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LINEARLY IMPLICIT GENERAL LINEAR METHODS∗

ARASH SARSHAR† , STEVEN ROBERTS† , AND ADRIAN SANDU†

Abstract. Linearly implicit Runge–Kutta methods provide a fitting balance of implicit treat-
ment of stiff systems and computational cost. In this paper we extend the class of linearly implicit
Runge–Kutta methods to include multi-stage and multi-step methods. We provide the order con-
dition theory to achieve high stage order and overall accuracy while admitting arbitrary Jacobians.
Several classes of linearly implicit general linear methods (GLMs) are discussed based on existing
families such as type 2 and type 4 GLMs, two-step Runge–Kutta methods, parallel IMEX GLMs,
and BDF methods. We investigate the stability implications for stiff problems and provide numerical
studies for the behavior of our methods compared to linearly implicit Runge–Kutta methods. Our
experiments show nominal order of convergence in test cases where Rosenbrock methods suffer from
order reduction.
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1. Introduction. We are concerned with solving stiff initial value problems of
the form

(1.1) y′ = f(y), y(t0) = y0, y(t) ∈ Cd.

Implicit methods used to solve (1.1), such as backward differentiation formula
(BDF) and diagonally implicit Runge–Kutta (DIRK) methods, require solving non-
linear systems of equations to compute implicitly-defined stage values. The nonlinear
solves can be very expensive and often dominate the cost of a step. Linearly im-
plicit methods, on the other hand, reduce the computational cost by posing stages
as the solution to a linear systems [23, 17, 1]. A limitation of this process is that
the accuracy of the method hinges on the availability of the exact Jacobian of the
system. In response to this limitation, W-methods have been developed with addi-
tional order conditions such that terms involving the Jacobian are eliminated from the
error expansion up to a certain order. As a result, these methods provide a flexible
choice for the Jacobian of the system: the closer the approximate Jacobian is to the
exact one, the better the stability of the method, while the order of convergence is
unchanged. Rosenbrock-W (ROW) methods [31] are examples of this class of time
stepping methods in the Runge–Kutta framework. [29, 21]

There are a number of incentives to extend W-methods beyond the Runge–Kutta
family. ROW methods can encounter error reduction when stages are solved using
iterative methods [32]. Furthermore, linearly-implicit methods, in general, are vulner-
able to order reduction when used for solving PDEs with time-dependent boundary
conditions as studied in [18]. Various improvements for ROW methods applied to
parabolic problems have been proposed in [16, 2, 3].

A more systematic approach is to avoid low stage orders. Rosenbrock methods
with an explicit first stage can raise the stage order to two. Glandon et al. [8]
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propose linearly implicit multi-step methods with order conditions to derive methods
both for exact and approximate Jacobians. As A-stability becomes unattainable for
high order linear multi-step methods, one can also turn to multi-stage multi-step
schemes to build high order, high stage order linearly implicit methods. A family of
parallel two-step W-methods is reported in [26, 27, 33] with prominent features such
as step-size adaptation using variable coefficients, parallel stage computations, and
super-convergence of the output variable.

We are inspired by these contributions to further study new possibilities of creat-
ing linearly implicit W-methods based on the general linear methods (GLMs) frame-
work.

We start by reviewing GLMs in section 2. In section 3 we introduce the formula-
tion for linearly implicit general linear methods. Section 4 gives the order conditions
for these new methods. Sections 5 and 6 are dedicated to linear and stiff stability
analysis for linearly implicit GLMs. In section 7 we show a number of new and ex-
isting families that fit in our framework including methods based on type 2 and type
4 DIMSIMS, BDF-W, and parallel methods. Sections 8 and 9 presents the numerical
experiments and concluding remarks are presented in section 9. {Steven: broken refs}

2. Traditional General Linear Methods. A GLM with s internal and r ex-
ternal stages advances the numerical solution of (1.1) over the time interval [tn−1, tn]
with tn = tn−1 + h as follows:

Yi = h

s∑
j=1

ai,j f(Yj) +

r∑
j=1

ui,j y
[n−1]
j , i = 1, . . . , s,(2.1a)

y
[n]
i = h

s∑
j=1

bi,j f(Yj) +

r∑
j=1

vi,j y
[n−1]
j , i = 1, . . . , r.(2.1b)

Provided that the external stages from the previous step have the Taylor series ex-
pansion

y
[n−1]
i =

p∑
k=0

wi,k h
k y(k)(tn−1) +O

(
hp+1

)
,(2.2)

a method is said to have stage order q if

Yi = y(tn−1 + ch) +O
(
hq+1

)
,

and order p if

y
[n]
i =

p∑
k=0

wi,k h
k y(k)(tn) +O

(
hp+1

)
.

For brevity, the coefficients are represented in matrix form

A := [ai,j ] ∈ Rs×s, U := [ui,j ] ∈ Rs×r, B := [bi,j ] ∈ Rr×s,(2.3)

V := [vi,j ] ∈ Rr×r, W := [wi,j ] = [w0 · · · wp] ∈ Rr×(p+1),(2.4)

and the GLM Eq. (2.1) can be represented by the following Butcher tableau:

c A U

B V
.
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GLM framework is extensive and well-established. We refer readers interested in theo-
retical foundation of these methods to the literature [14, 6, 7]. Similar to Runge–Kutta
schemes, two broad categories of GLMs are of interest. Explicit GLMs computes inter-
nal stages using information from incoming external stages and previously computed
internal stages. The computational cost is therefore limited to evaluating right hand
side functions. Implicit methods on the other hand may compute coupled stages that
require nonlinear system solves. methods with lower triangular A compute stages that
are only implicit in the stage being computed. These methods also benefit from ex-
cellent linear stability properties. In the following we reiterate an important theorem
for the order conditions of GLMs.

Definition 2.1 (GLM preconsistency). The GLM Eq. (2.1) is said to be precon-
sistent if the following conditions hold:

U w0 = 1s, V w0 = w0.(2.5)

Theorem 2.2 (GLM order conditions). Consider a preconsistent GLM with
external stages satisfying (2.2). All of the following are equivalent:

1. The GLM Eq. (2.1) has order p and stage order q ∈ {p − 1, p} for all suffi-
ciently smooth f .

2. The method coefficients satisfy

c"k

k!
− A c"(k−1)

(k − 1)!
−U wk = 0s, k = 1, . . . , q,

k∑
`=0

wk−`

`!
− B c"(k−1)

(k − 1)!
−V wk = 0s, k = 1, . . . , p,

where we have used the notation c"k to denote component-wise k-th power of
the vector c.

3. The GLM Eq. (2.1) has order p and stage order q ∈ {p− 1, p} for all scalar,
linear problems

(2.6) y′ = λ y, y(0) = 1,

where λ ∈ R.

Proof. The equivalence of statements one and two is discussed in [14]. Clearly
statement one implies statement three as it uses the special case f(y) = λ y. To
complete the proof, we prove the converse.

First, assume a GLM has order p and stage order q ∈ {p−1, p} for (2.6). Therefore,
the internal stages satisfy

Y = hA f(Y ) + Uy
[n−1],

ec z = zA ec z + U

p∑
k=0

wk h
k y(k)(0) +O

(
hq+1

)
,

ec z = zA ec z + U w(z) +O
(
hp+1

)
,

(2.7)

where z = hλ, w(z) =
∑p
k=0 wk z

k, and the exponential of vectors are performed
component-wise. Similarly, the external stages satisfy

y
[n] = hB f(Y ) + Vy

[n−1],

ec z w(z) = zB ec z + V w(z) +O
(
hp+1

)
.

(2.8)
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Together (2.7) and (2.8) are exactly the GLM order conditions given in [14, Theorems
2.4.1 and 2.4.2]. Thus, statement one is proved, and the proof is complete.

