yields are uncertain are discussed later in detail.

Portfolio theory in its simplest form can perhaps explain the reluctance on the part of grain
producers to hedge in futures markets (McKinnon, Rolfo). Assume a grain producer is located in
a major agricultural producing area and experiences an abnormal weather condition which affects
output. Most likely other producers of the product will be likewise affected. If price advances when
production declines, or vice versa, income may be relati?ely stable. There would be no need to
hedge. In such a situation, hedging to lock in a price when output is variable would increase the

variability of income.

Portfolio theory can be used to explain the effects of crop diversification on overall farm risks
and the effect of financial leverage. For example, a producer might possibly reduce risk exposure
by producing two or more crops whose average returns are positive over time yet negatively
correlated. Through crop diversification the producer may effectively eliminate the need to hedge.
Likewise a producer holding half the farm assets in the form of cash or other secured assets may
well favor holding a very “high-risk, high-return” cash position in the market.

A description of hedging is summed up very well by Fisher Black. “Commodity holdings are
assets that form part of investors portfolios, either directly or indirectly. -- The notion that
commodity holdings are priced like other assets means that investors who own commodities are

able to diversify away risks. One way this can happen is through futures markets: ---*.

Hedging with futures and options contracts is only one of many ways a producer can reduce
risks. The benefit from hedging is that it can be a very inexpensive means of reducing risk which
otherwise cannot be diversified away. Portfolio theory will be used here as the decision criterion

to determine how much to hedge with each of these hedging tools.
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1.1 Problem Statement

Hedging to the individual producer is a complex decision. The need to hedge and the
optimum level to hedge depends on the producer’s price-yield relationship, future’s price, and the
resultant changes in income from the cash and hedged positions. The decision on the correct
hedging tool and use in appropriate combination with a cash position is a major problem for most

producers.

1.2 Purpose

The purpose of this study was to compare optimum hedging strategies using commodity
options and commodity futures contracts to determine which hedging tool is risk efficient for a
given production, grain market situation, and producer risk preference. A second goal was to
determine the level of expected production that should be hedged with each of these tools for a

given set of price and yield expectations.

Final results of the study could be used to help producers, extension educators, and
researchers determine the appropriate hedging tool and level of use for a given production and
market situation. The study would also give policymakers additional information for the possible

use of commodity options as an alternative price risk management tool to the current target price

and loan programs.
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1.3 Objectives

The major objective of the study was to compare commodity options and commodity futures
contracts as hedging tools in the context of price and yield risk. Risk efficiency comparisons of

futures and options were made under a mean-variance framework.

Minor objectives include:

1. Determination of optimal hedging strategies using commodity options and futures for single

and multiple crop situations, various locations, varying levels of risk preference, and financial

leverage.

2. Evaluation of the hedging tools within the optimal hedging framework to determine risk
efficiency by simulating the decision making process over a new time series and compéﬁng risk

efficiency.

1.4 Review of Related Literature

Early theories of hedging viewed the activity as a transfer of risk from hedgers to speculators.
J. M. Keynes in his Treaties on Money developed the theory of “normal backwardation” where he
hypothesized that futures prices are discounted to present prices due to hedgers willingness to pay
risk premiums for speculators to assume the p{ice risk over a period of time. Holbrook Working
viewed hedging as an act of arbitrage between the futures and the cash markets. Working looked
at the role of hedging not as a means to avoid price risk but as a profit motive stemming from

favorable price movements between spot and futures markets.
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Modem theories of real world hedging activity include the fact that some handlers of
commodities are completely hedged, whereas, others are only partially hedged. Handlers and
merchants of commodities hedge at levels which reduce their risk exposure relative to how close the
value of their inventory varies with an equivalent short futures position. The percentage of

inventory they hedge will vary depending on relative price changes in the two markets and their

price expectations.

An early proponent of this portfolio type of approach was Leland Johnson. He theorized that
hedging was actually a portfolio decision where a handler attempts to reduce the variance of return

relative to a specified level of return. He postulated the following expression: minimize

VR) = XEof (1 - pd) (L.1)

where,

V(R) = the variance of returns,
X,2<7,2 = the variance of returns from holding X; units,

p = the correlation coefficient between i and j, and

i,j = the cash and futures positions.

If the price movements are perfectly correlated, p is equal to 1 and the overall price risk is reduced
to zero. Johnson continued the analysis comparing degrees of hedging and speculation using
indifference curve techniques comparing expected returns for risk utility functions.

