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Nomenclature.

matrix of shape coefficlents for pilpe
segment "a"

matrix which transfers forces from mass
"1" to origin

modulus of elasticity

force 1n i direction
force applled at point P in the i1-direction

force (or moment) on mass "1" in the j-
direction (about j-axis)

column matrix of forces at mass "i"

section moment of inertia
unit matrix

mass moment of inertia ébout i-axis

mass product of 1nertia

principal moment of inertia for mass "i"
about j-axis

section polar moment of 1lnertila
total stiffness matrix

(AO)-l = stiffness matrix for plpe

segment "a'" with forces and deflectlons

referred to origin
total kinetic energy of system
6 x 6 stiffness matrix containing forces

and moments at mass "1" due to deflections
and rotations at mass "J"



1]

PE

flexibility factor

elements of stiffness matrix

1n.n

force on mass "i" in r-direction due to

1" .

deflection of mass "j  in s-direction

Lagrangian( XKE - U)

angular momentum about i-axis

rotational transformation relating components

measured in inertial reference frame to
a frame parallel to frame at origiln

length of pipe segment

mass matrix

6 X 6 inertial matrix for mass i

mass

principal moment of inertia for 1

m

elements of mass matrix

number of masses

for i

total potential energy of system

ratio of section moduli

generalized coordinaée

generalized deflection of mass "j" in

s-direction

matrix of direction cosines describing

rotation of axes at mass

in-plane bending moment

transverse bending moment

1nan
J



moment about 1-axis

torsional moment

strain energy

column matrix of displacements

column matrix of deflections at mass "j"

= coordinates of point N

= total flexlibility matrix

linear deflection of mass "1" in j-direction

H,T 7"

rotation of mass about J-axis

nth elgenvalue

angle plpe segment makes with horizontal

circular frequency (radlans/second)



ITI. Introduction.

The subject of structural vibrations 1s an Imposing
one, and several approaches to reducing the complexities
Involved in solving real problems have been presented in
the literature. Probably the most practical of the
varlous methods utilizes a mathematical model which re-
presents the structure as a system of discrete masses
interconnected by a network of eilther flexibillties or
stiffnesses. The best method for formulating such a
model for a given structure has not been clearly estab-
lished and will not be discussed 1in detail here, but
studies have been made concerning this subject (8).

The purpose of thils paper is to present a detailed
analysls of such a model utilizing matrix methods.
Utllization of an automatic computer is mandatory for a
problem of thils type because of the large number of
degrees of freedom necessary to describe a vibrating
piping system. The pipe will be dilvided into a number
of discrete masses, and each mass will be allowed six
degrees of freedom. Thus, for a fifteen-mass structure,
one must possess the ability to multiply, invert, and
find the eigenvalues and eigenvectors of a 90 X 90
matrix. It is easily seen that for a large number of

masses, even the largest digital computers presently



avallable can be overburdened. Nevertheless, many im-
portant structures can be approximated within the
capabillties of these machines. Furthermore, by neg-
lecting such effects as rotatory inertia the size of the

eigenvalue—eigenvector problem can be reduced.

IV. The Review of Literature.

An excellent discussion of the formulation of
vibration problems in matrix form is presented in Shock

and Vibration Handbook (3), Volume 2, edited by Cyril M.

Harris and Charles E. Crede. This discussion is con-
tained in chapter twenty-eight, "Numerical Methods of
Analysis" by Stephen H. Crandall and Robert B. McCalley,
Jr. Toplcs treated therein are mass and stiffness coup-
ling, dlscrete approximations of continuous systems,
the matrix eigenvalue problem, and many other related
subjects.

The solution to the problem of formulating the
stiffness matrix was accomplished primarily with the aid

of the following three publicatlons: Design of Piping

Systems by the M. W. Kellogg Co. (5); "A Matrix Method
for Flexibillity Analysis of Piping Systems" by J. E.
Brock (1); and "Piping Flexibility Analysils by Stiffness

Method" by L. H. Chen (2). 1In Design of Piping Systems,
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a set of coefficlients 1s derived with the aild of
Castigliano's Theorem, which relates the internal forces
in a sectlon of plpe to the relative end deflectlons
of the plpe, all forces and deflectlons belng referred
to a common origin. TUse of these coefficlents requires
only that the geometrical configuration of the plpe and
1ts orientation in space be known. The paper by Brock
contains an excellent discussion of matrix transformations
as they deal with pipe stress problems. Transformations
of 1nfluence éoefficient matrices as presented thereiln
were found to be directly applicable. "Piping Flexi-
.bility Analysis By Stiffness Method"” introduced the idea
of working with stiffnesses of individual pipe sections
rather than flexibilitles. The formulatlon of a total
stiffness matrix for a vibration problem 1s found to be
much easler to accomplish than the formulation of a total
flexibllity matrix. This is especially true for complex
systems containing many branches and closed loops.
"Dynamic Behavior of a Foundation-Like Structure”
by V. H. Neubert and W. H. Ezell (9) contains thebretical
and experimental results obtained from shaking a foun-
datlion-like structure constructed from segments of pipe
which provides a model for checklng the work presented

in thils paper.
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V. The Investigation.

