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CHAPTER I
INTRODUCTION

: 1.1 MOTIVATION
| The design and analysis of any dynamical system is very dependent
upon an adequate fepresentation of the behavior of the system by a math-
ematical model. Many complex dynamic processes may be modeled by a set

of }inear time—inVariant differential equations in stat¢ variable form -
() = Ax(®) +Bu®) (11
and by a set of output equations-
y(t) = C x(1), | (i.léz)

where §_is’an.n;vector of states,

u is an m-vector of inputs,

y is an & vector of outputs,
and A, B, and C are constant matrices of appropriate size. Equations
(1.1-1) and (1;1—2) are referred to as the system'model.or, simply, the
‘syétem. The system is said to be of order n. If n is large, simulating
' the dynamic performance of the system .can be cumbersbme and time cbnﬁuming.
Also, control system design is based uponléelecting a control E(t) such
that the,system performs in some specified manner. Usually this control
is of the closed—loop_feedback form u(t) = F(x(t),t). For the case of
1argé n, the synthesis and physical implementation of the feedback law F

can be quite difficult if not infeasible.
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1.2 SIMPLIFICATION IN THE ANALYSTS OF _:LARGE-SCALE SYSTEMS

| The problems associated with the simulation and cdntrol Qf,large;5cale.
systems initiated the study of teéhniqués‘for apprOXimating the‘system.modr
el.by‘simplifiéd mpdéls‘of lower orderf(cf; referencés [11-[21]). ‘suéh
AteChniqueé'are‘referred to as model order reduction or system'éimplifica- 
‘tion schemes. The goal of a model order reduction method is the derivation
of a mbd§1 which has apprdximatély the same input—outpUt;attributes as-the‘
~system model, yet with‘fewef statefvariables., Furthermpre, thebstudy of
»simplified representations 6f'¢0mp1ex system models is‘aiméd'at‘circﬁmvenf4'
ing.some Qf the coﬁpﬁtational and économic barriers in the design and im-

plementation of controllers.

1;3‘ CURRENT MODEL ORDER REDUCTION SCHEMES

| ‘Most dfbthe exisfing schemes for system Simplification may be classi-
fied as a modal;,a frequency domaih, or a time-domain approaéh.» The
simplest scheme for model order reduction is the dominant mode approach
'which is the basis for hucﬁ of Classicai autbmatic control tﬁeory [1].

 The respénse of the system is assumed to be‘domihated byvth complex-

‘ conjﬁgate poles.néaf‘the origin, and a second order model is deriﬁed baséd
on this-assumption;  Such models are of limited utility for large n. The
dominant eigenvalue schemes of Davison [2,3], Davison and Chidambéra [4,5],
'andeuppurajult and‘Elangovah [61 repreSenf natural éxtenéions df'the'dom;
~ inant mode conéept, These methods sﬁppoSeAthat the eigenvalues of A may -
- be divided intQ tWo-classes: eigenvaluesﬁwhich'dominate‘thevtime response -
of the system and eigenvalues which have'negligible influence upon the-timej

response. The dominant eigenvalues are retained precisely in the simpiified_:



model,.while'the nondominant eigenvaluesvare negiected; The applioa-.
bility of theSe'modai methods clearly depends upon the éxistence of
dominant eigenvaiues. This feature is unfortunately not enjoyed by

many systems. | | | |

.vSeveral frequency domain teehniques [7,8] involve finding the tfads-

fer funetion of a simplified model suoh that the_frequency response of
.the model closely matehes the frequency response of‘the syétem. Chen .
and Shieh [9], Rothenberg [10], and Chen [11] derive simplified models

by truncating a continued fraction expansion of the system transfer -

| - function. These methods are only applicable to 3ystem$ with eigenvalues

which have negative real parts and, with the exceptlon of [11], are re-
stricted to 51ng1e 1nput single output systems |

| Time domain approaches to model order reductlon have received con-
»siderable attention. Anderson [121, Slnha and Pllle [13], Sinha and
Bereznal [14], and Chidambara [15] derlve 1ower order models by a least .
' squares curve fit of the computed time response of the system.model to

a partlcular input. These methods require that the input and output be
known or be measured at discrete instants of time. Wilson [16], Mitra
[17-19], and Galiana [20] propose determining lower order models via

the minimization of a quadratic functional of the error between the
outputs of the system model and the-simplified model. These approaches}v
require that,thedeigenvelues of A have negative»real petts; Also, the -
}optimal model.parameters satisfy a set of‘coupled nonlinear matrix edUa-ﬁ
tions which can be difficult to solve. Howeuer, these formulatione are
quite general in that they apply todmultiple‘input-multiple output

‘syStems.'



1.4 SCOPE OF WORK

This thesis considers a twofold theme:‘(i) the approximation of high .
order dynamic system models by siﬁplified‘lower order models and (ii) the.
application of simplifiéd models in designing controllers for complex
systems. In ChéptervII, the model order redﬁction problem is formulated
and necessary conditions for an optimum simplifiedbmodél are,presented;v
Then a reliable numerical algorithm for model order reductioﬁ is propoSed
in Chapter III.

The utilization of simplified'sysfem representations in designing
sﬁboptimal linear regulators is developed in Chapter IV. Finally, in-
Chapter V, the application of simplified models in designing suboptimal
linear regulators is considered for a'complek control probleﬁ in '

electric power systems: synchronous machine stabilization.



CHAPTER II
MODEL ORDER REDUCTION: THEORY |

2.1 THE MODEL ORDER REDUCTION PROBLEM

In this section the model order reduction problem is formulated. To
facilitate the subsequent discussion, the following definitions are pro?

vided.

DEFINITION 1. System ™
. The" system model st of a given physical system is a linear time-

- invariant description of the form

X(t) = A x(t) + Bu(t), t 0

i
| >

&H

x(0)
' (2.1-1)

y(t) (t)

1
|
>

where is an n-vector of states

[

u is an m-vector of inputs

y is an g-vector of outputs.

DEFINITION 2. Simplified System Model S'

The simplified system model ST of the system st is

]
[

k0 =Rxm +Buw®, t>0

1}

o

£(0)
(2.1-2)

1]
lo»

y(t) x(t)

where . X is an r-vector

y is an 2-vector



and where r < n and i_approximates.z_in sté ”beSt".sensévar:éome given
u(t). - |

In this research;’the criteria used to define the "hest" approxima-
tion of y by ?jis given by the following definifion,

DEFINITION 3. Optimum Simplified Model

_The reduced model S* is the optimum reduction of " for a giveh,g[t)'

’

Cif A,

e
[0

R and‘%o are such that the functional -

R N N RGN N OR TGRS
0 - (2.1-3)
‘is minimm for a givén Q > 0. E is referred to as the modeling érror.

The model order reduction problem may nqw'be stated,simply: given
a system model S® and r<n, find A, B, , and %, such that E is minimm.
Note that there are r(r+mt+%+l) degrees.of freedom in choosing S?. |

Inherent in the model order reduction problem is the dependence of
the optimum st upon the test function u(t) employed in'the,reduction.
The input plays anvextremely important r&le in the.reduction process.
For the sake of simplicity consider the éase of s" having a single input
and‘a’single output. Let the transfer functions of SI‘1 aﬁd s be T(s) =
Y(s)/U(s) and T(s) = ?(s)/U(s), respectivgly. Then it can be shown [10]
e _ v . o

[ yw - yorta =k [ 16w - 16012 ugn P,

° T | @18

where j = Y-1. Equation (2.144)_serVés'as a unifying link between fre-
.duency domain and time.doméin‘techniques for model order reduction. Note

~ that the input u(t)'actsﬁas a weighting function in the modeling error.



The test input may be chosen’to:penalizelthe deviation,of,T fromT in a

"certain frequency range more heayily than at other regions of the spectrum.

I}

For example, if u(t) = u_(t), where u_;(t) is the unit step function, U(ju)
1/jd and,.consequently, the comparison of T and T,is-streSSed at low fref
‘quencies. |

. A.relation similar to (2.1-4) can be derived for multiple input-multiple

boutput systems If u(t) = W‘u(t) where w is an m-vector and u(t) is a

- scalar functlon, then, in add1t10n to the we1ght1ng propertles of u(t),l_

- serves to put a relat1ve weight on the 1mportance of each input.

The appl1cat10n for which a sxmpllfled model will be used governs the :
| selectlon of the test 1nput In thlS research, the 1nput u(t) = ws(t),
where 6(t) is the D1rac delta functlon, was selected as the test funct1on
:‘ThlS choice was made for several reasons, First, this input enables the
simple derivation of necessary cOnditions for an optimum st. Secondly; |
u(t) w §(t) is general in that all frequenc1es are we1ghted equally in .
athe frequency domaln comparlson of the system and model transfer functlon .
matrices. An 1nterest1ng feature of this part1cular 1nput is that it ylelds
a S equlvalent to that produced by m1n1m121ng the expected value of E for ‘
a whlte n01se input [11, 20] Flnally, u(t) =w S(t) yields simplified mod- '
els whlch are adequate for the purpose of design: of near- optimum output

regulators by the method dlscussed in Chapter Iv..

2.2 SIMPLIFICATION OF STABLE SYSTEMS

The necessary cond1t1ons for an optlmum.model order. reductlon are

easily obtalnable for an impulse input u(t) = w 6(t) and under the as-

"~ sumption that S is strlctly stable [22] lhe results are bas:cally the

~same as those of Wilson [11]. The proof g1ven here makes use of the con-

cept of a gradient'matrix’discussod in Appendlx.A.



: ~TILIEOREM>2.2_F.1.' Necessary Conditions for ’Optijnum'_Sr’

' .Let Sn,be a _stric‘tlyvstablve 'system, X, = 0, and ‘L_l'(t) =.yv_ §(t)..