Ronald McKinnon was an early user of portfolio theory to describe hedging activities for
primary producers. His article “Futures Markets, Buffer Stocks, and Income Stability for Primary
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Producers” was an analysis to determine whether futures could replace buffer stocks as an income
stabilizer. A major contribution, however, was his micro model of hedging which has been the base

of several hedging studies including this one.

McKinnon viewed the farmer’s hedging decision in a mean-variance framework. He
attempted to minimize variance by determining the optimal percentage of the crop to hedge. The

formulation is as follows: minimize

o} = E({fz) - [E(l;;()]z, wart. Xs (1.2)
where
E(Y) = E(PX) + XE(P;— P), (13)

P = distribution of cash price,
P¢ = distribution of futures price,
X = distribution of output,

P = hedged price,

X¢ = the amount to hedge,

E = the expectations variable, and

c§, = the variance of income.

The theoretical conclusion of this study proved that when both price and output are
stochastic, the optimal hedge for a risk averse producer may be less than unity.

Additional early work which used portfolio theory as a basis for hedging activities included
an article by Ward and Fletcher and a separate article by Anne Peck. Both articles assumed only
price as the relevant stochastic variable. Ward and Fletcher developed a theoretical model of
optimal decisions in cash and futures positions for farmers and marketing firms. The analysis was
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primarily a theoretical comparison of futures and forward contracting under a mean-variance

criterion and their similarities and differences discussed.

Anne Peck used portfolio theory and examined the hedging of egg production. She
hypothesized that price expectations and related forecast errors rather than historical prices and
related variances more clearly explained hedging activities. The work was set in an optimal hedge
setting and demonstrated that optimal hedge levels for egg producers ran consistently between 75%
and 95% of production. The results indicated that optimal hedging strategies, derived from a

portfolio approach, markedly reduced the producer’s exposure to unpredictable price variation.

A later study to use portfolio theory and the mean-variance approach was performed by
Jacques Rolfo for the case of cocoa producers. Rolfo basically used the McKinnon approach but
maximized expected utility with respect to the amount of the crop hedged. His formulation is as

follows: maximize

EU = E(V;l) - m[var(\r;’)], w.rt. ton, (1.4)
where,
W = fi) + n(f - l;f), (1.5)

W = distribution of income from the cash and hedged position,.

PQ = distribution of gross returns from the distribution of cash price and quantity produced,
n = amount hedged,

f = forward price when the hedge is placed,

Pp = distribution of futures prices when the hedge is lifted, and

m = farmers risk parameter.
The optimal hedge position is:
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n* = cov(PQ, P)/var(P) + [f — E(Py)]/2m var(Py) (1.6)

In addition to the mean-variance framework, Rolfo used a logarithmic (Bernoulli) utility
function which allowed for the more realistic assumption of decreasing absolute risk aversion and

constant relative risk aversion.

A major contribution of Rolfo’s study is the empirical application of portfolio theory. The
optimum hedges for all four primary cocoa producing countries were less than one. The percent
hedged was less for the African countries which were in the heart of the cocoa producing area
relative to Brazil where production and price are less correlated. Rolfo concluded that producers
who were not risk averse may not hedge at all or may even speculate. Producers would increase

speculation should the forward price be higher than the expected price.

A recent study to determine optimum hedges given yield and price uncertainty was performed
by Peter Berck. Berck used por'tfolio theory with quadratic programming to determine optimum
hedges and crop mix for preplant decisions given a diversified portfolio of crop alternatives. The
empirical results included a description of the mean-variance frontier, the choice of an efficient plan,
and the benefits of diversification and the effects of diversification on hedging.

Berck makes several assumptions which have a major effect on the mmﬂts of his study. He
allows farmers to make simultaheous decisions on crops and futures, evaluates losses differently
from gains, and used a credit constraint on futures holdings. He also allowed forecasting of gains
on futures and speculation on these forecasts. The use of routine speculation under the set of

assumptions had profound effects on the empirical results.

Berck’s findings on the benefits of diversification and the effects of diversification on hedging
are very useful. Crop diversification reduced the variance of returns almost a third. The use of
futures hedging with crop diversification reduced the variance by two-thirds. These levels of
reduced variances are possible even when only approximately 10% of the crop mix is routinely

hedged.
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Bercks’ major conclusions were that the cost of hedging and the opportunity to diversify risk
through other crops substantially change the optimal hedge. He suggests the study of this question
should be placed in a dynamic setting where the optimal path of a hedge between planting and
harvest is determined. Even though this study will not be set in an optimal control framework, it

will address some of the issues of within-crop year hedging.