A. Formulation of the Problem.

The problem to be 1nvestigated 1n thils paper is
that of findlng the natural frequencies and mode shapes
of a freely vibrating three-dimensional piping network.
The method of attack to be followed was 1ndicated i1n
the Introduction; that is, the physical system will be
represented by a model consisting of inertial elements
interconnected by a network of flexible elements. The
assumption of small oscillations will be made and damping
will not be considered here. For small oscillations, 1t
has been shown (4), (7), that if generalized coordinates
are taken such that they vanish in the equilibrium posi-
tion, then the kinetic energy and the potentlal energy

of the system can be expressed as quadratics such as

1 n n

KE=— 3 2 myjy aj dj (1)
1=1 j=1
n n

and PE = - s = kij ay dj (2)
1=1 J=1

Here n 1s the number of generalized coordinates necess-

ary to descrlbe the motlon of the system. The miJ are
functions of the ay but for small osclllations they may

be taken as the constant values at the equilibrium
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position (7). Rigid-body translations will not be con-
sldered here; hence, both of the above gquadratics are
positive definite. This insures the 1nvertablllity of the
correspondlng mass and stiffness matrices. To obtain the
equations of motion for the system, Lagrange's equations
may now be used.

The Lagrangilan is

1 n . .
L = KE-PE = -é-— .z_: > (mij qj_ QJ - kij qj_ QJ) (3)

and the equations of motion are given by

d ( dL ) i dL o ()

at aéi day

Il

for free vibrations. Substitution of equation (3) into

equation (4) ylelds the equations

I ™3

. n
myy Ay + 2 kyjs dy =0 (i=1, ==--, n) (5)

J=1 J=1 Y

Making the definitions

-
Myy Mo

Mpy Mop

mni-—-—-————-m

—
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- A
k17 kyjp — kyp

22\\\\\

1{ni - knn

(- -

K = 1kp K

and

permits equations (5) to be expressed in matrix form as

+XKx=0 (6).

[% s

M

Note that an underlined upper case letter denotes a
square matrix and an underlined lower case letter re-
presents a column matrix.

If the motion‘is assumed to be sinusoldal, the
relation between the displacements and accelerations

becomes
X = -0°x (7)

which upon substitution into (6) ylelds

“f Mx+Kx=0 (8)

or, upon rearranging,
(K - P M) x=0 (9)
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Multiplying through loy__l\fl_"l glves

(Ml K-e?I)x=0 (10)

whilch 1s the standard form of a matrix elgenvalue pro-
blem. Thus, 1t appears that if the M and K matrices
can be found, a standard mathematical procedure may be
followed which will yield the frequencles (square roots
of eigenvalues) and mode shapes (eigenvectors). The
mathematical model of inertial elements interconnected
by springs enables us to find the kij and mij from a
physical vliewpoint.

For any glven rigid body the components of angular

momentum may be wrltten as

Ly = Ty7 81 - Ipp 35 - T)3 44
Ly = ~Ip) Gy + Ipp Gy = Ipg3 a3 ¢ (11)
Ly = -3 9 - I3p O + I33 O3
and the lilnear momentum components are
m éq, m é5, and m é6 : (12)

where qq, qé, and q3 are rotations about the 1, 2, and
3 axes, and q, a5 s and qg are displacements in the 1,

2, and 3 dilrectlons.
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Under the assumption of small oscillations, neglect-

ing di dj products, we may take the moments and products

of 1nertia as constants so that the inertia forces on the

body would be

Fi=177 9 - 1359 - 17393
Fo=-Is7 q + 1o 9 - In3 43
F3 = —131 ql - 132 q2 + 133 q3
(13)
Fy = m Gy
Fg =m a5
Fg = m dg

Once agailn the subscripts 1, 2, and 3 refer to rotations
and moments about the 1, 2, and 3 axes and the subscripts
L, 5, and 6 refer to displacements and forces in the 1,
2, and 3 directions. If the requirement is made that

the 1, 2, and 3 axes be the principal axes of inertia

of the mass, then the above equations will be simplifiled
since the products of inertia are zero for this case.
Imposing this restriction, equations (13) may be express-

ed as

Fi = miai (L =1, 2, ---, 6) (1)4')
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where my = Il

m3 = I3
mLL = m
m5 =1m
m6 = m

If the only other forces acting on the mass are consider-
ed to be linear functions of deflections of the system,
the forces on mass 1 in the r-direction due to these

deflections can be expressed as

6 N
F = - by b k
s=1 Jj=1

a (15)

ij,rs %J,s
where N 1s the number of masses 1in the system. In thils
equatlon subscripts preceding the comma refer to mass

locatlions and subscripts followlng the comma represent

directions. For instance, the term

K15 3 9y

would 1ndicate the moment about the 3-axls actling on
mass 1 due to a translation of mass 2 in the l-directilon.