3. Formulation of linearly implicit GLMs. One step of a linearly implicit
GLM applied to (1.1) with a (possibly) different approximate Jacobian matrix  Li ≈
∂f
∂y (tn−1 + ch) at each stage i = 1, . . . , s reads as

Ki = h f

i−1∑
j=1

ai,j Kj +

r∑
j=1

ui,j y
[n−1]
j


+ hLi

i∑
j=1

γi,j Kj + hLi

r∑
j=1

ψi,j y
[n−1]
j ,

i = 1, . . . , s,(3.1a)

y
[n]
i =

s∑
j=1

bi,j Kj +

r∑
j=1

vi,j y
[n−1]
j , i = 1, . . . , r.(3.1b)

The formulation of linearly implicit GLMs for non-autonomous systems will be dis-
cussed in subsection 4.3 after order conditions are introduced.

Equation (3.1) can be represented more compactly in matrix form as

K = hF
(
A⊗d K + U⊗d y[n−1]

)
+ hL Γ⊗d K + hL Ψ⊗d y[n−1],(3.2a)

y
[n] = B⊗d K + V⊗d y[n−1],(3.2b)

where L = blkdiag (L1,L2, . . . ,Ls) and we have used the ⊗d notation to indicate
Kronecker product with the identity matrix such that A⊗d K := (A⊗ Id×d)K, and

(3.3) K =

K1

...
Ks

 , y
[n] =


y
[n]
1
...

y
[n]
s

 , F (Y ) =

f(Y1)
...

f(Ys)

 .
We represent a linearly implicit GLM using the Butcher tableau

(3.4)
c A Γ U Ψ

B V
,

where Γ ∈ Rs×s and Ψ ∈ Rs×r.

3.1. Efficient implementation. To build a general and computationally prac-
tical formulation of linearly implicit GLMs, we consider a slightly more general form
of (1.1):

(3.5) M y′ = f(y),

where M is a mass matrix. The special case of a singular M is considered in section 6.
Assuming Γ is lower triangular and invertible, we can formulate the method in

the new variable Zi, where

(3.6) Ki =

i∑
j=1

(
Γ−1

)
i,j
Zj −

r∑
j=1

(
Γ−1 Ψ

)
i,j
y
[n−1]
j .
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After some algebraic manipulations, Eq. (3.1) becomes(
1

γi,i
M− hLi

)
Zi = h f

i−1∑
j=1

(
A Γ−1

)
i,j
Zj +

r∑
j=1

(
U−A Γ−1 Ψ

)
i,j
y
[n−1]
j


+ M

− i−1∑
j=1

(
Γ−1

)
i,j
Zj +

r∑
j=1

(
Γ−1 Ψ

)
i,j
y
[n−1]
j

 ,

y
[n]
i =

s∑
j=1

(
B Γ−1

)
i,j
Zj +

r∑
j=1

(
V −B Γ−1 Ψ

)
i,j
y
[n−1]
j .

Note that the approximate Jacobians only appear on the left-hand side (in the linear
system matrix), and this formulation avoids the additional matrix vector products
present in the right-hand side of Eq. (3.1a).

4. Order conditions for linearly implicit GLMs. In this section we derive
the necessary and sufficient order conditions for desired internal and external stage
orders and show how the conditions can ensure accuracy of the method with arbitrary
Jacobians. We also explore how these conditions are related to IMEX GLM pairs.

4.1. Preconsistency conditions. We apply the method in Eq. (3.2) to the test
problem

(4.1) y′ = 0, y(t0) = κ,

where κ ∈ R and note that the constant solution is y(t) = κ. We would like to have
all approximations of y(t) and y′(t) to be O(h) accurate. We therefore require

AK + Uy
[n−1] = 1s κ+O(h),

BK + Vy
[n−1] = w0 κ+O(h),

hLi Ψy
[n−1] = 0s +O

(
h2
)
,

which leads to the following preconsistency conditions:

U w0 = 1s,(4.2a)

Ψ w0 = 0s,(4.2b)

V w0 = w0.(4.2c)

4.2. Order conditions.

Definition 4.1 (Linearly implicit GLM internal stage order). A linearly implicit
GLM with incoming external stages satisfying (2.2) has stage order q if the following
approximation holds:

Ki = h y′(tn−1 + ci h) +O
(
hq+2

)
.(4.3)

Definition 4.2 (Linearly implicit GLM external stage order). A linearly im-
plicit GLM with incoming external stages satisfying (2.2) has external stage order p
if

y
[n]
i =

p∑
k=0

wi,j h
k y(k)(tn) +O

(
hp+1

)
.(4.4)
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Definition 4.3 (Method order). We say that a linearly implicit GLM is of order
(q, p) if it has internal stage order q and external stage order p.

Theorem 4.4 (Order conditions). A linearly implicit GLM that satisfies the
preconsistency conditions Eq. (4.2) has order (q, p) with q ∈ {p, p− 1} for all Li and
sufficiently smooth f if and only if its coefficients satisfy the following order conditions:

c"k

k!
− A c"(k−1)

(k − 1)!
−U wk = 0s, k = 1, . . . , q,(4.5a)

k∑
`=0

wk−`

`!
− B c"(k−1)

(k − 1)!
−V wk = 0r, k = 1, . . . , p,(4.5b)

Γ c"k−1

(k − 1)!
+ Ψ wk = 0s, k = 1, . . . , q.(4.5c)

Remark 1 (Implicit and explicit components). Note that Eqs. (4.5a) and (4.5b)
are also the order (q, p) conditions for the explicit traditional GLM with coefficients
(A,U,B,V). Next, we introduce the following notation:

Â := Γ + A and Û := Ψ + U.

An equivalent formulation of Eq. (4.5c) can be given as follows: Subtracting Eq. (4.5c)
from Eq. (4.5a) leads to

(4.6)
c"k

k!
− Â c"(k−1)

(k − 1)!
− Û wk = 0, k = 1, . . . , q,

and vice-versa, subtracting Eq. (4.5a) from (4.6) restores Eq. (4.5c). Therefore the
order conditions (4.5) can be written in an equivalent from by replacing Eq. (4.5c)
with (4.6).

We note that (4.6) and Eq. (4.5b) define order (q, p) conditions for a traditional

implicit GLM with coefficients (Â, Û,B,V), having the same weights W as the ex-
plicit method.

Remark 2 (Abscissa vector). From Eq. (4.5a) it follows that, for methods of
stage order q ≥ 1:

(4.7) c = A 1s + U w1.

Remark 3 (IMEX pair). From (4.6) the abscissa of the implicit method is

ĉ = Â 1s + Û w1 = c + Γ 1s + Ψ w1 = c.

As a consequence of (4.5c), the explicit method (A,U,B,V) and the implicit method

(Â, Û,B,V) also share the same abscissa vector. As a result this pair of methods also
form an IMEX-GLM of order (q, p) [34].

Proof. First assume a linearly implicit GLM has order (q, p) with q ∈ {p, p − 1}
for all Li and sufficiently smooth f . It must have this order for the particular case
Li = 0d×d in which the method degenerates to a traditional, explicit GLM with
coefficients (A,B,U,V). The traditional GLM order conditions of Theorem 2.2 imply
Eqs. (4.5a) and (4.5b).
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Consider also the particular case f(y) = L y and Li = L as in (2.6). For linear
problems, a linearly implicit GLM degenerates to the implicit GLM with coefficients
(Â, Û,B,V). By Theorem 2.2, a GLM of order (q, p) for linear problems must have
coefficients that satisfy Eq. (4.5b) and (4.6). Based on the discussion in Remark 1,
this implies the final order condition given in Eq. (4.5c).