Two recent applied studies using quadratic programnﬁng (QP) to analyze production and
marketing decisions were on feeder calf backgrounding systems. Bobst, Greenewald, and Davis
used portfolio theory and QP to evaluate 16 production-marketing alternatives which included both
hedged and cash market positions. The problem was formulated to splve for the optimum hedge
but selected the production-marketing alternatives which were risk efficient. Again, the optimum
strategy was to hedge less than 100% of production. The optimum strategy suggested was to

routinely hedge 76% of production.

Thomas Sporleder and Jim- Winder recently published a technical article on the performance
of live cattle options in a hedging portfolio. They used the alternatives of purchasing put options
or writing call options to establish a short hedge position and determined optimum hedge levels
using quadratic programming techniques. The results indicate that net returns increased while
variability of returns declmed %m minimum variance hedge levels with options were used versus
strict cash sales. Minimum variance hedges reduced the coefficient of variation of net returns by
38% with a 13% increase in net returns. Most of the returns and income stability came from
writing call options rather than purchasing puts. Since writing calls is an initial long rather than a
short position, questions would have to be raised as to whether these are true hedged positions.
Writing options showed positive returns because the analysis was performed over the period
1980-1984 when cattle prices were relatively stable.

Simulation has been used in numerous hedging studies including this one. The process
includes a broad spectrum of research techniques. Simulation in hedging studies has generally been

used to simulate a production process through time comparing hedging strategfes in a
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mean-variance framework using historical yields and prices. The means and variances of a number

of strategies are compared to each other and to a cash position and superior strategies selected.

Hedging strategies have generally been classified into three basic groups; routine hedges,
selective hedges, and multiple selective hedges. Routine hedges are usually placed prior to the
production process and are intended to reduce price risk. Empirical results show that income loss
associated with risk reduction is beyond what most producers see as acceptable (McCoy and Price,
Kenyon and Cooper, Eddleman and Moya-Rodriguez). Selective and multiple selective hedging
strategies are primarily concerned with timing of the hedge. Selective hedging usually involves
placing the hedge once before or during the production process based on some decision rule such
as profitability. Multiple selective hedging strategies involve placing and lifting hedges depending
on price expectations. Most multiple hedging strategies used technical trading techniques. (Kenyon
and Shapiro; Shafer, Griffin, and Johnston; Leuthold and Modler; Franzmann; Brown and Purcell).
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Chapter 2. Theoretical Models of Producer Hedging

To choose among risky prospects, we assume one must have utility gﬁteria which would
allow the decision maker to choose between the perceived amount of uncertainty and the
satisfaction derived from additional income. Criteria for choosing among risky prospects were
developed by Von Neumann and Morgenstern in a set of axioms which identifies ordering,
transitivity, substitution, and certainty equivalence among choices. The axioms provide a basis for
choosing among risky prospects by establishing a weighting scheme identified as the “expected
utility model”. The amount of income and uncertainty associated with risky choices as valued by

the independent decision maker is summarized by the individual’s expected utility function for risk.

Two special cases of the expected utility function are the quadratic and the negative
exponential function with the assumption of a normal distribution of expected returns. The
assumptions are that the first two moments, mean and variance, are adequate in representing the
decision makers attitudes toward risk. The negative exponential function is generally preferred to
the quadratic due to its constant rather than increasing absolute risk aversion if normality is

assumed.

Portfolio theory originated with the work of Harry Markowitz and his development of the
“efficient frontier” (E-V analysis). Markowitz in 1959, proposed that decision makers establish
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decision rules where variance of profit is minimized for any given level of profit. His'principles were
expanded upon by Jean and Sharpe and are relevant to any enterprise, policy, or strategy mix where

risk and return are taken into consideration.

The general use of the model is to determine a series of investments, strategy mix, or etc.,
which give the maximum return for various levels of risk (variance). These optimum choices can

be plotted and are regarded as the efficient set or the “cfficient frontier”. Figure 1.

Any risky alternative which falls below AB would offer a lower expected income for a given
level of risk and therefore is considered “risk inefficient”. ~Given a set of the most efficient
investments, strategies, etc., an individual can select the combination of return and variance which
satisfies his/her own risk preference. This can be represented as alternative “C” which is the

intersection of ones isoutility curve for risk and the “efficient frontier”.