Combining equations (15) and (14) ylelds
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. 6 N
m a + 2 2 k
1,r =*1,r 5=1 =1

13,78 93,5 = © (16)
which 1s found to be of the same form as equation (5)

i1f the restriction is made 1n equation (5) that m 0

1
except when i=j. Hence we may write equation (16) in
matrix form (6). Separation of the generalized co-
ordlnates into translations and rotations for each mass
in the above manner makes possible a meanlngful par-

titlioning of the matrices as follows:

r~ 7 M oo '1 - -1.,—- -
4 o0 0—0 ES)] B B0 x
0 M 0 - K - v
=2 + =22 ~0 (17)
y%\\ } \\\\ -
0 M-n Zn Lgnl Ehn L Xy
e - - - - -
~— b
Ijq O 0 0 0 0
0 Ij,g 0 0 0O O
0 0 Ij,3 0 O O
where <Mj =
0 0 0 mj 0O O
0 0 0 0 mJ 0
0 0 0 0 0 mJ
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(kij,ll k13,02 7 k44,16

and K,., =
=1J Ki5,01 15,00 =

k

15,61 kij,66J

Il

and x

L 95,6 ]

Thus 1t 1s seen that the matrix M 1s easlly obtalned for
known masses and moments of inertia. In practice, how-
ever, the matter of deciding what values to use for these
quantltlies 1s not obvious, particularly for the moments

of inertia.

B. Derivation of the Stiffness Matrix.

Consider a segment of pipe arbitrarily oriented
in space, with a rigld bar connected to each end of the
segment and the opposlte ends of the rigid bars termil-

nating at a common point (see rfigure 1). As a matter of
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PIPE SEGMENT

\=— RIGID BAR

FIGURE | PIPE SEGMENT IN SPACE
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convenlence, this common point will be located at the
origin of a set of rectangular carteslan coordinates.
Obviously, any force or set of forces applied at end O

of rigid bar OB will cause an equal and opposite force or
set of forces at end O of rigid bar OA. Likewlse, the
accompanying deflections as viewed from end O of OA will
be equal and opposite to the deflections as viewed from
end O of OB, Thus 1t follows that if segment AB 1s con-
sidered to be a cantilever beam wlth one end fixed and

a force is applied at the orlgin to a rigid bar extended
from the other end, the resulting deflection at the point
of application of the force wlll be the same no matter
which end of the segment 1s considered to be fixed. Since
the deflection at this point is a linear function of the
applied force, the followlng matrix equation may be

written:

(0] (@) (0] O
'}'(‘B - EC_A - .E‘_a "le (18)

Here the superscript (o) means the forces and deflections
are measured at the origin end of a rigid bar extended
from the polnt indicated by the subscript. It 1s seen

that the matrix Ag is dependent only on the physical

characteristics of pipe segment (a) and its geometrical
orientation in space. A derivation of coefflclents of

the above type 1s presented 1n detall in reference (5)
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and has been partially presented 1n the appendix for the

sake of completeness. The matrix Az wlll be called the

matrix of "shape coeffilcients'" for segment a in the re-
mainder of this paper.
Multiplication of equation (18) by the inverse

of the shape coefficient matrix ylelds

(19)

The forces Fi and moments Ti applied at point

B can be transferred to the origin wlth the following

equatlons:
e} B B B
Ty = Ty - Fy (zB-zo) + F, (yB-yo)
o _ mB B _ _ B _
'I‘y = Ty + F (ZB zo) F (XB xo)
e} B B B
T, =T, - F, (yB—yo) + Fy (XB—XO) (20)
Fo _ FB
X X
o B
F_=F
N v
Fo _ FB
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which can be wrltten in matrix form as

O
_f.B = EOB £B (21)

where B p 1s defined as

-
10 0 0 -(zgzy) (v, :
0O 1 0 (ZB—zO) 0 -(XB—xo)
0 o0 1 ’(yB'yo) (XB‘Xo) 0

B = | (22)
0O 0 O 1 0 0
O O O 0 1 0
O O O 0] 0 1

Multiplication of (21) by (B,g) ! gives

-1 _o
f5 = (Byg) ~ fp (23)
Note, however, that the transformation in this direction
can be accompllished by interchanging the indices of the

coordinates 1in B p. In other words,

(Bop) ™t = B (24)

=Bo*
In a similar manner, the deflectlons of the

rigld bar oB at the origin can be related to the de-

flectlons at B as follows:
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o _ 5B
QX = Qx
o B
o, = ©
N y
0 =9,
> (25)
52 = 62 - o (zp-2_) + ©_ (y5-v.)
X X v B "o b4 B Yo
o] B
by = 6y + 0, (zB—zO) - 6, (XB-XO)
o] B
5, = 6, - Oy (¥yp-Vo) + Oy (xp-%g)
or in matrix form
o] T '
Xp = Bpo X (26)
T .
In equation (26) By indicates the transpose of Bpoe

The above transformations together with the shape
coefficlent matrix for each segment of pipe make it
possible to write equations of equllibrium at each mass
of a vibrating system. Consider masses to be located
at points A, B, and C 1in filgure 2.