Now assume a linearly implicit GLM has coefficients satisfying Eq. (4.5). In the
following analysis, we will use the matrix form of linearly implicit GLMs Eq. (3.2),
but drop the Kronecker product for brevity. Substituting the exact solution into the
right-hand side of Eq. (3.2a) and using Taylor expansions we get

hF
(
hA⊗d y′(tn−1 + ch) + U⊗d y[n−1]

)
+ hL Γ⊗d y′(tn−1 + ch) + hL Ψ⊗d y[n−1]

= hF

(
(U w0)⊗ds y(tn−1) +

p∑
k=1

(
A c"(k−1)

(k − 1)!
+ U wk

)
⊗ds hky(k)(tn−1) +O

(
hp+1

))

+ hL

(
(Ψ w0) ⊗ds y(tn−1) +

p∑
k=1

(
Γ c"(k−1)

(k − 1)!
+ Ψ wk

)
⊗d hky(k)(tn−1) +O

(
hp+1

))

= hF (y(tn−1 + ch)) + hp+1 L

(
Γ c"(p−1)

(p− 1)!
+ Ψ wp

)
⊗ds y(p)(tn−1)

+ hp+1 ∂F

∂y
(tn−1)

(
A c"(p−1)

(p− 1)!
+ U wp −

c"p

p!

)
⊗ds y(p)(tn−1) +O

(
hp+2

)
= h y′(tn−1 + ch) +O

(
hq+2

)
.

(4.8)

Next, we subtract (4.8) from Eq. (3.2a) to approximate the error of the internal stages:

K − h y′(tn−1 + ch) = hF
(
A⊗d K + U⊗d y

[n−1]
)
− hF

(
A⊗d h y′(tn−1 + ch) + U⊗d y

[n−1]
)

+ hL (K − h y′(tn−1)) +O
(
hq+2

)
.

Applying the 2-norm ‖·‖ = ‖·‖2 yields

‖K − h y′(tn−1 + ch)‖ ≤ hC ‖A‖ ‖K − h y′(tn−1 + ch)‖
+ h ‖L‖ ‖K − h y′(tn−1 + ch)‖+O

(
hq+2

)
,

where C is the Lipschitz constant of f . Thus,

‖K − h y′(tn−1 + ch)‖ ≤ (1− hC ‖A‖ − h ‖L‖)−1 · O
(
hq+2

)
,

and for sufficiently small h

‖K − h y′(tn−1 + ch)‖ = O
(
hq+2

)
,

which proves the stage order of the method. Next, we will show that the order is p.
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Noting that min(p+ 1, q + 2) = p+ 1 we have:

y
[n] = B⊗d K + V⊗d y

[n−1]

= B⊗d h y′(tn−1 + ch) + V⊗d y
[n−1] +O

(
hq+2

)
= (V w0)⊗d y(tn−1) +

p∑
k=1

(
B c"(k−1)

(k − 1)!
+ V wk

)
⊗ds hky(k)(tn−1) +O

(
hp+1

)
= w0⊗ds y(tn−1) +

p∑
k=1

(
k∑
`=0

wk−`

`!

)
⊗ds hky(k)(tn−1) +O

(
hmin (p+1,q+2)

)
=

p∑
k=0

wk h
k y(k)(tn) +O

(
hp+1

)
.

Corollary 4.5. Suppose a linearly implicit GLM has stage order q = p − 1,
but the underlying implicit method (Â, Û,B,V) has stage order q = p. If Li =
∂f
∂y (tn−1) +O(h) for i = 1, . . . s, then Ki = h y′(tn−1 + ch) +O

(
hp+2

)
. That is, the

stage order is one order higher than Theorem 4.4 predicts.

Proof. If the assumptions of Corollary 4.5 hold and  Li = ∂f
∂y (tn−1) + O(h) the

local truncation error in (4.8) can be sharpened. We have that

hF
(
Ah y′(tn−1 + ch) + Uy

[n−1]
)

+ hL Γh y′(tn−1 + ch) + hL Ψy
[n−1]

= hF (y(tn−1 + ch)) + hp+1 L

(
Γ c"(p−1)

(p− 1)!
+ Ψ wp

)
y(p)(tn−1)

+ hp+1 ∂f

∂y
(tn−1)

(
A c"(p−1)

(p− 1)!
+ U wp −

c"p

p!

)
y(p)(tn−1) +O

(
hp+2

)
= hF (y(tn−1 + ch)) + hp+1 ∂f

∂y
(tn−1)

(
Â c"(p−1)

(p− 1)!
+ Û wp −

c"p

p!

)
y(p)(tn−1)

+O
(
hp+2

)
= h y′(tn−1 + ch) +O

(
hp+2

)
.

Proceeding exactly as in the proof of Theorem 4.4 gives the desired result of

‖K − h y′(tn−1 + ch)‖ = O
(
hp+2

)
.

4.3. Non-autonomous formulation. Using the method in Eq. (3.1) on the
non-autonomous system [

y
t

]′
=

[
f(t, y)

1

]
,(4.9)

we consider the approximate Jacobian of (4.9)

(4.10)

[
Li gi
0 0

]
≈
[∂f
∂y (tn−1 + ci h) ∂f

∂t (tn−1 + ci h)

0 0

]
,
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to get[
Ki

κi

]
= h

[
f(τi, Yi)

1

]
+ h

[
Li gi
0 0

] [∑s
i=1 γi,j Kj∑s
i=1 γi,j κj

]
+ h

[
Li gi
0 0

][∑r
i=1 ψi,j y

[n−1]
j∑r

i=1 ψi,j ζ
[n−1]
j

]
,[

y
[n]
i

ζ
[n]
i

]
=

[∑s
i=1 bi,j Kj∑s
i=1 bi,j κj

]
+

[∑r
i=1 vi,j y

[n−1]
j∑r

i=1 vi,j ζ
[n−1]
j

]
.

Assuming an exact starting procedure for the time variable, κi = h and ζ
[n]
i = tn wi,0+

hwi,1. The time argument for f satisfies

(4.11) τi =

s∑
j=1

ai,j κj +

r∑
j=1

ui,j ζ
[n−1]
j = tn−1 + ci h,

by the preconsistency condition Eq. (4.2a) and stage order one condition Eq. (4.5a).
Furthermore,

Ki = h f(tn−1 + ci h, Yi) + hLi

i∑
j=1

γi,j Kj + hLi

r∑
j=1

ψi,j y
[n−1]
j

+ gi

 i∑
j=1

γi,j κj + ψi,j ζ
[n−1]
j


= h f(tn−1 + ci h, Yi) + hLi

i∑
j=1

γi,j Kj + hLi

r∑
j=1

ψi,j y
[n−1]
j

(4.12)

by the preconsistency condition Eq. (4.2c) and stage order one condition Eq. (4.5c).
Note, the only difference between the autonomous form Eq. (3.1) and the non-
autonomous form (4.12) is the time argument in the right hand side function f and
that all the time-derivative terms have vanished.

5. Stability analysis for linearly implicit GLMs. We will now discuss the
stability properties of linearly implicit GLMs when applied to linear, Prothero-Robinson,
index-1 DAEs and singularly perturbed systems.

5.1. Linear stability. Applying Eq. (3.2) to the scalar Dahlquist test problem

(5.1) y′ = λ y,

and using the Jacobian approximations Li = λ̂ reveals that the stability matrix of the
linearly implicit GLM is

y
[n] = M(z, ẑ)y[n−1],

M(z, ẑ) = V + B (Is×s − zA− ẑ Γ)
−1

(zU + ẑΨ) ,

where z = hλ and ẑ = h λ̂.
In the case the exact Jacobian is used, ẑ = z and, as expected, the stability

function of the underlying implicit method is recovered:

M̂(z) = M(z, z) = V + zB
(
Is×s − z Â

)−1
Û.
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In the case where the arbitrary Jacobian is chosen as Li = 0 the stability matrix of
linearly implicit GLM is the same as that of the expilcit GLM:

M̃(z) = M(z, 0) = V + zB (Is×s − zA)
−1

U.

Remark 4. We can extend this result to the linear, nonautonomous, nonhomo-
geneous test problem

(5.2) M(t) y′ = λ(t) y + φ(t).