Hedging can be viewed from a portfolio framework where a producer attempts to combine
the commodity (physical asset) with the futures (financial asset) so as to give maximum return for
a level of risk. The producer attempts to find alternative “C” which may be a combination of cash

and futures positions which satisfies the desired level of risk and return.

Portfolio theory provides the basis by which a decision maker can choose among choices; i.e.,
a decision rule. The decision rule consists of an orderly framework for evaluating courses of action.
Most decision rules fall in the following categories: expected profit maximization, mean-variance

analysis, mean-absolute deviation analysis, mean-semivariance analysis, and safety-first analysis.

The mean-variance approach assuming a negative exponential utility function was used in this
study. Portfolio theory with a simple expected utility optimization procedure was used to evaluate
single crop hedges while quadratic programming was used in the multiple crop case. The objective
was to use the optimum hedge approach so that the producer maintains an efficient portfolio of

cash, futures, or options throughout time.
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If we assume that profits for one or more crops are normally distributed by assumption,
empirical verification, or application of the central limit theorem for the sum of several random

variables (Goldberger) then we can assume a decision maker’s risk utility function can be express

by the exponential function
U=1-¢" (2.1)
where

U = utility of profits,

a = Arrow-Pratt risk aversion coefficient, and

r = profit.

Freud extended the exponential function to show that given a normal distribution of profits with

mean pu and variance 03, the exponential utility function can be a mean-variance utility function.

—_ 1 .+ —am, — (n—p’no?
E[U(r)] = —— 1- dr 22
[U(n)] cﬁnj'_oo( e e (2.2)
+<X) - [20-3'“ w= ")21/203

m/— - (2.3)
Now
20%an + (x — p)? = (n — p + ac?)? + 2a0%(n — %02); (2.4)
Therefore (2.2) becomes
E[U)] = 1 = —* Qegort ¥ a0 —au= $0%, 2.5

o\/'z—n

o2 n

Since,

L [+Qe oA~ N+ represents a normal density with mean p — ac? , the
®
expression is equal to 1.

From (2.6) it is apparent that maximizing E{U(x)] is equivalent to maximizing
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b = 20 soE[Um)] = p = 2%, andE[U(m)] = E(n) ~ 2(Varn) @7

2.1 The Single Crop Case

Freud has shown that maximization of expected utility of profits can be expressed in a
mean-variance framework. In that case, we can assume that given some profit function where
profits are derived from a combination of cash and futures positions that expected utility is
maximized at some optimum hedge level. The following sections demonstrate derivations of

optimum hedge levels for futures, options, and multiple crop situations.

2.1.1 Optimum Hedge Levels With Commodity Futures

Rolfo developed a model where a producer maximizes expected utility in a mean-variance
framework. We will assume a single crop case prior to harvest where futures price and production

are unknown.
The derivation of the Rolfo model begins with:

the end-of-period revenue distribution, V-V, which is the cash distribution of revenue adjusted
for the distribution of futures gains and losses.

W = 1;6 + nQ(f - 1;,) (2.8)

The expected utility is equal to the expected end-of-period distribution of income adjusted for
risk which is identified as a risk parameter times the variance of income. Expected utility is

EU = E(W;) — mivar(W)] 29)
where,
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var(Wp) = E[W; — E(WpJ’. (2.10)
The variables are identified as follows:

Q = distribution of output,

Q = predetermined level of output,
P = distribution of cash prices,

P; = distribution of futures prices,

ng = percentage of the predetermined level of output hedged,

PQ = end of period distribution of cash income,

W; = end of period distribution of income adjusted for the futures hedge,
f = futures price accepted prior to harvest,

E = expectations operator,

EU = expected utility from the risky prospect, and

m = the risk parameter which in this case is a/2.