If the principal axes of 1nertia are the x, y, and
z axes and the only external loads are inertia forces,
then equillbrium conditions require that

o /.0 o o (.0 0o o
£ (EB B EA) + & (EB 5b> + iB(inertia)* 0 (27)



ol

FIGURE 2 PARTIAL PIPING SYSTEM
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at mass B. Similar equations may be written for each
remalning mass in the system. As an example, consider
the system shown 1n figure 3. The equations of equi-

librium are as follows:

K (x)) + Ky (x) - x3) = - ﬁcl)(inertia)
§§ (Eg) + Eﬁ (52 'lﬁg) T E;(inertia)
X (x5 - x) + K (%) - x0) + K2 (x] - x)
+ X9 (x5 - x2) = = £3(inertia)

. o o o ,.0 o
K (xy - x3) + K5 (x) L4 (1nertia)

O O o}

X, (55 - Eg) + Xg (55) =~ L5(1inertia)

Which may be written in matrix form as
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FIGURE 3 EXAMPLE 5-MASS PIPING SYSTEM
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K 0 K o o F_‘l)ﬂ _gf
] §§+§ﬁ -x© 0 0 5; ig (28)
Ky K, KK -_IS; -E; zg E
*Kgfﬁg = - (inertia)
o o0 K K 0 || |g
B 0 K7 o KpEg|x 22

or in more compact form

o}

k% x° = £°

(29)

Note that a mass has been placed at the Ilntersectlon of
the two plpe lines. Thils simplifies writing the equations
since 1t assures that there is only a simple pipe line
connecting adjacent masses. Inherent in this procedure
1s the assumption that all Jjolnts are perfectly rigid.

In thils manner a stiffness matrix may be constructed
for any glven pilping structure which relates the ilnertia
forces (transferred to the origln) to the deflections
(transferred to the origin). 1In order to find the
absolute stiffness matrix whlch relates the actual
lnertla forces and deflectlons, B-transformatlon matrices

of the type presented in equation (21) and (26) must be
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constructed for the entire system. This is easily done,

and may be written for the problem at hand as

-~ - r - o o‘*
B, © o o o]l £3
0 0 0 0 f £
= To2 = - = ||z =2
o
0 0 By 0 0 ||f5] = |£3 (30)
o)
o o o B, 9o || iy
o)
0 90 0 9  Bgllfs I
e J - = N -
and
- T — — — — O—
o0 0 o o||& x)
T 0
O B, 0 O 0o ||x x5
T e}
0 =
o 8 530 - 2 %3 %3 (31)
T o
o o o EMO 0 54 54
T o}
f_). 19 0 o .552 _255 | _255_
o
or Bf =1 (32)
and (B_I)T X = _)EO 33
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Substituting these transformations into equation (29)

ylelds

or £=81x° (Y x (34)

If the principal axes of inertia at each mass are not!
parallel with the axes of the origin, still another
transformation 1s necessary. This transformation wlll
be a simple rotation of the local coordinate system at
each mass. Conslder the forces and moments to be
measured with respect to the princilpal axes of lnertia.
The following equation willl transform these forces
and moments to a coordlnate system which is parallel to

the axes at the origin.

f' = L Ip (35)

where f

p are the forces at (B) described in the inertial

frame of reference, £'B are the forces at B described in

a frame with axes parallel to those at the origin. The
matrix L g 1ls a rotational transformation defined by
‘L‘OB - B‘OB 2
(36)

LY EOB
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cos(xo,xB) cos(x ,yB) cos(x o’ZB)

where EOB = COS(yO,XB) COS(YO,YB) COS(YO,ZB) (37)

cos(zqy,xg) cos(zy,yg) cos(zy,2zR)
ot o

Here the elements of R, p are the cosines of the angles

between the principal axes and the axes at the origin. It

can also be shown that

X'y =Ly, X (38)

Equations (35) and (38) may be written for the entire
system in the same manner as were the B-transformations

as follows:

L, o o o o x| [z
Q =02 9 ° o £2 '—'2
© 0 Ls; 2 2 30 =] £ (39)
O o0 0 Ly 9 £y £,
O o o 0o LyllL T,

and



-31-

—\r- - — -
T o o o o x !
2o 2 02 2 2 X X
0 LT X !
= 20 = = = =2 =2
T '
0 9 L, o 9o x| -|x, (40)
T '
X
o o o I o ||x x')
T
0 0 0 0 L x!
= = = - =So || 75 -5
- - — -
or, rewriting,
Lf=1" (41)
1 T
and (L 7)) x=x' (42)

For thils more general case in which the principal axes

of inertla are not parallel wlth the axes at the origin,
the above transformations must be applled to the results
of the transformations given by equations (32) and (33).

Performing these successlve transformations yields

£°=BLE (43)
o -1,7T - |
and = (7)) (L) = (L)

Defining C as
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and substituting for £f° and x° 1in equation (29) gives

Tx=ctr (46)

I=
Q

x° ¢ x (7)

or _f_:

e}

which relates the forces as seen in the lnertial frames
of reference to the deflections as seen 1n the same

frames. Hence the matrix

k=0 c" (48)

may be thought of as the total stiffness matrix for the
system and applied as in equation (10) to the formulation

of the elgenvalue problem for the vibrating system.