Similarly, the linearly implicit GLM Eq. (3.1) applied to (5.2) using the exact Jaco-
bians Li = λ(tn−1 + ch), computes stages as:

M(t)K = hλ(tn−1 + ch)
(
ÂK + Û ξ[n−1]

)
+ φ(tn−1 + ch),

y
[n] = BK + Vy

[n−1],
(5.3)

where (5.3) is exactly the stages of the underlying implicit method applied to (5.2). As
a result the stability properties of linearly implicit GLM for this problem is the same
as its underlying implicit GLM.

6. Stiff accuracy of linearly implicit GLMs.

6.1. Convergence of linearly implicit GLMs applied to the Prothero–
Robinson problem. The Prothero–Robinson problem [20] is a linear problem of the
form

(6.1) y′ = µ
(
y − φ (t)

)
+ φ′ (t) .

To show convergence of linearly implicit GLMs we rely on convergence results for
traditional GLMs as discussed in [34, Theroem 3] and [5, Section 4].

Theorem 6.1. The linearly implicit GLM Eq. (3.2) satisfying stage order condi-
tions (q, p) with q ∈ {p, p − 1} and  Li = µ applied to the Prothero-Robinson problem
has error y − φ(tn) = O

(
hmin (q+1,p)

)
.

Proof. The stages for the method in Eq. (3.2) applied to (6.1) are

K = z
(
AK + Uy

[n−1] − φ (tn−1 + ch)
)

+ hφ′ (tn−1 + ch) + zΨy
[n−1] + z ΓK,

= z
(
ÂK + Ûy

[n−1] − φ (tn−1 + ch)
)

+ hφ′ (tn−1 + ch) ,(6.2a)

y
[n] = BK + Vy

[n−1],(6.2b)

where z = hµ. Denote the global internal and external stage errors by

eK := K − hφ′ (tn−1 + ch) ,(6.3)

e
[n−1]
ξ := y

[n−1] −W η (tn−1) .(6.4)

Note that Y = ÂK + Ûy
[n−1] − φ (tn−1 + ch) are the stages of an implicit GLM as

discussed in Remark 3. Following the results in [34, 5],

Y = ÂK + Ûy
[n−1] − φ (tn−1 + ch) = O

(
hq+1

)
,
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and from Eq. (6.2a) we have

eK = hµ
(
ÂK + Ûy

[n−1] − φ (tn−1 + ch)
)

= O
(
hq+2

)
.

For the external stage error from Eq. (6.2) we have

eK = z
(
Is×s − zÂ

)−1 (
Ûy

[n−1] − φ (tn−1 + ch) + hφ′ (tn−1 + ch)
)
,

e
[n]
ξ + W η (tn) = M̂ (z) e

[n−1]
ξ + hBφ′ (tn−1 + ch) + VW η (tn−1) +O

(
hq+1

)
+ zB

(
Is×s − zÂ

)−1 (
hÂφ′ (tn−1 + ch)− φ (tn−1 + ch)

)
.

where η (tn) is the Nordsieck vector at time tn defined by

η (tn) =
[
φ (tn) , hφ′(tn), . . . , hpφ(p)(tn)

]T
.

Now simplifying the terms involving φ and φ′ using the Taylor expansion and order
condition Eq. (4.5b) similar to [34, Equation 52] results in error recurrence

e
[n]
ξ = M̂ (z) e

[n−1]
ξ +O

(
hmin (q+1,p)

)
The convergence of the global error is determined by the eigenvalues of the stability

matrix M̂ as discussion in detail in [24, Lemma 2]. Here, we consider one specific
case:

Remark 5. If the starting procedure is exact such that e
[n]
ξ = 0, Â is non-singular

and if

ρ
(
M̂ (z)

)
< α < 1,∀z ∈ D,

where D is the region of absolute stability for the implicit underlying method, then
linearly implicit GLM Eq. (3.2) applied to Prothero-Robinson problem (6.1) is PR-
Convergent with order min (q + 1, p)∥∥∥e[n]ξ ∥∥∥ = O

(
hmin (q+1,p)

)
.

6.2. Convergence of linearly implicit GLMs applied to singularly per-
turbed problems. Consider the singular perturbation problem

(6.7)

[
y′

z′

]
=

[
f(y, z)

ε−1g(y, z)

]
.

We apply the linearly implicit GLM (3.2) to (6.7). Using the notation

Y := A⊗d Ky + U⊗d y[n−1],(6.8a)

Z := A⊗d Kz + U⊗d z[n−1],(6.8b)

the numerical method reads as[
Ky

εKz

]
= h

[
F (Y, Z)
G (Y,Z)

]
+ h

[
Fy Γ⊗d Ky + Fz Γ⊗d Kz

Gy Γ⊗d Ky +Gz Γ⊗d Kz

]
+ h

[
Fy Ψ⊗d y[n] + Fz Ψ⊗d y[n−1]

Gy Ψ⊗d z[n] +Gz Ψ⊗d z[n−1]
]
,

(6.8c)

[
y
[n]

z
[n]

]
=

[
B⊗d Ky + V⊗d y[n−1]

B⊗d Kz + V⊗d z[n−1]
]
,(6.8d)
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where we use Fy = fy(Y,Z)⊗Is×s to denote the sub-Jacobian evaluation and similar
notation for Fz, Gy, and Gz in relation to (3.3) is adopted. We first consider conver-
gence of linearly implicit GLMs for index-1 DAEs. Later, we will extend the result to
singularly perturbed problems.

6.2.1. Index-1 DAEs. When ε→ 0 in Eq. (6.8) retreives the index-1 DAE:

y′ = f (y, z) ,

0 = g (y, z) .

We will consider the numerical values of the stages of a linearly implicit GLM sat-
isfying order (q, p) conditions with q ∈ {p, p − 1} applied to the index-1 DAE and
compare them to the same stage equations when exact values are substituted. Then
we will derive an error recurrence that will determine the convergence rates for the
differential and algebraic variables. Let us start with Eq. (6.8) and take the limit
ε→ 0:

Ky = hF (Y, Z) + h (Fy Γ⊗d Ky + Fz Γ⊗d Kz)

+ h
(
Fy Ψ⊗d y[n−1] + Fz Ψ⊗d z[n−1]

)
,

(6.9a)

0 = G (Y,Z) +Gy Γ⊗d Ky +Gz Γ⊗d Kz

+Gy Ψ⊗d y[n−1] +Gz Ψ⊗d z[n−1].
(6.9b)

Define Ỹ and Z̃ as function arguments when exact values are inserted into Eqs. (6.8a)
and (6.8b). Considering the internal stage order conditions for the underlying explicit
method we have that:

Ỹ = hA⊗d y′ (tn−1 + ch) + (UW)⊗d ηy (tn−1)(6.10a)

= y(tn−1 + ch) +O
(
hq+1

)
,

Z̃ = hA⊗d z′ (tn−1 + ch) + (UW)⊗d ηz (tn−1)(6.10b)

= z(tn−1 + ch) +O
(
hq+1

)
.

Furthermore, define the global errors as:

∆Ky := Ky − hy′ (tn−1 + ch) ,

∆y
[n−1] := y

[n−1] −W⊗d ηy (tn−1) ,

∆Y := Y − Ỹ = A⊗d (Ky − hy′ (tn−1 + ch))

+ U⊗d y
[n−1] − (UW)⊗d ηy (tn−1)

= A⊗d ∆Ky + U⊗d ∆y
[n−1],

where ηy (tn−1) is the Nordsieck vector corresponding to the derivatives of y(t) at time
tn−1. We assume similar notation for the errors in the algebraic variable ∆Z,∆Kz

and ∆z
[n−1].

Now, we insert exact values in Eq. (6.9a) and using the fact that the linearly
implicit GLM satisfies the internal and external stage order conditions Eq. (4.5) to



LINEARLY IMPLICIT GENERAL LINEAR METHODS 13

write:

hy′ (tn−1 + ch) = hF
(
Ỹ , Z̃

)
+ h (hFyΓ⊗d y′ (tn−1 + ch) + hFzΓ⊗d z′ (tn−1 + ch))

+ h (Fy(ΨW)⊗d ηy(tn−1) + Fz(ΨW)⊗d ηz(tn−1))

+O
(
hq+2

)
+O

(
hp+1

)
.