The variance of the adjusted income distribution, var(Wis:

E[PQ + nQ(f - Pl - (EPQ + nQ(f ~ E®YI @11)
= EIPQ + nQ(f - P - E(PQ) — nQf — E(PO) @12)
= E[PQ + nQf — nQP; — ELPQ] — nQf + nQEPP @.13)
= E{PQ - E[PQ] — nQP; + nQE(P)P 2.14)
= E[PQ - E(PQ)f + nfQEIP; - EP{* — 20QE[PQ - E(PQ)IP; ~ E(®BYl  (215)
= varPQ + n%b"vaﬂ;f - 2n;600v(l;6, f’f) (2.16)

By substituting (2.8) and (2.16) into (2.9), expected utility (EU) becomes
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E[(l-’(.) + nQ(f - l;_f)] - m[varf’f) + n%(')"vad;f - 2nf6cov(1;6, l;f)l (2.17)

= E(I-’(-)) + nQ(f - Ef’,) - mvaxx;é - mn§62var1;f + 2mnQcov(PQ, Pp) (2.18)

To find the optimum percentage to hedge, maximize (2.18) w.r.t. n,

JEU/dn; = Q(f - Ef’f) - Zmnfazvarl;f + 2mQcov(PQ, Py) = 0 (2.19)

&’EU/d%*n; = - 2::u6‘var1;f (2.20)

If we assume the first derivative is positive and 2m6’vari’, is positive then the second derivative is

~ negative and we have a maximum. Solving for n,

2mnf62var1~>f =Q(f - Ef’f) + 2m6cov(l;6, 1;,) (2.21)
ng = (f — EP))/2mQvarP; + cov(PQ, Pg)/QvarP; (222)
ng = [(f — E(Pp)/2mvarP; + cov(PQ, Pp)/varP([1/Q] (2.23)

The total amount to hedge can be determined by multiplying both sides of the equality by
Q.

ne* = (f - E(I.’f))IZtnvarl-’f + cov(PQ, Pf)/varl;f (2.29)

An inspection of equation (2.24) reveals that the first expression (f — E(P,))/2mvarP, is
| proportional to the bias in the futures markets or the difference between the forward price and the
expected futures price. The expected gain in the futures is inversely related to the level of risk
aversion. Hedge levels would then increase with expected futures gains and decrease with increased
levels of risk aversion. Should one accept the “efficient market hypothesis” which states that all
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relevant market information is in the current price, then the first expression drops out leaving the
quantity to hedge dependent on the relationship of the covariance of cash income and futures price

relative to the variance of futures price.

If one assumes the cash and futures prices tend to move together, then the sign of the second
expression depends on the relative changes in the individual’s production and the futures price. If
a producer’s output and price are inversely related, quantity hedged would most likely be reduced.

Quantity hedged given an efficient market can be zero if P and Q are perfectly negatively correlated.

A thorough evaluation of the equation extends into individual supply elasticities as described
by McKinnon. The covariance is between cash income and futures prices. If the individual
producer’s price-quantity relationship is negatively correlated, and if price changes are greater than
changes in the individual producers output, the amount hedged would be negative. If the
individual’s output changes are greater than price changes (which might be expected) 'then the
amount hedged would be positiv.e. The optimal expression (2.9) can be viewed as a Lagrangian
expression where m is the marginal utility of the variance of income which we assume to be

negative.

A graphical analysis of the optimal market position for a short hedger using the portfolio
approach was performed by Ward and Fletcher. They used an iso-variance curve which included
all combinations of cash and futures positions yielding a constant risk value. The range varied from
pure speculation to an all cash position. Iso-income lines were used to determine optimum hedges.
Readers are referred to the Ward and Fletcher article for detail.

To represent the previous micro model in a portfolio setting, one needs to represent the
variables in terms of income gains and losses rather than price-quantity relationships. Using the
original equation (2.9), Q is multiplied through the futures transactions. The stochastic
price-quantity relationship is then described as revenue or profit variables if cost-of-production is

incorporated into the analysis. Then,
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EU = E(Wp) — m[var(Wp)]

where
(Wp) = PQ + ndfQ — PQ), or
(V;/r) = ;tc + nf(;‘f)
var(Wy) = E(W; — E(Wp)?
= Elr, + nn) - E(r) - nBlnpP

= Eln, — E(r))* + nfE[(n) — E(np* + 20E[r, — E(r)li(ry) — E(rp)]

var(ng) = varn, + n?vamf + 2ngcov(r,, mp).