C. Remarks.

No mention has been made 1in the precedilng
developments that the elgenvalue problem as presented
in equation (10) could Jjust as easlly have been written
in terms of the total flexibllity matrix A = 5-1. To
accomplish this, multiply equation (8) by

1 -1

- =K

0l



to get X

|54
i
e

or (&M -

!

N

[
1l
®

(59)

Hence, the reciprocals of the square roots of the
eigenvalues of this equation would be the natural fre-
quencles of the system and the eigenvectors would agailn
give the mode shapes. The best method to use depends
on the indlvlidual problem. Structures for which the
deflection curve can be easily found are usually solved
mere readily by formulating the flexibillty matrix,
whose elements are the influence coefficlents of the
structure. Another advantage of this approach is that
the total flexlbility matrix need not be found when one
1s not interested in all possible mode shapes. However,
the structures which are complicated by many branches
and closed loops are best solved through the formulation
of the stiffness matrix because of the ease of under-
standing how to write the equatlons of thils method, no

matter how complicated the structure.

D. Application of Procedure.

A foundatilon-like structure made up of straight

plpe segments has been analyzed experimentally and
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theoretically in reference (8), and this structure will
be used 1in this paper to demonstrate the application of
the procedure presented hereln and will also serve as a
check for errors 1in the computer programs. The structure
1s assumed to be comprised of 14 movable lumped masses
and 4 other masses lumped at each of the anchor polints.
Consideration of six degrees of freedom at each of the
movable mass polnts ylelds a total stiffness matrix of
size 84 x 84, It should be mentioned here that no satis-
factory method of lumping the rotational inertia pro-
perties of a prismatic bar was found, so the problem was
essentially reduced to one of 3N degrees of freedom by
inverting the total stiffness matrix and selecting a

Lo x 42 translatory influence coefficlent matrix from

the resulting total flexibility matrix. Rotatory inertia
has been shown to have a negligible effect for prismatic
beams (10). The structure 1s pictured in figure U4 and
the mass distribution and orientation of the local co-
ordinate systems at each mass is shown in figures 5 and
6. These coordinate systems were chosen so that the
x-axis would always be along the longltudlnal axls of a
plpe segment. Thls actually has no effect on the

answers for the problem at hand since rotatory ilnertia

1s not considered here, but was done this way as a check
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FIGURE 5 MASS LOCATIONS AND DISTRIBUTION FOR SAMPLE PROBLEM
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on the portion of the computer program which performs
the rotatlon of axes.

The system for numbering the masses may appear
unusuval, but there was a reason for dolng 1t this way.
It was found (6) that 1f the numbers of adjacent masses
are kept as close 1n magnitude as possible, the stiffness
matrix willl appear as a band matrix, possessing proper-
ties which may be explolted to reduce the number of
arithmetic operations necessary for a glven matrix oper-
ation. This was not done in this paper, but is a
possibility for future work which may reduce the computer
storage capacity requlired to analyze a particular struc-

ture.
The stiffness matrix was completed in the fore-

going manner and was found to take the following form:
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where the K, , are the 6 X 6 matrices of spring constants

relating forces at 1 to deflectlons at j.

Since the published results for this problem
are presented in terms of 1nfluence coefficients, the
inverted stiffness matrix presented a basis for com-
parlson as shown in Table I. . The differences in the
values of the influence coefficients presented 1n
reference (9) and those computed here are believed to
be accounted for as the shear deflections which were
included in this analysis.

In order to solve the eligenvalue-elgenvector
problem on a digital computer, some additional adjust-
ments can be made for the sake of reducing necessary
storage capacity. Methods have been developed for the
solution of symmetrical matrices which reduce the storage
required by about 50%. In equation (10), although‘M"l

and K are symmetric, this 1s not usually true for the

product M™% K. Therefore, the following operations were

performed to yleld a symmetric matrix,

(Mt K-0”I)x=0 (10)

Makling the transformation

Py=x (50)

where P
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in

1b

TABLE 1 INFLUENCE COEFFICIENTS (x 105) FOR

SAMPLE PROBLEM

Force Location and Direction — 11X
Deflections | Reference (9) | Reference (9) Present
At Calculated Measured Calculations
1Z 0.311 0.295 0.307
27 0.820 0.822 0.859
3X 0.740 0. 740 0. 774
4x 1.861 —_— 2.072
5Y 1.304 _— 1.423
6X 0.740 — 0.774
7X 1.874 1.83 2.087
8X 0. 740 —_ 0. 774
oX 1.891 —_— - 2.103
10X 0.740 0.655 0.7T74
11X 1.906 1.88 2.117
12y 1.327 —_— 1. 446
132 0.310 0.330 0.306
147 0.835 0.810 0.876
Force Location and Direction — 117
1Y 0.134 0.124 0.143
2Y 0.133 0.115 0.142
3Z 0.305 0.260 0.355
Lz, 0.305 0.280 0.355
5X 0.305 - 0.355
67 0.802 — 0.938
77 0.810 —_ 0.947
8z 1.466 e 1.668
97 1.486 _ 1.69
107 1.967 2.05 2.251
117 1.994 2.08 g.gg
12X 1.981 — .
13y 0.914 0.947 _ 0.963
14y 0.925 0.89 ; 0.975




oo

equation (10) becomes

T

(PP 2

XKE-w"B)y=0

Multiplying by quields the equation

(BT K2 - 1I)y=0

(51)