(6.12)

Subtracting (6.12) from Eq. (6.9a)

∆Ky = hF (Y,Z)− hF
(
Ỹ , Z̃

)
+ h

(
FyΓ⊗d ∆Ky + FzΓ⊗d ∆Kz + FyΨ⊗d ∆y

[n−1] + FzΨ⊗d ∆z
[n−1]

)
+O

(
hν+1

)
,

(6.13)

where ν = min (q + 1, p) .

We expand hF (Y, Z) and hF
(
Ỹ , Z̃

)
around their exact values

hF (Y, Z) = hF (y (tn−1 + ch) , z (tn−1 + ch))

+ hFy

(
A⊗d Ky + U⊗d y[n−1] − y (tn−1 + ch)

)
+ hFz

(
A⊗d Kz + U⊗d z[n−1] − z (tn−1 + ch)

)
+O

(
h2q+3

)
,

(6.14)

where the order of the residual term is determined by the internal stage order condi-
tions of the explicit underlying method. Similarly,

hF
(
Ỹ , Z̃

)
= hF (y (tn−1 + ch) , z (tn−1 + ch))

+ hFy (hA⊗d y′ (tn−1 + ch) + (UW)⊗d ηy (tn−1)− y (tn−1 + ch))

+ hFz (hA⊗d z′ (tn−1 + ch) + (UW)⊗d ηz (tn−1)− z (tn−1 + ch))

+O
(
h2q+3

)
,

(6.15)

where the order of the residual is due to Eq. (6.10). The Jacobians Fy and Fz in
(6.14) and (6.15) are evaluated at (Y,Z) and (y(tn−1 + ch), z(tn−1 + ch)) respec-
tively, however, we note that changing the argument to the Jacobian does not change
the accuracy of these equations due to Eq. (6.10). Using (6.14) and (6.15) in (6.13)
we have:

∆Ky = h (Fy (Γ + A) ⊗d ∆Ky + Fz (Γ + A) ⊗d ∆Kz)

+ h
(
Fy (Ψ + U) ⊗d ∆y

[n−1] + Fz (Ψ + U) ⊗d ∆z
[n−1]

)
+O

(
hν+1

)
.

(6.16)

Repeating the same steps for the algebraic stages we get:

0 = Gy (Γ + A) ⊗d ∆Ky +Gz (Γ + A) ⊗d ∆Kz

+Gy (Ψ + U) ⊗d ∆y
[n−1] +Gz (Ψ + U) ⊗d ∆z

[n−1]

+O(hν),

∆Kz = −
(
GzÂ

)−1 (
GyÂ ∆Ky +GyÛ ∆y

[n−1] +GzÛ ∆z
[n−1]

)
+O(hν),(6.17)
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where Â = (A + Γ)⊗d and Û = (U + Ψ)⊗d .
Assuming Gz is invertible, we define some new notations that will become useful:

Jred = Fy − Fz G−1z Gy,

F red(y, z) = F (y, z)− Fz G−1z G(y, z),

noting that these are the right hand side and Jacobian of the index-reduced system
obtained by differentiating the DAE. Rearranging (6.16) and (6.17) we have[

∆Ky

∆Kz

]
= S(h)−1

([
hFyÛ hFzÛ

GyÛ GzÛ

] [
∆y

[n−1]

∆z
[n−1]

]
+

[
O
(
hν+1

)
O(hν)

])
,(6.18)

where

S(h) =

[
I− hFyÂ −hFzÂ
−GyÂ −GzÂ

]
,

with the inverse,

S(h)−1 =


(
I− hJredÂ

)−1
−h
(
I− hJredÂ

)−1
Fz G

−1
z

−Â−1G−1z GyÂ
(
I− hJredÂ

)−1
−Â−1G−1z

(
I− hGyÂ

(
I− hJredÂ

)−1
FzG

−1
z

)
 .

Inserting (6.18) into Eq. (6.8d) we can get the error recurrence:

[
∆y

[n]

∆z
[n]

]
=

[
B 0
0 B

] [
∆Ky

∆Kz

]
+

[
V 0
0 V

] [
∆y

[n−1]

∆z
[n−1]

]
=

([
B 0
0 B

]
S(h)−1

[
hFyÛ hFzÛ

GyÛ GzÛ

]
+

[
V 0
0 V

])[
∆y

[n−1]

∆z
[n−1]

]
+

[
O(1) O(h)
O(1) O(1)

] [
O
(
hν+1

)
O(hν)

]

=

V + hB
(
I− hJredÂ

)−1
JredÛ 0

R
(
hJred

)
V −BÂ−1Û

[∆y
[n−1]

∆z
[n−1]

]
+

[
O
(
hν+1

)
O(hν)

]

=

[
M̂ (Z) 0

R (Z) M̂ (∞)

] [
∆y

[n−1]

∆z
[n−1]

]
+

[
O
(
hν+1

)
O(hν)

]
.

(6.19)

where Z = hJred and M̂ (Z) = V + B
(
I−ZÂ

)−1
ZÛ. Convergence of the error

recurrence in (6.19) depends on the eigenvalues of the error amplification matrix
which in this case has lower block-triangular structure. As a result convergence is

determined by the eigenvalues of M̂ (Z) including at infinity. A detailed discussion
of various cases can be found in [24, Lemma 2]. Here, we use the following corollary.

Corollary 6.2. Assume gz is invertible in a neighborhood of the solution, and
also assume we start from an algebraically consistent initial condition g(y0, z0) =

0. If the underlying implicit method satisfies ρ(M̂ (∞)) < 1 and is power bounded
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elsewhere then the global error of linearly implicit GLM (3.2) applied to the index-1
DAE problem satisfies:

y
[n] − y(tn) = O(hν), Ky − hy′(tn−1 + ch) = O(hν+1),

z
[n] − z(tn) = O(hν), Kz − hz′(tn−1 + ch) = O(hν+1).

Proof. Simple application of [24, Lemma 2] to estimate the global errors leads to
y
[n] − y(tn) = O(hν) and z

[n] − z(tn) = O(hν). For internal stages we use (6.18) to
get: [

∆Ky

∆Kz

]
=

[
O(h) O(h)
O(1) O(1)

] [
∆y

[n−1]

∆z
[n−1]

]
+

[
O
(
hν+1

)
O(hν)

]
.

If global error estimates for the external stages are substituted in this equation we
arrive at ∆Ky = O

(
hν+1

)
and ∆Kz = O

(
hν+1

)
.

Alternatively, we can investigate the convergence for the differential variable with
a different approach. Solving for Â⊗d ∆Kz + Û⊗d ∆z

[n−1] in (6.17) and inserting into
(6.16) we get

∆Ky = hJredÂ⊗d ∆Ky + hJredÛ⊗d ∆y
[n−1] +O

(
hν+1

)
,

∆y
[n] = B∆Ky + Û∆y

[n−1],
(6.20)

which is an error recurrence for the underlying implicit method applied to linear
ODE y′ = Jredy with local truncation error of O

(
hν+1

)
. Therefore, convergence of

traditional GLMs also leads to the same result.

6.2.2. ε−expansion of smooth solutions. We are now interested in smooth
solutions of the singular perturbation problem (6.7) that can be expanded according
to

(6.21) y(t) =
∑
k≥0

yk(t)εk, z(t) =
∑
k≥0

zk(t)εk,

where solution components yk(t) and zk(t) are not dependent on ε. We assume that
the initial values y[0], z[0] are on the smooth solution manifold. We similarly expand
the function arguments and internal and external stages of the numerical solution in
powers of ε:

Y =
∑
i≥0

Y i εi, Z =
∑
i≥0

Ziεi,

Ky =
∑
i≥0

Ki
y ε

i, Kz =
∑
i≥0

Ki
zε
i,

y
[n] =

∑
i≥0

y
[n],i εi, z

[n] =
∑
i≥0

z
[n],i εi.