Also, let s' be strictly stable. Then the.necessaryb‘condition for E

to be minimm is that A, B, and C satisfy

F-cn=0

(2.2-1):
(2.2-2)

-'(2..2-3)

-where '_11 =W ,'_viT and Q, f\[, V, and F are solutions of the matrix equations

NF+FA=-clog
Rite 47 - 5"

proof: With u(t) = w §(t),

y(t) =Ce(t) Bw
and. |
Yy =Ce) Bw

vwhere o(t) = et and §(t)' =e

A—t. " Define

o

G =_f ol(t) ¢f QCe(n)at

‘V'Q,;4)
"(2;2-5)
(2.2-6)

(2.2-7)

(2.2-8)

(2‘2'9)‘,‘



=]

E =f o T ot sma
(o] ) . )

a(t)dt ,

IO>

J; éT(t) cq

With these definitionss(Z.l—S) beComes 

lrv

E=7(w B GBw- 2w

(U —— —

' From~Lemma A.1,

L-cu-rv
oA
where o v

=
I

=
B | B

2(t) BRB 2 (t)dt
o) BT 3T (nat

s BrET Twar .

[=> -
n
O%‘
e >

Applying (A.3) and‘CA;4) to (2.2-12), it is‘clear:thét

T

=(GB-F B)R

NENER

. Employing (2.2—15)-(2‘2f17), (2.1-3) can be written as |

(2.2-10)

(2.2%11)

@.2-12) ,£

(2.2-13)

(2.2-14)

(2.2-15)

(2.2-16)

(2.2-17)
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T T

=Tr(QCWC -2QCVE +Qlit)  (2.2-18)
and by application of (A.2) and (A.4),
—g— g(@@ cvh) | (2.2-19)
) ‘ ,

B, E L, anda—E——O.
sA 3B 5

|

| Therefore (2.2-1)—(2;2-3)‘mnst hold; In addition, sinoe S" and s' arev
strictiy_stable (2.2-10), (2.2-11), (2.2-15), and (2.2-16) are equiva- -
,1ent to (2.2- 4) 2.2-7). ' Q.E.D.
Flndlng A B and C whlch satlsfy the necessary condltlons of
,Theorem 2.2.1 is clearly a nontr1v1a1 task Equatlons (2.2-1)-(2. 2-7)
are nonlinear in the unknowns and no closed form solutlon is apparently
| possible. An iterative solution to these equatlons is presented in"
_ Chapter‘III, |
The solution to the model order reduction problem.is nOt complete
until go is. specified for”é.givenzb. The 1n1t1a1 condltlon 50 may be

'found by applying the following theorem.

THEOREM 2.2.2. Optimm X _
~Let A and Q_be:giVen;_ If Q&; é) is an observable pair then the

 optimm x_ is

>

]
=
e

123
&»

(2.2-20)



11

proof: For the unforced S™ and S¥, y = C o(t)

X and y = §_§ﬁt)x Then
1, .T T L aTaAs o
B (0% -2 EX, v X, 6%, )
and
5E A T
—=0G6x - F x
X, 0 =

The necessary condition for optimality is

3

I %L
It is well known [23] that if (A, C) is an observable pair then § is

‘positive definite.' Therefore @fl'exists and %0‘ G l F X, ~ Q.E.D.

2.3 REDUCTION OF UNSTABLE SYSTEMS

The results given in Theorem (2.2;1) depend upon Sn’beihg a‘strictly
stable system. This is a very restrictive condltlon since many systems [_
of 1nterest will have some elgenvalues with nonnegatlve real parts In =~
de51gn1ng controllers for an unstable system it 1s usually de51rab1e
that any model used for design purposes retain precisely the unstable
mpdes_of thé system. The‘rétention of the unstable modes in thg sim-
plified model is possibie if fhé syétem mbdel is firétfalgebraically
decoupled 1nto its stable and unstable components

~ Let P be a linear transformatlon such that

n0

|ro

(2.3-1)

>
L
|

o A



12

»1,~1'here'1_§_1 posSesses,all of the eigenvalues of A with nonnegative real

parts. Then if

| =
I
|

an equivalent representation of st is

PR A D0 ly B
—_— = +
o dt Yo 0 éz Al §2 = : v
(2.3-2)
y=16 Gl|ly
Y,
where
B
=1 .
[ |=2'B
| Byl
and

[Cy Gl=CP.

The system model s" is now decoupled into an unstable subsystem S;

“described by

v, =AYy, +Bu | -
_ - (2.3-3)
=4y
and a stable subsystem S2 described by
v, = AV, +£2,g
' B - (2.3-4)

&
|
)]
NS
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: w1th y_ Xl * Yy vSubsystem S, satisfiesfthe conditions of Theorem 2.1.1.
If 82 can now be optlmally 51mp11f1ed to a 1ower order model of ‘the form

glven by . 1 2) the complete 51mp11f1ed model for S is o

oo

A

<
=

4|y =->—1~9- v 1'
Tlx] o &f[x] |8
| | (2.3-5)
x=15 81y
X

The cholce and constructlon method for a su1tab1e P matrix is presented

in Chapter III

2.4 SUMMARY
In this chapter, the model order reductlon of linear time-invariant -
systems has been formulated . The modellng error: has been deflned ‘and

' the role of"the test 1nput used in the reductlon process has been dls—”’

o cussed Necessary conditions for an opt1mum.s1mp11f1ed model of a

: stable system have been 51mp1y derlved utlllzlng a gradlent matrlx ap- ;h
proach Flnally, the 51mp11f1cat10n of unstable systems has been con- :
'3'51dered ThlS chapter prov1des the necessary foundatlon for a compu-

tatlonal algorlthm for model order reduction to be dlscussed 1n Chapter

- -111.



CHAPTER III o
* COMPUTATION OF SIMPLIFIED SYSTEM MODELS

3.1 INTRODUCTION

- The development of a computatlonal scheme for model order reduct1on
~ 1is the concern of this chapter First, under the assumptlon that the
glven system model S™ possesses no unstable modes ‘a canonical form for
A is selected. An 1terat1ve method for mlnlmlzlng the modellng error is
-~ then outlined. The case when S" has several unstable modes is next con-
s1dered A method of retalnlng the unstable modes of S 1n the simplified . |
kmodel s¥ via a sultable transformatlon of st 1nto 1ts stable and unstable
subsystems is presented Flnally, a numerlcal example is glven to dem-

onstrate ‘the 1mp1ementat10n of the algorithms.

3 2 A CANONICAL SFRUCTURE FOR THE SIMPLIFIED MODEL

‘For a given S , the model order reductlon process requlres the de-
_termination of the parameters of the model ¥ for which the modellng error o

is mlnlmum Suppose the matrix A of the system.model st given by (2.1- l)

~has only elgenvalues with negatlve real parts. The results of Theorem.

2.1.1 then apply to S". The optimal parameters of the 51mp11f1ed model
satisfy the set of coupled matrlx equatlons (2.2- 1) (2.2-7). Since an

“explicit solution for A, B, and C is not ava;lable, an 1terative solu-
tion technique is necessary for finding a mode‘l.Sr satisfying the neces- |
sary conditions for optlmallty One ‘possible iterative scheme is as

follows

- 14
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i)-vSelect an initial guess for the simplified model descrlptlon,_
say A0, 3 c(")) |
11) Compute 8@ = 5 @O, B(O) c(O))
iii) Set k = 0. »
iv) Solve (2.2-4) - (2.2-7) for G, F, Wand V.
~v) Compute the.gradient matrices aE/aA BE/aﬁ and BE/aé_via
equatlons (2. 2 -13), (2.2- -17), and (2.2- 19) n
vvi). Compute the correction (AA(k), AB(k), AC(k)) to' (_(k) B(k) C(k))

by a gradlent or variable metric method [25]. Compntev
ABD | (09, 30
FO L 500, 300
e 60 4 auc®

where o 1s selected such that.A(kﬁl) 'is a stable matrlx and

'E(k+1) E(k) | |
llc(k+1) C(k)ll < 83, where €15 €95 and e are some prescrlbed N

tolerances, stop, otherwise let k < k + 1 and go to (iv).
Unfortunately this process is quite'impfactical. Step (iv) is‘
extremely‘time'consuming for a general form of é.and:é¥ As the number
of unknomns r(f+m+£) becomes large, convergence tends to be very slow. g
If a varlable metric method 1s used 1n step (vi), a large amount of com-
puter storage is required.

: Despltevlts shortcomings, the above'algorithm serves to point out
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two features which a good algorithm based on Theorem 2.2.1 shouid poséess.
First, the solution of the matrix equatidns (2.2-4) - (2.2-7) should be
efficient énd‘should be required as few times as possiblé. " Second, the ;
1 number - of paraméters'which must be determined should be kept at a mini- .
mam. |

Assuming s* to be in some canonical form is a'practicai means of
rgducing the,numbef of unknowns to be determined whilé simultaneously
simplifying the'solution'oflfhe matrix equations. Wilson.[lé] has sug-
gested Confining st to:be one of the Luenberger canonical forms [26].
However, these forms require that some Scheme be determined for specifying
the size of each‘block; The Luenberger forms do not significantly sim- |
plify the solution of (2.2_4),_ (2.2-7).