Thus, the characteristlc roots of the real symmetric

matrix E?‘E.E are also

quencles. In order to
X from the solution of
must be employed. The
easily obtained since‘M"l

may be factored as

1s a diagonal matrix. M

the squares of the natural fre-
obtain the desired elgenvectors
this equation, equation (50)

matrix P for thils problem 1s

-1

mip myy
w1 o 0 - 0
=N
0 \\\\_l;_ 0
My
] i

where r 1s the order of the matrix M'l.

If it 1s desired to obtaln the natural frequencles

and mode shapes utilizing the flexliblllty matrix,

equation (10) may be modified as follows:
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Mt K-01)x=0
- 1
(Kt M- = 1I)x=0
w
-1 .7 1
(RK"R R - 7 R) x=0 (52)
where E? R=M
In this case
- —
,mll 0O ——0
_ rT _
R=R" = 0 My s
| ~
] 0 /mrr_

(RE'R - = I)Rx=0 (53)

where E_l 1s the flexibility matrix of the system. It

is seen from equation (53) that if the matrix

5‘§'1 R - —35-_3 is considered to be the characteristic
w

matrix, then the elgenvalues are

1

o

Ay =

and the elgenvectors may be multiplied by 5"1 to obtailn

the corresponding mode shapes. Thils 1s the method which

was used In the calculations for the sample problem.
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E. Results.

The natural frequencles and corresponding mode
shapes for a sample piping system were calculated with
the analytical procedures developed in this study and
are shown in Table 2 and Figures 7-10. Table 2 shows
the natural frequencles computed in the present work as
well as computed and measured natural frequencies pre-
viously published for the sample system. Figures 7-10
show the computed mode shapes for the lowest eight

natural frequencies of the sample system.

VI. Discussion of Results.

The results are 1n excellent agreement with the
theoretical and experimental results reported in reference
(9) for the model investigated thereiln. The differences
In the influence coeffilicients contalned 1n Table I are
believed to be the result of including shear deflectlons
In the present 1nvestigation. The resulting differences
in the frequencies were not as great since the fre-
quencies are a function of the square root of the in-
fluence coefficients. There may have also been slight
differences in the computation of the mass of the system
and in the value of the modulus of elasticlty used. The

value used in this paper was E = 30 X 106 psi.
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TABLE 2 FREQUENCIES FOR SAMPLE PROBLEM

Reference (9)| Reference (9) Laboratory Present
Calculated Measured Direction of | Calculations
. Excitation
109.0 110 X 105.8
115.0 117 Z 109.9
135.0 134 X,z 130.1
212.5 214 X,Z 195.9
352.4 359 X 355.3
394.6 382 Y 380.4
bo2,2 b6 Y hou,1
532.1 553 - Z 486.9
655.8 672.1
684.9 697 Y 697.1
760.7 7r2.2
822.1 821 X,Y 817.5
849.3 853 Y 857.2
873.2 885 X 880. 1
903.5 989 X,Y 905. 4
928.2 927 X 906.5
935.6 927.9
939.0 929.5
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2nd MODE-109.9 CPS

FIGURE 7 FIRST AND SECOND MODE SHAPES
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FIGURE 8 THIRD AND FOURTH MODE SHAPES
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FIGURE © FIFTH AND SIXTH MODE SHAPES
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A word of cautlon should be noted at this point,
however, lest the belief be conveyed that the process
presented here will always yield results of such ex-
cellent accuracy. The cholce of the mass distribution
for a system to be analyzed may exert a large influence
on the results, so the matter of good judgment has not
been eliminated.

An IBM 1620 digital computer was used for all the
computatlons in the sample problem except for the in-
version of the 84 x 84 stiffness matrix which was per-
formed by an IBM 7090 at a computer service bureau.

The assumption that rotatory inertia is negligilble
appears to have been upheld by the good agreement with

the measured results shown in reference (9).

VII. Conclusions.

The approach of developing a total stiffness
matrix for the system was found to have the advantage of
simplicity. The use of stiffnesses rather than flexi-
bllities facilitated the formulation of a set of
equllibrium equations which were readlly coded for
solution with a digital computer. The equations are
Just as easily written for a system containing many
closed loops, branch points, and anchor polnts as for

a slmple two-anchor system. The only limltatlon on the
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slze of the system which can be analyzed 1s 1lmposed by
the memory storage in the computer the analyst utllizes.

Judgment of the analyst in choosing the number,
size, and placement of masses necessary to represent a
physical system plays an important role in obtaining
good results. This should be further investigated.