Inserting (6.21) into (6.7) and separating O(1) terms leads to the index-1 DAE dis-
cussed in section 6.2.1:

y0
′

= f
(
y0, z0

)
,

0 = g
(
y0, z0

)
,
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for which the convergence of linearly implicit GLMs is already discussed. If O
(
ε1
)

terms are considered, in addition to Eq. (6.22) we get the index-2 DAE:

y1
′

= fy
(
y0, z0

)
y1 + fz

(
y0, z0

)
z1,(6.23a)

z0
′

= gy
(
y0, z0

)
y1 + gz

(
y0, z0

)
z1.(6.23b)

Assuming gz is invertible we can insert z1 from Eq. (6.23b) into Eq. (6.23a) to get
the reduced ODE:

z1 = −
(
g−1z gy

)
y1 + g−1z z0

′
,(6.24a)

y1
′

=
(
fy − fzg−1z gy

)
y1 +

(
fzg
−1
z

)
z0
′
.(6.24b)

All Jacobians in Eq. (6.24) are evaluated at (y0(t), z0(t)) and we have dropped their
argument for brevity. We note that Eq. (6.24b) is a linear ODE in y1(t) with a time-
dependent term on the right-hand side function. In general the differential-algebraic
equation for component α of the SPP problem can be represented by [10, Section
VI.3]

yν
′

= fyy
ν + fzz

ν + φν
(
y0, z0, . . . , yν−1, zν−1

)
,(6.25a)

zν−1
′

= gyy
ν + gzz

ν + ψν
(
y0, z0, . . . , yν−1, zν−1

)
.(6.25b)

In [28] Schneider shows the convergence of SPP components for general linear meth-
ods. Here, we use the linearity of the systems in Eq. (6.25) to show that the stages of
linearly implicit GLM applied to these problems are within the local truncation errors
of the stages of the underlying implicit method applied to the same system when the
exact Jacobian is used. Convergence of the SPP problem, therefore, follows the same
asymptotic as the implicit GLM.

Theorem 6.3 (Convergence of linearly implicit GLMs for the ε−expansion terms
of SPP). For an internally consistent linearly implicit GLM of order (p, q), q ∈ {p−
1, p}, with the underlying implicit method satisfying ρ(M (∞)) < 1, invertible Â and
starting with consistent initial values

∆y
ν,[n] = O

(
hq+2−ν), ∆Y ν,[n] = O

(
hq+2−ν),

∆z
ν,[n] = O

(
hq+1−ν), ∆Zν,[n] = O

(
hq+1−ν),(6.26)

for 1 ≤ ν ≤ q + 1.
Proof. We will present the proof for ν = 1. For ν > 1 an induction argument can

be constructed. Starting at ν = 1 the index-2 problem reads as:

y1
′

= fy
(
y0, z0

)
y1 + fz

(
y0, z0

)
z1 = F(y1, z1),(6.27a)

z0
′

= gy
(
y0, z0

)
y1 + gz

(
y0, z0

)
z1 = G(y1, z1).(6.27b)

We like to show that the difference between the linearly implicit GLM and the under-
lying implicit stages remain bounded. Consider the implicit method’s stages:

Ŷ 1 = ÂK̂1
y + Ûŷ

1,[n−1], Ẑ1 = ÂK̂1
z + Ûẑ

1,[n−1],

K̂1
y = hF

(
Ŷ 1, Ẑ1

)
, K̂0

z = hG
(
Ŷ 1, Ẑ1

)
.
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where the stage values according to Eq. (6.27) are

K̂1
y = hFy

(
Ŷ 0, Ẑ0

)(
ÂK̂1

y + Ûŷ
1,[n−1]

)
+ hFz

(
Ŷ 0, Ẑ0

)(
ÂK̂1

z + Ûŷ
1,[n−1]

)
,

K̂0
z = hGy

(
Ŷ 0, Ẑ0

)(
ÂK̂1

y + Ûŷ
1,[n−1]

)
+ hGz

(
Ŷ 0, Ẑ0

)(
ÂK̂1

z + Ûẑ
1,[n−1]

)
,

where Ŷ 0 and Ẑ0 are the index-1 solutions computed by the implicit method. Similarly,
the linearly implicit GLM stages read as

Y 1 = AK1
y + Uy

1,[n−1], Z1 = AK1
z + Uz

1,[n−1],

K1
y = hF

(
Y 1, Z1

)
+ Fy

(
Y 1, Z1

)
ΓK1

y

+ Fz
(
Y 1, Z1

)
ΓK1

z + Fy
(
Y 1, Z1

)
Ψy

1,[n−1] + Fz
(
Y 1, Z1

)
Ψz

1,[n−1]

= hFy
(
Y 0, Z0

) (
ÂK1

y + Ûy
1,[n−1]

)
+ hFz

(
Y 0, Z0

) (
ÂK1

z + Ûz
1,[n−1]

)
,

K0
z = hGy

(
Y 0, Z0

) (
ÂK1

y + Ûy
1,[n−1]

)
+ hGz

(
Y 0, Z0

) (
ÂK1

z + Ûz
1,[n−1]

)
,

Convergence of index-1 problems for linearly implicit GLMs is discussed in section 6.2.1.
Since we arrive at the same rates as the underlying implicit method [28, Section 4],
we can change the argument of the sub-Jacobians such that

Y 0 = Ŷ 0 +O
(
hq+1

)
and Z0 = Ẑ0 +O

(
hq+1

)
.

Defining δK1
y := K1

y − K̂1
y and similar notation for the error between stages of the

underlying implicit GLM and the linearly implicit GLM we have

δK1
y = hFy

(
Ŷ 0, Ẑ0

)(
ÂδK1

y + Ûδy1,[n−1]
)

(6.30a)

+ hFz

(
Ŷ 0, Ẑ0

)(
ÂK̂1

z + Ûδy1,[n−1]
)

+O
(
hq+2

)
,

δK0
z = hGy

(
Ŷ 0, Ẑ0

)(
ÂδK1

y + Ûδy1,[n−1]
)

(6.30b)

+ hGz

(
Ŷ 0, Ẑ0

)(
ÂδK1

z + Ûδz1,[n−1]
)

+O
(
hq+2

)
,

δy1 = hÂδK1
y + Ûδy1,[n−1],(6.30c)

δz1 = hÂδK1
z + Ûδz1,[n−1].(6.30d)

Note that in Eq. (6.30) the error between the two methods has the same structure as
the local truncation error of the implicit GLM [28, Therorem 2.1] and [10, Theorem
3.4]. Therefore under the same assumptions, we have the following result:

∆K1
y = δK1

y + ∆K̂1
y = O

(
hq+2

)
, ∆K1

z = δK1
z + ∆K̂1

z = O
(
hq+1

)
,(6.31a)

∆y
1 = δy1 + ∆ŷ

1 = O
(
hq+1

)
, ∆z

1 = δz1 + ∆ẑ
1 = O(hq).(6.31b)

Corollary 6.4 (Estimation of the remainder in the numerical solution). Under

the same assumptions as in Theorem 6.3, and assuming eigenvalues of Â have positive
real parts, the global error of linearly implicit GLM applied to the SPP problem (6.7)
satisfies:

yn − y(tn) = O
(
hp + ε2hq

)
,

zn − z(tn) = O(hp + εhq),
(6.32)



18 ARASH SARSHAR , AND STEVEN ROBERTS , AND ADRIAN SANDU

for some h/ε ≥ D,h ≤ h0 with h0 independent of ε.
Proof. This result directly follows from [28, Theorem 2.4], having shown the

ε−expansion terms in the stages of linearly implicit GLM have the same error con-
vergence rate as the underlying implicit method.