The JOrdan canonical'form isvanother possiblerstrucfure for A, This
structure permits simple Vefification that S* is stable at any steplof |
©an iteratiﬁe process. Moreover, relatively efficient‘solution of the
matrix equations is possible. The Jordan fofm also has disadvantages.
Unless the eigenvalues of ¥ are.constrained to be real and distinct,
somé criterionbfof establishing a priori the block structure of the Jofdan
form is needed. Also, it has been.found'[27] that when}& is a Jofdan_ |
form the‘equétidns used for parameter optimization are numerically ill-
conditioned and iterative soiution techniqueé converge only for initial
guesses very near the optimai parameters. |

| The Schwarz form [23] has beén selected as a Canonical sﬁructure for

A, The matrix A_is said to be in Schwarz form if



17

B . ) A
0 1 0« 0 0
—ar 0 .}1 0 0
0 a0 0 0
A= : (3.2-1)
' 0 0 0 0 1
] 0‘- 0 0 -az ?al_

Several characteristics make the Schwarz formran‘attractive choice for A,
First, the A_métrix has only r parameters to be determined. Second, it
'can_be shown [23] that A is strictly stable if, and only if, Qi > 0 for
all i. Thus the stability of st during an iterative process can be easily
ascertained. Finally, the Schwarz form enables efficient solution of the
matrix equations (2.2-4) - (2.2-7) (see‘Appendix B).

The specification of A}aé a Schwarz form substantially deéreases
the number of parametefs t6 be determined in the reduction process. Ab'
further reduction in the number of unknown parameters which must be detef-
mined iteratively can be achieved by the'following argument. Note that
the time response of s" to an applied input g(t) = wé(t) 1is equivalent

to the response of the single input system

A x(t) + b u(t)

x(t) =
| (3.2-2)
y(t) = C x(t)
to the input u(t) = &(t) provided b = __E,'Now consider the reduction

process applied to (3.2-2) with u(t) = §(t); a simplified model of the

form
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x(t) = A x(t) + b u(t)
o . (3.2-3)
y(t) = Cx(t)

" is desired. If b= [0,0,...,1]"

and A is a Schwarz form, (3.2-3) is said
to be in Schwarz canonical form. Any single input, controllable systém
can be transformed to Schwarz canonical form [28]. 'Thus,‘without loss -
of generality Sr can be assumed to be in Schwérz canonical form.

The solution of the model order reduction problem now requires the
specification of the r(2+1) unknowns contained in é_and.é, Given A.and
E, the matrix é_is determined algebraically from (2.2-3). Since QA,E)

is a controllable pair, @fl exists [23] and from (2.2-3)

[

=cvwlt. o (3.2-4)
Once the simplified model (3.2-3) has ‘been found, a sultable B matrlx can"
be computed from (2.2-2) by requiring

- F!

| >

d B=0.
If (3.2-3) is completely observable, éfl exists and

=¢'FB.

(o>

- Fixing E_as discussed above eSSentiaiiy means that the E_is fixéd
in the process of’selecting'é:and é,‘ In actual test cases using.thé
algorithm discussedvin the next section, it.has'been found that the
r(2+1) degrees éf freedom in‘é_and é_usually allow for a accurate ap-

proximation to s, However, the possibility exists that after fixing
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B and findlng the A and C minimizing E, a further reduction in E can be

achieved by varying B

3.3 MINIMIZATION OF THE MODELING ERROR

' For convenience let the r-vector a be deflned by a = [al,az,...af] .
The model order reduction solution can now be cast in the form of the
solution of the nonlinear pfogramming problemi

Minimize: E(a,C)

o R : , (3.3-1)
Subject to: a; > 0, 1=1,2,...,r.
The modeling error E as given by (2.2-18) can be written as
where
’ T
ES =Tr(QCWC) |
EM Trcgév?fé)-znr(gcvc:) | (3.3-2)

The term ES depends only on the system model description and,.consequently,
does not need to be computed in theiminimiiation process. The modeling
verror‘E'is minimizédvbyminimizing EM,
For a given Sysfem Sn, model order r, and input weighting vectbrvy,
an algbrithm_for solving (3.3-1) is:
Algorithm 1 | | | |
i) Choose an 1n1t1a1 guess a(O) “i(O) >0, 1=1,2,...,T.
ii) Compute p_= B w. | | |
©iii) Set k = 0.
iv) Compute the solutidns‘ﬂ.ahd V of the matrix'equétions
T

é(k) ﬁ’+ @IAﬁk)),.=,_ E;ﬁ? o ;_ (3.3-3)
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AV+y QW= p gl (3.3-4)
v) Compute C(k) cy ﬁ'l.
vi) Calculate EM(k) from equation (3.3-2).
vii) Compute the solutions é, E_of4the‘matrix eqﬁations
(AT G+ 6A® - el g el (3.3-5)
AlE+ p Al - T g 6.536).

~viii) Find the gradlent ——-by selectlng the approprlate entries from
°oa

the gradient matrix zi given by (2.2-13).

. ix). Using the results from (viii) compute the correction vector §Fk). :

by a variable metric method; fhen<

(k l) EM(k)

%
where a > 0'1is selected such that EM

A.(k‘”l) = 1,2,... 4.

(k+1)

x) If ||a (k)ll <e lléﬁk)l|, where e is some prescribed

error toleranée, compute éﬁk+1) and go to (xi); otherwise, let

k«k+1and go to (iv).

| xi) Calculate E_ é 1 FT B.

The details of step (ix) above require some amplification. An upper

bound of oy O o* can be easily derived. From (3.3-7) and the condition

(k+1)

that a >0, 1= 1,2,.;;,r, it follows that

® 0 (k A 4 .
- bi( ) > -ai( ) i= 1,2,...,rf



ot i 10,095,097,

max
50 <o

v The speed of convergence of variable metric methods is very depend—

o % %
ent upon flndlng the approprlate o . For most methods_ the o such that

EM(a(k) b o 50y - i EM‘(a(k) ras®)
0<a<a

is needed to achieve‘fast convergenCe "finding:this a*’requires a-linear
search technlque [25] However, linear search technlques generally demand
-that the functlon EM and in some cases the gradlent of EM be evaluated,
for many drfferent a's untll.a* is located. As can be seen from (3.2f4),
éck) is a function of é(k). Thus each time 1n the linear search EM and
IBEM/aa are evaluated for a new o, the matrix equatlons (3 3 3) (3. 3 6)

- must be solved Vast amounts of computlng time can obviously be spent

in the linear search stage.-

In the actual 1mplementat10n of the above algorlthm the varlable

metrlczmethod of Fletcher [29] has been ut111zed. Fletcher's method is

specifically designed to eliminate the use of the timeQConsuming linear'

search process, Often it is possible to use o ° =1 prOV1ded a (k1)
= 1 2 ,r, and EM is reduced suff1c1ent1y In most 1nstances wheref
% _
- o =1 1is not suitable, cublc 1nterpolat10n between o =0and o=

min(1l,q . ) yields an acceptable o . In numerical examples worked using
Fletcher's method'witthlgorithm'I,'it has been found that nsuallywno
‘ more than two evaluations ofvEM are required per iteration to find a f

1 *
suitable o .

’_.,
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3.4 DECOMPOSITION OF UNSTABLE SYSTEMS

A mumerical aigofithm for constructing the transformation matrix P
R intfoduced in Séction 2.3 is‘developed in this}Section. }Recall that tﬁe
ﬁatrix E;is needed to obtain an equivalent representétion of the syStem‘ ’
model S™ given by (2 1-1) in terms' of stéble and unsfable’subéystemS'
described by (2.3-3) and (2 3- 4) |

Suppose the nxn system matrix A has elgenvalues {u } ~ such that
Li=1 q

where £ vy. = .

Re(u;) > 0. Let each My have algebralc mu1t1p11c1ty Vs 21

1’
| P < n, and unity geometric multiplicity. Let
\)

= - 4P : e Z 4-
pD()\) 1§1 - u. ) T = ATt ogh o ap_l;\ + ap - (3.4-1)

~and define the pxp matrix él_to be in companioh form

r

0 0 ... 0 -a

, P
10 0 ey - | |
51= 0 1 ... 0 "dp-z o (3.4‘—2)‘
0 0 ... 1 -o

Now let the nxp matrix,Il'begconstructed such that

AL =T 4 , o (3.4-/3)_
‘vand rank (Tl) If Il = [31 EZ cee Ep], then;(3.4-3) implies -
é-£k-l = I k=2,...,p ".',‘ (3.4-4)

. and
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AEP = -ocp —t-l - up-l 12_2 T e T Ep (3.4-5)
From (3.4-4) and (3.4-5),
Lt =0, (3.4-6)
where
= p ’ p-l - . ‘ ) -
L=A +a) AW+ + o1 A+ o I. . (3.4‘7)

' ' n )
By Frobenius' Theorem [23], T has eigenvalues {pD(Ai)}. , where_xi are

_ , i=1 )
the eigenvalues‘of A. Since A has p eigenvalues which satisfy pD(A) =0,

I' has precisely p'zero eigenvalues. Therefore, rank () =n -‘p and
(3.4-6) has p linearly independent solutions. In principle, Il may be

- constructed by choosing a solution t; of (3.4-6) such that

A e =g (3.4-8)

rxm[glégl..

A véctor El such that (3.4-6) and (3.4—8) are satisfied is given by the

following important result which is proved in Appendix C.

 THEOREM 3.4.1.

For i = 1,2,...,q, let Vi be the grade vi generalized eigenvector
of é_correspondingfto the eigenvalue R If

. q _ . | | |
t. = I B. V. ' (3.4-9)
1 j=1 11 A9

| q S _
for any {Bi} » then T t, = 0. Furthermore, if Bi_# 0 for all i, then
Si=1 - . A :

(3.4-8) is satisfied.