If the system to be analyzed 1s composed of pris-
matic beams, the size of the elgenvalue-eigenvector
problem can be reduced by omitting terms related to
rotatory inertia without significant error, as was done

for the sample problem.

VIII. Summary.

Thls paper presents a complete outline of the
steps to be taken for the free vibration analysis of a
multi-anchor complex pilping system. Although the size
of the problem which can be worked is limited by the
size of the digital computer availlable to the analyst,
a large number of practical problems can be solved. A
lumped mass approach is employed, and the analysis em-
ploys matrix methods, with the natural frequencies and
mode shapes emerging in the form of eigenvalues and
elgenvectors of a symmetric matrix. The most difficult
tasks to be performed in solving a vibration problem

using lumped masses 1s actually the static problem of
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formulating the stiffness matrix or the matrix of in-
fluence coefficients. Thils paper presents a straight-
forward method for accomplishing this.

It is belileved that the procedures presented in
this paper can be extended to allow the analysis of
foundation-like structures composed of segments with
cross-sections different from plpes by changing certain
of the pipe-stress shape coefficlents which formed a
basis for computation of the stiffness matrix. The work
requlired to make this extenslon should be within

reason.
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XII. Appendix. Development of Shape Coefficients.

The following derivation will closely parallel

the work presented in Design of Piping Systems by the

M. W. Kellogg Company. Essentially, 1t represents the
development of a set of six simultaneous linear equations
which apply to various segments of the pipe line. Dis-
tributed loads will not be accounted for here, and to
keep the presentation as brief as possible, only one
of the equations will be derived 1n 1ts entilirety.
Consider a section of pipe line fixed at one end
and loaded with various forces and moments at the other
end, which is free. If the pipe 1s thought of as a
prismatic bar under the influence of a variable bending

moment, T, and a torsional moment T the strain energy,

t’

U, absorbed by the pilpe 1s

y/ )/
I T 4 J —-—-—Tt2 as (A.1)
U = as + A.l
2ET 2GJ
o o

where the effects of axial forces and shear deformation
have been neglected in comparison with bendling and
torslonal effects. (These coefficlients were later
added to the shape coefficient matrix in order to make

inversion possible.) For curved sections of pipe,
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correction factors are introduced to account for the
variation of the actual stress distribution from that
predicted by elementary theory. These correction terms
are called flexiblllty factors and are denoted by the
letter k. They are based on theoretical formulas as
outlined in Chapter III of the reference (5). Thus,

for an arbitrary configuration,

) T, 2 2 T 2 2
f k ——— 2EI as + f K —— f 2GJ (A.2)
O O

where the bending moment has been divided into 1ts two
components: Tb, in the plane of the configuration, and
T'b, transverse to the plane of the configuration; and
1t is assumed that k is unity for torsion. If the ratlo
of the elastic moduli is taken as E/G = 2(u+l) = 2.6

(using Poisson's ratio, w = 0.3) and it is noted that

J/I = 2 for an annular cross-section, then U reduces to

i 7,2 4 71,2 £ 1,2
U = f K ———— a4 + f K ————— df + f 1.3 as (A.3)
oEI PET DET
O (@) 0]

The displacement under external loads of any
polint 1n an elastlic body can be found wlth the use of

Castigliano's Theorem. This theorem states that the



deflection, © In the direction of and at the point of

p’
application of a force, Fp, is glven by the partial
derivative of the strain energy wilth respect to the

force Fp. Moments and rotations may be thought of as

forces and displacements, respectively, 1in the appli-

cation of this theorem. Thus

oU
5 =
oF
p
> (A.L)
AU
and 0. =
' ’ ar
* _

With these relations the general expressions for the

rotations and displacements can be written,

g bS] g ' JT! g oT
Ty 9Ty Thy 9T Ty oT,

Bn= K ——— df+ | k ——————— dal+ 1.3 ————2 44
P vr ET an f EI an j EI OF
0 e} o o

and (A.

M
~

y/ yA
Tt OT!
_L_L d,e+.J1 1.3

EI oT
0 P 0

o+ J“ e —E "t gy

pfk

EI BT
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These equations can be slightly modified by letting
EI be the flexural rigidity of some reference section

of the confilguration, EnIn be the flexural rigidity of

the section under consideration, and making the de-

finition

Substituting this into equations (5) yilelds

) ) )
ST T dT
1 b b t
—— kT al+ kT! d f+ 1.3T as
T f o bFOQ J FpQ J 23T FDQ
o) : o) o) :
(A.6)
N 3T, 4 T, 4 3T,
oY KT QAL+ | kT!'y————QdA+ (1.3T Qa4
P™ gt f o 3T, I o 3T, »r t T,
(e] o] O
(A.6)

Figure 1 represents a segment of a pipe line 1n
space assumed completely fixed at one end, point 0O',

and free to rotate and deflect at the other end, point A.
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The origin of the standard coordlnate system 1s located
at an arbitrary polnt O. The line is considered weight-
less. For simplicilty, the figure will be confined to

one plane, in this case the plane defined by z = constant,
which willl be called a z-plane. The inclination that

any part of the member makes with the horizontal is
designated by the angle ¥, and in general ¥y varies

along the member. The angle ¥ 1s consldered positive
when measured from the horizontal in a counter-clockwise
direction as viewed from a positive axls. By applying