Substituting equation (2.26) and (2.30) into (2.9), yields

EU = [E(;c) + nf(;:f) - m[var;:c + n,2va.r1:f + 2ncov(n, npll

EU = [E(n) + ne(ny) — mvamm, — mn}varn; — 2nmeov(n, ),

Take the first derivative w.r.t. n,, the optimal hedge becomes

. 0EU/ong = E(ng) — 2mngvarn; — 2mcov(n, g) = 0

The second derivative is
#EU/é%n; = —2mvarn,
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which indicates that EU is maxlmxzed Since

2mngvarr; = E(ng) — 2mcov(r,, ng), then ' (2.35)

ng = E(;f)/Zrnvar;tf - cov(m,, ny)/varny. (2.36)

An analysis of the above formulation gives the same basic information as (2.24). The first
expression to the right of the equality Flescribes hedging assuming some bias in the futures markets.
If no bias exists, the first expression is zero. The second expression is the ratio of covariance to
variance. Should the covariance between the cash position and the futures position be negatively

correlated, as one might expect, the percentage hedged will be positive.

The formulation just completed can be transformed into investment theory.

if np = Eng/2mvarn; — cov(r,, ng)/varny, (2.37)

and for an efficient market

n = —cov(n,, np)/varny, (2.38)

then n, is essentially the “Beta” coefficient in investment theory which is a measure of the individual
security’s return relative to the market returns. In this case the “Beta” would represent the
relationship of the cash position to the futures position. The n, is the same as the “Beta” coefficient
in a regression analysis where cash retums are the dependent variable and hedge returns the
independent variable. In this analysis, the “Beta” coefficient would give the ratio of hedge returns
that would minimize the variance of hedge and cash returns. The hedge ratio n, would be the

minimum variance hedge ratio and can be tested statistically using standard t and F tests.
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2.1.2 Optimum Hedge Leyels With Commodity Options

Commodity options can be used as a hedging tool in much the same manner as a futures
contract. A put option gives the purchaser the right but not the obligation to exchange the put
option for a short futures position. A put option represents a short position the same as an initial
sale in the futures markets. The value of the commodity option, the premium, reflects changes in
the futures price, therefore, increasgs or decreases in futures prices result in increases or decreases
in the option premium. Other variables .also affect the value of the option such as length of time

until day of expiration, volatility in futures prices, and the current rate of interest.

The difference between commodity futures and commodity options is in level of known risk.
A producer can reap unlimited gains and essentially unlimited losses with futures. An option
contract, however, gives the purghaset a level of known risk because the value of the option can
only fall to zero. At that time the option becomes worthless and the purchaser simply lets the

option expire.

One might justifiably question the normality assumption underlying the negative exponential
utility function and mean-variance approach as it relates to hedging with commodity options. One
would assume that returns on a put option would be skewed toward gains due to the price of the
option never going below zero. Similarly, one would have to question whether commodity prices
and yields also have lower bounds of zero, but most economist assume normality in studies
evaluating prices and yields. Porter and Gaumnitz performed a study on normality assumptions
where they compared mean-variance alternatives to those selected using stochastic dominance. and
determined the results are not seriously affected. Paul Wilson in a similar study simulated normal
and beta distributions for 1,181 swine operations and concluded that the differences between the
simulations were not statistically different and stochastic dominance switching did not take place.

In general, there is a close relationship between mean-variance and more general risk efficient sets.
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A thorough examination of hedging returns involving commodity futures and options is presented

in Chapter 3.

Using the same approach as with futures, the derivation of the single crop optimum hedge

using commodity options is as follows:

EU = E(W, - m(varW,) | (2.39)
where,

W, = PQ + n (S - P, — Cp) | (2.40)
then,

Wo=ntogm) 241)

where variables are defined as follows:

W, = end of period distribution of income adjusted for the options hedge,

S = the options strike price,
P, = end of period distribution of exercise prices,
C, = cost or premium of the put option,

n, = amount hedged using options,

e = returns from the cash position,

n, = returns from the options position, and

all other variables are as previously defined.

The variance of W, is:
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var(W,) = E(W, — EW? - (2.42)

where

Wo = mi¢ = ny(m,) : (2.43)

var(Wo) = Efn, + ng(ng) — En, — nE(mo)l’ (2.44)
= Eln, — En, + ny(n,) — nE(no) ' (2.45)
= Elr, - End’ + [ng(ro — E(ro))l’ (2.46)

var(Wo) = varm; + nf,vamol-i- 2n,cov(m,, 7,). (2.47)

Substituting (2.41) and (2.47) into (2.39) gives

EU = [E(r, + ny(n,)) — m{varn, + n’varr, + 2n cov(r,, ®,)]] (2.48)

EU = E(r,) + n,E(r,) — mvarr, — n’mvarr, — 2n,mcov(r,, ) (2.49)