The choice of the»Bi's in (3.4-9) is arbitrary so long as no 85 is
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" zero. Thus B; = 1 is acceptable.
If the nn matrix T = [T; T,] is constructed with T, selected to
give T maxinum‘rank, then

A=t AT=[A Z

0 A

—2

where, in general, Z # 0. Define the mxn matrix S as

§'=

IS Tg—*
| 5

Lip
with the px(n-p) matrix R unspecified for the moment. Consider the

similarity transformation

" = _1 = : -
A"=ST A S=1A AR-RA +Z
LR
If R is selected to satisfy
A)R-RA, = -Z, (3.4-10)
then
At=rA 0
0 Al

- =2
'S_in‘ce A and A, have no common eigenvalues, the sbluti_on R to equation

(3.4-10) is unique [48]. By defining the P matrix in (2.3-1) to be

P=TS
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the system model Sn'may be transformed as depicted by (2.3-2).
The discussion above is summarized by the following ;ﬁomput_ational .

scheme:

: Algorit‘hm 11

i) Compute the ’eigenvaiues of A usiﬁg the QR transformation of
Francis" [30]. | Pick_ out the set ‘{ui}ll and determine vi ’by‘ .
inspection. | | |
-ii) Cvompute the generaiize‘d .éigenvector v, ‘of grade Vi asséciated ’
with uy for i =1,2,...,q. -

q
iii) Let t, = I V..

. =
iv). Form I [Elf‘_lz.l ATyl

V) Construct T = [Il 12-] by selecting T, to guarantee rank (T) = n.

- vi) Make the transformation

-

o -
rlare [0
0 A
'
L X
THB= |
, _Ez{
cr=[g G-

vii) Solvé the matrix equation f\-l R -R 1}_2 = -7 for R.
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‘viii) Compute

Note that this algorithm éompletely specifies the decomposition of s" in
: term§ of its stable and unstable components;' |

At-this point several comments on various Steps_of Algorithm II
should be made. First, the QR transformation is‘an effiéient and ex-
tremely feliable method for computihg the eigenvélues of a general matrix
A, It réquires'on the order of 8n3 multipliéafion and division opera-
~tions to find all'éf the éigenvalues of an n x n matrix. In step (ii); f:

the generalized eigenvector'yi can be computed by finding a vi such that

v .. _ :
i _ , ) .
A@-w Dy =0 G4
but
\’i'l .
@i"ui D v, #0.

The accuracy of the.yi‘found Will, of course, depend upon the precision

. " Vs . . ) ) ’

with which (A - My l)_l is computed and (3.4-11) is solved. If v; = 1,

tﬁbn a very precise v, can be obtained using the'inVerse'iterationvmethod '

[31]. Finally, with §1 in companion form the solution for gﬁin step (vi)

can be obtained by the method devised by Jameson [32].
3.5 EXAMPLE

A digitalicomputer program implementing Algorithm I and Algorithm
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IT has been written in FORTRAN IV and tested- extensively for system
' models of order up to twelve. As an example of the appllcatlon of the
methods of thlS chapter con51der the 8 th order model [33] of a synchro-s_ 

nous machlne t1ed to an 1nf1n1te bus _

Sc__(t) = A x(t) + g u(t),

where
© [-0.19 1.0 -1.3 -0.005 0 0 0 0 |
509 20 87.0 24 0 0 0 0
0 0 0 10 0 0 0
N -2.94 0 -22.6  -0.008 0 0  38.8 58.2
= 0 0 . 0 -0133 -2.5 50 0 0
0 0 0 -0.033 -~ -0.625 ~-12.7 = 0 _ O
0 0 o 0o 2 0 -2 0
0 0 0 0 4 0 4 -12.5

B=[0 0 0 0 -0 -12.5 0 o]".

Suppose that the states XZ and x, are the outputs of the. system which

are of interest. Then

The variables'x2 and x, are actually the incremental changes in terminal

voltage and angular velocity, respectively, about a steady state oper--



"ating‘point. The eigenvalues

M2t
A3 T
A4 =
A =
6,7 7

v =

28

of the above A matrix are:

0.231 + j4.805

- 0.0329

- 1 .944

- 3.636

-13.929 + j0.729

-16.894

Retaining Alband A, in the simplified model and selecting r = 4, o

- the following simplified model isbobtained for u(t) =i6(t):,

IRAAE 1.0

- ~ r .
x| |0 -23.140 0
i 15l |1 0.6 0
. aT ) = . .
| x o0 0
X 0 0  -0.0855
y | | o0.0104 482
y 0.231

0

1

-2.786

- -4,497

1.118 - 3.386

The eigenvalues of the simplified model are:

1,2
3

> 2 > > >

4

]

-2.755

-0.0310

©0.231 + j4.805

>

r 9

-51.562

Figurce 3.5.1 gives a comparison botween yl and_&l.

37.88

6.07

A

v.)s.

)



1.07

Yl’yl T

s+ time (secs)

-1.0 &

Figure 3.5.1. Response of System Output .yl' and

Simplified Model Output ¥, " to the

Input u(t) = 0.01 §(t).

2

62
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3.6 CONCLUDING REMARKS

Ih sﬁmmary, two algorithms that enable computation of a simplified.3f
representation of a high order system have been preéenﬁed. Algorithm I 
apblies to the model order reduction of strictly stable systéms. The é
matrix of the simplified model is restricted to be in SchWarz’fonn‘to.
 'reducé the computational complexity of the reduction process. The model
- parameters which minimize tﬁe modeling'efror E are then determined by an

iterativevprbcedure employing Fletcher's variable metric method.'

'vaSn has any unstable ﬁodes, Algofithm II partitibné the system
,into'ﬁtable and unstable subsystems by way of a 1in¢arltransformation.

An impprfant»point concerning this algorithm should be mentioned. Recall
that in the development of Algorithm II it was assumed thatgeach of the
eigenvalues of A with zero or positive real parts had unity geometric
multipliéity. If the geometric multiplicity of any of fhe ui's is greater
than one, then it is not possible [49] to transform A as indicated in
(2.3-2) and‘sfill maintain A, in-the form given by.(3.4-2).- Thus, Algo-
rithm II must be modified for the case when My has 1arger‘than unity
geometric multiplicity. If the size of each‘Jofdan block associated

with My is known, the Al can be selected to be in the block diagonal form

Ay = diag(Ay1,8) 5, A1),

~ where éilkis the companion form associated with the Jordan blocks of
highest order for each M 512 is the companion form associated with the
" Jordan blocks of next highest order for each ﬁi’ and so on. With A

selected in this manner the development given in Section 3.4 and, conse-
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quently, Algorithm IT can be:modified readily to account for ui'wifh
geometric multiplicity greater than one.
' The procedure for applying Algorithm I and Algorithm II can be
"summarized: :
i) If'Sn pbssesses any unstable modes, Algofithm IT is applied
| to partition the system into}an.unstable subsystem Sl ofs'
:ordérvp'and a stable subsystem S2 of order n-p. Then S2 .
is approximated>by a model bf order r < n-p via Algorithm I.
ii) If S has no unstable modes, then Algorithm I is applied

directly to s™,



* CHAPTER IV | |
* OPTIMAL CONTROL AND SYSTEM SIMPLIFICATION

4.1 CONTROL OF COMPLEX SYSTEMS

Modern control.theory has'provided systematic means forbhandling
many types of control‘problems'associated with complex systems‘deScribed ‘
- by (2.1-1). However;'in closed-loop feedback configurations, the_measure-
.ment of all the state Variables is'usually required' In‘case alirthe
‘state Varlables are not accessible for measurement the state vector may d
‘be reconstructed by an asymptotlc observer [34]. Inc1u51on of an ob-
server in the control_system de51gn necessarrly 1ncreases the equipment
:needed and, consequently, the cost for controlling7comp1ex processes.
'bComputational difficulties’are also encountered in designing optimal-
controilers for.high-order'systems Thus the reallzatlon of optlmal
controllers for large-scale systems can be both expen51ve and compu— '
tatlonally unw;eldy.'

In an attempt to simnlify.contrOIfstrategies‘for'complex systems,
o research has been directed toward the design of_suboptimal controllers.'
Most of this workthés concentrated on the design of suboptimal linear
regulators whicthrovide performance commensurate‘mith the.optimal 1inear‘i
regulator yet whichrare srmpler to‘implement. 1Aoki‘[35]; Chidambara _
and Schainker [36], and’Joynerv[37]'have proposed'desgéning suboptimal
linear.regU1ators mith‘the aid.of lower order system models. In these |
references, the subopt1ma1 controller of the system is merely the opt1ma1

"controller for the approprlately chosen 51mp11f1ed system model.

32



33

In this chapter, the use of simplified system models for de51gn1ng

suboptimal output regulators 15 dlscussed

4.2 REVIEW OF THE OUTPUT REGULATOR PROBLEM

Thebout:p'ut regulatdr problem' [22] may be stated as follows: given ‘
a plant described by (2.1-1) , find the control g(t) such that the"per-
formance measure, | )

t

a-3 e : x(tf) 3] oo exm T Ru@] o,

ty (4.2-1)

o where Ei 0, Q> O R > 0, and tf is fixed, is minimum, | From a'heuristic’
’Vlewpomt the purpose of the output regulator is to malntaln the system |

" outputs. near y = 0 with the m1n1mum expendlture of control energy If

'S ‘1is observable and u(t) 1s;uncopstra1ned, the unique optimal control

u* is
u*(t) - F(t) x(t), S (4.2-2)
wherev v

| .E(t) By 1 BT k() x(t) R ]’(4;2;3),1

~and where K(t) is ‘the syrmnetric; positive definite selution of the matrix
Riccati equatioh
-1

kv = k© A-ATk© - Qe k@ BRI BK®  (4.2-0)

with K(t f) = _QT H C. The min:imwn»Value of the perfomance measure is

T [x(0,t] -1 ke . s
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Diffiédlties which arise in‘thebimplémentation of the linear regu- :
lator solution deserve mention. First, the solution'of (4.2-4) is a ‘.j:-
nontriviai undertaking. To find E(t),vn(n+1)/2 first-order nonlinear
differential equations must be solved.b'Typically, (4.2;4)‘15 integrated
numerically from t - te backwards in’timé>to t=1t,, aﬁd K(t) stored at
various inStants of time. Some type‘of memory device for'storing‘gft)."
- ié therefore required in the contrbiler. This problem.is alléViated
if tf + o, H=10, and st is controllable, for then K is timé—invafiant.