7. Special families of linearly implicit GLMs.

7.1. Two-step Runge Kutta and Peer methods. A general formulation of
Two-step Runge–Kutta methods and Peer methods [15, 4] may treat both families as
special cases of GLMs. Let us consider a method that advance the solution yn+1 as:

Y [n] = u[n−2]⊗d yn−2 + u[n−1]⊗d yn−1 + D[n−1]⊗d Y [n−1](7.1a)

+hA[n]⊗d F
(
Y [n]

)
+ hA[n−1]⊗d F

(
Y [n−1]

)
,

yn = ϑ[n−2] yn−2 + ϑ[n−1] yn−1 + θ[n−1] T ⊗d Y [n−1](7.1b)

+hv[n] T ⊗d F
(
Y [n]

)
+ hv[n−1] T ⊗d F

(
Y [n−1]

)
.

The method (7.1) is a GLM with the tableau of coefficients:

(7.2)
A U

B V
=

A[n] u[n−2] u[n−1] D[n−1] A[n−1]

0s×s 0s×1 1s 0s×s 0s×s

v[n] T ϑ[n−2] ϑ[n−1] θ[n−1] T v[n−1] T

A[n] u[n−2] u[n−1] D[n−1] A[n−1]

Id×d 0s×1 0s×1 0s×s 0s×s

,

The external stages contain solution and function values:

y
[n−1] =


yn−2
yn−1
Y [n−1]

hF
(
Y [n−1])

 ∈ R(2s+2)d×1,

and using Taylor series expansion of the external stages we have the following for the
columns of the W matrix:

w0 =
[
1 1 1s×1 0s×1

]T
,(7.3a)

wk =
[
(−1)k
k! 0 (c−1s)

k

k!
(c−1s)

k−1

(k−1)!

]T
, k = 1, . . . , p.(7.3b)

The pre-consistency conditions for the method in (7.2) is(
u[n−2] + u[n−1] + D[n−1]

)
1s = 1s,(7.4a)

ϑ[n−2] + ϑ[n−1] + θ[n−1] T1s = 1,(7.4b)

Using (7.3) in the GLM order conditions we get the following internal stage order
conditions:

c"k

k!
− A[n]c"(k−1)

(k − 1)!
− A[n−1](c− 1s)

"(k−1)

(k − 1)!

− D[n−1](c− 1s)
"k

k!
− u[n−2] (−1)k

k!
= 0, k = 1, . . . , q,(7.5)
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Similarly, using the structure of the tableau (7.2) and Eq. (7.3) in the GLM external
stage order conditions Theorem 2.2 we have the following identities:

k∑
`=0

(−1)k−`

(k − `)! `!
= 0, k = 1, . . . , p,(7.6a)

1

k!
− v[n] T c"(k−1)

(k − 1)!
− v[n−1] T (c− 1s)

"(k−1)

(k − 1)!
(7.6b)

− ϑ[n−2] (−1)k

k!
− θ[n−1] T (c− 1s)

"k

k!
= 0, k = 1, . . . , p,

k∑
`=0

(c− 1s)
"(k−`)

(k − `)! `!
− A[n]c"(k−1)

(k − 1)!
− A[n−1](c− 1s)

"(k−1)

(k − 1)!
(7.6c)

− D[n−1]c"k

k!
− u[n−2] (−1)k

k!
= 0, k = 1, . . . , q,

k−1∑
`=0

(c− 1s)
"(k−`−1)

(k − `− 1)! `!
− c"(k−1)

(k − 1)!
= 0, k = 1, . . . , p.(7.6d)

Equations (7.6a) and (7.6d) are trivially satisfied. Equation (7.6c) is equivalent to
the stage order equation (7.5) since

k∑
`=0

(c− 1s)
"(k−`)

(k − `)! `!
=

c"k

k!
, k = 1, . . . , q.

We have the following result:

Remark 6 (TSRK/Peer order conditions). A two-step Runge-Kutta method or a
GLM peer method represented by formulation Eq. (7.1) is order (q, p) if the coefficients
satisfy the preconsistency conditions Eq. (7.4a) and

c"k

k!
− A[n]c"(k−1)

(k − 1)!
− A[n−1](c− 1s)

"(k−1)

(k − 1)!
(7.7a)

− D[n−1](c− 1s)
"k

k!
− u[n−2] (−1)k

k!
= 0, k = 1, . . . , q,

1

k!
− v[n] T c"(k−1)

(k − 1)!
− v[n−1] T (c− 1s)

"(k−1)

(k − 1)!
(7.7b)

− ϑ[n−2] (−1)k

k!
− θ[n−1] T (c− 1s)

"k

k!
= 0, k = 1, . . . , p.

7.1.1. Linearly implicit TSRK/Peer methods. Once the TSRK/Peer meth-
ods are considered as GLMs, extension to linearly-implicit version is a straight-forward
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process. We consider the linearly-implicit method

Y [n] = u[n−2]⊗d yn−2 + u[n−1]⊗d yn−1 + A[n]⊗d K [n] + A[n−1]⊗d K [n−1],

K [n] = hF
(
Y [n]

)
+ hL

(
Γ[n]⊗d K [n] + Γ[n−1]⊗d K [n−1]

)
+ hL

(
ũ[n−2]⊗d yn−2 + ũ[n−1]⊗d yn−1

)
,

yn = ϑ[n−2] yn−2 + ϑ[n−1] yn−1

+ v[n−1] T ⊗d K [n−1] + v[n] T ⊗d K [n].

(7.8)

The order conditions are:

c"k

k!
− A[n]c"(k−1)

(k − 1)!
− A[n−1](c− 1s)

"(k−1)

(k − 1)!
− u[n−2] (−1)k

k!
= 0,(7.9a)

k = 1, . . . , q,

1

k!
− v[n] T c"(k−1)

(k − 1)!
− v[n−1] T (c− 1s)

"(k−1)

(k − 1)!
− ϑ[n−2] (−1)k

k!
= 0,(7.9b)

k = 1, . . . , p,

Γ[n]c"(k−1)

(k − 1)!
+

Γ[n−1](c− 1s)
"(k−1)

(k − 1)!
+ ũ[n−2] (−1)k

k!
= 0,(7.9c)

k = 1, . . . , q.

7.1.2. Example. The sequential peer two-step method PEER4A described in [19]
is a special case of (7.8) with order (2,3) conditions. Indeed in [19, Example 4], the
”Nordsieck form” of the peer method is the underlying implicit and the ”predictor”
coefficients give the underlying explicit method.

7.2. Parallel Methods. The family of parallel linearly implicit GLMs allows
independent and parallel computation of internal stages. In the case of linearly im-
plicit GLMs choosing A = 0 and Γ = λ Is×s leads to a family of parallel methods .
Similarly, the two-step linearly implicit Runge–Kutta methods become parallel when
A[n] = 0 and Γ[n] = λ Is×s.

7.3. Parallel Ensemble Methods.

B = Cs Fs (Is×s − λKs) C−1s , V = Is×s, W = Cs+1 − λCs+1Ks+1,

where the Toeplitz matrices

Kn =


0 1

0 1
. . .

. . .

0 1
0

 ∈ Rn×n, Fn =


1 1

2
1
6 . . . 1

n!
1 1

2 . . . 1
(n−1)!

. . .
. . .

...
1 1

2
1

 ∈ Rn×n

and scaled Vandermone matrix

Cn =
[
1s c c2

2 · · · cn−1

(n−1)!

]
∈ Rs×n
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are used.

Ψ = −λCs Ks (Is×s − λKs)
−1

C−1s

The stability essentially matches that of the one stage Rosenbrock W-method:

yn+1 = yn + h (Id×d − hλL1) f(yn).

7.4. Backward Differentiation Formulae. Backward differentiation formula
(BDF) methods are a popular family of implicit linear multistep methods. The general
form for a k-step BDF method is

(7.10) yn = β0hf(yn) +

k∑
i=1

αiyn−i.