Taking the first partial derivative of expected utility with respect to n, gives

dEU/dn, = E(r,) — 2n,mvars, — 2mcov(n,, ©t,) = 0 (2.50)

The second partial derivative is

8°EU/é*n, = —2mvarn, . (2.51)

and since

- 2n,mvarr, = E(n,) — 2mcov(n. %,) (2.52)

n, = E(rn,)/2mvarn, = cov(rn,, ®,)/varn, (2.53)

The proportion to hedge can be determined by dividing both sides by some predetermined
expected output.

n,* = E(;o)/zmvan-:oa - eov(;c, ;:o)/va:(;:o)b' (2.54)

An interpretation of the options model is essentially the same as with futures. The first
expression is related to the bias in the market or the producers expected price relative to the futures
as reflected in options premiums and the second expression relates the profit changes between cash
and options. It is not possible theoretically to determine whether options would be preferred to
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futures by hedgers. A put option purchased at-the-money' would have negative returns by the
amount of the premium given an efficient market. This would cause (n,) to be reduced. The
covariance of the second expression would be strictly negative or zero with a possible smaller
variance of 1.t,,. The second expression would most likely cause (n,) to be higher with options than

futures.

2.2 Optimum Hedge Levels Given Crop Diversification

As described earlier, hedging is only one of several ways to reduce the producer’s overall level
of risk. A popular means is through crop diversification. Berck’s research indicates that crop

diversification substantially changes the optimum hedge.

A popular belief is that crop diversification reduces income risk as well as increase crop yields
through crop rotation. Diversification will reduce income risk if the income from two or more
crops are inversely related. Should two crops be affected by the same weathgr conditions, insect
damage, or, etc., they may in fact be a riskier combination and would benefit thréugh increased
hedging. In either case multiple crops might have an impact on the optimum hedge level and will

be taken into consideration in the following section.

We will begin by assuming a two crop case. The hedging tool could be futures contracts,

options contracts, or a combination of the two. The profit functions for each crop are as follows:

Wl = PIQI + n“(fx = Pﬂ)’ oriHPIOﬁt variables (2.55)

1 Commodity options are traded over numerous exercise prices. The value of the option reflects differences
between the exercise price and the current futures prices. Options at-the-money only reflect the time value
until expiration. '
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W, =n + nﬂ(nﬂ)

W, = P,Q; + np(f; — Pp),or

W, = n; + np(rp)

The combined profit function is:

Wu = aPlQl + nn(fl - Pﬂ) + (l - U.)P202 + nn(fz - Pu)

or,

Wiy = amy + ng(rg) + (1 — a)x; + np(np).

The producer wishes to maximize utility in a mean-variance framework,

EU,; = EWy3 — m{var(Wy)].

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

To keep the derivations as simple as possible the functions are defined in profit variables.

var(Wy,) = E[W;; — E(W,)P%,

var(W;) = a’var(n;) + nyvar(ng) + (1 = a)’var(n,)

+ nfz,va.r(;:z) + 20(1 — a)cov(;l,nz) + Zunﬂcov(;:,, ;ﬂ)

+ 2anpcov(n;, ni) + 2(1 — a)ngcov(n, ny)

+ 2(1 — a)npcov(r,, ng) + 2npnpcov(ng, ng) + 2ngnpcov(ng, wp).
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Substituting (2.60) and (2.63) into (2.61)

-

EU(Wy,) = am; + np(ng) + (1 = a)my — np(ng) — mie?var(n,)

+ n?lvar(;:ﬂ) + (1 - a)zvar(;tz) + 2a(1 — a)cov(m,, y)

+ 2angcov(ny, mg) + 2anpcov(nyg, wp)

+ 2(1 = a)npcov(m,y, ) + 2(1 — a)npcov(n,, np)

+ 2npnpcov(ng, nip)l

(2.64)

The complexity of the problem grows enormously in a multiple crop situation. The expected

utility of a producer not only degends on the expected gains from his/her cash and futures position

but includes a complex area of risk which is composed of the variances and covariances of all

relevant variables. This, in a way, relates the complexity of marketing to an individual producer.