A second difficulty in implementing.the output reguiator is ép-
parent'frOm‘(4.2f2), The ‘'optimal control depénds upon the entire staté
vector. Generally the complete state is not available for measuremenf,

and an observer must be included in the feedback loop.

4.3 SUBOPTIMAL CONTROL VIA MODEL ORDER REDUCTION

Avsubbptimal control 1aw for the output regulator prob1ém is how
" derived from a simplified model of S®. Suppose fhat a simplified model
of ordér Q-denoted by.SQ ahd>described_by (2.1-2) has been derived for
st. Furthenmore,_assume that'rank<(é) = Q. | |

- Consider the linear regulator problem for SQ associated with‘the

performance measure
| cte | o S
o Hyep + 2 5w oy o Ruw) .

o % (@371

The optimal control is

ﬁ*(t) = E(f) x(1), L (4.3-2) :
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where

1

CF(®) = R (t) | , . (4.3-3)

>
|=>

~ and where K is the solution of the 2-th order matrix Riccati equation

Kt = k() A-A k) +C'QC-kw BRYB kv (4.3-0)

with K(tg) = C' H C.

Since rank (C) = 2, ﬁfl exists and (4.3-2) can be written in terms

of the model outputs:
at(t) = F(t) ¢t y(o). (435
The goal in constructing s* is to make

y(®) Ty(t), te (t,t), (4.3-6)

for arbitrary'g, If (4.3-6) is valid, then (4.3?5) immediately suggests

- the suboptimal control law for Sn'given by
u(t) = Bt €y, (4.3-7)

The suboptimal control law (4.3-7) has several advantages over the
optimal control 1aw_from the implementation standpoint. First, the ma-
trix Riccati equation (4.3-4) is simpler to solve than (4.2-4). 'Secdhd,
the feedback matrix.E(t) é{l requires less hardware for implementation
than Eﬁt). Thus a simplified control étrategy is achieved. vThifd, the .
suboptimal control law requires only the output vector of’the system
rather than the entife state vector and thus eliminates the need for a

state observer.
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It can easily be shown [46] that

|

P [x(t),t] = x' (1) P(t) x(t) (4.3-8)

where P(t) is thé solution of

_éu)=c+§E@DTﬁw+gu)@+§Eun+

: ET QC+ [F 01" R F°(t) (4.3-9)
. Where
F°(t) =EF(t) Cle | (4.3-10)

Thus the performance degradation AJ resulting from the use of the sub-

optimél cbntrol law is
by %5&)@@—K&Mxm (4.3-11) -

It mﬁst,be emphasized that the development of u’ is formal in
ﬁatufe. The nearness.of the suboptimal performance J°. to the_optimal
performance J* depends heavily upon the assumption that i.;-z, If
Algorithm I is employed to obtain SQ; then the test function u(t) = E@(t)
is used. This by no means insures that i_; y for arbitrary u. However,
in particularbnumerical examples, it has been found that if ¢ is large

'enough to allow a reasonably good approximation to s™ to be made, then
very 11tt1e performance deterioration results in using u instead of u*.
>This'factﬁis demonstrated by the applications given in the next chapter.

When S* is a sufficiently good approximation to s™ then it is

kfeasonable that the suboptimal control produces an asymptoticaliy stable
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- closed-loop system. However stability of the suboptimal closed-loop

system is nof'gUaranteed.
4.4 SUMMARY

_A_suboptimal'control'schemevfor the output regulator problem has
been discussed. This scheme requires that dnly’the system outputs be
fed back. The suboptimal coﬁtrol law is easier_to compute and tbihne
plement thah the optimal control law.

The design procedure for the suboptimal controller may be sum-
marized as follows:

i) Obtain a simplified system model of order % by Algorithm I

and, if necessary, Algorithm II. |

ii) Solve the output regulator prdblem posed by (4.3-1) to obtain

F(t). |

iii) Form the suboptimal control  law via (4.3-7).



CHAPTER V
MODEL ORDER REDUCTION AND POWER SYSTEM CONTROL

5. 1 INTRODUCTION

Recently much attentlon has been glven to the appllcatlon of opti-
mal control theory to power system control problems ‘Fosha and Elgerd
[;8] and_éalovic [39] have applled linear. regulator theory to the load¥
frequency control.problem. Power system stablllzatlon via 11near regu- : :
' 1lator theory has,been consldered by Yu et al. [40,42].

Unfortunately, most realistic power sysrem_controlbdesign problems
ioherit the difficulties assooiated with large—scslevsystems,’ For large
intertonnected power”systems the mathematical modelfdescribingbthe
dynamic behav1or of the system is of very hlgh order. Thus, the appli-
'catlon of system order reduction and subopt1ma1 control methods 1s'
rece1v1ng attentlon (cf references [43], [44]).

In this chapter, the use of 51mp11f1ed models in de51gn1ng “subop-
timal controllers for power systems is demonstrated. In partlcular,
the powerrsystem staoilization control problem is oonsidered. Thevmodelu‘
,order reduction scheme deVeloped in Chapter IIT is employed to obtain |
the suboptimal control law proposed in:ChapterFIV for two numerical

~ examples.

5.2 STABILIZATION. OF MULTI: MACHINE POWER SYSTEMS

Con51der a p- machlne power system and suppose the system is oper-
“ating at some desired equ111br1um state. The goal of stabilization con-

trol is to maintain the system at this equilibrium point for "small-

38
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scale" perturbatibns in the system and to imprbve the response of theb
system: to 1arge-sca1e.disturbances. A perturbation in the poWer syétem
is ;onsidered small-scale if 1inearized differential equations are
adequate in representing the dynamic response of the system to the per-
~ turbation.

Power system stabilization may be achieved using linear regulator
theory. First, the p-machine system is modeled by a set of linearized

state and output equations of the form

x(t)

i
>
I
~
(—r
~—
-+
|9
e
~
'—f
—

(5.2-1)
y(t)

1
e}

ol
~

‘—r
—

. The formulation of mathematical models in the form of (5.2-1) for multi-
' machine systems has been considered by Undrill [41] and Yu and Moussa
[40]. The state vector X isvthe vector of perturbations of the system
states from equilibrium values. The control u usually consists of
exciter-voltage regulatox'and governor input signals. Next, a quadratic

- performance measure
1 foT T |
| J=7;/;(z Qy+u Ruwdt - 6.2

is set up with suitably chosen Q and R. Finally, the optimal control

law u*,
u*(t) = F x(1), | (5.2-3)

which minimizes (5.2-2) is found.

The state vector X may typicully»[40] have between 4p and 13p com-
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ponenté; ‘The exact number of entries in §;depends upon the detail_withAv~-
which each Synchronousvmachine, governor and voltageVregulator unit in .
the system is'modeled. Thus, for large p,‘the=cdhtrol law given by
(5.2-3) is impractical to implement for the reasons discuséed in Chapter
IV. The use of system simplificatioﬁ and suboptimal control schemes is,
therefore, an attractive means of obtaining aApra;tical near-optimum

- controller design for the stabilization problem.

5.3 SUBOPTIMAL STABILIZATION CONTROL: EXAMPLES

The applitation of the suboptimal control scheme developed in
Chapter IV to the'power system stabilization problem is illustrated in

this section by wéy of two simple examples.

Example 5.3.1

This first example has been treated extensively by Elangovan and
Kuppurajulu [44]. Consider the power system described by (5.2-1) with

— . . -

-0.188 0 0.277 0 0
0o 0 1 0 0
A= -1.815 -0.57 -0.5 1 0,
0 0 0 0 1
0 0 -1 =20 -12
B=[ 1 0 0 0 0%,
[ 0.49  -0.233 o 0 0
C= 0 1 0 0 0
0 0 1 0 0
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_Thisvpower system consists of a:sihgle machine cbnnected to an infinite
bus. The‘system descriptibn is comprised of a third order modei of a
synchronbus machine and a second order model of a speed governor. Con-
trol action'is accomplished‘via input signals to the excitation circuit.

The state and output vectors are

where
AEq is the incremental change in excitation voltage,
A$ is the rotor anglerdeviation of the machine,
Aw is the angUIar velocity deviation of the machine,
Aﬁ 1s the incremental change in power input to the

machine due to governor action,

AVy is the deviation in terminal voltage.

It is assumed that the outputs are available for measurement. The

performance measure to be minimized is

J = % f(AV%, + AGZ + ZAwZ + uz)dt.
. -0

Before the suboptimal controller can be designed, a simplified’
model of the system must be computed. Upon application of Algorithm I

with r = 3, the foilowing simplified model is obtained:
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| [ 0 1 0o | I of: |
,§.= -0.149 . 0. 1 |x +|olu (5.3-3)
| R | 0.739 - 1) |
[ 0.648 - 0.268 0.489 | |
y = | -1.862 0.016 -0.0036 | x (5.3-4)
| -0.0023 11.860 o.0129|

The optimal control law for the simplified model (5.3-3) is

Uk = [-1.606 -3.123 -1.913] x (5.3-5)
Employing (4.3-7) the suboptimal control for the system becomes
u® = [-3.953 -0.515 -1.105] | avy (5.3-6)
' rw |

The performance degradation associated with this suboptimal control as

computed by (4.3-11) is given by AJ (5x10—3)§OT’(E;§)§0, where P-K is

-~ -

1.17x10% 4.25x10% 1.03x107% 1.63x 1070 1.14 x 1072
1.25x 1075 7.00x 104 7.2x10° 1.23x 1070 1.15 x 1072
1.03x 1072 7.12x 107 3.44x107% 5.42x 1070 5.08 x 1072
1.63x 100 1.23x 10! s.azx 10l 9.1 8.44 x 1071 |

| 1.14x10% 1.15x 1078 5.08x 1072 844 x 1070 7,90 x 107

and indicates that u°® gives near-optimum system performance.