T F F de-

moments TxA’ T and forces F

yA’? “zZA’ XA’ “yA’ " zA’

flections 6X 9) 6zA’ and rotations © o &)

A’ TyA’ XA’ “yA’ TzA

are Iimposed. These deformations are related to the
applied forces and moments through equations (A.6). The
right-hand sign rule for moments will be adopted. For

an arbitrary point on the pipe section,

Ty = Tzp + Fyp (X4-X) - Fyp (va-V) (A.7a)

Ty =LTyA + Fyp (zA-z) - Fgp (XA-X{]COS Y

'[TxA + Py (yA-y) ‘FyA (zA—z)]sin v (A.7Db)

T, = Typ + Fpp (yA-y) - Fop (zA-z) cos ¥ (A.7c)
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+T + F

vA -z) - F

<A (zA ZA‘(XA—X) sin y (A.74)

Writing equation (A.6) for the rotation about the x-axis

glves
b e, ’ Tt ; aT,
EIoxp= | KTy Qd L+ j KT 'y Qdf+ fl-BTt Qd.s
dT T dT
o XA o XA o XA
(A.8)

which for this presentation is the only deflection
equation to be developed in i1ts entirety. The procedure
for the remaining five equations will be exactly the

same. The partial derivatives appearing in equation (A.8)

are given by

oT

b -0
aTXA
BT'b

= sin ¥ (A.9)

aTxA
oT

19 = COS Y
aTxA

Substituting equations (A.7) and (A.9) into
equation (A.8) and rearranging gives the following

equation for QXA:
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OY
EI6,, = T,, | (1.3 cos?y + k sin®y) qas
A
Of
+ Typ J (1.3 -k) sin ¥ cos ¥ Q44
A

O?
+ Fop I (zA—z) (1.3 - k) siny cosy Qd4

A

O!
- Fyp J (zA—z) (1.3 cos®y + k sin®y) Qds
A

O!
+ Fyp I (yA—y) (1.3 cosgw + k singw)

A

- (XA_X) (1.3-k) sinycosyQdl (A.10)

Makling the definitions
s = [kQd/
u= [ (k cosy + 1.3 sin®y) Qdl
v = [ (1.3 cos®y + k sin®y) Q44
a =/ (1.3 - k) sin ¥ cos v Qd/
s [ yav - [xdq
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makes 1t possible to write equation (A.10) in a more

compact form:

0° 0! 0!
EISyxp = Txp j av + Typ I da + Fyp f C, dg
A A A
0° 0!
- Fyp f C, v - F,p f (dv -y, dv + x, da)
A A

(A.11
where C, 1s the constant value for (zp-z). It is easily

seen that the coefficients of the apﬁlied forces and
moments are dependent only on the shape and orientation
of the plpe section under consideration. In the same
manner, equations for the remaining rotations and de-
flections may be developed, yielding the following matrix
equation:

X, =G, £, (A.12)

where gA 1s the matrix of coefficilents derived in the

above manner for pilpe segment (a). Thils derivation has

been limlted to a z-plane; however, it may be
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easlly extended to the x and y planes by cyclic per-
mutatlion of the coordinates. Skewed members have also
been successfully analyzed, but this will not be con-
sldered here. To obtain the shape coefficlent matrix
from the above coefficlents, 1t 1s merely necessary to

apply equations (21) and (26) to equation (A.12) to

obtaln
Bl x°-¢ B £° (A.13)
=oA =A ~ <A ZAo —A

or x0 =8 ¢B £° (A.14)

A =A0o —A—AO —A

From a comparison of equations (18) and (A.14) 1t is
seen that the shape coefficlents for plpe section (a)
are given by

T

O
AA B BAo -G'A EAo

A complete 1list of the various shape coefficlents
for concentrated loads is presented on pages 310-313

of the Kellogg book.



ON THE VIBRATION ANALYSIS OF A COMPLEX FOUNDATION
By

WILLIAM N, KRAUSE

ABSTRACT

This paper presents a detailed discussion of the development of
the matrix equations used in the vibration analysis of a lumped-mass
approximation of a multi-anchor piping system or foundation structure.
The investigation is presented in two main sections, the first of which
presents a formulation of the matrix eigenvalue problem for small
oscillations. The development of the stiffness matrix is presented in
the second section. The coefficients derived by the M. W. Kellogg Co.
for the solution of pipe stress problems are utilized here, as well as
the matrix transformation methods developed by J. E. Brock in "A
Matrix Method For Flexibility Analysis of Piping Systems".

A sample four-anchor foundation was analyzed and the results
were in close agreement with measured results published by V. H. Neubert
and W, H. Ezell in "Dynamic Behavior of a Foundation-Like Structure'’.

The procedures presented in this paper will theoretically apply
to any piping system of any degree of complexity, but practical limitations
are imposed by the size of presently available digital computers.
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