The access to hedging could have an effect on a farmer’s planting decision. A producer may

increase or decrease acres planted to a crop depending on whether he or she is able to lock in what

he/she believes to be a favorable price. The acreage allotted to two particular crops and the amount

hedged can be determined as follows:

maximize EU w.r.t. ng, n,, and a

JEU/dng = ny — 2mngvar(ng) = 2macov(s; mtq) — 2mcov(z, fig)
+ 2amcov(r, ) — 2mapcov(ng, tp) = 0.
J0EU/dnpn = nyp — 2mnpvar(rn,) — 2macov(ng, i) — 2mcov(ny, Kp)

+ 2macov(n, fip) — 2mngcov(ng, ng) = 0.

JdEU/da = 1:'1 - ;2 - Zmavar(;:l) + Ztnavar(;:z) + 2m(1 - a)va.t(;:z)
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— 2mcov(r, n;) + 4macov(wy, ©y) — 2mngcov(n, Tp)
— 2mnpcov(m; ngp) + 2mngcov(n, ty) + 2mngcov

(my ) = 0. (2.67)

The system now has-three equations and three unknowns. The solution can be found using
matrix algebra where determinants are found using cofactor expansion and Cramer’s rule. The

matrix design for the system can be seen in Table 1.
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To simplify the mechanics of the F.O.C.’s, the expressions are first designated by the letters

a through i and X, Y, and Z. Later expressions are designated by the letters J through S.

a b ¢ o X

d e f g = Y

g h i ng Z

- r

o a b ¢ X

Npy = d [ f —1 Y

g | 8 h 1 yA

- [ —JR —Js

+ +

a T m L N

| = |- KLR +P 'fs rQ =X
n R S 1
-2 L L L
then,

a=(RX 4 my) + (=I5 + Ny + (ST

L

- (—KRX —KSY —KY.
oy = (CERE 4 pxy + (ESL + Qv + (1D

== () (T) * (2)

—b(—dc+fa + <
—db + ea a

= _—dc + fa
K —db + ea
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L= (—gb+ah (-dc+fa —gec +ia
) —db+ea) a

db 1
M= + =
a(—db+ea) 2
= -b
N -bd + ea
=__—d
P —db + ea
= a
Q —db + ea
R = —gb + ah d _
( a )(—db+ea)
S=M
bd —ea

The second order conditions are:

8’EU/én} = — 2mvar(nf,)

6ZEU/6n_n6a = —2mcov(®,, ;) + 2mcov(rn,, 1)
8’EU/éngqang = 2mcov(ng, 7))

&’EU/én} = —2mvar(n?)

azEUlanmaa = —2mcov(n;, &) + 2mcov(x,, ng)
#EU/onpdng = —2mcov(rg, nig)

#’EU/éa® = - 2mvar(r,) —2mvar(rn,) + 4mcov(r,, ;)
azBU/aaann = —2mcov(®;, tg) + 2mcov(r,, %gy)
&’EU/dadng = — 2mcov(n,, np) + cov(my, Tpy)

The Hessian Matrix of second derivatives is then:
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-2m var (wl) - 2m var (nz) =2m cov (1r1. ”fl) =-2m cov (wl, "fz)
+ 4m cov (ul. 1r2) + 2m cov (1r2, "fl) + cov (wz, ”fz)
=2m cov (wl, tn) -2m var (wn) 2m cov (w
+ 2m cov (wz, ‘lfz)

£ e

=2m cov (11. I'tz) -2m cov ("fl’ ’tz) -2m var (1r2)

+ 2» cov (12, nfz)

I | ]

If the covariance terms are negative as we would expect, the Hessian matrix is negative semidefinite

and expected utility would be maximized.

An examination of the multiple crop hedging model indicates that expected utility is
maximized at some optimum allocation of acreage among crops and optimum levels of hedges for
each of the crops. It is also apparent that the allocation of acreage among crops affects the level
of hedging of crops and the possiblity of hedging can also affect planting decisions. An
approximation of the optimal allocation of acreage and crops can be determined using quadratic
programming and is discussed in the following section.

2.3 Portfolio Theory and Quadratic Programming

Quadratic programming is only one of a number of nonlinear programming formulations.
It is perhaps the most common nonlinear technique and has been used extensively in portfolio
analysis. Markowitz used quadratic programming (QP) to determine the efficient frontier of
investment opportunities given limited funds. Berck used QP to determine optimum hedged

positions using futures for a typical California cotton producer.
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QP has primarily been used as the maximization of a concave or minimization of a convex
objective function subject ot linear constraints. (Hartley) The general formulation for the

maximization problem is as follows:

maximize Zp;x; + XDX (2.89)
subject to Zayx; 