The quality of the suboptimal control policy is illustrated in
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Table 5.3;1'by a comparison of the pole placement which the‘suboptimal
controller gives with the pole placément given by the optimal control
law

u* = [-1.910 0.410 1.133 0.569 - 0.046] X.  (5.3-7)

As another indication of the quality of u°®, Figures 5.3.1, 5.3.2 and
5.3.3 display the optimal and suboptimal responses of the outputs of the

system to the initial condition

x =[0 0.01 0 0.01 0].F
—0 .

The'suboptimal performance index is J® = 1.30 x 10_4 which is less than
av4%.degradétion in the optimal pérforménce index of J* = 1.26'x 10_4.
Notice thatithe suboptimal control (5.3-6) requifes that only the
outpufs be fed back. Moreover, the'oﬁtimal control (5.3-7) requires the
determination'of n(n + 1)/2 = 15 unknowhs in the stéady statevmatrix'

Riccati equation while the suboptimal control law requirés-the deter-

mination of r(r + 1)/2 = 6vunknOWns.

Example 5.3.2

This example is alSo a single machinevtied to an infinite bus. The
~ model for the system.[45] is given in the form of (5.2-1) with A given

by
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Table 5.3.1 Eigenvalues of the Optimal and
Suboptimal Closed-Loop Systems of
Example 5.3.1.

OPTIMAL SYSTEM ' SUBOPTIMAL SYSTEM

0.6909 0.6872

0.9701 + j1.3898 . 0.9586 + j1.3791

0.9701 - j1.3898 . 0.9586 - j1.3791

2.0080

1.9507

-10.0130 ' ‘ -10.0126




—— Optimal Response

. Suboptimal Response

Figureb5.3.l; Optimal and Suboptimal Responses of
AVT in Example 5.3.1.
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Figure 5.3.2. Optimal and Suboptimal_ReSponse$ 
, , of A8 in Example 5.3.1. ‘
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Aw in Example 5.3.1.
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0 1 o0 o 0 0 0 |
0  -52.08 -23.54  9.415 - 23.54 - 99.2  27.88]
-S41.2 0.6953 - 2,126 -36.23  24.15  664.2  -362.3
-1136 1.46 - 0.6642 -76.08 - 12.08 1395 -760.8 |,
-541.2  0.6953  1.328 -36;23 - 38.65  664.2 -362.3
398 3.403  897.1 —1346 897.1 - 53.83 - 26.91
298.5  2.552 672.9  -1009 672.9 -‘40.37j - 35.89
(0 o 2121 oweesz 1328 0o o |7
2° o 5208 0 0 o 0o o’
1 0 0 0 0 0 0
C= 0 10 0 0 0 0
-0.1699 0 0  0.3018 0 CL0.0375 0

The system model consists entirely of a seventh order model of the syn-
chronous machlne. Since no voltage regulator Or governor subsystems are
included in theAmodel, the control action is achleved by changes in the -

excitation voltage and prime mover torque.  The output vector is

T
T

y = [as Aw AV..]
and the input is
| T
= [AE AT],
[oE,  oT]
where AT is the incremental change in prime mover torque. A performance
'measure in the form of (5.2-2) is selected with Q = d1ag[10 10 10] and

= diag [] 1] The optimal cont101 1aw is found to be.
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5

4 6.5x107°

0.14 0.0022 -0.61 0.55 -0.56 -2.6x10

u* = X.

-1.79 -2.55  1.27 -1.38  1.25 -0.10  0.335 .
| ‘ (5.3-8)

With the system and performance measure now specified, the design
of a suboptimal controller can proceed. -The simplified system represen- '

tation derived from Algorithm I is

0 1 o ] Jo.nz0  o.0120 |
x=[-0.50 0 1 |x+ 6.54x107° -6.54x107° | u, (5.3-9)
| o -138.386 -53.343| [-8.7x10°  1.0087 |
26.733 52.492 - 0.0039
y = | -30.975 27.275 - 52.283 |x. (5.3-10)

- 7.625 . 7.624 - 0.1196

- The optimal'control law computed for the simplified model (5.3-9)

‘is given by |
. 13.231 - 0.651 - 0.183] .

u* = . | x, (5.3-1D)
6.227 -149.79 -120.69 ' o
and the suboptimal control for the original system then becomes via
(4.3-7) |
0.155  -7.67x10°%  -1.189 |[as

e
I

| -1.873  -2.313 2014 || oo |- (5-312)

AVT
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The eigenvalues of the optimal and suboptimal closed-loop sysfems .
are,presented'in Table.S.S.Z. Note that the eigenvalues bf'the subop-.
timai.systém are very near the eigenVélues of the optimal system. |

Figures:5.3-4, 5.3-5 and 5.3-6 show a comparisoﬁ of the suboptimal |
and optimal responsesAqf the outputs of the system to the initial condi- -

tion

Cxg=[0.00 0 002 0 0 o o."

For this initial Condition the‘optimai performance index is J*=0.861xldf3§
the suboptimal perfdrmance is J°=0.865x10 7>, .

Thé actual calculation for the performance dégradation via.(4.3-11)
for afbitrafy 56 indicates that fhe‘suboptimal control iaw results in
system performancé reasonably hear that achieved by u*. It must be
‘émphaéized thét this near-optimal performance is'aChievéd byvfeeding_
back.only’measurable‘oUtputéj Moreover, the suboptimal'cbntrol 1aw.
reQﬁires the solution of a fhird'order matrix,Riécati equation, while
the opthnal control law requires the solution of é‘seVenth ofdef matrix

‘Riccati equation.
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Table 5.3.2 Eigenvalues of the Optimal and
. Suboptimal Closed-Loop Systems of

Example 5.3.2.
OPTIMAL SYSTEM SUBOPTIMAL SYSTEM
0.8384 - 0.9277
1.2131 - 1.1535
26.650 - 26.808
36.632 - 36.559
183.941 ~171.021
71.294 + j636.272 - 71.445 + j636.243
71.294 - j636.272" - 71.445 - j636.243
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' : in Example 5.3.2.
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- CHAPTER VI
CONCLUSION

6.1 SUMMARY OF THE RESEARCH

This research has been concerned with the'approximation of:lineer
tﬁne—invariant’sYstem models of>high‘order bybsimplified models of lower
order. The utilization of'simplified models in designing linear regula-
tors for complex systems, such as an electric power systeﬁ, has also been
under investigation. | | |

The problem of obtaining 1ower order models forxsystems having no
unstable modes 1is first considered. The optimum simplified model is
obtained bylminimiiing a quadratie functional of theverror befween the
'system outputs and the simplified model outputs; ‘The necessary condi-
tioﬁs for a simplified model to be optimum are derived and are then
employed to construct an effectlve iterative scheme for selectlng the
model parameters. The flrst main contrlbutlon of this the51s is the
development of a reliable algorithm for m1nyn1z1ng the modeling error. |
i-The multipie input problem is first converted_to an equivalent single-b
input problem. The number of unknown modelvparameters-is then drasti-
cally reduced through'fhe choice of a Schwarz canonical form for ‘the
structure of the simplified model. An iterative algorithm for deter-

mining the model parameters is proposed This elgorithm utilizes spe-

cial properties of the Schwarz canonical form to lessen the computatlonal o

complex1ty of the procedure
Fhe problem of 51mp11£y1ng systems w1th several unstable modes is

- also discussed. The approach taken con51sts of decomp051ng the glven

55
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system model into stable and unstable subsyétems,-retaining exactly the

" unstable modes in the Simplified model and obtaining a,simplifiéd Tep-
resentétioh of the stable subsystom by thé algorithm develOped'for
simplifying stable systems, Herein lies a seCond contribotion of this

_ research; A‘iinear transformation for'decomposing:thevsysteﬁ-into stable
~and unstabie coﬁponents ié proposed. A computational procedure for con- |
siroctihg the tranéformation matrix is outiined.

A suboptimal output regulator'derived ffom a simplified system
model is then proposed. The scheme is shown to result in a much siﬁplet
control and observation strategy than the optimal regulator since only
the oufputs:of the system are required in the feedback law. The subop- :
timal design also reduces the computational complexity of deriving a
contfoller. |

Finally,_the'feaéibility of‘the suboptimai control policy is demon-
stratedvfor a power system coﬁtrol problem. The suboptimal control
vpolicy derived Vla a 51mp11f1ed system model is shown ‘to be both effec-

tive and practical for solving the power system stabilization problem.