These can be cast into the framework of GLMs and have a tableau of the form

1 β0 α1 . . . αk−1 αk

β0 α1 . . . αk−1 αk

0 1 . . . 0 0
...

...
. . .

...
...

0 0 . . . 1 0

.

Now we use this GLM to construct the linearly implicit GLM

K1 = h f

(
k∑
i=1

α̂i yn−i

)
+ β0 hLK1 + hL

k∑
i=1

ψi yn−i,(7.11a)

yn = β0K1 +

k∑
i=1

αi yn−i,(7.11b)

where αi = α̂i+ψi to preserve (7.10) as the underlying implicit method. The tableau
for Eq. (7.11a) is

(7.12)

1 0 β0 α̂1 . . . α̂k−1 α̂k ψ1 . . . ψk

β0 α1 . . . αk−1 αk

0 1 . . . 0 0
...

...
. . .

...
...

0 0 . . . 1 0

We use this structure to derive order conditions for linearly implicit BDF methods
with p = q + 1 = k. Solving Eq. (4.5) leads to the method coefficients

(7.13) β0 =

 k∑
j=0

1

j

−1 , α̂i = (−1)i+1

(
k

i

)
, ψi = α̂i

(
β0
i
− 1

)
, i = 1, . . . , k.
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By applying the transformation (3.6) and some algebraic simplifications, we arrive at
the following compact form of linearly-implicit BDF methods:

(7.14) yn = (Is×s − β0 hL)
−1

(
β0 h f

( k∑
i=1

α̂i yn−i

)
+

k∑
i=1

ψi yn−i

)
+

k∑
i=1

α̂i yn−i.

8. Numerical experiments. In this section we provide numerical experiments
using various linearly implicit GLMs derived from the families introduced in section 7
applied to a number of test problems. Test problems are chosen to highlight features
of this class of linearly implicit methods. We present convergence results on a DAE
problem, a PDE with time-dependent boundary conditions, Euler equations of gas
dynamics with approximate Jacobian and the Van der Pol oscillator for a stiff system.

8.1. The transistor-amplifier test problem. The transistor-amplifier test
problem is an index-1 DAE describing various voltages across a two-transistor am-
plifier circuit. The derivation of the equations is documented in [30] and the Matlab
implementation of this problem can be found in ODE Test Problems suit. [22]. We
perform the experiments for a range of time-steps using the exact Jacbobian over a
timespan t = [0, 0.2] and report the l2 error between the final solution and a reference
solution computed with tight tolerances. We observe that our methods behave at
their nominal order of convergence as shown in Figure 8.1.

8.2. Convergence study with the Hundsdorfer problem problem. In the
next set of experiments we use the Hundsdorfer PDE with time-dependent boundary
conditions [12, Sec. 6.3]. The PDE is described as

ut + ux = −k1u+ k2v,

vt = k1u− k2v + 1,
(8.1)

where x, t ∈ [0, 1] and the parameters are chosen as k1 = 106 and k2 = 2k1.
Fourth-order central finite differences are used for spatial discretization and the time-
dependent Dirichlet boundary condition is u(0, t) = 1−sin (12t)

4
. This linear advection-

reaction problem causes order reduction in Runge-Kutta methods due to the influences
of the time-dependent boundary conditions [13, Chapter 2]. In our experiments we
compare the convergence rates of linearly implicit GLMs with a number of Rosen-
brock and Rosenbrock-W methods from the literature: RODAS3 and RODAS4 are
Rosenbrock methods of orders 3 and 4 [25]. ROS34PW1b, and ROS34PW2, are
ROW methods of order 3 and ROS34PW3 is an order 4 method.[21]. 6S4O(C)-W is
a Rosenbrock-W method of order 4 from [?]. We note that among Rosenbrock and
ROW methods tested on this problem only ROS34PW1b and ROS34PW3 retain their
nominal convergence rates as shown in Figure 8.2a. On the other hand as Figure 8.2b
indicates, the linearly implicit GLMs perform close their theoretical order of conver-
gence. We note the slight fluctuation in the convergence plot of LIMSIM5 method is
due to numerical errors in the starting procedure. The error is also exacerbated by
accumulation of round-off errors due to large coefficients of this method.

8.3. Euler equations with approximate Jacobian . In this set of experi-
ments we use the 2D Euler equations for compressible gas dynamics summarized in
(8.2) and discretized using Discrete Galerkin (DG) finite element method with degree
5 nodal polynomial basis. We have used the Matlab implementation of the Isentropic
Vortex test provided in [11, Section 6.6]. The system is integrated over timespan
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Fig. 8.1: Convergence study with the Transistor-Amplifier test problem

t = [0, 10] with parameter γ = 1.4 and E = p
γ−1 + ρ

2

(
u2 + v2

)
.

∂ρ

∂t
+
∂ρu

∂x
+
∂ρv

∂y
= 0,

∂ρu

∂t
+
∂ρu2 + p

∂x
+
∂ρuv

∂y
= 0,

∂ρv

∂t
+
∂ρuv

∂x
+
∂ρv2 + p

∂y
= 0,

∂E

∂t
+
∂u(E + p)

∂x
+
∂v(E + p)

∂y
= 0.

(8.2)

In many practical applications the exact Jacobian of a complex discretization is
not available. Here, we use the numjac function to create an approximate sparse
Jacobian at the beginning of the integration and employ it in our computations.
Furthermore, the stage equations are solved with GMRES. As a result , the final error is
affected both by the local truncation error of the method as well as the convergence of
the iterative solver (i.e. the iterative solver may not converge within specified tolerance
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Fig. 8.2: Convergence plots for the Hundsdorfer problem
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Fig. 8.3: Error versus number of function evaluations for the Isentropic vortex test
problem

for some methods). Figure 8.3 shows the final error for a number of methods plotted
against the number of function evaluations for a small subset of linearly implicit
GLMs and a ROSW method. This plot signifies the many different factors in the
overall performance of linearly-implicit methods. We note that the order four method
outperforms others in this case. This is due to optimized coefficients and striking
a balance between number of stages and the overall order of the method, as well
having a simpler starting procedure compared to the order 5 method which is prone
to approximation errors.

8.4. Van der Pol oscillator. The Van der Pol problem is commonly used in the
literature for studying the stiff behavior of time-stepping methods. Equation (8.3) de-
scribes a two variable system where z is singularly perturbed and therefore constitutes
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Fig. 8.4: Convergence plots for linearly implicit GLMs applied to the Van der Pol
oscillator
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Fig. 8.5: Convergence plots for linearly implicit GLMs applied to the Van der Pol
oscillator

the stiff component of the system for small positive values of ε.

y′ = z,

εz′ = (1− y2)z − y.
(8.3)

For the complete problem definition and a highly accurate initial condition please
refer to [9, Section 5]. Here, we provide convergence rates of the y− and z− compo-
nents of the system as we integrate (8.3) with ε = 10−3 over timespan t = [0, 0.4].

9. Conclusion. We presented the class of linearly implicit GLMs for linearly
implicit integration of systems with high external and internal stage orders. The or-



26 ARASH SARSHAR , AND STEVEN ROBERTS , AND ADRIAN SANDU

der conditions show a close relation between coefficients of linearly implicit GLMs and
IMEX-GLM pairs that can be leveraged to design methods with preferable stability
and error properties. We provide convergence results for Prothero-Robinson prob-
lem, index-1 DAEs and singularly perturbed problems to investigate the stability of
these methods. Adaptivity strategies are briefly discussed based on re-scaling of the
Nordsieck forms of the solution. We provide a wide range of methods that can be
chosen based on the specific application and implementation factors such as available
parallel processors, storage, and stability requirements. Our numerical experiments
highlight a number of advantages for linearly implicit GLMs when competing methods
encounter order reduction due to approximate Jacobians, stiffness, or larger residuals.
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Appendix A. linearly implicit GLM methods.
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