6.2 RECOMMENDATIONS FOR FURIHER STUDY

Several 1nterest1ng problems and potentially fruitful areas for
further study pertaining to the model order reduction problem are briefly
mentioned below. | |

i) A featurevof the simplification algorithm which has practical
»significance'is a criterion for selecting the model order T priof to the
actual reduotiOn‘procéss. An upper bound on the modeling érror as a

function of T would be extremely useful. The model order r could then
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be. selected to enable the 51mp11f1ed model to meet the 5pec1f1cat10n of
a max1mum allowable modeling error. | |
11) The test input used in thls mvestlgatlon was u(t) ywa (t)
However, examination of the model order reduction process for different
test inputs merlts‘attention. Determinlstlc and stochastic test 1nputs
should‘be COnsidered.v Theiderlvation“of necessary conditions for an
- optimum simplified model for an arbitrary ihput'would be anAimportant
additioh to the model‘order_reduction theory. |
v..iii) For abvery large systan, it may ofteh be useful‘for_analysis
purposes to suhdivide the system ihto several subsystems When no natu-
ral subd1V151ons exist in the system, some systematic procedure for
breaking the system up is desirable. A matrix transformation constructed
~in a manner similar to the way P in Section 3.4 is constructed can be
- employed to.oartition the system into several'subsystems. 'The extension
of the~decomposition procedure given by Algorithm IT to permit decomposing
the system model into several component parts is, therefore, suggested.,
If a simplified system represehtation is subseouently required, then each |
~. component part of the system can be reducedvseparately,-
iv) A better suboptimal output regulator may be oossible‘When'the }
151mp11f1ed model is derived using a test 1nput other than u(t) wG(t)
A criterion for selectlng a test input for the reductlon process when' _
the model is to be used for design of a controller would be»helpful. |
Moreover, establishing a.cohhection between the modeling error and the
performance degradation of the suboptimal controller may be possible.-

V) Recall’frombSection‘4.3'that a simplified model of order % is
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needed to construct the suboptimal control policy givenvby (4.3-7). If
% is not sufficiently 1afge té guarantee that the simplified model ade-
quately approximates the system, then the suboptimal system performance:'
may be poor. Thus, a schéme for designing regulators using simplified
models of order r > & and maihtainingva relatively Simple‘control and
observation structﬁrevshould be considered. |

vi) Finally, sevefal afeas of application for the model ordér
»reduction algorithm presented in this thesis should be studied. One
significant application ié in the construction»of.simpiified models for
use in.transient stability studies of interconnected power systems [47].
Suboptimal regulation via simplified models may be useful in Solving the
multi-area power system load-frequency control problem [38]. The model
order reducfidn algorithm may also be applied readily to the network

synthesis-dptimization problem [27].
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APPENDIX A
GRADIENT MATRICES

If £ = £( X ) is a scalar function of the nxm matrix X=1 Xij‘]’

then the’gradient matrix of f.with respect to gJis,the nxm matrix
EL{af } |
oX | ox,. |1 =1,2,...
| Hli=a

~ For the function'f(r) = Tr(-), the following identities [24] are useful

for evaluating gradient matrices:

—gXT’r( AX)=A" | (A1)
§—>_§ Tr(AX) = A (*.2)
%XTrCAX_) = ET}~ o (A.é_)r
prrCaxexXh = AT X AXE. )

Another useful result for computing gradient matrices is given below.
LEMMA A.1

Let

where the eigenvalues of A and B have negative real parts.

03
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Then

derr(xL)=Y X (A.5)

where

}(_=fwe§t£eétdt .
0

Furthermore, if B = »A_T and L and K are symmetric

3 T T
2rmr(xL) = 2y ¥

(A.6)
proof:
Since the eigenvalues of both A and B have negative real parts,

X is the solution of

AX+XB=K - | (.7

Let y = 0 if B is not a function of A and let y=1 for the special case
T

that B=A". If A= [aij] , then differentiation of (A.7) wifh reépect
to a;; glves
ASX X B_ - X-yXoaAl
oa a. . 2a. . Ja
ij ij ij ij
Hence,
oX © At[3A X+ vy X oA Bt "
45 Yo 0843 o984 |

By using (A.8) and the identities Tr( X, X, ) = Tr( X, X ) and
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"Tr(l f 2(_1dt) = f Tr( ledt, it cah easily be shown that

S Tr(XL)=Tr[XYoA |+yTr|YXaal
Thus,
E——Tr(XL)'=3’—'"1*1~(">'<Y,c\’)+ 3 Trcy x Ay
R R b
a ®.9)
From (A.1) and (A.2), (A.9) becomes
e (XL) =Y X ey Y X, (A.10)

Equation (A.5) follows inmediately when y=0. Also, if B = Q_T and E

- and L are syr‘mne"cric’, then Y and X are symmetric and (A.6) holds.
Q.E.D.



APPENDIX B

ALGORITHMS FOR SOLVING Z X + X A = -C .

Algorithms for the efficient solution of the matrix equatibnsv
(2.2-4)-(2.2-7) are outlined in this appendix.

. Considérbfirst a matrix equation of the form

v 1T _ ‘ ,
ZX+XA = -C . CRINEE

where Z is an arbitrary mxn matrix and An is an nxn Schwarz form,

To 1 0 ... 0 0 |
| a 0 1 ... 0 0 | |
Ao a0 00 B.2)
0 0 0 0o 1
_0 0 0 f.; a2, -ag

A scheme for computing the solution X of (B.1) is‘sﬁggested by the fol-

lowing result.

THEOREM B.1.
~Let Z be an mxm matrix and letb,'ﬁ.n be given by (B.2). If X=
x; X, e x| and‘g!= [El 52_;“ c,l, then the solution X of (B.1) is

given by the folibWing scheme:

Algorithm B.1 .

i) x; is the solution of

00
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. -_ 25 o _ B
Qn X J‘—Z‘O -1 _QJ En-_‘j ' (B.3)
where the mn matrices_gk, k=1,2,...,n, are defined as
21 = E - al._];, l_)o = l . (B'4)
QK = QK_l‘Z *tay QK-Z k=2,3,...,n. | _(BiS)
© i) 'The colums X,, Xz, ..., X are given by
Xy = LX) = , (B.6) |
T EX YA g3 N T G K= Seen (BT

; P . ' ~ -1 .
Moreover, if -Z and A share no common eigenvalues, D = exists

- and consequently X is unique.

proof: With én given by (B.2), (B.1) implies

Z X, * Xy = -, : ' ' (B.8)
LXq* Nt A s X, oG k=30, (8.9)
Lx, -8, X 173X =G (B.10)
Equations (B.9) and (B.10) imply that‘
- o -1 . |
i+l T i _ 1 L o
DDy X gy P DT R Dy X T =z (177 Dy &5 |
J (B.11)

~for i = 1,2,...,n-1. The‘validity of this statement can be shown by

- induction. Suppose i = 1; then (B.11) becomes
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N S I B S e

.However, from the definitions of Qofand Qi given’by (B.4), (B,12) is '
. clearly equlvalent to (B 10). vTherefore (B.11) holds for i = 1. |

‘Now suppose (B.11) is true for i = %, & <n -1, For i =2, (B.11)

‘becomes
S , e .
2+1 1% , - BRIV A! ,
G D Xy g Y DT R Dy g X E_-O e e
- ' ' J ~ (B.13)
Withk=n-2 +1, (B 9) becomes
‘Z¢§n~z gl T %2 Fnge1 T S (B.14)

| Pre-multiplying (B.14) by‘(-l)z+l Qﬁ,aﬁd subtraétingfthevreSult from
(B.13) gives

(_l)'swz D ‘Z x - .(D'Mz ;

= 25 B4 D1 Xy * ( L |
R 2-1 .
L+1 j+l
R T B
_ : . j=1 o
which simplifies'to
(-»1)”"“2 D . x  + (- 1)2*1 D x - 13" p. ¢
P 241 T %42 24 Fnep-1 T Do DGy
=0 (B. 15)

Observe that (B.ls) is simply (B.11) with i = & + 1. Since (B.13) implies

(B.11) holds for i = & + 1, (B.11) is true for i = 1,2,...,n-1. |
For the particulér case i = n - 1, (B.ll)li§ | |

n-2 |

GRS ‘5, + ( Hv x = 1 (-1t

co.. B.16
Doy ™ F) CDT Dy g (8.16)

a
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Pre-multiplying (B.6) by (-1)n Qn—l and subtracting the result from (B;16)

yields

(-l)j+l D. c ..
=) -]
(B.17)

' n-1 | _
CO7 7 By 23y D)X = (K

This result simplifies to give (B.3). Equations (B.6) and (B.7) follow

frpm (B;S) and (B.9).

Let

vdk(x) = det Qék - D k =»1’2’.if’n

be the characteristic polynomial of the kxk Schwarz matrix Ay . Then it

can easily be shown in general that
dk(x) = - Adk_l(x) *a dk_z(x) k=2,...,n
with‘d0 = 1. Note that

D, = d,(-2).

1

By Frobenius' Theorem [23], the eigenvalues of Qn are dn(xi), i=1,2,...

m
where {Ai}

i=1
share no common eigenvalues dn(Ai) #0, 1=1,2,...,m. Then Qn is non-

is the set of eigenvalues of -Z. Therefore, if -Z and A

singular and the solution X1 of (B.3) is unique and consequently X))

'55, cevs X are uniquely determined.

Q.E.D.'

The number of multiplication and division operations necessary for

computing X can be broken down as follows:

i) fmmmgpk-k=2”.”n~~0rDUﬁm@}

"m )
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n-1 . _
% (_--1)n+J D.Cc_.--nm
j:(] =) 1-)

ii) Computing 2

3 2

iii) Solving (B.3) -- %'mwm -

(SRR

iv) Computing XoyeoosXy -~ (n-Lm” + (n—Z)m.

‘ Thus;vﬁhe solution of (B.1) requires on the order of mm° opérations.
The uhique’solufion of.(2.2—7) can always be obtained using;the
 aigorithm presented in Theorem B.1. Equation-(Z;Z—Sj,"howéver, is not
‘in a form suitable for the'applicationlof,Algorithm B.1. Theqrem B.2
gives a fraﬁsformation which permits.the use of Algorithm B.1 in solving \
équations ofvﬁhe form

ZY*YA = E

THEOREM B.2.

Let A be given by (B.2) and a, #0, i = 1,2,...,m. If

S = diagl[1, —gn, anan_l,...,(—l)n anan-lf"az]’ . (3.17)
then |
el _ AT
STa sty
proof: Consider
0 -a, 0 0 0 '
-, 0 aa 1 0 0
0 aa 1 0 0 0
A S = .
R
n-1 ‘
0 0 0 _ | 0‘ o (-1)‘ a ...y
. , . -1 SRR I
i 0 0 0 IR (- ‘an.ﬁ.gz (-1 a .. .ay ]
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Note that A S = (A S)'; but

@, 9 =s' A =8

- T . S |
Thus, éh.§-= SA. Since a; #0,1=1,2,...,n, S~ exists and (B.18)

1

follows. Q.E.D.

Let
1

|=

=VS (B.19)

{

where S is given by (B.17). Then from (B.16), V satisfies

. -1 _ |
Lv+vsta S=ES (8.20)
Now using (B.18), (B.20) becomes
v+ VAl = s (8.21)

Equation (B.z1) is‘of the form such that Theorem B.1 applies. After
solving (B.21) for V, Y is determined by (B.19). |

| | The matrix equations (2.2-4) and (2.2-6)'caﬁ also be solved‘by
employing Algorithm B.1. However, a much more éffiéient computational
proéess is possible. Consider the matrix equation

T ' ' ‘ .
X+ XA =-C, (B.22)

A

where én is defined by.(B.Z). Let C = [Cij] and X = [xij]. By careful
T

consideration of the entries in C and the matrix A X + X A,

the fdllow-

- ing algorithm for solving (B.22) can be derived.

Algorithm B.2

C..

1)_ X127 ° ij

SNl
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ii) If n;Z(go’to (vii); otherwise, for i = 2,...,n-1, do;

I Sl
Xi i+l ~ n2-i M-1,1 7 7 Siic
iii) Ifn=3 go’to (v); otherwise, set

/

{ n-2, if n even
o= ¢

n-3, if n odd.

~iv) For k = 2,4,...,%, do:
X1,k#2 T %kl *1,k T %2,kel T €1 k0
For i = 2,...,n-k-1, do:
Xj i+krl T %ne2-i %i-1,ivk T %ne2-i-k Fi,iek-1 T Xied,ivk T SiLieke

v) If n even, set ¢ = 2 and go to (vi); otherwise, set 2 = 3 and

compute
Xip = 7@%) no1 T Xon T C1)/3g
If n =3, go to (vii).
vi) For i = ¢, &+2, ..., n-2, do:
Xin = "@neoei¥i-1,n F 32,01 T Xie,n T S/
vii) Compute '
Xon = "@%n.1 0 7 7 /3y

~viii) If nodd, set & = 2 and go to (ix); otherwise, set & = 3, and
compute |
X),n-1 = ~@X1 " Xon ~ C10)/3;-
If n =2, go to (xii). A
ix) For i = &, .}., n-1, do:

X. = -(a_., .X. +axX. -X
i,n-1- ( n+2-i~i-1,n  "17in

i+1,n - Sin)/%
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x) 1If'n even, set & = 2 and go to (xi); otherwise, set & = 3 and
compute e
X1-n-2 =

If n =3, go to (xii).

xi) For k = &,...,n-2, do:
~For i = 1,...,k-1, do:
X il,n-i-1 - Cpoeier®k-1,n-1 T Xk-i+2,n-i

" Xgoi+l,p-itl T Sk-i#1,n-i0/3i+27
k-1 T C2nk T X neken ¥ C1, o0 B2t

xii) For i =1,...,n-1, do:
in =‘xij' j = 1+l,...,nf
The number of multlpllcatlons/d1V151ons requlred by thlS algorlthm Varles .
as nz. Thus, a substant1a1 amount of work is saved by solving (B. 22)

with Algorithm B. 2 rather than Algorithm B. 1.

~ Algorithm B.2 may also be used to solve equatlons of the form

A X+ XA =-E. | (&B)

A
Define the matrix R by the equation
x=strs™ B2

~ where S is defined by (B.17). Then (B.23) requires that R satisfy



R+ R AL

A =-SES. (B.25)

which can be solved by Algorithm B.2. Onéevg has been found, X is

- computed via (B.24).



APPENDIX C

PROOF OF THEOREM 3.4:1

THEOREM 3.4.1

Let A be an nxn matrix. For i = 1,2,{..,q, let v, be the grade vy

generaliZed eigenvector of A corresponding to the eigenvalue My . Define

q ,
p= I v, <n and
i=1 ‘ .
: -q AV _ ) 7
pD(A)= 1 (é—ui£)1=kp+ulkpl+...+a. (C.1)
If
4 ' ’ o
= By . c.2)
o i=1 :
. q ‘
£ bit .
or arbitrary {Bl}i=1, then
Pp® t; = 0. L (©.3)
Furthermore, if.Bi # 0 for all i, then
rank [t At Bl - C.4)
kA ... A 4 p-. -«
proof:
(1) From (C.2)
i=1 ; .
Then
o vj vy
pp vy = 1A=y DO Ay Dy
i

75
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By definition, the generalized eigenvector Vs satisfies

V.
‘ ‘ 1
@-w Dy

0.

Thus pD(AQ v, = This implies from (C.

. !
Pise -
-(ii) Now suppose 8 #0,1i=1,2,...

, N - N
1§t Xic ) - Vi Define Yi(J): j=1,2,..

_g.

5) that (C.S) holds for arbitrary

,q. For notational convenience,

3Vss to be the grade (vi +1-3)

S . - - . vi) s
generalized eigenvectors corresponding to My Note that !i( i) is an

- eigenvector of A.

Consider the chain of Vi

and

generalized eigenvectors associated with Wyt

Av.W o v @) L, @)
At i AL}
2 2) , . (3 e
av, @ - M5 vy ey (C.6)
. _
_ ¢) ™)
i’ i
A-Vi =My vy ‘
It follows from (C.6) that
A2 V.(l) = u;z v.(l) + 2 u: v.(z) + V.(s),
A i - SRR =
Sy (B 03 (1) 2 _(2) (3) 4)
Ay =y T Sy T Sy vy Yy,
and it can be easily verified that
P OIS ) B (C.7)
204 jop ik EAtAEAS | :
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" where

(k-1) 1 y, X7 k1)
C.., = — 1. =\ . U -J
ijk o (k-3)! (G-D! j-1771

Now consider the implications of the statement

P
DAl -0,
k=l ~
v:USing (C.2), (C.10) may be written as

4 P k-1 (1)

Loz By ATy =0

- Substitution of (C.7) and (C.8) into (C.11) yields

q Vi k G) . P Vi
I B. T L vy C..qy V. + % Z oy, C..p V.
i21 b xe1 521 k "ijk - k=vi+l 521 k "ijk —i
Since_ B
V= : V. V. L
ik N - 1 i : .
(3) . | , (3)
T L vy, C.sp V. = I T vy, Ci:p V.
k=1 j=1 k "ijk =i 3=1 k=j k "ijk -

- (C.12) can be rewritten as

V. ’ .
q ‘i P : |
DR R
=1 j=1 ' k=j I

However, the set'{v;(j)}, j=1,2,...,v.
. —1 1

indépendent and 8, # 0. Thus (C.13) tequires that
: C 0 1 -
Iy —_—— <J =<

vk=j_ k 1Jk

Notice that (C.14) can be written in matrix fomm as

. ) | -
£ C \% k= ”i+1""’p

€.8)
(C.Q)

(C.10)

(c.11)

(C.lZ)'

(C.13)

and i = 1,2,...,q, is linearly

(C.14)
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‘ﬂl=9» (C.15)

, T o
where y = [y{, v,, .--., Yp] , and

ro
Hy
H
. ﬂ = =2
H
L4
with the v XPp matrix P_I.l defined by ‘Ei = [hijfk] , Where
Gk dzksplzdoy
By =
0 k<j

H is the generalized Vandermonde matrix which is nonsingular for distinct

My Therefore, the only solution to (C.15) is y - 0. Since (C.10) re-
4 v - 5 v
quires that Y =0, k=1,2,...,p, the set {ék’ 1 El}k"l is linearly

independent; ‘Therefore, (C.4) holds.

Q.E.D.
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MODEL ORDER REDUCTION OF LINEAR DYNAMIC SYSTEMS
WITH APPLICATION TO POWER SYSTEM CONTROL-

by
Anthony Neal Payne

(ABSTRACT)

An approach for approximating linear time-invariant system models of
high Qrder by simplified models of low order is developed. The problem
of approximatihgvéystems having no unstéble modes is investigated first.
An iteratiye scheme for minimizing é quadratic fuhctioﬁal of the error be-
fween the system outputs and simplified model outputs is proposed. The
cbmputational requirements of the algorithm are reduced by first convert-
ing the multiple input system to an equivalent single input system and
then choosing a canonical structure for the simplified model. The Schwarz
canonical form is selécted and adVantage is taken of the special proper-
ties of the Schwarz_form.v

The simplification of systems having unstable modes is then cbhsid—
ered. A technique for decomposingrthe system model into stable and unsta-
ble'subsystems is presented. The unstable modeé of the‘system are Tre-

tained in the simplified model, and the algorithm for reducing the order ‘

o of stable systems is appliedvto the stable subsYstem.

Finally, the use of simplified models in designing suboptimalroutput
regulators for complex systems is outlined. - The suboptimal control scheme
is applied to the power system stabilization problem. Two examples of

- power system control are given to demonstrate the value of the control .

scheme.
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